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Abstract. We address the problem of phase inpainting, i.e. the recon-
struction of partially-missing phases in linear measurements. We thus
aim at reconstructing missing phases of some complex coefficients assum-
ing that the phases of the other coefficients as well as the modulus of
all coefficients are known. The mathematical formulation of the inverse
problem is first described and then, three methods are proposed: a first
one based on the well known Griffin and Lim algorithm and two other
ones based on positive semidefinite programming (SDP) optimization
methods namely PhaseLift and PhaseCut, that are extended to the case
of partial phase knowledge. The three derived algorithms are tested with
measurements from a short-time Fourier transform (STFT) in two sit-
uations: the case where the missing data are distributed uniformly and
indepedently at random and the case where they constitute holes with
a given width. Results show that the knowledge of a subset of phases
contributes to improve the signal reconstruction and to shorten the con-
vergence of the optimization process.
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1 Introduction

Time-frequency inpainting is an inverse problem where the goal is to estimate
a subset of masked coefficients in a time-frequency complex-valued matrix from
the observation of the remaining coefficients. A natural strategy consists in per-
forming a spectrogram inpainting stage, where the amplitude of the missing
coefficients are estimated, followed by a phase inpainting stage, where the miss-
ing phases are estimated. While spectrogram inpainting has been addressed in
several works [11,13,18], phase inpainting has not been addressed by advanced
methods and thus remains a challenge. Indeed, phase reconstruction is known to
be a difficult task generally posed as a non-convex problem. Many works have
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been proposed to reconstruct the phase of all the time-frequency coefficients
from their amplitude and may be extended to the phase inpainting problem. A
first set of phase reconstruction methods relies on alternate projections [7—10]
among which the Griffin and Lim (GL) algorithm [10] is widely used in audio
processing. Its success may be due to the simplicity of its implementation and
the low computational cost of its iterations. However, its performance is limited
by a slow convergene towards a local minimum. Higher reconstruction perfor-
mance has been reached by semidefinite programming (SDP) approaches, at the
cost of much higher time and space complexities. In particular, PhaseLift [4] and
PhaseCut [19] methods have been proposed for any linear operator and further
studies [3,12] have established their good performance in the case of the short-
time Fourier transform (STFT). While yet other phase reconstruction algorithms
have been recently proposed [1,5,6,14-17], we focus on extending original GL
and SDP approaches to phase inpainting.

The organization of the paper is as follows. In Sect.2, the phase inpaint-
ing problem is formalized and we propose three dedicated algorithms: Griffin
and Lim for phase inpainting (GLI), PhaseLift for phase inpainting (PLI) and
PhaseCut for phase inpainting (PCI). These three algorithms are the extensions
of existing algorithms, in which we add the knowledge of the partially observed
phases. While the algorithms are introduced in the general case of any linear
operator, Sect.3 is dedicated to their specific implementation with the STFT
operator. In Sect. 4, some experiments in small dimensions with various ratios
of missing data and several mask shapes illustrate their performance and their
limitations. Finally, conclusions and perspectives are drawn in Sect. 5

2 Proposed Phase Inpainting Algorithms

2.1 Phase Inpainting Problem

For a s §nal x € CY, we consider K complex linear measurements Ax =
[(ak,x)],—; € CK where ay,...,ax € C¥ and A = [ay,... ,ag]™. While the
specific case of the STFT operator is used in Sects. 3 and 4, the general case of any
linear operator is addressed throughout Sect. 2. We assume that we observe both
the magnitude and the phase of a subset of measurements while only the magnitude
of the remaining measurements is available. The location of these subsets is given
by a binary mask m € {0, 1}K: m [k] = 1 if both the magnitude and the phase of

measurement k are known and m [k] = 0 if only its magnitude is known.
Throughout the document we will adopt the followmg notations: for b € CK
/b denotes its phase, b its conjugate. For m € {0, 1} — denotes the negation.
Denoting by supp (m) the support of m, let b € CK be the vector containing
the fully known coefficients b[k] for k € supp (m), and the known amplitudes
blk] for k € supp (—m). Then the phase inpainting problem is given by
Find x € CV s.t. (ar,x) = blk], Vk € supp (m) (1)

[(ak, x)| = b[k], Vk supp (-m)



Phase Reconstruction for Time-Frequency Inpainting 419

2.2 Griffin and Lim Algorithm for Phase Inpainting (GLI)

We propose an extension of the Griffin and Lim algorithm [10] to solve approx-
imately problem (1) by taking into account the known phases. The algorithm is
described in Algorithm 1, o denoting the Hadamard product. It mainly relies on
alternating a projection onto the span of the linear operator using projector IT,
and a projection onto the known magnitude and phase constraints. The initial-
ization of this algorithm may be done with random phases for coefficients with
unknown phase.

Algorithm 1. Griffin and Lim algorithm for phase inpainting (GLI)

Require:
binary mask m € {0,1}%

observation b € CK such that b[k] € C, Vk € supp (m) (fully known coefficients)
b[k] € [0,00[, Vk € supp (—m) (known magnitudes)

projector onto the span of the linear operator IT 4
initial phases ¢, € [0, 2 [
number of iterations njter
Output: complete estimated measurements y(iter)
p—mosb+(1—m)op, VkEsupp(m)
y(© — boexp(up) VEk € supp(—m)
for i € {1,2,...,njter } do
z() — IT, (y(ifl))
p@ —mosb+ (1 —m)o £z() {Project onto phase constraints}
v — boexp(ip®) {Project onto magnitude constraints}
end for

2.3 PhaseLift for Phase Inpainting (PLI)

The second proposed approach is based on lifting and SDP. The quadratic con-
straints in problem (1) become linear by means of a projection in a large dimen-
sional space where the variable is a semidefinite positive matrix X > 0. The
PhaseLift method [4] is adapted in order to address phase inpainting, which
results in Proposition 1.

Proposition 1. With notations of problem (1), let Ay, = aall for I,k €
{1,...,K}. Using the lifting X = xx*, problem (1) is equivalent to:
Trace(A;;,X) = blk]b[l], VI, k € supp (m)
: 12
ng}vanRank(X) s.t. ;ng:ceo(Aka) =b?k], Vkesupp(-m) (2)

and can be relaxed as :

Trace(A;,X) = b[k]b[l], VI, k € supp (m)
min Trace(X) s.t. { Trace(AprX) = b2[k], Vk € supp (—-m)  (3)
XeCNxN X =0
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Proof. The proof can be conducted in three steps:

1. Assume that x satisfies (1). For k,I € supp(m), the phase constraint is
obtained by considering that

b[k]b[l] = Trace(a xxa;) = Trace(aja xx) = Trace(A ;. X)

For k € supp (—m), the magnitude constraint is obtained similarly.
2. Problem (1) can then be reformulated as

Trace(A;;,X) = blk]b[l], VI, k € supp (m)
Trace(ArxX) = b%[k],  Vk € supp (—m)
Rank(X) =1

X=0

Find X € CV*N g,

which is equivalent to problem (2).
3. Since the rank is not convex, one may finally relax the rank by the nuclear
norm to obtain Problem (3). O

Formulation (3) is called PhaseLift for phase inpainting (PLI). The objective
function and equality constraints are linear and the domain X > 0 is a convex
cone. One may notice that only phase differences appear, in the first contraint,
to exploit the known phases. In the particular case supp (m) = 0, the original
PhaseLift problem [4] is obtained.

Finally, from the solution X of problem (3), x can be estimated as v/AmaxZmax
where z,,x is the eigenvector associated with the largest eigenvalue Apax of X.

In order to solve the PLI problem (3), we use Matlab toolbox TFOCS [2]. Two
solvers may be used: solver_sSDP that performs trace minimization under linear
constraints as in (3), or solver_TraceLS that solves unconstrained problems of
the form minxyo A Trace(X) + 5[ A(X) — B* with

A X |ve ([TT&CG(AUCX)}lykesupp(m))‘| G |f)60 ([b[k]b[l]]l,kesupp(m))‘| .

[Trace(A ;i X)] [b[k]

kesupp(—m) ]kEsupp(ﬂm)

(4)

2.4 PhaseCut for Phase Inpainting (PCI)

The third and last proposed algorithm is also an SDP optimization algorithm,
namely PhaseCut for phase inpainting (PCI), which is an extension of the orig-
inal PhaseCut designed for phase retrieval [19].

As in [19], problem (1) is reformulated by explicitly splitting the amplitude
and phase variables, so that one may optimize only on the phase vector u € C¥
such that Vk, [u[k] | = 1. We use the lifting U = uu’’ to obtain Proposition 2.
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Proposition 2. Using notations of problem (1), let I' = Diag(c)(I —
AAT)Diag(c) with ¢ € CK is defined by c[k] = |blk]|,Vk. Then problem (1)
18 equivalent to

Diag(U) = 1
__ blki] blkg]
min  Trace(UT) s.t. 4 O kel = By Ve be € swpp (m) - o)
Ueckxx Rank (U) = 1
U*>0

and may be relazed into a convexr problem by dropping the rank constraint as

Diag(U) =1
. __ blki] blks] .
pluin Trace(UTI') s.t. E[kl,kg] = Tolm] k] Yk, k2 € supp (m) (6)
=0

Proof. Using the amplitude vector ¢ and the phase vector u, problem (1)
becomes

Ax = Diag(c)u
Find x € CY,ue C¥ st. {ulk] = e“PHVE e supp (m) (7)
ulk]| =1Vk

which is equivalent to

ulk] =Pk € supp (m)

i Ax - Di 5 st
min IlAx iag(c)ulls s {|u[kz]| 1VE

x€CN,uef0,27 |
(®)

Given that Ax = Diag(c)u implies x = AfDiag(c)u, then ||[Ax — Diag(c)u

|3 = u I'u, thus (8) is equivalent to (5) which can be relaxed into (6). O

Formulation (6) is called PhaseCut for phase inpainting (PCI). As for PLI,
phase differences appear in the constraints that involve known phases. In the
particular case where all phases are unknown (supp(m) = {), contraints

Ulky, ko] = \EFIEHI ‘E{Zﬂl disappear and the original PhaseCut problem [19] is
obtained x.

Finally, from the solution U of problem (6), signal x is estimated as
x = AfDiag(c)e’*"max where up.x is an eigenvector associated to the largest
eigenvalue of U.

In order to solve PCI problem (6), we adapt the block coordinate descent
algorithm proposed in [19] from [20], as given in Algorithm 2. By picking coor-
dinates ¢ in supp (m) instead of {1,..., K}, all unknown coeflicients in U, and
only them, are updated.
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Algorithm 2. PhaseCut for phase inpainting (PCI) : BCD algorithm

Require:
binary mask m € {0,1}*¥

observation b € CX such that {b[k:] €C, Vk € supp (m) (fully known Co.efﬁcients)
b[k] € [0,00[, Vk € supp (—m) (known magnitudes)
number of iterations niter
barrier parameter v > 0
Output: U e CKXK
{Initialization}
c—mob+(l—-m)ob
I' — Diag(c®)(I — AAT)Diag(c)

1 ifk=1

. b[k] b[l s

for 1 < k,1,< K,U[k,1] — ﬁﬁ if k,1 € supp (m)
0 otherwise

{Main loop}
for niter iterations do
pick 2 € {1,..., K} \supp (m)
X = Uje je e ; and vy «— XHFic’i

_ 1w .
UiC,mUiHci* ——x ify>0
’ 0
end for

otherwise

3 Implementation Issues Specific to the STFT

Phase Inpainting Problem with STFT Measurements. The STFT of a sig-
nal x € CV is defined for frame index ¢t € {0,...,7 — 1} and frequency
index v € {0,...,F — 1} as STFT[t,v] = (x,a,,) = af’,x where a;, =
[w[n — th]e%”%”] 2:01 € CX, w being the analysis window and h the so-called
hop size between two successive frames. Hence the K = FT measurements
are indexed by k = (t,v): measurements may be seen equivalently either as a
doubly-indexed vector or as a matrix. A simple reshaping operation can be used
to switch between representations, and with a small abuse of notations, both
of them are used without explicit distinction in this paper. The STFT phase
inpainting problem in time-frequency is thus given by

<Xaat,u> = b[tvl/}’ V(t,l/) € supp (m)
[(x,a;,)| =blt,v], V(tv) € supp(—-m)

Find x € CV s.t. { (9)

GLI Implementation. The GLI algorithm is obtained by setting IT, : y +—
STEFT (STFT_1 (y)) where STFT ™! is the (pseudo-)inverse operator for the
STFT computed from the canonical dual window of w.

PLI Implementation. We used solver _TraceLS of TFOCS library, which

happened to be faster than solver_sSDP. The implementation of the

direct operator A defined in (4) and of its adjoint can be more efficient

using fast Fourier transforms (FFT) as follows. We have Trace(A;;X) =
_______\\H

(STFme (STFTcol(X))) [k,1] for ki € {1,...,K}, where STFT,,u(X)

denotes the STFT on the columns of X and STFT.;(X) the STFT on the
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rows of X. Hence one may compute A (X) from only 2N STFT’s. By denot-
ing by ko = #supp(m) the number of known phases, the adjoint operator

____  \\H
A* o CRoTE=ko _, CN*N s such that A*(y) = <STFT:OUJ (STFT;Z(Y)))
where STFT™ is the adjoint of the STFT operator and Y € CK*¥ is defined by
Y (m,m) = reshape(y(1 : k3), ko, ko) and Y (~ m,~ m) = Diag(y(k3+1 : K)).
It thus requires 2K calls to STFT*.

PCI Implementation. FEach iteration of Algorithm 2 for PCI requires K calls to
one direct STFT and one inverse STFT, using FFT’s.

4 Experiments

All experiences are available on mad.lis-lab.fr. Experiments in small dimensions
are conducted on a signal with length N = 128 composed of the sum of two linear
chirps with normalized frequency ranges (0, 0.8) and (0.8,0.6), a dirac located at
sample 64 and white Gaussian noise at a signal-to-noise ratio of 10dB. The STFT
is generated with a Hann window with length 16, a hop size of 8 samples (i.e.,
T = 16 frames) and F' = 32 frequency bins, resulting in K = 512 measurement
in a 32 x 16 time-frequency matrix. In a first experiment, masks for missing
phases are generated randomly and uniformly among the measures, with various
ratios of missing phases. In a second experiment, the ratio of missing phases is
fixed at 30% and missing phases are grouped in holes of a given width, with
randomly distributed centers, the widths varying between 1 and 9 coefficients.
Figure 1 illustrates the STFT of the signal and of one generated mask.
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Fig. 1. Spectrogram of the signal (left, smoothed with " = F = 128; middle, with
T = 16 and F = 32 as set in the experiment) and example of a mask with random
holes of width 5 in black (right).

Algorithms are used with the following settings. For GLI, n; = 6000. For
PLI, A = 1073% and TFOCS is used with a maximum of 5000 iterations, no restart,
tol = 10719, For PCI, v = 10~ and njer = 10°. A baseline approach is also used,
denoted as Random Phase Inpainting (RPI) and consisting in filling the missing
phases by drawing random values independently and uniformely in [0, 27 [.
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Performance is assessed in terms of relative reconstruction error up to a global

x—e'%%
% where x denotes the

phase shift, defined by E4p(x,%) = 20log;, ming
original signal and X the reconstructed one.
Results are shown in Fig. 2, where the reconstruction errors from all meth-
ods can be compared, as a function of the ratio of missing phases, for each
experiment. The known phases clearly contribute to improve the signal recon-
struction. For isolated missing phases (left figure), one can see that below 40%
missing phases, GLI and PCI achieves perfect reconstruction while PLI performs
very good but not perfect. Beyond 40% missing phases, SDP methods PLI and
PCI perform better than GLI, with a much better performance for PLI. For
holes with a larger width at 30% missing phases (right figure), one can see that
GLI may achieve poor reconstruction due to local minima. SDP methods offer
very good performance, with a reconstruction error generally below —50 dB.

30% missing phases

-100

-150 =150

Error (dB)
Error (dB)

~200 ~200

~250 -250

-300

-300

0.0 0.2 0.4 0.6 0.8 1 2 3 4 5 6 7 8 9
Ratio of missing phases Hole width

Fig. 2. Reconstruction error as a function of the ratio of missing phases randomly
distributed (left) or, for 30% missing phases, as a function of the width of randomly
distributed holes (right).

The convergence and running time of each method have been checked as fol-
lows. For GLI, it was checked visually and manually that the algorithm converges
before the maximum number of iterations, with a running time lower than one
second for each call. For PLI, similarly, it has been checked that the algorithm
stops before the maximum number of iterations is reached, with a running time
up to 6 h for one call when the number of missing phases is large. For PCI, con-
vergence may be observed in Fig. 3 by representing the reconstruction error as a
function of the iterations. As for PLI, the running time until convergence is all
the more reduced as many phases are known, lasting about 4 h for 10° iterations.
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Fig. 3. Illustration of the convergence of PCI by representing the reconstruction error
as a function of the iterations in the same two settings as in Fig. 2.

5 Conclusion and Perspectives

We have considered the phase inpainting problem in which a subset of mea-
surements have missing phases that must be recovered. We have proposed three
dedicated algorithms, which are extensions of existing algorithms, namely Griffin
and Lim, PhaseLift and PhaseCut, adapted to the phase inpainting problem by
incorporating the partial phase information as constraints in the optimization
process. Those algorithms have been implemented using fast transforms in the
case of the STFT. Experiments in small dimensions confirm that SDP methods
perform better than Griffin and Lim algorithm, in particular when the problem
is difficult (more unknown phases, larger holes). Even if those methods are very
time consuming, it also appears that the knowledge of a subset of phases result
in a faster convergence.

Experiments may be extended to the noisy case where only approximate
values are available known phases and amplitudes. Time and space complexity of
SDP approaches being very large, they cannot be applied to typical audio signals
for which dimensions are higher than those used in the proposed experiments.
In order to benefit from SDP results, one may investigate the adaptation of
SDP algorithms to process only a local time-frequency region instead of the
whole STFT matrix. Other algorithms may be designed for phase inpainting.
In particular, some recent contributions to phase retrieval [1,5,6,14-17] may be
adapted and may give good performance without the computational limits of
SDP methods.
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