
Three Dimensional Cutting Stock Problem
in Mattress Production: A Case Study

Selin Altın, Tezcan Aydilek, Umut Şirvan, Damla Kesikburun,
Adalet Öner(&), and Nejat Kutup

Department of Industrial Engineering, Yaşar University, İzmir, Turkey
selin_altn@hotmail.com, tezcanaydilek@gmail.com,

umutsirvan@windowslive.com, {damla.kesikburun,

adalet.oner,nejat.kutup}@yasar.edu.tr

Abstract. This study involves in a real-world application of 3-D cutting stock
problem in a local bedding company. The company produces various types of
mattresses (beds). The bill of materials of a mattress usually includes foam
rubber (sponge) components. Each mattress has different foam rubber compo-
nents in the form of orthogonal rectangular prisms with different dimensions.
Those components should be cut from big foam rubber blocks. The properties of
current cutting machinery used in the company imposes “guillotine” cuts. The
aim is to minimize total waste in cutting operations. There are mathematical
models to solve cutting stock problems, however they require “cutting patterns”
to be generated in advance. Cutting patterns represent potential combinations of
how rectangular prisms are fitted into foam rubber blocks. Column Generation
method and a Branch and Bound algorithm are used to generate cutting patterns.
Mathematical model then solves the problem provided that the cutting patterns
are supplied as input. A user friendly Decision Support System (DSS) has been
developed in order to incorporate proposed procedures to solve the problem. It
enables the user in the company to prepare efficient cutting plans easily and
quickly.
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1 Introduction

Foam rubber is used as the cushioning material in mattresses. In the production of
mattresses, big foam rubber blocks should be cut into different types of orthogonal
rectangular prisms that are the components of a mattress such as head bars, side bars,
and comfort layers as shown in Fig. 1. In this form, the problem is a standard three-
dimensional cutting stock problem (3DCSP).

A local bedding company in Izmir produces mattress and suffers a high level of
waste in foam rubber cutting operations. Currently, there isn’t any systematic or sci-
entific approach for planning of cutting operations. A planning engineer develops
cutting plans manually, depending on his/her own judgment and experience. Company
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management is not happy with the current level of waste. The purpose of this study is
to investigate and compile techniques and methods of three-dimensional cutting stock
problem and then develop a planning tool that will be used to generate efficient cutting
plans. Therefore, the focus of the study is an industrial application of three-dimensional
cutting stock problem.

2 Problem Definition

The standard 3-D cutting stock problem (3DCSP) can be defined simply as follows:
There is an unlimited quantity of identical big foam rubber block B = (L, W, H) as raw
material in producing mattress, where L, W, and H define the length, width and height
of the blocks respectively. On the other hand, there is a set of n types of components or
items (l, w, h, d) to be cut from big blocks B. The problem is to determine how to cut
the smallest possible number of blocks B so as to produce di units of each items type i,
i = 1,…, n. A basic mathematical model can be defined for the standard 3DCSP as
follows.

Decision Variables
xj: Number of Stock material to cut according to pattern j

Cutting patterns represent potential combinations of how components (items) are
fitted into foam rubber blocks B.

Parameters

n = Number of items
m = Number of patterns
i = index for item, i = 1, …. n
j = index for pattern, j = 1, …. m
pij = Number of occurances of the ith item in the jth pattern
di = Demand for item i

Fig. 1. Foam rubber components of a mattress
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Mathematical Model

min Z ¼
Xm

j

xj ð1Þ

Subject to

Xm

j

pijxj � di 8 i 2 1; ::nf g ð2Þ

xj 2 Z þ 8 j 2 1; ::mf g ð3Þ

The objective function minimizes total number of cutting patterns to be used.
Constraint (2) ensures that the items are produced in desired amounts. Constraint (3)
indicates that an integer solution is requested. It is obvious that cutting patterns should
be determined in advance as the input of the problem. The hard part of the problem is to
generate valid patterns.

A cutting pattern shows how many items of each type are cut from stock material.
An example of generating cutting patterns are explained below in Figs. 2 and 3. For
simplicity, the idea is shown on two dimensions. However, it can be extended easily for
three dimensions. Assume that there are four types of items and they should be cut from
stock material as shown in Fig. 2.

The items can be placed on the stock material in different combinations, and each
combination represents a pattern. Figure 3 shows that one of the alternative patterns
such that five instances of item 1, one instance of item 2 and two instances of item 3
could be placed on the stock material. This placement is just one of many possible
combinations. In order to solve the problem optimally, all valid pattern should be
determined and listed.

Fig. 2. Example case for generating cutting patterns
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There are many variants and extensions of standard 3DCSP depending on the
environment and technological requirements. In this study, we consider the real-world
requirements in the bedding company, which can be described as follows:

• Technical specifications and settings of blades of every cutting machine used in the
company impose guillotine cuts. A guillotine cut is a cut that is parallel to one of the
sides of the object and goes from one side to the opposite one.

• There are two types of cutting machines, and each type is set to cut along different
Cartesian planes. On one of the machine type, the block B is loaded on the machine
and the machine cuts “layers” of foam rubbers parallel to x-y plane that is called
“horizontal” cut. The orientation of the block B on the machine is fixed and can’t be
changed. The other type of machine cuts parallel to y-z plane, and it is called
“vertical” cut. In this type of machine, the orientation of the objects may be changed
as desired. The cutting process is sequential such that any block B is first cut
horizontally and generated layers are then cut vertically as many times as required
to get components to be used in mattress production. In such a case, cutting process
is called k-staged cutting in literature [5]. Guillotine cuts are applied in both stages.

The requirements described above leads to a special variant of 3DCSP. The
problem turns out to be a 2-staged cutting problem constrained with guillotine cuts.
This study focuses on this variant of the problem, and the aim is to develop a solution
procedure and then embed it in a decision support tool.

3 Literature Review

In literature, the first known definition and formulation of the cutting stock problem
(CSP) were made by Russian economist Kantorovich [1]. Gilmore and Gomory [2]
proposed column generation method in order to solve single dimension CSP. Gener-
ating a column means generating a cutting pattern. Then, they have extended their
study to describe how to use column generation method in order to solve multistage
CSP of two and more dimensions [3, 4]. However, the proposed method doesn’t
provide integer solution. Queiroz et al. [5] provide an extensive survey on the 3DCSP.

Fig. 3. Generating a cutting pattern
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There are various studies in literature that can be used in order to formulate and
solve 2-staged 3DCSP. Among others, some mathematical models are the one-cut
concept by Dyckoff [6], the arc-flow concept by Valerio de Carvalho [7], the DP-flow
concept by Cambazard and O’Sullivan [8], and the general arc-flow with graph
compression by Brandao and Pedroso [9].

There are also exact methods proposed for CSP depending on the branch & bound
and branch & cut algorithms such as Hadjiconstantinou and Christofides [10] and
Martello and Toth [11]. In meta-heuristics realm, Kampke [12] and Alvim et al. [13]
implemented simulated annealing a tabu search methods respectively.

4 Modelling and Solution Methodology

This study focuses on 2-staged 3DCSP with guillotine cuts as described in “Problem
Definition” section. Technological requirements lead us to divide the 3D problem into
two consecutive stages. The first stage contains a collection of two-dimensional cutting
stock problems (2DCSP), and the second stage contains a one-dimensional cutting
stock problem (1DCSP). However, these two stages are not independent of each other,
since the output of the first stage (2DCSP) is used as the input in the second stage
(1DCSP). Figure 4 shows the relations between the stages.

In modeling and solution process, the sequence of stages is reversed when com-
pared to the sequence of cutting process in practice. The first stage of the solution
procedure corresponds to the second stage of cutting process in practice, which is the
vertical cutting stage.

Fig. 4. Problem setting of 2-Staged 3DCSP
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In this problem setting, first, the set of items (components) to be cut are grouped by
their heights. The items with the same heights will be in the same group. For each
group of items, a 2-D CSP is solved. It leads more than one 2-D problems such that
each one corresponds to a particular height. The 2-D problems are independent of each
other since they correspond to distinct heights. The solution of each 2-D problem gives
the minimum number of “layers” to be cut while ensuring required numbers of items
would be produced in a given height. The solutions of those 2-D problems also provide
the information of how the items are located on the layers. That information is actually
the cutting plan for the machines that performs vertical cuts. (See Fig. 4.)

The output of independent 2-D problems are collected to make a list of layers along
with their heights. The layers in that list are to be cut from blocks B. The list of layers is
used as the input of the second stage which is a 1DCSP. The solution of the 1-D
problem gives the minimum number of blocks B to be used. The solution also provides
the information of how the layers are located in block B. That information corresponds
to the cutting plan for the machines that performs horizontal cuts.

For the solution procedure, it has been decided to use the model and formulation
given in (1)–(3) and it is coded in Lingo 17.0. However, it was required to find a
systematic way to determine valid cutting patterns. As mentioned earlier, Gilmore and
Gomory [2–4] proposed a column (pattern) generation method.

In column generation method, the problem is divided into two problems: master
problem and the auxiliary problem. First, a set of feasible cutting patterns are found and
placed in the simplex method as the starting feasible solution. Then a special procedure
is applied to find a promising pattern if any. That procedure creates the auxiliary
problem which is a knapsack problem whose input is the shadow prices from current
basis in the simplex method. The solution of the auxiliary problem is then fed to master
problem for the next iteration of simplex method.

Column generation method is easy to implement for 1DCSP but not for multi-
dimensional problems. Therefore, other relevant pattern generation methods have been
reviewed in the literature. Malaguti et al. [14] present an extensive survey for such
methods. Pattern generation methods are usually based on the branch and bound
algorithm. Among many others, the methods proposed by Suliman [15] and Rodrigo
et al. [16] have been scrutinized, and the latter has been chosen to implement in
solution procedure because it is easy to implement and embed into decision support
tool. The selected pattern generation methods which are column generation method and
the algorithm of Rodrigo et al. [16] are coded in Lingo 17.0 and Excel VBA,
respectively. The proposed solution procedure is described in Fig. 5.

A sample problem is prepared below to show that how the proposed solution pro-
cedure works. It is assumed that the dimensions of the foam rubber blocks are
200 � 180 � 100 cm that corresponds to length, width and height (L, W, H) respec-
tively. Assume also that production plan is received and it is ordered to produce seven
different mattress types. The types and order amounts of mattresses are shown in Table 1.

The BOM data indicates the number and dimensions of the components for each
mattress type. Usually, each mattress must have two comfort layers, two head bars, and
two side bars (see Fig. 1). Using BOM data, the dimensions and numbers of all the
components (items) may be listed easily. For simplicity, comfort layers component
were excluded from the list, therefore only head and side bars were considered. The list
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of the items are then divided into sub-lists depending on their heights. Each sub-list
contains the items with the same heights. The production plan and BOM data lead us to
have three item sub-lists shown in Tables 2, 3 and 4.

Each sub-list is the input for separate and independent 2DCSPs. The lengths and
widths of items are considered in those two-dimensional problemswhereas the heights are
ignored. The branch and bound method in Rodrigo [16] has been used to generate the
cutting patterns and then cutting patterns have been used to find the optimal solution in
model defined in (1)–(3). Tables 5, 6 and 7 presents the output of the two-dimensional
problems.

Fig. 5. Proposed solution procedure

Table 1. Sample problem – production orders

Mattress type Demand

A 15
B 18
C 21
D 14
E 13
F 12
G 20
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Table 2. Item sub-list 1 (All heights = 8 cm)

Mattress type Component Length (cm) Width (cm) Height (cm) Demand

A Head bar 130 16 8 30
Side bar 170 16 8 30

B Head bar 150 14 8 36
Side bar 190 14 8 36

C Head bar 190 20 8 42
Side bar 200 20 8 42

Table 3. Item sub-list 2 (All heights = 13 cm)

Mattress type Component Length (cm) Width (cm) Height (cm) Demand

D Head bar 130 16 13 28
Side bar 170 16 13 28

E Head bar 190 20 13 26
Side bar 200 20 13 26

Table 4. Item sub-list 3 (All heights = 17 cm)

Mattress type Component Length (cm) Width (cm) Height (cm) Demand

F Head bar 130 16 17 24
Side bar 170 16 17 24

G Head bar 150 14 17 40
Side bar 190 14 17 40

Table 5. Output of two dimensional problem for sub-list 1 (All heights = 8 cm)
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Once two-dimensional problems are solved, the output specifies selected cutting
patterns. Those patterns have merged into a cutting plan for the machines that perform
vertical cuts. The output also provides an information on the total numbers of patterns
to be used. Then, the total numbers of patterns along with their respective heights have
fed into the problem in the second stage, which is a 1DCSP. Tables 8 and 9 show the
input and output of the 1DCSP, respectively.

For the sample problem, the waste level is calculated as 6.25%. The solution
procedure has been tested for 5 different problems in local bedding company. As a
result of solving these problems, reduction in waste levels are shown in the Table 10. It
has been observed that the solution time of test problems vary between 1 and 2 min.

Table 6. Output of two dimensional problem for sub-list 2 (All heights = 13 cm)

Table 7. Output of two dimensional problem for sub-list 3 (All heights = 17 cm)

Table 8. Input of one dimensional problem

Height Demand

8 19
13 10
17 10
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5 Decision Support System

The solution procedure has been implemented in a user friendly decision support tool.
The tool enables the user to develop the cutting plans easily and efficiently. The
interface of the tool is shown in Fig. 6. The interface incorporates three main sections.
The first section is related to managing the production plan which contains the pro-
duction orders of the mattresses. In this section, it is possible to list, delete, add or edit
the entries in the production plan. The order management screen is shown in Fig. 7. It
helps the user to have the updated version of the production plan. The second section
takes the entries in production plan and process them with BOM data in order to
generate item list to be cut and then solves the problem. At this point, the user is

Table 9. Output of one dimensional problem

Table 10. Reduction in waste level for test problems

Test problem Reduction in waste level

1 2.79%
2 2.61%
3 4.16%
4 3.28%
5 1.42%

Fig. 6. Main interface of planning tool
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informed about the stages of the solution. Finally, the third section allows the user to
see and review the cutting plans. The outcome can be displayed in different format and
in different detail levels. It is also possible to print the outcome in selected format.

6 Conclusion and Future Work

In this study, 3DCSP has been solved in two consecutive stages, since the block
orientation is not allowed in the company. The first stage contains a collection of two-
dimensional cutting stock problems (2DCSP), and the second stage contains a one-
dimensional cutting stock problem (1DCSP). The important point in this study is that
the output of the first stage (2DCSP) is used as the input in the second stage (1DCSP).
According to the results of 5 sample data, the decrease in waste level is between 1.4%
and 4.2%.

A flexible and user friendly tool has been developed for the company to enable the
planning engineer to prepare quick and efficient cutting plans. It has been a useful tool
for the company since they don’t have such a tool before this study. It manages the
input of the problem and present the solutions to the user through a user-friendly
interface. The solution process and outcomes has been verified and validated. An
observable decrease (in between 1.4%–4.2%) in waste level has been reported. On the
other hand, the company now have a means of data collection and history of cutting
process.

An important point can be studied in the future, if the orientation of the blocks
B can be changed. Because, more decrease in waste levels may be attained by using
some other solution methods, once the orientation of the blocks is allowed within the
company.
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Fig. 7. Management of the production plan
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