On Higher Order Effective Boundary )
Conditions for a Coated Elastic e
Half-Space

Julius Kaplunov, Danila Prikazchikov and Leyla Sultanova

Abstract Higher order effective boundary conditions are derived for a coated half-
space. Comparison with the long wavelength expansion of the exact solution of a
plane time-harmonic problem for the coating demonstrates the validity of the pro-
posed formulation. At the same time the corrections to the simplest leading order
effective conditions, earlier obtained in the widely cited paper (Bovik (1996).J. Appl.
Mech. 63(1), 162—-167.) [1], are proven to be asymptotically inconsistent.

1 Introduction

Thin films and coatings find numerous applications, including in particular, engi-
neering and biological sciences, see e.g. [2-5]. The effect of a thin coating is often
modeled by imposing the so-called effective boundary conditions along the surface
of a substrate. These conditions first were derived in [6] using adhoc assumptions
originating from the classical theory of plate extensions. Later on, it was suggested
in [1] that the results of [6] are not consistent, and refined boundary conditions
were proposed starting from rather heuristic arguments. The asymptotic procedure
exposed in [7] justifies at leading order the consistency of the effective boundary
conditions in [6] and also reveals that the extra terms in [1] are in fact of a higher
order. Moreover, as it was briefly mentioned in [7], the development in [1] is not
asymptotically consistent at the next order as well.
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It is remarkable that the boundary conditions in [1] were exploited not only before
but also after the publication of the critical comments in [7], e.g. see [§—10] along
with [11-13]. This is partly an inspiration for revisiting the original problem for a
coated elastic half-space aiming at establishing higher order effective conditions.

Asin[7], we adapt the asymptotic methodology well established for the thin elastic
structures, e.g. see [ 14, 15] and references therein. At leading order, we validate again
the results in [6]. At next order, we arrive at refined effective conditions. They are
tested by comparison with the exact solution of a plane strain time-harmonic problem.
As it might be expected, the comparison demonstrates that the boundary conditions
in [1] are not consistent at a higher order.

2 Statement of the Problem

We consider a linearly elastic isotropic layer of thickness & occupying the area 0 <
x3 < h, lying on an elastic half-space x3 > h. The prescribed vertical force P =
P(x1, x3, t) is acting on the free surface of the layer, see Fig. 1.

The 3D equations in linear elasticity can be written as

ox; | ox; | oxs o
(90',‘3 + (90'.]'3 + 80’33 821/!3

8xi 8x, 6x3 p or?

c%,-i i 80’,‘1' (90,'3 azui

(D

Here and below i # j = 1,2 and n = 1, 2, 3, u, are the displacements, o;,, 03, are
stresses, and p is the volume density. The constitutive relations are

_u<%+%), aii=(A+2u>%+A(%+%),
8xj 8x[ 8)61 an (2)

Ou; Ous Ou; Ou
i3 = i = —_— _ N = A / )\ 2
Oi3 = 03 M<8x3+8xi> o33 (Gx, +8x1>+( + M)—
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where A\ and p are the Lamé parameters. In addition, the wave speeds are given by

A4+2
Y 3)
p p

In case of the coating, below we supply with suffix O the parameters in the Egs. (1)—
(3), using the notations pg, Ao, 1o, c10 and cyg.
We impose the boundary conditions

033 = —P and gj3 = 0 (4)

at the surface of the coating x3 = 0 and also assume continuity of the displacements
u, and stresses 0,3 along the interface x3 = h.

The leading order effective boundary conditions on the surface of the substrate,
modelling the effect of the coating, can be written as, see (3.18) in [7],

0u
033 = Poha—z3 - P,
' 5)
O%u; O%u; 82u,- 5 O%u;
= poh [ o2 C2°<a 2 Tl =r, )axf O )axiaijﬂ’

where ro = c19/c20. In absence of surface loading (P = 0) these conditions coincide
with those in [6] derived starting from the 2D theory of plate extension. More recent
developments in [1], see also [9] treating a similar anisotropic problem, claim that
the effective conditions (5) ignore several essential #-terms. The formulae (35) and
(36) in [1] rewritten in the notation specified in this section, similarly to [7], can be
presented as

H? Oo; Jo;
033 = poh u3_h< E U]3>,

or? 8x,~ (9)Cj
O%u; O%u; . 0%u;
Oi3 = p0h|:a2 —c2 (8 p +4(1 — OZ)W (6)

32uj (3'0’33
+@3 — 4k, )8 o ):|—h(1—2/£ )—.

The underlined terms in formulae (6) do not appear in the effective conditions (5).
The former may be also transformed to
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Fig. 2 Boundary value
problem for a thin coating
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It is already pretty clear at this stage that all extra h-terms in (7) can be neglected at
leading order. In what follows, this observation is asymptotically justified. We also

show below that 42-terms in (7) are not identical to a proper asymptotic correction
to (5).

3 Asymptotic Analysis

The aim of the paper is to determine an asymptotic correction to the leading order
effective boundary conditions (5), in order to address consistency of (6), or equiva-
lently, (7). Here we implement an asymptotic procedure similar to [7], modifying it
slightly according to a more recent treatment in [ 16]. As usual, we study the boundary
value problem for an elastic coating with the Dirichlet boundary conditions

Uy = vy ®)

at the interface x3 = h, where v, = v,(x1, X2, t) denote prescribed displacements,
see Fig.2.

We assume that the thickness of the coating / is small compared to typical wave
length L, therefore, we introduce a geometric parameter given by
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h
—_ 1.
£ = < (9)

We also specify dimensionless variables

X; X3 tcoo
giZZV 77:_7 T=—\ (10)

According to the conventional asymptotic procedure, e.g. [7, 14], and ref. therein,
we adopt the scaling

*
n’

u, = Lu v, = Lv;, P = ppep*

(1)

Oii = 00, Oij = [00};,  On3 = HOET,,
where all quantities with the asterisk are assumed to be of the same asymptotic order.

The Eq.(1) and the constitutive relations (2) rewritten in dimensionless form,
become

* * * 2,k
oot 8(7” o . 0°u;

agl,»l o on ot (12)
S o

and
o=+ 5o “4)
eot = (k2 —2)‘?;:; +s(ngguik + (12 —2)%), (15)
2ot = %LZ + 5?;5, (16)
0%, = K2 %”f te(d—2) (Z + %) , (17)

with the transformed boundary conditions

0y =—p* and o5 =0, 1n=0,

and (18)

— ¥ —
un_vn’ 77_1

8 *
First, expressing s from (17) and substituting the result into (15), we obtain
Ui

0
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ol =4(1 — Ky

*2) 3 + (1 — 255 2)e0%s. (19)
J

Next, we expand the displacements and stresses as

iy uy ui! u?

o o o o;;
O-l*] = 0'(0) +€ U(l) +€2 0'(2) + (20)

(0) (1) (2)

03 026 03i ) 0312

) ( 2)

o3 033 033 033

On substituting the latter into the Egs. (12)—-(17) and (19), we have at leading order

b, 00 90 _
85,» 8{, 877 8’7'2 ’

&Ig) 0%u ;0)

on  orr’
0) (0)
ORI SN @
Y 9¢; o
ou©®
Mn 0’
an
0 (0) , Ou (0>
o;; =41 — kg ) +2(1 — 2K,°)
0 ag]
with the boundary conditions
o) =—p* and o3 =0, n=0,
and (22)

u® =vx, p=1.

Integrating the leading order Eq. (21) together with the boundary conditions (22),
gives

u® =vr, (23)
0%vi
o = 8723 - p* (24)
6 *
o =41 - — 2Ky )= 85 (25)
J

(26)

Pur up v v
©) i i
O3 { 87'2 8512 ( ) ( )aglgj

\*
I_I
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At next asymptotic order, the governing equations take the form

9o 90 ool oul
+ = ’
85,- 851 (977 o2
00y o0, 0oR _ ol
817 651 851 o 67’2 ’
(e))
o _ u | ouf

]

T g g

ouD ou® ou®
o® = (k2 - 2) gj? + K3 6M£ -5
L J
ou® ©)
u; Ouy 0.
on 9
2 Ou f(il) 2 Ou (0) Ou 30)
oy (i —0,
Ko an + (kg )( o€, + 7%, )

du? ou”
ol =40 =) g+ (=27 (250 ol )

i
with the boundary conditions
0213) =0, n=0,

and
uld =0, n=1.

First, we obtain from (31) and (32), respectively, satisfying (35)

ovs
(1 3
S =(1 —
u; ( n)a&,
and
ov’ ov*
u”) = (1= 2x5H(1 =) (agl- + 8—5’) :
i J
Then, using (29), we have
O%v:
(1) 3
L =2(1 — .
gy ( n) D€, 0¢,

Next, we deduce from (28) and (34)

455

27

(28)

(29)

(30)

€2y

(32)

(33)

(34)

(35)

(36)

(37
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%« 3 *
o 1 2 o | Py 9"v
= (n =2+ K5 — nky)
733 g( o [agia 2 ag,a#

3 3 (38)
O3v* v &3v* o’ vt
2 2 _ 1 i J i J .
Hons )[a@aﬁ T ogeg, T oe g ])
As aresult, (33) becomes
82 * 62 *
ol =20 1) [2(%2 —n=B 52 — (1= 2k57) agj}
) j (39)
_ o v}
+(1—2/-£02)|: 9 —pi|
Therefore, (27) implies
(1) 63 *
—n | —1=nkg") 7 + 205" — D —2)
0% 8 40
vk vk 0
S+ 28)-a-
0606 " D€, aa

Finally, substituting the leading order formulae (24) and (26) and O (¢) corrections
(38) and (40) into the expansions (20), we arrive at

N SN PR N
TB= NG P 50 124665 = 1) Gear + g0

* 30,% % 3.0,%
+2n(n3—1)< o, v w0V )}

06,062 65285, o6 " oe

9% * 92v* * o?
. : 1)
0’13 |:8 2 8512 ( ) f ( )a€l€J:|
3 *
—877[(77—1—%0 8582+ 2k = D —2)

vy vl L, 0p*
(6§ia§5+6§?) (=2 )a_@}

The continuity of the displacements, see (8), and stresses at the interface x3 = h
readily results in refined effective boundary conditions for the substrate x3 > k. In
the original variables they take the form
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(9 us p0h2 > 831/{,' 831/[/‘
hED p PO o221
REAAFTE * K3 0% =1 Ox;0x; * Ox?Ox;

+83u,-+83uj 83u,~ T 83uj
Ox3 8x; ox; 02 ox;02 ) |’

Pu; (0%u; Pu; Pu,
i3 = poh |:_l/t 6‘20< ui +4(1 — )axuz +(3_4"<5(;2) 4 >:|

(42)

Ox 2 8xi8xj

poh? | us ) us Pus /-@% —20P
—_— 2¢5(1 — h —_—.
+ Ii% |:5 ;012 + 2( o) 8x,~8x? + ox3 + n(z) ox;

1

Comparing these formulae at P = 0 with (7) we may expect that higher order
h?-terms will not coincide.

4 Comparison with the Exact Solution of a Plane Strain
Problem

In order to validate the asymptotic results obtained in the previous section, let us
consider a time-harmonic plane strain problem for the coating over the plane Ox;x3.
In this case the displacements can be taken as

Op O Op O
= 4+ = = - 4
" Ox,  Ox3’ = Ox;  Ox;’ “3)

where ¢ and v are Lamé elastic potentials. The wave equations of motion become

1 9% 1 0%
——=—=0, AY————=0, 44
c}y 0r? 4 3y 0f? @9
2 2
where A = — + ——. The solutions of (44) are sought for in the form
Oxi  Oxj
P = faz)e g = glaz)elen, (45)

Substituting the latter into (44), we deduce

fx3) = A1 4 Ae ™Y and  g(x3) = Aze™0 + Aue ™58 (46)

[ 2

. c

where A,, m =1,2,3,4, are arbitrary constants, and o = [1 — — and =
ClO

C2

20
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We consider a traction free upper face (P = 0),1i.e. atx3 =0
o3 =0, k=1,3, (47)
imposing the boundary conditions (8) at the lower face x3 = h with
v = hBe* =", (48)

where By are certain prescribed values.
On satisfying the boundary conditions, we have

i —ia ~? ~? Ay 0
7 7 —if3 i Ayl _| o 49
ikekho ke kho  BrekhB  _gke—khs A, | = | By (49)
akekha _qkekho  _jgekhB  _jje—khf Ay h B
2
where y = |1 — PR and coefficients A,, expressed through the given constants
€20
By, are presented in Appendix.
Then, substituting (45) and (46) into (43), we get
up =k [B(Aze™0 — Aye ™00 4 i(A1e? D 4+ Ay)eFne], 50)

uz =k [a(A1e5e — Ay)e ™5 — j(Aze?58 + Aye 0],

Here and below the factor e’*®1=¢") is omitted. Next, using the expressions above and

the constitutive relations (2), we have for the stresses at x3 = &

o33 = 2p0k? [V (A1 + Ap)e ™ —iB(A;e? — Ape ]

(51)
o1z = ZMOkz [’72(A362kh6 + A4)e—khﬁ + ia(Alezkha _ Az)e—kha] .

The last expressions can be expanded into asymptotic series in the small parameter
e=kh k1 (L =k~ in (9)) to get

g

ﬁ =B —iB 2k 2+ D]e+--,
0

g _ . _

ﬁ =B [4(1 — kgD = ] +iBs[2 — kg2 2 + )] e
0

~ P20+ = 8) + 172 (6C — 4) + 4+ 6] S 4 -

(52)
where the dimensionless velocity is
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¢=—. (53)

The asymptotic effective conditions (42) for the same displacements (48) pre-
scribed at the lower face, become

033 = k2h2p0 [—B3c2 — iBkh [2c§0 — Haz(cho + cz)]] ,
o13 = k*h2po [ Br [4c3)(1 — kg ) — 2] +iBskh [2¢3) — k> (23, + D)]] .
(54
or, rewritten in terms of € and (,

033 . -2 2

—— = B3> —iB[2 — k2 + :

= 3 —iBi[2— kg 2+ ()]e 55
_;20 =B [4(1 — 5g?) — C]+iBs[2 — ry? 2+ )] e

These formulae coincide with the two-term expansion of the exact solution (52).
Thus, the validity of the asymptotic results in Sect. 3 is confirmed.

Let us now test the conditions in [1] in a similar manner. In case of the displace-
ments (48) the relation (6) takes the form

h?po [i Bik*h(4c3) — c*) + B3c?k?]

033 = — =) )
1+ k2h2(1 — 255 2) 56)
s h2po [ Bik*(4c3y(1 — K3) — ) + i Bskh(1 — 255 %) |
1+ K2h2(1 — 2k5%) ’
or, expanding the latter in ¢,
6‘% = —By* — i By [4(1 — 5g2) — (2] e + By*(1 — 26702 + - -+
0
;—‘; = B, [4(1 — kg®) — ] + i BsC2(1 — 265 D)z (57)
0

+B1(1 = 2k ) [d(kg? = D + ]2+ - -

These conditions coincide with the asymptotic expansion of the exact solution (52)
only at leading order. This means that the effect of the underlined terms in (6) appears
only at next order; in doing so, it is different from O (¢) correction in the asymptotic
expansion (52). As an illustration, in Fig.3 for v = 0.3 we plot the normalized
coefficients x£; and x5, k = 1, 3, at e-terms in (52) and (57). They are
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Fig. 3 Comparison of coefficients at e-terms

X5 =2-k22+ ), & =40 -rD -,

(58)
Xh=2-r 2+ ), xfy =0 = 2r50).

5 Conclusion

In this paper, we derive an asymptotic correction to the leading order effective bound-
ary conditions for a coated elastic half-space. The derived conditions are tested by
comparison with the exact solution of a plane time-harmonic problem. As a result,
the formulation in [6] is validated at leading order, whereas its corrections proposed
in [1] appears to be asymptotically inconsistent. The obtained conditions are of gen-
eral interest for elastodynamics, e.g. for developing refined asymptotic models for
surface waves, see [17, 18]. The latter provide a useful framework for modelling
coated solids subject to high-speed moving loads, see [19, 20].
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Appendix

The constants in (49) are

N N, N.
Al =h—L, Ay=ehop2  Ay=_p-2
D D

Ny
, Ay = —ep = 59
D 4 e D (59)

where
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Ni = iBy (" (Diaf + Day*) — 2e"a3y?)
— B33 (" (Dya3 + Divy*) — 2eM742)
N2 = lBl (Dlaﬁ — Ze"h(‘”eﬁ)aﬁfyz — ’74D2)
+B35 (D1’74 _ Dzaﬁ _ 2ekh(a+‘@),}/2) ,
=1iB; (ekh*d(D3aﬂ + Dyy*) — 26"haaﬂ’yz) 60
+Ba (ekhﬂ(Dwzﬂ + D3,Y4) _ 2ekha,YZ) , (60)
=iB; (D3aﬁ _ zekh(a-&-ﬂ)aﬁ,yZ _ ’74D4)
—Bia (D374 — Dyaf3 — Zekh(”@vz) ,

and

D = k[8e"“*Dafy? + Dy Dy(0? 5 ++*) — DiDsaf(1 +Y)],

with

Dl — 1 + ezkhﬁ7 D2 — 1 _ eZkhﬁ’ D3 — 1 + 62kha’ D4 — 1 _ 62kha' (61)
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