Chapter 6
Optimal Power Allocation for Downlink ez
NOMA Systems

Yongming Huang, Jiaheng Wang and Jianyue Zhu

6.1 Introduction

With the popularity of smartphones and Internet of Things, there is an explosive
demand for new services and data traffic for wireless communications. The capacity
of the fourth-generation (4G) mobile communication system is insufficient to satisfy
such a demand in the near future. The development of the fifth-generation (5G) mobile
communication system has been placed on the agenda with higher requirements in
data rates, latency, and connectivity [1]. In order to meet the new standards, some
potential technologies, such as massive multiple-input-multiple-output (MIMO) [2],
millimeter wave [3], and ultra densification [4, 5], will be introduced into 5G. Mean-
while, new multiple access technologies, which are flexible, reliable, and efficient in
terms of energy and spectrum, are also considered for 5G communication.

Conventionally, cellular systems have adopted orthogonal multiple access (OMA)
approaches, in which wireless resources are allocated orthogonally to multiple users.
The common OMA techniques include frequency-division multiple access (FDMA),
time division multiple access (TDMA), code-division multiple access (CDMA), and
orthogonal frequency-division multiple access (OFDMA). Ideally, in OMA, the intra-
cell interference does not exist as result of dedicated resource allocation. Also, for
this reason, the information of multiple users can be retrieved at a low complexity.
Nonetheless, the number of served users is limited by the number of orthogonal
resources, which is generally small in practice. Consequently, it is difficult for OMA
systems to support a massive connectivity.

Recently, non-orthogonal multiple access (NOMA) technologies are developed
and proposed for 5G, which will contribute to disruptive design changes on radio
access and alleviate the scarcity of suitable spectra. By using superposition coding
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at the transmitter with successive interference cancellation (SIC) at the receiver,
downlink NOMA allows one (frequency, time, code, or spatial) channel to be shared
by multiple users simultaneously [6, 7], thus leading to better performance in terms of
spectral efficiency, fairness, or energy efficiency [8]. Therefore, NOMA has received
much attention recently. Its combinations with MIMO and multi-cell technologies
were studied in [9, 10] and [11], respectively. NOMA was also considered to be used
in, e.g., visible light communication [12] and millimeter wave communication [13].

The principle of NOMA is to implement multiple access in the power domain
[14]. Hence, allocation is critical for NOMA systems. In the literature, there are a
number of works on power allocation for NOMA. In particular [15, 16] focused
on power allocation in a two-user NOMA system and [17-21] investigated power
allocation for multiple users (more than two) sharing one channel, which is referred
as multi-user NOMA (MU-NOMA). There were also some works, e.g., [12, 22-28],
studying the resource allocation problems in multi-channel NOMA (MC-NONA)
systems, where multiple channels are available for NOMA. Different criteria, such
as maximin fairness [18-20, 22], sum rate [15-17, 22, 28-30], and energy efficiency
[21-23, 26], were considered.

This chapter focuses on power allocation for downlink NOMA. We first briefly
review the basic concepts of downlink NOMA transmission and introduce the two-
user NOMA, MU-NOMA, and MC-NOMA schemes. Then, we investigate the opti-
mal power allocation strategies for these NOMA schemes under different perfor-
mance criteria such as the maximin fairness, sum rate, and energy efficiency along
with user weights and quality-of-service (QoS) constraints. We show that the optimal
NOMA power allocation can be analytically characterized in most cases, otherwise
it can be numerically computed via convex optimization methods.

This chapter is organized as follows. Section 6.2 introduces the fundamentals of
downlink NOMA and the two-user NOMA, MU-NOMA, and MC-NOMA schemes.
In Sects. 6.3-6.5, we investigate the optimal power allocation for two-user NOMA,
MU-NOMA, and MC-NOMA schemes, respectively. The performance of the NOMA
power allocation strategies is evaluated in Sect. 6.6 via simulations, and the conclu-
sion is drawn in Sect. 6.7.

6.2 Fundamentals of Downlink NOMA

In this section, we review the basic concepts of downlink NOMA transmission in a
single-cell network.! To begin with, we start from the simplest two-user case, where
a base station (BS) serves two users, namely UE; and UE,, on the same frequency
band with bandwidth B. The BS transmits a signal s, for user n (UE,,,n = 1, 2) with
transmission power p,. The total power budget of the BS is P, i.e., p; + p» < P.
Such a simple downlink NOMA system is displayed in Fig. 6.1 [31].

!For multi-cell NOMA, the reader is referred to [11].
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Fig. 6.1 A downlink NOMA system with one base station and two users

Superposition Coding: According to the NOMA principle, the BS exploits the
superposition coding and broadcasts the signal

X = /p1s1 + /252 (6.1)

to both users. The received signal at UE,, is

Yn = hn (\/ P151 + A p252) + Zn, (62)

where h, = g,d, " is the channel coefficient from the BS to UE,, g, follows a
Rayleigh distribution, d,, is the distance between the BS and UE,,, p is the path loss
exponent, and z,, is the additive white Gaussian noise with zero mean and variance
oZ,ie.,z, ~ €N (0,02).

Successive Interference Cancellation (SIC): In NOMA systems, each user exploits
SIC at its receiver. Let I, = |k, |2 / anz be the channel-to-noise ratio (CNR) of UE,,.
Assume without loss of generality (w.l.o.g.) that the users are ordered by their nor-
malized channel gains as I} > I, i.e., UE| and UE, are regarded as the strong and
weak users, respectively. It is expected that more power is allocated to the weak user
UE, and less power is allocated to the strong user UE, i.e., p; < p» [14, 25]. Then,
UE; first decodes the message of UE, and removes it from its received signal, while
UE, treats the signal of UE, as interference and decodes its own message.

Achievable Rate: Suppose that the channel coding is ideal and UE; is able to
decode the message of UE; successfully. Then, the achievable rates of UE; and UE,
are given respectively by

202
Ry =Blog(l1+pI7), Ry =Blog|( 1+ ———+ (6.3)
I+ pi 1
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which are often used as the design objectives of NOMA systems.

Multi-User NOMA (MU-NOMA ): Consider a more general case where a BS serves
N > 2users on the same spectrum, which are indexedbyn = 1, ..., N. The broadcast
signal by the BS is then given by

N

x =Y Jpisi (6.4)

i=1

and then the received signal at each UE,, is given by

N
Yn = hn Z \/Esi + Zn- (65)
i=1

Similarly, suppose that the users are ordered by their normalized channel gains as
n>n=--->TIy (6.6)

and the NOMA protocol allocates higher powers to the users with lower CNRs,
leading to p; < py < --- < py. Therefore, UE, is able to decode the message of
UE, for ! > n and remove it from the received signal so that UE,, is only interfered
by UE; for j < n. Therefore, after SIC, the achievable rate of UE, is

Pul
Zj:l ij,, + 1

forn=1,...,N.

Multi-Channel NOMA (MC-NOMA): The frequency band shared by the users
could be viewed as a channel, which may also be a time slot, spread code, or resource
block. In cellular systems, there are often multiple channels available, which leads to
a more general NOMA scheme called multi-channel NOMA (MC-NOMA), where
multiple users share multiple channels. Specifically, in a downlink MC-NOMA net-
work, the BS serves N users through M channels and the total bandwidth B is
equally divided to M channels so the bandwidth of each channel is B, = B/M. Let
N,, € {Ny, Na, ..., Ny} be the number of users using channel m form = 1,2,...,.M
and UE,, ,, denotes user n on channel m forn =1, 2, ..., N,,. The signal transmitted
by the BS on each channel m can be expressed as

N
Xm = Z A Pn.mSns (68)

n=1

where s, is the symbol of UE, ,, and p, , is the power allocated to UE, ,,. The
received signal at UE,, , is
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N
Ynm = Z v pi,mhn,msi + Znm- (69)
i=1

It is easily seen that on each channel m is an MU-NOMA scheme. Similarly, assume
w.l.o.g. that the CNRs of the users on channel m are ordered as

Fl,mZ"'Zrn,mz"'>FN,ms (610)

which will lead to py,, <+ < ppm < --- < pn,.m- Then, the achievable rate of
UE, ,, using SIC is

pil mnlm
Rum = Belog [ 1+ . 6.11)
+Zl 1 Pi,m nm

The basic idea of NOMA is to implement multiple access in the power domain
[14]. Hence, power allocation is the key to achieve the full benefit of NOMA transmis-
sion. In the following parts, we will investigate the optimal power allocation strategies
for different NOMA schemes, including the simplest two-user case, the MU-NOMA
scheme, and the MC-NOMA scheme, under different performance measures.

6.3 Two-User NOMA

In this section, we investigate the optimal power allocation for the two-user NOMA
scheme. Although the two-user scheme is the simplest case of NOMA, the results
and insights obtained in this case will serve the more complicated MU-NOMA and
MC-NOMA schemes.

6.3.1 Optimal Power Allocation for MMF

The NOMA scheme enables a flexible management of users’ achievable rates and
provides an efficient way to enhance user fairness. A widely used fairness metric
is the maximin fairness (MMF), which is achieved by maximizing the worst (i.e.,
minimum) user rate. According to (6.3), the power allocation to achieve the MMF is
given by the solution to the following optimization problem:

max min {Ry(p1, p2), Ra(p1, p2)}

T UMMF
st. 0<p1<p2, pir+pp <P

This problem admits a closed-form solution as follows.
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Proposition 1 Suppose that I'y > Iy. Then, the optimal solution to TUMMF is given
by p* = A and p5 = P — pj, where I 2 |y /6,2 and

— (N + T+ (1 + 1) + 4R TP
201 '

AE (6.12)

Proof Please refer to the proof of Proposition 1 in [22].

Remark I It can be verified that at the optimal point R (p7, p3) = Ro(p], p3), i.e.,
UE,; and UE, achieve the same rate. This indicates that, under the MMF criterion,
the NOMA system will provide absolute fairness for two users on one channel.

To elaborate another important insight, we introduce the following definition.

Definition 1 A NOMA system is called SIC stable if the optimal power allocation
satisfies p; < p, on one channel.

Remark 2 In NOMA systems, SIC is performed according to the order of the CNRs
of the users on one channel [14, 25], which is guaranteed by imposing an inverse order
of the powers allocated to the users, i.e., p; < p». Specifically, UE; (the stronger
user) first decodes the signal of UE,; (the weaker user) and then subtracts it from the
superposed signal. Therefore, from the SIC perspective, a large difference between
the signal strengths of UE, and UE; is preferred [32]. However, even with the power
order constraint p; < p,, the power optimization may lead to p; = py; i.e., UE;
and UE, have the same signal strength, which is the worst situation for SIC. In this
case, SIC may fail or has a large error propagation and thus is unstable. Indeed, the
authors in [33] pointed out that the power of the weak user must be strictly larger than
that of the strong user, otherwise the users’ outage probabilities will always be one.
Definition 1 explicitly concretizes such a practical requirement in NOMA systems.

Lemma 1 The NOMA system is SIC stable for TUMMF,
Proof Please refer to the proof of Lemma 1 in [22].

Indicated by Lemma 1, the two-user NOMA system is always SIC stable under the
MMF criterion, as in this case the optimal power allocation always satisfies p} < pj.
On the other hand, in the subsequent subsections, we will show that a NOMA system
may not always be SIC stable under different criteria.

6.3.2 Optimal Power Allocation for SR Maximization

In this subsection, we seek the optimal power allocation for maximizing the sum rate
(SR). In SR maximization, to take user priority or fairness into account, user weights
or quality-of-service (QoS) constraints are often adopted.
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6.3.2.1 Weighted SR Maximization (SR1)

According to (6.3), the problem of maximizing the weighted SR (WSR) is given by

rystt . T WiRi(pr, p2) + WaRa(p1, p2)
st. 0=pir=p2, pr+p2 <P

where W; denotes the weight of UE; for i = 1, 2. Note that TU SR1 is a nonconvex
problem due to the interference between UE; and UE,. Nevertheless, its optimal
solution can be found as follows.

Proposition 2 Suppose that I'y > I, Wy < W, and P > 282, with

Wolh — Wi

&L - T
W, —w,)

(6.13)

Then, the optimal solution to TUR is given by pt = §2 and p5 = P — pj.
Proof Please refer to the proof of Proposition 2 in [22].

Remark 3 In Proposition 2, the conditions W; < W, and P > 252 are both to avoid
a failure of SIC. Indeed, if W; > W,, the solution to TUSR! is pt = p3 = P/2 ;
i.e., the NOMA system is unstable according to Definition 1. SIC may also fail if
P < 20, whichwill lead to p} = p5 = P /2 as well. Therefore, the two-user NOMA
system is SIC stable for the WSR maximization if and only if W; < W, and P > 252.

6.3.2.2 SR Maximization with QoS (SR2)

Now, we consider maximizing the SR with QoS constraints. In this case, the power
allocation problem is given by

max Ri(pi1, p2) + Ra(p1, p2)

Tyske . P
st 0<pi<py, pr+p2 <P

R; > RMn i =1,2.

where R;“i“ is the QoS threshold of UE;. The optimal solution to 7 USR? is provided
in the following result.

Proposition 3 Suppose that I'y > I, Ay > 2, and P > T, with

s AAi—D Al P At

A =28 r ,
I I Ar I

(6.14)

Then, the optimal solution to TUSR? is given by pt = E and p5 = P — p}.
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Proof Please refer to the proof of Proposition 3 in [22].

Remark 4 Similarly, in Proposition 3, the conditions A, > 2 and P > 7" are to
guarantee the SIC stability. Indeed, if A, < 2,then E > P /2 and the optimal solution
will be p] = p; = P /2, which may lead a failure of SIC. At the same time, SIC may
alsofailif P < 7", which willlead to p7 = p5 = P /2 as well. Therefore, the NOMA
system is SIC stable in this case if and only if A, > 2and P > 7.

According to Proposition 3, if the NOMA system is SIC stable, the optimal solu-
tionwillbe pf = E and p5 = P — p}. Hence, we have Ry(p}, p3) = RY™", implying
that the user with alower CNR (i.e., UE;) receives the power to meet its QoS require-
ment exactly, while the remaining power is used to maximize the rate of the user
with a higher CNR (i.e., UE)).

6.3.3 Optimal Power Allocation for EE Maximization

In this subsection, we investigate the optimal power allocation for maximizing the
energy efficiency (EE), which is defined as the ratio between the rate and the con-
sumed power. Similarly, user weights and QoS constraints are considered.

6.3.3.1 Weighted EE Maximization (EE1)

The problem of maximizing the weighted EE is formulated as follows:

max , — WiR\(p1.p2)+WaRa(p1,p2)
TUL];:El © P2 Pr+pi+p2

stO<pi<ps, pr+p2 <P

where Py is the power consumption of the circuits. Given the fraction form of the
objective, TUEE! is more complicated than TUSR!. In the following, we show that
this problem can also be optimally solved.

We introduce an auxiliary variable ¢ with p; + p» = g. Then, TUEE! can be
equivalently written into

max , — WiRi(p)+WaRy(p1,g)
TUEE1 c o P1g = Pr+q
st. ¢q=2p1,q=<P

where the rate of UE, can be expressed as

(6.15)

144l
Ry(p1,q) = Blog (¢>

1+ pi 15
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To deal with the fractional form, let us introduce the following objective function:
H (p1,q, ) = WiR\(p1) + WaRy(p1.q) —a (Pr +q) (6.16)

where « is a positive parameter. Then, we consider the following problem for given
a:
TUfEl . I}}l%{ H(pi,q,)
st. g >2p;,q < P.

The relation between TUFE! and TUFE! is stated in the following result.

Lemma 2 ([34, pp. 493-494]) Let H* () be the optimal objective value of T UFF!
and p*() be the optimal solution of TUFE. Then, p*(«) is the optimal solution to
TUfE1 if and only if H* (o) = 0.

According to Lemma 2, the optimal solution to TUFE! can be found by solving
T UEE! parameterized by « such that H* (&) = 0. Since H* (&) is monotonic in «,
one can use any line search method, e.g., the bisection method, to find « such that
H* () = 0. Then, the left question is how to solve TUFE! with given a.

Theorem 1 Suppose that I'1 > . Then, TU, CEEI is a convex problem if one of the
following conditions hold

Cl: W > W,
C2:1 < W < LnnP)?

Wi = (D+RLPYT
Proof See Appendix A.

Theorem 1 reveals that 7 UEF! is in fact a convex problem if condition C1 or C2 holds.
Consequently, T UEE! can be efficiently solved via convex optimization methods. The
optimal solution to 7UEE! can further be analytically characterized.

Proposition 4 Suppose that I'y > I, C2 holds, and P > 252 with

Wolh — Wi T
Q=227 Wiin 6.17)
Iy (W —wy)
Then, the optimal solution to TUEFE! is pl = 2 and
w,B 177 W,B 1
¢ =|—— - —| =max{22,mn|{—— ——, Pi}. (6.18)
aln?2 Fz 20 aln?2 FQ

Proof See Appendix B.



204 Y. Huang et al.

Remark 5 Similarly, in Proposition 4, the conditions C2 and P > 2£2 are to avoid
a failure of SIC. Although TUEE! is convex under C1, condition C1 will lead to
p; = p5, which, according to Definition 1, is SIC-unstable.

6.3.3.2 EE Maximization with QoS Constraints (EE2)

Then, we consider maximizing the EE with QoS constraints. In this case, the power
allocation problem is given by

max Rl(pl}-)piHl_?ﬁ(m,pz)
P1.D2 TTPITDP2

EE2 .
TU: g4 0O<pi<pn pi+p<P
Ri>RM =12,

This problem can be optimally solved following the similar steps as in the previous
subsection.
Specifically, using p; + pa = g, TUEE? can be equivalently transformed into

max Ri(p)+Ry(p1,9)
P1.q Prtq

EE2 .
TU™: st.g=2p, q<P
R; > RM™M i =1,2.

Then, we consider the following problem with given o:

g 20140
TU: st g>=2p.g<P

R > RM" i =1,2

where
0 (p1.q.a) = Ri(p1) + Ro(p1.q) —a (Pr +q) . (6.19)

According to Lemma 2, the optimal solution to TUFE? can be found by solving
TUEE? for a given « and updating « until the optimal objective value of TUEE?
denoted by Q* (), satisfies Q*(«) = 0.

From Theorem 1, under condition C1, the objective of TU. CEEZ is concave and
T UEE? is a convex problem too. Therefore, T UFE? can be efficiently solved. In fact,
the optimal solution to 7 UFE? can also be analytically characterized.

Proposition 5 Suppose that I't > I3, Ay > 2, and P > T, with

R Ay(Ap—1) n Ay —1

A =27, T2 = I (6.20)
1 2
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Then, the optimal solution to TUEE? is

I+q* — A
o= 2 (6.21)
! AT
1 A A -17° 1 A A —1
g = —-24 =max {7, min{— — = + 22 , Pt
o F] Fz T o F] Fz
(6.22)

Proof See Appendix C.

Similarly, it can be verified that the power allocation obtained from T UEE? (or
T UEE?) is SIC stable if and only if P > 7" and A, > 2.

6.4 MU-NOMA

In this section, we consider the more general MU-NOMA scheme, where a BS
serves N > 2 users on the same channel. Similarly, the optimal MU-NOMA power
allocation is investigated under the MMEF, SR, and EE criteria with user weights or
QoS constraints.

6.4.1 Optimal Power Allocation for MMF

According to (6.7), the power allocation problem under the MMF criterion is formu-
lated as

: N
st. 0<pir<---<py, D Pi<P
i=1
where p = {p;}_, denotes the powers allocated to the users. It has been shown in
[20] that, though nonconvex, M UMMF is a quasi-convex problem. Thus, the optimal
solution to M UMMF can be found by solving a sequence of convex problems.
Specifically, M UMMF is equivalent to

max ¢
bt
N

MMF .
MU, : st. 0<py<...<pn, Y.pi<P
i=1
R, >t,i=1,...,N.

The constraint R; > ¢ can be rewritten into
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2, -1 i—1
piz——— | _pmhi+1]. (6.23)
i j=1

Hence, for fixed #, MUYMF is a linear program (LP) and can be efficiently solved
by a number of LP solvers. Then, one can exploit the bisection method to search the
optimal 7. Note that the optimal solution to M UMF for fixed ¢ can be analytically
characterized if there is no power order constraint.

Proposition 6 In the absence of power order constraint, the solution to MU, I’)"IMF is
given by

Yopii+1|.i=1 N (6.24)

Proof Please refer to the proof of Theorem 1 in [20].

The solution in (6.24) implies that all users achieve the same data rate equal to ¢.
Hence, in this case, the NOMA system will provide absolute fairness for all users.
Note that, however, the solution in (6.24) is obtained without the power order con-
straint. One may wonder if this solution is still optimal if the power order constraint
is not omitted. The following result provides a sufficient condition to characterize
the optimality of (6.24).

Theorem 2 The solution in (6.24) is optimal for MUYMF if P > x, where x =
N 2N—i

X

Proof See Appendix E.

Theorem 2 indicates that the power order constraints can be omitted under some
conditions. In this case, the solution in (6.24) is indeed optimal for MU, ,E’IMF. On
the other hand, it is unknown if the solution in (6.24) is optimal if the condition in
Theorem 2 is not satisfied. Nevertheless, in this case, one can always numerically
solve the linear problem M UMMF for fixed 1.

6.4.2 Optimal Power Allocation for SR Maximization

In this subsection, we investigate the SR maximization problems in MU-NOMA
systems with user weights or QoS constraints.

6.4.2.1 Weighted SR Maximization (SR1)

The weighted SR maximization for MU-NOMA is formulated as
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N
max Rum = ) WiR;
P i=1
MUSR! . N
“ S.t. Z pi <P

i=1
Pr=p2=--=PDN-

Unlike M UMM for MMF, MUZR! in its original form is neither a convex nor quasi-
convex problem, making it difficult to solve it. Nevertheless, we show that M USR! can
be transformed into a convex problem via a linear transformation of the optimization
variables. _

Introduce the following variable transformation: ¢; = Z'j:l pjfori=1,2,...,
N; and conversely p; = g; — g;—; fori =2,...,Nand p; = g;. In this way, we have
Ry =log(q, I + 1) and

i
_pil;+1 41
R; =log (’”) :log<q”7) —log (¢T3 + 1) —log (qi—1 T3 + 1)

Z;;llpjri+1 gi-11; +1
(6.25)
fori =2, ..., N. Therefore, the weighted sum rate can be expressed as
N N N
D WiRi =Wilog (g1l + 1)+ Y W (log(gi Iy +1) —log (gi—1 17 + 1)) = Y fi (i),
i=1 i=2 i=1
(6.26)
where
Ji(qi) = Wilog(q:Ii + 1) — Wi log (gi 41+ 1) (6.27)

fori=1,..., N—1 and fy (gn) = Wnlog(gnIy + 1). The power constraint
Z?/:, pi < Pisequalto gy < P. The power order constraint p; < py < --- < pn
isequaltog; < g —q1 < --+ < gy — gn—1. Consequently, problem M USR! can be
equivalently transformed into the following problem:

max Y, fi(qi)
sri . 1
MU;™ gt gy < P
O0<qgi<gqr—q1 < - <qn —qn-1

Then, the following result identifies the convexity of MUSR! (or MUSRY).

Theorem 3 MUSR! (or MU,fRI) is a convex problem if one of the following condi-
tions hold fori =1,.., N — 1:

T1: Wi = Wi

Wi (4 PY?
T2 : 1 < i+1 < i iLi4 .
Wi = (Lip+LGa P

Proof Please refer to the proof of Theorem 1 in [17].

Remark 6 Theorem 3 indicates that MU aSRl (or MU, bSRl) is a convex problem under
some conditions of the user weights. From T1, if the user weights are in the same
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order as the channel gains, i.e., W; > W, > ... > Wy, then the objective function
is concave and the problem is convex. Note that this situation includes the most
common sum rate as a special case. On the other hand, the user weights can also be
in the inverse order of the channel gains, i.e., W; < W, < ... < Wy, but in this case
the ratio between W;; and W; cannot be too large according to T2. Consequently,
one can find the optimal power allocation via standard convex optimization methods,
e.g., the interior point method.

6.4.2.2 SR Maximization with QoS (SR2)

Then, we consider the SR maximization problem with QoS constraints for MU-
NOMA, which is given by

N

max y_ R;

s, |
MU . N

a st. Y pi<P.pi<pp<---<pn
i=1

R;>RM i=1,...,N

Similarly, although MU USRZ is nonconvex in its original formulation, it can be trans-
formed into a convex problem. .
In particular, we exploit the same variable transformation: g; = le:I pjfori =

1,2,...,N. Then, MU aSRZ is transformed into

max S 8i(g0)
MU,,SR2 . Stogv <P

@a—-D/IT=<=q=<qgp—q < - <gn—gn-1
gi-1 <aiqi —€,i =2,...,N

where
gi(gi) =log (g I; +1) —log(q;ili41 + 1) (6.28)

for i=1,..., N—1 and gy (qy)=log(gyIy+1), a;=2"% and & =
(1 —a;) /T}. According to condition T1 in Theorem 3, the objective in MUSR? is
concave and thus M USR? is a convex problem. Therefore, M U;R* can also be effi-
ciently solved via convex optimization methods. Moreover, we show that if the power
order constraint p; < p, < --- < py is absent, the optimal solution to M UbSRz can
be analytically characterized.

Proposition 7 Suppose that P > Z,N: | i, where ¢; =28 — 1T,

517 i:1

= i~ 6.29
¢ max{gpi_l,gi(l—i—l'}ngj)}, i=2,...,N (6.29)

j=1
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and the power order constraint is absent in MU and MUS®?. Then, the solution
to MUR? is

(6.30)

- Jai1qiv1 —€ip1, k=1,...,N—1
P, k=N

and the solution to problem MUSR? is

i k=1
=11 i 6.31)
l—-a)qg +e, k=2,...,N.

Proof Please refer to the proof of Proposition 3 and Lemma 2 in [17].

Then, a natural question is when the solution in Proposition 7 is indeed optimal with
the power order constraint. The answer is given below.

Theorem 4 The solution in (6.31) is optimal for problem M USR2 with the power
order constraint if T3: R3™ > 1 and

R;nin Zlog (2_2*&“2?)’ i=3,...,N. (632)

Proof Please refer to the proof of Theorem 2 in [17].
Corollary 1 Condition T3 in Theorem 4 holds ifR{“i“ >1fori=2,...,N.

Theorem 4 indicates that the power order constraint can be omitted without loss of
optimality if the QoS thresholds of the last N — 1 users are not small. Corollary
1 specifies that the QoS thresholds are only required to be no less than 1bps/Hz,
which is usually satisfied in practice. Therefore, for the SR maximization with QoS
constraints, the optimal power allocation is given by Proposition 7 in practical MU-
NOMA systems.

6.4.3 Optimal Power Allocation for EE Maximization

In this subsection, we investigate the EE maximization for MU-NOMA systems.

6.4.3.1 Weighted EE Maximization (EE1)

The EE maximization with user weights in an MU-NOMA system is formulated as

e, WiRi
Pr+Y0L pi
EEIl . N
MU“ ' S.t. Z pi <P
i=1
pP1=p2=:-+=DN-

max n =
p
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To address this problem, we follow the similar steps for MUSR! to simplify M UEE!.
Specifically, using the variable transformation: ¢; = lezl pjfori=1,2,..,N,
MUEE! can be reformulated as

_ Zivzl fi(qi)
maxn = “piqv

MUEE! . q
b S.t. gy < P

0<qgi<gp—q1 < - <qn —qn-1

where f;(q;) is defined in (6.27).
Then, we introduce the following objective function:

N N
H(go2Y)  filg)—« (PT +Zp,-> (6.33)
i=1 i=1

and consider the following problem parameterized by o:

max H (q, @)
q
MU gy, gy = P
O<q1<=q@—q1 < <qnv —qn-1.

According to Lemma 2, the optimal solution to MU EEl can be found by solving
MU CEEl with o chosen such that H* (o) = 0, where H* («) is the optimal objective
value of MUFE!. The desirable o can be found via a line search method by exploring
the monotonicity of H* (). To solve MUFE!, we provide the following result.

Theorem 5 Given I'y > I > --- > Iy, MUfE’ is a convex problem if T1 or T2 in
Theorem 3 holds fori =1,..., N — 1.

Proof Please refer to the proof of Theorem 1 in [17].

Theorem 5 indicates that, under the same condition in Theorem 3, M UFE! is a convex
problem. Therefore, one can efficiently compute its optimal solution via optimization
tools, e.g., the interior method.

6.4.3.2 EE Maximization with QoS Constraints (EE2)

Then, we focus on maximizing EE with QoS constraints for MU-NOMA and the
corresponding optimization problem is given by

SR
max n = —==——
p 1 Pr+Y, pi
N
MUFE?2 ;. s.t. ;Pi <P

P1L=p2=-=PDN
R >=R"™ i=1,...,N.
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By using the same variable transformation: ¢; = Z;.:l pj fori=1,2,..., N,
MUEE? can be transformed into

Z/{v:lgi(‘h)
Pr+qn
MUFE?: st gy <P
(@a-1D/NT=qq=g—q =<--<qgyv—qn-1
gi-1 <aiqi —¢&,i=2,...,N

max 1 =
q

where g;(¢;) is given in (6.28). Similarly, we introduce the following objective func-

tion
N N
0(g.0) 2 gilg) —« (PT+Zpi), (6.34)
k=1 i=1
and consider the problem parameterized by «o:

max Q (q, o)
q

MUEE2 . st gy < P
R
a—-D/N =g =qp—q =< =gy —qn-1
gi-1 <aiqi —&,i=2,...,N.

Similarly, to obtain the optimal solution to M U2, one can solve M UFE2 for given
o and search o such that the optimal objective value of M UEE? satisfies 0* (o) = 0,
for which we refer the reader to the previous subsection. To solve M UEE?, we provide
the following result.

Proposition 8 Suppose that P > vazl @;, where ¢; =28 —1/I'; and

glv l=1

— i—1 , 6.35
o max{wil,g,»(l—i—EZ(pj)}, i=2,...,N ( )
j=1

then MUEE? is feasible and convex.
Proof Please refer to the proof of Theorem 1 and Proposition 3 in [17].

Proposition 8 indicates that if the power budget of BS is not too small, MU CEEZ can
be solved by convex optimization methods, e.g., the interior point method.

6.5 MC-NOMA

In this section, we consider the MC-NOMA scheme, where multiple users share
multiple channels. In this case, the resource optimization includes power alloca-
tion and channel assignment. However, the joint optimization results in a mixed
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integer problem and finding its solution requires exhaustive search [35], which causes
prohibitive computational complexity. Therefore, in practice, power allocation and
channel assignment are often separately and alternatively optimized [26, 28, 35].
In this section, we focus on seeking the optimal power allocation for given channel
assignment.

Note that using SIC at each user’s receiver causes additional complexity, which is
proportional to the number of users on the same channel. Thus, in the multi-channel
case, each channel is often restricted to be shared by two users [25, 26, 36], which is
also beneficial to reduce the error propagation of SIC. In this section, we would also
like to focus on this typical situation. In this case, suppose w.l.0.g. that the CNRs of
UE, ,, and UE, ,, are ordered as I} ,, > I3 ,. Then, the rates of UE, ,, and UE, ,,
on channel m are given, respectively, by

Rim = Bolog (14 prolim) . Rom = Belog (1 " m) . (636)
' ' ' ' pl,mFZ,m + 1

6.5.1 Optimal Power Allocation for MMF

In MC-NOMA systems, the power allocation problem under the MMF criterion is
given by

max m:TIll’i.?.M {Rin(PLm P2m)s Ron(P1m, P2m) }
MCS/IMF : PP

M
st. 0 =< Pim < P2m, M = la "'7M7 Z Pl.m +p2,m < P

m=1

wherep, = {Pl,m}nﬁle andp, = {p2..}M_,. Note that M CMMF is a nonconvex prob-
lem. To address it, we first introduce auxiliary variables ¢ = {g,,}*_,, where g,,
represents the power budget for channel m with p;,, + p2.» = qn. Suppose that
the channel power budgets {g,,}}"_, are given. Then, M CY™F is decomposed into a
group of subproblems and each subproblem is same with 7 UMMF in the two-user
case with P replaced by g,,.

With given channel power budget g,,, the optimal power allocation for the two
users on channel m has been provided in Proposition 1. We can use this result to
further optimize the power budgets {g,}. According to MCMMF and TUMMF| the
corresponding power budget optimization problem is

: MMF
max min £, (qm)
m=l1,..., M

MCYME B
S.t. qufpsqzo

m=1

where fMMF(g,) is the optimal objective value of 7UMMF for each channel m.
Using Proposition 1, we obtain
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F2,m - Fl,m + \/(Fl,m + FZm) 2 + 4Fl,mF2%mql1l

MMFx A

£ B.1 6.37

S og s (6.37)
Then, we show that M C};’[MF has a closed-form solution.
Theorem 6 The optimal solution to MC ,’)"IMF is given by
ZW D+ (Z0) -1

qm:( (A) I, 1) (Z (M) ),Vm, 638)

I, I,
where
M
BC m= I m I m I mF m
ZOWEX+ X4 x & Lo (12 M")/(]’ )
20 1/ 43 /N

(6.39)
and A is chosen such that Znﬂle q, = P.

Proof Please refer to the proof of Theorem 1 in [22].

Consequently, the optimal MC-NOMA power allocation under the MMF criterion is
fully characterized by Theorem 6 and Proposition 1. It follows from (6.38) that g,
is monotonically decreasing in A, so the optimal A satisfying ZZIZI q,, = P canbe
efficiently found via a simple bisection method.

6.5.2 Optimal Power Allocation for SR Maximization

In this subsection, we investigate the SR maximization problem with weights or QoS
constraints in MC-NOMA systems.

6.5.2.1 Weighted SR Maximization (SR1)

With given channel assignment, the problem of maximizing the weighted sum rate
is formulated as the following power allocation problem:

M
max Z (Wl,le,m(pl,mv p2,m) + WZ,mRZ,m(pl,ms sz))
MCSRl PPy o—
a :

M
S.t. Ofplm SpZ,m’mz 17"'1M1 Z (pl,m+p2,m> < P

m=1

To solve it, similarly we introduce auxiliary variables ¢ = {g,,}*_, that represent the
power budgets on each channel m with p, ,, + p2.» = q. Then, M C;Rl is decom-



214 Y. Huang et al.

posed into a group of subproblems, where each subproblem is the same with 7 USR!
except P replaced by ¢,, and its solution has been provided in Proposition 2.

Next, we further optimize the power budget g, for each channel m. According
to Remark 3, to guarantee that the NOMA system is SIC stable, it is reasonable to
assume thatg,, > ©,, > 2§2,, and P > Zﬂ;’:l ©,, for some positive @,,. Then, from
MC3R! and TUSR!, the corresponding power budget optimization problem is given
by

M
max Y f3R*(g,,)
m=1

SR1. 1
MC)™ v

St Y gm = P, Gn = Op, Ym

m=1

where f3R1*(g,,) is the optimal objective value of each subproblem. Using Proposi-
tion 2, we obtain

qmFZ,m + 1

SR1x
) = Wil 1+ 2,1, Wl Pl LA
S (Gqm) 1.m log (1 + ) + Wa, Og(QmFZ,in+l

) . (6.40)

It is easily seen that f,ERl*(qm) is a concave function, so M C ER' is a convex problem,
whose solution is provided in the following result.

Theorem 7 The optimal solution to MC ;le is given by
Wa.m B I
g =2 - — |, (6.41)
A Iam e,

where M is chosen such that Zﬂ;’:l q, = P.
Proof The solution to M C3R! is given by the well-known waterfilling form.

Consequently, the optimal power allocation for the weighted sum rate maximization
in MC-NOMA systems is jointly characterized by Theorem 7 and Proposition 2
under the SIC stability.

6.5.2.2 SR Maximization with QoS (SR2)

Now, we consider maximizing the SR with QoS constraints. In this case, the power
allocation problem is given by

M
max Z (Rl,m(pl,mv pZ,m) + RZ,m(pl,m» pZ,m))
PrP2 —1
MCS® u
s.t. 0 < Pim =< P2,m, M = 1: ey M’ Z(le +p2m) =< P
=1

. m
Ryw>R™ n=12 m=1,.... M.

n,m?
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We use the similar method to address M CfRz. By introducing the power budget g,,
on each channel m, M CSRZ decomposes into several subproblems and each of them
has the same structure as 7USR?. Thus, the optimal solution to each subproblem is
given in Proposition 3 with P replaced by ¢,,.

Then, we focus on optimizing the power budget g, for each channel. Similarly,
according to Remark 4, to guarantee the NOMA system is SIC stable, we assume that
Gn = Tywand P > 3M 7, According to MC3®? and TUSR?, the corresponding
power budget optimization problem is as follows

M
max Z fyst*(Qm)
MC5R2: Sqt m;l
"quSP,quTm,Vm
m=1

where fnfRz* (gm) 1s the optimal objective value of each subproblem and given by

fnsz*(qm) _ BC IOg <A2,mr2,m - AZ,mFI,m + Fl,mFZ,QO + Fl,m) + Rmin

AZ,mFZ,m 2.m*

(6.42)
Since f3R**(g,,) is a concave function, M C3R? is a convex problem, whose solution
is also given in a waterfilling form.

Theorem 8 The optimal solution to MC ng is given by

B. Ay, Ay, 1 7%
* [ 2 2 } , (6.43)

+ —
A Fl,m FZ.m F2,m T,

where A is chosen such that Znnle q, = P.
Proof The proof is simple and thus omitted.

Therefore, the optimal power allocation for the SR maximization with QoS con-
straints in MC-NOMA systems is jointly characterized by Proposition 3 and
Theorem 8.

6.5.3 Optimal Power Allocation for EE Maximization

In this subsection, we investigate the optimal power allocation for maximizing the
EE with weights or QoS constraints in MC-NOMA systems.
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6.5.3.1 EE Maximization with Weights (EE1)

With given channel assignment, the problem of maximizing the weighted EE is
formulated as the following power allocation problem:

max Z,,Ale (Wl,le,m(pl,ma pZ.m) + W2,mR2,m (pl,ma p2,m))

PP PT + Zr]l::] (pl,m + sz)
M

S-t-ofpl,m sz,m»m= 1v~-~sMs Z(pl,m+p2,m) < pP.

m=1

MCEE! .

The difficulties in solving M CEE! lie in its nonconvex and fractional objective. In
the following, we will show that this problem can also be optimally solved.

‘We use the similar trick to address this problem, i.e., introducing the auxiliary vari-
ables {g,,}_, with py ,, + pa.m = qm for each channel m. Then, M CEE! is decom-
posed into a group of subproblems. Each subproblem is the same with 7 USR! except
P replaced by g,,, and thus, its solution is provided in Proposition 1.

Then, we concentrate on searching the optimal power budget g,, for each channel.
Similarly, to guarantee the NOMA system is SIC stable, it is assumed that g,, >
O, > 282, and P > Zn}:’:l ®,, for some positive ®,,. According to Proposition 1
and M CEE!| the power budget optimization problem is formulated as

A Zﬁ;jzl anRl*(Qm)

(6.44)
Pr + Z%:l qm

MCl],EEI : max n(q)
q

M
S.t. qu < P, qdm = @mv Vm

m=1

where f5Rl*(g,,) is given in (6.40). Although f5R!*(g,,) is a concave function,
M CfEl is nonconvex due to the fraction form. To solve it, we introduce the fol-
lowing objective function:

M M
H(q, a) = Z f,gRl*(Qm) - (PT + ZQm)
m=1 m=1
M M
~ er2m+1
S (R4 Wolog (22 FINY [ p ). 645
52 (Run W tog (L2 1)) (+zq) 649

where Rl'm £ Wi log (1 + 2, Fl,m) and « is a positive parameter. Then, we con-
sider the following convex problem with given o:
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max H (q, )
MCEEL . M
¢ st. > gm <P, gn > O, Vm.

m=1

According to Lemma 2, the optimal solution to MCF®! can be found by solving
MCEE! with given o and then updating o until H* () = 0. Hence, we first solve
M CEE! with given o, whose solution is provided in the following result.

Theorem 9 The optimal solution to MCEE! is

c_[WanBe LT 646)
m a+)\’ Fz’m @ma .

where M is chosen such that Zﬂ;’:l q, = P.
Proof The solution is obtained by exploiting the KKT conditions of M CEE!.

After the optimal solutionto M C EEI is obtained, we shall find an « such that H* («) =
0. Since H* () is monotonic in «, one can use the bisection method to find «.
Thereby, the optimal power allocation for the weighted EE maximization in MC-
NOMA systems is provided Proposition 2 and Theorem 9.

6.5.3.2 EE Maximization with QoS (EE2)

In this part, we consider maximizing the EE with QoS constraints. The corresponding
power allocation problem is given by

maXZII.nl:l (Rl,m (pl,mv p2m) + RZ,m (pl,ma pZm))
p1.py Pr + ngzl (pl,m + p2,m)

M
MCEEZ : s.t. 0 =< Pim =< P2m,Mm = 1, ey M? Z(pl,m +p2m) < P

m=1

Rw>=RM 1=1,2,m=1,...,M.

We can use the similar method to solve MCFF2. Briefly, we also adopt {g,,}_,
with p1., + pam = g and decompose M CEE? into a group of subproblems, whose
solution is coincided with 7USR? and provided in Proposition 3.

Next, we optimize the channel power budget ¢, for each channel. First, we assume
that g,, > 7,, and P > ZM 7,, to guarantee the SIC stability. Then, according to

m=1
Proposition 3 and M CEE2| the power budget optimization problem is given by
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A Znﬁle frng* (‘Zm)

MCszim;lXﬂ(lI) by
T m=1Y4m

M
SUY g = P g = Yo Ym

m=1

where f3R%(g,,) is given in (6.42). To solve MCEE?, we introduce the objective
function parameterized by o:

M
(g, @) = ) [ (gn) —« (PT + qu)

m=1

(Wl,m IOg <A2,mr2,m - A2,111]1;12,m ?ZFI,mFZ,mqm + Fl,m) + R;?;Z)
md2m

M
)
mA;I
)
m=1 y
—a (PT + qu) : (6.47)

m=1

and formulate the following problem with given «:

max Q (g, «)
MCEE? . ! M
¢ St D> gm <P, gn =Yy, Vm.

m=1

Then, from Lemma 2, we shall solve MCEE2, which is a convex problem since
Q(q, @) is concave in ¢. The optimal solution to M CEE? is provided below.

Theorem 10 The optimal solution to M CEE? is

Wl mBC A2m A2 m 1 *©
< _ | DL moy Zzm , 6.48
Tm |: A+a Fl,m FZ,m FZ,m:| ( )

Tm
where X is chosen such that Z,Z’:l q, =P.
Proof The solution is obtained by exploiting the KKT conditions of M CEE2,

Then, we can exploit the bisection method to find an « such that the optimal objective
value of M CEE? satisfies 0*(«) = 0. Consequently, the optimal power allocation for
the EE maximization with QoS constraints in MC-NOMA systems is obtained by
using Theorem 10 and Proposition 3.
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6.6 Numerical Results

This section evaluates the performance of the optimal power allocation investigated
in this chapter. In simulations, the BS is located in the cell center and the users
are randomly distributed in a circular range with a radius of 500 m. The minimum
distance between users is set to be 40 m, and the minimum distance between the users
and the BS is 50 m. Each channel coefficient follows an i.i.d. Gaussian distribution
as g ~ CN(0, 1) and the path loss exponent is p = 2. The total power budget of the
BS is P = 41 dBm and the circuit power consumption is Pr =30 dBm. The noise
power is 0> = BNy/M, where the bandwidth is B = 5 MHz and the noise power
spectral density is No = —174 dBm.

First, we evaluate the performance of the proposed optimal power solutions for
two-user NOMA (N = 2) and MU-NOMA (N = 6) systems. The user weights sat-
isfy Wi /W; =0.5fori =1,..., N — 1 and the QoS thresholds to be R?‘i“ =2
bps/Hz fori = 1, ..., N. In addition, we compare the NOMA schemes with OFDMA
and the DC (difference of two convex functions) approach in [26], where the power
allocation is optimized via waterfilling and via DC programming, respectively.

Figure 6.2 shows the minimum user rates of the two-user NOMA and MU-NOMA
schemes using the optimal power allocation under the MMF criterion and the min-
imum user rate of the OFDMA scheme for different total power budgets and user
numbers. The minimum user rate in the NOMA system is higher than that in the
OFDMA system especially in the two-user case, implying that NOMA provides
better fairness than OFDMA.

6
5 X 10 ‘
18 57— NOMA N=2
=#— NOMA N=6
16 —8— OFDMA N=2 1
=—&— OFDMA N=6

Minimum User Rate (Mbps)

= —

2 3 4 5 6 7 8 9 10 11 12
Power of BS (Watt)

Fig. 6.2 Minimum user rate for different number of users versus BS power
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Fig. 6.3 Sum rate versus BS power

In Fig. 6.3 the left subfigure shows the weighted sum rate and the right subfigure
shows the sum rate with QoS constraints. Here, in each subfigure, we compare the
proposed methods with the OFDMA scheme and the NOMA scheme using DC pro-
gramming in the two-user case. While NOMA outperforms OFDMA, NOMA with
the optimal power allocation also achieves a higher sum rate than the DC approach,
as the DC approach generally leads to a suboptimal power allocation. Meanwhile,
as expected, the (weighted) sum rate increases with the user number, implying the
potential of NOMA. In Fig. 6.4, the similar phenomenon can be observed, i.e., NOMA
using the optimal power allocation outperforms OFDMA as well as the (suboptimal)
DC approach in terms of energy efficiency.

Then, we show the performance of the optimal power allocation in MC-NOMA
systems. The user weights are set to be W;,, = 0.9 and W,,, = 1.1 for Vm and
the QoS thresholds are set to be le,;f =2 bps/Hz for l = 1,2, Vm. In Fig.6.5, we
compare the joint resource allocation (JRA) method, which uses the optimal power
allocation and the matching algorithm [22, 26] for channel assignment, with the
exhaustive search (ES), which provides the jointly optimal solution but has high
complexity. We set the number of users N = 6 and the power budget of the BS
ranges from 2 to 12 W. From Fig. 6.5, the performance of JRA is very close to the
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Fig. 6.4
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globally optimal value and the maximum gap is less than 5%. Therefore, the optimal
power allocation method along with efficient (suboptimal) matching algorithm is
able to achieve near-optimal performance with low complexity.

6.7 Conclusion

In this chapter, we discussed a promising multiple access technology, i.e., NOMA,
for 5G networks and focused on the key problem of power allocation in NOMA
systems. We have investigated the optimal power allocation for different NOMA
schemes, including the two-user MU-NOMA, and MC-NOMA schemes. The optimal
power allocation was derived under different performance measures, including the
maximin fairness, weighted sum rate, and energy efficiency, wherein user weights
or QoS constraints were also considered. We showed that in most cases the optimal
NOMA power allocation admits an analytical solution, while in other cases it can be
numerically computed via convex optimization methods.

Appendix
A. Proof of Theorem 1

Since the constraints in 7UFE! are all linear, it suffices to investigate the concavity
of H (pi1, q, o). The second-order derivative of H (py, g, «) with respect to p; is

0’H 1 TO
57 =2 : ). (6.49)
dpy  Im2\(pi+ D (pil2+ 1)

where T = WoBIh (pil1+ 1)+ /W Bl (piI2+1) and 6O =JW,B
Iy = VWiBT + VB Dypy (VW2 = ¥/Wh). Given I = Iy, if Wi = Wy, then
%27;21 < 0. On the other hand, with ¢ < P and if C2 holds, we have

1

VWa2BIs — W BT + /BT I3 py <\/W2 - ‘/W,) VWa2BI; — W B + (\/Wz - \/Wl) VBILP <0,

(6.50)
also implying 32—121 < 0. Following the similar manner, it can be verified that ‘)2—? <0,
api dq
a2 2 . .
O H _ ()and 1L — (. Therefore, the Hessian matrix
qdp; dp1dq

9°H  9*H
apt  dqdp
9°H  9°H
api1dg  9q>

is a negative semidefinite matrix, indicating that H (p;, ¢, o) isaconcave in (py, q).
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B. Proof of Proposition 4
The Lagrange of TUEE! is given by

L =WiRi(p1) + W2R(p1,q) —a(Pr+q)+u(qg—2p1) —r(g—P) (6.51)
with Lagrange multipliers p and A > 0. According to Theorem 1, T UFE! is a convex

problem under condition C1 or C2. Therefore, its optimal solution is characterized
by the following Karush—-Kuhn—Tucker (KKT) conditions:

L W, BT W,BT:
il e N 2 _ou=0, (6.52)
opr 20+ pif1) In20+ pil3)
L W,BT
e il —A=0, 6.53
5g _m2(+qmy 4T (6.53)
u(g—2p1) =0, (6.54)
A(g—P)=0. (6.55)

According to Definition 1, if p; = ¢/2, then the NOMA system is SIC-unstable.
Therefore, from (6.54), considering the SIC stability, we have © = 0. Hence, from
(6.52) we obtain the optimal p} = £2. It follows from (6.55) that if ¢ < P, then
A = 0. Then, from (6.53) we obtain

WB 1
22 <q= __ <P 6.56
S9=me s (6.56)

On the other hand, if ¢ = P, then from (6.53) we have

W>BT»

=———a>0, (6.57)
In2(1+ PI%)
which leads to W B |
2 >p. (6.58)
aln?2 Fz

P
Therefore, the optimal ¢ is given by ¢* = [(%Bz — %’]zg'
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C. Proof of Proposition 5
The Lagrange of T UEE? is given by

L=Ri(p)+R(pr.q) —a(Pr+q)+u(@—2p)—r@—P) (659
A —1

1

+01(P1— >+02(1+qF2—A2—A2p1F2),

where [, A, 01, and o, are the Lagrange multipliers. The optimal solution is charac-

terized by the following KKT conditions:

L BI BI
apr W21+ pih) W21+ pily)

—2u+ 01 —0A 5 =0, (6.60)

oL _ B it on=0 6.61)

- = — — o =0, .

3¢ m2(+qh) K 202

u(g —2p1) =0, (6.62)
A(g— P) =0, (6.63)
Al (6.64)

o — =0, .

11| P1 2l

oo(1+qglr— Ay, — Ayp1 1) =0. (6.65)

In (6.62), considering the SIC stability, we have ¢ > 2p; and hence u = 0. Note
that o» # 0. To see this, if 0, = 0, according to (6.60), we have

B BT N
- o
21+ piln) 20+ pils)

1=0 (6.66)

i . BN __ BD i
which, however, does nothold since {577 — a5 T 01 > Owith I = 1.

We consider two cases: (1) o1 # 0, 05 # 0; and (2) o1 = 0, 0, # 0. First, if o1 #
0, 02 # 0, the optimal solution can be easily obtained as

I+q*1 — A
=~ g =7 6.67
Pl we q (6.67)

from (6.64) and (6.65). Then, if o7 = 0, 0, # 0, according to (6.60) and (6.61), we

have
A < 1 1
(I+4g13) I/Ii+pr 1/1h+p

) = (@ +A) A, (6.68)
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From (6.65), we obtain p; = %, which along with (6.68) leads to

1 Ay Ay —1

* = — 6.69
i o+ A I + I ( )
It follows from (6.63) that if ¢ < P, then A = 0. From (6.69), we obtain
1 A Ay-1
Y<g=-—-— < P. (6.70)
o Fl Fz
On the other hand, if ¢ = P, then from (6.53) we have
N r;
A= 122 —a>0, 6.71)
Ayl — (A — D 1+ PIL
which leads to
1 A Ay—1
e > P. (6.72)

o Fl Fz

P

Therefore, optimal ¢ is given by g* = I::inl; — Flz]

Y.

D. Proof of Theorem 2

Let g; = Z;:l pj. then gy = P and p; = 2}—711 (Z;;'l pili + 1) can be trans-

T . t_ (N—i)t
formed into ¢; = ¢; 12" + 211—’1 Thus, we obtain P = gy = ZlN:l % >
implyingt > 1 and p; > p;_; fori = 2, ..., N. Therefore, this solution satisfies the

power order constraint.

References

1. J.G. Andrews, S. Buzzi, W. Choi, S.V. Hanly, A. Lozano, A.C. Soong, J.C. Zhang, What will
5G be? IEEE J. Sel. Areas Commun. 32(6), 1065-1082 (2014)

2. V.Jungnickel, K. Manolakis, W. Zirwas, B. Panzner, V. Braun, M. Lossow, M. Sternad, R. Apel-
frojd, T. Svensson, The role of small cells, coordinated multipoint, and massive MIMO in 5G.
IEEE Commun. Mag. 52(5), 44-51 (2014)

3. M. Xiao, S. Mumtaz, Y. Huang, L. Dai, Y. Li, M. Matthaiou, G.K. Karagiannidis, E. Bjrnson,
K. Yang, I. Chih-Lin, A. Ghosh, Millimeter wave communications for future mobile networks.
IEEE J. Sel. Areas Commun. 35(9), 1909-1935 (2017)

4. J.G. Andrews, H. Claussen, M. Dohler, S. Rangan, M.C. Reed, Femtocells: past, present, and
future. IEEE J. Sel. Areas Commun. 30(3), 497-508 (2012)

5. J. Wang, W. Guan, Y. Huang, R. Schober, X. You, Distributed optimization of hierarchical
small cell networks: a GNEP framework. IEEE J. Sel. Areas Commun. 35(2), 249-264 (2017)



226

6.

10.

11.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

217.

Y. Huang et al.

Y. Saito, Y. Kishiyama, A. Benjebbour, T. Nakamura, A. Li, K. Higuchi, Non-orthogonal
multiple access (NOMA) for cellular future radio access, in Proceeding of IEEE Vehicular
Technology Conference (VIC Spring) Dresden, Germany, June 2013, pp. 1-5

. Z. Ding, Y. Liu, J. Choi, Q. Sun, M. Elkashlan, I. Chih-Lin, H.V. Poor, Application of non-

orthogonal multiple access in LTE and 5G networks, IEEE Commun. Mag. 55(2), 185-191
(2017)

. L. Dai, B. Wang, Y. Yuan, S. Han, I. Chih-Lin, Z. Wang, Non-orthogonal multiple access

for 5G: solutions, challenges, opportunities, and future research trends. IEEE Commun. Mag.
53(9), 74-81 (2015)

. Z.Ding, R. Schober, H.V. Poor, A general MIMO framework for NOMA downlink and uplink

transmission based on signal alignment. IEEE Trans. Wirel. Commun. 15(6), 44384454 (2016)
Z. Ding, F. Adachi, H.V. Poor, The application of MIMO to non-orthogonal multiple access.
IEEE Trans. Wirel. Commun. 15(1), 537-552 (2016)

W. Shin, M. Vaezi, B. Lee, D.J. Love, J. Lee, H.V. Poor, Non-orthogonal multiple access
in multi-cell networks: theory, performance, and practical challenges. IEEE Commun. Mag.
55(10), 176-183 (2017)

. X. Zhang, Q. Gao, C. Gong, Z. Xu, User grouping and power allocation for NOMA visible

light communication multi-cell networks. IEEE Commun. Lett. 21(4), 777-780 (2017)

. Y. Huang, C. Zhang, J. Wang, Y. Jing, L. Yang, X. You, Signal processing for MIMO-NOMA:

present and future challenges. IEEE Wirel. Commun. 25(2), 32-38 (2018)

. L. Zhang, M. Xiao, G. Wu, M. Alam, Y.C. Liang, S. Li, A survey of advanced techniques for

spectrum sharing in 5G networks. IEEE Wirel. Commun. 24(5), 44-51 (2017)

. C.-L. Wang, J.-Y. Chen, Y.-J. Chen, Power allocation for a downlink non-orthogonal multiple

access system. IEEE Wirel. Commun. Lett. 5(5), 532-535 (2016)

. Z.Yang, Z. Ding, P. Fan, N. Al-Dhahir, A general power allocation scheme to guarantee quality

of service in downlink and uplink NOMA systems. IEEE Trans. Wirel. Commun. 15(11), 7244—
7257 (2016)

J. Wang, Q. Peng, Y. Huang, H.M. Wang, X. You, Convexity of weighted sum rate maximization
in NOMA systems. IEEE Signal Process. Lett. 24(9), 1323-1327 (2017)

J. Choi, Power allocation for max-sum rate and max-min rate proportional fairness in NOMA.
IEEE Commun. Lett. 20(10), 2055-2058 (2016)

J. Cui, Z. Ding, P. Fan, A novel power allocation scheme under outage constraints in NOMA
systems. IEEE Signal Process. Lett. 23(9), 1226-1230 (2016)

S. Timotheou, I. Krikidis, Fairness for non-orthogonal multiple access in 5G systems. IEEE
Signal Process. Lett. 22(10), 1647-1651 (2015)

Y. Zhang, H.M. Wang, T.X. Zheng, Q. Yang, Energy-efficient transmission design in non-
orthogonal multiple access. IEEE Trans. Veh. Technol. 66(3), 2852-2857 (2017)

J.Zhu, J. Wang, Y. Huang, S. He, X. You, L. Yang, On optimal power allocation for downlink
non-orthogonal multiple access systems. IEEE J. Sel. Areas Commun. 35(12), 2744-2757
(2017)

F. Fang, H. Zhang, J. Cheng, S. Roy, V.C.M. Leung, Joint user scheduling and power allocation
optimization for energy efficient NOMA systems with imperfect CSI. IEEE J. Sel. Areas
Commun. 35(12), 2874-2885 (2017)

B.Di, S. Bayat, L. Song, Y. Li, Radio resource allocation for downlink non-orthogonal multiple
access (NOMA) networks using matching theory, in Proc. of IEEE Global Communication
Conference (GLOBECOM), pp. 1-6

Z.Ding, M. Peng, H.V. Poor, Cooperative non-orthogonal multiple access in 5G systems. IEEE
Commun. Lett. 19(8), 1462-1465 (2015)

F. Fang, H. Zhang, J. Cheng, V.C. Leung, Energy-efficient resource allocation for downlink
non-orthogonal multiple access network. IEEE Trans. Commun. 64(9), 3722-3732 (2016)

L. Lei, D. Yuan, C.K. Ho, S. Sun, Joint optimization of power and channel allocation with
non-orthogonal multiple access for 5G cellular systems. in Proceeding of IEEE Global Com-
munication Conference (GLOBECOM), San Diego, CA, Dec 2015, pp. 1-6



6 Optimal Power Allocation for Downlink NOMA Systems 227

28.

29.

30.

31.

32.

33.

34.
35.

36.

P. Parida, S.S. Das, Power allocation in OFDM based NOMA systems: a DC programming
approach, in Proceeding of IEEE Globecom Workshops, Dec 2014, pp. 1026-1031

Y. Sun, D.W.K. Ng, Z. Ding, R. Schober, Optimal joint power and subcarrier allocation for
full-duplex multicarrier non-orthogonal multiple access systems. IEEE Trans. Commun. 65(3),
1077-1091 (2017)

M.R. Hojeij, J.Farah, C.A. Nour, C. Douillard, Resource allocation in downlink non-orthogonal
multiple access (NOMA) for future radio access, in Proceeding of IEEE Vehicular Technology
Conference (VIC Spring), Dresden, Germany, May 2015, pp. 1-6

Z. Wei, J. Yuan, D.W.K. Ng, M. Elkashlan, Z. Ding, A Survey of Downlink Non-orthogonal
Multiple Access for 5G Wireless Communication Networks. CoRR. arXiv: 1609.01856, https://
dblp.org/rec/bib/journals/corr/ WeiYNED16 (2016)

M.S. Ali, H. Tabassum, E. Hossain, Dynamic user clustering and power allocation for uplink
and downlink non-orthogonal multiple access (NOMA) systems. IEEE Access 4, 6325-6343
(2016)

Z. Ding, Z. Yang, P. Fan, H.V. Poor, On the performance of non-orthogonal multiple access
in 5G systems with randomly deployed users. IEEE Signal Process. Lett. 21(12), 1501-1505
(2014)

W. Dinkelbach, On nonlinear fractional programming. Manag. Sci. 13(7), 492-498 (1967)

S. Zhang, B. Di, L. Song, Y. Li, Radio resource allocation for non-orthogonal multiple access
(NOMA) relay network using matching game,” in Proceeding of IEEE International Confer-
ence Communication (ICC), Kuala Lumpur, Malaysia, May 2016, pp. 1-6

Z. Ding, P. Fan, H.V. Poor, Impact of user pairing on 5G nonorthogonal multiple-access down-
link transmissions. IEEE Trans. Veh. Technol. 65(8), 6010-6023 (2016)


http://arxiv.org/abs/1609.01856
https://dblp.org/rec/bib/journals/corr/WeiYNED16
https://dblp.org/rec/bib/journals/corr/WeiYNED16

	6 Optimal Power Allocation for Downlink NOMA Systems
	6.1 Introduction
	6.2 Fundamentals of Downlink NOMA
	6.3 Two-User NOMA
	6.3.1 Optimal Power Allocation for MMF
	6.3.2 Optimal Power Allocation for SR Maximization
	6.3.3 Optimal Power Allocation for EE Maximization

	6.4 MU-NOMA
	6.4.1 Optimal Power Allocation for MMF
	6.4.2 Optimal Power Allocation for SR Maximization
	6.4.3 Optimal Power Allocation for EE Maximization

	6.5 MC-NOMA
	6.5.1 Optimal Power Allocation for MMF
	6.5.2 Optimal Power Allocation for SR Maximization
	6.5.3 Optimal Power Allocation for EE Maximization

	6.6 Numerical Results
	6.7 Conclusion
	References




