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Abstract We describe the Eynard-Orantin recursive algorithm on a spectral curve,
and give a biased survey on its roles as B-models which predict various higher genus
A-model invariants via mirror symmetry.

1 Introduction

The Eynard-Orantin topological recursion is a recursive algorithm from the matrix
model theory [24]. Mathematically speaking, it starts with an affine plane curve
� with a choice of a fundamental normalized differential of the second kind, and
then the algorithm recursively produces a series of symmetric meromorphic forms
ωg,n on the product of n copies of �. These ωg,n are called B-model higher genus
invariants. They are genus g correlators with n boundary components. We will
survey two aspects of this recursive algorithm—its relation to a quantization of a
semisimple Frobenius manifold, and its role in mirror symmetry.
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1.1 Relation to Givental’s Quantization and Abstract
Frobenius Structure

The Eynard-Orantin recursion is a recursive algorithm in computing higher genus
invariants of a Frobenius manifold, as shown in [19]. They show that we can
define the recursion formally around each ramification point using the data from a
calibrated Frobenius manifold, the recursion is equivalent to Givental’s quantization
[39, 40]. Another important theorem of [19] is that they express Eynard-Orantin
higher genus invariants as graph sums. This allows us to compare with the graph
sum formula of Gromov-Witten invariants, which is essential in the proof of mirror
symmetry involving Eynard-Orantin recursion.

1.2 Eynard-Orantin Recursion as B-Model in Mirror
Symmetry

Mirror symmetry is the equivalence between the A-model (about the Kähler
structure of a manifold) and the B-model of its mirror (about the complex structure).
When the spectral curve is the B-model mirror to some A-model, like topological
strings on a toric Calabi-Yau threefold, the Eynard-Orantin B-model invariants pre-
dict the A-model strings correctly. This is the Bouchard-Klemm-Mariño-Pasquetti
(BKMP, [11, 12, 55]) remodeling conjecture, proved recently in [25, 31, 32]. There
are also various mirror symmetry statements along this line, as long as one can
have a mirror curve as the B-model, e.g. the case of P1 (Norbury-Scott conjecture
[19, 30, 59]), Bouchard-Mariño conjecture in various settings [9, 10, 13].

These Eynard-Orantin higher genus invariants ωg,n enjoy many nice properties.
In [24], the authors discuss the variation of ωg,n with respect to the moduli of
the spectral curves. Also, the fundamental normalized differential of the second
kind depends on the choice of a Torelli marking. It changes under a modular
transformation. The modularity property of Gromov-Witten invariants for toric
Calabi-Yau threefolds follows from the BKMP conjecture and the modularity
property of the Eynard-Orantin B-model invariants ωg,n.

1.3 Structure of This Paper

We first review the definition of Eynard-Orantin topological recursion in Sect. 2.
In Sect. 3 we will state the equivalence between the Eynard-Orantin topological
recursion on a formal spectral curve and Givental’s quantization on a Frobenius
manifold. In Sect. 4 we will review the applications of Eynard-Orantin recursions
to all genera mirror symmetry. The last section is about the modularity property of
Gromov-Witten invariants from the modularity of Eynard-Orantin invariants, via the
mirror symmetry statement introduced in Sect. 4.
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This survey is far from covering the vast scope of the Eynard-Orantin topological
recursion, which is a very active field of research of late. We do not systematically
cover the fundamental properties of the Eynard-Orantin recursion, like the variations
of ωg,n with respect to the moduli of spectral curves [24]. There are many other
fantastic applications of the recursion, not necessarily along the line of mirror
symmetry for toric Calabi-Yau threefolds, like Weil-Pertersson volume [22, 23, 65].
The recent progress on “quantum curves”, and the application of Eynard-Orantin
recursion to non-semisimple situations by taking non-semisimple limits, are also
beyond the reach of this survey.

2 Spectral Curve and Eynard-Orantin Recursion

2.1 Spectral Curves

Let � be a smooth affine algebraic curve in (C∗)2. The coordinate Y maps � into
the second component of (C∗)2. It is a holomorphic function on �. Let Y = e−y .
We denote the covering map πY

πY : C∗ × C → (C∗)2,

(a, y) �→ (a, e−y).

Let ˜� be the lift of � under this map, and let � be a choice of smooth
compactification of �, which is a compact Riemann surface.1

Recall that a Torelli marking on � is a choice of cycles A1, . . . , Ag, B1, . . . , Bg

in H1(�;C), such that Ai ∩ Bj = δi,j and Ai ∩ Aj = Bi ∩ Bj = 0, where g is
the genus of �.2 Given such a marking, following the notions [34], we define the
fundamental normalized differential of the second kind (a.k.a. Bergman kernel in
Eynard-Orantin [24]).

Definition 1 The fundamental normalized differential of the second kind (abbrevi-
ated as fundamental differential in this paper) associated to a Torelli marking on �

is the symmetric meromorphic form on (�)2 satisfying the following conditions.

• The only pole is the double pole along the diagonal, i.e. given any local
coordinate ζ near a point p ∈ �, the differential B has the following form near
(p, p) ∈ (�)2

B = dζ1dζ2

(ζ1 − ζ2)2
+ holomorphic part.

1We reserve the variable X = e−x for other purposes. In many but not all examples, it will be the
first coordinate.
2We allow such cycles to be non-geometric, i.e. elements in H1(�;C).
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• It is normalized by the choice of A-cycles

∫

q∈Ai

B(p, q) = 0, for i = 1, . . . , g.

Remark 2 The pairing of cycles in H1(�;C) turns it into a symplectic vector space.
The subspace spanned by A-cycles is a Lagrangian subspace. The fundamental
differential B only depends on the choice of this Lagrangian subspace.

Definition 3 A spectral curve � = (�, x, B) consists of the following data:

• a smooth affine algebraic curve� in (C∗)2 together with a Torelli marking on �;
• a holomorphic Morse function (superpotential) x from the universal cover of �

to C
∗, such that dx descends to a meromorphic form on � with poles in � \ �;

• a fundamental normalized differential of the second kind B on � with respect to
such choice of A-cycles.

Remark 4 In the applications of the Eynard-Orantin recursion, very often X = e−x

is the first coordinate of the affine curve �.

Fix a spectral curve �. Since x is Morse, the critical points where dx = 0 form
a finite set {pα : α ∈ I�}. Define the Liouville form � = ydx = − logYdx.
It is a well-defined holomorphic form on ˜�, and is meromorphic on the smooth
completion of ˜�.

At each critical point pα , we define the local coordinate ζα by

x = ζ 2
α + x0,α,

where x0,α is the critical value of x at pα . For any p near pα , let p̄ be the point on
� such that ζα(p̄) = −ζα(p).

The central topic of this survey, Eynard-Orantin’s topological recursion, is
essentially defined around each critical point of x on the spectral curve. Following
[19], we define formal spectral curves below.3

Definition 5 A formal spectral curve C is a disjoint union of {Cα}α∈IC where each
Cα = SpecC[[ζα]], together with following information.

• A function yα = ∑∞
i=0 hα

i (ζα)i on Cα where hα
1 �= 0.

• A holomorphic Morse function xα = x0,α + ζ 2
α on Cα .

3In [19], Eynard-Orantin recursions on such formal spectral curves are called local topological
recursions.
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• The “fundamental normalized differential of the second kind” Bα,β ∈

(T ∗(Cα × Cβ \ Cα,β))

Bα,β(ζα, ζβ) = δα,β

dζα ⊗ dζβ

(ζα − ζβ)2
+

∑

i,j≥0

B
α,β
i,j (ζα)i(ζβ)j dζα ⊗ dζβ,

where Cα,β
∼= SpecC[[ζ ]] is the diagonal. We require B

α,β
i,j = B

β,α
i,j .

Any spectral curve induces a formal spectral curve. We will consider the recursions
for both actual and formal spectral curves in the next subsection.

2.2 Eynard-Orantin’s Topological Recursion

Definition 6 The Eynard-Orantin recursive algorithm defines a sequence of sym-
metric meromorphic forms ωg,n on (�)n for g ∈ Z≥0, n ∈ Z>0 as follows.

• Initial conditions:

ω0,1 = 0, ω0,2 = B.

• Recursive algorithm:

ωg,n(p1, . . . , pn)=
∑

p′∈I�

Resp=p′

∫ p̄

ξ=p
B(pn, ξ)

2(�(p) − �(p̄))

(

ωg−1,n+1(p, p̄, p1, . . . , pn−1)

+
∑

g1+g2=g

∑

IJ={1,...,n−1}
ωg1,|I |+1(p, pI )ωg2,|J |+1(p̄, pJ )

)

.

Proposition 7 When 2g − 2 + n > 0, the poles of ωg,n are at dxi = 0 (critical
points), where dxi is the differential of the superpotential on i-th copy of (�)n.

Proof The proof is in Appendix A of [24]. We repeat it here. Assume the statement
is correct for all (g, n) such that g < g0 or g = g0, n < n0 where 2g0 − 2 + n0 >

0. Then by the recursion, if p1, . . . , pn are not any critical point, all ωg0−1,n0+1,
ωg1,|I |+1 and ωg2,|J |+1 on the RHS are not at their poles, and the residues are well-
defined. Therefore ωg0,n0 is finite at (p1, . . . , pn). Notice that we can always make
the contour around p′ small enough to avoid p1, . . . , pn−1 such that we would not
encounter the diagonal pole of ω0,2.

Definition 6 also applies to any formal spectral curveC=({Cα}, {xα}, {yα}, Bα,β),
and produces a sequence of meromorphic symmetric differential n-forms ωg,n on
(α∈ICCα)n.
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2.3 Differential Forms on Spectral Curves

For any spectral curve�, we define the preferred basis of differentials of the second
kind as below

θα
d (p) := (2d − 1)!!2−dResp′→pα

B(p, p′)ζα(p′)−2d−1.

The form θα
d satisfies the following properties.

• θα
d is a meromorphic 1-form on � with a single pole of order 2d + 2 at pα .

• In local coordinate

θα
d = (− (2d + 1)!!

2dζ 2d+2
α

+ holomorphic part)dζα.

•
∫

Ai
θα
d = 0 for i = 1, . . .g.

For k > 0, we define

ξ̂α,k = (−1)k(
d

dx
)k−1(

θα
0

dx
),

which is a meromorphic function on �q . As a convention, we write dξ̂α,0 = θα
0 ,

although ξ̂α,0 is not a well defined global meromorphic function on �q .
Similarly, for any formal spectral curve C = {Cβ}β∈IC , we define these

meromorphic forms θα
d,β(ζβ) on Cβ

θα
d,β(ζβ) := (2d − 1)!!2−dResζα→0B

α,β(ζα, ζβ)(ζα)−2d−1.

We have

θα
d,β = (−δα,β(2d + 1)!!

2dζ 2d+2
β

+ holomorphic part)dζβ.

We also define

ξ̂α,β,k = (−1)k(
d

dx
)k−1(

θα
0,β

dx
), dξ̂α,β,0 = θα

0,β.
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3 Identification of Eynard-Orantin’s Recursion with
Givental’s Quantization

3.1 Frobenius Manifold

In this section, we explain the equivalence of Givental’s quantization of a semisim-
ple Frobenius manifold and the corresponding Eynard-Orantin recursion.

Definition 8 A Frobenius algebra (V , ) is a finite-dimensional associative algebra
V over a field k with unit 1 equipped with a non-degenerate bilinear pairing (, ) :
V × V → k such that (a  b, c) = (a, b  c).

We fix the dimension of the Frobenius algebra (or later, manifold) in discussion to
be N . A Frobenius algebra is semisimple if it has a basis {φα}α=1,...,N such that
φα  φβ = δα,βφα . Such basis is unique up to a permutation.

Definition 9 A Frobenius manifold V is a k-manifold with a flat pseudo-
Riemannian metric (, ) with the following properties.

• Locally there is a function F whose third covariant derivative Fabc at q defines
a product q on the tangent by Fabc|q = (∂a q ∂b, ∂c), such that each tangent
space at a point q is a Frobenius algebra with the product q and the pairing from
the Riemannian metric.

• The vector field the of unit 1 is covariantly constant and preserves the multipli-
cation.

A Frobenius manifold V is generically semisimple if for generic q ∈ V , TqV is
semisimple. We sometimes write  instead of q when the context is clear.

Let τa, a = 1, . . . , N be flat coordinates on a Frobenius manifold, and let Ha =
∂

∂τa be the corresponding frames in the tangent bundle. The quantum connection ∇
is given as follows

∇a = z∂a − Ha

The quantum differential equation (QDE) is

∇η = 0

The QDE is a system of first-order differential equations, and a choice of fundamen-
tal solutions Sτ = (η1(τ ), . . . , ηN(τ )) is called an S-calibration.

Definition 10 Around a semisimple point p ∈ V (we assume τ (p) = τ0), we
define the following notions.

• Canonical basis φα(τ) such that φα(τ)  φβ(τ ) = δα,β . We have

(φα(τ ), φβ(τ )) = δα,β

�α(τ)
.
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• Canonical coordinates uα(τ ) such that ∂
∂uα(τ )

= φα(τ). They are fixed up to
constants.

• Flat basis φα which is the parallel transport (according to the Levi-Civita
connection of the Riemannian metric on V ) of φα(τ0) at τ = 0. We also denote
�α = �α(τ0).

• Normalized basis φ̂α(τ ) = φα(τ)
√

�α(τ); φ̂α = φα

√
�α .

• The dual basis {φα} to {φα}, and the dual basis {φα(τ)} to {φα(τ)}. The
normalized basis are self-dual.

Theorem 11 Around a semisimple point p ∈ V , there exists an S-calibration Sτ =
(η1(τ ), . . . , ηN(τ )). Each ηα(τ ) = ∑N

a=1(Sτ )
α̂
a Ha where Ha is the dual basis to

Ha . One can decompose Sτ as following

(Sτ )
α̂
a = (�τ )

β
a Rτ (z)

α
β e

uα(τ )
z .

Here �τ is the transition matrix from φ̂α(τ ) to Ha

Ha =
N

∑

a=1

(�τ )
α
a φ̂α(τ ),

and

(Rτ ) α
β (z) = δ α

β + O(z)

is a formal power series in z, and it is unitary

(Rτ )
γ
α (z)(Rτ )

γ
β (−z) = δαβ.

Furthermore, Rτ it is uniquely determined by up to a right multiplication of
exp(

∑∞
i=1 a2i−1z

2i−1) where a2i−1 are constant diagonal matrices.

Let Sτ be an S-calibration. Define an operator Sτ : TτV → TτV by

(Sτ ) α̂
a = (Ha,Sτ (φ̂α)).

Define the matrix

(Sτ )
β̂

α = (φ̂β(τ ), Sτ (φα)).
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3.2 Quantizations of a Generically Semi-Simple Frobenius
Manifold

We will introduce Givental’s quantization for semi-simple Frobenius manifolds.
When the Frobenius manifold comes from genus 0 Gromov-Witten theory of a toric
manifold, this quantization matches higher genus Gromov-Witten invariants. First
we introduce the following notations

u(z) = (u1(z),u2(z), . . . ), uj (z) =
N

∑

a=1

ua
j (z)Ha,

ua
j (z) = (ua

j )0 + (ua
j )1z + (ua

j )2z
2 + . . . ,

t(z) =
N

∑

a=1

ta(z)Ha, ta(z) = (ta)0 + (ta)1z + (ta2 )z2 + . . . .

Example 12 Let X be a smooth toric manifold over C, and T ⊂ X be the
dense open torus in X. The equivariant quantum cohomology QH ∗

T
(X;Q) is a

Frobenius algebra over the fractional field Q of H ∗
T
(pt;C), and it is semisimple

around the origin. When X is compact, the non-equivariant quantum cohomology
QH ∗(X;C) is semisimple generically. It is not necessarily semisimple when the
Kähler parameter is zero, i.e. the ordinary non-equivariant cohomology algebra is
not necessarily semisimple. We recall the definition of equivariant Gromov-Witten
invariants for X below. We do not assume X is compact in the equivariant setting.

Let Mg,n(X; β) be the moduli of the stable maps from a genus g, n-marked
curve to X in class β ∈ H2(X;Z). Recall that ψ-class ψi = c1(Li ) where Li is
formed by cotangent lines at i-th marked point on Mg,n(X; β). Let ψ̄i = π∗ψpt,i ,
where ψpt,i is the i-th ψ-class on the moduli space of curves Mg,n, and π :
Mg,n(X; β) → Mg,n is the forgetful map.

The T-equivariant genus g degree d Gromov-Witten invariants of X are defined
by

〈γ1ψ̂a1
1 , · · · , γnψ̂

an
n 〉X,T

g,n,β =
∫

[Mg,n(X,d)T]w,T

ι∗
(∏n

j=1 ev
∗
j (γj )(ψ̂

T

j )aj
)

eT(Nvir)
∈ Q.

where the weighted virtual fundamental class [Mg,n(X, d)T]w,T [1, 2] (resp. the
virtual normal bundle Nvir of Mg,n(X, d)T in Mg,n(X, d)) is defined by the
fixed (resp. moving) part of the restriction to Mg,n(X, d)T of the T-equivariant
perfect obstruction theory on Mg,n(X, d) [41], and ι∗ : H ∗

T
(Mg,n(X, d);Q) →

H ∗
T
(Mg,n(X, d)T;Q) is induced by the inclusion map ι : Mg,n(X, d)T ↪→

Mg,n(X, d). Here ψ̂ = ψ or ψ̄ , and these invariants are called ancestors or
descendants, respectively.
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Let τ ∈ H ∗
T
(X;Q). Define the ancestor/descendant (ψ̂ = ψ̄ or ψ) potential with

primary insertions (we suppress the torus symbolT from here in the Gromov-Witten
notations for closed Gromov-Witten invariants)

〈〈u1(ψ̂1), . . . ,un(ψ̂n)〉〉Xg,n =
∞
∑

m=0

∑

β≥0

〈u1(ψ̂1), · · · ,un(ψ̂n), τ
m〉X,T

g,n+m,β

m! .

We always assume this sum converges for a suitable domain of τ .4

The quantum cohomology is defined by

(a ∗τ b, c) = 〈〈a, b, c〉〉X0,3, a, b, c ∈ H ∗
T
(X;Q).

Let t = u1 = u2 = u3 = . . . . We define

FX
g,n(t) = 〈〈t, . . . , t〉〉Xg,n, FX

g = 〈〈〉〉Xg,0.

Here FX
g = FX

g (τ) is a function of τ .

Fix a generically semisimple Frobenius manifold V with dimV = N . Given two
S-calibration Sτ and ˜Sτ where ˜Sτ allows such a decomposition

(˜Sτ )
α
a = (�τ )

β
a (Rτ )

α
β e

uα

z ,

we will describe the graph sum formula for higher genus descendant and ancestor
potentials with these choices of S-calibrations. Let 
 be a connected graph. We
introduce the following notations.

1. V (
) is the set of vertices in 
.
2. E(
) is the set of edges in 
.
3. H(
) is the set of half edges in 
.
4. Lo(
) is the set of ordinary leaves in 
. The ordinary leaves are ordered:

Lo(
) = {l1, . . . , ln} where n is the number of ordinary leaves.
5. L1(
) is the set of dilaton leaves in 
. The dilaton leaves are unordered.

We also introduce the following labels:

1. (genus) g : V (
) → Z≥0.
2. (marking) α : V (
) → {1, . . . , N}. This induces α : L(
) = Lo(
)∪L1(
) →

{1, . . . , N}, as follows: if l ∈ L(
) is a leaf attached to a vertex v ∈ V (
), define
α(l) = α(v).

3. (height) k : H(
) → Z≥0.

4It should converge near “large radius limit” τ0. We decompose τ = τ ′ + τ ′′, τ ′ ∈ H 2
T
(X;Q) and

τ ′′ ∈ H
�=2
T

(X;Q). Here τ ′
0 = −∞ and τ ′′

0 = 0. This fact allows us to avoid Novikov variables. It
is a highly non-trivial statement (see [45]). A common practice is to utilize Novikov variables first,
and the convergence follows from the B-model after establishing a mirror symmetry statement.
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Given an edge e, let h1(e), h2(e) be the two half edges associated to e. The order
of the two half edges does not affect the graph sum formula in this paper. Given
a vertex v ∈ V (
), let H(v) denote the set of half edges emanating from v. The
valency of the vertex v is equal to the cardinality of the set H(v): val(v) = |H(v)|.
A labeled graph �
 = (
, g, α, k) is stable if

2g(v) − 2 + val(v) > 0

for all v ∈ V (
).
Let �(V ) denote the set of all stable labeled graphs �
 = (
, g, α, k), associated

to the Frobenius manifold V . The genus of a stable labeled graph �
 is defined to be

g(�
) :=
∑

v∈V (
)

g(v) + |E(
)| − |V (
)| + 1 =
∑

v∈V (
)

(g(v) − 1) + (
∑

e∈E(
)

1) + 1.

Define

�g,n(V ) = {�
 = (
, g, α, k) ∈ �(V ) : g(�
) = g, |Lo(
)| = n}.

We assign weights to leaves, edges, and vertices of a labeled graph �
 ∈ �(V ) as
follows.

1. Ordinary leaves. To each ordinary leaf lj ∈ Lo(
) with α(lj ) = α ∈ {1, . . . , N}
and k(l) = k ∈ Z≥0, we define two kinds of weight:

(Lu
d )αk (lj ) = [zk](

N
∑

α,a=1

(

ua
j (z)S

β̂

a(z)

)

+
R(−z) α

β ),

(Lu
a)

α
k (lj ) = [zk](

N
∑

α,a=1

(

ua
j (z)�

β
a

)

R(−z) α
β ).

The notion ()+ discards negative powers of z, i.e. (
∑

n∈Z anz
n)+ = ∑

n≥0 anz
n.

2. Dilaton leaves. To each dilaton leaf l ∈ L1(
) with α(l) = α ∈ I� and 2 ≤
k(l) = k ∈ Z≥0, we assign

(L1)αk (l) = [zk−1](−
N

∑

β=1

1
√

�β(τ)
R α

β (−z)).

3. Edges. To an edge connecting two vertices marked by α, β ∈ {1, . . . , N} and
with heights k and l at its two half-edges, we assign

Eα,β
k,l (e) = [zkwl]

( 1

z + w
(δα,β −

N
∑

γ=1

R α
γ (−z)R β

γ (−w)
)

.



510 B. Fang

4. Vertices. To a vertex v with genus g(v) = g ∈ Z≥0 and with marking α(v) = α,
with n ordinary leaves and half-edges attached to it with heights k1, . . . , kn ∈
Z≥0 and m more dilaton leaves with heights kn+1, . . . , kn+m ∈ Z≥0, we assign

(
√

�α(v)(τ ))2g(v)−2+val(v)〈
∏

h∈H(v)

τk(h)〉g(v) =
(
√

�α(τ)
)2g(v)−2+val(v)

∫

Mg,n+m

ψ
k1
1 · · · ψkn+m

n+m .

Define the weight of a labeled graph �
 ∈ �(V ) to be (the letter F means
“Frobenius”)

wu
F,•(�
) =

∏

v∈V (
)

(
√

�α(v)(τ ))2g(v)−2+val(v)〈
∏

h∈H(v)

τk(h)〉g(v)

∏

e∈E(
)

Eα(v1(e)),α(v2(e))
k(h1(e)),k(h2(e))

(e)

(1)

·
n

∏

j=1

(Lu•)
α(ln)
k(lj ) (lj )

∏

l∈L1(
)

(L1)
α(l)
k(l) (l),

where • = a or d .

Definition 13 Suppose that 2g − 2 + n > 0. Define the ancestor potential

〈〈u1(ψ̄1), . . . ,un(ψ̄n)〉〉Vg,n =
∑

�
∈�g,n(V )

wu
F,a(

�
)

|Aut(�
)| .

and the descendant potential

〈〈u1(ψ1), . . . ,un(ψn)〉〉Vg,n =
∑

�
∈�g,n(V )

wu
F,d(�
)

|Aut(�
)| .

Remark 14 The ψ-classes and ψ̄-classes here are just notations. If X is a toric
manifold, and V = QH ∗

T
(X;Q), one may choose

(Sτ )
α̂
a = (Ha, φ̂α) + 〈〈Ha,

φ̂α

z − ψ
〉〉X0,2,

and

(˜Sτ ) α
a = (Sτ )

α
a · exp(−

∞
∑

n=1

B2n

2n(2n − 1)
(

z

χα
)2n−1).
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Givental [39, 40] shows the following (when 2g − 2 + n > 0)

〈〈u1(ψ̄1), . . . ,un(ψ̄n)〉〉Vg,n = 〈〈u1(ψ̄1), . . . ,un(ψ̄n)〉〉Xg,n,

〈〈u1(ψ1), . . . ,un(ψn)〉〉Vg,n = 〈〈u1(ψ1), . . . ,un(ψn)〉〉Xg,n.

Let u1 = u2 = · · · = t. One can define the total ancestor potential

Aτ (t) = exp(
∞
∑

g,n=0

h̄g−1

n! 〈〈t(ψ̄1), . . . , t(ψ̄n)〉〉Vg,n).

The graph sum formula for the ancestor potentials is another form of the following
Givental’s quantization process [39] (without (g, n) = (1, 0) information,which is
captured by C(τ) and not defined here)

eF1(τ )Aτ (t) = eC(τ)
̂� ̂R(z)e

̂U
z

N
∏

a=1

T (ta).

For a = 1, . . . , N , T (ta) is the Kontsevich tau-function

T (ta) = exp(
∞
∑

g,n=0

h̄g−1

n! 〈ta(ψpt,1), . . . , ta(ψpt,n)〉ptg,n),

Let

D(t) = exp(
∞
∑

g,n=0

h̄g−1

n! 〈t(ψ1), . . . , t(ψn)〉Xg,n).

It does not depend on τ . Givental’s quantization formula says

D(t) = eC(τ)
̂S−1

τ (z)Aτ (t).

It is a consequence of the graph sum formula for the descendant potential.

3.3 A Graph Sum Formula for Eynard-Orantin Recursions

Dunin-Barkowski–Orantin–Shadrin–Spitz express the Eynard-Orantin higher genus
differential forms in terms of a graph sum in [19], and then compare with Givental’s
quantized descendant potentials.
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We expand the fundamental normalized differential around (pα, pβ) where
pα, pβ are critical points of x.

B(ζα, ζβ) = (
δα,β

(ζα − ζβ)2
+

∑

k,l∈Z≥0

B
α,β
k,l (ζα)k(ζβ)l)dζαdζβ.

In case of a formal spectral curve, the fundamental normalized differential is defined
by these coefficients B

α,β
i,j . Define the propagators

B̌
α,β
k,l = (2k − 1)!!(2l − 1)!!

2k+l+1 B
α,β
2k,2l,

and

ȟα
k = 2(2k − 1)!!hα

2k−1.

Here we quote a lemma [21, Equation (D.4)] on the relation between ξ̂α,k and θα
k .

Lemma 15

θα
k = dξ̂α,k −

k−1
∑

i=0

∑

β

B̂
α,β

k−1−i,0dξ̂β,i .

Here β sums over I� or IC for any spectral curve � or formal spectral curve C.

Similarly to �(V ) we define the set of decorated stable graph �(�) (or �(C) if
we are working with a formal spectral curve)—the only difference is the marking as
below.

(2)’ (marking) α : V (
) → I� (or IC). We also define the marking of leaf α(l)

to be the marking of the vertex it attaches to.

Given a labeled graph �
 ∈ �g,n(�) with Lo(
) = {l1, . . . , ln}, we define its
weight to be (the letter S means “spectral curves”)

w
p
S(�
) = (−1)g(�
)−1

∏

v∈V (
)

( h
α(v)
1√−2

)2−2g−val(v)〈
∏

h∈H(v)

τk(h)〉g(v)

∏

e∈E(
)

B̌
α(v1(e)),α(v2(e))
k(e),l(e)

(2)

·
n

∏

j=1

(Ľp)
α(lj )

k(lj ) (lj )
∏

l∈L1(
)

(− 1√−2
)ȟ

α(l)
k(l) .

Here p = (p1, . . . , pn) ∈ (�)n in case of an actual spectral curve, and the ordinary
leaf is

(Ľp)αk (lj ) = − 1√−2
θα
k (pj ).
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When we are working with a formal curve, p = (ζβ1, . . . , ζβn) ∈ Cβ1 × · · · × Cβn.

The ordinary leaf is

(Ľp)αk (lj ) = − 1√−2
θα
k,βj

(ζβj ).

The graph sum formula of ωg,n is the following.

Theorem 16 (Dunin-Barkowski–Orantin–Shadrin–Spitz [19])

ωg,n(p) =
∑

�
∈�(�)

w
p
S(�
)

Aut(�
)
.

Starting from a generically semisimple Frobenius manifold V with an S and
˜S-calibration, around a semisimple point p ∈ V , we define a family of formal
spectral curves CV (τ ) = {CV,β = SpecC[[zβ ]])}Nβ=1, together with the following
information

hα
2k−1(τ ) = [zk−1]

⎛

⎝

N
∑

β=1

√−2

(2k − 1)!!2k−1
√

�α(τ )
(Rτ ) α

α′ (−z)

⎞

⎠ , k ≥ 0.

B
α,β

2k,2l (τ ) = 2k+l+1

(2k−1)!!(2l−1)!! [z
kwl]

⎛

⎝

1

z+w
(δα,β −

N
∑

γ=1

(Rτ )
α

γ (−z)(Rτ )
β

γ (−w)

⎞

⎠ , k, l ≥ 0.

Notice that they only depend on Rτ , which comes from factorizing ˜S. Even
coefficients of hα

k and odd coefficients of B
α,β
k,l could be arbitrarily chosen.

Define

u
α
j (z) =

∞
∑

z=0

(uα
j )kz

k =
N

∑

b=1

ua
j (z)�

α
a ,

ũα
j (z) =

∞
∑

z=0

(̃uα
j )kz

k =
N

∑

b=1

(

S
α̂

b(z)u
b
j (z)

)

+ ,

where

S
α̂

b(z) = (φ̂α(τ ),S(Hb)).

Theorem 17 ([19]) When 2g − 2 + n > 0,

ωCV (τ )
g,n (z1β1, . . . , z

n
βn

) = (−1)g−1+n〈〈u1(ψ̄), . . . ,un(ψ̄)〉〉Vg,n|(uα
j )k=dξ̂α

k,βj
(z

j
βj

)
,

ωCV (τ )
g,n (z1β1, . . . , z

n
βn

) = (−1)g−1+n〈〈u1(ψ), . . . ,un(ψ)〉〉Vg,n|
(̃uα

j )k=dξ̂α
k,βj

(z
j
βj

)
.
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3.4 Oscillatory Integrals on the Spectral Curves

Let � be a spectral curve, and γα be the Lefschetz thimble in � with respect to x

such that pα is the only critical point in γα and

x(γα) = [x0,α,+∞).

We define Ř(z) as the power series in the following asymptotic expansion.
∫

γα

e− x
z θ

β
0 ∼ 2

√

π

z
e− x0,α

z Ř α
β (z).

Notice that this definition is also well-defined for formal spectral curves. We have
the following property for B̌

α,β
k,l [22, Equation (B.9)]:

B̌
α,β
k,l = [zkwl]

⎛

⎝

1

z + w
(δα,β −

∑

γ∈I�

Ř α
γ (z)Ř β

γ (w))

⎞

⎠ .

We consider the space of differential forms spanned by θα
0 , denoted by V̌τ . It

is isomorphic to TτV by θα
0 �→ φ̂α(τ )√−2

. Denote this isomorphism by r. By [25,
Appendix D], the differential form

d(
dy

dx
) = 1

2

N
∑

β=1

h
β

1 (τ )θ
β

0 .

We have the following correspondence table between the Frobenius manifold V and
the family of formal spectral curves CV (τ ).

Frobenius manifold V Correspondence Family of formal spectral curves CV (τ)

Dimension N = # of formal disks

R-matrix R
β

α (z) = Ř
β

α (−z)

Propagator Eα,β

i,j = Propagator B̌
α,β

i,j

Canonical coordinate uα = Critical value x0,α

S-matrix ˜S α̂

β̂
= (φ̂β (τ ), Sτ (φ̂α)) ∼ Oscillatory integral 1

2
√

πz

∫

γα
e− x

z θ
β

0

Meromorphic form
θα
0√−2

r�→ Canonical basis φ̂α(τ )

d(
dy
dx

)
r�→ Identity 1

√
�α(τ) = −√−2

hα
1 (τ)
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4 Applications of Eynard-Orantin Recursion: Mirror
Symmetry

Mirror symmetry relates the A-model theory on a target space to the B-model
theory on its mirror space. Gromov-Witten invariants are a typical type of A-model
invariants. In order to apply the recursion algorithm and to use Eynard-Orantin
higher genus invariants ωg,n to predict Gromov-Witten invariants, we need a mirror
B-model in the form of a spectral curve. When the target space is a 1-dimensional
toric variety, like P1, the mirror Landau-Ginzburg model is a superpotential on C

∗.
After suitable compactification, one may directly regard this as a spectral curve.
Another (much bigger) class of examples is toric Calabi-Yau 3-orbifolds. Their
mirrors, although 3-dimensional, could be reduced to mirror curves by dimensional
reduction. Lying at the intersection of these two classes is the Lambert curve, which
could be regarded as P1 in the large radius limit, or as C3 with limiting equivariant
data (large framing limit). The relations among these examples is summarized in the
following diagram.

4.1 Airy Curve

Let’s look at the easiest case, which is roughly “mirror symmetry of a point”. The
Airy curve, in our notation, is a formal curve C = (C, y, x, B) where

C = Spec[[ζ ]],
y = ζ, x = ζ 2,

B = dζ1dζ2

(ζ1 − ζ2)2
.

Remark 18 We may regard this curve as the parabola x = y2 in C
2, which is the

Airy curve in the usual sense. The fundamental normalized differential B is the
unique one on its compactification P1.
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Once we run the Eynard-Orantin recursion for the spectral curve C, we have the
following theorem.

Theorem 19

ωg,n(ζ1, . . . , ζn) = (−2)2−2g−n
∑

d1+···+dn=dg,n

n
∏

i=1

(2di + 1)!!dζi

ζ
2di+2
i

〈
n

∏

i=1

ψ
di

i 〉.

This theorem is a direct consequence of the graph sum formula for Eynard-
Orantin recursions (Theorem 16). There is only one critical point of x, labeled
by 1. It is straightforward to check that all propagators B̌

1,1
i,j = 0 for all i, j . The

differential forms

θ1k (ζ ) = − (2k + 1)!!dζ

2kζ 2k+2 ,

and h11 = 1. There are no dilaton leafs since all of them are zero.

4.2 Lambert Curve

Lambert curve is given by � = (�, x, B) where

� = {0} × C
∗ ∈ (C∗)2, � ∼= P

1

x = e−y + y,

B = dY1dY2

(Y1 − Y2)2
.

Here X = e−x , Y = e−y . The only branch point is at Y = 1. At Y = 0, the
value of X is well defined. Using the Eynard-Orantin recursion, we construct ωg,n

as symmetric meromorphic n-form on (P1)n. Notice that ωg,n is smooth at Y = 0,
and can be expanded in series by X.

Lambert curve predictsHurwitz numbers on the A-side. Consider ramified covers
of P1 by a genus g curve with a specified ramification profile at a special point on
P
1. All other branch points in P

1 are simple and fixed. The ramification profile is
given by a partition μ of length n := �(μ). The number of such covers is denoted
by Hg,μ.

We collect all Hurwitz numbers at fixed genus g for all ramification profiles μ of
the same length n = �(μ) into a generating function

Hg(X1, . . . , Xn) =
∑

�(μ)=n

mμ(X)|Aut(μ)| ∏n
i=1 μiHg,μ

(2g − 2 + n + |μ|)! ,
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where mμ(X) is a monomial symmetric function in X1, . . . , Xn defined by

mμ(X) = 1

|Aut(μ)|
∑

σ∈Sn

n
∏

i=1

(Xσ(i))
μi−1

Here Sn is the permutation group.
The Bouchard-Mariño conjecture says the following [10].

Theorem 20 (Bouchard-Mariño Conjecture) When 2g − 2 + n > 0,

Hg(X1, . . . , Xn)dX1 . . . dXn = ωg,n.

The right side should be understood as an power series expansion at X = 0.

We omit the unstable cases (g, n) = (0, 1), (0, 2) for simplicity here. This theorem
is proved in [9, 27, 58]. Here we introduce the ELSV formula [20, 42] for later
use. This relates Hurwitz numbers to Hodge integrals, which are more relevant to
A-model GW theory in mirror symmetry.

Theorem 21 (ELSV Formula)

Hg,μ =
n

∏

i=1

μ
μi

i

μi !
∫

Mg,n

�•
g(1)

(1 − μ1ψ1) . . . (1 − μnψn)

Here�•
g(u) = ug −λ1u

g−1+· · ·+(−1)gλg , and λi = ci(E) where E is the Hodge
bundle. We will see that from this formula, the Bouchard-Mariño conjecture is a
consequence of all genera equivariant mirror symmetry for P1 (Sect. 4.3), and also
a consequence of the BKMP conjecture for C3 (Sect. 4.4).

4.3 Projective Line

Let X = P
1. Its mirror is a Landau-Ginzburg model

W(Y) = t0 + Y + et1

Y
.

To capture the equivariant data of P1, we use a modified equivariant superpotential

˜W = W + w1 logY + w2 log
et1

Y
.

The 2-torus T acts by turning homogeneous coordinates (s1, s2) · (z1 : z2) = (s1z1 :
s2z2). The characters wi are basis in the character lattice wi : (s1, s2) �→ si ∈
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C
∗. Let x = ˜W , and � = P

1 where (1 : Y ) is its coordinate. There is only one
fundamental differential

B = dY1dY2

(Y1 − Y2)2
.

since there is no choice of A-cycles. The spectral curve is � = (�, x, B). The all
genera mirror symmetry for P1 is the following theorem [30].

Theorem 22 (Fang-Liu-Zong) Let t = t01+t1H where 1 is the unit in H 0
T
(P1;C)

andH is the equivariant lift of the hyperplane class whose restriction at two T-fixed
points gives w1 and w2 respectively.

ωg,n| 1√−2
dξα,k(Yj )=(ũ)αk

= (−1)g−1+nFP
1,T

g,n (u1, . . . ,un, t).

Since the proof utilizes the same idea as in the proof of the BKMP conjecture
which will be discussed in more details (see Sect. 4.5), we only briefly remark a few
words here. Notice the similarity between this theorem and Theorem 17—the right
side is the actual Gromov-Witten potential, while the one in Theorem 17 comes
from the quantization for the Frobenius manifold. They agree as shown in [39, 40].

We mention that taking the non-equivariant limit w → 0 and when there is no
primary insertions, this theorem leads to the Norbury-Scott conjecture [19, 59].

Theorem 23 (Norbury-Scott) Near Y = 0, in the non-equivariant limit (w1 =
w2 = 0, t0 = 0), x−1 = (Y + et1

Y
)−1 is a coordinate such that one can expand ωg,n

in power series

ωg,n = (−1)g−1+n
∑

a1,...,an∈Z≥0

〈〈τa1(H) . . . τan(H)〉〉P1g,n

n
∏

j=1

(aj + 1)!
xaj+2 dxj .

Remark 24 The divisor equation says (q = et1)

〈〈τa1(H) . . . τan(H)〉〉P1g,n = q
1
2

∑n
i=1 ai+1−g〈τa1(H) . . . τan(H)〉P1g,n.

The Norbury-Scott conjecture corresponds to setting q = 1, i.e. t1 = 0.

Taking the large radius limit of the equivariant mirror theorem (Theorem 22) for
P
1, one could recover the Bouchard-Mariño conjecture. The superpotential becomes

x = Y +w1 logY by setting q = 0. Settingw1 = −1 turns this into a Lambert curve.
The localization calculation of FP

1,T in the limit produces the Hodge integrals,
and ELSV formula turns it into the desired generating function involving Hurwitz
numbers, as shown in [30, Section 5].
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4.4 Mirror of C3 (Topological Vertex)

Let’s switch gears and proceed to toric Calabi-Yau threefolds. The mirror of a
toric 3-(orbi)fold, by the construction of Givental [38], is a Landau-Ginzburg
model W : (C∗)3 → C. A Calabi-Yau should have a Calabi-Yau mirror. A
special feature of a toric Calabi-Yau variety is that its mirror’s superpotential
W = H(X, Y )Z, (X, Y,Z) ∈ (C∗)3. As pointed out in [44], the Calabi-Yau mirror
is {H(X, Y ) = uv, u, v ∈ C, X, Y ∈ C

∗} ⊂ (C∗)2×C
2. Furthermore, this Calabi-

Yau mirror can be reduced to a mirror curve {H(X, Y ) = 0} ⊂ (C∗)2. All these
different mirrors should be equivalent, carrying the same B-model information.

The simplest toric Calabi-Yau threefold is C
3, equipped with the Calabi-Yau

form dZ1∧dZ2∧dZ3 where (Z1, Z2, Z3) ∈ C
3 are the coordinates. Its mirror is a 3-

dimensional Landau-Ginzburgmodel (C∗)3, with a superpotentialW = XZ+YZ+
Z = H(X, Y )Z, where X,Y,Z ∈ C

∗ [35]. The mirror curve is {H(X, Y ) = 0} as
an affine plane curve in (C∗)2.

We want to consider open Gromov-Witten invariants of C
3, which count

holomorphic maps from bordered Riemann surfaces to C
3 mapping boundaries to a

Lagrangian submanifoldL (an A-brane). The construction of such invariants is very
complicated. Here we require that L is a so-called Aganagic-Vafa brane. This gives
a very important class of open Gromov-Witten invariants. They play central roles
in many interesting topics involving mirror symmetry and the theory of topological
vertex [3–5].

In this particular example C3, an Aganagic-Vafa brane L is given by

L = {(Z1, Z2, Z3) ∈ C
3 : |Z1|2 − |Z2|2 = c, |Z2|2 − |Z3|2 = 0,Arg(Z1Z2Z3)

= const} ∼= S1 × R
2.

It is a Harvey-Lawson special Lagrangian [43], and c is its “open Kähler parameter”.
Let μ = {μ1, . . . , μn} be a partition of length �(μ) = n. Naïvely, we denote the
number N

C,L
g,n,μ by the counting of the holomorphic maps described below.

{

(C, ∂C), where the genus of
C is g, and ∂C has n com-
ponents

}

f−→ (C3, L),
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The winding number of each boundary component is given by μi , i = 1, . . . , n.
The definition and computation of such maps in symplectic and algebraic settings
can be found in [46, 48, 52–54].

A common phenomenon in open string counting is that the moduli space of such
maps has codimension 1 boundaries (walls). The counting changes across the wall,
thus depends on a particular choice of chamber in the moduli space. In case that L

is an Aganagic-Vafa brane in a toric Calabi-Yau threefold, the result depends on a

framing parameter, an integer f ∈ Z. We denote this number by N
C
3,L,f

g,n,μ .

A simple way to understand this N
C
3,L,f

g,n,μ is to write down the localization
formula—assuming one can actually do the localization (see e.g. [47]). It turns
out that the answer we get depends on the torus we choose to localize, unlike
the case of closed Gromov-Witten invariants. Denote the Calabi-Yau torus by
T

′ = {(Z1, Z2, Z3) ∈ (C∗)3, Z1Z2Z3 = 1}, which preserves the Calabi-Yau form.
Let w1 and w2 be the following character in Hom(T′,C∗)

w1(Z1, Z2,
1

Z1Z2
) = Z1, w2(Z1, Z2,

1

Z1Z2
) = Z2.

If we choose T′
f = Ker(w2 − fw1) ⊂ T

′, we will get N
C
3,L,f

g,n,μ by the localization

formula.5 We can assemble these N
C
3,L,f

g,n,μ into a generating function

F
C
3,L,f

g,n =
∞
∑

μ1,...,μn=1

N
C
3,L,f

g,n,μ X
μ1
1 . . . Xμn

n .

The mirror B-model starts from the reparametrized mirror curve

Hf (X, Y ) = X−f Y + Y + 1.

This defines an affine plane curve � ⊂ (C∗)2 whose compactification � ∼= P
1.

Define the superpotential and the fundamental differential

W = x, B(Y1, Y2) = dY1dY2

(Y1 − Y2)2
.

Here X = e−x and Y = e−y . The moment map and the mirror curve is illustrated
in Fig. 1.

After running the Eynard-Orantin recursion, we get a sequence of ωg,n. The
famous BKMP remodeling conjecture [11, 55] asserts the following.

5If one insists on algebraic geometry, we can use relative Gromov-Witten invariants as the
definition. This involves partially compactifying C3 into the total space ofOP1 (−1−f )⊕OP1(f ),

and define N
C
3,L,f

g,n,μ as the relative Gromov-Witten invariants on this space relative to the fiber
divisor at the infinity in P1. The tangency condition at the divisor is given by μ. (See [48, 53, 54].)



Eynard-Orantin B-Model and Its Application in Mirror Symmetry 521

LRLp

Fig. 1 Under the moment map of the real Calabi-Yau torus T′
R
, the toric graph is the image of

T
′-invariant 1-dimensional subvariety (left). The image of the Aganagic-Vafa brane is a point on

the toric graph. The mirror curve (right) is P1 with three punctures, and its compactification is P1.
The large radius point is where X = 0

Theorem 25 ([14, 67, 68]) For g ≥ 0, n ≥ 1, 2g − 2 + n > 0,

F
C
3,L,f

g,n =
∫ X1

. . .

∫ Xn

ωg,n.

Remark 26 The cases (g, n) = (0, 1), (0, 2) have special forms which are omitted
here for simplicity. There are also predictions on the free energies Fg which are the
generating functions of closed GW invariants based on ωg,n. We will discuss Fg in
general in the next subsection.

We will postpone the discussion of the proof to the next subsection. The

following theorem relates Hurwitz numbers to F
C
3,L,f

g,n in the large framing limit.

Theorem 27 ([13])

lim
f →∞(−1)nf 2−2g+nF

C
3,L,f

g,n (
X1

f
, . . . ,

Xn

f
) = Hg(X1, . . . , Xn).

We have a localization formula for F
C
3,L,f

g,n . One can write it as a triple Hodge
integral with some disk factors (elementary functions). The proof of this theorem is
a direct calculation, in which one takes the limit f → ∞ in the triple Hodge integral
(cf. ELSV formula 21)

�•
g(1)�

•
g(f )�•

g(−1 − f ) = �•
g(1)(−1)g−1f 2g−2(1 + O(

1

f
)).

On the other hand, the mirror curve

XY−f + Y + 1 = 0



522 B. Fang

reduces to the Lambert curve X′ = Y ′e−Y ′
under the change of variable

X = −(−1)f
X′

f
, Y = −1 + Y ′

f
.

and taking limit f → ∞. Theorem 20 is a consequence of Theorem 25 after one
takes limit f → ∞, and rewrites the open GW potential in the Hurwitz potential by
Theorem 27.

4.5 Mirror of a Semi-Projective Toric Calabi-Yau Threefold

A toric Calabi-Yau threefold X is a Calabi-Yau 3-dimensional manifold (or more
generally, an orbifold) with a Zariski open and dense algebraic torus T ∼= (C∗)3.
The action of T on itself extends to X. For simplicity, we require X is a smooth
manifold, and will remark briefly on orbifolds in Sect. 4.6. We also require that
X is semi-projective, i.e. it is projective over its affinization. The last condition is
equivalent to that the union of all cones defining X is convex in R

3. Let T′ be the
2-dimensional subtorus preserving the Calabi-Yau form.

Let N = Hom(C∗,T) and M = Hom(T,C∗) = N∨. The Calabi-Yau torus
T

′ = Ker(w3) for some w3 ∈ M . Being a Calabi-Yau threefold, the fan data to
define X is the cone with vertex at the origin over a triangulated integral convex
polytope�X on {w3(y) = 1|y ∈ NR}. If this triangulation cannot be further refined,
i.e. each triangle has area 1

2 , the resulting X is a smooth manifold (see Fig. 2).

(0,1)

(0,0) (1,0)

(1,0)(0,0) (0,0) (1,0) (0,0) (1,0) (1,0)(0,0)

C3

(0,3) (0,3) (0,3) (0,3)

(1,0)

(0,1) (0,1)

(1,0)(0,0)

(1,1)

conifold

A2

(−1,−1) (−1,−1)
C3Z3KP2

C2Z3

Fig. 2 Defining polytopes of some toric CY 3-(orbi)folds
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X

X1

C3 conifold KP2

Ga

C3Z3

Fig. 3 1-Dimensional T
′-invariant subvarieties and toric graphs. We use X since some are

orbifolds

The action of the real torus T′
R

⊂ T
′ is Hamiltonian, and we can consider the

image of all 1-dimensional T′-invariant subvarieties in X under the moment map
μ′. Such image is called the toric graph of X (Fig. 3).

An Aganagic-Vafa brane is a Lagrangian 3-dimensional submanifold in X, given
by the following condition

L ⊂ μ′−1(p), Arg(Z1 . . . Zp+3) = const on L.

where (Z1, . . . , Zp+3) ∈ C
p+3 are homogeneous coordinates, and p is a non-

vertex point on the toric graph. When p is on a finite segment, L is called an inner
braner; when p is on a ray, L is called an outer brane. We restrict to the case of
an outer brane L for simplicity. By suitable arrangement (by some SL(2;Z)-action
and translation of the defining polytope), we always assume that vertex containing
p consists of half-edges in the direction (−1, 0), (0,−1) and (1, 1), and p is on the
half-edge in the direction (−1, 0). This half-edge is a ray since L is outer.

Similar to the case of C
3, we consider the open Gromov-Witten invariant

N
X,L,f
g,n,β,μ which counts the maps of the bordered Riemann surface in the topological

type (g, n) to the target (X, (L, f )) in the curve class β. They form a generating
function

F
X,L,f
g,n =

∞
∑

μ1,...,μn=1

N
X,L,f
g,n,β,μX̂1

μ1
. . . X̂μn

n Qβ.

Here we use X̂ as open variables since they might differ from X in B-model by an
open mirror map. The Kähler parameter Qβ = ∏p

a=1 Qa
〈pa,β〉, where pa form an

integral basis in the Kähler cone, and we let Qa = e−τa . The B-model is a mirror
curve �q

H(X, Y ) = XY−f + Y + 1 +
N−3
∑

a=1

qaX
ma Y na−f ma = 0.
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A1

p

  LRL

Fig. 4 Defining polytope, toric graph and mirror curve of OP2 (−3). Notice that we’ve arranged
the defining polytope and the toric graph in the desired form such that the half edges of the vertex
adjacent to p are in the desired direction. The point LRL on the mirror curve is the B-model large
radius point, and the period integral around cycle A1 gives the mirror map

In the equation, q1, . . . , qN−3 are complex parameters, and q → 0 at the large
radius point. The number of complex parameter is N − 3, where N is the number of
integer points inside the defining polytope of X. Under mirror symmetry, N is also
the dimension of the equivariant (quantum) cohomology. The integer points inside
the defining polytope are denoted by (ma, na). The tropicalization of this curve
reduces back to the toric graph (see Fig. 4 as an example). It is also an SYZ dual
to the union of 1-dimensional T′-invariant subvarieties. Depending on the choice
of the Aganagic-Vafa brane, there is a large radius limit point (the LRL-point in
Fig. 4) on the mirror curve where X = 0. We specify e−x = X, e−y = Y (so at
LRL, x = ∞ and thus the name large radius). The Landau-Ginzburg superpotential
W and its equivariant version ˜W are

W = H(X, Y )Z, ˜W = W − logX.

The open-closed mirror map is the following

τa = τa(q) = log qa + ha(q), a = 1, . . . , N − 3 (3)

log X̂i = logXi + h0(q),

where ha(q) = O(q) for a = 1, . . . , N − 3. In particular, there are certain choices
of geometric cycles Aa ∈ H1(�q ;Z), a = 1, . . . , N − 3, which can be lifted to
cycles in H1(˜�q ;Z), such that

τa =
∫

Aa

ydx.
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The closed part of this map (first line of Eq. (3)) maps q to a Kähler class τ ∈
H 2(X). Furthermore there is another cycle A0(X) which lifts to a path ˜A0(X) in
the universal cover of �q , such that

log X̂ =
∫

˜A0(X)

ydx = logX + h0(q).

The genus 0 mirror symmetry for closed descendant Gromov-Witten theory is the
celebrated toric mirror theorem of Givental and Lian-Liu-Yau [36, 38, 50, 51], in
which closed mirror maps are also explicitly given. The open-closed mirror maps
are explicitly computed in [49, 57], and the mirror symmetry for disk invariants is
conjectured in [3, 4] and proved in [28, 33] under these mirror maps.

The cycles Aa, a = 1, . . . , N − 3 induce a Lagrangian subspace of H1(�q;C),
and thus defines a fundamental differential form B. Define the spectral curve
�q = (�q, x, B). The Eynard-Orantin recursion gives a sequence of higher genus
B-model invariants ωg,n. The BKMP remodeling conjecture says

Theorem 28 (Fang-Liu-Zong, [31, 32]) When 2g − 2 + n > 0, g ≥ 0, n ≥ 1,

∫ X1

. . .

∫ Xn

ωg,n = F
X,L,f
g,n (X̂1, . . . , X̂n).

In this theorem, we understand that ωg,n as power series in X around the large
radius limit point. When 2g−2 > 0, closed free energy is predicted by the following
formula

FX
g =

∑

p0∈I�q

Resp=p0ωg,1(p)˜�(p),

where I�q is the set of ramification points, and d˜�(p) = � is a function locally
defined around each ramification point.

4.5.1 Sketch of the BKMP Remodeling Conjecture: Graph Sums

We illustrate the idea of using graph sums to give a proof of this conjecture. As we
discussed in Sect. 3, the B-model side could be written as the following graph sums

∫ X1

. . .

∫ Xn

ωg,n =
∑

�
∈�g,n(�q)

wX
B,O(�
)

Aut(�
)
. (4)

The only difference between wX
B,O(�
) and w

p
S(�
) in Eq. (2) is that the ordinary leaf

term (Ľp)αk (lj ) = − 1√
2
θα
k (pj ) is replaced by its integral

(ĽO)αk (lj ) = − 1√
2

∫ Xj

θα
k (5)
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The first step to deal with the A-model side in Theorem 28 is to reduce it to closed
descendant Gromov-Witten invariants by the technique of localization, as done in
[28, Proposition 3.4] and [33, Proposition 3.1, 3.2].

By this localization formula, we have the graph sum formula

F
X,L,f
g,n =

∑

�
∈�(V (X))

wX̂
A,O(�
)

Aut(�
)
. (6)

The only difference between wX̂
A,O(�
) and wu

F,•(�
) in Eq. (1) is that the ordinary
leaf term (Lu

d )αk (lj ) is replaced by

(LO)αk (lj ) = [zk](
N

∑

β,γ=1

(

˜ξβ(z,Xj )S
γ̂

β(z)

)

+
R(−z) β

γ ). (7)

Roughly speaking,˜ξβ(z,X) is the generating function counting 1 interior-pointed
holomorphic disks mapped to (X,L) with no curve class but all winding numbers.
The class φβ is inserted in the interior. In order to compare the graph sum
formulae (4) and (6), we need to identify �(V (X)) and �(�q ) first, and then we

will identify the contribution from each graph wX̂
A,O(�
) and wX

B,O(�
). The sets
�(V (X)) and �(�q) are just sets of stable decorated graphs, and the part of the
decoration that depends on V (X) or �q is the labeling of a vertex by a canonical
basis of the Frobenius algebra V (X) for �(V (X)), or a ramification point of x in the
case of �(�q). The mirror theorem of semi-positive toric manifolds [36, 38, 50, 51],
or later of semi-positive toric orbifolds [17], says the following.

Theorem 29

Jac( ˜W) ∼= QH ∗
T

′
f
(X)

in the small phase space τ ∈ H 2(X) and under the closed mirror map (3).

The Jacobian ring is

Jac( ˜W) = C[X±, Y±, Z±]
〈 ∂ ˜W

∂X
, ∂ ˜W

∂Y
, ∂ ˜W

∂Z
〉

.

It is a Frobenius algebra for given q . Here we refrain from saying that it is a
Frobenius manifold, i.e. we do not give a metric and discuss the flatness condition.
This theorem already identifies the canonical basis of both sides.

The canonical basis of left hand side Jac( ˜W) consists of functions taking value
1 on one critical point of ˜WT′ and vanish on other critical points. A critical point
(X0, Y0, Z0), by direct calculation in [32], is the solution to the following equation

H(X, Y ) = 0,
∂H

∂Y
= 0, ZX

∂H

∂X
= 1.
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We see the critical points of ˜W has a 1-to-1 correspondence to the ramification
points of x : �q → C

∗.
Once we identify the set of stable decorated graphs, after looking at the

weights (1) and (2) (the ordinary leaf terms should be replaced by (7) and (5), as
discussed before), we need to show the following:

• Show that R α
β (−z) = Ř α

β (z). Notice that this matches vertices, edges and

dilaton leafs. Both R and Ř are obtained through the decomposition of S-
matrices. Dubrovin and Givental’s results [18, 37, 40] on this decomposition
ensures the uniqueness of R-matrices up to a constant matrix, which can be fixed
at the large radius limit (q = 0). When q = 0, A-side R is computed by the
quantum Riemann-Roch [16, 64] and B-side Ř is computed by direct integral
which produces triple Gamma functions [31], in which we show that they match.

• Show that open leafs (7) and (5) match. By localization, (˜ξβ(z,Xj )S
γ̂

β(z))+ in

Eq. (7) is the generating functions of φ̂γ (τ ) interiorly inserted disk invariants with
all winding numbers and in all possible curve classes. It is shown in [28, 33] that
this corresponds to ξ̂ γ (z,X), which is the B-model counting of disk invariants
with canonical basis inserted.

4.6 Remarks on Orbifolds

Once we adopt the orbifold Gromov-Witten invariants [1, 2, 15], there is no essential
difference to state the BKMP conjecture when the toric Calabi-Yau threefold is a
toric orbifold in the sense of [8]. When the defining polytope contains a triangle with
areas larger than 1

2 , it defines a toric orbifold (with non-trivial orbifold structure).
Some examples in Fig. 2 are orbifolds.

In this paper, all quotients of a smooth variety by a finite group are stacky. Let
X1 = C

3/Z3 and X2 = C
2/Z3 × C. For X1, the generator of Z3 acts diagonally;

while for X2 the generator of Z3 acts on each piece of C2 with opposite non-trivial
weights. The Aganagic-Vafa Lagrangian brane L is stacky for X2 (Fig. 5).

The mirror curves are

X1 : X3Y−1−3f + Y + 1 + qXY−f = 0,

X2 : XY−f + Y 3 + 1 + q1Y + q2Y
2 = 0.

When the Aganagic-Vafa brane L is not stacky, the orbifold BKMP conjecture is
conjectured by [12]. It takes the same form as in Theorem 28. One needs to make
some adjustment for gerby legs (stacky Lagrangian), as in [31, 32].

The topological vertex algorithm works efficiently for smooth toric Calabi-Yau
threefolds [5, 53, 54, 56] and is extended to hard Lefschetz orbifolds [60–62, 69].
However, this algorithm fails when the orbifold X is non-hard Lefschetz. The
affine orbifold X1 = C

3/Z3 is non-hard Lefschetz—the only vertex in the toric
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C3Z3

p

  LRL

p

C2Z2C

Fig. 5 Toric graph and mirror curves of C3/Z3 and C
2/Z3 × C

graph corresponds to a higher genus part of the mirror curve. Thus orbifold BKMP
conjecture is powerful in the sense that it first provides an effective algorithm.

The case of affine toric Calabi-Yau threefolds (C3/G for a Calabi-Yau action by
the abelian group G) is proved in [31], and the general toric Calabi-Yau 3-orbifolds
is proved in [32]. For affine cases, a particular complication compared to smooth
cases is the A-side orbifold Riemann-Roch calculation [29, 64]. For a general toric
Calabi-Yau 3-orbifold, one cannot rely on Givental’s quantization [39, 40] since his
technique is restricted to the smooth situation if not modified extensively. The paper
[32] uses Zong’s thesis [70], which relies on Teleman’s groundbreaking work [63].
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There is also an orbifold version of Bouchard-Mariño formula [13]. As shown
in [13], it is the large framing limit of the BKMP conjecture for an affine toric
Calabi-Yau 3-orbifold. It should also be the large radius limit of an all genera mirror
symmetry statement about an orbifold P

1. However this is not addressed in any
literature as far as the author knows.

5 Modularity of the Topological Recursion and Its
Application

In this section, we will briefly review the modular invariance of ωg,n, and then as an
application, illustrate how BKMP remodeling conjecture implies the modularity of
Gromov-Witten invariants through an example. Themodular invariance is a property
emanating from the modular transformation of the fundamental differentialB(p, q)

on an actual Riemann surface, and thus it is not a feature of formal spectral curves.

5.1 Modular Invariance of Fundamental Normalized
Differentials of the Second Kind

Let (�, x, B) be a spectral curve, and � be its compactification. We fix two sets of
Torelli markings

(Ak, Bk), (A
′
k, B

′
k), k = 1, . . . , g

on �. They differ by an Sp(2g;Z) transformation

(

A

B

)

=
(

a b

c d

) (

A′
B ′

)

,

where a, b, c, d are g × g matrices, and

(

a b

c d

)

∈ Sp(2g;Z). Let θk, k = 1, . . . , g

be linearly independent holomorphic forms on � given by the Torelli marking
(Ak, Bk), i.e.

∫

Ai

θj = δij .

The period matrix τij is given by

τij =
∫

Bj

θi .

We know Im(τ ) > 0 (positive definite), and τij = τji .
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Define the modified cycles

Ai(τ ) = Ai −
∑

j

κijBj (τ ), Bi(τ ) = Bi −
∑

j

τijAj .

Here

κij (τ, τ ) = 1

τ − τ

is a g × g matrix function of τ (not holomorphic). As a convention in this section,
we denote the fundamental differential associated to the A-cycles Ai by BA, and the
fundamental differential associated to the modified A-cycles Ai(τ ) by BA(τ).

By direct calculation, Eynard-Orantin show that in [24]

BA(τ) = BA + 2π
√−1

g
∑

i,j=1

θiκ(τ, τ )θj .

They also show that

BA′ = BA + 2π
√−1

∑

i,j

θi κ̂ij (τ )θj ,

where (κ̂ij ) = bJ and J = (d − τb)−1. Here τ ′ is the period matrix fixed by the
Torelli marking (A′

k, B
′
k).

τ ′
ij =

∫

B ′
j

θ ′
i ,

∫

A′
j

θ ′
j = δij .

We have

τ ′ = τa − c

d − τb
, θ ′

i =
∑

ij

Jj θj .

The fact that

J tκ(τ ′)J + κ̂(τ ) = 1

τ − τ

implies

BA′(τ ′) = BA(τ).
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Proposition 30 (Eynard-Orantin) Given any Torelli marking (Ak, Bk) for k =
1, . . . , g, the modified fundamental differential BA(τ) given by the modified Torelli
marking (Ak(τ ), Bk(τ )) is independent of the choice of (Ak, Bk).

This property implies that given a fixed spectral curve �, we have a preferred
choice of the fundamental differential BA(τ) independent of the choice of the A-
cycles. We denote this by ˜B . Moreover, under the limit Imτ → ∞, ˜B → BA.

From the explicit expression of the Eynard-Orantin recursion (Definition 6), for
any spectral curve �, we can define its modified B-model invariants ω̃g,n based on
this modified fundamental differential ˜B.

5.2 Modularity ofOP2(−3): An Example

The modular invariance of ˜B and ω̃, together with the BKMP remodeling conjec-
ture 28, implies the modularity of the Gromov-Witten invariants of toric Calabi-Yau
3-(orbi)folds. This is a long-expected property of GW invariants. It follows naturally
from the modularity of mirror curves from the view point of the remodeling
conjecture. We illustrate by an example.

5.2.1 Family of Mirror Curves

Let X = O
P2(−3). Its fan is the cone over the defining polytope �, as shown in

Fig. 4 in Sect. 4.5.
Its secondary stacky fan S is a complete fan in R, as shown in Fig. 6. The

generators of is 1-cones are

b1 = 1, b2 = 1, b3 = 1, b4 = −3.

The toric orbifoldMB
∼= P(1, 3) defined byS is the moduli space of the B-model,

or conjecturally, is the stringly Kähler moduli space of the mirror A-model on X.
Denote the stacky torus fixed point by porb and the non-stacky smooth torus fixed
point by pLRL.

We now define the following extended secondary fan ˜S as a complete fan in R
3

as in Fig. 7. The generators of its 1-cones are

˜b1 = (0, 0, 1), ˜b2 = (−1, 0, 1), ˜b3 = (0,−1, 1), ˜b4 = (−1,−1,−3),

˜b5 = (1, 1, 0), ˜b6 = (−2, 1, 0), ˜b7 = (1,−2, 0).

Fig. 6 The secondary fan of
O

P2(−3) b1b4
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Fig. 7 The extended
secondary fan of OP2(−3).
The third coordinates of the
generators ˜bi are the same if
they are in the same color.
The rays˜b5,˜b6,˜b7 form the
toric graph of C3/Z3. There
is an obvious fan map
˜S → S

b4

b5

b6

b7

b1

b2

b3

The top dimensional cones are spanned by ˜bi where i ranges from the following
index sets

{4, 5, 6}, {4, 6, 7}, {4, 5, 7}, {5, 1, 2}, {5, 1, 3},
{6, 1, 2}, {6, 2, 3}, {7, 2, 3}, {7, 1, 3}, {1, 2, 3}.

The 2-cones are faces of 3-cones. We denote the toric orbifold associated to the fan
˜S by ˜MB (Fig. 7).

There is an obvious fan map ˜S → S which forgets the first two factors. It
induces a toric map π : ˜MB → MB . The fiber π−1(p) for p �= pLRL is a toric
orbifold defined by the stacky fan given by ˜b5,˜b6,˜b7 (on R

2). It is isomorphic
to P

2/Z3. Over the smooth torus fixed point, the fiber π−1(pLRL) is three P
2

intersecting along three P
1 with normal crossing singularities (see Fig. 8). If one

intersects the fan ˜S by a vertical plane, at different horizontal position, we get the
fan of each fiber toric surface. See Fig. 8.

We understand X,Y, q as characters in Hom(TB,C∗) = MB := N∨
B , where TB

is the open dense 3-torus in ˜MB , and NB
∼= Z

3 is the lattice that˜bi belong to. Then
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porb     generic plrl

Fig. 8 Over MB , we have a family of toric surfaces given by π . When p �= pLRL, the fiber
π−1(p) ∼= P

2/Z3, given by the stacky fan spanned by ˜b5,˜b6,˜b7. Over pLRL, the toric surface
degenerates to a normal crossing of three P

2, as shown by the “fan” and the polytope. The first
rows are polytopes and the second rows are fans for fiber toric surfaces at different points inMB

X, Y, q corresponds to (1, 0, 0), (0, 1, 0) and (0, 0, 1) in MB respectively. They are
sections of a line bundle ˜L = O

˜MB
(
∑6

i=1 Di). We define a section H ∈ 
(˜L)

H = X + Y + 1 + qX−1Y−1.

We define the compactified global mirror curve ˜� = H−1(0) ⊂ ˜MB . It is
parametrized over MB by π

˜� = π |
˜� : ˜� → MB . For any p ∈ MB , the

fiber π−1
˜�

(p) is a compact (possibly singular) curve. Let MB,0 be the part of
MB where the fiber curves are smooth. As shown in Fig. 9, pLRL /∈ MB,0 and
porb ∈ MB,0. There is another point other than pLRL not in MB,0. The fiber has
one nodal singularity. This point is called the conifold point pcon. Thus MB,0 =
MB \ {pLRL, pcon}.

5.2.2 Modularity

The monodromies of the Gauss-Manin connection on the local system
H 1(�q;C) ∼= H1(�q;C) over MB,0 around pLRL and pcon (as computed in
[6]) gives the modular group 
 of this local system. It is a normal subgroup of the
symplectic group SL(2;Z) of index 3.

OverMB,0, we have a smooth family of mirror curves, and the coordinatesX,Y

are well defined. So X,Y are invariant under the action of the modular group 
. If
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porb     generic plrlconifold

Fig. 9 OverMB , we have a family of compactified mirror curves ˜�. At pcon and pLRL the mirror
curves are singular. As before, the sharp ends in the mirror curve picture are the punctures on the
mirror curve. After compactification, they become compact curves in π−1(p). All puncture points
are smooth

we use the modified fundamental differential ˜B to define the higher genus B-model
invariants ω̃g,n, then they are all well-defined global invariants on ˜�|MB,0 . In other
words, if one uses Torelli-marking-sensitive coordinates τ to express these ω̃g,n,
they are invariant under the action of the modular group 
.

Using the mirror map (3) we define the open potential in the holomorphic
polarization under A-model flat coordinates.

˜F
X,L,f
g,n (X̂1, . . . , X̂n,Q) =

∫ X1

. . .

∫ Xn

ω̃g,n.

The A-model coordinate Q = Q(p) is well-defined around the LRL point, and is
related to B-model coordiante q around the LRL point under the closed mirror map.
The open potential ˜F

X,L,f
g,n has non-holomorphic dependence on Q, in contrast to

the name “holomorphic polarization”. Under the holomorphic limit

lim
Imτ→∞ ω̃g,n = ωg,n.

With the BKMP remodeling conjecture (Theorem 28), we have for 2g − 2 + n > 0
and n ≥ 1

lim
Imτ→∞

˜F
X,L,f
g,n = F

X,L,f
g,n . (8)

If one defines

˜FX
g = 1

2 − 2g

∑

p0∈I�q

Resp=p0ω̃g,1(p)˜�(p),
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then for g ≥ 2

lim
Imτ→∞

˜FX
g = FX

g .

The potential ˜F
X,L,f
g,n and ˜FX

g are globally defined over MB , although their
expansions in Q are only defined around pLRL since Q is a flat coordinate around
pLRL. Their dependence on p ∈ MB is not holomorphic.

Theorem 31 The Gromov-Witten potential FX
g can be completed into an analytic

function ˜FX
g , which under the mirror map (3) is globally defined on MB . If MB is

a modular curve, e.g. when X = OP2(−3), the function ˜FX
g is a function of τ and

modular invariant.

Remark 32 The theorem also holds for unstable cases (g, n) = (0, 0), (0, 1), (0, 2),
(1, 0) but we need to treat these cases separately. We did not very clearly spell
out what this “anti-holomorphic completion” is, as it should be stronger than (8).
Indeed, ω̃g,n can be written as a polynomial in 1

Imτ
with holomorphic coefficients

[24, 26]. The lowest order of Imτ is 2−2g, and each coefficient in non-holomorphic
terms are given by combinations of ωg′,n, g′ < g in a graph sum formula. The
BKMP conjecture allows us to say the same—˜FX

g is a polynomial in 1
Imτ

with the

highest power term ( 1
Imτ

)2g−2 and holomorphic term FX
g . Each coefficient in the

non-holomorphic terms are given by FX
g′ in a graph sum formula where g′ < g.

Remark 33 One could use the modularity property to compute higher genus
Gromov-Witten invariants for certain toric Calabi-Yau 3-(orbi)folds, thanks to the
complete structure theorem of almost holomorphicmodular forms. See [6, 7, 66] for
numerical calculations and closed formulae for some ˜FX

g and FX
g .
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