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Chapter 2
A Short Introduction to Kahler Manifolds

In this chapter, we recall some general facts about complex and Kéhler manifolds.
It is not an exhaustive list of such facts, but rather an introduction of objects and
properties that we will need in the rest of the notes. The interested reader might
want to take a look at some standard textbooks, such as [24, 35] for instance.

Let M be a smooth manifold (M will always be paracompact). The tangent
(respectively cotangent) space at a point m € M will be denoted by T,,, M (respec-
tively T;% M); the tangent (respectively cotangent) bundle will be denoted by T'M
(respectively T*M). A vector field is a smooth section of the tangent bundle; the
notation C*°(M,TM) will stand for the set of vector fields. Similarly, a differen-
tial form of degree p is a section of the exterior bundle AP(T*M); we will use the
notation 2P (M) for the set of degree p differential forms. We will write iy o for the
interior product of a vector field X with a differential form a.

2.1 Almost Complex Structures

Definition 2.1.1. An almost complex structure on M is a smooth field j of endo-
morphisms of the tangent bundle of M whose square is minus the identity:

vaM, j?n:_IdTmJVI'
If such a structure exists, we say that (M, j) is an almost complex manifold.

By taking the determinant, we notice that if M is endowed with an almost
complex structure, then its dimension is necessarily even. In what follows, we will
denote this dimension by 2n with n > 1.

Ezample 2.1.2. Consider M = R? with its standard basis, and let j be the endo-
morphism of R? whose matrix in this basis is

0-1
J = .
10
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Then j is an almost complex structure on M; it corresponds to multiplication by i
on R? ~ C, (x,y) — x+1iy. More generally, the endomorphism of R?>" whose matrix
in the standard basis is block diagonal with blocks as above is an almost complex
structure on R?",

This example is a particular case of a more general fact: if M is a complex
manifold, i.e. a manifold modelled on C™ with holomorphic transition functions,
then it has an almost complex structure. Indeed, let U be a trivialisation open set,

and let z1,...,2, be holomorphic coordinates on U. For ¢ € [1,n], we define the
functions xy = R(z¢) and yy = S(z¢). Then (x1,y1, ..., %n,Yn) are real coordinates
on M, and

Ve € [1,n], JOz, = Oy JOy, = =04,

defines an almost complex structure j on M; it does not depend on the choice of
local coordinates because the differentials of the transition functions are C-linear
isomorphisms, which means that they commute with this local j.

The converse is not true in general: an almost complex structure does not neces-
sarily come from a structure of complex manifold. When it occurs, the almost com-
plex structure is said to be integrable. We will state some integrability criterion later.

2.2 The Complexified Tangent Bundle

Given an almost complex manifold (M, j), we would like to diagonalise j; since
it obviously has no real eigenvalue, we introduce the complexified tangent bundle
TM ® C of M. We extend all endomorphisms of TM to its complexification by
C-linearity. Then we can decompose the complexified tangent bundle as the direct
sum of the eigenspaces of j.

Lemma 2.2.1. The complezified tangent bundle can be written as the direct sum

TMC=T""MaT""' M

where

TYOM :=ker(j —ild) = {X —ijX | X € TM}

and

TO'M = ker(j +ild) = {X +ijX | X € TM} =TOM.

We will denote by Y10 (respectively Y1) the component in THM (respectively
TYLM) of an element Y of the complexified tangent bundle in this decomposition.
We have that

yro Y -UY oy Y4iY
2 ’ 2

for such a Y.
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Proof. Since j? = —1d, j is diagonalisable over C, with eigenvalues =i:
TM @ C =ker(j —ild) @ ker(j +i1Id).

Since these two eigenspaces correspond to complex conjugate eigenvalues, they are
complex conjugate. Thus, it only remains to show that

ker(j —ild) = {X —ijX | X € TM}.

A simple computation shows that if Y = X —ijX with X € TM, then jY =1iY.
Conversely, let Z € ker(j —ild), and let us write Z = X +iY with X, Y € TM.
From the equality

jX+ijY =iX -Y,
it follows, by identification of the real parts, that ¥ = —jX. O

Let us assume that M is a complex manifold and that j is the associated com-
plex structure introduced in the previous section. We consider some local complex
coordinates (z1 = 1 +iy1,...,2n = Tn + 1yn), and define for £ € [1,n]

a’:e = %(am - iayz)7 85@ = %(aﬂw + iayz);

then (0,,)1<e<n and (0z,)1<e<n are local bases of T1OM and T M, respectively.

The following statement gives a necessary and sufficient condition for an almost
complex structure to induce a genuine complex structure. Let us recall that a distri-
bution E C T'M is integrable if and only if for any two vector fields X,Y € E, the
Lie bracket [X,Y] belongs to E (this is actually equivalent to the usual definition as
a consequence of the Frobenius integrability theorem, but we take it as a definition
to simplify).

Theorem 2.2.2 (The Newlander—Nirenberg theorem). Let (M,j) be an al-
most complex manifold. Then j comes from a complex structure if and only if the
distribution TVOM is integrable.

A proof of this standard but rather involved result can be found in [25, Section 5.7]
for instance.

2.3 Decomposition of Forms

By duality, the decomposition TM @ C = TOM @ T%!' M induces a decomposition
of the complexified cotangent bundle:

T*M ® (C _ (T*M)LO @ (T*M)O’l

where
(T*M)*° = {a € T*M |¥X € T"'M,a(X) = 0},
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and (T*M)%! is defined in the same way, replacing 7% M by T*°M. Similarly to
Lemma 2.2.1, we have the following description.

Lemma 2.3.1. We have that
(T*M)° = {a —iaoj|acT*M}, (T*M)*' = (T*M)L0,

It is well-known that the exterior algebra of a direct sum of two vector spaces
is isomorphic to the tensor product of both exterior algebras of the vector spaces,
and that this isomorphism respects the grading. Consequently, we have that

k
AN(T*M) ® C ~ @AM @ A% M)
£=0

with APOM := AP ((T*M)*°) and A%9M := A9((T*M)%'). This can be written as

AT M)eC~ P AM
p,q€N
p+q=k

with APIM := AP°M ® A%9M . Therefore, this induces a decomposition of the space
of k-forms:
PMyeC= @ 2"(M)
p,qeN
p+q=k

where 2P9(M) is the space of smooth sections of AP9M. An element of 2P9(M)
will be called a (p, ¢)-form. These forms can be characterised in the following way.

Lemma 2.3.2. A k-form « belongs to 2%9(M) if and only if for every vector field
X € C®(M, T%'M), ixa = 0. More generally, a k-form « belongs to 2P4(M)
with p+q =k, ¢ # k, if and only if for any ¢ + 1 vector fields X1,..., Xq41 €
COO(M,TO’lM), in ...iqurlOz =0.

By applying complex conjugation, we deduce from this result that a k-form a
belongs to 2P 4(M) with p+ ¢ = k, p # k, if and only if for any p + 1 vector fields
Y, .. .,Yp+1 € COO(M7T1’OM), ixl ---iXerla =0.

Proof. Let a € 2%9(M). We can write « locally as a sum of terms of the form
ag=P1 A A B
with By,..., 8, € 2VO(M). If X € C>°(M,T%' M), by using the formula
ix(yA8) = (ix7) A G+ (=1)"E 7y A (ixd)

for differential forms v, §, and the fact that 3;(X) = 0, we obtain that ixa = 0. Con-
versely, let a € 28(M) ® C whose interior product with every X € C>(M,T%' M)
vanishes. We write as
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o = a(kvo) + a(k7171) + . o _|_ a(o)k)

the decomposition of a in the direct sum 2% (M) = Q¥O(M) @ --- @ Q%% (M). For
X € C®(M, T M), one has

0=ixa=ixa® b 4. .. 40
since ix %% = 0 by the first part of the proof. It is easy to check that ixa(F=P»)
belongs to 2%~P»=1(M) for 1 < p < k. Therefore, the previous equality yields that
ixaF=PP) = for every p € [1, k]. Now, we take a local basis £, ... 3, of (T*M)"°
and write

alk—pp) — Z Z frBeu A A Bék,p
L={¢1,....0;_p}C[1,n] M= ., _ B
{ él<”'l;éz;€};pﬂ ! {n’f:lll<"jr?;7};p el A Bml JANCEIAN ﬂmp

for some smooth functions fr, ps. Then

ZXa(k Pp) — Zzzile\/IﬁZ )6&/\'”/\5@7?

b=t /\qu/\"'/\er4/\erﬂ/\"'/\ﬂ_mw

thus fr arBm, (X) = 0 for every L, M,m, and every X € C°°(M,T%'M), which
finally yields a*=P?) = (. Therefore a = a*9 belongs to 25°(M).

The second statement can be proved by induction on ¢ (the first statement is the
q = 0 case). O

We would like to understand the action of the exterior derivative (extended by C-
linearity) with respect to this decomposition. It turns out that it behaves “nicely” if
and only if j is induced by a structure of complex manifold on M. Before explaining
this, let us introduce one more object.

Definition 2.3.3. The Nijenhuis tensor N; of j is defined as follows: for any vector
fields X, Y € C*(M,TM),

Nj(va) = [X’Y] +.7[.7X7Y] +J[X7.7Y] - []ijy}

This tensor allows one to express the integrability condition in the Newlander—
Nirenberg theorem in a more algebraic way.

Proposition 2.3.4. Let (M, j) be an almost complex manifold. The following as-
sertions are equivalent:

(1) j comes from a complex structure,

(2) d(RM(M)) C 22°(M) @ 211 (M),

(3) Vp,q 6 N, d(0P(M)) C QPFRI(M) @ QP (M),
(4) N,
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Proof. (1) < (4): the Newlander-Nirenberg theorem states that j comes from a
complex structure if and only if [C°° (M, TTOM),C>(M, T M)] C C>*(M,TOM).
So let X,Y € C™°(M,TM); a straightforward computation yields

which implies that
(X —ijX,Y — Y] = L(N;(X,Y) + 11 N; (X, Y)).

Therefore, [X —ijX,Y —ijY] belongs to C> (M, T*°M) if and only if N;(X,Y) = 0.
(1) & (2): let a € 219(M), and let X,Y € C°°(M, T%'M). Then

da(X,Y) = Lx (a(Y)) = Ly (a(X)) — a([X,Y]) = —a([X,Y])

because a(X) = 0 = a(Y) by definition of 24°(M) (here Ly stands for the Lie
derivative with respect to X). Therefore, da(X,Y) = 0 if and only if [X,Y]"? €
ker ov. This means that d(2'°(M)) c 22°(M) @ 2V1(M) if and only if for any
XY € C®(M, T%' M), [X, Y] =0, i.e. [X,Y] belongs to C>(M, T M).

(2) < (3): the implication (3) = (2) is obvious. Thus, let us assume that state-
ment (2) holds. By complex conjugation, this implies that

d(R%1(M)) c 2VY(M) @ 292 (M)
as well. Let v € £2P9(M); we can write locally v as a sum of elements 4 of the form
F=ai A NayAB1LA-ABy,

with aq,...,0p € QVO(M), B1,...,8, € 2% (M). Then by the Leibniz rule for

forms
dy = dag A e, + -+ day Ao, + dB1 Adp, + -+ dBg A,

where &aj =01 A ANaj_r Ao A~ Ao AP A=+ A By and Vg, 18 defined
in the same way. In particular, 4., belongs to QP=14(M). Moreover, since o is
a (1,0)-form, da; belongs to 2%°(M) @ Q%' (M); therefore da; A Yo, belongs to
QPFLa(M) @ QPATH(M). Tt follows from a similar reasoning that dfSy A 45, also
belongs to this direct sum. Consequently, dy belongs to 2PT14(M) & Q2P9TL(M),

and so does d~. O

Observe that, as a consequence of this result, an almost complex structure on
a surface always comes from a complex structure. Indeed, if M is a surface, then
2?29(M) = 2°2(M) = {0},and therefore theexterior derivativeofa (1, 0)-form always
lies in Q2%1(M).
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2.4 Complex Manifolds

Let us now assume that M is a complex manifold and that j is the induced almost
complex structure. Let (z; = @ +1yr)1<k<n be some local complex coordinates on
an open subset U C M. We get complex-valued forms

dzp = day + idy, € 2V0U),  dzp = day, — idy, € 2%1(U)

which form local bases (dz1,..., dz,), (dz1,..., dz,) of 2%9(M) and 2%(M), re-
spectively; (dzy,..., dz,, dz1,..., dz,) isalocal basis of 2 (M) ® C which is dual to
the local basis (0,,,...,0;,,0z,...,0z,) introduced above. Therefore, a local basis
of 2P4(M) is given by the family

(dzg, A--- A dzg, A dzgy Ao A dZe ) 1<k <<y fy <<ty <n-

This immediately provides one with another proof of the fact that, in this case, the
image of £277(M) by the exterior derivative is included in 2PTH9(M) @ QP9+ (M).
Because of this fact, we can write d = 0 + 0 where

Q: QP9(M) — QPYLUM), 0 QPY(M) — QP (M),
The operators 9, 0 satisfy the Leibniz rule
AanpB)=0anpB+(—1)ENDandB, danpB)=0danp+(—1)@aAdp,

which we can prove by writing the Leibniz rule for d and identifying the types.

Let (U, ¢k )ker be a holomorphic atlas of M. A function f: M — C is called
holomorphic if and only if for every £ € I, the function f o cp,;l: Cr - Cis
holomorphic.

Lemma 2.4.1. Let f: M — C be a smooth function. The following statements are
equivalent

(1) f is holomorphic,
(2) for every Z € C>*(M,T*M), Lz f =0,
(3)of =0.

Proof. The equivalence of the last two statements is clear because df = 0 is equiv-
alent to the fact that df belongs to 2V°(M). Now, let (21,...,2,) be the local
complex coordinates defined by ¢y ; then f is holomorphic if and only if
of
V€ S ]., 5 - = O
[Lnl, 3 2
in these coordinates. This is equivalent to saying that df(9z,) = 0 for every ¢; since
(0z,)1<0<n is a local basis of T** M, this amounts to df € 25°(M), which in turn
is equivalent to df = 0. (|



14 2 A Short Introduction to Kahler Manifolds
Lemma 2.4.2. The following identities hold:
?=0, 90+00=0, 0*=0.
Proof. This follows from the equality
0=d*=09°+080+ 00+ 0

and the fact that 92: QP9(M) — QPF24(M), 90 + 00: 2P9(M) — QPFLI+L(A)
and 92: QP9(M) — QP9+2(M).

Following the standard terminology for the exterior derivative, we say that a
complex-valued form « is 0-closed if Do = 0, and 9-ezact if there exists a differential
form § such that a = dF. The operator d defines a cohomology, called Dolbeault
cohomology. The cohomology groups are the quotients of d-closed forms by d-exact
forms:

HP (M) = ker (9 gr.a(ary) /0(2P71(M)).
The following result is an analogue of the Poincaré lemma for the exterior derivative.

Lemma 2.4.3 (Dolbeault—Grothendieck lemma, or 0-Poincaré lemma).
A O-closed form is locally 0-exact.

For a proof, we refer the reader to standard textbooks, for instance [24, Proposi-
tion 1.3.8]. This result can be used to prove the following property of the operator
i00, which will be useful later.

Lemma 2.4.4 (The i8d-lemma). Let o € 2V (M) be a differential form of type
(1,1). Then « is closed and real-valued (i.e., o € QV1(M) N 22(M)) if and only if
every point m € M has an open neighbourhood U such that o = i09¢ over U for
some ¢ € C*°(U,R).

Proof. Assume that a = i9d¢ over some open subset U C M for some ¢ € C®(U, R).
Then B o )
da = 1(0%0¢ + 000¢) = —i00*¢ = 0,

which proves that « is closed. Moreover,
a = —1090¢ = —100¢p = 100¢ = a,
thus « is real-valued.

Conversely, assume that « is closed and real-valued. From the usual Poincaré
lemma, there exists locally a real-valued one-form [ such that a = df. From the
equality

a=df=0ap"0 +9p10 4 90 4 501,

we deduce that a = 919 + 9B(OD) and 0(Y) = 0. Thanks to the Dolbeault-
Grothendieck lemma, we can find a local function f such that (%) = 9f. Since 3
is real-valued, the components of 3 satisfy
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/8(1’0) = /8(071) = af.
We finally obtain that
a=00f +90f =d0(f — f) =i00¢

with ¢ = 23(f). O

2.5 Kahler Manifolds

Let (M, 7) be an almost complex manifold.

Definition 2.5.1. A Riemannian metric g on M is said to be compatible with j if
9 X, jY) = g(X,Y)

for every X, Y € TM.

Every almost complex manifold can be equipped with a compatible Riemannian
metric. Indeed, take any Riemannian metric g on M and define

h(X,Y) :=g(X,Y) +g(jX,jY)

for every X, Y € T'M; then h is compatible with j. Given a compatible Riemannian
metric g on (M, j), one defines its fundamental form as

w(X,Y):=g(jX,Y)
for every X, Y € TM.

Lemma 2.5.2. The fundamental form w is a real (1,1)-form, i.e., it belongs to
QVL(M) N 22 (M).

Proof. Firstly, we check that w belongs to 2?(M):
w(Y,X) = g(jY, X) = g(j?Y,jX) = —g(Y,jX) = —g(jX,Y) = —w(X,Y)

for X, Y € TM. Secondly, to prove that w is of type (1,1), it is enough, by
Lemma 2.3.2, to show that it vanishes when applied to a pair of elements of T™9M.
Therefore, let X, Y € C>°(M,TM); then

wX —ijX,)Y —ijY) =w(X,Y) —iw(X,jY) —iw(X,Y) —w(X,jY).
But on the one hand

w(jX,jY) =g(j°X,jY) = —g(X,jY) = —g(j X, 5°Y) = g(jX,Y) = w(X,Y)
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and on the other hand

Consequently, w(X —ij X, Y —ijY) = 0. -

To illustrate this, let us assume for a moment that M is a complex manifold and
that j is the induced almost complex structure. We choose some local holomorphic
coordinates (z1,...,2,), and define the function

he,m = g(azw aim,)

where g has been extended to TM ® C by C-bilinearity (and not sesquilinearity!).
One can check that

w=1 Y hpmdae A dzp,

lm=1

in these coordinates.

Let (M, j) be an almost complex manifold, and let g be a compatible Riemannian
metric. Since j is an isomorphism and ¢ is non-degenerate, it is clear that w is non-
degenerate. Hence, if it is closed, it is a symplectic form.

Definition 2.5.3. A compatible Riemannian metric on an almost complex manifold
is called a Kdhler metric if j is integrable and the fundamental form w is closed.
A Kahler manifold (M, j,g) is an almost complex manifold (M, j) endowed with a
Ké&hler metric g.

In this case, the fundamental form is a symplectic form on M. By Lemma 2.4.4,
near each point p € M, there exists a real-valued smooth function ¢ such that

w = 1006.
This function ¢ is called a Kdhler potential. In local coordinates, this gives
0%
hZ m — —
’ 02¢0%Zm,

which means that the metric is determined locally by the Kéahler potential.
In what follows, we will be more interested in the symplectic point of view. So
let us start with a symplectic manifold (M, w).

Definition 2.5.4. An almost complex structure j on M is said to be compatible
with w if

w(jX,jY) =w(X,Y)
for any X,Y € TM and
w(X,7X) >0

for every X #0 € TM.
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One readily checks that, given a compatible almost complex structure j on
(M,w), the spaces TH°M and T M are Lagrangian (when we extend w to TM ®C
by C-bilinearity).

Assume that M is a complex manifold endowed with the induced complex struc-
ture j, and that w belongs to 2! (M). In local coordinates (z¢)1<¢<n, the symplectic
form is of the form

n
w=1 Y hymdze A dzy,
{m=1

for some smooth functions hg,,, 1 < ¢, m < n. Then w is compatible with j if and
only if all the matrices (h&m(p)) 1<t.m<ns P € M coming from such local expressions
are positive definite Hermitian matrices.

A symplectic manifold always has a compatible almost complex structure. Indeed,
take any Riemannian metric g on M. By the Riesz representation theorem, we have
two isomorphisms

W:TM —-T"M, Xw—ixw and §g:TM —>T'M, X~ g(X,-).
Consider @ = §~' o@w: TM — TM; it is an isomorphism, which is moreover anti-

symmetric, in the sense that a* = —a (a* is the adjoint of a with respect to g).
Indeed,

9(aX,Y) = w(X,Y) = —w(Y, X) = —g(a¥, X) = g(X, ~a¥)
for any X,Y € TM. Let
a=j(a*a)’?
be the polar decomposition of a; j is unitary (with respect to g).
Lemma 2.5.5. j is an almost complex structure which is compatible with w.

Proof. On the one hand, since j is unitary, j*j = Idpp;. On the other hand, since
(a*a)l/ 2 is an isomorphism commuting with a and a is anti-symmetric, we have

j* = (a(aa)™'?)" = (a"a)"?a" = —(a%a) %0 = —a(a®a) V% = -,

thus j2 = —Idgas. It remains to check the compatibility between j and w. Firstly,
we have that

w(jX,jY) = g(ajX,jY) = g(jaX,jY) = g(aX,j"jY) = g(aX,Y) = w(X,Y)
for any X,Y € T'M. Secondly, for every X #0¢€ TM,

w(X,jX) = g(aX,jX) = g(j*aX,X) = g((a*a)/*X,X) > 0

because (a*a)'/? is positive definite. O

Observe that, given a symplectic form w and a compatible almost complex struc-
ture j, the formula
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9(X,)Y) :=w(X,jY)

defines a Riemannian metric on M, which is compatible with j and whose funda-
mental form is equal to w. The latter is closed by definition; therefore we obtain an
equivalent definition of Kéahler manifolds.

Proposition 2.5.6. A symplectic manifold (M,w) is a Kihler manifold if and only
if there exists an almost complex structure j which is compatible with w and inte-
grable.

Note that an orientable surface is always a Kéhler manifold. Indeed, by the
discussion above, it can be endowed with an almost complex structure compatible
with the symplectic (volume) form. But as we noticed earlier, an almost complex
structure on a surface is always integrable.

Example 2.5.7. On C with its standard complex structure, the standard symplectic
form

. n
w;;dz@/\ dz,

is the fundamental form of the K&hler metric given by the standard scalar product
on R?". There is a globally defined Kéhler potential given by

1 n
G215 2y By ey Zn) = §Z|z@\2.
(=1

Ezxample 2.5.8 (The unit disc). On the open unit disc D™ C C™ (still with standard
complex structure), we consider the function

(21, ey Zny 21y v oy 2n) = —%log(l — ||zH2)7

where [|z]|? = (z,2) = >_,_,|z¢|* is the square of the norm of z with respect to

the standard Hermitian product on C”, and introduce the form w = idd¢. This
is a closed real (1,1)-form; we will show that it is compatible with the complex
structure. We compute

(1 =20 |z _ Y opeq zedze
21— 1=1?) 2(1—1=11)’

8p = —

which yields

906 — 1((22—1 Zp dag) A (222?:1 20dz) | Yy dz il d54>'
2 (L —1=[1?) 1— =]

We finally obtain that

n

Z (Eng + (1 — ||ZH2)5]€,5) dzi A dzyg;
fof=1

i

W=
2(1 = [|=%)?
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we claim that the matrix H = (Zy2, + (1 — ||Z||2)5k»4)1<k <, is Hermitian positive
definite for every z € D", which means that w is compatible with the complex
structure. Indeed, for a nonzero v in C", we have

(Hu,u) = (u, 2)(z,u) + (1= [[21?) lull* = [¢z,u)* + (1= |[2]*) [lul]* > 0
since 1 — ||z]|? > 0.

Ezample 2.5.9 (The Pubini-Study structure). Let M = CP™ with its standard open

covering CP" C |J;_, Uiy where Uy, = {[z0: -+ : 2,] € CP™ | 2, # 0} and charts
20 Rk—1 Zk+1 z

Ok U = C" 200t zp) = (w1, .., wp) = (,...,1,+,...,n>.
2k 2k 2k 2k

On each U, we can define a function

¢r = log (Z

£=0

P 2 n
=t ) log<1+ |wm|2>7
k m=1

which, as we will prove, is a local Kahler potential. We define real (1, 1)-forms wy,
on each U by wy = i00¢y. Firstly, we check that this defines a global element
w € NVY M) N 2%(M), i.e. that

wk‘UkﬁU,g = w£|UkﬂUg;
on U, NUy, we have

2 2
(bklog( >log< )Jr(bg.

Hence, we only need to show that 99log(|z¢/zx|?) = 0 on Uy NU,. This follows from

the fact that on C
d0loglw|? =0 wdwy 0 @ =0.
|w|? w

Now, a computation similar to the one in the previous example yields

2 g

24

2k

24

2k

Zm

2L

m=0

i n
W = —————— 1+ [|w||?)dp.m — Wews,) dws A dw,,.
P A, (1 e = T due

Let H = ((1 + [|w||®)8¢,m — Wewy,) and consider u # 0 in C™; then

1<l,m<n

(Hu,u) = [Jul® + [lwlllu]]* = [{w, u)* = [[ul* >0
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by the Cauchy—Schwarz inequality. Consequently, wpq = w is a Kéahler form, called
the Fubini-Study form. Sometimes its definition involves a factor £1/(27), so that
the integral of wpg on CP' c CP" is equal to 1. In our setting, it is better not to
include this factor, as we will see later.

2.6 A Few Useful Properties

Let (M,w,j) be a Kéihler manifold and let ¢ = w(-,j-) be the induced Kéhler
metric. The gradient with respect to g of a function f and the Hamiltonian vector
field associated with f are related as follows.

Lemma 2.6.1. Let f € C'(M). Then grad, f = —jX;.

Proof. On the one hand, by definition, the gradient of f is such that the equation
df = g(-,grad, f) = w(-,jgrad, f) holds. But on the other hand, the Hamiltonian
vector field of f satisfies df + w(Xy, ) =0.

Like any other Riemannian metric, the Kéhler metric g induces a volume form f,
on M. But the symplectic form w also defines a volume form, namely the Liouville
volume form p = w”"/n!. They are also related.

Lemma 2.6.2. These two volume forms are equal: p = pg.

Proof. Let us use local complex coordinates (z1,...,2,) and let us introduce the
real local coordinates (z1,¥1,...,Tn, yn) satisfying zy = x¢ +1iy, for every £ € [1,n].
Then we can write

w=1 > hemdae A dzp,

L,m=1

for some functions hy,, such that H(p) = (he,,(p)) is a positive definite Hermitian
matrix for every p. Consequently,

pw=1i"det(H)dzy A dzg A+ A dzp A dZ, = 2" det(H)dzy A dys A -+ A dap A dyp.

Note that 2" det(H) = y/det g; this is a consequence of the definition of H, because
hem = %g(@u — 0y, Ox,, + 10y, ).

Therefore, we finally obtain that

w=+/detgdzy A dys A A dxy A Ay, = pg,

which was to be proved. U

In what follows, we will also need the following result, which can be derived from
the Hodge theory of compact Kéhler manifolds. We do not want to spend time on
this theory in these notes; therefore we will not give a proof of this result. It is a
consequence of [24, Corollary 3.2.10] for example.
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Lemma 2.6.3 (The global idd-lemma). Let (M,w) be a compact Kihler man-
ifold. Let o be an evact, real-valued form of type (1,1) on M. Then there eists
a function ¢ € C°(M,R) such that « = i00¢. This function is unique up to the
addition of a constant.
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