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Chapter 8
Proof of Product and Commutator Estimates

The aim of this chapter is to prove Theorems 5.2.2 and 5.2.3.

8.1 Corrected Berezin—Toeplitz Operators

Given a function f € C*>°(M,R), we introduce the corrected Berezin—Toeplitz quant-
isation of f:

1
T (f) =Hk(f+ikv’§(f) : Hi — Hy, (8.1)
where Xy is the Hamiltonian vector field associated with f. The operator
1_,
P.(f)=f+ Ev@f 1 C®(M, LF) — (M, LF)

is called the Kostant—Souriau operator associated with f. The Kostant—Souriau
operators satisfy the following nice properties.

Lemma 8.1.1. For any f,g € C>°(M,R),
1 Lok ok
Pi(fg) = Pi(f)Pr(g) — % {f.g}+ vafvxg :
Proof. Since Xy, = fX, + gX;, we have that
1, 1_, 1,
Pe(fg) = Flo+ Vi, | Hol Vi, | = fPelo) +9{ VX, )

We can rewrite this as

1 1
Pu(f9) = PAOIP0) — 5, i)+ 7, ).
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Let us simplify the second term of the right-hand side; for ¢ € C*°(M, L*), one has

1
V&, (Pe(9)9) = (Lx,9)0 + 9V, 0+ Vi, Vi, 6.

Using that Lx,g = {f, g}, this implies that

Pu(f9) = Pu(H)Pelo) — i ((F.9} + 7, T, -

This shows that Py(fg) differs from Py (f)Ps(g) by a remainder “of order k=17, It
turns out that for commutators, however, there is an exact (i.e. without remainder)
correspondence principle for Kostant—Souriau operators.

Lemma 8.1.2. For any f,g € C>°(M,R),

(L), Palo)) = o Pl D)

Proof. Since Py(gf) = Px(fg), the previous lemma yields

1 1 1
PP = () + 7%, T, = (0] - 575, T, )
This can be rewritten as

1 1
[P (f), Pr(9)] = ik<2{f’g} + ik[vl)cff’vl;(g})
Moreover, by definition of the curvature, we have that

[V, Vi, ] = carv(VR)(X), X,) + Vi, x,)0

which yields, since curv(V*) = —ikw, and since [X¢, X,] is the Hamiltonian vector
field associated with {f, g},

[v];(‘f?v];(g] = _ik{f7g} + V’;({fg} N

Putting all these equalities together, we finally obtain that

[Pk(f)7pk(g)] = jﬂ<{fﬂg} + i;,v];({f,g}>’

which was to be proved. |

The idea behind the proof of Theorems 5.2.2 and 5.2.3 is to derive from the
properties above some estimates for the corrected Berezin—Toeplitz operators and
to take profit of these estimates by comparing the corrected operator T (f) with
the usual Berezin—Toeplitz operator T (f). In order to do so, we will need a result
due to Tuynman [46], but let us first introduce some notation. Let g = w(-,j-) be
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the Kéhler metric on M, let u, be the associated volume form, let grad, be the
associated gradient, and let A be the associated Laplacian. We recall that for any

fec2(M),
Af = divy(grad, f)

where the divergence div,(X) of a vector field X on M is the function defined by
the equality
Lxpg = divg(X)pg.

Proposition 8.1.3 (Tuynman’s lemma). Let X € C}(M,TM ® C). Then
ILN5 AT, = — 11 divy (X0 1T,

where we recall that X0 = (X —1ijX)/2. Furthermore, if f € C*(M,R), then
1, 1

The following corollary is immediate.

Corollary 8.1.4. For every X € C*(M,TM @ C),

1
m (75 ) m | =0t
In particular, for every f € C*(M,R),
1 _
m (95, ) = o1

Consequently, for every f € C2(M,R), |[TS(f) — Ti(f)| = O(k_1)||f||2.

Proof of Proposition 8.1.3. Set Y = X9, By virtue of Lemma 8.1.5 below, proving
the first statement amounts to showing that for every ¢ € Hy,

(I, (Vi ¢), ¢)e = — (I (divy(Y)9), ¢

Using the facts that IIy is self-adjoint and that IIx¢ = ¢ whenever ¢ belongs to
H;., we only need to prove that

Vo € Hy, (Vi o) = —(divy(Y)e, d). (8.2)
Recall that pug = i the Liouville measure on M. We have that
(divy(Y)d, o)1 = / div, (Y )he(d, &) / h(6,0) Lypg.  (83)

Now, by integrating the equality

Ly (hi(¢, ) pig) = Ly (hie(d, ) g + hie(d, &)Ly g,
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we obtain that

[ 6.0 Ly == [ £y (0.0

M

Indeed, by Cartan’s formula, and using the fact that hy(¢, ¢)p, is closed, we have
that Ly (hi(¢, d)ug) = d(iy (hi(9, ¢)pg)), thus its integral on M vanishes. Coming
back to (8.3), this yields

<diV9 (Y)an ¢>k = - /M »CY (hk ((bv ¢))Mg = /M (hk (v§€/¢v ¢) + hk (¢7 vk?(b))uga

where the second equality comes from the fact that V¥ and hy, are compatible. But
Y is a section of %' M, and ¢ is a holomorphic section of L*, so VE¢ = 0, which
implies that V% ¢ = V&6 since X =Y + Y, and (8.2) is proved.

We now want to apply this to Xy where f belongs to C?(M,R). Observe that

divy (X ;) = L (divy(Xy) — idivy(j X))
We claim that divy(X ) = 0; indeed, since p, = p, we have that
divy(Xy)ug = Lx,pg = Lx,pn = 0.

Consequently, div, (X}’O) = —(i/2) div4(j X ). Thanks to Lemma 2.6.1, this yields

. 1,08 1o i
divy(X;) = B div(grad, f) = §Af,
and the second statement follows. O

Lemma 8.1.5. Let T' be a bounded operator acting on a complex Hilbert space H.
If (T, &) =0 for every £ € H, then T = 0.

Proof. This is a standard exercise but we still prove it. Let £, € H. Then

0=(T(E+n),E+mn) = (T +(TE¢n) +(In, &) + (Tn,n)
which yields
Replacing n by in, this implies that

and combining these two equalities yields (T'¢,n) = 0. O
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8.2 Unitary Evolution of Kostant—Souriau Operators

The goal of this section is to give an alternate, more geometric proof of Lemma 8.1.2,
and to use this as an excuse to address the topic of the Schrodinger equation for
these operators. More precisely, given a function f € C*(M,R), we want to look

for solutions of
d¥; .
E = —lkpk;(f)wh t € R, (84)

where ¥, is a smooth section of L¥ — M and ¥, € C>(M, L*) is a given initial
condition. We can solve this equation as follows. Given a path ~: [0,T] — M, let

k . k k
Ty Loy = Ly

be the parallel transport operator in L* with respect to V*. Moreover, let ¢ be the
Hamiltonian flow of f at time t.

Proposition 8.2.1. Given Wy € C*(M, L*), the family of sections ¥; € C*>°(M, L¥)
defined as
@ (¢ (m)) = exp(—iktf(m))T(’;s(m))se[oet] (Wo(m))

for every m € M, is a solution of (8.4) with initial condition .

This defines an operator Ux(t): C*°(M, LF) — C>(M, L*) sending ¥y to ¥,
which describes the prequantum evolution of the system.

Proof. We fix m € M and ¥, € C®(M, L¥). We claim that it is enough to prove
the proposition for ¢ so small that for every s € [—t,t], the point ¢*(m) belongs to
a trivialisation open set V' for L. This is because the operator Uy(t) satisfies the
semigroup relation U (t1 + ta) = Uk (t2)Uk(t1).

Let u be a local non-vanishing section of L over V, and let ¢ = hu* for some
h € C>°(V,R). Moreover, let « be the differential form such that Vs = —ia ® s.
Then we can write Py (f)p = (Py(f)h)u* with

) 1
Pk(f)h = (f — zXfa)h + Eﬁxfh. (85)
Moreover, a standard computation yields

t
T .o () = 050 (i [ (691" (ix,) as )G (6 m).
and consequently, if ¥y = hgs® on V, then ¥, = h;s* on V where

ha(m) = exp (ik (/ (%) iy ds - tf(m)>>ho(¢‘t(m))-

—t

for every m € M. We only need to compare the time derivative of h; and ﬁk( Fhy.
To simplify notation, we will write
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0
0(t,m) = / (6°)" (ix, @) (m) ds — tf(m).

On the one hand,

S exp(ik0(1, ) (—(07)" (L, o) + k(67" ix,0) = £)(6~")ho).

On the other hand, we have that

0
e = exp(ik0(t, ) (67 (G o) + k(67 o) [ L, (0°) (i) s ).

Using Cartan’s formula, we have that
d((0")"(ix, @) = (") (d(ix,a)) = (¢°)"(Lx, @) — (¢°)"(ix, da).
Since da =icurv(L) = w and (¢°)*(Lx,a) = d(¢*)"a/ds, we can write
0
[’Xf ((¢S)*(Z’Xfa)) ds = ina - ((b_t)*(ixfa)?
—t
therefore we finally obtain that

~ 1

P = exp(ik9(6,)) ( (= (67)"(ix,00) 0 o+ 67 (L ) ).

which yields the desired formula —ikPy(f)hy = (dhe/dt). O

One can check that Uy (t) extends to a unitary operator on L?(M, L*). Tt turns
out that the Kostant—Souriau operators satisfy an exact version of Egorov’s theorem
(Theorem 5.3.2).

Proposition 8.2.2. Let f € C*°(M,R) and let Uy(t) be the evolution operator as-
sociated with Py(f). Then

U (t)* Pr(9)Uk(t) = Pi(g 0 ¢')
for every g € C*°(M,R), where ¢ is the Hamiltonian flow of f at time t.
Proof. Again, we can work in a trivialisation open set for L, since

U(ts +t2)" Pe(g)Uk(t1 4 t2) = Ur(t2)*Ur(t1)" Pe(g)Ur(t1)Ur(t2),
godh T =goghogh.

Hence we keep the same notation as in the proof of the previous proposition. If
Ur(t)W = hyu® on V, the computations performed in this proof yield
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dh, =exp(ik6(t,-))

< (16 an) s in(a-@ra- [

—t

0

(@) (ix, da) ds 147 ) (6o ).
We can simplify this further because
(¢°)"(ix, da) = (¢°)"(ix,w) = =(¢*)*(df) = —d((¢°)"f) = —df,
hence we obtain that
Lx,hy = exp(ikO(t, -)) ((¢rt)*(£xg ho) + ik (ixga —ix, ((gzrt)*a)) (qrt)*ho).

Therefore, (8.5) yields
D . 1 —t\* . —t\* —t\*
Pi(9)hs = exp(ik6(t, -)) <ik(¢ D (Lx,ho) + (9 —ix, ((¢7") C“))(¢ )] ho>~
Consequently, if U (t)* Py(g)U(t) = q;u* on V, we finally obtain that

1 . N

G = Lx, 0+ (900" —ix, . a)ho = Pi(g o ¢')ho. O
In order to reprove Lemma 8.1.2 with the help of these two results, it suffices to
write the time derivative of ¢ (t) = Ug(t)* Py(g)Ur(t)¥y, for ¥y € C>®(M, LF), in

two different ways. On the one hand, by definition of Uy,

don

" = ik[Px(f), Pr(9)]%0-

t=0

On the other hand, since ¢ (t) = Py(g o ¢*)¥, Lemma 5.3.3 implies that

Aok

" = P({f, 9})%,

t=0

and we conclude by comparing these two equalities that the Kostant—Souriau oper-
ators satisfy the exact correspondence principle.

8.3 Product Estimate

We will need the following result, of which we will give a proof in Section 8.5.

Theorem 8.3.1. There exists C > 0 such that for every f € C*(M,R),

ITP:(f), i)l < CETH f]]2.
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This estimate is fundamental and allows us to obtain product and commutator
estimates. We now use it to prove Theorem 5.2.2. We compute the difference

T (f)Tk(9) —Tk(fg) = Hy f[ Iy, g1y, = II} f[ITx, Py(g)| ), — I f [Hk’ izv];fg] 1.

Thanks to Theorem 8.3.1, we know that |1y, f [ITi, Py(9)/ x| = O (k=) | fllollg]l2-
The other term can be estimated by writing it as

i

1 1
.f {H,@, ikv’j(g] IIy, = II, fIT,, (ﬂ{vﬁg)m — Iy (mv’;xg)m.

Both terms can be estimated using Corollary 8.1.4. The first one satisfies

whereas the second one satisfies

1
| (9, )

This proves the first estimate of the theorem. To derive the second one, observe that
Tr(fg) is self-adjoint and that the adjoint of Ty (f)Tk(g) is Tx(9)Tk(f), and use the
fact that the operator norm of the adjoint of an operator is the same as the norm
of the operator.

= Ok~ fllollgll2,

1
I}, fIT, (ikv§<Q>nk

= O(k™ )1 Xl = Ok (£ llollgllz + 1 £l llgllr)-

8.4 Commutator Estimate

We first prove commutator estimates for corrected Berezin—Toeplitz operators.

Proposition 8.4.1. For any f,g € C*(M,R),

|70 7300 - 750089 | = 00l

Proof. We will compare [T¢(f), T3 (g)] with [Py(f), Px(g)]- In order to do so, we
compute:

1[I, Py ()], Pr(9) 1Ty = 1k P (f) [k, Pi(9) 1k — 113 Py (f) [, Pi(g)| -
Expanding the first term on the right-hand side of this equality, we get

I Py (f) [y, Pe(9)[Hx = Hy Py (f) 11 P (g) 11 — 1 P (f) Pr(g) I},

and the second term satisfies
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I Py (f) g [, Pr(9)| i, = 1y Py (f) 1 Pe(g) i, — 1 Py (f) 15 Py (g) ), = 0.
Therefore, we have that
1 [y, P ()], Pe(9)| e = T (f)T(9) — HePr(f) Pr(9) -
Thanks to Theorem 8.3.1, the left-hand side is a O(k~2)| f|l2/|g|l2, thus

[T5(F), TE(9)] = Hi[Pr(f), Pe(9) T + O] fll2llgll2

which yields, using Lemma 8.1.2,

O

[T5(f): Ti(g)] = %TE({LQ}) + O£ ll2]lgll2-

We now prove Theorem 5.2.3. Thanks to Proposition 8.1.3, we have that

T(f) = TE() + 5 Th(AS),

and similarly for g. Consequently, [T (f), Tx(g9)] = [T5(f), T5(g9)] + Ry, with

Ri = 5 [TL(AP), TE(0)] + 5

_ 1
T2k

ITE(H), T(Ag)) + 1

[T (Af), Ti(Ag)]-

Let us estimate Ry. Firstly, we have that

T(AS), TE(0)] = [T(AD), Tula)] — 5 [Ti(AP), Te(Ag)]

Applying Theorem 5.2.2 to Af € C1(M,R) and g € C3*(M,R), we obtain that

[Te(Af), T (9)] = O (k™) (£ ll2llgllz + 1 £ l1sllglln) = Ok~ f, gll1.3-

Moreover, Lemma 5.1.2 implies that

[T(Af), Ti(Ag)] = O(1) [ Aflloll Agllo = O (1)1 £l21g]l2- (8.6)

It follows from these estimates that
1

L T(AD, TE(9)] = O(k72) £l

1,3-

A similar reasoning leads to

1

1,3

These two results combined with (8.6) imply that R, = O(k~2)[/f,g
thanks to the previous proposition, we have that

1,3- NOW,
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TE(). TE(9) = S TE({f.0h) + O(2) . g

1,3

Therefore,

i

T(1). Tel9)] = STl 9) + 5

Ti(A{f.9}) + O (k7)1 f, gll1.3,
and we conclude thanks to the estimate

Te(A{f. g}) = O()IA{f, gHlo = O(1) I, ]

which follows from Lemma 5.1.2.

1,3,

8.5 Fundamental Estimates

This section, which follows the same lines as in the article [20], is devoted to the proof
of Theorem 8.3.1; this strongly relies on the asymptotic expansion of the Schwartz
kernel of the projector given by Theorem 7.2.1. Let E € C*(M x M,LF v L*) be
as in this theorem, that is, satisfying the properties stated in Proposition 7.1.1. Let
U C M? be the open set where E does not vanish; observe that U contains the
diagonal Ay; of M2. Define as before a function ¢p € C*®(U) and a differential
form ap € 2Y(U) ® C by the formulas

pp =—2log|E|, VE=—iop®FE,

where we recall that V is the connection induced by V on L ® L. The function ¢
vanishes along Ay, and is positive outside Ay;. We derived the following properties
of o and ap in Lemmas 7.1.3 and 7.1.4:

(1) ag vanishes along Ay,

(2) g vanishes to second order along Ay,

(3) for every x € M, the kernel of the Hessian of ¢ at (x,z) is equal to T(, ) A,
and this Hessian is positive definite on the complement of T\, ) Axs.

In what follows, we will need the following additional property.

Lemma 8.5.1. Let f € C>(M,R), and let g € C*(U,R) be defined by the formula
g(x,y) = f(x) — f(y). Then the function

U=g-— aE(XfaXf)
vanishes to second order along Apy.

Proof. 1t is clear that u vanishes along A,; since g and ap do. Now, let Y and Z
be two vector fields on M; we compute for (y,z) € U

(Lov.zyu) (v, 2) = (Ly )W) — (£2f)(2) = Liv,zy (as(Xp, X5)) (y, 2).
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As before, set @ = p}w—pjw with py, ps the natural projections M? — M. Therefore
the first two terms in the above equation satisfy

(Ly )W) = (L2f)(2) = &((Y, Z), (X, Xp)) (2, 9)-

Moreover, since dag = icurv(V) = @, the last term in the previous equation can
be written as

Liv,z)(ap(Xyp, Xp)) =a((Y, 2), (X5, X)) + ar((Y, 2), (X5, X;)])
+Lix, xp (ap(Y, Z)).

Thus we finally obtain that
Liy,zyu=ap([(Xy, X;), (Y, 2)]) = Lix, x,) (ap(Y, Z)).

The first term vanishes along A,; because ap does. The second term vanishes along
Ap because ap vanishes along Ay and (Xy, X ) is tangent to Apy. O

These properties yield the following result. For u € C°(M?2,R), let Qx(u) be the
operator acting on C°(M, L*) with Schwartz kernel Fj,(u) = (k/(27))" E*u.

Lemma 8.5.2. Taking a smaller U still containing Ay if necessary, for every com-
pact subset K C U and for every p € N, there exists a constant Ck , > 0 such that
for any u € C°(M?,R) with support contained in K, and for every k > 1,

1Qu(w)l| < Crcplulie k™'

2 on K \ Aps, which may be infinite.

where |u|k p is the supremum of |u|pg"
Proof. Assume first that K C V2, where V C M is a trivialisation open set for
M, with coordinates z1, ..., %o, such that V2 C U. So we may identify V with a
subset of R?" and assume that we are working in a subset of R4". Since ¢ vanishes
to second order along Aj,s, Taylor’s formula with integral remainder yields

(1-¢)?
2

1
pole.y) = 5 Pop(@a)(oo) + | P (1= 1))+, 9)) (0,0, 0) i

with v = (0,y — ). The last term is a O(|z —y|*) uniformly on K. Since d*¢g(z, z)
is positive definite on the orthogonal of {x = y} C R we have that

Amin (2)[0]|* < dPpp(z, 2)(v,0) < Amax(2) [0

whenever y # x, where Apin(z) (respectively Apax(z)) is the smallest (respectively
largest) positive eigenvalue of d?pg(z, ). Therefore, there exists C' > 0 such that

|z — yl?

5 <es@y) <Cle- yl? (8.7)
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for every (z,y) € K. Now, let u € C°(M?,R) be compactly supported in K. The
previous estimate shows that for every (z,y) € K, © # vy,

ju(e, )| o Julz,y)]
oo,y = CrPa— gyl

thus |u(z,y)| < CP/%|u|k p||z —y||P on V2. If |u|, is infinite, the result is obvious.
If not, since ||E|| = exp(—pg/2), we have that

A% bl — oI
< (X p/2 _ i I — ylI? de.
iR dn < (5 ) ey [ e -2 ) e -yl as

The integral on V is smaller that the integral on R?" of the same integrand. The
change of variable v = \/k/C(x — y) yields

2
[ IRl s < Ok Pl | exp (=155 ) folP a,

which implies that [, [|Fy(u)(z,y)| dz < Ck _k™P/?|u|k ,. A similar computation
leads to [, [|Fk(u)(z, y)||dy < C%{)pk;_p/2|u|;<7p for some C% , > 0. It follows from
the Schur test that

Q) < Crepk™?Jul i p

for some Ck,p > 0.
Let us now turn to the general case. Taking a smaller U, still containing the
diagonal, if necessary, let (V;)i1<i<q be a finite family of trivialisation sets of M

such that K C U?Zl V2 C U. Choose a partition of unity 7, (1;)1<i<4 subordinate
to the open cover M? C (M?\ K) U (Ufl:1 V2). Let u € C°(M? R) be compactly
supported in K; then

u= Z v, Qr(u) = Qr(niu).
It follows from the first part of the proof that
Qx| < Cr ik ™2 |miulre.p < Crpik ™2 [ulp
for some constants C'x p,; > 0. We conclude by applying the triangle inequality. O

Proposition 8.5.3. For ecvery p € N, for every u € C>®(M?,R) supported in U
and vanishing to order p along Ayy, there exists C, > 0 such that for every f €
C*(M,R),

1Qu(u)ll < Cuk™2, I[Pe(f), Qu(w]ll < Cuk 27| £,

where Pp(f) = f+ (1/(ik))V§(f: C>®(M, L*) — C>=(M, L*) is the Kostant-Souriau
operator associated with f.
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Before proving this result, let us state several lemmas.

Lemma 8.5.4. Let u € C>®°(M?,R) be compactly supported in U, and let f €
C%(M,R). Let g € C2(M?,R) be defined by the formula g(x,y) = f(z) — f(y) as
before, and define the vector field Y = (X, Xf) on M?. Then

[PL(F), @u()] = Qi (0 — ap(Vp))u) + o Qu(Lx )

Proof. We start by writing
[P(F), Qu(w)] = FQu() — Qulw)f + (7K, 0 Q) — Qulu) o T, ).

The Schwartz kernel of fQp(u)—Q(u) f isequal to f(x) Fi(u)(z, y)—Fi(u)(x, y) f (y).
By Lemma 6.4.3, the Schwartz kernel of V’)“(f o Qr(u) is equal to (Vk X 1d) Fi(u).

By Lemma 6.4.4, the Schwartz kernel of Q(u) o V’)“(f is equal to — (id X fo) % (u)
since div(Xy) = 0. Therefore, the Schwartz kernel of [Py (f), Qx(u)] is given by

(f Kid—id® f + - V(Xf Xf)>Fk(u).
Remembering the definition of ag, and since v has support in U, we have that
Vix, xp(E*u) = uVy, E* + (Ly,u) E¥ = (—ikap(Y)u+ Ly,u) E

Consequently, the Schwartz kernel of [Py (f), Qx(u)] is equal to
1
Fk<(g — aE(Yf))u> + EFk (Eyfu);

in other words, [P(f), Qu(w)] = Qi (9 — as(¥))u) + (L/(R)Qu(Ly,w). O

In order to prove Proposition 8.5.3, we will investigate the two terms in the right-
hand side of the equality obtained in this lemma. The following result will help us
dealing with the first term.

Lemma 8.5.5. Let K be a compact subset of U. Then there exists C > 0 such that
for every f € C?(M,R),
lg —ap(Yy)| < Clfl2pe

on K, with g(z,y) = f(x) — f(y) and Yy = (Xf, X¢) as above.
Proof. Assume first that K C V2 where V is a trivialisation open set for M such

that V2 C U. Introduce some coordinates 1, . . ., T2, on V. By Taylor’s formula and
(8.7), there exist some functions g; € C1(V,R), 1 < i < 2n, such that for z,y € V

Zgz yi — 1) + O(ep)llf 2, (8.8)
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and the O(ng) is uniform on K. Now, write

2n

ap(z,y) =Y (u(x,y) dz; + vi(z,y) dy;)
j=1

for some functions pj,v; € C*(V?). Since ap vanishes along Ay, so does pj.
Therefore, by Taylor’s formula, there exist some functions pj; € C(V), 1 < i < 2n,
such that

= Zuji(y)(yi — ;) + O(¢E).

Similarly, there exist some functions v;; € C>(V), 1 <1 < 2n, such that

= > )i~ )+ Ofor).

Consequently, we have that

n

2n
Z(Z“ﬂ ) daj + vy )dyj)( i) +0(ee Z daj + dy;).

Now, by Taylor’s formula, dz;(Xy)(z) = dz;(Xs)(y) + O(<p2/2)||f||2. Thus, the
previous formula implies that

2n

ap(Y)(x,y) = Y ri(y)(yi — i) + O(er)| fl2 (8.9)

=1

for some smooth functions x;, and the O ((p E) is uniform on K. Since, by Lemma 8.5.1,
the function ¢ — ag(Yy) vanishes to second order along Ay, it follows from (8.8)
and (8.9) that g; — k; = 0 for every i € [1,2n]. Therefore

g—agp(Ys) =0 ()| fl:

uniformly on K.
To handle the general case, we use the same partition of unity argument that we
have used at the end of the proof of Lemma 8.5.2. a

Finally, the following lemma will take care of the second term in the equality
displayed in Lemma 8.5.4.

Lemma 8.5.6. Let u € C°°(M?,R) be a function vanishing to order p along Axs.
Then there exists C' > 0 such that for any vector field X of M? of class C' and
tangent to Ay, we have that

ICxul < O X|LhL>.
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Proof. We start by proving the lemma for vector fields which are compactly sup-
ported in V2, where V is a trivialisation open set of M, endowed with coordinates
Llyeoey X2 Write

2n 2n
ou ou ou ou ou
d:E 7di7di:5 —(dy; — dx; dz; ).
’ Z—_1<8$i Ty, y) i_l(ayi(y z)+<ami+ayi> z)

Since u vanishes to order p along Ay and the vector field 0., +0,, is tangent to Ay,
the function Ou/dx; + du/dy; vanishes to order p along Ay, so by Taylor’s formula,

it is a O((p%ﬂ). Moreover, there exists C; > 0 such that for any C' vector field X
compactly supported in V2, |dz;(X)| < C1||X||o. Furthermore, u/dy; vanishes to
order p — 1 along Ay, so it is a O(cpg_l)m). We claim that there exists Cy > 0
such that for any C! vector field X compactly supported in V2 and tangent to Ay,

(dy; — dz:)(X)] < Col| X[l 0p

Indeed, take any such vector field X and write it as

2n

i=1

where a;(z,z) = ;(z,z) since X is tangent to Ayr. Now

(dy; — dzy)(X) = Bi(z,y) — ai(z,y) = /0 d(8; — ai)((l —t)(z,x) +t(m,y))v dt

with v = (0,y — ), by Taylor’s formula. This last term is smaller than a constant
not depending on X times ||X|\1<p}5/2.

Combining all of the above estimates, we obtain the result for vector fields which
are compactly supported in V2. We prove the general case by using a partition of

unity argument. a

Let us now show how to apply all of the above.

Proof of Proposition 8.5.3. Let K denote the support of u. Since u vanishes to
order p along the diagonal, it follows from Taylor’s formula, (8.7) and a partition
of unity argument that |u|x , is finite. Consequently, the first estimate follows from
Lemma 8.5.2.

To prove the second estimate, recall that it follows from Lemma 8.5.4 that

[PL(F), @u()] = Qi (0 — ap(V7)u) + o Qu(Lx )

It follows from Lemma 8.5.5 that |¢g —ag(Y)| < C| f|l2¢E for some constant C' > 0
not depending on f. Moreover, since u vanishes to order p along Ay, u is a O(cp%/ 2).
Thus, (g — ap(Yy))u = O(gp%)+2)/2), and by Lemma 8.5.2,



112 8 Proof of Product and Commutator Estimates
@6 - aztr)a)]| =0t

Similarly, it follows from Lemma 8.5.6 that [Ly,u| < C”Hf||2<p%/2 for some C’ > 0
not depending on f. Therefore, Lemma 8.5.2 yields

1Qk (Ly,u) || = O(k™P2)|| |2,
and the result follows. 0

We are now ready to prove Theorem 8.3.1. Write as in Theorem 7.2.1
EN" .
Hk(m7y) = % E/(.’L’,y)u(.f,y,k)-i-Rk(l‘,y),

and let u ~ 3", k~*u; be the asymptotic expansion of u( - ,-,k). Choose a com-

pactly supported function y € C>°(M?,R) such that supp(x) C U and equal to one
near Ays. Fixing m € N, we write

e = k' Qurlxue) + Yk Qu((1 — X)ue) + Qk <u -y k‘%) + Ry,
£=0

£=0 £=0 =

where Ry, is the operator with Schwartz kernel Ry(-, -). We only need to estimate the
commutator of each of these terms with Py (f). Since yu, is compactly supported
in U, it follows from Proposition 8.5.3 that [Px(f), Qr(xus)] = O(k~1)| f|l2, so

Pe(f), >k Qulxue) | = Ok~ |1 f]]a-

=0

For the second term, we use the following fact. Let V' be a neighbourhood of Ay,
and let r = sup 2\ y||E[l < 1; then for any v € C®(M?) vanishing in V, we have
that

1Fx ()] < Ck™r*[[vllo

for some C' > 0 not depending on v. Therefore this Schwartz kernel is a O (k=) ||v||o
uniformly on M?, and by Proposition 6.4.1, Qx(v) = O(k~>)|v|[o. Since 1 — x
vanishes in a neighbourhood of Aj,;, combining this fact with the equality

[Pe(f), Qr((1 = x)ue)] = Qi ((1 = x) (9 — ap(Ys))u) + %Qk (ﬁyf (e X)utz))7

coming from Lemma 8.5.4, we obtain that

Pe(f): Y B Quk((1 = x)ue)

£=0

= O(k™)IIfIl=-

It only remains to estimate the commutator [Py(f), Sk] where
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Sk = Qu (U - Z kéw) + Rg.

£=0

The Schwartz kernel Si(-,-) of Sy is a O(k"_(m+1)). We conclude the proof by
taking m large enough and using the following lemma.

Lemma 8.5.7. There exists C' > 0 such that for every f € C*(M,R),

I[P (f), Slll < CE™= ™| £l

Proof. By computing V* (Fe(u — >y k~‘ug)), we obtain that for every vector

field X on M? of class C°, there exists Cx > 0 such that |[V& Sy|| < Cx k™ ™. This
implies that there exists C' > 0 such that for every vector field X on M? of class C°,
the inequality ||[V5Sk|| < Ck"~™| X||o holds. Indeed, let (1;)1<;<4 be a partition
of unity subordinate to an open cover (U;)i<i<q of M 2 by trivialisation open sets
for TM?, with a local basis (Yij)1<j<an, and write

q q 4n
X = ZTMX = ZZ)‘”YU’
i=1 i=1 j=1

where );; is a continuous function, which satisfies || \;;|o < C’|| X ||o for some C” > 0.
Consequently,

qg 4n
V5 Skl = DD A V5, Sk SC'(I%XC%)HXHO-

i=1 j=1

To finish the proof, we obtain as in the proof of Lemma 8.5.4 that the Schwartz
kernel of [Py (f), Sk] is equal to

. 1o
(f Rid—id = f + ikv}(CXf’Xf)>Sk'

By the above estimate, ||§’(‘Xf Xf)SkH < Ck™ ™| f|l1, and the result follows. O
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