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Dedicated to Haim Brezis and Louis Nirenberg, with deep
esteem and affection

1 Introduction

In connection with the factorization of unimodular Sobolev maps, Haim Brezis and
the author observed the following property of Sobolev spaces [5]. Let 1 < p < oo
and 0 < A < 1. Then every function f € W!?(R") can be decomposed as

f=g+h, withg e WP AAwWlPyRNyandh e (WP nwP)®RY). (1)

We will present in appendix a proof of this fact using factorization. We will also
explain there how (1) is related to functional calculus (superposition operators) in
Sobolev spaces.

Decomposition (1) has a flavor of interpolation, and indeed we have for example
when p = 2 the equality [20, Section 2.4.3, Theorem, p. 66]

W2 = [W** Fl lga, with € :=1/(2 — 1). )

[We will recall in the next section the definition of the Triebel-Lizorkin spaces
Ff,!q.] Using (2) and the embedding Flz)1 <> WZ! (see the next section), we find
that W12 ¢ W»%/* 4 W21, However, this does not yield the stronger conclusion
w2 c (W2 w2y 4 (W>1nw'?2). Actually, one cannot derive the equality
Z = (XNZ)+(YNZ) merely from the inclusion Z C X+7Y (takee.g. X = Rx {0},
Y={0} x Rand Z = {(x, x); x € R)}.
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We address here the following question. Let 0 < 5,517,520 < o0, and 1 <
P1, P, p2 < 0o. Assume that

wSP(®RN) ¢ WP RY) + W2 P2(RN) for any N. (3)
Is it true that
WSPRN) = (WP 0 WEPYRY) 4+ (WS2P2 A WSP)(RN) forany N?  (4)

We emphasize the fact that we ask for N-independent properties. For example,
by the Sobolev embeddings we have W!! < L? when N = 1 or 2, but not for
N > 3, and thus (3) does not hold fors; = s =0,s =1, py=p2 =2, p=1.

Our first results characterize most of the triples T = (WS1-Pt W*-P  W52:P2) such
that (3) and (4) hold.

Proposition 1 Assume that (3) holds. Then there exists some 6 € [0, 1] such that

s> 6051+ (1 —0)s2, )
1 —
12,429 ©)
P Dl P2

Proposition 2 Assume that for some 6 € [0, 1] we have (6) and s > 6s1+(1—0)s>.
Then both (3) and (4) hold.

On the other hand, (3) and (4) trivially hold when (5)—(6) are satisfied with 6 = 0
or 1, since we then have either W7 <« W$2:P2 or W5P <« W51, We next
investigate the case where

1 0 1-06
s=0s1+ (1 —-0)s, —=—+ for some 6 € (0, 1). @)
p P1 p2

In this case, (3) holds most of the time, but not always. For example, when N = 1
we have

W22®R) ¢ WH(R) + L¥(R), ®)

i.e., (3) does not hold for the triple T = (whl wl/22 1) Indeed, for N = 1 we
have W1 < L% and thus Wh! 4+ L>® = L>° However, W!/>2 ¢ L.

Definition 1 A triple T = (WSt-Pt WS-P W52:P2) is admissible if it satisfies (7).
An admissible triple T is irregular if 51 # 52, 1 < p < oo and (exactly) one of
the spaces W*-P1, W*2:P2 is of the form WX with k € N. T is regular otherwise.

Thus T = (W1, W1/22 %) (which corresponds to the example occurring
in (8)) is irregular.
Our main result is the following
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Theorem 1 Let T be a regular triple. Then both (3) and (4) hold.

Equivalently, for every regular triple 7 we have
WP RY) = (WPt A WHRY) + (W2 0 WHP(RY), VN, ©)

For most of the regular triples, (4) follows automatically from (3), as explained
in Proposition 3 below. Thus, in particular, the conclusion of the theorem follows
whenever T is as in Proposition 3 and W*” can be obtained by interpolation
from WS1-P1 and W52:P2, However, when T is admissible W*:” need not be an
interpolation space between W*1-P1 and W*%2-P2_ at least for the standard real and
complex methods [20, Sections 2.4.2-2.4.7, p. 64-73]; thus one cannot derive
Theorem 1 directly from Proposition 3. We will present, in Sect.3, a proof of
Theorem 1 which does not rely on interpolation and establishes simultaneously (3)
and (4).

Definition 2 A Sobolev space W*'? is exceptional if s € N and either p = 1 or
p = oo. Itis ordinary otherwise.

Proposition 3 Assume that WP, W5P1 and W*2-P2 are all three ordinary Sobolev
spaces. Assume that for some (fixed) N we have WSP([RN) c wWs-PL(RN) +
W52:P2(RN). Then for such N we have

WSPRN) = (WP n WHPYRY) + (W2 P2 0 WHPY(RY).

We now turn to irregular 7’s. At least in some special cases (see (8) and, more
generally, the triples T = (W]’], wl/p.p ) with 1 < p < 00), (3) does not
hold for such triples. We do not know the characterization of irregular triples 7 for
which (3) and/or (4) do not hold. For irregular triples, we were only able to establish
a weaker form of (4), in which the space WX is replaced by a slightly larger space,
modeled on bmo (the local BMO space whose definition will be recalled in the next
section).

Theorem 2 Let T be an irregular triple, and assume e.g. that p, = oo (and thus s;
is an integer). Let 1 < gy < o0o. Then

WEPRNY = (WP A WSPYRY) + (F2 N WSPYRN). (10)

00,492
In particular, when sy = 0 (and thus W*2:P2 = L°°) we have
WSP@RY) = (WP N WEPYRY) + (bmo 0 WP (RY). (11)
When sy > 0, we have

WS,p(RN) :(W‘Yl’pl m Ws,p)(RN)
12)
+ ({f e Wby D271 £ e bmo} N WEP)(RY).
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In the special case s, = 0, s ¢ N, p; = 1, Theorem 2 was established in [5,
Chapter 6].

Remark 1 The question of the validity of (3)—(4) is somewhat dual to the one of
the validity of the Gagliardo-Nirenberg inequalities. There, one asks whether the
inclusion

WY N W RY) C wrr®Y) (13)
leads, for some appropriate 8 € [0, 1], to the estimate

1-6
1wy S 1 Wy ey L Dyt ey (14)

In the spirit of our Proposition 1, one may prove that the validity of (13) for every
N requires

s <051+ (1 —0)s2, (15)
1 % 1-6

12,49 (16)
2 I P2

w9

for some 6 € [0, 1]. If we have either “<” in (15) or 6 € {0, 1}, then we have
both (13) and (14); this follows from the main result in [4]. As in our situation, the
interesting case is the one of admissible triples. In that case, (15) and (16) hold when
s1, s, sp are integers, as established in the seminal contributions of Gagliardo [11]
and Nirenberg [15]. It turns out that (15) and (16) hold for most of the admissible
triples, but not all of them. A characterization of the admissible triples for which (15)
and (16) hold has been obtained in [4]; see also [8, 12, 16] for older partial results.

Remark 2 As one may expect, whenever it is possible to decompose f = f1 + f>
with fi € (WPt WSP)YRN) and fo € (W22 0 WSP)(RY), we also
have a norm control for f; and f; in terms of || f|lws». A simple example of
such decomposition with norm control is the following. For f € L?*(RY), set

i = FLwir@=ifl e, ad f2 = f L 7@l<ifl2gw,)- Then clearly
fi e 'NLH®RY) and f» € (L® N L?)(RY), and in addition we have the
norm controls

I fillprwyy < W l2@mys llzgeyy < 0 IL2@wy,

I f2lloomyy < N Flp2@nys I f2llp2@yy < 1 2@y

Note however that the map f + (f1, f2) is not linear. Likewise, in general we
will construct nonlinear decompositions.

Our text is organized as follows. In Sect.2, we recall some basic facts on
function spaces, instrumental for our purposes. The proofs of Propositions 1, 2 and 3
and of Theorems 1 and 2 are presented in Sect.3. A final appendix presents the
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factorization theory and its connections with the sum-intersection property and with
the functional calculus in Sobolev spaces.

2 Basic Properties of Triebel-Lizorkin Spaces

Definition 3 Let € CX° (RM) be such that ¥ = 1 in' B1(0) and supp ¢ C B>(0).
Define ¥ = ¥ and, for j > 1, ¥;(x) = ¥ (x/2/) — V(x/2771). Set Qj =
Ty jeS .I Then for each temperate distribution f we have

f=)_f ing, with f; := f x ;. (17)
j

f =2 fjis “the” Littlewood-Paley decomposition of f € ..

Note that F f; = ;% f is compactly supported, and therefore f; € C* for
each j.

Definition 4 Starting from for Littlewood-Paley decomposition, we define the
Triebel-Lizorkin spaces F,i,q as follows: for —oo < s < 00,0 < p < oo and
0 < g < oo, welet

={f e Ifllrs, < oo}
>0 19N P

1l = HH Z”f](x))

Lr (]RN)

Same definition when p = g = oo.
This definition has to be changed when p = co and 1 < g < oo [20, Section
2.3.4, p. 50]: we let

| 50),.,

P fj e L°®RN), F=3"fjx0;

19 (N) L (RN)

xeRN

”f”Fgo,q = inf Iesssup

the latter equality being in the sense of ..

Most of the Sobolev spaces can be identified with Triebel-Lizorkin spaces [20,
Section 2.3.5] and [17, Section 2.1.2].

Theorem 3 The following equalities of spaces hold, with equivalence of norms:

1. If s > 0 is not an integer and 1 < p < 0o, then WP (RN) = F*
2. If s > 0 is an integer and 1 < p < oo, then WSP(RN) = F*

]Equivalently, we have gy = . 'y and, for j > 1, j(x) = 2N o (27 x) — 2NU=D o2/ 1x).
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When s > 0 is an integer and either p = 1 or p = 00, the Sobolev space W*'P
cannot be identified with a Triebel-Lizorkin space.

Theorem 3 is usually used in conjunction with Lemma 1 below. The reason is
that, in practice, we do not know the Littlewood-Paley decomposition of f, but only
a Nikol’skij decomposition of f.

Definition 5 A Nikol’skij decomposition of f € .’ is a representation of the form
; ; B,j+1(0) \ Byj-1(0), ifj>1

=Y f/inY, withsupp Z f/ C 2+t O Byt (0), il j = )
B1(0), ifj=0

Note that in particular the Littlewood-Paley decomposition f = ) f; is a
Nikol’skij decomposition.

Lemmal /. Letl < p <00, 1 < g <ooands € R. Consider a sequence (fj)

such that ” (2” fi ()c))j.>O o) N <o00. Then f =Y f/ @;j converges
- LP(RN)
in 7" and
17rs, S H (277 w) : as)
pa 72019 (v LP@®Y)

2. Same conclusion if 1 < p =gq < oo.

Proof 1Tt suffices to consider finite sums, and to establish (18) in this case. We start
with item 2, which is easier. Note that f € L?(R"V), and thus f € ./’

Let f =) =0 [ be the Littlewood-Paley decomposition of f. Since ¢ *¢; =0
if |j — k| > 2, we find that

fi=Ffxei=> flemxpi= Y frpxg; 19
k

[k—jlI=1

and thus

Ifilleemy < D IF %o x0illon)

lk—jl=1
< Y M N remlloe * @illeyy <C Y0 I gy
lk—jl1=1 lk—jl=1
(20)
We obtain (18) with p = g from (20).
We now consider item /. From (19), we find that
il Y 1 s groI<C Y W) 1)

lk—jl=1 lk—jl=<1
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Here, .# is the standard maximal operator, and we used the inequality [18,
Proposition, p. 24]

If % pe()]| = Cpd f(x), VpES, Ve >0.

Using (21), we find that

1/, S (2777)

)

>0
1= LP(RN)

Jj=0

H 2T [ (%))

19(N) 19(N)

LP(RN)

the latter inequality being the Fefferman-Stein vectorial maximal inequality [10].

Definition 6 We define, for f € L} (RN),

loc

1 lomo = sup [ 171+ sup ]i ]i 1) — FO)dxdy,

|Bl<1 |B|=1
the sup being taken over the balls of volume < 1. We set
bmo = {f € Lipe®™); || fllbmo < 00}.

With its natural norm, bmo is the local BMO space.

Then we have [21, Theorem, p. 47] bmo = Fgo ,- Using this equality,
Definition 4 and the embedding ¢9 — 02,0 < q < 2, we obtain the following

Corollary 1 If f =3, fixgjinS and0 < q <2, then

2/q
£ I3mo < C esssup Y | £7(x)|* < Cesssup Z FRXCSIEA I (22)
xeRN j xeRN
for some C independent of the f/’s

Corollary 2 For 1 < g < 2, we have Fgo’ g = bmo.

As we noticed above, when s € N the space W*! is not a Triebel-Lizorkin space.
However, we have the following

Lemma 2

1. When s > 0, we have Fls’1 — WSL(RN).

2. More generally, for every s > 0 and 1 < p < 00 we have F;,l — WP ([RN).
The same holds when p = 0o and s > 0 is not an integer.

3. When k > 0 is an integer and 1 < g < 2, we have

FY , = {f e W ®RY): D f e bmo).



210 P. Mironescu

Proof We start with p = 1. When s is not an integer, we actually have equality.
When s = Oand f € F |, we have || flligyy < Xm0 1 fil 1wy = Ifllpo, <
oco. When s > 1 is an integer, we use the fact that [20, Section 2.3.8, Theorem.(ii),
pp- 58-59]

S S A
1Al ~ DN Fllpes 2 3O ID fllgo, = D0 UDT iy = 1F et gey-
j=0 j=0

j=0
When | < p < oo, the desired inclusion follows from
F;’] — F;’q = WP (RN) (withg =2 or ¢ = p, according to s).

Similarly if p = oo and s is not an integer.
Finally, if p = oo and s is an integer, we argue as for p = 1, relying on
Corollary 2 and [20, Section 2.3.8, Remark 2, p. 60].

We now briefly recall the characterization of Triebel-Lizorkin spaces in terms of
wavelets.
Let v, ¥1 be respectively a father and mother (sufficiently smooth) wavelets. For

N
G e {01}V, j e Nandm € ZV, let ¥, (x) = 2N~//2]_[¢G,(2fx, —m,),
r=1

x € RN Let, for f €.7,

i o, if j >0and G = {0}
Gm 2N (foyl ). otherwise '

Recall [22, Section 3.1.3] that f = Z 2*Nj/2)»é’mwé’m in the sense of ..
Jj.G.m
Conversely, if

£=) UGmVom+ > 2 Ni2yl  wl . inthe sense of 7,
G,m =0, GHOW m

then the wavelet coefficients Aé,m of f are given by
N 0, if j >0and G = {0}V
G,m — Jj . .
KG.m» otherwise
N . .
Let, for j € Nand m € ZVN, Qj,m be the cube l_[[2*/ (m, —1),277(m, + 1)]. Set,

r=1
for0 < g <o0,s € R,
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. 1/
80 = g, () = (29D, 1110,,@) (23)

When g = 0o, we replace the £¢ norm by the sup norm.
Then one may read the smoothness of f in terms of the integrability properties
of g. The following statement is a rephrasing of [22, Theorem 1.64, p. 33].

Theorem 4

1. Let —00 <s <00, 1 < p <o00,0<gq <o0. Then ||f||pls;’q ~ ||g;’q||Lp(RN).
2. Same conclusion if p = q = oo.
3. In particular, if s > 0 is not an integer and 1 < p < 0o, then || f|lys.p@wny ~

g pller.
4. If s > Ois an integer and 1 < p < 0o, then || f |l ys.pwny ~ 85,2l Lr-

Let us note that when p = ¢, this norm equivalence takes a particularly simple
form. More specifically, we have

I~ D 2077 ag |7, —c0 < s <00, 1< p <00 (24)
Jj,G,m
1fllFs e ~ sUP 213G, |, —00 <5 < 00, (25)
7,G,m

Our next result relies on properties of the Besov spaces B‘;,, 4+ In order to keep
this section short, we will be rather sketchy.

Lemma3 Letr0 <s < oo, 1 < p <ooande > 0. Then, with g;,’q as in (23), we
have

||f||Ww’(]RN) S ”g;—f}f”LP(RN)v (26)
||g;;,_,f ”LI’(RN) S ||f||WS-1>(RN)~ (27)
Proof (Sketch of Proof) The above estimates are equivalent to the embeddings
s+e s,pmN s—¢&
Fy0 = WHP(RY) < F, (28)
When s is not an in an integer, we have W*?(RV) = F »,p» and the conclusion
is clear.

When s is an integer and 1 < p < oo, the Littlewood-Paley decomposition
f=2_; fjof f satisfies 7, Lemma 2.1.1]

Il follLe @y = 1 F1lLe@wry, zsj”f/”LP(RN) SID fllpr@nys Yij > 1. (29)

Thus sup; 287 I fillLe@ny S I1f llws.p ) i-€., we have the embedding
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WP @RY) — B .. (30)
On the other hand, we have [19, Chapter 5, Lemma 3.14]
1D filloeny S 27 1 filomys Vi =0,

and thus

1 sy S D (1fillzo@yy + 1D Fill Lony) S D 271 £l Lo .-
J J

Equivalently, we have the embedding
B} | — WHP(RY). (31)

We obtain (28) via (30)—(31) and the following elementary embeddings [20,
Section 2.3.2, Proposition 2, p. 47]

s+& __ ps+e K s, p N s S—& __ s—¢
Fp’p—Bp’p<—>Bp’1<—>W R )=> B, B, =F, .

3 Proofs

Proof (Proof of Proposition 1) In order to prove the existence of some 6 such
that (6) holds, we have to establish the double inequality

min{p1, p2} < p < max{pi, p2}. (32)
We argue by contradiction. Assume first that p > max{pp, p»}. Let

2

= (1 +x2)(1+8)/(217)’ Vx eR.

f(x)

Clearly, f € L?(R), and more generally f € W57 (R) for every integer k. It
follows that f € W*P(R) for every s > 0. On the other hand, for every fi, f> such
that f = f1+ f> and every x we have either | f1(x)| > f(x)/2or|f2(x)| = f(x)/2.
We find that

1P+ 120172 2 fP 4+ f)P? = g(x).

Since, for sufficiently small &, we have g & L'(R), we find that f & LP!(R) +
LP2(R). Therefore, f ¢ W*-P1(R) + W*2:P2(R), which is a contradiction.
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Assume next that p < min{py, p2}. Let p < r < min{py, p2}. Let N be
sufficiently large such that W7 (B) ¢ L"(B); here, B is a ball in RV . By a standard
extension argument, there exists some f € Wo'”(RV) such that f ¢ L"(R"). Such
an f does not belong to L7 _(R), and thus does not belong to LP! (RY)+LP2(RN).
We find that f ¢ WS1-P1(RN) 4+ W52-P2(RV), again a contradiction.

We thus know that (32) holds, or equivalently, that (6) holds for some 6.

We next proceed to the proof of (5). Assume first that py = p» = p. Then 6 is
not determined by (6), and its existence is equivalent to s > min{sy, s2}. Arguing
by contradiction, assume that s < min{s, s3}. Let s < p < min{s, s2}. If f €
WP (R) \ WP-P(R), then

fgWLPR) + WP (R) = WP (R) € WP (R),

a contradiction.

Assume next that p; # py. Then 6 is determined by (6). Argue again by
contradiction and assume that s < 0s; + (1 — 60)sp. Seto := 051 + (1 — O)sy > s.
Consider some ¢ > 0 such that s + ¢ < o — ¢. In view of Lemma 3, in order to
contradict (3) it suffices to establish, for some appropriate N, the non inclusion

s+e Nt s1—¢&
Foo & Fpio * Fio o (33)
With no loss of generality, we may assume that

1 < p1 < pr <oo. (34)

We will treat separately the cases p» < co and py = oo.
Set, in all cases,

51— ¢ §2 — € 51 52

. _ D2 pr P2 Dl
o= 0 0 =5 T e (35)

P1 p2 P1 p2

Proof of (33) When p, < oo. We rely on the following
Claim. For appropriate C1, C; > 0, we have

[a+b=3S,S > C]Zaj] — [2(51—8)jp1 la|Pt + 2(S2—8)jl72|b|172 > C22(6—8)jp]_

(36)
Granted the claim, we conclude as follows. Consider some f € .’ such that
for every j, G and m we have either XJ = 0 or W = Ci12%, with C; as

in (36). The claim combined with (24) 1mp11es that for every posszble decomposition
f = fi + f2 we have

Ilf1 IIPYl — T IIlelpr2 e 2 IIfIIFa . (37

PI P 1’2 P2
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We are now in position to obtain a contradiction. Let N be sufficiently large such
that (0 —¢+a)p < N.Let§ := N—(0 —s+a)p > 0. Fix some Gy € {0, 1}V \{0}".
For every j € N, consider a set M; C Z" such that #M; ~ 2%/ Set

Z 2~Nil2Zc p% Vom:
j,mEM_,-

By (24), we have

(Falks y ~ 22((S+5+0t)17—N+8)j _ 22—((0—5)—(s+s))j[7 < 00
F3te ,
J j

while

17y, ~ D2 4mr D) _ 571 — oo
J J

We complete the proof of (33) when p; < oo using the two above inequalities
and (37).
Proof of (33) When py = oo and 0 € (0, 1]. This time we have o« = — (57 — €). We
modify the definition of f by setting

—Nij/2 . i j
Z 2—Nj/ Jzalw(fyo,m.

Jj.meM;

Assume, by contradiction, that f = f; + f, for some f] € Ff,ll moand fr €
Fsz 3 _ Write fl Z/,G,mz NJ/Za(;mme’f2 Z Gm 2- Nj/2b./ I/f],m
Since f> € Fal.o0, We have

|bf; | < C2762700 = 2% ¥ j, G.m.

Since aGO m T bl =j 207 J,¥Ym e M;, for sufficiently large jo we have

Go,m
|aG0,m| z 5-]2 , Vj=>jo, Vme Mj.
Inserting this into (24) and using the fact that

(s1—e+a)pr—N+8=(s1 —s2)p1 —0(s1 —s2)p = (51 —s2)(p1 —6p) =0

(since p; = Op), we find that
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. _ —N)j
”f”?n*s > Z JP12((S| eta)p1—N)j

PEPE > jo. meM;
~ E jplz((31—8+01)171—N+5)j — E jP = oo.
Jj=Jo Jj>jo,meM;

On the other hand, we have

||f||i-;+s ~ ijz((s+€+a)p*N+8)j — ijzf((J*E)*(erS))jp < o0,

P

This leads to a contradiction and completes the proof of (33) when p, = oo and
6 € (0, 1].
Proof of (33) When p, = oo and 6 = 0. This is similar to the case py = o0
and 0 € (0,1]. We have @ = —(s2 —¢) = —(0 —¢) < —(s + ¢). Consider
f = Zj’m 2_Nj/2j2“j1péoym. [This time, the sum in m is over all m € ZN]
We then have f € nggo Arguing by contradiction, we obtain that f cannot be
decomposed as f = fi + fo with fi € Fj\ , and f» € F32 . Indeed, as in the
previous case, if f> € Fgé_og then for large jyo we have

1A 2 jraten =il = oo,
DD

JZJomeZ
Proof of the Claim. Let S > 0. The function

[0,00) >t > g(t) := 261=)J (1 — £)§ 4 202=€)ip2/P1yp2/ Py gP2/ P

is convex, and its derivative at the origin is negative. Thus g has a global minimum
at the point 7y where g’(f9) = 0. Solving the equation g’(r) = 0, we find that
fo=C1298" ! withC; > 0 independent of j. Provided that § > C12% , we have
to < 1, and therefore the first term in g(¢) is non negative. For such S, we thus have

g(t) > g(to) > 2(52*8)1'1?2/1?1(,0)172/1?15172/171 — ¢262—eta)p2/p1j 62(0*8)17/171]’
vt >0,

with ¢ > 0 independent of S. .
Letnow a, bbe suchthata +b = S > C;2% . Then

2~Yl]Pl |6l|p1 + 2~Y2]P2|b|p2 z 251]1712171 + ZSZJPZQPZ’
where

a, if0<a,b<S§ b, if0<a,b<S§
a:=10, ifa<Oandb>S,b:=1S, ifa<Oandb>S. (38)
S, ifa>Sandb <O 0, ifa>Sandb <0
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Therefore, it suffices to prove (36) under the extra assumption that 0 < a,b < S.
Writea = (1 —1)S, b =1tS§, with t € [0, 1]. We then have

2(s1=8)jp1 4 P1 + 22=8)jp2pp2 (2(S1*€)ja + 2(S2*8)jp2/P1bP2/171)p'

= [gO1"" > [g(tp)]"" = P12,

O

Proof of Proposition 2 Assuming Theorem 1. As already noticed in the proof of
Proposition 1, when p; = p = p or when 68 € {0, 1}, properties (3) and (4)
are trivially true. We may thus assume that p; # py and 8 € (0,1). Set A :=

A
s—(@s1+(1—06)s2) >0.For0 < ¢ < g,leté > 0 satisfy e + (1 — 0)§ = A.

Then we may pick ¢ such that neither s1 4 € nor s2 + § is an integer. Thus the triple
T = (WSrHer WP W92+3.p2) s regular. Granted Theorem 1, this implies

WP (RN) = (WSTEPt A WP (RN 4 (W2 H0P2 0 W Py(RY)
C (WP AW PYRY) 4+ (W22 0 WHP)(RY).

Proof of Proposition 3. Decompose f € WSP(RN) as f = fi + fo, with f] €
Ws-PL@RN) and f, € WS2-P2(RY). Write, in the sense of .7,

—Nj/24] J
f: Z 2 il )‘G,mwG,m’

Jj,.G.m

— —Nj/2,] J _ —Nj/24] J
fl - Z 2 i aG,mwG,m’ f2 - Z 2 /! bG,mwG,m'

Jj,.G.m j,G,m

In the spirit of (38), define

J J J
agG m» 1f0<aG me _k

j . . j j o —Nj/2 J J
6.m =10, 1faG)m <0andbg; , > Ag,, - [ = Z 2 a6 mVG.m
Jj.G,m

S

)‘ém’ if al; ,, >)¢émandbém <0

J : J J J
bG m’ if 0 = aG,m’ bG,m = )”G,m

i e j ] . —Nj/23] J
QG,m T )‘ij’ lfaé,m < Oand bJG m = )\] ’ iZ T Z 2 7! QG,mwG,m‘

J,G.m

e J J
0, if agm > A and bG m

Then f = i : + i . and Theorem 4 implies that



Sum-Intersection in Sobolev Spaces 217

S ||f||stp(]RN) < o0, S I ||WS1-P1(RN) < 00,

|£.]

2]

WP (RN) WS1:P1 (RN)

|£.] S flwsr@m, <00, |1, S 1 fallysnrageny < 0.

Ws.p (RN) W22 (RN

O

Proof of Theorem 1. The case where p| = p; is trivial, since we then have W*? C
pyminiss2).p.

We may thus assume that
l<pi<p<pr=oo. (39)

We further distinguish between the cases s; = s» and s1 7 s7, and also between
p2 < oo and pp = oo.

Given f € W P (R"), we write f = 3"
Case 1. 51 =55 = s ¢ N. Set

. _Ni2 j j o —Nj/24] J
fii= Z 2~/ aGm¥em 121= Z 27! b6m¥VG.mo

—Nj/24] J
2 i )LG,ml/fG,m’

J,G.m j,G,m
with
. J ey —sj . ey —sj
2 AG.m> if AG.ml =2 I if AG.ml =2
G,m'_ . j —si > “Gm " Jj . j —si
0, 1f|)\G,m|<2 s AG.m> lf|)\,G,m| <279

Since p; < p, we have
|aJG‘m|p1 < ZSj(Pl—P)|)LJG‘m|P_ (40)
Using (40), the fact that s is not an integer and (24), we find that
I fillwsrgyy S 1 lwsrgvys 1l vy S 1 W vy 1)
Similarly, if p» < oo then we have
| follwsreyy S 1 lwsrvys 10 vy S 1 Wy 42)
On the other hand, if p» = oo then

I2llwsr@yy S Nflwsp@yys [ f2llwsoe@yy S 1. (43)

We complete this step via (41)—(43).
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Remark 3 The estimates (41)—(43) are nonlinear, while one would expect linear
estimates. Actually, it is possible to obtain linear estimates by cutting the coefficients
AJG’m at he.ight A2.’sj instead of 27/, with A := || f |lyys.p - The corresponding
decomposition satisfies

I fillws.r @y + 11 llwsien @yy + I 2llwse@yy + 120w @iy S 1 lwso @y

Similar observations apply to all the other cases.

Case 2. s; = so = s € N. In this case, we follow the ideas of DeVore and Scherer
[9] concerning the interpolation theory of classical spaces, in the form presented in
Bennett and Sharpley [1, Section 5.5, pp. 347-362].

We claim that it suffices to decompose every f € (WP N C®)(RVY) as f =
f1 + f2, with

Il @y S 1F Twsnys 1 lwsn@ny S 1F lwsnnys (44)

| f2llwsco@mnyy S M lws.o@yys 1 2llwsp@yy S I lTws.p @y (45)

Indeed, if this holds then Holder’s inequality implies that

||f1||WS-P1(RN) < ||f||Ws,p(RN)7 ||f2||WS’P2(]R<N) S ||f||WS-p(RN)a 1 < p1 <pr =00,

(46)
and then a density argument shows that (44)—(46) hold without the extra assumption
f € C®°; this settles this case.

We next proceed to the construction of f; and f,. Let .# denote the standard
maximal (uncentered) operator. Set Hy(x) := Z\a|=e [0 f(x)] and H(x) :=
ZIZ:O Hy(x).Let 2 := {x € RVN; #H(x) > t}and M := RN \ 2. Thus M
isclosedand H(x) < t,Vx € M.

Let ¢ be such that ||///g||Lp(RN) < cligllirmyy, V8 € LP@RN). If 7 :=
C”H”LI’(RN) ~ ||f||w&p(RN), then

2| < i/ (HH () dx < | H| L @7)
TP Q TP

p

Lr@N) =
We then let f> be the Whitney extension of fjy and set f; := f — f>. More

specifically, let (Q;) be a Whitney covering of §2 with cubes of size £; and

centers y;. Let O}, denote the cube of center y; and size ¢£;. Recall the following

properties of the Whitney covering:

(Qj,9/8) is a covering of 2, Q; 4 intersects M, V j, Z]le(x) < C(N), Yx.

J
(48)

Let (¢;) be an adapted Whitney partition of unity in £2, i.e.,
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suppp; C Qjos, ¥V Jj, and [8%¢;| S (¢;)™*, Ya e NV, (49)

Letx; € M N Q4 and set

)

nw= Y o et

Jer|<s—1

the Taylor expansion of order s — 1 of f around x;. Then we set f, :=
f, in M
S Ti¢;, in2
This f; satisfies [1, Theorem 5.10, p. 355] f» € W3RN and
I ollwsoe@my S T~ I f llwsnen- (50)

On the other hand, using the fact that [£2| < 1 (by (47)), we find that for every
1 < r < p the function f; satisfies

I fillwsr@wyy =1 = fallwsr2) < WS llwsr 2y + 1 f2llwsr )

(5D
S llwsr2y +t S I fllwse@) + T S 1 lwsp@ny-
Combining (50)—(51), we also have
||f2||w-tp(RN) f, ”f”WSvI’(RN)- (52)

We obtain (44) (and complete this case) from (50)—(52).
Case 3. s1 # s» and py < oo. This is somewhat the general case. We will prove
below that

s K
Fp,q = (F!

prar 1 Fpg) + (Fp gy N Fy ). (53)

P2,92

under the assumptions

—00 < 81,8, <00, §S1#852, 0<pr<p<pr<o0
(54)
such that (7) holds, 0 < ¢1, ¢, g2 < oo.

In view of Theorem 3 and Lemma 2, this is stronger than the conclusion of
Theorem 1.

We now proceed to the proof of (53). Throughout the calculations we perform in
this case, we assume (54).
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Define, in the spirit of (35),
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(55)

(56)

51 82
_ P2 pi
=g
r1r P2
Let us first note that the proportionality condition (7) leads to the following
identities
s s s1 s
P2 p _ P P
TT 1T 1
p P2 pLp
and

(s1+a)pr=(G6+a)p = (s2+a)p.

In addition, we have

either sy + o, s +a, s +a >0, orsy +ao, s+, s +a <O0.

Given a sequence (x;) of nonnegative numbers, set, fori =1, 2,
Si(x) 1=y 29 ()%, gi(x) = [S; (074,
T(x) =Y 2Y40x))7, h(x) = [Tx)]"/.
Lemma 4 There exists some finite constant C such that
[xj <2%, ¥ jl = g(x) < Ch(x).
Lemma 5 There exists some finite constant C such that
[Vj, x; >2% orx; =0] = g1(x) < Ch(x).

Granted the two lemmas, we proceed to the proof of (53).

Let f € Fj , and write, in the sense of 7/, f = 3", ;. , 27 N/23,

(57)

(58)

(59)

J
m¥G.m- Set

fi1:= Z 27Nj/2)\.é’m¢(j;,m7 = Z 27Nj/2)‘é,mwé,m‘ (60)

%G m 1> 2% 3| <2%7

Clearly, f1, f2 € F) .
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We next note that, for each x and j, there exists some subset M (j, x) of ZN,
say M(j,x) = {mﬁ,x}]g:] (with k := 3" independent of j and x), such that m ¢
M(j, k) = x & Qj . This implies that for all x € RY we have

. : 14 .
> 2 af| 0~ 3D 2

Jj.G.m j.G.t

. P )
J j
aG;mZ, ]lQ_/,m‘;.X(x)’ Vo, Vo, VaG,m'

715X

(61)

Applying Lemmas 4 and 5 with x; := 1o , (x)and using (60)-(61),
' J.mj‘x

A
G,ijX

we find that

p1 < Pv p2 < p
LAl SR - 12l S, (62)

1-41
It thus remains to prove Lemmas 4 and 5.

Proof of Lemma 4. Define A := (s2 +a)q2, B := (s +a)q. By (57), we have either
A,B>0,orA,B <0.
Seta; :=2"%x; €0, 1]. Then

S0 = $h(@) = Y 2M @p®, g = Ba(a) = [Sa@)] ",
— T(q) — Bj(., .\d — T — [T (1P
T(x)=T(a):= ZZ (@j)?, h(x) = h(a) := [T(a)] .
Let J be an arbitrary nonnegative integer, and set
A3 i={a=1(aj)j>0; a; €[0,1], Vj, anda; =0, Vj > J}. (63)

In order to establish the lemma, it suffices to prove that

P(a) < Ch(a), Va € A7, (64)
provided C does not depend on J. ~
Fix J. Fora € A%, a # 0, set ﬁ(a) = %. Since fz is homogeneous of

degree p» — p > O, it attains its maximum at some a such that at least one of the
aj’s equals 1. For this a, set

Api={j<J;a; =0}, Ap:={j<J;a;=1}, Ay:={j<J;0<a; <1}

By the above, we have A, # (. Set m := min A and M := max A,.
Step 1. Proof of the lemma when A3 = (. Assume first that A, B > 0. Then

Sia)= ) 2M <y oM oA Ta)= " 2B > 2BM
JEA2 =M JEA2
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We find that

(2AM)172/£12

h) S “QEMyla =1,

since A22 = BL (by (57)).
e q _ N
If A, B < 0, we have similarly Sy(a) < 24m and T(a) > 28™ and therefore

hla 5.
Step 2. Proof of the lemma when A3 # (. Set £ := min A3z, L := max Aj.

0 ~
If j € A3, then a—fz(a) = 0, and thus
aj

p2Y 5@ a )™ T @17 = p2PI [T @177 @) "™ [82(@)]/,
which implies that
(@)1 = 1287V j € Ay, with C = Cj(a) constant. (65)

Step 2.1. Proof of the lemma when A3z # () and q» = q. By (65), the quantity
2(B=A)J does not depend on j € As. On the other hand, since g = ¢ we have
B — A = (s —s2)g # 0. Thus A3 contains only one element, A3 = {¢} = {L}. We
find that

2aa) = Y 2Y 424 @, ha) = ) 2% 4+ 28 a)1.
JEA2 JEA2
Asin Step 1, when A, B > 0 we find that

(24M 4 2A€(a£)q)l’2/‘1 B 2AP2/aM | 2AP/4 (g,) P2
(23M+23z(a€)q)P/q ~ 2Bp/aM 4 2Bp/q(qp T

@) <

the latter inequality following from A& = BB, p2>pand0 <ap < 1.

q2 q
The case where A, B < 0 is handled similarly.

B—-A
Step 2.2. Proof of the lemma when Az # () and g2 # q. Define y = LIt
92 —q
follows from (65) that
aj =C2", Vje As. (66)

Let us note that

B—A Bg, — A s — 5
A+yqp=A+ q = 1 q=qqz
a2 —q a2 —q q@—q
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We therefore have the following four possibilities:

.A,B>0,A+vyq > 0.
.A,B>0,A+yq <0.
.A,B<0,A+vyq > 0.
.A,B<0,A+yq <0.

AW N =

We complete Step 2.2 in one of these cases, and let to the reader the three other
ones, which are similar. Assume e.g. that A, B > O and A + y¢> < 0. In this case
we obtain an information on C» by letting, in (66), j = £. [If A 4+ yq2 > 0, we take
j = L.]Since 0 < ay < 1, we have 0 < C22"¢ < 1, and thus C» = C3277¢, with
0 < C3 < 1. We find that

a; = C32"V7Y v j e A3, for some C3 € (0, 1). (67)
Since A > 0 and A + yg» < 0, we find that

§2(a) < Z 2AJ 4 Zz(AH’qz)j (C3)6122—qul
J=<M j>t

< 2AM 4 ATyl ()20~ v 2t — pAM | S AL ()02
while
T(a) = 28M 4 2B4(Cy)1.
We find that

(ZAM + 2‘”(C3)q2)pz/q2 - 2AP2/@2M | 2AP2 /@2 (C5) P2
(2BM 4 2B¢(Ca)a)P/ 2PN 4 2BPlat(Cy)p

frla) <

sinceA& = B£,0< C3; < land pp > p.

q2 q
The proof of Lemma 4 is complete. O
Sketch of Proof of Lemma 5. This is very much similar to the proof of Lemma 4.
This pime, we have a; € {0} U [1, 00). With C := (s1 + a)q1, we set Si(a) =
> 2% (a;)?" and

Al i={a=(aj)js0; aj =00ra; >2%,Vj, anda; =0, Vj > J}.

[§1 (a)]P1/a1
[T (a)]P/4
1,VJ,Va e Alj, a # 0. This is obtained following the same strategy as in the proof

of Lemma 4, considering, for a maximum point a of fi, the sets

Ifa e A}, a # 0, we set f{(a) = . We have to prove that fi(a) <
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Ar={j=<J;a;=0}, Ap:={j<J;aj=1}, A3:={j <J; 1 <a; <oo}.

The key ingredients are that C and B are either both positive or both negative,
B-C

respectively the fact that, when g # ¢, the quantity C + g1 does not vanish.

Details are left to the reader. O
Case 4. s1 # s2 and p> = oo. This is very much similar to Case 3. We prove the
equality

s s s K s
Fpg=Fpg NFpg) +(FZ N EFpy) (68)

under the assumptions

—00 <51,8,5 <00, s1£52, 0<pi<p<pr=00
(69)
such that (7) holds, 0 < g1, g < oo.

[For an improvement of (68) under more restrictive conditions of pi, see the proof
of Theorem 2.]

In view of Theorem 3 and Lemma 2, this implies Case 4. In order to prove (68),
we decompose f € Fj . as in (60). By Theorem 4 and Lemma 5, we have fi €

F[SJII,CII N F;,’q. On the other hand, since p; = oo we have ¢ = —s3, and then
clearly (60) implies that f> € Fgg,oo N F$P,
The proof of Theorem 1 is complete. O

Proof of Theorem 2. We will prove the following version of (68): we have

Flshq = (FlilvaI N F;,q) + (Fosé,qz A Fls)yq) (70)

under one of the following assumptions

—00 < 81,8,8 <00, S] #£852, |l <pl<p<pr=00
(71)
such that (7) holds, 0 < g < o0, 1 < ¢q1,q2 < 00

or

—00<S1,5,8 <00, S|, |l =p<p<pr=00
(72)
such that (7) holds, 0 < g < o0, g1 =1, 1 < g3 < 0.

Granted (70), we obtain the conclusion of Theorem 2 via Theorem 3, Corollary 2
and Lemma 2.
We now proceed to the proof of (70).

Let f € F ;yq, and let f = ) f; be the Littlewood-Paley decomposition of f.

Set f/ = Z“ﬁﬂfl fi = Zlk*j‘fl S * @k * ¢;. Taking into account the fact that
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@j*@r =0if |j — k| > 2 and that ), ¢ = & in the sense of .#”, we find that
S fiwei =) frorei =) fxro;="f (73)
J J-k J

On the other hand, we clearly have

H H (27 ). s H (27£,0) = 1£lr;,.
T2 @ || pp mvy P20 || Ly wovy
(74)
Define
1
§:=—#0. (75)
p(s —s2)
Let us note that (7) and (75) imply the identity
% + (s1 — s)dp1 = 1. (76)

. . /
Givenx € R, leth(x) = (Y 2W|ff<x>|q)p ? sothath < oo a.e. Whenever

h(x) < oo, define J = J(x) as follows: J is the least non negative integer such that
2 > [h)P.

Lemma 6 Let § and J be as above.

1. If§ > 0, then

Pi/q 1/q2
D 2N i Sh(x)and | Y2290 f1(x)[e2 <L
Jj<J j=J
(77)
2. If§ <0, then
P1/q 1/q2
D 2N I )| Shx)yand | D222 fioe ] <1
j>J J=<J
(78)

Granted Lemma 6, we complete the proof of Theorem 2 as follows. Assume e.g.
that § > 0, the case § < 0 being similar. Define, for a.e. x € RN,

o) i {fj(x), itj<s0 o[ if j < J(x) 79

0, ifj>Jx) |, =T
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C(_)mbining (73), (74)2 Lemma 6 and Lemma 1, we find that the series f; :
> g/ x¢jand fo := h' % ¢; converge in ., that f = fi + f>, and that f

51 s 52 s
FpigNF g 2€F5,NF, .

omll

Proof of Lemma 6. We consider only the case § > 0, the case § < 0 being similar.
Set M := [h(x)]’. We let to the reader the case where M < 1 and thus J = 0 and
the first sum in (77) vanishes. Assuming that M > 1, we have 27 ~ M and

|70 < 279 [h)]VP =27 MYOP) v j > 0. (80)
Since § > 0, we have s > s>, and thus s1 > s > s5. Using (80), we find that

Z 25141 |f/ )1 < M1/ 6p) Z 261=9)jq1 < pra1/Gp)p(si—s)Jq
j<J j<J
~ MQI[I/(SP)‘F(SI_S)]' (81)

Combining (76) and (81), we find that

pi/qi

Z 251J4q1 |fj (x| < [M

j<J

l/s]m/pﬂsflfs)S _ oy hx).

i.e., the first inequality in (77) holds.
For the second inequality, we note that (80) leads to

Z zszjqz|fj (x)|‘2] < qu/(ﬁp) Z 2(32—5)]'512
j=J j=J

< M2/GP)p2=)Jq2  pra2l1/(Ep)+(s2=5)] _ 1,

the latter equality following from the definition of §. O

Appendix: Factorization, Functional Calculus,
Sum-Intersection

The lifting problem for S!-valued Sobolev maps is the following. Let B be a ball in
RY Lets >0and1 < p < oo. Is it possible to lift every map u € W*?(B, sh
as u = ¢'? with ¢ € W7 (B; R)? This question has been completely answered in
[3]. The answer depends on s, p and N. For example, in WP (B; S the answer is
positive if N = 1 or [N > 2 and p > 2], but negative if [N > 2and 1 < p < 2].
Factorization is a substitute to lifting, but is also valid and relevant if the answer
to the lifting problem is positive. Special cases of factorization were announced in
[13]. The general case is presented in [5] and asserts the following. Let s > 0 and
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1 < p < oco. Then every map u € W% P (B; Sl) can be factorized as u = €'? v, with
e WSP(B;R)and v € Ff{’l(B; sh.

Factorization has the following application announced in the introduction. Let
p > 1 and consider some f € WP (B;SY). Setu := ¢/ € WP (B; SY). Let 0 <
A < 1. Since u € WP N L™, we also have u € W*?/* (by Gagliardo-Nirenberg).
Factorization implies that u = ¢'¢ v, with ¢ € WHrP/* and v € Fll?l o wprl

We note that

WP LB, R) 5 v=1¢€U"9 with f € W'P(B;R) and ¢ € WHP/*(B; R).
(82)
We next invoke the following delicate result [5]. If f; € W-PI(B;R), f> €
W52:P2(B; R) are such that

sipr = 1, sapa = 1, 12 e WP3 | withs3 > 1,

then f+ f» € W P3N\ W*P3.1 In our case, this implies that ¢ := f—¢p € WP1n
WP and thus ¢ = f — ¢ € WP Finally, f = ¢ + ¥, with o € WHP/A Qwhrp
and y € wWPlnwhr,

Our Theorem 1 yields the same conclusion without factorization.

Let us also note that not only factorization leads to a sum-intersection property,
but sum-intersection is necessary for factorization to hold. Indeed, let p > 2 and
u € WHP(B; SY). Then we may write u = ¢/ with f € W'?(B; R) [2]. Assume
that we want to factorize u = ¢'¢ v with ¢ € W»P/*(B;R) and v € WP 1(B; Sh).
The first step consists of splitting (assuming this is possible) f = ¢ + v, with
¢ € WP/ and v € WP!. However, this decomposition does not imply that
v = eV e WPI(B;SY. Indeed, if s > 1 and p > 1,then amap g € Wo°
satisfies €’¢ € W7 if and only if g satisfies the extra-assumption g € WP
[6]. In our case, this implies that factorization in wHP/x(B: S requires the sum-
intersection property of the triple T = (W7, W»P/* WwP-1) However, one cannot
reduce factorization to sum-intersection, since in general W* 7 (B; Sl) does not have
the lifting property.

Sum-intersection property has the following implication related to lifting, pre-
sented in [5]. If sp < 1, then maps in W*P(B;S!) can be lifted within W*?
[3]. Factorization leads to a better result. Indeed, let u € WSP(B;S!) and let
¢ € W%P(B;R) be a lifting of u. Write, as in Theorem 2, ¢ = ¢ + ¢, with
@1 € BMO NW*P and ¢p € WP1 N W*P_ Set v := 92 € W', Then v has a
lifting @3 € W*P'!1 N L™ [14]. By Gagliardo-Nirenberg, we also have g3 € W*?,
and clearly 93 € BMO (since @3 € L™). Finally, u = 'V, where ¥ := ¢1 + ¢3
satisfies the improved regularity ¢ € W*? N BMO .
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