Chapter 7 )
On Control Reconstruction Problems Chack for
for Dynamic Systems Linear in Controls

Evgeniy Krupennikov

Abstract In differential games the a posteriori analysis of motions, namely,
trajectories of the dynamics and the analysis of the players’ controls generating
these trajectories are very important. This paper is devoted to solving problems
of reconstruction of trajectories and controls in differential games using known
history of inaccurate measurements of a realized trajectory. A new method for
solving reconstruction problems is suggested and justified for a class of differential
games with dynamics, linear in controls and non-linear in state coordinates. This
method relies on necessary optimality conditions in auxiliary variational problems.
An illustrating example is exposed.

7.1 Introduction

This paper is devoted to solving inverse problems of reconstruction of players’
trajectories and controls in differential games, using known inaccurate measure-
ments of the realized trajectories. The a posteriori analysis is an important part
of the decision making in the future. Inverse problems may occur in many
areas such as economics, engineering, medicine and many others that involve
the task of reconstruction of the players’ controls by known inaccurate trajectory
measurements.

The inverse problems have been studied by many authors. The approach
suggested by Osipov and Kryazhimskii [6, 7] is one of the closest to the material
of this paper. The method suggested by them reconstructs the controls by using a
regularized (a variation of Tikhonov regularization [12]) procedure of control with
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a guide. This procedure allows to reconstruct the controls on-line. It is originated
from the works of Krasovskii’s school on the theory of optimal feedback [3, 4].

Another method for solving dynamic reconstruction problems by known history
of inaccurate measurements has been suggested by Subbotina et al. [10]. It is
based on a method, which use necessary optimality conditions for auxiliary optimal
control problems [9]. This method has been also developed in [5, 8, 10, 11]. A
modification of this approach is presented in this paper. It relies on necessary
optimality conditions in an auxiliary variational problem on extremum for an
integral functional. The functional is a variation of a Tikhonov regularizator.

In this paper the suggested method is justified for a special class of differential
games with dynamics linear in controls and non-linear in state coordinates. Results
of simulation are exposed.

7.2 Dynamics

We consider a differential game with dynamics of the form
() =Gx@®),Hu(), x():[0,T1— R", u():[0,T]— R", tel0,T]
(7.1)
Here G(x,t) is an n x n matrix with elements g;;(x,?) : R" x [0,T] — R, i =

1,...,n, j =1, ..., nthat have continuous derivatives
0gij(x, 1) 0gij(x,1)
Jat ’ 0Xk

xeR", te[0,T].

In (7.1) x; (¢) is the state of the ith player, while u; (¢) is the control of the ith player,
restricted by constraints

i) <U <oo, i=1,....n, tel0,T]. (7.2)

We consider piecewise continuous controls with finite number of points of discon-
tinuity.

7.3 Input Data

It is supposed that some base trajectory x*(-) : [0, T] — R" of system (7.1) has
been realized on the interval r € [0, T]. Let u*(-) : [0, T] — R" be the piecewise
continuous control satisfying constrains (7.2) that generated this trajectory.

We assume that measurements y°(-,8) = y®() : [0, T] — R”" of the base
trajectory x*(¢) are known and they are twice continuously differentiable functions
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that determine x*(¢) with the known accuracy § > 0, i.e.

V@) —xF@0)) <8, i=1,..n 1€[0,T] (7.3)

7.4 Hypotheses

We introduce two hypotheses on the input data.

Hypothesis 7.1 There exist such compact set ¥ C R", such constant r > 0 and
such constants w > 0, w > 0, o' > 0 that

WO {xeR:|xi—x*0)| <r Vtel0, Tl

agii(x,t dgii(x,t
0 < w? <|detG(x,1)| < w?, 8ij (x. 1) 8ij(x, 1)
at DXk

i=1,...,n, j=1,....,n, k=1,...,n, xe¥, +tel0,T]

<Q)/

= 3

<o, (7.4)

Let’s introduce the following constants

Tw T 5, anTo'e
Ri= 5, R= ,(0+o) R= 5
w w w
Trw? 2 _Rimo* (05T
Ry = m;) +47m +2 1w (ln 2w+1>+R2+1, (7.5)
2w w w w

14w
Ry = max{ » (R4 +2R3), (1 + w)(R4 + 2R3)},

which will be used in Hypothesis 7.2 and Theorem 7.1.

Hypothesis 7.2 There exist such constants §y € (0, min{0.5r, le HandY > O that
forany $ € (0, ]

Mol<y, ol<y, [&ol<Yy, €[0T, i=1,...,n (7.6

and for any § € (0, 8o] exists such compact 2% < [0, T] with measure ,uQ‘S =

§—0
B° 2 that

FOI<Y, Telo,TI\2°, max|@Ip° <Y, i=1L...n. (17
tef2

Remark 7.1 Conditions (7.6) reflect the fact that the right hand sides of Eq.(7.1)
are restricted.
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Remark 7.2 In Hypothesis 7.2 the constant Y is unified for all inequalities to
simplify the further calculations and explanations.

Remark 7.3 Hypothesis 7.2 allows the functions y°(-) to be able to approximate
piecewise continuous functions x*(-) = g(x*(-), -)u*(-).

7.5 Problem Statement

Let’s consider the following reconstruction problem: for a given § € (0, o] and
a given measurement function y?(-) fulfilling estimates (7.3) and Hypothesis 7.2
to find a function u(-,8) = u®(-) : [0,T] — R" that satisfies the following
conditions:

1. The function u®(-) belongs to the set of admissible controls, i.e. the set of
piecewise continuous functions with finite number of points of discontinuity
satisfying constraints (7.2);

2. The control u®(-) generates trajectory x(-,8) = x%() : [0,T] — R" of
system (7.1) with boundary condition (1) = y‘S(T). In other words, there
exists a unique solution x%() [0, T] — R" of the system

B0 =680, nul@), telo,T]

that satisfy the boundary condition x3(T) = y3(T).
3. Functions x®(-) and u%(-) satisfy conditions

lim [57() =27 Ollegry =00 lim 1} () =47 OllLyor =0, i = 1.
(7.8)

Hereinafter
I fOllcor = tg[l(%] lflL fG:[0,T]— R

is the norm in the space of continuous functions C and

T n
IfOllLsgor = / Y fAodr, f():10,T]— R
o i=1

is the norm in space L.
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7.6 A Solution of the Inverse Problem

7.6.1 Auxiliary Problem

To solve the inverse problem in Sect.7.5, we introduce an auxiliary variational
problem (AVP) for fixed parameters § € (0, éo], @ > 0 and a given measurement
function y®(-) satisfying estimates (7.3) and Hypothesis 7.2.

We consider the set of pairs of continuously differentiable functions Fy, =
{{xC),u)} : x(¢) : [0,T] = R*, u(:) : [0,T] — R"} that satisfy differential
equations (7.1) and the following boundary conditions

x(T) = y*(T), u(T) = G~ (y*(T), T)y* (T). (7.9)

Hereinafter G~! is the inverse matrix for non degenerate matrix G. Let us remark
that due to Hypothesis 7.1, the inverse matrix G! (y‘s (T), T) exists.

AVP is to find a pair of functions x(-,8, @) = x>%(-) : [0,T] — R" and
u(-, 8, ) = ub*() : [0,T] — R" such that {x®%(.), u®*(-)} € Fy, and such
that they provide an extremum for the integral functional

T
x() = YO1? o lu@)]?
I(x(-),u(-)):/ @ =y @l 4 eI ,, (7.10)
2 2
0
n
Here « is a small regularising parameter [12] and || f|| = | fl.z, f e R"is
i=1

Euclidean norm in R".

7.6.2 Necessary Optimality Conditions in the AVP

We can write the necessary optimality conditions for the AVP (7.1), (7.10), (7.9) in
Lagrange form [14]. Lagrangian for the AVP has the form

S PONTE S ST B n
L(x,u,)é,k(t),t):—"x y2(t)|| L ||2u|| +Z|:Ai(¢)2[xi—gij(x,t)uj]:| ,
i=1 j=1

where A(¢) : [0, T] — R" is the Lagrange multipliers vector.
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The 2n corresponding Euler equations are

. " - 9
M (1) + (i (0) — y2 () + Z [A i@ Z u () ag

x:
j=1 k=1 !

7 (x(t),r)} =0,
(7.11)

n
—ui(t)+ Y [rjgjix@®),nD] =0, i=1,....n.
j=1
The first n equations in (7.11) can be rewritten in vector form:

: s G -
A+ () =y )+ (A1), B x@®,HDu@®)=0, i=1,...,n. (7.12)

Hereinafter (a, b) means the scalar product of vectors @ € R", b € R" and

8 .
(x(1), t) is a matrix with elements ag/k x@,t,j=1,..,nk=1,..,n.

0x; X
lThe last n equations in (7.11) define thé relations between the controls u; () and
the Lagrange multipliers A;(¢), i =1, ..., n:
L .7
u®) = G (x@),HAr@). (7.13)
o

Hereinafter GT means transpose of a matrix G.

We can substitute equations (7.13) into (7.12) and (7.1) to rewrite them in the
form of Hamiltonian equations, where the vector s(#) = —A(¢) plays the role of the
adjoint variables vector:

i(1) = —(1/e)G®), NGT (x(1), s (),
si(t) = x;(t) — yf(t) + (:2 (s(1), sz x@®),HGT (x(0),ns(0)), i=1,...,n.

(7.14)

By substituting (7.13) into (7.9), one can obtain boundary conditions, written for
system (7.14):

X(T) = yX(T), s(T) =—a*(GOX(T), TYGTGA(T), T)) ' 3(T).  (7.15)

Thus, we have got the necessary optimality conditions for the AVP (7.1), (7.10),
(7.9) in Hamiltonian form (7.14), (7.15).

7.6.3 A Solution of the Reconstruction Problem

Let’s introduce the function

ube() = —(1/a?)GT (x>, s> (), (7.16)
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where x%(.), s%-%(.) are the solutions of system (7.14) with boundary condi-
tions (7.15).
We now introduce the cut-off functions

U, u}*(t) = U,
@)=, Wml<U, i=1,...n (7.17)

~U, 1) <-U.

We consider the functions ftf (+) as the solutions of the inverse problem described

in Sect. 7.5. We choose o = «(§) in a such way that «(§) 8—_>9 0.

7.6.4 Convergence of the Solution

In this paper a justification for the suggested method is presented for one sub-class of
considered differential games (7.1), (7.2). Namely, we consider from now dynamics
of form (7.1), where matrixes G (x, t) are diagonal with non-zero elements on the
diagonals. The dynamics in such case have the form

Xi(t) = gi(x(@®),Hu;i(®), i=1,..,n,

where the functions g;(x,f) = gii(x,t), i = 1,...,n are the elements on the
diagonal of the matrix G (x, t).

Condition ®? < |detG (x, 1)| < w* in Hypothesis 7.1 in such case is replaced by
equal condition

o <gx,)<w’ i=1,...,n. (7.18)

Necessary optimality conditions (7.14) has now the form

2
K1) = —s5; (D) (xa(;)’ f)’
1 & B Ge (),
SO =x0-yO+ , ) [sf.(t) g,a(;c((tt)) ) - t))} 7 (7.19)
j=1 i
i=1,...,n

with boundary conditions

s

xi(T) = yX(T), si(T)=—a*3(1)/gf (1), T), i=1,..., (7.20)

The following lemma is true.
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Lemma 7.1 For § € (0, o] twice continuously differentiable measurement func-
tions ylfs (), i = 1,...,n satisfying estimates (7.3) and Hypothesis 7.2 fulfill the
following relations

8.
lim [5/¢) = Ol = 0, Jim | i ¢)

—ui ()l =0,i=1,..,n
~00 g (y3(), ) e

(7.21)

Proof The first relation in (7.21) is true due to (7.3). Let’s prove the second one.

Relying upon Luzin’s theorem [2] one can find for the piecewise continuous
function #*(-) such constant Y" that for any 6 € (0,60l and alli = 1,...,n there
exist such twice continuously differentiable functions uf () : [0, T] = R and such
set 2 C R with measure ©2° = B2 that

W <Y rel0.T], il )] <Y, rel0.T]\ 28,

X
B max u; (0] < ¥, (7.22)
lud () = ufOllLsr <8 i=1,...,n

Let’s estimate the following expression first (hereinafter in the proof i =
1,...,n).

T
. . 2
1357 () — 4} & ), DT, o 7y = f (3 ) — w00, 0)dr. (7.23)
0
The integral in (7.23) can be calculated by parts.

T
/ 2(1) — u (r)g, O, 0) (G2 @) — ul (g (¥ (1), 1))dt
0

av
! T
= [(y'f @) —u (g (@), 1) (v (1) — xF(0) — / ul(1)gi (v (1), r)dr)}
v
T t
- f (V2 (@) — x}(0) — f ul (0)gi (v (v), T)dr)
0 N 0 _
) v
: (y‘S 0 — 1 g 0. 1) — ud (Y lgh ., G20, 0351+ ], O 1), t))) dt
j=1
- (_;{] -

(7.24)



7 On Control Reconstruction Problems for Dynamic Systems Linear in Controls 97

To estimate the whole expression (7.24) we first estimate the difference V = ylf3 (t)—

t
xi* 0) — f uf (v)gi (y‘S (1), T)dt. In order to do this, we estimate integral
0

t

f (1 (v) — uf (1)) (¥° (1), D)dt = / (l () — uf (1)) (¥°(r), v)dt

0 _Qf>5

+ [ @ - m)aeb o, o,
2L
(7.25)
where set 'Qtza ={r € [0,1] : |uf(r) — I/l;k(l’)| > &} and set ‘Qia ={rt €[0,1] :
ul (t) — uf ()| < 8}.
The first term in (7.25)

/ () — uf(0)gi (¥°(1), DdT| < S (2w < 8Tw. (7.26)
QLs

Remark 7.4 Let’s remember that hereinafter when the first argument of functions

gi(x,t), i =1,...,n belongs to compact ¥ from Hypothesis 7.1, relations (7.18)
are true.

Using (7.22), the second term in (7.25)

Son _ x ) _ s 2 s
/ i@ =~ @)ai07, e = / (1 (1) = uf (D) u?(r)—u}k(r)dz
2L o,
g (¥’ (1), 7) / .
(o) -y | ] O @)

t
<6

< max

t
el

T
= Cgf(u?(ﬂ —u}(0)’dr < 8Tw.
0

(7.27)
From (7.25), (7.26) and (7.27) follows that

t

f (d(r) — u} (1)) gi (y° (1), 1)dt| < 82T w. (7.28)
0



98 E. Krupennikov

We can now estimate function V in (7.24):

t

RO -5t - [0 @, 0dr

0
t
< |30 - 370 - [ w0, o]
0
t
+‘/(u?(r)—u;‘(r))gi(y‘s(r),r)dr‘
0
t
= Yf(t)—xf‘(o)—/u?(r)gi(X*(t),t)dr‘

0

t
+| / uf @& 0° (0, 0) = gi(r* (), D)dr|
0
+82wT <

HOEEAG]

t

.....

0
5(1 + TUno' +20T) Y sR,.
(7.29)
Thus, the term UVlg in sum (7.24) can be estimated as
! T
(30~ 080°0.0) (320 - 30 - [ @150, 0dr)
0
0
<28(Y + Y"0)R,.
(7.30)

T
Using (7.7), (7.22) and (7.29), the term f VdUdt in (7.24) can be estimated in
0

the following way

t

T
‘/[(y?(t)_xi*(o)_/”?(T)gi(ya(l'),t)dr)
0

0

(70 = i 06 @0 = O Yk, 670, 0351 + g1, 67 0,0) ) ||

j=1
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1
= [ (b0 -x0- [w@uet©.od)5iod
[0,T]\$28 0
t
# [ (i -x0 - [onei. oo
8 0

t
+| / (v -0 - / u} (g 0 (0, )T )i (g 6P ), Dt
[0.77\2} 0
t
+ f CHOEEHORE f u} (D)8 (6° (0), DT )i (i 64 (1), Dl
s 0
T t
+| / (o —x0 - / u} (08 (6 (), D))
0

0

=

(Dt 02 @. 0351+ g1, 6P ). ) d|
j=1

< STR,Y +8R,Y + TR, Y &+ SR, Y 0+ 8T Ry (nY + 1) Y sR,,.
(7.31)

Combining estimates (7.30) and (7.31), we can now estimate expression (7.24).

T
. 2
/ () —ud (g (Y (1), 1)) dt < §(Ry +2(Y + Y w)Ry) (7.32)
0
Finally, we can use the first mean value theorem for definite integrals and
estimate (7.32) to get

2

/ y () f(t)) dt
gy (). 1)

1 .5 5 ) 2
= 20,71 |:gi2(y5(t),t):| 0/ 0 =i D020 0)

2(Y + Y'0)R, + Ry, s—
e 2)“ "0
w

(7.33)
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It follows from (7.33) that

¥ )

— =0.
g (), ")

L 0,1

ul(-)

m
§—0

Remember that we consider such function u?(~) that lim ||u?(-) — u?‘(~) ||L =
5§—0 2,10.7]

0. So, from the triangle inequality || fi(-) + f2(')”L2.[o.T1 < A Olliago s +
| f2() 1Ly 0.7y TOllows that

.8 .
yg() — Ut =0, i=1,....n,
5—0 || g (¥ (), ) Lo
which was to be proved. O

Theorem 7.1 For any fixed § € (0, 8ol there exists such parameter Otg = Olg )

that the solution x‘s’o‘g ), s‘s’o‘g () of system (7.19) with boundary conditions (7.20)
is extendable and unique on t € [0, T1].
Moreover, ahr% ag (6) =0and

tim [ () = xFOllcep = 0. lim (1) = u O lags =0, i = L, o
5550 i i Cor = Y 5550 i i Ly =Y, t=1,...,01,
(7.34)

where
8,08 s LR .
u, () = =1/ (@) g (PN (), )50, i=1,...,n (7.35)
Proof Let’s introduce new variables:

a?yo (1)

.1 =1,...,n.  (7.36)

zi(t) = xi(t) — 2 (1), wi(t) = s: (1) +

Their derivatives are

2i(t) = % (1) — Y2 (1),
2 N .
? ) (1) 2“ ng [glxj (0. 0% (t)]

(), 1) g (x (), 1)

a? 50 (1) 2/21 [gi;j (@), £)s; (t)g? x®, t)]

2 (x(1), 1) &,

wi(t) = $; (1) +

= §5i(t) +
(7.37)
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System (7.19) can be rewritten in this variables as

2 )
. g z(®) + y°(0), 1)
zi(t) = —w; (t) o2 ; (7.38)

wi (1) =z;(t) + F;(z(t), w(t),t), i=1,...,n.

where
(1)
Fi(z(t), w(t),t) = 2( Vi
0, w), ) =« Feo+ronT
, w; (1) y5 ()
Zn: [zgf(z(t) + (1), Dgiy, () + Y2 (), 1) < o gf(z(r)+y5(r),r>)
= g (1) +y°(0). 1)
8% @ + Y (0, NG1)? L GO+ Y2(0), g5, @) + ¥ (1), Dw3 (1)
87 + Y50, 1) ot
8%, @) + ¥ (1), DY (Ow; (1) .
-2 5 s i|), i=1,...,n.
asgj(z(r) +y°(1), 1)
(7.39)
Boundary conditions (7.20) in new variables take the form
2(T)=0, w(T)=0. (7.40)

As it follows from Hypothesis 7.1, the right hand side of system (7.38) is
locally Lipschitz on ¥ x [0, T]—so, by Cauchy theorem there exists such interval
[To, T1 C [0, T] that solutions z-%(-) : [Ty, T] — R", w>(:) : [Ty, T] — R" of
system (7.38) with boundary conditions (7.40) exist and are unique on ¢ € [Tp, T].
Moreover, due to continuity of the solutions and zero boundary conditions (7.40),
there exists such interval [¢1, T'] C [Ty, T] that

122(0)] < @8Ry, |wP*(1)| < &®SRy, i=1,...,n, t€[n,T],

where the constant Ry, is defined in (7.5).

Let’s now extend the solution further in reverse time (to the left from #; on time
axis). As the solution is continuous, we can alwagls extend it up to such moment 7
thateitherzf’“(to) =2a6Ry,i € {1,...,n}or wi’“(to) =2a%8Ry, i €{1,...,n}
or extend it up to ¢+ = 0. If we are able to extend it up to + = 0 without reaching
values 2a8 Ry, 2028 Ry (the second case), then

122%(0)| < 28Ry, W (1)] < 20%8Ry, i=1,...,n, 1€l[0,T].
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In the first case there exists such moment zy € [0, T'] that
22 (t) < 28Ry, wP(t) <2%Ry, i=1,...,n, t€lt,T]. (741)

Let’s consider this case closer.
We introduce a new system of ODEs for functions z; (), w;(-), i =1,...,n

g (@) + ¥ (), 1)

zi(t) = —w;(1) 2 :
wi (1) = (1) + F (2% (1), wh (1), 1), (7.42)
i=1,....n, telt,T]
with boundary conditions
2(T)=0, w(T)=0, (7.43)

where zf’o‘(t), wf’o‘ (t) are solutions of system (7.38) with boundary condi-
tions (7.40), constrained by (7.41).

System (7.42) is a heterogeneous linear system of ODEs with time-dependent
coefficients, continuous on ¢ € [fg, T]. So, the solution of (7.42), (7.43) exists and
isunique on ¢ € [tg, T].

Let’s now prove that the solutions of (7.42), (7.43) coincide with the solutions
of (7.38), (7.40). To do this, we introduce residuals

Az(t) = 2590 — z2(1),  Aw(t) = wh% (1) — w(r).

Subtracting Eq. (7.42) from (7.38) (with substituted solutions 25%(1), wh (1)), we
get

g2 (1) + y° (1), 1) @t + (1), 1)

Azi(1) = —w)* (1) ) + w; (1) )
OO
= —Awl(t)gl (Z 2 y ’ .
o
Aw;(t) = Azi(t) + F;(259@), wbe (1), 1) — F; (2% (1), w®* (1), 1) = Az (1),
i=1,...,n
(7.44)
with boundary conditions
AzZ(T) =0, Aw(T)=0. (7.45)

As a homogenous system of linear ODEs with continuous time-dependent coeffi-
cients, system (7.44) with zero boundary conditions has the only trivial solution

Az()=0, Aw() =0, telw,T] (7.46)
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That means that z5-%(t) = z(¢), W) = w(), 1 € [to, T).
Now let’s study the properties of the solutions z(#), w(#) of system (7.42) with
boundary conditions (7.43). System (7.42) can be rewritten in vector form

Z(t) =AMZ(t) + F(b), (7.47)
where

Z() = (Zl(')y ey Zn(')v wl(')v LR wn())v
F()=(0,... 0, i) wh (). ), oo Fa OO, w(),)) (748)

n

and the 2n x 2n matrix A(t) can be written in the block form A(f) =

(IO GA(OX’ ) ), where [, is an identity matrix, O is an n X n zero matrix,
n
—gi(x% (), 1) 0 . 0
02 (+0,x
Galx.1) = 0 & (x>%(0), 1) ... 0
0 0 o —g2(xX5(1), 1)

Solutions of system (7.42) can be written in the following form with the help of
Cauchy formula for solutions of a heterogenous system of linear ODEs with time-
dependent coefficients. One can easily check that for boundary conditions, given at
the point ¢t = T (instead of t = 0), it has the form

T
Z(t) :¢(t)d5_1(T)Z(T)—¢(t)/¢_1(r)F(z5’“(r),w‘s’“(r),r)dt, (7.49)
t

were @ () is an n x n fundamental matrix of solutions for the homogenous part of
system (7.42). This matrix can be chosen as

T T k

@ (1) = exp —/A(t)dr = Zkl' —/A(t)dr . (7.50)

1 k=0 1

One can check that after expanding the kth powers in the sum in the latter formula
and folding the sum again, using the Taylor series for sin and cos functions, we can

getthat @ (¢) = <¢1(I) Do (1)

, where @1 (1), ®,(t), @3(t) are diagonal matrixes
3(1) &1 (r)) ¢
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with ith elements on diagonals

®1;i(t) = cos

(T —1) / g2 (x%e(1), r)dt |,
t

(p%t(t) -

T
@i (1) = @ (1) sin ( (T —1) / giz(x‘s*“(t), )dt |, (7.51)
1

T
(T —1) f g (x%e(r), vyde |,
t

where continuous function

T
\/f giz(x‘s’“(r), 7)dt
' € [to0, T),

VT —t ’ (7.52)
&G>T, T), t =T

i=1,...,n.

Using (7.18), one can obtain that
wﬁ‘éi(t)‘ﬁa), i=1,....n (1.53)

Due to simple structure of matrix @(¢), one can check that inverse matrix

@—l(t) =< D (1) _®2(t))
—@3(1) D1(1)

T
Let’s return to (7.49). Here Z(T) = 6>, so vector Z(t) = —@(t) f@‘l(t)
t

F(t)d has the following coordinates

T
Zi(t) = zi(t) = i (1) [ P2si (T)Fi (25%(7), w>*(7), )d7
t

T
—®5i(t) [ @1, (V) F;(25%(x), wP* (1), 1)dT,
t

T 7.54
Zi1(t) = wi(t) = @3, (1) [ @21 (D) Fi (25 (z), wP(7), 1)dt (759
t

T
~@1Li(0) [ DL (D F (4 (@), wh (), 1) |dv
t

telt, T, i=1,...,n.
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To estimate these expressions, we consider the following expression

T

T
/cos ; (T—f)/gl?(xw(e),e)de fAmydr, i=1,...,n  (1.55)

fo

where function fl.‘S ) = fi‘S (-,6) : [0, T] — R depends on § and is continuous in
the first argument for any § € (0, §o].

T
Let’s introduce functions ¢;(r) = \/(T - 1) f gl.2 (x%-2(0), 9)d9> , I =
T
1, ..., n, which are continuously differentiable in 7.
Note that all following calculations in the proof are true for all i € {1, ..., n}.

Using Hypothesis 7.1, we can estimate the derivative

T
— [ g>0),)d0 — (T — 1)} (x"(7), 7)
gi(t) = °* .
2\/(T —1) [ g?(x%(0), 0)do

203(T — 1) ?

(7.56)

T /(T -0 o
2

Similarly, ¢;(t) < — . € [0, T].
w

So, ¢i(7) is a decreasing function with restricted derivative and ¢; (T) = 0. This
means that we can construct a finite increasing sequence {r;] < 7o < ... <
Tny, » Ny, € N} that has the following properties:

(p,-(t(,,%_ ) =a05+kr, k=0,...,(ny —1);

Tw <( ) < Tw - Tw (7.57)
o <(tjiy1— 7)) <« , Ny < , .
w2 Jj+ J w2 (7 aw?

as the derivative ¢(t) is restricted by (7.56).
Let’s add to this sequence elements 79 = #o and 7(, g = T.
Integral (7.55) can be rewritten as

}’l(pi

T Tj+1
/cos ((pi(r)) fi‘s(r)dt = Z / cos ((pi(r)) fi‘s(r)dt. (7.58)
o iy o

0]
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O\ .. . .
Because cos (‘p'o([ )) is sign-definite on t € [7j,7j41], j = 0,...,ny and

fl.‘s (t) is continuous, it follows from the first mean value theorem for definite

integrals that for each j = 0,...,ny, there exists such point 7; € [z}, Tj41]
Tj+1 Tj+1

that | cos (‘p"‘ff)) fAydr = f2(F) [ cos (‘p"o(f))dr. Combining the terms
Tj Tj

of sum (7.58) by pairs [t}, 7;11], [Tj41, Tj42], we get

Tj+2
/ cos ((pi(r)) fl-‘s(r)dt
o
:
Tj+l ! Tj+2 (7.59)
= fl.‘s(fj) / cos (wi(T)> dt + f‘is(fj+1) / cos (%’(T)) dr.
o o
Tj Tj+1
To estimate expression (7.59), we first make the following estimates:
Tj+2 Tj+2 .
/ cos ¢i(t) dt = / .a ¢i(T) cos ¢i(t) dt, j=0,...,ny —3,
o ¢i(t) « o !
Tj 7
(7.60)
as (T — 1) # O for j < ny,. We can integrate (7.60) by parts.
Tj+2 . -
/ o ¢i(7) ((Pi(ﬂ) a ((ﬂi(f)) s
. cos dt = sin
pi(t) « o @i (7) o 7
T S~~~ - - ~ - - -
U U
i dVd 1 v (7.61)
—a/sin #i(0) " dr. j=0.....n, -3
a ) dt \¢i(1)
T: = - -~ -~ -~
! A dau
Here
a . (e[ a |5t d 1
. sin =|. <a sup . (Tj+2 — T)).
(pl(t) o 7j (pl(t) 7j TE['L’J','L’J'+2] dt (pl(t)
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One can check that the derivative

1

d
dt ¢;i(7)

L,
\/ (T — 1) [ g?(x>(0), 0)do

_ 2 02,0 _ (.0,
. & (x*%(1), 1) + (T — 1)gi(x"" (1), 7)
@(7)

( Xn: dgi (x%%(1), 7) _ wa’a(f)giz(xa’a(f), T) n gi (x>%(1), T)))‘
4 ox; a? at

1 ®, 5
Tw(Snw o*R ).
w(T—rj+2)+a)2(w + Tw@nw'w” Ry + o))

(7.62)
So, the term UV|?+l in (7.61) can be estimated by using (7.57) and (7.62) as
J

a ((pi(f))
. sin
@i (1) o

where the constants Ry, R, R3 are defined in (7.5). Let’s emphasize that these
constants don’t depend on § and «.
Now let’s estimate the term | TIJ;"+l VdU in (7.61).

Tj+2
/ . ((pi(f)) d ( 1 )
o sin X dt
a ) dt \¢i(7)

Tj+2

2 Ry
<a + Ry +3R3Ry ), (7.63)

T; T —7j42

7j
. (ei(T)\ d 1 (7.64)
<a sup |sin ) (Tj+2 — 75)
Telt),7j42] (24 dt Qi (T)
2 Ry
<o + Ry +6R3Ry ).
T —7j42
Applying estimates (7.63) and (7.64) to (7.60)—(7.61), we get
Tj+2
i R
/ cos(wl(t)>dr < 2a2< ! +R2+8R3Rw). (7.65)
o T —1j4

Tj
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Now let’s return to expression (7.59). By splitting the last integral term in (7.59)
Tj+2 Tji+2  Tj+l

as [ = [ — f we get

Tj+l 7j

Tj+2
/ cos (90;:;)) fl-a(‘l.')dt

< cos(“”()) (R - REm) (7.66)

+ 2 (F41) / cos(gﬂio(;)>d

By Heine—Cantor theorem, every continuous function defined on a closed interval
is uniformly continuous. So, continuous fi‘S (1) is uniformly continuous on [ty, T].
In other words,

V8 > 03ad =al(8) > 0: V11, 1 € [15, Tj42]
Tw 7.67
(It — ool < 2" %) = (12 @) — £P ()] < 9). el
w

Remark 7.5 As fi‘S () is uniformly continuous on [fg, T'], we are able to choose the
same o) = &(8) in (7.67) foreach j =0, ..., (ny, + 1) as [1}, Tj42] C [to, T1.

Combining (7.57), (7.65), (7.66), (7.67), we get

Tj+2
/CO (‘pt( )>f (t)dt
7 (7.68)
Tw ’ 5 Ry
<ad 5 + 2a max _ f°(7) + Ry +8R3Ry, | .
w T€lT),7j42] T — Tj42

To be specific, let’s assume that the number n, is odd. Then

T
/cos ((pi;;)) fia(‘l,')dt

fo

7 ) 0.5(ng; —1)—1 2j+1 @

_ @i(T)\ s @i(T)\ s

= /COS< o )fi (v)dt + jz_:l / cos( " )f,' (Mdt  (7.69)
fo = -1

Tng;

1 T
+ / cos(wi(ir)>ff(r)dr%—/cos(wl( )>f (v)dr.

Tng; =2 Ny,
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Using (7.68), let’s first estimate the sum

0.5(ng;—1)—1 | T2j+1

Z / cos(goi(r)) fl-‘s(r)dr
o

=t oja (7.70)
0.5(ng; —1)—1

Tw ) R
< > [aa ot f,-( +R2+6R3Rw)]

i T —1j41

Tw s 8
where n,, < and f; = max f°(7).
Y = aw? f[ 'L'E[I(),T]‘fl ( )
The following sum can be estimated by substituting the denominator in the

fraction with it’s minimal possible value (7.57) and reversing the order of terms
in the sum.

0.5(ng; —1)—1 0.5(ng; —1)—1 5 0501, —D—1
o o )
< =
0.5(ny, —1)—1

The partial sum > ; of a harmonic series can be estimated by Euler—
j=1
k

Mascheroni formula )" i < (Ink) + 1. Thus, continuing estimates (7.70) we get
n=1

0.5(ng —1—1| T2j+l

@i (7) S
Z /cos( o )fi(t)dr

j=1 -1 (771)

T7w? s [ Tw?Ry 0.5Tw
<34 + 2o f; (In
w

1)+ Ry +38R3Ry | .
= 200 aw? + )+ 2+ 3y
We have estimated the second term of sum in the right hand side of (7.69).
Using (7.57), one can get the following relations for the first, third and forth terms
in (7.69).

ani

T
‘/cos(wi(ﬂ> fi‘s(t)dr~|— / cos (W(T)> fi‘s(r)dt
o o

1o

g =2 (7.72)

T X 2
+ f cos(golo(:)) £ (0yde

1)
i
ng;

<4a" £
w
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Remark 7.6 We assumed that the number n, is odd. In the case of even ny, the
calculations are similar, because the only difference is in formula (7.69), where the

an)i
lower limit of the integral [ cos (‘p"o(f)> f2(z)d is exchanged for 7, g1
Tn‘/’i -2

Finally, applying (7.71) and (7.72) to (7.69), we get

T
‘/cos (fﬂi(f))ﬁ;(r)dt
o
1o

s mw? Rlna)z Tw s s
+af; |4 +2 In + 1)+ R | +allna|f; +2af; R3Ry,.
w 19 2w?

Trw?

<$é
- 204

For any given § € (0, §p] there exists a constant f? = f?(S) (as fi‘s(r) is
continuous for § € (0, §p]). We can always find such parameter ag = ag(S) that

as(8)| 1na§(5)|ff(5) <. (7.73)

This is possible because 1im0 o| Ina| = 0. Thus, for any
a—

o <ouay= min{a‘ls, ozg, 1},  (where a‘f is from (7.67), ag is from (7.73)),

(7.74)
we have

T
/ cos<¢’"(”> fP(x)dr| < SRy +26°R3R,,, (1.75)
o

4]

where the constants R3, Ry are defined in (7.5).
We can apply this result to expressions (7.54). First, let’s estimate expression

T

Fi(2%%(1), w>¥(1), 1)

0rit) [ orace) T dr. (7.76)
1o

2 nﬁt

for which f(z) = Fi(z>*(v), w**(v), 7)/a*> = f}|(r) in the sense of (7.55). It
follows from (7.39), (7.41) and Hypotheses 7.2, 7.1 that

f? = f?’l = max |F,'(Z‘3’°‘(T), w® (1), T)/“2|

velio.T]
.-8
max y°(7) 2 ry2 20/ /
<[t TN g, (w‘; +2wY) + 8 Ry 00,
1) [0 @ ®

(7.77)
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For o < &}, where o} is defined in the same way as g in (7.67), (7.73), (7.74),

but assuming fi‘s(r) = fl.‘?l (t) and f?(r) = ff’l(l'), estimates (7.75) and (7.53)
give us

T
B B (8,0 d,a
@z,”(t)t{q)l,u(f)ﬂ(z (0), w*(r), T)dv (1.78)

< aw(8Rs + 28°R3Ry), t € [19, T).

Let’s introduce oz(z) that is defined in the same way as o in (7.67), (7.73), (7.74),
but assuming

2 not

R @ =& @FE @), 00, 0/ "2 50, fia=of,.

One can use the scheme of proof (7.55)—(7.78) and (7.51)—(7.53) to obtain that
fora < min{a(l), oz(z)} the following estimates are true as well

T
@1ii (1) [ P2,ii (O Fi (2% (1), w’ (1), T)dt

o (7.79)
< aw(8Rs+28°R3Ry), t€[to, T];
T
®3,ii (1) f ®2,ii (1) Fi (2% (1), w**(7), T)dt 7.80)
<a?) (OR4+26°R3Ry), 1€ i, T;
i § S
.. .. A ed 0
P10 [ @i (OF @), wh (@), 1) |dr 781)
< a?(8R4 + 28°R3Ry), t €, T
Remark 7.7 Estimates (7.78)—(7.81) are true under combined condition
o < o ¥ minfal, o). (7.82)

Combining (7.54) and (7.78)—(7.81), we get

|zi ()] < @d(1 + w)(R4 + 20R3Ry),
lwi ()] < a?8' T (Rs +28R3Ry), 1€lt0,T1, i=1,...,n.
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Ford:0 <8 <68 < le,oc € (0, ozg], as far as 229 (1) = z(1), w*¥() = w(), t €
[0, T],

220 = 1zi ()] < a8(1 + @)(Ry + 2R3) < ad R,
W) ()] = lwi (1) < 28" 57 (Ra + 2R3) < 026Ry, (7.83)
telto,T], i=1,...,n.

Remark 7.8 Estimates (7.83) are true for #9 € [0, T') as long as solutions 25,
w®(.) of system (7.38) with boundary conditions (7.40) exist and are unique on
t € [ty, T] and (7.41) is true.

But (7.83) means that for é € (0, 6], @ € (0, cxg] att = 1y (in particular)

209 (t0)| < @Ry, Wl (t0)] < @8Ry, i=1,....n,
which is contrary to the assumption that either zf’a (to) =2aéRy, i € {1,...,n}or
w?’“(to) =20%5R,, i € {1,...,n}. That means that such moment 7y does not

exist.
In other words, we have proved that we can extend the solutions 250y, whe()
upto ¢ = 0 and

8,
2.7 ()| < ad2Ry,,
g < a1 a0, (71.84)
|lw;" ()| < a"62Ry, t€[0,T], i=1,...,n
for § € (0, 8ol and @ € (0, &) ].
As far as we can extend solutions z>%(-), w®%(-) onr € [0, T'], we can return to
variables (7.36)

0]

gi (xO%(1), 1)
B 2 w (v, .
o & (x%%(1), 1)

XU =200+ Y0, w0 = HOR

Applying the result (7.84) (see Remark 7.8), we get that

-5

8,a 5 S.a Vi @)

25 — v ()] < ad2Ry, 2R () —

O = O S @b2Rus U0 = S
i=1,...,n, tel0,T]

[=02Ru (785)

for 8 < (0, 80] and @ € (0, ).
It follow from (7.85) and Hypothesis 7.2 that

8. X 8.0 5 X 5
lx; " @) —x; @O < |x;” " @) — y; O+ |x (@) — y; @]
<a82Ry+8 230, i=1,..n 1e[0.Tl
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which means that
. S,ag %
lim [lx;” ") = x;7 Ol =0 (7.86)
§—0
Let’s now make the following calculations.

V) (gi (1), 1) — g (x%% (1), 1))
gi (X3 (1), 1)gi (y(1), 1) (787)

LA NS A0
gi(x®(n), 1) gi(y*(1),1)
- Yno'2a8 Ry,

, " i=1l,..n, te[0,T]
w

for 8 < (0, 80] and « € (0, 3].
It follows from (7.87) and (7.85) that

5 vl (¢ 5 vd (¢

Wb - O ey o W

gi(y (t)§ 1) 6 gi (x%0 (1), 1)

Vi gt) _ yig(t) (7.88)
gi (x> (), &), 1)

Yna)’ZO(SSRw )

< 82R, + ) . i=1,..n, t€l0,T].
w

Relation (7.88) and Lemma 1 imply that

T T 2
8,00 « 5,ad « 5,a) y;s @)
llu; "0 () — uj (t)||%2’[0ﬂ = !(ui o) — u} ()*dt = 0/ [ (”i o) — 2 (1), t))

2
s ) wo oo, N O
+2<ui R | Pt iC) R G Ry

2
an/Zag(SRw an’ZozgSRw Y
<71 (2R, + ) +7 (82R, + ; +U
w

w w
() 550
’5 —ul (1) — 0,
8i(y°(n), 1) L
2,[0,T]
which was to be proved. O

Let’s now consider for a fixed § € (0, §g] cut-off functions

8
U, w0 > U,
~ d J .
u?(t) = uf’%(z‘), |uf’a°(t)| <U,, I= 1,...,n, (7.89)
8
~U. w0 < -U,
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where the functions u 0( ), i =1,...,naredefined in (7.35) and ocg is introduced
in Theorem 7.1 in (7. 82).
It follows from Theorem 7.1 that

Iy 00 *()IILmn—n( B A+ @O - u O,
= 1 0 = OB, + 18O ~ 7 Ol

T
+2/ 5“%) al(0) (@) — ui (1))dr 290
0

(7.90)
Combining (7.89) and constraints (7.2), we get
8.0 N N
;) —al0) (@ @) —ur () =0, 1e[0,T].
Since all terms in the last expression in (7.90) are non-negative, we obtain
808 A 50
ity ) = @27, 0y — O (7.91)
~5 #0112 §—0
182 () = w3, 0 — O (7.92)

Now let’s prove the following lemma

Lemma 7.2 The system of differential equations

%) = gi(x(0),naS @), xi(T)=yXT), i=1,....n, 1t€[0,T],
(7.93)

where ﬁ‘s() is defined in (7.89) for a fixed § < (0, 8], have a unique solution

not

x() = %5() : [0, T] — R™. Moreover,
lim [1x() — BOlcprn =0, i=1,...,n.
Proof Let’s introduce new variables
Ax,(t)_x,(t)—x 0(t) i=1,...,n,

where x‘s""g () is the solution of system (7.19) with boundary conditions (7.20).
System (7.93) in this variables has the form

Bxi(0) = gi(Ax () + 68 (0, 1)l (1) — g (b 0). )l D, (7.94)
Axi(T)=0, i=1,...,n



7 On Control Reconstruction Problems for Dynamic Systems Linear in Controls 115

The right-hand sides of this equations

i (Bx) + X280, )0 0) — g (0 0). 1)y Vo) £ 5 (628 ). ) 0|
a0 (i (Dx (@) + X000, 1) — gy (x b 1), 1))
+gi (x‘*“g (1), 1) (@S (1) — uf""g ®))

< U Y [1Ax; 0] + ol @) — a0 )]

j=1
’ ~§ ‘S’O‘S
< Uo'n||Ax )| + wluj (1) —u; " (1)].

i

(7.95)

8
Since estimates (7.95) are true and the function |ﬁ;.s ) — uf’% (+)| is continuous, the
solution of system (7.94) is unique and can be extended on [0, T'] [13]. Thus, the

)
solutions )Ef (t) = Axi(t) — xf’% (), i =1,...,n of system (7.93) can be extended
ont € [0, T] as well.
From (7.95) it follows that

imxi(tm'xi(r)] i[nAx(t)u S Ax; (0)]]
_ i=1 < i=1

llax@l; axol | |Ax )]

N 8.0
< n(UWn| Ax@)]| + wlid @) — u; @),
Hence,

T
[Ax@] < |Ax(D)]| +/n(Uw’n||AX(f)II + wlig (v) - uf’ag(f)l)df
1

T T
)
< | AX(T)] + no / a8 (1) — u; () ldT + n*Uo / |Ax(D)ldr.
t t

Applying the Gronwall-Bellman inequality, we get

T
IAx@)] < (||Ax(T)|| +nw/ a8 (7) — uf""g(mdz) exp(n2Uw'T).
t
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— r H —
Here | Ax(T)| < vn8 222 0. Since (7.91), [ @8 (r) — u; “O(x)ldr =2 0, 1 e
t

[0, T1. So, | Ax(0)]| 2= 0, ¢ € [0, T]. In other words,

. 8.0 a8 .

512)1%) ”xl‘ 0() — X (')”C[O,T] =0, i=1,..,n

Combining this result with result of Theorem 7.1 (7.34), we get

lim 157 () = 2 Ollcg.ry =0, i =1,..m,

which was to be proved.

Lemma 7.2, definition (7.89) and formula (7.92) mean that functions (7.89) can
be considered as solution of the inverse problem described in Sect. 7.5.

7.7 Remarks on the Suggested Method

Note that Hypotheses 7.2 and 7.1, Theorem 7.1 and Lemmas 7.1 and 7.2 provide that
in case of diagonal matrix G (x, ) the solution for the inverse problem described in
Sect. 7.5 can be found as

U, ul(t)=>U,
al) = ul@0), i) < U, whereul() =
—-U, ul(@t) <-U.

28
y’(s() , =1,...,n.
I OND)

The case of non diagonal non degenerate matrix G(x, t) is more interesting. In
this case the solution can still be found by inversing the matrix G( y‘S (), 1)

u() =GN0, )30, (7.96)

but it involves finding the inverse matrix G! (y‘S (t),t) foreacht € [0, T].

One can modify the algorithm suggested in Sect. 7.6 to solve the inverse problem
for the case of non-diagonal matrix G(y‘S (t), t) as well. The justification uses the
same scheme of proof, but is more complex due to more complicated form of
system (7.19). It will be published in later works.

Comparing the direct approach (7.96) and the approach suggested in this paper,
one can see that the second one reduces the task of inversing non-constant n x n
matrix G(y‘s (t), 1) to the task of solving systems of non-linear ODEs. In some
applications numerical integration of ODE systems may be more preferable than
matrix inversing. Accurate comparing of this approaches (including numerical
computations issues) is the matter of the upcoming studies and also will be
published in later works.
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7.8 Example

To illustrate the work of the suggested method let’s consider a model of a
macroeconomic process, which can be described by a differential game with the
dynamics

dxi(t) _ 3G(X1(t),X2(t))ul(t)

d 9

dxzt(t) 8G(x1(t)31, x2(2)) (7.97)
= us ().

dt 3)62

Here ¢t € [0, T'], x1 is the product, x; is the production cost. G(x1, x2) is the profit,
which is described as

G(x1,x2) = x1x2(ag + a1x1 + azxx2), (7.98)

where ap = 0.008, a; = 0.00019, a = —0.00046 are parameters of the
macroeconomic model [1]. The functions u;(#), u2(t) are bounded piecewise
continuous controls

lui| <U, |ua] <U, U =200, tel0,T] (7.99)

The control #1 has the meaning of the scaled coefficient of the production increase
speed and u» has the meaning of the scaled coefficient of the speed of the production
cost changing.

This model has been suggested by Albrecht [1].

We assume that some base trajectories x'(¢), x3(¢) of system (7.97) have been
realized on the time interval ¢ € [0, T] (time is measured in years). This trajectory
is supposed to be generated by some admissible controls uj(-), u3(-). We also
assume that we know inaccurate measurements of x}'(¢), x5 (¢#)—twice continuously
differentiable functions y$(r), y3(¢) that fulfill Hypothesis 7.2.

Remark 7.9 To model measurement functions y‘f (t) and yg (1) real statistics on Ural
region’s industry during 1970-1985 [1] have been used. They satisfy Hypothe-
sis 7.2.

We consider the inverse problem described in Sect.7.5 for dynamics (7.97)—
(7.99) and functions xj(¢), x5(t), uj(-), u3(-) and y‘f(t), yg(t). We assume in
our example that we don’t know the base trajectory and controls, but know the
inaccurate measurements yf (1), yg (1).

The trajectories x‘lx"s(z‘), xg"‘s(t) and controls ﬁ‘f"s(t), ﬁg"s(z‘), generating them,
were obtained numerically. The results are presented on Figs. 7.1, 7.2, and 7.3. On
Figs. 7.1 and 7.2 time interval is reduced for better scaling.
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Fig. 7.1 Graphics of x‘ls’a (), t € [1980, 1985] for various values of approximation parameters
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Fig. 7.2 Graphics of u‘i’a (t), t € [1980, 1985] for various values of approximation parameters
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Fig. 7.3 Graphic of error x‘f’“(t) — y‘lS (t) fora = 1073, 1 € [1970, 1985]
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