On the Longtime Behavior of Almost )
Periodic Entropy Solutions to Scalar oo
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Abstract We found the precise condition for the decay as t — oo of
Besicovitch almost periodic entropy solutions of multidimensional scalar conser-
vation laws. Moreover, in the case of one space variable we establish asymptotic
convergence of the entropy solution to a traveling wave (in the Besicovitch norm).
Besides, the flux function turns out to be affine on the minimal segment containing
the essential range of the limit profile while the speed of the traveling wave coincides
with the slope of the flux function on this segment.
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1 Introduction

In the half-space IT = R} x R”, where R, = (0, 400), we consider a conservation
law
u, +divepu) =0, u=u(t,x), (t,x) eIl (1)

The flux vector ¢(u) = (¢ (1), ..., (1)) is supposed to be merely continuous:
e(u) € C(R,R"). Recall the notion of Kruzhkov entropy solution of the Cauchy
problem for Eq. (1) with initial condition

u(0, x) = ug(x) € L*(R"). 2)

Definition 1 ([6]). A bounded measurable function u = u(t, x) € L°°(IT) is called
an entropy solution (e.s.) of (1), (2) if for all k € R
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d L
5'” — k| +divy[sign (u — k)(pw) — ¢(k))] <0 (3)
in the sense of distributions on I7 (in &'(I1)), and

esslimu(t, ) =up in L}, (R"). (4)

t—0+

1, u>0,
-1, u<0
h=nh(,x)e C&(H),h >0,

Here signu = and relation (3) means that for each test function

/ [l — Kl + sign (« — ) (@ () — 9 (k) - Vohldtdx = 0,
17

where - denotes the inner product in R".

Taking in (3) k = £R, where R > |lu||o, we obtain that u, + div,@(u) = 0 in
2'(I1); that is, an e.s. u = u(t, x) is a weak solution of this equation as well.

The existence of e.s. of (1), (2) follows from the general result of [12, Theorem 3].
In the case under consideration when the flux vector is only continuous the effect
of infinite speed of propagation appears, which may even lead to the nonuniqueness
of e.s.if n > 1, and see examples in [7, 8, 12], where exact sufficient conditions of
the uniqueness were also found. Nevertheless, if an initial function u is periodic in
R" (at least in n — 1 independent directions), then the e.s. of (1), (2) is unique and
x-periodic; see [11], as well as the more general result [12, Theorem 11].

We will study problem (1), (2) in the class of Besicovitch almost periodic func-
tions. Let Cr be the cube

We define the seminorm

Ni(u) = limsup R™" / lu(x)|dx, u(x)e L}, (R").
R—+o0 Cr
Recall (see [1, 9]) that the Besicovitch space # '(R™) is the closure of trigonometric
polynomials, i.e., finite sums Y @; e*"** withi?> = —1, > € R", in the quotient space
B! (R”)/Bé (R™), where

B'R") ={uelL), (R")|N(@u)<+oo}, BJ(R") ={uelL, (R")|Nu)=0).
The space %' (R") is equipped with the norm ||u||; = N;(u) (we identify classes in

the quotient space B! (R")/ Bé (R™) and their representatives). The space %' (R") is
a Banach space, and it is isomorphic to the completeness of the space AP (R") of
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Bohr almost periodic functions with respect to the norm Nj. It is known (see, for
instance, [1]) that for each function u € %' (R") there exists the mean value

ﬁz][ u(x)dx = lim R7”f u(x)dx
n R—+00 Cr

and, more generally, the Bohr—Fourier coefficients
a;, =][ u(x)e gy, a e R

The set
Spw) ={reR"|a, #0}

is called the spectrum of an almost periodic function u(x). It is known [1] that the
spectrum Sp(u) is at most countable.

Now we assume that the initial function ug(x) € Z'(R") N L®[R"). Let I =
fR,, uo(x)dx, and My be the smallest additive subgroup of R” containing Sp(ug).

It was shown in [17] thatane.s. u (¢, x) of (1), (2) is almost periodic with respect to
spatial variables. Moreover, u(t, x) € C([0, +00), Z'(R")) (after possible correc-
tion on a set of null measure) and Sp(u(z, -)) C My, fRn u(t,x)dx = I forallt > 0.
The uniqueness of e.s. u (¢, x) in the space C ([0, +00), B'(R"))isa consequence of
the following general result [17, Proposition 1.3], which holds for arbitrary bounded
and measurable initial functions.

Theorem 1. Let u(t, x), v(t,x) € L) be e.s. of (1), (2) with initial functions
up(x), vo(x) € L®(R™), respectively. Then for a.e. t > 0

Ni(u(t, ) —v(t,-)) < Ni(up — vo). )

For completeness, we reproduce the proof.

Proof. Applying Kruzhkov doubling of variables method, we obtain the relation (see
[6, 12])
lu — vl + divi[sign (u — v)(p(w) — ()] < 0 in Z'(ID). (6)

We choose a function g(y) € C§(R") such that 0 < g(y) < 1, and g(y) = 1 in the
cube Cy, g(y) =0 in the complement of the cube Cy, k > 1, and a function h =

h(t) € Cé (R4), h = 0. Applying (6) to the test function f = R™"h(t)g(x/R) with
R > 0, we obtain

/00 (R" lu(t, x) —v(t, x)|g(x/R)dx) h'(t)dt +
0 R”

R f sign (u — v) (@) — e(v)) - Vyg(x/R)h(t)dtdx > 0. @
11
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Making the change y = x/R in the last integral in (7), we derive the estimate

R—n—l S

/ sign (u —v)(pu) — @) - Vyg(x/R)h(t)dtdx
I

A +00
R (u) _(P(V)”oo/ IVygl(»h(t)didy < E,/ h(t)dt, (®)
11 0

where A = |l¢(u) — (V) |l fRn |Vygl(y)dy. Here and below we use the notation
|z| for the Euclidean norm of a finite-dimensional vector z. Let

Izr(t) = R‘"/ lu(t, x) —v(t, x)|g(x/R)dx.

From (7) and (8), it follows that

+00

+00 +00
/ (Ir(t) — At/R)W (t)dt = / Ir(OK (t)dt + %/ h(t)dt >0
0 0 0

for all h(z) € Cé((O, +00)), h(t) > 0. This means that the generalized derivative
5_: (Ig(t) — At/R) < 0, which readily implies that there exists a set F C (0, +00) of
full Lebesgue measure (which can be defined as the set of common Lebesgue points
of functions Ix(t), R € Q) suchthatVr,,t; € F,t, > t;,YR € Q Ig(t;) — At,/R <
Ig(t)) — At; /R, thatis Ig(t;) < Ig(t;) + A(t; — t;)/R. By the evident continuity of
Iz (¢) with respect to R, the latter relation remains valid for all R > 0. In the limit
as F' > t; — 0 we obtain, taking into account the initial conditions for e.s. u, v, that
Vtp =t € FforallR > 0

Ir(t) < Ir(0) + At/R, )

where Ip(0) = R™" fRn lup(x) —vo(x)|g(x/R)dx. By the properties of g(y), we
find the inequalities

R_n/ lu(r, x) —v(, x)|dx < Ig(t) <
Cr

Rf”/ lu(t, x) —v(t, x)|dx = k"(kR)f”/ lu(t, x) —v(t, x)|dx,
Cir

Crr

which imply that

Ni(u(t,-) —v(t, ) <limsup Ig(t) < k"Ni(u(t,-) —v(t, ). (10)
R—+00

In view of (10), we derive from (9) in the limit as R — +o0 that N;(u(z, -) —
v(t,-)) < k"Ni(ug — o) for all t € F. To complete the proof, it only remains to
notice that k > 1 is arbitrary.
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Remark 1. As was established in [13, Corollary 7.1], after possible correction on a
set of null measure any e.s. u(t, x) € C(R,, L}oc (R™)). In particular, without loss
of generality, we may claim that relation (9) holds for all # > 0. This implies in the
limit as R — 400 that the statement of Theorem 1 holds for all # > 0 as well. The
continuity property allows also to replace the essential limit in initial condition (4)

by the usual one.
Our main results are contained in Theorems 2, 4, indicated below.
Theorem 2. Assume that the following non-degeneracy condition holds for the flux

components in “resonant” directions & € M:

V& € My, & # O the functions u — & - ¢(u)

are not affine in any vicinity of I = uy. an
Then, an e.s. u(t, x) € C([0, +00), B' (RM)) satisfies the decay property

zligl u(t, ) =1 in B (R". (12)

Condition (11) is precise: if it fails, then there exists an initial data uy € %' (R") N
L% (R™) with the properties Sp(uog) C My, ug = I, such that the corresponding e.s.
u(t, x) of (1), (2) does not satisfy (12).

Remark 2. The decay of almost periodic e.s. was firstly studied by H. Frid [5] in
the class of Stepanov almost periodic function. This class is natural for the case of
smooth flux vector ¢ (1), when an e.s. u (¢, x) of (1), (2) exhibits the property of finite
speed of propagation. The decay of such solutions was established in the stronger
Stepanov norm but under rather restrictive assumptions on the dependence of the
length of inclusion intervals for e-almost periods of u( on the parameter ¢.

Notice that in the case of a periodic function u( the group M, coincides with the
dual lattice .Z” to the lattice . of periods of ug, and in this case, Theorem 2 reduces
to the following result [15] (see also the earlier paper [14]):

Theorem 3. Under the condition

VE € L', & # 0 the functions u — & - ¢(u)
are not affine in any vicinity of I = / uo(x)dx (13)

n

an e.s. u(t, x) € C([0, +00), L'(T")) satisfies the decay property

lim | |u(t,x)—I|dx =0. (14)

t—+00 Tn

Here T" = R" /L is the n-dimensional torus, and dx is the normalized Lebesgue
measure on T".
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Remark thatin the case ¢ (1) € C?(R, R") the assertion of Theorem 3 was established
in [3]. Now we consider the case of one space variable n = 1 when (1) has the form

ur + o)y =0, (15)

where ¢(u) € C(R). As above, we assume that ug € Z'(R) N L>®(R) and that M,
is the additive subgroup of R generated by Sp(u(). For an almost periodic function
v(x) € B'(R), we denote by S(v) the minimal segment [a, b] containing essential
values of v(x). This segment can be defined by the relations

b=min{k e R| (v —k)* =max(v —k,0) = 0in B (R) },
a=max{keR|(*k—-v"=0in Z'(R) }.

As is easy to verify, the above minimal and maximal values exist and a < b.
Our second result is the following unconditional asymptotic property of conver-
gence of an e.s. u(t, x) to a traveling wave:

Theorem 4. There is a constant ¢ € R (speed) and a function v(y) € B'(R) N
L*(R) (profile) such that

llnp (u(t,x) —v(x —ct)) =0 in B (R). (16)

Moreover, Sp(v) C My, v =1 = ug, and ¢(u) — cu = const on the segment S(v).

We remark, in addition to Theorem 4, that the profile v(y) of the traveling wave
and, if v s const, its speed ¢ are uniquely defined. Indeed, if (16) holds with v =
Vi, V2, € = i, Cp,respectively, then v (x — ¢jt) — va(x — cot) — 0inZ'(R)ast —
+o00, which implies the relation

Jim (vi(y) =v2(y + (1 = e2)1)) =0 in A R). a7)

By the known property of almost periodic functions (see, for example, [1]), there
existsasequencet, — 4oosuchthatv,(y + (c; — c2)t,) — v (y)in B' (R) (thisis

evident if ¢; = ¢;). On the other hand, in view of (17) v,(y + (c1 — ¢2)t,) — vi(y)
r—00

in ' (R) and hence v; = v, in ' (R). Further, if Ac = ¢; — ¢ # 0, then it follows

from (17) in the limit as t = ¢, + h/Ac — 400 that v,(y) = v»(y + h) in Z'(R)

for each i € R. Therefore,

v (y) :][ va(y + h)dh =][ va(h)dh = v, = const.
R R

Thus, for the nonconstant profile v = v, the speed ¢; = ¢, = ¢ is uniquely deter-
mined. We also remark that ||v|o < |lugllc because by the maximum principle
lu(t, x)| < lluollo a.e.in I1.
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Theorem 4 defines the nonlinear operator T on ' (R) N L (R), which associates
an initial function uy with the profile v(y) = T (uo)(y) of the limit traveling wave
for the corresponding e.s. of problem (15), (2). In Theorem 5 below, we establish
that 7 does not increase the distance in %' (R).

Remark 3. In the case n = 1, the statement of Theorem 2 follows from Theorem 4.
Indeed, under the assumptions of Theorem 2, v(y) = I in 2'(R). Otherwise, a <
I < b, where [a, b] = S(v) and, by Theorem 4, ¢(u) = cu + const in the vicinity
(a, b) of 1. But the latter contradicts to assumption (11) of Theorem 2.

Note that in the periodic case Theorems 4, 5 were proved in [16].

2 Proof of Theorem 2

We assume firstly that the initial function is a trigonometric polynomial ug(x) =
> iens @n€” . Here A = Sp(up) C R" is a finite set. The minimal additive sub-
group My = M (uy) of R” containing A is a finite generated torsion-free abelian
group, and therefore, it is a free abelian group of finite rank (see [10]). There-

fore, there is a basis A; € Mo, j_ =1,...,m,so0 tllat every element A € M, can be
uniquely represented as A = A(k) = ZT:] kjij, k= (ki,..., ky) € Z". In partic-
ular, the vectors A, j = 1, ..., m, are linearly independent over the field of rational

numbers Q. We introduce the finite set / = { k € Z" | A(k) € A } and represent the
initial function as

up(x) = Zaiezm Dickidex g = A (ky-
kel
By this representation ug(x) = vo(y(x)), where
VO(y) — ZaEeZﬂi/;y
keJ
is a periodic function on R” with the standard lattice of periods Z" while y(x) is a
linear map from R” to R™ defined by the equalities y; = A; - x = > 1| Ajixi, Aji,

i =1,...,n, being coordinates of the vectors A;, j =1, ..., m. We consider the
conservation law

v +divyg(v) =0, v=v(t,y), t >0, yeR", (18)

gW) = (91(V), ..., @u(v)), where

G =4 @)=Y rjig() eCR), j=1,....m.

i=1
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As was shown in [11, 12], there exists a unique e.s. v(¢,y) € LR, x R™) of
the Cauchy problem for Eq.(18) with initial function vo(y) and this e.s. is y-
periodic,i.e.,v(f,y +e) = v(t, y)a.e.inR, x R™ foralle € Z". Besides, in view of
[13, Corollary 7.1], we may suppose that v(z,-) € C([0, +-00), L'(T™)), where
T" = R™/Z™ is an m-dimensional torus (which may be identified with the fun-
damental cube [0, 1)™). Formally, for u (¢, x) = v(¢, y(x))

By,(x)

w4 divep(u) = v + Z Z(go, M)y,

i=1 j=1

v+ Z Z(% W)y, hji = vi + Z(«pj )y, =0.

i=1 j=1

However, these reasons are correct only for classical solutions. In the general case
v(t,y) € L*°(R; x R™), the range of y(x) may be a proper subspace of R™ (for
example, this is always true if m > n), and the composition v(¢, y(x)) is not even
defined. The situation is saved by introduction of additional variables z € R™.
Namely, the linear change (z, x) — (z + y(x), x) is not degenerated; i.e., it is a
linear automorphism of R” x R”. Since v(¢, y) is an e.s. of Eq.(18) considered
in the extended half-space ¢ > 0, (y, x) € R"*", then the function u(z, z, x) =
v(t, z + y(x)) satisfies the relations

lu — ki + dive[sign (u — k) (@(u) — (k)] =

n m 3 ‘
=kl + 303 sign 0 — D@ 0) — gk, 2 =

0X;
i=1 j=1 !

v =kl 4+ Y [sign (v = k) (i (v) — i ()], Aji =

j=1i=1

v =kl + Y [sign (v — ) (@; () — §;(kD],, <0 in Z' (R, x R,
j=1

Evidently, the initial condition

11m u(t, 7, x) = up(z, x) = vo(z + y(x)) in L}, (R™™)

is also satisfied; therefore, u(z, z, x) is an e.s. of (1), (2) in the extended domain
R, x R™*", Since Eq. (1) does not contain the auxiliary variables z € R"™, then (cf.
[17, Theorem 2.1]) for all z € E C R™, where E is a set of full measure, the func-
tion v(¢, z 4+ y(x)) is an e.s. of (1), (2) with initial data vo(z + y(x)) € B'(R").
Therefore, v(t, z + y(x)) = u®(¢, x) a.e. in IT, where, in accordance with [17, The-
orem 1.6], u*(t, x) € C([0, +00), Z'(R™")) is a unique almost periodic e.s. of (1),
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(2). Therefore, we may find a countable dense set S C R, and a subset E; C E of
full measure such that u%(¢, x) = v(¢, z + y(x)) in Z'(R) forallt € S, z € E;.

Further, as follows from independence of the vectors A, j =1, ..., m,over Q, the
action of the additive group R” on the torus T defined by the shift transformations
Tiz =z+ y(x), x € R" is ergodic; see [17] for details. By the variant of Birkhoff
individual ergodic theorem [4, Chap. VIII] for every w(y) € L' (T™) fora.e. z € T
there exists the mean value

][” w(z+ y(x))dx = / w(y)dy. (19)

In view of (19), there exists a set E, C E; of full measure such that for z € E,
andallt € §

lu*(t,x) — Ildx :][ v(t, z4+ y(x)) — Ildx = / [v(t,y) — I|dy.
Rn Rn ™

Since u(t, x) € C([0, +00), B (R™)),v(t,-) € C([0, +00), L' (T™)), while the set
S is dense in [0, 4-00), we find that property

qu(l,X)—IIdX=/ v, y) —Ildy (20)

m

Rn

remains valid for all # > 0. Observe thatvy(z + y(x)) — vo(y(x)) = up(x)asz — 0
in 2'(R") (and even in AP (R")). Hence, by Theorem 1 in the limit as E; > 7 —
0 u*(t,x) — u(t,x) in C([0, +00), B' (R")), where u(t, x) is the e.s. of original
problem (1), (2). Therefore, relation (20) in the limit as z — 0 implies the equality

][ lu(t,x) — Ildx = / |v(t,y) — I|dy. 21
Rn ’]I‘m

Further, for every k= ki, ..., ky) ez™

m n

k@)=Y "> kikjigiw) = 1K) - p(w),

j=1i=I

where A(k) = Z;‘n:] kjA; € Mp. By condition (11), the functions u — k- ¢(u) are
not affine in any vicinity of I = uy = fT,,, vo(y)dy. We see that non-degeneracy
requirement (13) is satisfied, and by [15, Theorem 1.3]

lim v(t,y) — Ildy = 0.

t—>+400 Jpum

Now it follows from (21) that
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t——+00

lim ][ lu(t,x) —Ildx =0,
Rn

i.e., (12) holds.

In the general case ug € #'(R") N L™ (R"), we choose a sequence i,,,m € N, of
trigonometric polynomials converging to i in I(R™) and such that Sp (uo,) C Mo,
uon = I (forinstance, we may choose the Bochner—Fejér trigonometric polynomials;
see [1]). Letu,, (¢, x) be the corresponding sequence of e.s. of (1), (2) with initial data
uom(x), m € N. By Theorem 1 and Remark 1, this sequence converges as m — oo
to the e.s. u(z, x) of the original problem in C([0, +00), 2" (R")). We have already
established that under condition (11) e.s. u,, (¢, x) satisfy the decay property

im wu,(t, ) =1 in B (R").
t——+00

Passing to the limit as m — oo in this relation and taking into account the uniform
convergence u,, (¢, ) — u(t,-)in Z'(R"), we obtain (12).
m—0o0
In conclusion, we demonstrate that condition (11) is precise. Indeed, if this condi-
tion is violated, then there is a nonzero vector § € My suchthaté - ¢ () = Tu + con
some segment [/ — &, I + 5], where 7, ¢, § € R, and § > 0. Obviously, the function

u(t,x)=1+5sin2u (& - x — tt))

is an e.s. of (1), (2) with the periodic initial function uy(x) = I 4 § sin(2w (&€ - x)).
Wessee thatug = I, Sp(up) C {—£,0,&} C Mybutthee.s. u(t, x) does not converge
to a constant in Z! (R") as t — +o00.

The proof of Theorem 2 is complete.

3 Proof of Theorem 4

If the flux function ¢(u) is not affine in any vicinity of I, then by Theorem 2 the
function v(y) = I, and the segment S(v) = [/, I] = {I}. Otherwise, suppose that
the function ¢(u) is affine in a certain maximal interval (a, b), where —00 < a <
I < b < +4o00: ¢(u) — cu = const in (a, b).

Assuming that b < 400, we define u, = u (¢, x) as the e.s. of (15), (2) with
initial function u(x) +b — I > uy. By the comparison principle [7, 8, 11, 12]
uy > wua.e.in I1. We note that fR(uo(x) + b — I)dx = b while ¢(u) is not affine in
any vicinity of b (otherwise, ¢ (u) is affine on a larger interval (a, b"), b’ > b, which
contradicts the maximality of (a, b)). By Theorem 2 u, (t,-) — bin B'(R) ast —
+00, and it follows from the inequality # < u_ that (u(t,-) — b)* — Oast — +o0
in Z'(R). Similarly, if @ > —oo, then u > u_, where u_ = u_(t, x) is an e.s. of
(15), (2) with initial function ug(x) + a — I < ug. By Theorem 2 again the function
u_(t,-) = aast — +oo in Z'(R) because f; (uo(x) +a — I)dx = a while the
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function ¢ (u) is not affine in any vicinity of a. Therefore, (a — u(t, -))* —+> 0 in
—+00

2" (R). The obtained limit relations can be represented in the form

ua,)—%ﬁmaf»hjm0in@%RL (22)

where s, (1) = min(b, max(a, u)) is the cut-off function at the levels a, b (it is
possible that a = —o0 or b = 4-00).

We set w(t, x) = s, (u(t, x)) and choose a strictly increasing sequence #; > 0
such that fy — 400 and N, (u(ty, ) — w(ty, ) < 27%. Since a < w(t, x) < b while
¢(u) = cu + const on (a, b), then the e.s. of (15) with initial data w(#, x) att = ;.
has the form u = w(#, x — c¢(t — ;). By Theorem 1 (with the initial time #;) for all
t> 1

]% lw(t, x) = w(tg, x —c(t — 1)) |dx =]€§ [Sa,b@(t, X)) = sa,p(W(tk, x — c(t —1)))|dx
S]gklu(t,X) —w(tg, x —c(t —n))ldx < ]% Jut, x) — wite, x)ldx <27,

Substituting ¢ = 1;, where [ > k, into this inequality, we obtain

]% lw(ty, x +cty) — w(ty, x + cty)|dx :]% w(t, x) —w(ty, x —c(t] — tg))]dx < 2k,

Thus, w(ty, x + cty), k € N, is a Cauchy sequence in A" (R). Therefore, this
sequence converges as k — oo to some function v(x) € Z'(R) N L*(R) in Z' (R).
It is clear that the segment S(v) C [a, b] and therefore ¢ (u) — cu = const on S(v).
Since Sp(w(ty, x + cty)) = Sp(w(t, 1)) C Sp(u(ty, -)) C My, the same inclusion
holds for the limit function: Sp(v) C M,. Finally, as follows from Theorem 1, for
t > 1y

][ lu(t, x) —v(x — ct)|dx 5][ lu(ty, x) — w(ty, x)|dx +][ Iw(ty, x) —v(x —ct)|dx =
R R R

][ | (tre, x) — wty, x)|dx +][ Iw(tg, x + ctp) —v(x)ldx <
R R

27K Nyw(tg, -+ cty) —v) = 0

as t — +oo (then also k = max{!/ |t > t; } — +00). We see that relation (16) is
satisfied. To complete the proof of Theorem 4, it only remains to notice that

vVt >0 u(t,~)=][

u(t,x)ydx =1, v :][ v(x — ct)dx
R R

and (16) implies thatv = 1.
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In conclusion, we show that the operator ug — v = T (ug), defined in the Intro-
duction, does not increase the distance in %' (R).

Theorem 5. Let ug (x), ugp(x) € B (R) NL®MR) and v, = T (up)(x), vo =
T (up)(x). Then

]ﬁlw()c) —v2(x)|dx S]ilu(n(X) —up(x)|dx. (23)

Proof. Let u)(t, x), us(t, x) € C([0, +00), Z'(R)) N L>®(IT) be e.s. of (15), (2)
with initial data ug;, ug, respectively. By Theorem 4

5(1) =][ lui(t, x) —vi(x — c1t)|dx —i—][ lur(t, x) — vo(x — cot)|ldx — O,
R R t—+00

where ¢y, ¢; are constants. We can choose a sequence #; > 0 such that t; — 400 as
k — 00, and Ny (v2(x + (c1 — c2)tx) — va(x)) < 1/k. Then, with property (5) taken
into account,

][ [vi(x) —va(x)|dx =][ [vi(x —city) —va(x —city)|dx <

R R

][ Vi(x —citp) — va(x — o) ldx +][ [Va(x — cotp) — vo(x — citp)|dx =
R R

][ Vi(x —citg) — va(x — caty)|dx +][ [Vva(x + (c1 — c)ty) — va(x)|dx <
R R

]l 1 (1, %) — st )ldx + 8(0) + 1/k 5][ o () — g () dx + 5(5) + 1/ k.
R R

In the limit as k — oo, this inequality implies (23).

Remark 4. In view of Theorem 1 the map F, which associates an initial data ug €
B'(R") N L®(R") with the e.s. u(t, x) € C([0, +00), B! (R")) of problem (1), (2),
is a uniformly continuous map from %' (R") to C([0, +00), Z'(R")). Therefore,
it admits the unique continuous extension on the whole space #' (R"). By analogy
with [2], the corresponding function F (1) = u(t, x) € C([0, +00), Z' (R")) may
be called a renormalized solution of (1), (2) with possibly unbounded almost periodic
initial data u. By the approximation techniques, all our results can be extended to
the case of renormalized almost periodic solutions.
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