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1 Summary

Major progress has been made recently to make FETI-DP and BDDC precondi-
tioners robust with respect to any variation of coefficients inside and/or across the
subdomains. A reason for this success is the adaptive selection of primal constraints
technique based on local generalized eigenvalue problems. Here we introduce a
mathematical framework to transfer this technique to the field of discretizations.
We design discretizations where the number of degrees of freedom is the number
of primal constraints on the coarse triangulation and associated basis functions are
built on the fine mesh and with a priori energy error estimates independent of the
contrast of the coefficients.

2 Hybrid Primal Formulation

Consider the problem of finding the weak solution u : 2 — R of

—divpVu=pg=f 1in£2,
u=0 onds2,
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where 2 C R? for d = 2 or 3 is an open bounded connected domain with
polyhedral boundary 042, the coefficient p satisfies 0 < pmin < P(X) < Pmax
and g is a given forcing data. Define the p-weighted L2(£2)-norm by ||g||L%(Q) =
||,01/2g||Lz(_Q) and the energy norm by ”U”HJ @) = Ip'/2 v v|[12(g)- We obtain the
following stability result:

lullzg) o) = Crlgliae),

where Cp is the weighted Poincaré constant of ||v||L%(_Q) < CP|U|H/! () for all

v e H; (£2) vanishing on 0£2.

We start by recasting the continuous problem in a weak formulation that depends
on a polyhedral and regular mesh 7z, which can be based on different geometries.
Without loss of generality, we adopt above and in the remainder of the text, the
terminology of three-dimensional domains, denoting for instance the boundaries of
the elements by faces. For a given element t € Ty let 3t denote its boundary and
n® the unit size normal vector that points outward . We denote by n the outward
normal vector on 952. Consider now the following spaces:

H'(Ty) = (v e L2(2): vl, € H'(1), T € Ty),

A(Ty) = { ]_[ 70"y : T € H(div; Q)} C ]_[ H™'237). @
€Ty €Ty

Forw, v € H'(Ty) and i € A(Ty) define

W, V7 = ) /wvdx (1, V)7 = D (1 Ve, 3)

TETH T ‘[ETH

where (-, -)5; is the dual product involving H~'2(37) and H'/?(37). Then

(u, v)ar :/divovdx+/a~Vvdx
T T

forall 0 € H(div; ) such that 0 - n®* = . We also define the norms

2 —1/2 2 —1/2 3: 2
10117, aivsy = 10~ 20115 o + 1072 divallg o,
— = lnf e
Il 127, ot o el v,
o-n"=pondt, €Ty 4)

Wi = 22 102 VUl
TETH
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We use analogous definitions on subsets of 7x, in particular when the subset
consists of a single element t (and in this case we write t instead of {t}). We note
that since 0 < pmin < p(x) < Pmax, the space H,(div; ) and H /} (Tw) are equal to

the spaces H (div; 2) and H LT, respectively.
In the primal hybrid formulation [11], u € H'(Ty) and A € A(Ty) are such that

(0 Vu, Vg, — 0, a7y = (08, v)7, forallv e H'(Th), )
(s Wy, =0 forall u € A(Tg).

Following Theorem 1 of [11], it is possible to show that the solution (u, 1) of (5)
is such that u € H'(£2) and vanishing on 952 satisfies (1) in the weak sense and
A =pVu-nt forall elements 7.

In the spirit of [3, 11] we consider the decomposition

HY(Tw) = P°(Tw) ® H' (Ta),

where PO(Ty) is the space of piecewise constants, and H YTy is its L%(l’)
orthogonal complement, i.e., the space of functions with zero p-weighted average
within each element T € Ty

PO(Tx) = {v e H' (Tw) : vl is constant, T € Ty},

~ (6)
H' (Ty) = {5 € H\(T) : /,oﬁdx =0, 7 € Ty).

We then write u = u® + i, where u® € PO(Ty) and i € H'(Ty), and find from (5)
that
(pVii, Vi), —( Doy, = (08, D)7,  foralld e H' (Th),
s a7y = —(0g, )7, forall® e P(Th), (D)

(, u® + )y, =0 forall u € A(Tw).

Let T : A(Tyg) — ﬁl(TH) and T : L2(9)~—> ﬁl(’TH) be such that, given
T €Ty, u e A(Ty) and g € L7(82), forall & € H'(Ty) we have

/pwm -Vidx = (u, ), /pV(fg> Vidx = (pg, 0):. (8)

Note from the first equation of (7) that i = T'A 4+ T'g, and substituting in the other
two equations of (7), we have that u® € P°(7) and A € A(Ty) solve
(s y Ty + (1, w7y = =, y a7, forall w e A(Th),

©)
1)o7y = —(pg. ")y,  forall v’ e P)(Ty).
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From now on we drop the trace operator y.
We use the unknowns u° and A to reconstruct the u as follows:

u:uo—i—ﬁzuo—i—T)»—i—YN"g. (10)

Unlike the HMM [3] and DEM [1], the methods we describe below approximate
A(Ty) by multiscale basis functions with larger support and with the lowest global
energy property which decay exponentially, achieving optimal energy approxima-
tion without requiring regularity of the problem.

3 Primal Hybrid Finite Element Methods

Let Fj, be a partition of the faces of elements in 7x, refining them in the sense that
every (coarse) face of the elements in Ty can be written as a union of faces of Fj,.
Let A, C A(Ty) be the space of piecewise constants on Fp,, i.e.,

Ap ={un € A(TH) : unlF, is constant on each face Fj, € Fp}.

For simplicity, we do not discretize H I(r) and H(div; 7) for t € Ty. We
remark that the methods develop here extend easily when we discretize H (div; 1)
by simplices or cubical elements with lowest order Raviart-Thomas spaces or
discretize H!(t) fine enough to resolve the heterogeneities of p(x) and to satisfy
inf-sup conditions with respect to the space Ap.

We then pose the problem of finding u2 € P°(Ty) and A, € Ay, such that

(s TAWoTy + (n up) o7y = —(n, T)a7,  forall wy € Ap, an
Oons Va3, = —(og, V), forallv) e PO(Ty).

We note that T restricted to 7, denoted by 77 : A} — H () solves
(0 V(T"up), V v)r = (uf,, v)ar  forallv e H'(v),
and note that p V(T* ;) - n* = py on 7. Note also that (up, Tup)ar,; = 0
implies T up = 0 and up = 0. As (11) is finite dimensional, it is well-posed since it
is injective. We define our approximation as in (10), by
up =ud) + T, +Tg. (12)

Simple substitutions yield up, Ay solve (5) if A(Ty) is replaced by Ay, i.e.,

(pVup, Vo)g, — G, 0)a7, = (g, )7, forallve H (Ty),
(hs un)aTy =0 for all uj, € Ay.
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We also assume that Ay, is chosen fine enough so that

2 — (5 — _ 721 512
|L{ _uh|H;(TH) - ()\- )"hs T()" )"h))TH = H ”g”L%(Q)’

where H represents a “target precision” the method should achieve. For instance,
one could choose H = H or H = h® for some 0 < s < 1. It must be mentioned
that Aj, is never computed, only an approximation of order .

Above, and in what follows, ¢ denotes an arbitrary constant that does not depend

on H, ’;Z, h, p. For details and proofs, see [7]. See also [6] for a related multiscale
conforming method.

4 Adaptive BDDC Spectral Decomposition I
Lett € Ty, F aface of 97, and let F = 9t\F. Define
F¢
Af = {nlor : mn € Anks Af = {unlr: wn € ALY, Ay = {unlre + wn € Ap}.
T F Ff{ : T T F F Ff Ff{
Denote pj = {u;, u,"} with up € A, u; € Ay and u;,* € A,", and define

FL‘
Tip : AF — (A)Y, Trep: Af — (A7)

Tipe: AL — (ALY, TRepe: AL — (ALY

andnotethat (un, TP up)ge = (,uf,v, T}F,u;f)F +
F Ff Ff F Ff Ff
(Mh s T[?Fclih )F + (Mh , TIECFIL}, )Ff + (Mh s T[?cpcl/«h )F,C-

It follows from the properties of 77 that T, and T'%. . are symmetric and positive
definite matrices, and follows by Schur complement arguments that

(p TEpi ) r = (g, 0L, T (1], 0)or

. Fe Fe A
> min (g v L T g v Doe = Gagp Tipmg) e, (13)
v,TeA”

ST T T T —1pt
TFF - TFF_ TFF‘?(TF‘?F") TF"‘F

.. . . F¢ _
and the minimum is attained at v, * = — (T ) 1TT(>F/L5.
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To take into account high-contrast coefficients, we consider the following
generalized eigenvalue problem: Find (ocf , ,uf ) € R, A}f ) such that:

1. If the face F is shared by elements T and 7’ we solve
Wi (TEp + TEp g O F = of r, (Tfp + TEpuf Dr, Wi € A}
2. If the face F is on the boundary 952 we solve
Wi Tepuh)r = of Of Tipuf )r. Wi € Af.

The use of such generalized eigenvalue problems is known in the domain decom-
position community as “adaptive selection of primal constraints”. It is used to make
preconditioners robust with respect to coefficients; see [9, 12] for RT¢p and BDM;
where only face eigenvalue problems for two- as well as for three-dimensional
problems. Here, we apply this technique to design robust discretizations; see [4, 6]
on related work for classical FEM discretizations.

Now we decompose A,f = Af’A 5] A,f’n where

F.A

, F
Ah

= span{,u,f’i : (xl-F < Oy}, Ah’n = span{uii : ocf > oy}
From (13) we know that ocf > 1. The parameter «, is defined by the user and
it controls how fast is the exponential decay of the multiscale basis functions.
We point out that the dimension of the space Af 15 related to the number of
connected subregions on T U T/ with large coefficients surrounded by regions with
small coefficients. Finally, let A, = A,IZ (4> A,f, where

Al = (€ A2 palr € A forall F e 8Tw),

A F,A (14)
Ay i={up € Ayt uplp € Ay~ forall F e Ty}
5 NLSD-Nonlocalized Spectral Decomposition Method I
Define the operator P : H' (£2) > Aﬁ such that for w € H'(Tg),
(> T PwaTy = (1, w)yry,  forall uy € Ay (15)

Let us decompose Ay = )\,117 + )\,f. We first eliminate Aﬁ from the first equation
of (11) to obtain

A= —Pu) + Tl +Tg), (16)
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hence
up = (I — TP +T(I — PT)AM +(I —TP)Tg). 17)

Then using algebraic manipulations with (11) and (15) we find ug e PO(Ty) and
)»,117 € Af satisfy:

G TaDaTy + 03l aary = — (i, T@)ary,  forall uil € Aff )
OIS oo, — (Pub, viar, = —(pg, 007,  forallvp) € PO(Ty),

where the hat functions are non-local multiscale functions defined by
= —-PT0, al=u—pPr)ull, &)= —TP)u),
0= —-TPW), Tg=I-TP)Tg and g=( — PT)g.

We note that the idea of performing global static condensation goes back to the
Multiscale Variational Finite Element Method [5]. Recent variations of this method
called Localized Orthogonal Decomposition Methods were introduced and analyzed
in [8, 10] and references therein. Some theoretical progresses for high-contrast
were made in [5] for a class of coefficients and by using overlapping spectral
decomposition introduced in [2]. Here in this paper no condition on the coefficient
is imposed and the theoretical results are based on non-overlapping decomposition
techniques.

5.1 NLSD Method 11

In the splitting (17), the non-local term TPug adds theoretical difficulties and more
complexity on the implementation. We now introduce the Adaptive BDDC Spectral

Decomposition II such that Pu2 = 0. Indeed, first decompose A} = AllfT &) /if .,
where A,’fT (/T,f) is the space of constant (average zero) functions on each face F
of Ty . Further decompose Al = /i;’;’n 5] AZ"A by solving the same generalized
eigenvalue problem before however on AZ"F rather than on A,f . Denote A,’Z =
A}IfT 5] /T,’;’n and Aﬁ = /T}’;’A. Repeat the same algebraic steps as in Sect. 5 and use
that (Mﬁ, U/?)BTH = 0. This method is analyzed in [7].
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6 LSD-Localized Spectral Decomposition Method I1

We next show that the exponential decay of the multiscale basis functions is inde-
pendently of the coefficient contrast. Hence, instead of building global multiscale
basis functions we actually build local basis functions. Lemma 1 implies exponential
decay of functions, such as PT ,uf and Pvg when ,uf and vg has local support, and
Lemma 2 shows T (P — P/)v decreases exponentially.

For K € Ty, define 7o(K) = @, T1(K) = {K},and for j = 1,2, ... let

Tir1t(K)={r €Ty : t N1 #Pforsome 1; € T;(K)}.

Lemma 1 Letv € H'(Ty) such that suppv C K, and ,uf = Pv. Then

j+1)/2
_[G+D/2] A

A2 Qo 2
Ty gy min gy =€ 0 1Ty Ty

We now localize Pv since it decays exponentially when v has local support. For

each fixed K, j, let A,f’K’j C Aﬁ be the set of functions of A,f which vanish
on faces of elements in 7z \7; (K). We introduce the operator PKI - HY (Ty) —

A,f’K’j such that, forv e H'(Tg),

A i A A AK,j
(> TPI0)a7, = (g a7, forall € A7

For v € H'(Ty) let vk be equal to v on K and zero otherwise. We define then
Pliv e A}? by

Ply = Z PKIyg. (19)
KeTy

Lemma 2 Letv € H'(Ty) and P defined by (15) and P/ by (19). Then

[(G=3)/2]

— Plyy? :2d g4 2 7 L 2 (]2
|T(P P)U|H;(TH)§CJ d aje 144 |v|H;(7_H).

We define the LSD methods by (18), (16) and (17) with P; instead of P. Denote
the solution by u{l The follow lemma shows the localization error.

Theorem 1 For the LSD Il method, if j = ¢ (4d’a, log(Cp/H)) then

lup — M£|H;(TH) = cHligll L2 )-
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