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Preface

This book is written in a quick reference style to help clinical and basic researchers, 
as well as graduate students, in the understanding of hemodynamics. Hemodynamics 
makes it possible to characterize, in a quantitative way, and presently more and 
more with noninvasive techniques, the function of the heart and the arterial system, 
separately and in combination.

We have made the layout of this book such that it gives an overview of individual 
topics, in short chapters. Every chapter starts with a “Box” containing a figure and 
caption, describing the main aspects of the subject. It is often sufficient to study the 
contents of this Box alone to obtain the essential information on the subject, and it 
is then not necessary to read the whole chapter.

Each chapter is further written in such a way that one is able to grasp the basic 
and applied principles of the hemodynamic topic. The part called “Description” 
can be used to get more detailed information. The chapters end with a section 
“Physiological and Clinical Relevance” to place the information into perspective. If 
more details or broader perspectives are desired, one can go to the other, related, 
chapters to which the text refers or to the limited number of references given in 
each chapter.

More comprehensive information on the subjects discussed can be found in text-
books on physiology and cardiology, as well as in special books on hemodynamics. 
A number of these books are listed in the section “Reference Books” (Appendix 5).

Amsterdam, The Netherlands� Nicolaas Westerhof
Lausanne, Switzerland� Nikolaos Stergiopulos
Aberdeen, United Kingdom� Mark I. M. Noble
Amsterdam, The Netherlands� Berend E. Westerhof 
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How to Use Snapshots of Hemodynamics

Chapter 2 Law of Poiseuille Chapter number and title

Parabolic velocity 

The law of Poiseuille describes the relation between pressure drop, ∆P/l,
and blood flow, Q, in a stiff tube under steady flow conditions. This figure
shows a tube with circular cross-section where the blood flows in a laminar
fashion, i.e., each fluid layer stays at the same constant distance from the
center. The flow depends strongly on the radius of the tube (fourth power),
and also on the pressure drop over the tube length (∆P/l) and viscosity of
blood (h). The velocity profile, ν(r), is parabolic (second formula).
Resistance can be calculated as R = ∆P/Q =  8h·l /π·ri

4.
The wall shear stress, t, (third formula) acting on the intimal layer
(endothelium) equals  t = 4h·Q/(π·r3) = (DP/l)·(ri/2).

profileri
r

vmax

Q = (∆P/l)·(π·ri
4)/8h·

v(r)= (∆P/l)·(ri
2 – r2)/4h

τ= 4h·Q/(π·ri
3)

∆P/l The ‘Box’ contains a figure and a  
short text that illustrates the main  
message of the chapter.

Description
With laminar flow through a uniform  
tube the velocity profile over the  
cross-section is a parabola.

The ‘Description’ section gives the  
essential background and discusses  
the different aspects of the subject.

Physiological and clinical relevance
The more general form of Poiseuille’s  
law given above, i.e., Q = ∆P/R allows  
the derivation of resistance, R, from  
measurements of mean pressure and  
mean flow.

The ‘Physiological and clinical  
relevance’ section places the subject  
in a broader pathophysiological  
context and shows clinical  
applications.

References
1. Murgo JP, Westerhof N, Giolma JP,  
Altobelli SA. Aortic input impedance  
in normal man: relationship to pressure  
wave forms. Circulation. 1980;62:101–16.

A limited number of ‘References’  
is given. Major reference books are  
given in Appendix 5.
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The definition of viscosity. A fluid is located between two parallel plates. The shear 
force, F, divided by the contact area, A, between the liquid and the plate gives the 
shear stress, F/A = τ. The shear rate is the difference in velocity between the different 
fluid layers, and can here be calculated as the velocity of the top plate (the bottom 
plate does not move) divided by the distance between the plates, thus the shear rate is 
γ = v/h. The ratio of shear stress and shear rate is the viscosity, η, a material property 
(right figure). If a straight line is obtained, as for plasma, we call the fluid Newtonian. 
If we change the plate’s velocity or change the distance between the plates, shear 
stress and shear rate will change.

1.1  �Description

Consider the experiment shown in the Figure in the Box. The top plate is moved 
with constant velocity, v, by the action of a shear force F, while the bottom plate is 
kept in place (velocity is zero). The result is that the different layers of blood move 
with different velocities. The difference in velocity in the different blood layers 
causes a shearing action between them.

The rate of shear, γ, is the relative displacement of one fluid layer with respect 
to the next. In the example given in the Box, the velocity profile is linear, from 
zero at the bottom to velocity v at the top plate. Therefore, the slope of the 
velocity profile, and thus the rate of shear, is equal to v/h, h being the distance 
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between the plates. The units of shear rate are 1/s. The force needed to obtain a 
certain velocity, is proportional to the contact area, A, between fluid and plates. 
It is therefore convenient, instead of force, to use the term shear stress, defined 
as the force per area 𝜏 = F/A, with units Pa or N/m2. The shear rate is highest 
where the difference in velocities is highest. In a tube the highest shear rate is at 
the wall, and inversely proportional to the slope of the velocity profile, as shown 
in Fig. 1.1.

We may think of the following experiment: we pull the top plate at different 
velocities v and we measure the shear force F to accomplish this. Then we plot the 
shear stress, 𝜏, against the shear rate, γ. The resulting relation is given in the Figure 
in the Box and the slope is the viscosity:

	 h t g= =shear stress shear rate  / / 	

The units of viscosity are Pa·s = Ns/m2, or Poise (dynes·s/cm2), with 1 Pa·s = 10 
Poise. Viscosity is sometimes called dynamic viscosity in contrast to the kinematic 
viscosity, which is defined as viscosity divided by density ρ, thus 𝜂/ρ.

Fluids with a straight relationship between shear stress and shear rate are called 
Newtonian fluids, i.e., viscosity does not depend on shear stress or shear rate. This 
is not the case for blood (Fig. 1.2).

1.1.1  �Viscosity of Blood

Blood consists of plasma and particles, with 99% of the particle volume taken by 
the red blood cells, RBC’s, or erythrocytes. Thus, the red blood cells mainly deter-
mine the difference between plasma and blood viscosity (Fig. 1.2). The viscosity of 
blood therefore depends on the viscosity of the plasma, in combination with the 
hematocrit (volume % of red blood cells, Hct) and red cell deformability. Higher 

v

Inversed slope
is shear rate 

Wall shear rate

Fig. 1.1  Velocity and 
shear rate, for a general 
profile, shear rate is highest 
at the wall
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hematocrit and less deformable cells imply higher viscosity. The relation between 
hematocrit and viscosity is complex and many formulas exist. One of the simplest 
relations is the one derived by Einstein (Fig. 1.3):

	
h h= × +( )plasma 1 2 5. Hct

	

Einstein’s relation for the viscosity of fluids containing particles applies only to 
very low particle concentrations. Nevertheless, it gives some indication. The vis-
cosity of plasma is about 0.015 Poise (1.5 centipoise, cP) and the viscosity of 
whole blood at a physiological hematocrit of 40–45% is about 3.2  cP, or 3.2 
10−3 Pa·s.

Blood viscosity depends not only on plasma viscosity and hematocrit, but also on 
the size, shape and flexibility of the red blood cells. For instance, the hematocrit of 
camel blood is about half of that of human blood, but the camel’s red blood cells are 
more rigid, and the overall effect is a similar blood viscosity.
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1.1.2  �Anomalous Viscosity or Non-Newtonian Behavior 
of Blood

The viscosity of blood depends on its velocity. More exactly formulated, when 
shear rate increases, viscosity decreases (Fig.  1.4). At high shear rates the 
doughnut-shaped RBCs orient themselves in the direction of flow and viscosity 
is lower. For extremely low shear rates formation of RBC aggregates may occur, 
thereby increasing viscosity to very high values. It has even been suggested that 
a certain minimum shear stress is required before the blood will start to flow, the 
so-called yield stress. In large and medium size arteries shear rates are higher 
than 100 s−1, and the viscosity is practically independent of velocity, and can be 
assumed constant. The physiological range of wall shear stress is 10–20 dynes/
cm2, or 1–2  Pa, i.e. about 0.0075–0.015  mmHg. Several equations exist that 
relate shear stress and shear rate of blood, e.g., Casson fluid, and Herschel-
Bulkley fluid [1, 2].

Viscosity also depends on the size of a blood vessel (Fig. 1.5). In small blood 
vessels and at low velocities, blood viscosity apparently decreases with decreasing 
vessel size. This is known as the Fahraeus-Lindqvist effect, and it begins to play a 
role in vessels smaller than 1 mm in diameter. Therefore the non-Newtonian char-
acter of blood mainly plays a role in the microcirculation [3]. See also Chap. 6 on 
resistance in capillaries.

Red blood cells show axial accumulation, which is called plasma skimming, 
while the concentration of platelets appears highest at the wall.

Viscosity depends on temperature. A decrease of 1 °C in temperature yields a 2% 
increase in viscosity. Thus, in a cold foot blood viscosity is much higher than in the 
brain.

0

4

6

2

210.50.2 5 10 20 50

Shear rate (s–1)

V
is

co
si

ty
(c

P
 o

r 
10

–3
 P

a·
s)

 

Fig. 1.4  Viscosity of 
blood as function of shear 
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1.1.3  �How to Measure Viscosity

Blood viscosity is measured using viscometers. Viscometers consist essentially of 
two rotating surfaces, as a model of the two plates shown in the Box Figure. Blood 
is usually prevented from air contact and temperature is controlled. When compar-
ing data on viscosity one should always keep in mind that results are often device 
dependent.

1.2  �Physiological and Clinical Relevance

The anomalous character of blood viscosity results from the red blood cells, and the 
effects are mainly found in the microcirculation at low shear rates and small vessel 
diameters. The effects are of little importance for the hemodynamics of large arter-
ies. Thus, in large vessel hemodynamics, it may be assumed that viscosity is inde-
pendent of vessel size and shear rate.

Determination of blood viscosity in vivo is virtually impossible. In principle, the 
mean pressure drop over a blood vessel and the mean flow through it, together with 
vessel size, can be used to derive viscosity on the basis of Poiseuille’s law (Chap. 2). 
However, the vessel diameter in Poiseuille’s law appears as the fourth power, so that 
a small error in the vessel diameter leads to a considerable error in the calculated 
viscosity. Also, the mean pressure difference over a uniform segment of conduit 
artery is typically a fraction of 1 mmHg. Moreover, hematocrit is not the same in all 
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vessels due to plasma skimming effects, and side branches may receive blood with 
lower hematocrit. Finally, Poiseuille’s law may only be applied when there are no 
effects of inlet length (see Chap. 2) and pressure and flow are not pulsatile.

The main purpose of the circulation is to supply the tissues with oxygen and 
substrates and to remove CO2 and metabolites. Blood flow is also important for 
hormonal transport. Oxygen supply is the product of flow and oxygen content of the 
blood. The hematocrit determines the (maximum) oxygen carrying capacity of 
blood and its viscosity, and therefore the resistance to blood flow. These counteract-
ing effects on oxygen transport result in an optimal hematocrit of about 45% in the 
human at sea level, with a small difference between males and females. It appears 
that in mammals, blood viscosity is similar, but the hematocrit is not because of the 
different size, shape and flexibility of the red blood cells as mentioned above.

Low hematocrit, as in anemia, decreases oxygen content and viscosity of blood. 
The former lowers oxygen supply and the latter increases blood flow thus increasing 
supply. Inversely, polycythemia increases oxygen content but lowers blood flow. At 
high altitude, where oxygen tension is lower and thus oxygen saturation in the blood 
is lower, a larger hematocrit is advantageous. In endurance sports higher hematocrit 
is more efficacious during increased oxygen demand. This is the reason why 
Erytropoetin (EPO) is sometimes used by the athletes.
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Chapter 2
Law of Poiseuille

Parabolic velocity profile
ri r

vmax

Q = (DP/l)·(p·ri
4) /8h·

v(r) = (DP/l)·(ri
2–r2) /4h

t = 4h·Q/(p ri
3)

DP/lLaminar flow

 

The law of Poiseuille describes the relation between pressure drop, ΔP/l, and blood 
flow, Q, in a stiff tube under steady flow conditions. This figure shows a tube with 
circular cross-section where the blood flows in a laminar fashion, i.e., each fluid 
layer stays at the same constant distance from the center (left). The flow depends 
strongly on the radius of the tube (fourth power), the pressure drop over the tube 
length (ΔP/l) and viscosity of blood (η). The velocity profile, v(r), is parabolic (sec-
ond formula). The wall shear stress,τ, (third formula) acting on the intimal layer 
(endothelium) equals 4η Q/(π r3) =  (ΔP/l)·(ri/2). Resistance can be calculated as 
R = ΔP/Q = 8 ηl/π ri

4.

2.1  �Description

With laminar and steady flow through a uniform tube with inner radius ri, the veloc-
ity profile over the cross-section is a parabola. The formula that describes the veloc-
ity (v) as a function of the radius, r is:
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ΔP is the pressure drop over the tube of length (l), and η is blood viscosity. At the 
axis (r = 0), velocity is maximal, vmax, with vmax = ΔPri

2/4 η l, while at the wall 
(r = ri) the velocity is assumed to be zero. Mean velocity is:

	
v

P r

l
v Q rmean

i
i=

×
× ×

= = ×
D

p
2

2

8
2

h max / /
	

and vmean is found at r ≈ 0.7 ri.
Blood (volume) flow (Q) is mean velocity, vmean, times the cross-sectional area of 

the tube, πri
2, giving:

	
Q

P r

l
i=

× ×
× ×

D p 4

8 h 	

This is Poiseuille’s law relating the pressure difference, ΔP, and the steady flow, Q, 
through a uniform (constant radius) and stiff blood vessel. Hagen, in 1860, theoreti-
cally derived the law and therefore it is sometimes called the law of Hagen-
Poiseuille. The law can be derived from very basic physics (Newton’s law) or the 
Navier-Stokes equations that form the basis of all fluid dynamics (see Appendix 4).

The major assumptions for Poiseuille’s law to hold are:

The tube is stiff, straight, and uniform
Blood is Newtonian, i.e., viscosity is constant
The flow is laminar and steady, not pulsatile, and the velocity at the wall is zero (no 

slip at the wall).

In curved vessels and distal to branching points the velocity profile is not para-
bolic and the blood flow profile needs some length of straight tube to develop, this 
length is called inlet length (Fig. 2.1). The inlet length, linlet, depends on the Reynolds 
number (Re, see Chap. 4) as:

	 l Dinlet / . Re» 0 06 	

with D vessel diameter. For the aorta mean blood flow is about 6  l/min, and the 
diameter 3 cm, so that the mean blood velocity is ~ 15 cm/s. The Reynolds number 
is therefore ~ 1350. This means that linlet /D is ~ 80, and the inlet length ~ 240 cm, 
which is much longer than the length of the entire aorta. In the common iliac artery, 
the Reynolds number is about 500 and diameter 0.6 cm giving an inlet length of ~ 
18 cm. In other, more peripheral arteries the inlet length is much shorter but their 
physical length is shorter as well. Clearly, a parabolic flow profile is not even 
approximated in the arterial system. Nevertheless, the law of Poiseuille can be used 
as a concept relating pressure drop to flow.

A less detailed and thus more general form of Poiseuille’s law is Q = ΔP/R with 
resistance R being:

	 R l ri= ×8 4h / p 	

2  Law of Poiseuille
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This law is an analogous to Ohm’s law of electricity, where resistance equals volt-
age drop/current. In this analogy, the voltage difference is compared to pressure 
drop and current to volume flow. In hemodynamics, we also call it Ohm’s law. Thus:

	 DP Q R/ = 	

This means that resistance can be calculated from (mean, time averaged) pressure 
and mean flow measurements.

Use of Ohm’s law (Chap. 6) allows the calculation of resistance of a whole vessel 
bed. Application of Poiseuille’s law to individual vessels of different lengths and 
diameters, to derive total resistance is virtually impossible, but Ohm’s law is simple 
to use.

2.1.1  �Calculation of Wall Shear Stress

The wall shear rate can be calculated from the slope of the velocity profile near the 
wall (angle θ in Fig. 2.2), which is the velocity gradient close to the wall (see Chap. 
1). The derivative of the parabolic velocity profile gives the shear rate γ = (ΔP/l)·r/2η. 
Shear stress is shear rate times viscosity τ = (ΔP/l)⋅r/2. The shear rate at the vessel 
axis, r = 0, is zero, and at the wall, r = ri, it is τ = (ΔP/l)·ri /2, so the blood cells 
encounter a range of shear rates and shear stresses over the vessel’s cross-section 
and is highest at the wall (Wall Shear Stress). Wall shear stress acts on the endothe-
lium cells.

The shear stress at the wall can also be calculated from basic principles (Fig. 2.3). 
For an arterial segment of length l, the force resulting from the pressure difference 

Parabolic profile

In
le

t l
en

gt
h

Skewed profile
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entering a side branch 
results in skewed velocity 
profile. It takes a certain 
inlet length, inlet length, 
before the velocity 
develops into a parabolic 
profile again
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(P1 – P2) = ΔP, times the cross-sectional area, πri
2, should equal the opposing force 

generated by friction. This frictional force on the wall equals the shear stress,τ times 
the lateral surface, 2πri⋅l. Equating these forces gives, ΔP·πri

2 = τ·2πri·l, and

	
t     P l ri/ /· 2

	

Blood viscosity is not present in the formulas, thus with constant perfusion pressure 
a change in blood viscosity does not affect wall shear stress.

The wall shear stress may also be expressed as a function of volume flow assum-
ing Poiseuille’s law to hold:

	 t  4 3 Q ri/ 	

this is a more useful formula for estimating shear stress because flow and radius can 
be measured noninvasively using ultrasound or MRI, whereas a pressure gradient 
cannot.

2.1.2  �Example of the Use of Poiseuille’s Law  
to Obtain Viscosity

A relatively simple way to obtain viscosity is to use a reservoir that empties through 
a capillary (Fig. 2.4). Knowing the dimensions of the capillary and using Poiseuille’s 
law viscosity can be calculated. Even simpler is the determination of viscosity 

r vri

q

Fig. 2.2  The shear rate 
can be calculated from the 
‘rate of change of velocity’ 
as indicated by angle Θ. 
Shear rate at the wall is 
largest. Relations between 
shear rate and flow or 
pressure gradient are given 
in the text

P1 P2

T

ri

Length, l 
Fig. 2.3  Shear stress at the 
wall can also be calculated 
directly by the balance of 
pressure, ΔP = P1 − P2, 
and frictional forces: 
τ = (ΔP/l)·(ri/2)

2  Law of Poiseuille
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relative to that of water. In that case only a beaker and stopwatch are required. The 
amounts of blood and water obtained for a chosen time are inversely proportional to 
their viscosities. The practical design based on this principle is the Ostwald 
viscometer.

2.1.3  �Murray’s Law

Murray’s law (1926) was originally proposed by Hess in 1913 and assumes that the 
energy required for blood flow plus the energy needed to maintain the vasculature is 
assumed minimal [1]. The first term equals pressure times flow and, using 
Poiseuille’s law, this is P·Q = Q2⋅8⋅η⋅l/πri

4. The second term is assumed proportional 
to vessel volume and thus equals b⋅π ri

2l, with b a proportionality constant. The total 
energy, Em, is:

	 E Q l r b r lm i i= × × + ×2 4 28h / p p 	

The minimal value is found for dEm /dr = 0 and this leads to:

	
Q l r ri i= ( ) × ( ) ´ = ×p / /

.
4

0 5 3 3b kh
	

For a bifurcation it holds that

	
Q Q Qmother daughter daughter= +1 2 	

and thus

	
k k km d dr r rmother daughter daughter

3
1

3
1 2

3
2= +, , 	

DP

radius, ri
length, l 

Capillary

Flow

ReservoirFig. 2.4  A wide bore 
reservoir maintaining 
constant pressure, provides 
the blood flow through a 
capillary. The application 
of Poiseuille’s law, or 
comparison with water, 
gives absolute and relative 
viscosity, respectively
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with two equal daughters and lengths, and equal k’s, it holds that:

	
r rmother daughter
3 32= ×

	

and we find that

	
r r rdaughter mother mother= ( ) »½ .

/1 3
0 79

	

The area of both daughters together is thus 2⋅0.792 ≈ 1.25 the area of the mother 
vessel. This area ratio is close to the area ratio predicted by Womersley on the basis 
of the oscillatory flow theory (Chap. 8), where minimal reflection of waves at a 
bifurcation (Chap. 12), is found when the area ratio is between 1.15 and 1.33 [2]. 
Thus, Murray’s law suggests a minimal size of blood vessels and an optimum area 
of bifurcation [1]. It can be shown that the constant k relates to shear rate, as k = πγ 
/4 ≈ 0.75γ. The finding that wall shear differs considerably between mammalian 
vessels implies that Murray’s law cannot simply be applied to the whole arterial 
system [3, 4].

2.2  �Physiological and Clinical Relevance

The more general form of Poiseuille’s law given above, namely Ohm’s law, 
Q = ΔP/R allows us to derive resistance, R, from mean pressure and mean flow 
measurement (Chap. 6).

The wall shear stress, i.e., the shear force on the endothelial cells plays an impor-
tant role in the short term, seconds to minutes, and the long term, weeks, months or 
years. Short-term effects are vasomotor tone and flow mediated dilatation (FMD). 
Long-term effects are vascular remodeling, endothelial damage, changes in barrier 
function, and atherosclerosis (Chap. 29).

Shear stress plays a role in the embryonic development of the cardiovascular 
system. On the one hand shear stress, through gene expression, affects (ab)normal 
cardiovascular growth [5], and on the other hand it activates blood-forming stem 
cells [6].

It is still not possible to directly measure wall shear stress or shear rate in vivo. 
Shear rate is therefore best estimated from the velocity profile. Velocity profiles can 
be measured with MRI and Ultrasound Doppler. From the velocity profile the veloc-
ity gradient, dv/dr, is then calculated. However, the calculations to obtain shear rate 
at the vessel wall require extrapolation, because very near the wall velocity cannot 
be measured. To calculate wall shear stress the blood viscosity near the wall has to 
be known as well, but viscosity close to the wall is not known because of plasma 
skimming (Chap. 1). Also, the change in vessel diameter over the heartbeat is almost 
impossible to account for.

2  Law of Poiseuille
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Wall shear stresses are about 10–20 dynes/cm2 (0.01 mmHg), which is about 
10,000 times less than the circumferential stress in the vessel wall, the hoop stress 
(Chap. 9). Despite this enormous difference in magnitude, both stresses are equally 
important in the functional wall behavior in physiological and pathological condi-
tions (see Chaps. 29 and 30).
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Chapter 3
Bernoulli’s Equation
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Bernoulli’s equation relates blood pressure, P, and blood flow velocity, v. It 
expresses the conservation of energy in the flowing blood. If pressure losses due to 
friction or turbulence are neglected, Bernoulli’s equation states that the sum of 
mechanical energy expressed in terms of pressure, P, kinetic energy based on 
blood velocity, ½·ρ·v2, and potential energy, ρ g z, stays constant. For a blood ves-
sel in the supine human the term ρ g z is usually neglected, and P + ½ ρ·v2 = con-
stant. Thus, when velocity is high, (v2 > v1, right hand figure), pressure is low. In 
reality pressure distal to the narrowing section does not recover completely as 
suggested by Bernoulli’s equation. The law helps to understand the effect of val-
vular stenosis and coarctation. The pressure drop over a stenosed valve can be 
estimated by ΔP = 4vs

2 with ΔP in mmHg and vs, the maximal velocity in the ste-
nosis, given in m·s−1.
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3.1  �Description

The Bernoulli equation can be viewed as an energy law. It relates blood pressure 
(P) to flow velocity (v). Bernoulli’s law says that if we follow a blood particle along 
its path (dashed line in left Figure in the Box) the following sum remains 
constant:

	 P v g z+ × × + × × =½ r r2 constant 	

where ρ is blood density, g acceleration of gravity, and z elevation with respect to a 
horizontal reference surface (i.e., ground level or heart level). One can derive 
Bernoulli’s equation from Newton’s law: Pressure forces + gravitational 
forces = mass times acceleration.

Strictly speaking, the Bernoulli equation is applicable only if there are no vis-
cous losses and blood flow is steady.

3.2  �Physiological and Clinical Relevance

Bernoulli’s law tells us that when a fluid particle decelerates pressure increases. 
Conversely, when a fluid particle accelerates, such as when going through a (severe) 
stenosis, pressure drops.

Because of the direct relationship between pressure and velocity, the Bernoulli 
equation has found several interesting clinical applications, such as the Gorlin [1] 
equation for estimating the severity of an aortic or mitral valve stenosis.

Let us consider flow through a stenosed valve according to Fig. 3.1.

Ps

Pv

vs

vv

Fig. 3.1  Pressures, Pv and 
Ps, and velocities, vv, and 
vs, in ventricular lumen, v 
and valvular stenosis
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3.2.1  �Applying Bernoulli’s Law

Consider the pressure and velocity over a valvular stenosis. When height differences 
are neglected

	 P v P vv v s s+ × × = + × ×½ ½r r2 2

	

with subscripts v and s pertaining to ventricle and valve respectively.

	
P P v vv s s v- = × × -( )½ r 2 2

	

The flow Q is the same at both locations, thus Av⋅vv = As⋅vs = Q, where Av and As are 
the cross-sectional areas of ventricle and valve, respectively. Substituting this into 
the Bernoulli’s equation we obtain:

	
DP P P Q A Av s s v= - = × × × -( )½ / /r 2 2 21 1

	

Since the cross-sectional area of the stenosed valve As is much smaller than the 
cross-sectional area of the ventricle (As ≪ Av), the equation can be simplified to:

	 DP Q A vs s= × × = × ×½ / ½r r2 2 2

	

When blood velocity in the stenosis, vs is expressed in m/s, the pressure drop (ΔP, 
in mmHg) is approximately 4⋅vs

2.
This relation has been used to estimate effective area, As, of a valvular stenosis 

by measuring flow and pressure gradient (e.g., using a pressure wire).

	
A Q

Ps =
r

2D 	

When the pressure is in mmHg and flow in ml/s, this gives an effective area: As (in 
cm2)  =  0.02⋅Q/√ΔP. If pressure recovery downstream of the vena contracta is 
included then: As = 0.0225⋅Q/√ΔP = Q/(44√ΔP), [2].

3.2.2  �Calculation of Aortic Valvular Area

Doppler velocimetry applied to both the valvular annulus and the aorta allows for 
the direct calculation of relative valve area (Fig.  3.2). Since volume flow is the 
same, the product of velocity and area (Q) is also the same at both locations. Thus

	 A A v vvalve aorta aorta valve= / 	

3.2  Physiological and Clinical Relevance
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3.2.3  �Jets and Vena Contracta

Jets and vena contracta (Fig. 3.3) are formed when blood flow emerges from an 
opening such as a valve and play a role in valvular stenosis and regurgitation. The 
contraction coefficient, i.e., the area ratio of the jet and the valve (dashed) depends 
on the shape of the valve. The coanda effect is the phenomenon that a jet along the, 
atrial or ventricular, wall appears smaller than a free jet. Estimation of valvular 
area from the jet area is therefore not straightforward. Computational flow dynam-
ics, i.e., the numerical solution of the Navier-Stokes equations, allows the calcula-
tion flow velocity in complex geometries and makes it possible to learn more about 
jets.

3.2.4  �Kinetic Energy

Bernoulli’s equation pertains to conservation of energy. The term ½⋅ρ⋅v2 is the 
kinetic energy. At peak systole (P = 120 mmHg), the blood flowing in the lower 
abdominal aorta with a peak velocity v ≈ 0.5 m/s hits the wall of the apex of the iliac 
bifurcation. If it would come to a rest there, velocity is negligible (v = 0). On the 
basis of the Bernoulli equation this implies a pressure rise in systole of ½⋅ρ⋅v2 = 1/2⋅ 
1060⋅(0.5)2 = 130 N/m2 ≈ 0.13 kPa or about 1 mmHg.

O’Rourke [3] introduced the terms lateral pressure and impact pressure (Fig. 3.4). 
To calculate power or energy the impact pressure should be used. For the calculation 
of impedance (Chap. 24) a linear system is required and lateral pressure is preferred, 
but it does change in a stenosis (Fig.  3.4). In unstenosed vessels the differences 

Valve
diameter

Jet
diameter

Fig. 3.3  Vena contracta 
effect is the result of the 
inability of the fluid to turn 
a sharp corner. The 
contraction coefficient 
Ajet/Avalve depends on the 
anatomical shape

Av = Aao(Vao/Vv)

vaovv

Valvular area Area aortaFig. 3.2  Relative aortic 
valve area can be derived 
from Doppler velocity 
measurements, in aorta and 
valve, and aortic area
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between lateral and impact pressure are not large. Therefore, the lateral measure-
ment is generally accepted as standard method.

3.2.5  �The Hydrostatic Pressure

Most measurements are performed in the supine position. However, most activity 
takes place in the standing position. Pressures in the arterial and venous systems in 
the supine and the (motionless) standing position differ considerably. In the supine 
subject the mean pressures in major arteries are all about 100 mmHg and in the 
major veins about 5 mmHg, respectively. In the standing position the hydrostatic 
pressure plays a role, with a height of 133 cm blood corresponding to a pressure of 
about 100 mmHg. Arterial pressure in the main head arteries is then about 50 mmHg 
and in the veins about −45 mmHg. Pressure in the arteries of the feet are about 
190 mmHg and venous pressure about 95 mmHg [4]. Effectively, the arterio-venous 
pressure gradients are not much affected. Thus, the driving forces for the flow are 
not much different in the two positions, but the transmural pressures over the vessel 
wall are very different and this mainly has an effect on the venous and capillary 
systems since arteries are much stiffer than veins and capillaries. The result is 
venous pooling of blood which reduces cardiac filling and therefore has a, tempo-
rary, effect on the pump function of the heart. The capillary transmural pressure 
increase gives rise to edema formation. The high filling of the veins can in part be 
compensated by muscle contraction, the skeletal muscle pump.

When a person is lying in a reclined position the central venous pressure can be 
estimated in the veins of the neck and hand. The height difference between the point 
of collapse of superficial hand veins and the heart, is a measure of venous filling 
pressure. If the height difference is z in cm, the venous pressure can be estimated as 
z/1.33 mmHg, or with z = 10 cm the pressure it is 7.5 mmHg.

Lateral pressure

Impact pressure

Catheter

Impact pressure

Lateral pressure

Fig. 3.4  A catheter with a lateral sensor (green) measures pressure without the contribution of 
blood velocity. The end-sensor measures impact pressure, pressure plus ½ρ·v2. When the catheter 
is moved through a stenosis the lateral pressure is lower in the stenosis while impact pressure, 
P + ½ρ·v2 is constant
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Chapter 4
Turbulence

Re = rvD/h
with 

r =  blood density
v = blood velocity
D = diameter
h = blood viscosity

F
lo

w

Pressure difference

Critical Re = 2200

Laminar
(streamline)

Turbulent

Laminar Turbulent

 

Laminar and turbulent flow. In laminar flow particles remain in a single layer (left), 
while in turbulent flow blood particles move erratically between layers (right). 
Turbulent flow is less efficient than laminar flow, i.e., a relatively larger pressure 
difference is required for the same amount of flow. Laminar flow may be steady or 
unsteady (pulsatile). The Reynolds number, Re = ρ v D/η, is a dimensionless num-
ber (no units) characterizing the flow. In a straight vessel, when the Reynolds num-
ber exceeds the critical value of 2200 flow becomes turbulent. Below the critical 
Reynolds number flow is laminar. In general, flow in the arterial system is laminar. 
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In the aorta for large cardiac outputs, as during exercise, flow can be turbulent. Flow 
distal to stenoses and stenotic valves is turbulent. Flows in vascular access grafts in 
hemodialysis patients can also be very high leading to turbulence.

4.1  �Description

When flow in a straight cylindrical tube is relatively low, fluid particles move 
smoothly in concentric layers (Box Figure, left). This type of flow is called laminar 
flow. The relation between the pressure gradient and flow is linear and described by 
Poiseuille’s laws. As flow increases, the smooth parallel fluid motion becomes 
wavy, leading to vortices propagated downstream, with more increase in flow the 
number of vortices increases and finally fluid motion becomes irregular [1]. This 
irregular and seemingly random fluid particle motion is called turbulence. Turbulent 
flow is energetically more costly than laminar flow, because part of the mechanical 
energy used to maintain flow (i.e., pressure gradient) is lost in the erratic motion 
between the fluid particles. The resistance to flow is thus higher and increases with 
flow, which is reflected by the change in slope in the relation between pressure drop 
and flow (Box Figure, right).

To judge whether a fluid flow is laminar or turbulent, the Reynolds number, Re, 
is often used. Re is defined as

	 Re / ,= × ×r hv D 	

with ρ the fluid density, v the mean fluid velocity, D the tube inner diameter and η 
fluid viscosity. The Reynolds number is dimensionless (has no units) and reflects the 
ratio of inertia and viscous effects. For low Reynolds numbers the viscous effects 
are dominant and laminar flow prevails. Thus, it is not only the fluid velocity that 
determines whether or not the flow is laminar, but tube size, viscosity and blood 
density also play a role.

There exists a transitional zone around the critical Reynolds number of 2200 
where flow is neither strictly laminar nor strictly turbulent. Also, when flow is 
slowly increased turbulence may start at Reynolds numbers somewhat higher than 
2200 and, inversely, when flow is decreased from a turbulent condition it may 
remain turbulent for Reynolds numbers smaller than 2200. In some hemodynamic 
texts the radius is used instead of the diameter; and the critical Reynolds number is 
then 1100.

4.2  �Physiological and Clinical Relevance

At normal resting conditions arterial flows are laminar. For instance, in the human 
aorta at rest with a Cardiac Output, CO, of 6 l/min (100 ml/s) the Reynolds number 
can be calculated as follows. Mean velocity v  =  CO/πri

2, and with ri  =  1.5  cm, 

4  Turbulence



25

v = 6000/(60⋅π⋅1.52) ≈ 15 cm/s. Assuming blood density to be 1.06 g/cm3 and blood 
viscosity to be 3.5 cP the Reynolds number equals Re = v⋅D⋅ρ/η = 1.06⋅15⋅2⋅1.5/0.
035 ≈ 1350. This Reynolds number is below the critical number of 2200 and thus 
flow is laminar. With heavy exercise, where flow can increase by a factor of 5, the 
Reynolds number increases to values above 2200 and turbulence occurs.

The criterion for transition to turbulence, i.e., Re > 2200 applies to steady flow in 
straight uniform tubes. Because arterial flow is highly pulsatile and blood vessels 
are not uniform, this criterion does not strictly apply. For pulsatile flow laminar flow 
persists longer and transition to turbulence takes place at higher Reynolds 
numbers.

Turbulence is delayed when the fluid is accelerating whereas transition to turbu-
lence occurs faster in decelerating flows. Loss of pressure due to turbulence is an 
effective means to decelerate flow fast. An example is turbulence distal to a stenosis. 
Fluid particles, which have been accelerated through the converging part of the 
stenosis decelerate fast in the distal expanding part of the vessel, the flow separates 
and turbulence develops. Turbulence in severe stenoses can be initiated for Reynolds 
numbers as low as 50.

Turbulence may affect endothelial function and plays an important role in certain 
pathologies. For example, it has been suggested that turbulence distal to a stenosis 
contributes to the phenomenon of post-stenotic dilatation (Chap. 5). Aortic dilata-
tion in valvular stenosis is also known to exist. Turbulence occurring at the venous 
anastomoses of vascular access grafts used in hemodialysis patients is correlated 
with the local development of intima hyperplasia, which ultimately leads to a steno-
sis and graft failure.
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Chapter 5
Arterial Stenosis

Q

DP

DP = a1·Q + a2·Q2

ls

AsA0

 

Aortic coarctation and arterial stenosis is a localized narrowing of the arterial lumen, 
typically as a result of atherosclerosis. A stenosis is quantified by the ratio As/A0, 
called the area ratio, often expressed as % area occlusion, given as (1 − As/A0)·100. 
The relation between pressure drop across the stenosis, ΔP, and flow, Q, is qua-
dratic, which means that stenotic resistance increases with flow. The linear term in 
the pressure drop-flow equation accounts for the viscous losses within the stenosis, 
whereas the quadratic term accounts for losses due to turbulence. In severe stenoses 
(area occlusion more than 85%), turbulent losses dominate and the pressure drop is 
proportional to flow squared. Severe stenoses add significant resistance to flow and 
can be potentially harmful by preventing adequate blood supply to distal beds.

5.1  �Description

Stenosis, from the Greek word for ‘narrowing’, is a medical term used to describe a 
localized constriction in an artery. Stenoses are usually caused by the development 
of atheromatous plaques in the sub intimal layer of the arterial wall, which subse-
quently protrude into the lumen of the artery, thus causing a narrowing and limiting 
the free passage of blood.

A coarctation or arterial stenosis consists of a converging section, a narrow sec-
tion, with the minimal luminal section defining the degree of stenosis, and a diverging 
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section (Fig. 5.1). In the converging section, Bernoulli’s equation holds (see Chap. 
3). In the narrow section Poiseuille’s law is assumed to apply, provided that this nar-
row section is long enough with approximately constant diameter. In the diverging 
section flow separates and is often turbulent with significant viscous losses, which 
means that in this region neither Bernoulli’s nor Poiseuille’s law applies.

The severity of a stenosis can be expressed as % area (1 − As/Ao)⋅100 or percent-
age of the normal diameter as (1 − Ds/Do)⋅100, with subscripts s and o denoting 
stenotic and unstenosed vessel segments, respectively (Figure in the Box). Pressure 
losses over a coarctation can be treated through semi-empirical relations. Such a 
relationship was developed by Young & Tsai [1] who performed a series of experi-
ments of steady and pulsatile flows in models of concentric and eccentric stenoses. 
Young and Tsai found that the pressure across a stenosis, ΔP, can be related to flow, 
Q, by the following relation:
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where A0 is the unobstructed cross-sectional lumen area and As the minimal free 
cross-sectional lumen area (see Box Figure). The first term of the stenosis equation 
accounts for the viscous losses (Poiseuille’s law) as blood flows through the narrow 
coarctation lumen. The second term accounts for the pressure losses distal to the 
stenosis and it is derived from the mechanics of flow in a tube with an abrupt expan-
sion. The Kt is an empirical coefficient approximately equal to 1.5, but strongly 
depending on the shape of the stenosis, smoother return to distal area corresponds 
with a smaller Kt. The equation is derived for steady flow, but for oscillatory 
pressure-flow relations a qualitatively similar equation holds [2].

5.1.1  �Post Stenotic Dilatation

The arterial diameter distal of a stenoses is often increased, a phenomenon called 
post stenotic dilatation. The mechanism causing the dilatation is still not clear. It 
may be due to abnormal shear stress and turbulent flow downstream of the stenosis, 

Converging tube: zone
where Bernoulli’s equation
applies.

Diverging tube: flow separation
& turbulence. Energy losses are
important. Bernoulli’s equation
and Poiseuille’s law do not apply.

Narrow section. If it is
long and constant in
diameter Poiseuille’s
law applies.

Fig. 5.1  A coarctation 
consists of a converging 
section, a narrow section 
and a diverging section, 
each with their particular 
pressure-flow relations
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leading to extracellular matrix remodeling in the vessel wall. It has also been sug-
gested that vessel wall vibrations distal to the stenosis cause the dilatation [3] 
Another possible mechanism of post-stenotic dilatation is the effect of increased 
shear stress within the stenosis upon platelets which become activated and release 
the serotonin from their dense granules. Serotonin acts upon endothelial 5HT1 
receptors to release nitric oxide which relaxes the vascular smooth muscle to pro-
duce dilatation.

5.2  �Physiological and Clinical Relevance

The best way to characterize a stenosis is by constructing the relation between flow 
through and pressure across the stenosis (See Fig. 5.2).

The empirical formula for the pressure drop across a stenosis shows that both 
flow and area appear as quadratic terms. This is an important aspect of the hemody-
namics of a coarctation. To illustrate the significance of the quadratic terms, let us 
assume that the stenosis length, ls, is very small so that the first term in the equation 
above, a1⋅Q, is negligible. The pressure drop is then proportional to the flow squared. 
Suppose that a patient with a mild coarctation in the femoral artery has, at rest, a 
pressure gradient over the narrowed section of 10 mmHg. When the patient starts 
walking, and the peripheral bed dilates to allow for more perfusion flow through the 
microcirculation, the gradient in pressure increases. When flow needs to increase by 
a factor three the pressure gradient should be 10·32 = 90 mmHg. This is clearly 
impossible and vasodilation, the decrease in peripheral resistance of the leg, does 
not help to increase flow sufficiently.
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Fig. 5.2  Pressure drop over a coronary stenosis, as a function of blood flow velocity during dias-
tole to minimize the effect of cardiac muscle contraction on the vasculature. The range of velocities 
is obtained by vasodilation of the distal vessels. The quadratic expression can be applied. (Adapted 
from Ref. [4], used by permission)
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The pressure drop is inversely related to the square of the cross-sectional area in 
the stenosis. For an 80% area stenosis, the factor (A0/As − 1)2 equals (1/0.2 – 1)2 = 16, 
whereas for a 90% stenosis this factor increases to 81. Thus a 90% stenosis is 81/16 
or about 5 times more severe in terms of pressure drop than an 80% stenosis for a 
similar flow, i.e., it increases from 10 to 50 mmHg. This strongly nonlinear effect 
implies that complaints from ischemia will arise ‘suddenly’ when the narrowing 
becomes more severe, typically for a stenosis of >70%. Measurement from angiog-
raphy is often not accurate enough to distinguish the small differences in area 
reduction.

From Bernoulli’s equation it follows that at high velocity in a stenosis the pres-
sure is low (Chap. 3). This implies that, as is the case during vasodilation, when 
flow and thus velocity is increases, the transmural pressure in the narrow section 
may decrease to low values. For compliant stenoses, (compliant wall) the decrease 
in transmural pressure may lead to extra narrowing, thereby worsening the 
situation.

5.2.1  �Flow Reserve

Angiographic data often do not give accurate information about the functional 
hemodynamic aspects of a stenosis or coarctation. This has led several investiga-
tors to propose methods to obtain a quantitative description in terms of pressure-
flow relations. One approach is the determination of flow reserve. The, absolute, 
flow reserve is defined as the ratio of flow during maximal (pharmacologic) dilata-
tion and flow during control (Qmax /Qcontr). In Fig. 5.3, pressure distal to a stenosis, 
Pd, is plotted as a function of flow, while proximal (aortic) pressure is assumed to 
be constant. It is apparent that when the periphery is strongly dilated, i.e., the 
peripheral resistance decreases from Rcontr to Rmin the flow increases. However, in 
the presence of a severe stenosis (lower curve in Fig. 5.3), the flow increase is lim-
ited and distal pressure greatly decreases. In control conditions, at rest, flow may 
be hardly affected by the presence of the stenosis, since peripheral (physiological) 
dilation may compensate for the stenosis ‘resistance’, i.e., Qcontr depends on steno-
sis severity and on microvascular resistance. At maximal vasodilation a severe ste-
nosis limits maximal flow Qmax considerably, but the peripheral resistance remains 
playing a role. Thus, in presence of a stenosis, flows are not determined by the 
stenosis alone, but by both the stenosis and the microvascular resistance. In other 
words, the flow reserve (Qmax /Qcontr) is not determined by the severity of a stenosis 
alone.

5  Arterial Stenosis
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Fig. 5.3  In this figure pressure (distal of a stenosis) is plotted as a function of flow. Flow reserve 
is defined as the ratio of flow during maximal vasodilation and flow during control. Without steno-
sis the Qmax,n/Qcontr,n is much larger than with a stenosis present, Qmax,st/Qcontr,s. With the stenosis the 
microcirculation may dilate to result in similar flow at rest (indicated by green). When the periph-
eral bed is maximally vasodilated, peripheral resistance decreases from Rcontr to Rmin,dilation and flow 
increases, but distal pressure decreases. The decrease in distal pressure limits the maximal flow 
under vasodilation, thereby reducing the flow reserve. Thus, the flow reserve depends on the steno-
sis severity and microvascular resistance both in control and after maximal dilation. The Fractional 
Flow Reserve, FFR, is the ratio of the maximal flow with the stenosis present and maximal flow in 
the unaffected bed, Qmax,st /Qmax,n. The FFR depends on the stenosis severity and also on how much 
the distal bed can dilate. The FFR is close to the ratio of the distal pressure during dilation and the 
proximal pressure, Pdistal,min /Pprox, if the maximally dilated bed distal to the stenosis is “normal”. 
The, nonlinear, relation between pressure drop over the stenosis and flow through it, (Pprox − Pdmin)/Q, 
depends on the stenosis severity only
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5.2.2  �Fractional Flow Reserve

Another estimate of stenosis severity is the Fractional Flow Reserve, FFR, which is 
the ratio of the maximal (pharmacologically induced) flow, Qmax,st in the bed per-
fused by the stenosed artery and the maximal flow in a normal, not stenosed bed, 
Qmax,n. The FFR is thus

	

FFR Q Q P P R P P Rst n d v st prox v contr   max, max, ,min ,mi/ [( ) / ] / [( ) / nn ]
/ / P P P Pd prox d aorta 	

with Pd being the distal pressure during maximal dilation, and Pprox the proximal 
(aorta) pressure, and Pv venous or intercept pressure (Chap. 6). For coronary steno-
ses the proximal pressure equals aortic pressure. Under the assumption that the 
microvascular bed of the stenosed area has the same resistance as the bed of the 
normal area, Rst = Rn, and assuming that Pv is small with respect to Pd it holds that 
the FFR is close to the ratio Pd/Paorta [5].

Although a normal periphery and the periphery distal to a stenosis may not have 
similar resistance, the FFR appears a workable parameter. The cut-off value of the 
FFR is 0.74, i.e. for values higher than 0.74 the stenosis is not considered function-
ally important. For segmented stenoses, i.e., stenoses severity changes over the ves-
sel’s length, and for multiple stenoses Pd should be measured distal of the last lesion.

Spaan et al. [6] have reviewed the principles and limitations of flow reserve.
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Chapter 6
Resistance
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Resistance to blood flow is an important property of blood vessels. Resistance can 
be determined by the ratio of mean pressure difference over and mean flow through 
a blood vessel (R = ΔP/Q, Ohm’s law). For a single uniform vessel Poiseuille’s law 
can predict its resistance, but in practice resistance is obtainable using Ohm’s law. 
In other words, resistance although depending on the vascular geometry and blood 
viscosity, can be calculated directly from measurements of mean pressure differ-
ence, ΔP, and mean blood flow, Q. Detailed knowledge of the vascular geometry is 
not required. Ohm’s law not only pertains to single blood vessels but may also be 
applied to combinations of vessels, whole organ beds, and the whole systemic or 
pulmonary circulation. Rules for addition of resistances are discussed below. 
Resistance should always be calculated from a mean pressure difference as indi-
cated by ΔP. In the systemic circulation venous pressure is usually much lower than 
aortic pressure and ΔP is close to aortic pressure. However, this is not the case in the 
pulmonary circulation. The resistance in the systemic, and pulmonary circulation 
are mainly determined by the resistance of small arteries and arterioles, often called 
resistance arteries. This means that the mean pressure in all large, conduit arteries, 
is almost the same. The arterioles act as resistances to regulate flow to the local 
tissue.
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6.1  �Description

Poiseuille’s law (Chap. 2) shows that resistance depends on the length and diameter 
of the vessel, and the viscosity of blood. However, even for a single blood vessel, it 
is difficult to derive the relation between pressure and flow on the basis of Poiseuille’s 
law. The diameter of the vessel needs to be accurately known because of the fourth 
power law. Furthermore, the vessel should be uniform, and, especially for small 
vessels, the anomalous viscous properties of blood makes it impossible to use a 
single value for viscosity. Accurate calculation of resistance on the basis of 
Poiseuille’s law is therefore virtually impossible. However, resistance can be calcu-
lated from the ratio of the mean pressure gradient and mean flow constituting a 
practical experimental approach. Thus, although Poiseuille’s law makes it possible 
to arrive at several important conclusions regarding vascular function, in practice 
we use resistance as calculated using Ohm’s law: the ratio of the mean pressure dif-
ference over the vessel or system and mean flow through it, ΔP/Q (Fig. 6.1).

To understand where resistance is located in the arterial tree we need to know 
some rules about resistances.
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6.1.1  �Addition of Resistances

Two resistances in series result in a total resistance equal to the sum of the resis-
tances. This rule can be derived as follows. The total pressure drop over two resis-
tances in series is the sum of the individual pressure drops, i.e., ΔPtotal = ΔPI + ΔPII 
and flow is the same through both. Thus ΔPtotal = Q⋅RI + Q⋅RII = Q⋅(RI + RII) =  
Q⋅Rtotal. Thus, Rtotal = RI + RII, i.e., the total resistance is the sum and thus larger than 
each individual resistance.

Two resistances in parallel add up in a so-called ‘inverse’ fashion (Fig.  6.2). 
When in parallel, the pressure drop, ΔP, over both daughter vessels is the same, and 
the two flows add up to total flow, Qtotal, thus

	
Q Q Q Q P R P R P R R P Rm total d d sum= = + = + = +( ) =, , / / / / / /1 2 1 2 1 21 1D D D D

	

and we find

	 1 1 11 2/ / /R R Rsum = + 	

For the two daughters and mother together, the resistance is then:

	 R R Rtotal mother sum= + 	

An easier calculation is through conductance (G), which is the inverse of resistance, 
G = 1/R. Ohm’s law written in terms of conductance is Q = ΔP⋅G. Parallel conduc-
tances can be added directly: Gtotal = G1 + G2.

Thus, two equal resistances in parallel add to a total resistance of half the resis-
tance of each. Ten equal arterioles in parallel result in an overall resistance equal to 
1/10 of a single arteriole.

DPm

Qm

Qd,1

Qd,2

DP

DP

Fig. 6.2  A blood vessel, 
mother, divides into two 
smaller, daughter vessels. 
We determine the 
resistance of this network 
by proper addition of the 
two distal vessels in 
parallel and then add the 
resistance of the mother 
vessel. Note that we work 
from the distal end
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6.1.2  �Physical Reason Why the Systemic Resistance Is Mainly 
Located in the Arterioles

We first compare the resistance of the aorta with the resistance of an arteriole using 
Poiseuille’s law. Comparing an aortic with radius of 15 mm and an (arbitrary) length 
of 50 cm with an arteriole with a radius of 7.5 micrometer and a length of 1 mm we 
can estimate the resistance ratio of the two. The radius ratio is 2000 and the length 
ratio is ~500, thus the resistance ratio is (2000)4/500, i.e., ~3⋅1010. Thus, the resis-
tance of a single arteriole is 3⋅1010 larger than of a 50 cm long aorta.

However, there is only one aorta and about 3⋅108 arterioles, and since these arte-
rioles all sprout (indirectly) from the single aorta we can consider them as in paral-
lel. Thus, the total arteriolar resistance is about 3⋅1010/3⋅108 ≈ 100 times as large as 
the resistance of the aorta.

Therefore, the pressure drop over the aorta is about 1% of the total pressure drop 
over the systemic arterial system, which is about 100 mmHg. Indeed, the mean pres-
sure in the dorsalis pedis artery is, in the supine human, only a few mmHg lower 
than mean pressure the ascending aorta.

6.1.3  �Resistance of Capillaries and Veins

Capillaries have diameters that are of the same order as the smallest arterioles but 
their number is larger (4–5 capillaries per arteriole) and therefore their resistance is 
about 4–5 times smaller. The glycocalyx, the carbohydrate structures on the luminal 
surface of the microvascular endothelial cells, not only protects against edema, but 
also reduces the effective capillary diameter and thus increases capillary resistance 
[1]. At present an unresolved controversy is the mechanism of the low resistance of 
capillaries when the red cells (RBCs) have a diameter larger than the capillary. The 
red blood cells deform to squeeze through even though the pressure gradient is very 
small. An important role is thus played by the deformability of the RBCs [2], 
reduced RBC deformability as in Sickle Cell Anemia increases the resistance to 
capillary flow. The interaction of the capillary endothelial glycocalyx with the RBCs 
has been likened to skiing on compressible porous media which would reduce resis-
tance to flow [3]. A possibly different mechanism is that the red blood cell endothe-
lium interface consists of a layer of water that is not liquid [4]. Still capillaries 
contribute little to total systemic resistance.

In the systemic vascular system venules and veins have larger diameters than 
their accompanying arteries and often appear as two veins to one artery. Therefore, 
total venous resistance in the systemic circulation is about 1/20 of total resistance. 
It is still not entirely clear whether resistance and its regulation should be based on 
diameters or anatomical location [5].

However, in the pulmonary vascular system the veins appear to contribute to 
overall resistance (Chap. 28) [6].
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6.1.4  �Calculation of Vascular Resistance

The total resistance of the systemic circulation can be calculated as follows. When 
mean aortic pressure is taken to be about 105 mmHg and central venous pressure is 
about 5 mmHg the pressure difference is 100 mmHg. With a Cardiac Output of 6 l/
min, thus 100 ml/s, the total resistance is 100/100 = 1 mmHg·s·ml−1. The units are 
mmHg·s·ml−1 and called peripheral resistance units, PRU. Often physical resistance 
units are used in the clinic and resistance is then expressed in dyn⋅s⋅cm−5 or Pa⋅s⋅m−3. 
As can be seen from Appendix 7 the following holds: 7.5·10−9 mmHg·s·ml−1 = 10−5  
dyn·s⋅cm−5  =  1  Pa·s⋅m−3 or a resistance of 1  mmHg·s·ml−1  =  1.3⋅103 
dyn·s·cm−5 = 1.3·108 Pa·s·m−3.

For the systemic circulation subtraction of venous pressure is often omitted with-
out introducing large errors. However, in the pulmonary circulation with mean pul-
monary artery pressure of about 20 mmHg and a pulmonary venous pressure of 
5 mmHg, use of the pressure difference is mandatory, and pulmonary resistance is 
(20 – 5)/100 = 0.15 PRU, which is about 15% of the resistance of the systemic 
circulation.

6.1.5  �The Zero Flow Intercept Pressure, Starling Resistor 
and the Waterfall Model

Pressure-flow relations often show and intercept with the pressure axis: the zero-
flow pressure intercept. This intercept depends on vasoactive state: with vasodila-
tion the intercept is lower. It has been suggested that the intercept depends on 
microvascular compliance [7]. Sipkema et al. [8], using a thin-walled latex micro-
tube, showed that the intercept pressure relates to the plateau of its pressure-volume 
relation. Thus, implicating vessel compliance as the explanation. Others have sug-
gested that the rheological properties of blood play a role [9], but changing the 
perfusion fluid from blood to a crystalloid medium did not change the intercept 
pressure [10]. Sagawa et al. showed that the intercept pressure depends on smooth 
muscle tone [11]. Surface tension between blood and vessel wall [12] and the role 
of the glycocalyx have been suggested to play a role.

The calculation of resistance assumes the vascular system to be linear and resis-
tance to be pressure independent. In reality the vessels are compliant implying that 
with increased pressure vessel diameters are larger (nonlinear pressure-flow rela-
tion) and resistance smaller. Linehan et al. developed a model to quantify the effect 
of hematocrit, Hct, and vessel distensibility, α = ΔD/DoΔP, on pressure-flow rela-
tions [13].

	
P P Q R Hcta v o= +( ) + × × ( )é
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with Pa arterial and Pv venous pressure. At a known Hct the parameters α, Ro(Hct), 
the reference resistance, can be determined from a pressure-flow relation [13]. 
Figure 6.3 shows an example of a pressure-flow relation of the systemic arterial tree, 
as predicted by the above formula. The local slope is flow dependent and overesti-
mates the ‘zero-flow pressure intercept’.

The intercept pressure has led to the so-called Waterfall (Fig.  6.4) as arterial 
model. The ‘Starling resistor’, a compliant tube with adjustable external pressure 
(Fig. 6.5), was used as vascular model in heart studies. The Starling resistor is actu-
ally more a mechanical pressure control system than a resistor.

6.2  �Physiological and Clinical Relevance

The small arteries and arterioles (Peripheral Resistance) mainly determine total sys-
temic resistance. Resistance can be regulated by the arterioles, because they are 
muscular arteries and it follows from Poiseuille’s law that rather small changes in 
diameter (and cross-sectional area) result in large resistance changes. A 10% change 
in diameter corresponds to a change in resistance by 1.14, or about 50%.

The resistance of the aorta and conduit arteries is so low that the mean pressure 
hardly decreases from heart to the small peripheral arteries, the pressure drop being 
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Fig. 6.3  A pressure-flow relation (red) fitted by the equation discussed in the text using human 
parameters, α =  0.025 mmHg−1, (wall thickness radius ratio of 0.1; Young modulus 400 kPa), 
Ro(Hct) = 2 mmHg·s·ml−1 and venous pressure Pv = 4 mmHg. It may be seen that a piecewise 
approximation with a straight line (blue) gives an apparent intercept, Pv’ higher than true venous 
pressure, Pv. The apparent intercept depends on Hematocrit (not shown here). A linear approxima-
tion using (Pa – Pv)/Q (black line) deviates from the flow-dependent true resistance

6  Resistance



39

only a few mmHg. This means that in the supine human, mean blood pressure is 
practically the same in all conduit arteries, and therefore mean blood pressure may 
be determined in any conduit artery. This also implies that conduit arteries can be 
seen as a supply reservoir with (the local) peripheral resistances adjusting them-
selves such that the demand of flow to the (local) tissue is met.

When perfusion flow is high, e.g., during exercise, the large artery resistance 
could cause a sizable pressure drop. However, with increased flow the conduit arter-
ies dilate through ‘Flow Mediated Dilation’, FMD, to decrease their resistance. An 
FMD of 7% gives a resistance decrease of more than 30%.

Vascular smooth muscle tone is regulated by the nervous and hormonal systems 
and through autoregulation (see also Chap. 19). Autoregulation is based on meta-
bolic, myogenic, and endothelial mechanisms, as response to NO. With increased 
pressure arteriolar resistance increases thereby keeping capillary pressure constant 
to maintain tissue fluid equilibrium, the Starling equilibrium (see Appendix 4). The 
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Fig. 6.4  The Waterfall 
model. The slope, 
‘resistance’, and Arterial 
minus Waterfall pressure, 
Pa – Pw determine flow. 
Venous pressures less than 
waterfall pressure Pw do 
not affect flow
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Fig. 6.5  The Starling resistor. The external pressure in the chamber, by partially decreasing the 
diameter of the compliant tube, results a tube pressure equal to external pressure. The term resistor 
is not correct. The Starling Resistor was used to study cardiac output as a function of ventricular 
filling under constant pressure load (Chaps. 14 and 15)
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lateral area or exchange area is the area involved in the exchange of oxygen, sub-
strates and metabolites between tissue and blood. This area is largest in the capillar-
ies and can be calculated as 2πrl, with l capillary length. The total exchange area of 
all capillaries together is about 6000 m2.

The total cross-sectional area is the largest in capillaries, and velocity of blood is 
lowest allowing ample time for exchange with the tissues [14]. It is incorrect to 
apply Poiseuille’s law using total cross-sectional area. The cross-sectional area 
(radius) of individual vessels should be used to calculate resistance and then resis-
tances must be added in series and in parallel according to the anatomy.

6.2.1  �Low Resistance of an Arterio-Venous Fistula

Several arterio-venous fistulas may exist, such as an open ductus arteriosus, and the 
fistula between the radial artery and vein made for dialysis. As an example, the latter 
an arterio-venous shunt causes a low resistance in parallel with the resistance of the 
lower arm. However, the shunt does not always cause ischemia in the hand for the 
following reason (steal syndrome). The mean blood pressure in the aorta is 
100  mmHg and is in the radial artery normally about 3  mmHg lower, and thus 
97 mmHg. The venous pressure is about 5 mmHg and in the vena cava pressure is 
2 mmHg. The low resistance of the conduit arteries and veins will, with a large 
shunt flow, decrease arterial pressure by about 10 mmHg and increase the venous 
pressure by the same amount. The perfusion pressure for the hand is then 
87–15 = 72 mmHg, which is high enough to avoid ischemia. The fistula will, how-
ever, lower the total systemic peripheral resistance and increase Cardiac Output 
thereby affecting cardiac function.

Qualitatively stated: the conduit arterial system and venous system can be viewed 
as pressure reservoirs with resistance arteries as a resistor. Another way of stating 
this is that conduit arteries and veins are pressure sources, i.e., pressure is hardly 
affected by flow. The venous reservoir is much larger than the arterial reservoir and 
plays a major role in ventricular filling.
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Chapter 7
Inertance
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Inertance relates the pressure drop with the acceleration of flow. This figure shows 
that when blood is subjected to an increase in pressure difference flow will change 
(right side). Assuming no friction, the relation between the pressure drop, ΔP(t) =  
P1 (t) – P2 (t), and the rate of change of blood flow dQ/dt, depends on the density of 
the blood, ρ, the cross-sectional area, A = πri

2, and the length, l, of the blood vessel. 
We call this combined effect the inertance, L = ρ l/A. Inertance pertains to oscilla-
tory pressure and flow and plays a dominating role in large blood vessels, where the 
viscous resistance is small and pulsatility is considerable. Inertance and Poiseuille 
resistance together form the basis of the Oscillatory Flow Theory. The inertance and 
vessel compliance in combination determine the wave speed and the characteristic 
impedance of a blood vessel.

7.1  �Description

Blood is accelerated and decelerated with every heartbeat, and the mass of the blood 
plays a role. The mass is density times volume, and the volume depends on the 
geometry of the blood vessel or heart. Blood density is a material property and is 
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about 1.06  g/cm3. In hemodynamics, we calculate the effective mass and call it 
inertance. Inertance connects the oscillatory pressure drop with the rate of change 
of blood flow.

We can derive inertance by using Newton’s law relating force, F, mass, m, and 
the rate of change of change of velocity, dv/dt, which is the acceleration, a:

	 F m a m v t= × = ×d d/ 	

For a blood vessel, the net force F(t) = (P1(t) – P2(t))⋅A = ΔP(t)⋅A, A being the lumi-
nal cross-sectional area. The mass in the segment equals blood density, ρ, times the 
volume (length times area): ρ⋅(l⋅A). The acceleration is the rate of change of veloc-
ity with time, i.e., dv/dt. In terms of volume flow this is (1/A)⋅dQ/dt. With Newton’s 
equation this gives:

	
D r rP t A l A A Q t l Q t( ) × = × × × ( ) × = × ×1 / / /d d d d

	

and

	
D rP l A Q t L Q t= × × ( ) = ×/ / /d d d d

	

where L = ρ⋅l/A is called inertance. We recall that resistance is inversely propor-
tional to r4 (Chap. 2) while inertance is inversely related to r2. Thus, in large vessels 
the inertance plays a larger role than resistance while in small arteries and arterioles 
it is the resistance that plays the larger role.

The inertance in combination with the compliance of a vessel segment deter-
mines the characteristic impedance and the wave speed (see Chap. 12 and 
Appendix 3).

7.1.1  �Addition of Series and Parallel Inertances

The principal rules for addition of inertance of vessels in parallel and in series are 
as for resistances (see Chap. 6).

7.2  �Physiological and Clinical Relevance

The inertance is determined by the cross-sectional area and length of the blood ves-
sel, and by blood density. Blood density varies little, even in pathologic conditions. 
Inertance is therefore primarily a geometrically determined parameter.

An example where the effect of the inertance can be seen is when left ventricular 
and aortic pressures are measured simultaneously (Fig. 7.1). During the ejection 
period aortic flow is first accelerating (early ejection) and then decelerating. When 
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the blood is accelerating the left ventricular pressure is higher than aortic pressure. 
When the blood is decelerating the pressure difference reverses, as in the later phase 
of ejection. It may be seen that the pressure difference and the time derivative of 
flow are almost proportional in systole, suggesting constant inertance.

Inertance in combination with reflections (see Chaps. 12 and 22) can result in 
flow reversal, i.e., negative flow during part of the cardiac cycle (Fig. 7.2). The mean 
flow is, of course, always in the direction of the periphery. The negative flow is 
physiologic as well. The momentarily negative flow shows that Ohm’s law cannot 
be applied to instantaneous values of pressure and flow, but only to their mean val-
ues (Chap. 6).
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early systole, when left 
ventricular pressure is 
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Another example (see Fig. 7.3) is the diastolic filling of the ventricle through the 
mitral valve. As a result of the inertance, flow persists, but decelerates, when left 
ventricular pressure is higher than left atrial pressure.
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Chapter 8
Oscillatory Flow Theory

a = 7 a = 14, inertia dominatesa = 2, viscosity dominates

ri

Axial velocity  

Oscillatory flow velocity profiles in a stiff tube during laminar sinusoidal flow 
resulting from a sinusoidal pressure gradient. The velocity profiles vary over the 
sinusoidal cycle and only the profile at the moment of maximal forward flow is 
depicted here. The velocity profile depends on the Womersley parameter, α 2 = ri

2ω 
ρ /η, where ri is the internal radius, ω the circular frequency (2π·f, f frequency), ρ 
blood density, and η blood viscosity. Womersley’s parameter α expresses the rela-
tive importance of inertial effects over viscous (frictional) effects. For low values of 
the Womersley parameter (α < 3, low frequency, small radius), viscous effects dom-
inate and the profile becomes parabolic, as in Poiseuille flow (left figure). For a 
medium range of α values the velocity profile becomes flatter and the maximum 
velocity does not occur at the tube’s center (middle figure). For large values of α, 
α > 10, i.e., high frequency and/or large vessels the profile becomes flat, because 
inertial effects dominate. The theory is based on sinusoidal oscillations of pressure 
and flow. This implies that application of the theory to hemodynamics requires 
Fourier analysis (Appendix 1). From work on comprehensive models we conclude 
that the contribution of oscillatory flow theory only gives a small correction over 
and above the use of a resistance with a inertance in series (Appendix 3). However, 
in the calculation of wall shear and in the calculations and measurements of local 
flow profiles, the theory is of great importance.
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8.1  �Description

The pressure-flow relation for steady flow, where only frictional losses are playing 
a role (resistance, law of Poiseuille, Ohm’s law), and the relation between oscilla-
tory or pulsatile pressure and flow when only blood mass (inertance) is taken into 
consideration, are simplifications of reality.

The relation between oscillatory, sinusoidal, pressure drop and flow through a 
blood vessel can be derived from the Navier-Stokes equations. The assumptions are 
to a large extent similar to the derivation of Poiseuille’s law: uniform and straight 
blood vessel, rigid wall, Newtonian viscosity, etc. The result is that flow is still lami-
nar but pulsatile, i.e., not constant in time, and the flow profile is no longer para-
bolic. The theory is based on sinusoidal pressure-flow relations, and therefore called 
oscillatory flow theory.

The flow profile depends on the, circular, frequency of oscillation, ω, with ω = 2π 
f, with f the frequency; the tube radius, ri, the viscosity, η, and density, ρ, of the 
blood. These variables were taken together in a single dimensionless (no unit-less) 
parameter called Womersley’s alpha parameter [1]:

	 a w r h2 2= ×ri / 	

If the local pressure gradient, ∆P/l, is of a sinusoidal shape with amplitude ∆P/l 
and circular frequency ω, then the corresponding velocity profile is given by the 
formula [1]:

	
v r t P l y e t, i           
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where y is the relative radial position, y = r/ri, and i = √–1. Flow is given as:
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J0 and J1 are Bessel functions of order 0 and 1, respectively. The Real means that 
only the real part of the mathematically complex formula is taken.

Since the heart does not generate a single sine wave but a sum of sine waves 
(see Appendix 1) the flow profile in vivo is found by addition of the velocity pro-
files of the various Fourier harmonics, and is very complex. The relation between 
pressure drop and flow as given above is the so-called longitudinal impedance of 
a vessel segment (see Appendix 3). Experiments have shown that the theory is 
accurate.

For large α, i.e., α > 10, i.e. large vessels or high frequencies inertia dominates 
the viscous effects with the result that phase velocity (wave speed), characteristic 
impedance and local wave reflection have simple relations with vessel properties 
and are frequency-independent (Chap. 12).
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8.2  �Physiological and Clinical Relevance

Womersley’s oscillatory flow theory [1] reduces to Poiseuille’s law for very low α. 
This means that in the periphery with small blood vessels (small r, thus small α) and 
little oscillation, there is no need for the oscillatory flow theory and we can describe 
the pressure-flow relations with Poiseuille’s law. For the very large conduit arteries, 
where α > 10, friction does not play a significant role and the pressure-flow relation 
can be described with inertance alone. For α values in between, the combination of 
resistance and inertance approximates the oscillatory pressure-flow relations (see 
Appendix 3). In studies on large arteries the assumption of large α appears reason-
able and Pulse Wave Velocity, characteristic impedance etc. are then reduced to 
frequency independent parameters.

The oscillatory flow theory was intended to derive flow from a pressure differ-
ence at two locations in an artery [2]. However, a pressure difference over a few 
centimeters is extremely small and leads to large errors in the flow estimates, and 
the method proved too inaccurate to use.

Models of the entire arterial system have indicated that, even in intermediate size 
arteries, the oscillatory effects on the velocity profiles are not large in terms of the 
overall relations between pressure and flow. The main factors contributing to the 
pressure and flow wave shapes in the arterial tree are due to branching, non-
uniformity and bending of the blood vessels etc. Thus, for global hemodynamics, 
i.e., wave travel, input impedance, Windkessel models etc., the longitudinal imped-
ance of a segment of artery (Appendix 3) can be described, in a sufficiently accurate 
way, by an inertance only in the aorta and major arteries, by an inertance in series 
with a resistance in medium sized conduit vessels, and a resistance in peripheral 
arteries.

The oscillatory flow theory is, however, of importance when local phenomena 
are studied. For instance, detailed flow profiles and calculation of shear stress at the 
vascular wall require the use of the oscillatory flow theory.

There is another dimensionless number of importance in unsteady, oscillating 
flow problems: the Strouhal number, St. The Strouhal number can be written as 
St = ωD/v, where D is diameter, ω circular frequency and v velocity. This unit-less 
number represents a measure of the ratio of inertial forces due to oscillatory flow 
and the inertial forces due to convective acceleration (acceleration due to the change 
of position of fluid particles in a fluid flow). It can be shown that the Strouhal num-
ber relates in combination with the Reynolds number (Re, Chap. 4) to the square of 
Womersley’s parameter α:

	
St × = ( )( ) = =Re / / /w r h w r h aD v vD D2 24

	

The Strouhal number has been used in experimental studies of arterial flows in the 
past, such as vortex shedding phenomena distal of a cardiac (mitral) valve. It is 
widely accepted, however, that the most relevant parameter expressing the 
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relative significance of inertial effects due to oscillatory flow is the Womersley 
parameter α.

Ultrasound Doppler velocity and other new flow measurement techniques (MRI) 
made the derivation of blood flow from the measurement of two pressures in the 
aorta a few centimeters apart using the oscillatory flow theory [2] obsolete.
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Chapter 9
Law of Laplace
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The law of Laplace relates transmural pressure, Pt, with wall stress, σ. In a (cylindri-
cal) blood vessel and in a (spherical) heart model there is a simple relation between 
pressure and circumferential wall stress. The law gives the average stress over the 
wall, thus how the stress varies over the wall cannot be derived. The law holds only 
for simple geometries, cardiac stress estimates are discussed in the text. Often trans-
mural pressure can be approximated by pressure in the organ.

9.1  �Description

The original law of Laplace pertains to soap bubbles with negligible wall thickness 
and radius r, and gives the relation between transmural pressure, i.e., pressure dif-
ference between inside and outside, Pt, and wall tension, Ts. Thus, for a thin-walled 
sphere as Ts = Pt⋅r. The law can be used, for example, to calculate tension in alveoli, 
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where outside pressure (intra-thoracic pressure) is often neglected. This tension is 
directly related to surface tension and has the dimension N/m. The form of the law 
of Laplace most often used in hemodynamics gives the relation between transmural 
pressure within the lumen of a hollow organ minus external pressure, and the stress 
in the wall. We here use the Cauchy stress formulation, which is defined as the ratio 
of the normal (perpendicular) force acting on a surface divided by the area of the 
surface, stress, at its deformed configuration. Stress, σ, has the dimension N/m2 (See 
Figure in the Box).

For a circular cylinder, as model of a blood vessel, the transmural pressure acts 
to push the two halves apart with a force equal to pressure times the area (left Figure 
in the Box). Thus the force is 2⋅Pt⋅l⋅ri. The two halves are kept together by wall 
stress, σ, acting in the wall only. This force is 2σ⋅h⋅l. These forces are in equilibrium 
and: 2 Pt⋅l⋅ri = 2σ⋅h⋅l, which gives circumferential stress σ = Pt⋅ri/h. This form of the 
law of Laplace is more correctly called Lamé’s equation. For a sphere, a similar 
derivation holds and the result is σ = Pt⋅ri/2 h.

We see that transmural pressure and wall stress are related by the ratio of radius 
over wall thickness.

9.1.1  �Applicability of the Law of Laplace

The law of Laplace applies to cylindrical or spherical geometries, irrespective of 
whether the material is linear or nonlinear or if the wall is thin or thick. A limitation 
of Laplace’s law is that it yields the average wall stress and thus it cannot give any 
information on the stress distribution across the wall. For cylindrical geometries, 
and assuming linearly elastic (Hookean) material the distribution of circumferential 
stress or hoop stress across the wall can be approximated by:

	
s r P r r r r rt i o o i( ) = × × +( ) -( )2 2 2 2 21 / /

	

where ri and ro is the internal and external radius, respectively, and r is the position 
within the wall for which local stress is calculated.

There is a large body of literature, especially for the thick-walled left heart, 
where (local) wall stress or muscle fiber stress is related with transmural pressure 
for different complex geometries (for information see [1]).

Hefner [2] extended the Law of Laplace for the left ventricle by showing that the 
equatorial wall force (F) is Plv⋅Ae, where Ae = equatorial cavity cross-sectional area 
and Plv ventricular pressure, assuming external (thorax) pressure negligible so that 
Pt = Plv. The wall stress, σ, is given by F/Aw with Aw the equatorial cross-sectional 
area of the muscle ring. Thus σ = Plv⋅Ae/Aw.

Mirsky and Rankin [3] suggested an often used estimation of mid-wall stress. 
For an ellipsoidal heart shape the mid-wall stress is:

	
s s/ / / / /P P D h h D D lt lv= ( ) × - -( )2 1 22 2
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with D and l the mid-wall diameter 2r, and mid-wall long axis, l, of the ventricle (see 
Figure in Box).

Arts et al. [4] derived a simple and practical relation between fiber stress, σf, and 
ventricular pressure, Plv, which reads:

	
s f lv w lvP V V/ / ln /» ( ) +( )1 3 1

	

or in linearized form:

	
P V Vlv f lv w/ /s » +1 3

	

where Vlv and Vw are ventricular lumen volume and ventricular wall volume, 
respectively.

Torrent-Guasp [5], performed anatomical studies in the heart and concluded 
that the heart muscle is arranged in such a way that contraction results in a figure 
eight wringing motion; the helical heart. Torsion or twisting of the ventricle dur-
ing contraction implies more homogeneity of muscle shorting in the wall, but 
limiting the law of Laplace in cardiac mechanics [6]. Many relations between 
wall force or stress and ventricular pressure have been reported, but since mea-
surement of wall force is still not possible [1, 3] it is difficult to decide which 
relation is best.

The Law of Laplace can be applied to diastole and systole, and during cardiac 
contraction, where the force is generated in the wall and the pressure the result of 
the contracting muscle.

9.1.2  �Relation to the Youngs Modulus

Assuming that the arterial wall is relatively thin (h ≪ ri) and incompressible, one 
can use Laplace’s Law to derive the following expression for the incremental elastic 
modulus (Chaps. 10 and 11):

	
E r h P rinc i t i= ( ) ×2 / /D D

	

where the Δri and the ΔPt, are the change in internal radius and transmural pressure 
as occur during the cardiac cycle.

If the wall cannot be considered thin, as is often the case in muscular arteries, the 
Youngs modulus is best derived from the measurement of pressure and radius using 
the following expression [7]

	
E r r P r r rinc i o t o o i= × × ( ) -( )3 22 2 2D D/ /
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9.2  �Physiological and Clinical Relevance

The law of Laplace, although basic and pertaining to simple geometries only, helps 
in understanding cardiac and vascular function. The law is therefore of great con-
ceptual importance. For instance, the ratio r/h is a main determinant of the wall 
stress. Arterial pressures are higher than pressure in the veins and have relatively 
thicker walls (smaller r/h) than veins resulting in comparable wall stresses. The 
radius of curvature of the left ventricle is smaller at the apex than at the base, and so 
is the wall thickness. In other words, the ratio r/h at the ventricular apex and base is 
about the same resulting in similar wall stress at these locations. During ejection the 
ventricular volume decreases and the wall thickness increases, and with a high pres-
sure at end-systole the wall stress may be lower [8].

In hypertension the cardiac muscle cells increase in thickness by building more 
contractile proteins in parallel, leading to concentric hypertrophy. The thicker wall, 
but similar lumen, i.e., decreased r/h, causes the systolic wall stress to return to 
presumably normal levels despite the higher pressure in systole (Fig. 9.1). When the 
heart dilates, often without much change in wall thickness, i.e., eccentric hypertro-
phy, the volume increase leads to an decrease in the ratio of wall thickness and wall 
stress increases. The higher muscle stress leads to higher oxygen consumption 
(Chap. 17), often too large for oxygen supply, thereby adding to the deleterious 
effect of the dilatation.

In trained athletes, depending on the type of exercise, cardiac dilatation may 
occur, enabling them to increase stroke volume, and, together with a greater Heart 
Rate reserve, Cardiac Output. The wall stress is normalized by an increase in wall 
thickness.

How stresses in the cells are sensed is still largely unknown.

2ri 2ri

h

Fig. 9.1  In concentric hypertrophy, when compensated, ventricular pressure and wall thickness 
both are increased in approximately the same proportion, thus ri/h is the same, and wall stress 
remains similar
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Chapter 10
Elasticity
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The Youngs modulus of elasticity is a material constant. A strip of material sub-
jected to a force will lengthen. Force, F, per cross-sectional area, A = ¼ πd0

2, is 
stress, σ = F/A, and the relative length change, ε = Δ l/l0, is the strain. Stress-strain 
relations of elastic materials are given at the right. If the stress-strain relationship is 
linear, the material obeys Hooke’s law and the slope of the relation is called the 
Youngs modulus of elasticity, E. The stress-strain relation of biological tissues is not 
linear, and the local slope gives the incremental elastic modulus, Einc, which is strain 
(or stress) dependent. The Youngs modulus of elasticity is actually stiffness 
modulus.

10.1  �Description

When a force, F, is applied to a (round) specimen with cross-sectional area A = ¼πd 2,  
and length l0, the length will be increased by Δl (Left Figure in Box). With a speci-
men of larger cross-sectional area the same force will result in a smaller length 
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change. Also, when the starting length of the specimen, l0, is longer the same force 
will result in a larger length change. To be able to give a unique characterization of 
the material, independent of the sample size, we normalize force by the area and the 
LaGrangian stress is obtained, σ = F/A. Similarly we normalize the length change to 
the starting length, lo, and obtain strain, ε = Δl/lo.

The relation between stress and strain is given in the right part of the Figure in 
the Box. When the relation is straight we say that the law of Hooke applies, and the 
material is called Hookean or linearly elastic. The slope of the graph is called the 
Youngs modulus of elasticity E = σ/ε. The Youngs modulus is a material property 
and is a measure of the stiffness, not the elasticity, of the material. The units of the 
Youngs modulus are force per area, thus the same units as for stress and pressure, 
i.e., N/m2 = Pa, or mmHg.

When lengthened the specimen also gets thinner. The strain in the transverse 
direction, εt, is εt = Δd/do = (d − d0)/d0. The ratio of the transverse strain and the 
longitudinal strain, εt/ε, is called the Poisson ratio. When with stretch the speci-
men’s volume is remaining constant, as appears to be the case for most biological 
tissues, the Poisson ratio is close to 0.5.

Biological materials almost always exhibit a nonlinear, i.e., curved, stress-strain 
relationship with convexity towards the strain axis (Right panel, Figure in the Box). 
The curved relation implies that the material cannot be characterized by a single 
Youngs modulus. The solution is to introduce an incremental modulus, Einc, defined 
as the local slope of the stress-strain relation. For biological tissue the incremental 
elastic modulus increases with strain, i.e., the biological material becomes stiffer 
with increasing stress and strain.

There are no clear conventions about the choice of the horizontal and vertical 
axes for stress and strain. This often leads to confusion when the slope of the rela-
tion is determined. It should be remembered that biological relations are convex 
towards the strain axis, i.e., the strain is limited. This limitation is mainly the contri-
bution of collagen fibers and protects against overstretch and damage (see below 
and Fig. 10.1).

10.1.1  �Viscoelasticity

Viscoelasticity (see Figs. 10.2 and 10.3) means that a material is not only elastic but 
also has viscous (‘fluid-like’) properties. Viscoelasticity can be made visible and 
quantified in different ways. If one wants to stretch (increase strain) a viscoelastic 
material rapidly to a new length, initially a larger force is needed for the same 
amount of stretch as for a purely elastic material. With time the viscous contribution 
to the stress decreases. This is called stress relaxation. Inversely, with a sudden 
increase in stress the strain (stretch) is delayed. The delayed increase in stretch is 
called creep. When, stress and strain are pulsatile, as in vivo, strain always lags 
stress. Plotting strain versus stress yields a hysteresis loop. The area within the loop 
is the energy lost due to the viscosity of the material. When sinusoidal stress or 
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relation that is convex to 
the strain axis. The local 
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Fig. 10.2  The viscoelastic 
properties of biological 
material appear in four 
forms depending on the 
intervention and 
measurements. Step 
increases in stress and 
strain lead to creep and 
stress-relaxation, 
respectively. Repeated 
increases and decreases in 
stress and strain result in a 
hysteresis loop, area in the 
loop equals energy loss 
(hatched area). Application 
of sinusoidal forces and 
measuring strains permits 
the determination of the 
complex Young modulus in 
the frequency domain. The 
dashed, green, lines pertain 
to purely elastic material or 
the result after a steady 
state has been reached. 
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in pressure-diameter and 
pressure-volume relations
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pressure is applied, the amplitude ratio and phase difference between stress and 
strain describe the complex elastic modulus. The complex elastic modulus depends 
on the frequency of oscillation. When the stress or strain is applied very slowly the 
viscous aspects do not become apparent and the material behaves as purely elastic.

10.1.2  �Viscoelastic Models

Several models have been proposed to describe the viscoelastic properties of bio-
logical tissue (Fig. 10.4). Some of these models fall short in the sense that they do 
not describe all aspects of viscoelasticity. One of the examples is the Maxwell 
model where a spring and dash-pot or damper, are placed in series. With a constant 
stress this model predicts a continuous, never ending, increase in length, which is 
clearly not true for biological tissue. Adding another spring in parallel to the 
Maxwell model yields Kelvin’s viscoelastic model, which is the simplest, yet real-
istic viscoelastic model of the vascular wall. Viscoelasticity has been implemented 
in arterial models [2].

10.1.3  �Residual Stresses and Stress Distribution at 
Physiological Loads

The vascular tissue is not at a zero-stress state when all loads, i.e., transmural pres-
sure and longitudinal tension, are removed. The same holds true for vascular and 
cardiac tissue. Stresses that still exist in the tissue when no external loads are applied 
are called residual stresses. The classical experiment to illustrate the existence of 
residual stress in arteries after removal of all loads is to excise a ring of artery and 
cut it longitudinally. The ring springs open and takes the shape of a circular arc, as 
shown in Fig. 10.5 on the right. The change in configuration means that stresses 
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Fig. 10.3  Viscoelasticity 
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extra pressure during 
filling. At velocities of 
stretch above one muscle 
length per second an 
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Fig. 10.4  Models of viscoelastic material in the form of springs (elastic) and dashpots (viscous – 
dampers). A step-change in strain (blue, experiment A) results in a stress response (green). A step 
change in stress (green, experiment B) gives a response in strain (blue). A purely elastic material 
can be described by a spring, stress and strain follow each other. The simplest two-element models 
(left part) represent biological material poorly, they either show stress relaxation to zero and strain 
that is unlimited for a step in stress (Maxwell) or show an infinite stress response to a step change 
in strain (Voigt). The three-element models (Kelvin and Levin-Weyman) are equivalent and quali-
tatively sufficient. To quantitatively describe viscoelasticity in greater detail more elements are 
usually required (Appendix 3)
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Fig. 10.5  Influence of 
zero stress state on wall 
stress distribution at 
operating pressures. Left 
column: stress distribution 
if no pre-stresses exist. 
Right column: arterial ring 
after being cut open (top). 
The ring is now in its 
stress- free or zero stress 
state (ZSS). This is 
characterized by the 
opening angle φ. Pre-
stresses in the wall at zero 
load (Pt = 0) shown in the 
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distribution is quite 
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pressure (bottom)
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existed within the wall before the cut. Further cuts do not seem to release more 
stresses, therefore we assume that the opened-up configuration after the first cut is a 
stress free configuration. This stress-free state or zero-stress state, ZSS, can be char-
acterized by the ‘opening angle’ φ, which is the angle formed by the two ends and 
the midpoint of the inner arc length.

Knowledge of the ZSS is of primary importance when one wants to calculate the 
stress field within the arterial wall, because strains can be calculated only in refer-
ence to the ZSS. Residual stresses do play an important role in maintaining a fairly 
uniform stress distribution across the arterial wall at physiological transmural pres-
sures. This can be visualized with the help of the schematic drawings shown in 
Fig. 10.5. The left column shows an arterial cross-section where the ZSS is a circu-
lar ring (top). This means that at Pt  =  0  mmHg it is assumed that there are no 
residual stresses (middle). At a physiological transmural pressure level 
(Pt = 100 mmHg) however, significant stresses develop with a pronounced stress 
peak at the inner most layer of the wall (bottom). The higher stress concentration in 
the inner wall is a direct consequence of the fact that these layers are stretched much 
more during the pressure-induced inflation. The right column shows an artery where 
the ZSS is characterized by an opened-up configuration (top). The ZSS means that 
at zero load, and in a closed ring configuration (middle row of Fig. 10.5) residual 
stresses exist. Residual stresses are compressive in the inner part of the wall and 
tensile in the outer part of the wall. During inflation, the inner layers will be stretched 
more than the outer layers of the wall. However, because at the beginning of the 
inflation, Pt = 0 mmHg, the inner wall was under compression whereas the outer 
wall already was under some extension, at the physiological pressure level the 
degree of extension is the same in both inner and outer wall layers. The stress distri-
bution is therefore uniform across the wall (bottom).

Knowledge of the ZSS is not required when one wants to calculate the average 
circumferential stress in the wall using Laplace’s law.

10.2  �Physiological and Clinical Relevance

Elasticity plays an important role in the circulation. All blood vessels are elastic and 
their elastic moduli do not differ greatly. A typical value of the incremental elastic 
modulus of arteries in the normal human at a pressure of 100 mmHg, is about 5⋅106 
dyn/cm2 or 500 kPa. With 1 kPa = 7.5 mmHg the elastic modulus is 3750 mmHg. 
For diastolic heart tissue the incremental elastic modulus at a filling pressure of 
5 mmHg is about 4⋅105 dyn/cm2 or 40 kPa. In systole these values are about 20 times 
larger. Thus cardiac muscle is much stiffer in systole than in diastole.

10  Elasticity
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10.2.1  �The Elasticity of Cardiovascular Tissue

Vascular tissue is mainly composed of elastin, vascular smooth muscle and colla-
gen. Elastin fibers are highly extensible and even at large deformations they can be 
characterized by an almost constant Youngs modulus. Collagen fibers, on the other 
hand, are very stiff: Ecollagen ≈ 1000 Eelastin. At lower strains, collagen fibers are wavy 
are bearing no load, and the elastin and smooth muscle mainly determine the wall 
elasticity. At larger strains collagen waviness decreases and collagen begins to bear 
more load leading to an increasingly stiff wall, i.e., a larger Einc. The same holds for 
cardiac tissue.

The curved relation between stress and strain can be described in several ways. 
One simple relation, with only two parameters, is the equation originally suggested 
by Fung [3].
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This model gives fairly accurate fits of the stress-strain relations.
The nonlinear relation between stress and strain has led to much confusion. An 

example is in hypertension. When elastic properties of arteries are derived at the 
working point, i.e., the operating mean pressure of the individual patient, the vessels 
of hypertensive patients are found to have a higher incremental elastic modulus as 
compared with normal human subjects. However, this apparently increased stiffness 
in the hypertensive patients is mainly the result of their higher blood pressure (see 
Chap. 29). Thus either a stress-strain graph should be made or the incremental elas-
tic modulus should be compared at similar stresses or strains to be able to conclude 
if mechanical properties have changed or not.

Elasticity of the conduit arteries stands at the basis of arterial compliance (Chap. 
11). The role of arterial compliance in wave travel, and the Windkessel is discussed 
in (Chaps. 12 and 25, respectively).

10.2.2  �Determination of the Youngs Modulus

In practice the Youngs modulus is often not measured directly, because isolated tis-
sue samples without perfusion are not viable. Therefore, for hollow organs like 
heart and vessels, pressure-volume or, for vessels, pressure-diameter relations are 
determined. Subsequent use of the law of Laplace, and accounting for geometry, the 
calculation of the Youngs modulus is feasible (Chaps. 9 and 11).

10.2  Physiological and Clinical Relevance
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Chapter 11
Compliance
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Compliance quantifies a pressure-volume relation. When the transmural or distend-
ing pressure is increased, the volume increases (left figure, as customary in arterial 
research). When volume is increased pressure increases (right figure, customary in 
cardiac research, and now gaining more attention in vascular research). For biologi-
cal organs the relation is, in general, not straight but convex to the volume axis, 
implying that both slopes, Compliance C  = ΔV/ΔP, and Elastance E  = ΔP/ΔV, 
depend on pressure or volume. Elastance and compliance are the inverse of each 
other: E = 1/C. When organs of different size are to be compared we can normalize 
both E and C with respect to volume. These normalized descriptions are distensibil-
ity, C/V = (ΔV/ΔP)/V, and bulk modulus or volume elasticity, EV = VΔP/ΔV, respec-
tively. When cross-sectional area is measured, as is often done in blood vessels, we 
derive’area compliance’ and ‘area elastance’, where luminal area A replaces vol-
ume V. When diameters or radii are measured the relations are called diameter and 
radius compliance and elastance, respectively. The rules for addition of compliances 
and elastances are discussed. The equivalent of the bulk modulus is the 

http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-319-91932-4_11&domain=pdf
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‘pressure-strain’ or ‘Peterson’s modulus’, Ep = rΔP/Δr. Compliance and elastance 
are not material parameters, but structural parameters, they can be derived from the 
material properties, i.e., elastic modulus, and the geometry, e.g., diameter, wall 
thickness, etc.

11.1  �Description

The advantage of the pressure-volume (or -diameter and -radius) relation (Figures 
in the Box) is that in vivo compliance can be determined. It is important to note that 
pressure-volume relations do not characterize the material alone but include the 
structure of the organ as a whole.

If the pressure-volume relations were straight and going through the origin, the 
slope, compliance or elastance would give the full characterization of the organ by 
a single quantity. However, in biology the pressure-volume relations are never 
straight. For a small change around a chosen working point, the curve is approxi-
mately straight, and the tangent of the pressure-volume curve can be used. We can 
determine compliance in the ‘working point’ as C  = ΔV/ΔP. The elastance, the 
inverse of compliance is E = ΔP/ΔV. Of course, these local slopes depend on the 
pressure or volume chosen. Thus, when comparing compliance or elastance data 
one should report the chosen working point, i.e., the pressure at which compliance 
or elastance was determined. For instance, when the elastance of a heart in diastole 
is studied and appears increased, the increase can result from either a higher filling 
pressure but otherwise normal heart, or a normal filling pressure but a hypertrophied 
heart with thicker wall (Fig. 11.1).

The curvature of the pressure-volume relation is mainly the result of the fact that 
Youngs modulus increases with stretch, therefore C decreases and E increases, with 
volume.
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Fig. 11.1  Examples of diastolic pressure-volume relations of a normal and hypertrophied heart. If 
only the similar elastance values are reported without further information on pressure or volume, 
it cannot be decided if the heart is normal and overfilled, or hypertrophied and under-filled, since 
both have the same E. At similar pressure the hypertrophied heart is stiffer (larger E). The full 
graph is required to give the complete information
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11.1.1  �Measurement of Elastance and Compliance

Elastance is customarily used for the heart, while compliance was mostly used to 
describe blood vessels, but the term stiffness is (meaning elastance) is now more 
and more used in vascular research as well.

Ventricular elastance is best determined by the measurement of pressure and 
volume. A number of noninvasive techniques are now available to determine ven-
tricular volumes, such as Computed Tomography, Magnetic Resonance Imaging, 
Ultrasound Echo, while the Pressure-Volume catheter allows for determination of 
elastance in experimental situations [1]. Cardiac elastance determination requires 
volume and pressure measurements in systole and diastole, because of the varying 
properties of the cardiac muscle. Diameter as estimate of volume is inaccurate.

Compliance used in vascular studies can be based on cross-sectional area or on 
diameter (Fig. 11.2). Diameter changes can be measured by wall-tracking [2] and 
for large vessels like the aorta by MRI. From the local diameter the cross-sectional 
area is calculated assuming a circular cross-section. When area and pressure are 
related the term area compliance, CA = ΔA/ΔP, is used to distinguish it from (vol-
ume) compliance. For instance, the systolic-diastolic differences in vessel area, ΔA, 
and pressure, ΔP, i.e., Pulse Pressure, when measured in vivo, can be used to obtain 
the area compliance. With modern echo-tracking techniques it is possible to deter-
mine vessel diameter noninvasively. In that case it is customary to report diameter 
compliance, CD = ΔD/ΔP. The area compliance, CA, and diameter compliance, CD, 
are related by: CA = π⋅D⋅CD/2. The relations between the different expressions of 
compliance are given in Table 11.1.

ri Dri

Fig. 11.2  For geometrically simple 
shapes, like blood vessels, 
measurement of changes in internal 
radius or diameter is sufficient to 
obtain (radial or diameter) 
compliance. In complex geometries as 
that of the heart this cannot be done

Table 11.1  Summary of structurala parameters of elasticity of blood vessels (length assumed 
constant)

Volume Area Diameter Radius

Compliance, C ΔV/ΔP ΔA/ΔP = CA ½πD⋅(ΔD/
ΔP) = ½πD CD

2πr⋅(Δr/ΔP) = 2πr Cr

Elastance (stiffness), E ΔP/ΔV ΔP/ΔA (2/πD) (ΔP/ΔD) (1/2πr)⋅(ΔP/Δr)
Distensibility, Κ (ΔV/ΔP)/V (ΔA/ΔP)/A 2⋅(ΔD/ΔP)/D 2⋅(Δr/ΔP)/r)
Bulk Modulus, BMb V⋅ΔP/ΔV A⋅ΔP/ΔA ½D⋅(ΔP/ΔD) (½r)⋅(ΔP/Δr)c

P, V, A, D, and r are pressure, volume, area, diameter and radius, respectively
aStructural: parameters depend on organ geometry and material properties
bBulk modulus or Volume elasticity
cThe Pressure-Strain modulus or Peterson’s modulus, Ep = r0⋅ΔP/Δr0 ≈ 2/K ≈ 2⋅BM; where outer 
radius is used. In all other relations internal diameter or radius is used

11.1  Description
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11.1.2  �Distensibility and Bulk Modulus

Compliance and elastance depend on the size of the organ under study. To compare 
properties of blood vessels, or hearts from different animal species we can normal-
ize compliance and elastance with respect to the volume of the organ. We use 
C/V = (ΔV/ΔP)/V, called distensibility, and the inverse, E⋅V = (ΔP/ΔV)⋅V, called 
bulk modulus or volume elasticity. Area and diameter distensibilities are also used, 
area distensibility is (ΔA/A)/ΔP and diameter distensibility is 2⋅(ΔD/D)/ΔP.

11.1.3  �The Pressure-Strain Elastic Modulus

Peterson [3] introduced the pressure-strain elastic modulus in blood vessel research. 
This measure of blood vessel elasticity requires the measurement of diameter and 
pressure only, and can be used to compare vessels of different size. The pressure-
strain elastic modulus, or Peterson modulus [3], is defined as Ep  = ΔP/(Δro    /ro), 
where usually external radius, ro, instead of the internal radius ri is used. The Ep 
compares to the bulk modulus.

11.1.4  �The Stiffness Index β

Compliance, distensibility and Peterson’s modulus depend strongly on pressure. To 
describe the nonlinearity with a minimal number of parameters Hayashi et al. [4] 
introduced the stiffness index (or parameter) β, defined by the following relation

	
ln / /P P D Do( ) = -( )b · 0 1

	

where Po is a reference pressure (working point), typically mean pressure or 
100 mmHg and D0 is the outer diameter at that pressure. Basic research and also 
several clinical studies have shown that the stiffness parameter β does not depend on 
pressure within the physiological pressure range. However, outside the physiologi-
cal pressure range, and for pressures far from the reference pressure Po, the 
β-stiffness index is not pressure-independent anymore. A recent study by Spronck 
et al. showed that a correction can reduce the pressure dependency [5].

11.1.5  �Describing the Pressure-Area or Pressure-Diameter 
Relation of Blood Vessels

The pressure-area and pressure-diameter relations of blood vessels have been 
described in a number of ways. At a working pressure the slope of the relation gives 
compliance. However, description of the relation over a range of pressures and 
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volumes gives more insight. Although these descriptions are phenomenological, 
we mention them here because of their general utility in arterial mechanics 
(Fig. 11.3).

The relation proposed by Langewouters et  al. [6], describes the pressure-area 
relation over the widest range of pressures, i.e., from 0 to 200 mmHg. The relations 
of Fung [7] and Hayashi [4] can be applied over the physiological range of pres-
sures. The D0 and P0 are reference values for the relations of Fung [7] and Hayashi 
[4]. In the relation by Langewouters Am/2 and P0 designate the inflection point and 
P1 relates to the slope at the inflection point; Am is the maximal, asymptotic, vessel 
area. The relations can also be presented in terms of volumes.

11.1.6  �Addition of Compliances and Elastances

Let us consider the compliance of the entire aorta (Fig. 11.4), the individual compli-
ances of three sections of the aorta are shown. In all sections the pressure is virtually 
equal. This implies that

	

C C C V P V P V P

V V V P V Ptotal

1 2 3 1 2 3

1 2 3

+ + = + +
= + +( ) =

D D D D D D
D D D D D D

/ / /

/ /
	

or

	 C C C Ctotal1 2 3+ + = 	

Thus, simple addition of compliances is allowed and the total compliance is their 
sum and is therefore larger than the individual compliances. For vessels in parallel 
compliances may also be added. Thus for the entire systemic circulation the total 
arterial compliance is the sum of all local compliances.

From Ref. [7]
(in pressure and diameter)

From Ref. [4]
ln(P/P0 ) = b (D/D0 – 1)

From Ref. [6]

P = (P0 + b)e a(D – D0 ) – b P = P0 e b (D/ D0 – 1) A = Am [½ + 1/π·tan–1(P– P0)/P1]
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Fig. 11.3  Mathematical models of pressure-diameter and pressure-area relations
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If an organ with compliance C1 is enveloped with an organ with compliance C2, 
the total volume change equals the individual volume changes (Fig. 11.5). In that 
case the pressures need to be added. The distending pressure of the inner organ is 
the luminal pressure minus the pressure in between the organs. The distending pres-
sure of the outer organ is the pressure between the organs minus the pressure of the 
environment. Thus, the distending pressure acting on the two organs combined, i.e., 
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Fig. 11.4  Addition of 
compliances. Note the 
choice of axes. The 
compliances of different 
sections can be added to 
obtain total aortic 
compliance. The whole 
graphs may also be 
summed, by adding 
volumes at similar 
pressures (dashed lines). 
The aa, da, and ab are 
ascending, descending, and 
abdominal aorta
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Fig. 11.5  Addition of elastances. Note the choice of axes. Heart and pericardium have their indi-
vidual elastances and the total elastance of the heart in pericardium can be obtained directly from 
addition of their individual elastances. Addition of the whole graphs is also allowed at similar 
volumes. Thus, for structures within each other the elastances can be added directly to obtain over-
all elastance. Transmural pressure over the ventricular wall is Δ Pv = Pventr − Ppericard and transmural 
pressure of the pericardium is Δ Ppe = Ppericard − Pexternal
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the luminal pressure minus the external pressure is the sum of the distending pres-
sures of the individual organs.

	 1 1 11 2/ / /C C Ctotal = + 	

In this situation addition of the elastances is easier. As an example, we use the heart 
with pericardium. When the transmural pressure over the ventricular wall is ΔPv and 
over the pericardium is ΔPpe, for the heart inside the pericardium the transmural 
pressure equals ΔPtotal = ΔPv + ΔPpe. Therefore

	
E P V P P V P V P V E Etotal total v pe v pe v pe= = +( ) = + = +D D D D D D D D D/ / / /

	

with Ev, and Epe the ventricular elastance and pericardial elastance, respectively. The 
implicit assumption is that the intra-pericardial pressure, ΔPpe, is the same at all 
locations. There are indications that the actual situation is more complex.

11.1.7  �Relating Compliance to Youngs Modulus

The measurement of pressure-volume or pressure-radius relationships in arteries 
allows for derivation of compliance. However, as discussed in Chap. 9, estimation 
of Youngs modulus or incremental elastic modulus requires, in addition to radius 
and pressure, the measurement of wall thickness.

An accurate relation between the Youngs modulus and compliance, for a cylin-
drical vessel, is given by Love [8], and is used to model transverse impedance of an 
arterial segment (Appendix 3):

	
C r r h E r h h r a E aA i i inc i i inc= × +( ) +( ) = × +( ) +( )3 2 3 1 2 12 2 2 2

p p/ / ,with aa r hi= /
	

For thin-walled vessels the equation reduces to:

	
C k r E hA i inc» ×( ) ×( ) =p 3 1 5/ , .with k

	

Sometimes k = 2 instead of 1.5 is used.
(Area) compliance, being a structural property, should be plotted against distend-

ing pressure. The incremental elastic modulus, being a material property, should be 
plotted against stress or strain. Plotting Einc against pressure, as is often done, leads 
to misinterpretation of vessel properties.

An example where the structural aspect of compliance can be seen, is the com-
parison of the elastic properties of veins and arteries. The main reason why pressure-
volume relations of veins differ from those of arteries is not the difference in wall 
material properties but their difference in wall thickness. More accurately stated, the 
ratio of wall thickness to radius is much smaller in veins than in arteries.

11.1  Description
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11.2  �Physiological and Clinical Relevance

Compliance or elastance gives a quantitative measure of the mechanical and struc-
tural properties of an organ. Changes with disease and aging can be quantitatively 
investigated.

Arterial compliance decreases with age, and thus elastance (stiffness) increases 
with age and this is the main reason why arterial Pulse Pressure, Systolic minus 
Diastolic pressure, increases with age. The concomitant increase in systolic pres-
sure is an extra load on the heart possibly leading to (concentric) hypertrophy. 
Concentric hypertrophy increases the elastance of the left ventricle in both diastole 
and systole. The increase in diastolic elastance results in decreased filling and filling 
volume can only return to near normal values with an increase in diastolic filling 
pressure (Fig. 11.6), which in turn may lead to increased pressure in the pulmonary 
veins and pulmonary edema.

With the now available wall-track technique arterial diameters can be mea-
sured noninvasively in superficial arteries and if pressure is determined simulta-
neously as well, diameter compliance can be derived in large groups of patients 
[2]. However, we should realize that this is the local area compliance of a single, 
often peripheral, artery, such as the carotid or radial artery, and may not be a 
good measure of aortic compliance or total arterial compliance (see below and 
Chap. 25).

Compliance and elastance depend on volume and pressure. Comparison should 
thus be carried out at similar pressure. However, compliance and elastance, in con-
trast to the Youngs modulus, also depend on the size of the organ. Distensibility and 
volume elasticity account for vessel size and are often used for comparisons of 
groups.
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Fig. 11.6  Loss of diastolic ventricular compliance, i.e., increased diastolic elastance means that 
distension (filling) of the left ventricle in diastole becomes more difficult. Even a higher filling 
pressure is not capable to reach sufficient end-diastolic volume. An increase in diastolic filling 
pressure implies an increase in the pulmonary venous pressure, leading to pulmonary edema
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11.2.1  �Buffering Function of Arterial Compliance

Arterial compliance is the buffering element for pressure so that the oscillations in 
pressure during the cardiac cycle are limited (Chap. 25). The Pulse Pressure in the 
aorta, the difference between systolic and diastolic aortic pressure, is about 
40 mmHg in the young healthy adult. It was shown by Randall et al. [9], in vivo, that 
an acute reduction of total arterial compliance results in a considerable increase in 
Pulse Pressure (Fig. 11.7). The effect of long term, i.e., ~60 days reduction of aortic 
compliance to 60%, increased systolic pressure by 31 mmHg and diastolic pressure 
by 10 mmHg without affecting Cardiac Output and peripheral resistance [10].

It is now accepted knowledge that increased Pulse Pressure is the strongest 
pressure-based indicator of cardiac mortality and morbidity [11, 12]. It has also 
been reported that cardiac elastance is affected when arterial compliance is decreased 
[13]. The scientific community is becoming more and more convinced that decreased 
compliance plays a major role in hypertension. In Chap. 25 it is shown that the 
change in compliance, with age, is considerable and contributes importantly to 
Pulse Pressure.
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Chapter 12
Wave Travel and Reflection

Qforward =Pforward/Zc

Qmeasured

Qreflected = -Preflected/Zc
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Panel A. Schematic presentation of pressure and flow along the aorta. Flow velocity 
is depicted to make the amplitude comparable at the different locations. Volume 
flow equals velocity times cross-sectional area. Both pressure and flow are travel-
ling waves: they vary in time over the cardiac cycle and depend on location. The 
time delay in flow Δtq or pressure Δtp allows calculation of Pulse Wave Velocity, 
PWV = distance/Δt. The increase in pulse pressure towards the periphery, called 
amplification, results from wave reflections. The different wave shapes of pressure 
and flow also result from wave reflection. Reflections occur at all changes in arterial 
size, bifurcations, and changes in wall properties. Panel B shows the separation of 
proximal aortic pressure and flow in their forward and reflected components. 
Reflections of pressure and flow are equal in magnitude but ‘inversed’: when posi-
tive for pressure, they are negative for flow. The forward pressure and flow are 
related by characteristic impedance and the reflected pressure and flow are also 
related by characteristic impedance but they are ‘inversed’.
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12.1  �Description

Pressure and flow are waves by definition, they change in time and travel over the 
vascular system. Both pressure and flow waves are reflected at all locations where 
geometry and vascular (wall) properties change, such as bifurcations and changes in 
vessel diameter and wall stiffness. Wave travel and reflection give information on 
the arterial system.

Characteristic impedance, Zc, and wave speed, c, are two important vessel param-
eters describing wave transmission and reflection. Both Zc, and c depend on vessel 
properties (Appendix 3), and can be derived using so-called wave transmission 
theory, in analogy to what happens in telegraph lines or antenna cables for the trans-
mission of electromagnetic waves.

The characteristic impedance equals Zc = √Zl′⋅Zt′, with Zl′ and Zt′ the longitudi-
nal and transverse impedance per unit length as given in Appendix 3 and shown in 
Fig. 12.1. Inserting the relations for large vessels (large cross-sectional area and 
large Womersley’s α, Chap. 8), Zl' ≈ iωL' ≈ iωρ/A, since R′ ≈ 0 (Poiseuille’s law). 
Also in large vessels, the wall is close to purely elastic (Appendix 3) and Zt′ ≈ 1/
iωC' = 1/iωCA with CA = ΔA/ΔP (Appendix 3) and

	
Z Z Z L C P A Ac l t A     ¢ ¢ r/ / 

	

Vessel segment

L' R' CA PoutPin

Z'l = R' + iwL'
Z't = 1/ iwCA 

Pc
2= Z'l /Z't c2, PWV2 » 1/L'CA

Zc
2= Z'l·Z't» L' /CA

Fig. 12.1  The arterial segment is a short and supposedly uniform part of a blood vessel. The seg-
ment stands at the basis of pressure-flow relations (characteristic impedance) and pressure-pressure 
and flow-flow relations (wave speed) when no reflections are present. The longitudinal and trans-
verse impedances per unit length Z′l and Z′t are frequency dependent. (see text and Appendix 3), 
and they determine the vessel’s characteristic impedance Zc

2 = Z′l·Z′t and wave propagation (speed 
and damping) Pc

2 = Z′l/Z′t, with wave speed c = iω/im[Pc] called phase velocity. In large arteries 
Z′l = iωρ/A = iωL′, with L′ inertia, and Z′t = 1/iωC′ = 1/iωCA,with C′ compliance per length. The 
Zc and c are then frequency independent with Zc

2 = L′/CA and c2 = 1/L′CA. Thus, the foot-foot Pulse 
Wave Velocity, which is minimally affected by reflections, equals c
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Thus, for large vessels Zc is a (mathematically) real number and independent of 
frequency. Characteristic impedance accounts for the combined effect of the 
accelerating blood mass (inertia) and the vessel compliance vessel storing 
blood.

The wave propagation constant Pc = √Zl′/Zt′ describes transmission of waves. 
The propagation constant consists of a real part (wave damping) and imaginary part, 
im[Pc], the wave speed. Since wave propagation is virtually always determined in 
large vessels (large α) we can insert the above relations of Zl′ and Zt′, and Pc = 
√Zl′/Zt′  ≈  iω⋅√L′CA. The wave speed, called phase velocity, c  =  iω/im[Pc]  =  iω/
[iω⋅√L′CA] = 1/√L′CA. The phase velocity holds when no reflections are present 
and depends on local vessel properties only. Inserting the values of large vessels, as 
above results in

	 c A C A P AA= Ö × = Ö × ×/ /r rD D 	

The c = √A/ρ⋅CA is the equation for Pulse Wave Velocity as introduced by 
Frank and later by Bramwell-Hill (Chap. 21). The wave speed can also be writ-
ten as c = √VΔP/ΔV⋅ρ = √K/ρ with K = AΔP/ΔA = VΔP/ΔV the bulk modulus 
(Chap. 11).

Using A = πri
2 and thus ΔA = 2πri⋅Δri, we arrive at c = √ri⋅ΔP/2Δri⋅ρ. Using 

CA  ≈  3π⋅ri
3/2Einc⋅h (Chap. 11) and from Womersley’s theory L′  =  4ρ/3π⋅ri

2 
(Appendix 3), gives

	 PWV = Ö = Ö × ×¢1 2/ /C L E h rA inc i r 	

Using ΔP/Δri  =  h/ri⋅(Δσ/Δri) also gives c = √Einc⋅h/2ri⋅ρ. This is the Moens-
Korteweg equation for Pulse Wave Velocity (Chap. 21). Sometimes L′ = ρ/π⋅ri

2 is 
used instead of L′ = 4ρ/3π⋅ri

2, which leads to c = √2Einc⋅h/3ri⋅ρ. The difference in 
the square root of 2/3 and 1/2 is about 15%.

The choice of the formula of wave speed depends on the information desired. 
If local compliance is to be derived, the Frank/Bramwell-Hill equation is pre-
ferred. If the material constant, Einc, is to be obtained the Moens-Korteweg equa-
tion is used.

It should be emphasized that the derivations of Zc and PWV pertain to large uni-
form vessels, without reflected waves. If reflections contribute to the pressure or 
flow waves the apparent wave velocity, capp, is found which may differ considerably 
from the phase velocity, c. This is the reason that PWV is measured from the foot of 
the waves since the foot is mainly determined by the higher frequencies and assumed 
to be little affected by reflections [1, 2].

It can be seen that c/Zc = A/ρ, and in the cgs system with ρ ~ 1 g·cm−3 it holds 
that c/Zc ≈ A. When flow velocity (Q/A) rather than volume flow is used c = Zc 
/ρ ≈ Zc.
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12.1.1  �Reflection of Waves

Reflections pertain to waves only (not mean pressure and flow) and occur at all 
discontinuities. If no reflections exist the measured pressure and flow would have 
the same wave shape, and are related by characteristic impedance as 
‘Qmeasured’ = ‘Pmeasured’/Zc. The difference in wave shape of measured pressure and 
flow results from wave reflection.

We can quantify the amount of reflection by the reflection coefficient (Fig. 12.2). 
The local pressure reflection coefficient for pressure, Γp, is calculated from the dis-
tal and proximal characteristic impedances

	

G p l c distal c proximal c distal c proxZ Z Z Z, , , , ,/w w w w( ) = ( ) ( )( ) ( ) +- iimal

c distal c proximal c distal c proximalZ Z Z Z

w( )( )
» ( ) +( ), , , ,/-

	

In large arteries, the characteristic impedances are practically frequency indepen-
dent and Γp,l(ω) ≈ Γp,l, thus also frequency independent. Flow waves are reflected as 
well and the local reflection coefficient for flow is:

	
G Gq l p l, ,= -

	

The global reflection coefficient depends on the whole distal load of the segment, 
Zload(ω), which is the input impedance of the distal vasculature, and is frequency 
dependent (Fig. 12.2).

Local Pressure
Reflection Coefficient:

Gp,l = (Zc,dist –Zc,prox)/(Zc,dist +Zc,prox)

Global Pressure
Reflection Coefficient:

Gp,g = (Zload –Zc,prox)/(Zload+Zc,prox)

Zload

Zc,prox=ÖZl¢·Zt¢ » ÖL¢ /CA Zc,dist
R

Fig. 12.2  Reflections are due to discontinuities. The local reflection depends on local vessel prop-
erties: the characteristic impedances, proximal and distal of the discontinuity. The overall or global 
reflection coefficient depends on the characteristic impedance of the proximal vessel and load 
impedance, i.e., the input impedance of the distal vascular bed. The local and the global reflection 
coefficient for flow equal Γq = − Γp. When the distal vessel is larger in diameter the Γp,l becomes 
negative and the Γq,l is positive. See also Fig. 12.3
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G p g load c load cZ Z Z Z, /w w w( ) = ( )( ) ( ) +( )-

	

and again

	
G Gq g p g, ,w w( ) = ( )-

	

The global reflection coefficient quantifies the reflection at a certain location due to 
the total system distal to the segment under study and is always frequency depen-
dent. The global reflection coefficient should be calculated for each harmonic 
obtained by Fourier Analysis of pressure and flow (Appendix 1). At more distal 
locations with smaller vessels the Zc is not frequency-independent either and Zc(ω) 
requires longitudinal impedance (Oscillatory flow theory, Chap. 8, Appendix 3) and 
transverse impedance (frequency dependent Youngs modulus (Chap. 10 and 
Appendix 3). Calculations are to be performed for each frequency of the Zload(ω) 
and the Zc(ω).

To calculate the local reflection coefficient at a bifurcation, a mother vessel, 
Zc,m, with two daughter vessels, the distal characteristic impedance is the inversed 
sum of the two characteristic impedances (see Chap. 6), i.e., distal characteristic 
impedance equals 1/Zc,distal = 1/Zc,d1 + 1/Zc,d2, with Zc,d characteristic impedances 
of the daughters. For two equal daughters total Zc,distal = ½⋅Zc,d. For large vessels 
(large Womersley’s α), characteristic impedance can calculated from L′ = 4ρ/3A 
and CA = 3π⋅ri

2(ri + h)2/Einc⋅(2ri + h)h with a = ri/h (Chap. 11). Further assuming 
that the wall thickness to radius ratio (h/ri) and Youngs modulus (Einc) of mother 
and daughters are equal leads to a characteristic impedance inversely propor-
tional to area, Zc = k/A. The local pressure reflection coefficient is Γp,l = (½⋅Zc,d – 
Zc,m)/(½⋅Zc,d + Zc,m) = (1 – 2Ad/Am)/(1 + 2Ad/Am). Thus, when the summed area of 
both daughters 2Ad equals the area of the mother vessel Am, the reflection coeffi-
cient would be zero (Fig. 12.3). When the summed area of the daughters is larger 
than that of the mother the pressure reflection coefficient is negative, and the flow 
reflection coefficient positive.

Womersley used for two equal daughters Zm/Zd  =  2ri,d
2cm/ri,m

2cd with c wave 
speed, with an extra assumption that cm/cd = √ri,d/ri,m. This leads to Zm/Zd = 
2ri,d

2ri,d
0.5/ri,m

2ri,m
0.5 = 2ri,d

2.5/ri,m
2.5. The local pressure reflection coefficient is then Γp,l 

= (1 – Zm/Zd)/(1 + Zm/Zd) = (1 – 2ri,d
2.5/ri,m

2.5)/(1 + 2ri,d
2.5/ri,m

2.5) and the Γp,l = 0 for  
2ri,d

2.5/ri,m
2.5 = 1 which corresponds with an area ratio for 2πri,d

2/πri,m
2 ≈ 1.15 

(Fig. 12.3). In smaller vessels, when Womersley’s α is not large the calculation of 
the local reflection coefficient requires information of Zl(ω) and Zt(ω) (Appendix 3) 
and the minimum of the reflection coefficient is found at larger area ratios and 
depends on α [3]. Murray’s law (Chap. 2) predicts similar ratios.

In summary, both the modulus of the local and the global reflection coefficient 
are the same for pressure and flow (same magnitude of reflection) but the phase 
angle of the reflection coefficients of pressure and flow differ by 180 degrees 
(‘upside down’) [4]. This implies that the reflected pressure and flow waves are 
inversed with respect to each other.
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In reality, reflected waves result from many local reflections, by summation giv-
ing a compound reflected wave. However, calculation of such a sum, consisting of 
forward, reflected and re-reflected waves is not feasible and the compound reflected 
wave is best obtained by the calculation of the global reflection coefficient. Since 
the global reflection coefficient is frequency dependent the (compound) reflected 
wave is out of phase with the forward wave. The phase difference relates to a time 
shift, and the time shift may suggest that the reflected wave appears to reflect from 
a certain distance. The time shift, thus the apparent distance, can depend on location 
but does not systematically decrease towards the periphery. Thus at more distal 
locations a time shift remains resulting in an elusive reflection site or ‘horizon 
effect’ [5–7].

12.1.2  �Transmission of Waves

Next to reflections, also transmission of waves (Fig. 12.4) occurs at discontinuities. 
The pressure transmission coefficient is 1  + Γp since the measured and also the 
transmitted pressure wave is the sum of the forward and reflected pressure wave. 
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Fig. 12.3  Local reflection 
coefficients at a 
symmetrical bifurcation: a 
mother vessel with 
cross-sectional area Am and 
two equal daughters each 
with areas Ad. When no 
losses are present, and 
characteristic impedances 
are real numbers, an area 
ratio 2Ad/Am = 1 implies 
that the reflection 
coefficient is zero. For area 
ratio < 1 the pressure 
reflection coefficient is 
positive, Γp,l > 0. For an 
area ratio > 1 reflection is 
negative Γp,l > 0 (see phase 
angle). Womersley based 
the calculation on 
oscillatory flow theory and 
found that the reflection 
coefficient depends on 
parameter α. See text for 
details
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With a local reflection coefficient of Γp = 0.1 the reflected pressure wave is 10% of 
the forward wave and the transmitted wave is 1+ Γp = 1.1 times the forward pressure 
wave. For flow the transmission coefficient is 1 + Γq = 1 – Γp and the transmitted 
flow wave is thus 90%. With reflection at a bifurcation this total transmitted flow is 
further divided between the two daughters, for instance with two equal daughters 
the transmitted flow wave in each daughter is 45%.

12.1.3  �Derivation of Characteristic Impedance

In the calculation of local reflection, the proximal and distal characteristic imped-
ances need to be known. To calculate the global reflection the proximal characteris-
tic impedance and distal input impedance are required. Since, for high frequencies, 
corresponding to short time scales, the arterial tree approaches a reflection-less sys-
tem, the input impedance at high frequencies is close to the characteristic imped-
ance of the vessel where the impedance is determined (Chap. 24). This allows for an 

Ptr

Pr

Pr Pf

Pf

+

Local Reflection Coefficient

Pressure = Gp 
Flow = Gq = – G

Transmission coefficient
of pressure: Tp = 1+Gp

Transmission coefficient
of flow: Tq = 1 – Gp 

Zc,prox Zc,dist

Qf

Qb

Qtr

Fig. 12.4  Pressure and flow waves are reflected and transmitted at discontinuities. The local 
reflection coefficient depends om distal and proximal characteristic impedance. The local reflec-
tion coefficients of pressure Γp,l and flow Γq,l = − Γp,l are similar in magnitude but opposite in 
phase. Transmission of pressure is Tp,l = 1 + Γp,l, i.e., Ptransmitted = (1 + Γp,l)·Pf = Pf + Pr, with Pf and 
Pr forward and reflected pressure. Flow transmission equals Qtransmitted = (1 + Γq)·Qf = Qf·(1 – Γp) =  
Qf – Qr. Local reflection, with Zc,dist > Zc,prox, results in a Γp > 0 thus increased transmitted pressure 
waves, but the transmitted flow amplitude decreases. When Zc,dist < Zc,prox the transmitted pressure 
is decreased but flow increased
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estimation of characteristic impedance from the modulus of the input impedance at 
high frequencies (Fig.  12.5, left). In practice, the averaged impedance modulus 
between the fourth to tenth harmonic is used [1].

It is also assumed that during the early increase of pressure and flow reflections 
play a minor role, and that pressure and flow are related through the characteristic 
impedance [1, 8]. This allows calculation of characteristic impedance from the ratio 
of the slopes of (aortic) pressure and flow (Fig. 12.5, right).

12.1.4  �Forward and Reflected Waves

The measured pressure and flow are not similar in shape since they consist of 
forward and reflected components (Fig. 12.6 panels a and b), and their sum is 
the actually measured wave (Fig. 12.6, panel c). Measured pressure and flow, 
Pm and Qm are both the sum of a forward and reflected (reflected) waves, Pf, Pr, 
Qf, Qb.

	
P P P Q Q Qm f r m f r= + = +and

	

The (local) characteristic impedance gives the relation between pressure and flow of 
a vessel without reflections with Pf = Zc⋅Qf, and Pr = −Zc⋅Qr. The minus sign results 
from the fact that flow is reflected ‘upside down’ in comparison with pressure. For 

dQ/dt

dP/dt

P
re

ss
ur

e
F

lo
w

Time Frequency

M
od

ul
us

Characteristic impedance

Input impedance

4th Harm 10th Harm

Fig. 12.5  The characteristic impedance can be estimated from the input impedance modulus at 
high frequencies: Zc = averaged |Zin| for harmonics 4–10 (colored section). Characteristic imped-
ance can also be estimated from the slope of the pressure and flow during their initial increase: 
Zc = dP/dt/dQ/dt = dP/dQ. Both methods assume reflections to be negligible
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large arteries, when Zc is real the calculations can be performed in the time domain. 
Substituting Qf and Qr into the above equations leads to [4]:

	

P t Z Q t P t Z Q t

P t Z Q t P t

f c f m c m

r c r m

            

        

/ 2

and
  ZZ Q tc m    / 2 	

In smaller vessels, the characteristic impedance is a frequency-dependent quantity 
(real and imaginary part, see Appendix 3). In that case the analysis should be done 
in the frequency domain, requiring Fourier analysis (Appendix 1) of the measured 
pressure and flow waves, and subsequent application of the above relations for each 
harmonic and Zc(ω), and finally inverse Fourier to reconstruct the time functions of 
the pressure and flow waves (Appendix 1).

The above relations form the basis of wave separation (Chap. 22). Forward and 
reflected wave analysis pertains to the pulsatile part of pressure and flow. The ques-
tion how mean pressure and flow can be separated in their forward and reflected 
components was recently solved by Mynard et al. [9]. A simple easy approximate 
approach is to assume that for very low frequencies all local pressure variations 
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Fig. 12.6  Panel a: If a (large) tube is reflection-less the pressure and flow wave have the same 
wave shape and the pressure and flow only consist of forward waves, with Pmeasured = Pforward = Zc·
Qforward, with Zc characteristic impedance of the tube. Panel b: With reflections present the reflected 
pressure and flow waves are similar in shape but they are inversed with respect to each other. It 
holds that Pforward = Zc·Qforward, and Preflected = − Zc·Qreflected. Panel c: The measured pressure and flow 
waves are the sum of forward and reflected waves. The reflected waves are compound waves origi-
nating from many reflection sites in the arterial system
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occur simultaneously and arterial system can be seen as a very short piece of aorta, 
with characteristic impedance Zc, loaded with the peripheral resistance, Rp. The 
reflection coefficient then can be estimated as Γp =  (Rp – Zc)/(Rp + Zc). With Rp 
about 15 times Zc the Γp ≈ 0.87 = Pr/Pf, and with Pm = Pf + Pr = Pf + 0.87·Pf = 1.87·
Pf, thus Pf = 1/1.87·Pm = 0.53·Pm and Pr = 0.47·Pm, values close to those reported 
by Maynard [10].

In Wave Intensity Analysis the forward and reflected waves can be calcu-
lated as well. Separation of dP/dt and dQ/dt as given above into their forward 
and reflected components dP+/dt, dP−/dt, dQ+/dt, and dQ−/dt, and subsequent 
integration leads to the forward and reflected waves of pressure and flow (see 
Chap. 23).

In diastole and aortic valves without insufficiency, measured aortic flow is essen-
tially zero: forward and reflected flow waves ‘self-cancel’. This ‘cancelling’ was 
assumed by some to be impossible [11]. However, self-cancelling waves are per-
fectly in line with wave theory, since the compound forward and compound reflected 
flow waves cancel when reflecting against a closed valve. Compare a single tube, 
where at the closed end measured pressure is large but measured flow is zero: the 
forward and reflected flow waves are ‘self-cancelling’.

12.1.5  �Amplification of Pressure, and Form Factor

The systolic and Pulse Pressure increase in amplitude while travelling towards 
the periphery. This phenomenon is called amplification. Diastolic pressure 
decreases little. Pressure amplification was first shown by Hamilton [12]. 
Luchsinger and Latham [13, 14] showed using Fourier analysis that the lower 
harmonics of pressure all increase in amplitude while travelling towards the 
periphery. Not only reflections at the periphery (peripheral resistance) determine 
wave amplification but vessel compliance also plays a role. This is exemplified 
by the data of Latham et al. [14] who measured pressures between aortic arch and 
iliac artery, during the Valsalva maneuver. They found that pulse wave velocity 
decreased from 5.63 m/s to 3.85 m/s, i.e. aortic compliance increased and ampli-
fication increased from 9% to 18%. O’Rourke et al. [15] showed that amplifica-
tion decreases with increased aortic stiffness (PWV) and with age (increased 
PWV), see Fig. 12.7. These findings suggest that amplification is mainly deter-
mined by arterial elasticity.

The so-called form factor of pressure relates systolic and diastolic pressure with 
mean blood pressure as follows: Pmean = ff⋅PP + Pdiastolic, with PP Pulse Pressure. The 
pressure form factor in large arteries (brachial artery) is about 1/3 (or 2/5, [16]) and 
in the aorta it is about ½. Thus, in the brachial artery, with ff = 1/3, we find: Pmean,bra =  
(Psystolic,bra – Pdiastolic,bra)/3 + Pdiastolic,bra = (Psystolic,bra + 2Pdiastolic,bra)/3. For the aorta with 
ff about ½ the Pmean,ao = (Psystolic,ao + Pdiastolic,ao)/2 [17].
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It has been shown that mean and diastolic pressure are similar in brachial artery 
and aorta. This allows for estimation of systolic pressure in the aorta.

	
P P P P Psystolic ao mean ao diastolic ao mean bra diastolic, , , ,= =2 2- - ,,bra 	

with systolic and diastolic brachial artery pressures 120  mmHg and 80  mmHg, 
Pmean,bra = 93 mmHg. The systolic pressure in the aorta is now Psystolic, aorta = 2·93–
80 = 106 mmHg. Thus, using the form factors it is possible to derive values for aortic 
systolic and diastolic pressures from calibrated peripheral (e.g., brachial) pressure.

With the mean and diastolic pressures the same in brachial artery and aorta it 
holds that aortic PPao  =  (Pmean,ao  – Pdiastole,ao)/ffao  =  (Pmean,bra  – Pdiastole,bra)/ffao and 
PPbrach = (Pmean,bra – Pdiastole,bra)/ffbra and thus PPao·ffao = PPbra·ffbra, or PPbrach/PPao = ffao/
ffbra = (1/2)/(1/3) = 1.5. Thus Pulse Pressure amplification is 50%. It should be real-
ized that amplification decreases with arterial stiffness (age) implying that the form 
factor changes as well.

12.2  �Physiological and Clinical Relevance

When the heart ejects, it has to accelerate the blood into a compliant aorta. Thus, 
what the heart encounters first during ejection is the combination of the effects of 
compliance and inertance. Inertance increases the load but compliance makes it 

Transmission time (ms)

4080 60100120

A
m

pl
ifi

ca
tio

n 
(%

)

40

60

80

20

0

PWV (m/s)4 8

Fig. 12.7  Relation 
between pressure 
amplification (%) and 
PWV (aortic stiffness) 
expressed as travel time 
from aortic arch to iliac 
artery. Increased stiffness, 
as in aging, causes a 
decrease in pressure 
amplification. (Based on 
data from Ref. [15])

12.2  Physiological and Clinical Relevance



86

easier to eject. The combined effect is given by the characteristic impedance Zc = 
√L′/CA, with L′ inertia (Chap. 7) and CA area compliance (Chap. 11). The Zc is 
called characteristic impedance because it is characteristic for the vessel under 
study and gives the relation between pressure and flow when reflections are absent. 
Zc for large vessels is a (mathematical) real number independent of frequency. If we 
take the proximal aorta as an example, the ventricle encounters, during the initial 
phase of ejection, an impedance to flow that is the characteristic impedance of the 
proximal aorta. If the heart were loaded with the peripheral resistance the load 
would be much higher, because the systemic peripheral resistance is about 15 times 
higher than aortic characteristic impedance.

For an infinitely long aorta or a reflection-less arterial system measured pressure 
and flow would have similar shape with P(t) = Zc·Q(t). Up till about 1970 it was 
assumed that only pressure wave was subject to reflections, see Fig. 12.8 [4, 18]. 
However, now we know that both pressure and flow waves consist of forward and 
reflected components, and in large arteries the separation into forward and reflected 
waves is simple (see above).

12.2.1  �Wave Speed and Reflection

In large vessels where the wave speed is usually studied (aorta, carotid artery, and 
large leg and arm arteries, large Womersley’s α) the viscous properties of blood and 
the viscosity of the wall are small so that damping of the waves plays only a small 
role. In these arteries, the compliance and inertance together determine the wave 
speed and the characteristic impedance. When smaller vessels are studied the situa-
tion gets much more complex, the wave is not only transmitted but damped as well.

The phase velocity in large vessels is c = 1/√L′CA. The PWV is equal to c when 
no reflections are present. Since, for high frequencies, corresponding to short time 
scales, the arterial tree approaches a reflection-less system (Fig. 12.5), rapid changes 
in the signals may be assumed not affected by reflections and PWV equals the phase 
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Fig. 12.8  Up till about the 1970 it was assumed that only pressures reflect while flow was unaf-
fected by reflections, The reflected pressure wave was erroneously assumed to be the difference 
between measured pressure and measured flow times characteristic impedance (‘Pforward’)
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velocity c. This is why the foot of the pressure or flow wave should be used in the 
measurement of PWV. PWV can be written as PWV = √A/ρ⋅CA = √A⋅ΔP/ΔA⋅ρ 
(Frank/Bramwell-Hill) or PWV = √Einc⋅h/2ri⋅ρ (Moens-Korteweg). PWV can be 
measured (noninvasively) using pressures, flows (Figure in the Box), or diameter 
signals at two locations, and can give information on vessel compliance, CA, a struc-
tural property, and on Einc, a material property. However, it should be remembered 
that when aortic PWV is measured it is assumed that the aorta is uniform, i.e., the 
same diameter and wall properties.

A decrease in aortic compliance with age by a factor of 4 increases the pulse wave 
velocity by about a factor 2, assuming constant radius of the vessel. Decreased aortic 
compliance also results in increased characteristic impedance, which affects early 
ejection [19] and reflections. Both the decrease in compliance and the increase in 
characteristic impedance lead to a higher Pulse Pressure if ejection flow is unaltered.

In the aorta and conduit arteries the local pressure reflection coefficients are typi-
cally about 0.1 [2, 3], but both positive and negative values have been reported. The 
increase in pressure amplitude towards the periphery, called pressure amplification, 
may, in part, be the result from many small local reflections, but data are missing to 
quantify this effect.

To explain reflections on the basis of the many local reflection sites is extremely 
complex, therefore the global reflection coefficient is a better parameter to under-
stand reflections.

Amplification of the pulse pressure appears to inversely associate with age and 
(mean) pressure, while reflections are increased. Amplification depends not only on 
the magnitude of the reflected waves but also on their timing thus on wave speed. 
Increased stiffness with age results in increased wave speed and increased reflec-
tions (Chap. 22), but microvascular resistance and arterial geometry change little.

The systemic arterial tree has often been modeled with a uniform tube (the aorta) 
with a resistor or Windkessel at its distal end (Chap. 26). However, reflections occur 
at every bifurcation and discontinuity. Therefore, the reflected wave is a compound 
wave consisting of many individually reflected and re-reflected waves and a single 
reflection site is elusive [6]. This limits the single tube as model of the systemic 
arterial system. Tube models are discussed in Chap. 26. The Windkessel, is a lumped 
arterial model, and wave reflections are nonexistent.

It should be realized that the hemodynamic approach above does not take into 
account flow profile disturbance such as eddies and energy losses [20].
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Chapter 13
Cardiac Muscle Mechanics
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Relations between force and length in the relaxed state, diastole, and in two active 
states, systoles, of an isolated cardiac muscle. A low and high contractile state can 
be obtained by, for instance, changing the Calcium concentration in the extracel-
lular medium and thus intra-cellular as well. During contraction a family of force-
length relations is traversed, but here only the diastolic and the maximal or 
systolic relations are shown. The difference between the systolic and diastolic 
force is developed force. Force is expressed relative to cross-sectional area of the 
muscle and called tension (stress would be a better term). The length is normal-
ized with respect to Lmax, the length where developed force is maximal. The force-
length relation forms the basis of the pressure-volume relation. Other important 
relations are:

•	 The force-velocity relation, showing that velocity of contraction decreases when 
force increases.

•	 The relation between intracellular calcium and force, showing that an increase in 
Calcium results in increased force.
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13.1  �Description

The cardiac muscle cells, or fibers, branch and interdigitate. They are typically 
40 μm long and about 10 μm in diameter; the fibers contain fibrils that are built up 
by the basic contractile units the sarcomere (Fig. 13.1). Each sarcomere is bounded 
at the ends by Z-discs about 2 μm apart. The thin actin filaments about 1 μm long, 
are attached to the Z-discs, and extend towards the center of the sarcomere. They 
can either meet in the center, when sarcomere length is short, i.e., about 2.0 μm, 
overlap each other when sarcomere length is <2.0 μm, or not quite reach each other 
when sarcomere length >2.0 μm. Spanning the center of the sarcomere length are 
the thick myosin filaments, 1.6 μm long, which interdigitate with the thin filaments. 
They are connected to the Z-discs with a titin molecule, the third filament. The titin 
filament contains several spring sections, each with their own stiffness. The titin is 
the main determinant of muscle stiffness in diastole [1]. Changes in sarcomere 
length are achieved by sliding of thin between thick filaments; the sliding filament 
model. This sliding is caused by the action of the active, heavy meromyosin ATPase, 
i.e., ATP consuming unit, the ‘cross-bridge’. The cross-bridges project sideways 
from the thick filaments, apart from a ‘bare area’ in the central zone of approxi-
mately 0.2 μm in length. The physiological range of sarcomere lengths (SL) is 1.6–
2.3  μm, so that the number of cross-bridges in apposition to thin filaments is 
(approximately) constant.

Sarcomere 

1 mm Z disk Z disk 

Thick filament
(myosin) 

Thin filament
(actin) A- band

Titin

Thin filament
(actin)

Titin

Fig. 13.1  The contractile unit of cardiac muscle is the sarcomere. The basic mechanical elements 
are presented here at two muscle lengths in the longitudinal direction. On the right hand side the 
cross section at overlap of thin and thick filaments is shown. Only one (instead of 6) titin molecule 
per half thick filament is shown for simplicity
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13.1.1  �Calcium

Depolarization of the cardiac muscle cell membrane causes influx of calcium ions, 
Ca2+, over the cell membrane. This increase in Ca causes a further and larger release 
of calcium ions from the Sarcoplasmatic Reticulum, SR, the so-called calcium-
induced calcium release. Calcium reacts with myosin ATPase to produce a contrac-
tion. The magnitude of the force of contraction produced when the sarcomere is 
prevented from shortening, i.e., isometric sarcomeres, is a function of sarcomere 
length and of intracellular calcium ion concentration, [Ca]i.

The interrelationships between this isometric force, F0, with sarcomere length, 
SL, and the [Ca]i are sigmoidal (Fig. 13.2). On the up-sloping part of this curve, an 
increase in [Ca]i resulting from increased Ca2+ release, causes an increase in F0, 
called an increase in contractility, or positive inotropic effect. This must be distin-
guished from an increase of F0 due to increase in sarcomere length, which is due to 
increased sensitivity of the contractile filaments to Ca2+. Increased sensitivity 
implies an upward and leftward shift of the F0-[Ca]i curve. This effect forms the 
basis of the Frank-Starling Law that states that ‘the energy of contraction is a func-
tion of initial fiber length’. This effect is brought about by the presence of regula-
tory proteins on the thin filaments, namely the tropomyosin and the troponin 
complex. Other proteins and factors also play a role, e.g., Titin and lattice 
spacing.

The curvilinear shapes of the tension (force per area) versus (normalized) muscle 
length vary with the level of [Ca]i, as shown in the Figure in the Box.
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13.1.2  �The Force-length Relation

The force-length relation of cardiac muscle (see Figure in Box) forms the basis of 
the ventricular pressure-volume relation. The relation between pressure and (local) 
tension can in principle be obtained by Laplace’s law, but more sophisticated 
approaches are advised. Many models have been proposed with varying success. 
The main problems are:

(Local) wall stress cannot be measured in the intact heart, so that verification of 
models is not yet possible [3]. Subendocardial shortening is larger than subepi-
cardial shortening, but forces may or may not be different.

Cardiac geometry is complex. Cylindrical or ellipsoidal heart models are only rough 
approximations of reality.

Relations between ventricular volume and (local) fiber length, as well as between 
volume changes and changes in fiber length also suffer from heterogeneity and 
geometric complexity. The simplest approach is to assume that the heart is a 
cylinder, with the volume proportional to fiber length squared, or a sphere, with 
volume proportional to fiber length to the third power.

The force-length relation of the muscle therefore only qualitatively relates to the 
pressure-volume relation of the heart.

13.1.3  �The Force-Velocity Relation

Another basic property of cardiac muscle is that for larger force the velocity of 
shortening is smaller (Fig. 13.3). This inverse relation between force and velocity is 
called the force-velocity relation (F-v relation). In vivo, cardiac muscle shortens 
against a force F that is less than the isometric force, F0; these forces (stresses) are 
also called ‘loads’. The F-v relation can be described by a hyperbola with the Hill 
equation:

	
F F b F a v0 – · ·( ) = +( ) 	
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Fig. 13.3  Force-velocity 
relation of cardiac muscle. 
The hyperbola can be 
described by the Hill 
equation given in the text
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The maximal velocity, v0, depends on the maximum velocity of ATP splitting by 
the myosin ATPase.

In Fig. 13.4, two sets of F-v relations are given. The F-v curves are hyperbolic 
except near F0. The left hand side presents F-v relations for two sarcomere lengths, 
1.90 and 2.15 μm. It shows that the increase in F0 is not accompanied by an increase 
in the maximum velocity of sarcomere shortening, v0, at zero force. This phenom-
enon depends on muscle length and disappears at short lengths. The right hand part 
of Fig.  13.3 shows the F-v relation for two contractility levels, or two levels of 
intracellular Calcium, [Ca]i. With an increasing level of [Ca]i the v0 increases until a 
saturation level is reached. In the rat this level is below the physiological [Ca]i so 
that v0 will then not increase with increased contractility of increased intracellular 
Calcium. In the human there exists a range of Calcium concentrations where v0 will 
increase.

13.1.4  �The F-v Relation and Pump Function

F and v relate, through geometric transformations (Laplace) with pressure, e.g., 
pressure in the left ventricle, and (velocity to volume change) to flow. The F-v 
curves above refer to an instant in time within a contraction, whereas CO is a time-
integrated quantity and not directly related. In other words, during the cardiac cycle 
the F-v relation is not constant but rises from one at the end of diastole, to one in 
systole and subsequently wanes down to the diastolic one again. This waxing and 
waning is not simply a ‘parallel’ shift because the time course of v0 is more rapid 
than that of F0. A greater duration of contraction results in a higher Stroke Volume, 
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SV, which is related to the average velocity. It is considered by some that the rele-
vant F-v curve for the intact heart is the relationship between average F and average 
v, which is equivalent to the pump function graph relating average LVP to CO (see 
Chap. 15).

13.1.5  �Experimental Problems

Studies on cardiac muscle are usually performed on isolated muscle strips, papillary 
muscle or trabeculae. These preparations are generally not perfused and therefore 
conditions have to be chosen such that a so-called anoxic core is avoided. These 
conditions are low temperature, low frequency, high PO2 of the superfusion fluid etc. 
If in vivo conditions are desired, such as 37 °C and physiological rate of contraction, 
a perfused preparation is required. Single skinned (permeable outer membrane) 
myocytes have been studied in terms of length and tension and calcium sensitivity, 
and very recently data on intact single myocytes have been reported [5].

Isolated cardiac muscle allows for studies of basic phenomena, such as tension 
development, calcium handling, effects of drugs, disease, etc. The advantage is that 
the muscle can be studied without the confounding effects of changes in cardiac 
loading. The disadvantage is that conditions are not physiological.

Determination of maximal isometric force requires that one stretches the prepa-
ration during contraction to prevent the sarcomeres from shortening because of 
compliant attachments of the preparation to the apparatus. This requires feedback 
control of the stretching apparatus keeping sarcomere length constant. The, average, 
sarcomere length can be derived from light diffraction provided the preparation is 
sufficiently thin. The method is used successfully in trabeculae, which are fine mus-
cle bundles from the inside of the heart cavity, usually taken from the right 
ventricle.

In most cell cultures cell shortening is used as a measure of function. Unfortunately 
the shortening depends on the adherence of the cells to the substrate, and this adher-
ence is not known. Also the amount of shortening cannot be related to the force.

13.1.6  �Nomenclature Problems

Another term for v0, used in the past was vmax, but this is now avoided because of 
erroneous attempts to calculate it in intact hearts. Traditionally, isolated muscle 
experiments were arranged so that the force was constant during systole and early 
relaxation, whereas in life, force decreases during systole and falls to about zero in 
early relaxation (before diastolic lengthening). This force during systole and early 
relaxation was called ‘afterload’, a term which is clearly inappropriate to use in the 
intact heart. Before it was possible to measure sarcomere length throughout an 
experiment, the muscle was hung vertically and its initial length was set with vari-
able weights; these weights were called ‘preloads’. This term is no longer 
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appropriate because the fundamental independent variable, sarcomere length, can 
now be measured. It is unwise to apply terms derived from cardiac muscle mechani-
cal studies, which are one- dimensional, to the intact heart, which is 
three-dimensional.

13.1.7  �Limitations of the Sliding Filament Model

Students of cardiac muscle have traditionally tried to relate their findings to thinking 
arising from skeletal muscle studies, and the latter has been dominated by the idea 
that the cross-bridges attach mechanically to the thin filaments. Herzog et al. review 
one of the phenomena that are not compatible with the theory that the cross-bridges 
attach mechanically to the thin filaments [6]. Liu and Pollack provide evidence that 
filaments slide in steps of integers of 2.7 nm [7], called step-wise shortening, and 
Kishino et al. [8] show myosin heads alone, attached to glass can exert full ATP-
dependent force. Finally Holohan and Marston [9] show that immobilized myosin 
in a motility assay can induce full bead-tailed actin filament force-velocity charac-
teristics, when an electromagnetic field is applied in the presence of ATP.

Currently there is no sign of such critiques in the cardiac muscle literature, 
although it was shown in cardiac muscle that myosin binding can switch on actin 
filaments in rigor conditions but it does not contribute significantly under physio-
logical conditions. The physiological mechanism of co-operative Ca2+ regulation of 
cardiac contractility must therefore be intrinsic to the thin filaments [10]. Rigor is a 
pathological condition characterized by cross-bridge attachment to filaments caused 
by ATP depletion. Physiological contraction takes place in the presence of ATP, 
which ensures absence of cross-bridge attachment to thin filaments and catalyzes 
contraction through an electromagnetic or electrostatic mechanism.

13.1.8  �Diastolic Properties

The passive muscle stiffness determines the diastolic pressure-volume relation. 
Passive stiffness is mainly determined by changes in extracellular matrix and the 
titin molecule [1, 11] and to the speed of relaxation (Calcium reuptake in the 
Sarcoplasmatic Reticulum and extracellular transport).

13.2  �Physiological and Clinical Relevance

The maintenance of the circulation requires that the cardiac muscles have a suffi-
ciently high F-v relation and duration of active state. Failure of these, as for example 
due to reduced contractility, will lead to clinical heart failure. Clinical heart failure 
can also occur due to damage of part of the heart, e.g. myocardial infarction. More 
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complex dysfunction is associated with heterogeneity, i.e., site variation of contrac-
tile function, sometimes referred to as hibernating myocardium which some claim 
to be improved by removing atheromatous stenoses. Hypertrophy, as a result of 
hypertension or valve disease also increases the demand for coronary blood flow 
and with limited supply induces dysfunction. Stimulation of contractility may be 
necessary in the treatment of acute heart failure, using positively inotropic drugs. 
Unfortunately, this seemingly logical treatment is contra-indicated in chronic heart 
failure because it causes earlier death, presumably because increased oxygen is 
required by the cardiac muscle sometimes in excess of possible supply rate; posi-
tively inotropic drugs mostly work by increasing [Ca]i which can also cause (pos-
sibly fatal) arrhythmia. However, an increase of Ca-sensitivity seems an option [12].

A different approach has recently been introduced in which the authors suggest 
that from an engineering perspective, many forms of heart disease can be thought of 
as a reduction in biomaterial performance, in which the biomaterial is the tissue 
comprising the ventricular wall [13]. These authors favor materials science in which 
the structure and properties of a material are recognized to be interconnected with 
performance.

In diastolic heart failure with preserved ejection fraction the increased passive 
stiffness of the ventricle is both the result of increased titin stiffness and extracel-
lular matrix stiffness [14].
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Chapter 14
The Pressure-Volume Relation
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The ventricular pressure-volume relation, is an important presentation of global car-
diac pump function. With every heart beat a full loop is described. Starting at End-
Diastole, the first part of the loop is the isovolumic contraction phase (valves 
closed). When the (aortic) valves open, ejection begins and during this period ven-
tricular volume decreases while pressure changes relatively little. Stroke Volume, 
SV, is indicated. After valve closure (End-Systole) isovolumic relaxation follows. 
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When the mitral valves open, the filling phase starts and volume increases with a 
small increase in ventricular pressure until the End-Diastolic volume is reached at 
the start of muscle contraction. When ventricular filling is changed, another loop 
starting from a different End-Diastolic Pressure and End-Diastolic Volume is 
described. The left top corners of the pressure-volume loops, i.e., the End-Systolic 
points, when interconnected, and approximated with a straight line, give the End-
Systolic Pressure-Volume relation, ESPVR.  The slope of this line, End-Systolic 
Elastance, Ees, is load-independent and is determined by systolic muscle properties 
(contractility) and wall mass. The Diastolic Pressure-Volume Relation is found by 
connecting the End-Diastolic Pressure and Volume points. The relation depends on 
diastolic muscle properties and wall thickness; it has considerable curvature leading 
to large errors when assumed straight. The local slope of the Diastolic Pressure-
Volume relation at end-diastole is the End-Diastolic Elastance, Ed. Filling changes 
in vivo can be obtained by partial vena cava occlusions.

14.1  �Description

Otto Frank studied pressure-volume relations in the isolated frog heart. He found 
different End-Systolic Pressure-Volume Relations, ESPVR’s, for the ejecting heart 
and the isovolumically contracting heart. In other words, a single unique End-
Systolic Pressure-Volume Relation did not appear to exist. More recent translations 
of his lectures given in high German (difficult for present German colleagues to 
understand) are being translated, so far revealing how far Frank got to the modern 
concept presented in this Chapter. He was certainly able to inscribe pressure-volume 
loops on photographic paper from mirror galvanometers connected to a pressure 
transducer and piston volume measuring device. These methods were inadequate, 
but the ideas were modern.

Measurements in the isolated blood perfused dog heart, where volume was accu-
rately measured with a water-filled balloon, showed that the End-Systolic Pressure-
Volume Relation was the same for ejecting beats and isovolumic beats. The original 
results suggested a linear ESPVR with an intercept with the volume axis, Vd [1]. The 
linear relation implies that the slope of the ESPVR, the Ees, with the dimension of 
pressure over volume (mmHg/ml), can be determined. Increased contractility, 
(Fig. 14.1) as obtained with epinephrine, increased the slope of the ESPVR but left 
the intercept volume, Vd, unchanged [1]. Therefore, the Ees could quantify cardiac 
muscle contractility. Later it turned out that both the diastolic pressure-volume rela-
tion and the ESPVR are not linear. This implies that the slope depends on the pres-
sure and volume chosen and when approximating this locally with a straight line a 
virtual intercept volume is obtained, which may be positive or negative. The curva-
ture results from failure to reach the isovolumic end-systolic pressure during ejec-
tion observed at very high systolic pressure, attributed to the longer duration of 
systole and limitation to maintain the active state long enough. The ESPVR,  and its 
slope Ees, were shown to be only little dependent on the arterial load, hence the term 
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load-independence [2]. The existence of a load-independent ESPVR is of great sig-
nificance in the understanding and characterization of cardiac pump function. An 
extensive treatment is given in [2].

14.1.1  �The Varying Elastance Model

Pressure-volume loops can be analyzed by marking time points on the loop 
(Fig. 14.2). When different loops are obtained and the times indicated, we can con-
nect points with the same times, and construct isochrones. The slopes of the iso-
chrones can be determined, and the slope of an isochrone is the elastance at that 
moment in time. The fact that the elastance varies with time, leads to the time-
varying elastance concept E(t). This means that during each cardiac cycle the elas-
tance increases from its diastolic value to its maximal value, which is close to 
end-systole, Ees, and then returns to its diastolic value again (Fig. 14.2).

This is an oversimplification in that the ESPVR lines in Fig.  14.2 are drawn 
straight when they are actually curved. Nevertheless, the varying elastance model is 
valid as demonstrated by other methods. Cardiac muscle subjected to constant 
amplitude oscillations of length display increased amplitude oscillations of force 
during contraction, i.e., dP/dl (elastance, has increased). Intact hearts subjected to 
constant amplitude oscillations of volume display increase amplitude oscillations of 
pressure during contraction, i.e., dP/dV, elastance, has increased. Elastance is a fun-
damental property of the contractile mechanism.

It has been shown that the E(t) curve, when normalized with respect to its peak 
value and to the time of its peak, EN(tN), (see Fig. 14.3), is similar for normal and 
diseased human hearts [3]. Similar EN(tN) curves are found in the mouse, and dog. 

Ventricular Volume (ml)

Vd

V
en

tr
ic

ul
ar

 P
re

ss
ur

e 
(m

m
H

g)

Control

Increased
contractility 

E
S

P
V

R

150

100

50

0

75 150 2250

Ees

Ees

Fig. 14.1  The slope (Ees) 
of the linearized End-
Systolic Pressure-Volume 
Relation (ESPVR)  is a 
measure of cardiac 
contractility. An increased 
slope implies increased 
contractility. (Adapted 
from Ref. [1] by 
permission)

14.1  Description



104

Thus there appears to exist a universal normalized E(t) curve in mammals including 
man, which is unaltered in shape in health and disease. The only differences between 
hearts and state of health are in the magnitude and time of peak of the EN(tN).This 
similarity of the varying EN(tN)-curve is very useful to construct lumped models of 
the heart [4, 5]. However, some doubt has been cast on the invariance of the EN(tN) 
curve [6].

The assumed mechanism is that the cardiac muscle changes its stiffness (elas-
tance) during the cardiac cycle (Fig. 14.4) independently of its load.

14.1.2  �Determination of End Systolic Elastance

To determine Ees one needs to measure several pressure-volume loops and obtain a 
range of end-systolic pressure-volume points (see Figure in the Box). The determi-
nation should be done sufficiently rapidly to avoid changes in contractility due to 
the hormonal or nervous control systems. Both changes in arterial load and dia-
stolic filling may, in principle, be used, but the former may illicit contractility 
changes by changes in coronary perfusion. Changes in filling are therefore pre-
ferred and are also easier to accomplish in practice. For instance, blowing up a 
balloon in the vena cava may decrease filling over a sufficiently wide range and 
can be carried out sufficiently rapidly to obtain a series of loops and an accurate 
ESPVR estimate. Measurement of both ventricular pressure and volume on a beat-
to-beat basis can be carried out with the use of the so-called pressure-volume 
catheter [7].
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ESPVR with slope Ees. The ESPVR is not exactly a single isochrone. The slopes of the isochrones 
plotted as a function of time, the E(t)-curve, exemplifies the varying elastance concept (right part)
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Volume also can be measured using noninvasive techniques (US-Echo, X-ray, 
and MRI). Pressure is preferably obtained by invasively techniques. However, 
aortic pressure during the cardiac ejection period can be used as an acceptable 
approximation of left ventricular pressure in systole to determine the systolic part 
of the pressure-volume loop [8, 9]. Methods allowing for the calculation of 
ascending aortic pressure noninvasively from peripheral pressure (Chap. 27) 
could, if proven sufficiently accurate, allow for a completely noninvasive determi-
nation of Ees.

How does one cope with the fact that most experiments show an ESPV curve that 
is convex to the volume axis, so that a straight line cannot be drawn? If one wants to 
compare contractility in an individual heart before and after an intervention, there 
are plenty of mathematical methods for fitting such curves and testing statistical 
differences between them. Alternatively, if one wants a single number for Ees, one 
can take the maximum slope of the tangent to the curve at end systole.

14.1.3  �Determination of End Diastolic Elastance

The diastolic pressure-volume relation is strongly nonlinear (Figure in the Box). 
Therefore exponential approaches have been proposed. Klotz et  al. suggested 
P(t) = aV(t)b with some assumptions on the intercept volume, the volume at negli-
gible transmural pressure [10]. Rain et al. and Trip et al. used P(t) = a·(eb·V(t) – 1) [10, 
11]. The curve fit of the end-diastolic pressure-volume points of the different loops 
is used to obtain the constants a and b. The End-Diastolic Elastance, Ed is the slope 
of the relation at end-diastolic volume, Ved, and equals Ed = a·b·eb·Ved.

14.1.4  �Derivation of End Systolic Elastance and End Diastolic 
Elastance from Single Beats

The slope of the end-systolic and end-diastolic Pressure-Volume relations Ees and 
Ed, are best obtained by filling changes, as for instance obtained by partial vena cava 
occlusion. However, this approach is often not feasible in clinical studies. Therefore 
so-called single beat approaches have been proposed to estimate Ees and Ed, see 
Fig. 14.5.

To derive the slope of the End-Systolic Pressure Volume Relation, Ees, from a 
single beat Sunagawa proposed to fit a sinewave to the isovolumic contraction and 
relaxation periods of measured ventricular pressure [12]. The maximum of the sin-
ewave is then assumed to be the isovolumic pressure, ‘Pisovol’ and Ees = (‘Pisovol’ – 
Pes)/SV. Senzaki used the generalized EN(tN) curve (Fig. 14.3) and calibrated the 
curve using Pes = 0.9·Pao,syst, with Pao,syst systolic aortic pressure and via tpeak, using an 
iterative approach the intercept pressure Vo(SB) was estimated so that Ees = 0.9·Pao,syst / 
(Ves – Vo(SB)) [3]. Other simulations of the isovolumic ventricular pressure, such as 
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by polynomials, have been suggested but the results are hardly better than the use of 
the sine wave.

When brachial pressure is measured the systolic aortic pressure can be derived 
[13], see Chap. 12. Together with noninvasive volume measurement (MRI) and 
using the normalized EN(tN) curve (Fig. 14.3), the Ees can be derived noninvasively 
from a single beat [14].

To derive the End-Diastolic Pressure-Volume relation from a single beat an 
exponential curve between pressure and volume is assumed: P(t) = a·(eb·V(t) – 1), and 
fitted through the hypothetical zero pressure-zero volume point (0,0) and the 
pressure-volume data at beginning and end diastole as shown in Fig. 14.5 [10, 11]. 
The slope at end diastole then gives Ed = a·b eb·Ved.

14.2  �Physiological and Clinical Relevance

The ESPVR and Ees together with the diastolic pressure-volume relation, are impor-
tant characterizations of cardiac pump function and they are often used in animal 
research; clinical use is now increasing. The E(t) curve depends on heart size and 
thus on body size: Pressures are similar in different animals but volumes are not. 
Volumes are proportional to body mass (Chap. 32). Thus Ees should be normalized 
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with respect to ventricular lumen volume (see Chap. 11) or to heart mass or body 
mass to compare mammals. Since not only muscle contractility but ventricular wall 
thickness and lumen also contribute to Ees and Ed, normalization with respect to wall 
thickness may help to quantify changes in muscle mass and in muscle contractility 
to Ees and Ed.

14.2.1  �The Frank-Starling Law

The varying elastance concept contains both Frank’s and Starling’s original experi-
mental results, as shown in Fig. 14.6. Frank studied the frog heart in both isovolu-
mic and ejecting beats, but we show here how isovolumic contractions behave in the 
pressure-volume plane when diastolic volume is increased. Starling also changed 
diastolic filling but studied an ejecting heart that was loaded with a Starling resistor. 
This meant that in his experiments the aortic pressure and ventricular pressure in 
systole were kept constant. The increase in filling resulted in an increase in Stroke 
Volume and thus in Cardiac Output.

14.2.2  �Systolic and Diastolic Dysfunction

It is important to realize that both diastolic and systolic properties play an important 
role in cardiac function (Fig. 14.7). This can be illustrated with the following exam-
ple. Systolic dysfunction results in a decreased Stroke Volume, and Cardiac Output 
at constant Heart Rate when not compensated by increased diastolic filling. Diastolic 
dysfunction, with a stiffer ventricle in diastole causes decreased filling and higher 
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tion pressure) experiments to show the effect of ventricular filling in terms of pressure-volume 
relations. Increased filling causes increased isovolumic pressure (Frank) or increased Stroke 
Volume and Cardiac Output (Starling)
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filling pressure and pulmonary venous pressure, the latter leading to shortness of 
breath. The smaller diastolic volume results in a decreased Stroke Volume and 
Cardiac Output.

Ejection Fraction, EF, defined as the ratio of Stroke Volume, SV, and End-
Diastolic Volume, EDV, is decreased in systolic dysfunction but may be unaltered in 
diastolic dysfunction (Fig. 14.7). This is the case when SV and EDV decrease in the 
same proportion. This situation is called diastolic dysfunction or Heart Failure with 
Preserved Ejection Fraction, HFPEF [15], and it shows that EF is not in all situa-
tions a measure of changed cardiac pump function. Breathing difficulty is a more 
common feature in diastolic dysfunction because systolic dysfunction usually 
results in a smaller increase in filling pressure and smaller increase in pressure in the 
lung veins.

Since EF depends on the cardiac pump and the arterial load, the EF should be 
considered as a ventriculo-arterial coupling factor rather than a characterization of 
heart function alone (Chap. 18).

14.2.3  �Concentric and Eccentric Hypertrophy

Concentric and eccentric hypertrophy are interesting examples in the context of the 
varying elastance concept and the pressure-volume relation (Fig. 14.8).
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Concentric hypertrophy implies an increased wall thickness with similar lumen 
volume. This means a stiffer ventricle both in diastole and in systole, i.e., both Ees 
and Ed are increased. The increase in Ees does not necessarily imply increased con-
tractility of the contractile apparatus of the muscle but is mainly a result of more 
sarcomeres in parallel, i.e., a thicker fiber and therefore increased wall thickness. 
Concentric hypertrophy, with its increased diastolic stiffness results in increased 
diastolic pressure but smaller volume in end-diastole, and higher pressure but 
smaller volume in systole, but similar or slightly decreased Stroke Volume. It has 
been suggested that the intracellular molecular events in hypertrophy may be detri-
mental to cardiac muscle function [16].

In eccentric hypertrophy the ventricular lumen volume is greatly increased, more 
sarcomeres in series, and longer cells, while the wall thickness may be unchanged 
or somewhat increased. The shift of the entire pressure-volume relation to larger 
volumes in eccentric hypertrophy implies, by virtue of the law of Laplace (Chap. 9), 
that wall forces are increased. It is not clear why the cardiac muscle does not respond 
by hypertrophy when diastolic wall stress is increased. The increased Vd in eccentric 
hypertrophy emphasizes that the slope of the ESPVR cannot be determined from a 
single pressure and volume measurement, assuming that the Vd is negligible (see 
below).

14.2.4  �Modeling on the Basis of the Varying  
Elastance Concept

The finding that the normalized E(t) curve appears to be quite independent of the 
cardiac condition (Fig. 14.3), and that it is similar in mammals (Chap. 32) allows 
quantitative modeling of the circulation [4, 17]. The nonlinearity of the isochrones 
(see below) appears of little consequence in this type of modeling [4].
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14.2.5  �Limitations

It should be emphasized that the time varying elastance concept pertains to the ven-
tricle as a whole. It allows no distinction between underlying cardiac pathologies. 
For instance, asynchronous contraction, local ischemia or infarction etc., all decrease 
the slope of the End-Systolic Pressure-Volume Relation. Also the Ees depends on 
ventricular lumen, wall size and muscle contractility. In acute experiments cardiac 
contractility changes can be studied, but in long range studies as hypertrophy where 
muscle mass is increased both muscle mass and muscle contractility changes con-
tribute to the changes in Ees. Normalization with respect to muscle mass and lumen 
have been suggested.

The pressure-volume relations, expressed by isochrones (Fig.  14.9), are not 
straight [17]. The systolic pressure-volume relations may be reasonably straight 
when muscle contractility is low, but become more and more convex to the pressure 
axis with increasing contractility. A curved relation implies that the Ees depends on 
volume and pressure. It is customary to approximate the ESPVR’s in the working 
range by a straight line. Although this sometimes gives an acceptable approximation 
of reality, a virtual, often a negative, Vd is found by linear extrapolation of the 
ESPVR to the volume axis Fig.  14.9, left panel). A negative Vd is physically 
impossible.

In several studies the Ees has been estimated from a single pressure-volume loop 
assuming the intercept volume Vd to be negligible. However the lines connecting the 
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end-systolic pressure-volume points with Vd = 0, give slopes that differ between 
beats and are not load-independent characterizations of the ventricle (see Fig. 14.9, 
right panel).

It has been shown by a number of investigators that load changes affect the End-
Systolic Pressure-Volume Relation. However, the effect is rather small and may be 
due to the fact that, at high loads, the duration of ejection is curtailed and may not 
be long enough for Ees to be attained [2].
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Chapter 15
The Pump Function Graph
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The heart as a pump can be described by the pump function graph, the relation 
between mean ventricular pressure, i.e., the ventricular pressure averaged over the 
entire cardiac cycle, and Cardiac Output. A pump function graph completely 
describes the heart as a pump and is similar to the characterization of industrial 
pumps and ventricular assist devices. When the load on the heart is increased, it will 
generate a higher pressure but a smaller Cardiac Output, and vice versa, as shown 
by the curved inverse relations. Contractility and diastolic ventricular filling modify 
the relation. Increased contractility ‘rotates’ the pump function graph around the 
intercept with the flow axis, as shown by the blue line. When diastolic filling is 
increased, the pump function graph shifts in an ‘outward’ manner, and mPlv,max and 
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COmax both increase, as shown by the red line. Increased Heart Rate also moves the 
graph outward. Thus, during determination of a pump function graph contractility, 
diastolic filling, and Heart Rate should be constant. The working point, i.e., the 
pressure and flow during normal function at rest, is indicated. The maximal mean 
pressure, mPlv,max, i.e., the intercept with the pressure axis, is the mean ventricular 
pressure when the heart beats isovolumically. The maximal cardiac output is 
achieved when the load is low and pressure negligible, the ventricle ejects its total 
volume. Stroke volume rather than CO can be used as well. The cardiac pump func-
tion graph is indirectly related to the force-velocity relation of muscle (see Chap. 
13). There is a straightforward relation between the pump function graph and the 
end-systolic pressure-volume relation (Chap. 14).

15.1  �Description

The heart is a pump that generates pressure and flow. It can be characterized in a 
way comparable with industrial hydraulic pumps, namely their head (pressure) – 
capacity (flow) curve. As an example, we consider a roller pump and make a 
pressure-flow relation by changing the load on the pump. In Fig. 15.1 we show the 
pump function graph, PFG, of a pump used in the laboratory and also known as the 
DeBakey roller pump used in heart-lung machines. The pump function graph of this 
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Fig. 15.1  The pump function graph of a laboratory pump. When roller speed and compression of 
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same. When roller speed is increased, comparable to a heart rate increase, the red pump function 
graph results. A pressure source is a pump that generates the same pressure for all flows obtained 
by the changes in load. A flow source always generates the same flow. This roller pump is neither 
a pressure source nor a flow source. (Adapted from Ref. [2], by permission)
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roller pump can be determined by changing its load, the pressure in the outflow 
tube, while keeping the pump characteristics the same, i.e., roller speed, roller com-
pression, and the inflow pressure are constant. For very high load values the pres-
sure is maximal, Plv,max, but the flow is negligible. Inversely, when the load is 
negligible flow is maximal, Qmax. Thus, an inverse relation between pressure and 
flow is obtained. The relation happens to be straight for this type of pump, and gives 
information about what pressures and flows the pump can generate. The pump func-
tion graph also shows that this particular roller pump is neither a pressure source, 
i.e., always generating the same pressure, nor a flow source, i.e., always keeping 
flow constant. Centrifugal Ventricular Assist Devices have a nonlinear inversed rela-
tion between pressure and flow [1] and are qualitatively similar to the cardiac pump 
function graph as shown below.

The pump function graph depends on the roller speed and on how much the roll-
ers compress the tube. A higher speed results in larger pressures and flows, and both 
the pressure and flow intercepts, Plv,max and Qmax, increase. Better compression of the 
rollers, increases the pressure generating capability because less leakage is present 
and the Plv,max increases. Since at low pressures the leakage is negligible, the maxi-
mal flow, Qmax, is hardly affected by changes in compression of the tube. The result 
of the increased roller compression is a clockwise ‘rotation’ of the pump function 
graph around the intercept with the flow axis.

We can perform a similar experiment on the heart (Fig. 15.2). To avoid changes 
in pump function by humoral and nervous control mechanisms, these studies were 
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originally carried out in the isolated perfused and ejecting cat heart. When ventricular 
filling pressure, cardiac contractility and Heart Rate are kept constant, variation of 
the load on the heart by either changing peripheral resistance or arterial compliance, 
or both, results in changes of mean left ventricular pressure, mPlv, and mean flow, 
Qm (or Stroke Volume) [2], but leave Plv,max and Qmax unaltered. The relation between 
mean ventricular pressure and mean flow (Cardiac Output) results from the inverse 
relation between mean force and mean velocity of isolated cardiac muscle [3, 4] and 
thus relates to basic muscle properties. In the graph mean ventricular pressure, mPlv, 
but not mean aortic pressure, is related with mean (aortic) flow because ventricular 
pressure and flow pertain to the cardiac side of heart and the effect of the very non-
linear aortic valves is circumvented. Mean values of ventricular pressure and flow 
are used as a first order approximation, comparable with the mean aortic pressure 
and mean flow to determine peripheral resistance. In principle Fourier analysis 
(Appendix 1) of ventricular pressure and flow can be used to derive the oscillatory 
aspects of the pump function graph, in analogy with the derivation of arterial input 
impedance (Chap. 24).

From the pump function graph we can see that the heart decreases its output 
when a higher pressure is generated. In other words the heart does neither generate 
the same flow, nor the same pressure under different loading conditions. This means 
that the heart is neither a pressure source, i.e., pressure is independent of the load, 
nor a flow source, i.e., the same flow and SV for all loads. At low flows the heart 
starts to resemble a pressure source and at high flows a flow source is approached. 
The intercept of the pump function graph with the pressure axis is the mean ven-
tricular pressure for a non-ejecting or isovolumic beat, thus mean isovolumic ven-
tricular pressure. The intercept with the flow axis is the Cardiac Output for the 
‘unloaded’ or ‘isobarically contracting’ heart, i.e., contractions without build-up of 
pressure.

Changes in contractility and filling are also shown in Fig. 15.2 [5]. An increase 
in cardiac contractility rotates the pump function graph around the flow intercept, 
Qmax. Increased filling results a ‘parallel’ shift of the graph. Increased Heart Rate in 
the physiological range results in a parallel shift of the pump function graph, which 
is approximately proportional to the Heart Rate increase, thus mPlv,max and Qmax are 
also increased proportionately. When Stroke Volume and the ventricular pressure 
integrated over the whole cardiac cycle are used in the pump function graph the 
effect of Heart Rate on the graph is negligible.

At the intercepts of the pump function graph with the pressure and flow axes, 
mPlv,max and Qmax, the product of pressure and flow is zero and the external power is 
therefore negligible as well [6]. Thus external power generation exhibits a maxi-
mum for intermediate values (Chap. 18).

The pump function graph can be approximated by a parabola of the form [7].

	
mP mP Q Qlv lv m= ( ),max max/1 2 2-

	

and maximum power output is thus found at Qm = ½Qmax and mPlv = ¾mPlv,max.

15  The Pump Function Graph
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15.1.1  �Determination of the Pump Function Graph 
from Single Beats

In principle two data points are sufficient to describe the pump function graph. 
Estimation of the mean value of an isovolumic beat, mPlv,max, (zero flow) together 
with measured mean ventricular pressure and flow, mPlv and Qm, would com-
pletely describe the graph. However, using the method discussed in Chap. 14 to 
derive an isovolumic beat has not been shown to result in acceptable estimates 
of mPlv,max.

15.1.2  �Relation Between the Pump Function Graph 
and the End-Systolic Pressure-Volume Relation

Figure 15.3 shows a comparison between the pressure-volume relation and the 
pump function graph. We see a ‘mirrored’ relation between the two character-
izations of the heart. This follows from the fact that Stroke Volume implies a 
decrease in ventricular volume during ejection. The main difference between 
the relations is that in the pressure-volume relation the end-systolic ventricular 
pressure is used, while in the pump function graph the mean ventricular pressure 
is used.
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Fig. 15.3  The end-systolic pressure-volume relation (ESPVR, left) and the pump function graph 
(right) show a ‘mirrored’ relationship. Increased contractility rotates the relations (red). Diastolic 
filling does not affect the ESPVR but shifts the pump function graph. The ESPVR is obtained by 
preload changes, i.e., changes in cardiac filling and the Pump Function Graph by afterload changes, 
i.e., changes in arterial resistance or compliance. (Note the scale difference in the pressure axes)
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15.2  �Physiological and Clinical Relevance

The pump function graph describes the pump function of the heart for constant fill-
ing, Heart Rate and contractility. The graph is a relation between mean ventricular 
pressure, not mean aortic pressure, and Cardiac Output. The pump function graph 
teaches us that the heart is neither a flow source nor a pressure source. The flow 
source or in German the ‘Harte Brunne’ was the assumed heart model used until the 
1960s. We see (Fig. 15.2) that contractility at constant loading pressure has only a 
small effect on Cardiac Output. Heart Rate and diastolic filling contribute more 
importantly to CO.

15.2.1  �The Frank-Starling Law

Figure 15.4 shows the effect of filling on the pump function graph and its meaning 
with respect to the Frank-Starling mechanism. Frank studied the effect of filling on 
both ejecting and isovolumic contractions, but here the effect of filling on isovolu-
mic beats are shown. The effect of an increase in ventricular filling on non-ejecting, 
i.e., isovolumic contractions is given by the intercepts of the pump function graphs 
with the pressure axis, mPlv,max, and identified here as Frank. Starling studied the 
effect of filling on Cardiac Output in the heart-lung preparation where aortic pres-
sure and thus ventricular pressure was kept constant: Cardiac Output (and Stroke 
Volume) increases with cardiac filling.
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Fig. 15.4  The cardiac pump function graph is a generalized description of the Frank-Starling 
mechanism. With increased cardiac filling the graph moves outwardly. One of Frank’s experiments 
pertains to isovolumic conditions where pressure increases with filling. Starling’s experiment is 
one that keeps aortic pressure, and thus also ventricular pressure, constant so that cardiac output 
increases with filling at constant arterial pressure
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15.2.2  �Concentric Hypertrophy and Heart Failure

Figure 15.5 shows the pump function graph in hypertension and failure. In hyper-
trophy a flow source is approached while in failure the heart acts more like a pres-
sure source [8].

These changes in pump function have an effect on reflected waves (Chap. 22). 
In ventricular hypertrophy the reflected pressure wave is reflected positively at the 
heart (flow source) and is added to the forward pressure wave resulting in aug-
mentation of the measured pressure wave. This increased augmentation of pres-
sure in hypertrophy shows the contribution of the hypertrophied heart to 
hypertension. In failure, when the heart approaches a pressure source the reflected 
flow wave affects the forward flow wave negatively resulting in a decrease in 
Cardiac Output (Chaps. 12 and 22). Understanding of the contribution of the heart 
to reflected pressure and flow waves may assist in giving suggestions for possible 
therapy in heart failure [9].

From Fig. 15.6 illustrates the way the pump function graph approaches a pres-
sure source in chronic heart failure. Beta-blockers may be beneficial even though 
blood pressure may be low already. A decrease in contractility combined with 
blockade of sympathetic and adrenergic stimulation allows improved survival. 
Peripheral vasodilation, by Renin-angiotensin inhibition or calcium antagonism 
affects pressure little but increases Cardiac Output, because of the ‘pressure-source’ 
behavior of the heart. Improved survival by beta-blockade was indeed shown in 
patients with severe chronic heart failure [10].
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Fig. 15.5  The pump function graph in hypertrophy and failure. The graph in hypertrophy has a 
greater slope in the working point, indicating that the heart approaches a flow source. In failure a 
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tions against a flow source augment the pressure without affecting the flow; thus reflection against 
the heart increases the pressure. Reflection against a pressure source, as in failure, decreases flow 
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15.2.3  �Exercise

Figure 15.7 shows what happens in (moderate, supine) exercise. The major effect is 
the increase in Heart Rate: the pump function graphs shifts outwardly. The increase 
in contractility causes a small rotation as well, but filling changes are negligible 
[11]. The systemic peripheral resistance is decreased. The overall result is an 
increase in Cardiac Output with only a small increase in pressure.

15.2.4  �Limitations

The pump function graph is a global description of the heart as a pump. Changes in 
muscle contractility, in synchronicity or effects of local ischemia or infarction, all 
affect this global description. The pump function graph determined on the basis of 
a single beat has not been shown to be accurate.
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Since the heart is under the influence of nervous and humoral control and the fact 
that diastolic filling shifts the pump function graph, the determination of the pump 
function graph in situ is difficult. During arterial load changes filling, Heart Rate 
and contractility may change due to control mechanisms so that the operating points 
move over a family of pump function graphs.
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Chapter 16
Cardiac Work, Energy and Power 
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Left: External work per beat, stroke work, can be determined from the area con-
tained in the pressure-volume loop, mmHg⋅ml or Joule, as first suggested by Frank 
[1]. Multiplication of stroke work by Heart Rate gives cardiac power (mmHg.ml/s 
or Watt). Right: External power (work per unit time) can be calculated from the 
instantaneous product of ventricular (or aortic) pressure, P(t), and flow, Q(t): 
Power = P(t)⋅Q(t), mmHg·ml·s−1 or Watt. The area under the power curve is stroke 
work mmHg·ml or Joule. The calculation of energy and power does not require a 
linear system, as, for example, in the calculation of resistance and impedance. This 
makes the use of energy and power very broadly applicable in hemodynamics. 
Power and work are a characterization of heart and load together, while the End-
Systolic Pressure-Volume Relation and Pump Function Graph characterize the 
heart; resistance and impedance characterize the arterial system.
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16.1  �Description

Work and the potential to do work, energy, are based on the product of force times 
displacement, the units being Newton times meter (Nm or Joule). When work is 
expressed per unit time it is power (Nm/s or Watt). In hemodynamics this translates 
to pressure times volume (Joule or mmHg·ml) and pressure times flow (watt or 
Joule or mmHg·ml/s), respectively. Linearity of the relations between pressure and 
volume or flow is not required in the calculation of work and power, while linearity 
is required in the calculation of resistance and input impedance. However, work and 
power depend on heart and load, while the ventricular pressure volume relation and 
the pump function graph describe the heart and vascular resistance describes the 
vascular system.

In the heart, external work can be derived from pressure and volume through 
the pressure-volume loop, as first suggested by Otto Frank in 1898 [1], it is the 
area contained within that loop. The so calculated work is, of course, the external 
work produced by the heart during that heartbeat and called work per beat or 
stroke work.

Power delivered by the heart to the arterial load equals the instantaneous pres-
sure times flow (Figure in Box). Both pressure, P, and flow, Q, vary with time, and 
the instantaneous power, calculated as P(t)⋅Q(t) also varies with time. This means 
that instantaneous power varies over the heartbeat and is zero in diastole because 
aortic flow is zero. Thus, external work and power are only generated during ejec-
tion. Total energy is the integral of power, in mathematical form ∫P(t)⋅Q(t) dt, the 
integral sign, ∫, together with dt implies that at all moments in time pressure and 
flow values are multiplied and the products added. The integration is carried out 
over the heart period T, but since flow is zero in diastole (assuming patent valves) 
integration over the ejection period is adequate. The average power over the heart 
beat is (1/T)⋅∫P(t)⋅Q(t)⋅dt. Since aortic pressure and left ventricular pressure are 
practically equal during ejection, both ventricular pressure and aortic pressure 
may be used in the calculation.

Sometimes mean power is calculated as the product of mean pressure and mean 
flow (Cardiac Output). Here aortic pressure is to be used because it is the mean 
power delivered to the arterial system that we want to calculate. Since mean aortic 
pressure is about 2–3 times higher than mean left ventricular pressure, using ven-
tricular pressure would lead to considerable errors [2]. The difference between total 
power and mean power (1/T)⋅∫P(t)⋅Q(t)⋅dt – mPaorta is pulsatile power (also called 
oscillatory power). Pulsatile power is about 15% of total power in the systemic 
circulation and increases in hypertension. The oscillatory power fraction is about 
23% in the pulmonary circulation and the same in health and pulmonary hyperten-
sion [3] (see Chap. 28).

16  Cardiac Work, Energy and Power
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16.2  �Physiological and Clinical Relevance

It has sometimes been reasoned that it is the mean power that is related to useful 
power while pulsatile power is related to moving blood forward and reflected only. 
In other words it was thought that only mean power and work were useful quanti-
ties. The logical consequence was then to assume that pulsatile power should be 
minimal in physiological conditions. This in turn, was used to argue that if the Heart 
Rate is related to the frequency of the minimum in the input impedance modulus 
(Chap. 24), pulsatile power would be minimal. However, this is not correct since it 
is the real part of the impedance that is related to power, not the impedance modu-
lus. Thus, the separation of mean and pulsatile power is not very useful as a measure 
of ventriculo-arterial coupling. Under physiological conditions the heart pumps at 
optimal external power (Chap. 18) [4]. Total power is most important.

Work and energy find their main importance in relation to cardiac oxygen con-
sumption, metabolism, and optimal efficiency in ventriculo-arterial coupling.
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Chapter 17
Cardiac Oxygen Consumption 
and Hemodynamics

Coronary arterial
oxygen content

Coronary venous
oxygen content

Coronary flow

 

Cardiac oxygen consumption can be determined from the product of coronary flow, 
Qcoron, and arterio-venous oxygen content difference, ΔAVO2. Coronary arterial 
oxygen content can be obtained from any arterial blood sample. Coronary venous or 
great cardiac vein oxygen content requires blood sampling at that location. Total 
coronary flow can be determined in the main stem coronary artery (ultrasound, 
catheter-tipped) flow meter, MRI (non-invasive), with microspheres, or at the 
venous side with thermodilution. To circumvent these preferentially simultaneous 
but difficult determinations, many indices for estimating cardiac oxygen consump-
tion from hemodynamic variables have been proposed. It has been shown that heart 
rate is a primary determinant of oxygen consumption. The second major determi-
nant is tension (stress) generation of the cardiac muscle, mostly measured as ven-
tricular pressure. Muscle stress (pressure) generation costs more oxygen than 
muscle shortening (flow). Therefore many methods to derive oxygen consumption 
from hemodynamics are based on heart rate and pressure. The most used methods 
are the Rate Pressure Product (RPP, systolic pressure times Heart Rate), often used 
in biochemical studies, and the Tension Time Index (TTI, mean pressure during 
ejection). Total oxygen consumption depends two terms each consisting of two 
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sub-terms. The first is the ‘unloaded’ contraction, consisting of ‘cell maintenance’ 
plus excitation-contraction coupling (Ees, the slope of the End-Systolic Pressure-
Volume relation). The second is the hemodynamic part namely the Pressure-Volume 
Area (PVA) that is the sum of external work plus potential energy measurable from 
the Pressure-Volume Relation.

17.1  �Description

It was shown by Sarnoff et al. [1] that the production of pressure costs much more 
oxygen than the production of flow or Cardiac Output (see Fig. 17.1). Also, it has 
been shown that oxygen consumption, VO2, is almost proportional to Heart Rate. 
These findings imply that the main mechanical variables determining cardiac oxy-
gen consumption are pressure and Heart Rate. If oxygen consumption is expressed 
per beat, pressure remains as major determinant.

17.1.1  �Rate Pressure Product and Tension Time Index

In approximation, the product of the systolic ventricular pressure and Heart Rate 
can be used to estimate oxygen consumption. This so-called Rate Pressure Product, 
RPP, is simple to use. The triple product, defined as HR⋅Psyst⋅dPlv/dt, with dPlv/dt the 
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maximal rate of rise of ventricular pressure, has also been suggested as a measure 
of cardiac oxygen consumption.

Sarnoff introduced the Tension Time Index, TTI, based on the results presented 
in Fig. 17.1 [1]. The oxygen consumption per beat is assumed to be proportional to 
the area under the ventricular (or aortic pressure when no stenosis is present) during 
the ejection period (red area Fig. 17.2). Often the whole contraction period is used 
instead, thus the green plus red area (Fig. 17.2). When we can neglect the contribu-
tion in diastole this area equals mean ventricular pressure, Plv,mean times heart period, 
T, i.e., TTI ≈ Plv,mean⋅T. In isolated heart studies where isovolumic contractions are 
studied, and the ejection period is negligible, the total area under the ventricular 
pressure curve, thus Plv,mean⋅T can be used as a measure of cardiac oxygen consump-
tion. The TTI is a global measure of cardiac oxygen consumption, and the term 
tension is not meant to be local stress, but is pressure. The TTI is more difficult to 
measure than the RPP.

17.1.2  �Cardiac Oxygen Consumption and the Pressure Volume 
Area

Another way to estimate oxygen consumption per beat is the Pressure Volume Area 
(PVA, the red area in the top part of Fig. 17.3) is the sum of external work (EW, 
Chap. 16) and Potential Energy, PE [2]. This method requires measurement of ven-
tricular pressure and volume for at least two, and preferably more cardiac filling 
conditions to obtain the End-Systolic Pressure-Volume Relation (Chap. 14). The 
relation between oxygen consumption, VO2 per beat and 100 ml muscle, and PVA 
is shown in the bottom part of Fig. 17.3, and can be written as:

	 VO Ees2 1 2 3= + +a PVA a a· · 	

where Ees, is the slope of the End-Systolic Pressure-Volume Relation (ESPVR), 
giving a measure of contractile state. The first term is the relation between mechan-
ics and oxygen consumption. The two other terms together give the oxygen con-
sumption for the unloaded contraction or isobaric contraction, i.e., a contraction 
without buildup of pressure. The second term, a2⋅Ees, is the energy cost of excitation-
contraction coupling, mainly Calcium handling, and depends on the contractile state 
of the cardiac muscle, expressed as Ees. The last term is the basal oxygen consump-
tion, used for the maintenance of cell structure, etc. For details see Suga [2].

Tej

Tsyst

Fig. 17.2  TENSION TIME INDEX equals the 
area under the pressure curve during ejection (red), 
and is a simple method to estimate cardiac oxygen 
consumption per beat
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Ventricular efficiency is EW/VO2. The PVA – VO2 relation shows that pressure 
contributes more to VO2 than flow for similar changes in EW, but the difference is 
smaller than suggested by Sarnoff et al. [3]. Increased contractility does not change 
the a1 and a3 but increases Ees implying that with similar PVA and similar External 
Work more oxygen is used due to increased energy utilization associated with 
excitation-contraction coupling and efficiency is lowered [4]. This may be called 
oxygen wasting by enhanced contractility.

In hypertrophy, with increased Ees due to wall thickening, the intercept and the 
slope of the VO2-PVA relation is not affected [2]. Comparing a shortening contrac-
tion where PVA = PE + EW and an isovolumic contraction with the same systolic 
pressure where PVA = PE shows that the shortening contraction costs more oxygen 
in agreement with the Fenn-effect shown in muscle studies.

Local measures of oxygen consumption have been suggested as well. The Stress 
Time Index, i.e., mean wall stress, derived from left ventricular pressure, times 
heart period, is the local formulation of the TTI. In analogy with the PVA the local 
Force (Tension or Stress) Length Area (FLA) has been suggested in analogy with 
Fig. 17.3.

Most hemodynamic indices predict oxygen consumption per beat, oxygen con-
sumption per second or minute is found by multiplication with Heart Rate. If we 
assume the TTI to be equal to the mean ventricular pressure times heart period, 
multiplying with Heart Rate results in mean pressure as a measure of oxygen 
consumption.

An overview of other, more complex hemodynamic indicators of cardiac oxygen 
consumption can be found in Rooke and Feigl’s report [5].
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17.1.3  �Heterogeneity of Metabolism

Not only local perfusion (Chap. 19), but also local myocardial oxygen consumption 
is heterogeneously distributed in the myocardium [6]. Thus perfusion and metabo-
lism seem related [7] but the reason for the heterogeneity is still disputed.

17.2  �Physiological and Clinical Relevance

Cardiac oxygen consumption, or oxygen demand, and cardiac oxygen supply, are in 
equilibrium in the normal healthy heart. The above indices give hemodynamic mea-
sures of oxygen demand. Oxygen supply depends on coronary perfusion. Perfusion, 
especially to the subendocardial layers, mainly takes place in diastole when the 
cardiac muscle is relaxed. Thus, aortic pressure in diastole and the duration of dias-
tole, together, quantified by the area under the diastolic aortic pressure curve, and 
called the diastolic pressure-time index, gives a measure of oxygen supply. The 
Tension Time Index, the area under the systolic pressure, is a simple measure of 
oxygen demand. It has therefore been proposed that the ratio of areas under the 
diastolic aortic pressure curve and the area under the systolic pressure curve, gives 
an estimate of the supply-demand ratio of the subendocardial layers of the heart [8].

With increasing age systolic pressure increases and diastolic pressure decreases 
a little (Chap. 25), resulting in an increase in mean systolic pressure see Fig. 17.4. 
This means that with age the supply-demand ratio decreases, which may result in 
ischemia in subendocardial layers. A similar reasoning can be applied to aortic val-
vular disease and tachycardia.

17.2.1  �Limitations

The hemodynamic determinants of oxygen consumption, discussed above, can be 
used in individual hearts in situ and isolated hearts during acute experiments, such 
a pharmacological or loading interventions. The use of the hemodynamic parame-
ters in different hearts, animals or in disease, should be done with care. When a 
dilated heart is compared with a normal heart, pressures and Heart Rates may be 

Young Old

Fig. 17.4  The oxygen demand and supply relate to 
the areas under the systolic (red) and diastolic part 
(blue) of the pressure curve, respectively. The 
supply-demand ratio may be unfavorably influenced 
with increasing age

17.2  Physiological and Clinical Relevance
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similar, but with more muscle mass, and different wall stress, oxygen consumption 
is not. In compensated concentric hypertrophy ventricular pressure is increased and 
wall thickness is increased in proportion while lumen radius is hardly changed, 
thereby keeping wall stress the same (Chap. 9). The Pressure Volume Area, PVA, as 
measure of oxygen per beat and per 100 g muscle allows for comparison of normal 
and hypertrophied hearts [2]. In the formula for the Pressure Volume Area the coef-
ficients in the equation depend on animal size.

By applying the Rate Pressure Product to mouse and man, where systolic ven-
tricular pressure and wall stress are similar but Heart Rate differs by a factor ten, it 
cannot be concluded that cardiac metabolism in the mouse heart is ten times that of 
the human heart (Chap. 32).
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Chapter 18
Cardiac Power and Ventriculo-Arterial 
Coupling
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In health the heart pumps close to maximal external power and efficiency. The left 
panel shows in the isolated pumping heart. From top to bottom the Pump Function 
Graph, Oxygen Consumption, Mean Power Output (pressure times flow) and 
Cardiac Efficiency (ratio of Power Output and O2 consumption). In this example 
the cardiac load was changed but filling, contractility and heart rate kept constant. 
Both power and efficiency exhibit shallow relations with flow, without sharply 
defined maximum implying that under normal conditions the heart pumps close to 
maximal efficiency and maximal power, with an efficiency of about 25%. Whether 
the heart is pumping at optimal efficiency or optimal power (ventriculo-arterial 
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coupling), or neither, depends on both the cardiac and the arterial state. To test if 
efficiency is maintained in disease ventriculo-arterial coupling analysis can be used 
(right panel). The slope of the ESPVR (Ees, see Chap. 14) characterizes the ventri-
cle and the effective arterial elastance (Ea), which approximately equals total 
peripheral resistance over heart period, R/T, characterizes the arterial system. 
When Ees/Ea ≈1, external work is maximized, and when Ees/Ea ≈ 2 cardiac efficiency 
is maximal.

18.1  �Description

18.1.1  �Power and Efficiency

Cardiac efficiency is defined in analogy to that of a hydraulic pump. The produced 
power by the heart is pressure times flow (Chap. 16) and the ‘input power’ is cal-
culated from cardiac oxygen consumption (Chap. 17). The ratio of produced or 
external power and input power is defined as efficiency. Therefore, both external 
power and input power need to be expressed in the same units. When glucose or 
free fatty acids are consumed oxygen consumption can be expressed in Joules and 
oxygen consumption per time in Watts, through the so-called oxygen caloric 
equivalent. For carbohydrate and fat metabolism it holds that 1 ml O2 ≈ 20 J and 
1 ml O2/min ≈ 0.33 Watt. A review on cardiac energetics has been published by 
Suga [1].

18.1.2  �Maximum Cardiac Efficiency and Maximum Power 
in the Intact Animal

The pressure and flow generated by the heart and the arterial load can be studied 
while keeping the Heart Rate, diastolic filling and contractility unaltered [2]. Power 
can be calculated from the pressure and flow. The Figure in the Box, on the left, 
shows that, when power is plotted as a function of Cardiac Output it exhibits an 
optimal value. This can be understood with the cardiac pump function graph in 
mind, (top panel of Box Figure, and Chap. 15). At a high load (isovolumic contrac-
tion) flow is negligible and for a very low load pressure negligible, and at both 
extremes power, the product of pressure and flow, is negligible. Thus, power, at 
some intermediate value of Cardiac Output, must be maximal. This power maxi-
mum was found, in the intact cat [3], to coincide with the working point, i.e., when 
a physiologic arterial load is present (see Fig. 18.1). It has also been reported that 
the left ventricle works at maximal efficiency [4]. The shallow relation between 
power and efficiency allows to state that the heart pumps at about maximal power 
output and efficiency.

18  Cardiac Power and Ventriculo-Arterial Coupling
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18.1.3  �Local Work and Power

It is of great interest if local power and efficiency could be derived. However, this is 
difficult since local work, and local oxygen consumption are hard to measure accu-
rately. Local PET based O2 consumption is feasible but complex. Local work can be 
derived by local shortening times local stress. The first, local shortening, can be 
obtained from (surface) markers attached to the muscle or by MRI-tagging (magneti-
cally induced ‘markers’ in the myocardium). Local forces are only possible to derive 
indirectly from pressure and anatomy (sophisticated forms of Laplace’s law, Chap. 
9). This technique was used by Prinzen et al., to study effect of pacing site on local 
work [5]. When local oxygen consumption is also determined [6–8] local efficiency 
can be derived. However, local stresses derived from pressure are difficult to verify.

18.1.4  �Heat Production and Transport

Oxygen is used for cell maintenance, excitation-contraction and mechanics (Chap. 
17), all metabolic processes producing heat. Heat is transported by convection by 
coronary flow, and diffusion to thorax and cardiac lumen (Fig. 18.2). In the mid-
wall of the myocardium the temperature is a few tenths of a degree Celsius higher 
than in subepicardial and subendocardial layers allowing for diffusion of heat [9]. 
All in all the heart is about 25% efficient.

18.1.5  �Assessment of Ventriculo-Arterial Coupling

Optimum power and efficiency are assumed measures of ventriculo-arterial cou-
pling. Whether the heart functions on optimum power-efficiency can be derived 
from hemodynamic principles [10]. The Pressure-Volume relations (Chap. 14) 
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Fig. 18.1  In health the heart 
pumps at optimal power output. 
Power output of the heart as 
studied in the intact animal for 
different arterial loads. Other 
determinants of pressure and 
flow, heart rate, diastolic filling 
and contractility, are kept 
constant. When the 
physiological arterial load is 
present, called working point, 
power transfer is maximal. 
(Adapted from Ref. [3], used by 
permission)
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stand at the basis of determination of ventriculo-arterial coupling. The two param-
eters to quantify coupling are the slope of the left ventricular End-Systolic Pressure-
Volume Relation, Ees, (Chap. 14) and the effective arterial elastance, Ea, see the 
Figure in the Box, right panel. The effective arterial elastance is defined as 
Ea = Pes/SV, i.e., end-systolic (ventricular or aortic) pressure over Stroke Volume. 
The ratio Ees/Ea is considered a ventriculo-arterial coupling parameter and when 
Ees/Ea ≈ 1, external work is maximized, while for Ees/Ea ≈ 2 cardiac efficiency is 
maximal [10].

To determine these two parameters in practice several simplifications have been 
used. The Ea can be approximated as follows. End-systolic pressure is assumed 
equal to mean arterial pressure, Pmean, as shown in Fig.  18.3 [11]. Others have 
assumed a Pes 90% of systolic pressure. With Stroke Volume being Cardiac Output, 
CO/HR = CO⋅T and T heart period we find that

	
E P SV P CO T R Ta es mean p= » ´ =/ / /

	

Thus the effective arterial elastance, Ea, is primarily a measure of vascular or 
peripheral resistance, Rp, and hardly reflects the compliant properties of the large 
conduit arteries [10], and the term ‘elastance’ is therefore misleading. Note that Ea 
depends both on vascular resistance, which is a purely arterial variable, and on heart 
period, T, which is a purely cardiac variable. Therefore, Ea is a coupling parameter 

Convection by:
Coronary Flow

Diffusion to:
Lumen & Thorax

Fig. 18.2  Oxygen is used 
for cell maintenance, 
excitation-contraction 
processes and mechanics, 
all producing heat, with 
overall mechanical 
efficiency ~ 25%. Heat is 
transported by convection, 
i.e., coronary flow, and 
diffusion to thorax and 
cardiac lumen. Convection 
and diffusion contribute 
about equally depending 
on the magnitude of the 
coronary flow

Ps

Pd

PmeanPesPP

Fig. 18.3  End-systolic 
pressure is close to mean 
aortic pressure, allowing 
for non-invasive 
determination of Pes
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by itself. The Ea can be derived from noninvasive measurements: mean pressure (by 
sphygmomanometer), Cardiac Output (US or MRI), and Heart Rate.

The End-Systolic elastance, Ees is calculated from Ees  =  Pes /(Ves  – Vd). End-
Systolic volume can be obtained by MRI of US Echo. End-systolic pressure can be 
estimated noninvasively (see above), but Vd requires at least one other point on the 
ESPVR. This would require changes in diastolic filling that are often not feasible in 
patients and in epidemiological studies. When ventricular pressure wave shape and 
ventricular volume can be measured the single beat method explained in Chap. 14 
can be applied to derive Ees and Vd. Other methods to derive Ees noninvasively have 
been published using the standard E(t) curve discussed [12] see also in Chap. 14. 
However, assuming a linear ESPVR may result in an erroneous estimate of Vd and 
single beat methods have been seriously criticized [13]. The coupling parameter 
Ees/Ea can be written as Ees/Ea = SV/(Ves – Vd) = EF/[1 – EF – (Vd/Ved)].

In a number of studies it has simply been assumed that Vd = 0 [14, 15]. This 
assumption disregards the principle of optimal coupling and calculates an Ees* by 
assuming the intercept volume Vd = 0. The so-calculated Ees* = Pes /Ves = Pes/(Ved – 
SV), is not equal to Ees and thus not a load-independent cardiac parameter, and the 
ratio Ees*/Ea is not based on energetic coupling.

	
E E P V P SV SV V SV V SVes a es es es es ed

* = ( ) ( ) = = -( ) = -( )/ / / / / / /EF EF1
	

with EF, the Ejection Fraction. We see that the Pes disappears altogether only 
leaving the Ejection Fraction in this ratio. The Ees*/Ea and EF both are coupling 
parameters since they depend on heart and load, but EF is not based on efficiency. 
The Vd is in general not equal zero, especially in the dilated ventricle.

Under the same assumption that Vd = 0 the ratio SV/Ves = Ees*/Ea has been sug-
gested as coupling parameter. However, as mentioned this ratio is not based on 
efficiency.

Using the pump function graph (Chap. 15) a mean ventricular power can be cal-
culated (Fig. 18.1) Qm·Pv,m = Qm·Plv,max(1 – Qm

2/Qmax
2) and its maximum is found at 

Qm = Qmax/2 or at Pv,m = ¾Pv,max. In other words when Qm is unequal Qmax/2 or Pv,m 
unequal ¾Pv,max the heart does not work on optimal power and is not maximally 
efficient [3].

18.2  �Physiological and Clinical Relevance

Cardiac oxygen consumption and efficiency can now be obtained in the patient [7, 
8]. Modern techniques, such as Positron Emission Tomography (PET) and 
Magnetic Resonance Spectroscopy (MRS) are presently available. Assessment of 
glucose metabolism with 18F-fluorodeoxyglucose measures glucose uptake into 
myocardial cells, but not its conversion by glycolysis. Myocardial oxidative 
metabolism can be measured by 11C-labeled acetate PET. For lipid metabolism, 
tracer examples are 123I-beta-methyl-p-iodophenyl pentadecanoic acid and 

18.2  Physiological and Clinical Relevance
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15-(Ortho-123I-phenyl)-pentadecanoic acid. These tracers can be detected by planar 
scintigraphy and single-photon emission computed tomography (SPECT), which 
are more economical and more widely available than PET. With current MRS tech-
niques, 31P-labeled magnetic resonance spectroscopy, Phosphate/Creatine and/or 
pH can be obtained in humans but this is not common yet.

The hemodynamic determinants for oxygen consumption, as discussed in Chaps. 
16 and 17 and the hemodynamic parameters determining coupling as discussed 
here, are a good surrogate.

18.2.1  �Theory of Optimal Heart Size

Why does the left ventricle pump at maximum power, while a feedback control for 
power is not known to exist? A simple answer to this question can be given based 
on the following reasoning [16]. Consider the pump function graph (Fig. 18.4). 
The working point, i.e., the point where maximum power is found, is for a flow 
which is about 50% maximal flow, Qmax. Mean ventricular pressure and Cardiac 
Output together determine the working point. Pressure is similar in mammals and 
Cardiac Output is determined by body size (Chap. 30). Several pump function 
graphs can be drawn through this working point. We begin by assuming that mus-
cle stress is a given quantity, and that the ventricle is a sphere. On the one hand, a 
larger intercept of the pump function graph with the flow axis, i.e., a larger Qmax, 
implies a larger ventricular lumen requiring a thicker wall (Law of Laplace), to 
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maintain muscle, or wall stress. On the other hand, with a larger Qmax a smaller 
Plv,max results so that the wall may be less thick. In this way it is possible to calculate 
ventricular volume for the different pump function graphs through the working 
point, each with its own Qmax. Plotting ventricular volume as a function of Qmax, 
results in the graph given in Fig. 18.4. The minimum volume is found when the 
working point is at about 50–60% of Qmax, and this is the same value as where 
maximum power and efficiency are found. The minimum in heart volume thus cor-
responds to a working point where power and efficiency are about maximal. In 
other words, the size of the heart is minimized, and, for this minimal heart volume 
the heart pumps at maximal power.

18.2.2  �Related issues

Contractile efficiency  On the basis of the Pressure Volume Area concept (Chap. 17) 
the contractile efficiency has been defined as the inverse of the slope of the Pressure 
Volume Area-VO2 relation [17]. This definition of efficiency only accounts for the 
mechanical aspects of oxygen consumption and does not take into account the oxy-
gen expenditure related to activation and basic metabolism. Therefore this contrac-
tile efficiency is about twice the actual cardiac efficiency.

Power in cardiogenic shock  Although power is a rather abstract measure, it has 
been shown that it is the strongest hemodynamic correlate of mortality in cardio-
genic shock [18].

Economy  At the extremes of the pump function graph, the heart generates neither 
pressure nor flow. External power and then efficiency is zero. In isolated heart stud-
ies (Langendorff preparations) where the heart is contracting isovolumically or in 
isolated cardiac muscle studies, when the muscle contracts isometrically, contrac-
tion economy can be used instead. Economy of contraction is defined as oxygen 
consumption used for isovolumic contraction.
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Chapter 19
Coronary Hemodynamics
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The relation between mean coronary flow and mean perfusion pressure (red & pur-
ple lines, left panel) is under the influence of autonomic, neural and hormonal con-
trol. Autoregulation is seen in two ways. It is the rather constant flow for the 
physiological range of pressures, and the change in flow with cardiac metabolism. 
Autonomic coronary flow regulation consists of three mechanisms: metabolic, 
myogenic and endothelium mediated vasoactivity. The so-called instantaneous 
pressure-flow relations (green) are obtained in diastole to avoid the effect of cardiac 
muscle contraction, and so rapid that vasomotor tone does not change. The relations 
describe the state of the coronary bed. For a low steady state perfusion pressure the 
relation has a small resistance (steep line) and a small intercept with the pressure 
axis: the zero flow pressure intercept. For larger perfusion pressure the resistance 
and intercept increase. Maximal pharmacological dilation results in smaller resis-
tance and intercept than can be obtained by lowering pressure and gives “functional 
the anatomy” of the coronary bed. Cardiac contraction reduces coronary arterial 
inflow (right side) and augments venous outflow in systole. This effect results from 
three mechanisms: The direct effect of increased muscle stiffening (varying elas-
tance), the indirect effect of increased ventricular pressure producing an 
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intramyocardial (interstitial, wall) pressure, and the thickening of the muscle during 
shortening contractions at the expense of vascular lumen. All three mechanisms 
decrease coronary vascular diameters, and together can be called the ‘intramyocar-
dial pump’. The decrease in vessel diameters during muscle contraction implies an 
increase in resistance and the rate of change of the volume decrease causes a blood 
flow, reducing arterial inflow and increasing venous outflow. Cardiac contraction is 
the main reason why the subendocardial layers are most prone to ischemia.

19.1  �Description

The relations between arterial pressure and flow in the coronary bed are under the 
influence of the humoral-nervous systems, subject to cardiac contraction, and under 
local control, i.e. autoregulation. Several mutual interactions of smaller magnitude 
between the coronary vasculature and the cardiac muscle exist, which will be dis-
cussed below. The quantitative contribution of humoral and nervous control will not 
be discussed here. For a comprehensive description of coronary hemodynamics see 
Refs. [1–3].

19.1.1  �Autoregulation of Coronary Flow

In the beating heart and in the physiological pressure range (40–140 mmHg) the 
relation between mean coronary flow and mean perfusion pressure shows a rather 
constant mean coronary flow (left part of Figure in the Box). With increased and 
decreased cardiac metabolism the plateau of the relationship is higher or lower, 
respectively. This dependence on cardiac metabolism suggests that metabolic auto-
regulation is a primary control of resistance vessels that are in close contact with the 
cardiac muscle. There is a fundamental difference in the equations required to 
express the effects of vasodilating metabolic products such as adenosine, carbon 
dioxide, pH, and ions and those for low oxygen content, releasing oxygen mediated 
vasoconstriction. Mathematical modeling [4] and the proven relation between coro-
nary vascular resistance and tissue and venous oxygen tension [5] suggest an impor-
tant role of oxygen, and provides a statistically better fit to observed data than 
models based on vasodilating metabolic products.

Whereas metabolic autoregulation provides flow adaptation to myocardial oxy-
gen consumption (MVO2), an increase in pressure induces myogenic autoregula-
tion by vascular smooth muscle (Fig. 19.1).

The response time of metabolic and myogenic regulation is in the order of sec-
onds. It is of interest to remark that almost the same relationship was found between 
coronary conductance (inverse of resistance) and coronary venous PO2 (reflecting 
tissue PO2), for perfusion pressure changes and for pacing-induced changes in MVO2 
[6]. This suggests that tissue PO2 may also play a part in pressure adaptation, in this 
case increases of pressure causing increasing PO2 which causes vasoconstriction.
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Endothelium mediated vasoactivity results from the fact that perfusion flow 
determines shear stress on the endothelial cells, which liberate vasodilators such as 
NO and prostaglandins. The main effect is in the larger vessels, rather than in the 
resistance vessels [7]. Especially during strong vasodilation and thus large flow, 
increased diameters keep the pressure drop over the conduit system minimal.

19.1.2  �Autoregulation Gain

Autoregulation gain (Fig. 19.2), G, is a measure of the strength of autoregulation, 
and can be calculated as:

	
G Q P Q P Q Q P P= ( ) ( ) = ( ) ( )1 1– / / / – / / /D D D D

	

with ΔQ/ΔP the slope of the mean pressure-mean flow relation and Q/P the slope 
of the line through the point of determination, the working point, and the origin of 
the graph, the inverse of resistance. It can be seen that for perfect autoregulation 
the gain equals 1 and for no autoregulation, assuming the pressure-flow relation 
would go through the origin, the gain equals zero. Since the pressure-flow relation 
does, in general, not go through the origin, it has been suggested to use the slope 
of the instantaneous pressure-flow relation (see below) instead of Q/P. 
Autoregulation gain can be plotted as a function of pressure to obtain the range of 
regulation.
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Fig. 19.1  The myogenic response. An increase 
in pressure increases vessel diameter and wall 
stress. Subsequent smooth muscle contraction 
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values, and restores wall stress
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19.1.3  �Reactive Hyperemia and Maximal Vasodilation

When cardiac oxygen demand increases, as in exercise, coronary flow will increase 
and the increase is called exercise hyperemia. During a (short) coronary occlusion 
the coronary vessels dilate and after the release of the occlusion the flow is tempo-
rarily enhanced, a phenomenon called reactive hyperemia. In the normal coronary 
bed the maximal increase in flow is about fourfold.

Even during maximal exercise a brief coronary occlusion still results in reactive 
hyperemia [8]. It is possible to increase coronary flow pharmacologically (e.g., ade-
nosine) and maximal pharmacologic vasodilation can lead to a smaller resistance 
than physiologic dilation (see left part of Figure in the Box). When a coronary ste-
nosis is present the magnitude of the reactive hyperemia is reduced. Quantification 
is then usually presented as Flow Reserve or Fractional Flow Reserve (see Chap. 5).

19.1.4  �Instantaneous Pressure-Flow Relations

A complicating factor with the coronary circulation is the effect of the cardiac con-
traction on the vessels. Bellamy [9] studied pressure-flow relations of long diasto-
les, obtained by vagal stimulation, thereby minimizing the effect of cardiac muscle 
contraction (Fig. 19.3). It was also assumed that over a single long diastole, about 
1–2 s, vascular tone does not change. The instantaneous pressure-flow relations (see 
Figure in the Box, left panel) show an intercept, Pzf, with the pressure axis, the so-
called zero-flow pressure. The zero-flow pressure and the inverse slope of the Q/P 
(green lines) increase with vasomotor tone. Since the intercept pressure also is pres-
ent with crystalloid perfusion, it is not the effect of plugging by blood cells [10]. 
Surface tension [11] has been proposed as a mechanism as well, but the changes in 
intercept with tone are hard to explain with this theory. The most likely explanation 
is that the intercept (zero flow) pressure results from (micro)vascular compliance 
which increases with the lowering of pressure [12, 13], but would decrease with 
increased tone (stiffer vascular walls). See also Chap. 7, nonlinear pressure-flow 
relation.

Pressure

Long diastoleCoronary
flow 

Time

Zero P & Q

Zero flow
pressure 

Pzf

Fig. 19.3  The 
instantaneous pressure-
flow relation can be 
determined from a long 
diastole. It gives the ‘state’ 
of the bed, without the 
mechanical effect of 
cardiac muscle contraction, 
and during assumed 
constant vasomotor tone. 
(Adapted from Ref. [9], by 
permission)
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19.1.5  �Cardiac Contraction and Coronary Flow

Coronary arterial inflow is impeded and venous outflow is augmented during car-
diac contraction. When the coronary bed is vasodilated and cardiac muscle contrac-
tility is high, arterial flow may even reverse in early systole (see right part of the 
Figure in the Box [14]).

The contracting cardiac muscle exerts its effect on the vasculature in three ways 
[3]. The increasing stiffness of the muscle in systole (see E(t), Chap. 14) has a simi-
lar effect on the interstitial volume and the blood vessels as it has on the lumen of 
the ventricle (Fig. 19.4). This pumping action causes the vascular diameters and 
thus, vascular volume to decrease in systole, and as there are no valves, blood is 
pumped to the arterial and to the venous side, with the amount depending on aortic 
and venous pressures. Figure 19.5 shows that compression of the vasculature occurs 
even when there is no increase in cavity pressure, indicating a direct effect of the 
contracting cardiac muscle (via stiffness changes) upon the vasculature [15].

In the vascular waterfall theory (Fig. 19.6 and Chap. 6), intramyocardial pressure 
is assumed to be equal to ventricular pressure at the subendocardium and negligible 

Muscle E(t) 

Pventr

lumen

PinterstitiumFig. 19.4  Cardiac muscle contraction and shortening 
stand at the basis the cardiac pump. Contraction implies 
increased stiffness of the muscle. For the ventricular 
interstitium the increase in muscle stiffness affects the 
intramyocardial blood vessels. Ventricular pressure is 
also transmitted to interstitium, thus producing an 
intramyocardial pressure. Muscle thickening during 
shortening also affects the vessels. The result of these 
three mechanisms is that cardiac contraction decreases 
vascular volume (the ‘intramyocardial pump’) and 
increases coronary vascular resistance
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at the subepicardium [16]. However, there is some doubt regarding this assumption, 
since intramyocardial pressure is still considerable even when ventricular luminal 
pressure is negligible as in isobaric contraction (Fig. 19.7). Also the waterfall model 
does not explain the increase in venous outflow during cardiac contraction [17].

Finally muscle shortening and thickening affects the vasculature since by short-
ening the muscles increase in diameter. The increase in muscle diameter takes place 
at the expense of the vessels, thereby decreasing their diameters [3, 18]. When one 
considers the interplay of the effect on vessels of shortening, inversely related to 
pressure and wall force, there is plenty of material for vibrant debate rather than firm 
conclusions, including the mechanism of mean flow decrease in systolic arrest [19].

Detailed calculations have shown that the varying stiffness of the cardiac muscle, 
the thickening of the shortening muscle, and the increased intramyocardial pressure 
resulting from left ventricular pressure during contraction all contribute to decreased 
vessel size and therefore the increased resistance and the intramyocardial pumping. 
The contribution of these effects depends on the layer, mode of contraction and the 
contractility [18].

The summary of the effects of cardiac contraction on the coronary vessels is 
given in Fig. 19.8. The pressure-flow relations show an intercept that depends on the 
layer, on contractility, left ventricular pressure, and muscle shortening.

When it is assumed that coronary perfusion only takes place in diastole we can 
approximate the coronary fractional perfusion time, i.e., the perfusion time relative 
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Fig. 19.6  The waterfall model is used to explain the effect of cardiac contraction on coronary 
arterial inflow. The waterfall pressure, Pw, is assumed to be proportional to left ventricular pressure 
with Pw = Plv sub-endocardially, and negligible sub-epicardially. Resistance = (Parterial –Pwaterfall)/
mean flow. See also Chap. 6

In
tr

am
yo

ca
rd

ia
l p

re
ss

ur
e

(m
m

H
g)

 

Epi EpiEnd EndMid Mid
0

75

150

Control Isobaric

Diastole Diastole

Systole

Systole Luminal pressure

Fig. 19.7  Intramyocardial pressures measured in the beating heart using the servo-null technique. 
The intramyocardial pressure is high in isobaric beats where ventricular luminal pressure is negli-
gible. (Adapted from Ref. [20], used by permission)
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to the heart period T, as Td/T = 1 − Ts/T, with Td and Ts the duration of diastole and 
systole, respectively. Thus with a Heart Rate of 60 bpm, and the duration of systole 
being 0.35 s, the coronary fractional perfusion time is 1–0.35/1 = 0.65. When Heart 
Rate is increased as in exercise to 120 bpm, i.e., T = 0.5 s, and the ejection period 
decreases to 0.3 s the coronary fractional perfusion time is 1–0.3/0.5 = 0.4 s/s, thus 
decreasing the time for coronary perfusion.

19.1.6  �Microvascular Aspects

Intramyocardial pressure and micro vessel diameters have been measured with dif-
ferent techniques [3, 20–22]. One method is the measurement of intramyocardial 
pressure with the servo-null technique, using micropipettes (diameter in the micron 
range) so as to cause minimal damage [20], see Fig. 19.7. The varying elastance 
hypothesis was applied to explain why intramyocardial pressure is present and simi-
lar in isobaric and isovolumic beats [3]. Both arteriolar and venular diameters 
decrease in systole [22] but the lower venous pressure results in a larger decrease in 
venous diameters thereby protecting arterioles from large changes in diameter [23].

So-called bridging occurs when an epicardial vessel, instead of running on the 
surface of the myocardium, is located in the heart wall, the vessel is greatly affected 
by cardiac contraction and may limit perfusion.

Microvascular perfusion pressure, expressed as arteriolar minus venular pressure 
(see Fig. 19.9) is considerably lower in subendocardial layers than in subepicardial 
layers [24]. This is caused by the pressure drop over the transmural arteries and 
transmural veins and may, in part, explain why the subendocardium is more vulner-
able to ischemia than the subepicardial layers.

Coronary flow heterogeneity is shown by different local flows between loca-
tions, and may vary from less than 50% to more than twice the mean overall per-
fusion flow. A partial explanation is based on the fractal rules of coronary geometry 
[25], but a complete explanation has not yet been given. Another explanation may 
be that cardiac myocytes are quite different in length and cross-section and larger 

E(t)

k·Pventr(t)

PvenousPperfusion

Pim

Muscle thickens
when it shortens 

Fig. 19.8  Summary of effects of cardiac contraction on coronary flow. Muscle contraction results 
in stiffer environment and in ventricular pressure, both leading to Pim. When the muscle shortens it 
thickens at the expense of the vasculature. These three mechanisms all play a role depending on the 
layer in the heart wall. The variations in vascular diameters result in ‘pumping’ of blood retrograde 
to aorta and antegrade to the veins, the amounts depending on aorta and venous pressures
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cells require more oxygen. In studies on local coronary flow by Positron Emission 
Tomography (PET) it was observed that heterogeneity is present in patients with 
different degrees of stenosis [26]. Some authors report on the so-called Gregg 
effect, a sort of garden-hose action where the coronary arteries are pumped up 
by perfusion and muscle Ca-handling appears increased [27], but there is doubt 
about its role as it is not seen in the intact animal when aortic pressure is 
increased.

Both the endocardial and the vascular endothelium generate nitric oxide and 
experimental removal or damage of the endocardial endothelium results in a lower 
and shortened myocardial force generation [28], and plays a role in Heart Failure 
with Preserved Ejection Fraction [29].

Cardiac efficiency is about 20–25% (Chap. 18), implying that about 75% of the 
oxygen consumed is converted into heat. At the normal level of coronary flow, i.e., 
~90 ml/min/100 g, about 70% of the heat is carried away by the coronary flow and 
30% by diffusion to thorax and ventricular lumen [30].

19.2  �Physiological and Clinical Relevance

19.2.1  �Coronary Flow in Layers

Coronary heart disease is a major problem in the western world and understanding 
of the factors that determine the pathology of coronary function is therefore of 
utmost clinical importance.

The coronary flow has to be matched to cardiac metabolism and should thus vary 
with activity and exercise (Fig.  19.10). The explanation that cardiac ischemia is 
earlier apparent in subendocardial layers than in subepicardial layers is partly due 
to cardiac contraction and partly the due to the pressure drop over the transmural 
vessels (Fig. 19.9).

Coronary perfusion pressure
(mmHg) 

M
ic

ro
va

sc
ul

ar
 P

re
ss

ur
e

G
ra

di
en

t (
m

m
H

g)

0

40

80

20 40 60 100

Epicardium

Endocardium

* significant

80

*

*

*

*

Fig. 19.9  The net perfusion pressure, 
expressed as microvascular pressure 
gradient, is significantly smaller in the 
sub-endocardium than in the sub-
epicardium. (Adapted from Ref. [24],  
by permission)

19  Coronary Hemodynamics



151

19.2.2  �Supply-Demand

Although the anatomy is such that coronary vascular resistance in diastole is the 
smallest in the subendocardial layers, contraction still reduces flow so much in this 
layer that perfusion only takes place during diastole. Thus the perfusion pressure 
and the duration of diastole are the main determinants of flow when the vasculature 
is dilated to its physiological maximum. This has led to the supply-demand ratio. 
The area under the systolic part of aortic or left ventricular pressure curve is an 
index of oxygen consumption, see the Tension Time Index (Chap. 17). The area 
under the diastolic pressure curve is a measure of supply. The supply-demand ratio 
appears an acceptable indication for subendocardial ischemia [31]. In exercise the 
supply-demand ratio is strongly decreased (Fig. 19.11).

The effect of a coronary stenosis, in terms of perfusion, is quantified by coronary 
flow reserve, CFR, and by fractional flow reserve, FFR. The hemodynamic effect of 
the stenosis is discussed Chap. 5. Wave Intensity Analysis has been extensively used 
in the analysis of coronary hemodynamics (Chap. 23).
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Aortic balloon pumping reduces the aortic pressure in systole (reduced load, thus 
reduced demand) and increases aortic pressure in diastole (increased supply) and 
helps patients with cardiogenic shock.
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Chapter 20
Assessing Ventricular Function
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The ventricular function curve relates cardiac output or stroke work with end-
diastolic ventricular volume, end-diastolic ventricular pressure, or atrial filling pres-
sure. End-diastolic volume is a measure of end-diastolic muscle length and therefore 
the preferred variable. However, in practice filling is often expressed in terms of 
filling pressure, because pressure is an easier measure than end-diastolic volume 
(e.g., pulmonary arterial wedge pressure as measure of atrial filling pressure). Both 
Cardiac Output and Stroke Work are used as dependent variables. The Ventricular 
Function Curve is often obtained under conditions where the arterial load changes 
together with the ventricular filling. This means that a changed Ventricular Function 
Curve includes cardiac and arterial changes. Thus while the Ventricular Function 
Curve can explain in vivo adjustments of the heart and the circulation, it is not a 
characterization of the heart alone. The above figure makes this clear.

Starling studied the heart-lung preparation of the dog and the left ventricle was 
loaded with a Starling resistor. This device kept the aortic pressure constant during 
ejection and under this condition the Ventricular Function Curve describes the 
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heart alone. For isovolumic contractions as studied by Frank no equivalent 
Ventricular Function Curve is possible because no ejection takes place. We can 
explain the ventricular function curve on the basis of the Pressure-Volume relations 
and the Cardiac Pump Function graph. Thus, while the Frank-Starling mechanism 
relates end-diastolic ventricular volume with cardiac output at constant heart rate 
and contractility, and thus characterizes the heart, the Ventricular Function Curve 
also depends on the arterial load.

20.1  �Description

In the intact organism the Ventricular Function Curve is usually presented as the 
relation between Stroke Volume (or Cardiac Output or Stroke Work) and ventricular 
filling. The idea arose from the fact that increased muscle length produces stronger 
contraction (Chap. 13). Frank showed that a similar relationship held true in the 
intact heart where he reported that when the isovolumic frog heart beats from an 
increased starting volume the pressure developed by contraction is increased. 
Starling kept the pressure development constant, using a ‘Starling Resistor’ and 
found that increased starting volume (and end-diastolic ventricular pressure) 
increased the cardiac output. This led to the popular “Ventricular Function Curve” 
relating cardiac output or stroke volume or Stroke Work to indices of filling, the 
end-diastolic ventricular pressure or volume. In the intact organism Cardiac Output 
is indeed increased by increased end-diastolic volume but the increased blood flow 
causes an increase in pressure, so that the Starling data does not adequately apply in 
vivo (see Fig. 14.1). Indeed, there also is a complicated adjustment of the circulation 
which depends on neural and humoral regulatory mechanisms. Thus, an increase in 
filling volume results in a smaller increase in Cardiac Output than under the assump-
tion of a constant arterial pressure, as in Starling’s experiment (Fig. 20.1). We thus 
see that the Ventricular Function Curve as measured in an intact organism depends 
on the heart in combination with the arterial load, and therefore characterizes 
ventriculo-arterial coupling and not the heart alone. The relation between diastolic 
filling and Cardiac Output is therefore more difficult to interpret than the original 
experiments by Frank and Starling.

Before the cardiac Echo technique became available, ventricular filling pres-
sure or diastolic ventricular pressure was easier to determine than end-diastolic 
volume and the Ventricular Function Graph was therefore often presented as the 
relation between diastolic ventricular pressure with Stroke Work (SW). The 
graph is, in general, more linear when ventricular volume is used as independent 
variable than when filling pressure is used, because of the nonlinear diastolic 
pressure-volume relation. The relation between Stroke Work and ventricular 
diastolic volume is the so-called Preload Recruitable Stroke Work with slope 
Mw [1].

20  Assessing Ventricular Function
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20.1.1  �Global Left Ventricular Contractile Function Compared 
Between Patients

Indices of contractile function or contractility are dominated by the contribution of 
left ventricular (LV) cavity volume because arterial pressures are usually similar 
between patients. Nowadays clinical assessment of contractile function is made 
using ejection fraction (EF): the ratio of stroke volume (SV, the amount of blood 
ejected each beat) to end-diastolic volume (EDV, the starting volume for contraction 
at the end of diastole), EF = SV/EDV. When end-systolic volume (ESV) and end-
diastolic volume (EDV) are increased, while Stroke Volume, is not changed, 
Ejection Fraction (EF) is decreased. At its simplest, if one can detect an increase in 
EDV in a patient free of valvular disease, it is almost as good as measuring 
EF. Sometimes one can do this by physical examination of the patient’s chest. More 
sophisticated methods are (a) echocardiography in which one relies on ultrasound 
echoes to measure the end-systolic and end-diastolic diameters, (b) left ventriculog-
raphy, when a patient is undergoing cardiac cauterization and X-ray contrast 
medium is injected into the LV cavity, (c) MUGA, Multiple Gated Acquisitions, is 
a better method of assessment, at least in theory, because a radioisotope can simply 
be injected intravenously and the radioactive counts from the LV cavity, when the 
blood is labeled, are proportional to volume, (d) imaging the heart by Magnetic 
Resonance Imaging (MRI). (e) in patients undergoing cardiac catheterization, a 
can be inserted into the LV, to measure volume continuously, that has a pressure 
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transducer also mounted. The PV loops (giving values of EF) displayed from these 
transducers are more reliable for small hearts of animals than for humans, but it was 
possible with this approach in patients to show that with a strong post-ectopic beat, 
the ESV at similar pressure was smaller than in the normal beats, i.e., the strength 
of the post-ectopic beat not only depends on more filling, but also on increased 
contractility.

20.1.2  �Invasive Assessment of Local Ventricular Function 
in the Patient

The maximum rate of rise of left ventricular pressure, dPlv/dtmax, can be determined 
by measuring left ventricular pressure (LVP) with a catheter-tip manometer and 
passing the signal through an electronic differentiator. If the signal has a prominent 
positive maximum before valve opening, dPlv/dtmax is an index of global LV contrac-
tile function and contractility. An argument in favor of the use of dPlv/dtmax can be 
based on the Pressure Volume loop. It was shown (Chap. 14) that the E(t)-curve has 
a ‘universal’ shape and before valve opening ventricular pressure is proportional to 
E(t) and thus dPlv/dtmax then is a measure of global contractility.

To be a measure of muscle function dPlv /dt should be related to wall stress σ. 
This can be done using Laplace’s law (Chap. 9).

	
s = P glv f·

	

with gf a geometry factor accounting for the (local) radius of curvature and myo-
cardial wall thickness. By the chain rule, differentiating with respect to time, we 
obtain:

	
d d d P d ds / / /t g P dt g tf lv lv f= +× ×

	

This shows that it is important to determine dPlv /dtmax during isovolumic conditions 
so that gf may be assumed constant, i.e., dgf /dt = 0, and

	
d d dP t g d tlv f/ / /= ( )1 × s

	

With changes in filling the geometric factor gf will change limiting its use as 
contractility index. At low volumes, such as during cardiac surgery with open chest, 
a change in dPlv/dtmax, may result both from changes in muscle function and filling. 
In the closed chest, and in the catheter laboratory the geometric factor does, in gen-
eral, not change so that dPlv/dtmax gives useful information on averaged global mus-
cle function. At very large ventricular volumes an increase in the factor gf may even 
result in a decrease in dPlv/dtmax. Thus dPlv/dtmax can be used only as a convenient 
volume independent index for changes in cardiac contractility in the catheter 
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laboratory. In Fig. 20.2 the record on the left was obtained with the patient in head-
up tilt and the record on the right with the patient in head-down tilt. It can be seen 
that the left ventricular end-diastolic pressure is higher in the right hand record due 
to the increase in ventricular volume, but dPlv/dtmax is unchanged [2].

The isovolumic ventricular relaxation phase can be characterized by the expo-
nential decay constant tau. In patients with diastolic heart failure with preserved 
ejection fraction (HFpEF) the time constant is prolonged and filling pressure is 
increased [3], leading to lower filling volume. There is also a prominent negative 
maximum, dPlv/dtmin, which is used as a measure of ventricular relaxation 
(lusitropy).

20.1.3  �Merits and Drawbacks of dPlv /dtmax, ESPVR and Ees 
as Assessments of Global Contractility

The dPlv/dtmax has limited value for comparing the contractility of patients [4] 
because it is also an index of the synchronicity of contraction and muscle mass. 
Figure  20.3 shows, as an example, that during conduction defects, e.g., bundle 
branch block or inappropriate pacing sites, dPlv /dtmax is different [5]. In general, the 
dPlv/dtmax is highest during sinus rhythm (extreme right hand point in Fig. 20.3). The 
End-Systolic Pressure-Volume Relation, ESPVR, has the same shortcoming. In 
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Fig. 20.2  Time derivative of left ventricular pressure, dPlv/dtmax, when falling before valve opening 
(left panel) is used as a measure of contractility. The right panel shows that increased filling, result-
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this index is sensitive to inotropic interventions and not, in this range, depending on filling pres-
sure. The rate of ventricular relaxation is defined by the time constant tau, and relates with left 
ventricular end-diastolic pressure. The dPlv /dtmin is a measure of ventricular relaxation. (Right 
panel adapted from Ref. [2], by permission)
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Fig. 20.3  LVdP/dtmax depends on pacing site. During ventricular pacing from various sites LVdP/
dtmax is compared with its value during sinus rhythm (SR, blue). RVA Right Ventricular Apex, 
LVFW Left Ventricular Free Wall, LVA Left Ventricular Apex, 2xLV LV free wall and apex. 
(Redrawn from Ref. [5], used by permission)

other words, the two quantities do not quantify muscle contractility alone but depend 
on muscle mass and synchronicity of muscle contraction and pacing site as well.

The theoretical gold standard for assessment of cardiac contractility is the slope 
of the End-Systolic Pressure-Volume Relation (ESPVR, Fig. 20.4), but in practice 
this ESPVR is usually only obtainable invasively, as during cardiac surgery. 
Volume changes are required and they can be obtained by, partial, occlusion and 
release of the vena cavae. An increase in contractility corresponds to a ‘rotation’ 
around Vd of the ESPVR (Chap. 14). The slope of the relation, Ees, is only an 
acceptable index of contractility if the relation is straight. For a curved relation the 
slope depends on the chosen pressure. The straight-line extrapolation often sug-
gests a negative, physically impossible, and thus virtual, intercept with the volume 
axis. Thus when volume and pressure can be measured, the ESPVR-curve should 
be reported because it gives much more accurate information than its (locally 
dependent) slope, the Ees.

Volume (ml)

ESPVR

P
re

ss
ur

e 
(m

m
H

g)

0

100

50

75 1500 Vd
Negative Vd

Fig. 20.4  End-Systolic Pressure-Volume relation, ESPVR, as a measure of global ventricular 
function. Several pressure-volume loops, preferably obtained with changes in cardiac filling, are 
required to determine this relation (red line). Approximations by assuming a straight relation (blue 
line, with negative intercept), or using a single loop and assuming linearity and zero intercept 
volume (black line) may lead to unacceptable errors
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20.1.4  �Noninvasive Assessment of Global Ventricular Function 
in the Patient

By definition, noninvasive assessment rules out methods such as catheter-tip 
manometry and conductance catheter volume measurement. One approach that 
gained some popularity is calculating Ees by dividing peak aortic pressure, as an 
index of end-systolic left ventricular pressure, by end-systolic volume, obtained by 
Echo or MRI. In addition to the assumption of linearity of the ESPVR, the intercept 
volume is assumed to be negligible. These noninvasive approaches are subject to 
errors (see Chaps. 14 and 18).

The assessment of contractility is complicated by the nonlinearity of the 
ESPVR. Of course, if during an intervention mean arterial pressure does not change 
(pressure clamped by the baroreflex, [6]), the nonlinearity of the ESPVR does not 
play a role and the end-systolic volume at this same pressure is moved to smaller 
volumes with increased contractility. If arterial pressure changes it is recommended 
that the changes in mean arterial pressure are accounted for. A control run should be 
compared in which the mean arterial pressure changes are reproduced with a pure 
vasoconstrictor or a pure vasodilator.

For the ventricle as a whole the relation between Stroke Work and (diastolic) 
volume (Fig. 20.5) is straight [1, 7] and is called Preload Recruitable Stroke Work 
with slope MW, a load insensitive index of cardiac contractility. It has subsequently 
been shown that MW can be estimated from a single beat [7]. Stroke Work (Chap. 
16) can be approximated by Stroke Volume times mean aortic (or carotid) pressure 
during ejection (systole). Using carotid pressure allows for estimation of MW from 
a single beat and noninvasively.

20.1.5  �Assessment of Change in Regional Left Ventricular 
Function

Contractile function variables can be affected both by changes in global contractil-
ity and by regional dysfunction, e.g. myocardial infarction. In the latter case, 
regional contractile function is of clinical importance, but cannot be studied in 
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absolute terms as is the case with global function indices such as the ESPVR and 
dPlv/dtmax. The pragmatic approach therefore is to study local wall movement to see 
whether it is impaired or, in some cases such as hypertrophic cardiomyopathy, 
enhanced. Dysfunctional myocardium may respond to a positive inotropic interven-
tion, e.g. post-extra-systolic potentiation or dobutamine infusion. This indicates if 
the tissue is viable and may improve with reperfusion. This approach is followed in 
Stress-Echo and Stress-MRI investigations.

20.2  �Physiological and Clinical Relevance

The Ventricular Function Curve is very regularly used to demonstrate the effects of 
therapy on Cardiac Output.

An example is given in Fig. 20.5 (left panel), where the Ventricular Function 
Curve is shown in control and heart failure. Again, one should be aware of the fact 
that the graphs do not reflect the differences in the heart alone but also may contain 
what is changed in the arterial load. However, the slope of the relation between 
Stroke Work and diastolic volume (Fig. 20.5, right panel) was shown to be load 
independent and can be used as measure of ventricular contractility [7].

References

	1.	 Glower DD, Spratt JA, Snow ND, Kabas JS, Davis JW, Olson CO, et  al. Linearity of the 
frank-Starling relationship in the intact heart: the concept of preload recruitable stroke work. 
Circulation. 1985;71:994–1009.

	2.	 Drake-Holland AJ, Mills CJ, Noble MIM, Pugh S.  Responses to changes in filling and 
contractility of indices of human left ventricular mechanical performance. J Physiol Lond. 
1990;422:29–39.

	3.	 Zile MR, Baicu CF, Gaasch WH. Diastolic heart failure--abnormalities in active relaxation and 
passive stiffness of the left ventricle. N Engl J Med. 2004;350:1953–9.

	4.	 Van den Bos GC, Elzinga G, Westerhof N, Noble MIM. Problems in the use of indices of myo-
cardial contractility. Cardiovcvasc Res. 1973;7:834–48.

	5.	 Prinzen FW, Peschar M. Relation between the pacing induced sequence of activation and left 
ventricular pump function in animals. J Pacing Clin Electrophysiol. 2002;25:484–98.

	6.	 Brooks CI, White PA, Staples M, Oldershaw PJ, Redington AN, Collins PD, et al. Myocardial 
contractility is not constant during spontaneous atrial fibrillation in patients. Circulation. 
1998;98:1762–8.

	7.	 Karunanithi MK, Feneley MP. Single-beat determination of preload recruitable stroke work 
relationship: derivation and evaluation in conscious dogs. J Am Coll Cardiol. 2000;35:502–13.

20  Assessing Ventricular Function



Part III
Arterial Hemodynamics



165© Springer International Publishing AG, part of Springer Nature 2019 
N. Westerhof et al., Snapshots of Hemodynamics, 
https://doi.org/10.1007/978-3-319-91932-4_21

Chapter 21
Wave Travel and Pulse Wave Velocity

Wave speed, c, is

Wave speed is a function of area
compliance, CA = ∆A/∆ P, wall elastic
modulus (Einc), wall thickness, h, and
blood density is:

c = A/ρ CA

(Newton-Young, or Frank,
or Bramwell-Hill equation)

c =    Einch/ρD

(Moens-Korteweg equation)
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Waves generated by the heart travel down the aorta and major conduit arteries. 
These waves may be pressure waves, flow or velocity waves or diameter waves. The 
ratio of the distance Δx, and the time it takes for the wave to travel over this dis-
tance, Δt, gives the wave speed or pulse wave velocity, PWV = Δx/Δt. The same 
wave speed applies to pressure, flow and diameter waves. The wave speed depends 
on vessel size and the elastic properties of the arterial wall. In the aorta of a healthy 
subject the wave speed is typically 4–5 m/s. In stiff aortas, having a low compliance 
(CA) and a high wall elastic modulus (Einc) the wave speed may be two times higher, 
implying a four-fold decrease in aortic area compliance. The wave speed in periph-
eral arteries is higher than in central arteries since the wall thickness is higher and 
the diameter is smaller. By measuring the foot-to-foot PWV its value is close to the 
true phase velocity c, and the above equations hold.
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21.1  �Description

The heart generates pressure and flow waves. Because of the elastic properties of the 
aorta and the major conduit arteries, the pressure and flow waves are not transmitted 
instantaneously to the periphery, but they propagate through the arterial tree with a 
certain speed, which we call wave speed (c) or pulse wave velocity (PWV). In anal-
ogy to waves created by a stone dropped in a lake, the waves seen on the surface 
travel with a speed that is measured by the time it takes for the disturbance (wave) 
to cover a certain distance. The distance traveled by the wave over the time delay 
gives the wave speed, c = Δx/Δt as schematically shown in the Figure in the Box. 
Also, in analogy with the stone dropped in the lake, the wave transmission takes 
place even in the absence of blood flow. When a stone is dropped in a river, the 
waves superimpose on the water flow, and the (flow) waves traveling downstream go 
faster than the waves that move upstream. In other words, the velocity of the blood 
adds to the wave speed. However, since the blood flow velocity is much (more than 
20 times) smaller than the PWV this effect is usually neglected.

21.1.1  �Wave Speed Depends on Vessel Elastic Modulus 
and on Compliance

This equations for wave speed, called phase velocity, are derived for non-viscous 
fluid and a purely elastic wall; they hold in good approximation for uniform conduit 
arteries filled with blood (see Chap. 12). The wave speed can be related to the elastic 
modulus of the wall material via the Moens-Korteweg equation:
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where Einc is the incremental elastic (Youngs) modulus, ρ the blood density, h the 
wall thickness and ri and Di the lumen radius and diameter. The Moens-Korteweg 
equation allows estimation of a material property of the arterial wall, Einc.

Wave speed derived by Frank in 1920, [1] and Bramwell and Hill in 1929 [2] 
expresses the wave speed as function of arterial compliance.
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with A the lumen area, the area compliance CA = ΔA/ΔP and A/CA = VΔP/ΔV with 
length assumed constant, the ρ is blood density and BM and K are Bulk Modulus 
and distensibility, respectively (Chap. 11). Newton and Young derived this equation 
first, and Frank introduced it in hemodynamics. This equation allows estimation of 
structural properties, CA, BM or K.
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21.1.2  �Phase Velocity and Apparent Phase Velocity

The phase velocity is the wave speed determined by the properties of the vessel 
wall and blood density as presented above, i.e., wave reflections are assumed 
not to exist. When two arterial pressures are measured to derive wave speed, 
these waves include the effect of reflections and with reflections the formulas 
for PWV become more complex. When Fourier analysis is performed (Appendix 
1) on two pressure waves measured a distance Δx apart, the wave speed for each 
harmonic can be obtained by using the time difference, called phase lag for sine 
waves, Δφ, between the two harmonics. The phase lag is Δφ = 2π Δt/T = 2πfΔt, 
with T the duration of one sinewave period, the inverse of the frequency, f, of 
the sine wave. The apparent wave velocity, capp, is then calculated for each har-
monic as.
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with i signifying the ith harmonic. If the frequency is given in Hz, Δx in cm, and Δφ 
in radians, capp will be in cm/s. Thus, the apparent wave velocity includes the effect 
of reflections and is therefore not a good measure of vessel compliance. Figure 21.1 
shows the apparent wave velocity as a function of frequency. For high frequencies, 
the apparent wave velocity approaches the true phase velocity because for high 
frequencies reflections become negligible (Chap. 12).

When the wave speed is determined from the foot of the wave (Fig. 21.2) the 
value is close to the apparent wave velocity at high frequencies, and thus close to the 
phase velocity, and the equations above can be applied to derive area compliance or 
incremental modulus of the wall material. However, the Moens-Korteweg and the 
Frank/Bramwell-Hill wave speed both pertain to uniform tubes only. When wave 
speed is measured over the entire aorta the assumption of a uniform tube is obvi-
ously not correct.
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Fig. 21.1  The apparent wave velocity, capp is 
the speed measured when reflected waves play a 
role. For high frequencies reflections are small 
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21.1.3  �Methods to Obtain Wave Speed

A number of methods have been developed to derive Pulse Wave Velocity.

Time delay or foot-to-foot method  This is the most direct method. Wave speed is 
estimated from the time it takes for the foot of the pressure, diameter, or blood 
velocity wave, to travel between two sites a known distance apart. The so calculated 
foot-to-foot wave velocity is close to the phase velocity and can be used to derive 
vessel compliance or incremental Youngs modulus Einc. Figure 21.2 shows realistic 
time delays for pressure waves recorded in the human aorta and the lower limbs [3]. 
For instance, the delay of the foot of the wave between ascending and thoracic aorta 
is Δt1 = 0.056 s, and the distance is Δx1 = 0.25 m. Thus, the proximal aortic wave 
speed, equals 0.25/0.056 m/s and PWV = c = 4.5 m/s. The average wave speed from 
the aorta to the lower limb is Δx2/Δt2  =  1.25  m/0.175  s and PWV  =  7.1  m/s. 
Peripheral arteries are smaller, have relatively larger wall thickness, and are stiffer 
(higher Einc). Therefore, by virtue of the Moens-Korteweg equation, they have a 
higher wave speed. Note that the estimated aorta-to-dorsalis pedis wave speed 
(8.5 m/s) is an average wave speed for the entire arterial pathway traveled by the 
wave (aorta, iliac, femoral, popliteal), and this arterial section is not even close to a 
uniform tube. If one had used the time delay based on peak systolic pressure (Δ 
t3  =  0.102  s, in Fig.  21.2), the estimated wave speed would have been 
1.25 m/0.102 s = 12.3 m/s. This speed is much higher than the foot-to-foot estimate 
of 7.1 m/s. The overestimation is attributed partly to the fact that the artery is stiffer 
at higher distending pressures but is also partly attributed to wave reflections that 
contribute to peak systole. It is therefore generally accepted that the time delay 
should be calculated from the foot or the early up-slope of the wave rather than the 
systolic part.
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Fig. 21.2  Pressure waves at different locations of the human arterial tree. The distance divided by 
the time delay of the foot of the waves gives the pulse wave velocity (foot-foot pulse wave veloc-
ity). It is assumed that the foot of the wave is determined by high frequencies and therefore the 
‘foot-to-foot’ PWV is close to the phase velocity. The time difference between pressure maxima is 
not a good measure of the phase velocity c. (Adapted from Ref. [3], by permission)
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Three-pressure method  By measurement of three pressures some centimeters apart, 
reflections can be accounted for and the phase velocity can be derived [4].

Temporal and spatial derivative method  For a uniform artery without reflections 
wave speed can be calculated using the time derivative and spatial derivative of 
pressure [5]: c = (dP/dt)/dP/dx).

Wave speed derived from pressure and diameter measurements  It holds in approxi-
mation that area compliance CA = (As – Ad)/(Ps – Pd). Local systolic (s) and diastolic 
(d) pressure can be measured using Oscillometry, and local diameters with US and 
so that mean, systolic and diastolic areas can be calculated. Wave speed then can be 
derived using the Frank formula for wave speed, and using this approach PWV can 
be estimated as a function of pressure [6].

Wave speed from flow and diameter measurements  Flow or flow velocity and diam-
eter or area can be measured noninvasively by means of MRI and allows estimation 
of central PWV noninvasively [7].

Method based on differences  Differences of velocity, dv, and pressure, dP, as 
defined in Wave Intensity (Chap. 23), allow the calculation of PWV at a single loca-
tion. The basic equation is [8]:

	 c dP dv2 2 2 21= / /r S S 	

The advantage of the method is that determination can be done at a single loca-
tion. The method has been applied to the coronary circulation, but it has been criti-
cized [9].

Wave speed derived from flow and area measurements  This method [10], see 
Fig. 21.3, uses noninvasive flow and area measurements by MRI or ultrasonic tech-
nologies, thus making it possible to derive wave speed noninvasively. Imagine that 
the heart ejects into the aorta a certain volume ΔV over a period Δt. The ejected 
volume will be ‘accommodated’ in the aorta by means of an increase in the aortic 
cross-sectional area ΔA over a certain length Δx. The wave speed is the speed with 
which the perturbation in area, ΔA, has traveled in the aorta, which is Δx/Δt. The 
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volume ejected in the aorta is ΔV = ΔA⋅Δx or Δx = ΔV/ΔA. Dividing by Δt, we 
obtain:
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and since ΔV/Δt is equal to the volume flow ΔQ it follows that

	 c Q A= D D/ 	

From this relation, we see that when ejection takes place in a stiff artery where the 
change in area, ΔA, will be small, the wave speed will be high.

The method assumes negligible reflections in early ejection and relates to the 
calculation of characteristic impedance in early ejection (Chaps. 12 and 23)
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The advantage of the method is that both ΔQ and ΔA can be obtained nonin-
vasively by MRI and thus suited for pulmonary and intrathoracic arteries (Chap. 
28) [11].

21.1.4  �Amplification of Pressure Waves

As can be seen in Fig. 21.2 the systolic pressure increases while travelling towards 
the periphery. Diastolic pressure changes little or decreases, and mean pressure is 
practically the same in all conduit arteries (Chap. 6). Therefore, the increase in 
Pulse Pressure mainly results from the increased systolic pressure. This phenome-
non is called Pulse Pressure amplification. In aging amplification decreases [12] as 
a result of the increased wave speed as has been discussed in Chap. 12.

Amplification and the change in pressure wave shape implies that the calculation 
of mean pressure from systolic and diastolic pressures depends on the location where 
pressure is measured. For instance, in the brachial artery mean pressure is close to 
(Ps + 2Pd)/3 = Pd + PP/3. If in the proximal aorta with a lower systolic pressure the 
mean pressure also would be calculated with the same formula, mean aortic pressure 
would be lower than in the brachial artery, which is clearly impossible. In the proximal 
aorta, a good estimate of mean pressure can be calculated as Pm = (Ps + Pd)/2 = Pd + PP/2. 
The 1/3 and 1/2 are so-called pressure form factors (Chap. 12).

21.2  �Physiological and Clinical Relevance

The above equations show that from wave speed the vessel wall elasticity (Einc) and 
area compliance CA can be derived if the artery’s geometry (diameter and wall thick-
ness) are known, thus, giving a good estimation of large vessel elasticity.
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21.2.1  �Carotid-Femoral PWV

The wave speed between carotid artery and iliac or femoral artery, cc-f or CF-PWV, 
can be measured noninvasively and is accepted as representative for aortic wave 
velocity. The wave speed allows estimation of aortic elasticity, and this noninvasive 
method is often used in hypertension research. Some limitations need to be men-
tioned. The estimation of length should account for the distance between the arch 
and the location of measurement in the carotid artery where the signal is measured. 
The ascending aorta is not included while changes in elasticity there may be consid-
erable. With aging the aorta becomes tortuous which results in an underestimation 
of length and thus an underestimation in wave speed. Recently the intra-arterial and 
noninvasive determination of PWV have been compared [13].

Other locations for determination of wave speed, such as Carotid to Radial artery 
wave speed, CR-PWV have been used. Time delay between Brachial artery pressure 
and Tibial artery pressure is used as heart-to-ankle delay and used to calculate the 
Cardio-Ankle Vascular Index, CAVI [14]. The CAVI is based on two assumptions, 
namely Frank’s equation for wave speed and the β introduced by Hayashi (Chap. 
11) to make the CAVI pressure-independent [15]. The pressure-independent charac-
ter has, of course advantages for comparison between different patients. However, 
stiffness of aorta, leg and upper arm arteries are all contributing. Also, the equation 
for wave speed is strictly speaking only applicable to uniform blood vessels without 
reflections. Later Spronck et al. introduced a new reference point to make the pres-
sure dependence even smaller [16].

21.2.2  �Wave Speed Depends on Pressure

The foot-to-foot PWV is determined at diastolic pressure [6], but the pressure wave 
spans the range from diastole to systole and in systole wave speed is higher 
(Fig. 21.4). Wave speed is a function of pressure, due to the nonlinear elastic proper-
ties of the arterial wall. Based on compliance and area using the Frank/Bramwell-
Hill equation, wave speed can be derived as a function of pressure. The wave speed, 
in combination with pressure measurement allows to obtain β-stiffness (see Chap. 
11) as [15, 16]:

	
b r= ( ) ( )2 2·ln / · / –P P P Ps d s dPWV
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21.2.3  �Wave Speed Depends on Age

With age, wave speed increases as shown in Fig. 21.5 where data were measured in 
normal human subjects, in the absence of atherosclerosis [17]. The increase in wave 
speed by about a factor two between the ages 15 and 80 years implies a decrease in 
compliance by a factor four. The increase in aortic stiffness with age is primarily 
attributed to a progressive thinning, fraying and fracture of elastic laminae, likely 
due to repetitive cyclic stretch of the pulsating pressure. Changes in aortic wave 
speed with age depend on location [7].

Although all wall constituents are subjected to the same Pulse Pressure and thus 
to the same cyclic stretch, it is mainly the elastin that cannot be re-synthesized suf-
ficiently rapidly [18]. The net result is gradual replacement of elastin with collagen. 
The stiffer aorta implies reduced Windkessel function and higher Pulse Pressure 
(Chap. 25). The higher Pulse Pressure, in turn, may cause extra wear of the vessel 
wall resulting in more breakdown of elastin. It has been shown that Pulse Pressure 
is a strong indicator of cardiovascular mortality and morbidity [19].
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Chapter 22
Wave Separation and Waveform Analysis
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Next to systolic, diastolic and mean pressure, separation of pressure into forward 
and reflected waves and the analysis of the pressure wave shape give hemodynamic 
information. Pressure and flow waves are waves containing a (compound) wave 
traveling towards the periphery (forward running wave) and a (compound) reflected 
wave. Wave separation is the calculation of forward and reflected pressure and flow 
waves and the calculation can be performed in the time domain (Chap. 12). Forward 
pressure and flow waves are similar in shape, and the reflected pressure and flow 
waves are also similar in shape, but the reflected flow wave is inverted with respect 
to the reflected pressure wave. This difference in polarity of the reflected waves 
leads to differences in the shape of the measured pressure and flow waves. The sepa-
ration of the pressure and flow into their forward and reflected components is a 
useful technique for analyzing and studying wave reflections. The Reflection 
Magnitude is the ratio of the amplitudes of reflected and forward wave RM = |P|reflected 
/|P|forward, the Reflection Index is RI =  |P|reflected /(|P| forward + |P|reflected). In waveform 
analysis the pressure wave shape is analyzed. The Augmentation Index, is defined 
as Augmented Pressure over Pulse Pressure: AIx = AP/PP. The RI can be compared 
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with the AIx. The return time of the reflected wave is Δtret, can be compared with the 
timing of the inflection point, tinf.

22.1  �Description

At any location in the arterial tree, the measured pressure and flow waves are the 
sum of a compound forward wave and a compound reflected wave. Because both 
forward and reflected wave arise from reflections at the many arterial reflection 
sites, the compound waves consist of sub-waves, added up to compound waves.

Wave separation analysis is the calculation of compound forward waves Pf, Qf, 
and compound reflected waves Pr, Qr, from the measured pressure and flow. The 
extra information needed is an estimate of characteristic impedance (Chap. 12).

Waveform analysis pertains to analysis of the pressure waveform itself, such as 
determination of augmentation index, AIx, and inflection point, tinf (Figure in the Box).

22.1.1  �Wave Separation Analysis: Forward and Reflected 
Components

The visualization of the forward and reflected waves is shown in Fig. 22.1 As dis-
cussed in Chap. 12 it holds that

	
P Z Q P Z Q and P Z Q P Z Qf c f m c m r c r m c m= × = + ×( ) = × = ×( )/ /2 2- -

	

Forward running
pressure wave, Pf

Reflected
pressure wave, Pr

Measured pressure wave,
Pm = Pf + Pr

Forward running
flow wave, Qf

Reflected
flow wave, Qr

Measured flow wave,
Qm = Qf + Qr

Fig. 22.1  Principle of the separation of pressure and flow waves into their forward and reflected 
components
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with P and Q pressure and flow, and m, f and r measured, forward and reflected 
waves [1, 2].

From this separation, the oscillatory output power of the heart can be separated 
in forward and reflected components [3]:

	

Power Zc= ( ) × ( ) = +( ) × +( ) = +( ) × ( )
= ( )
P t Q t P P Q Q P P P P

P t

m m f r f r f r f r

f

– /
22 2
– /P t Zr c( )( )

	

Thus when the reflected pressure wave is 30% of the forward wave the oscilla-
tory reflected power is about 10%.

The above formulas are simple to use when the characteristic impedance, Zc, is a 
real number, as in large conduit arteries, where blood viscosity can be neglected and 
the wall is close to purely elastic (Chap. 12).

We may calculate Zc as:

	 Z c Ac = ×r / 	

with ρ blood density, c the local phase velocity and A the luminal cross-sectional 
area (see below).

In practice, the characteristic impedance of large vessels can be determined in 
two ways, as detailed in Chap. 12. The ratio of the pressure and flow change in early 
systole or from the high frequency impedance modulus.

In smaller vessels, the same analysis holds and same equations apply, with the excep-
tion that the characteristic impedance, Zc, is a frequency dependent complex number and 
the equations pertain to individual harmonics of pressure and flow (see Chap. 12). The 
individual harmonics need to be added to obtain the waves in the time domain.

After the derivation of Pf and Pr the Reflection Magnitude can be calculated from 
the amplitudes of forward and reflected pressure or forward and reflected flow. 
RM = Pr/Pf. The Reflection Index, RI = Pr/(Pf + Pr). The RM and RI are not equal 
to the Reflection Coefficient as defined in Chap. 12. The reflection coefficient 
depends on vascular properties only, while the RI and RM depend on the pressure 
wave shape and thus contain a cardiac contribution. The arrival time of the reflected 
wave, Δtret, can be determined from the foot of the waves (see Figure in the Box) as 
is done for Pulse Wave Velocity (Chap. 21).

It has been shown that by assuming a triangular wave shape for aortic flow (flow 
‘triangulation method’) and measured pressure, the wave separation can be carried 
out [4, 5]. Subsequent calculation of RM and RI does not need calibrated pressure 
and flow since they are pressure ratios [4].

Wave separation can be carried out at all locations. The separation of forward 
and reflected waves along the aorta was carried out by Davies et al. [6] and Tyberg 
[7] and it was found that at all locations the time delay between the reflected and 
forward waves is hardly dependent of location, see Fig. 22.2. In other words the 
reflected pressure wave appears to run towards the periphery rather than towards the 

22.1  Description
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heart. The similar time delay between reflected and forward pressure results from 
the global reflection coefficients at different locations. These reflection coefficients 
have similar phase angles and thus similar time delays between reflected and for-
ward waves.

If a uniform tube with reflection at its end is used as model of the aorta, the for-
ward wave runs towards the periphery and the reflected wave does run towards the 
heart. Thus, the in vivo data cannot be explained by assuming a uniform tube with a 
single distal reflection as model of the aorta (see below). Uniform tube models are 
discussed in Chap. 26.

22.1.2  �Waveform Analysis

Waveform analysis is based on the pressure wave shape and mainly pertains to 
description by the Augmentation Index (AIx) and the timing of the infection point, 
tinf (Figure in the Box). The AIx does not require calibration of pressure and is there-
fore ideal for noninvasive studies.

The AIx has been related to the amount of reflection expressed as Reflection 
Index and Reflection Magnitude (See Figure in Box) but the relations are not tight 
[8, 9], in part due to the fact that the AIx depends not only on the magnitude of the 
reflected wave but also on its time of return. Also, the AIx cannot be related with the 
forward and reflected waves as may be seen in Fig. 22.3 where a negative AIx does 
not imply a reflected pressure wave that is negative. Similarly, it holds that a nega-
tive AIx does not mean negative reflection.

The inflection point is defined as d2P/dt2 = 0 [10] and its timing, tinf, has been 
used as arrival time of the reflected wave, tret. A shoulder point has been defined as 
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the second zero crossing of d4P/dt4 = 0 and also has been suggested as arrival time 
of the reflected wave [11]. Segers has discussed the timing of the inflection point 
and the shoulder points [10]. The inflection and shoulder points differ from the 
return time of the reflected wave and differ from each other [8, 9].

Disagreement between the tube model and actual data was observed in several 
studies, an example being the return time of the reflected wave in aging. With age 
aortic PWV may increase by a factor 3, but the return time of the pressure wave, deter-
mined as tinf, decreases little [12]. Thus, the arrival time of the reflected wave at the 
heart not simply depends on the wave speed and the distance of a single distal reflec-
tion site. Many reflection sites are present in the arterial system leading to a compound 
reflected wave. The many reflection sites explain the discussion on the ‘illusive reflec-
tion site’ (Chap. 26) and the ‘horizon effect’ (Chap. 12). The calculation of wave 
speed from the shoulder point, the inflection point or the return time of the reflected 
wave, assumes the aorta to be a uniform tube and thus leads to errors [13].

Both Wave Separation and Wave Form Analysis thus show that a tube with a 
single reflection site at its distal end is not a good model of the aorta (or arterial 
system). Already in the 1930s this so-called ‘uniform tube’ model was suggested, 
and attempts were made to underpin that model by suggesting that at the single 
reflection site the waves can be reflected ‘out of phase’ so that an apparent distance 
is introduced [6, 14, 15]. The uniform tube is discussed in Chap. 26.

22.2  �Physiological and Clinical Relevance

The analysis of arterial pressure and flow waves into their forward and reflected 
running components can be used to quantify the role of wave reflections in physio-
logical and pathological situations. Figure  22.3 shows the aortic pressure waves 
measured in young healthy adult, type C beat, and an older subject, type A beat [16]. 
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Fig. 22.3  Separation of measured 
aortic pressure waves (red) into their 
forward (blue) and reflected waves 
(green). The Type C beat pertains to a 
young adult and the Type A beat to 
an old subject. From C to A type the 
Augmentation Index, AIx = AP/PP, 
changes from negative to positive, 
and the Reflection Magnitude is 
larger in Type A than Type C. The 
return time of the reflected wave 
differs little between A and C beats

22.2  Physiological and Clinical Relevance



180

For the type C beat we observe that the amplitude of the reflected wave is smaller 
than the reflected wave of the A beat, but the return times differ little. The addition 
of the reflected wave onto the forward wave does not lead to a significant increase in 
late systolic pressure in the C beat, but does so in the A beat (Fig. 22.3), resulting 
in a positive Augmentation Index in the A beat. The increased reflection magnitude 
in the A beat also corresponds with a larger oscillation of the modulus of the input 
impedance [16]. However, the hemodynamic parameters mean pressure, systemic 
vascular resistance, Pulse Wave Velocity, and Cardiac Output are not different 
between the group C beats (n = 4) and group A beats (n = 7).

22.2.1  �Reflections and Arterial Stiffness

During vasodilation reflections decrease and pressure and flow in the aorta become 
more alike. With vasoconstriction the reflections increase and pressure and flow 
become less alike in shape [17]. With the Valsalva maneuver (Fig. 22.4) the trans-
mural pressure in thoracic and abdominal aorta decreases, but the systemic vascular 
resistance increases by about 25% [2]. The lower transmural pressure results in a 
more compliant aorta and a lower wave speed. The compound reflected wave is 
small and measured pressure and flow become similar in shape. This finding shows 
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that the magnitude of the reflected wave does not directly relate with vascular 
(peripheral) resistance but rather to arterial stiffness and wave speed. Thus, the 
vasoconstriction and vasodilation of the peripheral vascular bed affect the mean 
pressure and mean pressure determines arterial stiffness. The arterial stiffness rather 
than the resistance determines reflections. In a model of the systemic arterial system 
it was indeed found that a change in microvascular resistance hardly affects 
reflections.

Pulse Pressure amplification decreases with age mainly as a result of the increased 
arterial stiffness, rather than a changed reflection at the microcirculation (Chap. 12). 
The increased Pulse Pressure amplification with decreased PWV (Fig. 12.7) and 
also during the Valsalva maneuver, show the role of arterial stiffness (Fig. 22.5) 
[18]. Thus, Pulse Pressure amplification decreases with arterial stiffness and thus 
also with age.

In systemic hypertension, wave speed is increased and thus the many local reflec-
tions arrive more simultaneously so that total reflection is increased. This results in 
an increased reflected pressure wave arriving at the heart in systole, adding to the 
forward wave, increasing Augmentation Index, Pulse Pressure and systolic pressure 
[19]. The reflected flow wave is also large but subtracts from the forward flow wave 
resulting in a smaller net flow.

An experiment where the distinct reflection is increased is shown in Fig. 22.6. When 
both iliac arteries are manually occluded, the distinct reflection coefficient increases and 
the reflected wave is increased resulting in a large Augmentation Index [16].

With increased reflection, and thus a higher Augmentation Index, the so-called 
supply-demand ratio of the cardiac muscle is negatively affected (see Chap. 17).

In peripheral arteries reflections cause a reflected flow wave that may result in a 
reversal of the measured flow wave, see Fig. 22.7. The negative part of the flow 
wave disappears in vasodilation, when the reflection and thus the reflected flow 
wave is smaller, and mean flow increases.
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Chapter 23
Wave Intensity Analysis
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is here calculated from differentiated pressure, dP/dt, and flow, dQ/dt, as 
(dP/dt)·(dQ/dt), given in Watt s−2, sometimes called ‘time normalized Wave 
Intensity’. Originally Wave Intensity was defined as the product of differences in 
pressure, dP=P(t + Δt)–P(t) and velocity, dv = v(t + Δt)–v(t), as dP·dv. This implies 
that both dP and dv and thus also their product, dP·dv in Watt·m−2, depend on the 
sampling time, Δt, which makes quantitative comparison between studies, when Δt 
is not reported, difficult. When flow, Q, instead of velocity is used Wave Intensity 
equals (dP)·(dQ) with units Watt. Flow and velocity are both used and also differen-
tiated and differences in waves have been used. Names of peaks have not been 
standardized. Wave Intensity Analysis is allowed in nonlinear and time-varying sys-
tems. Wave Intensity depends on the interaction of heart and load.

23.1  �Description

Wave Intensity Analysis has been developed next to Waveform Analysis and Wave 
Separation Analysis. While in Waveform and Wave Separation the measured pres-
sure and flow waves are analyzed, Wave Intension Analysis uses ‘differences’, dP 
and dQ, and also derivatives, dP/dt and dQ/dt, of pressure and flow. The derivation 
of Wave Intensity is shown in Fig. 23.1. In this example, the calculations are based 
on pressure and flow in the aorta. In Panel a the aortic pressure and flow and their 
forward and reflected components are presented. In panel b, the derivatives of mea-
sured pressure and flow are depicted and it may be seen that derivation emphasizes 
the changes in the original signals, in diastole the derivatives have a small ampli-
tude. The product of the derivatives of pressure and flow, Wave Intensity, is shown 
in Panel c. It should be noted that the major waves occur in early and late ejection, 
where changes in the pressure and flow are largest. Wave Intensity is extremely 
small in diastole, and mid-ejection.

23.1.1  �Calculations

Originally Wave Intensity was applied in gas dynamics and sound waves and based 
on velocity and pressure changes, dv and dP, expressed as differences, thus 
dP = P(t + Δt) – P(t) and dv = v(t + Δt) – v(t) [1, 2]. Wave Intensity is then dP·dv. 
In hemodynamics flow, Q, instead of velocity has also been used, and Wave Intensity 
is then calculated as dP·dQ. Furthermore, rather than based on differences also dif-
ferentials dP/dt and dQ/dt have been used and Wave Intensity then equals dP/dt· 
dQ/dt (Fig.  23.1). Instead of pressure the arterial diameter can be used as well, 
which makes noninvasive determination of Wave Intensity possible [3].

When differences are used the magnitude of WI depends on sample rate. Because 
sample rate is often not reported quantitative comparison between studies is diffi-
cult. Using differentiated signals, the ‘time normalized Wave Intensity’, dP/dt·dv/dt, 
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allows for quantitative comparison [4]. Both differences and differentiation amplify 
noise and in practice filtering is necessary [5]. When volume flow and pressure are 
used the different methods, dP·dQ and dP/dt·dQ/dt, lead to different dimensions of 
the calculated Wave Intensity (Table 23.1).

Wave Intensity Analysis may be performed in nonlinear and time-varying sys-
tems like the coronary arterial system. It may be seen that the Wave Intensity con-
tains many peaks. In general, more distinguishable peaks are found in the coronary 
arteries than in the aorta. Parker distinguishes four possible sub-waves [2] (see 
Table 23.2) while Davies et al. shows six peaks in the coronary circulation [6]. In 
the present literature no standardization of names of peaks, and number of waves 
exists.

23.1.2  �Forward and Reflected Waves

Like in Wave Separation Analysis (Chap. 12) the dP/dt and dQ/dt can be separated 
into their forward and reflected components dP+/dt, dP−/dt, dQ+/dt, and dQ−/dt, 
respectively. Subsequent integration results in the forward and reflected pressure and 
flow waves obtained from Wave Separation Analysis directly, see Fig. 23.1 [7, 8].

To separate waves into their forward and reflected components the characteristic 
impedance (Zc, when flow is used) or the local wave speed (ρc with ρ blood density 
and c phase velocity, when velocity is used) of the vessel under study is required. 
Both Zc and ρc are local parameters and assumed not to be affected by reflections. 
Two methods to derive them have been proposed (Chap. 12). The Zc can be calcu-
lated from the high-frequency information of the input impedance and ρc from the 

Table 23.1  Wave intensity units

Parameters
Wave intensity
Medical units

Wave intensity
SI-units

Wave intensity based on differences
dP (1 mmHg)·dQ (1 ml·s−1) 1 mmHg·ml·s−1 0.133·10−3 Watt
dP (1 mmHg)·dv (1 cm·s−1) 1 mmHg·cm·s−1 1.33·Watt·m−2

Wave intensity based on derivatives
dP/dt (1 mmHg·s−1)·dQ/dt (1 ml·s−2) 1 mmHg·ml·s−3 0.133·10−3·W·s−2

dP/dt (1 mmHg·s−1)·dv/dt (1 cm·s−2) 1 mmHg·cm·s−3 1.33·W·(m−2·s−2)

Table 23.2  Wave intensity waves [1]

dP/dt dQ/dt Wave Intensity

Forward >0 compression >0 acceleration >0 positive
<0 decompression <0 deceleration

Reflected >0 compression <0 deceleration <0 negative
<0 decompression >0 acceleration

For detailed explanation see Ref. [1]

23  Wave Intensity Analysis
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slope of the pressure-velocity relation in early ejection [9, 10]. The first method is 
mainly used in wave separation analysis and the second one is mostly used in the 
separation of forward and reflected dP/dt and dQ/dt [10]. This has led to the idea 
that the wave separation method is a frequency domain method and the wave inten-
sity method a time domain method. However, both calculations (in conduit vessels) 
are performed in the time domain [7].

In coronary arteries, characteristic impedance and local wave speed may vary 
over the cardiac cycle, and an estimate of ρc at a single location was suggested by 
using the sum of squares method (over the cardiac cycle): ρ2c2 = ΣΔP2/ΣΔv2 [11]. 
However, this single point wave speed method has limitations [12].

23.1.3  �Interpretations of Wave Intensity

From wave separation analysis it may be seen (Box Figure) that forward and 
reflected pressure waves are equal in size in diastole, i.e., both contribute equally to 
measured pressure, while flow waves cancel making flow zero in diastole. This has 
led to the so-called ‘wave free’ period concept (Chap. 12). Figure 23.1 also suggests 
that the latter part of diastole is ‘wave free’ [13]. However, more accurately formu-
lated, the amplitude of the waves calculated by Wave Intensity are small in diastole 
with respect to their maximum values as a result of the differentiation. The mea-
sured pressure and velocity waves are present over the whole cardiac cycle (Fig. 23.1 
panel a), and diastole (or part of diastole) is not wave free.

The assumption of a ‘wave free’ period was subsequently used as argument that 
an ‘Instantaneous Resistance’ could be calculated [13]. In Chap. 6 it has been dis-
cussed why resistance can only be calculated from averaged pressure and flow over 
the entire cardiac cycle.

Two recently proposed methods to analyze arterial function, the Reservoir Wave 
Concept and the Instantaneous wave Free (pressure-pressure) Ratio (iFR) are, in 
part, based on the assumption of a ‘wave free’ period [8].

23.1.4  �The Reservoir-Wave Concept

The Reservoir-Wave Concept has been applied to aortic pressure and flow and was 
first introduced by Wang et al. [14]. The diastolic pressure in the aorta decays almost 
exponentially and Frank’s two-element Windkessel mimics pressure and flow well in 
diastole. However, Frank’s Windkessel does not describe pressure in systole cor-
rectly. The three-element Windkessel (Chap. 25) with as third element the aortic 
characteristic impedance does describe both diastole and systole well [15, 16]. 
Lighthill introduced an excess pressure, Pexc, being the difference between measured 
aortic pressure and the pressure predicted by Frank’s Windkessel [17]. If the three-
element Windkessel were a perfect description of the systemic arterial system, the 
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excess pressure would be exactly equal to the product of aortic flow and aortic char-
acteristic impedance. However, the arterial system is not exactly a three-element 
Windkessel and Pexc(t) ≈ Zc·Q(t) (Fig. 23.2). The Reservoir-Wave concept adapted 
the Lighthill approach by assuming that measured aortic pressure is the sum of a two-
element Windkessel or reservoir pressure (Preservoir) plus the excess pressure, Pexc. The 
Preservoir is a volume related quantity and assumed not due to waves and its shape to be 
independent of location. The wave-related pressure is assumed to be the excess (or 
wave pressure), Pexc [18, 19]. It was subsequently shown theoretically and experi-
mentally that the Reservoir Wave equals twice the reflected pressure wave: 
Preservoir = 2Preflected [8, 20]. In other words, the reservoir wave travels over the aorta and 
is by definition a wave. Mynard et al. have criticized the reservoir wave concept [21].

When Pexc is split in its forward and reflected components it is found that the so-
calculated reflected wave is small [22], in agreement with the observation that 
Pexc = Zc·Qmeasured and the rules of wave separation (Chap. 12). Later it was accepted 
that the reservoir wave travels with maintaining its shape along the aorta.

23.1.5  �The Instantaneous Wave Free Ratio (iFR)

The instantaneous wave Free Ratio, iFR, is proposed as a method to estimate stenosis 
severity in the coronary arterial system without the need for vasodilation (see Chaps. 
5 and 19), and defined as the ratio of distal and proximal pressures of a stenosis during 
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Fig. 23.2  Two examples of the reservoir-wave concept. When measured aortic pressure, Pmeasured, 
is fitted with a two-element Windkessel the reservoir pressure is obtained (dark green). The differ-
ence between measured pressure and reservoir or two-element Windkessel pressure is only sub-
stantial during ejection (filled area) and their difference is the excess pressure, Pexcess (blue). The 
excess pressure is close to aortic characteristic impedance Zc times flow, Zc⋅Qmeasured (red) as shown 
in the bottom panels. If the arterial system would be a perfect three-element Windkessel 
Pexcess = Zc⋅Qmeasured. The seemingly negligible wave intensity in diastole, suggesting a ‘wave free 
period’, has been used to propose that the reservoir pressure is not a wave and that wave phenom-
ena are contained in the Pexcess
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the latter 75% of diastole, the so-called ‘wave free period’ [13, 23]. The advantage of 
using diastole is that the effect of cardiac contraction on the coronary vasculature is 
small. An extra assumption is that, in this ‘wave free period’, the ratio of pressure and 
flow (‘instantaneous resistance’, or mean ‘resistance’ over this period) is a measure of 
minimized resistance, and a vasodilator is not required as in (Fractional) Flow Reserve 
studies (see Chap. 5). This calculation of ‘resistance’ is erroneous. The iFR is rela-
tively easy to measure, but has been criticized [8, 24]. Recently it has been shown 
experimentally that the ‘instantaneous resistance’ is not minimal [25].

23.2  �Physiological and Clinical Relevance

23.2.1  �Wave Intensity

Wave Intensity Analysis represents the high frequency information of pressure and 
flow waves. Since pressure and flow(velocity) waves depend on heart and arterial 
load Wave Intensity depends on both as well. However, Wave Intensity may be 
applied to nonlinear and time varying systems. Clinical usefulness was first pub-
lished by Sugawara who showed a relation between left ventricular contractility 
(dPlv/dt), and left ventricular relaxation and Wave Intensity [4]. Fok et al. showed 
that changes in cardiac pump function contribute to changes in Wave Intensity [26]. 
Wave Intensity has led to accurate ways to determine local wave speed and charac-
teristic impedance [10].

Wave intensity has been applied to the whole systemic and pulmonary arterial 
trees, to the carotid artery in studies on brain perfusion and the coronary system (see 
also iFR). Ventricular filling and the effect of counter-pulsation have been studied 
with Wave Intensity Analysis. Exercise effects on Wave Intensity have been reported 
as well [27]. Changes in Wave Intensity before and after aortic valve replacement 
also have been reported [28]. Aortic and peripheral arteries can be studied by Wave 
Intensity noninvasively using MRI-obtained flow velocity and vessel diameter as 
surrogate of pressure [3].

A limitation of Wave Intensity is the often-missing information on calibration 
when differences rather than differentials are used.

23.2.2  �Reservoir-Wave Concept

The separation of pressure into a wave-less reservoir pressure and a wave related 
excess pressure, Pexc, is artificial and has been seriously criticized [8, 21]. 
Nevertheless, it has been shown that the reservoir wave changes with age and pre-
dicts cardiovascular events [22, 29]. The reflected pressure wave predicts events as 
well [30], which is not surprising because reservoir pressure equals twice the 
reflected pressure wave. The excess pressure, when integrated over the cardiac cycle 
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predicts long-term all-cause mortality in stable heart failure [31] in agreement with 
role of characteristic impedance [32]. The strong relation between excess pressure 
and characteristic impedance explains this.

23.2.3  �The iFR

The instantaneous wave free ratio was introduced as a method to quantify a (coronary) 
stenosis by only measuring the (diastolic) pressure ratio over a stenosis, without the 
need for maximal vasodilatation. Although easy to use, it has also been criticized on 
physical grounds [8] and it has been questioned if it approximates fractional flow 
reserve [24]. Nijjer et al. showed that coronary ‘microvascular resistance’ calculated 
over the ‘wave free’ period decreases with vasodilation (hyperemia) [25].
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Chapter 24
Arterial Input Impedance
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Input impedance completely and comprehensively describes an arterial system. 
Here the input impedance of the human systemic arterial tree is shown in schematic 
form. The ratio of the mean arterio-venous pressure drop and mean flow is systemic 
vascular resistance or peripheral resistance, Rp. To obtain information about the 
oscillatory aspects of the arterial system wave shapes of pressure and flow are used. 
To derive this information sinusoidal pressures and flows as obtained by Fourier 
analysis (see Appendix 1) are related. The amplitude ratio and the phase difference 
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of the sine waves of pressure and flow are calculated, giving the modulus and phase 
angle of the impedance (application of Ohm’s law). The impedance modulus and 
phase are plotted as a function of the frequency, with at zero frequency systemic 
vascular resistance. For intermediate frequencies the impedance modulus decreases 
precipitously and the phase angle is negative. This shows the contribution of (total) 
arterial compliance, C. For high frequencies the modulus approaches a constant 
value and the phase angle is close to zero. This is the contribution of the aortic char-
acteristic impedance, Zc, which is a real quantity for large vessels. Thus the three 
elements Rp, C, and Zc together give a good description of the input impedance. 
Without reflections in the arterial system, the input impedance would be equal to 
aortic characteristic impedance and the pressure and flow would have the same 
wave shape. For low frequencies the reflections at the many discontinuities, ‘diffuse 
reflections’, add and cause the impedance to be high. At high frequencies local, 
reflected waves return with different phases and contribute less causing the imped-
ance to be close to the characteristic impedance. The oscillations about the charac-
teristic impedance are related to distinct reflections, and depend on local geometry. 
The frequency of the minimum of the impedance modulus and the zero crossing of 
the phase angle have been used to calculate the effective reflection site (the quarter 
wave length rule). This calculation is often inaccurate. Input impedance can be 
derived for any (sub) section of the arterial system, but the present chapter mainly 
concentrates on the systemic arterial system as a whole.

24.1  �Description

24.1.1  �Definition of Impedance

Impedance is the relation between the pressure difference over and flow through a 
linear system, for sinusoidal signals. Impedance completely describes the whole sys-
tem at its entrance, and therefore often called input impedance. Input impedance deri-
vation is performed from the pulsatile pressure difference and pulsatile flow by 
applying of Fourier analysis and calculation of their harmonics (Appendix 1). Inversely, 
when the impedance is known, a given flow allows for the calculation of pressure in 
terms of magnitude and wave shape and vice versa. Systemic arterial and pulmonary 
arterial input impedance are a comprehensive description of the systemic and pulmo-
nary arterial tree. Input impedances of organ systems may be derived as well.

24.1.2  �Derivation of Input Impedance

In the calculations of input impedance, Zin, we use both the mean values and the 
pulsatile part of the pressure and flow waves. We apply Fourier analysis of the aortic 
pressure and flow because impedance calculations can only be performed for 
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sinusoidal signals (in the frequency domain). Fourier analysis is only permitted for 
a full beat, or a series of full beats. The details and limitations of Fourier analysis 
are discussed in Appendix 1. To derive impedance Ohm’s law is applied as is done 
for the calculation of resistance from mean pressure and mean flow (Chap. 6). As 
discussed in Chap. 6, Ohm’s law may only be applied to full beats and this also 
holds for the calculation of impedance. For each pair of sine waves of pressure and 
flow (called harmonics) we calculate the ratio of the amplitudes (impedance modu-
lus) and the difference in phase angle (impedance phase angle). It is only allowed to 
perform these calculations if the system is in the steady state, time-invariant, and 
linear. Steady state means that the arterial system may not vary in time over the 
study period, e.g., vasomotor tone should be constant. Linearity in this context 
implies that if a sine wave of pressure is applied a sine wave of flow results. The 
calculation of impedance of a time-varying system does not lead to interpretable 
results. An example is the coronary circulation, where resistance and arterial com-
pliance are time-varying over the heartbeat. For a nonlinear system the calculation 
of impedance also does not lead to interpretable results. An example is the calcula-
tion of ‘impedance’ from ventricular pressure and aortic flow, where the aortic 
valves make the system nonlinear, and the result is not meaningful. The arterial 
system is not perfectly linear but the variations of pressure and flow over the heart-
beat are sufficiently small so that linearity is approximated and the derived input 
impedance is a meaningful description. The limitations of linearity and time-
invariance also hold for the calculation of peripheral resistance, see Chap. 6. It has 
been shown that some of the scatter of the input impedance data (Fig. 24.1) results 
from nonlinearity [1, 2].
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Fig. 24.1  Input impedance calculated from 18 heart beats. The scatter in the input impedance is 
caused, in part, by noise on the pressure and flow signals especially affecting the small amplitudes of 
high harmonics. Non-linearity of the arterial system also contributes to the scatter. The blue line is 
drawn through the averaged values. The vertical dashed lines indicate that the modulus minimum and 
phase zero crossing are not at the same frequency, implying that a single tube with real, in phase 
reflection is not a good model of the entire arterial tree and the quarter wave length rule may not be 
applied. Impedance of a patient with type A beat. (Adapted from Ref. [1], by permission)
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Fourier analysis and subsequent calculation of the input impedance only gives 
information at frequencies that are multiples of the Heart Rate, i.e., the harmonics 
(Appendix 1). Because the information contained in the signals for high frequencies 
is small, the higher harmonics (Appendix 1) are subject to noise, so that the imped-
ance at high frequencies often scatters considerably (Fig. 24.1). Analyzing multiple 
heartbeats and averaging the results decreases noise [1]. By pacing the heart at 
different rates or by analyzing long stretches of data in a steady state, the frequency 
resolution can be increased.

In the systemic circulation venous pressure may be neglected (Chap. 6), so that 
Fourier analysis of aortic pressure and flow gives a sufficiently accurate approxima-
tion of the input impedance. However, in the analysis of the pulmonary circulation 
venous pressure cannot be neglected (Chap. 28).

In Appendix 2 the basic hemodynamic elements are discussed. For a resistor, it 
holds that the sine waves of pressure and flow are in phase, i.e., the phase angle is 
zero. For compliance the flow is advanced with respect to pressure. This is seen as 
−90° in the impedance phase angle. For inertance flow is delayed, and shows as 
+90° for the impedance phase. The modulus of the impedance decreases with fre-
quency, as 1/ωC for compliance, and increases with frequency, as ωL, for the iner-
tance, respectively. In Chap. 12 characteristic impedance is discussed. It is shown 
that in a large arteries, like the aorta, the mass effects and compliance effects inter-
act in such a way that sinusoidal pressure and flow waves are in phase, and their 
ratio is constant, this interaction implies that characteristic impedance is a frequency-
independent number. This means that the amplitude ratio of pressure and flow is the 
same for all frequencies and the phase angle is zero. It should be remembered that 
characteristic impedance is not a simple Ohmic resistor: it is non-existent at zero 
Hertz and no energy is lost in it. Thus, when modeling characteristic impedance 
with a resistor this limitation must be kept in mind.

24.1.3  �Explanation of Input Impedance

The peripheral resistance, total arterial compliance and characteristic impedance 
together describe the main features of the input impedance (see Figure in the Box).

24.1.4  �Input Impedance and Wave Transmission

From the principles of travelling and reflected waves we can explain input imped-
ance. For a reflection-less system the input impedance equals aortic characteristic 
impedance. Inversely, the difference between input impedance and characteristic 
impedance results from reflections. The reflected waves resulting from reflections at 
bifurcating arteries and other discontinuities return to the proximal aorta. The 
reflected waves add and result in an impedance that differs from aortic characteristic 
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impedance. For low frequencies, the return times of the reflected waves a small frac-
tion of the period of the wave, all waves add ‘in phase’ and total reflection is large: 
input impedance differs from aortic characteristic impedance. For high frequencies, 
the return times of waves are considerable fraction of the period of the waves and 
they arrive with different phases, and cancel each other out so that the arterial sys-
tem appears reflection-less: input impedance differs little from aortic characteristic 
impedance, i.e. constant modulus and phase angle close to zero. Also damping is 
stronger for the high frequencies and reduces the magnitude of the reflections. It has 
been suggested that in the human arterial system distinct (relatively strong) reflec-
tions may occur at the aortic bifurcation or at the level of the renal arteries. These 
distinct reflection sites are possibly leading to the secondary rise in systolic pressure 
and the pressure augmentation (type A beat, Chap. 22). The ratio of reflected and 
forward running wave amplitudes (reflection magnitude) is related to the magnitude 
of the oscillations in the impedance modulus [1].

24.1.5  �Impedance and Windkessel

The description of the impedance given in the Box suggests three important param-
eters describing input impedance. These three parameters form the basis of the 
Windkessel models (Chap. 25). The original two-element Windkessel, proposed by 
Frank, consists of peripheral resistance, Rp, and total arterial compliance, C. From 
the information on input impedance, which became available in the 1960s, the idea 
of aortic characteristic impedance, Zc, as third Windkessel element appeared [3]. 
However, we should keep in mind that when the characteristic impedance is mod-
eled with a resistor the mean pressure over mean flow will be Rp + Rc, while it should 
be Rp only. Although this error is not large for the systemic circulation where Rc is 
about 7% of Rp, it leads to errors when, for instance the three-element Windkessel is 
used to estimate total arterial compliance. To correct for these shortcomings, a 
fourth element, the total arterial inertance (see Chap. 25) was introduced [4].

24.1.6  �Effective Length of the Arterial System

The frequencies where the minimum in the input impedance modulus and the zero 
crossing of the phase angle occur have been used to estimate the ‘effective length’ 
of the arterial system (See Chap. 26). The effective length of the arterial system is 
used as a conceptual description to determine at what distance from the ascending 
aorta the major reflection arises. In this concept, it is assumed that the arterial sys-
tem behaves like a single tube, the aorta, with a single resistance, the peripheral 
resistance or impedance at its distal end. Based on single tube models the ‘quarter 
wave length’ principle was introduced. With a distal resistance the frequency of the 
modulus minimum and the zero crossing of the phase angle are found for a tube 
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length l = cphase/(4fmin) = λ/4. Quantitatively we describe this phenomenon as follows. 
The wave speed, cphase, equals wavelength, λ, times frequency, f, thus, cphase = λ · f. 
When wave speed cphase = 600 cm/s, and the impedance minimum is found at 4 Hz 
(Fig. 24.1), the wave length λ = c/f = 150 cm and the ‘effective length’ of the tube 
(aorta) is a quarter wave length, l = λ /4 = 38 cm. Figures 24.1 and 24.2 show that 
the zero-crossing of the phase angle differs from the impedance minimum. The 
assumption of a single tube, mimicking the aorta loaded with the peripheral resis-
tance as model of the systemic arterial tree is too simple and often unrealistic [5, 6]. 
Tube models and their limitations are discussed in Chap. 26.

24.1.7  �External Power

The power produced by the heart equals (1/T) ∫P(t)·Q(t)⋅dt, with integration over 
the heart period T, and is called total external power (see Chap. 16). When mean 
aortic pressure and Cardiac Output are multiplied the mean power is obtained. The 
difference between total and mean power is called oscillatory or pulsatile power, 
which is about 15% of total power. Using Ohm’s law, mean power can also be cal-
culated from CO2·Rp. In the frequency domain, we can perform the following calcu-
lations. Oscillatory power must be calculated for each harmonic (i) separately as 
Pi·Qi = Qi

2·|Zin,I|·cosφi and then added as: Power = ΣQi
2·|Zin,i|cosφi, with |Zin,i| the 

impedance modulus and φi the impedance phase angle, and i harmonic number. It 
has been suggested that the minimum of the modulus of the input impedance should 
relate to Heart Rate since power was then thought to be minimal. However, we see 
that not the modulus |Zin,i| but the real part of the input impedance (modulus times 
cosine of the phase angle) determines power. Often the real part of the impedance 
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has no clear minimum and if it does, it is not found at the same frequency as the 
minimum of the impedance modulus.

How power is related to the forward and reflected pressure and flow waves was 
shown in Chap. 22. In the frequency domain mean forward and reflected power 
equal Qf

2 Rp and Qr
2 Rp, respectively, with their ratio Qf

2/Qr
2 = Γq

2 = Γp
2. With a reflec-

tion coefficient at zero Hz the Γ = (Rp–Zc)/(Rp + Zc) ≈ 0.87 (Chap. 12), the ratio of 
forward and reflected mean power is 0.77. Thus about 0.77/(1 + 0.77) = 44% of the 
mean power reflects. For the oscillatory components, the ratio equals Γ2(ω) for each 
harmonic, and these need to be summed. The total oscillatory power is about 15% of 
total power.

24.1.8  �Impulse Response

Conceptually, it is rather awkward that while pressure and flow are functions of time, 
the input impedance is expressed as a function of frequency. There exists a character-
ization of the arterial system in the time domain. This characterization is the so-called 
impulse response function, which is the pressure that results from an impulse of flow. 
The impulse should be a short-lasting flow, i.e., short with respect to all travel times 
and characteristic times of the arterial system, and typically about 1–5 ms in duration. 
Because the impulse has a height with dimension ml−1 and the duration is in seconds, 
the area under the impulse is ml. The pressure response resulting from this impulse is 
normalized with respect to the volume of the impulse and the units of the impulse 
response are therefore mmHg/ml. The calculation of the impulse response function 
from measured pressure and flow is complicated but straightforward [7]. When the 
measured flow is broken up in a number of short impulses following each other, the 
proper addition of the impulse responses leads to the pressure as a function of time.

The input impedance and impulse response function form a ‘Fourier pair’. Fourier 
analysis of the impulse response function leads to the input impedance and inverse 
transformation of input impedance leads to the impulse response function [7].

If the impulse response is short in duration with respect to the time constant of 
variation of the time varying system, it may be used to obtain a characterization of 
that system as a function of time. For example, if the duration of the impulse 
response is less than 100 milliseconds, and the system under study varies with a 
typical time of a few hundred milliseconds, the system can be characterized by the 
impulse response. In this way input impedance of the coronary arterial system was 
derived in systole and diastole [8].

24.2  �Physiological and Clinical Relevance

Although the input impedance gives a comprehensive description of the arterial 
system its practical use is limited. As discussed above, derivation of input imped-
ance requires Fourier analysis of pressure and flow waves and the data show scatter 
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(Fig. 24.1), and interpretation requires models. Thus, routine clinical applications 
are seldom carried out. However, impedances calculated in the human and animals 
have led to a much better understanding of arterial function. For instance, the input 
impedance of the arterial system, when normalized to peripheral resistance, is simi-
lar in mammals [9]. This explains, in part, why aortic pressures and flows are of 
similar in shape in mammals (Chap. 32).

Also, derivation of arterial compliance from impedance is of limited accuracy 
since the modulus is already decreased to near characteristic impedance values for 
the first or second harmonics (Figure in the Box). Nevertheless, the knowledge of 
the function the arterial system has greatly helped its function and can serve as 
quantitative tests of arterial models (Chaps. 25 and 26).

The arterial system can be described in terms of Windkessel models and dis-
tributed models. The main arterial parameters describing input impedance are 
peripheral resistance, total arterial compliance and aortic characteristic imped-
ance (Figure in the Box). Arterial function is often easier to understand when the 
three Windkessel parameters are given as description of the arterial system. With 
the modern computing techniques, the calculation of the parameters of the 
Windkessel model can be performed rapidly and gives directly interpretable 
results (Chap. 25). For instance, the effect of a change in total arterial compliance 
on aortic pressure, which is often not obvious from the impedance plot, can be 
obtained directly by means of the Windkessel, and the impedance calculation can 
be avoided.

24.2.1  �Characteristic Differences in Pressure Wave Shapes

The examples shown in Figs. 24.2 and 24.3, make clear that, although the pressure 
and flow waves result from the interaction of the heart and arterial load, major fea-
tures of the pressure wave shape arise from the arterial system and can therefore be 
related to aspects of the input impedance.

In older subjects, where arterial compliance is decreased the Pulse Wave 
Velocity and reflections are increased. The larger compound reflected wave adds 
to the forward pressure wave resulting in an increase in Pulse Pressure, 
Augmentation Index and systolic pressure, a Type A wave (Chap. 22). As a 
result of the increased reflection the input impedance oscillates around the char-
acteristic impedance. In subjects with small reflections, the pressure shows an 
early maximum, with negligible or negative augmentation, and the impedance 
oscillates only little.
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24.2.2  �Changes in Reflection

In the Fig. 24.3 (left side) we see that during the Valsalva maneuver aortic pressure 
resembles aortic flow in terms of wave shape [10]. During the Valsalva maneuver, 
intra-thoracic and intra-abdominal pressures increase. The transmural pressure of 
the aorta decreases and the aortic compliance increases leading to a decreased pulse 
wave velocity [11]. Waves from different reflection sites arrive more at random in 
the proximal aorta and reflections smaller. As a result pressure and flow become 
similar in shape and the input impedance is close to the characteristic impedance of 
the aorta. After the release of the Valsalva maneuver, cardiac filling and transmural 
pressure are increased, wave speed is increased as well and reflections increase, and 
a large augmentation in the pressure is seen (Fig. 24.3 right side). It should be men-
tioned that during the Valsalva Maneuver arterial stiffness is decreased but periph-
eral resistance is somewhat increased and not decreased, from 1045  ±  48 to 
1342 ± 141 dyne·s·cm−5 [10]. From this experiment we have to conclude that reflec-
tions at the periphery contribute little to overall reflections, but it is the (many) local 
reflections at all discontinuities in the major conduit arteries that are of primary 
importance.
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24.2.3  �Hypertension

Figure 24.4 shows an example of the changes in pressure, input impedance and 
reflection coefficient. Peripheral resistance is increased by about 50%, and arterial 
compliance is decreased about 50% [12]. Mean pressure is higher because periph-
eral resistance is increased. The Pulse Pressure is mainly increased as a result of the 
decrease in compliance. It may be seen that for the first three harmonics the input 
impedance modulus is larger in hypertension than normotension, implying a 
decrease in compliance and higher reflection coefficient.

With increasing age systolic pressure increases and diastolic pressure may even 
decrease somewhat. Figure 24.5 schematically shows the changes in input imped-
ance with age. Resistance increases in aging but the magnitude of the increase is 
relatively small. In aging the wave speed increases strongly up to a factor two, and 
aortic compliance may decrease by a factor 3–4. Characteristic impedance is 
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increased due to the aortic stiffening. The decrease in aortic compliance is the main 
reason why pulse pressure increases.

In essential hypertension both resistance and compliance change by similar 
amounts, but in old age hypertension the main parameter of the arterial system that 
changes is compliance.
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Chapter 25
The Arterial Windkessel

Canal Pump Windkessel Spout

Veins Heart Elastic (conduit) arteries Peripheral resistance  

The analogy between the fire engine with the heart and arterial system modeled with 
a Windkessel. The peripheral resistance is the summed resistance of all small arter-
ies, arterioles and capillaries. Total arterial compliance is the sum of the compli-
ances of all arteries, mainly the aorta and conduit arteries. The Windkessel model 
can help us to understand how the arterial system functions, it can be used as a 
realistic load in isolated heart studies, it can be used in modeling, and it can form the 
basis for estimating arterial system parameters. The Windkessel is a ‘lumped model’ 
and does not take into account pressure and flow waves. Adapted from Ref. [1], by 
permission.
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25.1  �Description

Otto Frank, 1899, popularized the original two-element Windkessel, consisting of a 
compliance, equal to total arterial compliance, C, and a resistance representing total 
resistance of the microcirculation, Rp. He reasoned that the decay of ascending aor-
tic diastolic pressure, when flow is zero, can be described by an exponential curve, 
P(t) = Po·e–t/RpC = Po·e–t/τ. The time constant,τ, i.e., the time for pressure to decrease 
to 37% of its starting pressure, is given by the product of peripheral resistance, Rp, 
and total arterial compliance, C, (Fig. 25.1). The blood ejected into the compliant 
conduit vessels (mainly aorta) leaves the system through the peripheral resistance. 
A greater resistance causes a slower discharge of the stored blood from the compli-
ant vessels and the time constant is larger. Also, in a larger compliance more blood 
is stored, and a longer time constant results.

Frank’s objective was to derive Cardiac Output from aortic pressure. By measur-
ing the pulse wave velocity of the aorta (carotid to femoral) together with averaged 
aortic cross-sectional area, and using the Moens-Korteweg equation (Chap. 12) area 
compliance, CA, can be derived. When aortic length, L, is also known volume com-
pliance, C = CA·L, is calculated. Using C and the estimate τ from the diastolic pres-
sure decay, the peripheral resistance can be obtained from Rp = τ/C. Finally from 
mean pressure and resistance, using Ohm’s law, mean flow, CO, can be calculated. 
The assumption that all compliance is located in the aorta, thus neglecting the com-
pliance of the smaller conduit vessels, is not correct, in health about 2/3 of total 
arterial compliance is found in the aorta. After pulsatile flow measurement became 
available, and arterial input impedance could be determined (Chap. 24), the short-
comings of the two-element Windkessel became clear.

Figure 25.2 shows three Windkessels and their input impedances [1]. The input 
impedance of the two-element Windkessel exhibits a continuously decreasing 
modulus and a phase angle that approaches minus 90° for high frequencies, while 
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Fig. 25.1  Windkessel 
models predict an 
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time that equals RpC, with 
Rp peripheral resistance 
and C total arterial 
compliance, and described 
by P(t) = P0e−t/RpC
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the actual input impedance at high frequencies shows a constant impedance modu-
lus and a phase angle of about zero degrees (Chap. 24).

The three-element Windkessel is based on Frank’s two-element Windkessel with 
the addition of the (aortic) characteristic impedance [2]. From a wave transmission 
and reflection standpoint, it can be reasoned that for high frequencies reflections in 
the proximal aorta cancel out and for an aorta without reflected waves the input 
impedance equals its characteristic impedance (Chap. 24). Or, in other words, for 
high frequencies the input impedance equals the characteristic impedance of the 
proximal aorta. The input impedance of the three-element Windkessel is

	
Z Z Z i iin c c/ / /= + +éë ùû +éë ùû1 1R R C R Cp p p×w ×w

	

Aortic characteristic impedance is a real number, i.e., its modulus is constant with a 
value Zc = √ρ⋅ΔP/(ΔA⋅A) and its phase angle is zero (Chap. 12). This behavior is 
similar to that of a resistance. Therefore, a resistor is often used to mimic the char-
acteristic impedance of the proximal aorta. The introduction of the characteristic 
impedance or characteristic resistance as the third element of the Windkessel can be 
seen as bridging the lumped models and the transmission line models. However, the 
characteristic impedance is only present for oscillatory pressure and flow and does 
not dissipate energy while a resistor does. The approximation of characteristic 
impedance by a resistor leads to errors in the low frequency range. When, for 
instance, total arterial compliance is determined from aortic pressure and flow by 
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Fig. 25.2  Left: The three Windkessels. The hydraulic version (left) and electrical representation 
(right). The two-element Windkessel (Frank) contains total peripheral resistance (Rp), and total 
arterial compliance (C). The three-element Windkessel results from adding aortic characteristic 
impedance, (Zc). The characteristic impedance accounts for blood mass (L´ = ρ/A) ejected in a 
compliant aorta (CA), and equals wave speed over aortic area, A. The four-element Windkessel 
contains total arterial inertance, L, playing a role at the very low frequencies. This fourth element 
also solves the problem that characteristic impedance, although having the dimension resistance, 
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mean flow equals Zc + Rp instead of Rp. Right: Input impedances of the three Windkessels com-
pared with the measured input impedance. The two-element Windkessel clearly falls short, espe-
cially in the high frequency range. The three-element Windkessel is less accurate at very low 
frequencies. This is the result of the representation of the characteristic impedance by a resistance. 
(Adapted from Ref. [1], used by permission)
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parameter estimation of the three elements of the Windkessel, the compliance is 
consistently overestimated. To overcome the low-frequency errors of the three-
element Windkessel, a fourth element was introduced to circumvent the inconsis-
tency resulting from modeling the characteristic impedance by a resistance [3], and 
its input impedance is shown in Fig. 25.2. It has been established that the inertance 
term equals total inertance of the arterial system. Using this four-element Windkessel 
model, total arterial compliance is estimated accurately from pressure and flow.

It is possible to construct a hydraulic version of the three-element Windkessel as 
shown in Fig. 25.3 [2]. When this hydraulic model is loading a real heart, the com-
bination results in ventricular and aortic pressures and aortic flow that are in wave 
shape and magnitude similar to those measured in-vivo as shown in Fig. 25.4 [4].

When flow is zero, as in diastole, the decrease of aortic pressure, is characterized 
by the decay time (Fig. 25.1), which equals RpC for all three Windkessel models. To 
calculate the decay-time one starts with some delay after valve closure, about 10% 
of the heart period.

The Windkessel models only mimic the behavior of the entire arterial system, or 
sub-systems, at their entrance. This lumped description of the system means that pres-
sures within these models, such as pressures distal of the characteristic impedance, 
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Fig. 25.3  The three-element Windkessel is a lumped model of the entire systemic arterial tree and 
mimics the load on the heart. Its three parameters have a physiologic meaning (see Chap. 24). The 
peripheral resistance, Rp, equals the resistance of all small arteries, arterioles and capillaries. The 
total arterial compliance, C, equals the sum of the compliances of all arteries, with most of the 
compliance in the aorta and conduit arteries. The characteristic impedance of the proximal aorta, 
Zc, forms the link of the Windkessel and transmission line models. When the three-element 
Windkessel model is used to load an isolated heart, the pressures and flow generated by the model 
are similar to those found in vivo (top inset)
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have little meaning, and do not represent the pressure in the more distal arterial sys-
tem. Windkessels do not in any way model wave travel and wave reflection.

25.1.1  �How the Arterial Tree Reduces to a Windkessel

For higher Pulse Wave Velocity thus larger wave lengths the arterial system is rela-
tively short with respect to wave length. This implies that pressures at different loca-
tions vary more simultaneously, and the system reduces to a (two-element) 
Windkessel with all waves assumed to be simultaneous. Segers et al. have shown 
that the three-element Windkessel is a better arterial model in when arterial stiffness 
is high as in older subjects with high Pulse Wave Velocity, than in young subjects [5]. 
This effect is known as ‘Windkesselness’ of the arterial system.

25.1.2  �Limitations of the Windkessel

The Windkessel is a simplified description of the arterial system.

•	 The decrease of (aortic) pressure in diastole is not following a single exponential 
decay. In general the decay time is longer in the later part of diastole. This is in 
part due to the increase in compliance with lowering pressure, but linear 1-D 
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Fig. 25.4  Aortic pressure and flow resulting from an isolated cat heart pumping into a three-
element Windkessel. The effect of changes in peripheral resistance (increasing downwards, green) 
and arterial compliance (decreasing to the right, blue) are shown. The control condition is the left 
top panel (red). The advantage of the use of such a model is that all venous and cardiac parameters 
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models show this effect as well, indicating that the reflected waves do not neces-
sarily add to a single exponential pressure decay.

•	 In systole the three-element Windkessel pressure does not necessarily result in 
the measured pressure wave as shown in Fig. 25.5. Inversely when the pressure 
predicted by the two-element is subtracted from the measured pressure the dif-
ference is not necessarily equal to Zc·Q (Chap. 23).

•	 Input impedance of the three-element Windkessel is a smoothed version of the 
actual impedance implying that detailed features of the pressure are not repre-
sented (see Figures in Chap. 24).

25.1.3  �Other Lumped Models

Other lumped models are partly Windkessel models with more elements and partly 
tube models. More Windkessel-like elements in series may evolve to transmission 
line models, but often the parameters lose their physiologic meaning. Input imped-
ance and wave travel of tube models are discussed in Chap. 26.

25.2  �Physiological and Clinical Relevance

Windkessel models, especially the three-element Windkessel, can explain the 
behavior of the input impedance and give a meaning to the three main parameters 
that describe the arterial system. Windkessel models also find their use as load for 
the isolated ejecting hearts (Figs. 25.3 and 25.4). In such a hydraulic Windkessel 
parameters may be changed and cardiac pump function studied. Figure 25.4 shows 
an example, where an isolated heart pumps in a hydraulic Windkessel model. The 
effects of changes in peripheral resistance and total arterial compliance on pressure 
and flow can be studied while cardiac contractility, Heart Rate and cardiac filling are 
maintained constant [4].
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Figure 25.5 shows the magnitude and wave shape of aortic pressure resulting 
from flow and the three-element Windkessel. Since three-element Windkessel 
impedance is a smoothed version of the real impedance the details of the pressure 
wave are not exactly represented. However, systolic and diastolic pressures predicted 
by the three-element Windkessel model under varying conditions, including the 
Valsalva maneuver, compare well with measured pressures as: Psystolic,predicted = 1.034· 
Psystolic,measured  – 3.12 (R2  =  0.97) and Pdiastolic,predicted  =  0.997 Pdiastolic,measured  – 1.63 
(R2 = 0.99) [6]. Thus, the Windkessel model represents systolic and diastolic pres-
sures well but is of limited accuracy regarding the pressure wave shape (Fig. 25.5).

Figure 25.6 shows the effect of aging on pressure as predicted by the Windkessel. 
In aging the peripheral resistance increases more than Cardiac Output decreases, 
resulting in the small increase in mean pressure. Total arterial compliance decreases 
considerably (factor ~2) and causes the increase in Pulse Pressure.

An important use of the Windkessel models is the estimation of arterial param-
eters. Several methods have been proposed for arterial compliance derivation [7]. 
These methods are (see Fig. 25.7):

The Stroke Volume over Pulse Pressure Method  This method is rather old [8] but 
has been reintroduced recently [9, 10]. The method assumes that Stroke Volume is 
ejected in the conduit vessels (aorta) and that there is no run-off through the periph-
ery. Therefore, this ratio overestimates compliance [11] and should be used in com-
parisons only. Also, the method is not reliable under extreme changes. During the 
Valsalva maneuver SV decreases from 89 to 32 ml and Pulse Pressure from 34 to 
20 mmHg [12], predicting a compliance decrease from 2.6 to 1.6 ml/mmHg, while 
compliance measured in other ways including the decay time method described 
above shows a two-fold increase.
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The decay time method described above.
The area method, where the area under the diastolic aortic pressure divided by 

the pressure difference between start and endpoint is set equal to decay time.
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Knowing the RpC time and calculating Rp, i.e., the ratio of mean pressure and mean 
flow, the compliance can be derived [13].

The two-area method is based on the following equation:
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The equation is applied to two periods of the cardiac cycle; the period of onset of 
systole to peak systole and the period from peak systole to the end of diastole. Thus, 
two equations with two unknowns, Rp and C, are obtained [14].

The Pulse Pressure method is based on fitting the systolic and diastolic pressures 
predicted by the two-element Windkessel with measured aortic flow as input, to the 
measured values of systolic and diastolic pressure. Although the two-element 
Windkessel does not produce correct wave shapes, the low frequency input imped-
ance is very close to the actual impedance and systolic and diastolic pressure are 
mainly determined by low frequencies [15]. The method is practical when flow can 
be measured noninvasively (e.g., MRI, US) and aortic systolic and diastolic pres-
sures can be derived from noninvasive pressures (via Brachial of Carotid artery, see 
Chap. 27).
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The parameter estimation method fits the three-element or four-element 
Windkessel using pressure and flow as a function of time. When aortic flow is fed 
into the Windkessel the pressure is predicted. This pressure can be compared to the 
measured pressure. By minimization of the Root Mean Square Errors, RMSE, of the 
difference between measured and predicted pressures the best Windkessel parame-
ters are obtained. In this way, all the Windkessel parameters can be derived includ-
ing a good estimate of characteristic impedance. Using the three-element Windkessel 
compliance is overestimated [11], but this is not the case using the four-element 
Windkessel [3]. Also, inversely, pressure may be used as input and minimization of 
flow errors is then performed [7].

The transient method can be applied when pressure and flow are not in the steady 
state. Peripheral resistance can then not be calculated from mean pressure and mean 
flow, because aortic flow is not equal to peripheral flow. Using the three-element 
Windkessel with flow as input, pressure may be calculated while storage of blood in 
the large conduit arteries is accounted for. By curve fitting of the Windkessel param-
eters to obtain minimal difference between measured and predicted pressure the 
Windkessel parameters can be estimated accurately [16].

The input impedance method fits the input impedance of the three-element of 
four-element Windkessel model to the measured input impedance, by minimization 
of the RMSE, in a way similar to method mentioned above.

The wave velocity method is not based on the Windkessel but on transmission of 
waves (Chaps. 12 and 21). This method estimates the compliance of the section over 
which the pressures are measured, e.g. brachial-femoral artery wave speed.

It should be emphasized that all Windkessel-based methods require accurate 
pressure measurement in the proximal aorta. The first three methods require mea-
surement of Cardiac Output only, while the next 5 methods require ascending aortic 
flow wave shape. The wave velocity method requires two accurate measurements of 
pressure, of flow, or of diameter, in terms of time (Chap. 12).

Finally, the three- or four-element Windkessel models can be used in lumped 
models of the arterial system and heart to predict the contribution of heart and load 
on pressure and flow under different conditions [17, 18].
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Chapter 26
Distributed Models and Tube Models
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The distributed, or 1-D model, of the human systemic arterial tree shown here 
accounts for the morphology, oscillatory flow theory, and viscoelastic properties of 
the arterial wall. The left panel shows pressures measured in the human in vivo, 
ascending aorta, descending aorta, and femoral artery The right figure shows pres-
sures predicted by the model at the three same locations. It may be seen that periph-
eral pressures arrive later, are smoother, and have a larger pulse pressure (pressure 
amplification). Distributed models allow the study of input impedance, wave travel, 
reflections, and wave shapes of pressure and flow at different locations in the arterial 
tree. In short, the distributed models allow insight into phenomena the Windkessel 
models do not describe. Several geometrically very accurate distributed models 
have been published, even (3-D models) that show flow patterns in the vessels. 
Simpler models such as single (sometimes tapering) tubes, or two tubes in parallel 
are discussed in the text. Adapted from Ref. [1], by permission.
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26.1  �Description

Distributed models (1-D) that account for arterial geometry, such as the one shown 
in the Figure in the Box can help in the understanding of the load on the heart and 
wave transmission and reflection. The construction of distributed models implies 
breaking up the arterial tree into short segments, accounting for geometry (vessel 
radius and wall thickness etc.) and mechanical properties (compliance etc.), see 
Appendix 3. The wave transmission characteristics of each arterial segment can be 
described by Womersley’s oscillatory flow theory, longitudinal impedance, and wall 
properties formulated by the transverse impedance (Chap. 12).

Distributed models of the arterial tree also can be constructed based on the (sim-
plified) form of the blood flow equations describing the conservation of mass and 
momentum:

	 ¶ ¶ + ¶ ¶ =Q x A t/ / 0 	

	
¶ ¶ + ¶ ( ) ¶ = -( ) × ×¶ ¶ - ×Q t Q A x A P x r/ / / / / /2 1 2r p t r

	

where A is the vessel cross-sectional area and τ is wall shear stress, usually esti-
mated using Poiseuille’s law. The two equations above have three variables: pres-
sure P, flow Q, and area A. Therefore, a constitutive law relating cross-sectional 
area, A, to pressure, P, is needed to form a system of 3 equations with 3 unknowns, 
which can be easily solved using different numerical techniques (i.e., finite differ-
ences, or method of characteristics). The cross-sectional area-pressure relation gives 
this information as described by area compliance (Chap. 11).

While the Figure in the Box contains 121 segments [1], models of fewer ele-
ments as the one by Alastruey [2] and more elements by Reymond et al. [3] have 
been proposed. With modern high-powered computing techniques patient-specific 
models, based on MRI patient data, can be constructed thereby predicting the pres-
sure and flow wave shapes of individuals [3]. The periphery, i.e. vessels beyond the 
conduit arteries have been modeled by resistances [1], by (local) Windkessels and 
more detailed descriptions of the periphery [4]. The differences have been discussed 
by Guan and turn out to have little effect on central hemodynamics [5].

The 3-D models have been constructed accounting for flow profiles and fluid-
wall interaction [6, 7]. The 3-D models predict pressure and flow waves shapes only 
slightly better that the 1-D models, but are required if wall shear and flow profiles 
are to be described. Distributed models have been extensively used to study arterial 
input impedance (Chap. 24) and aspects of pressure and flow propagation, such as 
the effects of viscoelasticity [8], the effects of different forms of arterial disease and 
the relation of peripheral to central pressure waves [9, 10]. Taylor has shown that a 
randomly distributed model (in terms of vessel lengths) resembles arterial input 
impedance and wave travel [11, 12], suggesting that detailed information on arterial 
geometry is not of great importance to describe input impedance. Also the pulmo-
nary arterial system, although very different in geometry from the systemic arterial 
tree shows qualitatively similar input impedances (Chap. 28).

26  Distributed Models and Tube Models
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26.1.1  �Distributed Models

Distributed models predict pressure and flow waves that compare well to actual 
waves measured in the human [13], as shown in Figure in the Box. Beyond an 
apparently good qualitative agreement, well known aspects of pressure wave propa-
gation in arteries, such as the systolic pressure amplification, the smoothening of the 
pressure pulse towards the periphery, and the appearance of a secondary reflection 
in the diastolic part of a pressure wave in a peripheral artery are well predicted. 
Figure 26.1 shows the modulus and phase of the input impedance derived from a 
distributed human systemic arterial model in comparison with the input impedance 
measured in a young healthy adult [14]. The distributed model predicts all the typi-
cal features of the arterial input impedance: the rapid drop in modulus for the first 
few harmonics, the relatively flat modulus in the medium and high frequency range, 
and the negative phase values for low frequencies returning to small values at higher 
frequencies.

26.1.2  �Single Tube and Two-Tube Models

Distributed models offer a complete representation of the arterial tree in terms of 
hemodynamics, but they require a large number of parameters, namely geometry 
and elasticity of all arterial segments. Also, the distributed models make it difficult 
to glean information of the main factors that contribute to the wave shapes of pres-
sure and flow. Given these limitations, several researchers have proposed models 
that are relatively simple but yet allow for the phenomena of wave travel and 
reflections.

Single uniform tube models have been proposed as representative of the aorta, 
with a single reflection site at its distal end [15, 16]. These models are based on the 
assumption that reflections occur at the periphery or aortic bifurcation possibly 
leading to a ‘standing wave’ [17]. Two peripheral loads for uniform tube models 
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have been proposed, a resistor and a Windkessel representing the microcirculation. 
The simplest, with a resistive load which is taken equal to systemic vascular resis-
tance, Rp, has a strongly oscillating input impedance. The large oscillations in 
impedance result from the large reflection coefficient at the distal site since Rp is 
about 15 times larger than the characteristic impedance of the tube giving a reflec-
tion coefficient of 0.88. The uniform tube with Windkessel load with characteristic 
impedance equal to the characteristic impedance of the tube has a much smaller 
distal reflection and introduces a time delay, Δtrefl, between reflected and forward 
waves at the reflection site (Fig. 26.2). If the tubes are modeled without viscous 
blood losses and wall losses oscillations in impedance increase.

All uniform tube models show that the reflected wave runs towards the heart and 
its arrival time (return time), tret = 2 l/PWV+ Δtrefl, with l tube length (Fig. 26.2, left 
panel). Only in the lossless case with a resistor as load the frequency of first mini-
mum of the impedance modulus, fmin, and first zero crossing of the phase angle 
fphase = 0 allow the calculation of effective length via the ‘quarter wavelength rule’: 
when the pressure has travelled half a wave length, thus one quarter wavelength 
forward and one quarter wavelength backward, the pressure waves cancel. This 
‘quarter wavelength rule’, fmin = PWV/(4·l) is based on the standing wave concept 
[17] and appears often in the older literature. However, it should be realized that 
these relations hold for Δtrefl = 0 only. With Δtrefl not zero and unknown, the reflec-
tion site is ‘illusive’ [18, 19]. The main limitation of the uniform tube models is not 
their impedance but their wave characteristics. Recently it has been reported that in 
the aorta the reflected wave runs towards the periphery (see Fig. 22.2) and not 
towards the heart as the uniform tube models predict [19, 20].

The asymmetric T-tube model was originally proposed by O’Rourke [21, 22], 
and uses a body tube (aorta) and a tube for the head arteries. The length ratio of the 
two tubes was chosen 2 to 1. This model was tested by Campbell and Burattini [23, 
24]. Input impedance is close to reality, but in each tube the reflected waves run 
towards the heart. The reflected pressure wave in the head tube arrives earlier at the 
heart than the reflected pressure of the body tube. This shorter return time is compa-
rable with experimental and model data [20, 25] and is of interest since it is often 
assumed that the aorta plays the major role in the compound reflected wave return.

A tapered tube as arterial model, shown in Fig.  26.2, has been suggested by 
Segers et al. [26]. The model shows an input impedance that oscillates little and the 
time difference between forward and reflected pressure is small and similar at sev-
eral locations, i.e. the reflected wave does not run towards the heart, in agreement 
the biological data [19, 20].

The 1-D model consists of a tapering aorta with many side branches (Figure in 
the Box and 26.2). Since tapering and side-branches can both be seen as local reflec-
tion sites this model emphasizes that multiple reflection sites rather than a single 
reflection site explains wave travel and reflection. The effect of aortic tapering in the 
1-D model has been quantified [25].

The uniform tube models, T-tube model, by their deficiency of representing wave 
travel correctly, have taught us the importance of the contribution of many local 
reflections (taper, side branches, etc.) to wave arterial wave travel and reflection.

26  Distributed Models and Tube Models
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indicate measurement locations. The single tube and tapered tube model are loaded with a three-
element Windkessel with a characteristic impedance equal to the (distal) characteristic impedance 
of the tube. Systemic Vascular Resistance and total arterial compliance of all models are 
1.1 mmHg·s·ml−1 and 1.22 ml·mmHg−1, respectively. The choice of a Windkessel as load of the 
tube models is required to obtain reasonable Reflection Magnitudes (RM) and wave shapes and to 
limit extreme oscillations in the input impedance. The RM is given at ascending and distal aorta 
levels. Amplification of pressure is the Pulse Pressure ratio of distal aortic and ascending aortic 
pressures. In the tube models the reflected wave at the load is delayed with respect to the forward 
wave, with a time delay (Δtrefl = 14 ms), an effect of the Windkessel load. In the uniform tube model 
the distally reflected wave travels towards the heart and forward and reflected wave travel with the 
same wave speed. The return time of the reflected at the heart equals tret = 2·length/PWV + Δtrefl. 
This wave travel behavior of the uniform tube is not in line with in vivo data (Chaps. 12 and 22). 
The tapered tube shows a reflected wave running towards the heart and with constant time delay 
between forward and reflected wave. This is in line with in vivo data and results from the many 
homogeneously distributed reflection sites in the tube. The 1-D model shows a more complex 
behavior of the reflected wave, since several different reflection sites are present with different 
reflection coefficients
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26.2  �Physiological and Clinical Relevance

The comparison of distributed 1-D models and single tube models show that many 
reflection sites rather than one site are essential in explaining input impedance and 
wave travel in the arterial system. Single tube models are of limited value since their 
wave travel characteristics are not realistic. Distributed models have been used 
mostly for research as analytical tools because they are realistic for simulating a 
variety of physiological and pathological situations. Although, in principle, distrib-
uted models can be used to derive useful parameters of the arterial tree based on in 
vivo measurements, clinical use is difficult because of the large number of parame-
ters required to construct a ‘per patient’ model. However, the work by Reymond 
et al. [3, 6] suggest that per patient modeling is becoming feasible.

In arterial modeling the choice of model should depend on the degree of detail 
required and the focus desired. To understand the effect of total arterial compliance 
on integrated quantities such as aortic pressure and Cardiac Output, the Windkessel 
models may suffice as long a one remembers that aspects of waves cannot be con-
sidered. To model detailed effects, such a local flows and pressures and their wave 
transmission, one needs to use distributed models.
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Chapter 27
Transfer of Pressure
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Aortic (systolic) pressure, together with cardiac dimensions defines cardiac after-
load (wall stress), and is a better predictor of cardiovascular mortality and morbidity 
than peripheral pressures. Aortic pressure is also essential in the estimation input 
impedance and reflections. However, aortic pressure cannot be measured non-
invasively. Peripheral pressures, such as finger pressure or radial pressure, shown in 
the figure, can be measured noninvasively, but peripheral and central pressures dif-
fer significantly in both shape and magnitude. Estimates of aortic pressure can be 
obtained by ‘transferring’ the peripheral pressure to aortic pressure. It is most con-
venient to do the transfer of pressure in the frequency domain, where for each har-
monic we define the transfer function as the ratio of the amplitudes and the phase 
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lag between peripheral and aortic pressure. This way of representation is shown in 
the figure. The amplitude is, in general, higher than unity for medium range fre-
quencies, reflecting the increase in pulse pressure between aorta and peripheral 
artery (Amplification). The phase is negative as a result of the time lag between the 
two pressure waves, a direct consequence of the time of travel. Discussion exists if 
a generalized transfer function, applicable to all patients and healthy subjects can be 
used, or if individualized transfer functions are required. Parameters like body size, 
arterial elasticity and amount of reflections may vary from patient to patient.

27.1  �Description

Peripheral pressures can be measured noninvasively by different techniques. For 
example, (calibrated) finger pressure can be reliably measured by photoplethysmog-
raphy [1], and (un-calibrated) radial artery [2] and carotid artery pressure waveforms 
can be obtained with applanation tonometry [3]. These techniques are commercially 
available. However, most clinicians and family physicians use brachial pressure 
obtained with the classical sphygmomanometer allowing for systolic and diastolic 
values only, with mean pressure calculated as (Psyst + 2Pdiast)/3, (Chap. 12). These 
pressures are then used as a substitute for aortic pressure, or, even more so, as a global 
arterial pressure indicator. However, peripheral and central aortic pressures are not the 
same. The pressure waveform and the systolic and diastolic pressures can be substan-
tially different between locations (see Chap. 12 and Figure in the Box). In general, 
systolic pressure increases as we move from central to peripheral sites, a phenomenon 
called ‘systolic peaking’ or amplification. Diastolic pressure tends to be slightly lower 
in peripheral vessels than in central arteries. Thus Pulse Pressure increases towards 
the periphery and called Pulse Pressure amplification. Obviously mean pressure 
decreases toward the periphery but the decrease is small, a few mmHg only. It has 
been suggested that aortic pressure is a better indicator of cardiac morbidity and mor-
tality than peripheral pressure [4, 5] but whether central pressure rather than periph-
eral pressure is useful in clinical risk stratification is still under discussion [6].

In Chap. 12 it is shown that amplification is mainly determined by vessel stiff-
ness (Pulse Wave Velocity), rather than by peripheral resistance. This stiffness effect 
explains why in aging, where PWV is increased amplification is decreased [7]. The 
effect of blood pressure lowering appears to have different effects on aorta and 
peripheral pressures [8].

27.1.1  �Definition of Transfer Function

One way to obtain aortic pressure in magnitude and wave shape from a noninva-
sively measured peripheral pressure wave is to apply the so-called pressure trans-
fer function. In essence, we define a transfer function, T, which is the ratio of the 
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peripheral pressure wave, Pp, to the aortic pressure wave, Pao. The two pressures 
can only be related to each other in the frequency domain. Therefore, we have to 
apply Fourier analysis (see Appendix 1), and for each harmonic the transfer func-
tion is defined as the ratio of amplitudes of the peripheral and aortic pressure sine 
wave and the phase difference between them. The approach is similar to the deri-
vation of input impedance (Chap. 24), where pressure and flow are related. The 
transfer function, T, can be derived in several ways, but is mathematically expressed 
as [9–14]:

	
T w w w( ) = ( ) ( )P Pperipheral ao/

	

The amplitude and the phase of the transfer function between the radial artery and 
the aorta is shown schematically in the Figure in the Box. The zero-frequency value 
of the transfer function is the ratio of mean peripheral arterial pressure to mean 
aortic pressure. Because of the small drop in mean pressure between the aorta and 
the peripheral artery, this ratio is slightly lower than 1. The amplitude of the transfer 
function is, in general, higher than unity for medium range frequencies, reflecting 
the increase in Pulse Pressure (Pulse Pressure Amplification) at the peripheral site. 
For high frequencies the modulus of the transfer function decreases to negligible 
values because high frequencies are damped while traveling. The phase is negative, 
as a result of the phase lag between the two waves, a direct consequence of the time 
it takes for the wave to travel towards the periphery. The mean slope of the phase of 
the transfer function is determined by the wave speed.

Several techniques are commercially available to obtain central from peripheral 
pressures. These methods use a ‘generalized transfer function’, which is the average 
of a (large) number of transfer functions measured in a group of human subjects.

27.1.2  �Calibration of Noninvasively Determined Pressure Wave 
Shapes

Applanation tonometry [2], and echo tracking of wall motion [15] are ways to 
obtain peripheral pressure wave shapes noninvasively, but calibration is not included. 
Sphygmomanometrically obtained, and thus quantitative values of systolic, Psyst,bra 
and diastolic, Pdiast,bra pressure, in the peripheral artery, can help in the calibration of 
noninvasively obtained carotid artery pressure a surrogate of aortic pressure. For 
instance, the transfer function allows the calculation of the aortic or carotid pressure 
wave shape and the subsequent calibration is discussed in Chap. 12 [16]. The so-
calibrated aortic pressures are:

	
P P P P Psystolic ao mean bra diastolic bra diast ao diast, , , , ,= =2 - and bbra 	

When wave shape is not of interest the equations suffice to obtain estimates cen-
tral diastolic, systolic and mean pressures.
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27.1.3  �Physical Basis and Simple Mathematical Model 
for Transfer Function

A simple approach, which helps to understand the physical basis of the transfer 
function, is to consider forward and reflected waves. When the peripheral pressure 
wave is separated into its forward and reflected components the aortic pressure 
wave can be seen as an advanced reflected wave and a delayed forward wave. This 
simple model gives a reasonable prediction of the transfer function between the 
aorta and the brachial artery, as shown Fig. 27.1 [11].

27.2  �Physiological and Clinical Relevance

Figure 27.2 shows aortic pressure and brachial pressure measured in an individual 
under control conditions as well as after administration of nitroglycerin [8]. 
Figure 27.2 also shows that the transfer of pressure depends on the state of the vas-
cular tree. Under control conditions, systolic brachial pressure is approximately 
150  mmHg, and systolic aortic pressure about 140  mmHg. Under nitroglycerin, 
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Fig. 27.1  Aorta pressure can be derived from brachial pressure and velocity or flow waves and the 
travel time of the waves between these two sites. The brachial pressure and flow (or velocity) can 
be used to calculate forward and reflected pressures. When the reflected pressure wave is advanced 
and the forward pressure wave is delayed in time, subsequent addition results in aortic pressure. 
The theoretical transfer function is close to the measured data. (Adapted from Ref. [11], by 
permission)
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systolic pressure in the aorta drops significantly and systolic pressure and Pulse 
Pressure amplification increase. Brachial systolic pressure, remains practically 
unchanged, now overestimating aortic pressure by more than 30 mmHg. This exam-
ple demonstrates that peripheral pressure waves are not a reliable substitute for aor-
tic pressure and their relation may vary depending on different physiological 
parameters, such as mean pressure and wave speed.

The increase in amplification with vasodilation (Fig. 27.2) agrees with the sug-
gestion that amplification is not a direct effect of peripheral reflection, but the result 
of the decreased mean pressure giving increased arterial compliance. In Chap. 12 
pressure amplification is discussed.

From a clinical standpoint it is thus aortic pressure and not peripheral pressure 
that is of primary importance in a number of aspects. Aortic systolic pressure is the 
main determinant of cardiac afterload and wall stress and aortic diastolic pressure 
drives coronary perfusion. The aortic pressure waveform can be used to derive 
arterial compliance based on a variety of methods (Chap. 25). During ejection, aor-
tic pressure can be taken as a surrogate of left ventricular pressure and, together with 
noninvasive measurements of left ventricular volume, can be used to estimate car-
diac parameters such as End-Systolic Elastance and oxygen consumption (Chaps. 
14 and 17).

A major drawback of the pressure transfer function technique is that, at last in 
theory, a generalized function does not exist. Parameters like body size, mean pres-
sure, and arterial elasticity (PWV), which vary from patient to patient and vasoac-
tive state, are important determinants of pressure transfer. Indeed limitations have 
been reported, such as gender-specificity [14], pleading for individualization of the 
transfer function. Thus, the generalized transfer function may not be precise but is 
easily applicable, but an individually derived transfer function improves the results 
only little [12, 13].
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Fig. 27.2  Simultaneous recordings of aortic and brachial pressure waves under control conditions 
and after administration of nitroglycerin. During vasodilation systolic blood pressure in the bra-
chial artery is not affected while systolic aortic pressure is lowered. Thus, with vasodilation pulse 
Pressure amplification increases. (Adapted from Ref. [4], by permission)
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Chapter 28
Pulmonary Hemodynamics
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The pulmonary circulation obeys to the same physical laws and principles as the sys-
temic circulation. The main quantitative hemodynamic difference is Pulmonary 
Vascular Resistance, which is about 7-fold lower than its systemic counterpart, which 
results in seven times lower mean pulmonary artery pressure. Also, the morphology of 
the vascular system differs from the systemic vasculature. While the systemic circula-
tion may be approximated by a large reservoir (the aorta) with many conduit and small 
arteries to provide the different organs with blood, the pulmonary vasculature is more 
like a system of relatively short tubes that divide with a daughter-mother ratio of about 
3 in about 15 generations in arteries and inversely for veins. The venous system has, 
contrary to the systemic veins, little storage function. Resistance and compliance of 
the arterial and venous pulmonary vasculature do not differ greatly, while in the sys-
temic circulation arterial resistance is many times larger than venous resistance and 
arterial compliance many times smaller than venous compliance. The shape of the 
right ventricle is much more crescent-shape while the left heart is more of an ellipsoi-
dal shape, making estimations of right ventricular wall stress in the right ventricular 
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wall inaccurate. Also pulmonary pressure measurement requires catheterization while 
non-invasive estimates of aortic pressure and (systolic) left ventricular pressure are 
available. The low pulmonary pressures are subject to noise and catheter movement. 
The left panel shows an example of Pulmonary Artery Pressure, Right Ventricular 
Pressure and Pulmonary Artery Flow as measured in the human and the right panel 
shows input impedance of the pulmonary arterial tree (averaged over 10 heart beats) 
[adapted from Ref. [1], by permission]. Qualitatively the waves and input impedance 
are not unlike those of the systemic circulation, only the pressure and impedance 
modulus magnitude differ.

28.1  �Description

The pulmonary circulation obeys to the same laws and physical principles as the 
systemic circulation. However, not only quantitative differences exist (e.g., pres-
sure) but the morphology of the pulmonary vascular system and the shape of the 
right heart differ from their systemic counterparts. One major difference is the resis-
tance regulation in the response to oxygen: lowered PO2 results in pulmonary vaso-
constriction but systemic dilatation.

28.1.1  �Morphology of the Pulmonary Vasculature

Detailed studies by Horsfield [2] and Huang et al. [3] have reported on quantitative 
morphology of the human pulmonary vascular system, both arteries and veins. The 
number of vessels, their diameters and their lengths have been presented based on 
diameter-defined Strahler orders. Order 1 pertains to arteries and veins of 20 μm, 
and order 15 to the main pulmonary artery and collecting veins, respectively. 
Figure 28.1 shows the relation between order number, Nr, and number of arteries, 
Na, and veins, Nv. The diameters (D) of arteries and veins relate with order (Nr) as 
Log(Da) = 0.19·Nr – 1.84 and Log(Dv) = 0.20·Nr – 1.74, respectively. Artery and 
vein lengths relate as Log(la) = 0.17·Nr – 0.95 and Log(lv) = 0.18·Nr – 0.79 [3]. Thus, 
in all orders, except the largest arteries and veins, the number of veins is smaller 
than the number of arteries but veins have larger diameters and longer lengths than 
arteries.

The pressure distribution over the entire vascular pulmonary bed has been 
reported and is shown in Fig. 28.2. It should be noted that there is a considerable 
pressure drop over the venous part of the vasculature, and that thus venous resis-
tance is a considerable part of the total vascular resistance. This large venous resis-
tance is quite different from the systemic venous resistance which is negligible. 
Pulmonary arterial compliance is about 40% and venous compliance is about 60% 

28  Pulmonary Hemodynamics



233

of the total vascular compliance [4]. This ratio is also different from the systemic 
vasculature where the venous part acts a reservoir.

28.1.2  �Pressure-Pressure Relations

Pulmonary Artery Pressure can be characterized by its systolic, diastolic and mean 
pressure, sPAP, dPAP and mPAP, their relations are as presented in Fig. 28.3 [8]. 
Systolic pressure is 1.61 times mean pressure and diastolic pressure is 0.62 times 
mean pressure. The proportional relation between mPAP and sPAP was first reported 
by Chemla [9] and relations between sPAP and dPAP with mPAP were shown by 
Syyed et al. [10]. The proportional relations imply that the following relation to hold:
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mean Pressure

,

,
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 



sPAP dPAP

PP dPAP /2
	

Figure 28.4 shows that the proportionalities are independent of Pulmonary 
Arterial Wedge Pressure.
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28.1.3  �The Relation Between Pulmonary Vascular Resistance 
and Total Arterial Compliance

Figure 28.5 shows the relation between Pulmonary Vascular Resistance, R and total 
Arterial Compliance, C [11, 12]. The relation can be described by a hyperbola 
implying RC, the arterial RC time, is constant. Thus the decay time of pressure in 
diastole is constant in health and disease. This finding was first reported by Reuben 
[13]. Tedford et al. [14] showed later that the product depends on Pulmonary Arterial 
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Wedge Pressure as also shown schematically in Fig. 28.5. Resistance is calculated 
as R = (mPAP – PAWP)/Qmean, and compliance as C = SV/PP, with SV Stroke Volume 
and PP Pulse Pressure (Chap. 25). As discussed in that chapter the derivation of total 
arterial compliance C may depend on the method used and that the different meth-
ods result in different magnitudes of C, leading to different RC-times. However, the 
hyperbolic relation remains intact using different estimates of C as shown by 
Lankhaar et al. [11].

Using the information on the pressure-pressure relations, it follows that 
C = SV/PP ≈ SV/mPAP. With Qmean = SV·HR, where HR is Heart Rate, we obtain

	
RC mPAP PAWP SV HR SV mPAP PAWP mPAP HR· – / · · / – / / ,= ( ) ( ) ] [ =] [éë ùû1

	

showing that increases in PAWP result in lower RC relation (Fig. 28.5).

28.1.4  �Input Impedance

Input impedance of the human pulmonary circulation (Figure in the Box), derived 
from pulmonary artery flow and pressure, has been reported by Murgo et al. [1]. 
Pagnamenta et al. and Maggiorini et al. showed that dobutamine and embolization 
have their main effect on the pulmonary vascular resistance and hardly affect the 
oscillatory components of the input impedance [15, 16]. When we compare pulmo-
nary arterial input impedance with systemic input impedance (Chap. 24) we see 
that, except for the magnitude, their shapes differ little. The qualitative similarities 
in impedances can be explained by the work of Taylor who showed that randomly 
distributed models of tubes also shows similar impedances [17]. In other words, the 
details on geometry are of little importance.

28.1.5  �Wave Travel and Reflection

Determination of pulmonary arterial wave speed from the pressure wave is compli-
cated by the fact that pressure measurements are invasive and distances are short. 
Use of noninvasive flows (foot-foot) at two locations (MRI) is one feasible approach, 
provided the time resolution of the flow is sufficiently high. The other method is the 
one proposed by Vulliémoz et al.: PWV = ΔQ/ΔA (see Chap. 21) with both ΔQ and 
ΔA noninvasively obtainable by MRI [18]. Comparison of the two methods, applied 
in the pulmonary artery, showed good agreement [19].

Wave transmission time from pulmonary artery to capillaries is about 150 ms at 
a mPAP of 15 mmHg and reduces to about 50 ms at a mPAP of 50 mmHg [20]. 
Using invasive pressure measurements in humans, at two locations, the main pul-
monary artery and lower lobe branch of the left pulmonary artery, with length 
estimated from insertion of the catheter, allows estimation of PWV and it was 
found that PWV is about 3.5  m/s at mPAP  =  13  mmHg and 10  m/s at 
mPAP = 50 mmHg [21].
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Figure 28.6 shows the Wave Separation Analysis in the pulmonary artery com-
pared with forward and reflected components of the pressure and flow waves in the 
Aorta. Wave reflections in the pulmonary circulation are smaller than in the sys-
temic arterial tree [22]. When the systemic bed is dilated with nitroprusside reflec-
tions decrease, and when the pulmonary arterial system is constricted with serotonin, 
reflections increase. It should be noticed that the small reflections in the pulmonary 
artery result in measured pressure and flow waveforms that are of similar shapes. 
Wave reflections are determined by arterial properties and affect the wave shape of 
the pressure as shown by Nakayama et al. [23].

Wave Intensity Analysis in the pulmonary arterial system can be carried out 
using vessel diameter variations, as surrogate of pressure, and noninvasive flow 
measurement.

Recently Lammers et al. gave a detailed review on impedance and wave travel in 
the pulmonary arterial system [24].

28.1.6  �Pulmonary Vascular Models

The (three-element) Windkessel has been used as model of the pulmonary vascula-
ture [25]. Distributed model approaches can be separated in anatomical [26, 27] 
models and fractal models based on self-similar vascular properties [28, 29]. The 
fractal character of the pulmonary arterial tree may be seen from the ratio of ~3.25 
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daughters per mother vessel for all orders, leading to 3.2515 = 48 · 106 arteries of 
20 μm, close to the 51 · 106 reported by Huang et al. [3]. For an overview of pulmo-
nary vascular models see [30].

The combined alveolar capillaries have been described as capillary sheets of two 
endothelial cell layers separated by connective tissue and cellular posts [31]. How 
much the sheet flow model (over-) simplifies the lung capillary bed is a point of 
discussion [32].

28.1.7  �The Right Heart

Laws and rules discussed for analysis of left heart function apply to the right heart 
as well. However, the right ventricular shape is more complex than the shape of the 
left ventricle, making, for instance, the calculation of wall stress from pressure of 
limited accuracy. The Pressure-Volume analysis has been applied [33] as well as the 
Pump Function Graph [34]. The relation between oxygen consumption and mechan-
ics appear are not different from what is found in the left heart [35]. Oscillatory 
power is 23% of total power in control and in hypertension [36], while in systemic 
hypertension the oscillatory power fraction increases.

Brimioulle et al. have shown that the single beat approach to obtain Ees is appli-
cable to the right ventricle as well [37]. Using single beat analysis it was found that 
ventriculo-arterial coupling was maintained until the end-stage of pulmonary 
hypertension [38]. Diastolic right ventricular elastance can also be derived from 
single beats [38, 39].

In summary, the Pressure Volume analysis as discussed in Chap. 14 appears 
applicable to the right heart, but it should be kept in mind that with the low pres-
sures, noise and distortion may play a greater role than for the left heart.

28.1.8  �Ventricular Interaction

Two types of ventricular interaction can be distinguished [40].

	1.	 The systemic and pulmonary circulation are ‘in series’ implying that mean flow 
in both systems at least in the steady state is equal. This series arrangement 
results in mutual effects of left and right heart and is called series interaction. 
Figure 28.7 shows an example of series interaction in diastolic left heart failure 
leading to increased pulmonary artery pressure with decreased Stroke Volume.

	2.	 The left and right ventricles share muscle and pericardium. Thus, changes in one 
ventricle affect the other one depending on the state of the pericardium and mus-
cle mass left and right. This is called direct interdependence or direct interaction. 
A schematic example of direct ventricular interaction is given in Fig. 28.8, based 
on data by Janicki and Weber [41].
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28.2  �Physiological and Clinical Relevance

The general relation between sPAP and dPAP with mPAP implies that the measure-
ment of mPAP suffices to describe pulmonary hypertension. Use of sPAP and dPAP 
as individual carriers of information as is usual in systemic hypertension is not use-
ful in pulmonary hypertension.

28.2  Physiological and Clinical Relevance
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28.2.1  �Pulmonary Hypertension

With a normal mPAP of 15 mmHg, a mPAP higher than 25 mmHg is considered 
Pulmonary Hypertension. Mean pulmonary artery pressure may increase up to 
about five-fold in pulmonary hypertension. This is a huge increase compared with 
systemic hypertension where a 50% increase (>160 mmHg, stage 2 hypertension) is 
considered extreme. This very high pressure causes a large increase in right ven-
tricular load that first results in ventricular adaptation but eventually causes in right 
heart failure.

Several forms of pulmonary hypertension exist. We here limit the discussion to 
two major groups of conditions: The first group is labeled as precapillary pulmonary 
hypertension and is diagnosed when the pulmonary vascular resistance is increased 
due to increased vascular wall thickness at the expense of the vascular lumen in the 
small arteries (Pulmonary Arterial Hypertension) or due to chronic emboli in the 
larger arteries (Chronic ThromboEmbolic Pulmonary Hypertension, CTEPH). The 
second group is called Postcapillary hypertension and is characterized by pulmo-
nary hypertension due increased Pulmonary Arterial Wedge Pressure, PAWP, as a 
result of left heart failure. Pre- and postcapillary pulmonary hypertension can occur 
together and discussion exists how to quantify both effects [8].

In precapillary pulmonary hypertension, next to decreased cross-sectional area 
of the small arteries [42, 43], venous implications have been suggested since capil-
lary pressures were shown to increase to 29 mmHg with a pulmonary artery pres-
sure of 52  mmHg [44]. Possible rarefaction or pruning, i.e., disappearance of 
vessels, has been suggested as well [45, 46]. In the rat hypoxia-induced pulmonary 
hypertension the ratio of alveoli to arteries changed from 22/1 to 38/1 suggesting 
close to a factor 2 decrease in the number (rarefaction) of small arteries [46]. 
However, rarefaction is not proven beyond doubt [47]. Nevertheless, loss of vessels 
could be an explanation why even the best of therapies are not able to bring PVR 
back to normal values. In a recent experiment Zhou et al. showed in the isolated rat 
lung perfused with saline that with perfusion from the venous side the perfusate 
appears in the pulmonary artery. However, in the hypertensive lung the retrograde 
perfusion leads to fluid leak into the airways rather than backflow to the arteries, 
indicating the complex changes in the vasculature in pulmonary hypertension [48].

Su et al. showed in the that wave reflection is increased in pulmonary hyper-
tension but the increase hardly depending on severity with PWV increased [49]. 
In the rat with moderate hypertension (mean pulmonary artery pressure 
11–18 mmHg) it was found that wave reflection and PWV were not changed with 
respect to control [50].

In CTEPH distinct reflection sites exist which may introduce localized reflection 
possibly seen in the pressure wave shape [23].

In Postcapillary Hypertension defined as mean pulmonary artery pressure 
>25 mmHg and PAWP >15 mmHg, the pressure is increased as a result of the high 
filling pressure of the left heart and its high left atrial pressure and PAWP. The effect 
has been called passive transmission of the high PAWP.  When PAWP is above 

28  Pulmonary Hemodynamics



241

15 mmHg, defined as diastolic (left) heart failure, and the trans-pulmonary pressure 
gradient is normal, i.e., less than 12 mmHg, we deal isolated post-capillary hyper-
tension. When the increase in mPAP results from a PAWP >15 mmHg and a trans-
pulmonary gradient >12 mmHg (suggesting increased vascular resistance) we speak 
of Combined post- and pre-capillary PH (CpcPH) [8, 51].

28.2.2  �The Right Heart in Pulmonary Hypertension

During the development and progression of pulmonary hypertension the right ven-
tricle and vascular load initially remain coupled; the increase in vascular elastance 
Ea (Chap. 18) increases pressure and ventricular wall stress. This causes the right 
ventricle to adapt to preserve flow both by hypertrophy thereby keeping wall stress 
constant, and changes in cardiac muscle properties together increasing the slope of 
the End-Systolic Pressure Volume Relation (Ees). As a result, the Ees/Ea ratio and 
Stroke Volume are not altered and right ventricular efficiency (ratio of mechanical 
work and oxygen consumption) is maintained. Diastolic cardiac muscle properties 
are also changed [39, 52] and, together with the hypertrophy results in increased 
diastolic stiffness, Eed, (see Chap. 14). In the later phase of the disease the right 
ventricle will dilate and Stroke Volume starts to decrease. Eventually, the volume 
increase and the high pressure result in an increase in wall stress, which is only 
partly counteracted by the hypertrophy. Coupling is not maintained and efficiency 
decreases [39, 53].

Right ventricular hypertrophy also affects right-left direct interaction, this is 
resulting in leftward septal bowing due to the lengthened RV contraction duration 
and hampering left ventricular filling (direct interaction) [54]. The right ventricular 
decrease in cardiac output may also result in decreased left ventricular filling (series 
interdependence) and lower systemic pressure. Figure  28.7 shows the result of 
series interdependence in left heart failure.
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Chapter 29
Mechanotransduction and Vascular 
Remodeling
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Blood vessels respond to pressure and flow, more exactly to hoop stress and wall shear.
Short term. A pressure increase results in a smooth muscle contraction and thus 

in a diameter decrease, so that hoop stress normalizes (myogenic response, see 
Chap. 19). A flow increase implies an increase in wall shear stress, which is sensed 
by the endothelium (glycokalix). The endothelium liberates relaxing factors (e.g., 
NO) causing dilatation. The increase in diameter reduces the wall shear stress. This 
is called Flow Mediated Dilation (left panel).

Long term. Sustained high blood pressure implies a high wall hoop stress that 
leads to wall thickening (hypertrophy), and normalization of hoop stress. Increased 
flow gives increased wall shear stress and leads to increase in vessel diameter. In 
general, vascular remodeling leads to a restoration to control levels of hoop stress 
and wall shear stress (right panel).
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29.1  �Description

One of the fundamental characteristics of living tissues is their ability to respond to 
changes in their mechanical environment.

Although often referred to the macroscopic quantities of pressure and flow, vas-
cular responses are better associated with wall hoop stress and wall shear stress. We 
recall that wall hoop stress (σ) is related to transmural pressure through the law of 
Laplace, σ = P/h (see Chap. 9), and that wall shear stress (τ) is related to flow, or 
axial pressure drop, ΔP/l, through the law of Poiseuille, τ = 4η · Q/πri

3 = (ΔP/l)/(ri/2) 
(Chap. 2).

29.1.1  �Short Term Arterial Adaptation

Pressure Effects  In the short term, under physiologic conditions, an increase in 
transmural pressure increases hoop stress, and, via the myogenic response (Chap. 
19) of the smooth muscle, vessel diameter decreases and hoop stress is normalized. 
Thus the increase in vascular tone counterbalances the increased pressure.

Flow Effects  Acute changes in blood flow lead to adjustments in vessel caliber, via 
endothelium-dependent vasodilation or vasoconstriction. A flow increase, leads to 
an increase in wall shear stress, which is sensed by the endothelium, and followed 
by vasodilation. Vasodilators, e.g., NO, are released and the smooth muscle relaxes. 
Muscle relaxation results in vasodilation and increase in vessel diameter, thereby 
normalizing the shear stress. In Chap. 2 we mentioned that wall shear stress is nei-
ther the same in similar vessels in different mammals, nor the same in different 
vessels in a single animal. Yet it appears that local endothelial cells have a desired 
set-point of shear stress.

Axial Effects  The mechanical behavior of the arterial wall is dominated by three 
stresses: flow induced wall shear stress and the circumferential and axial compo-
nents of the pressure-induced intramural stress. These stresses regulate the three 
most important geometric properties of an artery: its luminal radius, its wall thick-
ness, and its axial length. But while radius and wall thickness are relatively easy to 
measure in vivo, axial length is more difficult to pin down. Nevertheless, an increas-
ing amount of evidence seems to indicate that the arterial wall compensates an 
increase in intramural pressure not only via circumferential remodeling but also via 
a reduction in axial stretch, thus increasing its unloaded length [1].

29.1.2  �Mechanotransduction

Mechanotransduction refers to the many mechanisms by which cells convert 
mechanical stimuli into chemical activity. One such mechanism is flow-induced 
vasorelaxation, whereby increased wall shear stress causes smooth muscle relax-
ation, (Figure in the Box, at left).

29  Mechanotransduction and Vascular Remodeling
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This aspect of mechanotransduction only takes place when the endothelium is 
intact. The search for the mechanism was based on the finding by Furchgott that 
Acetylcholine, ACh, only relaxes the smooth muscle if the vascular endothelium is 
intact [2]. The factor liberated by the endothelium was named Endothelium Derived 
Relaxing Factor, EDRF [2]. Palmer et al. showed that EDRF is Nitric Oxide NO, a 
small molecule that also plays a role in synaptic transmission [3]. Thus in shear rate 
dependent dilation NO plays a major role as a dilating factor. The shear stress needs 
to be higher than a certain threshold value before diameter changes occur (Fig. 29.1, 
left). The level of the stress, and its duration, need to be of sufficient magnitude to 
elicit a response (Fig. 29.1, right). This is a relation akin to the strength-duration 
curve defining the response of nerve tissue. Also it has been shown that it is mainly 
the mean shear stress that causes vasodilation and not the magnitude of oscillations 
about the mean stress (Fig. 29.2). Shear stress dependent arterial dilatation is abol-
ished by the NO synthesis inhibitor L-NAME, by hyaluronidase, and by intralumi-
nal hyperglycemia.

At present, it is accepted knowledge that the glycocalyx (a gel layer 0.5 μm thick 
between the endothelium and the blood in the lumen) is the main sensor of changes 

Shear stress (N·m–2)

D
ia

m
et

er
 r

es
po

ns
e 

(m
m

)

3.7

3.6

2 4 6 8 10

Duration (s)

S
he

ar
 s

tr
es

s 
(N

·m
–2

)

0 105 15

10

20

30

40

0

Fig. 29.1  The diameter response relates linearly with shear stress, above a threshold value (left 
panel). Strength (stress magnitude) and duration of the stress determine the response to shear 
stress. They relate inversely, like a strength-duration curve (right panel). (Adapted from [4], by 
permission)

D
ia

m
et

er
 (

m
m

)
P

ul
sa

til
e 

flo
w

(m
l·m

in
–1

) 

4 min

800

0

4.0

4.5

Time

Fig. 29.2  An increase 
mean flow (top trace) 
induces an increase in 
diameter (bottom trace), as 
shown in the early part of 
the tracings. The 
subsequent increase in the 
pulsatility of flow, at the 
same mean flow, has no 
detectable effect on 
diameter. A further increase 
in mean flow induces the 
final increase in the 
diameter (last part of the 
tracings). (Adapted from 
Ref. [4], by permission)

29.1  Description



248

in shear stress. However, many different transmembrane and intracellular mecha-
nosensors have been reported, including G protein–coupled receptors, ion chan-
nels, plasma membrane phospholipids, receptor tyrosine kinases, caveolae, 
integrins and their basal adhesion complex or platelet endothelial cell adhesion 
molecule-1 (PECAM-1) and its associated intercellular junction complex [5, 6]. 
Mechanotransduction of shear force is not restricted to the luminal membrane but 
has also been observed at remote sites via propagation of forces through the cyto-
skeleton [7].

29.1.3  �Long Term Vascular Adaptation

Growth and remodeling are processes that allow the living tissue to maintain an 
optimal environment under physiological development (Chap. 2) as well as under 
various pathologic conditions. The arterial wall responds to prolonged changes in 
transmural pressure or flow by means of geometrical adaptation (e.g., hypertrophy), 
structural adaptation (e.g., change in scleroprotein content, stiffening) and func-
tional adaptation (e.g., changes in endothelial function or vascular smooth muscle 
tone).

Pressure Effects  In the long term an increase in pressure leads to a thickening of the 
arterial wall (hypertrophy). Wall thickening lowers wall hoop stress down to control 
(normotensive) levels, thus counterbalancing the increase in pressure. An example 
of such adaptation is shown in Fig. 29.3.

Flow Effects  Chronic changes in flow lead to remodeling. Long-term, flow-induced 
remodeling implies reorganization of cellular and extracellular wall components. 
The adaptive response to changes in blood flow has been studied in various animals 
and it was found that the vessel inner diameter adapts to preserve the level of wall 
shear at the intimal surface. Kamiya and Togawa [9] first demonstrated that the 
adaptive response to an increase in flow leads to normalization in wall shear stress. 
They constructed an arterio-venous shunt between the carotid artery and jugular 

50 µm 

Severely hypertensive
Psys = 240 mm Hg

Hypertensive
Psys = 200 mm Hg

Control
Psys = 140 mm Hg

Fig. 29.3  Thoracic aortas 
of rats fixed under their 
in vivo pressure and 
stained with Azan. 
Sections are parallel to the 
longitudinal axis of the 
vessel with the intimal 
surface facing leftward. 
(Adapted from Ref. [8], by 
permission)
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vein of a dog, which led to a significant increase in blood flow in the ipsilateral 
carotid and a decrease in blood flow in the contralateral one. Six to eight months 
after the operation, carotid diameter was increased in the segment with high flow 
and decreased in the segment with low flow. The diameter change preserved wall 
shear stress within 15% of the pre-operation levels, despite the severe increase or 
decrease in flow. Similar findings were reported by Langille [10] on the rabbit 
carotid artery, where a reduction in flow led to a reduction in internal diameter and 
restoration of wall shear stress (see Fig. 29.4). Remodeling in response to increased 
flow appears to be associated with cell hyperplasia, structural changes in internal 
elastic lamina and adventitia as well as with the contractile properties of the artery. 
The endothelium and nitric oxide synthesis are the main mediators in the vessel 
adaptation to flow. For example, inhibition of nitric oxide synthesis totally abolishes 
the capacity of the pig carotid artery to remodel and maintain control levels of wall 
shear in the presence of an arterio-venous shunt [11].

Axial Effects  Van Loon et al. [12] showed that during ex vivo experiments the axial 
force increases with pressure if the artery is held at an axial stretch above its in vivo 
value and decreases with pressure if the artery is stretched less than it was in vivo. 
However, when the artery is stretched exactly as it was in vivo, the axial force 
needed to keep it in place does not depend on pressure. This discovery demonstrated 
for the first time that axial stress is inherent to the microstructure of the artery and 
is not governed by peripheral tethering [1, 12]. The adaptive axial response to 
changes in blood flow or pressure has been investigated in several animal studies. 
When rabbit cerebral arteries [13] or carotid arteries [14] are exposed to a sustained 
increase in blood flow they respond with a significant lengthening that can result in 
gross tortuosity. Jackson et al. showed that an artificially imposed extension of the 

left

100 µm

right

Fig. 29.4  Scanning Electron micrographs of 
methacrylate casts of left and right common carotid 
arteries of a normal rabbit (top) and after 2 weeks after 
left carotid flow was reduced (middle), as indicated by 
white arrow. Cross-sections after 2 weeks of left 
common carotid flow reduction are given in the bottom 
panel. (Adapted from Ref. [10], by permission)
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carotid artery in rabbits results in adaptive in vivo remodeling, with synthesis of 
additional extracellular matrix until the original in vivo stretch has been restored 
[15]. Eberth et al. used a model in which the aortic arch was transversally banded in 
order to induce a local increase in pulse pressure in the right but not the left common 
carotid artery. Biaxial force-length tests showed that the in vivo axial stretch was 
significantly lower in the right carotid artery than in the left while circumferential 
stress-stretch behavior was similar in both carotids, thus providing indirect evidence 
for an effective axial compensation mechanism [16].

29.1.4  �Residual Stress in Relation to Growth and Remodeling

In Chap. 10 it was mentioned that both cardiac tissue and vascular tissue are not at a 
zero stress state when all loads are removed [17]. It was also postulated that residual 
stresses help maintain a uniform stress distribution across the wall (Chap. 10). When, 
for different physiological or pathological reasons, the biomechanical environment 
to which the wall is subjected is changed, mechanical stresses within the arterial wall 
will also be altered and their distribution will not be uniform. A remodeling process 
will likely take place in order to restore stresses and strain to control levels.

Remodeling leads to changes in geometry and structure, with addition or resorp-
tion of mass. Consequently, the zero stress state will change. Changes in the zero 
stress state, or changes in the opening angle allow for the monitoring of arterial wall 
remodeling. Figure 29.5 shows changes in wall thickness and opening angle in vari-
ous positions along the aorta of rats, which received a very tight banding of the 
thoracic aorta just below the diaphragm. For the aorta above the banding site, which 
was exposed to higher pressure, we observe a progressive thickening of the aortic 
wall during the entire post-surgery period (normalization of hoop stress). The open-
ing angle, however, shows a non-monotonic evolution. Initially, the opening angle 
increases, indicative of higher growth in the internal wall layers. Later, as the wall 
thickens and stress levels are restored, the opening angle returns to control levels as 
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Fig. 29.5  Photographs of 
aortic rings cut open 
radially to reveal their zero 
stress state (ZSS). The first 
column shows the ZSS in 
normal rats. The other 
columns show the change 
in ZSS after hypertension 
was induced by banding of 
the aorta above the coeliac 
trunc. (Adapted from Ref. 
[17], by permission)
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well. The initial higher growth in the internal wall layers is reflected by the increase 
in opening angle. This demonstrates that remodeling is dependent on the local stress 
distribution and also that wall remodeling affects the residual stress distribution 
within the arterial wall.

29.2  �Physiological and Clinical Relevance

29.2.1  �Arterial Remodeling in Hypertension

In presence of essential hypertension, vascular resistance increases due to altera-
tions in resistance vessel architecture, decrease in lumen diameter and increase in 
media thickness/lumen diameter ratio. This corresponds to an inward eutrophic 
remodeling, as schematically shown in Fig. 29.6. The type of remodeling in resis-
tance vessels depends on the type of hypertension and treatment. Human renal 
hypertension leads to inward hypertrophic remodeling. During anti-hypertensive 
treatment the situation is often reversed and outward eutrophic remodeling and 
hypertrophic remodeling is observed. Figure  29.6 shows the different types of 
remodeling that can be distinguished, as suggested by Mulvany [18].

29.2.2  �Arterial Remodeling in Hypertension: Large Arteries

Remodeling due to hypertension is known to increase wall thickness and restore 
wall hoop stress. In terms of compliance and elastic properties, arterial remodeling 
tends to be vessel specific. Aortic and carotid artery compliances are reduced in 

Hypotrophic
h/r decreases

Eutrophic
h/r remains

Hypertrophic
h/r increases

outward

inward

Fig. 29.6  Classification of 
different types of arterial 
remodeling, i.e. a 
structurally determined 
change. (Adapted from 
Ref. [18], by permission)
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hypertension. Radial artery compliance and incremental elastic modulus (Fig. 29.7), 
however, seem to be preserved in hypertensive patients [19]. It is important here to 
acknowledge the nonlinear nature of the compliance and elastic modulus curves. 
Compliance is expressed as a function of pressure (structural property) and elastic 
modulus as a function of stress or strain (material property). We observe that at their 
corresponding operating pressure, normotensive and hypertensive radial arteries 
exhibit the same compliance, which is indicative of some kind of structural remod-
eling aiming to maintain normotensive compliance levels. Further, the incremental 
modulus-stress curve is identical in normotensive and hypertensive patients, which 
means that the intrinsic elastic properties of the wall material remained the same. 
This example demonstrates nicely the capacity of the radial artery to remodel in 
hypertension in a manner that normalizes wall stress by thickening, maintains con-
trol compliance levels despite exposure to higher pressure and preserves the intrin-
sic elastic properties of the arterial tissue.

29.2.3  �Flow Mediated Dilatation, FMD, as a Means 
to Evaluate Endothelial Function

Metabolic vasodilatation within an organ supplied causes a fall in peripheral resis-
tance so that blood flow in the artery supplying the organ increases (Figure in the 
Box, top trace). The increased flow causes an increase in wall shear stress (middle 
trace). The mechano-sensor within the arterial wall, the endothelium, detects the 
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group of normotensive (NT, n = 22) and hypertensive subjects (HT, n = 25). When compared at 
their corresponding mean operating pressures (NT: 90 mmHg; HT: 121 mmHg) area compliance 
was similar despite significant concentric hypertrophy (left panel). In normotensive subjects wall 
thickness is 0.28 mm compared to 0.40 mm in hypertensive patients. Internal diameter is the same 
and equal to 2.50 mm in both groups. The incremental elastic modulus-stress curve (right panel) 
was essentially the same in normotensives and hypertensives, suggesting similar tissue material 
properties in the two groups. (Adapted from Ref. [19], by permission)
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wall shear and produces arterial dilatation, so that the increased flow required down-
stream is accommodated and wall shear stress normalized. The vasodilation is 
mediated by the endothelium-dependent relaxing factor nitric oxide (NO). The 
response is abolished if the animal is pretreated with a NO synthase inhibitor or 
when the endothelium is removed or made nonfunctional. The increase in diameter 
in the supply artery is called Flow Mediated Dilatation (FMD).

Flow Mediated Dilatation can be studied noninvasively in arteries. For instance, 
brachial artery diameter can be measured during control and during post-occlusion 
reactive hyperemia where flow is increased. The increased wall shear stress causes 
endothelium dependent dilation which can be measured noninvasively (Ultrasound, 
Wall tracking). An endothelium independent vasodilator, (e.g., sublingual glyceryl 
trinitrate, GTN), is used to test muscle relaxation of the artery without involvement 
of the endothelium [20, 21].

29.2.4  �Low Shear and Atheroma

According to Caro [22], and substantial subsequent literature, atheromatous 
plaques develop preferentially at sites with low shear. Different hypotheses as to 
why this is the case have been debated, but it is generally accepted that shear 
responsive genes are upregulated at low shear regions, thus making these regions 
more welcoming for inflammatory cells through an increased expression of adhe-
sion factors [23]. A more detailed analysis of the role of shear stress in atheroscle-
rosis is discussed in Chap. 30.

It can also be appreciated why diabetic patients and people with glucose intoler-
ance have accelerated athero-thrombotic disease, as the hyperglycemia inhibits the 
production of NO in response to shear stress [24]. Hyperinsulinaemia occurs in 
patients pre-disposed to type-2 diabetes (metabolic syndrome or insulin resistance) 
and may occur with excess insulin administration in type 1 diabetes. The hyperinsu-
linaemia results in more dilated arteries than normal, and therefore shear stress is 
lower than normal (shear stress is inversely related to the radius to the third power, 
see Chap. 2). Thus diabetic hyperinsulinaemia creates an arterial tree with overall 
low shear stresses, predisposing to atheroma, and the accompanying diabetic hyper-
glycemia also inhibits the response to increased shear as generated by exercise, 
further predisposing the patient to arterial lesions.

Axial stress and bypass grafts  The fact that it is near impossible to estimate axial 
quantities from in vivo makes it difficult to illustrate the effect of axial stress on 
arterial remodeling with clinically relevant examples. One potentially important 
application is the fact that an artery that has been bypassed by a graft, e.g. after 
surgical intervention due to aortic aneurysm or coronary artery disease, will usually 
experience an altered axial stretch. A computational model of a bypassed graft has 
demonstrated that abnormal circumferential and axial stresses in the vicinity of the 
stent-graft anastomosis cause wall thickening that tends to restore the stress state 
such that it approaches the stress state existing further from the clamped area [25].

29.2  Physiological and Clinical Relevance
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Chapter 30
Blood Flow and Arterial Disease
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Atherosclerosis is a localized disease. It develops near bifurcations and areas where 
shear stress, the frictional force that the blood flow exerts on the intimal surface, is 
low (shear stress less than 4 dynes/cm2). A classic example is the carotid sinus, 
where flow separation takes place in some periods of the cardiac cycle leading to 
low and oscillatory shear stress. Flow patterns and location of plaques are sche-
matically shown in the left panel. Areas of normal shear stress (>10 dynes/cm2) or 
areas subjected to high shear, are plaque-free, adapted from Ref. [1], used by 
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permission. The right panel shows that low shear results in larger lesions and vul-
nerable plaque, while in areas with vortices and variable shear more stable plaques 
develop, composition of these plaques also differs, adapted from Ref. [2], by per-
mission. Wall shear stress not only plays a role in atherosclerosis, but is also a 
major determinant of graft failure and intima hyperplasia following angioplasty 
and stenting.

30.1  �Description

Hemodynamic forces not only regulate blood vessel geometry and structure, i.e., 
remodeling, but they can be considered also as main factors influencing the devel-
opment of different forms of vascular disease, such as atherosclerosis and aneu-
rysms. Of particular importance is the role of shear stress, the minute force resulting 
from the friction that the flowing blood exerts on the luminal surface, on the local-
ization and development of atherosclerosis.

Atherosclerosis is associated with genetic predisposition and systemic factors 
such as hypertension, hyperlipidemia, smoking, etc. However, the localized nature 
of the disease, which occurs principally in areas of disturbed flow such as near 
bifurcations and curvatures, cannot be explained by systemic factors that apply 
equally throughout the vasculature. It is recognized today that atherosclerosis devel-
ops in areas where shear stress is low, typically less than 4 dyn/cm2, or 0.4 Pa, and 
changes direction during the cardiac cycle. An example is the wall of the carotid 
sinus, where local shear is low and flow separates during the decelerating phase of 
the heart cycle, leading to flow separation and thus flow reversal and change in shear 
stress direction (left panel of Figure in the Box). Other areas where low shear stress 
co-localizes with atherosclerosis are the coronaries, the infrarenal aorta and the 
femoral artery.

30.1.1  �Shear Stress and Endothelial Function

Apart from its non-thrombogenic protective role, the endothelial layer constitutes 
the mechano-sensing element, which senses the local flow conditions and produces 
autocrine and paracrine factors for the functional regulation of the arterial wall. 
Studies of endothelial cells in vitro and in vivo have revealed the deleterious effect 
of low and oscillatory, vortex-related, shear stress on endothelial function. Under 
physiological shear (σ > 10 dyn/cm2) endothelial cells align in the direction of flow 
whereas they do not when exposed to low shear (σ < 4 dyn/cm2). Low and oscilla-
tory shear stress lead to inhibition of NO-synthase, greater endothelial cell cycling 
and increase in apoptosis. Low and oscillatory shear also contribute to local endo-
thelial dysfunction, which may lead to enhanced monocyte adhesion, increased 
platelet activation, increased vasoconstriction, increased smooth muscle cell 
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proliferation, and increased oxidant activity, thus constituting a likely model for 
atherogenesis. It has been shown that low shear stress in combination with flow pat-
terns such as vortices determine the type of plaque, both in composition and vulner-
ability (right panel of Figure in the Box). Low shear results in vulnerable plaque 
while vortex-based shear results in more stable plaque [2]. High shear stress induces 
an atheroprotective endothelial phenotype, increases NO production, and decreases 
the expression of vasoconstrictors, inflammatory response mediators, adhesion 
molecules and oxidants.

Detailed discussion on the relation between shear stress and endothelial function 
can be found in the review articles by Davies et al. [3] and Malek et al. [1].

30.2  �Physiological and Clinical Relevance

30.2.1  �Assessing Risk for Atherosclerosis

Ultrasound measurements in the carotid artery of healthy young adults aged 
28–38 years revealed a significant inverse relation between the measured intima-
media thickness and local shear stress. This suggests that there is a prognostic value 
in the assessment of local wall shear levels using noninvasive techniques, such as 
ultrasound Doppler or MRI.

Since the velocity profile near a bifurcation depends strongly on the geometry, it 
has been suggested that there exist ‘geometrical risk’ factors for atherosclerosis. 
Certain branching geometries, i.e., high curvatures and large angles, may predis-
pose to atherosclerosis because they would lead more easily to flow separation and 
low shear stress regions [4].

30.2.2  �Shear Stress and Intima Hyperplasia in Vein Grafts

Intima hyperplasia in vein grafts is also sensitive to wall shear. Dobrin et al. [5] 
examined the effect of all mechanical factors (pressure, extension, and shear stress) 
on intima hyperplasia and medial thickening in autogenous vein grafts in dogs. 
Autologous vein grafts were used to bypass a segment of the femoral artery. The 
femoral artery on one side was ligated, so that all femoral blood flow passed through 
the graft. The femoral artery at the opposite side was left patent, which permitted 
only part of the flow to pass through the vein graft. A stiff cuff was placed over the 
middle section of the vein grafts impeding radial expansion. Cross-sectional areas 
are given in Fig. 30.1. The results show that intima hyperplasia is greater on both 
sides, in the distended, low shear, regions, than in the regions constrained by the 
cuffs, thus at high shear. Furthermore, intima hyperplasia was globally lower on the 
side with high flow, obtained by femoral artery ligation, as compared to the side 
were femoral artery was left patent, i.e., low flow.

30.2  Physiological and Clinical Relevance
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30.2.3  �Shear Stress and Intima Hyperplasia in Bypass Grafts

High shear stress inhibits neointima formation in artificial ePTFE grafts. Animal 
experiments have shown that exposure of implanted grafts to higher shear, by means 
of distal arterio-venous fistulas, leads to a decrease in the thickness of the already 
existing neointima hyperplasia.

Low and oscillatory wall shear stress patterns may also be responsible for the 
failure of bypass grafts. In the vicinity of an end-to-side anastomosis, blood flow is 
greatly disturbed. This is mainly due to the abrupt change in geometry. For vascular 
grafts, intima hyperplasia develops preferentially at the ‘toe’ and the ‘heel’ of the 
anastomosis. These are exactly the locations where flow separation, low wall shear 
stress and large gradients of wall shear stress take place.

30.2.4  �Intima Hyperplasia Following Angioplasty and Stenting

Restenosis is an undesirable occlusive response to stent implantation after balloon 
angioplasty. In contrast to balloon angioplasty, where acute or sub-acute recoil rep-
resents the major mechanism of restenosis, stent restenosis is exclusively attributed 
to neointima proliferation, a tissue reaction often termed intima hyperplasia (IH). 
Morphological studies have demonstrated that neointima is caused by early smooth 
muscle cell ingrowth, which is then gradually replaced by extracellular matrix.

There is a good deal of scientific evidence that intima hyperplasia is sensitive to 
flow. Kohler and Jawien [6] studied the effects of flow on intima hyperplasia after 
balloon injury of the rat common carotid. Flow was increased, by ~35%, by ligation 
of the opposite common carotid artery or decreased, also by ~35%, by ligation of 
the ipsilateral internal carotid. Two weeks after the intervention, intima thickness, 
indicated by the distance between the artery lumen and arrow, was significantly 
smaller in the high flow group (Fig. 30.2a) as compared with the low-flow group 
(Fig. 30.2b).

0.78 ± 0.19

1.41 ± 0.23 

0.48 ± 0.13

0.87 ± 0.14

Vein graft Cross sectional area mm2Fig. 30.1  Intimal 
hyperplasia in vein grafts. 
(Adapted from Ref. [5], by 
permission)
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There appears also to be strong clinical evidence for the relation between post 
interventional flow and patency of balloon angioplasty. If local flow, and thus wall 
shear stress, after balloon angioplasty is high, the artery is expected to remain pat-
ent. This observation, common to many physicians practicing balloon angioplasty, 
is substantiated by studies reporting increased long-term patency after angioplasty 
in lower extremity arteries when flows are high. Direct clinical proof of the inverse 
relationship between wall shear stress and intima thickness was given by Wentzel 
et  al. [7]. Computational fluid dynamics simulations of the flow field within a 
stented carotid artery have demonstrated that athero-prone regions co-localize with 
stent mal-apposition and stent strut interconnections [8].

The restenosis problem following stent placement has been drastically reduced 
with the use of drug-eluting stents. Drug-eluting stents with the capability to deliver 
anti-inflammatory or anti-proliferative drugs directly to the adjacent arterial tissue, 
inhibit neointima hyperplasia and restenosis.

30.2.5  �Shear Stress and Aortic Aneurysm

Cerebral aortic aneurysms have a saccular, eccentric shape that can be digitally 
removed to retrieve the aortic geometry prior to disease. Such artificially generated 
‘baseline’ geometries have been used to relate computationally obtained shear stress 
descriptors with the onset of cerebral aneurysm formation [9]. Long time follow-up 
of cerebral aneurysms further demonstrated that those areas experiencing lowest 
time-averaged wall shear stress are also the areas where the aneurysm grows most. 
Due to the recirculation of blood the dilated zone of the aneurysm experiences 
locally decreased and oscillatory shear stress that accelerates the local process of 
inflammation and proteolysis, thus entering into a vicious circle [10]. Abdominal 
aortic aneurysms on the other hand have a diffuse shape that makes it impossible to 
retrieve the original, non-diseased geometry. That is why most research on the role 
of shear stress in aneurysm initiation is performed in mice [11]. Computationally 

baFig. 30.2  Histological 
sections of the rat carotid 
subjected to high flow (a) 
and low flow (b) indicating 
the degree of intimal 
hyperplasia 2 weeks after 
balloon injury. (Adapted 
from Ref. [6], by 
permission)
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derived wall shear stress patterns have demonstrated a decreased shear stress in 
patients with spinal cord injury, which may be linked to the higher incidence of 
aneurysm formation in these patients [12]. Computational models of patient-specific 
abdominal aortic aneurysms have been used to demonstrate that the deposition of 
intraluminal thrombus is most likely driven by local hemodynamics [13].
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Chapter 31
Determinants of Pressure and Flow
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Pressure and flow result from the interaction of the heart, the pump, and the arterial 
system, the load. Understanding the quantitative contribution of the heart and the 
arterial system to pressure and flow is important in the study of hypertension, car-
diac failure and other cardiovascular diseases. The heart can be described on the 
basis of the pressure-volume relation, left, or from muscle properties. The arterial 
load, can be described by a Windkessel or 1-D model, right. A simple approach is to 
use the pressure-volume relation for the heart and the three-element Windkessel for 
the load. When we linearize the pressure volume relations the total number of 
parameters to describe cardiac pump function is 6, and for the Windkessel it is 3. 
Using this limited number of parameters, their quantitative contribution to systolic 
and diastolic pressure and Stroke Volume can be worked out. Dimensional analysis 
shows that Rp·C/T and C·Emax are parameters that couple the heart and load, and they 
play an important role in pressure and Stroke Volume. The normalized EN(tN) curve 
describing, the heart and the normalized input impedance, describing the arterial 
system, are similar in different mammals, explaining the similarities of pressure and 
flow wave shapes in mammals
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31.1  �Description

Blood pressure and Cardiac Output result from the interaction of the heart and arte-
rial load. It is also known that changes in cardiac and arterial properties are related 
as has been shown in aging [1]. However, quantitative information about the contri-
bution of heart and arterial load to pressure and flow under different physiological 
conditions and during various diseased states is limited. To quantitatively analyze 
the cardiac and arterial contributions to systolic and diastolic pressure and Stroke 
Volume models have been developed describing the cardiac pump and the arterial 
load. Cardiac models are mostly based on the time-varying elastance concept (Chap. 
14), and the requires only a limited number of parameters, the diastolic and systolic 
pressure volume relations, Emax, Emin, (model terms for linearized Ees and Eed, Chap. 
14), and the time varying function E(t), which, when normalized in magnitude and 
timing of the peak, Tp, can be written as EN(tN) [2]. This general approach is used by 
several authors, with differences in the details [3–6]. Other heart models, based on 
strain modeling, have been used as well [7, 8].

The arterial system can be described by the three-element Windkessel model 
(Chap. 25) [3] or by 1-D arterial models [4–6]. Below we discuss a model based on 
the time-varying elastance concept and the three-element Windkessel, where the 
number of parameters is limited.

31.1.1  �Dimensional Analysis

Dimensional analysis, or the concept of similitude, is a powerful method to system-
atically derive relations of a system and offers two major advantages [9]. First, it 
reduces the number of variables, and second, it groups the cardiac and arterial 
parameters in dimensionless terms, which are automatically scaled to Heart Rate 
and body size. This will be a particularly important issue when we discuss compara-
tive physiology (Chap. 32). The parameters that describe the heart as a pump, 
including venous filling pressure are Emax, Emin, Vd, Tp, and venous filling pressure, 
Pv, and heart period (1/Heart Rate), T. The arterial load is mimicked by the three-
element Windkessel, with parameters Zc, Rp and C (Chap. 25). The total number of 
parameters is 9, namely 6 for the heart and 3 for the arterial system. Figure in the 
Box and Fig. 31.1.

The dependent variables systolic and diastolic pressure (Ps and Pd) and Stroke 
Volume, SV, can be written as a function of these nine cardiac and arterial parame-
ters. Dimensional analysis implies that when the variables and the parameters are 
non-dimensionalized, the number of non-dimensional parameters can be reduced by 
three. Three is the number of reference dimensions (time, force and length) describ-
ing the variables [9]. Thus six non-dimensional parameters remain. An intelligent 
choice is the following [3]:
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P P Z R R C T CE E E E V P T Ts v c p p d v p/ / / / / /min max min min= ( )F1 , , , , ,

	

	
P P Z R R C T CE E E E V P T Td v c p p d v p/ / / / /min max min min= ( )F /2 , , , , ,

	

	
SV E P Z R R C T CE E E E V P T Tv c p p d v p× = ( )min min max min min/ / / / / /F3 , , , , ,

	

The next step is to find the dependence of the non-dimensional variables on the non-
dimensional parameters. The normalized EN(tN) (Fig. 31.1) is fixed [2], and the con-
tribution of Tp/T to Ps/Pv, Pd/Pv, and SV·Emin/Pv is small and can be neglected. It turns 
out experimentally that the parameter Emin·Vd/Pv does not contribute to Ps/Pv and Pd/
Pv; that Zc/Rp does not determine Pd/Pv and SV/Vd; while Emax/Emin does not deter-
mine SV·Emin/Pv. The contribution of Zc/Rp to Ps/Pv turns out to be small and is 
neglected as well [3]. The relations then can be simplified to:

	
P P R C T CE E Es v p/ / /min max min» ( )F1 , ,

	

	
P P R C T CE E Ed v p/ / /min max min» ( )F2 , ,

	

	
SV E P R C T CE E V Pv p d v× » ( )min min min/ / /F ×3 , ,

	

In all non-dimensional variables we see that the parameters RpC/T, (arterial time 
constant and heart period) and C·Emin (arterial compliance i.e. 1/arterial stiffness and 
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Fig. 31.1  The normalized elastance curve, EN(tN), and the normalized input impedance, Zin/Zc, are 
independent of animal size, resulting in similar wave shapes of aortic pressure and flow in mam-
mals, and with pressures even having the same in magnitude
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ventricular diastolic elastance) appear. We call them ventriculo-arterial coupling 
parameters. This emphasizes the fact that the interaction of pump and load deter-
mines pressure and flow.

The Frank-Starling mechanism also emerges from the above equations. Leaving 
all parameters the same, the pressures are simply proportional to venous pressure, 
Pv. Stroke Volume is also related to filling pressure, but in a more complex way. In 
reality the diastolic Pressure-Volume relation is not straight and therefore the effect 
of filling is in reality more complex than shown here.

The pressures also depend on Emax/Emin a measure of contractility of the heart. 
The Stroke Volume is also described by the rather complex term Emin·Vd /Pv, which 
is related to diastolic ventricular filling and can be written as Vd/(Vdiast – Vd), with 
Vdiast end-diastolic ventricular volume.

On the basis of the results obtained with the dimensional analysis we can per-
form a sensitivity analysis of pressure and Stroke Volume to individual parameters. 
The results are given in the Table 31.1.

We note that the normalized parameters RpC/T, CEmin, Emax/Emin do not depend on 
body size, (Chap. 32) so that for similar venous pressures, aortic systolic and diastolic 
pressures will be similar in all mammals. Stroke Volume does depend on body size.

The wave shapes of pressure and flow result from the shape of the E(t)-curve 
describing the pump and the input impedance describing the arterial load, Zin. When 
both are normalized, EN(tN) and Zin,N [10] they are independent of body size, explain-
ing why aortic pressure and flow have similar shapes in mammals (Chap. 32).

31.2  �Physiological and Clinical Relevance

The analysis shows in quantitative terms the contribution of cardiac and arterial 
parameters to blood pressure and Stroke Volume. It may be seen from Table 31.1 that 
resistance has a much stronger effect on systolic blood pressure than compliance 
has. However, changes in compliance are often considerably larger than resistance 
changes. For instance, between the ages of 20 and 80 years PWV may increase a 

Table 31.1  Quantitative contribution of heart and arterial system to pressure and Stroke Volume

Parameter Psystole Pdiastole SV

Zc +9 0 0
Rp +41 +90 −28
C −10 +22 +5
T −50 −90 +28
Emax +40 +32 +33
Emin −100 −100 −100
Pv +100 +100 +100

Percent changes in systolic, diastolic pressure and Stroke Volume, resulting from a 100% increase 
in a single cardiac or arterial parameter. The minus sign indicates a decrease with an increase in a 
parameter. Thus, a 20% change in heart period (T) results in a – (20/100)·50 = −10% change in 
systolic pressure and a −18% change in diastolic pressure
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factor 2 (Fig. 21.5) implying a compliance decrease by a factor of 3–4, while the 
resistance increase is about 15%. Thus the decrease in compliance predicts an 
increase systolic blood pressure by 15%, while the age related resistance increase 
predicts a systolic pressure increase of slightly over 4%. This prediction is assuming 
no role of changes in cardiac properties (see below).

On the basis of the dimensionless parameters shown above it may be sug-
gested that Emax/Emin is a better measure of contractility than Emax alone, because 
this ratio is size independent, while the Emax is depending on the ventricular 
volume.

The theoretical results can be compared with biological data. Experimental data 
[11] obtained from the isolated heart loaded with a Windkessel model indeed show 
that compliance changes alone have a small effect on systolic blood pressure and a 
larger effect on diastolic blood pressure (Chap. 25). When compliance is decreased 
in vivo (Chap. 11) other parameters also change and systolic pressure increases and 
diastolic pressure decreases [12]. The main difference between the ex vivo and in 
vivo results is the adaptation of the heart during the decrease in compliance. The ex 
vivo heart, was unchanged in terms of filling and contractility (Chap. 25), while in 
vivo the heart does adapt and Cardiac Output diminishes less than in the ex vivo situ-
ation (see Fig. 11.7, Chap. 11). Thus, the changed cardiac function in vivo has an 
effect on blood pressure.

31.2.1  �Contribution of Arterial System and Heart in Systolic 
Hypertension

The contributions of both heart and arterial system to the increase in aortic pressure 
with age is shown in Fig. 31.2 [13]. In the literature it is well established that hyper-
tension results in ventricular hypertrophy and therefore a higher Emax [1]. However, 
it is often not realized that cardiac hypertrophy causes changes in the properties of 
the cardiac pump such as increased wall thickness (i.e. increased Emin and Emax) and 
that these changes may, in turn, contribute to a further increase in blood pressure. 
Using the models, as given in the Box, the contributions of the heart and arterial 
system to systolic aortic pressure in four groups of hypertensive patients were cal-
culated and the results are shown in Fig. 31.3 [14]. It may be seen that in concentric 
remodeling the increase in systolic blood pressure is mainly the result of the altered 
arterial system, while in eccentric hypertrophy the contribution to the increased 
systolic pressure is mainly the result of changed cardiac properties. This example 
therefore shows that both heart and arterial system need to be considered in hyper-
tension research.

31.2 � Physiological and Clinical Relevance
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Chapter 32
Comparative Physiology
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To compare parameters in different mammals we make use of the so-called allome-
tric equation: PA = PA0 M e, with PA the parameter of interest, PA0 a reference value, 
M body mass, and e the exponent. Aortic and ventricular pressure are similar in 
shape and magnitude in mammals (exponent e = 0). Heart Rate (HR, 1/Heart 
Period, T) depends on body mass as M -1/4. The aortic flow wave shape is similar in 
mammals but its magnitude depends on body size with Cardiac Output proportional 
to M 3/4. This strong similarity results from the relations between the basic parame-
ters describing the cardiovascular system (Chap. 31). The RpC-time of aortic pres-
sure decay in diastole, with Rp peripheral resistance and C total arterial compliance, 
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and the heart period, Tperiod, both scale as M 1/4. The ventriculo-arterial coupling 
parameter RpC/Tperiod is independent of body mass and thus the same in mammals. 
Volume parameters such a heart size and Stroke Volume, SV, are proportional to 
body mass. Since CO equals HR times SV, it is proportional to M 3/4. Basal metabo-
lism is proportional to CO, and thus also proportional to M 3/4. The coupling param-
eter CEmin, and the ratio’s Emax/Emin (Chap. 31) and Tdiastole/Tperiod, are independent of 
body mass. The limited data available on the E(t) curve, when scaled to its maxi-
mum and time of peak suggest similarity as well. The ratio of peripheral resistance 
and aortic characteristic impedance is independent of animal size, implying that 
normalized aortic input impedance is similar in mammals. Since all parameters 
prescribing aortic pressure and flow wave shapes are independent of animal size, 
the pressure and flow waves are similar in mammals. Pressures even have the same 
magnitude, while Cardiac Output scales to M 3/4. Similar mean pressure (at brain 
level) is probably a necessary condition for brain perfusion, and the similar diastolic 
pressure and constant fraction of diastole, Tdiastole/Tperiod, are conditions to provide 
sufficient subendocardial coronary perfusion. The similar pressures in mammals 
suggest the stringent conditions on pressure control and that even borderline hyper-
tension is abnormal.

32.1  �Description

Comparative physiology is based on the allometric equation [1, 2]:

	 PA PA Me= 0 · 	

with PA the parameter of interest, PA0 a reference value, M body mass, and e the 
exponent. When the logarithm of both sides is taken the equation can be rewritten 
as:

	
log log logPA PA e M( ) = ( ) +0 	

This equation states that, when a parameter PA is plotted against body mass M, in a 
double logarithmic plot, a straight line with slope e is obtained. If two parameters 
have the same slope (same e), the ratio of the parameters does not depend on body 
mass, i.e., the ratio is independent of the size (mass) of the animal.

Basal Metabolic rate (BMr) was shown to relate to body mass, M, as [2]

	 MBr MBr M MBr= »0
0 756

0
3 4· ·. /M 	

and became known as the ¾ law.
Originally basal metabolic rate was assumed to relate to Body Surface Area 

(BSA), the so-called body surface law, BSL. The BSL was based on the idea that 
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heat diffusion to the environment depends on body surface area and that exchange 
of substrates and metabolites, via diffusion, also depends on surfaces. However 
these surfaces are not proportional. Also BSA is difficult to obtain accurately. The 
conversion from BSA to body mass is complex and trials to simplify the relation 
such as by assuming a sphere for the entire body, BSA = Volume2/3 ≈ M2/3 is too 
inaccurate since the area-mass relation is stature-dependent. More sophisticated 
estimates are including both body mass and body height [3] and also height plus 
head circumference for humans [4].

The first researcher, who, by thorough experimentation and reasoning, suggested 
the ¾ law between Basal Metabolic rate and body mass was Kleiber [2]. The Body 
Surface Law, although less accurate was only reluctantly abandoned. The argu-
ments regarding the relation BMr and M or BMr and BSA is not closed yet [5] but 
we will use the ¾ law here. Aortic pressure depends somewhat on body size with 
M0.05, which is much less than one would expect to keep brain pressure similar in 
mammals, namely a power of 0.3 [5]. We here assume pressure to be independent 
of body mass.

The ¾ law implies that cellular metabolism decreases with animal size. It has 
indeed been observed both in-vitro and in-vivo that metabolism of isolated organs 
and cells decreases with animal size. The tissue basal metabolic rate per kilogram in 
the mouse is 30-fold more than that of the cow.

Difference in O2 content of arterial and venous blood is similar in mammals and 
blood supply to the tissues is regulated to meet metabolism; therefore BMr is pro-
portional to blood flow. We will see below that Cardiac Output also relates to M 3/4.

In general Volumes are proportional to total body volume (thus body mass, M) 
[6, 7].
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Fig. 32.1  Aortic pressure (left) and a log-log plot of heart period and RpC-time (right). The aortic 
pressure shows an exponential decay in diastole, characterized by the arterial parameter RpC-time, 
i.e., peripheral resistance, Rp, times total arterial compliance, C. The heart period, Tperiod, is a car-
diac parameter. Both times show an increase with body mass with an exponent of ¼. This implies 
that the ratio of the two, the ventriculo-arterial coupling parameter RpC/Tperiod is the same in mam-
mals. (Adapted from Ref. [9], used by permission)
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32.1.1  �Cardiovascular Scaling

Mean systemic arterial blood pressure at brain level is similar in mammals [8].
The ventriculo-arterial coupling parameter Rp · C/T (see Chap. 31) is an example 

of the study of comparative physiology, where it is shown that the characteristic 
time of the arterial system, RpC-time, and the characteristic time of the heart, the 
heart period T = 1/HR, have the same exponent, 0.25 (Fig. 32.1). This implies that 
their ratio is independent of body mass [9]. The similar Pulse Pressure found in 
mammals can be understood on the basis of this mass-independence as follows. 
Total arterial compliance, C, is proportional to Stroke Volume divided by Pulse 
Pressure, PP, or PP ∝ SV/C. Mean pressure is equal to Peripheral Resistance, Rp, 
times Cardiac Output: Pmean = Rp · CO, and Cardiac Output equals Heart Rate times 
Stroke Volume, i.e., Pmean  =  Rp  ·  SV/T. Therefore Pmean/PP  ∝  (Rp  ·  SV/T)/
(SV/C) = RpC/T. With RpC/T being size-independent this implies that, with similar 
mean pressure, also Pulse Pressure, and systolic and diastolic pressure are the same 
in mammals. The ratio of Pulse Pressure and mean pressure, PP/Pmean, is called the 
fractional Pulse Pressure.

The finding that the heart period increases with body mass predicts, even in a 
single species, that heart period increases also with body length. This was indeed 
shown to be the case in the human (Fig. 32.2).

Since volumes are proportional to body mass, i.e., M +1, so are cardiac volume 
and Stroke Volume [6]. With CO = HR·SV, it follows that CO is proportional to  
M –0.25 · M1 = M 1/4. Metabolic rate also relates to M¾ [7, 8].The result implies that the 
ratio of metabolic rate and CO is independent of mammal size. The importance of 
the relation between the cardiovascular system and metabolism form the basis of 
studies of the arterial system [11]. The size of the normal heart is proportional to 
body mass, about 0.58% of body weight [12], this size results in optimal external 
power production as shown in Chap. 18 [13].
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Other comparative data are scarce but if we assume similar material properties, 
and with volumes proportional to body mass [6], it follows that the slope of the 
diastolic and systolic pressure-volume relations, are proportional to M −1, and also 
that total arterial compliance, C, is proportional to body mass. Thus, the coupling 
parameters CEmin and CEmax (see Chap. 31), are independent of body mass. For iso-
volumic beats the ratio of Emax and Emin equals systolic over diastolic pressure and 
this ratio is similar in mammals, thus Emax /Emin is size independent. In the data pub-
lished on the E(t) curve, those of man and dog are not dissimilar in shape, when 
normalized with respect to time of peak and peak value [14]. Quantitative data on a 
whole range of mammals is not available yet.

When we plot the characteristic impedance and peripheral resistance as a func-
tion of body mass we find parallel lines again (Fig. 32.3). This implies that this ratio 
is similar in mammals. Therefore the aortic input impedance (Fig. 32.4) when scaled 
with respect to the characteristic impedance or peripheral resistance and plotted as a 
function of harmonic, i.e., as multiples of the Heart Rate (Appendix 1) is similar [9].

When a three-element Windkessel is assumed as acceptable model of the sys-
temic arterial tree (Chap. 24), the normalized input impedance can be written as:

	
Z Z Z i n i nin c c/ / / / /= + +éë ùû +éë ùû1 2 1 2R R C T R C Tp p p× p × × × p × ×

	

where n is the harmonic number. With RpC/T and Rp/Zc independent of animal size, 
the normalized input impedance plotted as a function of harmonic number is basi-
cally similar for all mammals (Fig. 32.4, green line). Thus, the aortic pressure and 
flow wave shapes are related in a similar way in all mammals.
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mass. Therefore their ratio is independent of animal size. (Adapted from Ref. [9], used by 
permission)
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It has also been suggested that shear stress would be similar in mammals (Chaps. 
29 and 30). Shear stress is proportional to Q/ri

3, and since CO scales to M 3/4, and ri 
to M 1/3, and the shear stress scales to M 3/4/M = M –¼. Shear stress is probably not very 
tightly controlled (Chaps. 29 and 30) and is not the same in different vessels and 
different in similar arteries between animals (Chap. 2).

The allometric relations of heart period and duration of diastole are given in 
Fig. 32.5. The slopes of the relations are not different, which means that diastole is 
a constant fraction of the heart period. Subendocardial perfusion mainly takes place 
in diastole, and thus depends on diastolic pressure and the duration of diastole. With 
similar diastolic pressures and similar coronary fractional perfusion time (Chap. 19) 
perfusion conditions are also similar in mammals [9].

32.1.2  �Basal Whole Body and Cardiac Metabolism

As mentioned and explained above basal whole body metabolic rate and Cardiac 
Output are both proportional to body mass as M 3/4. Why CO is proportional to M 3/4 
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was explained above. Apparently metabolism is related to CO, but other suggestions 
have been given [15]. Basal metabolic rate and CO may be closely related because 
oxygen carrying capacity of the blood is similar in mammals.

Since cardiac metabolism also increases with body mass to the power ¾ and 
cardiac mass is proportional to body mass, and cardiac metabolism per gram heart 
tissue increases with body mass to the power –¼. This means that cardiac metabo-
lism per gram is higher in small than in large animals.

Mitochondrial relative volume, as shown in Fig.  32.6, a measure of maximal 
energy expenditure per unit mass, decreases with body mass as M –0.05 [16]. In other 
words, the difference between maximal metabolism and resting metabolism, i.e. the 
metabolic reserve is less in smaller than large mammals. Figure 32.6 shows also that 
the cardiac cells of the smallest mammals are almost entirely filled with (with some-
what more efficient, [17]) mitochondria and myofilaments suggesting a minimal 
size for mammals.
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32.1.3  �Pulse Wave Velocity and Reflections

Experimental data suggest that pulse wave velocity is independent of animal size. 
This can be seen from basic vascular data where the Youngs modulus of elasticity, 
E, and wall thickness over radius, h/r, are species independent and, as a conse-
quence, wave speed (Moens-Korteweg equation), is independent of body size as 
well.

32.2  �Physiological and Clinical Relevance

Comparative physiology has shown that the circulation is tightly linked with mam-
malian metabolism. Metabolism per gram in small animals is much larger than in 
large animals, as was also shown by experiments on cellular metabolism. This dif-
ference in metabolism should be kept in mind when using small animals as model 
of the human.

Comparative physiology of the cardiovascular system also shows that the heart 
and arterial system act to produce similar magnitude and wave shape of pressures 
and similar wave shapes of flow in mammals. This strongly suggests that pressure 
magnitude and wave shape are important. It has indeed been shown that high pres-
sure, e.g., hypertension, is a strong indicator of cardiovascular pathology. Recent 
epidemiological data point to the strong relation between Pulse Pressure and cardio-
vascular morbidity and mortality [18, 19].

The magnitude of Pulse Pressure, together with the about 109 pulsations in a 
lifetime, may play a role in fatigue and fracture of components of the arterial wall. 
Martyn and Greenwald [20] argue that damage of elastance resulting from pulsa-
tions, is too rapid to keep up with repair of elastin. The decrease in elastin may be 
the reason that with age aortic diameter increases and the wall becomes stiffer, 
because vessel elasticity becomes gradually more determined by the collagen, 
which gradually replaces elastin.

The relation between lifespan at birth, Y, and body mass was shown to be 
Y = M 0.24 ≈ M 1/4 [21]. Indeed small animals with high Heart Rates live shorter than 
large animals [22]. It has been suggested that all mammals have the same number 
of heartbeats over their lifespan, a total of ~109. This suggests that lowering HR 
may prolong lifespan as has been tested in mice but the effect is smaller than 
expected [23].

Metabolism may also be a life limiting parameter. Small animals have a higher 
metabolic rate per gram tissue, lowering metabolism in small mammals has been 
shown to prolong lifespan. The relation between body height and heart period T in 
humans (Fig. 32.2) suggests that taller people might live longer, but this appears not 
to be the case [24]. However, taller subjects have reduced evidence of coronary 
artery disease [25].
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�Appendix 1. Times and Sines: Fourier Analysis
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Fourier analysis is used to relate hemodynamic variables. When time signals, such 
as pressure and flow are related directly, i.e., in the ‘time domain’, the results are not 
meaningful (Chap. 6). One way to analyze a system is by relating sinusoidal signals 
(e.g., pressure and flow, or pressure and pressure). Fourier analysis allows for rep-
resentation of hemodynamic variables as harmonics: their mean value (numbered 
zero) and a series of sine waves, numbered 1,2,3, etc.. The frequencies of the har-
monics are multiples of Heart Rate. When Heart Rate is 72 bpm, or 1.2 Hz, the 
frequencies of the harmonics are 0 (mean), 1.2, 2.4, 3.6 Hz etc. Each harmonic, has 
an amplitude and a phase angle except the mean value which has an amplitude only. 
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Variables, e.g., pressure and flow, can now be related through their harmonics (of 
the same frequency) by dividing their amplitudes, and subtraction of their phase 
angles; zero harmonics have no phase angle and only the amplitude ratio is calcu-
lated, and for the pressure - flow relation resistance is obtained. For all harmonics 
the calculation is the same as applying Ohm’s law, i.e., division of pressure and 
flow. Fourier analysis can only be performed when the signal is in the steady state 
of oscillation and thus the end-point and starting-point have the same value. Other 
limitations are not pertinent in biological signals (Dirichlet conditions). Relation of 
two signals is only meaningful when the signals are related through a linear system, 
i.e., a sine wave of one signal (pressure) produces a sine wave of the other signal 
(flow). Adapted from Ref. [1].

�Description

Fourier analysis breaks a periodic signal up in a mean value and series of sine waves, 
called harmonics. Any repetitive physiological signal, such as pressure or flow in 
the steady state can be written as a Fourier series:
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The Fourier coefficients an and bn, can be straightforwardly calculated and are 
not obtained by curve fitting:
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A practical way to write the Fourier series is in terms of modulus, M, and phase, 
φ.

	 M a b and b an n n n n n
2 2 2= + =, tan / .j 	

Thus if, for example, the Fourier series of pressure and flow are expressed this 
way, the impedance modulus (Chap. 24) is obtained by division of the modulus of 
pressure and flow (Mn,p/Mn,q, harmonics with the same n), and the impedance phase 
angle is obtained by subtraction of the phase angles of pressure and flow harmonics 
(φn, p – φn, q) [1]. Similarly the transfer function can be obtained from two pressure 
signals at different locations (Chap. 27).

The software to perform Fourier analysis is now readily available and therefore 
Fourier analysis is easy to perform.
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In the left part of the Figure in the Box the individual harmonics are given each 
having an amplitude and phase angle. The phase angle is best seen from the starting 
point of the sine wave. We see that for the higher harmonics the amplitudes are 
decreasing in amplitude. On the right hand side of the Figure in the Box, the recon-
struction of pressure is presented, which is simply the addition of the sine waves at 
the same moments in time. Using 10 harmonics the signal is almost completely 
reconstructed, and with 20 harmonics the signal is completely described. This 
means that aortic pressure is described by approximately 15–20 harmonics. It turns 
out that the smoother the signal the fewer harmonics are required to describe it. 
Ventricular pressure can be described by about 10 harmonics. Thus, in general, the 
information in hemodynamic signals such as pressure, flow and diameter contains 
information up to 15 harmonics, i.e., 15 times the Heart Rate.

This knowledge is important with respect to measurement techniques. To 
describe a sine wave at least two time points are required (the Nyquist criterion 
[2]). Thus sampling should be done with at least twice the highest frequency, i.e. 
the highest harmonic, in the signal. In hemodynamics this means that the sampling 
rate should be at least twice as high as the frequency of the highest harmonic, thus 
~2 × 15 = 30 times the Heart Rate. If dealing with human hemodynamics, with a 
Heart Rate of 60 bpm, the rate is 1 cycle per second (1 Hz) and sampling should be 
done with a rate higher than 30 samples per second. If we measure in the rat with a 
rate of 420  bpm, or 7  Hz, sampling rate should be at least 210 samples per 
second.

Along the same lines one can reason that equipment used in hemodynamics 
should be sufficiently fast so that 15 times the Heart Rate can be accurately mea-
sured. For instance, in the human at rest a pressure-manometer system should at 
least be accurate up to about 15 Hz, and when used during exercise with a Heart 
Rate of 180 bpm (3 Hz) at least up to 45 Hz.

In practice we use a large safety factor of about 3 or 4, and therefore a sampling 
rate of 100 Hz is generally be accepted as standard sample rate for the human at rest. 
In exercise the sampling rate should be increased by the same factor as the increase 
in Heart Rate.

�Limitations

The following limitations apply to the use of Fourier analysis.

	1.	 Fourier analysis may only be performed on periodic signals. In practice this 
means that the signal value at the start and end of the period to be analyzed 
should be the same. In other words only single heart beats or multiples of full 
beats, e.g., a respiratory cycle, where start values and end values of the signals 
are equal may be analyzed.

	2.	 Fourier analysis can always be performed on signals in the steady state of oscil-
lation. However, the calculation of the relation between two signals only leads to 
useful results when the system is linear, which means that sine wave input leads 
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to sine wave output. The relations between pressure and diameter and pressure 
and flow etc., are in many situations not strictly linear, but the nonlinearity is 
limited and large errors do not result. However, the scatter in modulus and phase 
of the input impedance (Chap. 24) has been suggested to result at least to some 
extend from nonlinearity of the arterial system [3].

	3.	 The system should also be time invariant. This means that over the period of 
sampling the system properties remain constant. The coronary arterial system is 
subject to cardiac contraction and varies over the heartbeat. Calculation of 
impedance is not giving useful information.

	4.	 The amplitudes of the higher harmonics decrease in amplitude and are therefore 
more subject to noise than the lower harmonics. This, in part explains the scatter 
in the input impedance (Chap. 24).

	5.	 Differentiation emphasizes the higher harmonics. Differentiation of an·sin(n2πt/T) 
is equal to ann2π/T  ·  cos  (n2πt/T), and the amplitude increase is a factor 
n2π/T. With T = 0.8 s this factor is ~7.5n; the first harmonic is multiplied by 7.5, 
the second by 15 etc. Thus differentiation leads to amplification of noise.

	6.	 Fourier analysis gives data at multiples of the Heart Rate only. Thus the fre-
quency resolution is limited. Pacing of the heart at different rates, including high 
Heart Rates, improves the frequency resolution and also produces more accurate 
high frequency information [4].
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Fig. A1.1  Use of Fourier analysis in relating two time signals, here aortic pressure and flow. The 
analysis is used to calculate input impedance. For each harmonic the ratio of the moduli (ampli-
tudes) and the difference their phase angles describes the pressure-flow relation for that harmonic. 
The mean terms, zero harmonic, have amplitudes only. Harmonics are multiples of Heart Rate
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It is also advisable to analyze a number of beats (~10) in the steady state to 
reduce noise [5]. This can be done by analysis per beat, and averaging the derived 
harmonics of these beats. It is, in principle, equally accurate to analyze a series of 
beats. When the Heart Rate is 75 bpm, i.e., 1.25 Hz, and a series of 10 beats is ana-
lyzed, harmonics are obtained at multiples of 0.125 Hz. However, only the 10th, 
20th, 30th, etc. harmonics, thus 1.25  Hz, 2.50  Hz, etc., then contain accurate 
information.

�Physiological and Clinical Relevance

Fourier analysis teaches us that hemodynamic signals contain at most 10–20 har-
monics. Higher harmonics disappear in the noise. Thus equipment should be able to 
measure frequencies up to 15–20 times the Heart Rate accurately. In the human 
pressure and flow measurement techniques to be used should thus have a flat fre-
quency response up to 15 times the Heart Rate Hz. In the mouse, with a Heart Rate 
of 600 bpm the frequency response should be accurate up to at least 150 Hz. In 
practice a higher sample rate is advised as general accepted.

Fourier analysis and the subsequent calculation of the amplitude ratio and 
phase angle difference per harmonic of two hemodynamic signals may only be 
applied to linear and time invariant systems. An example is input impedance 
(Chap. 24). An important other example is the calculation of the pressure transfer 
function (Chap. 27).

Nonlinearity of the system e.g., cardiac valves, or a stenosis etc., cannot be stud-
ied based on Fourier analysis. For instance, systemic vascular resistance and imped-
ance can be calculated from aortic pressure minus venous pressure and aortic flow 
but not from ventricular pressure minus venous pressure and flow.

The system under study is not allowed to change during the analysis period. The 
coronary arterial tree is affected by cardiac contraction and therefore time varying 
and cannot be studied with Fourier analysis.

The oscillatory flow theory is also based on sinusoidal relations between pres-
sure drop over and flow through a segment of artery (Chap. 8).

Appendix 1. Times and Sines: Fourier Analysis



289© Springer International Publishing AG, part of Springer Nature 2019 
N. Westerhof et al., Snapshots of Hemodynamics, 
https://doi.org/10.1007/978-3-319-91932-4

Im
pe

da
nc

e 
m

od
ul

us
 

   
   

(m
m

H
g·

s·
m

l-1
) 

 

   
 P

ha
se

 a
ng

le
 

   
   

(d
eg

re
es

) 

+90 

-90 

0 

Compliance 

Inertance 

Resistance 

Resistance 

Frequency (Hz) Time 

Flow 

Pressure drop 

+90° 

Inertance 

∆P 

Pressure drop Resistance 

∆P 

Flow 

Compliance 

Flow -90° 

C 
∆Pt 

Transmural Pressure 

Q ∆P 

Q ∆Pt 

Q ∆P 

  

Left: The three basic hemodynamic elements are resistance, compliance and iner-
tance. For steady flow only resistance has a meaning. Oscillatory flow theory 
demands the use of sine waves. Here the relations between sinusoidal pressure dif-
ference (pressure drop, ΔP, or transmural pressure, ΔPt), and flow are given for the 
three elements. The ratio of the amplitudes of pressure difference and flow gives the 
modulus of the impedance; the phase difference between them gives the phase 
angle. Right: For the resistance element pressure drop and flow are in phase, and the 
impedance is not frequency dependent. For the compliance the flow precedes the 
pressure difference by 90° for all frequencies and for an inertance flow lags by 90°. 
The amplitude ratio decreases for the compliance and increases for the inertance. 
These basic elements can, in combination, describe all oscillatory pressure-flow, 
and pressure-pressure relations of linear hemodynamic systems. The inertia and 
compliance are not defined at zero frequency. Adapted from Ref. [6].
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�Description

The impedance of the three basic hemodynamic elements (left) is shown in the right 
hand side of the Figure in the Box. For the resistance, the pressure drop and flow are 
in phase and their amplitude ratio gives the value of the resistance. For the compli-
ance, the sine wave of flow precedes the pressure drop, and they are −90° out of 
phase, i.e., a quarter of the whole sine wave for all frequencies. The modulus of the 
impedance, ∣Z(ω)∣ equals 1/ω C, with C compliance and ω the circular frequency, 
ω = 2π  ·  f, with f the frequency in Hz (cycles per second). Increasing frequency 
implies decreasing impedance modulus. For the inertance the impedance modulus 
equals ∣Z(ω) ∣  = ωL = 2π · f · L, the impedance increases with frequency, and the 
phase angle is +90° for all frequencies.

�Physiological and Clinical Relevance

All linear and time invariant hemodynamic systems, for instance the entire systemic 
arterial tree, the pulmonary vascular system (Chaps. 24 and 28), a pressure transfer 
function (Chap. 27), or the arterial transmural pressure-volume relation can be 
quantitatively described by (a combination) of these three basic elements. Linear 
means that when the input (e.g., pressure) is a sine wave, the output (e.g., flow) 
should also be a sine wave. Time invariant means that over the period of analysis the 
system does not change.

�Limitations

The arterial system is not linear. For instance, the transmural pressure-volume rela-
tion of the arteries is not straight. Other aspects such as inlet length, curvature of 
vessels etc., result in nonlinear pressure-flow behavior. Nevertheless, in most practi-
cal applications the nonlinearity around a working point, ‘piece-wise linearity’, is 
sufficient and the results obtained correct. The ‘piece-wise’ linearity is sufficient: 
for a pressure range of 120/80 mmHg the system can be considered linear. Over a 
range 140–180 linearity may be assumed as well, but gives different system proper-
ties (Chap. 21). Over a large range of 160/80 mmHg linearity may not hold any-
more. Thus, systemic vascular resistance and aortic input impedance can be 
calculated and this information is meaningful. However, the calculation of resis-
tance from mean ventricular pressure and aortic flow rather than aortic pressure and 
flow does not contain useful information because of the strong nonlinearity of the 
aortic valves. Piece wise linearity accounts for changes in parameter between differ-
ent working points. An example is the decrease in arterial compliance at higher 
mean blood pressure.
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�Appendix 3. Vessel Segment
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A segment of blood vessel is an important building block of arterial models. In 
principle, distributed models, single or two-tube models, and lumped models are 
based on these building blocks. The basic elements constituting the building block 
are inertance, L l i= r / p2 , resistance, R l ri= 8 4h / p , and compliance, 
C r l Ehi» 3 23p / . When we express these parameters per unit length a prime is 
added, L′, R′, and C′= CA, with CA area compliance. The inertance and resistance 
describe the relation between pressure drop (ΔP) and flow (Q), and in combination 
are called the longitudinal impedance, Zl = iωL + R. When one wants to account for 
oscillatory flow theory a combination of resistances and inertances are to be used, 
see Fig. A3.1. For large arteries resistance may be omitted, for very small arteries 
and arterioles only resistance remains. The compliance accounts for the change in 
diameter with transmural pressure (Pt). The diameter change implies storage of 
blood and relates to the difference of volumes into and out of the segment. The rela-
tion between the flow difference and transmural pressure is called transverse imped-
ance, Zt = 1/iωC. When accounting for viscoelastic wall properties a combination of 
resistances and compliances is required to describe C, see Fig. A3.2.
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�Description

The relation between the pressure drop and flow of a uniform segment of blood ves-
sel is shown in the Figure in the Box. The relation consists of a longitudinal imped-
ance, which is described by Womersley’s oscillatory flow theory [7, 8]. The 
transverse impedance [9] describes the pressure-area (or volume) relation of the 
segment. The combination of longitudinal and transverse impedances gives charac-
teristic impedance and wave propagation (Chap. 12).

�The Longitudinal Impedance

The longitudinal impedance Zl, is given in Fig. A3.1 and is described by Womersley’s 
oscillatory flow theory (see Chap. 8) [7]. For small arteries, i.e., for small val-
ues of Womersley’s α, the longitudinal impedance per length, Zl', is described by 
Poiseuille’s equation and Zl' ≈ R' = 8η/πri

4. For large values of α, i.e. for large 
arteries, the Zl' reduces to an inertance only and equals Zl' ≈ iωL' = iω(4/3)ρ/πri

2 
[8]. The Zl' is often approximated by iωρ/π · ri

2 when only L1' is taken into account 
(Fig. A3.1).

�The Transverse Impedance

The transmural pressure difference, i.e., the oscillatory pressure between lumen and 
external environment, is related to volume changes (see Chap. 11). Volume changes 
can be related to flow, and therefore we can use the term transverse impedance. The 
transverse impedance for a viscoelastic wall material is shown in Fig. A3.2 [9]. For 
large conduit arteries, where the wall is almost purely elastic, this can be simplified 
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Fig. A3.1  The longitudinal impedance of a segment of artery is based on oscillatory flow theory 
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electrical terms this translates to a ladder network. For small arteries or low frequencies, low α, as in 
the periphery, resistance contributes only. For large arteries or high frequencies, large α, the inertia 

terms are only of importance and Zl' = (4ρ/3)/πri
2. The R"n = 8ηn/πri

4 and L'n = ρ/(2n−1)πri
2. (Adapted 

from Ref. [8], by permission)
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to a single compliance, C, and compliance per unit length is C' = CA = ΔA/ΔP, with 
CA area compliance (Chap. 11). The expression for compliance is:
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The transverse impedance per length is then Zt' = 1/iω · CA = 2E · h/iω · 3π · ri
3

�Large and Small Arteries

From the above formulas we see that inertance is proportional to ri
−2, and resistance 

to ri
−4. This implies that resistance increases most strongly towards the periphery and 

this is why it is the overriding element there. The area compliance is proportional to 
ri

−3, and decreases towards the periphery, meaning that peripheral vessels contribute 
little to overall compliance. In other words compliance is mainly located in aorta and 
the conduit arteries. We should remember that all three basic hemodynamic elements 
are determined not only by the material properties but also by the geometry.

�Physiological and Clinical Relevance

From the above we see that with smaller radius, as found towards the periphery, the 
importance of resistance becomes greater than inertance and compliance and in the 
very small arterioles only the resistance remains. Peripheral vessels smaller than 
200 μm are often called ‘Resistance Vessels’. In large conduit blood vessels, as the 
human aorta, the resistance term becomes negligible and inertance and compliance 
accurately describe the segment.

All models based on tubes. i.e., single tube, two-tube and distributed models, use 
the vessel segment as building block, and these building blocks are based on the 
description of longitudinal and transverse impedance.
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Fig. A3.2  The transverse impedance of a vessel segment with a viscoelastic wall can be described 
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/  with Einc(ω)  = Σcn(iω)n/Σdn(iω)n, as 

shown by the electrical network below. Dashpot-spring representations are shown in Chap. 10. The 
ladder network (blue) results from the viscoelasticity. (From Ref. [9], by permission)
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The pressure difference, P1 − P2, along the axis, inside the blood vessel, causes the 
flow. The axial pressure drop in large arteries is small. The pressure inside, which is 
about Pin = (P1 + P2)/2 minus the pressure outside, Pout is the transmural pressure. 
Changes in transmural pressure cause changes in diameter. Two areas are of impor-
tance: The cross-sectional area, A ri= p 2 , is where pressure acts to push blood for-
ward (red), and the lateral area, which equals A = 2πrl, pertains to exchange with the 
environment (ochre).
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�Description

�Pressure and Flow

Pressure is the force applied per unit area. In hemodynamics we always think of 
pressure in terms of a pressure difference. The pressure difference (drop) along the 
axis of a blood vessel, or pressure gradient, is the pressure that causes the flow of 
blood. The pressure difference between the inside and outside of a vessel or the 
heart, which is called transmural pressure, causes the wall distension and fluid trans-
port over the wall (Starling equilibrium).

Flow (Q) is given in ml/s or in liters/minute (Cardiac Output), and variably called 
flow, volume flow or flow rate. The velocity, or flow-velocity of blood, v, is given in 
cm/s. The volume flow, and the flow velocity averaged over the cross-sectional area 
of a vessel are related through the cross-sectional area, A, equals ∫v(r) · 2πr dr, and 
can be approximated by v·A = Q (Chap. 2).

Pressure and flow result from the properties of the heart as a pump and the arte-
rial system. However, the so generated pressure and flow, can be used to obtain the 
properties of the arterial system and the heart. For instance, aortic minus venous 
pressure divided by aortic flow gives total peripheral resistance. Stroke Volume over 
Pulse Pressure provides an estimate of total arterial compliance.

�Pulsatile and Oscillatory Pressure and Flow

Pressure and flow vary during the cardiac cycle and are therefore called pulsatile 
pressure and flow. When pressure and flow are subjected to Fourier analysis and 
written as a series of sine waves (Appendix 1) we call them oscillatory pressure and 
flow. The zero term equals the mean value and the harmonics are the oscillatory 
terms. Womersley’s oscillatory flow theory pertains to sinusoidal pressure-flow 
relations.

�Areas

In the Figure in the Box the two areas of a blood vessel are shown. The area 
A = π · ri

2, the so-called cross-sectional area, is the area where the pressure acts to 
cause flow. The law of Poiseuille connects the pressure gradient to flow via this area 
to the second power, namely to ri

4. The cross-sectional area of the human aorta is 
about 6 cm2 and of an arteriole is about 30μm2. The total cross-sectional area of all 
capillaries together is about 5000 cm2 or 0.5 m2.

The lateral area or exchange area is the area involved in the exchange of oxygen, 
substrates and metabolites between tissue and blood. This area is calculated as: 
2πr  ·  l, with l length. The total exchange area of all capillaries together is about 
6000 m2. The Starling equilibrium describes the water transport over the capillary 
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wall Fig. A4.1). The Pextern (external or interstitial pressure) and the (blood) plasma 
colloid osmotic pressure move water inwards, while the capillary blood pressure 
and the interstitial fluid osmotic pressure move water outwardly. High capillary 
pressure, as in standing may cause edema in the legs.

�Wave Speed Differs from Flow Velocity

Blood flow velocity is the speed with which the molecules and cells in the blood 
move from heart to periphery on the arterial side and back (‘venous return’) on the 
venous side. The, mean, velocity of blood in the aorta is about 15 cm/s, maximum 
velocity of blood in systole in the aorta is about 100 cm/s, and in the capillaries the 
average velocity is about 0.5 mm/s.

Wave speed or pulse wave velocity is the velocity with which the pressure wave, 
the diameter variation and the flow wave travel. The wave speed pertains to pulsatile 
phenomena, and depends on vessel size and vessel elasticity (Chap. 12). The values 
of wave speed are between 4 and 15 m/s, thus much higher than the blood flow 
velocity.

Wave speed and flow velocity are, in the context of this book, not related. Even 
without net blood flow-velocity, waves may be present.

The phase velocity (Moens-Korteweg; Frank; Newton-Young) is the wave speed 
in a reflection-less artery. When reflections are present the wave speed is called 
apparent phase velocity. The relation can be seen in Fig. 21.1

�Volume, Flow, and Circulation Time

Volumes of compartments, flow and circulation time can be determined using an 
identifiable, nontoxic indicator that does not leave the compartment under study. 
Examples of indicators are dyes, radioactive tracers, or cold saline (thermodilution 
technique). For the last indicator a correction for disappearance from the circulation 
is made.

Pcapillary

Pexternal

πplasma 

πinterstitial 

Fig. A4.1  The Starling equilibrium. The osmotic pressures of blood plasma and interstitial fluid, 
π, together with capillary blood pressure and interstitial pressure, i.e., transmural pressure, deter-
mine the transport of water over the capillary wall
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Blood volume can be determined by an intravenous injection of an amount, md, 
of a dye. The measurement of the concentration of the marker, [C], in a blood sam-
ple, after complete mixing, allows for the calculation of the blood volume, V. When 
the concentration in the blood is [C] = md /V it follows that V = md/[C]. The injection 
may be performed in any blood vessel and the sample may be taken from any vessel 
as well.

Blood flow can be determined from a rapid injection of an indicator, amount m d, 
and measurement of the concentration-time curve of the indicator in the blood. This 
is called the indicator dilution technique to determine mean flow. The flow is calcu-
lated as m d divided by the area under the time-concentration curve. In the indicator 
dilution technique, flow is determined at the location of injection, while the location 
of detection of the concentration-time curve is free. For instance, injection of a dye 
in the left atrium, guarantees good mixing, and allows for the estimation of Cardiac 
Output. The measurement of the concentration-time curve may take place in any 
artery and is thus rather free to choose.

In the indicator dilution technique cold saline is often used, and the method is 
then called the thermodilution technique. The most frequently used method is by 
flow guided catheter, injection of cold saline in the right atrium or right ventricle 
and measurement of the temperature in the pulmonary artery. The commercially 
available apparatuses correct for the heat loss.

Circulation time is obtained by rapidly injecting an indicator at one location, x1, 
and measurement of the arrival time at another location, x2. Circulation time alone 
is of limited use but in combination with flow it allows estimation of the vascular 
volume between the two points. The volume of vascular bed between x1 and x2 
equals the circulation time between x1 and x2 times volume flow. The circulation 
time of the entire circulation is about 1 min.

�The Navier-Stokes Equations

The Navier-Stokes equations form the basis of all fluid dynamics, including hemo-
dynamics, and can be found in textbooks on fluid mechanics (Appendix 6). They are 
the equations of motion of the fluid due to the forces acting on it such as pressure 
and gravity, and the equations include the effect of fluid density and viscosity. It is 
a group of three sub-equations, each for one of the three spatial dimensions.

An exact mathematical solution of these general equations is not possible because 
of their nonlinear character, so that large computers are required to solve them for 
each situation. The software to solve the equations is available. One of the terms 
representing this method is Computational Flow Dynamics.

Under simplifying assumptions the Navier-Stokes equations can be solved. 
Poiseuille’s law, Oscillatory Flow Theory and Bernoulli’s equation, etc., are exam-
ples of simplified forms of the Navier-Stokes equations.
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a	 Acceleration
A	 Area
A*	 Amplitude
AIx	 Augmentation Index
BMr	 Basal Metabolic rate
bpm	 Heart Rate, HR
c	 Pulse Wave Velocity or wave speed
cf-f	 Foot-to-foot wave velocity
capp	 Apparent wave velocity
C	 Compliance ΔV/ΔP
CA, CD	 Area, Diameter Compliance
CO	 Cardiac Output
d	 Derivative
∂	 Partial derivative
d, D	 Diameter
D	 Distensibility
E	 Elastance
Ed	 End-Diastolic Elastance
Ees	 End-Systolic Elastance
Einc	 Incremental modulus of elasticity
Em	 Murray energy term
Emax, Emin	 Maximal, Minimal Elastance
Ep	 Peterson modulus
EF	 Ejection Fraction
ESPVR	 End-Systolic Pressure-Volume Relation
E(t)	 Time Varying Elastance
f	 Frequency
F	 Force
FFR	 Fractional Flow Reserve
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FMD	 Flow Mediated Dilation
g	 Gravity
gf	 Geometry factor
G	 Gain – Conductance
h	 (Wall) thickness
Hct	 Hematocrit
i	 √ – 1
iFR	 Instantaneous Wavefree Ratio
Jo, J1	 Bessel functions, order 0, 1
l	 Length
L	 Inertia
linlet	 Inlet length
m	 Mass
md	 Amount of substance
M	 Body mass
P	 Pressure
Pes	 End-Systolic Pressure
Pf, Pr	 Forward, Reflected Pressure wave
Pm	 Measured Pressure wave
Ps, Pd	 Systolic, Diastolic Blood Pressure
Pv	 Venous filling Pressure
Pmean	 Mean Blood Pressure
PO2	 Partial oxygen Pressure
PP	 Pulse Pressure
PVA	 Pressure Volume Area
Q	 (Volume) Flow
Qf, Qr	 Forward, Reflected Flow wave
r, ri, ro	 radius, inernal, external radius
R	 Resistance
Rc	 Characteristic Resistance
Rp	 Peripheral Resistance
Re	 Reynolds number
RPP	 Rate Pressure Product
SV	 Stroke Volume
St	 Strouhal number
t	 Time
T	 Transfer function
T	 Heart Period
TTI	 Tension Time Index
Tsu	 Surface tension
v	 Velocity
V	 Volume
Vd	 Intercept Volume
Ved, Ves	 End-Diastolic, End-systolic Volume
VO2	 Oxygen Consumption
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W	 Work, Energy
WSS	 Wall Shear Stress
x, z	 Location, height
Z	 (Input) Impedance
Zc	 Characteristic Impedance
ZSS	 Zero Stress State
α	 Womersley’s parameter
β	 Stiffness parameter (β − stiffness)
ε	 Strain Δl/l
εt	 Transverse strain
ϕ	 Phase angle
γ	 Shear rate
η	 (Absolute or dynamic) viscosity
λ	 Wave length
π	 3.1415…
ρ	 (Blood or muscle) density
σ	 Stress and hoop stress
τ	 Shear stress (Pa) and decay time (s)
ω	 Circular frequency
Δ	 Difference, ‘gradient’
Γ	 Reflection coefficient
Κ	 Distensibility
θ	 Angle (degrees)
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�Appendix 7. Units and Conversion Factors

SI-system (kg m s) cgs-system (g cm s)
Medical units  
(mmHg ml s)

Area compliance, CA 1 m2·Pa−1 = 1 m4·N−1 103 cm4·dyn−1 1.33·106 cm2·mmHg−1

Compliance, C 1 m3·Pa−1 = 1 m5·N−1 105 cm5·dyn−1 1.33·108 ml·mmHg−1

Bulk Modulus 1 Pa = 1 N·m−2 10 dyn·cm−2 7.5 10−3 mmHg
Diameter compliance, 
CD

1 m·Pa−1 = 1 m3·N−1 10 cm3·dyn−1 1.33·104 cm·mmHg−1

Distensibility 1 Pa−1 = 1 m2·N−1 0.1 cm2·dyn−1 133 mmHg−1

Density, ρ 1 kg·m−3 10−3 g·cm−3

Elastance, E 1 Pa·m−3 = 1 N·m−5 10−5 dyn·cm−5 7.5·10−9 mmHg·ml−1

Energy – Work, W 1 
Joule = 1 N·m = Pa·m3

107 erg (dyn·cm) 7.5·103 mmHg·ml a

Flow, Q 1 m3·s−1 106 cm3·s−1  
= 106 ml·s−1

1 liter·min−1  
= 16.7 ml·s−1

dQ/dt 1 m3·s−2 106 ml·s−2

Force, F 1 N = 1 kg·m·s−2 105 dyn = 1 g·cm·s−2

Frequency, f Hz = s−1 Hz = s−1 min−1 (60 bpm = 1 Hz)
Frequency circular, 
ω = 2πf

Hz Hz

Inertance, L 1 Pa·s2·m−3 = N·s2·m−5 10−5 dyn·s2·cm−5 7.5·10−9 mmHg·s2·ml−1

(Incremental) Youngs 
Mod.

1 Pa = 1 N·m−2 10 dyn·cm−2 7.5 10−3 mmHg

Phase angle, degrees (360° = 2π radians)
Power, W 1 Watt = 1 J·s−1 107 erg·s−1 7.5 103 mmHg·ml·s−1

Pressure, P & stress, σ 1 Pa = 1 N·m−2 10 dyn·cm−2 7.5 10−3 mmHg
dP/dt 1 Pa·s−1 10 dyn·cm−2·s−1 7.5 10−3 mmHg·s−1

Resistance, R 1 Pa·s·m−3 = N·s·m−5 10−5 dyn·s·cm−5  
= 10−5 g·cm−4·s−1

7.5·10−9 mmHg·s·ml−1

(continued)
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SI-system (kg m s) cgs-system (g cm s)
Medical units  
(mmHg ml s)

Shear rate, γ s−1 s−1 s−1

(Shear) stress, τ 1 Pa = 1 N·m−2 10 dyn·cm−2 7.5 10−3 mmHg
Velocity (wave-) m·s−1 102 cm·s−1 m·s−1

Viscosity, η 1 Pa·s = 1 N·s·m−2 10 dyn·s·cm−2  
= 10 Poise

Youngs modulus 1 Pa = 1 N·m−2 10 dyn·cm−2 7.5 10−3 mmHg
Decay time (R·C) s s s
L·C b s2 s2 s2

1 ml O2 c ~ 20 J 20·107 erg (dyn·cm) 150 mmHg·ml = 4.8 cal
1 ml O2/min c ~ 0.33 Watt 0.33·107 erg·s−1 2.5 mmHg·ml·s−1

aEnergy – Work: 1 Joule = 0.24 calories
bwhen L and C are expressed per length: 1/ √ L'C' = m/s (velocity)
cfor fatty acids and glucose metabolism; not for protein metabolism
1 kPa =7.5 mmHg = 10 cm H2O = mN/mm2

Contractile efficiency the inverse slope of the relation between Pressure Volume Area and O2 
consumption per beat
Economy of contraction is defined as oxygen consumption used for isovolumic contractions
Efficiency is the ratio of external mechanical power and input power (or oxygen consumption  
per time)
Strain, Reynolds number, and Womersley’s parameter, have no dimension, but one must work in a 
single system
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A
Acetylcholine (ACh), 247
Amplification, 75, 84, 85, 170, 229
Aortic aneurysms, 261
Aortic coarctation, see Arterial stenosis
Apparent wave velocity, 167
Arterial stenosis

area ratio, 27
Bernoulli’s equation, 28
concentric and eccentric stenoses, 28
FFR, 32
flow reserve, 30, 31
Poiseuille’s law, 28
post stenotic dilatation, 28
pressure drop, 29, 30
severity of, 28

Arterial system, 49, 76, 126, 179, 195–197, 
199, 201, 202, 207, 210, 211, 269

Arterio-venous fistulas, 40
Atherosclerosis, 258–262

carotid sinus, 258
risk assessment, 259
shear stress

and aortic aneurysm, 261, 262
and endothelial function, 258, 259
and intima hyperplasia, 259–261

Augmentation Index (AIx), 175, 178, 179, 
181, 202

Autoregulation gain, 145

B
Basal Metabolic rate (BMr), 274
Bernoulli’s equation

aortic valvular area, 19, 20
coarctation, 17
hydrostatic pressure, 21
jets and vena contracta, 20
kinetic energy, 20, 21
Newton’s law, 18
valvular stenosis, 17–19

Bessel functions, 48
Beta-blockers, 121
Blood pressure and flow

dimensional analysis,  
265–268

Stroke Volume, 268
systolic hypertension, 269, 270
Windkessel model, 269

Body surface area (BSA), 274
Body surface law (BSL), 274, 275
Bulk modulus, 65, 68

C
Cardiac efficiency, 136, 137
Cardiac muscle

calcium, 93
contractile unit, 92
diastolic properties, 97
experimental problems, 96
force-velocity relation, 94, 95
force-length relation, 94
heart failure, 97, 98
nomenclature problems, 96
pump function, 95, 96
sliding filament model, 97
systolic and diastolic force, 91
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Cardiac oxygen consumption
Cardiac Output, 130
heterogeneity, 133
limitations, 133, 134
mean systolic pressure, 133
perfusion, 133
PVA, 131, 132
RPP, 130
TTI, 130, 131

Cardiac power, 136, 137
Cardiac pump function, 191
Cardio-Ankle Vascular Index (CAVI), 171
Carotid-femoral PWV, 171
Carotid sinus, 257
Cauchy stress formulation, 52
Centrifugal Ventricular Assist Devices, 117
Characteristic impedance, 76, 81, 82, 86, 177, 

188, 189, 191, 196, 197, 199, 
204–205

Chronic ThromboEmbolic Pulmonary 
Hypertension (CTEPH), 240

Coanda effect, 20
Comparative physiology

allometric equation, 273, 274
basal whole body and cardiac metabolism, 

278, 279
BMr, 274
BSL, 274, 275
cardiovascular scaling, 276–279
coupling parameter, 274
Heart Rates, 280
Pulse Pressure, 280
pulse wave velocity and reflections, 280

Compliance
bulk modulus, 68
concentric hypertrophy, 72
diastolic filling pressure, 72
distensibility, 68
elastance, 65, 67, 69–71
pressure-diameter relations, 68, 69
pressure-strain elastic modulus, 67, 68
pressure-volume relations, 66
Pulse Pressure, 73
stiffness index, 68
Youngs modulus, 71

Concentric hypertrophy, 54, 110
Contractile efficiency, 141
Contraction economy, 141
Coronary hemodynamics

autoregulation, 144–145
cardiac contraction, 147–149
coronary flow, 147–151
hyperemia and maximal vasodilation, 146

instantaneous pressure-flow relations, 146
intramyocardial pump, 144
metabolic, myogenic and endothelium 

mediated vasoactivity, 143
microvascular aspects, 149, 150
supply-demand ratio, 151, 152

D
Decay time method, 214
Diastolic dysfunction, 109
Diastolic filling pressure, 72
Diastolic pressure-time index, 133
Distensibility, 68
Distributed models, 217–219, 222
Drug-eluting stents, 261

E
Eccentric hypertrophy, 110
Ejection fraction (EF), 109, 139, 157
Elastance, 65, 67, 103–107, 111, 112

pressure-volume relation
cardiac cycle, 104, 105
EN(tN) curve, 103, 105
end diastolic elastance, 106, 107
end systolic elastance, 104, 106, 107
isochrones, 103, 104
limitations, 111, 112

ventricular elastance and pericardial 
elastance, 71

Elasticity
cardiovascular tissue, 63
Hooke’s law, 57
incremental elastic modulus, 58, 62
Poisson ratio, 58
residual stresses, 60, 62
stress distribution, 60, 62
stress-strain relation, 58, 59
viscoelasticity, 58–61
Youngs modulus, 57, 58, 63

End diastolic elastance, 106, 107
End-diastolic volume (EDV), 109, 157
Endothelial function, 258
Endothelium Derived Relaxing Factor 

(EDRF), 247
End systolic elastance, 104, 106, 107, 139
End-systolic pressure-volume relation 

(ESPVR), 102, 131, 159, 160
end systolic elastance, 104–106
limitations, 111
vs. PFG, 119
varying elastance model, 103

Index
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End-systolic volume (ESV), 157
Energy, 126
Erytropoetin (EPO), 8
External power, 118, 125, 136, 200–201
External work (EW), 125, 132

F
Fahraeus-Lindqvist effect, 6
Fenn-effect, 132
Flow Mediated Dilatation (FMD), 14, 39, 253
Foot-to-foot method, 168
Force-length relation, 91, 94
Force-velocity relation, 94, 95
Forward pressure wave, 175, 177, 178
Fourth-power law, 9
Fractional Flow Reserve (FFR), 32
Frank-Starling Law, 93, 108, 120

G
Glycokalix, 245
Gorlin equation, 18
Gregg effect, 150

H
Heart failure with preserved ejection fraction 

(HFpEF), 109, 159
Heart size, 140, 141
Heat production and transport, 137, 138
Hemodynamics, 132, 133
Hill equation, 94
Hooke’s law, 57
Hyperinsulinaemia, 253
Hypertension, 204, 205, 240, 241, 251
Hypertrophy, 98

concentric, 72, 110, 121
eccentric, 110

I
Impedance modulus, 196, 200
Impedance phase, 198
Impulse response, 201
Incremental elastic modulus, 58
Inertance

blood density, 43, 44
cardiac cycle, 45
diastolic filling, 46
Newton’s equation, 44
pressure drop, 43

Inertial effects, 47, 50

Inflection point, 178
Input impedance, 215, 236

definition, 196
derivation of, 196–198
effective length, 199
external power, 200, 201
Fourier analysis, 201
hypertension, 204, 205
impedance modulus, 196
impulse response, 201
pressure and flow waves, 200, 202
reflection, changes in, 203
wave transmission, 198, 199
Windkessel model, 199, 202, 208, 209

Instantaneous pressure-flow relations, 146
Instantaneous resistance, 189
Instantaneous wave free ratio (iFR), 190, 192
Intima hyperplasia, 259, 261

angioplasty and stenting, 260, 261
in bypass grafts, 260
in vein grafts, 259, 260

Intramyocardial pressure, 149

L
LaGrangian stress, 58
Lamé’s equation, 52
Laminar flow, see Turbulence
Law of Laplace

cylindrical/spherical geometries, 52
mid-wall stress, 52
torsion, 53
transmural pressure, 52
wall stress, 54
wall thickness, 54
Youngs modulus, 53

Left ventricular pressure (LVP), 158

M
Magnetic resonance spectroscopy (MRS), 139
Maxwell model, 60
Mechanotransduction

EDRF, 247
glycocalyx, 247
long term vascular adaptation, 248–250
mean flow, 247
mean shear stress, 247
short term arterial adaptation, 246
wall hoop stress, 246
wall shear stress, 246

Microvascular perfusion pressure, 149
Mitochondrial relative volume, 279

Index
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Moens-Korteweg equation, 77, 166, 168
Murray’s law, 13–14
Muscle stiffening, 143
Myocardial oxygen consumption 

(MVO2), 144

N
Navier-Stokes equations, 10
Nonlinear relation, 63

O
Ohm’s law, 11, 14, 33–35, 197, 200
Oscillatory flow theory

Bessel functions, 48
longitudinal impedance, 48
Poiseuille’s law, 48, 49
pressure and flow wave shapes, 49
Strouhal number, 49
Ultrasound Doppler velocity and MRI, 50
Womersley’s alpha parameter, 47, 48

Oscillatory power, 126
Ostwald viscometer, 13

P
Parabolic flow profile, 9, 11
Parameter estimation method, 215
Peripheral pressures, 225–227
Peripheral resistance, 199, 200, 202, 204
Peterson’s modulus, 67, 68
Phase velocity, 166–168
Poiseuille’s law, 7, 218

assumptions, 10
blood flow, 10
inlet length, 10, 11
laminar fashion, 9
Murray’s law, 13
Ohm’s law, 11
resistance, 10, 34
Reynolds number, 10
valvular stenosis, 18, 19
velocity profile, 9
wall shear rate, 11, 12
wall shear stress, 14, 15
wide bore reservoir, 12, 13

Poisson ratio, 58
Positron Emission Tomography (PET), 

139, 150
Postcapillary hypertension, 240
Post stenotic dilatation, 28
Potential energy (PE), 131, 132
Power, 126

Precapillary pulmonary hypertension, 240
Preload Recruitable Stroke Work, 161
Pressure amplification, 84
Pressure-area relations, 68, 69
Pressure-diameter relations, 68, 69
Pressure transmission, 80
Pressure volume area (PVA), 131, 132, 134
Pressure-volume catheter, 104
Pressure volume loop, 102, 103, 106, 125, 

126, 158
Pressure-volume relation, 103–107, 111, 112

cardiac pump function, 107
concentric hypertrophy, 110
diastolic and systolic  

dysfunction, 108, 109
diastolic pressure-volume relation, 102
eccentric hypertrophy, 110
elastance model

cardiac cycle, 104, 105
EN(tN) curve, 103, 105
end diastolic elastance, 106, 107
end systolic elastance, 104, 106, 107
isochrones, 103, 104
limitations, 111, 112

ESPVR, 102
Frank-Starling Law, 108

Pulmonary hemodynamics
distributed model, 237
hypertension, 240, 241
input impedance, 236
morphology, 232–234
pulmonary arterial wedge pressure, 

233, 235
pulmonary vascular resistance, 235
right heart, 238
systolic and diastolic pressures, 233, 234
total arterial compliance, 235
ventricular interaction, 238, 239
wave travel and reflection, 236, 237

Pulsatile power, 126, 127
Pulse Pressure (PP), 73, 84, 87, 170, 204, 214, 

226, 276
Pulse Pressure amplification, 181, 226
Pulse wave velocity (PWV), 84, 86, 87

and age, 172
apparent wave velocity, 167
CF-PWV, 171
compliance, 166
flow and area measurements, 169, 170
flow and diameter measurements, 169
phase velocity, 167
pressure and diameter measurements, 169
pressure function, 171
pressure waves, amplification, 170
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temporal and spatial derivative 
method, 169

three-pressure method, 169
time delay and foot-to-foot method, 168
vessel elastic modulus, 166

Pump function graph (PFG)
concentric hypertrophy, 121
contractility, diastolic filling and heart rate, 

116–118
DeBakey roller pump, 116
exercise, 122
Frank-Starling law, 120
heart failure, 121
humoral and nervous control mechanisms, 

117–118
intercept of, 118
isovolumic beat, 119
limitations, 122
vs. pressure-volume relation, 119
ventricular pressure and mean flow, 118

Q
Quarter wave length principle, 199

R
Rate Pressure Product (RPP), 130, 134
Reflected pressure, 176–178
Reflection Index (RI), 177
Reflection Magnitude (RM), 175, 177
Reservoir-wave concept, 189–191
Resistance

aorta and conduit arteries, 38
arterio-venous fistulas, 40
autoregulation, 39
capillaries and veins, 36
definition, 33
inverse fashion, 35
Ohm’s law, 34, 35
Poiseuille’s law, 34
Starling resistor, 38, 39
systemic arterial system, 36
vascular resistance, calculation, 37
Waterfall model, 38, 39
zero-flow pressure intercept, 37, 38

S
Sarcomere length (SL), 92, 93
Sarcoplasmatic Reticulum (SR), 93
Self-cancelling waves, 84
Single beat methods, 106, 107
Single uniform tube models, 219, 221

Sliding filament model, 97
Starling resistor, 38, 39
Stenosis, 190

See also Arterial stenosis
Stiffness index, 68
Stress-free state, 62
Stress relaxation, 58
Stress-strain relations, 57, 63
Stress Time Index, 132
Stroke Volume (SV), 109, 213, 215, 266, 268
Stroke Work (SW), 125, 156, 161
Supply-demand ratio, 151
Systolic dysfunction, 108, 109
Systolic hypertension, 269, 270

T
Tapered tube model, 220
Tension Time Index (TTI), 130, 131
Three-element Windkessel, 209
Three-pressure method, 169
Time-varying elastance concept, 266
Time-varying system, 197
Titin, 92
Total arterial compliance, 199, 202
Transfer function

amplification, 226, 229
aorta and brachial artery, 228
calibration, 227
definition, 226, 227
diastolic pressure, 226
gender-specificity, 229
peripheral pressures, 225
systolic pressure, 228

Transient method, 215
Transmural pressure, 52
Travelling waves, characteristic impedance, 76
Turbulence

laminar flow, 24
Reynolds number, 23, 24
turbulence, 24–25

Two-area method, 214
Two-element Windkessel, 208
Two-tube model, 220, 221

U
Uniform tube model, 179

V
Vascular remodeling

axial stress and bypass grafts, 253
FMD, 252, 253
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hypertension, 251, 252
low shear and atheroma, 253
residual stress, 250, 251

Vasodilation, 30
Vasomotor tone, 14
Vena contracta effect, 20
Ventricular function curve

contractile function, 157, 158
diastolic volume, 162
dPlv/dtmax, 159, 160
end-diastolic volume, 155
ESPVR, 160
invasive assessment, 158, 159
left ventricular function, 161
noninvasive assessment, 161
Starling Resistor, 156, 157
Stroke Work, 156, 162

Ventriculo-arterial coupling, 137–139
Viscoelasticity, 58–61
Viscosity

anomalous viscosity/non-newtonian 
behavior, 5–7

blood viscosity, 4, 5
measurement, 7
Newtonian fluids, 4
oxygen supply, 7, 8
Poiseuille’s law, 7, 8
shear rate, 3, 4

Viscous effects, 47
Volume elasticity, see Bulk modulus

W
Wall shear rate, 11, 12
Waterfall model, 38, 39, 147
Waveform analysis

aortic pressure waves, 179
distinct reflection, 181
reflected flow wave, 181, 182
Valsalva maneuver, 180, 181

Waveform analysis
AIx, 178
inflection point, 178
tube model and actual data, 179

Waveform analysis AIx, 179
Wave free period, 189, 191
Wave Intensity (WI) Analysis, 84, 237

coronary circulation, 188
definition, 186
derivation of, 186, 187

differences, 186, 188
differentials, 186
forward and reflected waves, 188, 189
iFR, 190, 192
interpretations, 189
limitation, 191
reservoir-wave concept, 189–191

Wave separation, 175–178
Wave Separation Analysis, 237
Wave speed, 86, 87
Wave transmission theory, 76
Wave travel and reflection, 166, 168, 219, 220, 

236, 237
amplification, 84, 85
characteristic impedance, 76, 81, 82, 86
definition, 76
forward waves, 82–84
Fourier Analysis, 79
local and global coefficients, 78–80
pressure and flow, 75
propagation constant, 77
reflection-less arterial system, 86
transmission, 80, 81
wave speed, 86, 87

Wave velocity, 215
Windkessel model, 199, 222

aging, 213
arterial compliance derivation, 213, 214
characteristic impedance, 209
hydraulic model, 210, 211
input impedance, 208, 209
limitations, 211, 212
peripheral resistance, 208
Stroke Volume, 213, 215
systolic and diastolic pressures, 213
total arterial compliance, 208

Womersley parameter, 47, 48
Womersley’s oscillatory flow theory, 49
Womersley’s theory, 77

Y
Youngs modulus

compliance, 71
elasticity, 57, 58, 63

Z
Zero-flow pressure, 146
Zero-stress state (ZSS), 61, 62, 250

Vascular (cont.)
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