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Chapter 8
Oscillatory Flow Theory
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Oscillatory flow velocity profiles in a stiff tube during laminar sinusoidal flow
resulting from a sinusoidal pressure gradient. The velocity profiles vary over the
sinusoidal cycle and only the profile at the moment of maximal forward flow is
depicted here. The velocity profile depends on the Womersley parameter, a 2 = r2w
p /n, where r; is the internal radius, @ the circular frequency (2n-f, f frequency), p
blood density, and # blood viscosity. Womersley’s parameter a expresses the rela-
tive importance of inertial effects over viscous (frictional) effects. For low values of
the Womersley parameter (a < 3, low frequency, small radius), viscous effects dom-
inate and the profile becomes parabolic, as in Poiseuille flow (left figure). For a
medium range of «a values the velocity profile becomes flatter and the maximum
velocity does not occur at the tube’s center (middle figure). For large values of «,
a > 10, i.e., high frequency and/or large vessels the profile becomes flat, because
inertial effects dominate. The theory is based on sinusoidal oscillations of pressure
and flow. This implies that application of the theory to hemodynamics requires
Fourier analysis (Appendix 1). From work on comprehensive models we conclude
that the contribution of oscillatory flow theory only gives a small correction over
and above the use of a resistance with a inertance in series (Appendix 3). However,
in the calculation of wall shear and in the calculations and measurements of local
flow profiles, the theory is of great importance.
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8.1 Description

The pressure-flow relation for steady flow, where only frictional losses are playing
a role (resistance, law of Poiseuille, Ohm’s law), and the relation between oscilla-
tory or pulsatile pressure and flow when only blood mass (inertance) is taken into
consideration, are simplifications of reality.

The relation between oscillatory, sinusoidal, pressure drop and flow through a
blood vessel can be derived from the Navier-Stokes equations. The assumptions are
to a large extent similar to the derivation of Poiseuille’s law: uniform and straight
blood vessel, rigid wall, Newtonian viscosity, etc. The result is that flow is still lami-
nar but pulsatile, i.e., not constant in time, and the flow profile is no longer para-
bolic. The theory is based on sinusoidal pressure-flow relations, and therefore called
oscillatory flow theory.

The flow profile depends on the, circular, frequency of oscillation, @, with @ =21
f, with f the frequency; the tube radius, r;, the viscosity, #, and density, p, of the
blood. These variables were taken together in a single dimensionless (no unit-less)
parameter called Womersley’s alpha parameter [1]:

a’=r’o-pln

If the local pressure gradient, AP/, is of a sinusoidal shape with amplitude AP/I
and circular frequency w, then the corresponding velocity profile is given by the
formula [1]:

v(r.1) = Real| (WP /D) /iwp)-{1=3, (- y+i7") 13, (o )} |
where y is the relative radial position, y = #/r;, and i = \/ —1. Flow is given as:

o(t)= Real[(nrf AP Jiopl)- {123, (i) /(@i 3, (o ))}ei’”’}

Jo and J, are Bessel functions of order O and 1, respectively. The Real means that
only the real part of the mathematically complex formula is taken.

Since the heart does not generate a single sine wave but a sum of sine waves
(see Appendix 1) the flow profile in vivo is found by addition of the velocity pro-
files of the various Fourier harmonics, and is very complex. The relation between
pressure drop and flow as given above is the so-called longitudinal impedance of
a vessel segment (see Appendix 3). Experiments have shown that the theory is
accurate.

For large a, i.e., a > 10, i.e. large vessels or high frequencies inertia dominates
the viscous effects with the result that phase velocity (wave speed), characteristic
impedance and local wave reflection have simple relations with vessel properties
and are frequency-independent (Chap. 12).
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Womersley’s oscillatory flow theory [1] reduces to Poiseuille’s law for very low a.
This means that in the periphery with small blood vessels (small r, thus small a) and
little oscillation, there is no need for the oscillatory flow theory and we can describe
the pressure-flow relations with Poiseuille’s law. For the very large conduit arteries,
where a > 10, friction does not play a significant role and the pressure-flow relation
can be described with inertance alone. For a values in between, the combination of
resistance and inertance approximates the oscillatory pressure-flow relations (see
Appendix 3). In studies on large arteries the assumption of large a appears reason-
able and Pulse Wave Velocity, characteristic impedance etc. are then reduced to
frequency independent parameters.

The oscillatory flow theory was intended to derive flow from a pressure differ-
ence at two locations in an artery [2]. However, a pressure difference over a few
centimeters is extremely small and leads to large errors in the flow estimates, and
the method proved too inaccurate to use.

Models of the entire arterial system have indicated that, even in intermediate size
arteries, the oscillatory effects on the velocity profiles are not large in terms of the
overall relations between pressure and flow. The main factors contributing to the
pressure and flow wave shapes in the arterial tree are due to branching, non-
uniformity and bending of the blood vessels etc. Thus, for global hemodynamics,
i.e., wave travel, input impedance, Windkessel models etc., the longitudinal imped-
ance of a segment of artery (Appendix 3) can be described, in a sufficiently accurate
way, by an inertance only in the aorta and major arteries, by an inertance in series
with a resistance in medium sized conduit vessels, and a resistance in peripheral
arteries.

The oscillatory flow theory is, however, of importance when local phenomena
are studied. For instance, detailed flow profiles and calculation of shear stress at the
vascular wall require the use of the oscillatory flow theory.

There is another dimensionless number of importance in unsteady, oscillating
flow problems: the Strouhal number, St. The Strouhal number can be written as
St = wD/v, where D is diameter, @ circular frequency and v velocity. This unit-less
number represents a measure of the ratio of inertial forces due to oscillatory flow
and the inertial forces due to convective acceleration (acceleration due to the change
of position of fluid particles in a fluid flow). It can be shown that the Strouhal num-
ber relates in combination with the Reynolds number (Re, Chap. 4) to the square of
Womersley’s parameter a:

St-Re=(wD/v)(pvDIn)=D'wp/n=4a’
The Strouhal number has been used in experimental studies of arterial flows in the

past, such as vortex shedding phenomena distal of a cardiac (mitral) valve. It is
widely accepted, however, that the most relevant parameter expressing the
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relative significance of inertial effects due to oscillatory flow is the Womersley
parameter .

Ultrasound Doppler velocity and other new flow measurement techniques (MRI)
made the derivation of blood flow from the measurement of two pressures in the
aorta a few centimeters apart using the oscillatory flow theory [2] obsolete.
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