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Preface

The 12th IFToMM International Symposium on Science of Mechanisms and
Machines, SYROM2017, is organized by Romanian Association for the Science
of Mechanisms and Machines—ARoTMM, and Mechanical Engineering,
Mechatronics and Robotics Department at the Mechanical Engineering Faculty,
“Gheorghe Asachi” Technical University of Iasi, Romania, with the support of the
International Federation for the Promotion of Mechanism and Machine Science—
IFToMM.

The aim of the symposium is to bring together researchers, scientists, industry
experts, and Ph.D. students to provide a general forum for researchers, engineers,
and Ph.D. students involved in the general area of mechanisms and machines, and
their applications, to disseminate their latest research results and exchange views on
the future research directions of these fields.

The topics of the symposium are related to mechanisms within aspects of
theory, design, practice, and applications in engineering, including but not
limited to: Theoretical kinematics, Computational kinematics, Mechanism design,
Experimental mechanics, Mechanics of robots, Dynamics of machinery, Dynamics
of multi-body systems, Control issues of mechanical systems, Mechanisms for
biomechanics, Novel designs, Mechanical transmissions, Linkages and manipula-
tors, Micro-mechanisms, Teaching methods, History of mechanism science, and
Industrial and non-industrial applications.

We would like to express grateful thanks to IFToMM International Federation
for the Promotion of Mechanism and Machine Science, to the Romanian IFToMM
National Committee ARoTMM, and to the members of the International Scientific
Committee of SYROM 2017.

We appreciate the effort of the reviewers gathered in the International Scientific
Committee of SYROM 2017. They spent time for a serious work of evaluation and
improvement guidance, meant to assure a high quality of all papers.

We thank the authors who contributed valuable papers on different subjects,
covering a wide scientific area of Mechanisms and Machine Science.
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We thank the “Gheorghe Asachi” Technical University of Iasi, the Mechanical
Engineering Faculty, and the Mechanical Engineering, Mechatronics and Robotics
Department for hosting the scientific event and supporting all associated activities.
The 12th IFToMM International Symposium on Science of Mechanisms and
Machines, SYROM2017 became a real event due to a hard-working local orga-
nizing team: Cezar Oprisan, Virgil Atanasiu, Dumitru Leohchi, Emil Budescu,
Florentin Buium, and Eugen Merticaru.

Last but not least, we are grateful to the staff at Springer Publishers for their
excellent technical and editorial support.

Iaşi, Romania Ioan Doroftei
September 2017 Cezar Oprisan

Doina Pisla
Erwin Christian Lovasz
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Solar Tracking Parallel Linkage
Applicable for All Latitudes

I. Visa, M. Neagoe, M. Moldovan and M. Comsit

Abstract In the paper a new concept of a pseudo-equatorial type 2DOF solar
tracking mechanism is described. The mechanism is of parallel linkage type based
on two kinematic constraints revolute-sphere (RS) which determine an 1 DOF
planar loop RSSR with a passive rotation of the coupler. Two translational actuators
directly linked to the frame are used to drive independently the planar loop motion
and, respectively, the coupler passive rotation. By their independent motions, the
elevation and diurnal angles of the solar active surface fixed on the coupler are
independently modified. Tracking performances during the year and on different
latitudes are analysed in the paper. In any case the daily tracking efficiency in
receiving the direct solar irradiance is higher than 93%.

Keywords Solar tracking ⋅ Two degrees of freedom ⋅ Parallel linkage
Tracking efficiency

1 Introduction

Solar tracking mechanisms are used to increase the received solar radiation on the
active surfaces of the photovoltaic (PV) modules or solar thermal collectors
(ST) during the day. By tracking, the amount of received solar radiation increases
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and, as result, the output energy increases up to 30–40% comparing with fixed
optimally tilted active surfaces [1].

To receive the maximum solar radiation (100%), a continuous orientation of the
active surface is required, such that the incidence angle between the solar beam
(direct solar radiation) and the normal to the active surface to be zero. Practically,
the orientation is stepwise (transmission ratio reasons), case in which there is a
variable incidence angle and the received solar radiation decreases with some
percent, usually between 1 and 5%.

The Sun apparent position relative to a given location is defined in the local
reference frame OXYZ by the altitude (elevation) angle (α) and azimuthal (diurnal)
angle (ψ). The active surface orientation could be described by four types of pairs
of angles that means that four types of tracking mechanisms can be defined:
equatorial, pseudo-equatorial, azimuthal and pseudo-azimuthal [1]. All of them are
designed for a given latitude and the active surface is usually guided by: serial
chains formed of two perpendicular rotational joints with driving motions in each
joint [1]; two serial independent mechanisms [2]; parallel linkages [3–6]. Their
installation on different latitudes or on transportation means (e.g. ships) which
travel across different latitudes, is a barrier. Additionally, driving motions, acting
simultaneous or separately, are used both for the active surface orientation. In the
case of serial chains and serial mechanisms one of the actuator is not directly linked
to the frame and as result the mechanism stiffness is reduced.

By this paper, a new concept of a pseudo-equatorial type 2DOF solar tracking
parallel mechanism is described, having both actuators directly connected to the
frame (increased stiffness) and acting separately, one of the actuator is used to
adjust the elevation of the active surface according to the latitude (φ) and decli-
nation angle (δ), and the other actuator for the daily orientation of the active
surface.

2 Concept Description

The starting point is the 2DOF parallel tracking linkage described in [5], presented
in Fig. 1a, in which the active surface 2 (mobile platform) is guided by four
sphere-sphere (SS) links and the two driving motions (translational actuators) are
connected between the mobile platform (2) and the frame (1). As multibody system
with two bodies (frame and mobile platform) it has four kinematic constraints of SS
type, that means a total number of constraints Σcij = 1 + 1 + 1 + 1 = 4, and two
driving constraints. By synthesis for an appropriate geometry it can assure the
motion of the mobile platform for optimal solar radiation receiving. It does not have
the flexibility to be used for different latitudes and both actuators have to act
simultaneously.

By geometric particularities A2 ≡ B2 → E2 and C2 ≡ D2 → F2 (Fig. 1b) the
kinematic constraints of the mobile platform 2 become of sphere-revolute (SR) type
and a rotation axis E2F2 is obtained. Considering AB || CD, a planar loop RSSR

4 I. Visa et al.



(AB − E2 − F2 − CD) is obtained in which the mobile platform rotation around
E2F2 becomes a passive rotation.

The planar loop has 1 DOF and replacing the actuator QQ2 from the Fig. 1b by
the actuator QQ3 connected to the body 3 (CDF2) in the spherical joint Q3 (Fig. 1c),
the motion of the coupler E2F2 is determined.

The joint P2, as a point of the coupler E2F2 in the planar loop, describes a coupler
curve. If the coupler curve could be approximated by an arc of circle and the point P
is located in the centre of the circle, the two rotations of the mobile platform 2 (as
coupler in the planar loop with passive rotation) become independent. As result, the
two actuators can act independently.

As multibody system, the linkage from Fig. 1c has three bodies and kinematic
constraints of RS type between bodies 1 and 2, S between bodies 2 and 3, and R
type between bodies 1 and 3. The driving constraints are connected between bodies
1 and 2 (PP2) and between bodies 1 and 3 (QQ3).

Fig. 1 Parallel solar tracking mechanism: a general structural scheme, b particular structural
scheme, c motion decoupling

Solar Tracking Parallel Linkage … 5



3 Tracking Motions

As we know, the Earth has to motions: a revolution around the Sun, which defines
the North-South Ecliptic Earth axis perpendicular on the Sun Ray direction, and a
rotation around the Earth’s Polar axis (Fig. 2).

The angle δ between the Sun ray and the equatorial plane represents the solar
declination angle which depends of the day in a year, being zero at equinoxes,
maximum (23.45°) at summer solstice and minimum (−23.45°) at winter solstice
[1].

For a latitude φ, the planar loop of the tracking mechanism is disposed per-
pendicular to the E-W local axis of the observer horizontal plane, and the angle
between the coupler and the horizontal plane (elevation angle) is φ-δ (Fig. 2) also
called tilt angle χ in Fig. 3, where the active surface rotation around the coupler
E2F2 is used for the diurnal rotation (β) to follow the daily Sun apparent motion.
The reference position is when the active surface is south oriented. By the actuator
QQ3 all the latitudes between the arctic circles could be covered. By the transla-
tional actuator PP2, a limited diurnal motion of 120°…130° can be developed
(Fig. 3).

Two configurations of the planar loop with uncrossed and crossed links which
can assure the necessary elevation for northern/southern hemisphere and equator are
presented in Fig. 4 and Fig. 5 respectively.

Fig. 2 Earth—Sun geometry at Summer Solstice

6 I. Visa et al.



4 Tracking Efficiency

Aiming at identifying the performances of the proposed pseudo-equatorial tracking
mechanism in receiving the solar energy, the daily tracking efficiency [1] is
investigated in this study considering two scenarios in the following assumptions:

• the solar irradiance is modelled for several relevant days (summer and winter
solstices, spring equinox) in clear sky hypothesis (sunny days), and neglecting
the diffuse solar radiation; thus, only direct solar irradiance is modelled for
different locations and implicitly the daily tracking efficiency of receiving the
direct solar irradiance (ηB =

R
Bndt ̸

R
Bdt) is used as performance indicator;

Fig. 3 Solar tracking system’s position in northern hemisphere

Fig. 4 Solar tracking mechanism with uncrossed links positioned in: a northern hemisphere,
b equator and c southern hemisphere
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• the diurnal motion stroke is limited to Δβ = 130° (±65°) due to maximum
allowed value of 65° for the pressure angle in the mechanism based on linear
actuator [1].

• for functional and constructive reasons, the elevation motion stroke is limited
to ±(60°…70°);

• in order to simplify the control systems, in a specific location and day (or over a
specified range of days) the tilt angle χ is maintained fixed, while the diurnal
motion β is performed with limited stroke according to the solar angles (α, Ψ)
variation using an one hour stepwise algorithm [7].

Without reducing the generality of the conclusions, in the first scenario a middle
latitude location (45°N, 25°E) in the northern hemisphere is considered for the three
relevant days and two values of the tilt angle (χ = φ and χ = φ - δ); in the second
scenario the tracking mechanism installed on two different locations with latitude of
60°N and 0°, and placed on the meridian 25°E is investigated for the summer
solstice considering a fixed tilt angle χ = φ - δ.

Both the available B and received Bn direct solar irradiance are modelled based
on the Meliss approach in clear sky assumption [8]:

B=1367 ⋅ 1+ 0.0334 ⋅ cos 0.9856◦ ⋅N − 2.72◦ð Þ½ � ⋅ exp −
TL

0.9+ 9.4 ⋅ sin α

� �

ð1Þ

Bn =B ⋅ cos ν=Bðcos α sinΨ sin β+ cos α cos Ψ cos β sin χ+ sin α cos β cos χÞ
ð2Þ

where N is the day number of the year, TL—Linke turbidity factor; α—solar
elevation (altitude) angle; ψ—solar diurnal (azimuth) angle; χ –tilt angle of the

Fig. 5 Solar tracking mechanism with crossed links positioned in: a northern hemisphere,
b equator and c southern hemisphere
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active surface; β—active surface diurnal angle; ν—incidence angle. The solar
angles (α, ψ) and the active surface angles (χ, β) are defined according to [1], and
the TL factor is obtained from the SoDa online database [9].

5 Results and Discussions

The results obtained in the first scenario, Fig. 6, highlight that:

• for a constant tilt angle χ = φ = 45°, the tracking efficiency is decreasing from
99.3% at equinoxes to a minimum 89% in the summer solstice;

• a significant increase of the tracking efficiency during the solstices is obtained
by modifying the tilt angle χ to φ − δ, i.e. ηB > 96%;

• as the tilt angle should be changed between equinoxes and solstices for ensuring
high tracking efficiencies, an optimal constant tilt angle can be identified for any
given range of days;

• the actuator for the elevation motion is operated only once on a range of days for
changing the tilt angle and as a result a low energy consumption is involved.

The second scenario results, Fig. 7, obtained for the summer solstice and χ =
− δ, show that the variation of the latitude from equator to polar circle is
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accompanied by a tracking efficiency decrease of about 6.5%. An insignificant loss
of the direct solar radiation during tracking is registered at low latitudes, i.e. about
1% solar energy loss for the 0° location, Fig. 7b.

6 Conclusions

The novel solar tracking parallel linkage proposed in the paper can be used for all
latitudes between the Artic Circles.

The two driving motions are decoupled, that means a simplified control.
For a range of days the elevation angle can be kept constant. The optimum tilt

angle for each range of days should be investigated.
The proposed tracking mechanism ensures high values of the daily tracking

efficiency at all latitudes (over 93%), even a simplified control (fixed tilt angle over
an appropriate range of days) and limited diurnal stroke (Δβ ≤ 130°) are
considered.
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On the Design of the Gravity Balancer
Using Scotch Yoke Derivative
Mechanism

Hong-Nguyen Nguyen and Win-Bin Shieh

Abstract Design of the gravity balancer prototypes based on the modified Scotch
yoke type spring mechanism is presented. Followed by the brief description of the
conceptual design and validation of the method, design of a one degree-of-freedom
(dof) rotary system is proposed. In the 1st generation prototype model, the
spring-gravity system is designed as a whole, while, in the 2nd generation model, the
gravity balancer is designed as a modular unit for easy adjustment and simple
replacement. The friction force due to the prismatic joints of a Scotch yoke derivative
mechanism for the latter model has been greatly reduced by using a bushing bearing
along with a guidance pole. As a consequence, by showing the equilibrium of the
rotary system being sensitive to the fine-tuned position of the end-effector payload,
the 2nd prototype model successfully demonstrates the gravity balancing capability
of the entire system at all configurations within its range of motion. The issues related
to the design of the one-dof gravity balancer are discussed, and the potential use of
such balancers in the multiple-dof system is also proposed.

Keywords Spring balancing ⋅ Gravity balancer ⋅ Potential energy
Scotch yoke mechanism ⋅ Zero-free-length spring

1 Introduction

A gravity balancing mechanism can be moved to any configuration with only a little
or no actuation force/torque just as operated in a gravity-free environment. Because
of such an energy-efficiency feature, gravity balancing designs have been employed
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in many applications, such as robot arms [1, 7, 10], limb orthosis [3], muscu-
loskeletal structure [5], arm support [6], parallel mechanisms [16], etc. Among
them, the two most frequently applied approaches for the gravity balancing of a
system are the counterweight [16] and spring balancing methods [2, 8, 9, 11, 15].
Because of the merits of lightweight and low inertia, gravity balancing designs
using springs had been extensively studied.

Based on the theory of conservation of potential energy, perfect equilibrium of a
spring-gravity system throughout the entire range of motion can be fulfilled by the
equal exchange between the gravitational and elastic potential energy. Among the
spring balancing methods, except for few designs using torsion springs [9], normal
springs [15] or elastic rubber [11], zero-free-length springs are commonly proposed
in the designs of most spring-gravity systems. Practically, a spring with no free
length is difficult to manufacture and not readily available. Thus, many alternative
devices functionally equivalent to ideal springs are proposed [2, 4, 10, 14], where
wires, pulleys and linear springs are used. However, crossover of wires and addi-
tional components in those devices may complicate the system and probably
interfere with the range of motion of the system. Moreover, the wire and extension
spring are not reliable in terms of life span and use of the ideal spring devices may
induce a small and uncertain balancing error due to misarrangement of wires and
pulleys [2]. Therefore, a new type of gravity balancer which is considered practical,
reliable, and simple in structure was designed by Shieh and Chou in 2015 [12] in
which a Scotch yoke type mechanism and a regular compression spring are
employed to get the static balance of a gravity system.

This paper focuses on the practical design issues regarding the Scotch yoke type
gravity balancer proposed in [12]. Layout of the paper is as follows: a brief
description about the Scotch yoke type balancing mechanism is presented in
Sect. 2; a practical design of a single degree of freedom (dof) model is presented in
Sect. 3; issues related to the proposed gravity balancer and possible application of
such a gravity balancer in a spatial multiple-dof system are discussed in Sect. 4.

2 Scotch Yoke Type Balancing Mechanism

Since the gravitational potential energy of a single-dof rotary system in a vertical
plane is a harmonic function of the rotary angle, the elastic potential energy of the
system has to be a harmonic function and compensatory to the change of the
gravitational potential energy in order to achieve the static equilibrium of the
system at all configurations. Therefore, the well-known harmonic motion genera-
tor-Scotch yoke mechanism is proposed to generate the required harmonic function
of the elastic potential energy.
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(b)(a)

Fig. 1 a Scotch yoke mechanism with a compression spring b single-dof rotary system

2.1 Conceptual Design

Referring to the Scotch yoke mechanism balancer as shown in Fig. 1a, link 1 is the
ground, link 2 is the crank, link 3 is a slotted link which translates along the x-axis
direction, and link 4 is a slider inside the slot of link 3. A compression spring of k is
placed to the left of link 3. The crank angle β is measured counterclockwise from
the positive x-axis direction to link 2. An imaginary point B is defined as the
intersecting point of the x-axis and the center line of the slot. B0 is the position of
B while the compression spring of k is in its uncompressed status. For the vector
system of the mechanism, b, c, l, and, x is the position vector from A0 to A, A to B,
A0 to B, and B0 to B, respectively. Here, position vector x is considered as the
displacement vector of the compression spring. Referring to the mechanism in
Fig. 1a, vector b and c can be respectively written as

b= b cos βi+ b sin βj ð1Þ

c= − b sin βj ð2Þ

By the use of l= − li and based on Eqs. (1) and (2), vector x can be derived as

x=b+ c− l= ðb cos β+ lÞi ð3Þ

With the spring constant of k, the elastic potential energy UE of the system is
expressed as

UE =
1
2
k xj j2 = 1

2
k½b2 cos2 β+2bl cos β+ l2� ð4Þ

For simplicity and without loss of generality, l can be zero, i.e., it is assumed that
point B0 coincides with A0 while the spring is not compressed. Using double angle
formula to further simplify Eq. (4) yields
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UE =
1
4
kb2ð1+ cos 2βÞ ð5Þ

Referring to the 1-dof rotary system with m as the mass, S as the position vector
of the mass center, and θ as the rotary angle, as shown in Fig. 1b, the total potential
energy of the combined 1-dof spring-gravity system as shown in Fig. 1 can be
obtained as

U =UE +UG =
1
4
kb2 + ðmgS sin θ+

1
4
kb2 cos 2βÞ ð6Þ

2.2 Balancing Conditions

In order for the potential energy of the spring-gravity system to be invariant, all
coefficients of both sine and cosine functions in Eq. (6) have to be zero or sum-
mation of all the trigonometric terms inside the braces have to be zero. Hence, a
nontrivial solution of Eq. (6) can be obtained if and only if the following
requirements are satisfied simultaneously:

R1: mgS=
1
4
kb2 ð7Þ

R2: sin θ= − cos 2β ð8Þ

R1 requires that the spring constant k, the crank radius b have to be selected
according to the given parameter m and S of the specified system. With the con-
dition R2, θ must be related to the crank angle β as

R2′: θ=
3π
2
∓2β+2jπ, j=0, ±1, ±2, . . . ð9Þ

Requirement R2′ in Eq. (9) can be further classified into two subcases:

R2− 1: θ= − 2β+ θs ð10Þ

R2− 2: θ=2β+ θs ð11Þ

where

θs = . . . , −
5π
2
, −

π

2
,
3π
2
,
7π
2
, . . .

Requirement R2-1 implies that θ of the rotary link is two times larger than the
crank angle β with a constant phase angle shift θs and the rotations of the two angles
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are always in the opposite direction as shown in Fig. 1. Therefore, an external spur
gear pair with a gear ratio of 1:2 can be employed to achieve the gravity balancing
of the system. Similarly, for requirement R2-2, the rotation angle θ of the mass link
is also two times larger than the crank angle β of link 2 with a constant phase shift
θs. However, the rotations of the two angles are in the same direction, for which an
internal gearing pair can be applied for the compliance of R2-2.

2.3 Design of the Failure-Proof Mechanism

Referring to the gravity balancer as shown in Fig. 1, if the angle of the single-dof
rotary system is θ= − 90◦, the gravitational potential energy of the system is at its
minimum value. In order for the combined spring-gravity system to be in a static
equilibrium state at all configurations, the elastic potential energy of the
spring-gravity system should have the maximum value, i.e., the spring should be in
its most compressed status. At this configuration, the crank angle is β=180◦ and
the shift angle is θs =270◦, which is complied with the condition R2-1. Consider
the mass link of the system rotate counterclockwise from this specific position, the
gravitational potential energy of the system will be increased and the elastic energy
should be decreased due to the clockwise rotation of the crank link of the Scotch
yoke mechanism as shown in Fig. 2a. According to R2-1, while the rotary mass link
angle θ reaches 90◦, the crank β also reaches 90◦. At this specific configuration, the
gravitational potential energy has the maximum value and the elastic potential
energy is zero. As the rotary mass link continues to rotate to beyond 90◦, point A of
the crank link would rotate to the right-hand side of joint A0, i.e., β < 90◦. As a
result, slider 3 would lose contact with the compression spring as shown in Fig. 2b.
Under this circumstance, the spring-gravity system loses its all elastic potential
energy, i.e., the mechanism fails to fight against the gravity.

Therefore, with the current design, the gravity balancer can only be applied for
the mass link angle within the range of θ∈ ½− 90◦, 90◦�. To resolve this problem, a
new Scotch yoke derivative mechanism is proposed as shown in Fig. 3a as follows:

(a) (b)

Fig. 2 Relative position of the slider 3 and the spring during operation of the mechanism:
a remained in contact; b lost contact
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slotted slider (link 3) in Fig. 2 is redesigned as a cylindrical component with a flat
plane; slider 4 is modified into a pair of pin A and its axis-symmetric pin A′. Using
this structural modification, either pin A or A′ would always be in contact with the
flat plane of the cylindrical component, pushing the compression spring to the left
regardless of the orientation of the rotary link of m. Such a design modification
enables a rotary gravity system to be statically balanced by the spring at all angles.

2.4 Installation of the Gravity Balancer

The Scotch yoke type spring balancer can be installed either in the ground or rotary
link as shown in Fig. 3a or 3b, respectively. Referring to system as shown in
Fig. 3a, gear GA can freely rotate about joint A0 of link 1; gear GB with its center at
B0 is fixed on link 4 and meshes with gear GA; link 4 rotates with respect to link 1
about joint B0. Hence, as link 4 rotates clockwise to lower the mass center, the
compression spring will be pushed to the left due to motion of pin A (or A′) of gear
GA. The gear system used in this installation is an ordinary gear system with

TA: TB =2: 1 ð12Þ

where TA and TB are the tooth number of gear GA and GB, respectively.
Contrarily, referring to the installation as shown in Fig. 3b, gear GA can freely

rotate about joint A0 of link 4; gear GB with its center at B0 is fixed on link 1 and
meshes with gear GA; link 4 can rotate with respect to link 1 about joint B0. In this
installation, the gear system becomes a planetary gear system, where GB(link 1),GA

(link 2) and link 4 are respectively the sun gear (and also ground), planet gear, and
the carrier. Therefore, the angular relation of the planetary system is obtained as

(b)(a)

Fig. 3 Installation of the Scotch yoke type spring balancer with an external gearing pair in:
a ground link; b rotary link

18 H.-N. Nguyen and W.-B. Shieh



TAðθ2 − θ4Þ= − TBðθ1 − θ4Þ ð13Þ

Since link 1 is the ground and θ4 is the rotation angle θ of the rotary link with
respect to link 1, substituting θ1 = 0 and θ4 = θ into Eq. (13) yields

θ

θ2 − θ
=

TA
TB

ð14Þ

The angle θ2 − θ in Eq. (14) is the relative rotation angle of GA with respect to
link 4. This in turn can be referred to the crank angle β as shown in Fig. 1. Hence,
in order for the system to be balanced, according to Eq. (10), the two angles must
maintain a relation of θ: ðθ2 − θÞ=2: 1. Hence, TA: TB =2: 1.

3 Design of Single-DOF Model

3.1 Modeling and Simulation

Based on the design in Sect. 2, a numerical model is setup to illustrate the gravity
balancing of a rotary system. The parameters m and S of the given system as shown
in Fig. 4 is tabulated in Table 1, where the crank arm length b of the gear GA and
the spring constant k are determined according to requirement R1 specified in
Eq. (7). Practically, spring constant is usually selected prior to the determination of
b because of the availability in the market. Using the parameters specified in
Table 1, the gravitational (UG), elastic (UE), and the total potential energy (U) of

Fig. 4 Numerical model of
the Scotch yoke type gravity
balancer

Table 1 Design parameters
with a given system with
specified m and S

m S k b

2 kg 191.27 mm 68.53 N/mm 14.8 mm
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the system verse angle θ, ranged from − 90◦ to 90◦, are plotted as shown in Fig. 5.
In the figure, the U curve is a perfect, flat line, indicating that the gravitational
potential energy can be fully balanced by the elastic potential energy at all θ.

3.2 Prototyping

For the realization of the Scotch yoke type gravity balancer, two prototype models
are constructed based on the specified parameters in Table 1. The overall mass of
the rotary system includes the end-effector payload, the link mass and the spring
mass. The mass center distance between the joint and the mass center is estimated
using the commercial software Pro/E Creo. The spring is a coil compression spring
with rectangular cross-section purchased from MITSUMI. The module of the gear
is 1 and the tooth number of GA and GB are 40 and 20, respectively. These gears are
also purchased from MITSUMI. The 1st generation model is built according to
Fig. 3b, while a 2nd generation prototype model is manufactured as shown in
Fig. 6a. In the 1st generation prototype model, the spring-gravity system is
designed as a whole, while, in the 2nd generation model, the gravity balancer is
designed as a modular unit. Figure 6b shows that the GA gear (big gear), the spring,
and the Scotch yoke derivative mechanism are designed as a module unit. Such a
modularized design makes the assembly easy and allows the replacement of the
spring of different free length, in case of the end-effector payload has been changed.
Figure 6c shows that the location of the fixed end of the spring can be fine-tuned by
relocating the wall against the spring through the adjustment of the 4 screws, such
that an uncompressed spring can be guaranteed during the assembly procedure.
Figure 6d shows a bushing bearing with the guidance pole for the reduction of the
friction force between the cylindrical component and the link body.
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3.3 Assembly and Testing

Figure 7a shows the range of motion of the prototype model. Figures 7b–d indicate
that the model can be self-sustained at the postures of various angles. Practically,
such a gravity balancing model is able to be moved to any angle with only little
actuating force and can be held statically at all configurations.

4 Discussions and Future Works

According to the preliminary results of the experiments performed in Fig. 7, the
gravity balancing of this mockup model can be successfully achieved at all posi-
tions within the specified range of motion. However, the stationary posture of the
single-dof mass link at each configuration may be due to the combined effects of the
desired spring force and the unexpected friction force of the model. The friction
force may be attributed to two major sources: one is due to the meshing of the gear
pair; the other is due to the two prismatic joints of the Scotch yoke mechanism.
Normally, the friction force induced by the Scotch yoke mechanism is much larger
than the gear friction. In this design, since the slider is replaced by two
axis-symmetric pins and a roller bearing is mounted on each pin to prevent direct

Fig. 6 Prototyping mockup of the Scotch yoke type spring balancer
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sliding with the flat plane, the friction force due to this prismatic joint can be
eliminated. Referring to the mechanism in Fig. 3b, the other major friction force of
this model comes from the prismatic joint between link 3 and 4. In order to reduce
the friction force, a bushing bearing along with a guidance pole is used in the 2nd
generation model. As a result, the overall friction force of the model is greatly
reduced, because the equilibrium status of the rotary system can be easily altered
through the fine-tuning of the payload location.

Another issue regarding the design of the Scotch yoke type gravity balancer is
the drifting effects of the mass center during the operation of the model, especially
while the gravity balancer is mounted in a rotary link. Referring to the balancer in
Fig. 3b, as the spring is compressed; the spring and the cylindrical component 3
would move toward the distal side of the rotary link. Consequently the resulting

Fig. 7 Gravity balancing of the model: a range of motion; b–d at different configurations
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mass center of the rotary link would be shifted away from its original position. This
problem may be insignificant if the maximum compression of the embedded spring
is small or if the movable parts (slider and spring) are lightweight. Although most
studies for the designs of the gravity balancing mechanisms do not take the spring
mass into account, practically, the fully balancing of a gravity system cannot be
fulfilled without considering the spring mass.

Finally, the applicability of this proposed gravity balancer into a gravity bal-
ancing multiple-dof system is discussed. Based on the formulation derived by Shieh
and Chou [13], the gravitational potential energy of a generalized, n-link, spatial
articulated manipulator can be derived as sum of the gravitational potential energy
due to the n virtual link as follows:

UG = gT ∑
n

i=1
μiI−miTi

� �
ri = gT ∑

n

i=1
σiςi ð15Þ

where σi and ςi are the equivalent mass and the mass center position vector of
virtual link i. The equivalent mass σi composes of all the link masses on the distal
side of link i − 1. The position vector of the virtual link ςi can be considered to be
fixed onto the real link i, and hence the virtual link i always maintain a constant
angle difference with respect to real link i as indicated in Fig. 8. Because the
angular orientation of real link i can be at any angle in ½0◦, 360◦�, the virtual link
i can be also at any angular orientation. Therefore, since the Scotch yoke type
gravity balancer is capable of balancing a rotary system with all angles, the gravity
balancing of such an n-link system can be achieved with all its n associate gravity
balancer modules. Detailed design of a gravity-balancing, spatial, articulated
manipulator using the proposed gravity balancer is currently under construction.
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Fig. 8 Angular orientation
between primary link and
virtual link i
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5 Conclusions

Following the conceptual design and the 1st generation prototype model of Scotch
yoke type gravity balancer proposed by Shieh and Chow [12], a 2nd generation
model with a modular gravity balancer is built. Because of the modular design, the
replacement of a different spring and assembly/disassembly of the system can be
further simplified. Although the friction could be substantial in a conventional
Scotch yoke mechanism, this gravity balancer model uses the Scotch yoke
derivative mechanism to resolves the friction issue by employing a bushing bearing
along with a guidance pole into the model. With such design improvements, the 2nd
generation model displays the perfect balance of the single-dof rotary system.
Although the change of the mass center position may only have little impact on the
gravity balancing of the system, further evaluation on the drifting effects due to the
movable components (sliders and springs) in a multiple-dof system is required.
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Structural Synthesis of Planar 10-Link
1-DOF Kinematic Chains
with up to Pentagonal Links with All
Possible Multiple Joint Assortments
for Mechanism Design

V. Pozhbelko and E. Kuts

Abstract In this paper, a new method is proposed for structural synthesis of planar
closed kinematic chains with all the possible kinds of multiple joints according to
given number K-independent loops up to maximum multiple joint factor Vmax(K).
At first, the new procedure for structural synthesis of non-fractionated and frac-
tionated multiple joint kinematic chains based on the combination of corresponding
simple and multiple joints is presented. Then the atlas database with all the possible
kinds of multiple joints containing various 24 (case K = 4) multiple joint
non-fractionated and fractionated structures is established and illustrated. Next, all
the possible multiple joint assortments ([M.J.A.]) for non-fractionated as well as
fractionated 10-link 1-DOF multiple joint kinematic chains with up to pentagonal
links with K = 4 and up to Vmax = 6 are synthesized and separated for the first time.
Finally, the complete structural analysis of multiple joint kinematic chains for
industrial application in 10-link manipulators designed from the atlas of synthesized
multiple joint kinematic chains is conducted.

Keywords Synthesis ⋅ Multiple-jointed kinematic chains ⋅ Manipulators

1 Introduction

Structural synthesis of various mechanical systems is the first and one of the most
important stages in the creative design of mechanisms, completely predetermining
the effectiveness of their application in mechanisms and machine theory [1–15].
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The various synthesis methods use Assur groups, contracted graphs, canonical
adjacency and incidence matrices [3, 6, 7, 10]. It should be noted that beside simple
joints [1, 3, 10] the various mechanical hinged systems also can include multiple
joint (MJ) kinematic chains (KCs), that provides more simple construction and
minimizes the space requirement and weight. However, when the number of links
and multiple joints moves considerably, structural synthesis of multiple joint
kinematic chains becomes more complex and accordingly difficult [2, 4, 11, 12, 14].

The various existing works based on graph theory contain the number structural
synthesis methods of planar multiple joint kinematic chains with one multiple joint
only [4] or with two multiple joints only [7] for generation of closed-loop
non-fractionated kinematic chains with binary and ternary links.

In this paper, we propose structural synthesis method for non-fractionated as well
as fractionated multiple joint kinematic chains up to maximum value of total mul-
tiple joint factor Vmax with given K-independent loops. It can be used for design of
mechanisms with all possible multiple joint assortments and up to pentagonal links.

In our paper a new notation “Multiple Joint Assortment” is proposed. “Multiple
Joint Assortment” ([M.J.A.]) is expressed as [M.J.A.] = [ν2 ⋅ ν3 ⋅ ν4 ⋅ … ⋅ νj],
where ν2 ⋅ ν3 ⋅ ν4 ⋅ … ⋅ νj are the numbers of two-pin joints (j2), three-pin joints
(j3), four-pin joints (j4), …, j -pin joints (j = jmax). It is necessary to form the
multiple joint kinematic chains. These can be non-fractionated kinematic chains
(the chains can not be separated) or fractionated kinematic chains, which otherwise
can be separated in two independent kinematic chains.

Examples of the creation and complete analysis of various pin-joint and
straight-line 10-link 1-DOF manipulators designed from the atlas of synthesized
multiple joint kinematic chains are provided for the first time.

Abbreviations, notations and symbols

n ̃ total number of links in the kinematic chains: n ̃= n1 + n2 + n3 + n4 +⋯+ ni;
ni the number of links having i joints with other links in the KC;
n1 the number of singular links;
n2 the number of binary links;
n3 the number of ternary links;
νj the number of multiple joints;
ν2 the number of two-pin joints (denoted by sign “j2”);
ν3 the number of three-pin joints (denoted by sign “j3”);
ν4 the number of four-pin joints (denoted by sign “j4”);
V resulted number of multiple joints (V = Σ(j – 1) νj);
V total multiple joint factor, V = 0 – simple joint kinematic chains,

V > 0 – multiple joint kinematic chains;
Vmax the max value of resulted number of multiple joints;
K the number of independent closed loops in kinematic chains;
F the number of degrees of freedom of mechanical system with the fixed link

(DOF = F);
Li independent closed loop (denoted by L1, L2, L3)
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2 Synthesis Algorithm of Multiloop Multiple-Jointed
Kinematic Chains

In this paper we introduce the synthesis algorithm of multiple joint kinematic chains
with all the possible kinds of multiple joints and with corresponding multiple joint
assortments [M.J.A.] up to maximum total multiple joint factor V. Presented in this
paper synthesis method of multiple joint kinematic chains with given number K-
independent loops based on the combination of corresponding simple and multiple
joints.

A new proposed algorithm for structural synthesis of multiple joint kinematic
chains up to maximum total multiple joint factor (Vmax) is unified for
non-fractionated kinematic chains (Step 1, 2, 3 and 4) as well as fractionated
kinematic chains (Step 5) and contains next steps (shown in Fig. 1).

Step 1. Combining together simple joints (b) and (c) we obtain the first multiple
joint j2 (b, c);

Step 2. Combining together simple joints (d) and (e) we obtain the second
multiple joint j2 (d, e);

Step 3. Combining together simple joints (a), (b) and (c) we obtain the multiple
joint j3 (a, b, c);

Step 4. Combining together simple joints (a), (b), (c), (d) and (e) we obtain the
multiple joints j2 (d, e) and j3 (a, b, c);

Step 5. Combining the various simple joints we obtain the multiple joints j2 (d,
e) and j4 (a, b, c, f) up to V = Vmax.

3 Synthesis Results of 10-Link 1-DOF Multiple-Jointed
Kinematic Chains

According to proposed algorithm of structural synthesis for multiloop
multiple-jointed kinematic chains we have got the next results.

Fig. 1 The process to form multiple joint KCs with given K-independent loops (case F = 1)
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Fig. 2 Atlas of 24 types of 4-independent loops 10-link 1-DOF multiple joint KCs (Vmax = 6)
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Figure 2 shows the synthesized 24 types of 4-independent loop 10-link 1-DOF
multiple-jointed kinematic chains with all the possible sets of various kinds of
multiple joints up to maximum total multiple joint factor Vmax = 6.

The atlas of synthesized MJ KCs (Fig. 2) contains 22 types of non-fractionated
KCs (No. (1)–(22)) and 2 types of fractionated KCs (No. (23) and (24)) with up to
six multiple joints (No. (22)) and up to pentagonal links (No. (1), (2) and (4)).

Table 1 presents multiple joint assortment array for structural analysis and
synthesis of planar non-fractionated closed kinematic chains with 4-independent
loops with 1-DOF and with total multiple joint factor from V = 1 to V = 6.

Table 2 presents multiple joint assortment array for structural analysis and
synthesis of planar fractionated closed kinematic chains with 4-independent loops
with 1-DOF and with total multiple joint factor from V = 1 to V = 6.

Table 1 Multiple joint
assortment array of
4-independent loops
non-fractionated 1-DOF and
10-link kinematic chains

No., V M.J. assortment

(1), 1 [1 ⋅ 0 ⋅ 0]
(2), 2 [0 ⋅ 1 ⋅ 0]
(3), 3 [2 ⋅ 0 ⋅ 0]
(4), 3 [0 ⋅ 0 ⋅ 1]
(5), 3 [1 ⋅ 1 ⋅ 0]
(6), 3 [3 ⋅ 0 ⋅ 0]
(7), 4 [0 ⋅ 2 ⋅ 0]
(8), 4 [1 ⋅ 0 ⋅ 1]
(9), 4 [2 ⋅ 1 ⋅ 0]
(10), 4 [4 ⋅ 0 ⋅ 0]
(11), 5 [0 ⋅ 1 ⋅ 1]
(12), 5 [1 ⋅ 2 ⋅ 0]
(13), 5 [2 ⋅ 0 ⋅ 1]
(14), 5 [3 ⋅ 1 ⋅ 0]
(15), 5 [5 ⋅ 0 ⋅ 0]
(16), 6 [0 ⋅ 0 ⋅ 2]
(17), 6 [0 ⋅ 3 ⋅ 0]
(18), 6 [1 ⋅ 1 ⋅ 1]
(19), 6 [2 ⋅ 2 ⋅ 0]
(20), 6 [3 ⋅ 0 ⋅ 1]
(21), 6 [4 ⋅ 1 ⋅ 0]
(22), 6 [6 ⋅ 0 ⋅ 0]

Table 2 Multiple joint assortment array of 4-independent loops fractionated 1-DOF and 10-link
kinematic chains

No., V M.J. assortment

(23), 6 [0 ⋅ 1 ⋅ 0 ⋅ 1]
(24), 6 [2 ⋅ 0 ⋅ 0 ⋅ 1]
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Presented in Tables 1 and 2 multiple joint assortment arrays can be used for
synthesis and creation (on base any acceptable kinds of multiple joints) of the atlas
database of all the possible multiloop multiple-jointed non-fractionated and frac-
tionated kinematic chains with up 6 multiple joints ([M.J.A.] = [6 ⋅ 0 ⋅ 0]).

For example (K = 4) all 24 non-fractionated and fractionated closed kinematic
chains up to total multiple joint factor Vmax = 6 with any kinds of multiple joints
can be synthesized from the corresponding “Multiple joint assortment array” (in-
cluding 24 [M.J.A.] shown in Tables 1, 2 and Fig. 2).

This algorithm (proposed in Fig. 1) has advantageous feature that distinguishes
it from other algorithms: we can find different multiple joint assortments up to
maximum total multiple joint factor (Vmax = 6). Thus, based on this algorithm we
can obtain all the possible combinations of various kinds of multiple joints up to
maximum total multiple joint factor Vmax.

The present paper provides a complete list of multiple joint assortment arrays for
planar closed non-fractionated and fractionated 10-link kinematic chains with
4-independent loops, and Vmax = 6 for the first time.

4 Directed Structural Analysis of Kinematic Chains
with Maximum Total Multiple Joint Factor

We use the following four unified generalized equations proposed by Pozhbelko
[12] for structural analysis of planar kinematic chains:

(1) Total multiple joint factor of a kinematic chain (V)

V = ∑ ðj− 1Þνj ≤ n1 + 2ðK − 1Þ⇒Vmax = n1 + 2ðK − 1Þ ð1Þ

(2) Degree of freedom (DOF) of a kinematic chain (F)

F = ∑ ð3− iÞni½ �−V − 3, ð2Þ

(3) Number of independent loops of a kinematic chain (K)

K =1+ 0, 5 V + ∑ ði− 2Þni½ �, ð3Þ

(4) Assembly criterion of a valid kinematic chain

∑ ði− 2Þni =2ðK − 1Þ−V . ð4Þ

On base of proposed Eqs. (1)–(4) we can carry out structural analysis of all
closed multiloop non-fractionated and fractionated kinematic chains with maximum
total multiple joint factor V= Vmax(K) shown in Fig. 2.
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Case 1. For 10-link closed non-fractionated kinematic chain shown in Fig. 2
No. 22), where n2 = 10, ν2 =6, ν3 = 0, the Eqs. (1)–(4) yield:

(1) V = 6; (2) F = +1; (3) K = 4; (4) 0 = 0; (5) Vmax = 6.

Case 2. For 10-link closed fractionated kinematic chain shown in Fig. 2
No. (24), where n2 = 10, ν2 =1, ν5 = 1, the Eqs. (1)–(4) yield:

(1) V = 6; (2) F = +1; (3) K = 4; (4) 0 = 0; (5) Vmax = 6.

5 Industrial Application of Synthesized Multiloop
Kinematic Chains in Manipulators

Synthesized 10-link 1-DOF multiple-jointed kinematic chains, shown in Fig. 2, can
be used in various fields of mechanical engineering, for example, in various
manipulators, shown in Fig. 3 and created from the multiple joint KC (Fig. 2,
No. 14)) with [M.J.A.] = [ν2 ⋅ ν3 ⋅ ν4] = [3 ⋅ 0 ⋅ 1].

Based on proposed unified Eqs. (1)–(4) we can carry out structural analysis of
manipulators shown in Fig. 3.

For both manipulators (10-link closed KCs) shown in Fig. 3a, b, where n2 = 9,
n3 = 1, ν2 = 3, ν3 = 1, the Eqs. (1)–(4) yield:

(1) Total multiple joint factor V = 5; (2) Degree of freedom F = +1; (3) Number
of independent loops K = 4; (4) Assembly verification of a valid kinematic chain: 1
= 1; (5) Maximum total multiple joint factor Vmax = 6.

6 Conclusions

In this paper, we have proposed structural synthesis method based on the combi-
nation of corresponding simple and multiple joints. By this synthesis algorithm, any
structures of planar simple and multiple joint KCs with specified independent K-
loops and with various total multiple joint factors V can be synthesized.

Fig. 3 Industrial application
of multiple-jointed kinematic
chains: a pin-joint
manipulator; b straight-line
heavy load manipulator
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The atlas database containing all the valid multiple joints with up to pentagonal
links in closed planar KCs with 4-independent loops 10-link up to total multiple
joint factor Vmax = 6 is synthesized and illustrated. Further corresponding all
possible multiple joint assortments are obtained and listed in the tables. Then,
examples of structure analysis of multiple joint non-fractionated and fractionated
KCs with maximum total multiple joint factor are presented. At last, based on the
proposed unified equations, the structural analysis of multiple joint kinematic
chains applied to 10-link manipulators is performed.

The methodology of structural synthesis and analysis developed in this paper can
be useful for practicing engineers for creating of complete catalog of
multiple-jointed non-fractionated as well as fractionated multiloop closed kinematic
chains in the process of the creative design of mechanisms.
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Kinematic-Dynamic Analysis
of the Cam-Worm Mechanism
for Humanoid Robots Shrug

M. Penčić, M. Čavić, M. Rackov, B. Borovac and Z. Lu

Abstract Having in mind that humans use non-verbal communication extensively
is very important to enable social robots with this capacity. There are two basic
ways how it can be expressed. First one is by facial expressions by appropriate
moving face parts, like eyebrows, eyeballs, eyelids, lips, either as manufactured real
parts or by presenting them on screen—combining them is also possible. The
second way of non-verbal communication is by gestures. This paper presents the
kinematic-dynamic analysis of shrug mechanism for humanoid robots. Based on
the set requirements, the cam-worm mechanism that has 1 DOF and enables the
simultaneous shrug of both shoulders is proposed. It consists of a worm which is
meshed with two worm gears whose directions of rotation are opposite and the two
cam mechanisms whose input links—cams, are rigidly attached to the worm gears.
Within the kinematic-dynamic analysis, the cam profile and the worm parameters
are defined and the torque on the cam/worm gear and the driving torque of the
complete cam-worm mechanism are determined. The cam mechanism has a high
efficiency in all positions because the values of the pressure angle are within
the prescribed ones during the entire movement. Worm mechanism enables a
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significant reduction of the driving torque and has acceptable efficiency. The
rotation range of worm gear/cam is small and the movement of mechanism is very
fast wherefore the shrug speed is large, which was one of the main requirement for
realization.

Keywords Kinematic-dynamic analysis ⋅ Cam-worm mechanism
Robot shrug ⋅ Non-verbal communication

1 Introduction

To be able to coexist with humans in close proximity in dynamic and
non-structured environment, robots should adapt to both—to humans and to
environment. To achieve coexistence interaction of humans and robots is inevitable.
Besides of safety regarding both, humans and environment—there is not compro-
mise in this issue, from robots has been expected to perform non-verbal commu-
nication in intuitive and transparent way [2]. Non-verbal communication is
exceptionally powerful way to transfer large number of information in a short time
[22]. According to [9] even 55% interpersonal communication belongs to
non-verbal, 38% belongs to intonation—para-verbal, while just 7% belongs to
verbal communication where content of the message have to be understood.
Para-verbal and non-verbal communication sends crystal clear messages regardless
of the meaning of spoken words [5]. Today, researchers are working intensively on
improving interaction capabilities of robots.

Shrugging is one of the most obvious way of non-verbal communication, and in
this paper has been presented kinematic and dynamic analysis of cam-worm
shrugging mechanism. This research has been performed within project where
social humanoid robot SARA with female appearance has been developed. Robot
will be able to perform both way of communication—verbal and non-verbal. In
case robot do not understand question or do not know the answer, it will shrug the
shoulders. In addition, biologically inspired eyes with eyelids having 8 DOFs has
been developing. SARA will have two anthropomorphic arms with 14 DOFs, and 3
DOFs neck [13] and 7 DOFs multi-segment lumbar spine [14].

2 State of the Art

A number of robots capable of non-verbal expression that is both transparent and
intuitive exists. A few examples of robots able to do this, using primarily their head,
are Kismet [3], iCat [23], Flobi [8], EDDIE [20] etc. Their emotional range includes
positive emotions like happiness, surprise, interest and tranquility, as well as other,
more negative ones, including sadness, disgust and anger. These emotions are
shown by articulating facial features, most notably the lips, eyebrows and eyes.
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Robots that can express non-verbal communications by using both, face and
body, are Nexi [6], iCub [10], Probo [19], R1 [7], BERT2 [1], Albert HUBO [12],
KOBIAN [24] etc. The emotions in this case are expressed by either articulating
facial features, displaying these features on a display screen in place of the face, or a
combination of both. Gesture is realized by moving the head and arms.

Reviewing the available literature, there are two robots that are able to express
non-verbal communication by shrug. The first example is the WE-4RII [4], which
has a mechanism with 4 DOFs that allows the shoulders motion in two directions,
allowing the robot to, among other things, shrug. The other example is BARTHOC
[21], with a mechanism positioned above the shoulders allowing the shrugging
motion.

3 Kinematic-Dynamic Analysis

Shrug is relatively fast action and therefore the duration of the movement should be
as short as possible. The mass and dimensions of the shrug mechanism both need to
be as low as possible, to avoid overloading the spine. Also, the driving torque
should be kept minimal, while also maintain as high an efficiency as possible in all
positions of the shrug. Previously three shrug mechanisms were considered—two
lever mechanisms [15, 16] and one worm-lever mechanism [17], which by size and
power correspond to the requirements. All mechanisms have 1 DOF and enable
simultaneous shrug.

A cam-worm mechanism is proposed—Fig. 1, since it has the potential to fulfill
the set requirements, has 1 DOF and can be used to articulate the concurrent
shrugging of both shoulders. It consists of a worm mechanism and two cam
mechanisms. The worm part of the mechanism is made up of a worm meshed with
two worm gears rotating in different directions—the worm being the driving ele-
ment and the two worm gears coinciding with a shoulder each. Input links of cam
mechanism—cams, are rigidly attached to the worm gears wherefore the torques on
worm gears and torques on the cams are equal MWG = MC. Output links of cam
mechanisms—followers, perform an oscillating rotational motion and enable
lifting/lowering of the shoulders. Since the cams also perform an oscillatory rota-
tional motion, cam pitch curve is not a closed curve, so the dimensions of the cams
can be reduced. Given that high speed of shrug is required, the contact between the
cam and the roller is ensured by form closure—grooved cam. Since shrug mech-
anism is symmetrical, only one-half of the mechanism is considered.

The head, neck and arms of the robot are connected to the shrug mechanism
which is located on the lumbar spine. Having in mind the available space for
incorporation of mechanism—the chest part of the robot, the following parameters
are adopted: coordinates of the immobile points are O1(50,60) mm and O2(10,150)
mm, length of follower O2M is 120 mm, length of stroke of the shoulders endpoint
—vertical stroke of the point M is hMmax = 50 mm, and during shrug the worm
gear and the cam perform a rotation of ±35° (β = 35°).
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By kinematic-dynamic analysis, the cam profile and worm parameters are
defined and dynamic efficiency of the cam mechanism, the efficiency of the worm
mechanism, the torque on the cam/worm gear and the driving torque of the com-
plete cam-worm mechanism are determined. At first, by kinematic inversion the
cam profile is defined. Coordinates of cam pitch curve are:

xA = xO1 +L cos ψ0 −ψð Þ+ r cos ψ0 −ψð Þ+ π + φ0 −φð Þð Þ
yA = yO1 +L sin ψ0 −ψð Þ+ r sin ψ0 −ψð Þ+ π + φ0 −φð Þð Þ ð1Þ

where: L—the distance between points O1 and O2, ψ0—angle between O1O2 and
follower in the start position, r = 60 mm—adopted lever length O2A, ψ—follower
rotation angle, φ0—angle between O1O2 and horizontal axis, and φ—cam shaft
angle. According to the cycloidal law, the motion of the follower is defined as:

ψ =ψmaxβ
− 1φ−ψmax 2πð Þ− 1sin 2πβ− 1φ

� � ð2Þ

where: ψmax—angle at which the height of shrug is maximal—vertical stroke of the
point M. Coordinates of points B and C on the cam contour are:

xB = xA + rR cos γ, yB = yA + rR sin γ ð3Þ

xC = xA − rR cos γ, yC = yA − rR sin γ ð4Þ

where: rR = 15 mm—adopted roller radius. Angle γ is determined according to:

Fig. 1 Kinematic scheme of the cam-worm mechanism for shoulder shrug
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γ =0.5π + arctan
L sin ψ0 −ψð Þ+ r sin ψ0 −ψð Þ+ π + φ0 −φð Þð Þ
L cos ψ0 −ψð Þ+ r cos ψ0 −ψð Þ+ π + φ0 −φð Þð Þ

� �
ð5Þ

The dynamic efficiency of the cam mechanism is defined by the pressure angle α
which must be under 45°. By decreasing the pressure angle most of the power is used
for overcoming workload, and less for internal loads, so the mechanism is more
efficient. The pressure angle of the cam mechanism is determined according to:

α= γ − 0.5π − ψ0 −ψð Þ+ φ0 −φð Þð Þ ð6Þ

Kinetostatic equations are formed within the dynamic analysis and by solving
them, the reactions in the joints and driving torque on the cam are determined:

MC =G cos ψO1D xA sin γ − yA cos γð Þ r cos ψ sin γ − sin ψ cos γð Þð Þ− 1 ð7Þ

where: G is a workload by which mass of the arm amounts the total of m = 5 kg.
Driving torque MW on the input link—worm is:

MW =2MC i ⋅ ηð Þ− 1 ð8Þ

where: η—coefficient of efficiency of the worm pair which can be determined as:

η= tan γm tan γm + ρð Þð Þ− 1 ð9Þ

where: γm—lead angle and ρ—friction angle for worm pair. Friction angle is
ρ ≅ 6°, because shrug movement is a fast one and it is not performed frequently, so
the dry lubricant can be used [11]. Lead angle γm of the worm is calculated from:

γm = arctan zWq− 1� � ð10Þ

where: zW—number of leads on the worm and q—diametral quotient of worm.
High-speed worm pair with diametral quotient of worm q = 7÷10 has to be

used, because fast movement of the mechanism is needed. In order to increase
efficiency of the worm pair, multi-lead worm has to be used zW > 1. Center distance
is prescribed to be a = 50 mm due to the design reasons, so using equation:

a=0.5m q+ zWGð Þ ð11Þ

where: m—module of worm gearing and zWG—number of teeth on worm gear.
Following values of parameters are obtained: q = 8, zW= 3, m = 2 mm. From
equation:
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i= 2a−mqð Þ m ⋅ zWð Þ− 1 ð12Þ

transmission ratio i of the worm pair is calculated and has value i = 14. Such
transmission ratio ensures high reduction of the torque as well as increased number
of the teeth in the mesh thus having positive effect on the minimization of the
backlash which is essential for motion control [18]. Using Eq. (9), coefficient of
efficiency of the worm pair is η = 0.75.

Figure 2 shows a cam-worm mechanism in the initial and the final position. To
complete the full stroke of the shrug hMmax = 50 mm, the worm and its corre-
sponding cam complete the same angle β = |φSTART–φEND| = 35°. Given to the
small range of rotation, a small number of teeth of the worm gear is in use, so it is
possible to reduce both the dimensions and mass, which is one of the requirements.
The overall dimensions of the shrug mechanism are 280 × 180 mm.

Figure 3 shows the change of the torque on the input link and the change of the
pressure angle, respectively. Maximum torque on the cam is MC = 7.6 Nm. After
taking all of these parameters into account, the driving torque of the cam-worm
mechanism is calculated and amounts to MW= 1.45 Nm. The pressure angle has a
maximum value of α = 32.1°, less than the prescribed maximum of 45°, meaning
that the cam mechanism is highly efficient throughout the entire movement, which
was one of the requirements.

Fig. 2 Cam-worm mechanism: the initial position (left) and the end position (right)
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4 Conclusions

This paper presents a kinematic and dynamic analysis of the cam-worm mechanism
for humanoid robots shrug as a form of non-verbal communication. The proposed
mechanism allows this robot complete a shrugging motion that appears natural,
while maintaining simplicity by having only 1 DOF. It consists of a worm meshed
with a pair of worm gears with contrary directions of rotation, and a pair of cam
mechanisms with input links bound to the worm gears, one cam input link to each
gear. This mechanism was chosen due to the fact that its characteristics fulfill the
following set requirements—high shrug speed, high efficiency in all positions and
low driving torque. After adopting the mechanism structure, a kinematic-dynamic
analysis was carried out. The cam profile and worm parameters are defined and
torque on the input link of the cam mechanism—torque on the worm gear and the
driving torque of complete cam-worm mechanism are determined. Output links of
the cam mechanisms—followers, perform an oscillatory rotational motion and
enable lifting/lowering of the shoulders. The cam also performs an oscillatory
rotational motion therefore the cam pitch curve is not a closed curve. Contact
between the cam and the roller is ensured by form closure—grooved cam. Since the
pressure angle has a value bellow the prescribed maximum during the entirety of
the movement, the efficiency of the cam mechanism is high. The worm part of the
mechanism has acceptable efficiency, if somewhat lower than the cam mechanism,
but allows a significant reduction of the driving torque. Finally, since the rotation
range of the worm gear-cam pairing is quite small, the final output movement is
very quick, which was one of the basic set requirements. Further work will explore
the possibilities for an additional reduction of torque and higher efficiency, which
requires an optimal synthesis.
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Drive System of the Robot Eyeballs
and Eyelids with 8 DOFs

M. Penčić, M. Čavić, M. Rackov, B. Borovac and Z. Lu

Abstract Significant aspect of the socially interactive robots are eyes which pre-
sent the most expressive part of the face, especially when it is rigid as is the case
with majority of the robots. For this reason to the design and realization of the eyes
a particular attention should be dedicated. This paper presents the drive system of
the robot eyeballs and eyelids with 8 DOFs. Eyeballs drive system has 4 DOFs and
consists of two symmetrical planar mechanisms that enable independent motion of
the eyeballs about the yaw axis—abduction/adduction movements and two identical
spatial mechanisms that enable independent motion of the eyeballs about the pitch
axis—elevation/depression movements. Eyelids drive system has 4 DOFs and
consists of four structurally equal spatial mechanisms that enable independent
motion of each eyelid—mechanisms for driving the upper and lower eyelids,
respectively, are symmetrical. Based on the kinematic analysis, motion simulation
of eyeball and upper/lower eyelid is performed. Velocities of the eyeball/eyelids
movements are within the parameters of the human eye. The structure of the
eyeballs drive system is such that enables inserting the camera directly into the
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eyeballs. In this way it is possible to achieve some of the functions of robots
artificial vision such as recognizing objects, distance estimation etc.

Keywords Drive system ⋅ Robot eye mechanism ⋅ Planar linkage mechanism
Spatial linkage mechanism

1 Introduction

Active and natural eyes are extreme important for social robots. For example,
following face in front of it robot gives an impression of attention and focus, while
blinking gives the impression of naturalness. Besides, the intensity of openness and
the position of the eyelids enable the expression of various emotions such as
surprise, fatigue, sadness, etc. All this gets additional importance if the rest of the
face is rigid and immobile, as it is the case with most robots. Therefore, special
attention should be paid to the design and realization of the eyes. Also, if the
cameras are inserted into the eyeballs, it is possible to achieve some of the artificial
vision capabilities, such as the detection of a person in front of a robot, estimation
of the distance from the robot, etc.

This paper presents the drive system of robot eyeballs and eyelids with 8 DOFs.
The research was done in the framework of the project in which the social
humanoid robot Sara—a mobile anthropomorphic platform for researching the
social behavior of robots, has been developing. Some of the advanced capabilities
of this robot are described in [15–17].

1.1 Human Eye and Its Mobility

The eye is a pair organ that consists of the eyeball, optic nerve and supporting
structures—Fig. 1. The eyeball enables the reception of visual impressions thanks
to the transparent structure of its media, the diopter system and the presence of
neuroepithelial elements in the retina. Visual paths are connect the eyeball
respectively the nerve membrane—retina with the visual centers in the brain, and
thus the visual stimulus created on the retina is transmitted in the corresponding
centers of the brain cortex, where they are interpreted [4, 11].

The eyeball has 3 DOFs enables rotation about the z axis—abduction/adduction
movements, rotation about the y axis—elevation/depression movements and rota-
tion about the x axis—excyclotorsion/incyclotorsion movements. Mobility is the
largest about the yaw axis—approximate to 89 ± 13°, then about the pitch axis—
approximate to 75 ± 15° [21], and at least about the roll axis.
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2 State of the Art

There are two basic groups of robots which can move the eyeballs and/or the
eyelids independently from the face. The first group of the robot—Kismet [2],
Domo [5], Flobi [8], iCub [13], Melvin [20], Probo [7], Twente [19], Muecas [3],
EDDIE [22], KOBIAN [23] etc., has eyeballs with 3 DOFs that enable the
movements about the pitch axis and independent motion of the eyeballs about the
yaw axis. The second group of robots—Robotinho [6], EveR-2 [1], Romeo [14],
ROMAN [9], HUBO [12], KIBO [10] etc., has eyeballs with 4 DOFs that enable
independent movements about the pitch and yaw axes.

Upper eyelids can be actuated together with the eyeballs or independently—it is
possible to move each eyelid individually or both together, while the lower eyelids
are usually immovable. Power transmission and motion from the actuators to the
eyeballs and eyelids is usually performed by belt mechanisms, lever mechanisms
and low backlash gear mechanisms that provide high positioning accuracy and
repeatability of movements.

3 Robot Eyes Drive System

Figure 2 shows the face of social humanoid robot Sara that is rigid, while the eyes
are movable. The eyeballs have 4 DOFs and enable independent motion about the
pitch and yaw axes, while the eyelids have 4 DOFs and enable independent motion
of all four eyelids about the pitch axis. An important requirement during the for-
mation of eyes drive system was to emphasize the feminine characteristics of the
eye, because the eyes are the most expressive part of the face. Therefore, the eyelids
are rotated in two planes—about the z axis for the angle α, and then about the xL
axis for an angle β. In addition, the upper eyelids have striking eyelashes.

Figure 3 shows the kinematic scheme of eyelids drive system that has 4 DOFs
and enables independent motion of the upper/lower left eyelids about the yL axis—
angles ψUL and ψLL as well as independent movement of upper/lower right eyelids

Fig. 1 Anatomy of human eye (left) and eyeball movements (right)
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about the yR axis—angles ψUR and ψLR. The immovable coordinate system
OLxLyLzL is rotated, relative to the global immovable system Oxyz, by angle α
about the z axis, and then by angle β about the xL axis. The immovable coordinate
system ORxRyRzR is rotated, relative to the global immovable system Oxyz, by
angle −α about the z axis, and then by angle −β about the xR axis. The eyelids drive
system consists of four spatial mechanisms 5, 6, 7 and 8 which are actuated by
motors 9, 10, 11 and 12—joints M0L, P0L, M0R and P0R. The upper/lower left
eyelids 1 and 2, and upper/lower right eyelids 3 and 4 are spherical shells of
thickness t with the centers in OL and OR, respectively. The mechanisms for driving
the upper and lower eyelids are symmetrical and structurally equal and therefore
only one eye—the left one is considered.

Fig. 2 Face of social humanoid robot Sara

Fig. 3 Kinematic scheme of the eyelids drive system: 1 and 3—upper left and right eyelid, 2 and
4—lower left and right eyelid, 5, 6, 7 and 8—spatial mechanisms, 9 and 12—motors for driving
lower eyelids, and 10 and 11—motors for driving upper eyelids
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The spatial mechanism for driving the lower eyelid consists of input link
M0LML, floating link MLNL and output link—lower eyelid. Lever N0LNL will be
considered the output link. The mechanism is of the RSSR type. The connection
between the immovable link and the input link M0LML is cylindrical joint in point
M0L enabling the rotation of one link relative to the other about an axis whose unit
vector is uμL. The connection between the input link M0LML and floating link
MLNL is the spherical joint in the point ML. The connection between the floating
link MLNL and output link N0LNL is a spherical joint in the point NL. The con-
nection between the output link and the immovable link is the cylindrical joint in
the point N0L with rotation axis defined by unit vector uψL.

The spatial mechanism for driving the upper eyelid consists of input link P0LPL,
floating link PLQL and output link—upper eyelid. Lever Q0LQL is considered the
output link. The connection between the immovable link and the input link P0LPL is
the cylindrical joint in point P0L whose unit vector is uπL. The connection between
the input link P0LPL and floating link PLQL is the spherical joint in point PL. The
connection between the floating link PLQL and output link Q0LQL is a spherical
joint in point QL. The connection between the output link and the immovable link is
the cylindrical joint in point Q0L with rotation axis defined by unit vector uψL.

Figure 4 shows the kinematic scheme of the eyeballs drive system that has 4
DOFs and enables independent motion of the eyeballs about the pitch and yaw axis
—angles θL and θR, and φL and φR, respectively. Eyeballs 1 and 2 are spheres of
radius r with a center in points OL and OR, respectively. Eyeball movements about
the pitch axis are enabled by two identical spatial mechanisms 3 and 4 which are
actuated by motors 9 and 10—joints D0L and D0R. Eyeball movements about the
yaw axis are enabled by two identical planar mechanisms 5 and 6 which are actu-
ated by motors 7 and 8—the joints A0L and A0R. Given that mechanisms 3 and 4,
and 5 and 6 are identical, only one eyeball is considered, the left one, and the
indices L—left and R—right, can be neglected. Due to the structure of the links, the
mechanisms can function independently. Local coordinate system with the center in
point O and axes xe, ye, ze is fixed to the eyeball and in the initial position, axes xe,
ye, ze are parallel with the axes of global coordinate system Oxyz.

The planar mechanism consists of two four-bar linkages A0A′B′B0 and A0A″B″
B0. Points A′, A0, and A″, as well as points B′, B0, and B″ are located on the same
lever. Angle α is an input parameter and represents the rotation of lever A′A″ about
point A0. Four-bar linkages are of the parallelogram configurations so A0A′ = B′B0

and A0A″ = B″B0. In addition A0A′ = A0A″, B′B0 = B″B0, A′B′ = A″B″ and C′
B′ = C″B″. Links between the eyeballs and the mechanisms—points C′ and C″, are
of the second order and enable two rotations whereby the axes of rotation are
mutually perpendicular. One axis is parallel to the y axis, and the other with the ze
axis. Centers of the links—points C′ and C″ are on the ye axis.

The spatial mechanism represents a four-bar linkage of RSCR configuration. The
input link is lever D0D which is by a cylindrical joint connected to an immovable
link in the point D0. Lever D0D performs a rotation by angle δ about an axis whose
unit vector is uδ. Lever D0D is connected by spherical joint to the floating link DE
in point D. Link DE is connected to the output link—eyeball at point E with a
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second order connection, which is on the ze axis. The rotation axes are mutually
perpendicular—one axis is parallel to the ye axis, and the other is at the initial
position parallel to the z axis.

4 Motion Simulation—Results

The motion simulation is performed based on the equations that are shown in [18],
using MATLAB software. Adopted law of the input link displacement is a fifth
degree polynomial. For the known geometric and input kinematic parameters of the
eyeball and eyelids—Table 1, the output kinematic parameters of the eyeballs
φðtÞ,φ ̇ðtÞ and θðtÞ, θ ̇ðtÞ as well as those of the upper/lower eyelid ψLLðtÞ,ψ L̇LðtÞ
and ψULðtÞ,ψ U̇LðtÞ are determined, which is shown in Fig. 5.

The upper eyelid performs a movement from 0° to 35° – closing the eyelid and
from 35° to 0° – opening the eyelid, total duration is 0.3 s. In the initial position, the
upper eyelid is opened and is rotated by –35° about the yL, i.e. the eyelid is in the
upper end position. The maximum value of angular velocity is 400°/s.

The lower eyelid performs a movement from 0° to 25°—closing the eyelid and
from 25° to 0°—opening the eyelid, total duration is 0.3 s. In the initial position the
lower eyelid is opened and is rotated by 25° about the yL axis, i.e. the eyelid is in
the lower end position. The maximum value of angular velocity is 300°/s.

Fig. 4 Kinematic scheme of the eyeballs drive system: 1 and 2—left and right eyeball, 3 and 4—
spatial mechanisms, 5 and 6—planar mechanisms, 7 and 8—motors for abduction/adduction
movements, 9 and 10—motors for elevation/depression movements
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Eyeball movement in the direction of elevation/depression is 60°. In the initial
position the eyeball is rotated about the y axis by −30°. The duration of the
movement is 0.3 s. The maximum value of angular velocity is 400°/s.

Eyeball movement in the direction of abduction/adduction is 60°. In the initial
position the eyeball is rotated about the z axis by 30°. The duration of the
movement is 0.3 s. Maximal value of angular velocity is 400°/s.

5 Conclusions

This paper presents the drive system of the robot eyeballs and eyelids with 8 DOFs.
The eyeballs drive system has 4 DOFs and consists of two symmetrical planar
mechanisms that enable independent motion of the eyeballs about the yaw axis—
abduction/adduction movements and two identical spatial mechanisms that enable
independent motion of the eyeballs about the pitch axis—elevation/depression
movements. The eyelids drive system has 4 DOFs and consists of four structurally
equal spatial mechanisms that enable independent motion of each eyelid—the
mechanisms for driving the upper and lower eyelids, respectively, are symmetrical.
Based on the kinematic analysis, the motion simulation of eyeball and upper/lower
eyelid is performed. Velocities of eyeball/eyelids movements are within the
parameters of the human eye. The proposed solution enables the inserting the
camera directly into the eyeball enabling the artificial vision function of the robot.
In addition, eyelids are rotated in two planes—see Fig. 2, thus mimicking the
appearance of female eye. Further research will examine the impact of geometrical
parameters on the kinematic characteristics in order to increase the velocity of
movement of the eyelids and the eyeball, which require an optimal synthesis.

Fig. 5 Motion simulation: upper/lower eyelids movements (left) and eyeball movements (right)
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Method for the Kinetostatic Analysis
of the Road Vehicles Axle Suspensions

C. Alexandru

Abstract The purpose of the research is to develop a numerical method for the
kinetostatic analysis of linkages that guide the rear beam axle of some road vehicles
(mainly, commercial and off-road vehicles). The study is performed in two dis-
tinctive stages, which are then integrated in an unitary numerical algorithm, with the
aim to evaluate the way in which the suspension system behaves under various
loading states. For beginning, the static equilibrium of the suspension mechanism is
expressed by considering the external loads and the reactions that occur in the force
generating elements of the suspension system, depending on the linear and angular
deformations of these flexible (compliant) elements. In the second stage, the
kinematics of the suspension mechanism is performed by an original analytical
algorithm, with the aim to establish the variations of the global coordinates of the
design points that are used to express the linear and angular deformations of the
compliant elements. Then, the two algorithms are coupled in an optimization
problem that intend to determine the value(s) of the independent kinematic
parameter(s) for which the minimum value of the static equation is reached.

Keywords Kinetostatic analysis ⋅ Linkage ⋅ Road vehicles ⋅ Beam axle
Compliant elements

1 Introduction

The suspension system has a crucial role for the handling and stability performance
of the road vehicles, the quality of the suspension being also reflected in the comfort
performance [3, 4, 6]. For the vehicles with two axles (front—rear), the design of
the front suspension is different from that of the rear suspension, having in view the
available mounting space and the loading regime on axles, the study developed in
this paper being focused on the rear suspension system.
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The guidance of the rear wheels of the road vehicles can be achieved inde-
pendently (each wheel being equipped with its own suspension mechanism), or
with a dependent suspension design, in which the wheels are connected laterally by
a beam axle, whose motion relative to the vehicle chassis is constrained by a set on
guiding bars, disposed in various configurations.

For the nowadays road vehicles, the independent suspension design is used
mostly at light (passenger) cars, while the beam axle suspension design is fre-
quently implemented on the commercial and off-road vehicles, due to their specific
operating requirements. The main benefits of the beam axle come from its sim-
plicity, which is reflected in a space-efficient solution, and a better durability.

The arms of the axle suspension linkage are usually connected to the adjacent
elements (axle and chassis) by bushings (compliant joints), which are subject to
linear and angular deformations, thus generating elastic reaction forces and torques.
The study of the influence of these deformations on the kinematic and dynamic
behavior of the suspension system is a key subject for the beam axle design [7, 8,
12]. Based on the study performed in [13], the influence of the linear deformations
on the guiding accuracy of the beam axle is not a significant one, much more
important being the angular capability of the bushings.

Thus, for the study developed in this work, the bushings have been modeled as
compliant spherical (ball) joints, whose travel is defined as the angular displace-
ment between the two connected parts (guiding arm—axle, and respectively
guiding arm—chassis), quantifying in fact the amount of swing angle of the ball
stud relative to the ball housing. In these terms, axle suspension linkages with low
number of degrees of mobility (DOM = 1, and DOM = 2) are obtained, a detailed
systematization based on the ball joint supposition being presented in [1].

The scientific literature show several methods/approaches for determining the
equilibrium state of the vehicle suspension systems, with application for the front or
rear wheels/axle [9–11]. Usually, these methods are developed—applied for a
specific suspension mechanism, being difficult to understand how they could be
adapted (transposed) for any suspension design.

Under these terms, in this work, the kinetostatic analysis of the beam axle
suspension system is approached with the aim of developing a general numerical
algorithm to find the equilibrium configuration, which to be applicable to most
existing suspension systems. In the numerical function by which the equilibrium
configuration is modeled, there are considered the external loads and the reactions
that occur in the elastic elements of the suspension system (springs, bump-stops,
antiroll bar, bushings), depending on their linear and angular deformations.

2 Defining the Static Equilibrium

In order to define the static model of the beam axle suspension, there have been
considered/defined two types of reference coordinate systems, as shown in Fig. 1:
the global coordinate system (OXYZ), connected to the vehicle chassis, which is
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the fixed part of the model (this being one of the simplified assumptions used in the
static analysis); the local coordinate systems (PXPYPZP and/or MiXMiYMiZMi),
connected to the beam axle of the vehicle, and respectively to the specific links
(bars) of the axle guiding linkage. The locations of the specific design points are
expressed in the two types of the reference coordinate systems, in terms of global
and local Cartesian coordinates.

The center O of the vehicle reference coordinate system belongs to a techno-
logical frame, defined by the manufacturer, the global axes XYZ being oriented in
the following way: the longitudinal axis X points backward (from the front to the
back), the transversal axis Y is directed to the right, while the vertical axis Z
upwards, thus obtaining a right-handed coordinate system. The centers of the local
reference coordinate systems are located at the middle of the beam axle (P), and
respectively of the compliant joint used to connect the specific link (bar) to the
beam axle (Mi). In the initial (modeling) configuration of the suspension system, at
the beginning of the analysis, all the local reference coordinate systems are parallel
to the global one, the way in which the relative position and orientation of the local
systems towards the global system is established during the simulation being
approached in the 3rd section of the paper (in terms of kinematic behavior).

Under the action of the reaction forces occurring in the contacts between the
vehicle tires and the driveway, the axle guiding linkage (including the beam axle)
changes its configuration, in terms of spatial position and orientation relative to the
global reference coordinate system, thus deforming the compliant/elastic compo-
nents of the suspension (helical springs, bump-stops, anti-roll bar) and generating
the corresponding elastic reactions.

Fig. 1 Beam axle suspension system
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In the static analysis, the contact forces on tires (Fs,d, which are applied in Ks,d—

see Fig. 1) are known input data, which can be obtained from the general dynamics
of the vehicle, while the reaction forces in the compliant components can be
determined in accordance with the numerical algorithm for the positional analysis
presented in the 3rd section of the paper, which allow to establish the corresponding
deformations of the compliant components (from the spatial position and orienta-
tion of the axle guiding linkage relative to the vehicle chassis), and the procedure
described in [2], by which the correlations between the elastic deformations and
reactions are defined.

By considering the two structural groups of axle guiding linkages—with one or
two degrees of mobility (in accordance with those presented in the 1st section of the
paper), the balance configuration of the suspension system (where the applied and
reaction forces/torques reach the equilibrium) can be expressed in terms of global
vertical coordinates (in OXYZ) of the wheel(s) centre(s), meaning ZGs for the
mono-mobile axle guiding linkages, and respectively ZGs and ZGd for the bi-mobile
guiding linkages. These vertical global coordinates are the independent motion
parameters for the positional (kinematic) analysis, which is approached in the next
section of the work.

In accordance with those shown Fig. 1, the following notations for the reaction
forces/torques in the compliant components of the suspension are used in the
numerical algorithm presented below: Fas,d—for the helical springs, Fts,d—for the
bump-stops, Fws,d—for the anti-roll bar, Mf—for the compliant joints by which the
guiding links are connected on axle and chassis.

In these terms, the following equation can be used to express the static balance
state of the beam axle suspension system (i.e. the configuration in which the forces
and torques acting upon the suspension system is zero), in terms of virtual works:

Fs ⋅ δrKs + Fd ⋅ δrKd + Fas ⋅ δrQs + Fad ⋅ δrQd + Fts ⋅ δrTs + Ftd ⋅ δrTd

+ Fws ⋅ δrWs + Fwd ⋅ δrWd + ∑
n

i = 1
Mf ⋅ δφfð Þi = 0

ð1Þ

where n represents the number of compliant joints (connections) from the multi-link
axle guiding mechanism, while δr/δφ are the virtual displacements/rotations, which
are expressed in correlation with the independent motion parameters (ZGs,
respectively ZGs and ZGd—depending on the number of degrees of mobility). By
replacing the virtual displacements and rotations in the virtual works Eq. (1), the
following functions are obtained:

F(ZGsÞ =Fs ⋅
υrKs
υZGs

+ Fd ⋅
υrKd
υZGs

+ Fas ⋅
υrQs
υZGs

+ Fad ⋅
υrQd
υZGs

+ Fts ⋅
υrTs
υZGs

+ Ftd ⋅
υrTd
υZGs

+ Fws ⋅
υrWs

υZGs
+ Fwd ⋅

υrWd

υZGs
+ ∑

n

i = 1
Mf ⋅

υφf

υZGs

� �
i
= 0

ð2Þ
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F(ZGs, ZGdÞ=Fs ⋅
υrKs
υZGs, d

+ Fd ⋅
υrKd
υZGs, d

+ Fas ⋅
υrQs
υZGs, d

+ Fad ⋅
υrQd
υZGs, d

+ Fts ⋅
υrTs
υZGs, d

+ Ftd ⋅
υrTd
υZGs, d

+ Fws ⋅
υrWs

υZGs, d
+ Fwd ⋅

υrWd

υZGs, d
+ ∑

n

i = 1
Mf ⋅

υφf

υZGs, d

� �
i
= 0

ð3Þ

where Eq. (2) corresponds to the beam axle suspension systems based on
mono-mobile guiding linkages, while Eq. (3) is specific for bi-mobile linkages.

In this way, the static balance position/configuration is that in which the function
(2) or (3) reaches the minimum, and it is defined by the corresponding value(s) of
the specific independent motion parameter(s) ZGs/ZGs and ZGd (the design variable
(s) in the optimal design process).

Considering a particular set of values for the applied forces on tires Fs,d (in
correlation with the specific regime, e.g. traction, braking, stationary), the up-down
motion range of the wheels (which is determined by the extreme limits ZGs/d min,
ZGs/d max) is splitted in a list of discrete values, by considering the increment ΔZGs/d.
In the first iteration, the value(s) of the independent motion parameter(s) will be the
very minimum value(s) ZGs/d min, while a particular iteration k from the wheel
motion range is defined by Zk

Gs ̸d =Zk− 1
Gs ̸d +ΔZGs ̸d, the iterative process being

repeated until ZGs/d = ZGs/d max.
For each iteration defined in this way, there are performed the followings

operations (steps):

• establishing the global coordinates of the mounting points of the compliant
components of the suspension (e.g. XQs,d for the helical springs) by the posi-
tional (kinematic) analysis of the multi-link axle guiding mechanism, which is
approached in the next section of the paper;

• establishing the deformations and elastic reactions of the compliant components
(e.g. Fas,d for the helical springs), in correlation with those presented in [2];

• determining the corresponding value of the design objective function (2) or (3).

In the end, from the so obtained set of values, the optimal design is selected,
corresponding to the minimum value of the design objective function F(ZGs), and
respectively F(ZGs, ZGd), which defines the static balance state (configuration) of
the beam axle suspension system.

3 Kinematics of the Axle Suspension Mechanisms

As presented in the previous section of the work, the kinematic analysis of the axle
guiding linkages is a part of the general algorithm for the static analysis, with the
purpose to determine the spatial positioning (position and orientation) of the
guiding linkage, having as central element the beam axle, relative to the vehicle
chassis (which is the fixed/reference part of the system). The scientific literature in
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the field shows several methods for performing the kinematic analysis of the
multi-link axle/wheel guiding mechanisms, a detailed discussion on some repre-
sentative methods being presented in [4].

In this work, the kinematic analysis of the multi-link axle guiding mechanism is
carried out by an original numerical algorithm, which proved to have unitary and
general character while also avoiding some known issues of other existing methods.
By reference to the algorithm presented in [5], significant improvements are
brought by the method described below, mainly related to the accuracy of the initial
solution, and the convergence of the system.

In the concept of the proposed method, the kinematic behavior (i.e. the spatial
position and orientation) of the multi-link axle guiding mechanisms is analytically
described by a non-linear system that include the constraint equations of the guiding
points of the axle (depending on the structural variant of mechanism, in accordance
with the systematization presented in [1]), to which the rigid body equations for the
rear axle are added. For example, the kinematics of the 4-link guiding axle
mechanism shown in Fig. 1 (with DOM = 2) is defined by the following set of 7
equations:

XMi −XM0ið Þ2 + YMi −YM0ið Þ2 + ZMi −ZM0ið Þ2 −MiM2
0i = 0, i = 1 . . . 4 ð4Þ

XG −XGdð Þ2 + YG −YGdð Þ2 + ZG −ZGdð Þ2 −GG2
d = 0

XG −XGsð Þ2 + YG −YGsð Þ2 + ZG −ZGsð Þ2 −GG2
s = 0

XGs −XGdð Þ2 + YGs −YGdð Þ2 + ZGs −ZGdð Þ2 −GsG2
d = 0

ð5Þ

where Eq. (4) define the geometric constraints, in this case 4 constant distance
conditions between pairs of points located on axle (Mi) and chassis (M0i), while
Eq. (5) are used to model the rigid body feature of the axle. The three specific
points whose global coordinates define the rigid body conditions (5) are the centers
of the left and right wheels (Gs and Gd), in other words the extremities of the axle,
to which a third point (G) from the axle plane is added (see Fig. 1).

Each guiding point Mi of the axle can be expressed in correlation with the three
specific points Gs, Gd and G, under the form:

XMi −XGsð Þ2 + YMi −YGsð Þ2 + ZMi −ZGsð Þ2 −MiG2
s = 0,

XMi −XGdð Þ2 + YMi −YGdð Þ2 + ZMi −ZGdð Þ2 −MiG2
d = 0,

XMi −XGð Þ2 + YMi −YGð Þ2 + ZMi −ZGð Þ2 −MiG2 = 0.

ð6Þ

The 3-equation non-linear system (6) was solved by subtracting the first equation
from the other two, resulting two linear equations in XMi and YMi as functions of
ZMi. These functions are replaced in the first equation of the system, resulting in this
way a quadratic equation in ZMi with the well-known solution, which is then used
to determine the other two global coordinates XMi and YMi.
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In the next stage, the general non-linear system formed by Eqs. (4) and (5) is
solved by using the Newton-Kantorovich iterative method, the initial solution of the
system (in the first iteration) being accurately established in correlation with the
initial position of the axle coordinate system, which is expressed by the set of global
coordinates {XP, YP, ZP}

0, and the local coordinates of the three specific points in
PXPYPZP {XGs,Gd,G, YGs,Gd,G, ZGs,Gd,G}

P (all these coordinates being known input
data).

The iterative algorithm is repeated until the entire up-down motion travel of the
wheel(s) is covered, in a particular position (configuration) k, the solution obtained
in the previous position k − 1 acting as initial solution. In this way, the kinematic
behavior of the multi-link guiding mechanism is determined, the results of the
positional analysis being then used for establishing the deformations and the cor-
responding reaction forces in the elastic components of the suspension, thus
allowing the evaluation/computation of the static function (2) or (3).

4 Results and Conclusions

The numerical algorithm was transposed in computer code by using the program-
ming language C++. Several variants of suspension systems (based on multi-link
guiding mechanisms with DOM = 1 and DOM = 2) have been analyzed by run-
ning the in-house made application, by considering some representative static cases,
such as stationary, traction or braking, which are reflected in the set of values for the
applied forces on tires as result of the contact with the road surface (driveway).

For this paper, the kinetostatic analysis was performed for a suspension system
based on bi-mobile guiding linkage, which is similar (equivalent) to the solution
shown in Fig. 1. The suspension system was tested by considering the stationary
static regime, which is materialized by a set of vertical forces applied on wheels, in
the variation domain Fs,d∈ [0, 8000] N. The results of the analysis, in terms of
equilibrium position (which is expressed by the vertical coordinates ZGs,d of the
wheels centers) are shown in Fig. 2. In the stationary empty position (Fs,d ≈
4200 N), the equilibrium state is defined by ZGs,d ≈ 0, this being in good correlation
with the value on the real vehicle, which demonstrates the viability of the method.

By reference to other methods from literature, the numerical algorithm proposed
in this work brings several important benefits for the kinetostatic analysis of the
beam axle suspension systems, such as the degree of applicability (the method can
be implemented for most known axle suspension systems, in unitary way), the fast
convergence of the non-linear system used to model the kinematic behavior of the
axle guiding mechanisms, the accurate selection of the initial solution from which is
going to solve the system.

The mode in which the deformations of the compliant components are defined in
correlation with the spatial positioning of the mounting points, through an original
kinematic approach, allows the facile integration with the computing algorithm of
the force equilibrium state, which is conducted as an optimal design process, aiming
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the minimization of the static function. For a further work, the author intends to
adapt the method for the kinetostatic analysis of the independent wheels suspen-
sions, which are frequently used in nowadays passenger cars.
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Forces Transmission at Structural
Group 0/4/2

C. Duca and Fl. Buium

Abstract The paper uses as forces transmission quality index the coefficient’s
determinant of the system serving to static analysis without friction. Then it does
the connection between this determinants value and the configuration parameter,
expressing the length between exterior joints centres. Aided this length, the con-
ditions for a favourable transmission regime, it formulates. It formulates also the
driving link rotatability condition for the simplest mechanism, containing the 0/4/2
structural group.

Keywords Forces transmission index ⋅ 042 structural group ⋅ Configuration
parameter ⋅ Singularity ⋅ Mechanism self-locking

1 Introduction

The 0/4/2 structural group (0—degree of freedom, 4—class, 2—order), has a rel-
ative reduced usage in mechanism’s practice, but its behavior analysis is however
useful. This paper deals with the variant containing revolute pairs only, Fig. 1, as
being the most used in practice. As we showed in a series of previous papers [5–
12], singularities, self-blocking and forces transmission are connected each other
phenomena and have specified characteristics for each structural group, as it will
result from this paper too. We mention that general meaning of specialists, the
essential index of forces transmission quality is the transmission angle (or the
pressure angle) [1–4]. But, this index can be applied to simple mechanisms only—
four-bar linkage and slider-crank) because these contain only one structural
group. The attempts to extend pressure angle usage for the 6 link mechanisms did
not lead to favorable results, in our opinion. Starting from the essential idea that
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forces transmission quality index is a specific characteristic of each structural group
and not of the mechanism as a whole, in a series of our papers [5–12] we analyzed
0/2/2 and 0/3/3 structural groups. Naturally, structural group completing the usual
domain is 0/4/2, that we treat in present paper. In scientific literature we did not find
such an approach of above mentioned problem, no for the group itself, nor for
mechanisms containing structural group 0/4/2.

In [9–11], we legitimately proposed usage as quality index of forces transmis-
sion, the absolute value of the nonlinear equation system Jacobian, deserving
position analysis. This determinant is proportional to the coefficient’s determinant
associated to the linear system intervening in velocities analysis and to the coeffi-
cients determinant from the static analysis without frictions, so any from this three
can be used.

2 The Forces Transmission Index

Afterwards we adopt as forces transmission index T φð Þ, the absolute value of the
determinant from the static analysis without friction (written Δ). Thus, it was taken
into consideration the loads (resultant torsors consisting of forces and torques) on

Fig. 1 The structural group 0/4/2. Numbers on the axes represent relative lengths
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each of four elements. Then it was written the equilibrium (d’Alembert) equations
neglecting frictions. In result it obtained a linear system with 12 equations and 12
unknowns (all reactions components in those 6 kinematic pairs). After certain
substitutions, this linear system reduces to a system with 8 equations and 8
unknowns. The coefficients of this system forms the determinant Δ). Because of
space limitations, this paper does not indicate explicitly the equations of this sys-
tem. The value of this determinant depends on the group configuration (the group
position related to one of its elements). In the case of this group, the configuration is
determined by one parameter only because the internal degree of freedom, obtained
by external pairs elimination, equals one. So, we adopted the φ angle, Fig. 1, and
the configuration reports to a referential system associated to the link 1. In such
conditions, the T φð Þ index has expression:

T φð Þ= Δ φð Þj j ð1Þ

where, Δ φð Þ=

=

yF − yA − xF − xAð Þ yF − yD − xF − xDð Þ 0 0 0 0
1 0 1 0 1 0 0 0
0 1 0 1 0 1 0 0

− yE φð Þ− yB φð Þð Þ xE φð Þ− xB φð Þ − yE φð Þ− yC φð Þð Þ xE φð Þ− xC φð Þ 0 0 0 0
− 1 0 − 1 0 0 0 1 0
0 − 1 0 − 1 0 0 0 1

yA − yB φð Þ − xA − xB φð Þð Þ 0 0 0 0 0 0
0 0 yD − yC φð Þ − xD − xC φð Þð Þ 0 0 0 0
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However, the geometric natural parameter determining the configuration is
d=FE, because this parameter is imposed by connecting the structural group into
mechanism, consequently it makes the connection between the group and the
mechanism.

Between d and φ it can be established the expression d φð Þ obtained from the
ABCD four bar linkage, Fig. 1. Finally it results a correspondence between T and d,
by intermediary φ parameter. This fact allows to adopt a running zone, for d, inside
where the forces transmission does properly. We will illustrate the working mode
aided by a concrete example.

Let consider a structural group with following relative lengths: AB=1, BC=1.7,
CD=1.5, AD=2, xF =0.3, yF = − 0.5, x2E =0.8, y2E =1, Fig. 1.

It computes T and d using Eq. (1) and also the positions analysis of the ABCD
four bar linkage with basis 2 and, it performs, considering the independent variable
φ∈ 0, 2π½ �.

In Fig. 1, the trajectory of the point E is traced, reported to the referential system
Oxy, It results diagrams from Fig. 2.
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3 Discussions and Interpretations

These diagrams study points out certain important observations. Thus, the function
T passes two time through zero, at φM =80◦ and at φm =312◦. In these points it
notices two singular configurations, characterized by fact that points E, F and P
(placed at the intersection of the lines AB and CD), are collinear [6]. In Fig. 1, the
group is shown in singular position corresponding to point φM . This geometric
property can be noticed also, from diagrams of φE φð Þ and φF φð Þ angles, made by
lines FE and FP with Ox axis, Fig. 3.

The two curves are exactly intersected at points φM and φm. In singular posi-
tions, the length d receives the extreme values dm =FEm =0.851 and
dM =FEM =2.698, as it results from Figs. 1 and 2. This situation explains itself by
fact that singularities separates an interval of variable d, dm, dM½ � [10], where
positions problem has real solutions. Outside this interval, the solutions are com-
plex and, consequently the group cannot be built. By graphical substitution of
variable φ between functions T φð Þ and d φð Þ it obtains diagram T dð Þ, Fig. 4. The
graphic presents two branches, separated by the two singular configurations, which
are evidenced also in Fig. 2. The upper branch on Fig. 4 corresponds to interval
φm,φM½ � from Fig. 2, and the lower branch corresponds to interval φM ,φm½ �.
Interesting for us is the upper branch, that present bigger values for T . Running

on one or another branch is determined by the assembling mode at group building.
In order to assure the forces transmission quality, we have to impose a lower,
admissible limit for the parameter T , written Ta. On this purpose, we define a
relative index Tr = T ̸Tmax, and in order to adopt an admissible value Tra, we make

Fig. 2 Diagrams of T and d. Numbers on the vertical axis represents relative lengths
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an analogy with RRR structural group or with four bar linkage. To this mechanism it
recommends as admissible value for the transmission angle γa =45◦ that leads to an
admissible value Tra = sin 45◦ ≅ 0.707 [7, 8]. Taking Tmax = 4.323 from Fig. 4, it
calculates Ta =Tra ⋅ Tmax = 3.056.

The same diagram allows now to define an interval d1, d2½ � with d1 = 1.319 and
d2 = 2.515, located inside the interval dm, dM½ �. In order to put in relief the use-
fulness of these values let consider the most simple mechanism that contains this
group and comes from Stephenson kinematic chain, Fig. 5.

Fig. 3 Diagrams of φP and φE . Numbers on the axes represents hexadecimal degrees

Fig. 4 Diagrams of Tmax and Ta as functions of relative length d

Forces Transmission at Structural Group 0/4/2 71



Length d is computed from EFG triangle and then is transferred to the group
FABECD. Its extreme values are dmin = l6 − l7j j and dmax = l6 + l7. In order to the
element 6 admits a full rotation in mechanism, it is necessary that interval
½dmin, dmax� does be located entirely inside the ½dm, dM � interval, i.e. it must respect
the following condition:

dmin = l6 − l7j j≥ dm
dmax = l6 + l7 ≤ dM

ð2Þ

Finally, to ensure the forces transmission quality Tr ≥ Trað Þ it is necessary that
interval ½dmin, dmax� must be located inside the ½d1, d2� interval, respecting the fol-
lowing conditions:

dmin = l6 − l7j j≥ d1
dmax = l6 + l7 ≤ d2

ð3Þ

Of course, conditions (3) are most restrictive than (2), so that respecting its
ensure the respect of (2) conditions. Adopting l=0.5 and l=1.9, it can be noticed
that both conditions are satisfied.

4 Conclusions

Conditions (3), together with computing procedure of intervening parameters allow
the evaluation of forces transmission regime for structural group 0/4/2.

Conditions (2) allow driving link rotatability verification of the simplest
mechanism containing this group.

These conditions are useful both: for mechanism analysis and for synthesis of
mechanisms where the 0/4/2 group intervenes.

Fig. 5 The simplest
mechanism built with 0/4/2
structural group
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Topological Structure of the Actuating
Mechanisms of the Urban Buses Doors

D. Antonescu, C. Brezeanu and O. Antonescu

Abstract The paper analyzes the structural and geometric-kinematic aspects of the
articulated bar mechanisms used to actuate the doors of urban buses. A mechanism
of this kind consists of two main parts: the control mechanism mounted under or
above the door, and the crank-slider final mechanism which actuates the folding
doors. The analyzed mechanisms have in their structure simple dyad chains or
complex chains of triad type. For these types of planar linkages that are equipping
the urban buses, the topological and geometric structure is analyzed in order to find
solutions to minimize the swept volume of them.

Keywords Urban bus ⋅ Folding door-part ⋅ Articulated planar mechanism
Topological structure

1 Introduction

Urban transport by buses (Fig. 1), trolleybuses, trams must, unlike other vehicles,
make several stops at the same time for boarding and lowering passengers at the
stations on the route. Therefore, the bus door mechanisms have a high number of
operating cycles which require a very good reliability.

In Sect. 2 the most well known types of urban bus doors are presented. Two
types of doors are commonly used on today buses:

D. Antonescu
“Iuliu Maniu” High School, Bucharest, Romania
e-mail: daniela.mihalache@yahoo.com

C. Brezeanu
Tenaris Group, Zalau-Calarasi, Romania
e-mail: br79@yahoo.com

O. Antonescu (✉)
Politehnica University of Bucharest, Bucharest, Romania
e-mail: oval33@hotmail.com

© Springer International Publishing AG, part of Springer Nature 2018
I. Doroftei et al. (eds.), New Advances in Mechanism and Machine Science,
Mechanisms and Machine Science 57,
https://doi.org/10.1007/978-3-319-79111-1_8

75

http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-319-79111-1_8&amp;domain=pdf
http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-319-79111-1_8&amp;domain=pdf
http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-319-79111-1_8&amp;domain=pdf


• with circular sliding motion [1, 3];
• with rotational-sliding motion [3, 4].

In Sect. 3 a comparing analysis of the actuated mechanisms of the urban and
trolley buses doors is performed [4, 13]. First, the bus type TV-20 uses two fixed
longitudinal opposed cylinders for the control mechanism. Then the trolleybus type
TV use only one fixed longitudinal cylinder for the control linkage. Next, the bus
type Ikarus uses a rotational cylinder as the actuator. Finally, the bus type Skoda
uses only one fixed oblique cylinder for the control linkage [13].

For the first three types, a detailed topological analysis is performed, including
the displaying of the structural and the kinematic chain schemes [3, 5, 8]. The goal
of the paper is to identify the optimum design solution of the door mechanism
regarding the swept volume of it. The smaller swept volume is generated by the
door linkage, the higher saved space inside the bus is obtained. As it can be
observed, the type Ikarus of the door mechanism is the most compact of the
presented models.

Starting from this structural analysis, a general method of geometrical synthesis
of these planar mechanisms with articulated bars can be elaborated on the basis of
relative-associated positions [3, 4, 8, 9].

Based on the presented topological analysis of the bus door mechanisms, new
control and/or final linkages, whose kinematic schemes are simpler, performing
higher transmission angles [4, 10, 17] and therefore having a better operating
behavior, can be achieved.

Fig. 1 Photos [13] of two models of buses
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2 Types of Mechanisms for Bus Doors

2.1 Swinging Door (Conventional) with Hinge Joint

In the case of classical design buses (Fig. 2a), but also to the most vans (Fig. 2b),
the doors are opened by a swinging movement around a vertical axis by means of a
hinge [14].

2.2 Door with Circular Sliding Motion

In some modern buses the movement of doors is circular sliding [1, 3], being done
by means of an articulated parallelogram mechanism (Fig. 3).

The kinematic scheme of the articulated parallelogram mechanism (Fig. 4)
shows that the vehicle door (represented by the MN segment) is rigid connected
with the coupler AB. In the practical case of bus doors, the positioning of the fixed
joints A0 and B0 is made inside the body 0, in the area of the stairway.

Fig. 2 Swinging doors in horizontal plane (conventional doors)

Fig. 3 Folding door (circular sliding movement) outside the bus
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Each of the two door-parts is rigid connected with the coupler 2 of the paral-
lelogram A0ABB0 in the closed position of the door with width MN. In the open
position of the door M′′N ′′, the parallelogram mechanism is A0A′′B′′B0. Note that
the bar 1 cannot be in a straight line as it would interfere with the bus body, so that
the shape of it is curved and it does not collide with the vehicle body.

The kinematic scheme of the parallelogram mechanism was drawn in three
positions: two extreme positions (closed and open) and an intermediate position
M′N ′ at the maximum distance of the body (Fig. 4).

A parallelogram mechanism is corresponding for each of the two door-part,
whose kinematic schemes are symmetrically represented.

Due to the fact that the bar 1 ðA0AÞ is the driving kinematic element, it has a
much larger cross-section than the bar 3, having primarily a geometric role.

Note that for the right part, the parallelogram mechanism was represented only
in the closed position.

2.3 Door with Planar Rotational-Sliding Motion

The door of the bus can be made of two parts articulated each other, of which one of
the parts performs a horizontal rotation and the other one performs a
rotational-sliding motion.

The most commonly used solution is the one in which the door is made of a
single part having a horizontal planar movement (rotational-sliding). When the door
is open, the door-part is fully folded (Fig. 5a) or partially folded (Fig. 5b) inside the
bus.

In an intermediate position of the bus door (Fig. 6) the door-part being rigidly
connected to the coupler of a crank-coupler planar mechanism (Fig. 7) can be
observed.

The control and actuation mechanism of the door is usually located at the top of
the bus body.

A0 A0

A B
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B'
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1
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0
3

2

1

N
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N'
N''
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M''

2
2

ψφ

MN

3

Fig. 4 The kinematic scheme of the double symmetrical parallelogram mechanism
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Fully folding doors inside the bus Partially folding doors inside the bus(b)(a)

Fig. 5 a Fully folding doors inside the bus. b Partially folding doors inside the bus

Fig. 6 Doors with one-part
inside folding
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3 Topological Structure of Bus-Door Actuation
Mechanisms

3.1 The Door Mechanism of a Bus Type TV-20

This planar mechanism (Fig. 8) is consisting of two series-connected kinematic
chains [3, 6, 8, 13]: the “control” mechanism MC (1a, 2a, 3, 1b, 2b, 3) and the “final”
mechanism ME (3, 4, 5, 6, 7).

Observing that the joint of A is double, the degree of mobility of the mechanism
results [3, 4]:

M3 = 3n− 2C5 −C4 = 3 ⋅ 9− 2 ⋅ 13= 1 ð1Þ

The structural scheme (Fig. 8a) matches the analytically determined degree of
mobility (1) and indicates that the mechanism is simple (class II), regardless of
which of the elements 1a, 1b is the driving component.

The “motor mechanism” (Fig. 8b) has the same structural class regardless of the
driving element 1a or 1b, the kinematic chain from which it originates being
symmetrical [4, 10, 12].

The actuating agent of the mechanism is pressurized air, acting alternately on the
pistons 1a and 1b.

In fact, due to the small displacements of the pistons, instead of the piston
cylinders, there are used pneumatic chambers with elastic diaphragms to which the
connecting rods 2a and 2b are fixed.

Both parallel-connected mechanisms (3, 4, 5), (3, 6, 7) operate as a double
rocker [6–8] because the rotation of the elements 5, 7 is limited to 90° (Fig. 8).

The ME (3, 4, 5, 6, 7) transmit the oscillation movement of the central rocker 3
to the left and right rockers (5, 7) linked in parallel.

They form a common body with the single doors or with the main parts of the
folding doors, which are made as crank-coupler mechanisms with curved guide
near the fixed joint B0 (Fig. 9).

Transmission functions of the zero order, accomplished by the two mechanisms,
are equal and have opposite signs:
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2M 2Fig. 7 The scheme of the
crank-coupler mechanism
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i35 = − i37 =
φ12

ψ12
≅

1
4

ð2Þ

where: φ12 = 23°; ψ12 = ψ 0
12 = 90°.

3.2 The Door Mechanism of a Trolleybus Type TV

This type of mechanism (Fig. 10) consists of three series-connected mechanisms:
MC (1, 2, 3) and ME (3, 4, 5, 6, 7); (6, 8, 9), having the same number of kinematic
elements [13] as in the previous case.
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Fig. 8 The kinematic scheme of the planar mechanism with bars; the structural topological
scheme (a) and the kinematic chain (b)

Fig. 9 The kinematic scheme of the door mechanism with curved guide
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By means of the formula (1), the degree of mobility (M3 = 1) is verified, which
can also be observed on the structural scheme (Fig. 11a) showing in addition that
the “motor mechanism” (Fig. 10) is a complex planar mechanism (3rd class).

The structural scheme is asymmetric by observing the kinematic chain
(Fig. 11b), from which the analyzed “motor-mechanism” was obtained.

The final mechanism consists of a parallelogram (5, 6, 7) and an
anti-parallelogram (6, 8, 9) so that the transmission ratio is achieved between the
driven elements 7 and 9:

i79 = i76 ⋅ i69 = − 1 ð3Þ

Fig. 10 The kinematic scheme of the planar mechanism with triadic chain

(a) (b)

Fig. 11 The structural scheme (a) and the planar kinematic chain (b)
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The piston 1 operates with double effect, the compressed air acting on both sides,
and by means of the connecting rod 2 the linear sliding motion is turned into a
rotational motion, swinging the rocker 3.

Further, the movement is transmitted, by the coupler 4, to the parallelogram (5,
6, 7) and then, via the element 6, to the anti-parallelogram (6, 8, 9) (Fig. 9).

The doors or the main parts of the folding doors are fixed to the driven elements
7 and 9 (having limited rotation of 90°), according to the kinematic scheme
(Fig. 10) or the structural scheme (Fig. 11a).

3.3 The Door Mechanism of a Bus Type Ikarus

This type of mechanism (Fig. 12) consists of MC (1, 2, 3) with oscillating cylinder
and ME (3, 4, 5, 6, 7) formed by the parallelogram (0, 3, 4, 5) and the
anti-parallelogram (0, 3, 6, 7) obtained by extending the MC [4, 13]. ME (3, 4, 5, 6,
7) is similar to that used on the TV trolley (Fig. 10).

The doors or the main parts of the folding doors are fixed to the driven elements
5 and 7, made as crank-coupler mechanisms with curved guide (Fig. 12).

The structural scheme (Fig. 13a) is made taking into consideration that the
articulation A is double, the analytically-determined degree of mobility being [3]:

M3 = 3n− 2C5 = 3 ⋅ 7− 2 ⋅ 10= 1 ð4Þ

The “motor mechanism” (Fig. 13a) has a simple structure (class II), being
obtained from the 8-element kinematic chain (Fig. 13b).

Compared with the other two analyzed mechanisms (Figs. 8 and 10), this
mechanism (Fig. 13) is made of fewer elements and the swept volume of it is
smaller, the pneumatic cylinder being mounted at a minimum distance in respect of
direction B0B′.

Fig. 12 The kinematic scheme of the door mechanism with the curved guide
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3.4 The Door Mechanism of a Bus Type Skoda

This type of mechanism (Fig. 15) has the same number of kinematic elements [13]
as the precedent (Fig. 14), the kinematic schemes being similar, and the structural
scheme obtained from the same kinematic chain (Fig. 13b).

In this mechanism, the pneumatic cylinder is fixed (Fig. 15), all the kinematic
joints are simple and the fixed joint A0 is located at a greater distance with respect
to B0B′, which implies a larger swept volume.

The doors are made of a single part connected to the coupler CD of the
crank-slider mechanism (Fig. 16).

Note that the essential difference among the four studied mechanisms is the way
of designing the control mechanism, while the final mechanisms are similar.

(a) (b)

Fig. 13 The kinematic scheme of the articulated planar mechanism

Fig. 14 The kinematic scheme of the planar mechanism with curved guide
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4 Conclusions

In the paper the structural and geometric-kinematic aspects of the articulated bars
mechanisms for actuating the doors of the urban buses were analyzed.

It is emphasized that all the studied mechanisms have a common part, both the
execution mechanism and the control mechanism being made up of a quadrilateral
(parallelogram) and an anti-quadrilateral (anti-parallelogram).

Knowing the topological structure, these planar bus-door mechanisms with
articulated bars can be redesigned in order to improve the operating and to achieve a
smaller swept volume.

Also, comparing the bus doors with circular sliding motion to those with
rotational-sliding movement, the main advantage of the first type is the offering of a
greater comfort the passengers since the doors do not occupy any space inside the
bus.

Fig. 15 The kinematic scheme of the planar linkage in the extreme positions

Fig. 16 The kinematic scheme of the final mechanism equipped with sliders
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This topological-structural analysis represents a base for a future work on design
of a new actuating mechanism for bus doors.
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Geometric Synthesis of the Actuating
Mechanisms of Urban Bus Doors

D. Antonescu, I. Popescu and O. Antonescu

Abstract The paper presents the method of geometrical synthesis of two new
kinematic schemes of articulated planar mechanisms used to actuate the urban bus
doors. The stages of solving geometrical synthesis for the two and three
relative-associated positions of the bars articulated to the body are performed. In
order to optimize the geometric synthesis and to avoid the mechanism stalling, the
limiting of the pressure angle is required. One of the two proposed mechanisms has
kinematic chains of dyad type in its structure, and the other mechanism also
includes a triad-type kinematic chain. The new solutions have a smaller swept
volume regarding the control mechanism.

Keywords Urban bus door ⋅ Articulated mechanism ⋅ Kinematic scheme
Geometric synthesis

1 Introduction

For a high frequency of stops and a high number of passengers getting on and off,
as well as for ensuring the safety of the passengers on boarding and during the
journey, the urban vehicles are equipped with doors [11–14, 16] consisting of two
or more folding parts, pneumatically or electrically controlled (Fig. 1).

A mechanism for actuating the city bus doors is generally composed [1, 4] of
two main parts:
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• the control mechanism, mounted either under the stairs or above the door
(Fig. 1);

• the crank-slider final mechanisms to which either the crank and the coupler or
only the couplers or the cranks are rigidly linked to one part of the folding door.

The structure and kinematics of the mechanisms used to actuate the urban bus
doors [6] highlight the unitary character of the control mechanisms.

The paper presents the method of geometric synthesis of the control mechanisms,
based on the relative-associated positions [2, 5] corresponding to both the extreme
positions of the bus doors (open-closed), as well as in their intermediate positions.

A general method of geometrical synthesis of these planar mechanisms with
articulated bars was developed based on the relative-associated positions [2, 4, 5].

On this basis, two new control mechanisms have been designed whose kinematic
scheme is simpler, achieves higher transmission angles [6, 8], thus having a better
efficiency.

2 Synthesis of New Kinematic Schemes for the Door
Actuating Mechanism

2.1 Geometric Synthesis of the Four-Bar Mechanism Type
Anti-parallelogram

The planar linkages type anti-quadrilateral and, especially, the anti-parallelogram,
have the following transmission ratio between the cranks [10]:

i13 =
φ12

ψ12
=

ω1m

ω3m
= − 1 ð1Þ

Fig. 1 Photos [15] of urban buses

88 D. Antonescu et al.



This ratio allows swinging, in opposite directions, the double doors between
closed or open positions.

By imposing the A0B0 distance (Fig. 2), corresponding to the double door opening,
as well as the rotation of the main parts of the folding doors, it is possible to synthesize
the anti-quadrilateralmechanism for a number of relative-associated positions [5] of the
oscillating cranks (rigid connected to the main parts of the doors).

Therefore, knowing the rotation angles of the main door-parts, equal to 90°, two
relative-associated positions can be considered.

The relative rotation pole R12, located on the segment mediator A0B0, is
obtained, since

φ12
�!= ψ12

 � =90◦ ð2Þ

By conveniently choosing the position A1 of the mobile articulation A, results
the angle β12 = / A0R12A1, which is being drawn in the same direction to the
segment R12B0, obtaining the direction U12 as the geometric spot for the position B1

of the other movable articulation B (Fig. 2).
The limited swept volume outside the vehicle (corresponding to the space below

A0B0) requires the choosing of B1 at the minimum distance to B0.
For three relative-associated positions, the following angles are imposed

(Fig. 3):

φ12
�!= φ23

�!=45◦; ψ12
 � = ψ23

 � =45◦ ð3Þ

Thus, three poles of rotation are resulting, of which R12, R13 are used and both
are located on the mediator of A0B0.

Fig. 2 Two relative positions of the mechanism [3]
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If the position of B1 is selected and, implicitly, the length B0B of the crank, the
angles result:

β12 = / B0R12B1; β13 = / B0R13B1 ð4Þ

These angles, measured in the same direction in respect of A0R12 and respec-
tively A0R13, determine the directions U12, U13 whose point of intersection rep-
resents the position A1 of the mobile articulation A.

The passing of the anti-quadrilateral mechanism A0ABB0 through the three
imposed positions, checks the solution found graphically (Fig. 3).

Considering the case of the anti-parallelogram mechanism and limiting the
transmission angle [6] to the value μmin, in the extreme positions, the solutions
found in the synthesis of the mechanism for two relative-associated positions can be
diminished (Fig. 2).

Therefore, knowing φ12 =ψ12 = 90◦ O1 and O2 are obtained symmetrically to
A0B0, representing the centers of the orthogonal circles (C1), (C2), measuring the
angles:

/A0O1B0 = / AO2B0 = 900 ð5Þ

Observing that O1 = R12 is drawn with respect to O1B0, the angle is equal to
2ð45◦ − μminÞ where B1 = C1ð Þ∩U12.

Regardless of the position of A1 ∈ C1ð Þ above the A0B0, the following condition
is fulfilled:

/A0A1B1 = μmin ð6Þ

Fig. 3 Three relative
positions of the mechanism
[3]
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In the case of actuating the final mechanism via the coupler AB, it is necessary to
obtain the angle μmin at both oscillating cranks, i.e.

/AA1B1 = / B0B2A2 = μmin ð7Þ

In conclusion, the condition (7) is fulfilled by the anti-quadrilateral mechanism
in which the positions A1,B1 ∈ C1ð Þ, and A2,B2 ∈ C2ð Þ, so that (Fig. 4):

φ12 = / A1A0A2 = 90◦; ψ12 = / B1B0B2 = 90◦ ð8Þ

2.2 New Kinematic Schemes of the Actuating Mechanisms
of the Urban Bus Doors

Using the geometrical method of synthesis, two kinematic schemes (Figs. 5 and 6)
have been designed with a small number of elements, which can be accomplished
as pneumatic mechanisms for actuating the urban bus doors.

The first proposed kinematic scheme (Fig. 5) is a complex “motor mechanism”

(class III—Fig. 5a) derived from an 8-element kinematic chain (Fig. 5b).
The second proposed kinematic scheme (Fig. 7) is a complex “motor mecha-

nism” (class III—Fig. 6a) derived from another 8-element kinematic chain
(Fig. 6b) [7].

=

μ

μ

Fig. 4 Geometrical synthesis
of the articulated
anti-quadrilateral
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(a) (b)

Fig. 5 Triadic kinematic scheme of the door actuating mechanism

(a) (b)

Fig. 6 The structural scheme (a) and the kinematic chain of the door actuating mechanism (b)

Fig. 7 Double-triad kinematic scheme of the door actuating mechanism
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3 Synthesis of Planar Mechanisms with Six Kinematic
Elements (Quadrilateral + Anti-quadrilateral)

The problem of the synthesis of 6-element mechanisms, type quadrilateral
(four-bar) and anti-quadrilateral, is related to the fact that the majority of the
existing mechanisms have the final mechanism made up of two elementary
mechanisms (quadrilateral + anti-quadrilateral) connected in series.

Typically, the mechanisms used in this field consist of specific mechanisms type
parallelogram and anti-parallelogram.

Furthermore, a more general case of mechanisms consisting of quadrilateral and
anti-quadrilateral connected in series has been considered. Through the design
project the distance B0B0′ (opening of the double door) is imposed and the position
of the third fixed joint A0 (Fig. 8) is conveniently chosen.

Three relative-associated positions of the driven elements are selected, positions
drawn in B0, respectively B′, and indicated by the angles:

ψ12 =ψ23 = 45◦; ψ ′

12 =ψ ′

12 = 45◦ ð9Þ

According to the imposed transmission ratio (i < 1), from the driving element
(central) to each of the two driven elements, the three positions of the driving
element are selected, positions drawn in A0 by measuring the angles:

φ12 =φ23 =
π

4
i ð10Þ

For the synthesis of the quadrilateral mechanism, the direction A0B0 is con-
sidered, in respect of which the relative rotation poles R12, R13 are drawn, and for
the synthesis of the anti-quadrilateral mechanism the relative poles R′12, R′13 are
drawn with respect to the direction A0B′0 (Fig. 9).

If the B1 position of the B joint is conveniently selected, the following angles are
obtained (Fig. 9):

Fig. 8 Three
relative-associated positions
of the quadrilateral and
anti-quadrilateral mechanism
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β12 = / B1R12B0; β13 = / B1R1B0 ð11Þ

These angles are drawn in the same direction about the directions A0R12,
respectively A0R13, resulting in the directions U12, U13 and the position of the mobile
articulation A:A1 =U12 ∩U13. By analogy, B’1 is selected and the angles are:

β′12 = / B′

1R
′

12B
′

0; β′13 = / B′

1R
′

13B0; ð12Þ

If these angles are drawn in the same direction about the directions A0R′12, A0R
′13, the directions U′12, U′13 are obtained and therefore A′

1 =U′

12 ∩U′

13, the position
of the mobile joint A′ (Fig. 9).

The points A and A′ belong to the same kinematic element which, by a rotation
of φ13 =φ12 +φ23, determines the simultaneous rotations in opposite directions of
the oscillating cranks B0B, B′0B′ with the angles:

ψ13
�!= ψ12

�!+ ψ23
�!; ψ ′

13

 �

= ψ ′

12

 �

+ ψ ′

23

 �

ð13Þ

Fig. 9 Geometrical synthesis for three relative-associated positions [3]
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After designing the final/control mechanism, the position of the driving element
is determined in order to efficiently transmit the force developed in the pneumatic
cylinder or the electric motor torque.

4 Synthesis of the Parallelogram Mechanism with Electric
Actuation

The kinematic scheme of the parallelogram mechanism (Fig. 10) is designed for
actuating a single part of the bus door.

In the real case (Fig. 11), the parallelogram mechanism must allow the rotation
of both bars 1 and 3 at the same angle φ=ψ . In order to achieve this, bar 1 is
designed in “L” shape, which will allow it to be rotated in the position A0A″ of the
door opening (represented by the segment M″N″).

The actuation of the two symmetrical parallelograms can be achieved by means
of bars 1 and 1 with two electric motors, one for each articulated parallelogram
mechanism. Another solution, more practically, for the actuating of the two artic-
ulated parallelograms is by using a single electric motor placed either in the lower
part of the chassis under the stairs or, more commonly, above the doors (Fig. 12).
This will avoid the synchronizing issue between the two doors.

Note that from the closed position (M1N1) to the open position (M2N2) the
rotation angle of the bar 1 is an obtuse angle ∠ðA1A0A2Þ=φmax. By means of the

A

A0 B0

BM N 

M'
N''

A' B' N'
M''

Fig. 10 The kinematic scheme of the parallelogram mechanism

Fig. 11 The kinematic scheme of the double symmetrical parallelogram mechanism

Geometric Synthesis of the Actuating Mechanisms of Urban Bus Doors 95



dyad chain LD (4, 5), the angle φmax, through the rotation of the bar 5 about the
fixed joint C0, is obtained (Fig. 12).

The geometrical synthesis of the quadrilateral mechanism 0145ðA0DCC0Þ is
achieved on the condition that at the same rotation of the bar 5, the two left and
right parallelograms to rotate at the same angle.

Using modeling software, the simulation of the mechanism in closed and open
positions has been accomplished (Fig. 13).

5 Conclusions

Knowing the extreme positions occupied by the driven elements, the paper presents
the method of synthesis for relative-associated positions of the mechanisms with
four elements type anti-quadrilateral and the mechanisms with six elements made of
serial connecting of the elementary quadrilateral and anti-quadrilateral mechanisms.

A0

A1 B1

B0

A2

B2

B0

A0

A1B1

2

5

2

1

N1

M1

N2M2 2
M1N1

C2

C2
C1 D1D2

C1
C0

1 3

1
3 4
5

3

Fig. 12 The kinematic scheme of the left-right control mechanism

Fig. 13 Simulation of the bus doors in the extreme positions: closed (a) and open (b)
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By means of this method, two new kinematic schemes have been designed in
order to actuate more efficiently the urban bus doors.

Also, the presented method in the paper allows redesigning the existing pneu-
matic door mechanisms on urban buses in order to improve the operation and to
achieve a smaller swept volume. Therefore, the comfort of the passengers will
increase substantially due to the fact that almost all urban door linkages are posi-
tioned above the door.
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Synthesis of the Mechanisms Used
to Actuate the Cabinet Doors

D. Antonescu, F. Gaspar and P. Antonescu

Abstract The paper presents three kinematic schemes of planar mechanisms with
bars used to open/close a cabinet (buffet). The mechanisms are mounted on the left
and right walls of the cabinet, working in parallel, in a vertical plane. Both
mechanisms are hinged to a single door that swings 90° in a vertical plane from a
vertical position (closed) to a horizontal position (open). The three kinematic
schemes proposed for door actuation have in their structure either only revolute
joints (RRRR) or revolute and prismatic joints in the variants RRTR and RRRT. To
each of the three kinematic schemes of mechanisms, an analytical method of
geometric synthesis for two and three associated positions has been presented.

Keywords Mechanism ⋅ Geometric synthesis ⋅ Cabinet ⋅ Door
Kinematic scheme ⋅ Transmission angle

1 Introduction

The mechanism for vertically opening/closing the doors of the agglomerated wood
furniture, pallet furniture or aluminum frame doors is a more modern version of the
famous scissor mechanism used in the past for furniture that also has a built-in bar
and its door opens up and serves as bottle holder and serving glasses [5].

For a bar cabinet furniture [3], the door opens automatically and closes by
braking (Fig. 1).

D. Antonescu ⋅ F. Gaspar
“Iuliu Maniu” High School, Bucharest, Romania
e-mail: daniela.mihalache@yahoo.com

F. Gaspar
e-mail: florentina_gaspar@yahoo.com

P. Antonescu (✉)
Politehnica University of Bucharest, Bucharest, Romania
e-mail: panton38@hotmail.com

© Springer International Publishing AG, part of Springer Nature 2018
I. Doroftei et al. (eds.), New Advances in Mechanism and Machine Science,
Mechanisms and Machine Science 57,
https://doi.org/10.1007/978-3-319-79111-1_10

99

http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-319-79111-1_10&amp;domain=pdf
http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-319-79111-1_10&amp;domain=pdf
http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-319-79111-1_10&amp;domain=pdf


These mechanisms are the most well-known and used accessories in the
custom-made furniture industry and agglomerated wood furniture.

They are used in the residential area, for the doors of agglomerated wood and
pallet kitchen furniture (Fig. 2), as well as in the cabinets of the living rooms,
children rooms, bathrooms, cabinets, bedrooms, hotel rooms, restaurants, institu-
tions, schools, etc.

Fig. 1 The mechanism of a
bar door [3]

Fig. 2 The vertical
mechanism for a cabinet door
[3]
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In the first variant (Fig. 1), the mechanism has only one articulated bar to the
vertical wall, the other fixed revolute joint (not displayed in the figure) is that of the
door that performs a vertical rotation.

In the case of the second variant (Fig. 2), the mechanism is a parallelogram
which has both fixed revolute joints very closed to each other, located on the
vertical wall of the cabinet, and the cabinet door performs a circular sliding
movement in the vertical plane.

2 The Three Specific Kinematic Schemes

The kinematic scheme of the articulated bar mechanism [5, 7] is drawn in the two
extreme (open/closed) positions of the cabinet door. The mechanism is an articu-
lated planar four-bar linkage (Fig. 3), where the extreme position (open door)
corresponds to the horizontal position of the rocker 1, which is rigid connected with
the cabinet door (with rotation motion in the vertical plane).

The mechanism has two kinematic chains type dyads LD (2, 3) and LD (2′, 3′)
that are mounted and operate in parallel. The two couplers 2 and 2′ are articulated in
points A and A′ at the same element 1, representing the door of the bar cabinet.

The horizontal position of the segment A0C in the plane of element 1 (Fig. 3)
allows the use of the open door as a table to “serving” beverages.

In the open position of the cabinet, the bars 2 and 3 are stiffened, so that points
B′, B and A are collinear. The solution with the points A, B, and B0 being collinear
was avoided, because in this case the transmission angle would be zero, which
would not allow easy action through the bar 1 of the four-bar linkage [2].

In the situation used in practice (Fig. 4), the angle of transmission (measured at
the driven element 3) is formed by the directions B0B and AB, i.e. the sharp angle
∠ðB0BB′Þ= τ is different from zero [2_3, 4_5, 6_7] with a minimum value greater
than the critical value τmin > τcrð Þ.

The characteristic dimensions of the mechanism can have the following
numerical values:

0A

0BB
A

B′

1A
1B

1B′
C

1C

1 

2(2')
3(3')

3 

2
1

1
2' 2

33'

AA′

BB′

0A0A′

0B0B′

Fig. 3 The kinematic scheme of the door mechanism of a bar cabinet
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xB0 = 50− 60mm; yB0 = 85− 95mm;

AA0 = 80− 100mm;AB=90− 100mm;

CA0 = 290− 310mm;∠ðAA0CÞ= α1 = 10◦ − 15◦;

B0B′ =10− 20mm;BB′ =60− 80mm;∠ðBB′B0Þ=90◦.

In order to have a stall mechanism in the horizontal position of the bar 1 (Fig. 5),
an extension of the segment BB′ (to direction of the articulation B), which limits the
relative rotation, has been performed.

A variant of the four-bar mechanism [1, 2] is obtained if, instead of the joint B
(2, 3), a kinematic prismatic joint (Fig. 5) is used, having a rotary movable guide.

In this case (Fig. 5), a dyadic chain LD (2, 3) type RTR is highlighted, on which
the transmission angle is optimal, ∠ðABB0Þ= τ=90◦, which implies a better
operation of the system both in opening and closing phases.

The blocking of the dyadic chain (2, 3) in the open position (when the bar 1 is
horizontal) is obtained by mounting a limiter device to the free end of the bar 2
(Fig. 5).

To avoid jamming of the bar 2 into the guide of the element 3, the length of this
guide must be long enough.

0A

0BA
B

B 1B1A

1B
C

1C

1 

2 
3 

3 

2 
1 τ

900 

α1 x 

y Fig. 4 Graphic revealing of
the transmission angle
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B 1B1A

C

1C

1 

2 3 
3 

2 
1 

900 

α1 x 

y Fig. 5 The kinematic scheme
of the mechanism with dyad
chain type RTR [2]
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Another variant of the mechanism is the one that uses a dyadic chain type RRT
(Fig. 6), on which the fixed guide is horizontal, being at the height hB = 100–
110 mm.

In fact, in the new version (Fig. 6), an equivalent dyadic chain has been used, in
which a kinematic element (slider 3) was replaced by a kinematic rotational-sliding
joint (4th class). To reduce the sliding friction, a roll 3 is used, this being guided
between two parallel surfaces against which the rolling friction occurs.

The positioning and fixing of the rectilinear guide is such that the left end of this
guide corresponds to the horizontal position of bar 1. Thus, for a 90° rotation of the
A0C bar, the point B (the center of the roller 3) must go through the distance BB1.

The geometrical condition for a proper operation of this fixed-guide mechanism
consists in keeping the pressure angle δ at as low as possible, below a critical value
of 30°.

3 Synthesis of the RRRR Four-Bar Mechanism
for Associated Positions

3.1 The Case of Two Imposed Associated Positions

The positions of the fixed joints A0 and B0 A0B0 = l0ð Þ of the planar four-bar
mechanism (Fig. 7) are considered known.
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1B1A

C

1C
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2 
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900 

α1 x 

y 

3 δ

hB

Fig. 6 The kinematic scheme
of the mechanism with dyadic
chain type RRT [2]
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Fig. 7 The planar four-bar
mechanism in two associated
positions
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The two associated positions of the articulated four-bar linkage are defined
(Fig. 7) by the contours A0A1B1B0 and A0A2B2B0 that have the fixed element A0B0.

Therefore, when rotating the kinematic input element (driving) with the angle
Δφ12 =φ2 −φ1, the kinematic output element (driven) rotates with the angle
Δψ12 =ψ2 −ψ1.

In the case of a geometric synthesis application of the mechanism, the relative
rotation angles Δφ12 and Δψ12 are imposed, the lengths A0A= l1 and B0B= l3 to be
determined by analytical calculation, as well as the angles φ1 and ψ1.

An analytical solution is obtained by solving the system formed by two non-
linear equations, called the Freudenstein synthesis equations, written for the two
required positions. Freudenstein’s equation can be written as:

l0l1ðcosφ2 − cosφ1Þ− l0l3ðcosψ2 − cosψ1Þ+ l1l3½cosðψ2 −φ2Þ− cosðψ1 −φ1Þ�=0

ð1Þ

In the more general case, when the base A0B0 of the four-bar linkage is inclined
with the angle α0 (Fig. 8), Eq. (1) has the expression:

l0l1½cosðφ2 − α0Þ− cosðφ1 − α0Þ�− l0l3½cosðψ2 − α0Þ− cosðψ1 − α0Þ�
+ l1l3½cosðψ2 −φ2Þ− cosðψ1 −φ1Þ�=0

ð2Þ

In each of the two positions of the four-bar mechanism (Fig. 8), with the bar 1 as
the driving element, the transmission angle (measured in the movable joint of the
driven element 3) must be greater than a critical limit value τc = 20°.

Therefore, from the triangles A0A1B0 and A0A2B0, the distances A1B0 and A2B0

are deduced:

A1B0 =
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

l21 + 1− 2l1 cosðφ1 − α0Þ
q

andA2B0 =
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

l21 + 1− 2l1 cosðφ2 − α0Þ
q

ð3Þ

The transmission angles [2, 4] in the two positions of the four-bar mechanism
have the expressions:
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y0 1τ
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Fig. 8 The more general case
when the base is inclined with
the angle α0
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cos τ1 = ðl22 + l23 −A1B2
0Þ ̸2l2l3 and cos τ2 = ðl22 + l23 −A2B2

0Þ ̸2l2l3 ð4Þ

For the transmission angles, values in the ranges τ1 = 25◦ − 40◦ and
τ2 = 75◦ − 90◦, for example, τ1 = 30◦ and τ2 = 80◦, are chosen. If the angles φ1,φ2
and ψ1,ψ2 are imposed, then the lengths l0, l1, l2 and l3 of the sides of the articu-
lated quadrant remain unknown.

For practical reasons, the length A0A= l1 is chosen and the length of the base
A0B0 = l0 is chosen equal to the unit l0 = 1ð Þ. So, for average values of the trans-
mission angles τ1 and τ2, from the nonlinear Eq. (2–4), the parameters l2, l3 (as
reduced lengths) and α0 are calculated. If the angle α0 is imposed, the linear
parameters l1, l2 and l3 (as reduced lengths) can be deduced from the three non-
linear Eq. (2–4).

For this variant, the system of three scalar equations to be solved is expressed as
follows:

l1½cosðφ2 − α0Þ− cosðφ1 − α0Þ�− l3½cosðψ2 − α0Þ− cosðψ1 − α0Þ�
+ l1l3½cosðψ2 −φ2Þ− cosðψ1 −φ1Þ�=0

ð5Þ

l22 + l23 − l21 − 1+ 2l1 cosðφ1 − α0Þ− 2l2l3 cos τ1 = 0 ð6Þ

l22 + l23 − l21 − 1+ 2l1 cosðφ2 − α0Þ− 2l2l3 cos τ2 = 0 ð7Þ

For example, if: α0 = 45◦;φ1 = 90◦;φ2 = 180◦;ψ1 = 30◦;ψ2 = 135◦;

τ1 = 300; τ2 = 800,

the previous equations become:

l1ðcos 135◦ − cos 45◦Þ− l3ðcos 90◦ − cos 15◦Þ+ l1l3ðcos 45◦ − cos 60◦Þ=0 ð5′Þ

l22 + l23 − l21 − 1+ 2l1 cos 45◦ − 2l2l3 cos 30◦ =0 ð6′Þ

l22 + l23 − l21 − 1+ 2l1 cos 135◦ − 2l2l3 cos 75◦ =0 ð7′Þ

3.2 The Case of Three Imposed Associated Positions

Let’s consider the general case of the articulated four-bar mechanism when the base
A0B0 is inclined with the angle α0 (Fig. 9).

The three associated positions [2, 7] of the articulated four-bar linkage are given
by the pairs of angles: φ1,ψ1;φ2,ψ2;φ3,ψ3.

Synthesis of the Mechanisms Used to Actuate the Cabinet Doors 105



In this case, two Freudenstein equations [5, 8] can be written:

l1½cosðφ2 − α0Þ− cosðφ1 − α0Þ�− l3½cosðψ2 − α0Þ− cosðψ1 − α0Þ�
+ l1l3½cosðψ2 −φ2Þ− cosðψ1 −φ1Þ�=0

ð8Þ

l1½cosðφ3 − α0Þ− cosðφ2 − α0Þ�− l3½cosðψ3 − α0Þ− cosðψ2 − α0Þ�
+ l1l3½cosðψ3 −φ3Þ− cosðψ2 −φ2Þ�=0

ð9Þ

From the condition imposed on the transmission angle in the three positions
(Fig. 9), the following equations are deduced:

l22 + l23 − l21 − 1+ 2l1 cosðφ1 − α0Þ− 2l2l3 cos τ1 = 0 ð10Þ

l22 + l23 − l21 − 1+ 2l1 cosðφ2 − α0Þ− 2l2l3 cos τ2 = 0 ð11Þ

l22 + l23 − l21 − 1+ 2l1 cosðφ3 − α0Þ+2l2l3 cos τ3 = 0 ð12Þ

For the transmission angles, numerical values are chosen within the ranges:

τ1 = 20◦ − 35◦; τ2 = 75◦ − 90◦; τ3 = 45◦ − 60◦.

If the linear parameter l1 and the angles φ1,φ2,φ3 and α0 are imposed, the
lengths l2, l3 and angles ψ1,ψ2,ψ3 can be calculated from the system formed by
the five nonlinear Eq. (8–12).

For example, for the imposed parameters the following numerical values are
considered (Fig. 9): l1 = 0.9;φ1 = 90◦;φ2 = 45◦;φ3 = 180◦; α0 = 60◦.

With these numerical data, the synthesis equations are written:

0, 9½cosð135◦ − 60◦Þ− cosð90◦ − 60◦Þ�−X5½cosðX2 − 60◦Þ− cosðX1 − 60◦Þ�
+0.9X5½cosðX2 − 135◦Þ− cosðX1 − 90◦Þ�=0

ð8′Þ

0, 9½cosð180◦ − 60◦Þ− cosð135◦ − 60◦Þ�−X5½cosðX3 − 60◦Þ− cosðX2 − 60◦Þ�
+0.9X5½cosðX3 − 180◦Þ− cosðX2 − 135◦Þ�=0

ð9′Þ
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Fig. 9 The four-bar
mechanism in three associated
positions
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X2
4 +X2

5 − 0, 92 − 1+ 1.8 cosð90◦ − 60◦Þ− 2X4X5 cos 25◦ =0 ð10′Þ

X2
4 +X2

5 − 0, 92 − 1+ 1.8 cosð135◦ − 60◦Þ− 2X4X5 cos 80◦ =0 ð11′Þ

X2
4 +X2

5 − 0, 92 − 1+ 1.8 cosð180◦ − 60◦Þ+2X4X5 cos 50◦ =0 ð12′Þ

4 Synthesis of the RRTR Crank-Slider Mechanism
for Associated Positions

4.1 The Case of Two Imposed Associated Positions

The kinematic scheme of the RRTR mechanism (Fig. 10) is considered in two
absolutely associated positions, on which the bar 2 is guided in a rectilinear way by
the oscillating slider-support about the point B0.

The length AB = s2 of bar 2 is variable and the length BB0= 13 (perpendicular to
AB) is constant (Fig. 10), the limit being zero. The fixed bar A0B0= 10 (of constant
length) is inclined to the constant angle ∠x0A0B0 = α0 in respect of the horizontal
(axis A0x0). The positioning angles of the bars 1 (A0A = l1) and 3 (BB0 = 13) are
φ1,φ2 and ψ1,ψ2, being measured in a positive direction about axis A0x0.

If the closed contour A0ABB0A0 is projected on the direction BB0 (Fig. 10), for
the two positions, the following equations are obtained:

l1 cosðφ1 −ψ1Þ− l0 cosðψ1 − α0Þ− l3 = 0 ð13Þ

l1 cosðφ2 −ψ2Þ− l0 cosðψ2 − α0Þ− l3 = 0 ð14Þ

For the geometrical synthesis of the mechanism, the unitary length of the base
l0 = 1 and the numerical values of the positioning angles φ1,ψ1;φ2,ψ2 and α0, are
imposed. The unknowns of the problem are the reduced lengths l1= X1 and 13= X2,
their numerical value being calculated from the system of two linear Eq. (13–14).

0A

0B2A

2B
1B

1A

1 

2

3

3
2

x0

y0

α0

ϕ1 ϕ2 

ψ1 ψ2 

1

Fig. 10 The kinematic
scheme of the RRTR
mechanism in two positions
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For this purpose the following equations are written:

X1 ⋅ cosðφ1 −ψ1Þ−X2 = cosðψ1 − α0Þ ð13′Þ

X1 ⋅ cosðφ2 −ψ2Þ−X2 = cosðψ2 − α0Þ ð14′Þ

If the lengths l0 = 1, l1 and the position angles φ1,ψ1;φ2,ψ2, are imposed, then
the length l3 =X1 and angle α0 =X2 can be obtained from the system of two
non-linear Eq. (13–14).

4.2 The Case of Three Imposed Associated Positions

If three absolutely associated positions are required, three equations of closing the
kinematic contour have been written:

l1 cosðφ1 −ψ1Þ− l0 cosðψ1 − α0Þ− l3 = 0 ð14Þ

l1 cosðφ2 −ψ2Þ− l0 cosðψ2 − α0Þ− l3 = 0 ð15Þ

l1 cosðφ3 −ψ3Þ− l0 cosðψ3 − α0Þ− l3 = 0 ð16Þ

In the hypothesis of imposing the associated position angles, by means of the
three equations we can calculate l1, l3 and α0.

5 Geometrical Synthesis of the RRRT Mechanism
for Associated Positions

5.1 Synthesis for Two Associated Positions

Let’s consider the kinematic scheme of the planar sliding mechanism with roller in
a fixed horizontal guide (Fig. 11).

In this case the pressure angle δ, which is formed by the coupler 2 (AB = 12)
with the line Δ3 along which the point B (the center of the roller 3) moves, is
outlined.

This pressure angle (complement of the transmission angle) must be as small as
possible, the optimal value being δ = 0. The maximum admissible value of the
pressure angle is δmax= 50°, so that in the two imposed positions (Fig. 11) the
pressure angles are limited: δ2< δ1< 50°. This is a requirement for avoiding the
linkage stall [2].
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Observing the closed contour A0ABCA0 (Fig. 11), in each of the two absolutely
associated positions, the length of bar 2 is expressed according to the coordinates of
points A and B:

AB2 = ðxB − xAÞ2 + ðyB − yAÞ2 ð17Þ

In the two associated positions, the coordinates of points A and B are:

xA1 = l1 cosφ1; yA1 = l1 sinφ1; xA2 = l1 cosφ2; yA2 = l1 sinφ2; ð18Þ

xB1 =CB1 = s1; yB1 =A0C= h3; xB2 =CB2 = s2; yB2 =A0C= h3. ð19Þ

After substituting these coordinates in Eq. (17), the following equations are
deduced:

ðs1 − l1 cosφ1Þ2 + ðy3 − l1 sinφ1Þ2 = l22; ð20Þ

ðs2 − l1 cosφ2Þ2 + ðy3 − l1 sinφ2Þ2 = l22. ð21Þ

For the synthesis of the mechanism, the following parameters are imposed: the
length l1, the angles φ1,φ2 (φ1< φ2) and the segments s1, s2 (s1> s2).

In the system formed by the nonlinear Eqs. (20) and (21) we denote
l2 =X1; y3 =X2 representing the two unknowns. Therefore, the system is written in
the following form:

X2
1 − ðX2 − l1 sinφ1Þ2 = ðs1 − l1 cosφ1Þ2 ð22Þ

X2
1 − ðX2 − l1 sinφ2Þ2 = ðs2 − l1 cosφ2Þ2 ð23Þ

ϕ1 

0A

2A 2B
1B

1A

2

3

2
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y0
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h3ϕ2 

δ1
Δ3

1

3 
C

Fig. 11 Kinematic scheme of
the mechanism with
rectilinear guided roller

Synthesis of the Mechanisms Used to Actuate the Cabinet Doors 109



5.2 Synthesis for Three Associated Positions

In this case three positions of the mechanism are imposed, i.e. the angular φ1,φ2,φ3
and the linear s1, s2, s3 displacements. Three nonlinear scalar equations are written
in which the unknowns can be l1 =X1; l2 =X2; y3 =X3:

ðs1 −X1 cosφ1Þ2 + ðX3 −X1 sinφ1Þ2 −X2
2 = 0; ð24Þ

ðs2 −X1 cosφ2Þ2 + ðX3 −X1 sinφ2Þ2 −X2
2 = 0; ð25Þ

ðs3 −X1 cosφ3Þ2 + ðX3 −X1 sinφ3Þ2 −X2
2 = 0. ð26Þ

6 Conclusions

The paper analyzes the kinematic schemes of the planar bar mechanisms used to
open/close the door of a cabinet (buffet). For the case of a door which rotates
vertically, an analytical method of geometric synthesis of the RRRR, RRTR and
RRRT mechanisms is applied.

The mechanisms are double structures, being mounted in parallel in the vertical
plane. In the vertical position, the door closes the cabinet, and in the horizontal
position, it opens the cabinet, being ready to “serve”.

The geometric synthesis is solved for two and three associated positions imposed
on the two kinematic elements linked to the base. In determining the solutions, the
limitation imposed by the transmission/pressure angle is taken into account. The
contribution is represented by the synthesis of three associated positions of the three
researched linkages, i.e. two extreme positions and one middle position.
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Design of a Class of Novel 3T1R Parallel
Mechanisms with Low Coupling Degree

Huiping Shen, Hengcun Qiang, Yunyu Shen and Ting-li Yang

Abstract Comparing with three-translation Delta Parallel Mechanisms (PM),
4-DOF three-translation and one-rotation (3T1R) PMs have complex topological
structures, which result in complex forward kinematics and inverse dynamics
solutions. Therefore, the investigation of novel 3T1R PMs with simple forward
kinematics and dynamics solutions is still not completed yet. Coupling degree
reduction of a PM can directly reduce its complexity of forward kinematics and
dynamics. By using coupling-reducing methods proposed by authors, five original
3T1R PMs with coupling degree 2 are analyzed, which lead to ten novel 3T1R PMs
with coupling degree 1 while their basic function, such as DOF and output motion
type of the moving platform, stay same. Thus, the forward kinematics and inverse
dynamics solutions of the ten 3T1R PMs can be easily obtained by using one
dimensional search method or by solving a one-variable polynomial equation.
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1 Introduction

The SCARA (Selective Compliance Assembly Robot Arm) serial robot was
invented in 1978. It generates X, Y and Z translations, and a rotation about Z axis,
which especially suitable for assembly and has been widely used in various
applications [1]. Later, the ABB Company developed FlexPicker in 1999, a
SCARA parallel robot. The parallel robot is based on three-translation Delta (1985,
Clavel) robot [2, 3] and also has been widely used. The 4-DOF H4(1999), I4(2003),
Par4 (2005) SCARA parallel robots were invented by Pierrot’s team and they
implemented lots of good industrial applications [4–6].

Zhao and Huang put forward a 4-URU type 3T1R parallel robot in 2000 [7].
Yang et al. [8] proposed a class of 3T1R parallel robots by using
Single-Open-Chain (SOC) theory in 2001. Huang invented a 4-DOF (3T1R)
Cross-IV high-speed handling robots with two or three moving platforms in 2010
[9]. In 2012, Liu developed a prototype of X4 parallel robot with one moving
platform [10].

On the other hand, solution for forward position is one of the most important
issues in the investigation of PMs since it directly influences the error analysis,
singularity analysis and dynamic analysis. Forward position solutions are related to
coupling degree κ of a PM [11, 12]. The coupling degree κ reflects the dependency
of the kinematic and dynamic parameters among independent loops of a mecha-
nism, which reflects the complexity of solving the kinematics and dynamics of a
mechanism. It is proved that the greater coupling degree κ is, the more complex the
forward kinematics and inverse dynamics solutions are [12, 13]. However, how to
reduce coupling degree κ is less studied so far.

From the perspective of the topological structure of branched chains and topo-
logical arrangement of branched chains between the base and moving platforms,
three structural Coupling-Reducing Design (denoted as CRD) methods are pro-
posed [13] that could be regarded as one of the most important issues of topological
structure optimization [13, 14].

Recently, thirteen SCARA (3T1R) PMs with potential application prospects
were proposed by the authors [15]. Among them, ten are original PMs, but their
coupling degree are large and 2 [15], which is caused by their own relatively
complex topological structure. Further, it will lead to complicate kinematics and
dynamics calculations. Therefore, how to reduce their coupling degree is important
to design and application of these new 3T1R PMs.

This paper completes the structure coupling-reducing of the five new PMs
according to the CRD methods [13, 14]. This work results in five coupling-reducing
PMs whose moving platform has three connected points and another five
coupling-reducing PMs whose moving platform has two connected points. While
the coupling degree of the ten PMs is only one, their basic functions, such as DOF
and Position and Orientation Characteristics (POC) of the moving platform, remain
unchanged. Thus, the forward kinematics and inverse dynamic solutions of the ten
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PMs can easily achieve stable numerical solutions by one dimensional search
method or by a high order algebra equation with only one unknown variable [14].
This is good for real control of these manipulators.

2 Coupling-Reducing Design Method

2.1 Coupling Degree

According to the mechanism composition principle based on the ordered
single-open-chains (SOC) units, any PM can be decomposed into a series of SOCs,
while a series of SOCs can be further grouped into several Assur Kinematic Chain
(AKC). The constraint degree Δj of the jth SOC is defined as [12]

Δj = ∑
mj

i=1
fi − Ij − ξLj =

Δ−
j = − 5, − 4, − 3, − 2, − 1

Δ0
j =0

Δ+
j = +1, + 2, + 3 . . .

8<
: ð1Þ

The physical meanings of Δ−
j , Δ0

j and Δ+
j are:

(a) Δ−
j represents a SOC with negative constraint degree, which means it reduces

the DOF of a mechanism by Δ−
j

��� ��� or applies Δ−
j

��� ��� constraints to the mecha-

nism. Therefore, Δ−
j

��� ��� constraint equations should be established.

(b) The Δ0
j represents a SOC with zero constraint degree, which means it does not

affect the DOF of the PM and its motion is self-deterministic. In other words,
the position of the SOC can be solved independently.

(c) The Δ+
j represents a SOC with positive constraint degree, which means it

increases the degree of freedom of the mechanism by Δ+
j . Further Δ+

j virtual
variables should be assigned on the SOC to determine the position of the SOC.

For an AKC, there is always the following equation

∑
ν

j=1
Δj =0 ð2Þ

Therefore, coupling degree of an Assur Kinematic Chain (AKC) is defined by

κ= Δ−
j

��� ���=Δ+
j or κ=

1
2
min ∑

ν

j=1
Δj
�� ��( )

ð3Þ
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Table 1 Ten novel 3T1R PMs obtained from coupling-reducing design (CRD)

3 

4 

5 

No

High coupling degree 
before CRD

Low coupling degree after CRD

A. The original PM
B. Platform with three 

connected points
C. Platform  with two 

connected points

1 

2 
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where operator min. ∙f g means that there are many methods for an AKC to be
divided into ν SOC(Δj), the one with the least ∑ Δj

�� �� is selected. The coupling
degree k is the maximum among all AKCs.

By the way, the general formula of degree of freedom (DOF) used in the fol-
lowing section was proposed by authors of this paper [12], which is given as

F = ∑
m

i=1
fi − ∑

v

j=1
ξLj ð4Þ

ξLj = dim . ⋂ j
j=1Mbj

� �
∪Mbðj+ 1Þ

n o
ð5Þ

where operator dim{…} refers to the union operations between the sub-PM’s POC
which consists of the previous j chains and the last (j + 1) chain end’s POC.

2.2 Coupling-Reducing Design Method

So-called structural coupling-reducing design (shortly, CRD) of a PM is to reduce
coupling degree of the PM. Three CRD methods are introduced in [13, 14], i.e., the
hybrid branch chain design method, kinematic joints combination method and
characteristic branch chain driving method. Since the five new 3T1R PMs, i.e.,
No. 1–No. 5 listed in the first column of Table 1, are made up of only rotational and
spherical joints, kinematic joints combination method is utilized in this paper.

According to Eqs. (1) and (3), the coupling degree κ of an AKC depends on the
constraint degree (Δj) of each member SOCs. Accordingly, constraint degree
reduction of the SOCs can reduce the coupling degree κ of the PM [13], in this way,
CRD of these five new 3T1R PMs can be achieved.

3 Coupling-Reducing Design for 3T1R PMs

3.1 Design of Original 3T1R PM

We take No. 1 original 3T1R PM [15, 16] in Table 1 as an example to illustrate
CRD and coupling degree analysis. The 3T1R PM, shown in Fig. 1, is made up of
moving platform 1, base platform 0, and four identical hybrid branch chains. There
are four connected points, i.e. joints R13, R23, R33, and R43 on the moving platform
1. Each branch chain contains one planar 4R parallel quadrilateral linkage which
can be expressed as Ri1 Ri2 −♢ð4RÞi −

� ��� ��Ri3 ði = 1, 2, 3, 4Þ where, symbol ‖ stands
for parallel, while ♢ means parallel quadrilateral. The axes of R13, R23, R33, R43
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are perpendicular to the moving platform 1, and parallel to the axes of four pairs
R11, R21, R31, R41 on the base platform 0.

It is easy to known that when R11, R21, R31, and R41 are the actuated pairs,
moving platform 1 can achieve three-translation and one-rotation output about the
normal of the moving platform 1. This PM is made up of only one AKC and its
coupling degree is κ = 2 [15]. Therefore, the forward kinematics solutions and
dynamic solutions of this PM are more complicate.

3.2 CRD for No. 1 3T1R PM

According to kinematic joints combination method [13, 14], if we combine the axes
of R13 and R23 in Fig. 1, then a low coupling degree PM is obtained, as in Fig. 2a
[17]. We call it the first CRD. At this moment, the moving platform 1 has three
connected points, i.e., joints R13, R33, and R43. The coupling degree κ and POC
analysis for this coupling reduced PM are calculated as below.

Fig. 1 No. 1 3T1R PM

(a)1st  CRD                             (b)2nd CRD

Fig. 2 CRD for No. 1 3T1R PM
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(1) The topological structure of the PM
Four branch chains can be denoted as −Ri1 Ri2ð−♢ð4RÞiÞ−

���
kRi3g ði=1, 2, 3, 4Þ

(2) Determine POC generated by the end of each branch chain

Mbi =
t1 ⊥Ri1ð Þ
r1 ̸ ̸Ri1ð Þ

	 

∪

t1 ⊥Ri2ð Þ
r1 ̸ ̸Ri2ð Þ

	 

∪

t1 ♢abcdð Þ
r0

	 

∪

t1 ⊥Ri3ð Þ
r1 ̸ ̸Ri3ð Þ

	 

=

t3

r1 ̸ ̸Ri1ð Þ

	 

, ði=1, 2, 3, 4Þ

(3) Determine the number of independent displacement equations of the first
loop ξL1 .

(a) The first loop is formed by the 1st, 2nd branch

SOC1 −R11 R12 −♢ ð4RÞ1
� �

− R13k�� ��R23 −♢ ð4RÞ2 −
� �

R22
�� ��R21 −

� �
ξL1 = dim .

t3

r1ð R11Þk

" #
∪

t3

r1ð R21Þk

" #( )
= dim .

t3

r1ð R11Þk

" #( )
=4

Where t3 represents three translations
r1 R11kð Þ represents one rotation about the axis of joint R11

(b) The DOF and POC of this sub-PM formed are

F 1− 2ð Þ = ∑
m

i= 1
fi − ∑

1

j = 1
ξL1

= 7− 4= 4

Mpað1− 2Þ =
t3

r1 ̸ ̸R11ð Þ

" #
∩

t3

r1 ̸ ̸R21ð Þ

	 

=

t3

r1 ̸ ̸R11ð Þ

" #

(4) Determine the number of independent displacement equations of the 2nd
loop ξL2 .

(a) The second loop is composed of the 3rd branch

SOC2 −R31 R32ð−♢ ð4RÞ3 − R33k��� �
ξL2 = dim. Mpað1− 2Þ ∪Mb3

� �
= dim .

t3

r1 ̸ ̸R11ð Þ

" #
∪

t3

r1 ̸ ̸R31ð Þ

" #( )
=4

(b) The DOF and POC of the 2nd sub-PM formed by the 1st sub-PM and 3rd
branch chains are
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Fð1− 2− 3Þ = ∑
m

i= 1
fi − ∑

2

j = 1
ξL1

= ð7+ 5Þ− ð4+ 4Þ=4

Mpað1− 2− 3Þ =
t3

r1 ̸ ̸R11ð Þ

" #
∪

t3

r1 ̸ ̸R31ð Þ

" #
=

t3

r1 ̸ ̸R11ð Þ

" #

(5) Determine the number of independent displacement equations of the 3rd
loop ξL3 .
The third loop is composed of the 4th branch

SOC3 −R41 R42ð−♢ ð4RÞ4 − R43k��� �
ξL3

= dim. Mpa 1− 2− 3ð Þ ∪Mb4

� �
=dim.

t3

r1 ̸ ̸R11ð Þ

" #
∪

t3

r1 ̸ ̸R41ð Þ

" # !
=dim.

t3

r1 ̸ ̸R11ð Þ

" #( )
=4

(6) Determine DOF of the PM

F= ∑
m

i= 1
fi − ∑

3

j = 1
ξL1

= ð7+ 5+4Þ− ð4+ 4+4Þ=4

(7) Determine the POC of the moving platform of the PM

Mpa =Mpað1− 3Þ ∩Mb4 =
t3

r1 ̸ ̸R11ð Þ
	 


∩ t3

r1 ̸ ̸R41ð Þ
	 


= t3

r1 ̸ ̸R11ð Þ
	 


Therefore, DOF = 4. When the pairs R11, R21, R31 and R41 on the base plat-
form 0 are actuated, the moving platform 1 can achieve three translations and
one rotational output around the normal of the moving platform 1.

(8) Determine coupling degree κ
Once we have obtained the number of independent displacement equations of
each loop such that ξL1 = ξL2 = ξL3 = 4.
We have from Eq. (1)

Δ1 = ∑
m1

i=1
fi − I1 − ξL1 = 7− 2− 4= 1

Δ2 = ∑
m1

i=1
fi − I2 − ξL2 = 5− 1− 4= 0

Δ3 = ∑
m1

i=1
fi − I3 − ξL3 = 4− 1− 4= − 1
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By using Eq. (3), the coupling degree κ of the PM is

κ=
1
2
∑
ν

j=1
Δj
�� ��= 1

2
ð1+ − 1j jÞ=1

Further, if the axes of R33 and R43 on the moving platform 1 shown in Fig. 2a
are further combined together, which results in another new PM with low coupling
degree that has two connected points [18] as shown in Fig. 2b. We call this case as
the 2nd CRD. While analyzing its coupling degree, selection of three loops is the
same as above. Therefore, the constraint degrees Δj (j = 1–3) are the same. Thus,
the coupling degree of the PM is still 1.

In this way, the basic functions, such as DOF and POC which are important
topological features, remain unchanged. However, the forward kinematics and
inverse dynamic solutions of two PMs become simpler since κ = 1. The difference
is that the moving platforms have three or two connected points respectively, which
affect work flexibility and the workspace of the moving platform 1. It is still under
further investigations.

3.3 CRD for Other 3T1R PMs

Similarly, we have conducted CRD for other four 3T1R PMs, such as No. 2–
No. 5 PM shown in Table 1[19–21], and performed coupling degree κ and POC
analysis. Their results are listed in columns B, C of Table 1.

In Table 1, column A has five original PMs before CRD whose coupling degrees
are 2. While columns B and C have ten PMs with low coupling degree κ = 1 after
CRD, the moving platform of which has respectively three or two connected points.
Therefore, the forward kinematics and inverse dynamic solution of these ten new
low coupling degree PMs can be found by one dimensional search method [22] or
by an one-variable high order algebraic equation.

It is noted that the five PMs in column A of Table 1 are synthesized by using
topological structure synthesis theory for PM based on POC equation [12, 15]. Of
course, these PMs could also be synthesized by using screw method, displacement
subgroups or other methods. However, it is difficult to use those methods to syn-
thesize these ten low coupling degree PMs directly, shown in the columns B and C
of Table 1. It means that by using CRD method we can obtain new PMs for which
the basic functions remain unchanged, but the coupling degree κ is low. Therefore,
CRD can not only be regarded as one of the strategies of the topology optimization
of the existing PMs, but also can be regarded as a new practical method which
could design PMs with low coupling degree.

The ten 3T1R PMs with low coupling degree (κ = 1) have simpler forward
kinematics and inverse dynamics solutions, which will be further investigated.
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4 Conclusions

The coupling degree κ describes the topology complexity of a PM and it reflects
complexity of solving forward kinematics and inverse dynamics. The greater the κ
value is, the more complicate kinematics and dynamics solutions is. Structure CRD
not only can be regarded as one of the strategies of the topology optimization of the
existing PMs, but also can be as a new practical design method to design PMs with
low coupling degree.

The coupling degree of the PMs can be reduced by kinematic joints combination
of the rotating or spherical pairs on the moving platform.

The forward kinematics and inverse dynamic solution of ten PMs with coupling
degree κ = 1 can be easily solved by one dimensional search method or by a
one-variable high order algebraic equation. These PMs also have practical devel-
opment values.
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Part II
Biomechanics and Rehabilitation



Design and Finite Element Analysis
of a New Spherical Prosthesis-Elbow
Joint Assembly

D. Tarnita, C. Boborelu, D. Popa and D.-N. Tarnita

Abstract This study aims to present a new virtual model of an elbow prosthesis with
as few components as possible, having a simpler technological approachwhich can be
an important base for the study of the complex behavior of the elbow joint. The
prosthetic system is of spherical type consisting of three parts: a part implanted in the
humerus, a part implanted in the ulna bone and a third part transforms the assembly
from an unconstrained prosthesis in a semi-constrained prosthesis. The kinematic
simulation of the flexion-extension and pronation-supination movements of the
spherical prosthesis—joint assembly was performed. The virtual model is designed in
SolidWorks software. By using the finite elementmethod, the healthy elbow joint and
the prosthetic elbow joint assembly were analysed and the comparative diagrams of
the maximum stress in healthy elbow joint and in prosthetic elbow joint concerning
the flexion-extension and pronation-supinationmovements were drawn and analysed.

Keywords Virtual model ⋅ Elbow joint ⋅ Spherical prosthesis
Finite element method ⋅ Stress
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1 Introduction

Virtual modeling, starting from CT or MRI sectional images, as well as finite
element analysis of biomechanical behavior and strains and deformations of integral
human bones as well as fractured and implanted with various types of implants such
as plates, fixators or centromedular rods, have been addressed in numerous studies
[1–9]. The normal human joints, the affected joints by various diseases, such as
osteoarthritis, and prosthetic joints have been modeled and analyzed with finite
elements in order to study their biomechanical behavior. The elbow joint is a
mechanical complex joint, composed by: ▪ the humeroulnar joint (main joint) and
the humeroradial joint (secondary joint)—which allow the flexion-extension
movements; ▪ the proximal radioulnar joint (the main joint) and the humeroradial
joint (the secondary joint)– which allow the pronation-supination movement [1].

Prosthetic implant can be defined as a permanent device that are used in surgical
implant technique aiming at the elimination of pain and improvement of the
functionality in a joint [1, 10–16]. The most known types of elbow prosthesis are:1.
Radial head prosthesis; 2. Humero-ulnar prosthesis; 3. Total elbow prosthesis. The
most commonly used Humero-ulnar prosthesis are: 1. Souter-Strathclyde prosthe-
sis; 2. KUDO prosthesis; 3. GSB prosthesis (Gschwend, Scheier and Bähler); 4.
Coonrad-Morrey prosthesis; 5. Ewald prosthesis (capillary-condyle); 6. Latitude
prosthesis.

Total elbow arthroplasty, which can be defined as a reconstructive surgical
intervention with bone sacrifice and prosthetic replacement of articular components,
remains the most definitive functional procedure for patients with end-stage painful
arthritis of the elbow. During the time, in the last decades, complication rates have
been quite high. A good understanding of elbow anatomy and kinematics has led to
advances in prosthetic design and surgical technique. Mechanical failures of the
elbow prosthesis lead to the shortening of prosthesis life and of the use of
arthroplasty in a younger, higher-demand patient population.

In order to be really efficient, articular endoprosthesis must fulfill specific
compulsory characteristics [10, 14–16]:—biocompatibility;—low friction between
the components;—efficient, solid and durable fixation;—design of components
must reproduce the joint as accurately as possible and not disturb the articular
architecture.

Therefore, in order to fulfill the goals proposed and to comply with the men-
tioned characteristics, the objectives in relation to prosthetic implant design are,
regardless of the constructive version, the following [10, 14–16]:—simplicity, both
in terms of design and in terms of insertion;—quality keeping, expressed as the
capacity of sacrificing a minimum quantity of healthy tissue; manufacturing char-
acteristic;—cost;—safety;—durability. Still, a series of problems that are the object
of an intense research nowadays, such as: finding an optimum design for the
implant; optimization of fixation techniques; improvement of the instruments used;
facilitation of review surgeries are unsolved.
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The method of evaluating the results of elbow arthroplasty implants has become
standardized and the evaluation system has been established by Morrey et al. [16].
This system includes the use of three criteria:—Radiographic appearance;—pain;—
movement. The Morrey evaluation system considers the following categories of
results [16].

• Good results: No radiological changes of the bone-cement-prosthesis interface;
No pain; Flexibility greater than 90°; Pronation and supination of 60°.

• Satisfactory results: More than 1 mm of the bone-cement-prosthesis interface
enlargement; Moderate pain; Flexion- extension between 50 and 90°; Prona-
tion—supination less than 40°.

• Poor results: More than 2 mm of augmentation of the bone-cement-prosthesis
interface; Pain that significantly limits activity; Flexion-extension less than 50°;
Pronation-supination less than 40°; Revision of elbow arthroplasty.

This study aims to present a new virtual model of a elbow prosthesis with as few
components as possible, having a simpler technological approach which can be an
important base for the study of the complex behavior of the elbow joint.

2 Virtual Modeling of the Spherical Prosthesis

In order to generate and design the virtual geometric model of spherical elbow
prosthesis the conditions imposed by the anatomy of the elbow joint, the prosthetic
surgeon techniques and the kinetic parameters analysis of the biomechanics of the
normal elbow were analyzed. SolidWorks [17] software was used to parameterize
the new proposed spherical prosthesis. Starting from the crossed elbow sections
obtained by computer tomography the three-dimensional virtual model of healthy
elbow joint, was developed in [1, 3], and, for numerical simulation and analysis of
the new prosthetic joint assembly, the virtual models of the humerus, ulna and
radius bone components were cut with profiles made in various planes, in order to
respect the imposed requirements. The model is designed to allow dimensional
changes to adapt it to patient groups using the full geometric parameterisation
property. Using specific commands that remove certain degrees of freedom, the
spherical elbow prosthesis model was elaborated (Fig. 1).

The humeral and ulnar bone components were subjected to different operations
based on the analysis of the orthopedic-surgical methods and operations during the
surgical procedure. The modified bone components and the attached stems of the
spherical elbow components were loaded into the assembly module, as is shown in
Fig. 2. The prosthetic system is of spherical type consisting of three parts: a part
implanted in the humerus bone, a part implanted in the ulna bone and the third part
which transforms the assembly from an unconstrained prosthesis into a semicon-
strained prosthesis. The metallic implant is fixed through cementation in the
humerus and ulna.
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The finite element analysis method is a modern and very powerful tool used to
understand the biomechanical behaviour of the healthy human joints or pathological
ones, being therefore very useful, particularly for the human elbow joint [1, 5, 7].
The prosthetic components and the bones were meshed into finite elements (Figs. 3
and 4), obtaining a network of 286802 nodes and 174897 elements.

For the FEA analysis of the stress developed in the elbow-prosthesis assembly,
the characteristics of materials are presented in Table 1.

Fig. 2 Virtual model of humerus (a) and ulna prepared for implantation (b); the spherical
prosthesis-elbow joint assembly (c)

Fig. 1 Virtual model of spherical elbow prosthesis
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3 Finite Element Analysis of the Prosthesis-Elbow
Assembly

3.1 Flexion-Extension

The virtual test of the spherical prosthesis-elbow assembly for flexionextension is
performed in Visual Nastran software and the parameters are:

Fig. 4 Finite element network of humerus (a), cubitus (b) and radius (c)

Table 1 Characteristics of
material [1]

Characteristics Bone Titan

Density ( kg/mm3) 1.4e − 5 4.85e − 6
Elastic modulus (Pa) 2.14e + 10 1.02e + 11
Poisson’s ratio 0.5 0.3

Fig. 3 Finite element network for the spherical prosthesis components: a humeral component;
b ulnar component; component for semi-constrained prosthesis
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• the total duration of flexion-extension movement is 1 s;
• the force is equal to 100 N, corresponding to the lifting and lowering of a weight

by pure flexion-extension movement, it has permanent vertical action and has
the point of application at the end of the ulnar stem;

• the humeral stem is fixed, other elements are considered movable or attached to
fixed or moving elements;

• a motor coupler having a constant angular speed of 160 deg/s was defined
between the two components forming the spherical joint;

• modeling Software: Solidworks; Virtual Testing Software: Visual Nastran [18].

3 frames of dynamic stress map for flexion-extension of elbow are shown in Fig. 5.
Based on the stress maps obtained for the analyzed timeframe, the diagram of

maximum stress values of the spherical prosthesis-elbow joint was plotted. Figure 6
presents comparative graphs of the maximum stresses for flexion-extension in the
case of a healthy elbow and the prosthetic elbow with the spherical prosthesis. From
Fig. 6 it is observed that the maximum values of the elbow joint in the case of
extension flexion movements are recorded for the elbow in the 90° position, when
the bending moment is maximum due to the maximum arm of the force. Minimum
stresses are recorded in the maximum extension position when the force arm tilts to
0. Small values are also recorded in the maximum flexion position when the force
arm becomes very small, but not zero (due to the fact that, for anatomical reasons,
the flexion can be made up to an angle of maximum 70° to the horizontal position).
The maximum stress values of flexion-extension angle in healthy elbow are about 5
times lower than those obtained in proposed prosthesis-elbow assembly, but in the
prosthetic case, the values remain within admissible material strength values.

Fig. 5 Stress map for prosthetic elbow flexion-extension: a t = 0.1 s, b t = 0.2 s, c t = 0.6 s
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3.2 Pronation-Supination

Stress maps corresponding to the pronation-supination with the supporting of a
10 kg weight (Fig. 7), were obtained using the same kinematic simulation and
loading scheme as in the study of flexion-extension. Based on the stress maps
obtained for the analyzed time interval, the comparative diagrams of maximum
stress values for pronation-supination for the case of the healthy elbow and the
elbow with spherical prosthesis are presented in Fig. 8. It is noted that the values of
the stress in elbow joint in the case of pronationsupination movements remain
almost constant throughout the movement because, in the vertical anatomical
position of the arm, sections of the bones or prostheses are only subject to the
vertical force equal to 100 N. Minimum stresses are recorded for healthy elbow,
increased values (about 5 times) are present in spherical prosthesis-elbow assembly.
The results were obtained taking into account the fact that, in order to perform a

Fig. 6 Comparative diagram
of the maximum
flexion-extension stress
[MPa] for: 1 healthy elbow
and 2 spherical
prosthesis-elbow assembly

Fig. 7 Dynamic tension map of the prosthetic elbow joint in trance-supination motion for
a t = 0 s, b t = 0.6 s, c t = 0.8 s d t = 1 s
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finite element analysis on a very complex structure, like the one of the healthy and
prosthetic elbow joint, some simplifications have been made: only the bones and
metallic components were taken into account, and the action of the muscles, ten-
dons and ligaments was disregarded.

The proposed prosthesis fulfils the main criteria in order to be considered
superior to those used so far:

• Simplicity—the new prosthetic model, consisting of two components, fulfils the
criterion of simplicity; implantation kit is simple and it does not use special
tools;

• conservation—bone damage during implantation is low;
• manufacturing—the simplicity of the prosthetic components allows them to be

made with classical tools with no special equipment;
• cost—due to the simplicity of the components, the costs are much smaller than

in the case of current prostheses;
• safety—especially concerning the dysfunctionality and the failure of the pros-

thesis. A main advantage consists in the fact that it is a metal metal-type
prosthesis, without other materials such as polyethylene;

• service—by increasing the options and reducing the technical barriers in the
revision surgery of the damaged prosthetic components, the service is easy to
carry out due to the very simple manner of implantation;

For future work the experimental kinematics of healthy and prosthetic elbow
joint will be performed on samples of healthy subjects and patients using Bio-
metrics, an advanced acquisition system [19, 20] and a dedicated experimental
bench [21].

Fig. 8 Comparative diagram
of maximum
pronation-supination stress
for: 1 healthy elbow, and 2
elbow with spherical
prosthesis
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Experimental Method for Dynamic
Evaluation of Spinal Column
Deformation Exercises

A.-M. Vutan, V. Ciupe, C. M. Gruescu and E.-C. Lovasz

Abstract Spinal deformities appear very frequently in child or adult population.
Researches in this field are widely spread and continuously developing now-days,
as the current schemes of treatment are long-lasting, costly and not very effective.
The authors propose an investigation method based on a set of sensors, which are
accelerometers and provide data in order to generate a mathematical model of the
spine, namely a high degree polynomial. Basic parameters, such as the Cobb angle
are computed within the mathematical algorithm. The angles acquired by the
sensors are recorded as functions of time, so that the change in shape of the spine
during the exercises prescribed by the kinetotherapist is subject of study and a
criterion for optimizing the nature and intensity of the exercises.

Keywords Spinal deformation ⋅ Accelerometer ⋅ Mathematical model
of the spine

1 Introduction

Vertebral disorders are very common in recent years among children and adults,
due to lack of physical activity [1] and long-term prolonged sitting position [2].
Spinal deviations, such as scoliosis, may occur from younger ages continuing to

A.-M. Vutan ⋅ V. Ciupe ⋅ C. M. Gruescu (✉) ⋅ E.-C. Lovasz
Politehnica University of Timisoara, Timișoara, Romania
e-mail: corina.gruescu@upt.ro

A.-M. Vutan
e-mail: anamariavutan@yahoo.com

V. Ciupe
e-mail: valentin.ciupe@upt.ro

E.-C. Lovasz
e-mail: erwin.lovasz@upt.ro

© Springer International Publishing AG, part of Springer Nature 2018
I. Doroftei et al. (eds.), New Advances in Mechanism and Machine Science,
Mechanisms and Machine Science 57,
https://doi.org/10.1007/978-3-319-79111-1_13

137

http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-319-79111-1_13&amp;domain=pdf
http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-319-79111-1_13&amp;domain=pdf
http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-319-79111-1_13&amp;domain=pdf


aggravate in puberty and in adulthood, and can cause painful syndromes, low
self-esteem, and even cardiopulmonary complication.

Among the deviations of the spine, scoliosis is the most common deformity in
children and adolescents [3]. Scoliosis is a progressive disease characterized by one
or more lateral curvatures of the spine, visible in the frontal plan and accompanied
by the rotation of the vertebral bodies [4].

Over the last 40 years, numerous studies have been conducted on the incidence
of scoliosis among children. In the literature, idiopathic scoliosis has a prevalence
of 0.47–5.2% [3]. The girls are most affected and the risk of increasing the deviation
is higher than for boys.

The orthopedic doctor is the one who establishes the diagnosis of scoliosis and
follows the evolution in time. The follow-up protocol of scoliosis involves per-
forming every 6 months the clinical and imaging control over the entire period of
time until bone maturation is achieved. Currently, the examination can be achieved
by X-ray, CT, MRI, Moiré topography, integrated shape imaging system (ISIS) and
computer raster stereography. Because some of these investigations use radiations
that are harmful for children [4], new approaches of investigation have been
attempted in a non-invasive manner for the human body. These new devices are not
widespread for use at this time: thermography, mapping the three-dimensional
digital image acquisition using InSpeck system [5–8], mapping with ultrasonic
digital equipment such as Zebris [9], 3D scanning and 3D reconstruction using
Kinect sensor [10], a wearable monitoring system based on inertial sensors [11].

As a result of the imaging examination, the orthopedic doctor establishes the
diagnosis and the magnitude of the scoliotic curvature by calculating the Cobb
angle. This represents the angle formed by the intersection of the tangent line to the
upper plateau of the upper vertebra of the curvature and the tangent line to the lower
plateau of the lower vertebra of the curvature. Depending on the value of the Cobb
angle, the treatment followed by the patient will be determined by the protocol
proposed by Stagnara:

• if the Cobb angle is between 0° and 30°, physical therapy is recommended
• if the Cobb angle is between 30° and 50°, physiotherapy and orthopedic brace

are recommended
• if the Cobb angle is over 50°, the spine surgery is indicated.

There had been done numerous studies during the last decades on the effec-
tiveness of physical therapy treatments. The authors of [12] conducted a systematic
review of the effectiveness of specific exercises used in rehabilitation of scoliosis
(AIS—adolescent idiopathic scoliosis). There have been studied:

• Non-specific physical therapy exercises
• Exercises from Schroth therapy: exercises based upon fixing the pelvis, thus

actively performing a trunk elongation, derotation of the ribs and flattening the
ribs hump. Patients do an intensive treatment for 6–8 h a day for 4–6 weeks and
after this period, they continue at home a program of specific exercises for
90 min a day [13, 14]
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• Side-shift therapy (original approach by Min Mehto): auto-correction exercises
for the trunk (in time, these auto-correction have to be applied in activities of
everyday life) [15]

• Exercises DoboMed: symmetric position to perform active movements in closed
kinematic chain in order to facilitate the active correction in between the two
symmetric stable girdles and to support the consolidation of the correct postural
habit

• Exercises from SEAS (Scientific Exercises Approach to Scoliosis) by ISICO
(Italian Scientific Spine Institute): exercises based on auto-elongation of the
former Lyon method [12]

• ISR (integrated scoliosis rehabilitation): exercises to correct the scoliotic posture
by means of proprioceptive and external stimulation [16]. The patient is
supervised by a team consisting of a physician, a therapist and a psychologist.

Almost all studies all over the world (Asia, USA, and Europe) have concluded
that specific exercises play an important role in the evolution of scoliosis. Unfor-
tunately, there are mentioned in the literature cases where, regardless of the method
used, the Cobb angle continued to evolve. It is very difficult to calculate the per-
centage of progression in patients under 16 years old [17]. The progressing rate of
scoliosis depends on age, magnitude of the Cobb angle, sex, the method of reha-
bilitation, the patient’s conscious involvement. In the literature the progression
values of scoliosis are based on the factors listed bellow, from 2.8% [16] to 11.6%
[18] and even 19.5% [16].

Starting from the data presented above, this paper proposes to study the effects of
the specific exercises used in the scoliosis recovery programs by analyzing the
change of the Cobb angle in the course of the movement and if it is possible to
choose from a given number of exercises only those that are most effective for the
patient. An individual recovery program, specific to each patient, according to its
particularities, is to be established.

For this purpose, a set of accelerometers is attached to the patient’s trunk and
provides data in order to generate a dynamic mathematical model of the spine.

2 Method for Dynamic Measurement of the Cobb Angle

The sensors applied on the vertebrae body provide data, consisting of three angles
φx, φy, φz

� �
around the axes of a reference system, attached to each bone. The

shape of the spine is relevant especially within the frontal plane. The mathematical
model is going to be generated as a plane curve contained in the frontal plane. In
addition, the relative rotation angles between the vertebrae in the transverse plane
can be easily computed from the differences between the angles φz.

The projection of the measurement points on the frontal plane consists of nine
points, for which the angles φxi ði=1 . . . 9Þ are known from the sensors. The
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distances between the points li, i+1 (i = 1, …, 8) are measured directly by the
operator who runs the medical investigation.

Figure 1 shows points M1, …, M9, drawn in an orthogonal reference system
attached to the first lower point.

The purpose of acquiring data is the computation of the coordinates and the
generation of a mathematical model of the spine. This model is intended to be a
high degree polynomial (the highest degree is eight, as the number of precision
points is 9). Once the analytical equation of the spine is established, it is possible to
determine the inflection points of the curve, the direction of the normal lines in
these points and the computation of the Cobb angle (or Cobb angles, depending on
the number of inflection points). In Fig. 1 there are three inflection points and thus,
there are two Cobb angles to determine.

The coordinates of the points are given by the relations:

xM1 = 0
yM1 = 0
xMi+1 = xMi + li cosφi i=1, 8
yMi+1 = yMi + li sinφi i=1, 8

8>><
>>:

ð1Þ

The nine pairs of coordinates allow the determination of an interpolation poly-
nomial of eighth degree. The shape of the spine will be described by the equation:

y= a0x8 + a1x7 + a2x6 + a3x5 + a4x4 + a5x3 + a6x2 + a7x+ a8. ð2Þ

The roots of the second derivative of Eq. (2) and the study of the sign change of
the second derivative provide the inflection points of the polynomial function.

Fig. 1 Nine points on the
deformed spine and Cobb
angles
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Considering the inflection points I1(x1, y1), I2(x2, y2) and I3(x3, y3), the gradient of
the normal to the polynomial (2) is given by the relations:

m1 = −
1

y′ðx1Þ , m2 = −
1

y′ðx2Þ , m3 = −
1

y′ðx3Þ , ð3Þ

where y’ is the first derivative of the polynomial (2).
The Cobb angles (Fig. 1), as angles between two normal, can be computed as

follows:

Cobb1= arctan
m1 −m2

1−m1m2

����
����, Cobb2= arctan

m2 −m3

1−m2m3

����
����. ð4Þ

The angles φx are recorded as functions of time and thus, it is possible to get the
variation of the Cobb angles during the exercises performed by the patient under the
supervision of the kinetotherapist.

3 Equipment for the Experimental Measurement
of on-Line Spinal Deformities

In order to collect the angles of the vertebrae, an acquisition system must be set
up. This consists of an assembly of 8 MEMS IMUs [19] (inertial measurement
units) connected via their I2C bus to an I2C multiplexer [20] and ultimately to a
microcontroller board [21] (Fig. 2a: scheme and b: experimental arrangement). The
multiplexer is needed because the IMUs have two fixed bus addresses, these being
the same for all 8 IMUs. Considering that the IMU boards are PCB carriers these

Fig. 2 Angle acquisition assembly. Scheme (a) and experimental arrangement (b)
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have been protected against ingress of foreign material (adhesive, liquid droplets,
finger touch) by encapsulating them in thermo-contractile tubes, which also pro-
vided for a stronger cable ending and also a flat surface ready to be applied to the
patient’s skin.

For the current experiments the Roll and Pitch angles are recorded and trans-
mitted to a PC in the form of comma separated values, via a serial port. The angles
are computed from the accelerometer values by considering the IMU’s own coor-
dinate reference system [22]:

Roll= arctan Gy ̸Gz
� �

, Pitch= arctan −Gx ̸
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
G2

y +G2
z

q� �
ð5Þ

where: Gx, Gy, Gz are the raw gravitational acceleration values measured in the
earth’s reference frame, recorded by the IMU.

Since above equations give multiple solutions in the 0…2π region, the angles
must be limited and the selected convention for this application is to limit both Roll
and Pitch to 0… π in the microcontroller code and enforce the vertebrae application
position to that pictured in Fig. 1. With this restriction respected, the base angles
(IMUs vertical with cable to the right and flat PCB surface facing patient’s skin) are
both π/2.

The microcontroller reads all 8 IMU raw accelerometer values in a continuous
loop, computes the angles and sends the values to the connected PC with a fre-
quency of 5 Hz. Considering the nature of the therapeutic exercises that the patient
must conduct (which are mostly static – assume a pose and keep it for a few
seconds) the amount of angle data collected is sufficient for further analysis.

4 Example of Data Acquisition and Processing Results

A first set of data was acquired from a volunteer patient, who was informed and
agreed with the use of data in a scientific experimental research. The patient stood
in a static straight posture, which is a sequence of a prescribed exercise by the
kinetotherapist for the treatment of a spinal deformity. Data acquired for this
position is used to test and validate different mathematical algorithms, which pursue
the obtaining of an analytical shape of the spine and the computation of Cobb
angles.

In order to apply the algorithm for getting the interpolation polynomial, only the
angle φx and the distances li are necessary.

Table 1 contains the values of the acquired data and computed coordinates of the
nine interpolation points in a reference system attached to the lowest vertebra,
which is considered as the origin of the system.
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The coefficients of the eighth degree polynomial described in Eq. (2) are:

a0 = 1.76 × 10− 14, a1 = − 1.25 × 10− 11, a2 = 3.57 × 10− 9, a3 = − 5.27 × 10− 7

a4 = 4.25 × 10− 5, a5 = − 1.86 × 10− 3, a6 = 4.14 × 10− 2, a7 = − 0.30, a8 = 0.

ð6Þ

The curve is represented in Fig. 3a. The computation and graph are performed
by means of an application, written in Mathcad 14.

The inflection points are found for the coordinates:

I1 35.52; 2.20ð Þ, I2 110.45; 2.23ð Þ, I3 161.80; − 0.61ð Þ ð7Þ

The last point I3 did not result on mathematical basis, but it was selected as the
midpoint of the last vertebrae listance l8.

The computation of the normals’ slope in these points and applying the relations
(4) provide the following Cobb angles:

Cobb 1= 15.63◦, Cobb 2= 17.45◦ ð8Þ

The correctness of the shape is confirmed by a simpler approximation, with a
fourth degree polynomial:

y= b0x4 + b1x3 + b2x2 + b3x+ b4, ð9Þ

got in a different software application, MS Excel Office 2010, by means of the
function Trendline applied to the graph passing through the nine precision points.

The coefficients of the fourth degree approximation polynomial are:

b0 = 2.437 × 10− 7, b1 = − 7.432 × 10− 5, b2 = 5.97 × 10− 3,
b3 = − 6.178 × 10− 2, b4 = 0

. ð10Þ

Table 1 Acquired data and
computed coordinates

Sensor number φx [deg] l [mm] y [mm] x [mm]

0 0 0 0
1 3.5 28 1.70 27.94
2 7.91 28.5 3.91 56.13
3 12.3 28.5 6.06 83.94
4 4.58 26.9 2.14 110.78
5 −0.77 11.5 −0.15 122.32
6 −5.76 16.9 −1.69 139.15
7 −4.3 15.4 −1.15 154.50
8 1.48 14.6 0.37 169.11
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The resulting graph (also drawn in Mathcad for uniformity) is given in Fig. 3b.
The inflection points of the approximation polynomial are found for the
coordinates:

I1 34.73; 2.30ð Þ, I2 117.57; 1.19ð Þ, I3 161.80; − 1.11ð Þ. ð11Þ

The computation of the normals’ slope in these points and applying the relations
(4) provide the following Cobb angles:

Cobb 1= 15.78◦, Cobb 2= 18.25◦. ð12Þ

The curves in Fig. 3 look very similar. In addition, their inflection points are
very close, so that the Cobb angles are different with less than 1 deg, i.e. the relative
error is of approximately 4.3%.
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Fig. 3 Model of the spine—polynomial of 8th degree (a) and polynomial of 4th degree (b)

144 A.-M. Vutan et al.



The dynamic recording of data through the whole rehabilitations exercise allows
the therapist to establish whether the exercise is appropriate in nature and intensity.

5 Conclusions

The study starts from the conclusions presented in an extensive bibliography
regarding spinal deformities and the efficiency of current treatment.

The paper proposes a new investigation method, based on data provided by a set
of eight accelerometers, which are stuck on the body of the vertebrae during the
whole therapy exercises. The goal of the study is to develop a method to rec-ord the
Cobb angles variation, which should provide in the future an evaluation of the
therapy exercises.

The acquired angular data is used to compute an eighth degree polynomial as a
model of the spine. The high degree of the polynomial is not very convenient
be-cause the large number of inflection points and not recommendable for auto-
mated computation. The mathematical model can be improved by using an
approximated polynomial of fourth degree, which has high correlation coefficient.

Appropriate mathematical algorithm is developed in order to compute the
co-ordinates, the coefficients of the polynomial and the Cobb angles.

The mathematical model, which was tested and validated using an eighth de-gree
polynomial and a fourth degree approximation polynomial is intended to be further
confronted with the results of other types of investigation, such as tradi-tional and
modern imaging.
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Kinematic Design of a Parallel Robot
for Elbow and Wrist Rehabilitation

B. Gherman, G. Carbone, N. Plitea, M. Ceccarelli, A. Banica
and D. Pisla

Abstract This paper presents the kinematics of modular a parallel robot for
post-stroke rehabilitation of elbow and wrist. The targeted motions for rehabilitation
are: elbow flexion, pronation/supination, flexion/extension and adduction/abduction
(radial/ulnar deviation) of the wrist. The kinematic structure of the robotic system is
presented starting from general considerations concerning the rehabilitation pro-
tocol of the upper limb. Its kinematics is developed and simulation results are
presented for a proposed training exercise.
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1 Introduction

Stroke is one of the most encountered causes of death and a main cause of chronic
disability in the world [9]. Although current possibilities in the stroke treatment and
prevention have reduced its impact, the ageing population phenomenon, especially
in Europe will increase the incidence rate of stroke and cardiovascular diseases
[18]. On the other hand, mortality rate from strokes has declined over time [12],
resulting in an increased worldwide prevalence of stroke. Romania has proved to be
a leading country in Europe concerning the cardiovascular diseases and especially
stroke related disabilities [7]. Great advances have been achieved in the manage-
ment of acute phase of post-stroke survivors, but even so the care of these patients
still relies on the rehabilitation treatments. Robotic-assisted rehabilitation has
proved to accelerate the recovery of lost motor functions for post-stroke survivors,
enabling clinics to switch from the classical intensive-oriented training to higher
repetitive technological treatment [4].

Huge effort has been made by private companies, research centers and univer-
sities to provide suitable robotic solutions for rehabilitation [13]. The developed
robotic systems could be classified according the targeted are for rehabilitation (i.e.
lower limb, upper limb) or by their architecture: end-effector based or exoskeletons.
The first category of rehabilitation robots use a classic serial or parallel architecture
in which the targeted limb is mobilized using the robot end-effector, especially
designed to hold the patient’s limb using a pre-determined anchor point: [3, 6, 8, 17].
Compared to end-effector robotic systems, exoskeletons provide certain advantages
like: the workspace similarity in form and size, lack of singularities or the precise
mapping of the joint forces [15]. The main disadvantages of exoskeletons rely in the
impossibility to replicate the human kinematics because of its diversity and in their
innate more complicated design. Achievements are numerous and prove that such
architectures can be successfully used for training: [1, 2, 10]. Most exoskeletons
have a serial architecture, since their design requires a wrapping of the human limb.
Parallel structures have proven their advantages compared to serial ones, especially
in terms of stiffness and dynamic performances. In [5] the authors proposed a
serial-parallel exoskeleton for the rehabilitation of the upper limb. It has a high
stiffness, very accurate, but has also a complicated structure, using differential
mechanism of bevel gear transmission and lacks the abduction/adduction of the
wrist. In [11] the authors developed a 5 DOF shoulder exoskeleton in a modular
design: the first module with 3 DOF (a spherical parallel manipulator) has an active
function and the second module with 2 DOF acting as a passive slip interface
designed to increase the system’s mobility and to prevent joint misalignment. The
robotic system is designed to train only the shoulder.

The current paper presents a modular exoskeleton robotic system, with a parallel
architecture, for the training and rehabilitation of elbow and wrist, specifically the
following motions: elbow flexion/extension, pronation/supination and the wrist
flexion/extension and adduction/abduction. Section 2 presents the kinematics and
Sect. 3 a set of training-based simulations.
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2 A Parallel Modular Robot for Elbow and Wrist
Rehabilitation

The authors have proposed and discussed in [14] the main requirements for a
rehabilitation robotic system in terms of motion analysis including anchoring
(active/passive), range and actuation force. The PaRReEx robotic system consists of
two independent parallel modules, one for elbow rehabilitation (PaRReEx—elbow,
see Fig. 1) and the other for wrist rehabilitation (PaRReEx—wrist, see Fig. 2) [16].
The PaRReEx—elbow achieves the pronation/supination motions, while the PaR-
ReEx—wrist achieves the wrist flexion/extension and adduction/abduction.

The PaRReEx—elbow module has 2 DOF: two rotations, one around the OY axis
(achieved by the q1 active joint) and the other around OX axis (achieved by the q2
active joint). q1 achieves the elbow flexion/extension while q2 achieves the pronation/
supination motion, using a bevel gear mechanism. The fixed coordinate system is
placed in the R1 rotation joint, the geometrical parameters being: l1 (the length of the
mechanism on the OX axis) and l2 (distance from the R1 joint to the hand axis).

The PaRReEx—wrist module has 2 DOF: two rotations, one around the OZ axis
(using the q3 active joint), which achieves the wrist flexion/extension and the other
around the OY axis (using q4 active joint), which achieves the adduction/abduction
motion. The fixed coordinate system is placed in the R2 active rotation joint, the
geometrical parameters being: r1, as the distance between the patient’s wrist joint
and the hand-holder (this being a human parameter used as input data into the
kinematic model of the robot), r2 as the height of the hand-holder and d as the
distance between the patient’s wrist joint and the R2 robot joint.

Fig. 1 The PaRReEx—elbow module of the parallel robot for elbow flexion/extension and
pronation/supination rehabilitation
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2.1 Kinematics

The forward kinematics of the PaRReEx modules requires as input data the values
of the active joints q1, q2, q3, q4 and the geometrical parameters l1, l2, r1, r2, dð Þ
while the target is to determine the end-effector coordinates E1 XE1, YE1, ZE1ð Þ and
orientation ψ1, θ1,φ1—for the elbow and E2 XE2, YE2, ZE2ð Þ, ψ2, θ2,φ2—for the
wrist. Relations (1) to (4) show the closed-form kinematic equations of the forward
kinematics.

XE1 = l1 cos q1ð Þ;
YE1 = l2;
ZE1 = − l1 sin q1ð Þ;

8<
: ð1Þ

ψ1 = atan2 cos q2ð Þ sin q1ð Þ, sin q2ð Þð Þ;
θ1 = atan2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− cos q1ð Þ cos q2ð Þð Þ2

q
, cos q1ð Þ cos q2ð Þ

� �
;

φ1 = atan2 − sin q1ð Þ cos q1ð Þ, sin q2ð Þð Þ;

8>><
>>:

ð2Þ

Fig. 2 The PaRReEx—wrist module of the parallel robot for wrist flexion/extension and
adduction/abduction rehabilitation
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and:

XE2 = cos q3ð Þ cos q4ð Þ r1 − d sin q4ð Þð Þ+ r2 cos q3ð Þ sin q4ð Þ;
YE2 = sin q3ð Þ cos q4ð Þ r1 − d sin q4ð Þð Þ+ r2 sin q3ð Þ sin q4ð Þ;
ZE2 = r2 cos q4ð Þ− sin q4ð Þ r1 − d sin q4ð Þð Þ;

8<
: ð3Þ

ψ2 = atan2 cos q3ð Þ, − sin q3ð Þð Þ;
θ2 = q4;
φ2 = 3 π

2 ;

8<
: ð4Þ

In the case of PaRReEx—wrist, because of the d geometric parameter, the term
r1 − d sin q4ð Þ has been used as a displacement on the OX axis. Figure 3 explains
how it has been obtained.

The inverse kinematics requires as input data the hand orientation (the angles
ψ1, θ1,φ1) to determine the active joints coordinates: q1 and q2 of the PaRReEx—
elbow:

q1 = atan2 − sin φð Þ sin θð Þ, cos φð Þ cos ψð Þ− cos θð Þ sin φð Þ sin ψð Þð Þ;
q2 = atan2 − cos ψð Þ sin θð Þ, cos θð Þ cos φð Þ cos ψð Þ− sin φð Þ sin ψð Þð Þ;

�
ð5Þ

The same for the PaRReEx—wrist, where the solution of the inverse kinematics
is trivial.

q3 =ψ− π
2 ;

q4 = θ;

�
ð6Þ

Fig. 3 A detail of the
PaRReEx—wrist
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3 Training-Based Simulations of the PaRReEx Robotic
System

A simulation exercise has been programmed using MATLAB as a proposal for the
wrist rehabilitation, using the PaRReEx—wrist module. The two motions (wrist
flexion/extension and adduction/abduction) are performed independently, to avoid
any interference, but if necessary these could be performed also together. The
current formulation of kinematic analysis, used also in this simulation, can be used
for optimal design procedures and exploitation to characterize the feasibility of the
proposed robotic design. The q3 active joint (which performs the flexion/extension)
ranges between: 0°: −45°:0°: +45°:0°, while q4 (which performs the adduction/
abduction) ranges between: 0°: −30°:0°: +30°:0°. The motion parameters, chosen
based on [14] can be assumed as: vmax = 6.5◦ ̸s and εmax = 10◦ ̸s2. Figure 4 shows
the simulation, as the computed joints motions (acting as input data) and Fig. 5 the
simulation results, namely the end-effector orientation time history diagram
(namely the angles ψ and θ).

Fig. 4 Computed joint motions of PaRReEx—wrist for wrist flexion/extension and adduction/
abduction motion: positions, velocities and accelerations of the active joints
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4 Conclusions

The paper presents the kinematics of a parallel modular robotic system designed for
rehabilitation purposes of the upper limb. The robotic system targets the flexion/
extension and the pronation/supination motions, using the PaRReEx—elbow par-
allel robotic module and the flexion/extension and adduction/abduction motions
using the PaRReEx—elbow parallel robotic module. This proves that the proposed
kinematics is suitable to perform all the motions of the upper limb starting from the
elbow up to the wrist (excluding the shoulder), which is something that other
systems have not entirely covered. The achieved simulations present a possible
training exercise motion for a range of 90° for flexion/extension and 60° for the
adduction/abduction, proving that the designed robotic system is suitable for the
targeted task and the kinematics can be easily implemented into the robot control.

Acknowledgements The paper presents results from the research activities of the project ID
37_215, MySMIS code 103415 “Innovative approaches regarding the rehabilitation and assistive
robotics for healthy ageing” co-financed by the European Regional Development Fund through the
Competitiveness Operational Programme 2014–2020, Priority Axis 1, Action 1.1.4, through the
financing contract 20/01.09.2016, between the Technical University of Cluj-Napoca and ANCSI
as Intermediary Organism in the name and for the Ministry of European Funds.

Fig. 5 The time history diagrams of the end-effector (orientation ψ and θ) velocities and
accelerations for a simulated rehabilitation exercise
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Preliminary Design for a Spherical
Parallel Robot for Shoulder
Rehabilitation

C. Vaida, G. Carbone, N. Plitea, I. Ulinici and D. Pisla

Abstract Stroke is one of the major causes of disabilities among elderly people
which have a negative effect on the life quality and independent living. Robotic
assisted rehabilitation enable physical therapists to create patient oriented, indi-
vidual therapies aiming to achieve high level of recovery for the motoric lost
functions. However there exists no standardization in the design of such devices.
This paper presents a set of critical design characteristics and constraints for
rehabilitation robotics. Based on this data an innovative spherical robot for shoulder
rehabilitation is presented. Its workspace modelling and trajectory simulation
illustrate the robot capabilities of performing from simple to complex trajectories
having a high degree of universality for the given task.
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1 Introduction

The recent progress in all medical related sciences contributed to a continuous
increase of the average life expectancy, which started in advanced countries and
then slowly expanded also between the developing ones. As clearly pointed in the
strategic robotic development agenda for Europe, promoted by Eurobotics AIBSL,
[14], the population aged over 65 will reach 30% of the total population by 2060
whereas 12.1% will be over 80 years old. Despite medical progresses, the elderly
population is prone to a series of diseases that induce serious disabilities for sur-
vivors. The first place on this list is stroke (with its two forms: hemorrhagic and
ischemic) which has a 75% survival rate one year after the incident a number that
will definitely increase in time. Unfortunately 80% of the stoke survivors suffer a
certain level of disability half of them being unable to support an independent
living. As 80% of patients are suffering from the paresis of the upper limb, it should
come as no surprise that this affliction is detrimental from societal, individual and
familial perspectives [2]. As in the next decades the existing number of physical
therapists will no longer be able to support all the patients requiring rehabilitation a
clear need of a paradigm shift in this medical field is needed. A robotic rehabili-
tation device would remove several constrictions imposed on the physical therapist,
such as the limited number of patients that can be attended daily, the duration of the
daily rehabilitation procedures, the precision with which rehabilitative motions are
reproduced and the repeatability of the said motions. Thus, the therapist would
change its role from personally attending a patient towards a personalized therapy
developer which, based on patient data, background, interests and personality
would determine the best set of tools and interactive interfaces that would deliver
maximum efficiency in the rehabilitation program along a continuous monitoring
and assessment of patient progress.

Thus far, several different approaches to robotic assisted rehabilitation are
readily available on the market, or in development, these can be either stationary or
mobile. Stationary devices come in the form of end effector based systems
(InMotion ARM, [3]), exoskeleton based (Dampace, [10]), or parallel systems
(CRAMER, [9]). Mobile devices, on the other hand are mostly available in the form
of exoskeleton based structures (MyoPro Motion [7]).

The paper emphasizes in Sect. 2 a set of general design rules that would lead to
the development of efficient new robotic solutions and estimate the effort level that
has to be put in each of these critical characteristics. Section 3 covers the design of
a new robotic device for shoulder rehabilitation, its workspace and motion on a
complex trajectory followed by conclusions.
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2 Design Considerations for Robotic Rehabilitation

Based on the demographic and medical data, rehabilitation is a field where robotic
systems become a necessity. However, to the current date, there is no standard to
define such a system characteristics, behavior, safety conditions, a dedicated ISO
under the code IEC/CD 80601-2-78 being under development.

It is necessary to specify that due to the environment where the device will be
used and the fact that robots used in rehabilitation have two types of users, mainly
the medical specialist and the patient (who is uninstructed in the usage of the
device), several aspects need to be analyzed ranging from safety to
cost-effectiveness. Therefore several design factors that are considered to be pivotal
in the development of a robotic solution for rehabilitation are enunciated below.

Integrated design: the development team should include the expertise of
mechanical/electrical engineers for the development of the robot itself, together
with computer specialists that will develop the control architecture based on HRI
(Human Robot Interfaces) [1, 12] all based on the specific requests from the
medical experts (physicians, and occupational therapists);

User centered design: emphasis is put on several aspects related to the patient
and medical specialist (users) that will work with the device where safety features
and patient information privacy have to be achieved in a cost efficient solution that
will ensure intuitive usability;

Therapeutic functionality: the ability of the device to provide assistive forces
proportional to each patient’s needs, the joint alignments between the device and
the human limb must be maintained, thus ensuring the proper execution of the
exercises. The positioning of the attachment points between the human and the
device should be made in areas of the body with similar feature sizes among adults
but relevant and useful for the motion generation, keeping in mind that these areas
should also be uninterrupted by joints. An important therapeutic functionality
would be muscle pain/fatigue detection, ensuring the patient’s wellbeing during
device usage enabling therapists to understand each patient’s limits [4, 5].

The mechanical functionalities: the robot must have a functional workspace
adapted to the motion amplitudes of the human body, ensuring smooth motions
along the entire path. Due to the complexity of the human motions detailed analysis
of the motion plan defined by the medical experts is needed that will define the
number of DOF of the robot. In addition, due to the unique anthropometric char-
acteristics of each patient, the robot must be able to adapt to different sizes and
human positions.

Safety standards: In the form of hardware based safety standards, it is necessary
to implement limitations on the motion ranges (which are defined in the literature a
minimum, average and maximum values but are unique for each patient). Safety
protocols in case of emergency or danger must also be considered, and emergency
stop switches should be installed. With regards to the software which has multiple
implications in the rehabilitation process, being, through the user interface the
element that links the patient to the robot software it is necessary for the
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rehabilitation robot to have constant information sharing between user and device
[4]. With all this information sharing between user and device it should also be
noted that a standard for improved patient confidentiality should be considered.

Accessibility and sensory interactions: the robot should have human centered
forms and shapes (concave components shapes to fit human limb convexities),
Proxemics [6], meaning that the device structure should not overwhelm the human
body, adaptability to the patient anthropometric characteristics, Kinesthetics [6] (the
human—robot contact should not have negative influences on the patient limb),
also thermal balances as the robot should not induce any temperature variation on
the human body during exercises and sensorial capabilities which, of course, must
be adapted to the specific rehabilitation task [11].

Aside from the aforementioned aspects, there are several work environment
related considerations (size, weight, portability, power requirements, actuation),
and aesthetic considerations that would influence the patient’s mentality while
approaching and using such a device (shapes, materials, colors, textures).

The successful achievement of these characteristics will lead to an efficient
rehabilitation device. The next step is to evaluate exactly how much effort should be
invested in each specific area. The analysis is performed using the Analytic hier-
archy Process (AHP) technique to rank these design characteristics (Fig. 1). Each
item is evaluated with respect to all the others using a comparative scale of
importance (AHP Toplevel Matrix 1). By filling in the upper half of the matrix the

Fig. 1 The AHP comparison matrix
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relative importance (out of a total of 100%) is distributed among the characteristics.
The final results (Fig. 2), are calculated by imposing a scales factor of 1:5 between
the most and least critical requirement. Thus, Fig. 2 expresses the amount of effort
that should be integrated in each of the critical design requirements for a new
rehabilitation robotic device.

3 A Case Study: Aspire—An Innovative Spherical
Parallel Robot for Shoulder Rehabilitation

One of the current problems and technology gaps reported by several reviews
[1, 12, 13] is the unbalanced number of devices developed for each upper limb joint
with very few solutions for the proximal joints (shoulder). Thus, starting from a set
of experimental clinical measurements [5], it resulted that for the proper rehabili-
tation of the upper arm segment and the shoulder joint, the abduction/adduction and
flexion/extension motions are required. A simplified definition of these motions is
that the abduction/adduction represents a rotation of the arm achieved in the hor-
izontal plane while the flexion/extension is achieved in the vertical plane. However,
the same reviews [1, 12, 13] illustrated that only simple motions are insufficient to
achieve a proper motoric limb rehabilitation. Using the flow-chart in Fig. 3 that
integrates the design prioritization results, one solution that enables the unrestricted
generation of any type of motion of the arm is a spherical robot that uses the
shoulder joint as its rotation center. The kinematic scheme of the new device,
entitled Aspire, is presented in Fig. 4 [8]. The concept design integrates two active
rotational joints that describe each of the basic (vertical and horizontal) arm
motions, being able to generate, by a combined motion of the two active joints any
trajectory for the patient arm.

Fig. 2 The AHP final results
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The first constructive design of Aspire is comprised of two spherical guides 2
and 10, that are actuated in turn by two motors M1 and M2 (placed on supports 1
and 9), which enable the positioning of the mobile platform 3 (that integrates the
patient arm support), which execute their motion along the previously mentioned

Fig. 3 Design flow-chart

Fig. 4 Kinematic scheme of the spherical mechanism for shoulder rehabilitation
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guides. The device contains 4 rotation joints, two of which belong to two of the 3
mobile elements in the structure. The basic motions effectuated by the mobile
platform, are determined by the two guides: the first rotation is around the vertical
axis (OZ), thus defining the basic horizontal motion, the second rotation occurs
around the horizontal axis (OY), and it results in a basic vertical motion.

The patient’s shoulder is supported by the shoulder guard 8 while the upper arm
is supported by guard 9. The forearm and the hand are kept in a proper position
during exercise using the adjustable bracer 4 (connected directly to the mobile
platform). The device itself is supported on three legs. The central leg 7 can be used
to adjust the height of the device on the vertical axis and the two (detachable) legs
6. The bars 5 are used to support the guide responsible for vertical motions (Fig. 5).

Based on the kinematic scheme from Fig. 4, the two angles, ψ and θ represent
the input data for the inverse kinematics of ASPIRE. One geometric parameter is
also introduced, namely the radius of the sphere (R), which based on the anthro-
pometric data of the human body has a value of 350 mm. Two rotation matrices
describe the robot motion, R1—rotation around OZ axis with angle ψ and R2—
rotation around the OY axis with angle θ. Considering that the sphere center has the
coordinates O(0, 0, 0) and the initial position of the human arm is Based on the
kinematic scheme from Fig. 4, for the inverse kinematics of the spherical robot, the

Fig. 5 First detailed design
of ASPIRE spherical robot

Preliminary Design for a Spherical Parallel Robot … 161



input data is represented by the two angles, ψ and θ. In addition, the robot has one
important geometric parameter, the radius of the sphere (R) which, based on the
anthropometric data of the human body was established at R = 350 mm.

The robot motion can be described using two rotation matrices, R1—rotation
around OZ axis with the angle ψ and R2—rotation around the OY axis with the
angle θ. Defining also the geometric coordinates of the sphere center O(0, 0, 0) and
the initial position of the human arm is P0(R, 0, 0), the coordinates of point P are:

XP =R ⋅ cosðψÞ ⋅ cosðθÞ
YP =R ⋅ cosðθÞ ⋅ sinðψÞ
ZP = −R ⋅ sinðθÞ

8
<

:
ð1Þ

Using these simple equations the robot workspace can be computed for a range
of motions of the angles ψ and θ, considered here between −80° and 80°.

Within the generated workspace, three trajectories are illustrated: two simple
trajectories that describe the basic motions for the shoulder rehabilitation a complex
one that illustrates the robot capabilities of generating any trajectory for the
shoulder joint. Figure 6 illustrates the workspace and the complex trajectory on a
sphere, while Fig. 7 illustrates the motion parameters of the ASPIRE robot for that
particular trajectory determined based on its kinematic model.

The generalized trajectory has four control points being generated by computing
the arc lengths between two consecutive points having, for each segment an angular
speed ω=10◦ ̸s and an angular acceleration of ε=5◦ ̸s2:

ð1Þ: ψ1 = 0◦

θ1 = 0◦

�

; ð2Þ: ψ2 = − 30◦

θ2 = 30◦
;

�

ð3Þ: ψ3 = − 30◦

θ3 = − 60◦

�

; ð4Þ: ψ4 = 60◦

θ4 = 30◦

�

ð2Þ

Fig. 6 ASPIRE workspace with multiple trajectories
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4 Conclusions

The integration of robots in the rehabilitation process represents one of the possible
solutions to allow physical therapists to work with more patients in an efficient way.
The paper identifies a set of critical design requirements for this type of devices.
The proposed design requirements and their analysis are implemented in a case
study, where a new spherical robotic device for shoulder rehabilitation, ASPIRE,
was proposed. Main kinematics and path planning aspects are discussed to show the
engineering feasibility of the proposed device. The robot behavior for a complex
trajectory is illustrated through simulation results. Future work will include detailed
payload requirements to enable efficient element sizing and actuator selection fol-
lowed by the achievement a first experimental model.
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Fig. 7 Motion simulation of the Aspire robot on a complex trajectory
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Study on the Effects of Rotation Axis
Misalignment in an Exoskeleton-Human
Hip Joint

C. Moldovan, I. Maniu, E. C. Lovasz and Ana-Maria Stoian

Abstract The paper presents research on one DOF (Degree of Freedom) hip joint
of an exoskeleton regarding the possibilities and effects of rotation axis misalign-
ment in the hip joint. By rotation axis misalignment, we understand the difference
of alignment between the hip joint axis of rotation in human and exoskeleton; we
also consider only parallel, not angular axis misalignments in our model. The
proposed approach for the development of exoskeletons is to take into consideration
inherent axis misalignments and analyze the possibilities to reduce their effects on
the ergonomics of the device. The first step in this approach is the quantification of
effects of rotation axis misalignments in exoskeletons and to achieve this, we
developed the kinematic model which is presented in this paper. Most approaches
focus on perfectly aligned axis of rotation, while this is not the case in our study, we
focus on an acceptable misalignment for the user.
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1 Introduction

For this paper we refer to an exoskeleton as a wearable mobile machine that is
powered by a system of electric motors, pneumatics, levers, hydraulics, or a
combination of technologies that allow for limb movement with increased strength
and endurance [1].

We consider two major directions for the development of exoskeletons, namely
human functions augmentation and medical assistive exoskeletons that reproduce
lost functions of the human body, such as walking.

Regarding the functions augmentation of the human body, research is focused on
the construction of systems that allow humans to perform better in a specific area,
for instance, there are military or construction work applications where the user has
to carry large weigths over long periods of time. With the help of an exoskeleton,
the loads on the users skeletal and muscle systems are reduced thus allowing
increased performance.

Our paper addresses the second—medical assistive exoskeleton area, where
reduced or lost functions of the body are compensated or replaced by the use of an
exoskeleton. Further, we are concerned about the lower limb exoskeletons as case
study where through some event, the human is unable to control his legs, but
problems regarding axis misalignments are general and can appear at any joint
level.

When considering the state of the art on walking aid exoskeletons, two main
directions emerge, hybrid and automated exoskeletons. The differences between the
two areas are quite significant and include aspects such as own weight support or
balance. In a hybrid system, the user has to actively maintain balance using crutches
repositioning them at every step in order to maintain balance. On the other hand, in
an automated system the walking cycle and leg position are computed automatically
with the help of sensor data such that the human user strapped in the exoskeleon
maintains balance, it is a chair on legs.

There are some examples of commercial functioning hybrid exoskeleton designs
in the medical area, such as ReWalk [1]—which has a price tag of 65.000 dollars;
The precise fit of the ReWalk Exoskeleton is given within hardware (adjustments
available up to 0.5 cm) and the software to ensure joint alignment. There is a limit
in the software that limits the movement and a fixed mechanical stop that prevents
excessive movements. Hip flexion is limited between −34 and 104° relative to the
torso sagittal plane. The knee flexion is limited to 2° extension and 112° flexion.
The torque is limited to 125 Nm (max). Other products are Ekso [2] (also called
eLEGS) developed at Berkley University—approved by USA’s Food and Drug
Administration to be used in medical scopes; HAL [3] (Hybrid Assistive Limb)
developed by Cyberdyne, a startup from Tsukuba University or Indego [4]. The
above mentioned exoskeletons can only be used by paraplegics with help of
crutches, through which, the user is responsible for balance.
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An automatic medical exoskeleton is REX from REX Bionics in New Zeeland
and, in comparison, it is not necessary for the user to assist the exoskeleton with
crutches, the exoskeleton is able to walk basically by itself.

From the presented examples it can be seen that hip joint axes alignment in
exoskeleton and human is very difficult to achieve, although the systems are
endowed with adjusting mechanisms and misalignments are minimized, mainly
because the human body is not very stiff (exception some parts, like bones), and the
exoskeleton-human connection (Human Machine Interface) is made, generally,
with Velcro on fat-muscle tissue.

Another problem consists in determining the hip joint centre of rotation, which is
in itself extremely difficult [5, 6], it takes special procedures and is not suitable
when mounting and un-mounting the exoskeleton. Proposed solutions for the
problem in the community are, for example, Cempini in [7] where is presented a
theoretical approach to the problem through a self-centering mechanism. The main
problem with these approaches is that the solutions include a large number of joints
that need to be actuated, thus increasing the device’s complexity.

Our approach proposes, as first step, the assessment of the effects of misalign-
ment and, if necessary, in the following steps (which are not included in the paper),
the introduction of passive compliance, or actuated joints.

2 Analysis Method for Determination of Axis
Misalignment Effects

The existing exoskeleton solutions on the market offer one and two DOF hip joints.
The analysis will be conducted on a one Degree of Freedom (DOF) hip joint. The
used terminology is the standard terminology used for the anatomical planes of the
human body.

The proposed case is presented in Fig. 1, where the axis of rotation is perpen-
dicular to the sagittal plane at hip level and the human and exoskeleton hip rotation
is aligned, thus relationship (1) can be written.

Fig. 1 Model of a human
wearing an exoskeleton where
the rotation axis is aligned at
hip level. Image created with
help of BodyParts3D [8]
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rE = rH ð1Þ

where

rE is the rotation radius from exoskeleton rotation axis to Velcro strap;
rH is the rotation radius from human hip rotation axis to Velcro strap.

The next step is the construction of a kinematic model for the hip of the
human-exoskeleton system where misalignments are present. For this scenario, we
consider only misalignments where rotation axes remain parallel. One parametric
example for this scenario is presented in Fig. 2. We considered the modeling of the
Velcro fixation between the exoskeleton and human through the slider in F.

In Fig. 3 can be seen that a crank-slider mechanism is produced, for which we
can perform kinematic analysis. For the mechanism are used the following
notations:

H—human hip joint; E—exoskeleton hip joint; F—fixation point; links rE and
rH are defined at relationship (1); link e—is the eccentricity (misalignment) between
human and exoskeleton hip. For the kinematic analysis, we consider link e fixed,
the driving/input joint is E and output of the mechanism is the sliding displacement
of point F on rH . The derived Crank-slider mechanism is presented separately in
Fig. 3.

Fig. 2 Model of a human
wearing an exoskeleton where
the rotation axis is misaligned
at hip level. Image created
with help of BodyParts3D [8]

Fig. 3 Derived Crank-Slider
mechanism
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Our objective is to determine the dependency between the eccentricity e, and the
displacement of point F on rH , basically the length of rH , when the mechanism is in
motion. The motion is produced by the actuation of link rE through actuated joint E,
which we do in our model by introducing angle φ as parameter.

To establish a relationship between e and rH geometrically, we project point H
on rE, resulting in point H’, thus relationship (2) can be derived, in ΔEHH′:

EH′= e cos φð Þ;HH′= e sin φð Þ ð2Þ

Considering ΔFHH0 relationship (3) can be derived:

rH = ðH′F2 +H′H2Þ1 ̸2 ð3Þ

where,

H′F = rE −EH′ ð4Þ

By replacing (2) and (4) in (3) results relationship (5):

rH = rE − e cos φð Þð Þ2 + e sin φð Þð Þ2
� �1 ̸2

ð5Þ

Using relationship (5) we can express the dependency of eccentricity, rotation
angle and displacement of the fixation on the femur. The results are presented
graphically in Fig. 4, given the following initialization values: rE = 25mm;
parameter e has values of 30, 50, 70 and 100 mm respectively.

The actuated angle φ has values from −20 to 40° corresponding to the motion
angle of the femur with respect to the acetabulum.

Fig. 4 Displacement of F with respect to motor angle φ
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3 Conclusions

Our objective was to show and quantify the effects of axis misalignment for a
human-exoskeleton system at hip level. For this we constructed a kinematic model,
extracted the specific equations and represented graphically the dependency of
parameters.

The graphics in Fig. 5 follow the intuition, namely, that the bigger the
misalignment is, the greater is the displacement of the fixation point of the
exoskeleton on the thigh, but also show the amount of displacement. For future
work in the area of exoskeletons HMI, there can be tested what amount of dis-
placement can be tolerable by a human person without damage to the soft tissue of
the thigh.

Also, having a relationship for the displacements and eccentricity, sensors can be
mounted on the mechanism to indicate the degree of comfort of the human user.
This is necessary to be done with sensors, since a paralyzed person cannot sense by
himself.

Also, for future work, it is our intention to expand the model to lateral motion of
the leg, constructing a 2DOF exoskeleton hip joint to assess the effects of axis
misalignment.
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Children Locomotion Rehabilitation
Test Bed Designed from Kinematic
Considerations

C. Copilusi, N. Dumitru and A. Margine

Abstract In this paper a locomotion system kinematic analysis is presented in
order to obtain the hips, knees and ankles motions equations for a child walking.
With these equations an experimental test bed was especially designed and simu-
lated for locomotion rehabilitation by using MSC Adams. The whole human
locomotion system was analyzed from kinematic viewpoints. Based on the obtained
results a locomotion rehabilitation test bed prototype for a 7 years old child with
locomotion disabilities was fabricated.

Keywords Human walking ⋅ Kinematic analysis ⋅ Experimental test bed
Lower limbs motions

1 Introduction

In these days there were developed different methods for human locomotion system
analysis [1–4]. An usual and known method, which can be used in this research is
Denavit-Hartenberg method. By considering only the walking phases, sometimes
this will began to be a close-loop kinematic chain when the both feet will be in
contact with the ground.

By taking into account this important argument, in this research frame, other
methods can be suitable for this kinematic analysis. Thus, it is proposed a method
for this kinematic analysis which has flexible characteristics and ensures an inter-
face for dynamic analysis especially for Finite Element Modeling (FEM) of spatial
and planar mobile mechanical systems [3, 5–8]. On this purpose it will be
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considered a case study for a 7 years old child for obtaining the anthropometric
parameters. The proposed locomotion system kinematic model will be represented
through motions equations which can be numerically processed. The motion
equations will be used as input data for simulating the virtual model of the proposed
test bed in MSC Adams environment. Conclusions are formulated based on the
obtained results for the elaborated human locomotion test bed prototype.

2 Human Locomotion System Kinematic Analysis

For this analysis, a kinematic linkage will be considered as it is shown in Fig. 1.
A major viewpoint is the one of considering two cases of the proposed linkage

and these are: first case where both feet are in contact with the ground and second
case when a foot has ground contact lost. Thus, the second case will be analyzed
during one gait for right lower limb. From a structural viewpoint, the kinematic
chain consists of 16 rotation joints (i=1, 16). For obtaining the mathematic model
we considered a kinematic element realized from n solid rigid bodies connected
together through n − 1 kinematic pairs (Fig. 1). For these kinematic elements, we
make the following notations: Ti xi, yi, zið Þ, represents the reference coordinate
system attached to i element, having the Wi ii, ji, ki

� �
, unit vectors base with

i = 1, 16; T0T x0, y0, z0ð Þ, represents the global reference system with W0 i0, j0, k0
� �

unit vectors base; δi, represents the relative translation vector between i − 1 and
i elements, depending on the Ti− 1 tried, if there exists a translation joint between
i − 1 and i, (i = 1, 16); ri, represents the position vector which depends on the Ti− 1,
reference system, with respect to the O

0
I , point, when the relative translation starts

(i = 1, 16); Si represents the position vector of Mi, depending on Ti, attached to the
i element.

The position vector of point R, in rapport to the global reference system is given
by the Eq. (1).

rT0TR =O0Mn = ∑
n

i = 1
ri + di
� �

+Sn ð1Þ

where:

ri = rxi , r
y
i , r

z
i

� �T
i− 1 = rif gT ⋅ Wi− 1

� � ð2Þ

δi = δxi , δ
y
i , δ

z
i

� �T
i− 1 = δif gT ⋅ Wi− 1

� � ð3Þ

Sn = Sxn, S
y
n, S

z
n

� �T
i− 1 = Snf gT ⋅ Wn

� � ð4Þ
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Fig. 1 Kinematic model equivalent with the proposed human locomotion system
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By introducing the Eqs. (2), (3), (4) in (1), we obtain:

rT0TR =O0Mn = ∑
n

i=1
rif gT + δif gT ⋅ A0, i− 1½ �+ Snf gT ⋅ A0, n½ �� �� �

⋅ W0
� � ð5Þ

The speed will be obtained by differentiating Eq. (5) depending on time. Con-
sidering the coordinate transformation matrix as a quadratic:

A0i½ � ⋅ A0i½ �T = I½ � ð6Þ

By differentiating Eq. (6) depending on time, we obtain:

A0i½ �
∙

⋅ A0i½ �
� �T

= A0i½ � ⋅ ½A0i
∙
�T = − A0i½ �

∙
⋅ A0i½ �T ð7Þ

We observe that A0i½ �
∙

⋅ A0i½ �T - is a non symmetric matrix:

ω0̃i½ �= A0i
∙h i

⋅ A0i½ �T ð8Þ

By multiplying Eq. (8) with A0i½ �, we will obtain:

ω0̃i½ � ⋅ A0i½ �= A0i
∙h i

ð9Þ

For each vector δi, ri and Si, (i = 1, 16), a non symmetric matrix can be attached.
Thus, it can be written in the following form:

rif gT ⋅ ω0̃, i− 1½ �= ω0, i− 1f gT ⋅ ri½ �
∼
; δif gT ⋅ ω0̃, i− 1½ �= ω0, i− 1f gT ⋅ δi½ �

∼
;

Snf gT ⋅ ω0̃, n½ �= ω0, nf gT ⋅ Sn½ �
∼

; ω0p
� �

= ωx
p,ω

y
p,ω

z
p

n o ð11Þ

By applying the general Eqs. (1) to (11), the displacement for R point is given
by Eq. (12) and differentiating this velocity and acceleration can be obtained.
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rROT
� �

=

r1f gT + r2f gT ⋅ AOT1½ �+ r3f gT ⋅ A12½ � ⋅ AOT1½ �+ r4f gT ⋅ A23½ � ⋅ A12½ � ⋅ AOT1½ �
+ r5f gT ⋅ A34½ � ⋅ A23½ � ⋅ A12½ � ⋅ AOT1½ �+ r6f gT ⋅ A45½ � ⋅ A34½ � ⋅ A23½ � ⋅ A12½ � ⋅ AOT1½ �

+ r7f gT ⋅ A56½ � ⋅ A45½ � ⋅ A34½ � ⋅ A23½ � ⋅ A12½ � ⋅ AOT1½ �+ r8f gT ⋅ A67½ �
⋅ A56½ � ⋅ A45½ � ⋅ A34½ � ⋅ A23½ � ⋅ A12½ � ⋅ AOT1½ �+ r9f gT ⋅ A78½ � ⋅ A67½ � ⋅ A56½ �

⋅ A45½ � ⋅ A34½ � ⋅ A23½ � ⋅ A12½ � ⋅ AOT1½ �+ r10f gT ⋅ A89½ � ⋅ A78½ � ⋅ A67½ � ⋅ A56½ � ⋅ A45½ �
⋅ A34½ � ⋅ A23½ � ⋅ A12½ � ⋅ AOT1½ �+ r11f gT ⋅ A910½ � ⋅ A89½ � ⋅ A78½ � ⋅ A67½ �

⋅ A56½ � ⋅ A45½ � ⋅ A34½ � ⋅ A23½ � ⋅ A12½ � ⋅ AOT1½ �+ r12f gT ⋅ A1011½ � ⋅ A910½ � ⋅ A89½ �
⋅ A78½ � ⋅ A67½ � ⋅ A56½ � ⋅ A45½ � ⋅ A34½ � ⋅ A23½ � ⋅ A12½ � ⋅ AOT1½ �

+ r13f gT ⋅ A1112½ � ⋅ A1011½ � ⋅ A910½ � ⋅ A89½ � ⋅ A78½ � ⋅ A67½ � ⋅ A56½ � ⋅ A45½ � ⋅ A34½ � ⋅ A23½ �
⋅ A12½ � ⋅ AOT1½ �+ r14f gT ⋅ A1213½ � ⋅ A1112½ � ⋅ A1011½ � ⋅ A910½ � ⋅ A89½ � ⋅ A78½ �

⋅ A67½ � ⋅ A56½ � ⋅ A45½ � ⋅ A34½ � ⋅ A23½ � ⋅ A12½ � ⋅ AOT1½ �+ r15f gT ⋅ A1314½ � ⋅ A1213½ �
⋅ A1112½ � ⋅ A1011½ � ⋅ A910½ � ⋅ A89½ � ⋅ A78½ � ⋅ A67½ � ⋅ A56½ � ⋅ A45½ � ⋅ A34½ �
⋅ A23½ � ⋅ A12½ � ⋅ AOT1½ �+ r16f gT ⋅ A1415½ � ⋅ A1314½ � ⋅ A1213½ � ⋅ A1112½ �

⋅ A1011½ � ⋅ A910½ � ⋅ A89½ � ⋅ A78½ � ⋅ A67½ � ⋅ A56½ � ⋅ A45½ � ⋅ A34½ � ⋅ A23½ � ⋅ A12½ � ⋅ AOT1½ �
+ S17f gT ⋅ A1516½ � ⋅ A1415½ � ⋅ A1314½ � ⋅ A1213½ � ⋅ A1112½ � ⋅ A1011½ � ⋅ A910½ �

⋅ A89½ � ⋅ A78½ � ⋅ A67½ � ⋅ A56½ � ⋅ A45½ � ⋅ A34½ � ⋅ A23½ � ⋅ A12½ � ⋅ AOT1½ �

0
BBBBBBBBBBBBBBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCCCCCCCCCCCCCA

⋅ WOT
� �

ð12Þ

3 Numerical Processing

For kinematic analysis, an algorithm was created with MAPLE. The geometrical
elements dimensions are in millimetres as: LOT = 100; L1 = 90; L2 = 90;
L3 = 260; L4 = 9; L5 = 275; L6 = 9; L7 = 9; L8 = 241; L9 = 9; L10 = 9;
L11 = 275; L12 = 9; L13 = 260; L14 = 90; L15 = 90; L16 = 100. The results after
computing the algorithm were represented by the hips, knees and ankles joints
motions equations and according with the kinematic linkage from Fig. 1, these are
C, D, G, J, M and N joints. In the proposed case, joint motion equations were
shown in Fig. 2 for right hip, knee and ankle joint, other were similar but in a
mirrored form. These results will be used as further input data for numerical sim-
ulations of the proposed virtual model and these were processed only in sagittal
plane.

Fig. 2 Right hip, knee and ankle joints angular variations during one gait for a 7 years old child
case study
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4 Human Locomotion Test Bed Design

Thus, for a new human locomotion test bed mechanism there will be used a set of
six servomotors and actuate each joint through a set of chain transmissions.
A virtual model of the proposed test bed is shown in Fig. 3. This was designed in
SolidWorks in a parameterized form and imported in MSC Adams environment.

Also a structural scheme is presented in Fig. 4, in order to clarify the system
functionality. For motion transmission chains transmissions was used and for this
were used pairs of chain sprockets. These are placed on special shafts articulated on
roller bearings.

For simulating the proposed test bed, there were defined in a parametric form the
actuation chain transmission parameters on MSC Adams, a number of 12 revolute
joint which include also the main hips, knees and ankle joints. MSC Adams soft-
ware allows simulating in a dynamic mode the mechanism behavior, and by con-
sidering this, the whole test bed virtual model was loaded with equivalent weight of
the seven years old child (23 kg). Also the ground contact between foot and
treadmill was considered, but the revolute joints friction was neglected. The
obtained results were represented through motion diagrams for whole virtual model,
obtained as an objective for this research and these are shown in Fig. 5. The virtual
simulations were done for a full gait cycle, which in MSC Adams environment
corresponds to a time of 1.4 s.

At the first look of the presented diagrams from Fig. 5 it can be observed that the
curve shape and values for each joint are almost appropriate with the ones presented
in Fig. 2 for the selected joints. In case of hip joint the angular variation were
between a lower limit of −12.295° to +19.897° (around 32.192° angular amplitude)
and according with the literature data this variation is good. By considering the
knee joint, the MSC Adams results record an angular variation between 0 to

Fig. 3 A 3D model of the
proposed exoskeleton
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1 – pelvic element; 2 – left fe-
mur; 3 – left shank; 4 – left 
foot; 5 – right femur; 6- right 
shank; 7 – right foot; STS –
left ankle joint servomotor; 
SGS – left knee joint servomo-
tor; SSS – left hip joint servo-
motor;  STD – right ankle joint 
servomotor; SGD – right knee 
joint servomotor; SSD – right 
hip joint servomotor; TSS –
chain transmission for left hip 
actuation; TGS – chain trans-
mission for left knee actuation; 
TTS – chain transmission for 
left ankle actuation; TSD –
chain transmission for right 
hip actuation; TGD – chain 
transmission for right knee ac-
tuation; TTD – chain trans-
mission for right ankle actua-
tion.

Fig. 4 A structural scheme for a new leg exoskeleton mechanism with chain transmissions

Fig. 5 Angular variations for the desired joints: a hip joint; b knee joint; c ankle joint
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+54.573° (around 54.573° angular amplitude) which also this is a good value
according with the literature data [9].

In case of knee joint, the obtained angular variation was obtained a lower value
of −7.698° and a high value of +17.432° (angular amplitude of 25.13°). By
comparing the obtained values with the existent ones from literature data, these
correspond with the reality [9]. Thus a first stage prototype was elaborated and the
obtained results demonstrate a proper functionality and easy-operation features.
This is shown in Fig. 6.

But two negative viewpoints can be remarked on the obtained results and these
are: one is the curve shapes which have a lot of spikes due to the chain and
sprockets contacts during simulations and other is the contact between ground and
foot which is quite noisy at the time of 0.4 s. Thus the negative remarks cannot
have a bad influence of the real prototype. Firstly the noisy curvature can be
eliminated by decreasing the teeth step of the chain wheels in order to have a large
number of teeth on the designed chain transmissions. The contact between foot and
ground has a crucial role when we refer to orientation and stability of the entire
system, but in this case the obtained results are quite reasonable and validates the
proposed children locomotion rehabilitation test bed to be manufactured.

5 Conclusions

A new design solution is proposed for a human locomotion rehabilitation test bed
which is based on linkage and a mechanism structure with chain transmissions. In
particular, the proposed design is evaluated by looking at previous leg mechanisms
and experimental tests. The elaborated prototype is based on chain transmission
solution whose design and performance are defined and evaluated by numerical
results of the simulations.

A new kinematic design has been sized and characterized by using operation
simulation in MSC Adams environment with suitable models for design purposes.

Fig. 6 Children rehabilitation locomotion test bed prototype—first stage
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In the appropriate future this kinematic model will be improved and there will be
developed a second prototype with special purposes on human walking
rehabilitation.
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Design and Simulation
of an Underactuated Mechanism
for Leg Exoskeleton

Shuangji Yao and Marco Ceccarelli

Abstract The paper discusses design requirements and presents a leg exoskeleton
for human rehabilitation purposes. The exoskeleton is based on an underactuated
mechanism to achieve a leg walking motion with desired human-like behavior.
A design solution with appropriate parameters is presented with its peculiarities and
the operation performances are characterized via a dynamic simulation.

Keywords Leg exoskeletons ⋅ Human rehabilitation ⋅ Underactuated
mechanism ⋅ Simulation

1 Introduction

For the design and research of lower extremity exoskeleton, theoretical investiga-
tion and technical development have been worked out for decades [1, 2]. There are
many devices and mechanical systems that can also be used for walking rehabili-
tation and exercise. Some of them are low-cost solutions and others are quite
expensive [3–7]. They have actuators, sensors, and other electronic devices, that in
general are controlled by computer processors. But those devices are expensive, not
accessible to end-users skills, although they can fulfill most of the needs for persons
with walking disabilities. One of an important feature for lower extremity
exoskeleton using in rehabilitation is light-weight and energy saving, suitable for
long time work. Therefore, it is recognized that use less number of drives with more
degree of freedom. It is a key research purpose to improve energy utilization
efficiency for the exoskeleton mechanism.
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This paper provides a low-cost easy-operation underactuated linkage mechanism
for disabled medical recovery training and exercise. Characteristics and design
requirements for the underactuated exoskeleton mechanism of human walking are
presented for rehabilitation purposes. Some simulation results of the underacutated
mechanism with one of the parameters solution. Some kinematics performances are
analyzed which will be used for the low-cost easy-operation underactuated walking
exoskeleton design.

2 Design Requirements

Human walking represents a complex dynamic activity, due to human body major
coordination. These tasks are: keeping stability, prevent injuries, avoiding obstacles
and human body spatial motions. The new exoskeleton prototype is designed by
considering leg mechanism solutions in [8, 9]. The exoskeleton mechanism design
requirements aims to disabled medical recovery training and exercise should be
matched with some elementary tasks such as simple structure, lightweight, easy to
wear and to adapt to human locomotion. Some characters of the design require-
ments are list and discussed as:

(1) the proposed mechanism should perform human gait cycle;
(2) the mechanism has less actuators than degree of freedoms;
(3) the mechanism has at least three joints: hip, knee and ankle joint;
(4) the mechanism should perform a suitable motion space, to prevent the wearers’

joints do not be injured by the leg exoskeleton.

According to [3] researchers believe that the biped walking represents a cycle
which occurs on a time period between heel strike with the ground and second
ground contact of the same heel. This cycle consists of two main phases: stand
phase and balance phase. One of each phase is formed on a number of steps
according with human gait cycle. These gait phases and their proper steps are
shown in Fig. 1 in [3].

An underactuated lower limb walking can be considered as related to a walking
motion that is obtained by a reduced number of actuators in the walking device
comparing with DOFs. In order to achieve an underactuated walking motion, two
possible approaches for mechanism structures are discussed, namely using passive
joints for dynamic walking [10] or designing underactuated mechanisms.

Passive elements or flexible elements can be used to constrain the kinematics of
a mechanism, such as torsional springs, linear springs, flexible joints or flexible
links. A linkage mechanism with passive or flexible elements can adjust the posi-
tion of links according to the contact ground. A leg exoskeleton with suitable
passive mechanical elements will act human gait walking motion by means of only
one motor as input actuator [11].
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3 The Underactuated Leg Exoskeleton Mechanism

The proposed underactuated leg exoskeleton mechanism in this paper is shown in
Fig. 2. The mechanism is designed with only 1 actuator and 3 DOFs in hip, knee
and ankle joint respectively. It contains springs elements to constrain the kinematics
and three joints limitation in each joint. This kinematic design for a new under-
actuated leg exoskeleton is based on four-bar mechanism and linkage-slider
mechanism with torsional springs and linear springs. It can perform human gait
walking motion. In order to limit the rotation angle in a reasonable work space to
prevent injured like human being, three joint limitations are set in each joint. There
are two spring systems in this mechanism. All these elements in Fig. 2 are
descripted as listed in Table 1.

Fig. 1 Human gait phases [3]
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This mechanism is a closed chain linkage with underactuated joints. It can only
rely on the sole driving source on hip joint to drive the motion in three joints at hip,
knee and ankle. Thus, the mechanism can greatly reduce the number of drivers and
the weight of exoskeleton. Main characteristics for this leg exoskeleton mechanism
can be considered in design process as in the following.

Firstly, the basic units of mechanical structure are joints, links and a slider, so it
can be designed according to the physiological structure as human legs. Some
design solutions with suitable dimension in lengths and angles can meet the
requirements of the walking rehabilitation assistance treatment.

Secondly, there are joint rotation limitations in the exoskeleton joints. In the
standing situation, the knee and ankle joint limitation will work. Thus, the linkage
mechanism can perform high rigidity and stability when exoskeleton standing on

Fig. 2 a The proposed underactuated leg mechanism exoskeleton; b Kinematics parameters of leg
exoskeleton

Table 1 Elements description in Fig. 2

O—actuator joint (rotation joint) AB—exoskeleton human-like thigh link

A—exoskeleton hip joint BC—exoskeleton human-like shank link
B—exoskeleton knee joint CF—exoskeleton human-like foot link
C—exoskeleton ankle joint OD—actuator link for leg exoskeleton mechanism
E—linear slider DE—middle link for leg exoskeleton mechanism
S1—torsional spring EF—lower link for leg exoskeleton mechanism
S2—linear spring AL— rotation limitation in hip joint
BL—rotation limitation in knee joint CL— rotation limitation in ankle joint
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the ground. Therefore, the closed chain linkage mechanism can ensure the
exoskeleton in the case of large load standing.

Thirdly, there are two spring elements set in the thigh and shank links, as shown
in Fig. 2. In order to constrain the kinematics in underactuated joints, a torsional
spring and a linear spring are designed. These torsion spring and linear spring will
produce elastic deformation and damping in the spring tension and compression
process. Thus, the springs can reduce the impact force and vibration on leg when
the gait motion transfers from swing to standing.

4 Performance Analyses via Simulation

The design parameters of a new underactuated mechanism for this leg exoskeleton
design solutions are shown in Fig. 2a. In order to show the relationship of each
links, the mechanism link vectors closed chain are shown in Fig. 2b. The Li (i = 1,
…, 8) are the length of each links in the mechanism, The θi (i = 1, …, 8) are the
angle of each links relative to coordinate axis X. θS1 is the angle of the torsional
spring, S2 is the length of the linear spring. Link sizes of the designed new leg
exoskeleton mechanism are obtained by kinematics tests in 3D software and listed
in Table 2.

Numerical simulation for the two legs exoskeleton mechanism walking is run in
SolidWorks Motion environment. It has been computed with the input angle initial
value of θ3 as θ3(0) = 352°, and the initial values of spring parameters are assumed
as some other design parameters are: θS1 = 78.5°; S2 = 135 mm; θS2 = 270°; The
value of coefficients k1, k2, c1, c2 of springs and dampers in simulations have been
determined with values k1 = 25 × 10−3 Nm/deg, k2 = 15 × 103 N/m,
c1 = 20 × 10−3 Nms/deg and c2 = 5× 103 Ns/m, respectively.

A simulated sequence of walking motion by the proposed two legs mechanism is
shown in Fig. 3. The walking ground is plane and the material of contact surface
between shoes and ground is set as rubber. For the disabled people rehabilitation
walking exercise function, the movement of the waist in horizontal direction is
restricted by two frame bars as shown in Fig. 3.

An actuated cyclic rotating motion is located at link L3, who’s the input motion
formulation of link L3 for left and right leg is given by

Table 2 Lengths and angle parameters for the underactuated leg exoskeleton mechanism in
Fig. 2

Design parameters 1 2 3 4 5 6 7 8

Li/(mm) 122 550 260 678 283 515 413 74
θi/(°) 7.3 266.5 352 250.5 260.8 265.3 279 328
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Left leg: Δθ3LðtÞ= A sinð2π ̸TÞt if sinð2π ̸TÞt≥ 0;
0 if sinð2π ̸TÞt<0;

�
ð1Þ

Right leg:Δθ3RðtÞ= 0 if sinð2π ̸TÞt≥ 0;
−A sinð2π ̸TÞt if sinð2π ̸TÞt<0;

�
ð2Þ

where t is the time variable, A is the maximum swing rang for link L3. In order to
move the linkage mechanism smoothly, sine function is selected in Eqs. (1) and (2)
as the movement function with the features of cyclic and intermittent motion. The
variable T in Eqs. (1) and(2) is the cyclic time for the movement.

Considering the human walking cycle time, set the cyclic time T = 2 s in
Eqs. (1) and (2) for this simulation. It means the exoskeleton walking process
spends 1 s by a leg per step. Considering the human thigh rotated range in walking,
set the maximum swing angle is 30° of link L3, thus A = 30° in Eqs. (1) and (2). It
means the input link L3 will rotates 30° and back in a walking cycle. The simu-
lation continues 12 s, some input movement and simulation results are shown from
Figs. 4 to 9.

The walking simulation involved gravity and the inertial force of the underac-
tuated leg exoskeleton. The exoskeleton gait phases and their proper steps are
shown in Fig. 4 like the gait defined in 3. The proposed exoskeleton mechanism
can perform human-like walking gait with suitable kinematics design in Table 2.
The joints’ rotation in hip, knee and ankle joints in the mechanism coupled with the
linkages can carry out human-like walking motions by two legs.

The joints motion of hip, knee and ankle joints in walking simulation are shown
in Fig. 5a. It can be seen that the red curve in Fig. 5a described the hip joint rotated
angle range. The link AB, which is thigh link of the exoskeleton, is 190° while it is
standing. Link AB rotated about 35° forward in leg swing forward phase. When the
leg is landing, link AB rotated about 7° backward for the thigh backward swing.
The joint limitation in hip joint is not work in simulation. The deep blue curve in
Fig. 5a described the knee joint rotated angle range. The simulation result express
link BC (which is shank link of the exoskeleton) rotated angle according link AB.
The knee rotated angle begins from about 160° while the leg is standing. Link BC
rotated about 56° according link AB in thigh link swing forward process. When the

Fig. 3 Two legs exoskeleton
mechanism in a simulation
environment
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Fig. 4 Simulated result of the underactuated leg mechanism’s gait

Fig. 5 Rotation angle in hip, knee and ankle joint: a rotated angle of the proposed leg
exoskeleton; b rotated angle of human biological motion cited from [3]
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thigh link swing backward the angle between link AB and link BC become small.
The minimum angle is 137° before foot landing, which reached the angle limitation
of knee joint. The knee joint angle increases slowly while the gait is from standing
phase to back swing phase. The light blue curve in Fig. 5a described the ankle joint
rotated angle range. The simulation result express link CF (foot link of the
exoskeleton) rotated angle according link BC. The angle of ankle joint performs
stable cyclic motion when the mechanism in walking process. The ankle joint
rotated range is 20° totally which is from 108° to 128° in the walking cycle. The
ankle joint limitation is reached when the leg is swing forward and backward.

Comparing with the human biological motion in Fig. 5b, the leg mechanism is
designed to reproduce the similar motion of human legs with the simulation results.
It can perform approximately with the characterization of human biological motion.

Figures 6 and 7 show the motion of torsional spring and linear spring in walking
cycle. Because the first step is begin from two legs standing state, the springs
performance are different in the first second by comparing with their performance in
other time. The torsional spring angle rotated from −15° to 13° and the curve is
smooth in Fig. 6. It means the torsional spring working in a stable state when the
underactuated mechanism is walking. The initial length of linear spring is 150 mm.
It is compressed to 140 mm and extended to 157 mm in walking cycle. It can be
seen from in Fig. 7 that there are small disturbance in the curve of linear spring
motion at the moment of foot landing on the ground. It means the contact process
has some vibration between foot and ground. Thus, the linear spring parameters
should be better designed by selecting suitable spring coefficient and damping.

The waist part of two legs exoskeleton mechanism is limited in the horizontal
bars. Figure 8 shows the moving speed of the waist part in horizontal direction. The
waist moving speed becomes to a stable cycle when the walking cycle become
regularly. The leg exoskeleton mechanism can walk in a constant speed in this
regular cyclic process.

Figure 9 shows the reaction force on the foot by the ground. It can be seen that
the contact force at the moment of foot landing is more than 1500 N. Foot landing
and contact the ground is a collision process in very short time, thus the impact
force is very large at that moment. The contact force is less than 100 N when the
foot is standing on the ground, which is much smaller than landing process.

Fig. 6 Torsional spring
rotated angle
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5 Conclusions

In this paper we have discussed the design requirements for the low-cost easy
operation leg exoskeleton mechanism. An underactuated mechanism of leg
exoskeleton based on closed chain linkage bar is proposed. The proposed leg
exoskeleton mechanism has 3 DOFs with only 1 actuator. It can simulate human hip
joint, knee joint and ankle joint and the normal physiological structure of thigh,
shank, foot size. The rotation range in each joint can be limited by joint limitation
design. Simulation of walking is carried out to characterize the solution perfor-
mance. The simulation results show the proposed underactuated leg exoskeleton
mechanism can obtain feasible human like walking cycle gait with design results.

Fig. 7 Linear spring motion

Fig. 8 Waist speed in
horizontal direction(X axis)

Fig. 9 Contact force on the
foot by the ground
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Design, Numerical Simulation
and Manufacturing of a Powered
Wheelchair

I. Geonea, N. Dumitru, A. Rosca and A. Didu

Abstract This study presents the authors research to develop a powered wheel-
chair for disabled people. The wheelchair is intended mainly for use in buildings
area. The proposed solution for the wheelchair propulsion uses a chain transmission
for each wheel and two motors. The benefits of the chain transmission, from
ergonomic aspect is that they ensure the wheelchair folding for easy transportation
with a vehicle and allows the motors placing in the front, thus providing better
stability to access ramps and for climbs. From dynamic perspective, implementation
of a chain transmission in the wheelchair propulsion, improves dynamic perfor-
mances by multiplying the torque. Simulations performed in ADAMS reveal
optimal performance of the wheelchair. Based on the proposed design of the
wheelchair a prototype is manufactured and are presented experimental obtained
results for motion analysis.

Keywords Wheelchair ⋅ Design ⋅ Manufacture ⋅ Dynamic study

1 Introduction

For disabled people the wheelchair is the most used transportation device available
on the market [1, 6, 9]. Today are manufactured wheelchairs that can travel in
crowded spaces, can climb stairs in areas that are not equipped with access ramps.

I. Geonea (✉) ⋅ N. Dumitru ⋅ A. Rosca ⋅ A. Didu
Faculty of Mechanics, University of Craiova, Craiova, Romania
e-mail: igeonea@yahoo.com

N. Dumitru
e-mail: nicolae_dtru@yahoo.com

A. Rosca
e-mail: adrian_sorin_rosca@yahoo.com

A. Didu
e-mail: ankadidu11@gmail.com

© Springer International Publishing AG, part of Springer Nature 2018
I. Doroftei et al. (eds.), New Advances in Mechanism and Machine Science,
Mechanisms and Machine Science 57,
https://doi.org/10.1007/978-3-319-79111-1_19

191

http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-319-79111-1_19&amp;domain=pdf
http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-319-79111-1_19&amp;domain=pdf
http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-319-79111-1_19&amp;domain=pdf


Also a great interest is pointed on the direction to develop wheelchairs for easy
access in public transportation vehicles. In the last years to this research direction
the novelty represents the development of intelligent wheelchairs that can recognize
objects, and avoid collision with obstacles. Also another development is repre-
sented by the wheelchairs equipped with robotic arms, which are used by the human
disabled patient to manipulate objects [7, 10].

There are numerous advances in the wheelchair design and construction, rep-
resented by the progress in motors, transmission, batteries, safety, autonomy and
human interface [5]. Most of the wheelchairs use two motors placed directly at the
back wheels for travel and steering. In that case the motors must provide high
torque especially at low speed, and because that they have a special construction
and are expensive [2, 8].

Recent developments use motors equipped with worm gears reducers and also
planetary gearboxes [3, 4]. This construction increases the purchase price of the
wheelchair. In this research is proposed the development of a wheelchair equipped
with two motors and chain transmission from motors to the back wheels. The
purpose of the chain transmission is to increase the motor torque. As a future
develop direction to the wheels can be used more chain pinions in order to change
gears, in case of a ramp climb. Also the chain transmission simplifies the design,
because the motors are mounted in the front and allows the design to be ergonomic.
As a novelty the wheelchair keeps its folding capability.

2 Wheelchair Design and Kinematics

The principle of wheelchair design in most of the cases, consist in using two
motors. Differentiating the motors speed is realized the steering and this principle it
is called differential steering. In this case it is necessary to implement a complex
command and control computer architecture. In order to obtain a simplified con-
struction are proposed in Fig. 1, two schemes that use only one motor.

The first scheme uses one motor M and two continuous variable transmissions
(CVT) and also a final transmission with spur gears (3), (4). In the middle position
the transmission ratio for the left and right CVT are equal. By changing the
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Fig. 1 Wheelchair transmission kinematic scheme
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transmission ratio, the wheels speed varies and the wheelchair is steering. The same
principle is used to the second scheme, only that here are used conical friction
transmission (2), (4) with and intermediate element (3). The transmission ratio is
changed rotating the element (8), with maximum 10° from the middle position and
in that case the rubber roll (3) translate between elements (2) and (4) changing the
transmission ratio.

These design solutions are difficult to implement and in our design will use two
motors and two chain transmission, as presented in Fig. 2. The motion from motors
(3) and (3’) is transmitted with chain transmission to the back wheels (1). The front
wheels (2) are self-directional. The chain transmissions ratio is 1:2. The motor used
has a rated torque of 20 Nm and a nominal speed by 22 rpm.

The construction details of the motors and wheel hub with chain sprockets are
shown in Fig. 3.

For straight line motion, the distance travelled by the wheelchair is calculated
with Eq. (1):

S=2πR ⋅ n ̸it ð1Þ

  

1

2 3

3’

Fig. 2 Wheelchair design model in solid works

Fig. 3 Wheelchair wheel hub design and chain transmission
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where: R is the back wheel rolling radius, in [m]; n is the motors nominal speed, in
[rpm]; it is the transmission ration between motor and back wheel.

The wheelchair rolling radius is 0.292 m and the transmission ratio is 2. With
these values it results that the wheelchair travels 12.8 m in one minute. The
propulsion power for wheelchair travel on a ramp is computed with Eq. (2):

Prul =
f ⋅G ⋅ cos α

360
⋅V ; kW½ � ð2Þ

where: f is the rolling resistance coefficient, (with value of 0.1 in case of concrete);
G is the vehicle weight, in [N]; α is the ramp angle (6 degrees’ maximum); V is the
wheelchair speed, computed as 0.21 m/s.

With these values the power needed for propulsion is computed to be 0.05 kW.
The total power is increased by the power needed for the transmission loses.
Considering the transmission efficiency to be 0.9 results that the motors must
provide a power by 55 W.

The differential wheelchair geometric configuration is shown in Fig. 4.
To the wheelchair are imposed the following constraints: rolling without slip-

ping, zero lateral motion, and these constraints are expressed by Eq. (3).

yċ cos θ− xċ sin θ+ dθ=0

xċ cos θ+ yċ sin θ+ bθ− rψ ṙ =0

xċ cos θ+ yċ sin θ+ bθ− rψ l̇ =0

ð3Þ

where: Ta is the wheelchair reference system; TW is the global reference system;
θ –is the angle of rotation.

The wheelchair kinematics is studied in MSC.ADAMS multibody software. The
model designed in ADAMS with proper joints, ground contact is shown in Fig. 5.
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Fig. 4 Wheelchair geometric configuration and constraints
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Using ADAMS Machinery features are designed also the chain transmissions. The
simulation model is completed with a human virtual mannequin. The simulation is
made for the situation when the wheelchair climbs an access ramp with 3 degrees’
inclination. The total weight of the wheelchair and human mannequin is 800 N. For
this simulation the motors speed is specified: 19.1 rpm for the left motor, and
22.92 rpm for the right motor, to achieve steering.

The wheelchair computed trajectory in ADAMS is presented in Fig. 6. The
wheelchair computed translational displacement and velocity magnitude are shown
in Fig. 7. Results show that the wheelchair moves 2 meters in 6 s with a medium
velocity of 250 mm/s. Computed wheelchair wheels torque, presented in Fig. 8,
reaches a maximum value of 25 Nm.

Fig. 5 Simulation model of the wheelchair in ADAMS

Fig. 6 ADAMS computed trajectory of the wheelchair
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3 Wheelchair Prototype

A real prototype of the wheelchair is developed, as presented in Fig. 9. The motors
used are DC motors with reduction gears, with a nominal torque of 20 Nm at 12 V.
The motors are powered by a 12 V accumulator and draws approximately 6 A at
full load.

The controller implemented is based on a L298 N Dual H Bridge Motor con-
troller module, as shown in Fig. 10. An H Bridge represents an electronic circuit

Fig. 7 ADAMS computed displacement and velocity

Fig. 8 ADAMS computed motors torque

Fig. 9 Wheelchair experimental model
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that contains transistors and can drive a current in either polarity. This circuit can be
controlled by Pulse Width Modulation (PWM). The microcontroller used is based
on Arduino Mega 2560 board, and the control program for PWM it is written in
Arduino language.

Experimental investigation of the motion, in biomechanics applications is per-
formed with ultraspeed video cameras systems [11]. Another method used for
motion analysis is based on wearable sensors [12, 13].

In this study, the motion analysis of the wheelchair is achieved experimentally
with Contemplas motion analysis software, which is based on ultraspeed video
cameras. The analysis principle consists in attaching reflective markers on the
wheelchair and tracking the markers trajectories, as presented in Fig. 11.

Fig. 10 Wheelchair control unit

Fig. 11 Wheelchair marker trajectories tracking in Contemplas
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Marker tracking allows calculation in Contemplas of the wheelchair speed, but
also of the angular velocity of the wheels, as can be seen in Fig. 12.

Wheelchair computed velocity for straight line displacement and angular
velocity of the wheels is presented in Fig. 13.

The wheelchair computed velocity in Contemplas is 300 mm/s, as presented in
Fig. 13. The wheel computed angular velocity is 57 deg/s. The obtained result for
the wheel angular velocity is feasible, because the motor speed is 19.1 rpm and the
chain transmission ratio is 2.

Fig. 12 Wheelchair marker tracking for computation of angular velocity of the wheels

Fig. 13 Wheelchair computed parameter in Contemplas
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4 Conclusions

In this paper is presented the design model and experimental development of a
wheelchair for disabled people. A real prototype is developed and tested in room
operation conditions. Developed wheelchair is equipped with two motors and chain
transmission. Implemented controller is based on a dual H bridge motor controller
and one Arduino board to generate Pulse Wave Modulation. A dynamic simulation
is performed in MSC. Adams multibody dynamics software, when the wheelchair is
running on a 3° inclined ramp and are obtained the wheels motor torque. The
experimental prototype is developed and tested for room operation condition. The
motion analysis of the wheelchair is performed with ultraspeed video camera
equipment. The experimental prototype can be used for motion of disabled people
with success.
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Methodology for Determining
the Positions of the Human Spine
Vertebrae

S. Butnariu and C. Antonya

Abstract Assessing the posture of the human body in real time is a great chal-
lenge, given the alarming increase of diseases in the bone system, in general and of
the spine, in particular, generated by the adoption of inadequate positions in the
current activities. Knowing the posture of the spine can help the doctor in pre-
venting or diagnosing a disease and designing a customized treatment. The data
presented in this paper is part of the research carried out in the SPINE project [13].
The aim of this paper is to present a methodology for the reconstruction and
visualization of a human spine, i.e. calculating the positions and representation of
vertebrae in 3D format, using mechanical software applications.

Keywords Human spine kinematics ⋅ Inertial sensors ⋅ Spine posture
MATLAB SimMechanics

1 Introduction

The changes that have occurred in recent years in human activities, either at work or
at home, have conduct to the adoption of non-conforming posture. Therefore, the
positions of the spine has been extensively studied lately, in order to establish
consistency between human activity and the diseases that can be acquired. In some
papers, the posture of the spine was analyzed according to the subject’s activity. For
example, in [2] is followed the position in the seating position and in [4] in the walk
time. In others, the posture was studied in laboratory conditions, in vivo [11] or
in vitro [3].

In order to achieve the proposed objective, research from the SPINE project [13]
(Fig. 1) led to the design of a portable device which can track the body posture in
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real time. The measured data (angles), collected by IMU sensors, are filtered,
analyzed and used to calculate splines that reproduce the spine posture. There are
some drawbacks: sensors performance, sensors slippage on the skin, the anatomical
conformation of the patient which led to the realization of mathematical models that
take into account approximations, interpolations and simplifying hypotheses.

The spine represents the axial segment of the skeleton, consists of 33–34 ver-
tebrae metamerically arranged and is divided into five regions: cervical, thoracal,
lumbar, sacral and coccyx (Fig. 2). Articulations—the intervertebral disc and its
connection to vertebrae are considered a secondary cartilage joint, or symphysis
(Fig. 3). The literature shows the functional anatomy of the spine in various ways,
one of the most accepted beings that the spine can be represented as a succession of
functional units called “motor units” or “motor segments”. This elemental func-
tional unit of the spine consists of two neighboring vertebrae, the intervertebral disc
between them, the entire ligaments and muscles corresponding to these vertebrae as
well as the vascular-neural elements of this spinal column segment.

So it is easy to understand that each vertebra is also part of the neighboring
functional unit (supra-or underlying), thus achieving an overall, unitary vision of
anatomy and function of the whole spine.

The study of the biomechanics of the spine requires two aspects: static and
dynamic. The harmony of the two components provides the column with the pre-
requisites for fulfilling the main functions: (I) support function: giving the spine the
possibility to achieve and maintain the orthostatic position; (II) protective function
of the spinal cord and other medullary vascular-nerve structures, both in the resting
state and in the state of mobilization of the spine; (III) dynamic function: through
which the whole body is moved to the environment.

In order to maintain a static balance of the spine, the anatomic and functional
integrity of all component structures is essential: rigid (bones), elastic (ligaments),
mobile (joints), motor (muscle) and nerve. All the anatomical elements mentioned
above have the task of ensuring: (a) first of all, joining together all the components

Fig. 1 Portable device for
body posture tracking
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of the spine and forming a structure that is as tough as one organ; (b) secondly, they
must ensure the possibility of maintaining the vertical position against gravitational
force; (c) Thirdly, all the components of the column must allow it to perform space
mobilizations in all directions of motion, at all its functional segments and to
withstand very high dynamic loads and in many different positions. The spine must
fulfill all these tasks, must support and allow the mobilization in all directions of the
head, provide support for the scapular belt and the insertion of the viscera from the
chest and abdominal cavity. The static spinal column is conditional of an intrinsic
equilibrium and an extrinsic equilibrium. In general, the mobility of the spine is

Fig. 2 Human spine

Fig. 3 Spinal anatomy
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difficult to assess as pure movement, as usually the movements of the spine are
combined, more in the cervical region and less in the lumbar spine. It is sufficient
for the multitude of the joints involved in the movement to produce a break in the
symmetry of the dynamics of the studied vertebral segment so as to cause an
alteration of the plan of motion and associated movements to occur: lateral
inflection associated with a slight rotation movement, a flexion is associated with a
moderate lateral inflexion, etc.

2 Algorithm for 3D Reconstruction of the Human Spine

In order to obtain the intended result, respectively a 3D model of the reconstructed
spine, a multistage work algorithm has been established, shown below (Fig. 4).

Step 1 The posture is calculated using the portable equipment based on the angles
measured by the IMU sensors and the mathematical models (based on Bezier curves
[1] or circular arcs [15]) (Fig. 4, ①). This curve represents a mold of the human
body located on the patient’s skin surface. The medical doctor is interested in a
model of the spine, he needs to visualize the arrangement of the vertebrae in the 3D
space to identify the possible diseases.
Step 2 An existing 3D model of the spine, based on measured anthropometric
parameters or images obtained using medical imaging methods, is scaled. Each
vertebra is analyzed, measuring two features: di and hi, based on which a graphic

Fig. 4 Algorithm for 3D reconstruction of the spine
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will be drawn (Fig. 4, ②). The physician has a standard 3D digital model of the
spine and a software application able to scale this model, depending on the patient’s
characteristics (age, sex, anthropometric dimensions). The 3D model obtained after
scaling can be analyzed with engineering software applications (CATIA, Solid-
Works, ProE). Thus, the distances from the center of the vertebral bore of each
vertebra to the extremity of the thoracic apophysis (di) and the width of a vertebra,
including the thickness of the intervertebral disc (hi), are measured. With these
measured data, a graph is made, as shown in Fig. 5.
Step 3 An offset curve of the posture obtained by calculation is made using the
distances from the graph at the previous point (Fig. 4, ③). The blue curve is
obtained by joining the points obtained by summing the coordinates of the corre-
sponding points on the red curve with the corresponding measured values of di.
Step 4 The curve thus obtained, in which we know the coordinates of all points, will
be divided into arcs having the lengths equal to the hi values determined in Step 2
(Fig. 4, ④).
Step 5 Thus, a polyline formed by segments with known coordinates of the end-
points will be obtained. Corresponding to these segments, the 3D models of all
vertebrae will be oriented and positioned (Fig. 4, ⑤).
Step 6 The 3D model of the spine can be viewed in various positions using
MATLAB applications (Fig. 4, ⑥).

For a correct representation of a human spine it should be taken into consider-
ation limitations that come from human anatomy and from the biomechanics of the
human body [6]. Scientific studies show that the angles of orientation of L1 ver-
tebrae compared to those of the T12 vertebra may have relatively high values. The
values presented in Table 1 correspond to the six studies [5, 7–10, 14]. These
maxi-mum admissible values are the basis of the developed cinematic model.

3 The Developed Kinematic Model Using SimMechanics

Kinematics is the study of the movement of rigid bodies without considering the
forces that act upon them and their masses. The objective of the kinematic analysis
is to determine the trajectories of the various points of interest of the kinematic
elements (positions, speeds and linear and angular accelerations).

Fig. 5 The measured off-set
values (di)
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The program chosen to develop the kinematic model of the column is
SimMechanics [12, 16]. SimMechanics is part of the Matlab program and is ded-
icated to multibody simulations. The kinematic model of the spine contains the
following elements: (i) a global reference system in which the positions of all
vertebrates will be analyzed; (ii) vertebrae, using 3D model geometry and a local
reference system attached to each; (iii) because vertebrae are not connected by
kinematic joints, comparative positions of the adjacent vertebrae will be introduced
to analyze the relative positions of the vertebrae.

The vertebra is modeled as a non-deformable element in the kinematic model.
The SimMechanics model of the vertebra is shown in Fig. 6 and comprises the
following elements: (1) link to the global reference system; (2) translational
transformation: coordinates of the local reference system (in the global reference
system) of the vertebra; (3) rotation transformation: rotation of the local reference
system into the global vertebrae system; (4) the coordinates of the vertebra in the
global system; (5) translational transformation: to identify the relative position of
the neighboring vertebra; (6) the link with the comparator element; (7) information
on the vertebra geometry.

If the vertebra position is compared to two neighboring vertebrae, then the
vertebral model has two exits (2 and 3 of Fig. 7). The vertebrae are positioned in
the global reference system by the parameters read from a file in which the ver-
tebrae coordinates are calculated and stored. Also in this file, the vertex orientation
angles are calculated according to the maximum admissible values in Table 1.

The complete kinematic model of the human spine is shown in Fig. 8. This
model comprises vertebrae L1 … L5 and T1 … T10. The components are: (1) the
global reference system; (2) the model of a vertebra (as shown in Figs. 6 and 7);
(3) comparison blocks for adjacent surfaces.

Comparison blocks (Fig. 9) consist of: (1) a comparison element of the relative
positions of the two adjacent surfaces; (2) a block of transformation from geometric
data (lengths, angles) into numerical data; (3) measured data display blocks.

Table 1 The angles of orientation of L1 compared with T12 vertebra [5, 7–10, 14]

Van Verp,
2000

Pearcy,
1985

Pearcy,
1989

Hindle,
1999

Peach,
1998

Russel,
1993

Flexion 56,4 51 75,6 74,6 71,6 75,1
Extension 22,5 16 23 26,8 – 25,8
Bend to the
left

25,8 18 27,9 29 29,7 28

Bend to the
right

26,2 17 28,5 29 30,8 28

Rotate to the
left

14,4 5 16 15 16,6 16,4

Rotate to the
right

12,8 4 15,4 15 15,6 16,4
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Fig. 6 The SimMechanics model of the vertebra

Fig. 7 A vertebra position compared to neighboring vertebrae

1

2

3

Fig. 8 Kinematic model of the human spine
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Following the kinematic model of the human spine, the results presented in
Fig. 10 were obtained.

This 3D model can be viewed from any position at any scale with various
mechanical engineering programs. Body positioning deficiencies can be immedi-
ately observed by the physician.

1 3

2

Fig. 9 Comparison blocks

Fig. 10 Final 3D model of spine
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4 Conclusions

This paper presents a methodology for visualizing the vertebrae of a human spine
without medical imaging investigations. The working principle consists in identi-
fying human body posture using special equipment based on IMU sensors, then
generating a spline curve over which 3D vertebral models are positioned using the
SimMechanics software application. Connections between the vertebrae are made
on the basis of the kinematic couplings described above, having implemented
operating limits obtained from the specialized literature. Each vertebra has attached
a local coordinate system with the center on the axis of the vertebral bore, at the
upper extremity. The positioning of the vertebra on the polyline obtained involves
rotation and displacement transformations. This method of body posture analysis
can be used in off-line mode, having as input data the recordings obtained by the
portable equipment over a period of time (minutes, hours). On the other hand, the
portable equipment can also be used for real-time tracking, using a smartphone,
provided that the mathematical models and algorithms used are simplified in order
to reduce processing time.
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Neurorobotic Investigation
into the Control of Artificial Eye
Movements

A. Mussina, M. Ceccarelli and G. Balbayev

Abstract In this paper, a neurorobotic robot ‘eye’ for investigating the neural
control of eye movements is developed and the performance of a computational
model of image stabilization based on the adaptive filter model of the cerebellum is
evaluated. For in-depth analysis, the cerebellum microcircuit is investigated and
bioinspired control algorithm is developed. Inverse oculomotor plant model is
simulated on Matlab/Simulink; first using simple Vestibulo-Ocular Reflex model;
then using a second order model with Model Reference Adaptive Control. In
addition, the robot ‘eye’ is built as a camera mount gimbal system and its archi-
tecture is calibrated.

Keywords Neurorobotic ⋅ Robot ‘eye’ ⋅ Vestibulo-Ocular reflex model
Adaptive filter model ⋅ Bioinspired control algorithm ⋅ Cerebellum

1 Introduction

Recent developments in the experimental understanding of cerebellar microcircuit
are based on Marr and Albus models. Dean and Porrill introduced a concept of
recurrent decorrelation control, in which Marr-Albus model can learn without
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requiring motor error [8]. Dean et al. validate models by Marr and Albus and using
recent knowledge and evidences from anatomy, they state that the function of the
cerebellum is assumed to be related to motor commands [4].

Test cases of implementation and evaluation of bioinspired adaptive control
algorithm in the control of a robot eye show promising performance. For instance
actuation by pneumatic artificial muscles as a model of cerebellar function, which is
analogue to the VOR, is analysed in [7]. It is important that these excellent results
be extended to neurorobotics. To this end, it is necessary to further investigate the
neurorobotic adaptive control in order to validate and extend current research
findings [1, 5, 10, 12].

1.1 Cerebellar Control Structure

Ito (1984) suggests that role of the cerebellum and how it works in the adaptation
process of vestibulo-ocular reflex could be examined from control theory point of
view. It can be seen, according to Figs. 1 and 2, which illustrate how simplified
cerebellar microcircuit can be mapped as an adaptive filter structure. For illustrative
purposes each component of microcircuit is specified by color. On Fig. 1 the
(MF) filter inputs are analyzed into (PF) component signals, which are then
weighted (PF–PC synapses) and recombined to form the filter. The main reason
why the filter is adaptive is that its weights could be adjusted by techniques as
teaching or error signal using covariance learning rule [11]. “Input signal in this
microcircuit is MF(r), which synapse on granule cells. The axons of granule cells
(GC) form parallel fibres (PFs) that synapse on Purkinje cells (PCs), which are the
output cell from cerebellum and cause of simple spikes. In models of Marr-Albus
type correlated firing of a PF and the single climbing fibre (CF) that wind around
the PC alters the strength of the PF–PC synapse” [9]. The diagram on Fig. 2 could
be identified as analysis-synthesis adaptive filter architecture. Processing of MF

Fig. 1 Adapted from [4].
Simplified diagram of
cerebellar cortical
microcircuit
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input signal u tð Þ by the granule cell layer is interpreted as analyses by bank of fixed
filters Gi tð Þ, that means the PFs carry signals

pi tð Þ=Gi ⋅ u tð Þ ð1Þ

The weighted sum of PF inputs is an output of PC

z tð Þ= ∑wi ⋅ pi tð Þ, ð2Þ

so PC implements a linear filter

C= ∑wi ⋅Gi. ð3Þ

The CF input adapts synaptic weights by learning rule and interpreted as a
training signal e tð Þ, which is error signal. Weights are adjusted by this learning rule

δwi = − β epi tð Þð Þ, ð4Þ

where β is a small positive learning rate. The learning rule is called the covariance
learning rule [11] or the least mean square rule, because when e tð Þ is the error in the
output u tð Þ, it can be shown to minimize the mean square performance error, or the
decorrelation learning rule because learning stops when errors e tð Þ are uncorrelated
with all filter inputs pi [4].

Due to Figs and explanation above, it can be stated that similarities are obvious.
Basically, adaptive filter is especially suited to carry out two functions, which are
associated with the cerebellum:

• prediction of the sensory effects of organism’s own movement;
• accurate movement control.

Fig. 2 Adaptive filter structure

Neurorobotic Investigation into the Control … 213



2 Experimental Layout

To find an optimal VOR control solution it should be clear that the retinal slip
would be produced by movements of the head, as it happens in locomotion.
The VOR operates to counter-rotate the eyes to prevent retinal slip for maintaining
the stable gaze. Therefore the VOR control scheme uses measurement of the head
velocity to control the eye velocity.

x tð Þ=P tð Þu tð Þ ð5Þ

where,

u tð Þ= B tð Þ
1−B tð ÞC tð Þ ð6Þ

where the cerebellar filter C tð Þ is the time-varying component.

P tð Þ− 1 =
B tð Þ

1−B tð ÞC tð Þ* , ð7Þ

According to Eq. (7) the optimal cerebellar filter is:

C tð Þ* =B tð Þ−P tð Þ− 1. ð8Þ

The convergence of a recursive learning algorithm to the optimal cerebellar filter
C tð Þ* is discussed by Porrill et.al. (2004), where stability is proved using the
Lyapunov’s direct method. Characteristics of model of basic VOR system (Fig. 3),
was chosen according to [6] as follows.

P—the first order dynamic model of oculomotor plant, with transfer function
P sð Þ between eye-in-head velocity x tð Þ and motor command u tð Þ as a Laplace
transform in Eq. 9.

Fig. 3 The basic VOR
system
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P sð Þ= ks
s+1 ̸Tp

, ð9Þ

where Tp =0.2 s is time constant, k=1 is a gain.
B—brainstem, which is modelled as a first-order leaky integrator (more extended

in A1) plus a pure dc gain. Transfer function of brainstem model B sð Þ is presented
as Laplace transform in Eq. 10. The output is a motor command u tð Þ; input is a
conjunction of the vestibular system r tð Þ and the cerebellar output z tð Þ.

B sð Þ=Gd +
Gi

s+1 ̸Ti
, ð10Þ

where Gd =1 is the direct path gain and Gi =1 ̸Tp =5 is the indirect path gain and
Ti =0.5 s is a time constant.

Further simulations were executed with different versions of the parameters
Tp,Gd ,Gi,Ti. It has to be noted, that the exact values are not important at this stage,
but time constants should be in the 100 ms range.

Brainstem provides a control, which the cerebellum improves by adjusting the
response via the filter weights. The perfect compensation of plant could be achieved
by brainstem itself, when Ti =∞,Gd =1,Gi =1 ̸Tp.

The cerebellum is implemented as an adaptive FIR (finite impulse response)
filter C, with output z tð Þ, which is given in Eq. 11.

z tð Þ= ∑
L

i=0
wip t− i ⋅ΔTð Þ, ð11Þ

where input u tð Þ to the adaptive filter C, which was splited into number of L
components p1 tð Þ, . . . , pn tð Þ, with delays between them of ΔT . ΔT =0.02 s (2 s in
total). wi—weight of the component pi.

For reducing the perceived visual slip from the input, the weights of adaptive
filter have to be changed. As it was mentioned before the weights are analogue to
the parallel fibre Purkinje cell synapses of the cerebellar cortex. The inverse ocu-
lomotor plant is realized when the learning algorithm is successfully applied and
adjustment of the weights is done in combination with the brainstem. As it could be
seen in Fig. 3 the sensory error e tð Þ is a direct result of the performance of the
adaptive filter C.

e tð Þ= P−B− 1 +C
� �

⋅ x tð Þ ð12Þ

As it can be seen in Eq. 12 error is reduced to zero when C=B− 1 −P.

Efficiently, this learning topology subsequently does not need a translation of the
sensory error into a motor-command error. For that reason, the observed visual slip
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is expected to build the suitable teaching signal for the adaptation of the filter. Rule
to adjust the weights is shown in Eq. 13.

δwj = − β⟨pj tð Þ ⋅ u ̂ tð Þ⟩, ð13Þ

where

δwj is the change in the jth weight wj

β a learning rate constant. The value of that is adjusted to give rapid learning
without instability.

u ̂ tð Þ the value of retinal slip at time t
pj tð Þ the value of the jth filter signal at time t
⟨⟩ denotes the expected value of the enclosed quantity over the time period used

for training.

The features of learning rule is that it is identical to the LMS rule of adaptive
control theory, also learning stops when CF and PF inputs are uncorrelated, which
is a property of decoration control.

Model architecture of the system was programmed by using Matlab and
Simulink. Program was developed by using scripts from [2]. Experiments below
were done for simple, first order plant, to prove the usefulness of the algorithm.

Performance of the system to band limited white noise input, i.e. head velocity,
gave rise to retinal slip with low frequency, which is expected because of the
existing brainstem controller (Fig. 4a). According to these graphs it can be stated
that it is unable to maintain eccentric gaze. The time course of the plant and the
brainstem is directly effected on how fast eye position returns to initial value.

The performance of the model during and after training, with the first order plant
P and brainstem controller B illustrated below. The characteristics of P and B are
the same as in the previous experiment. Input for that system is a head-velocity
signal modelled as a band limited white noise as before. Learning starts at 30 s. For
testing how the value of learning rate effects on performance, each time the same set
of signals are used as input r. The effect of training is shown in Fig. 4b.
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Fig. 4 Displacement tracking and retinal slip a for pre-training, b for post-training
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The graph on Fig. 5 was plotted to analyze how the learning rate (β) affects to
error. Actually, if the learning rate is changed, simulation time also has to be
changed. Reason for this is that system needs appropriate time to apply that
learning. For instance, if the learning rate is small it takes time and applying to the
system is slow.

For next experiments plant with equal numbers of poles and zeroes were used.
However, to provide a more generally applicable solution the algorithm has to be
augmented to extend a range of specific control tasks and to be suitable for a range
of plants with any order. To solve that the concept of model reference adaptive
control (MRAC) is used (Fig. 6). The role of MRAC is to identify a feedback
control law that changes the dynamics of the plant and reference model describes
the desired input/output properties of the closed-loop plant [13].

The reference model M determines the behaviour of the controlled model.
Figure 7 illustrated how τ effects on the response of the reference model. The
original signal is 0–0.1 Hz band limited white noise in the range from 0.2 to 0.4. If τ
is small and frequency is high response starts to roll off.

Bode plots for a first order (Fig. 8a) and second order (Fig. 8b) reference model
for a range of time constants. According to those plots it can be seen that with the
greater order of model rolls-off faster and phase shift is larger. The original signal
has not changed a lot by the reference model if a value of 1 ̸τ is larger than the
maximum frequency in the signal [13].

Fig. 5 Mean of RMS error
against learning rate

Fig. 6 Block-scheme for
system with model reference
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The experiment is done with second order plant; therefore the simulated plant
has two poles and no zeroes.

P Sð Þ= kp
ðs+1 ̸T1Þðs+1 ̸T2Þ , ð14Þ

The corresponding fixed brainstem controller B (15) was chosen to be an approx-
imate feedforward controller for the plant P (14). It is approximately equivalent to
MP− 1, however plant time constants are slightly degraded and g represents how
there are changes
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B sð Þ= s+1 ̸T1 ⋅ gð Þ s+1 ̸T2 ⋅ gð Þ
kp ⋅ g ⋅ τs+1ð Þ2 , ð15Þ

The reference model has to specify realistic response of the controlled plant; it is
represented in the following equation with time constant τ=0.1 s

M sð Þ= 1

τs+1ð Þ2 ð16Þ

Left side of Figs. 9 and 10 shows tracked response at the start of learning, right
side—tracked response at the end of learning. In Fig. 9 can be seen that plant cannot
be achieved, because the actual response lags the desired responses an instanta-
neous response of the controller, while on Fig. 10, which represents the perfor-
mance with reference model, it can be seen that at the end of the learning error
decreased and plant achieved.
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The performance of the controller is critically depends on the learning rate. If the
value of the learning rate is small, the adaptation will be slow, because of large
tracking errors and large transients. Whereas the extremely large value of the
learning rate can be a cause of highly oscillatory parameter estimations that would
negatively excite the high frequency unmodelled plant dynamics [3]. Also those
results are consistent with the results obtained in [12].

3 Conclusion

The control challenges arise because of developing of autonomous robots and their
operations. An algorithm which is capable of adapting to such dynamic environ-
ments is required. This study of cerebellar inspired adaptive control, which is
augmented by reference model, provides a potential general solution for robotic
control. Control of oculomotor plant is significantly improved by bioinspired
adaptive filter control. The performance of the adaptive filter control is dependent
on the learning rate; thus it is vital that for any design, an optimal choice of learning
rate be sought.

The main goal of this project was developing a neurorobotic robot ‘eye’ for
investigating the neural control of eye movements and evaluating the performance
of a computational model of image stabilization based on the adaptive filter model
of the cerebellum. Control algorithm was developed by investigating the cerebellum
microcircuit and inverse plant modeling.
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New Concepts of Ankle Rehabilitation
Devices—Part I: Theoretical Aspects

C. M. Racu (Cazacu) and I. Doroftei

Abstract The ankle structure holds one of the most important role in the human
biomechanics. Due to complexity of everyday activities this joint is the most prone
to be injured part of the lower limb. For a complete recovery of the locomotor
function, recovery exercises are mandatory. The existent ankle rehabilitation
equipments allow only simple rehabilitation exercises, which cannot be used safely
without the aid of a therapist. The introduction of robotic physical recovery systems
represents a modern alternative to traditional recovery. Actuated devices are
advantageous because they allow many types of exercises on same device, and also
they accurate measure forces and angular motions. The purpose of this two part
paper is to propose two rehabilitation devices, based on different actuating mech-
anisms. In this first part, structural synthesis, some kinematic and designing aspects
of two new ankle rehabilitation devices are presented. The systems are based on the
spatial four-bar and Scotch Yoke mechanism, respectively. As requirements for the
proposed devices the following aspects have been considered: the systems must be
easy to program, financially affordable and they need to offer the two movements
(dorsiflexion/plantar flexion and inversion-eversion) required for a complete
recovery of the injured ankle.

Keywords Robot ⋅ Ankle rehabilitation device ⋅ Scotch Yoke mechanism
Spatial four-bar mechanism
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1 Introduction

During the last decades, robotic research focused on assistive technologies for
rehabilitation branch, aiming to improve the rehabilitation process, from currently
used primitive mechanisms to superior technologies. This trend is a result of sta-
tistically growing number of aging population, which requires assistance after
injuries [1]. The ankle structure has a defining role in everyday life of an individual,
providing locomotion, balance and stability. This leads to multiple types of injuries:
fracture, strain or sprain, with a high incidence of the last one [2]. In the first stage
of ankle recovery the bleeding and swelling is treated with rest, ice, compression
bandage (or prostheses) and anti-inflammatory drugs. Although the first stage
reduces the discomfort felt by the patient, rehabilitation exercises are required.
Injured ankle ligaments will form scar tissue while healing, thus people will
experience activity limitation without proper and sufficient rehabilitation [3].

Traditional rehabilitation therapies use simple devices like elastic bands, wooden
wobble board and foam rolls. It also requires the assistance of a therapist. As a
result the exercises are low-term, repetitive and require patients and therapists’
effort. Another disadvantage is that the evolution of the patient is not accessible. To
counteract these drawbacks robot-assisted ankle rehabilitation devices have been
developed [4–7]. We can divide these devices in the following generic categories:
exoskeleton, orthotics and end-effectors robots. A classification of lower limb
rehabilitation robots is presented in Fig. 1.

To achieve a fully recovered ankle joint one must consider ankle movements and
range of motion: plantar flexion (extension), dorsiflexion (flexion), eversion and
inversion. Motion amplitudes range from 0° to 25° for flexion and eversion, and 0°
to 50° for extension and inversion (for a healthy subject) [8–10].

Fig. 1 Classification of lower limb rehabilitation robots
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2 First Concept of Rehabilitation Device

In designing the rehabilitation device one of the condition considered was that the
device must provide two movements (dorsiflexion/plantar flexion and inversion/
eversion). Hence the system should be spatial oriented, allowing rotations around
two perpendicular axes. Also, some other conditions refer to low cost, low weight
and easy to manufacture process of the device.

Considering all the above requirements a device based on the simple spatial four
bar mechanism was proposed, presented in Fig. 2 [11, 12]. The plate 4 will support
the sole, while links 1 and 1′ will actuate the mechanism. For inversion/eversion
movement, the actuated links 1 and 1′ must rotate with same angle and the same
direction, while for plantar flexion/dorsiflexion movement the links must move in
opposite direction with the same angle.

A geometrical synthesis is required in order to determine the dimensions of the
mechanism. For the inversion/eversion movement a simplified planar mechanism
has been used (Fig. 3a). The known considered dimensions are: lh, lv and l4. They
resulted from anatomical and space considerations. The angular strokes of the sole
(link 4) have been imposed as: θ4 (θ41 for inversion, and θ42 for eversion,
respectively). The angular stroke of the driving link 1 is θ1 (composed from θ11 and
θ12).

Fig. 2 Kinematics of the first concept based on the spatial four-bar mechanism
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The unknown link lengths, l1 and l2 have been found as:

l1 =
a2 − b2

− 2b cosðψ 0 + θ12Þ+2a cosψ
, ð1Þ

l2 =
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l21 + b2 − 2l1b cosðψ + θ12Þ

q
, ð2Þ

with

a=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l2v + l2h + l24 − 2 l2v + l2h

� �1 ̸2l4 cos ψ ′′ + θ41 + θ42ð Þ
q

, ð3Þ

b=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l2v + l2h + l24 − 2 l2v + l2h

� �1 ̸2l4 cosψ1

q
, ð4Þ

Fig. 3 Equivalent planar mechanism for: a inversion/eversion movement; b flexion/extension
movement
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ψ ′ =90+ arccos
lvffiffiffiffiffiffiffiffiffiffiffiffi
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lvffiffiffiffiffiffiffiffiffiffiffiffi
l2h + l2v

p
 !

− θ42. ð7Þ

The geometrical synthesis of flexion/extension mechanism is based on the planar
mechanism presented in Fig. 3b. From the geometrical synthesis of the previous
mechanism some dimensions are known: d1 = l1 sin θ11, e1 = l2 sin θ21,
d2 = l1 sin θ12, e2 = l2 sin θ22 and lv. Also, the maximum angular strokes of the link 4
for flexion/extension movement have been considered known, as θ

0
41 and θ

0
42

respectively. For the two extreme positions of the mechanism, the required
dimension l

0
4 has been found as:

l′4 =
d1 − lvð Þ sin θ0

41 +
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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h ir
2 1− cos θ′41
� � ð8Þ
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d2 + lvð Þ sin θ0
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ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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� � . ð9Þ

In order to properly control the mechanism the inverse kinematics is required.
Starting from the inversion/eversion movement mechanism (Fig. 4a), a simplified
planar mechanism has been drawn (Fig. 4b). Based on this, the equations of the
position loop closure have been written, which leaded to the following result:

θ1 = 2 arctan
−B±

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A2 +B2 −C2

p

C−A

 !
, ð10Þ

where

A= ð2lhl1 − 2l1l4 cos θ4Þ
B= ð− 2l2l1 − 2l1l4 sin θ4Þ
C= l21 + l24 + l2h +2l4ðl2 sin θ4 − lh cos θ4Þ

8<
: . ð11Þ
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As in the previous case, an equivalent mechanism is considered for plantar
flexion-dorsiflexion movement (see Fig. 4c). The standard Denavit—Hartenberg
convention applied to this closed-loop mechanism leads to:

θ1 = 2 arctan
−B′±

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A′2 +B′2 −C′2

p

C′ −A′

 !
, ð12Þ

where, in this case,

A′ =2l1ðl4 − lhÞ
B′ = − 2l1ðl2 − l

0
4 sin θ

0
4Þ

C′ = l21 + l24 + l2h +2l′24 − 2l
0
4 ⋅ ðl2 sin θ

0
4 + l

0
4 cos θ

0
4Þ− 2lhl4

8<
: . ð13Þ

Based on mechanism synthesis and kinematic models, a simulation analysis
could be performed.

3 Second Concept of Rehabilitation Device

Another proposed solution is based on a scotch-yoke mechanism, which converts
the rotary motion into translational one, presented in Fig. 5 [13–16]. The advan-
tages of this mechanism are: a high torque output and a smooth operation. To obtain
the inversion/eversion movement the actuated links 3 and 3′ are rotating with the
same angle θ3 = θ′3 (clockwise or counterclockwise direction), while the link 7 will
achieve the desired movement, with an angular stroke given by θ′7 angle, around
x axis.

Fig. 4 Mechanism for inverse kinematics: a equivalent mechanism with a single motor for
inversion/eversion; b simplified planar mechanism for inversion/eversion; c equivalent mechanism
with a single motor for plantar flexion/dorsiflexion
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In order to compute the inverse kinematics two equivalent mechanisms have
been considered, one for each movement. Although it has two actuated links, the
mechanism can be represented with only one motor (the second one being redun-
dant). For inversion/eversion movement the equivalent mechanism with one actu-
ated link shown in Fig. 6a has been used, resulting the θ3 angle:

θ3 = arcsin

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l27 + l2h + l2v +2l7 lv sin θ7 − lh cos θ7ð Þ

p
− l

0
2 − l5

l3

 !
. ð14Þ

The equivalent mechanism with one actuated link for flexion/extension move-
ment is presented in Fig. 6b. The actuated links 3 and 3′ are rotating with the same
angle but in opposite directions θ3 = − θ′3 and the result is the movement of the
platform 7 with an angular stroke given by θ′7 angle. Based on the equivalent
mechanism the inverse kinematics can be written as follows:

θ3 = arcsin

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l027 + l2h + l2v +2 ⋅ l07 ⋅ ðlv ⋅ sin θ

0
7 − lh ⋅ cos θ

0
7Þ

q
− l

0
2 − l5

l3

2
4

3
5. ð15Þ

Fig. 5 Kinematics of the second concept, based on Scotch Yoke mechanism
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The inverse kinematic model can be use to perform a motion analysis, in order to
validate the proposed solution.

4 Conclusions

In this first part of the paper some structural and kinematic aspects have been
presented on the development of light weight, low cost and easy to manufacture
ankle rehabilitation devices. Two simple solutions of ankle rehabilitation platforms
have been proposed. The systems are based on Scotch Yoke mechanism and spatial
four-bar mechanism respectively. Both solutions have two degrees of freedom, in
order to offer the two required movements for a complete recovery of the injured
ankle. The second part of the paper will present 3D models and motion simulation
results of the devices. Future work will be orientated to safety measures,
user-friendly interface and clinical verification of the robotic platforms.
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New Concepts of Ankle Rehabilitation
Devices—Part II: Design and Simulation

C. M. Racu (Cazacu) and I. Doroftei

Abstract Ankle exercises are long-term and repetitive and cannot offer informa-
tion about patient’s evolution. Due to these aspects a need for easy-to-use
mechatronic devices emerges. The purpose of this two parts paper is to propose two
rehabilitation devices, based on different actuating mechanisms (spatial four-bar
and Scotch Yoke mechanism respectively). In the first part the structural synthesis
and some kinematic aspects of the proposed devices have been presented. For the
second part, 3D models and preliminary numerical simulations of the systems are
performed. The simulation results are encouraging, both mechanisms covering all
the required movements for a complete recovery of the ankle joint.

Keywords Robot ⋅ Ankle rehabilitation device ⋅ Scotch Yoke mechanism
Spatial four-bar mechanism

1 Introduction

A large number of humans experience lower limb injuries, with a high incidence of
sprains [1]. For a complete recovery and a normal life without activity limitations,
recovery exercises are mandatory [2]. Hence, multiple devices are used, but they
cannot offer information about the evolution of the patient. This leads to the
development of robot-assisted ankle rehabilitation devices to counteract these
drawbacks [3–7].

To achieve a fully recovered ankle joint one must consider ankle movements and
range of motion: plantar flexion (extension), dorsiflexion (flexion), eversion and
inversion. Motion amplitudes range from 0° to 25° for flexion and eversion, and 0°
to 50° for extension and inversion (for a healthy subject). Considering these range
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of motions and requirements as light weight, low cost and easy to manufacture, two
ankle rehabilitation devices have been proposed.

Based on the structural synthesis and some kinematic aspects presented in the
first part of this paper, the 3D models and preliminary numerical simulations are
presented in the following sections.

2 Design of the First Rehabilitation Device

The general architecture of a rehabilitation system is shown in Fig. 1. The therapist
should set the values of the rehabilitation exercise amplitudes through the graphical
interface generated by the computer, providing the input values for the microcon-
troller. This microcontroller will send the range of the necessary angular strokes
executed by the actuators. The data collected from the position/force sensors will be
sent back, resulting in visual feedback for both the patient and the therapist.

Based on this general architecture, on the mechanism synthesis and kinematics
and, also, on a previous simulation [8, 9], the 3D CAD model has been designed,
and it is presented in Fig. 2. In order to demonstrate that the designed platform
offers the required angular strokes for a complete recovery of the ankle articulation,
a simulation analysis has been performed. In our simulation we have used next
dimensions: lh= 25 mm; l1= 60 mm; l2= 103 mm; l4 = 75 mm (see Fig. 1 in the
first part).

For the dorsiflexion/plantar flexion movement the driving links will rotate with
the same angle but in opposite direction, θ1 = − θ′1. The angular position, θ

′

4 of the
driven link, according to the angular positions of the driving links (θ1 = − θ′1 and
θ1 = − θ′1) is presented in Fig. 3a. We may see that the extreme angular positions of

Fig. 1 General architecture of a rehabilitation system
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the ankle joint, considering the plantar flexion/dorsiflexion ankle movements (−50°
to 0° for plantar flexion; 0° to 25° for dorsiflexion), lead to the next range of the
driving links angular positions: θ1 = − 32.4 ÷ 59°, θ

0
1 = − 59 ÷ 32.4°.

For inversion/eversion movement the driving links will rotate with the same
angle in the same direction, θ1 = − θ′1. The angular position θ4 of the driven link,
according to the angular positions of the driving links is shown in Fig. 3b. Because
the device should be used to recover both legs, θ4 was considered to range between
−50° and 50° (ankle angular positions of the sole, for a healthy subject, are: −50° to
0° for inversion and 0° to 25° for eversion—for one leg—and −25° to 0° for
eversion and 0° to 50° for inversion—for the other leg). In these conditions, the
required strokes for driving links have been found as: θ1 = θ

0
1 = − 73.8 ÷ 73.8°.

In Fig. 4, the angular positions θ1, θ
0
1, θ

′

4 and θ4 over time are presented. One
should see that, using the dimensions considered above, the platform could perform
the necessary movements for a complete recovering of the ankle joint.

Fig. 2 CAD design of the first ankle rehabilitation device: a isometric view; b front view

Fig. 3 Angular positions of the driven link according to the angular positions of the driving link,
for the first mechanism: a dorsiflexion/plantar flexion movement; b inversion/eversion movement
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Based on the general architecture and 3D design shown before, a first experi-
mental devise has been manufactured (Fig. 5). Two servomotors are actuating the
driven links, which will result in the movement of the support link (the plate which
support the sole). The actual angular positions of this plate are measured using two
rotational resistive sensors. Two microcontrollers are used to control the device, one
is recording the angular position values from the sensors, and the other one sends
information to the motors. More work is required to be done for safety measures
and friendly user interface.

For safety reasons (to avoid injuries or supplementary pain to the patient), torque
sensors will be used for each ankle movements. In this way, the robotic platform
should rotate the driven link to the position limited by the maximum torque
imposed by the user and it should offer a gradual recovering of the ankle joint.

Fig. 4 Angular positions of the driving and driven links over time, for first mechanism:
a dorsiflexion/plantar flexion movement; b inversion/eversion movement

Fig. 5 The first experimental device based on spatial four-bar mechanism
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3 Design of the Second Rehabilitation Device

The other proposed solution is based on a Scotch Yoke mechanism, which converts
the rotary motion into translational one. Considering the general architecture of a
rehabilitation device (see Fig. 1), the mechanism synthesis and kinematics [10–13],
a 3D model has been designed, and it is presented in Fig. 6.

The dimensions used in our simulations for this second platform are: lh= 35;
l3= 77.5; l5= 135; l7= 60 and total lv= 245 mm (see Fig. 5 in the first part of the
paper). Taking into account the space conditions the actuated links were placed
facing each-other resulting in a more compact device.

Due to motors positions, for the dorsiflexion/plantar flexion movement the
driving links will rotate with the same angle but in opposite direction, θ3 = − θ

0
3.

The angular strokes of the driven link (θ
0
7) have been considered using the plantar

flexion/dorsiflexion ankle movement for a healthy subject, described before. In
these conditions, the required angular positions of the driving links resulted as:
θ3 = − 19.2 ÷ 35.5°, θ

0
3 = − 35.5 ÷ 19.2 °. The angular position, θ

0
7 of the driven

link, according to the angular positions of the driving links (θ3 and − θ
0
3 ) is

presented in Fig. 7a.
For the inversion/eversion movement the angular strokes of the driven link (θ7)

will have the amplitude of −50° and 50°. The required angular amplitudes for
driving links were found: θ3 = θ

0
3 = − 20.3 ÷ 20.3°. The angular position θ7 of the

driven link, according to the angular positions of the driving links is shown in
Fig. 7b.

Fig. 6 CAD design of the second ankle rehabilitation device: a isometric view; b front view
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In Fig. 8, the angular positions θ3, θ
0
3 , θ

0
7 and θ7 over time are presented. For

both required movements it can be observed a smooth and almost linear variation,
suggesting that the mechanism synthesis and inverse kinematics are validated.

4 Conclusions

Two simple solutions of ankle rehabilitation platforms have been proposed, one
based on the spatial four-bar mechanism and the second one based on Scotch Yoke
mechanism, respectively. Both solutions have two degrees of freedom, in order to
offer the two required movements for a complete recovery of the injured ankle. This
second part of the paper presents 3D models and preliminary numerical simulations

Fig. 7 Angular positions of the driven link according to the angular positions of the driving link,
for the second mechanism: a dorsiflexion/plantar flexion movement; b inversion/eversion
movement

Fig. 8 Angular displacements function of time (planar representation) for scotch-yoke based
mechanism: a dorsiflexion/plantar flexion movement; b inversion/eversion movement
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of the devices. The obtained results were encouraging, both mechanisms offering a
smooth and almost linear motion for the driven link (the plate which supports the
sole). For safety reasons (to avoid injuries or supplementary pain to the patient),
torque sensors will be used for each ankle movements. In this way, the robotic
platform should rotate the driven link to the position limited by the maximum
torque imposed by the user and it should offer a gradual recovering of the ankle
joint. Future work will be orientated to safety measures, user-friendly interface and
clinical verification of the robotic platform.
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Part III
Mobile Robots



Service Robots for Cultural Heritage
Applications

G. Carbone

Abstract This paper outlines the potential of service robots as applied in frames of
Cultural Heritage. Several applications are discussed such as inspection, searching/
surveillance operations, identification, analysis, preservation and restoration of
Cultural Heritage goods. Key design requirements are outlined for robots to be
applied for servicing Cultural Heritage goods or sites. Related experiences at
LARM in Cassino are outlined in order to clarify aspects of engineering feasibility
and implementation.

Keywords Service robotics ⋅ Design requirements ⋅ Cultural heritage

1 Introduction

Cultural Heritage can be understood as tangible culture (such as historical cities,
buildings, monuments, landscapes, books, works of art and artefacts), intangible
culture (such as folklore, music, traditions, language and knowledge) and natural
heritage (including culturally-significant landscapes and biodiversity). Thus, Cul-
tural Heritage (CH) attention can be given to objects and facts that are on very
different levels of the scale. Small objects, such as artworks and other cultural
masterpieces, are collected in museums, art galleries, exhibition sites, and archives.

Heritage recovering usually involves preliminary tasks such as inspection or
searching/surveillance operations. Finding valuable objects or discovering areas of
interest represent an usual objective in these activities. Service robots can play a key
role in this context. Service robots are ‘robots which operate semi or fully auton-
omously to perform services useful to the well-being of humans and equipment,
excluding manufacturing operations’, [1]. Service robotics covers a wide range of
applications, which are rapidly growing and expanding. Among them some very
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interesting preliminary attempts have been made in using robots in CH frames such
as inspection, servicing, restoration of CH sites, [2–12].

LARM, Laboratory of Robotics and Mechatronics is an internationally recog-
nized research center having international collaborations and exchange programs
with several countries worldwide. Since 1990 a long term research line has been
established at LARM as referring with servicing Cultural Heritage goods or sites
with a multidisciplinary approach. In the following, key design requirements for
service robots in Cultural Heritage applications are briefly outlined as referring to
related experiences at LARM in Cassino such as those reported in [13–26].

2 Requirements for Cultural Heritage Applications

Cultural Heritage goods are usually considered as objects to be preserved, as
indicated by several national and international law prescriptions for Cultural Her-
itage such as the Convention Concerning the Protection of the World Cultural and
Natural Heritage, which was adopted by UNESCO in 1972, [27]. Based on the
above, a proper intervention on Cultural Heritage goods or sites requires a deep
knowledge of it by looking at aspects such as identification, analysis, preservation
and restoration with a wide interdisciplinary approach.

In general, main challenges for service robots in Cultural Heritage frames can be
understood as: operating together with human users not have specific training and
expertise in robotics, with suitable behaviors and careful user-friendly and safe
operation in interaction with Cultural Heritage goods; operating service tasks with
proper user-friendly operation, which should be considered from acceptability and
cost for actions viewpoints as referring to Cultural Heritage goods.

The above result in specific expectations and requirements from engineering
viewpoint. For instance, referring to the level of autonomy, a full autonomy with
artificial intelligence might be desirable only for specific standardized service
restoration/identification goals within a well-structured configuration of the envi-
ronment. In some cases, instead, a very limited or no autonomy is required/possible
due to the need of a continuous and unpredictable interaction with human users and/
or environment conditions leading to mostly tele-operated applications.

A general approach for designing service robots can be outlined by considering
specific aspects and challenges for identification, restoration, and preservation. In
particular, the main flow is the data consideration for technical constraints/issues,
analysis of service operations and goals and system programming. Then, checks are
worked out by operators, restorers and robot users. Technical care in the design
activity is indicated by the system design and operation planning. This is strongly
influenced by aspects and activities that concerning with human beings and envi-
ronment. The reported aspects are not exhaustive as they should be considered as
useful guidelines for successful service robots in Cultural Heritage applications
where special emphasis has to be addressed to the acceptance of the operators,
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restorers and users. Just to cite few other key aspects one could refer to grasping/
handling issues, as discussed for example in [28–30] as well as energy efficiency
aspects, as discussed for example in [31].

3 Robot Architectures for Cultural Heritage

Architectures and solutions for service robots for cultural heritage applications may
significantly vary according to the specific applications. First attempts have started
with systems to be used for indoor environments in applications such as museum or
tour guide. For the purpose, common architectures are based on wheeled mobile
robots such as shown in Fig. 1 where Fig. 1a shows a RHINO mobile platform, [2];
Fig. 1b shows a TPR-Robina Toyota human-like mobile robot, [9]; Fig. 1c shows
Honda Asimo humanoid robot for museum guided applications, [4]. It is interesting
to note the evolution of these robotic systems over the years where the appearance
is carefully designed to increase the users’ acceptance. This has led to some
attempts of using humanoids such as Honda Asimo although the complexity of
legged locomotion can be unnecessary when the environment is only composed of
flat surfaces.

Other cultural heritage applications might be requiring completely different
architectures to cope with complex environments and outdoor conditions. Signifi-
cant examples can be based on using toothed wheels or crawlers such as the robot
Tlaloque 1, [10], which is a 30 cm wide robot that has been used for exploring a
tunnel in Teotihuacan ruins, Fig. 2a, or the iRobot Pyramid rover which has been
used for exploring a narrow tunnel and finding a hidden door and chamber in the
Great Pyramid of the pharaoh Khufu, Fig. 2b, [11]. Even more challenging

Fig. 1 Examples of robots for tour guiding applications: a RINHO, [2]; b Toyota Robina, [9];
c Honda Asimo, [4]
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environments can be found when cultural heritage goods are hidden under seas or
rivers. For example, it is the case of the SeaBED AUV for underwater exploration,
Fig. 3a, [8], or the underwater humanoid robot Ocean One, Fig. 3b, [12].

4 Experiences at LARM

4.1 An Architecture for Frescos Painting

Specific applications at LARM in Cassino are discussed as illustrative examples to
show the feasibility for the design and implementation of service robots in appli-
cations for Cultural Heritage as coming from direct experiences of the author within
LARM team. Fresco paintings are usually decorative products, which are produced
on large surfaces such as walls or dome surfaces. The main problem for a proper
intervention of restoration of a fresco is when there are large damaged or missing
areas, which make unclear the original meaningfulness and beauty of the fresco.
Preliminary studies and attempts to address this issue were successfully carried out
with computer graphics means, as reported in [13]. In particular, it is possible to use
inkjet printing to create sketches, which can fill the missing/damaged areas such as
proposed in a collaboration among Technical University of Valencia, technicians
from Hewlett-Packard, and consultants from ARSU PAER company, [13].

Fig. 2 Examples of robots for applications of in-tunnel exploration: a Tlaloque 1, [10]; b iRobot
Pyramid rover, [11]

Fig. 3 Robots for undersea exploration: a SeaBED AUV, [8]; b Ocean One, [12]
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The procedure has been set up with the following three steps: acquisition and
computer-based elaborations of existing images; drawing of damaged/missing
images with computer graphics means; inkjet printing for filling of large damaged
or missing areas with inkjet-printed images.

A robotic system was developed to perform the last step by adapting a com-
mercial Hewlett-Packard inkjet printer. This system was designed with different
solutions for flat or curved surfaces as proposed in Figs. 4 and 5. The purpose of the
robotized system is to work out direct fresco reintegration in a user-friendly and
low-cost manner while keeping a reasonable image quality. It is also necessary to

Fig. 4 A modular robotized structure as proposed for the inkjet fresco painting: a a side view; b a
3D view, [13]

Fig. 5 A laboratory test of fresco printing with the inkjet printer: a view of the modular robotized
structure; b a zoom view of the inkjet fresco painting, [13]
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keep a clear understanding to customers of the difference between original paintings
and reproductions of damaged/missing images. The main aims from restorer
viewpoint can be seen as facilitating and substantially reducing the working time as
well as guaranteeing printing quality uniformity, and consistency. The robot in
Figs. 4 and 5 has maximum sizes as 1,900 × 1,000 × 1,000 mm, which can fit
within the painting environment. The main structure works as a portable support. It
has a modular mechanical design, as shown in Fig. 5.

4.2 Cassino Hexapod Series

Cassino Hexapod is a series of mobile robots, which has been designed and built at
LARM in Cassino, starting from 2000, [14–20]. Solutions have been ranging from
Cassino Hexapod version I, Fig. 6a, Cassino Hexapod version II, Fig. 6b, to the
latest solution Cassino Hexapod version III, Fig. 6c and have resulted also in an
Italian Patent, [21]. Main characteristics of the Cassino Hexapod series are the
combination of legs and wheels as well as the use of low-cost control architectures
with user-friendly operation interfaces. Cassino Hexapods have been applied for
different inspection operations in non-accessible historical sites such as Monte-
cassino Abbey. An evolution of Cassino Hexapod Series is R3HC robot in Fig. 7,
which has been developed in collaboration with University of Huelva for servicing
Cultural Heritage sites, [22].

4.3 HeritageBot

HeritageBot is a robotic architecture, which combines a legged mobile robot
module with a drone module in order to achieve a system, which is capable of
ground operation and small flights at same time as shown in Fig. 8. This robot can
be equipped with sensors and instrumentation for specific applications in Cultural

Fig. 6 The Cassino hexapod robots: a version I, b version II, c version III
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Heritage frames. It has been developed within the Latium regional project
“Heritagebot”.

The design of HeritageBot has so far evolved in three versions HB1, HB2 and
HB3 as reported in [23–26].

HeritageBot robot can have two main operation modes namely: walking mode
and small-flight with altitude-hold. When altitude hold mode is selected, the throttle
is automatically controlled to maintain the current altitude. The user directly con-
trols the roll and pitch lean angles and the heading. Tests have been carried out
indoor and outdoor for validation purposes. In particular, Fig. 8a shows the starting
position, Fig. 8b shows a walking step. Figure 8c shows the prototype performing a
stable flight in outdoor conditions for HB3 prototype.

5 Conclusions

This paper describes main features and requirements for service robots as applied in
frames of Cultural Heritage such as inspection, searching/surveillance operations,
identification, analysis, preservation and restoration of Cultural Heritage goods or
sites. Three specific robotic architectures are described as successful engineering
design experiences within LARM team in Cassino in Cultural Heritage related
tasks.

Fig. 7 Snapshots of R3HC in a lab. test for obstacle overcoming maneuver, [20]

Fig. 8 An outdoor test of HB3 prototype: a starting pose; b a walking step; c flying
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Dimensional Synthesis of a Robotic Arm
for Mobile Manipulator Using
an Interactive Geo-metric Software

S. Maraje, J. C. Fauroux, B. C. Bouzgarrou and L. Adouane

Abstract This paper aims to demonstrate a systematic procedure for the structural
selection and dimensional synthesis of the arm to be integrated into a mobile
manipulator. The manipulator will be utilized for Bots2ReC H2020 project which
aims at developing an autonomous robotic solution for removing asbestos con-
tamination from real world-rehabilitation sites. The synthesis procedure is initiated
by identifying requirements and constraints on the mobile manipulator. The
Interactive Geometric Software (IGS) is used to carry out the preliminary synthesis.
The synthesis procedure highlights the utility of IGS in developing the conceptual
and dimensional design of the arm and assesses its performance to satisfy given
requirements and constraints. Redundancy is used to meet the desired requirements
while satisfying the constraints.
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1 Introduction

Mobile manipulators have gained an increasing popularity in automated industrial
environments with applications ranging from assembly of large scale parts, surface
processing, material handling, flexible manufacturing, etc [2]. Mobile base enables
movement of the robotic arm in the work environment which then performs the
required task. Thus, while synthesizing robotic arms for mobile manipulators;
mobility of the base needs to be considered in order to determine the exact posi-
tioning of the robotic arm for performing a given task.

Synthesis methods and optimization techniques [6, 10, 13] have been proposed
for dimensional synthesis of serial and parallel manipulators. The design process
generally starts with conceptual design that permits fast exploration of many
solutions and preliminarily assessment of their functionality. Geometry sketchers
and CAD tools are well known for performing such design activity. In [11], two
geometry sketchers and two CAD systems were compared. Interactive Geometric
Software (IGS) were found to be particularly efficient for fast, preliminary
dimensional synthesis of linkages. IGS are mostly used for educational purposes
[4, 8]. In [9, 12] common IGS used into different fields regarding synthesis were
compared. GeoGebra [7] was found better with regard to its interface and use for
design methodology. In [1] a new method for determination and optimization of the
workspace of parallel manipulators is presented. The proposed method is based on a
geometrical approach, and offers the possibility to generate automatically the
workspace in a CAD environment. By taking motivation from these works, this
paper presents a technique for the preliminary synthesis of arm architecture for a
mobile manipulator that will be used for the H2020-Bots2ReC project [3]. A broad
objective of this project is “introducing, testing and validating an operational
process for the automated removal of asbestos contamination at a real world
rehabilitation site using a robotic system”.

The emphasis while designing the entire operational process will be to optimize
the performance of the system by improving asbestos cleaning productivity while
ensuring a safe and stable operation. Cleaning productivity can be maximized using
one or several optimization functions such as—amount of asbestos cleaned per unit
time, surface area cleaned per unit time or total time required to clean a standard
rehabilitation site. Productivity is impacted by several factors such as: maximum
achievable displacement speed, trajectory planning of the robotic arm, motion
planning of the moving platform, task allocation and planning, etc.

In Sect. 2, requirements and constraints of the cleaning operation which serve as
an input to arm synthesis are identified. Section 3 presents the dimensional syn-
thesis of the arm using the IGS Geogebra. In Sect. 4, workspace of the synthesized
architecture is characterized. Section 5 concludes the dimensional synthesis pro-
cedure presented in this paper.
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2 Requirements and Constraints

Identifying requirements is the first necessary step while formalizing a design
problem. The challenge in satisfying these requirements is overcoming constraints
imposed by the interaction of the system with real world. This section identifies all
such requirements and constraints that will be taken into account for the synthesis
of the arm architecture and dimensions.

Performing asbestos removal while the mobile base is in motion is a critical task
as the control of the grinding becomes difficult. Hence, it was decided to first fix the
mobile base in a given pose with stabilizers and then to operate the arm from this
pose. In such scenario, as the stabilization of the mobile platform takes some time,
the robotic arm must be able to clean as much area as possible for the given pose of
the mobile platform. To achieve this, the workspace of the arm should be as large as
possible. Thus, productivity improvement is associated with the dimensional syn-
thesis of the arm architecture (Table 1).

Table 1 Requirements and constraints on the mobile manipulator expressed as design rules

Requirements and constraints Design rule

The end-effector must reach floor,
wall, ceiling (3 m high), skirting, etc
and still be capable to work

DR_Env
Types of surfaces to be cleaned;
The mobile manipulator has a minimal reach of 3 m
from the ground and is free of singular configurations,
even on the workspace boundary

Surfaces to be cleaned can be
horizontal, vertical, inclined, flat or
curved, etc.

DR_Surf
Shape of surfaces to be cleaned;
Required DoFs are:
3 translations and 2 rotations (disc tool) or 3 rotations
(cylindrical tool)

Safe and stable cleaning operation of
the mobile manipulator is required

DR_Stab
Static stability;
Lateral and longitudinal stability margins must be
satisfied throughout cleaning operation

The mobile manipulator should be
transported to cleaning sites through
elevators

1. DR_Mass
Mass of the mobile manipulator;
The overall mass of the mobile manipulator must be
lower than 300 kg
2. DR_Short arm;
Arm should be as short as possible

The mobile manipulator must pass
through doors of dimensions
(80 × 200 cm) and fit in an elevator
200 cm high

DR_Dim
Overall dimensions;
The mobile manipulator must provide a pose fitting in
a parallelepiped envelope of (80 × 60 × 190 cm)

The mobile manipulator should be
capable to clean corridors as narrow
as 70 cm

DR_Narrow_Corridors
The projected workspace on the walls of the corridors
should be as wide a s possible

Collision of links of the arm with the
mobile platform or environment
surfaces must be avoided

DR_Non_Collision
Collision avoidance;
Link lengths must be optimized for avoiding collisions

Dimensional Synthesis of a Robotic Arm for Mobile … 255



The choice of suitable arm kinematics for the arm must be made considering
DR_Surf and DR_Env. Two rotational DoFs of the end-effector can be assumed in
the wrist for orienting the tool while the three translational DoFs for reaching
desired position. For dimensional synthesis, wrist can be ignored which leaves us
with kinematics of 3 translational DoFs. Such kinematics can be realized as RPR or
RRR serial chain. The design team chose to focus on the first RRR solution and
other kinematics will be considered if the first one does not bring a solution.

3 Dimensional Synthesis of the Arm

For the synthesis, a skeleton modeling approach is used through which, links are
represented by lines and joints are reduced to points and/or motion axis [5, 11]. One
solution to satisfy simultaneously contradictory design rules {DR_Env}, that
requires a sufficient reach of the arm and {DR_Dim, DR_Non_Collision,
DR_Short_ARM}, that tend to limit link lengths, is the following design rule:
DR_Mid_Dist: locating the arm base at mid-distance between ground and 3 m high
ceiling and provide arm ream superior to 1.5 m.

The analysis can be restricted to 2D by fixing the base revolute joint which
reduces kinematics to RR. Moreover, DR_Narrow_Corridor is also critical and
likely to affect the link lengths. Thus, considering the most critical case, dimen-
sional synthesis is performed for cleaning inside narrow corridors. To summarize
the design problem, the important design parameters are identified as: reachability,
singularity avoidance, collision avoidance and continuous trajectory. For a con-
tinuous horizontal motion along X, the most critical pose is when the arm is in the
plane BYZ.

In Fig. 1, a narrow corridor is represented in a Geogebra model in cross-section
by the rectangle C1C2C3C4. The parametrizing capacity of Geogebra is used to
explore the design space and move the end-effector vertically along the wall.

x

z
Y 

Fig. 1 Arm-wall and arm—

platform collisions
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Point B represents the base of the arm and is adjusted at 150 cm height with the
Y_B slider, according to DR_Mid_Dist. By fixing the base B, circle (L1) that
characterizes the first link is (parameterized by slider BI1). For constructing the
second link, the end-effector point T is first fixed at a position on the wall repre-
sented by the Y-axis. Another circle (L2) that characterizes the length of second link
is parameterized by slider I1T. Two intersection points I1 and I2 are obtained that are
the two possible elbow points. Point I1 (elbow-up) configuration is chosen.

Figure 1 shows the issue of collision of the elbow joint with the wall as well as
Link 1 with the mobile platform while performing vertical trajectory. Figure 2
proposes an alternate design of the mobile platform to avoid arm-platform collision.
In this design, the red box indicating ancillaries is mounted behind the working
plane of the arm and hence does not interfere within the workspace. However,
arm-wall collisions can’t be avoided. Thus, DR_Non_collision is not satisfied. one
solution to satisfy the design rule DR_non_collision is to infer the new following
design rule: “DR_Link_1: for avoiding collision, the link length of the first link
must not exceed the distance between the base position, B and the front wall. Thus,
the input radius for circle L1 (which controls the link length L1) is given as the
X-coordinate of the point B. Hence any change in the position of B automatically
modifies link 1. Similarly, to avoid the collision of elbow with wall C2C3, a design
rule for second link can be obtained as: “DR_Link2: link 2 should be less that the
width of the corridor”.

However, for link lengths obtained by following these two rules, it is impossible
to reach both ceiling and ground points by keeping the base position fixed. Hence,
need of a vertical shift in the base point B is identified. This adds another joint i.e, a
prismatic joint in the base of the robot, hence making the architecture redundant.
Thus, redundancy is used to avoid the issue of collision in corridors. Figures 3 and 4
show that the DR_Env is satisfied. Maximum and minimum vertical displacement of
the point B is 180 cm and 100 cm respectively (Figs. 5 and 6).

z
Y 

Note: Ancillaries not in the 
plane of the arm 

x

Fig. 2 Arm-wall collisions
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Fig. 3 Collision avoidance
with wall C1C4

x

z
Y

Fig. 4 Collision avoidance
with wall C2C3

Fig. 5 Continuous wall
vertical trajectory
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4 Estimation of 3-D Workspace

The analysis carried out in Sect. 3 was limited to 2D where only one working plane
of the workspace was considered. In this section, a 3D workspace is evaluated using
Geogebra 3-D module. The interest of plotting the workspace is to evaluate the area
covered by it on the cleaning walls.

In Fig. 7, intersection of the 3D workspace with plane ceiling and ground is
presented. The size of the ground and ceiling workspace directly depend on the slider
stroke positioning; the ceiling workspace can be enlarged and the ground workspace
can be reduced if the slider stroke is positioned higher. A wider ground—workspace
for covering the ground all around the mobile base can be seen In Fig. 7. Similarly in
Fig. 8, intersections of the workspace with the front and the side wall are presented.
Zones not covered inside the workspace, mostly in the corners are highlighted with

Fig. 6 Continuous ceiling
trajectories

Uncovered ZoneFig. 7 Intersection of the
workspace with ground and
ceiling
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red circles showing that the workspace will not be completely reached by the arm
with the current configuration of the mobile platform. To access such areas, one
needs to relocate the platform. However, the designed arm is seen to cover most of
the cleaning area without collisions.

5 Conclusions

In this paper, an anthropomorphic arm structure is synthesized using inference of
design rules and 2D parametrized models in an Interactive Geometric Software
(IGS). The synthesis method is based on a loop of series of two stages:

1. Inference of design rules that determine geometrical properties represented in
simplified models.

2. The geometric model is simulated. If the design rule is seen to be violated (e.g.
collision, singularity …), a better restrictive design rule is inferred and the loop
continues.

The kinematics designed has a sufficient workspace and can perform a 3 m high
continuous trajectory while avoiding singularities. The width of the workspace is
constrained in the narrow corridor scenario: the most critical pose is when the arm
is located on the lateral plane (BYZ) passing through the arm base point. As the RR
arm architecture generates too many collisions a redundant PRR kinematics was
proposed. Adding redundancy to the originally considered architecture was proved
to generate a better compact design avoiding collisions and allowing singularity-
free continuous vertical trajectories.

Uncovered ZoneFig. 8 Intersection of the
workspace with side and front
wall
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This work proved the interest of combining design rule inference and skeleton
modelling using IGS in order to perform dimensional synthesis of an arm for
mobile manipulator. The design rules are helpful for converting requirements into
geometrical constraints. The IGS is powerful software for expressing design con-
straints in the Cartesian space and exploring the design space through
parametrization. The IGS permitted to extract new design rules that allow local
geometrical optimization of the mechanism in the design space.
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Design and Simulation of a Snake like
Robot

L. Ciurezu-Gherghe, N. Dumitru and C. Copilusi

Abstract This paper present a novel design and a kinematic analysis of a variable
neutral-line manipulator. Variable stiffness, as well as a high flexibility are the most
wanted characteristics for snake like robots. In the last few years in modern med-
icine, Minimally Invasive Surgery played an important role. In endoscopic surgery
or single-port surgery the main goals are: reducing the operative and post-operative
stresses for the patients, fast healing process, reducing the number of days of
hospitalization. The paper presents the design and some considerations of a snake
like robot unit, followed by preliminary simulation of the proposed model.

Keywords Snake like robot ⋅ Minimally surgery ⋅ Hyper redundant
manipulator

1 Introduction

Due to their many advantages, such as: flexibility, dexterity, miniaturization,
snake-like manipulators are increasingly used in medicine and especially in surgery.
Two major categories of manipulators are known in the literature: flexible
manipulators and hyper-redundant manipulators. Flexible manipulators are made
from sot materials [8, 10, 20], like trunk and tentacle like devices and they are
characterized by inherent passive compliance.

Hyper redundant manipulators are characterized by the fact that they contain
many rigid elements and joints. The actuation can be done with embeddedmotors [1],
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or with external actuators and transmission components such as flexible shafts or
tendons [7, 11].

Externally actuated manipulators achieve passive compliance as well as flexible
ones. These have a property that offers them the possibility of a human-robot
interaction, manipulation of fragile objects or multi-arm cooperation, in safe con-
ditions. The pose of the manipulators [10] and the material stiffness determine
manipulator’s compliance.

Thus, the minimization potential used by snake like manipulators received high
attention, because they can be successfully use in minimally invasive surgery
(MIS) and natural orifice translumenal endoscopic surgery (NOTES) [9, 14–17].
Due to their abilities, snake-like devices are well suited to enter into patient’s
abdominal cavity through a small entry point. Researchers wants for snake like
devices to achieve high stiffness for high payload operation and exact positioning,
and in the same time a low stiffness for safe movement without harming internal
organs [13, 16]. The snake like devices present many advantages, like fast healing,
minimal or no scarring and low trauma, therefore various stiffening mechanisms
have been developed. Solutions that use wire tension and friction between rigid
links [3, 7] must overcome an important problem: wire tension is very high, and the
links must be strong enough to endure high tension and they occupy a substantial
space. For that reason it is difficult to create a compact manipulator. The stiffening
force arises solely from the friction between the links.

One possible solution to overcome that drawback can be the use of
tunable-stiffness materials, thermally activated materials such as wax or solder
[5, 18], particle jamming technology using granular media [2, 6] or field-activated
materials like: magnetorheological or electrorheological fluids [4]. These solutions
have limitations.

Some researchers [12, 19] believe that those limitations can be overcome by
using variable neutral-line mechanism.

The paper consist on the following sections: first section represents some studies
regarding similar snake-like robots and peculiarities of these. On the Sect. 2 a CAD
model is designed.

Section 3 represents the kinematic analysis of the proposed solution. Finally,
some kinematic data were obtained and these are shown on the Sect. 4. The
research ends with final conclusions.

2 Snake–like Robot Cad Model

The CAD model was made in SOLIDWORKS 2014. Our solution proposal have a
new variable neutral-line mechanism as shown in Fig. 1. One of the main char-
acteristic of this solution consists in the fact that the stiffness can be changed
continuously, even while in motion. The snake like manipulator is composed of
rigid links actuated by tendons. By varying the tension of the tendons it is
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controlled the manipulator stiffness. By it’s dimensions and construction, the pro-
posed solution is suitable for surgical application such as MIS or NOTES.

In Fig. 2 is represented the snake-like robot segments, each segment have 10
disks (D), separated by a median disk (D.m) as it can be seen in Figs. 3, 4 and 5, a
fixed disk (D.f) and effector disk (D.ef). Disk’s contact surfaces are arranged at 120
degrees and each disk has 15 mm in diameter and 10 mm thickness. Total length
from the end effector to fixed disk is 176 mm. Each disk has a central hole through
which multiple surgical tools and instruments can be inserted. For achieving
stiffness and in the same time to be flexible enough the manipulator has the
deformable tendons and the disks are rigid links. Each segment is actuated by 3
tendons and for that we use 6 tendons, three for each (Fig. 6).

Fig. 1 Snake like unit CAD
model

Fig. 2 Snake like unit
segment identification

Fig. 3 Disk 1

Fig. 4 Disk 2
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3 The Kinematic and Dynamic Analysis for the Proposed
Solution

Dynamic analysis was made in ADAMS 2014 software with ADAMS-VIEW
module. We imported the snake like robot virtual model from SolidWorks to
ADAMS, with a help of an interface by creating a parasolid file. The imported model
is shown in Fig. 7, which will be used in kinematic simulations. In order to obtain
the center of mass markers, the proper materials were assigned on each component.
It was used steel for the disks and tendons. Figure 8 presents the 102 translational
joints defined between the disks and tendons. Contact between all the disks was
defined with the following input parameters: stiffness of 1.0E + 005 N/mm2; pen-
etration depth of 0.1 mm; damping factor 10; force exponent of 2.2. In Fig. 9 are
presented the two modes of actuation, with one actuator (M1) and after that with two

Fig. 5 Median disk

Fig. 6 Detailed view

Fig. 7 Snake like unit
imported model on MSC
Adams environment

Fig. 8 Joints definition of the
analyzed model
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actuators (M1 and M2), which were used for kinematic analysis. The following
notations were made: D.ef—end effector disk; D.m—median disk; D.f—fixed disk;
T1 to T6 actuating tendons in wich T1, T2, T3 are attached to the end effector disk
and T4, T5, T6 were attached to the fixed disk. The tendons T2 and T6 were pulled
by the actuators M1 and M2, and others were left free. Also, it is denoted by: D.ef1,
D.ef2, D.ef3 interest points on the end effector corresponding tendons T1, T2, T3; D.
m1 to D.m6 interest points on the median disk corresponding tendons T1 to T6; D.f1

to D.f6 interest points on the fixed disk corresponding tendons T1 to T6.
For kinematic analysis all deformable tendons were considered. In order to

achieve this, some markers were defined and translated in the proper position. In
Fig. 10 are presented some snapshots during the video sequence. Kinematic analysis
were done by depending on time which was 1 s and the step size was defined as 0.01.

Fig. 9 A 3D model of the proposed snake like unit manipulator with two modes for actuation

Fig. 10 Snake like unit snapshots during simulation
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4 Data Processing

The obtained results were represented by the displacement components of each
joint and also link. For us the most important results were characterized by dis-
placement components of the end effector and a flexible tendon, the one which was
pulled out. Processing and numerical simulation were performed for two dynamic
models: first dynamic model involves actuating flexible robot unit with 2 motors
(M1 and M2). In this case the deformed shape is a snake like form and the robot
workspace is more complex. In this case the oscillations occur in variation diagram
of displacement after x-axis of the cross-section plane, mainly when the segment A
is deformed. Diagrams were determined from variation depending on time for the
center of mass of the end effector (Figs. 11, 12 and 13).

Fig. 11 Variation diagram of displacement on X-axis

Fig. 12 Variation diagram of displacement on Y-axis
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Second dynamic model involves a single drive motor (M1) and the free tendons
are tensioned by springs. In this case it results a deformed shape of flexible robot
unit which can be independently controlled in each of the three planes. We also
determined depending on time variation diagram of the end effector center of mass.

The oscillations that occur in the diagram of Fig. 14 (x-axis) were explained by
the fact that the robotic system has two sections of different stiffness (Figs. 15, 16
and 17).

Fig. 13 Variation diagram of displacement on Z-axis

Fig. 14 Variation diagram of displacement on X-axis
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Fig. 15 Variation diagram of displacement on Y-axis

Fig. 16 Variation diagram of displacement on Z-axis

Fig. 17 Motor joint force variation diagram
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5 Conclusions

Through this research a new model of a snake like unit manipulator is proposed and
simulated. The obtained results demonstrate the feasibility study of a new proto-
type. It can be observed the numerical values of the current results that can certify
the use of this prototype on medical domains such as laparoscopy and some surgical
intervention with minim invasive characterization. Modeling and numerical simu-
lation of the proposed model was based on overlapping movement of the rigid solid
with the deformable solid. The process consists from two stages: modal analysis
stage which were determined natural frequencies and vibration modes and
respectively dynamic analysis stage. The built model enables laws identification
over time variation of the kinematic and dynamic parameters of the rigid or
deformable solid movement. CAD model parameterization enables new construc-
tive variants which are easy to adapt to the wanted purpose. Modeling and
numerical simulation in dynamic conditions enable the identification of the laws of
variation over time of the motor joint forces necessary for controlling motor drive
system.

The current results can serve for choosing and dimensioning the actuation
system of the proposed snake like unit manipulator.
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Single DOF Leg Mechanisms Analysis
Using GIM Software

F. Pop, C. Pop, E.-C. Lovasz, S. M. Grigorescu and I. Cărăbaş

Abstract For developing better walking machines researchers are studying different
types of leg configuration. Among the variety of leg configurations designed and
tested around the world there are few simple and single DOF leg mechanisms that
offer a good and economical solution for artificial locomotion. These configurations
were already successfully implemented in the structure of various walking proto-
types. Choosing the best leg configuration for building a walking robot to ensure
stability and certain step characteristics during motion, it can be done by analysing
the kinematic characteristics and the path curve shape described by the end point.
For this reason, three single DOF leg mechanisms configurations are chosen for
being analysed and compared in terms of kinematic properties. Specialized mech-
anism simulation software was used.

Keywords Leg mechanism ⋅ Kinematic analysis ⋅ Path curve
Simulation
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1 Introduction

Legged locomotion represents a large subject of research in the last period. Many
leg mechanisms configurations are analyzed and implemented in the structure of
different walking machines. Implementing this type of legged locomotion on robots
in order to achieve a better displacement on uneven terrains and hostile environ-
ments represents the main advantage when compared to wheel locomotion. The
efficiency of these machines is measured and analyzed within different software
computer environments and laboratory experiments [9, 11].

Various studies, of several biological leg configurations, regarding locomotion
type and walking gaits are used to design and analyze bio-inspired leg mechanisms
[3, 4]. It has been observed that some mechanisms can be used for plantigrade type
of locomotion and others for digitigrade locomotion [2]. There are also a series of
single DOFs leg mechanism configurations that reproduce path curves similar to an
animal, an insect or a human. Due to this fact it can be utilized for designing
walking machines. There are a series of crank based leg mechanisms such as the
pantograph, Chebyshev, Klann and Jansen mechanism. These configurations were
implemented in the structure of a variety of walking prototypes and tested in
different environments.

A complete and relevant MBD analysis for Chebyshev, Klann and Jansen leg
mechanism configurations is presented in [8]. By comparing these relatively simple
leg configurations with more complex one that possess more DOF, the advantage of
the first category consist in the simple design, reduced DOFs that conducts to
simple control and low power consumption.

The aim of this paper consists in the analysis and comparison of three types of
crank-based leg mechanisms for developing economical walking machines with
better gait locomotion. The mechanisms chosen are Chebyshev lambda-mechanism,
Klann and Jansen mechanism. The main criteria for comparison are related to the
kinematic properties such as velocity, acceleration and curvature of the end point of
leg mechanisms. GIM computer simulation software was used for extracting the
results based on the 2D models of the leg mechanisms investigated. This is an open
source program that permits to quickly design and perform kinematic analysis for
various forms of planar and spatial mechanisms.

2 Curvature Analysis. General Approach

For studying the gait pattern of a walking robot, researchers came with different
methods regarding path tracking [15]. From tracking the path curve described by
robotic legs, conclusions related to the stability and velocity changes during
walking are pointed out.

Another specific method for analyzing a path curve described by a leg mecha-
nism consist in determining of few kinematic parameters with help of a specialized
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mechanism simulation software. The investigated parameters in this situation are
velocity, acceleration and curvature for the end point of leg mechanism. This
approach is useful for choosing the best leg mechanism solution before designing a
walking robot structure.

Path curvature interpretation can offer information about the rate of speed
direction change of the end point during a complete locomotion cycle. In this way,
the stance and swing phases of the leg gait can be studied on specific portions of the
path. In addition, the initial and final point, that define the stride length during the
support phase can be determined.

General properties of the curvature and radius of curvature for planar curves can
be found in [10]. A short theoretical approach of the curvature along a path curve
y = f(x) described by a point expressed in Cartesian coordinates x and y is presented
in Fig. 1.

The curvature K can be expressed as the rate of change in the direction of the
tangent line at that point with respect to arc length ds [6]. The radius r of the
curvature is defined as the radius of the osculating circle:

r=
ð1+ ðdydxÞ2Þ3 ̸2

d2y
dx2

�
�
�

�
�
�

ð1Þ

where:

ds= r ⋅ dθ , n= dy
dx , r= 1

Kj j ð2Þ

For an easier interpretation, the path curve can be normalized, and the x and
y coordinates can be given parametrically by x = x(t) and y = y(t).

Fig. 1 The characteristics of the curvature along a path described by a point
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3 Single DOF Leg Mechanisms GIM Analysis

The 2D models and path curves described by single DOF crank-based leg mech-
anisms are analyzed in this paragraph with help of GIM software [14].

Using this software, the results of the mathematical model computation for the
kinematics, dynamics and synthesis of the mechanism can be easy verified. Another
advantage that this software consists is the friendly user interface with possibility to
simulate the path curve of the elements, to obtain numerical values and graphical
results for any point or element analyzed.

3.1 Chebyshev Lambda-Mechanism

Chebyshev type of mechanism was studied and implemented for developing
walking machines that reproduce a plantigrade locomotion style [1, 13]. A 2D
model realized in GIM of Chebyshev lambda-mechanism is presented in Fig. 2.

In case of Chebyshev lambda-mechanism the input motion is a full crank
rotation, while the output is an approximately straight-line motion. The mechanism
consists of a four-bar mechanism A0ABB0 with an extended coupler AM.

For designing a walking machine based on this type of mechanism it is important
to analyze the path curve described by the end point M during a complete motion.
The simple linkage structure with a single DOF can generate a path curve similar to
the one presented in left side of Fig. 2. The curvature of the path is shown in the
right.

Fig. 2 A 2D model of Chebyshev lambda-mechanism and point M path curvature
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Fig. 3 Graphical results for point M kinematic parameters (a velocity, b acceleration module,
c curvature center)

Fig. 4 A 2D variant of Klann leg mechanism and point M path curvature
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The end point M Cartesian coordinates can be expressed as in Eq. (3):

xM = l1 cosφ+ ðl2 + l
0
2Þ cosðβÞ

yM = l1 sinφ+ ðl2 + l
0
2Þ sinðβÞ

ð3Þ

By taking the derivates of the position Eq. (3), velocity and acceleration of M
point can be computed.

The dimensions used for modeling the Chebyshev lambda-mechanism are pre-
sented in [13].

The kinematic analysis run through GIM software permitted to obtain the
kinematic parameters presented in Fig. 3 recorded versus time during a complete
motion cycle.

Fig. 5 Kinematic analysis results of end point M (a velocity, b acceleration module, c curvature
center)
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3.2 Klann Mechanism

Another crank-based leg mechanism developed by Klann [7], for mimic spider
locomotion is analyzed in an analogue manner as the previous one. The 2D model
of the leg mechanism along with the path curve and its curvature are presented in
Fig. 4. The results for kinematic analysis from GIM environment, regarding the
velocity, acceleration and center point curvature modules of the end point M versus
time are shown in Fig. 5.

3.3 Jansen Mechanism

The twelve-bar crank-based leg mechanism developed by Theo Jansen [5] is also
analyzed. It has been observed that this type of leg mechanism mimics an animal
locomotion. The 2D model of the leg mechanism and the path curvature are pre-
sented in Fig. 6. All link lengths used for this model can be found in [5].
A mathematical model for the kinematic analysis of Jansen leg mechanism
including the position equation of M point can be found in [12].

Results from kinematic analysis of this leg configuration performed in GIM are
presented in Fig. 7.

Fig. 6 A 2D model of Jansen leg mechanism and point M path curvature
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4 Conclusions

From the comparative analysis for the kinematic parameters of the three leg
mechanism configurations it can be observed the way velocity, acceleration and
curvature center varies along with the path. The software permits to visualize the
exact values of the curvature radius in all the set of points that correspond to the
termination of the leg. All the three leg mechanism configurations were simulated
as being actuated by the same revolute motor with a certain speed ratio.

The walking behavior of the leg can be interpreted by identifying the portions of
the path that correspond to the stride length and to verify the rate of speed change
when the leg changes phases between stance and swing. The results can be used
further for path synthesis and optimization.

Fig. 7 Kinematic analysis results of end point M (a velocity, b acceleration module, c curvature
center)
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By examining the point of curvature center module variation during time it can
be observed, for example, in case of Chebyshev lambda-mechanism sudden vari-
ations of curvature radius appear along the support phase in the portions of the path
curve between marked points on Fig. 2.

Analogue, in case of Klann mechanism sudden changes of curvature radius
appear during the descending portion between P1-P2 points and P3-P4 placed along
the path curve marked on Fig. 4

In case of Jansen linkage, the peak values of center of curvature variation appear
during the support phase. This means the path curve isn’t exactly linear at the
bottom in the portion of P1-P2 and P3-P4 segments marked on Fig. 6. This will
conduct probably to a stability issue during walking on flat terrain.

As final remarks regarding the support phase of the path curve during walking,
Klann mechanism appear to have no curvature variations, while Jansen and Che-
byshev have. The largest support path during walking is offered by Chebyshev
linkage followed by Jansen. As for step height Klann linkage is more suitable.

For a better understanding of the behavior of the three leg mechanisms, related to
the stability and support during walking, a comparison between three walking
robots based upon these configurations need to be further analyzed.

Chebyshev type of leg mechanism represents the simplest solution for designing
a walking robot while the most complex is Jansen mechanism.

Acknowledgements The authors wish to acknowledge Alfonso Hernández, CompMech,
Department of Mechanical Engineering, UPVEHU for the permission to use the GIM® software.
(www.ehu.es/compmech).
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Design and Simulation of a Novel
Hybrid Leg Mechanism for Walking
Machines

M. Demirel, G. Carbone, M. Ceccarelli and G. Kiper

Abstract This paper introduces a novel hybrid structure design that is composed of
rigid links and cables for a robotic leg with static walking. The proposed mecha-
nism is characterized by actuated hip joints, passive knee joints and an actuated
prismatic foot joint. The foot is the moving platform of the proposed mechanism
which possesses pure translational motion due to the passive parallelograms with
cables. Kinematic analysis has been worked out for evaluating a typical human-like
gait trajectory. A 3-D model has been developed and simulation are made in
SolidWorks® environment. Simulation results show that the proposed mechanism is
able to perform an ovoid walking cycle of a foot point and the computed actuator
torques and forces are in a feasible range for a low-cost and easy-operation design.
The simulation results will be used for a prototype construction in a future work.
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1 Introduction

Walking machines are of special interest to researchers since the beginning of the
technology of transportation machinery due to their better obstacle avoidance
capability than wheeled systems [1, 2]. Most of the existing biped robots are based
on serial kinematic architectures with 6-degrees of freedom (dof) legs, such as [3–5,
8, 11]. There are some other walking machines with linkage mechanisms [1, 2]. If
human anatomy is considered, human leg movement can be described as parallel
manipulator because of the muscular system of a leg [6]. Parallel manipulators have
good performance in terms of accuracy, rigidity and payload to weight ratio [7].
However, their workspaces are more limited than serial manipulators. Walking
machines with parallel manipulators have successful examples, such as [9, 10].

New leg architectures with less than 6-dof are suggested in [6] which are
composed of rigid links and cables (hybrid structures). It is shown that a human leg
6-dof is required for rough terrain adaptability. Less than 6-dof parallel manipu-
lators can be used as leg design for flat surface applications, since orientation dofs
are not required for these applications. Even turning requirement of leg can be
solved by waist rotation [1]. Walking machines with reduced numbers of dof leg
architectures still need to be investigated with new solutions.

In this paper, a novel hybrid structure leg design with 3 translational dofs is
proposed. Kinematic analysis of the proposed architecture has been worked out for
evaluating a typical human-like gait trajectory. Kinematic simulation of a
three-dimensional (3-D) model has been computed in Solidworks® environment
with the aim to evaluate the operation performances of proposed hybrid leg
mechanism for walking machines.

2 Configuration and a CAD Model

Kinematic architecture of the proposed leg mechanism is (UU-(4-SS))-P as shown
in Fig. 1 where underlined joints U and S represent fixed joints. This mechanism
consists of a fixed base (hip), a middle platform (knee), a moving platform (foot),
two rigid links (thigh and shank) and four passive cables. The thigh connects the
hip to the knee by two universal joints (U-Joint) at each end. The shank connects
the knee to the foot by a prismatic joint (P-joint). Each passive cable is equivalent to
a rigid link and it has spherical joints (S-joint) at each end. UU link provides a
rotational and a translational constraint to the knee. Two cables make a parallelo-
gram loop which also provide one rotational constraint to the knee. Hence, com-
bination of UU link and two parallelogram loops ensures to constrained the
orientation of the foot. That is, the foot has pure translational motion. U joint on the
hip (rotary actuators A and B, see Fig. 2a) and prismatic joint (linear actuator)
between the knee and the foot are actuated.
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A 3-D model of the proposed leg mechanism is designed in SolidWorks®

environment as shown in Fig. 2a. The main specifications of the proposed mech-
anism are listed in Table 1. Dimension parameters are indicated and listed in
Fig. 2b, Fig. 2c and Table 2, respectively. The distance between the actuated
U-joint centers and anchor points of cables (A1H, A2K, etc.) are called as dUH, dUK
and they should be equal to each other so that the cable lengths are kept constant
and the platform possesses pure translational motion. Eight cables are used in the

Fig. 1 Kinematic architecture of the proposed mechanism; a a scheme, b schemes of the used
constraints

Fig. 2 Proposed leg mechanism; a CAD model, b dimension parameters of the CAD model from
sagittal view (xz plane) c front view (yz plane)
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CAD model instead of four due to the kinematic constraint requirements of the
CAD program. Mass values of cables are almost negligible, and therefore addition
of four cables does not contribute as additional mass in the simulation. Since cables
are passive, they can be installed to the platforms without pulleys. Cables are
modeled as cylindrical links by assuming they are always in tension. Angular
displacements of the rotary actuators A and B are denoted as θ1 and θ2, where
displacement of linear actuator is L2. L2 can be expressed in Eq. (1) as the sum of
initial length (l2) and stroke (s),

L2 = l2 + s ð1Þ

Mass centers of each platform are set in geometric center of the platforms. Mass
values of each component are listed in Table 3, as hip platform (mH), knee platform
(mK), foot (mF), universal joint (mU), thigh (mL1), rotary actuators (mA), linear
actuator (mL). The torques of rotary actuator are denoted as τ1 and τ2, where the
force of linear actuator is FL. Feasibility of the proposed design is ensured by
selecting light-weight materials for the platforms (like ABS) and commercial
products (U-joint, linear actuator and rotary actuators). These components are
modelled properly in a 3-D model for static walking simulation.

3 Simulation Model and Results

The aim of this paper is to confirm feasibility of the proposed hybrid leg architecture
for walking machine. Therefore, a kinematic analysis of a human-like walking
trajectory is carried out through for the simulation. This trajectory is an ovoid curve
as shown in Fig. 3a and it is composed of two phases called as swinging and
supporting phases. The straight-line segment represents the supporting phase where
the curved segment represents the swinging phase. Two length parameters are
enough to describe step cycle as step length (SL) and step height (SH). Walking gait

Table 1 Main specifications of the proposed mechanism in Fig. 2

DOF Weight (kg) Dimension (mm) Step size (mm) Step cycle (s)

3 0.75 150 × 130 × 351 200 × 50 1

Table 2 Dimension parameters (in mm) and mass values (in grams) of the model in Fig. 2

l w h l1 l2 du cl H

150 130 10 140 211 11 140 351

Table 3 Mass values (in
grams) of the CAD model

mH mK mF mU mL1 mA

95 195 195 12 74 80
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of foot point H is defined as A-B-C-D-A for 1 s step cycle. Displacement of foot
point is shown in Fig. 3b a for walking cycle SL = 200 mm and SH = 50 mm. Static
walking simulation requires only motions of the rotary actuator A (θ1) and the linear
actuator (s). Rotary actuator B has no motion (θ2 = 0) in the planned trajectory. θ1
and s values are calculated by using inverse kinematics equations through Eqs. (2)
and (3) according to the position of the foot point H in reference frame (O, x, y, z).

θ1 = arcsinðxP
l1
Þ ð2Þ

s= zP − l1 ⋅ cosðθ1Þ− l2 ð3Þ

For a walking cycle of three steps in 3 s, input position data of rotary actuator A
and linear actuator are shown in Fig. 4. In particular, it is found, Δθ1 = ±42° and
Δs = 0–72 mm. Simulation of three steps is performed in SolidWorks® environ-
ment by using “Motion Analysis” toolbox. This toolbox uses MSC Adams® solver.
Snapshots of the first step cycle for points A (t = 0 s)—B (t = 0.33 s)—C
(t = 0.5 s)—D (t = 0.66 s)—A (t = 1 s) are shown in Fig. 5 from sagittal view.

Computed τ1 and FL values of the simulation are shown in Fig. 6. Maximum
torque and force values of actuators are required at the step phase changes, point B

Fig. 3 Walking cycle; a ovoid curve cycle for SH = 50, SL = 200 mm, b displacement of foot
point H

Fig. 4 Input angular displacement of rotary actuator A (θ1 vs. time) and input displacement of the
linear actuator (s vs. time)
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and D: τ1max = 0.271 N mm and FLmax = 2.6 N. Computed joint reaction forces of
hip joints A, B and knee joint U1 in x-, y- and z-directions are shown in Fig. 7.
Some numerical errors can be seen in Fig. 7a for FAZ and FBZ. Maximum joint
reaction forces are about 6 N in all revolute joints. Since total weight of the
mechanism is about 7.5 N, the computed reaction forces are reasonable. Note that
reaction forces are computed without friction.

As mentioned before, mass centers of the platforms are chosen as the geometric
centers of the platforms. Acceleration values of these points in x- and z-directions
are shown in Fig. 8. Maximum speed and acceleration values of center of masses of
the knee and the foot are computed as VKX = 611 mm/s, VKZ = 305 mm/s,
aKX = 6669 mm/s2, aKZ = 0.2 mm/s2 and VFX = 611 mm/s, VFZ = 204 mm/s,
aFX = 6669 mm/s2, aFZ = 2044 mm/s2. Since there is only translational motion in
z-direction between the knee and the foot platforms, aKX and aFX values are equal
during the simulation. Maximum values are occurring in step phase changes (point
B and D) again. These sudden changes are due to inertial effects of the mechanism.

Fig. 5 Snapshots of the simulated motion in xz-plane

Fig. 6 Computed actuation torque of rotary actuator A (τ1) and force of linear actuator (Fl)
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Fig. 7 Computed reaction forces of the joints; a hip joint A FAX, FAZ b hip joint B FBY, FBZ
c knee joint U1 FU1X, FU1Z

Fig. 8 Computed center of mass accelerations in OX and OZ direction; a the knee point, b the
foot point
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4 Conclusions

In this paper, a novel hybrid leg mechanism is presented for walking machines.
Kinematic analysis of the proposed leg mechanism has been worked out to char-
acterize the operation performance. Static walking simulation is computed in
Solidworks® environment and simulation results show that the proposed leg
mechanism is able to accomplish a human-like foot step trajectory. Computed
torque and force values of the actuators and reaction forces ensure feasibility of the
proposed design for a low-cost design. The simulation results will be used for a
prototype construction in future work.

Acknowledgements Part of this work was developed during an Erasmus visit of the first author at
LARM: Laboratory of Robotics and Mechatronics, Cassino University, Italy in 2017.
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Modular Reconfigurable Robots

M. O. Tătar and C. I. Cirebea

Abstract In this paper, the authors present hexagonal and parallelepipedic mod-
ules used for reconfigurable mobile robots. These modules are equipped with types
of wheels like the classic and omnidirectional type. By combining these modules
the authors achieve multiple types of constructive solutions of wheeled mobile
robots. By equipping the hexagonal modules with legs the authors propose new
development direction in this domain.

Keywords Robots ⋅ Reconfigurable ⋅ Modular ⋅ Hexagonal
Parallelepipedic

1 Introduction

The modular robots are composed of modules that can be disconnected and
reconnected in different types of arrangements to form new robot which allows new
functionalities [7].

Modular robots can be consisting of:

• the same kind of modules, homogeneous modules (unimodular robots);
• two different modules, the modules being heterogeneous (bimodular robots);
• several different modules (multimodular robots).

In the case of heterogeneous modules, they can be active (actuated) or passive
(without actuation). Modular robots can be manually reconfigured or
auto-reconfigured if the modules are able to connect and disconnect without human
intervention.
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These modular robots are of interest because they allow the construction of a
wide range of specialized robots, from a set of standard components.

The feature of these modular robots is versatility, robustness and low cost.
Through the achievements presented in this paper, the authors make contribu-

tions in the field of these modular reconfigurable robots.
Compared with the robots presented in the literature [3, 4, 8, 9, 12] the ones

proposed by the authors have a simple structure, and they are easy to manufacture.
The use of these robots may be in education and research.

Further, the work is structured as follows: the second section presents the
hexagonal prism modules and the parallelepiped modules, and in the third section
the robots made with these modules are presented. Details on the proposed robot
control, conclusions and directions of development are presented in sections four
and five of the paper.

2 The Developed Modules

2.1 Prism Hexagonal Modules

The developed module used for making the mobile robots proposed by the authors
and presented below are prism hexagonal modules with a 49 mm side and a
45.5 mm height. These modules are made of PMMA and are equipped with wheels.

The synthetic presentation of these modules is made in Fig. 1, thus [1, 2]:

• the passive module for the command,
• passive module with castor wheel,
• active module (motor) with a classic wheel,
• active module (motor) with Swedish wheel, with the rolls at 0 and 45°.

By interconnecting the active and passive modules, a series of modular,
re-configurable modular robots with wheels can be obtained. Reconfiguration, in
this case, is done manually. Figure 1 shows the types of modules proposed by the
authors.

The module structure is as follows:

The central module (Fig. 1a): is the module used for commanding robots, it has an
electronic circuit component and on the side faces a connection system. The con-
nection system consists of a permanent magnet [13] and a DB9 connector for
transmitting data to the modules with which it is to be connected.

The passive module with unpowered castor wheel (Fig. 1b): it also has a prismatic
shape with a hexagonal base having a side connection system. It has been designed
to be used with differential drive robots.
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The active module with a standard wheel (Fig. 1c) is composed of a DC motor with
reducer (reduction ratio 19: 1) and the encoder. The wheel attached to the module
has a 65 mm radius. The module is provided on a side face with a connection
system.

Active modules with omnidirectional wheels (Fig. 1d–f) also have a DC motor with
reducer (19: 1 reduction ratio), encoder and a connection system.

The wheels used in these modules are:

• Universal wheel 1 (γ = 0°) with a radius of 60 mm having six rollers on each
side (Fig. 1d).

• Universal wheel 2 (γ = 0°) with 55 mm radius consisting of 30 rollers and an
aluminum hub. The rolls are perpendicular to the wheel rotation axis and are
made of rubber having a diameter of 12 mm and a width of 5 mm (Fig. 1e).

• The Mecanum wheel (γ = 45°) consists of a circular aluminum hub surrounded
by 12 rolls. The rolls each have a diameter of 18 mm in the center and 14 mm at
each end and are made of aluminum. The roll radius is 320 mm. The designed
wheel has a radius Rw = 100 mm and a width of 35 mm (Fig. 1f) [5].

Fig. 1 Proposed types of modules a central module b module with unpowered castor wheel
c module with motorized standard wheel d, e module with motorized Swedish wheel γ = 0°
f module with motorized Swedish wheel γ = 45° (where γ: the angle between the roller axle and
the main axis of the wheel)
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2.2 The Parallelepipedic Module

The parallelepiped module has a height of 15 mm and the lower base a square with
38 mm side. The module is attached to a rotary actuated joint that has the rotation
axis intersecting the point of contact between the wheel and the ground.

Inside the module is a DC motor with gearbox and conical gears with straight
teeth (teeth). The module is fitted with a standard 76 mm diameter wheel. The 3D
model, the structural diagram of the module and a photograph are presented in
Fig. 2 [6].

3 Modular Robots

3.1 Modular Robots with Hexagonal Modules

By interconnecting the active and passive modules, a series of modular wheel
robots can be obtained as presented in Fig. 3.

Among these robots we mention [1, 2]:

• a mobile robot with differential drive,
• a mobile robot with classic wheels,
• a mobile robot with four Swedish wheels,
• a mobile robot with three Swedish wheels,
• a mobile robot with four Mecanum wheels,
• a mobile robot with combined locomotion system (classic wheels and omnidi-

rectional wheels).

Fig. 2 The parallelepiped module with the classic wheel a, b 3D model c structural diagram
d functional module
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Figure 3 shows the prototypes (Fig. 3a–c) and the 3D models obtained using
these hexagonal modules (Fig. 3d–f).

The robot presented in Fig. 3a, is a differential driven robot that has a central
control module and two modules with castor wheels and two active modules with
classic wheels. Similarly, using the central module and corresponding wheel
modules as the basis for construction, the other robots shown in Fig. 3e, f are
obtained.

3.2 Synchronous Modular Robot

By using four modules as shown in Fig. 2, the synchronous robot presented in
Fig. 4 was obtained [6].

As can be seen in Fig. 4, four servomotors have to be synchronized for the
orientation of the wheels, and four other motors must be synchronized with the
movement of the robot.

The four servomotors are arranged on a hexagonal platform located at the top of
a robot. This platform is made of PMMA with hexagonal side of 12.5 mm.

The electronic boards required for robot control are also disposed on this
platform.

The robot’s wheels have a diameter of 76 mm, the robot height is 22 mm, and
the mass of the robot is 1698 g.

Fig. 3 a–c Manufactured prototypes and d–f other 3D models obtained with the hexagonal
modules
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3.3 Robots with Combined Modules

By combining the two modules described above, the modular unit shown in Fig. 5
can be obtained.

Robots that can be achieved by combining these two modules are presented
below. Thus, Fig. 6a shows a three wheeled modular robot and Fig. 6b a four
wheeled modular robot. In both situations, a hexagonal passive hexagonal com-
mand module is used in the center.

Fig. 4 Synchronous four-wheeled robot

Fig. 5 Modular unit obtained by combining hexagonal and parallelepiped modules
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4 Robots Control

The robots with hexagon modules are controlled using a custom designed electronic
boards consisting of an ATMEL microcontroller and auxiliary components.

The electronic circuit of the passive central module as well as of the active and
passive modules was designed to allow the implementation of an SPI or I2C
communication protocol. By doing this, the user is not restricted, having the pos-
sibility of choosing the protocol of communication.

The microcontroller inside the passive module is master and deals with the
identification of the attached modules and their command as well as the input data
received from the user. The microcontroller inside the active module handles data
processing from the central module, reads and decodes the quadrature encoder, and
generates a PWM signal to control the DC motor [1].

For testing of the prototype synchro-drive, the robot (Fig. 4) was equipped with
two microcontroller boards like Cerebot II [10] and SSC-32 [11], where the Cerebot
is the master and commands the angle of the four servo motors through serial
communication with the slave board SSC-32 (used for servomotors control).
Cerebot board is also used to generates a PWM signals to command the H-bridge
modules, PmodHB5 [10], for the four DC motors and read the encoders for the
control loop [6, 10].

5 Conclusions

Integrating suitable modular components can easily achieve various particular
solutions of reconfigurable robots. In this area of omnidirectional robots, the
authors consider that an important direction of research is the development of

Fig. 6 Modular robots obtained by combining hexagonal and parallelepipedic modules
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reconfigurable modular robots. The proposed modular robots include the following
modules: a passive command module, a passive module with castor wheel, classic
wheel active module, a Swedish wheel active modules—with the arrangement of
the rollers at 0° and 45°. By interconnecting said modules, a series of modular
reconfigurable mobile robots can be obtained.

5.1 Directions for Future Development

Development of modules with legs is a line of research that is envisaged by the
authors. In this respect, the authors propose CAD models of reconfigurable modular
robots with hexagonal modules as shown in Fig. 7. The leg attached to the
hexagonal module (Fig. 7a) has 2 DOF, and the robots obtained are with 4 and 6 ft.

There will also be developed modules in which the leg will have 3 DOF or a
hybrid type. Another research objective is the development of hybrid robots that
combine legs and wheels, and it is also a necessity to equip the robots with sensors.
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Velocity Variation Analysis
of an Autonomous Vehicle in Narrow
Environment

T. M. Girbacia and G. L. Mogan

Abstract In this paper is presented an analysis on velocity variation for an
autonomous vehicle that is navigating in narrow environment and following a
predefined path. The autonomous vehicle is based on an Ackermann steering model
that can be simplified to a bicycle dynamic model. For safety navigation along the
path the vehicle must taking into account the cinematic and dynamic considerations
to avoid lateral slipping and rolling off. In a virtual environment, created with the
use of the Virtual Robot Experimentation Platform, was simulated the way in which
the Ackermann steering vehicle followed two predefined paths for which the turns
have been smoothed by using clothoids as additional curves. The first path con-
sisted in a linear segment, a turn and another linear segment, while the second path
consisted in a turn and linear segment. The variation of the velocity was analysed
for both scenarios taking into account that in the first one the vehicle accelerates on
a straight line, while in the second one it accelerates while steering.

Keywords Autonomous vehicles ⋅ Ackermann steering ⋅ Path planning
Narrow environment

1 Introduction

Determining optimal trajectories for autonomous vehicles is a recent and of
high-interest research area and requires both the establishment of an optimal path
and the speed with which it has to be followed by the vehicle. Narrow spaces are
most often encountered in industrial environments where navigation can become
difficult and require a large number of turning maneuvers.
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In order to obtain an autonomous vehicle, the main problems that need to be
solved regard the path planning, its localization and trajectory following. The path
planning solution must take into account the type of environment in which the
vehicle navigates and the obstacle placed in it and also constraints imposed by the
vehicle [13]. In order to ensure the safety while avoiding obstacles at a low speed a
barrier function controller can be implemented [4].

The speed with which the autonomous vehicle is navigating can be determined
with a system based on stereo vision concepts using images provided even by a
single camera [8]. To control a vehicle with a bicycle dynamic model the longi-
tudinal, lateral and orientation errors are rectified by adjusting the steering angle
and the velocity using different methods such as a non-linear approach or a sliding
mode approach [1]. A non-linear approach is the model predictive controller which
controls the vehicle velocity and steering simultaneously, based on genetic algo-
rithms [5].

Many steering systems for autonomous vehicles have been analyzed to solve the
trajectory tracking problem, but the Ackermann steering vehicle presents many
advantages such as avoiding front tire slippage and achieving pure rolling [2, 7].
Compared to the deferential platform, the Ackermann vehicle cannot turn without
forward or backward motion and it has a limited radius of curvature [12].

The article is structured as follows: in Sect. 2 are presented the characteristics of
an Ackermann steering vehicle, especially the restrictions regarding the steering
speed, in Sect. 3 is presented the virtual environment in which the Ackermann
steering vehicle is following a planned trajectory and in Sect. 4 is presented an
analysis of velocity variation for two case scenarios in which the vehicle accelerates
on a straight line or while steering.

2 Ackermann Steering Constrains

The Ackermann vehicle is frequently composed of four wheels and two axels, but
its kinematic model can be simplified to a bicycle model. The variables on which
this model depends are the longitudinal velocity, v(t), and, ϕðtÞ∈ ð− π

2 ,
π
2Þ which

represents the steering angle of the vehicle [9]. These variables determine the way
in which the vehicle follows an imposed trajectory, as shown in Fig. 1. The vehicle
system is nonholonomic by the restrictions related to the axial movements of the
wheels that model this kinematic constraint for the rear axle wheels with the fol-
lowing form:

x ̇ cosϕ− y ̇ sinϕ=0 ð1Þ

From the dynamic point of view, the pattern of vehicle movement on the
imposed path must meet engine capacity restrictions, like the maximum speed and
acceleration, the friction constrains at the wheel level and the vehicle stability when
turning. Also, the safety measures must be taken into account when the vehicle is
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used for person transportation. Maintaining reduced transverse forces to avoid
transverse sliding or overturning involves limiting the centripetal acceleration
which in turn is dependent on the travelling speed and the radius of curvature of the
path.

When an Ackermann steering vehicle is navigating on a curvilinear trajectory
with a constant speed v(t) in the transverse plane, the following forces act on it:

• Centrifugal force:

Fcf =
m v2t
r

ð2Þ

• Gravitational force:

G=mg ð3Þ

• Frictional force:

Ff = μm g ð4Þ

In these relationships, m is the mass of the vehicle, g the gravitational accel-
eration and μ the coefficient of friction between the wheel and the road. For the safe
movement of the Ackermann vehicle on the road it is necessary to maintain the
balance by simultaneously obeying the lateral no slipping restriction:

Ff >Fcf ð5Þ

Fig. 1 Kinematic model of
an Ackermann steering
vehicle
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and the no rolling off restriction:

G
D
2
>Fcf H ð6Þ

where D is the distance between the wheels, and H is the distance from the center of
the Ackermann steering vehicle to the tread.

These restrictions, taking into account the equations presented above, are syn-
thesized in the general no slipping and n no rolling off on-spill restriction in the
following form:

vt <minð ffiffiffiffiffiffiffiffiffi

μ r g
p

,

ffiffiffiffiffiffiffiffiffiffiffiffiffi

D
2H

r g

r

Þ ð7Þ

In addition to the above mentioned restrictions, the movement of the Ackermann
vehicles must also comply to the restrictions resulting from cinematic and dynamic
considerations derived from the driving engine capabilities and the platform sta-
bility and comfort conditions:

v≤ vmax; a≤ amax ð8Þ

3 Trajectory Planning for an Ackermann Vehicle
in a Virtual Environment

In order to achieve continuous movement along the path of a vehicle, especially
when necessary to avoid obstacles, the transition between a straight segment and a
circle arc is accomplished by using an additional curve. Among these additional
curves, the most important are: the clothoids, Bezier or G3 curves. The most
important feature of the clothoid is the property that the curve varies linearly with
its arc length and this allows the vehicle to move along the route at a constant high
velocity even when performing [11]. The main disadvantage of the clothoid is that
it requires high computational complexity, however it is more and more often used
in planning the paths of autonomous robots and vehicles. [3].

To obtain uniform trajectory, the turns required to bypass the obstacles are
composed of: a steering entrance clothoid arc, a circular arc needed to avoid the
obstacle and a steering exiting clothoid arc. Therefore the path is composed of
elementary trajectories such as: linear segments, clothoid arcs, circular arcs. Taking
into account that the vehicle navigates into a narrow environment, the clothoid arc
is the maximum permitted by the vehicle [6].

The velocity variation while an Ackerman vehicle makes a turning maneuver in
a narrow virtual environment, that requires for the trajectory to be composed of the
maximum clothoids provided by the vehicle, is simulated using the Virtual Robot
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Experimentation Platform (V-REP). V-REP provides the user with numerous
facilities for simulating complex scenarios in virtual environments [10].

The virtual environment consists of a resizable floor on which the path is loaded
by specifying its component points. The characteristics of the path can be modified
to meet the user’s requirements.

The starting point of the trajectory is placed in the origin of the virtual envi-
ronment. Defining the trajectory is accomplished by using path nodes in the virtual
environment and is composed of the pumps that delimit the path components. The
starting point is located in the origin of the coordinate system of the virtual envi-
ronment. Furthermore, in the environment can be placed a collection of obstacles
that have cuboid shapes with the dimensions established by the user (Fig. 2).

In the virtual environment is loaded a vehicle model with the Ackermann
steering system which will follow the trajectory defined by its intermediate points.
The virtual vehicle will be located in the origin of the virtual environment coor-
dinate system. The vehicle is controlled by calculating the necessary time of nav-
igating each segment or arch that composes the path by taking into consideration
the travelling speed.

For every type of trajectory segment a function was created in Matlab that uses
as input parameters the necessary time for reaching the intermediate target point and
the maximum velocity, whether the vehicle is driving with constant speed or it
varies by accelerating.

Fig. 2 The experimental virtual environment created with V-REP
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4 The Experimental Analysis of the Velocity Variation

The experiment consists in analyzing the velocity variation for two case studies.
The first one simulates the navigation of the vehicle on a path consisting in a linear
segment on which the vehicle accelerates, a turn on which the velocity decreases
and another linear segment along which the velocity increases again, as shown in
Fig. 3.

Taking into consideration that the navigation takes place into narrow environ-
ment, the turn is made with maximum clothoid arcs. With the red line is represented
the variation of the speed of the propulsion motors and with the green line is
represented the speed of the motor for steering.

Due to the uniform variation of the curvature, the consequence of the uniform
winding on specific trajectories, the centrifugal force has progressive action at curve
entry and regression at the exit of the curve.

The second scenario is when the narrow environment does not offer the possi-
bility for the vehicle to accelerate on a linear segment and the driver must accelerate
while performing a steering.

In this case the speed reached when the vehicle accelerates is slower than in the
first case and is maintain while the steering is completed and afterwards the velocity
increases, as shown in Fig. 4.

After analyzing the simulations of the two scenarios presented above, it can be
observed that if an obstacle is placed next to the starting position of the vehicle and
in order to avoid it the car must accelerate while performing a turn, the velocity

Fig. 3 Velocity variation analysis when the vehicle accelerates on a linear segment in a industrial
narrow environment
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reached while steering in this case is smaller than the one reached while steering
after accelerating on a linear segment.

Also the necessary time to reach the target in the second scenario is greater that
the time needed for the first scenario, although the first path is longer than the
second one.

5 Conclusions

In this paper is presented the analysis of velocity variation for an autonomous
vehicle that is navigating in narrow virtual environment. The autonomous vehicle is
based on an Ackermann steering model and must taking into account the cinematic
and dynamic considerations to avoid lateral slipping and rolling off. The experi-
mental analysis of the velocity variation consists in simulating the way in which an
Ackermann steering vehicle follows two predefined paths for which the turns have
been smoothed by using clothoids as additional curves. Because the navigation
takes place in narrow environments the clothoid arc is the maximum permitted by
the vehicle. The difference between the two scenarios is that in the first one the
vehicle accelerates on a straight line, while in the second one it accelerates while

Fig. 4 Velocity variation analysis when the vehicle accelerates while steering in a industrial
narrow environment
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steering. The velocity reached while steering in the first case is smaller than the one
reached while steering after accelerating on a linear segment, while the time needed
for the first scenario is shorter than for the second, although the first path is longer
than the second one.
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Charts of Relative and Absolute
Velocities of Chosen Parts of Plane
Biplanetary Gear

J. Drewniak, J. Kopeć, J. Marszałek, K. Stańco and S. Zawiślak

Abstract The aim of the present paper consists in presentation of new method of
kinematical analysis of biplanetary gear. In particular, the method lies in prepara-
tion of chats of relative and absolute tangent velocities of particular gear parts. The
algorithm is based on less complicated approach of determination of distribution of
relative tangent velocities of wheels and arms of the considered gear. The obtained
value of kinematical ratio was additionally achieved via other known analytical
method, for comparison.

Keywords Cylindrical ⋅ Plane biplanetary gear ⋅ Chart of relative tangent
velocities

1 Introduction

The biplanetary gear (Fig. 1) consists of two planetary gears—external (basic,
main) and internal [1]. The main gear has the following parts: sun wheel 1 engaged
with the satellites (satellite wheels) 2, carrier h and pair of wheels, i.e. satellites 6
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engaged with the fixed central wheel 7 (ring type, internal toothing). The internal
gear is called as satellite epicyclic mechanism [1], consists of sun wheel 3, satellites
4, internal wheel 5 and carrier H. The carrier H drives the satellite wheels 6
belonging to the main gear. The central wheel 5—belonging to the satellite epi-
cyclic mechanism—is simultaneously the carrier h of main planetary gear.

The characteristic property of the considered gear (in papers [2, 3], as well) is
that the satellites of the epicyclic satellite mechanism perform a complex motion
rotating around three axes—own, central of planetary mechanism and central of
main epicyclic gear. We can calculate the DoF (degree of freedom or mobility) for
the gear as a whole based on the so called Kutzbach formula:

W =3 ⋅ n+2 ⋅ p5 − p4 = 15− 10− 4= 1, ð1Þ

where: n=5—number of movable elements/links, p5 = 5—number of 5-th class
joints (carrier h is redundant in the right-hand subsystem—i.e. unnecessary),
p5 = 4—number of pairs of 4-th class (engagements, gears in mesh).

The DoF value W =1, therefore the velocity of a particular gear elements can be
determined based on one unknown i.e. the value of input rotational velocity n1 or
input rotational velocity nh. The theoretical considerations are general, but the
following data has been assumed for the considered biplanetary gear, to give a
reader some sense of relationships: teeth numbers z1 = 21, z2 = 81, z3 = 21, z4 = 24,
z5 = − 69, z6 = 21, z7 = − 72. Moreover the moduli were considered in the fol-
lowing manner: modulus of geared wheels 1 and 2—m1, 2 = 2mm, modulus of
geared wheels 3, 4 and 5—m3, 4, 5 = 2, modulus of geared wheels 6 and 7—m6, 7 = 4,

Fig. 1 Kinematic scheme of biplanetary gear
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respectively. The input rotational velocity is equal n1 = 1470 rev ̸min, whereas
angular velocity ω1 can be recalculated:

ω1 = π ⋅ n1 ̸30= π ⋅ 1470 ̸30= 153, 938 rad ̸s. ð2Þ

2 Kinematic Ratio—Chart of Velocities

Charts of velocities can be recognized as an additional approach to the classical
kinematical calculations for particular elements of planetary gears performed by
means of the Willis formula. They can give an additional insight into the operation
behavior of a particular mechanism. In case of kinematic analysis of the biplanetary
gears, the graphic-analytical method, more precisely the vector method, consisting
in determination of charts of velocities has not been considered in known refer-
ences, at all. The cause of neglecting is a necessity of an analysis of kinematics of a
gear taking into account the relative motions, because the gear poses two carriers—
external h and internal H, respectively. Distribution of velocities can be presented in
more clear and simple way i.e. on front view of geared wheels belonging to two
considered gears. Additionally, the algorithm of preparation of the charts of
velocities is based on the adequate approach, therefore at the beginning the method
of distribution of velocities in the front view of the geared wheels will be discussed.

We are looking for the output rotational velocity nh of the biplanetary gear (i.e.
rotational velocity of the external carrier h), and simultaneously the kinematical
ratio of the gear i71, h:

i 71, h = n1 ̸nhð Þn 7 = 0 = ω1 ̸ωhð Þω 7 = 0 ð3Þ

Unfortunately, the set (given) angular velocity ω1 cannot be directly used for
determination of kinematical ratio of the biplanetary gear neither the method of
determination of distribution of velocities nor the method of velocities’ charts. In case
when we are looking for the output angular velocityωh of the carrier h, we do assume
that its value is ωh =1 rad ̸s and oriented e.g. right. Next, we consider the relative
motion of all gear elements in regard to the external carrier h. Thereby, we enter the
relative velocities for the gear elements ωh

j (in regard to the external carrier h):

ωh
j =ωj −ωh dla j=1, 2, 3, . . . , 6, 7, h,H. ð4Þ

For example, the relative angular velocity of the carrier h in relation to the carrier
h is obviously equal to:

ωh
h =ωh −ωh =0, ð5Þ
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Having the established relative angular velocity ωh
7 =ω7 −ωh =ω7 − 1=

− 1 rad ̸s of wheel 7 (i.e. directed left), it is possible to calculate the relative
tangential velocity vh7, 6 of wheel 7, in the contact point with wheel 6 (Fig. 2):

vh7, 6 =ωh
7 ⋅ r7j j=0, 5 ⋅ωh

7 ⋅m6, 7 ⋅ z7j j, ð6Þ

where radius of pitch circle r7j j of wheel 7 is equal r7j j=0, 5 ⋅m6, 7 ⋅ z7j j.
Obviously, the relative tangential velocities vh7, 6 of wheel 7 and velocity vh6, 7 of

wheel 6, in its common contact point are equal (taking into account the values):

vh7, 6 = vh6, 7. ð7Þ

Current center of rotation of the carrier H—in its relative rotational movement—
is the immovable axis of wheels 2 and 3 (in accordance with the condition (4)).
Distributions of relative tangential velocities vhH, 4 and vh6, 7 of end points on carrier
H, for the considered case, are shown in Fig. 2. Furthermore, based on the Tales
formula, we can established the relationship between these velocities:

vhH, 4 ̸rH = vh6, 7 ̸r6, ð8Þ

Fig. 2 Relative tangential velocities of wheels of biplanetary gear
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therefore relative velocity vhH, 4 of the endpoint of carrier H, in consequence vh4,H
velocity of the center of satellite 4 (based on vhH, 4 = vh4,H) is equal to:

vhH, 4 = vh4,H = vh6, 7 ⋅ rH ̸r6 =ωh
7 ⋅ r7j j ⋅ rH ̸r6 = 0, 5 ⋅ωh

7 ⋅m3, 4, 5 ⋅ z7j j ⋅ z3 + z4ð Þ ̸z6,

ð9Þ

where: rH = d3 + d4ð Þ ̸2= 0, 5 ⋅m3, 4, 5 ⋅ z3 + z4ð Þ and r6 = 0, 5 ⋅m6, 7 ⋅ z6.
Current center of rotation of the internal satellite 4 is its contact point with wheel

5 (in fact, being a part of the external carrier h), therefore it is possible to determine
the tangential velocity of satellite 4 being in mesh with sun wheel 3 (Fig. 2)—based
on the following equation:

vh4,H ̸r4 = vh4, 3 ̸ 2 ⋅ r4ð Þ, ð10Þ

therefore we can write:

vh4, 3 = 2 ⋅ vh4,H =ωh
7 ⋅ r7j j ⋅ rH ̸r6 =ωh

7 ⋅m3, 4, 5 ⋅ z7j j ⋅ z3 + z4ð Þ ̸z6. ð11Þ

Due to the equivalence vh4, 3 = vh3, 4, according to Fig. 2, relative angular velocity
ωh
3 of sun wheel 3 is equal to:

ωh
3 = vh3, 4 ̸r3 = 2 ⋅ωh

7 ⋅m6, 7 ⋅ z7j j ⋅ z3 + z4ð Þ ̸ m6, 7 ⋅ z6 ⋅ z3ð Þ. ð12Þ

where pitch radius of wheel 3 is equal to r3 = 0, 5 ⋅m3, 4, 5 ⋅ z3.
Relative angular velocity ωh

3 of internal sun wheel 3 is equal to relative angular
velocity ωh

2 of external satellite 2:

ωh
3 =ωh

2. ð13Þ

For known relative angular velocity ωh
2 of satellite 2, we can calculate relative

tangential velocity of contact point of wheel 2 with sun wheel 1 (Fig. 2):

vh2, 1 =ωh
2 ⋅ r2 =ωh

7 ⋅m1, 2 ⋅ z2 ⋅ z7j j ⋅ z3 + z4ð Þ ̸ z6 ⋅ z3ð Þ, ð14Þ

where: pitch radius of the wheel 2 is equal to r2 = 0, 5 ⋅m1, 2 ⋅ z2.
Utilizing the condition of equilibrium of relative tangential velocity vh2, 1 of wheel

2 and vh1, 2 of wheel 1 for their common contact point, we can calculate relative
angular velocity of wheel 1:

ωh
1 = vh1, 2 ̸r1 =ω7 2 ⋅ z2 ⋅ z7j j ⋅ z3 + z4ð Þ ̸ z1 ⋅ z3 ⋅ z6ð Þ½ �. ð15Þ
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In consequence, the formula for absolute angular velocity ω1 =ωh
1 +ωh of wheel

1, assuming the value of angular velocity ωh =1 rad ̸s, taking into account the
relationship z4 = 0, 5 ⋅ z5j j− z3ð Þ—is equal to:

ω1ð Þω7 = 0 =ωh ⋅ 1+ z2 ⋅ z7j j ⋅ z5j j+ z3ð Þ ̸ z1 ⋅ z3 ⋅ z6ð Þ½ �. ð16Þ

In accordance with Eq. 3, kinematical ratio is equal to:

i71, h = ω1 ̸ωhð Þω 7 = 0; =ωh ⋅ 1+ z2 ⋅ z7j j ⋅ z5j j+ z3ð Þ ̸ z1 ⋅ z3 ⋅ z6ð Þð Þ ̸ωh. ð17Þ

and finally we can write:

i 71, h =1+ 81 ⋅ 72 ⋅ 69+ 21ð Þ ̸ 21 ⋅ 21 ⋅ 21ð Þ=57, 676. ð18Þ

Having kinematical ratio i 71, h (Eq. 18) and current angular velocity ω1 (Eq. 2),
we can calculate current angular velocity ωh of output carrier:

ωh = ω1 ̸i 71, h
� �

=153, 938 ̸57, 676= 2, 669 rad ̸s. ð19Þ

In practice, we use the chart of velocities drawn for an adequate intersection and
not for a front view of geared wheels. Chart of relative tangential velocities of the
analyzed biplanetary gear is shown in Fig. 3. A drawing algorithm for this chart is
analogical like for distribution of relative velocities of particular wheels and carriers
of the gear (Fig. 2). It is more clear in comparison to previous chart of velocities,
but rather for experienced engineers in the field of biplanetary gears.

In fact, an aim of kinematical analysis of biplanetary gear is determination of
current (i.e. absolute) velocities. Namely, after obtaining relative angular velocity
ωh
1 (Eq. 15), we determine kinematical ratio i 71, h (Eq. 17) and current (absolute)

Fig. 3 Chart of relative rotational velocities of biplanetary gear (S—an origin of relative current
velocities vh5, 4 = vh4, 5 = 0)
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output velocity ωh (Eq. 19). For the assumed numerical data, we can calculate
absolute tangential velocities of particular wheels and carrier H according to the
discussed algorithm and Fig. 4 in the following way:

v1, 2 =ω1 ⋅ r1 = 0, 5 ⋅ω1 ⋅m1, 2 ⋅ z1 = 0, 5 ⋅ 153, 938 ⋅ 2 × 10− 3 ⋅ 21= 3, 233m ̸s,
ð20Þ

vh =ωh ⋅ rh =0, 5 ⋅ωh ⋅m1, 2 ⋅ z1 + z2ð Þ=0, 5 ⋅ 2, 669 ⋅ 2 × 10− 3 ⋅ 102= 0, 272m ̸s,
ð21Þ

v2, 1 − vhð Þ ̸r2 = v3, 4 + vhð Þ ̸r3, ð22Þ

v3, 4 = v2, 1 − vhð Þ ⋅ r3 ̸r2 − vh = v2, 1 − vhð Þ ⋅m3, 4, 5 ⋅ z3 ̸ m1, 2 ⋅ z2ð Þ− vh
= 3, 233− 0, 272ð Þ ⋅ 21 ̸81− 0, 272= 0, 496m ̸s,

ð23Þ

v4, 5 =ωh ⋅ rh + rH + r4ð Þ=0, 5 ⋅ωh ⋅ m1, 2 ⋅ z1 + z2ð Þ+m3, 4, 5 ⋅ z3 + z4ð Þ+m3, 4, 5 ⋅ z4½ �
=0, 5 ⋅ 2, 669 × 10− 3 ⋅ 2 ⋅ 21+ 81ð Þ+ 21+24ð Þ+24½ �=0, 456m ̸s.

ð24Þ

v4,H ̸ rH − r6ð Þ= vh ̸r6, ð25Þ

v4,H = vh ⋅ rH − r6ð Þ ̸r6 = vh ⋅ m3, 4, 5 ⋅ z3 + z4ð Þ−m6, 7 ⋅ z6½ � ̸ m6, 7 ⋅ z6ð Þ
=0, 272 ⋅ 2 ⋅ 21+ 24ð Þ− 4 ⋅ 21½ � ̸ 4 ⋅ 21ð Þ=0, 0194m ̸s.

ð26Þ

Checking the correctness of calculations (based on velocity chart in Fig. 4):

v4, 5 + v4,Hð Þ ̸r4 = v4, 3 − v4,Hð Þ ̸r4, ð27Þ

Fig. 4 Chart of absolute tangential velocities for the biplanetary gear (S—centre of absolute
current velocities v6, 7 = v7, 6 = 0)
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in consequence, we can calculate the value of velocity (v4, 3 = v3, 4):

v4, 3 = v4, 5 + v4,Hð Þ+ v4,H =0, 456+ 2 ⋅ 0, 0194= 0, 495m ̸s = v3, 4. ð28Þ

3 Kinematical Ratio—Verification

In the present chapter, we would like to confirm the correctness of calculations of gear
kinematical ratio for the considered biplanetary gear. Above calculations were done
utilizing the methods: graphical-analytical and chart of velocities, underneath—the
analyticalmethodwill be used (according to [1]). It should be underlined that for some
biplanetary gears considered by authors in book chapters [2, 3], ratios of biplanetary
gears were obtained based on theWillis formula. Themethod adapted from [1] ismore
simple and easier for understanding. Similarly, like in other kinematical analysis
approaches, one have to consider relative motions of gear elements in relation to the
external carrier h. Thereby, in accordance with formula (4), relative velocity of carrier
h is equal to: ωh

h =0, whereas relative velocity of immobile wheel 7 is as follows:
ωh
7 = −ωh.
The initial relationship for total relative kinematical ratio of the analyzed gear (in

relation to external carrier h) is:

i h1, 7 = ih1, 2 ⋅ i
h
3, H ⋅ ih6, 7, ð29Þ

where component ratios ih1, 2 and ih6, 7 can be expressed as follows:

ih1, 2 = − z2 ̸z1, ih6, 7 = − z7 ̸z6. ð30Þ

Internal gear relative ratio ih3, H is defined via known relationship:

ih3, H =1− iH3, h =1− i53, h =1− − z4 ̸z3ð Þ ⋅ − z5 ̸z4ð Þ=1− z5 ̸z3, ð31Þ

because wheel 5 is placed in carrier h, therefore 5≡ h (Fig. 1).
Analogical relationship can be derived for the ratio i h1, 7:

i h1, 7 = 1− i71, h, ð32Þ

where: i71, h is the searched kinematical ratio of biplanetary gear. Therefore:

i71, h =1− i h1, 7 = 1− 1− z5 ̸z3ð Þ ⋅ z2 ⋅ z7 ̸ z1 ⋅ z6ð Þ. ð33Þ
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Inserting the teeth numbers, the value of the gear is:

i 71, h =1+ 1+ 69 ̸21ð Þ ⋅ 81 ⋅ 72 ̸ 21 ⋅ 21ð Þ=57, 676. ð34Þ

Based on the second approach, the same value of ratio was obtained which
confirms the correctness of considerations and calculations.

4 Conclusions

The Willis-formula-based method of kinematical analysis of planetary gears is an
universal and most frequently applied method in engineering practice. In the present
paper, it has been shown that chart of velocities can be recognized as equally
important and effective method of kinematical analysis of biplanetary gears, and in
consequence of complex planetary gears. In practice, it is a graphically-analytical
(vector) method, which is slightly more difficult in case of analysis of biplanetary
gears. As, there are two carriers i.e.—internal H and external h therefore the
considerations have to be performed for the relative velocities of elements of both
gears. Just after determination of the value of kinematic ratio and remaining output
or input velocity, one can draw a classic chart of the current absolute velocities for
the characteristic points of the gear. Such charts of velocities are frequently used for
optimization of the structure of planetary gear, and therefore biplanetary ones, as
well, aiming for establishing of kinematical ratio. Additionally, less complicated
method was utilized for determination of tangent velocities of particular gear
elements.
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Modelling of the Static Response
of a Wind/Hydro Turbine with Two
Rotors and a 1DOF Speed Increaser

R. Saulescu, M. Neagoe and C. Jaliu

Abstract The wind/hydro energy conversion systems that integrate speed increa-
sers are known on the market for more than half a century, the classical solutions
with one rotor being currently widely implemented worldwide. The issue of
increasing their energy performance is still of great interest, many innovative
solutions being presented in the literature. A relatively new variant with high
performances uses counter-rotating rotors and a speed increaser, being able to
supply additional energy due to the use of a secondary rotor and a planetary
transmission summing the input motions or torques and, consequently, obtaining
higher power compared to a classical system with one input and one output. The
solution of speed increaser with two independent inputs requires a complex control
to correlate the power generated at the inputs to the generator requirements.
A possible solution to avoid this impediment may be the use of a 1DOF planetary
speed increaser with two inputs and one output, which sums the input torques and,
thus, allows an additional supply of power compared to the classical turbines by
using a secondary rotor that is kinematically dependent of the main one. Therefore,
the paper is focused on determining the operating point (the parameters of the
steady-state regime) for the counter-rotating turbine containing a 1DOF planetary
speed increaser with two inputs and one output, considering the mechanical char-
acteristics of the rotors and generator, and the transmission functions of the speed
increaser established by taking into account the friction losses. Finally, the obtained
analytical model is numerically simulated on a case study.
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1 Introduction

Electricity production from renewable energy sources is an essential requirement in
the sustainable development of today’s society. Therefore, the improvement of the
performances of renewable energy conversion systems is an ongoing concern of
scientists and developers towards optimizing the systems in use or seeking new
solutions with higher performances.

The design and development of wind/hydro energy conversion systems fit into
this general effort to increase renewable energy production capacity and efficiency.
Many innovative ideas have been promoted in the literature and in practice, many
of which being in the concept or prototype stage. Thus, the systems that have more
rotors [13], systems with two counter-rotating rotors [3], classical systems (single
rotor) that integrate speed increasers of planetary type and that have a servomotor
[14] or a variable speed drive [2, 8] at the second input can be noted among these
concepts.

One solution to increase the energy capacity of a wind/hydro turbine refers to the
improvement of the speed increaser performance, with the purpose of ensuring a
good correlation between the rotors (which have high efficiency at low speeds) and
the electric generator (which operates efficiently at higher speeds). An important
step in exemplifying the functioning of the planetary transmissions consisted in
unifying the terminology [1]. An example of a kinematic analysis of complex
planetary transmissions by using graph theory is presented in [5], being further
developed with a general algorithm for analysing the transmission ratios and effi-
ciencies [9] and continued with the dynamic analysis and establishment of the
system operation point [6]. Several general methods for the analytical modelling of
the planetary transmissions efficiency are presented in [4].

A new solution of 1DOF planetary speed increaser with three inputs and outputs
is considered in the paper. The transmission was proposed by the authors for
connecting two wind/hydro counter-rotating rotors to a classic generator with fixed
stator. The analytical modelling of the operating point for the considered wind/
hydro system is presented in the first part of the paper, followed by a case study that
includes numerical simulations for different adjustments of the secondary rotor.
Finally, the properties and functional performances of the counter-rotating system
that integrates a 1DOF planetary speed increaser with two inputs and one output are
highlighted based on the simulation results.

2 Problem Formulation

In practice, the speed increasers with three inputs and outputs (L = 3) can function
in two cases: (a) by summing the two input motions (2DOF transmission, M = 2)
[10–12] and (b) by summing the two input torques (1DOF transmission, M = 1),
Fig. 1, topic discussed in [7]. Compared to conventional systems with one rotor,
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the counter-rotating turbines generate a higher amount of energy due to the addi-
tional energy given by the secondary rotor, characterized either by independent
speed (case a) or independent torque (case b).

The 1DOF speed increaser with three inputs and outputs (case b) from
Fig. 2 is further considered. The transmission consists of two planetary units

L=3
M=1

G
R1

R2

R1
R2

GA

(a) (b)

Fig. 1 Wind/hydro system with counter-rotating rotors and conventional electric generator:
a conceptual scheme, and b block diagram
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Fig. 2 Planetary speed increaser (M = 1, L = 3), with two inputs (R1 and R2) and one output
(G), consisting of two PU (I:H-1-4-5 = 0 and II:H-2-3 = 4–5 = 0): a structural scheme, b speed
diagram, and c block diagram indicating the power flow
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(PUI: H-1-4-5 = 0 and PUII: H-2-3 = 4–5 = 0) with joint carrier (H) that is con-
nected to the main rotor R1. The planetary speed increaser (Fig. 2a) has two ring
gears, gear 5 being blocked and gear 2 mobile, a double satellite gear 3–4 and a sun
gear 1 as the output body, to be connected to the electric generator G with fixed
stator.

The 1DOF speed increaser (Fig. 2b) ensures the rotation of the secondary input
(R2) in the opposite direction versus the main one (R1) and, consequently, sums up
the input torques.

According to Fig. 2b, the speed of the secondary rotor (v2) depends on the speed
of the main rotor (vH), being in the opposite direction. The case in which the torque
generated by the secondary rotor, TR2, is smaller than the one of the main rotor,
TR1, is further considered.

The objective of this paper consists in modelling and establishing the operating
point in the steady-state regime of a system containing two counter-rotating rotors—
a 1DOF speed increaser—a conventional generator, based on the kinematic and
static analysis of the planetary transmission, Fig. 2, described in [7].

3 The Operating Point of the 1DOF System with Two
Inputs and One Output

The operating point of a system can be determined in the steady-state regime based
on the mechanical characteristics of the motors and end-effectors, and of the
transmission functions for motions and forces/torques of the transmission.

In order to describe the functional ranges of the wind/hydro rotors and of the dc
generator for the system from Fig. 2, the following mechanical characteristics of
linear functions are considered:

• the main rotor R1:

TR1 = − aR1ωR1 + bR1 = − aR1ωH + bR1, ð1Þ

• the secondary rotor R2:

TR2 = − aR2ωR2 + bR2 = − aR2ω2 + bR2, ð2Þ

• the electric generator G:

−Tg = agωg − bg = agω1 − bg. ð3Þ

The kinematic and static equations of the 1DOF speed increaser with two inputs
and one output (Fig. 2) can be obtained on the basis of the modelling algorithm
presented in [7]:
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• the planetary unit PUI (1-4-5′ = 0-HI)

ω15 =ωH5 1− i0Ið Þ, ð4Þ

ωg =ωR1 ⋅ 1− i0Ið Þ, ð5Þ

ωH5THIη
5
H1 +ω15T1 = 0, ð6Þ

THI =T1
i0I
η0I

− 1
� �

, ð7Þ

• the planetary unit PUII (2-3-4-5″ = 0-HII)

ω25 =ωH5 1− i0IIð Þ, ð8Þ

ωR2 =ωR1 1− i0IIð Þ, ð9Þ

ωH5THIIη
5
H2 +ω25T2 = 0, ð10Þ

THII = T2
i0II
η0II

− 1
� �

, ð11Þ

where: i0I = − z5
z1
, i0II = z3

z2

z5
z4
, η0I = ηH14η

H
45, η5H1 =

1− i0I
1− i0I ̸η0I

= 1− i0I
1− i0I

, η0II =

ηH23η
H
45, η5H2 =

1− i0II
1− i0IIη0II

= 1− i0II
1− i0II

, HI ≡ HII ≡ H ≡ R1, 2 ≡ R2, 1 ≡ G,

5 ≡ 5′ ≡ 5″, Fig. 2c.
The relation for the torque on the output shaft, rel. (12), can be written based on

the energy balance Eqs. (6) and (10), and the correlations between the interior
connections (see Fig. 2 and [7]: TR1 −THI −THII =0, TR2 − T2 = 0, Tg − T1 = 0

�
:

T1 = −
TR1

1− i0I ̸η0I
−

TR2 1− i0IIη0IIð Þ
1− i0I ̸η0I

. ð12Þ

Considering the Eqs. (1), (2), (5), (9) and the equality ωg =ω1, the mechanical
characteristics of the two rotors R1 and R2 are reduced on the output shaft as
follows:

T1 = − a1ω1 + b1, ð13Þ

ð14Þ
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A case study for establishing the system operating point (Fig. 2a) is further
presented based on the previous relationships.

4 Case Study

The case study presents the establishment of the operating point for a wind turbine,
which has the mechanical characteristics of the two rotors and the electric generator
with the coefficients from Table 1.

The constants a1 and b1 have different values depending on the turbines oper-
ating cases; therefore, the system can function: (I) only with the main rotor R1, case
in which aR2 and bR2 are zero; (II) only with the secondary rotor R2, case in which
aR1 and bR1 are null, or (III) with both rotors, case in which aR1, bR1, aR2 and bR2
have the values from Table 1. The values of the coefficients a1 and b1 for the three
cases are systematized in Table 2, depending on the coefficient values of the two
rotors mechanical characteristics.

The operating point in the steady-state regime represents the intersection
between the mechanical characteristic of the generator, rel. (3) and the rotors
mechanical characteristic reduced on the output shaft 1, Table 2 (i0I = −9, i0II = 2,
η0I = η0II = 0.9025 were considered as input data). Based on these data, the system
operating point for the three functioning cases is illustrated in Fig. 3.

Table 1 The constant coefficients of the rotors and generator mechanical characteristics

aR1 bR1 aR2 bR2 ag bg
0.3857 73.5 0.58 −52.5 0.11 6

Table 2 The values of the mechanical characteristics coefficients for three functioning cases

Functioning case aR1 bR1 aR2 bR2 a1 b1
I. 0.3857 73.5 0 0 −0.00352 −6.69869
II. 0 0 0.58 −52.5 −0.00643 −5.81861
III. 0.3857 73.5 0.58 −52.5 −0.00994 −12.5173
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5 Results and Discussions

The diagram from Fig. 3b allows determining the mechanical power on the output
shaft of the speed increaser, which is connected to the generator shaft, for each of
the three functioning cases that were previously analysed within the case study:

I. As the driving torque is provided only by the main rotor (i.e. TR2 = 0), the
following values are obtained ngðT R1Þ =1088.62 rpm and PgðT R1Þ =
718.2 W, case in which the main rotor speed is nR1 = 108.86 rpm;

II. ngðT R2Þ =993.13 rpm,PgðT R2Þ =540.8 W, nR1 = 99.3 rpm are obtained
when the mechanical input power is generated only by the secondary rotor
(i.e. TR1 = 0);

III. ngðT R1+ T R2Þ =1489.69 rpm and PgðT R1+ T R2Þ =1716 W result when both
rotors operate simultaneously; in this case, the main rotor speed will be
nR1 = 148.9 rpm

Therefore, the considered example for establishing the operating point of the
system in steady-state regime highlights the fact that the system with two
counter-rotating rotors under load (case III) produces a significantly higher amount
of energy than the system operating with one rotor: the mechanical power on the
generator shaft is 2.39 times bigger than in the case I and 3.17 than in case II. The
wind turbine with two counter-rotating rotors also allows obtaining additional
energy compared to two different wind turbines with rotors R1 and R2, respectively
(and a generator G): PgðT R1+ T R2Þ =1.36ðPgðT R1Þ +PgðT R2ÞÞ.

Fig. 3 Operating point of the system consisting of two counter-rotating wind rotors—1DOF
speed increaser with 2 inputs and one output—electric generator: a the mechanical characteristics
of the rotors, b the rotors mechanical characteristics reduced on the output shaft of the speed
increaser and the operating point for the three analysed cases
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6 Conclusions

The paper presents an algorithm for modelling the response (operating point) in
static regime of a wind/hydro turbine with two counter-rotating rotors, a conven-
tional electric generator with fixed stator, and a 1DOF planetary speed increaser that
sums the input torques, while is kinematically connecting the two rotors. The
planetary speed increasers allow obtaining higher efficiencies at reduced overall
dimensions, compared to the transmissions with fixed axis.

This type of system can operate with one or both rotors under load. While
operating with one rotor, the torque generated by the other rotor is disannulled by
an appropriate adjustment of blade orientation, the rotor rotating idle.

Due to the properties of 1DOF planetary transmission with two inputs and one
output of summing the input torques simultaneously with the amplification of
speed, the numerical results obtained for the operating point highlight that the
counter-rotating systems increase the output power compared to a classical system
with an input and an output, as they make use of a secondary input that is kine-
matically dependent on the first one.
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Higher-Order Cayley Transforms
for SE(3)

D. Condurache and I.-A. Ciureanu

Abstract This paper presents a new pose parametrization technique based on n-th
order Cayley transforms. Our study is built on the properties of maps that link the
dual vectors with the special Euclidean displacement Lie group SE(3) and the Lie
group of the orthogonal dual tensors. The resulted parametrization framework is
complete and embeds multiple of the reported attitude parameterization Cayley
maps, while extending them towards pose parameterization.

Keywords Cayley maps ⋅ Lie group SE(3) ⋅ Dual vectors ⋅ Orthogonal dual
tensors ⋅ Modified rodrigues parameters

1 Introduction

Rigid body motion representation can be displayed through different techniques if
dual numbers, dual vectors or dual matrices are used in the context of screw theory.
Consequently, a complete parameterization framework of the rigid body motion
provides the best premises for new developments in robotics, machine vision,
biomechanics, relative orbital motion or neuroscience.

The tensors represent the newest approach for parameterization of rotation and
motion. Tensor analysis expresses the invariance of the laws of physics with respect
to the change of basis and change of frame operations. It was showed that any rigid
body motion can be globally parametrized using a curve from the Lie group of the
orthogonal dual tensors [3–5]. This result can be used to improve research in
multiple connected areas. Cayley maps represent a useful tool when a Lie group
needs to be linearized near its identity. This is also true of the exponential map but
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the Cayley maps are rational, that is it doesn’t involve transcendental functions.
This is useful in numerical applications since evaluating transcendental functions
can be time-consuming. In this paper we introduce a new approach for pose
parameterization by using higher-order Cayley transforms. This approach com-
pletely embeds multiple of the reported attitude parameterization Cayley maps and
extends them towards pose parameterization. The structure of the paper is the
following: the first section presents mathematical preliminaries followed by the
parametrization of the rigid body motion using orthogonal dual tensors. In the end,
we reveal the n-th order modified Cayley transform for pose representation.

2 Preliminaries on Dual Vectors and Dual Tensors

In this section we present properties of: dual numbers, dual vectors and dual ten-
sors. More details can be found in [1–6]

• Dual numbers

Let the set of real dual numbers be denoted by

ℝ= a+ εa0ja, a0 ∈ℝ, ε2 = 0, ε≠ 0
� � ð1Þ

where a=Re að Þ is the real part and a0 =Du að Þ the dual part. The sum and
product between dual numbers generate a ring with zero divisors structure for ℝ
[3].
Any differentiable function f : 𝕀⊂ℝ→ℝ, f = f ðaÞ is completely defined on 𝕀⊂ℝ
such that:

f : 𝕀⊂ℝ→ℝ, f = f að Þ= f = f ðaÞ+ εa0f ′ðaÞ ð2Þ

• Dual vectors

In the Euclidean space, the linear space of free vectors with dimension 3 will be
denoted by V3. The ensemble of dual vectors is defined as
V3 = a= a+ εa0; a, a0 ∈V3, ε2 = 0

� �
, where a=Re að Þ is the real part and

a0 =Du að Þ the dual part. For any three dual vectors a, b, c the following nota-
tions will be used for the basic products:
a ⋅ b—scalar product, a× b—cross product, ⟨a,b, c ⟩—scalar triple product.
Regarding algebraic structure, (V3, + , ⋅ ℝ) is a free ℝ-module [3].
The magnitude of a, denoted by aj j, is the dual number computed from

aj j= jjajj+ ε a0 ⋅ a
a ,Re að Þ≠ 0

εjjajj0,Re að Þ=0

�
ð3Þ

where .k k is the Euclidean norm. If aj j=1 then a is called unit dual vector.
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For any a∈V3 a dual number λ∈ℝ and a unit dual vector u∈V3 exist in order
to have a= λu, with λ= aj j.

• Dual tensors
An ℝ—linear application of V3 into V3 is called an Euclidean dual tensor:

T λ1v1 + λ2v2ð Þ= λ1T v1ð Þ+ λ2T v2ð Þ, λ1, λ2 ∈ℝ,∀v1, v2 ∈V3 ð4Þ

Let L V3,V3
� �

be the set of dual tensors, then any T ∈L V3,V3
� �

can be
decomposed as T = T + εT0, with T ,T0 ∈L V3,V3ð Þ. Also, the dual transposed
tensor denoted by TT is defined by

v1 ⋅ Tv2ð Þ= v2 ⋅ TTv1
� �

,∀v1, v2 ∈V3 ð5Þ

While ∀v1, v2, v3 ∈V3, Re ⟨v1, v2, v3⟩ð Þ≠ 0, the determinant is:

⟨T v1,T v2,T v3⟩= det T⟨v1, v2, v3⟩. ð6Þ

For any dual vector a∈V3, the associated skew-symmetric dual tensor will be
denoted by a ̃ and will be defined

a ̃b= a× b, ∀b∈V3. ð7Þ

The previous definition can be directly transposed into the following result: for
any skew-symmetric dual tensor A∈L V3,V3

� �
, A= −AT , a uniquely defined

dual vector a= vect Að Þ, a∈V3 exists in order to have Ab= a× b, ∀b∈V3. The
set of skew-symmetric dual tensors is structured as a free ℝ—module of rank 3
and is isomorph with V3 [3].

3 Isomorphism by Special Euclidean Group SE(3)
and Dual Orthogonal Tensors SOð3Þ

Orthogonal dual tensorial maps are a powerful instrument in the study of the
motion. More on dual numbers and dual vectors, can be found in [1, 3–5].

Let the orthogonal dual tensor set be denoted by.

S𝕆3 = R∈L V3,V3ð Þ RRT = I, detR=1
��� � ð8Þ

where S𝕆3 is the set of special orthogonal dual tensors and I is the unit orthogonal
dual tensor.

The internal structure of any orthogonal dual tensor R∈ S𝕆3 is illustrated in a
series of results which were detailed in our previous work [3, 4].
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Theorem 1 (Structure Theorem) For any R∈ S𝕆3 an unique decomposition is
viable

R= I + εeρð ÞQ ð9Þ

where Q∈ S𝕆3 (real special orthogonal tensor set) and ρ∈V3 are called structural
invariants.

Taking into account the Lie group structure of S𝕆3 and the result presented in
previous theorem, it can be concluded that any orthogonal dual tensor R∈ S𝕆3 can
be used globally parametrize displacements of rigid bodies.

Theorem 2 (Representation Theorem) For any orthogonal dual tensor R defined
as in Eq. (9), a dual number α= α+ εd and a dual unit vector u= u+ εu0 can be
computed to have [3]:

R α,uð Þ= I + sinα ũ+ 1− cosαð Þũ2 = exp αu ̃ð Þ ð10Þ

The parameters α and u are called the natural invariants of R. The unit dual
vector u gives the Plucker representation of the Mozzi-Chalses axis, while the dual
angle α= α+ εd contains the rotation angle α and the translated distance d. The
recovery of α, u can also be done if we use the linear and structural invariants [3, 4].

The Lie algebra of the Lie group S𝕆3 is the skew-symmetric dual tensor set
denoted by so3 = α ̃∈L V3,V3

� �
α̃= −α ̃Tj� �

, where the internal mapping is

⟨α ̃1,α ̃2⟩= gα ̃1α ̃2. The link between the Lie algebra so3, the Lie group S𝕆3, and the
exponential map is given by the following.

Theorem 3 The mapping

exp: so3 → S𝕆3, exp α ̃ð Þ= eα̃ = ∑
∞

k= 0

α ̃k

k!
ð11Þ

is well defined and surjective.
Any screw axis that embeds a rigid displacement can be parameterized by a unit

dual vector, whereas the screw parameters (angle of rotation about the screw and
the translation along the screw axis) can be structured as a dual angle. The com-
putation of the screw axis is linked with the problem of finding the logarithm of an
orthogonal dual tensor R, which is a multifunction defined by

log: S𝕆3 → so3, logR= ψ ̃∈ so3 exp ψ ̃
� 	

=R
���n o

ð12Þ

and is the inverse of Eq. (11).
Based on Theorems 2 and 3, for any orthogonal dual tensor R, a dual vector

ψ= αu=ψ+ εψ0 can be computed and represents the screw dual vector,
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which embeds the screw axis and screw parameters. The form of ψ implies thateψ∈ logR, with ψ being named Euler dual vector.
Also, ψj j< π, Theorems 2 and 3 can be used to uniquely recover the screw dual

vector ψ, which is equivalent with computing logR.

Theorem 4 The natural invariants α= α+ εd,u=u+ εu0 can be used to directly
recover the structural invariants Q and ρ from Eq. (9):

Q= I + sin αũ+ 1− cos αð Þũ2
ρ= du+ sin αu0 + 1− cos αð Þu× u0

ð13Þ

To prove Eq. (13), we need to use Eqs. (9) and (10). If these equations are equal,
then the structure of their dual parts leads to the result presented in Eq. (13)

Theorem 5 (Isomorphism theorem) The special Euclidean group and S𝔼3, ⋅ð Þ and
S𝕆3, ⋅
� �

are connected via the isomorphism of the Lie groups

Φ: S𝔼3 → S𝕆3

Φðg) = I + ερ ̃ð ÞQ ð14Þ

where g=
Q ρ
0 1


 �
, Q∈ S𝕆3, ρ∈V3

Proof For any g1, g2 ∈ SE3, the map defined in Eq. (14) yields

Φ g1 ⋅ g2ð Þ=Φ g1ð Þ ⋅Φ g2ð Þ ð15Þ
Let R∈ S𝕆3. Based on Theorem 1, which ensures a unique decomposition, we

can conclude that the only choice for g, such that ΦðgÞ=R is g=
Q ρ
0 1


 �
. This

underlines that Φ is a bijection and keeps all the internal operations.

Remark 1 The inverse of Φ is

Φ− 1: S𝕆3 ↔ SE3;Φ− 1 Rð Þ= Q ρ
0 1


 �
ð16Þ

where Q=Re Rð Þ, ρ= vect Du Rð Þ ⋅QTð Þ.

4 Dual Tensor-Based Parameterizations of Rigid Body
Motion

The Lie group S𝕆3, isomorphic with S𝔼3 admits multiple parametrizations and few
of them will be discussed in this section [1–9].

Higher-Order Cayley Transforms for SE(3) 335



A. The exponential parametrization

If R=R α,uð Þ then we can construct the dual vector ψ= αu,ψ∈V3 which
combined with Theorems 2 and 3 lead to

R=exp eψ� 	
= I + sinc ψ

��� ���eψ+
1
2
sinc2

ψ
��� ���
2
eψ2 ð17Þ

where

sinc xj jð Þ=
sin xj j
xj j , xj j∉ εℝ

1, xj j∈ εℝ

(
ð18Þ

B. The first order Cayley Transforms for dual vectors (The Rodrigues Dual
Vector Parametrization)

The first order Cayley transform is a map defined as:

cay vð Þ:V3 → S𝕆3, cay v ̃ð Þ= I + v ̃ð Þ I − v ̃ð Þ− 1 ð19Þ

Theorem 6 The map cay vð Þ is well defined and surjective.

Proof For any v∈V3, the value of det cay vð Þð Þ is:

det cay vð Þð Þ=det I + v ̃ð Þ I − v ̃ð Þ− 1
h i

=
1+ vj j2
1 + vj j2 = 1 ð20Þ

while

cay vð Þ cay vð Þ½ �T = I + v ̃ð Þ I − v ̃ð Þ− 1 I − v ̃ð Þ I + v ̃ð Þ− 1 = I ð21Þ
Equations (20) and (21) prove that the first order Cayley transform is well

defined.
The computational solution for I − v ̃ð Þ− 1 is

I − v ̃ð Þ− 1 =
1

1+ vj j2 v ̃2 + v ̃
� �

+ I ð22Þ

Combining the results from Eqs. (19) and (22), leads to:

cay vð Þ= I +2
vj j

1+ vj j2
v ̃
vj j + 1−

1− vj j2
1 + vj j2

 !
v2̃

vj j2 ð23Þ
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Taking into account

sinα=
2tan α

2

1 + tan2 α
2

; cosα=
1− tan2 α

2

1 + tan2 α
2

ð24Þ

we can conclude that

cay vð Þ= I + sin α eu+ 1− cosαð Þeu2 ð25Þ

where α=2artan vj j and u=uv. This proves that the first order Cayley transform is
surjective.

This result shows that ∀R∈ S𝕆3,R=R α, uð Þ and Re αð Þ≠ kπ, k∈ℤ a dual vector
b= tan α

2

� �
u (a.k.a. dual Rodrigues vector) exists in order to have cay bð Þ=R.

C. The n-th order Cayley transforms

The n-th order Cayley transform is a map defined by:

cayn vð Þ:V3 → S𝕆3, cayn vð Þ= I + v ̃ð Þn I − v ̃ð Þ− n,∀n∈ℕ* ð26Þ

Theorem 7 The n-th order Cayley transform (26) is well defined and can also be
parameterized by:

cayn vð Þ=exp 2nartan vj jð Þeuvh i
ð27Þ

Proof In order to demonstrate this theorem we will use induction knowing that
cayn+1 vð Þ= cayn vð Þcay vð Þ and Theorem 6.

The representation (27) is equivalent to

cayn vð Þ= I +
1

1+ vj j2
� 	n Pn vj jð Þv ̃+Qn vj jð Þv ̃2� 
 ð28Þ

where the terms Pn and Qn are polynomials defined by:

Pn vj jð Þ= ∑
n− 1

k=0
ak vj j2k; ak = − 1ð Þk 2k+1

2n

� �
ð29Þ

and

Qn vj jð Þ= ∑
n

k=1
bk vj j2 k− 1ð Þ; bk =

k
n

� �
+ − 1ð Þk+1 2k

2n

� �
ð30Þ

where
k
n

� �
denotes the binomial coefficients.
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These result shows that ∀R∈ S𝕆3,R=R α,uð Þ and
Re αð Þ
2n ≠ kπ, k∈ℤ, a dual

vectors σn = tan α+2pπ
2n

� 	
u, p∈ 0, 1, . . . , n− 1f g exists in order to have

cayn σnð Þ=R. If p=0 σn = tan α
2n

� �
u is the n-th order Modified Rodrigues

Parameter dual vector and if p=1, . . . , n− 1, we recover the shadow repre-
sentation that can be used to describe the same pose. If Re tan α

2n

� �
→ +∞, than

Re tan α+2pπ
2n

� 	
→ − cot pπn which allows the avoidance of any singularity of type

Re α
2n

� �
= π

2 modπð Þ. In fact, we’ve demonstrated the following theorem:

Theorem 8 The inverse of the n-th order Cayley transform (26) is the multifunc-
tion with n branches given by:

cay− 1
n vð Þ: S𝕆3 →V3, cay− 1

n R α,uð Þ½ �= tan
α+2pπ

2n

� �
u, p=0, n− 1 ð31Þ

The dual vector parametrization from Theorems 7 and 8 is minimal.

5 Conclusions

In this paper we have presented the results of our investigations over vectorial
parameterization of rigid motions using the n-th order Cayley transform. These
investigations revealed some results specific to the minimal parametrization of the
orthogonal dual tensors. Using the isomorphism theorem between Lie group S𝔼3

and the Lie group of the orthogonal dual tensors is obtained a minimal
parametrization for the special Euclidean displacement group S𝔼3. The obtained
results are in closed form and they are coordinate-free. Further research will
evaluate their performance in different applications.
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Kinetostatic of Knife Edge Translating
Follower Under Dry Friction Conditions

S. Alaci, F.-C. Ciornei, E.-V. Alexandru and C. Filote

Abstract The paper presents the effect of dry friction upon the follower from a
mechanism with rotating cam and translating knife edge follower. The contact
between the ground and follower is regarded by equivalence as two
non-conforming contacts positioned symmetrically about the symmetry plane of the
prismatic pair, normal to the direction of velocity of the follower. There are dis-
cussed all possible contact solutions. An algorithm is proposed and verified con-
cerning the identification of the actual contact case and the time when this position
is reached. For an actual mechanism with imposed uniform rotational motion of the
cam, there are found all reactions working upon the follower, for both assumptions:
with and without dry friction.

Keywords Translating follower ⋅ Dry friction ⋅ Kinetostatic

1 Introduction and Theoretical Remarks

The cam mechanisms are both classical widely used solution and also applied for
modern cutting edge engineering appliances, [1–4]. A mechanism with rotating cam
and translating knife edge follower is considered. The assumption that the cam
rotates with constant angular speed ω is extensively accepted, [5–9]. The contact
between the cam and the follower is made in B point. The contact between the
follower and the ground is made in the lower pair C where the contact has made on
a cylindrical surface of radius a and length b. The basic geometrical parameters of
the mechanism are: the eccentricity of the mechanism, e representing the distance
between the rotation centre of the cam and the direction of translation of the
follower; the minimum distance s0 between the tip of the follower and the centre of
the cam, obtained only when the follower is positioned on the circle of minimum
radius. Under the hypothesis of regular rotation of the cam with angular speed
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ω= const., the motion of the follower is described by the laws illustrating the
variation of space, velocity and acceleration:

s= sðφÞ, vðφÞ=ω ds ̸dφ, aðφÞ=ω2 d2s ̸dφ2 ð1Þ

With the assumption of dry friction in the contacts between the elements of the
mechanism, the reaction forces acting upon the follower are wished-for. The dis-
tance between the centre of the cam and the plane of symmetry of the contact region
is denoted by d. Upon the follower there are acting the following forces:

• The technological force Ft, parallel to the direction of the follower:

Ft = −Ftðφ,φ ̇, tÞj ð2Þ

• The elastic force Fe composed by the pre-stressing Fe0 and work force kΔx:

Fe =Fe0 = keΔx0 ð3Þ

where the static deformation of the spring Δx0z is given by the relation:

Δx0 = L0 − ðD− s0 − c ̸2Þ ð4Þ

where L0 is the length of unloaded spring and k is the elastic constant.

• The inertial force Fi:

Fi = −maðφÞ= −m
d2s
d2φ

ω2j ð5Þ

The reaction forces from the cam-follower higher pair are reduced to the normal
reaction R21 with the directed along the normal to the profile of the cam and making
the α angle with the direction of the follower, found using the relation:

tan αðφÞ= ðvðφÞ ̸ωÞ− e½ � ̸ sðφÞ+ s0½ � ð6Þ

The friction force from the higher pair Ff21 is tangent to the profile of the cam and
has the expression:
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Ff 21 = − μ12R21vB2B1 ̸vB2B1 ð7Þ

where vB2B1 is the speed at which the tip of the follower moves on the profile of the
cam. Under the adopted hypothesis of constant angular velocity of the cam, the
angle between the velocity vB2B1 and the Ox axis is within the range ð− π ̸2, π ̸2Þ.
In a general case, the reaction from the prismatic pair has a component normal to
the translation direction, and a tangent friction force, parallel to the translation
direction and a reaction torque. In the prismatic pair the distribution of contact
pressure is quite complex and for finding it there are required contact mechanics
theory knowledge. In order to simplify the kinetostatic study, Duca [5] replaces the
normal reaction and the reaction torque by two forces directed along two directions
perpendicular to the direction of motion, symmetrical with respect to the centre of
the pair and situated at c distance between them, the value of this distance c de-
pending on the gap from the pair. To offset this aspect, it is considered that the
prismatic pair is constructed as shown in Fig. 1, a case when the contact between
the follower and the bushing is theoretically made in two cross-sections, denoted by
ð′Þ and ð′′Þ symmetrical with respect to the centre of the bushing and having the

Fig. 1 Mechanism with
rotating cam and translating
knife edge follower
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c distance between them. As consequence, the assembly constituted by the normal
reaction and reaction torque is replaced by a couple of forces R′

02, R
′′

02 placed in the
plane of the sketch and action in the two cross-sections. The reactions R′

02 and R′′

02
are considered sliding vectors due to the hypothesis of rigid follower and ground.
These two reactions have the same effect no matter the point of action, C′

1 or C′

2,
and C′′

1 or C′′

2 respectively. The coefficient of friction from prismatic pair is denoted
μ02 and the friction forces are parallel to the vertical direction and defined by the
relations:

F′

f02 = − μ02R
′

02sgnðvÞv ̸v, F′′

f02 = − μ02R
′′

02sgnðvÞv ̸v ð8Þ

The absolute values of the reactions R12, R′

02 R
′′

02 are the unknowns to be found.
To this end, the equations of kinetostatic equilibrium are applied:

∑F=0; ∑MB =0 ð9Þ

With reference to Eq. 9, for the first two of them, the points where the reactions
forces R′

02,R
′′

02 act are not important but for the equation of moments, the points
where these operate are essential since they give the sign of friction torque. It is
obvious that depending on the position of the follower, it is possible that any pair of
points ðC′

1,C
′′

1 Þ, ðC′

2,C
′′

1 Þ ðC′

1,C
′′

2 Þ, ðC′

2,C
′′

2 Þ becomes the actual pair of contact
points.

For the four potential situations illustrated in Fig. 2 the equations of moments
are given below, written with respect to tip of the follower (B point form Fig. 1):

R′

02 μ02sgnðvÞa ̸2− ðd− c ̸2Þ½ �+R′′

02 μ02sgnðvÞa ̸2− ðd+ c ̸2Þ½ �=0 ð10:aÞ

R′

02 μ02sgnðvÞa ̸2− ðd− c ̸2Þ½ �−R′′

02 μ02sgnðvÞa ̸2− ðd+ c ̸2Þ½ �=0 ð10:bÞ

−R′

02 μ02sgnðvÞa ̸2− ðd− c ̸2Þ½ �+R′′

02 μ02sgnðvÞa ̸2− ðd+ c ̸2Þ½ �=0 ð10:cÞ

−R′

02 μ02sgnðvÞa ̸2− ðd− c ̸2Þ½ �−R′′

02 μ02sgnðvÞa ̸2− ðd+ c ̸2Þ½ �=0 ð10:dÞ

Fig. 2 Possible situations
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The explicit form of force Eq. 9 is:

Ft +R12 +Ff12 +R′

02 +R′′

02 +F′

f 12 +F′′

f12 = 0 ð11Þ

where Ft is the sum between inertial force Fi, technological force Ft and elastic
force Fe, this resultant being permanently oriented on the vertical direction. The
vector Eq. 11 has two scalar projection equations and together to each of the
equation of moments 10 gives a linear system of three equations, with reactions
R12,R′

02,R
′′

02 as unknowns. One can show that all the four systems can be written in
the following compact form:

− sin α− μ12 cos α s′ s′′

cos α− μ12 sin α − μ02sgnv − μ02sgnv

0 s′ μ02sgnv
a
2 − d− c

2

� �� �
μ02sgnv

a
2 − d+ c

2

� �� �
s′′

2

64

3

75

R12

R′

02

R′′

02

2

64

3

75=

0

−FT

0

2

64

3

75

ð12Þ

The reactions R12ðs′, s′′Þ, R′

02ðs′, s′′Þ and R′′

02ðs′, s′′Þ can be found from the system
12 for all the cases presented in Fig. 2. The issue arising is how to choose the
appropriate solution from the four cases. With this aim, it is used the Heaviside step
function ΦðxÞ and an additional function defined as:

gðxÞ= 1, x=2
0, otherwise

�
ð13Þ

To all possible contact situations from the prismatic pair, form Fig. 2, corre-
spond pairs of ðs′, s′′Þ parameters, with values ±1. A considered contact can be
actual contact if the reactions R′

02 and R′′

02 are simultaneously directed towards the
material of the follower, that is, they should be simultaneously positive. The
expression allowing for the selection of the aimed R′

02 and R′

02 is written as:

eXðφÞ=
Xðφ, 1, 1Þ
Xðφ, − 1, 1Þ
Xðφ, 1, − 1Þ
Xðφ, − 1, − 1Þ

2

664

3

775

T g½ΦðR′

02ðφ, 1, 1Þ+ΦðR′′

02ðφ, 1, 1ÞÞ�
g½ΦðR′

02ðφ, − 1, 1Þ+ΦðR′′

02ðφ, − 1, 1ÞÞ�
g½ΦðR′

02ðφ, 1, − 1Þ+ΦðR′′

02ðφ, 1, − 1ÞÞ�
g½ΦðR′

02ðφ, − 1, − 1Þ+ΦðR′′

02ðφ, − 1, − 1ÞÞ�

2

664

3

775

ð14Þ

where Xðφ, s′, s′′Þ is any of the reactions R12ðs′, s′′Þ, R′

02ðs′, s′′Þ or R′′

02ðs′, s′′Þ found
with the hypothesis of presence of friction in the pair. The relation (14) ensures that
the found reactions are directed towards the follower and the contact between the
ground and the follower is certainly maintained. The notation eX0ðφ, s′, s′′Þ was used
for any of the above reactions calculated with the assumption of lack of friction in
all the kinematical pairs of the mechanism. In fact, the expression (14) is a sum of
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four terms having the form Xðφ, s′, s′′Þg½ΦðR′

02ðφ, s′, s′′Þ+ΦðR′′

02ðφ, s′, s′′ÞÞ�, and
according to the definition of gðxÞ function, this term is zero when at least one of the
reactions R′

02ðφ, s′, s′′Þ, R′′

02ðφ, s′, s′′Þ cancels for the actual values of s′ and s′′

parameters. Another problem to be solved refers to the identification of the actual
contact situation from the four possibilities occurring when the rotation angle of the
cam has a certain value. With this purpose, for the four possible contact situations
from Fig. 2, the indices 1, 2, 3 and 4 are used. A function G is created, having the
expression:

GðφÞ=
1
2
3
4

2

664

3

775

T g½ΦðR′

02ðφ, 1, 1Þ+ΦðR′′

02ðφ, 1, 1ÞÞ�
g½ΦðR′

02ðφ, − 1, 1Þ+ΦðR′′

02ðφ, − 1, 1ÞÞ�
g½ΦðR′

02ðφ, 1, − 1Þ+ΦðR′′

02ðφ, 1, − 1ÞÞ�
g½ΦðR′

02ðφ, − 1, − 1Þ+ΦðR′′

02ðφ, − 1, − 1ÞÞ�

2

664

3

775 ð15Þ

Similar to relation (14), the GðφÞ returns the index of the contact case, which for
a indicated value of the φ angle ensures for both reactions R′

02 and R′′

2 positive
values simultaneously; thus, the contact is validated as actual contact.

2 Exemplifying Method. Discussions

A cam mechanism is considered for exemplifying the methodology and the fol-
lowing dimensions and parameters were used: s0 = 40mm, e=30mm, h=40mm,
t1 = 0.2 s, t2 = 0.04 s, t3 = 0.2 s, t=0.08 s, c=30mm, a=20mm d=60mm,
μ02 = 0.3, μ12 = 0.3, M =0.4 kg, ke =50N ̸m, Fe0 = keh ̸3.

The forces acting upon the follower are presented in Fig. 3: the technological
force, the elastic force and the inertial force. Using the above data, the reactions

[rad]

Fo
rc

e
[N

]

0e eF k s( )ϕ+

Ms( )ϕ

M ac( )ϕ

Fig. 3 Forces acting upon the follower
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Rfn12,Rf 02,R′′

f02 found when friction is present, are shown in Fig. 4 together to the
reactions Rn12,Rn02,R′′

n02 found in the absence of friction, and the sum TðφÞ of all
known forces from Fig. 3. From Fig. 4 it can be observed that as concerning the
reaction R12 the presence of friction does not change the plot essentially but the
referring to the reactions from the prismatic pair the friction plays a major effect in
the pairs and it can increase (even two times) the value of reaction forces. During a
complete running cycle, as presented in Fig. 5, all the four situations of possible
contact form Fig. 2 can be met and these can even repeat. From Fig. 5 it is noticed
that, for the data considered in exemplifying, there are six changes in the config-
uration of reactions from the prismatic pair for a complete cam rotation.

[rad]

Fo
rc

e 
[N

]

12fR

T

02fR'

12nR

02nR'

02
''
nR

02fR"

Fig. 4 The reactions from the contacts of the follower, with and without friction
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3 Conclusions

The paper presents the result of kinetostatic analysis for a rotating cam mechanism
with translating knife edge follower, assuming the hypotheses of dry friction
existence in the pairs of the mechanism and of known motion of the cam. It is
proved that four configurations of reaction forces can occur in the prismatic pair of
the mechanism and the analytical expressions of the reactions acting upon the
follower are found for all four cases. Then the criteria for the selection of the actual
contact from the four possible cases are presented. It is also presented a criterion for
identifying the actual configuration of reaction forces for a specified position of the
cam. To facilitate the estimation of the effect dry friction from the pairs of the
follower, the same reactions were found and represented in the absence of friction,
too. It is noticed that the most powerful effect of friction occurs in the prismatic pair.
For suitable values of the geometrical parameters and operating parameters, it is
possible that, during a complete running cycle, all the four possible configurations
are met and they also could repeat in the course of period.
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Tetrapod Coupling

S. Alaci, F. Buium, F.-C. Ciornei and D.-I. Dobincă

Abstract The paper presents a solution for coupling two shafts with non-coplanar
axes using an intermediary element. The intermediary part is connected with the
ground via a spherical pair while, to the shafts, two point-surface contacts are used.
For the proposed model, the positional analysis, a CAD model and numerical
validation of the solution are presented. The advantage of the tetrapod coupling
consists in constructive simplicity and controlled reliability by the possibility of
replacing the higher pairs of the intermediary element with linkages with lower
pairs.

Keywords Kinematics ⋅ Shaft coupling ⋅ Linkage ⋅ Transmission ratio

1 Introduction

A problem frequently met in technical applications is the coupling of two shafts.
Several criteria must be satisfied in designing an actual coupling solution. From
these principle factors, constructive plainness, low cost price and acceptable quality
of transmitted motion can be encountered. In some cases, the condition on trans-
mission ratio is strictly imposed, such as constant (in homo-kinetic couplings) or
varying between preset limits. Gears represent a general feasible solution for direct
coupling of two shafts, no matter the relative position of the axes, the motion being
transmitted via a higher pair composed by the flanks of teeth. The gear transmis-
sions present the advantage of constant ratio but the drawback consists in the high
price, disadvantage that diminishes in the mass production case. Sometimes the
constraints concerning the transmission ratio are not very severe and a variation of
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the ratio is accepted for the benefit of constructively simple models or lower price
or transmission reliability. There are various works regarding the coupling of two
shafts solutions [6, 8, 9]. The relative position of the axes between which the
motion must be transmitted is the essential factor in solving the coupling problem.
There are classical solutions for the particular cases when the axes are coplanar.
Thus, for concurrent axes the universal joint or Cardan coupling solution exists
while for parallel shafts, Oldham coupling and Schmidt couplings are several of the
most used. For crossed axes, there are multiple solutions, like Rzeppa coupling,
tripod coupling with curve-curve contact [1] or point-surface contact [2, 3].

2 Structural Synthesis Approach

The mobility Mf of a spatial mechanism belonging to f family is given by [7]:

Mf =6ðn− 1Þ− ∑
5

k= f +1
ðk− f Þck ð1Þ

It is observed straight away that in the case of zero family mechanisms, when
direct coupling between the shafts exists, n=3 elements (shafts and the ground);
the revolute joints already exist in the structure—being the joints ck between the
shafts and the ground and the only possible structural solution is c1 = 1,
ck =0, k>1.

When an intermediary coupling element is accepted, n=4 from the 6 ⋅ 3= 18
degrees of freedom 2 ⋅ 5= 10 are cancelled by the joints of the shafts and addi-
tionally another degree of freedom corresponds to the driving element. So, it
remains a number of 7 degrees of freedom that must be ensured by the linkage
occurring between the intermediary coupling element and the rest of the elements.
Obviously, there are multiple structural solutions. The present work considers the
solution from Fig. 1, where the coupling element 3 makes two point contacts with
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S 
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Fig. 1 Tetrapod coupling
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each of the two shafts and a spherical pair with the ground. The existence of the
four contacts between spherical surfaces and plane surfaces directed to the imple-
mentation of tetrapod coupling name.

3 Positional Analysis of the Coupling

For the spatial mechanisms with lower pairs a very valuable tool is the method
proposed by Hartenberg–Denavit [5] or the method of homogenous operators. In
order to apply the method for the actual case, the replacement of the four contacts
with kinematical chains with lower pairs is required. It results an equivalent
mechanism with a large number of elements that necessitates complex calculus.

From the graph attached to the mechanism, Fig. 2, it also results the fact that the
mechanism is very complex. The graph shows that all four independent cycles must
be simultaneously considered for the analysis of the mechanism.

In order to solve the problem, the same procedure as in work [2] is applied.
Basically, the position of the coupling elements is obtained by imposing the con-
dition that the centres of the balls are permanently on the planes of symmetry of the
grooves from the two shafts. With the aim of applying the proposed methodology, it
is required that the equations of the planes of symmetry and the coordinates of the
centres of the balls are expressed in the same coordinate system. To this end, the
following frames of reference are defined:

1. the coordinate system attached to the ground Ox0y0z0, having the features: the
origin O of the fixed system coincides with the centre of the spherical joint of
intermediary element; the Ox0 axis is chosen parallel to the common normal of
the driving axis and driven axis; the positive sense is chosen from the leg of Oout

normal towards the leg of Oin normal; each of the driving and driven axis define
a plane, respectively; the bisector plane of the dihedral angle made by the two
planes has the normal parallel to Oy0 axis; the Oz0 axis completes a right
tri-orthogonal system.
Choosing the coordinate system of the ground as described above presents the
advantage that the axes of the driven element and driving element have the same
inclination with respect to horizontal plane, Ox0y0 (Figs. 3 and 4).

A B

4C

3C

2C
1 3 2

0

S

1CFig. 2 Graph of the
mechanism
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2. frames of reference defined for the driving shaft and driven shaft respectively,
with the axes zin and zout in coincidence with the rotation axis of the shafts, and
the axes Oxin and Oxout, respectively, in coincidence with the common normal:
the yin and yout axes are each one completing a corresponding right coordinate



inO

in

inOr

outOr

0x

inx



inyinz outO
out

)P( in

outn

0z

)P( out

0y

outzoutx

outy

O

inn

Fig. 3 Coordinate systems attached to the ground and to the two shafts, respectively
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system. The unit vectors of these axes are the unit vectors of the normals to the
planes of symmetry Pin and Pout of the grooves from the two shafts (nin and nout
are the normals to the two planes); the manner the system x0y0z0 was chosen
makes that in this system, the points Oin and Oout have identical coordinates,
except for the abscissas: OinðxOin , yO, zOÞ,OoutðxOout , yO, zOÞ; the rotation angles
of the two shafts are denoted by θin and θout, respectively. The motion from the
spherical joint completed by the ground and the intermediary coupling element
is viewed as a sequence of three rotations of ð313Þ type about the Oz0, Ox1 and
Oz2 axes. Using this series of rotations, the fixed frame overlies the system fixed
to the intermediary element, Ox3y3z3.

The centres of the balls are placed in the points A1inðr, − d, 0Þ, A2inð− r, − d, 0Þ
and A1out ð0, d, − rÞ, A2out ð0, d, rÞ, respectively (defined in Ox3y3z3 frame). The
following simple displacements [4] are defined in Table 1 in order to be able to
describe the necessary coordinate transformations.

The displacement indicating the superposition of the coordinate system x0y0z0 is:

Rðψ , θ,φÞ=ZðψÞXðθÞZðφÞ. ð5Þ

The coordinates of the centres of the balls in x0y0z0 system are obtained using
the relations:

r0A1, 2in, out
1

� �
=Rðψ , θ,φÞ r3A1, 2in, out

1

� �
ð6Þ

where r0A1, 2in, out , r3A1, 2in, out are column vectors that include the coordinates of the
centres of the balls expressed in x0y0z0 and x3y3z3 frames, respectively. For the
displacement of “0” frame over the reference system fixed to the driving/driven
shaft, the following transformation is applied:

D0, in =T
x0in
y0
z0

2
4

3
5

0
@

1
AX

π

2
− α

� �
ZðθinÞ ð7Þ

The unit vector nin of the normal to the Pin plane expressed in “0” frame of
reference is:

Table 1 Matrices of homogenous operators of simple displacements

The translation of the
vector vðvx, vy, vzÞ

The rotation with θ angle about
Oz axis

And the rotation with α angle
about Ox axis

TðvÞ=
1 0 0 vx
0 1 0 vy
0 0 1 vz
0 0 0 1

2
664

3
775

(2)

ZðθÞ=
cos θ − sin θ 0 0
sin θ cos θ 0 0
0 0 1 0
0 0 0 1

2
664

3
775

(3)

XðθÞ=
1 0 0 0
0 cos α − sin α 0
0 sin α cos α 0
0 0 0 1

2
664

3
775

(4)
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n0in =D0, in

0
1
0
1

2
664

3
775−

0
0
0
1

2
664

3
775

0
BB@

1
CCA ð8Þ

In a similar manner the unit vector D0, out of the normal to the Pout plane is found:

D0, out =T
x0out
y0
z0

2
4

3
5

0
@

1
AX

π

2
+ α

� �
ZðθoutÞ ð9Þ

The equations of the planes Pin and Pout in the “0” coordinate system are:

nin, out

x
y
z
1

2
664

3
775−

xin, out
y0
z0
1

2
664

3
775

0
BB@

1
CCA=0 ð10Þ

The condition that the coordinates of the r0A1, 2in, out points representing the
centres of the balls expressed with respect to “0” coordinate system verify the
equations of the planes 10 conduct to a system of four nonlinear trigonometric
equations. With the assumption that the position of the driving element is specified
by the parameter θ1, the parameters ψ , θ,φ and θout are found by solving the
system:

½ð− sinψ cos θsinφ+ cosψ cosφÞsin θin + ..
ð− sin α cosψ cos θ sinφ− cos α sin θ sinφÞcos θin =0

ð− sin α cosψ cos θ cosφ− cos α sin θ cosφ+ sin α sinψ sinφÞcos θin +
− sin θinðsinψ cos θ cosφ+ cosψ sinφÞ�d− sin α cos θiny0 − cos α cos θin0 + sin θinx0in =0

ðsin α cosψ sin θ+ cos α cos θÞcos θout + sinψ sin θ sin θout =0
½ðcosψ sinφ+ sinψ cos θ cosφÞsin θout + ðsin α cosψ cos θ cosφ− cos α sin θ cosφ

− sin α sinψ sinφÞcos θout�d+ sin θoutx0outsin α cos θouty+ cos α cos θoutz0= 0

8>>>>>>>><
>>>>>>>>:

ð11Þ

The form of the equations requires applying a Newton-Raphson [4] numerical
procedure for solving the system. The most difficult part of the numerical algorithm
consists in identifying the guess value for a convergent procedure. To overcome this
issue, the transmission was modeled using CAD software with the purpose to obtain
a series of suitable parameters for the system, Fig. 5. The equations can be verified
and additionally an estimation of the transmission ratio of the coupling can be made
and compared to the cardanic joint, the same angle, Fig. 6. As input data there were
considered: α=10◦; θin =20◦; x0in = − 40 mm; y0in = − 30 mm; z0in = − 10 mm;
x0out =0; y0out = − 30 mm; z0out = − 10 mm; d=60 mm; r=40 mm and the solu-
tions of system 11 obtained using CAD software are: θout = − 101.588◦;
ψ = − 84.802◦; θ=11.499◦; φ=124.866◦.
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4 Conclusions

The paper presents a solution for the coupling of two shafts with crossed axes, using
an intermediary rigid element.

In the first part of the paper there are identified the types of pairs where the
intermediary element is involved employing structural analysis elements. The
proposed structural solution consists in a link that together with the ground makes a
spherical pair and in two point-surface contacts, formed with each of the two shafts
(like the pier tetrapods) thus the chosen name of tetrapod coupling is justified.

The last part of the work is dedicated to positional analysis of the designed
coupling. To apply the Hartenberg–Denavit homogenous operators methodology,

Fig. 5 CAD modelled
tetrapodic coupling
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the equivalent linkages of the point-surface contacts are required. The obtained
replacing mechanism is complex as structure and from here, complicated calculus is
expected. To avoid this aspect, the geometrical constraint is exploited in the work
and a system of four transcendental trigonometric equations is obtained. Since the
analytical solution cannot be found, coupling was modelled in CAD software and a
particular solution was obtained for testing the system of equations.

The designed tetrapod coupling presents a constructive simplicity and assumes
controlled reliability since there is the option (for future work) of replacing the
higher pairs of the intermediary element with linkages with lower pairs.
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Some Mechanisms Using Internal Gears
with Small Difference in Numbers
of Teeth

O. Crivoi and I. Doroftei

Abstract Despite of some drawbacks (interference, small contact ratio) internal
gears with small difference in numbers of teeth have some advantages, especially
when they are used in hypocycloid mechanisms (high transmission ratio and high
torque at small size). This paper is focusing on using these kinds of gears in
mechanisms that are using the benefits of them. Some mechanisms converting
rotary motion into translation and hypocycloid mechanisms will be discussed.

Keywords Internal gear ⋅ Motion converting ⋅ Hypocycloid mechanism

1 Introduction

Internal gears with small difference in the teeth numbers have some advantages,
especially when they are used in planetary or differential mechanisms [2]. Due to
internal meshing and also to the small difference in numbers of teeth, there is the
possibility of multiple teeth meshing simultaneously in the planetary gear drive
with small teeth difference. The load could be shared among more than one pair of
mating teeth, which will lead to a stronger load capability at the same size of
gearbox, if we compare with countershaft one [6]. This problem has been also
investigated by other researchers, their works dealing with clearance estimation,
backlash calculation on gearing teeth and related experiments. Some others are
keeping on doing research in recent years [3, 8].

But, beside this, they also have some drawbacks as interference (involute, tro-
choid and trimming interference) and small contact ration (the contact ratio
decreasing when the difference of the teeth numbers is decreasing) [2]. In planetary
gear drive with small difference in teeth numbers, addenda modification on tooth
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form is necessary to avoid potential teeth interference. This leads to complicacy in
design and cutting process [8]. This is why research on optimizing the geometry of
the gear is required.

This paper is not focused on the internal gears with small difference in teeth
numbers optimization but on presenting some examples on how to use the benefits
of these gears in building some mechanisms.

2 Some Specific Aspects of Internal Gears

Internal gears are commonly used in planetary gear systems and compact gear
boxes. The primary advantage of an internal gear set is the compactness of the
drive. Also, both the pinion and gear rotate in the same direction. Other advantages
are the lower contact stresses because the surfaces conform better than external gear
sets. There are also lower relative sliding between teeth and a greater length of
contact possible between mating teeth since there is no limit to the involute profile
of the flank of the internal gear.

But, beside this, they also have some drawbacks as: interference and small
contact ration when the difference of the teeth numbers is small. If the contact ratio
is less than 1, contact will be lost part of the time, and the gear pair cannot function
properly. If the contact ratio is close to 1, variations caused by errors in mounting or
wear may cause loss of contact. This is why, in practice, contact ratio smaller than
1.2 should be avoided.

There are three different types of interference encountered in the case of internal
gears: involute interference, trochoid interference and trimming interference.

The first type of interference occurs between the dedendum of the external gear
and the addendum of the internal gear. It is possible to happen when the external
gear teeth number is small. Assuming that an internal gear pair becomes interesting
when the numbers of teeth is big, in order to get a high transmission ratio, the
involute interference could be avoided [5].

The second type of interference (trochoid interference) may occur during recess
tooth action at the addendum of the external gear and the dedendum of the internal
gear. This interference tends to appear when the teeth numbers difference is small,
which is the case of a hypocycloid mechanism with high transmission ratio, for
example. Trochoid interference could be avoided if the teeth numbers difference, z2
− z1, is bigger than 9 [5].

Trimming interference tends to happen when the teeth numbers difference of the
two gears is very small (see Fig. 1) [5]. In this case, the assembling of the gear pair
could be done using axial sliding of the gears.

When the difference between the teeth numbers is very small, a profile shifted
gear could prevent the interference. In Table 1 is presented an example of pre-
venting the interference, when z2 = 50 and the teeth numbers difference of the two
gears ranges from 1 to 8 [5].
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All the combinations presented in Table 1 may avoid involute interference or
trochoid interference, but not the trimming interference. As it was mentioned
before, for a successful assembling, the external gear should be mounted by
inserting it in the axial direction [5]. A profile shifted internal gear pair with a small
teeth numbers difference may be used in building mechanisms with some benefits.

3 Mechanisms for Converting Rotary Motion into Linear
Motion

The use of internal gears with a small difference in teeth number and fixed axes is of
little interest since the transmission ratio of them is very close to the unit. At the
limit, when this difference is zero, the transmission ratio is equal to the unit and that
transmission can be used as a coupling between two parallel axles with a small
distance between their axes.

Fig. 1 Internal gear with the
difference z2 − z1 = 1 [5]

Table 1 The Meshing of
internal and external gears of
small difference of numbers
of teeth (m = 1, α = 20°) [5]

z1 z2 x1 x2 αw (°) a (mm) ε
79 50 0 1.00 61.0605 0.971 1.105
48 0.60 46.0324 1.354 1.512
47 0.40 37.4155 1.775 1.726
46 0.30 32.4521 2.227 1.835
45 0.20 28.2019 2.666 1.933
44 0.11 24.5356 3.099 2.014
43 0.06 22.3755 3.557 2.053
42 0.01 20.3854 4.010 2.088
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There are different mechanisms for converting rotary motion into linear motion,
the screw nut mechanism being one of them. A precision machine or those con-
cerned with high efficiency often uses a ball screw nut mechanism. If the efficiency
should be accompanied by very fine linear positioning and high load, the problem
could not be solved using a simple ball screw nut transmission.

However, combining internal gears with a small difference z2 − z1 with the screw
nut mechanism, for example, we can get mechanisms that provide a large trans-
mission ratio to a small size, which can convert rotary motion of the driving screw
in a translational motion of the driven link. Some such mechanisms will be pre-
sented below.

We will consider the mechanism shown in Fig. 2, where: 0—base; 1—internal
gear; 2—external gear; 3—coupling that allows the movement between two parallel
shafts with a small distance between their axes (Oldham, internal gear with a zero
difference between the teeth numbers); 4—mobile beam; 5—driving screw; 6—nut.

Considering ω1 and ω2 the angular speeds (in [radian/s]) of the internal 1 and
external 2 gears, the speed of the mobile beam 4 will be:

v=
ω1p
2π

z2 − z1
z2

� �
mm ̸sð Þ. ð1Þ

where: p—the thread pitch of the driving screw, in (mm); z1—the teeth number of
the internal gear 1; z2—the teeth number of the external gear 2.

For the same teeth number z1, the speed v will be minim when the difference z2 −
z1 = −1 and it will be:

v= −
ω1

2π
p
z2

mm ̸sð Þ. ð2Þ

Fig. 2 Kinematics of a mechanism that converts the rotational movement of the driving link into a
translational one, using an internal gear
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When the speed v and the thread pitch p are imposed, the minimum size of the
mechanism will be also when the difference z2 − z1 = −1.

If 1 is an external gear and 2 is an internal gear, and z2 − z1 = 1, respectively,
then:

v=
ω1

2π
p
z2

mm ̸sð Þ. ð3Þ

The displacement d of the mobile beam 4, for a complete rotation of the driving
screw 5, will be:

d= p
z2 − z1
z2

� �
mmð Þ. ð4Þ

For z2 − z1 = ±1,

d=±
p
z2

mmð Þ. ð5Þ

One may see that, for the same value of the screw step s, the displacement d is
smaller when the teeth number z2 is bigger. Thanks to the internal gear with small
difference in teeth numbers, the screw step could be bigger. It means we may use a
ball screw-nut transmission, resulting a bigger precision and higher efficiency of the
entire mechanism.

If we want to get smaller speed v and, consequently, a smaller displacement d,
for the same overall size of the mechanism, or to reduce the size for the same values
of the speed v and displacement d, two internal gear pairs may be used (see Fig. 3).

Fig. 3 Kinematics of a mechanism that converts the rotational movement of the driving link into a
translational one, using two internal gear pairs
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In that case, the speed of the driven mobile beam will be:

v=
ω1p
2π

z2z3 − z1z′2
z2z3

� �
mm ̸sð Þ. ð6Þ

The displacement d will be:

d= p
z2z3 − z1z′2

z2z3

� �
mmð Þ. ð7Þ

The speed v and the displacement d will get minimum values (for the same value
of z2) when z2z3 − z1z′2 = −1, it means when z2 = z3 = z, z1 = z + 1 and z′2 = z −
1, respectively,

v=
ω1

2π
p

z2z3
=

ω1

2π
p
z2

mm ̸sð Þ, ð8Þ

d=
p

z2z3
=

p
z2

mmð Þ. ð9Þ

4 Hypocycloid Mechanisms

Thanks to the small difference of the internal gears teeth numbers, planetary
mechanisms with a single solar gear may be designed. These mechanisms are
compact and, also, they offer a high transmission ratio and high torque at a small
size [1, 4, 7].

Due to the small difference in the number of teeth, the distance between the gear
pair axes is very small, which makes it possible to collect the rotary motion from
the planet gear (when the sun gear is fixed) or to avoid the rotation of the planet
gear around its axis (when the sun wheel is mobile). For this purpose various types
of couplings can be used, which allow a small distance between two parallel axles.
Generally, Oldham coupling, universal joint or some flexible couplings may be
used. If, at the limit, the difference z2 − z1 = 0, the second gear pair may be used as
coupling.

We will now consider a mechanism using some balls that may eliminate the
rotation of the planet gear around its axis (see Fig. 4). In these conditions, the planet
gear 1 will have a circular translation, given by the planet carrier C. The internal
ring gear 2 is fixed. If we consider d—the diameter of the balls 3, and a—the center
distance of the gear (equal to the eccentricity of the planet carrier), the diameter
D of the circular trajectory of the balls will be D= a.

If, for dynamic balancing reasons, we are using two planet gears (Fig. 5), tra-
jectory o the balls between the two planet gears will be D′ =2a
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If double conical rollers are used instead of balls (see Fig. 6), we may find next
relations between the center distance and the geometry of the roller,

e=2H cos
α

2
= 2R

cos α2
tan α

2

ð10Þ

Fig. 4 Kinematics of a first planetary mechanism with a single planet gear: a kinematics; b detail
of the solution used to avoid the rotation of the planet gear around its axis

Fig. 5 Kinematics of a first
planetary mechanism with
two planet gears
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or

H =
e

2 cos α2
ð11Þ

or

R= e
tan α

2

2 cos α2
ð12Þ

and

α=2 arccos
e
2H

� �
, ð13Þ

respectively.
The diameter of the hollow is

D1 = 2G=
2H
cos α2

=
e

cos2 α
2

. ð14Þ

For the same value of the center distance and the same distance between the
gears faces, this diameter will be the lower when α or R will be lower (Fig. 6b).

If, for dynamic balancing reasons, two planet gears are used, the value of the
hollows at the separation plan of the planet gears will have a double value (see

Fig. 6 Kinematics of the second planetary mechanism with a single planet gear: (a) kinematics;
(b) detail of the solution used to avoid the rotation of the planet gear around its axis
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Fig. 7), for the same distance between the gears. The rollers will also have a bigger
size.

The transmission ratio of these mechanisms may be computed as following:

• If the planet carrier C is driving link (the mechanism is a reducer)

i1H2 =
z2

z2 − z1
; ð15Þ

• If the planet carrier C is driven link (the mechanism is a multiplier)

i12H =
z2 − z1
z2

. ð16Þ

If the difference of the teeth numbers is z2 − z1 = 1, then i1H2 = z2 and i12H = 1
z2
.

5 Conclusions

Thanks to the small difference of the internal gears teeth numbers, planetary
mechanisms with a single solar gear may be designed. These mechanisms are
compact and, also, they offer a high transmission ratio and high torque at a small
size. In this paper some original mechanisms that are taking the advantage of using
internal gears with small difference in the numbers of teeth have been discussed.

Fig. 7 Kinematics of the
second planetary mechanism
with two planet gears
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First, two mechanisms for converting the rotary motion into linear motion have
been proposed. Then, two solutions of hypocycloid mechanisms offering a high
ration at a small size have been presented.
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Mechanical System for Determining
the Shot Force at Football

E. Merticaru, R. M. Iacob and E. Budescu

Abstract The aim of this paper is to determine the components of shot force at
football. With this aim in view, there is proposed a simply device which can be used
to determine the components of shot force. This device, having a simple con-
struction, can be used personalized, determining both the force of the shot and the
angle of the force vector. Using the relationships presented in the paper, the angular
velocity of the leg can be also calculated during the shot of the ball.

Keywords Biomechanics ⋅ Mechanisms ⋅ Force ⋅ Football
Device

1 Introduction

Some studies deal with the problem of the impact foot-ball [1–3], offering math-
ematical models of the impact. The impact between the foot and the ball was
analyzed as an impact between a body and a sphere [4, 5].

The paper is proposing a device to assess the force of hitting the ball, about two
horizontal directions. The device is useful for football.
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2 Schematics and Modeling of the System

The device is schematically presented in Fig. 1 and it is composed by a bar 1 which
is connected to the frame through a rotation joint O, with the axis parallel to x axis.

The bar 2 is connected to bar 1 through a rotation joint A, with the axis parallel
to y axis. At the end of bar 2 there is fixed a ball M.

Initially, the bars 1 and 2 are oriented downward about z axis (the angles φ1 and
φ2 are equal to zero).

When the ball M is hit with a force Fp which has components about the tow
directions x and y (Fpx and Fpy), the bar 2 is rotating around y axis and the bar 1 is
rotating around x axis, and are remaining positioned at certain angles φ2 and φ1

which can be measured.
The bars are maintained in rotated position because the joints O and A are

conceived as joints with friction, as presented in Fig. 2.
In Fig. 2, the notations represent: 1 and 2 are the elements connected by the

rotation joint; 3 is a friction disc; 4 is a screw; 5 and 7 are washers; 8 is a screw-nut;
6 is a spring.

The screw 4 and the screw-nut 8 are tightened so the spring 6 is pressing the
elements 1 and 2 on the friction disc 3. In this way there is created a friction torque
in the rotation joint. The friction torque Mf2 in the rotation joint A is balancing the
maximum values of the torques of the weight forces G2 and GM of the bar 2 and the
ball M.

z
y

xO Mf1

1

2

ϕ1

ϕ2

1C
G1

2G

A

B

CGM (M)

f2M

ϕ2π/2 -

α

pxF

pF pyF

Fig. 1 Kinematics of the
device
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The maximum value of the friction torque Mf2 can be written as:

Mf 2 =
m2 ⋅ l2
2

+M ⋅ l2 + rð Þ
� �

⋅ g ð1Þ

The friction torque Mf1 in the rotation joint O is balancing the maximum values
of the torques of the weight forces G1, G2 and GM of the bar 1, bar 2 and the ball M.

The maximum value of the friction torque Mf1 can be written as:

Mf 1 =
m1 ⋅ l1
2

+m2 ⋅ l1 +M ⋅ l1
� �

⋅ g ð2Þ

In relations (1) and (2), the notations are representing: l1 = OA, l2 = AB,
r = BC is the radius of the ball M, m1 is the mass of bar 1, m2 is the mass of bar 2,
M is the mass of the ball, g is the gravity acceleration.

When the ball is hit, it receives a kinetic energy that can be written as:

Ec =Ec1 +Ec2 +EcM ð3Þ

where:
Ec1 is the kinetic energy of bar 1,

Ec1 =
1
6
⋅m1 ⋅ l21 ⋅ω

2
1 ð4Þ

1

23

6

7 8

54Fig. 2 The construction of
the rotation joint with friction
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Ec2 is the kinetic energy of bar 2,

Ec2 =
1
2
⋅
m2 ⋅ l22
3

⋅ cos2 φ2ð Þ+m2 ⋅ l21

� �
⋅ω2

1 +
1
6
⋅m2 ⋅ l22 ⋅ω

2
2 ð5Þ

EcM is the kinetic energy of the ball,

EcM =
1
2
⋅M ⋅OC2 ⋅ω2

1 +
1
2
⋅M ⋅ l2 + rð Þ2 ⋅ω2

2 ð6Þ

where

OC2 = l2 + rð Þ ⋅ sin φ2ð Þ½ �2 + l1 ⋅ sin φ1ð Þ½ �2 + l1 + l2 + rð Þ ⋅ cos φ2ð Þ½ �2 ⋅ cos2 φ1ð Þ
ð7Þ

After the ball is hit, the bar 1 and the bar 2 are rotating with the angles φ1

respectively φ2, and the kinetic energy is transformed in potential energy and
friction energy, as in relation below:

Ec =EfA +EfO +Ep ð8Þ

where EfA is the friction energy in joint A,

EfA =Mf 2 ⋅φ2 ð9Þ

EfO is the friction energy in joint O,

EfO =Mf 1 ⋅φ1 ð10Þ

Ep is the potential energy,

Ep =Ep1 +Ep2 +EpM ð11Þ

In relation (11), the notations are representing:
Ep1 is the potential energy of bar 1,

Ep1 =m1 ⋅ g ⋅
l1
2
⋅ 1− cos φ1ð Þð Þ ð12Þ

Ep2 is the potential energy of bar 2,

Ep2 =m2 ⋅ g ⋅ l1 ⋅ 1− cos φ1ð Þð Þ+ l2
2
⋅ 1− cos φ2ð Þ ⋅ cos φ1ð Þð Þ

� �
ð13Þ
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EpM is the potential energy of the ball,

EpM =M ⋅ g ⋅ l1 ⋅ 1− cos φ1ð Þð Þ+ l2 + rð Þ ⋅ 1− cos φ2ð Þ ⋅ cos φ1ð Þð Þ½ � ð14Þ

In relation (8), Ec may be written as:

Ec =Ecx +Ecy ð15Þ

where Ecx is the kinetic energy imprimed by Fpy and Ecy is the kinetic energy
imprimed by Fpx:

Ecx =
1
6
⋅m1 ⋅ l21 ⋅ω

2
1 +

1
2
⋅
m2 ⋅ l22
3

⋅ cos2ðφ2Þ+m2 ⋅ l21

� �
⋅ω2

1 +
1
2
⋅M ⋅OC2 ⋅ω2

1

ð16Þ

Ecy =
1
6
⋅m2 ⋅ l22 ⋅ω

2
2 +

1
2
⋅M ⋅ ðl2 + rÞ2 ⋅ω2

2 ð17Þ

Also, in relation (8), Ep may be written as:

Ep =Epx +Epy ð18Þ

where Epx is the potential energy by the rotation around x axis and Epy is the
potential energy by the rotation around y axis:

Epx =m1 ⋅ g ⋅
l1
2
⋅ 1− cos φ1ð Þð Þ+m2 ⋅ g ⋅ l1 ⋅ 1− cos φ1ð Þð Þ+M ⋅ g ⋅ l1 ⋅ 1− cos φ1ð Þð Þ

ð19Þ

Epy =m2 ⋅ g ⋅
l2
2
⋅ 1− cos φ2ð Þ ⋅ cos φ1ð Þð Þ+M ⋅ g ⋅ ðl2 + rÞ ⋅ 1− cos φ2ð Þ ⋅ cos φ1ð Þð Þ

ð20Þ

Thus, the relation (8) becomes:

Ecx =EfO +Epx ð21Þ

and

Ecy =EfA +Epy ð22Þ

In order to assess the impact force Fp, we can use the second Lagrange equations
for impulsive motion [6]:
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J1red ⋅ω1 =MOxðPyÞ ⋅ ω1

ω1
ð23Þ

and

J2red ⋅ω2 =MAyðPxÞ ⋅ ω2

ω2
ð24Þ

where:
Px is the percution about x axis, Py is the percution about y axis,

Px =
Z t

t0

Fpxdt=
Z t

t0

Fp ⋅ cosðαÞdt ð25Þ

Py =
Z t

t0

Fpydt=
Z t

t0

Fp ⋅ sinðαÞdt ð26Þ

J1red =
m1 ⋅ l21
3

+
m2 ⋅ l22
12

+m2 ⋅ l1 +
l2
2

� �2

+M ⋅ l1 + l2 + rð Þ2 ð27Þ

J2red =
m2 ⋅ l22
3

+M ⋅ l2 + rð Þ2 ð28Þ

MOxðPyÞ=Py ⋅ l1 + l2 + rð Þ ð29Þ

MAyðPxÞ=Px ⋅ l2 + rð Þ ð30Þ

Hence, it results:

Px =
J2red ⋅ω2

l2 + rð Þ ð31Þ

Py =
J1red ⋅ω1

l1 + l2 + rð Þ ð32Þ

Assuming that the force of impact Fp is constant during the duration of impact
Δt= t− t0, then:

Px =Δt ⋅Fp ⋅ cosðαÞ ð33Þ

and
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Py =Δt ⋅Fp ⋅ sinðαÞ ð34Þ

and

Fp =
Py

Δt ⋅ sinðαÞ =
Px

Δt ⋅ cosðαÞ ð35Þ

where

α= arctg
Py

Px

� �
ð36Þ

Case 1:

When the ball is hit about the direction y, the bar 1 will rotate, together with the bar
2 and the ball, around the x axis and will stop at a certain angle φ1f that can be
measured. The bar 2 is not rotating around y axis.

The initial conditions are: φ1i = 0, φ2 = 0, ω2 = 0, ω1f = 0.
The relation (8) becomes:

ω2
1i ⋅A1 =B1 ⋅φ1f + g ⋅ 1− cos φ1f

� �� �
⋅C1 ð37Þ

where

A1 =
m1 ⋅ l21
6

+
m2 ⋅ l22
6

+
m2 ⋅ l21
2

+
M
2

⋅ l21 + l2 + rð Þ ⋅ 2 ⋅ l1 + l2 + rð Þ� 	 ð38Þ

B1 =
m1

2
+m2 +M


 �
⋅ l1 ⋅ g ð39Þ

C1 =
m1 ⋅ l1
2

+m2 ⋅ ðl1 + l2
2
Þ+M ⋅ l1 + l2 + rð Þ

� �
ð40Þ

If the angle φ1f can be measured, then the angular velocity ω1i can be calculated:

ω1i =

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B1 ⋅φ1f + g ⋅ 1− cos φ1f

� �� �
⋅C1

A1

s
ð41Þ

Py =
J1red ⋅ω1i

l1 + l2 + rð Þ ð42Þ

Fp =Fpy =
Py

Δt ⋅ sinðαÞwhere α=90◦ ð43Þ
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Case 2:

When the ball is hit about the direction x, the bar 2 will rotate, together with the
ball, around the y axis and will stop at a certain angle φ2f that can be measured. The
bar 1 is not rotating around x axis.

The initial conditions are: φ2i = 0, φ1 = 0, ω1 = 0, ω2f = 0.
The relation (8) becomes:

ω2
2i ⋅A2 =B2 ⋅φ2f + g ⋅ 1− cos φ2f

� �� �
⋅C2 ð44Þ

where

A2 =
m2 ⋅ l22
6

+
M
2

⋅ l2 + rð Þ2 ð45Þ

B2 =
m2 ⋅ l2
2

+M ⋅ l2 + rð Þ
� �

⋅ g ð46Þ

C2 =
m2 ⋅ l2
2

+M ⋅ l2 + rð Þ ð47Þ

If φ2f can be measured, then the angular velocity ω2i can be calculated:

ω2i =

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B2 ⋅φ2f + g ⋅ 1− cos φ2f

� �� �
⋅C2

A2

s
ð48Þ

Px =
J2red ⋅ω2i

l2 + rð Þ ð49Þ

Fp =Fpx =
Px

Δt ⋅ cosðαÞ where α=0◦ ð50Þ

Case 3:

When the ball is hit with a force which has components about the axes x and y, the
bar 2 will rotate, together with the ball, around the y axis and will stop at a certain
angle φ2f that can be measured. The bar 1 will rotate, together with the bar 2 and the
ball, around the x axis and will stop at a certain angle φ1f that can be measured.

The initial conditions are: φ1i = 0, ω1f = 0 and φ2i = 0, ω2f = 0.
Thus, from the relations (21) and (22) we obtain:

ω1i =

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Mf 1 ⋅φ1f + 1− cosðφ1f Þ

� �
⋅B3

A3

s
ð51Þ

where
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A3 =
1
6
⋅m1 ⋅ l21 +

1
2
⋅
m2 ⋅ l22
3

⋅ cos2ðφ2Þ+m2 ⋅ l21

� �
+

1
2
⋅M ⋅OC2 ð52Þ

B3 =m1 ⋅ g ⋅
l1
2
+m2 ⋅ g ⋅ l1 +M ⋅ g ⋅ l1 ð53Þ

and

ω2i =

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Mf 2 ⋅φ2f + 1− cos φ2f

� �
⋅ cos φ1f

� �� �
⋅B4

A4

s
ð54Þ

where

A4 =
1
6
⋅m2 ⋅ l22 +

1
2
⋅M ⋅ ðl2 + rÞ2 ð55Þ

B4 =m2 ⋅ g ⋅
l2
2
+M ⋅ g ⋅ ðl2 + rÞ ð56Þ

and

Px =
J2red ⋅ω2i

l2 + rð Þ ð57Þ

Py =
J1red ⋅ω1i

l1 + l2 + rð Þ ð58Þ

Fp =
Py

Δt ⋅ sinðαÞ where α= arctg
Py

Px

� �
ð59Þ

It can be observed that there can rather be assessed the percutions Px and Py,
instead of the impact force Fp. The impact force Fp can be assessed only if there is
known the duration of impact Δt= t− t0 when the ball is hit.

3 Conclusions

Using the proposed experimental device, as well as the analysed possible cases of
kicking the ball, any trainer can test and determine the kicking force of a football
player, so that it can make the best choice. The initial force of propulsion of the ball,
as well as the angle of motion starting of the ball, determine its trajectory and the
success of the hit.

The paper combines the theoretical analysis and experimental determination in
sport, proposing a device which is simply to be done.
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Design and Simulation
of a Parallel-Serial LARMbot Arm

Matteo Russo and Marco Ceccarelli

Abstract In this paper, a novel robotic arm for LARMbot humanoid is designed as
based on parallel-serial structure is described. The upper arm is a tripod parallel
structure with 3-Degrees-of-Freedom that are actuated by linear motors, while the
forearm is a serial link controlled by a single servomotor. The structure is char-
acterized with its kinematics and a CAD design is proposed in order to test its
functioning.

Keywords Humanoid robots ⋅ Robot design ⋅ Arm mechanisms
Parallel robots ⋅ Manipulators

1 Introduction

Robotic manipulators can be classified as serial manipulators, parallel manipulators
and hybrid manipulators. Serial manipulators are based on a single serial chain,
while parallel manipulators are composed of several chains in parallel connecting a
fixed platform to a moving one. A hybrid manipulator is characterized by the
combination of both kinds of structure. While serial manipulators usually have a
large workspace volume, most parallel manipulators show high payload, stiffness
and accuracy [3, 6]. A hybrid structure is able to combine the advantages of both
serial and parallel ones [5].

An example of a parallel-serial structure developed in LARM laboratory is
shown in [2]. Other examples of manipulators with a parallel-serial structure are
analysed in [10, 11].
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The proposed arm is composed of a serial chain with a combination of a parallel
mechanism as upper arm and a single link as forearm. The upper arm mechanism is
the tripod structure that is described in [9] and patented in [8], because of its
particular end-effector joint [4]. In the proposed arm design, the extremity of the
tripod is shaped to install the elbow servomotor. The kinematics of the structure is
solved in Sect. 2, while Sect. 3 presents a CAD model for the manufacturing of a
prototype of the structure and its characteristics.

2 Kinematic Design

The proposed arm mechanism is a 4 Degrees-of-Freedom structure with three linear
actuators in the upper arm and a servomotor in the elbow. The kinematic diagram of
the manipulator is shown in Fig. 1a. The upper arm mechanism is composed of
three parallel chains AiB, which are characterized by a UPR structure. The pris-
matic joint of each chain is a linear actuator with length li and stroke s that is
connected to the fixed frame by a universal joint in Ai and to the elbow point B by a
revolute joint. The three revolute joints in B are connected with the elbow mech-
anism shown in Fig. 1b and described in [9], where link 1 rotates around the x-axis
of the mechanism, while link 2 and link 3 can only rotate around its Y-axis.

The position of point B can be found as the intersection of three spheres centred
in Ai with radius equal to li, for i = {1, 2, 3}. When the A1A2A3 shoulder frame is
an equilateral triangle with side length a with

Fig. 1 Kinematic diagrams of the proposed arm mechanism: a arm structure; b end-effector
mechanism at upper arm extremity
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the Direct Kinematics of the upper arm structure can be solved as

xB =
1
2a

l21 − l22 + a2
� �

yB =
1

2
ffiffiffi
3

p
a

l21 + l22 − 2l23 + a2
� �

zB = −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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2
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2
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� �
3a2

s
.

ð2Þ

where x, y, z are the coordinates of the upper arm extremity point B. The positive
root for the z-coordinate is not physically possible for the assembly configuration.
In order to find the position of the arm end-point point H, the orientation of the
reference frame of the elbow platform, which is shown in Fig. 1b, with respect to
the fixed frame XYZ, in Fig. 1a, is solved with Euler angles as Eq. (3),

αB = tan− 1 l21 + l22 − 2l23 + a2
� �

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
− l41 − l42 − l43 − a4 + l21l

2
2 + l21l

2
3 + l22l

2
3 + a2 l21 + l22 + l23

� �q
βB = arctan

l21 − l22ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4a2l23 − l42 − l41 + 2l21l

2
2

p
γB =0

ð3Þ

where αB is the rotation angle of the platform around the X-axis, βB is the intrinsic
rotation around the Y-axis and γB is the one around the Z-axis. The servomotor is
placed on the elbow platform and the elbow is described by link BC. The motor
allows for a further rotation of forearm body CH around its axis, characterized by
the servomotor actuation angle α. Therefore, the position of the arm-end point in the
fixed reference frame in Fig. 1a can be written as Eq. (4),

0H= 0B+RX αBð ÞRY βBð ÞRZ γBð Þ
0
0
− b

0
@

1
A+RY αð Þ

d
0
0

0
@

1
A

2
4

3
5 ð4Þ

Equation (4) can be also used to evaluate the workspace of the proposed
mechanism as a point cloud by discretising the step of the actuators [3]. In order to
compute it, a particular size, which is based on existing commercial actuators, has
been assumed for the arm design as in Table 1. Figure 2 shows the computed
workspace of the LARMbot arm with sizes in Table 1.
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Figure 2 shows the workspace of the LARMbot arm computed as a cloud of
reachable points with mechanism size in Table 1. The workspace is characterized
by an apple void [3] in the region that surrounds the elbow of the mechanism, due
to the length of link CH. This void can be seen in the XZ section of the workspace
in Fig. 2b.

3 CAD Model and Simulation

In order to check for the functioning of the proposed mechanism, a CAD model of
the arm was designed. The model is sized on the dimensions in Table 1 and it is
based on two commercial actuators: the Actuonix L16R [1] linear motor with a
stroke of 50 mm for the upper arm and the Robotis Dynamixel AX12-A servomotor
for the elbow joint [7]. The universal joints in the base are modelled on commercial
ones, while all the other components are designed for easy manufacturing through
3D printing in PLA plastic. The CAD model of the entire arm is shown in Fig. 3.

A swing of the arm has been simulated in order to compute the actuation forces
of the actuators. The path is shown in Fig. 4, while the swing is characterized by its
motion law as

l1 = 200+ 30 cos 0.2πt

l2 = 205+ 40 cos 0.4πt

l3 = 200+ 30 cos 0.2πt

α=
5
12

π +
1
4
π cos 0.2πt

ð5Þ

The acceleration of the arm-end point computed during the dynamic simulation
is shown in Fig. 5.

The results of the dynamic simulation are compared with the maximum payloads
of the actuators, which are respectively 50.0 N for the Actuonix L16R [1] and 1.50
Nm for the Dynamixel AX12-A [7]. The computed actuation forces are shown in
Fig. 6, while the torque in the servomotor is shown in Fig. 7 and the reaction force
in point B is shown in Fig. 8. All the values are within the limits of the actuators
with a large safety coefficient, which is larger than 20 for the linear motors and
larger than 2 for the servomotor. This values clearly show the better dynamic
performance of the parallel part of the structure when compared to the serial chain.
Therefore, in order to improve the efficiency and the payload of the structure it is
necessary to improve the load capacity of the elbow motor.

Table 1 Size of the design
parameters of the arm
mechanism in Fig. 1

Variable a li,min li,max s b d

Length (mm) 60 185 235 50 53 230
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Fig. 2 Reachable workspace of the mechanism; a isometric view; b section on plane XZ; c upper
view; d section on plane YZ
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Fig. 3 A CAD model of the proposed arm mechanism in Fig. 1

Fig. 4 Simulated swing motion of the CAD design in Fig. 3

Fig. 5 Results of simulated motion in terms of acceleration of point H during the motion
illustrated in Fig. 4
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Fig. 6 Simulated actuation forces (N) in the linear motors. Force 1 and 3 overlap in the graph

Fig. 7 Simulated actuation torque (Nm) in the servomotor

Fig. 8 Simulated reaction force (N) in point B of Fig. 3
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4 Conclusions

This paper presents a novel parallel-serial arm mechanism for the LARMbot
humanoid. First of all, the mechanism design is introduced with its functioning
diagrams and its kinematics are evaluated. Then, a CAD model of the arm is used
for dynamic simulation in order to prove the feasibility of the novel design. The
results of the simulation are reported and discussed to show the feasibility of the
design and to characterize its operation in terms of human-like performance. Future
development for this work will include the manufacturing of a prototype in order to
check for the feasibility and the performance of the mechanism with experimental
tests.
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Kinematically Redundant Octahedral
Motion Platform for Virtual Reality
Simulations

G. Nawratil and A. Rasoulzadeh

Abstract We propose a novel design of a parallel manipulator of Stewart Gough

type for virtual reality application of single individuals; i.e. an omni-directional

treadmill is mounted on the motion platform in order to improve VR immersion

by giving feedback to the human body. For this purpose we modify the well-known

octahedral manipulator in a way that it has one degree of kinematical redundancy;

namely an equiform reconfigurability of the base. The instantaneous kinematics and

singularities of this mechanism are studied, where especially “unavoidable singular-

ities” are characterized. These are poses of the motion platform, which can only be

realized by singular configurations of the mechanism despite its kinematic redun-

dancy.

Keywords Stewart-Gough platform ⋅ Kinematic redundancy ⋅ Singularities

Motion simulator

1 Introduction

The geometry of a Stewart-Gough (SG) platform is given by the six base anchor

points 𝖬i with coordinates 𝐌i ∶= (Ai,Bi,Ci)T with respect to the fixed frame and

by the six platform anchor points 𝗆i with coordinates 𝐦i ∶= (ai, bi, ci)T with respect

to the moving frame (for i = 1,… , 6). Each pair (𝖬i,𝗆i) of corresponding anchor

points of the fixed body (base) and the moving body (platform) is connected by an

SPS-leg, where only the prismatic joint (P) is active and the spherical joints (S) are

passive. The distance between the centers of the two S-joints of the ith leg is denoted

by ri. Note that for a SG platform, (𝖬i,𝗆i) ≠ (𝖬j,𝗆j) holds for pairwise distinct
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i, j ∈ {1,… , 6}. Moreover if two base points 𝖬i and 𝖬j (resp. platform points 𝗆i
and 𝗆j) coincide, then we just write 𝖬i,j (resp. 𝗆i,j).

A certain drawback of such 6-degree of freedom (dof) robotic platforms is the

limitation of their singularity-free workspace. A promising approach for overcoming

this problem is redundancy, where basically two types can be distinguished:

(a) Actuation redundancy: One possibility is to add a 7th SPS-leg to the manipu-

lator (e.g. [2, 3, 20]), but it should be noted that there exist dangerous locations

for the attachments 𝗆7 and 𝖬7 (cf. [9]), which do not result in a reduction of sin-

gularities. Clearly more than one SPS-leg can be attached, but we have to keep

in mind that every extra leg may yields a restriction of the workspace due to leg

constraints and leg interference [3]. Moreover [17] pointed out that this so-called

branch redundancy
1

causes internal loads, whose control increases considerably

the complexity and costs.

(b) Kinematic redundancy:This can be achieved by attaching active joints in a way

that the geometry of the platform or base (or both) can be modified. Therefore

they are also known as reconfigurable manipulators2
of SG type. In [1] a design

is suggested, which has six redundant dofs (3 in the platform and 3 in the base).

The weak points of this so-called dodekapod are that on the one hand additional

mass/inertia (motor of active joints) is added to the platform and that on the

other hand passive prismatic joints are used, which are difficult to implement

in practice (cf. [17]). Not faced with these points of criticism are the designs

suggested in [11, 19], where one base point is traced on a circle (realized by

an extra R-joint [19]) or a straight line (realized by an extra P-joint [11]). We

complete this review by noting a different approach to kinematic redundancy;

namely the usage of parallel redundant legs introduced in [17].

Another advantage of approach (b) over (a) beside the already mentioned ones

above is that (a) increases the workspace only by removing singularities, but (b)

additionally enlarges the workspace itself due to the reconfigurability of the anchor

points. Further differences between both concepts are pointed out at the end of

Sect. 2.1.

1.1 Aim and Basic Concept

Within the Doctoral College “Computational Design” of the Vienna University of

Technology, we are interested amongst other things in the optimization of motion

platforms of SG type for virtual reality (VR) application of single individuals. In

detail, we want to mount an omni-directional treadmill onto the motion platform (cf.

1
A further possibility to imply actuation redundancy in a SG platform is to replace passive joints

by active ones. No attempts to this so-called in-branch redundancy are known to the authors.

2
The modules in a variable geometry truss (VGT) can also be seen as reconfigurable manipulators

(cf. [14, Fig. 9]). In this context see also [18], where a VGT is combined with a SG structure.
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Fig. 2) in order to improve VR immersion by giving feedback to the human body (e.g.

simulating slopes, earthquakes, . . . ). There are different locomotion systems com-

mercially available; e.g. Cyberith Virtualizer (www.cyberith.com), Omni Virtuix (www.

virtuix.com), SpaceWalkerVR (www.spacewalkervr.com), Kat Walk (www.katvr.com) and

Wizdish ROVR (www.wizdish.com).

Due to safety reasons we prefer a system where the individuals are fixed inside

a hip-ring by belts and straps. Thus we are only left with the Omni Virtuix and the

Cyberith Virtualizer. We favor the latter system as it has one more dof, which allows

to kneel/crouch/sit down or even to jump up, and a flat base plate with a suitable

friction coefficient for simulating slopes. Contrary, the Omni Virtuix’s base has a

very low friction (too slippery for slope simulations) and a concave shape.

All currently offered 6-dof motion simulators of SG type have a planar semi-

hexagonal base and platform (see Fig. 1 (left)). This design is preferred over the

so-called octahedral SG manipulator (see Fig. 1 (right)) as it avoids double S-joints,

which have a lot of disadvantages regarding costs, stiffness and joint-range. Never-

theless we focus within this concept study on the octahedral design (as many other

academic studies e.g. [18], [19, Sect. 4], [4–6, 8, 10, 12, 13], . . . done in the past),

due to its kinematic simplicity. But this application-alien abstraction can also be

brought back to real-world solutions as pointed out in Sect. 3.

Due to the arguments given above we want to use concept (b) of kinematic redun-

dancy in order to increase the singularity-free workspace of the octahedral manipu-

lator. Having our practical application in mind, the resulting reconfigurable manipu-

lator should still be of kinematic simplicity (the symmetry of the manipulator should

not be destroyed) and cheap; i.e. we want to get by with standard components (less

or even no expensive custom products).

Taking all these requests under consideration, we came up with the design illus-

trated in Fig. 2. We use three additional active P-joints (green), which are driven

simultaneously by only one motor mounted at the center of the base. Therefore the

Fig. 1 (Left) SG manipulator with planar semi-hexagonal base and platform. (Right) Octahedral

SG manipulator, which is also known as MSSM (Minimal Simplified Symmetric Manipulator)

in the literature (e.g. [13]). This parallel robot is characterized by: 𝗆1 = 𝗆2, 𝗆3 = 𝗆4, 𝗆5 = 𝗆6,

𝖬2 = 𝖬3, 𝖬4 = 𝖬5, 𝖬6 = 𝖬1. Therefore all attachments are double spherical joints, which form

a triangle in the platform and the base. Moreover we assume that both triangles are equilateral

www.cyberith.com
www.virtuix.com
www.virtuix.com
www.spacewalkervr.com
www.katvr.com
www.wizdish.com
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hip-ring
Virtualizer’s

base motor
-box

Fig. 2 Octahedral SG manipulator with a 1-dof kinematic redundancy (equiform reconfigurability

of the base) and a Virtualizer mounted on top. In practice one S-joint of an SPS-leg is replaced by

an universal joint (U), thus all double S-joints can be replaced by concentric SU-joints (blow-ups)

base triangle remains equilateral during the reconfiguration process. The proposed

manipulator can be seen as a combination of a SG hexapod and a so-called hexaglide

(e.g. [7]). As the linear sliding of the points 𝖬i,i+1 along the lines 𝗀i,i+1 can be

realized by parallel guiding rails, the whole structure can still be built very stiff with

a high load-carrying capacity. Moreover the complete additional equipment for the

performance of the reconfiguration (motor, rails, . . . ) is placed on the resting base

such that the legs and platform are not stressed by additional mass/inertia.

Remark 1 Let us assume that the three additional prismatic joints are passive instead

of active (but still coupled). Moreover we lock the six P-joints of the legs. Then

the base has in each pose of the manipulator at least a 1-dimensional self-motion

with respect to the platform, due to the equiform reconfigurability of the base. These

relative motions (of the base with respect to the platform) are studied in [6]. ⋄

2 Instantaneous Kinematics and Singularities

The ith leg of the 7-dof reconfigurable manipulator fulfills the basic relation ri(𝜏)2 =
‖𝐧i(𝜏) −𝐌i(𝜏)‖2, where 𝐧i is the coordinate vector of 𝗆i with respect to the fixed

system. Differentiation with respect to the time 𝜏 yields:

riṙi = (𝐧i −𝐌i)(𝐧̇i − ̇𝐌i) ⇒ ṙi = 𝐥i(𝐧̇i − ̇𝐌i), (1)
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where 𝐥i is the unit-vector along the ith leg (pointing from the base point to the plat-

form point). As the velocity of 𝐧i can be expressed in terms of the instantaneous

screw (𝐪,𝐪) of the platform with respect to the fixed system by 𝐧̇ = 𝐪 + 𝐪 × 𝐧i we

get:

ṙi + 𝐥i ̇𝐌i = 𝐥i𝐪 + 𝐥i(𝐪 × 𝐧i) ⇒ ṙi + ġ𝐠i𝐥i = 𝐥i𝐪 +̂𝐥i𝐪, (2)

where 𝐠i is the unit-vector along 𝗀i, ġ the velocity along 𝗀i and̂𝐥i the moment vector

of the ith leg. Note that (𝐥i,̂𝐥i) are the spear coordinates of the ith leg. Thus we end

up with:

⎛
⎜
⎜
⎝

ṙ1
⋮
ṙ6

⎞
⎟
⎟
⎠

+ ġ
⎛
⎜
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⎝

𝐠1𝐥1
⋮

𝐠6𝐥6

⎞
⎟
⎟
⎠

= 𝐉
(
𝐪
𝐪

)

with 𝐉 ∶=
⎛
⎜
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⎝

̂𝐥T1 𝐥T1
⋮ ⋮
̂𝐥T6 𝐥T6

⎞
⎟
⎟
⎠

. (3)

This equation relates the velocities ṙ1,… , ṙ6, ġ of the active P-joints with the

instantaneous screw (𝐪,𝐪) of the platform. If we fix all prismatic joints the left side

of Eq. (3) equals the zero vector. Then an infinitesimal motion of the platform is only

possible if the Jacobian matrix 𝐉 of the octahedral manipulator is singular; which is

well studied problem (e.g. [4, 8] or [13, pp. 202–204]).

2.1 Unavoidable Singularities

Definition 1 If for a given pose of the platform the corresponding configuration of

the mechanism is singular for all kinematically redundant dofs, we call this singular

pose of the platform an “unavoidable singularity”.

To the best knowledge of the authors there are no studies on “unavoidable singu-

larities” in the literature, with the following two exceptions:

∙ In [17, Sect. 5(D)] it is stated that for the octahedral manipulator with three redun-

dant legs “any Cartesian pose of the moving platform can be reached with a non-
singular configuration of the mechanism”. Moreover, it is “conjectured that this
result can be extended to mechanisms whose spherical joints on the platform do
not coincide by pairs”, but this is disproved in Appendix 1.

∙ For the kinematically redundant SG manipulator of [19], there exist up to 40 posi-

tions of the platform causing an unavoidable singularity for a given orientation

(cf. [19, Sect. 4.4.2]). Some special orientations causing a higher-dimensional set

of unavoidable singularities were studied in [19, Sect. 4.4.3].

For the proposed mechanism of the paper at hand, we can chose an appropriate

scaling factor and coordinate systems in the fixed and moving space in a way that:

𝐦1,2 = (1, 0, 0)T , 𝐦3,4 =
(

− 1
2
,

√
3
2
, 0
)T

, 𝐦5,6 =
(

− 1
2
,−

√
3
2
, 0
)T

,

(4)
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𝐌4,5 = g(−1, 0, 0)T , 𝐌6,1 = g
(

1
2
,−

√
3
2
, 0
)T

, 𝐌2,3 = g
(

1
2
,

√
3
2
, 0
)T

, (5)

hold, where g > 0 is the reconfiguration variable (= radius of the circumcircle of the

equilateral base triangle). Based on this coordinatization we can compute the entries

of 𝐉 by (𝐥i ∶̂𝐥i) ∶= (𝐑𝐦i + 𝐬 − N𝐌i ∶ 𝐌i × 𝐥i) with the rotation matrix

𝐑 =
⎛
⎜
⎜
⎝

e20 + e21 − e22 − e23 2(e1e2 − e0e3) 2(e1e3 + e0e2)
2(e1e2 + e0e3) e20 − e21 + e22 − e23 2(e2e3 − e0e1)
2(e1e3 − e0e2) 2(e2e3 + e0e1) e20 − e21 − e22 + e23

⎞
⎟
⎟
⎠

,

N = e20 + e21 + e22 + e23 and the translation vector 𝐬 = (x, y, z)T . Note that (e0 ∶ e1 ∶
e2 ∶ e3) ≠ (0 ∶ … ∶ 0) are the so-called Euler parameters.

Then the singularity condition Σ: det 𝐉 = 0 has the following structure:

Σ ∶ 83
√
3Ng3(Q[12]N2g2 + L[56]Ng + A1[29]A2[8]) = 0, (6)

where the number in the brackets gives the number of terms. Note that Q and A2
depend linearly on x, y, z and that L and A1 are polynomials in z2, xz, yz, x, y, z.

Theorem 1 The unavoidable singularities of the 1-dof kinematic redundant octahe-
dral manipulator of SG type studied in the paper at hand are listed in the following
table containing the positions of the unavoidable singularities in the 3rd column for
the orientations given in the 2nd column and the 4th column gives the dimension of
the singularity set. The following expressions are referred in the mentioned table:

z =
(e20 + e23)(e

3
1e3 − 3e1e22e3 − 3e21e2e0 + e32e0)
(e23 − e20)(e

2
2 + e21)

, (7)

x =
(e20 + e23)(e

2
3e

2
1 − e23e

2
2 − 4e1e2e0e3 − e41 + 6e22e

2
1 − e42 − e20e

2
1 + e20e

2
2)

2(e22 + e21)(e
2
0 − e23)

, (8)

y =
(e23 + e20)(e1e2e

2
3 + e21e3e0 − e22e3e0 + 2e31e2 − 2e1e32 − e1e2e20)

(e22 + e21)(e
2
3 − e20)

, (9)

x =
e43e

2
1 − e43e

2
2 + 3e23e

2
1e

2
2 − e23e

4
2 + 2e3e0e31e2 + 2e3e0e1e32 − e41e

2
0 + 3e21e

2
2e

2
0 − e40e

2
1 + e40e

2
2

(e22 + e21)(e
2
0 − e23)

,

(10)

y =
2e43e1e2 + 3e23e

3
1e2 + e3e42e0 − e23e1e

3
2 − e3e0e41 − 2e40e1e2 + e20e

3
1e2 − 3e20e1e

3
2

(e22 + e21)(e
2
3 − e20)

. (11)

Proof For an unavoidable singularity the conditionsQ = L = A1A2 = 0 have to hold.

This system of equations can be solved explicitly
3

for x, y, z. The detailed case study

3
In contrast to [19], where the unavoidable singularities are obtained as the numeric solution of an

univariate polynomial of degree 40.
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Row Orientation Position Dim

1 e1 = e2 = 0 z = 0 3

2 e1 = e2 = 0, e0 = ±e3 arbitrary 3

3 e0 = e3 = 0 arbitrary 4

4 e0 = ±e3, e2 = ∓e1 z = 2e1e3 3

5 e0 = ±e3, e2 = ∓e1 z = − e3(2e23+2e
2
1±y)

e1
, x = 0 2

6 e0 = ±e3, e2 = ∓e1 z = −4e1e3, y = ±2(e21 − e23) 2

7 e0 = e3, e1 = (2 ±
√
3)e2 z = 4e2e3

1∓
√
3

3

8 e0 = e3, e1 = (2 ±
√
3)e2 x = 16e22±8e

2
2

√
3+y−4e23

±
√
3

, z = 8e2e3
±
√
3−1

2

9 e0 = e3, e1 = (2 ±
√
3)e2 x = ∓y

√
3, z = 2e3(e23+4e

2
2±2e

2
2

√
3−y)

e2(1±
√
3)

2

10 e0 = −e3, e1 = (−2 ±
√
3)e2 z = 4e2e3

∓
√
3−1

3

11 e0 = −e3, e1 = (−2 ±
√
3)e2 x = 16e22∓8e

2
2

√
3−y−4e23

∓
√
3

, z = 8e2e3
1±

√
3

2

12 e0 = −e3, e1 = (−2 ±
√
3)e2 x = ∓y

√
3, z = 2e3(e23+4e

2
2∓2e

2
2

√
3+y)

e2(±
√
3−1)

2

13 e0 = e2 = 0 z = e1e3 3

14 e1 = e3 = 0 z = −e0e2 3

15 e0 = e1 = 0 y = z = 0 2

16 e2 = e3 = 0 y = z = 0 2

17 e0e1 + e2e3 = 0 z of Eq. (7) 4

18 e22e
2
3 − 3e22e

2
0 + 8e2e1e0e3 − 3e21e

2
3 z of Eq. (7) 4

+e21e
2
0 = 0

19 e0 =
e2e3
e1

y = 2e2
e21+e

2
3

e1
, z = e3(e41−6e

2
1e

2
2+e

4
2)

e1(e21−e
2
2)

3

20 e0 = − e1e3
e2

y = 2e1
e23−e

2
2

e2
, z = −4e1e3 3

21 arbitrary z of Eq. (7), x of Eq. (8), y of Eq. (9) 3

22 arbitrary z of Eq. (7), x of Eq. (10), y of Eq. (11) 3

yielding the above table is presented in Appendix 2. Note that for a given orientation

the positions are (unions of) affine subspaces of ℝ3
. □

As the unavoidable singularities are low-dimensional varieties (cf. Theorem 1) in

the 6-dimensional workspace, they can always be bypassed during path-planning.

But this does not imply the existence of a singularity-free path as the singularity

variety is a hypersurface in the mechanism’s configuration space.
4

Due to topological

reasons two points of the configuration space can be separated by this hypersurface.

In contrast, actuation redundancy reduces the dimension of the singularity variety

by the number of redundant dofs (cf. [3, Sect. 3]) and therefore a singularity can

always be avoided during path-planning.

But in the case of a given path of the platform, kinematic redundancy is superior

to actuation redundancy, as kinematically redundant dofs can be used to avoid sin-

gularities (if possible) and to increase the performance of the manipulator during the

4
For our mechanism this is a 7-dimensional space, as a mechanism configuration is given by the

pose of the platform (6 dofs) and by the size of the base triangle (1 dof).
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Fig. 3 Singularity avoidance by kinematical redundancy: In the upper left picture the given motion

of the platform between the start- and end-pose is displayed. Without reconfiguration of the base the

manipulator will pass two singular configurations, which are highlighted in red. They correspond to

the two intersection points of the blue horizontal line and the red singularity curve in the diagram

in the upper right corner. One can avoid these singularities by performing a reconfiguration of the

base indicated by the dashed line in the diagram, but then there is a collision of legs in the end-pose,

which is illustrated in the lower left picture. The green parabola in the diagram corresponds to a

solution, which is free of leg-interference and singularities. The robot-configuration of this solution

with g = max is displayed in the lower right picture. An animation can be downloaded from: http://

www.geometrie.tuwien.ac.at/nawratil/reconfiguration.gif

prescribed motion (cf. Fig. 3). The study of the optimal reconfiguration of the base

of the proposed mechanism during a given motion is dedicated to future research.

Remark 2 Note that a so-called modular parallel robot [15] also changes its geome-

try with respect to a given end-effector motion, but there is no reconfiguration of the

robot’s base/platform during the motion of the end-effector. ⋄

3 Conclusion

This paper contains a concept study of an octahedral SG manipulator with one degree

of kinematic redundancy (equiform reconfigurability of the base) for VR simula-

tions of single individuals (see Fig. 2). In a side-note we also proposed SU-joints

http://www.geometrie.tuwien.ac.at/nawratil/reconfiguration.gif
http://www.geometrie.tuwien.ac.at/nawratil/reconfiguration.gif
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Fig. 4 Axonomatic view (left) and top view (right) of a kinematic equivalent mechanism to Fig. 2.

On this design further studies (e.g. construction of a small scale prototype, optimal reconfiguration

of the base for a given motion, . . . ) are based

(see Fig. 2) as an alternative to the problematic double S-joints within the octahedral

structure. Clearly a deeper study of these SU-joints (regarding stiffness, joint-range,

dynamic behavior, . . . ) has to be done in order to judge their applicability. Another

possibility is the substitution of all double S-joints by double U-joints (e.g. see [5,

Fig. 16] and [12, Sect. 4]) and to replace the P-joints by cylindrical joints, with a

passive rotation and an active translation component.

But we pursue another strategy for the technical realization; namely the usage of

a design which is totally free of double joints but kinematically equivalent to the

octahedral manipulator (cf. [16]). Therefore the resulting design illustrated in Fig. 4

can be built with standard components; i.e. without expensive custom products.

Acknowledgements The first author is supported by Grant No. P 24927-N25 of the Austrian Sci-

ence Fund FWF. The second author is funded by the Doctoral College “Computational Design” of

TU Vienna. Moreover the authors want to thank Hannes Kaufmann of the “Center for Geometry

and Computational Desgin” at TU Vienna for fruitful discussions on VR motion simulations.

Appendix 1

As already mentioned in the first bullet of Sect. 2.1, the authors of [17] stated in

Sect. 5(D) that for the octahedral manipulator with three redundant legs “any Carte-
sian pose of the moving platform can be reached with a non-singular configuration
of the mechanism”.5 Moreover, it is “conjectured that this result can be extended to
mechanisms whose spherical joints on the platform do not coincide by pairs”. In this

section we construct a counter example to the conjecture.

According to Assumption 1 of [17, Sect. 5(D)] the base anchor points have to

fulfill the following property:

5
This is only true under Assumption 2 of [17, Sect. 5(D)]. Without this assumption all poses where

the platform and the base are coplanar are “unavoidable singularities”.
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Fig. 5 Non-redundant legs are displayed in black and redundant ones are illustrated in red. In the

upper row the axonometric views and in the lower row the top views of a non-singular configuration

(left) and an unavoidable singularity (right), respectively, are given

𝖬i,a,𝖬i,b,𝖬i−1 are collinear for i = 1, 3, 5 (mod 6), (12)

where 𝖬i−1 is the base point of a non-redundant leg and 𝖬i,a,𝖬i,b denote the two

base anchor points of a redundant leg. The geometric structure of the redundant leg

can be seen in Fig. 5 (upper left). It should only be noted that the orange cylinders

represent passive rotational joints and that the 3 gray bars linked by this joint are

coplanar.

We start with a semi-hexagonal platform parallel to the base plane 𝛿. Then we

determine the corresponding base point(s) of 𝗆j as follows: We construct a plane 𝜀j
orthogonal to 𝛿, which touches the circumcircle of the semi-hexagonal platform in

𝗆j. The intersection line of 𝜀j and 𝛿 is illustrated in Fig. 5 (left) in red (for j = 1, 3, 5)

and blue (for j = 2, 4, 6), respectively. Under consideration of (12) we select the base

point(s) on these intersection lines.
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Then we rotate the platform by −90 degrees about the center axis 𝖺 and end up

with a singular configuration (so-called Fichter singularity [5]) illustrated in Fig. 5

(right). It can easily be checked that this is an unavoidable singularity.

Appendix 2

We split the proof of Theorem 1 into two subsections. In the first one very special

cases are discussed and in the second one we attack the general case.

Special Cases

1. Within this first item we study all cases where at least two of the four Euler param-

eters are zero.

a. e1 = e2 = 0: Then Q and L are fulfilled identically and we remain with

A1A2 = 0, which factors into

z3(e20 + e23)(e0 − e3)(e0 + e3) = 0. (13)

For z = 0 the legs are in a field of lines, whose carrier plane is the base

(⇒ row 1 of the table given in Theorem 1). For e0 = ±e3 we get the Fichter

singularity (cf. [5]); i.e. rotation of the platform by ±90◦ about the z-axis

(⇒ row 2).

b. e0 = e3 = 0: This is already a singular configuration (⇒ row 3), which is

not of practical relevance as the platform is upside down.

c. e0 = e2 = 0 and e1e3 ≠ 0: It can easily be seen that Q = L = A1A2 = 0 can

only hold for z = e1e3 (⇒ row 13). The lines are in a singular linear line

complex.

d. e1 = e3 = 0 and e0e2 ≠ 0: Analogous considerations as in item (1c) yield

z = −e0e2 (⇒ row 14). The lines are in a singular linear line complex.

e. e0 = e1 = 0 and e2e3 ≠ 0: It is not difficult to verify that the unavoidable

singularities are given by y = z = 0 (⇒ row 15).

f. e2 = e3 = 0 and e0e1 ≠ 0: Analogous considerations as in item (1e) yield

y = z = 0 (⇒ row 16).

2. e0 = e3 ≠ 0: In this case Q factors into

2e33(e1 + e2)(e1 − 2e2 −
√
3e2)(e1 − 2e2 +

√
3e2). (14)

We remain with the following three cases:

a. e2 = −e1 and e3 ≠ 0: Now we get

L = 4e21e3(z − 2e1e3)(e1z + 2e21e3 + 2e33 + ye3),
A1A2 = 4xe1e3(z − 2e1e3)(2e1e3y − e23z + e21z),

(15)
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thus the following cases can occur:

i. e1 = 0: We get again the Fichter singularity.

ii. z = 2e1e3 and e1 ≠ 0: In this case all legs intersect a line and therefore

they belong to a singular linear line complex (⇒ row 4, upper sign).

iii. e1z + 2e21e3 + 2e33 + ye3 = 0 and (z − 2e1e3)e1 ≠ 0: We can solve this

equation for z and then A1A2 can only vanish without contradiction for

x = 0 (⇒ row 5, upper sign) or y = 2e21 − 2e23 (⇒ row 6, upper sign).

Therefore we get two lines in the position space.

b. e1 = (2 +
√
3)e2 and (e1 + e2)e3 ≠ 0: By inspecting L and A1A2 in a similar

way as done in very detail in item (a) we get the following solutions:

i. z = − 4e2e3√
3−1

: In this case all legs intersect again a line and therefore they

belong to a singular linear line complex (⇒ row 7, upper sign).

ii. x = 16e22+8e
2
2

√
3+y−4e23√
3

and z = 8e2e3√
3−1

: For a given orientation we get a line

in the position space (⇒ row 8, upper sign).

iii. x = −y
√
3 and z = 2e3(e23+4e

2
2+2e

2
2

√
3−y)

e2(
√
3+1)

: For a given orientation we get

again a line in the position space (⇒ row 9, upper sign).

c. e1 = (2 −
√
3)e2 and (e1 + e2)e3 ≠ 0: Exactly the same computations as in

item (b) yield the solutions given in the rows 7, 8, and 9, but now for the

lower signs.

3. e0 = −e3 ≠ 0: This is the same discussion as in item (2). The resulting solutions

are given in the rows 4, 5 and 6, but now for the lower signs, and in the rows 10,

11 and 12 (upper and lower signs).

General Case
We start by solving Q = 0 for z which yields Eq. (7). The denominator vanishes only

for the special cases (1a), (1b), (2) and (3), respectively. We insert this expression for

z into L = 0 and A1A2 = 0 and consider the greatest common divisor of the resulting

numerators, which reads as follows:

(e0e1 + e2e3)(e22e
2
3 − 3e22e

2
0 + 8e2e1e0e3 − 3e21e

2
3 + e21e

2
0). (16)

If one of these two factors vanish we get the solutions given in the rows 17 and

18, respectively. The remaining factor of L has 40 terms and is linear in x. As the

coefficient of x equals

2(e22 + e21)(e0 − e3)(e0 + e3)(e0e1 − e2e3)(e0e2 + e1e3) (17)

we have to distinguish the following three cases:

1. e0e1 − e2e3 = 0: If one of the ei’s is equal to zero, this equation implies that also

a second one has to vanish. Therefore we get one of the already discussed special

cases (1a, b, c, d). As a consequence we can set e0 =
e2e3
e1

. Then the numerator of

L simplifies to
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Fig. 6 For the orientation given by the Euler parameters e0 =
4
√
105

175
, e1 =

√
105
21

, e2 =
8
√
105

105
, e3 =

−16
√
105

525
the unavoidable singularities of row 21 and row 22 are illustrated in the left and right

figure, respectively. The position of row 21 equals x = −148327
130830

, y = −66032
65415

, z = 12304
13083

and the one

of row 22 is given by x = 40969
65415

, y = −85772
65415

, z = 12304
13083

e43(e1 − e2)(e1 + e2)(e22 + e21)
3(2e2e21 − ye1 + 2e2e23). (18)

As e1 = ±e2 implies e0 = ±e3 we can only end up with a case studied in the

special case (2) and (3), respectively. Therefore we only remain with 2e2e21 −
ye1 + 2e2e23 = 0 which implies row 19.

2. e0e2 + e1e3 = 0: For the same reasons as in item (1) of the general case we can set

e0 = − e1e3
e2

. Analogous considerations imply the condition 2e1e22 − 2e1e23 + ye2 =
0 resulting in row 20.

3. (e0e1 − e2e3)(e0e2 + e1e3) ≠ 0: In this case we can solve L = 0 for x. Plugging

the resulting expression into A1A2 yields two factors, which are linear in y. They

imply the solutions given in row 21 and 22, which are illustrated in Fig. 6.

End of all cases. □
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Kinematic Analysis of a 3-RRPS
Manipulator

S. M. Grigorescu, E.-C. Lovasz and C. Pop

Abstract The paper propose an iterative method for computing the direct kine-
matic of a 3-RRPS manipulator by considering for each leg a rotary and a linear
actuator. It was calculated the error due to difference between the computed mobile
triangle vertices and its sides length. To identify the possible angles solutions, it
was developed a special function that determine a threshold value applied to the
calculated sides of mobile triangle, depending on iteration phases and manipulator
dimensional values. The iterations steps lead to refine the range values of ψ angles
and its inappropriate values removal. The method can be successfully used for the
kinematic analysis of several structure types of legs, by preserving the distance
between the connection joints with the fixed and mobile frames.

Keywords 3-RRPS parallel manipulator ⋅ Forward kinematics
Inverse kinematics

1 Introduction

Many researchers [1–13] investigated several 6-DOF parallel manipulator’s con-
figurations, with different kinematic chains, regarding the geometry, direct kine-
matic analysis resolving methods, singularity loci efficiency, workspace,
manipulators dexterity, dynamics and design.
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Angeles, in his book [1], developed the direct kinematic analysis the
Steward-Gough manipulator, using the Denavit-Hartenberg parameters of the leg
and reaching a 12-th degree characteristic polynomial. The conclusion: “while the
inverse kinematics of the leg is quite straightforward, its direct kinematics is not” is
the same that Merlet presented in his book [2]. This researcher reduced the direct
kinematic analysis to the solution of one variable polynomial equation and reached
to the conclusion that direct kinematic equation may have up to 16° so, up to 16
solutions.

Villalibre [3] takes into account the two ways of solving the direct kinematics,
analytically and numerically. While the analytically method can’t always solve the
problem, the numerically iterative Newton-Raphson method is time consuming and
has local convergences.

Laribi [4] considers that the solution of equations system is equivalent to
intersection points of given spheres, which guides to two possible configurations of
moving platform with respect to the base.

Staicu, in [5], analyses a 3-DOF parallel mechanism with revolute actuators and
one passive leg in the center of fixed platform, for increasing robots stiffness.

2 Kinematic Analysis Method

The spatial parallel robots present 3–6 kinematic chains, connecting the mobile to
the fixed platform. The robot’s legs might have different kinematic structures,
depending on mobile platform’s degrees of freedom (DOF) and on specific appli-
cations goals. Figure 1 represents some possible leg’s kinematic schemes of RRPS
generic base structure and 6 DOF of the mobile manipulators platform.

Referring to the 3-RRPS structure, presented in Fig. 2, the two reference systems
are: mobile platforms system (1) and fixed reference system (0), attached to the base
platform. The mobile platform’s pose is defined by the M point Cartesian coordi-
nates and system (1) orientation angles with respect to the fixed coordinates system
(0). The points Ci coordinates transformation, from mobile system to the fixed one,
is expressed in Eq. (1).

(a) (b) (c)

Fig. 1 Leg’s kinematic schemes
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0XCi
0YCi
0ZCi
1

2
664

3
775= 0T1 ⋅

1xCi
1yCi
1zCi
1

2
664

3
775; i=1, 3 ð1Þ

where the 0T1 is:

0T1 =

0XM
0R1

0YM
0ZM

0 0 0 1

2
664

3
775 ð2Þ

The rotation matrix R [8] expresses the mobile platform orientation relative to
the base platform (Eq. (3)).

0R1 =
cos α ⋅ cos β cos α ⋅ sin γ ⋅ sin β− cos γ ⋅ sin α sin γ ⋅ sin α+ cos γ ⋅ sin α
cos β ⋅ sin α cos γ ⋅ cos α+ sin γ ⋅ sin β ⋅ sin α cos γ ⋅ sin α ⋅ sin β− cos α ⋅ sin γ
− sin β cos β ⋅ sin γ cos γ ⋅ cos β

2
4

3
5

ð3Þ

with rotation angles, noted with: α around the OZ axis, β around the OY axis and γ
around the OX axis.

Referring to the Fig. 2 and knowing the M coordinates (0XM,
0YM,

0ZM), the α, β,
γ angles values, the fixed (L) and mobile triangle (a) side lengths, it might be

Fig. 2 3-RRPS parallel manipulators notations for kinematics model
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calculated the θi, li and ψi values in Eqs. (5) and (5′), deduced from Eq. (4) of
mobile platform’s Ci points.

0XC1 = l1 ⋅ cosψ1 ⋅ cos θ1
0XC2 = L+ l2 ⋅ cosψ2 ⋅ cos θ2

0XC3 =
L
2
+ l3 ⋅ cosψ3 ⋅ cos θ3

0YC1 = l1 ⋅ cosψ1 ⋅ sin θ1
0YC1 = l2 ⋅ cosψ2 ⋅ sin θ2

0YC3 =
L ⋅

ffiffiffi
3

p

2
+ l3 ⋅ cosψ3 ⋅ sin θ3

0ZC1 = l1 ⋅ sinψ1
0ZC2 = l2 ⋅ sinψ2

0ZC3 = l3 ⋅ sinψ3

ð4Þ

θ1 = arctanð0YC10XC1
Þ l1 =

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð0X2

C1
+ 0Y2

C1
+ 0Z2

C1
Þ

q

θ2 = arctanð 0YC2
ð0XC2 − LÞÞ l2 =

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðð0XC1 − LÞ2 + 0Y2

C2
+ 0Z2

C2
Þ

q

θ3 = arctanð0YC3 −L ⋅
ffiffi
3

p
̸2

0XC3 − L ̸2 Þ l3 =
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð0XC3 − L

2Þ2 + ð0YC3 − L ⋅
ffiffi
3

p
2 Þ2 + 0Z2

C1
Þ

q
Þ

ð5Þ

ψ1 = arctanð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
0X2

C1
+ 0Y2

C1

q

0ZC1

Þ , ψ2 = arctanð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð0XC2 − LÞ2 + 0Y2

C2

q

0ZC2

Þ

ψ3 = arctanð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð0XC3 − L ̸2Þ2 + ð0YC3 − ðL ⋅ ffiffiffi

3
p

̸2ÞÞ2
q

0ZC3

ð5′Þ

For each kinematic chain RRPS, it is considered that the angles θi and the length
li, i = 1 ÷ 3 have given values by the rotary and linear actuators and the ψi is the
determined parameter in Eq. (5′), assuming that mobile platform moves always in
one side of the fixed base.

Direct kinematic analysis starts with Eq. (4), where it is considered known the
actuated parameters: θi, li, i = 1 ÷ 3 and are unknown the °Ci points Cartesian
coordinates and the angles ψi. Accordingly, to the 9 equations (Eq. (6)), there are
added 3 equations that express the distances between mobile platform triangle
vertices, C1C2, C1C3 and C2C3 (noted with Eq. (7)).

0XC1 = a1 ⋅ cosψ1
0XC2 =L+ a2 ⋅ cosψ2

0XC3 =
L
2 + a3 ⋅ cosψ3

0YC1 = b1 ⋅ cosψ1
0YC1 = b2 ⋅ cosψ2

0YC3 =
L ⋅

ffiffi
3

p
2 + b3 ⋅ cosψ3

0ZC1 = c1 ⋅ sinψ1
0ZC2 = c2 ⋅ sinψ2

0ZC3 = c3 ⋅ sinψ3

ð6Þ

C1C2
�� ��=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð0XC1 − 0XC2Þ2 + ð0YC1 − 0YC2Þ2 + ð0ZC1 − 0ZC2Þ2

q
= a;

C1C3
�� ��=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð0XC1 − 0XC3Þ2 + ð0YC1 − 0YC3Þ2 + ð0ZC1 − 0ZC3Þ2

q
= a;

C2C3
�� ��=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð0XC2 − 0XC3Þ2 + ð0YC2 − 0YC3Þ2 + ð0ZC2 − 0ZC3Þ2

q
= a.

ð7Þ

404 S. M. Grigorescu et al.



The proposed method for resolving the forward kinematic analysis comprises
several steps, presented above. The goal is finding the appropriate values of angles
ψi for which the calculated values of 0XCi,

0YCi,
0ZCi in Eq. (6), respect the

equalities in Eq. (7) as close as possible to value of a, namely the mobile platform
triangle side length. The process of seeking the values of ψi, i = 1 ÷ 3 has 5
iterations, in each iteration the range of search decreases 10 times. The calculated
error, noted with eij (Eq. 8) and also the allowable errors value or threshold, noted
with qi decrease accordingly. The main parameters of each iteration step are pre-
sented in Table 1.

Firstly, for the incremented values of ψi, there are calculated the errors for the
sides of mobile triangle C1C2 and C1C3, namely e12k and e13k in Eq. (9).

eij = dij − a=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð0XCi − 0XCjÞ2 + ð0YCi − 0YCjÞ2 + ð0ZCi − 0ZCjÞ2

q
− a; i=1, 3; j=1, 3

ð8Þ

These matrices e12k and e13k are used in the determination process of threshold
value q, in each iteration loop. Finding a proper value for q is the clue of refining
and getting correct solution of the problem.

In Fig. 3 is presented an example of errors variation in a specific dimensional
case, for the first iteration. It can be observed that the errors variation is in large
range and some ψ3 variations curves, for a specific ψ1 value present local minima.

Table 1 Iteration main parameters

Iteration Increment’s values for angle ψi,j,k (°) Allowable error (mm)

1 10 q1
2 1 q2
3 0.1 q3
4 0.01 q4
5 0.001 q5

Fig. 3 Caption of errors
variation in a specific
numerical case
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After the threshold qiteration determination, next step includes numerical pro-
cessing on e12k and e13k matrices (elimination of inappropriate values of ψ1 ψ2, ψ3)
for those matrix elements that don’t fulfill the condition expresses in Eq. (9). Only
the appropriate values continue the checking process, that is the calculus of errors
e12, e13, e23, corresponding to the mobile triangle sides in different poses.

ððe12k < qÞiteration ∧ ðe13k < qÞiterationÞ∧ ðe23k < qÞiteration; iteration=1, 5; k=1; 10

ð9Þ

Passing from an iteration step to another, the range values of ψi angles is refined
and is done only for those sets of (ψ1 ψ2, ψ3) determined with conditions Eq. (9).
Finally, eliminating the sets of (ψ1 ψ2, ψ3) values by imposing the condition above
and proper q values, solution is obtained.

3 Numerical Example

There was developed a set of programs and functions for the forward and inverse
kinematic analysis, in several numerical cases and geometric dimensions of 3-
RRPS parallel manipulator. An example of inverse kinematic analysis outcome
figures is given in Figs. 4, 5 and 6. For a given position of M point, the mobile
platform orientation, defined by α, β, γ, are respectively altered. The mobile triangle
is represented in 3-D and in 2-D perspective.

Figure 7 is the captured screen of a specific Graphical User Interface (GUI),
dedicated to the 3-RRPS parallel manipulator. The left side of GUI’s panel is
dedicated to inverse kinematic and the right side to forward analysis. By inserting
numerical values in input sets of parameters, there are displayed the program
outcome values. This way of GUI’s data display allows the user to visualize the

Fig. 4 3-D and 2-D perspective for mobile triangle orientation α = 60°, β = 0°, γ = 0°
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Fig. 5 3-D and 2-D perspective for mobile triangle orientation α = 0°, β = −45°, γ = 0°

Fig. 6 3-D and 2-D perspective for mobile triangle orientation α = 0°, β = 0°, γ = −30°

Fig. 7 GUI for kinematic analysis
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Fig. 8 ψ1 = 20°, ψ2 = 0°,
ψ3 = 10°

Fig. 9 ψ1 = 30°, ψ2 = 10°,
ψ3 = 20°

Fig. 10 ψ 1 = 30°,
ψ2 = 30°, ψ3 = 10°
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Fig. 11 ψ 1 = 50°,
ψ2 = 40°, ψ3 = 30°

Fig. 12 ψ 1 = 70°,
ψ2 = 30°, ψ3 = 10°

Fig. 13 3D view for all 5
found solutions
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obtained values of both kinematic analysis and to check its validity. The direct
kinematic program, for the input data presented in Fig. 7, in the first iteration, gives
5 possible sets of ψ1, ψ2, ψ3. Figures 8, 9, 10, 11 and 12 represent the 3D view of
these solutions and Fig. 13 a 3D view of all solutions.

4 Conclusions

The paper proposes an iterative method for computing the direct kinematic of a 3-
RRPS manipulator with 6 DOF. The method can be successfully used for the
kinematic analysis of several structure types of legs, by preserving the li given
values. For the forward kinematic, the solving method is iterative and refines the ψi

values of possible solutions. There is developed a special function to calculate the
threshold value for errors between lengths of CiCj and side’s length of mobile
triangle. The paper doesn’t take into consideration geometric dimensions constrains
regarding the actuator’s strokes, the kinematic joints (especially spherical ones) and
also the singularity loci of the structure. The computational program running times
are low, not exceeding 10 s and the ψi angles errors are limited to 0.001°.
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Dynamic Modeling and Simulation
of Sliding Mode Control for a Cable
Driven Parallel Robot

F. Inel, Z. Mansouri, M. Ceccarelli and G. Carbone

Abstract In this paper we propose a dynamic sliding mode control strategy for a
cable-driven parallel robot. The proposed control algorithm provides stability of the
end-effector for improving the robot performance in terms of tracking a desired
path. A non-linear control technique is proposed for a robust management of
uncertainty and error conditions. Numerical simulations have been carried out by
developing a specific code which includes a graphical user interface for a
user-friendly real time visualization of end-effector position as well as modification
of the system parameters. Results of simulation for a dynamic model with sliding
mode control are discussed for different trajectories applied for this robot, in order
to confirm the validity of accurate tracking of a desired path. The effectiveness of
the proposed robust control scheme is demonstrated through different simulation
results.
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1 Introduction

Cable driven parallel manipulators are a special class of parallel mechanisms,
whose trusts consist of cables having adjustable length to control the end-effector’s
position and orientation [1, 2]. This last is a fully parallel mechanism in closed
chains with N degrees of freedom for the end effector. Cable robots are relatively
simple in form, with multiple cables attached to a mobile platform or end-effector.
The end-effector is manipulated by motors that can extend or retract the cables [3].
The cables arrangement results in closed chains that can be seen as a parallel
mechanism. Considering that cables can only pull, usually a cable driven robot has
n − 1 degrees of freedom for the end effector with n being the number of cables,
since one cable is usually needed to keep the others in tension.

Cable-driven robots are a type of parallel manipulators where the end-effector is
supported in-parallel by n cables with n tensioning actuators. Indeed, the
end-effector is operated by actuators that can extend or retract cables [4].

Cable driven robots have few moving parts with reduced mass and inertia.
Accordingly, they are most suitable for tasks requiring high performance such as
speed and accuracy, and large workspace, [5, 6]. A well-known application of a
cable driven system is the Skycam, which can operate a camera in a whole stadium
area, [7]. Among other applications of cable-driven robots it is worth to mention
haptic interfaces [8], and systems for lifting loads [9]. Some other examples at
LARM in Cassino are also reported for rehabilitation applications such as in [10]
and as a passive tracking systems such as reported in [11]. One of the key aspects
for cable driven robots is the need of a proper control strategy to achieve proper
motions without breaking the cables. The sliding mode method has been designed
to improve the robustness of robotic system control, as reported for example in [12].
In particular, an adaptive sliding mode controller can adjust the control torque based
on real-time position tracking error in the set-point control of the end-effector. In
this paper, a robust sliding mode controller is developed in order to tracking control
of the end effector into a closed loop around the cable-parallel robot for ensuring
point to point transfer operations as well as trajectory tracking and present graphical
user interface, which composed two parts: view 3D of the homemade prototype of 4
cable-parallel robot and the parameter’s position for real time visualization of
end-effector.

2 System Structure and Modeling

This section proposes a model of a low-cost wire driven robot that has been
designed and built at LARM in Cassino. In particular [13], Fig. 1 shows the
structure of robot with 4 cables and Fig. 2 shows the proposed graphical user
interface which is composed of two parts a 3D schematic view of the proposed
robot and the input interface for the position parameters of the end effector.
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Fig. 1 Scheme of a parallel robot with four cables

Fig. 2 The proposed graphical user interface
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The elements involved in the scheme of Fig. 1 a are: Ai: the attachment points of
the cables to the motors.; Li: the lengths of the cables that connect the base to the
mobile platform.; Θi: the rotational angles of the cables with respect to the X axis;
m: The mass of the end-effector; Ci: The viscous damping coefficients of each
motor shaft; Ji: The inertia of the rotor and the pulley of each motor; LB: The
lengths of the side of the workspace; τ: The torque exerted by the motor on the
cable.

In order to analyze the input-output behavior of the cable-based robot under
consideration, we exploit the study developed and presented in [14] and [15] the
inverse geometric model, the direct geometric model, the inverse kinematic model,
the direct kinematic model are derived as well as the study of static forces and
dynamic model. Hereafter, we present the dynamical model which describes the
motion of the end-effector. It combines the end-effector and the motor character-
istics. It can be represented by a system of two coupled nonlinear differential
equations:

MðXÞX∙∙ +NðX, X∙ Þ= SðXÞτ ð1Þ

where

τ=

τ1
τ2
⋮
τi

0
BB@

1
CCA ð2Þ

M =
M11 M12

M21 M22

� �
, et,NðX,X∙Þ= N1ðX,X∙Þ

N2ðX,X∙Þ
� �

ð3Þ

X =
x
y

� �
ð4Þ

F = S * t ð5Þ

Moreover,

F =m *X ̈ ð6Þ

where

F =
fx
fy

� �
ð7Þ
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Is The relationship between the applied forces acting on the end-effector and the
cable tensions.

S is the jacobian matrix, in the form

S=
− cos Θ1 − cos Θ2 − cos Θ3 − cos Θ4

− sin Θ1 − sin Θ2 − sin Θ3 − sin Θ4

� �
ð8Þ

To present the dynamical model in the state space representation, we introduce
the state variables:

Therefore, by introducing the state variables, Eq. (1) can be expressed as

x1̇2dðtÞ= x22dðtÞ
M11x2̇2dðtÞ+M12x4̇2dðtÞ= u1ðtÞ−N11x22dðtÞ−N12x42dðtÞ
x3̇3ðtÞ= x42ðtÞ
M21x2̇2dðtÞ+M22x4̇2dðtÞ= u2ðtÞ−N21x22dðtÞ−N22x42dðtÞ

with

x12dðtÞ= xðtÞ
x22dðtÞ= x1̇2dðtÞ
x32dðtÞ= yðtÞ
x42dðtÞ= x3̇2dðtÞ

ð9Þ

We also take into consideration the dynamic behavior of the lumped motor shaft/
cable pulley is shown in Fig. 3. The combined motor shaft/cable pulley dynamics
equations are expressed by the relationship [14]

J β
∙∙
+C β

∙
= τ− rt. ð10Þ

β: is the angle of rotation of the pulley.

Where

J =

J1 0 0 0
0 J2 0 0
0 0 J3 0
0 0 0 J4

0
BB@

1
CCA, andC=

C1 0 0 0
0 C2 0 0
0 0 C3 0
0 0 0 C4

0
BB@

1
CCA ð11Þ

We consider that all the rays (ri) of the pulley are ri = r(i = 1.2…4).
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So

t=
1
r
ðτ− J β

∙∙
−C β

∙
Þ ð12Þ

β=

β1ðXÞ
β2ðXÞ

⋮
βiðXÞ

0
BB@

1
CCA=

1
r

L10 − L1
L20 − L2

⋮
Li0 − Li

0
BB@

1
CCA ð13Þ

Substituting (12) we obtain

t=
1
r

τ− J
d
dt

δβ

δX

� �
X
∙
+

δβ

δX
X
∙∙

� �
−C

δβ

δX
X
∙

� �
ð14Þ

And by manipulating equations: (5), (6) and (14), we can express M and N:

M = r *m+ SðXÞJ δβ
δX

; ð15Þ

NðX, X∙ Þ= SðXÞðJ d
dt

δβ

δX
+C

δβ

δX
X
∙ Þ ð16Þ

Fig. 3 The structure diagram
the pulley/shaft
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The state space representation can be derived in the general form

XðtÞ=F X, tð Þ+ gðX, tÞ *UðtÞ ð17Þ

where:

UðtÞ=
0

u1ðtÞ
0

u2ðtÞ

2
664

3
775 ð18Þ

X(t) represents the state space vector F(X, t), g(X, t) are nonlinear functions U
(t) represents the command vector. The resulting tension at the end effector leads it
to move towards a corresponding position on its workspace. However, to working
properly, there is an additional constraint that should be fulfilled concerning the
dynamical equilibrium of the end-effector. This means that, at any instant, all the
cables should be maintained under minimal and positive tensions to avoid the
collapsing of any cable [16].

3 Control Law and Architecture

The robust sliding mode control (SMC) is to bring the state trajectory to the sliding
surface and to switch by means of a switching logic appropriate around it to the
balance point. Nevertheless, the SMC requires a switching law of control which has
the drawback to generate scattering over the controlled system, [17]. The main
advantage of sliding mode control is that the system is insensitive to extraneous
disturbance and internal parameter variations while the trajectories are on the
switching surface, [18].

To define a sliding mode controller we need to determine an appropriate sliding
surface along x and y. The sliding surface of a common sliding mode controller for
a system is generally defined as:

s2dx =C12dx * x12d tð Þ− x1ref
� �

+C22dx * x22d tð Þ ð19Þ

s2dy =C12dy * x32d tð Þ− x2ref
� �

+C22dy * x42d tð Þ ð20Þ

C12dx, C22dx, C12dy, C22dy: are parameters to be determined to meet some
required performances.
x1ref x2ref : are the set point along X and Y.

By eliminations of x ̇4 from the two Eqs. (3) and (4), we can express x ̇22 as
follows:
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x2̇2 d tð Þ= α1 * x22d tð Þ+ α2 * x tð Þ+M22 * u1 tð Þ−M12 * u2 tð Þ
βi

ð21Þ

And also by manipulating Eqs. (3) and (4), we can express x ̇24ðtÞ as follows:

x4̇2 d tð Þ= −
ρ1 * x22d tð Þ+ ρ2 * x42d tð Þ+M21 * u1 tð Þ−M11 * u2 tð Þ

βi
ð22Þ

To determine the order of law we worked with a new synthesis method that is
the approach to the finish law [18].

s ̇2dx = −K2dxs2dx −Q2dxsignðs2dxÞ ð23Þ

s2̇dy = −K2dys2dy −Q2dysignðs2dyÞ ð24Þ

where

K2dx,Q 2dx, K2dy,Q 2dy: are parameters determined by simulation.

Sign(S2dx): is The sign of surface (+1 or −1).

Fig. 4 A flow-chart of the
sliding mode control
algorithm
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By comparing (21), (23) and (22), (24) we obtain the following relationship:

u2dx tð Þ= u1ðtÞ= −K12dx * x22d tð Þ− σxx42d tð Þ−K22dx * x12d tð Þ− x1ref
� �

−Qxsign s2dxð Þ
ð25Þ

u2dy tð Þ= u2ðtÞ= −K12dy * x42d tð Þ− σyx22d tð Þ−K22dy * x32d tð Þ− x2ref
� �

−Qysign s2dy
� �

ð26Þ

This equation U(t) along X and Y represent the command vector of the
cable-based robot.

The algorithm of sliding mode in closed-loop case is shown in Fig. 4.

4 Simulation Results

In this part we present the simulation of the response of four cables-based robot
which has a non-linear equation system. For this purpose, we use a Runge Kutta
method because it’s methods as a means of solving non-linear partial differential
equations and we then implement a Cartesian of the sliding mode controller
method.

In our system, we do not have direct access to Cartesian position of the
end-effector. Instead, we get the direct measurements of the rotation angles βi of the
pulleys. Then these values are converted into the cable lengths Li, these lengths are
then used as inputs to the forward kinematics to obtain the Cartesian position X and
Y [19].

The following parameters values that provides an acceptable compromise on
performances have been selected by manual trial error compared X and Y for our
SMC: C12dx = 55000; C22dx = 150; K2dx = 150; Q2dx = 100; C12dy = 55000;
C22dy = 150; K2dy = 150; Q2dy = 100.

And the parameters for the dynamic Eq. (1) for our robot with 4 cables are
mention in the Table 1.

To illustrate the SMC, we present the results concerning the tracking of a
sinusoidal trajectory. Figure 5 shows the tracking of a sinusoidal trajectory in the
(x, y) plane and error (E = 0.047 with mean squared error) between the real and the

Table 1 Initial values for the
robot parameters

Variables Initial Value Unit

M 0.01 kg
Lb 65.80 cm
C 0.01 Nms
J 0.0008 kgm2

Ri 1.5 cm
L(1, 2, 3, 4) 45.25 cm
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reference paths. Figure 6 shows the temporal evolution of the cable lengths, and
Fig. 7 the evolution of the tensions on cables. In this particular case, we can also
observe the symmetry on cable lengths and concerning the tensions, it is noted that
when the length of the cables (L1 and L4) have increased the tensions have
decreased (t1 and t4), i.e. the motors in the release position (ensure that always the
cables taut with tmin positive), and when the cables have decreased (L2 and L3) at
the opposite, the necessary tensions have increased (t2 and t3), that is to say the
motors in tightening position.

Cable’s flexibility in such robots is another source of error which has not been
considered in our study.

Fig. 5 The tracking of a sinusoidal trajectory(w = 4 rad/s): a plot of the end-effector position in
X-Y plane; b a zoom view of plot a
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The analysis of previous presented simulation results confirms the possibility to
use successfully this controller for tracking in case of curves in low and high speed.
In fact, the sliding mode control applied for this robot always cheeks the constraints
to achieve adequate electrical voltages to the motors in order to generate tensions on
the cables.

To illustrate this last situation, we compare the tracking of two sinusoidal paths
(Figs. 5 and 8). We notice that the tracking process of Fig. 5 was successfully
performed because of the low frequency of the tracked signal (w = 4 rad/s). In
contrary, the tacking process of the sinusoidal path in Fig. 8 (w = 20 rad/s) was
also successfully performed, we can say that this controller is suitable and more
effective than PID [20].

Also, to illustrate more the role of our controller, we present the example of
tracking some typical trajectories such as a triangular path with a low speed (w = 4
rad/s) and high speed (w = 20 rad/s) (Figs. 9 and 10).

Fig. 6 Evolution of cable
lengths

Fig. 7 Evolution of tensions
applied on the cables
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Fig. 8 The tracking of a
sinusoidal trajectory
(w = 20 rad/s): a plot of the
end-effector position in X-Y
plane; b a zoom view of plot a

Fig. 9 The tracking of a
triangular trajectory
(w = 4 rad/s)
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The analysis of previous presented simulation results confirm that, whatever
complicates the trajectories, sliding mode control give high performance to tracking
the desired path specially the detection process resulted from the sinusoidal input
and also we have proved that sliding mode controller is very fast to tracking the
desired path and can maintain the values of error between the real and desired paths
despite the high speed (Figs. 9 and 10).

The following table mention the error performance between sliding mode and
the classical controller (PID) [20] (Table 2).

5 Conclusion

This paper describes the dynamical modeling and simulation of a cable-driven
parallel robot in particular, this paper proposes a sliding mode controller for
low-cost wire driven robot. Specific simulations have been carried out in Matlab
environment. Simulations included the design of a specific user interface for ver-
ifying the influence of specific parameters in the path following of cassino low-cost
wire driven robot. Simulation results demonstrated that the sliding mode controller
has positive stretching influences on the stability of the system in spite of the
chattering phenomenon. The proposed control also shows a better performance as
comparing with a PID controller in most operation conditions.

Fig. 10 The tracking of a
triangular trajectory
(w = 20 rad/s)

Table 2 The Error performance between sliding mode and PID controllers

Error (Ex) Sliding mode control (cm) PID control (cm)

Sinusoidal trajectory 0.047 0.26
Triangular trajectory 0.047 0.36

Dynamic Modeling and Simulation of Sliding Mode Control … 425



References

1. Ceccarelli M (2004) Fundamentals of mechanics of robotic manipulation. Springer, Dordrecht
2. Ceccarelli M, Romdhane L. (2010) Design issues for human-machine platform interface in

cable-based parallel manipulators for physiotherapy applications. J Zhejiang Univ Sci A 11
(4):231–239. ISSN 1673-565X. https://doi.org/10.1631/jzus.a1000027

3. Alikhani A, Vali M (2012) Sliding mode control of a cable-driven robot via double-integrator
sliding surface. In: ICCRC, vol 43, Singapore, pp 1–7

4. Ceccarelli M, Ottaviano E, Tavolieri C (2007) Experimental activity on cable-based parallel
manipulators: issues and results at LARM in Cassino. In: 2nd international congress design
and modelling of mechanical systems, Monastir, CD proceedings, Paper n.ID-27

5. Surdilovic D, Zhang J, Bernhard R (2007) STRING-MAN: wire-robot technology for safe,
flexible and human-friendly gait rehabilitation. In: Proceedings of the ICORR international
conference, pp 446–453

6. Alp AB, Agrawal SK (2002) Cable suspended robots: design, planning and control. In:
Proceeding of international conference of robotics and automation, Washington, pp 4275–4280

7. Cone L (1985) Skycam, an aerial robotic camera system. Byte 10:122–132
8. Gosselin C, Poulin R, Laurendeau D (2008) A planar parallel 3-DOF cable-driven haptic

interface. In: Proceedings of the 12th world multi-conference on systemics, cybernetics and
informatics (WMSCI), Orlando, USA, pp 266–271

9. Williams RL (2005) Novel cable-suspended RoboCrane support. Ind Robot: Int J 32(4):
326–333

10. Ceccarelli M (2013) Problems and experiences on cable-based service robots for
physiotherapy applications. In: New trends in medical and service robots. Springer,
Dordrecht, pp 27–42

11. Hernández-Martínez EE, Ceccarelli M, Carbone G, López-Cajún CS, Jáuregui-Correa JC
(2010) A characterization of milli-CaTraSys system with a parallel manipulator architecture.
Int J Mech Based Des Struct Mach 38(1):25–49. https://doi.org/10.1080/15397730903386101

12. Zi B, Duan BY, Du JL, Bao H (2008) Dynamic modeling and active control of a
cable-suspended parallel robot. Mechatronics 18(1):1–12

13. Carbone G, Aróstegui Cavero C, Ceccarelli M, Altuzarra O (2017) A study of feasibility for a
limb exercising device. In: Mechanisms and machine science, vol 47. Springer, pp 11–21

14. Gallina P, Williams II RL (2001) Part II: planar cable-direct-driven robots dynamics and
control. In: Proceedings of the 2001 ASME design technical conferences, 27th design
automation conference, Pittsburgh, PA, 9–12 Sept 2001, pp 1–8

15. Williams II RL, Vadia J (2003) Planar translational cable-direct-driven robots: hardware
implementation. In: CD proceedings of ASME design technical conferences, 29th design
automation conference, Chicago, IL, 2–6 Sept 2003

16. Zaatri A, Bouchemal B (2014) Sliding mode versus PD control for cable-based robots.
World J Eng 11:287–296

17. Shiler Z, Filter S, Dubowski S (1987) Time optimal paths and acceleration lines of robotic
manipulators. In: Proceedings of the 26th conference on decision and control, Korea, pp 98–99

18. Young KD (1999) A control engineer’s guide to sliding mode control. IEEE Trans Control
Syst Technol 7(3):328–342

19. Gallina P, Williams II RL (2001) Planar cable-direct-driven robots, part I: kinematics and
statics. In: 2001 ASME design technical conferences 27th design automation conference,
Pittsburgh, 9–12 Sept 2001, pp 1–9

20. Inel F, Khochemane L (2014) Comparison performance between PID and PD controllers for
cable based robots. World J Eng 2:543–556

426 F. Inel et al.

http://dx.doi.org/10.1631/jzus.a1000027
http://dx.doi.org/10.1080/15397730903386101


Optimization of a Spatial 2 DOF Parallel
Mechanism Used for Orientation

C. Boanta, S. Besoiu and C. Brisan

Abstract The aim of the paper is to develop an optimization method of a spatial 2
degrees of freedom (DOF) parallel mechanism(PM) used for orientation of a solar
panel. The purpose of the optimization is to define the right set of geometrical
parameters of the PM that assure a correlation between the angular workspace of the
PM with the relative angles of the sun (azimuth, elevation) between the winter and
summer solstices. The spatial PM is actuated using three FESTO fluidic muscles
and the corresponding kinematics of the PM have been included in the fitness
function of the optimization. The numerical model of the angles of the sun between
the winter and summer solstices has been developed as a scattered grid of angles
considered for the city Cluj-Napoca.

Keywords Parallel ⋅ Optimization ⋅ Kinematic analysis ⋅ Workspace
Solar panel

1 Introduction

Parallel structures have become more and more common in the past few years,
mainly due to their advantages in comparison to the serial ones as accuracy,
operational velocities, high accelerations and stiffness. Although these advantages
assure high kinematic performance [6, 10] one of the disadvantages off the PM is
the low ratio between the size of the workspace and the dimensions of the robot.
Therefore, this paper focuses on overcoming this specific disadvantage of the PM.
The aim of the paper is to develop an optimization method of a spatial 2 degrees of
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freedom (DOF) PM used for orientation of a solar panel taking into account both
the size of the workspace and the dimensions of the robot. The paper is organized as
it follows. The Sect. 2 reviews some of the latest articles related to this specific
subject by illustrating already developed methods in this research area. In the
Sect. 3, the topology of the PM and the kinematic analysis are presented. The
Sect. 4 presents the numerical model of desired workspace of the robot, identified
with the angles of the sun relative to the Earth between the winter solstice
(WiS) and the summer solstices (SuS). The Sect. 5 presents the optimization and
the numerical results and some conclusions and future research directions are
presented in the Sect. 6.

2 State of the Art

Optimization methods are specific algorithms that overcome the large amount of
experience demanded in order to design a specific product. Mathematically, opti-
mization finds the extreme point of a function subject to a set of constraints [3]. As
presented in the following, there are two algorithms mainly used to optimize
problems similar to the one presented in this paper.

Genetic Algorithms (GA) are evolutionary algorithms inspired by human
genetics that have proven to be very efficient and effective in finding a global
solution in both single and multi-objective optimization methods. Many scholars
propose the use of this algorithm when it comes to optimize PMs or robots subject
to the size of the workspace (WS) or the kinematic performance [1, 4, 13, 14].

Another evolutionary algorithm inspired by the behavior of bird flocks or
schools of fishes is the Particle Swarm Optimization (PSO). PSO is proposed for
optimizing several problems related to robot design as presented in [7, 9, 12].
Both GA and PSO have been considered as appropriate for finding the solution of
the problem addressed in this paper, considering also the fact that their efficiency
and computational time are similar [5]. However, the GA have been chosen because
the implementation was realized using the Global Optimization Toolbox of Matlab
2015b [2] which does not allow constraints in the case of the PSO.

The main shortcomings of typical electric drive systems of photovoltaic panels
are the danger of a fire and low resistance to rain, wind or storm. The paper presents
a new type of actuation of photovoltaic panels based on pneumatic muscles,
powered by compressed air, the parallel PM optimized in this paper being actuated
by Festo Fluidic muscles. This type of actuator is not sensitive to water and mud,
reducing the risk of fire to zero, at least for the actuation system, and because of the
elastic nature of these types of actuations, the forces and loads generated by wind
are greatly reduced.
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3 Architecture and Kinematics of the PM

The PM is composed by a fixed platform (FP) and a mobile platform (MP) and four
kinematic open loops i.e. three identical variable length legs and one passive
constraining leg. The kinematic open loops that are associated with the three
variable length legs are composed (from bottom to the top) by a universal (U) joint,
a Festo fluidic muscle (similar to a prismatic joint—P) and a spherical (S) joint,
creating a UPS open loop. The passive constraining leg is composed by a fixed link
attached to the FP, a universal joint and a moving link attached to the MP. The MP
has only two degrees of freedom (DOF), two rotations allowed by the U joint of the
passive constraining leg, fact that allows the orientation of a solar panel in order to
match the relative sun angles i.e. azimuth and elevation. The number of degrees of
freedom (DOF) M has to be lower than the number of actuators N with a constant
factor of 1 due to the fact that the actuators (the Festo Fluidic muscles) are able to
exert force only on contraction. Therefore, the PM is similar to the cable robots. The
architecture is presented in the Fig. 1a. The topology of the PM is presented in the
Fig. 1b (with only one UPS open loop).

In order to optimize the geometrical lengths of the linkages of the PM with
regard to the WS, the kinematics has to be well defined. Since the purpose of the
PM is to orientate a solar panel, the desired WS of the PM is given as a set of angles
(γ1, γ2) of the U joint A (Fig. 1b). These angles are the input in the inverse
kinematic; the matching lengths of the fluidic muscles are computed. The Fig. 1b
illustrates the topology of the PM. The other notations from the Fig. 1b represent:

• O0x0y0z0 and Pxyz are the coordinate systems attached to the FP and MP;
• O0 and P have been chosen as the centers of the circles containing the U and S

joints attached to the FP and MP due to the fact that the complexity of the
mathematical model is reduced by the symmetry;

Fig. 1 Architecture of the PM
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• l1 and l2 are the lengths of the elements of the constraining leg;
• αi and βi are the angles of positioning the U and S joints on the FP and MP. Each

two consecutive U or S joints are positioned 2π/3 radians apart (due to sym-
metry reasons). If the first angles α1 or β1 are known the others are computed by
adding 2π/3 radians for α2 or β2 and 2π/3 radians for α3 or β3;

• R and r are the radii of the FP and MP;
• The angles φji are the passive angles of U and S joints, j = 1…5; i = 1…3;
• di represents the active length of the Festo Fluidic muscles.

The inverse kinematic problem has been developed using the same approach as
presented in [11]. The value of the active lengths of the actuators are evaluated as a
function of the orientation of the MP, as presented in the Eq. (1). Also, the active
and passive angles have limitations in their value, as presented in the Eq. (2), where
i = 1…3, j = 1…5.

di = diðγ1, γ2Þ ð1Þ

γ1, 2min ≤ γ1, 2 ≤ γ1, 2max

φjimin ≤φji ≤φjimax
ð2Þ

In order to include the kinematics in the optimization problem, desired orien-
tations of the MP have to be computed as a set of angles that define the orientation
of the sun, aspects presented in the next section.

4 Orientation of the Sun

The solar panel has to be aligned with the sun in order to maximize the efficiency of
the solar irradiance. As presented in [8], the position of the sun relative to the Earth
can be defined by two angles, the elevation αs and the azimuth γs, which have to
define also the orientation of the solar panel from the MP. A complete set of angles
γs and αs has been computed using the approach from [8]. for the city Cluj-Napoca,
Romania between 6 a.m. and 17 p.m. for several days between WiS and SuS. This
hour interval assures positive elevation (i.e. above the horizon, therefore visible
sun) even in the winter solstice. This set of angles illustrated in Fig. 2 is the input
into the optimization problem. In ideal case, the PM presented in the Fig. 1 is able
to cover each combination of azimuth—elevation angles (γs, αs).
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5 Optimization of the PM

5.1 Design Vector

An optimization problem computes the optimal values of a design vector. For the
case of the problem from this paper, the design vector x from the Eq. (3) is rep-
resented by the geometrical characteristics of the robot. Therefore, the design vector
contains the lengths of the passive constraining leg (l1 and l2 measured in m), the
radii of the FP and MP (R and r measured in m) and the angles of positioning of the
first U and S joints (α1 and β1 measured in radians) from the FP and MP, the other
angles being evaluated from the first ones, as presented in the Sect. 3.

x= ½l1, l2,R, r, α1, β1� ð3Þ

5.2 Constraints

The constraints imposed for this optimization refer to lower and upper bounds of
the parameters and some other relations given with the Eq. (4).

0.05< l1, l2 <LM
0.07< r,R<LM
π ̸18< α1, β1 < 2π ̸3
l1 + l2 < 1.2 ⋅ LM
r<R

R+ r< l1 + l2

ð4Þ

Fig. 2 The angles of the sun between the WiS and SuS
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The parameter LM represents the length of the Fluidic muscle (0.5 m) contracted
with 12.5% of its length presuming a maximal contraction up to 25% [1]. For a
feasible architecture of the mechanism, the values l1 and l2 have to be lower than
LM and the angles α1 and β1 to respect the sizes of the U and S joints. Also, it has
been considered that the sum of radii r and R to be lower than the sum of l1 and l2 in
order to keep the lateral dimensions of the mechanism as low as possible.

5.3 Objective Function

The objective function evaluates two components. The first is represented by the
area of the 2-dimension illustration of the angles of the sun presented in the Fig. 2
that are not covered by the workspace of the mechanism. Referring to the Fig. 3 the
uncovered areas S1 and S2 from the angles of the sun represent one part of fitness
value, the sum of S1 and S2 being a surface (a scalar value). The second component
of the fitness value is the total area of the FP and MP (a scalar value). By sub-
tracting the second term from the first one it is assured that the PM covers as many
sun angles as possible, but keeping its geometrical dimensions to minimum as seen
in the Eq. (5).

fit= S1 + S2 − πðR2 + r2Þ ð5Þ

5.4 Optimization and Numerical Results

The GA has been implemented in the Global Optimization Toolbox from Matlab
[2]. The algorithm used different sizes of the population, from 100 up to 200
members, using steps of 10 and tuned using basic parameters from Matlab. The best
value returned by the fitness function is presented in the Eq. (6). This value may or
not be the global solution, due to the stochastic modelling of GA.

Fig. 3 Evaluation of fitness
value

432 C. Boanta et al.



fit=1106.01 ð6Þ

The GA passed through 132 generations until the fitness value was achieved,
using a population of 160 members. The computational time of the optimization has
been 1078.5 s. The convergence of the fitness value of the function is presented in
the Fig. 4. The fitness value suffers a quick descent in the first 10 generations and
the stationary value being obtained around the generation 110. The variation of the
design vector is presented in the Fig. 5. The parameters that have the most
important variation are α1 and β1, which are being given in radians. The other
parameters suffer a small changed between the imposed constraints. The Eq. (7)
presents the optimal values of the design vector.

The parameters that have been obtained by the genetic algorithm correspond to a
PM configuration that assures very high coverage of the sun angles but keeping the
geometrical lengths as low as possible. The Fig. 6 illustrates the WS of the opti-
mized PM in comparison to the sun angles between the winter and summer

Fig. 4 Convergence of the
fitness value

Fig. 5 Variation of the
design vector
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solstices. Almost all the daylight hours between 6 a.m. and 17 p.m. are covered
most of the time of the year, the peak being during the winter solstice.

xBest= ½0.37, 0.058, 0.15, 0.085, 0.90, 2.05� ð7Þ

6 Conclusions

This paper has presented an optimization method of a two degrees of freedom PM
used for orientation of a solar panel. The novelty of the papers relies on the fact that
the actuation is realized using Festo fluidic muscles, fact that influences the opti-
mization process i.e. the behavior of the PM is similar to the cable robots. The
algorithm used for optimization is the GA, which have computed reliable results in
an adequate computational time of 1078.5 s. The future outlook of the presented
work includes the development of the real prototype of the PM and the develop-
ment of the control using real-time control hardware (dSpace).
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Tensioned Carbon Fiber Winding
on a Collaborative Robots Cell. Part 1
(System)

M. P. Sbanca and G. L. Mogan

Abstract In this paper are presented aspects concerning winding process of
complex shapes products. The focus is related to the carbon fiber tensioning sys-
tems. The goal of the study is to obtain composite complex structures made of
impregnated carbon fiber. In order to obtain a product with a good behaviour it is
necessary to establish nominal values of the parameters and more important to keep
them constant to different steps of the processes. A new system structure for the
tensioning device regarding the hardware components and the software system will
be presented.

Keywords Industrial robot ⋅ Robots cooperation ⋅ Winding system
Fiber tension control

1 Introduction

Nowadays, the majority of the products, from industry, are made of plastic or, for
better performance, made of aluminum or steel. These type of material has a big
disadvantage in the weight of the final product. Therefore, another type of material
is necessary, with similar behavior to steel but similar weight to plastics. The
solution is the composite materials, processed in several methods [5, 8]. One of the
most popular methods, to produce the composite products, is the fiber winding
method.

Several cases of the winding process are using a simple mandrel for the fiber in
order to be rolled, or mechanical and electrical components to keep the fiber in a
constant position [4, 9]. The tensioning can be realized directly by the friction of the
winding head with the mandrel [22]. Actuators are used also for applications where
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the tensioning is made before the winding head, in order to create a pneumatic
spring, using two fixed rolls and other one connected to the actuator [11].

Some motors can be implemented in order to assure a constant rolling for the
mandrel [20, 22] but also for the source fiber roll tensioning system [11].

This components must be controlled by specialize processor or software plat-
form. In a platform can be implemented different types of algorithm. In simple
rolling it is enough a P or PI controller [6, 15]. When the application is more
complex, then more complex solutions are chosen, like fuzzy methods [5, 7, 10,
22]. Fuzzy control is used in other studies only for the angle and a differential
controller is used for position [22]. In the tensioning area there are 3 types of
implementation, mechanical tension control, electrical tension control and com-
puterized tension control. A mixed system was chosen in previous research [15],
using electrical components like AC motors but also a PLC (Programmable Logic
Controller) to control the tension. The motor is driving the mandrel and another
small roller, which are producing friction. Researches can also involve complex
trajectory. There can appear 2 main problems: insufficient fiber compactness and
tension losses of the roving during winding. In these cases the winding speed must
be also taken into consideration especially on the trajectory curves together with the
control of the winding tension. Nominal value for the tensioning can be proposed,
related to the application and the quantity of the resin necessary [13].

This study presents another tensioning system approach for the carbon fiber.
Comparing with the other tensioning methods, this case present a different method
using industrial robots and tensioning devices, all connected to a master platform
that controls all the equipment.

2 Flexible Collaborative Robots Cell

The study presents a solution with no pretension necessary before the robot. It is
proposed to integrate the tensioning system in a robot tool. The first step consists of
a mechanical system approach, in order to observe the influence of the movement
direction around to the matrix but also in relation with the fiber source roll. The goal
is to compensate the influence of the trajectory, in order to define the position of the
matrix and the fiber source space independent, comparing with the equipment in the
system.

2.1 Industrial Robots Flexible Cell

Robotized filament winding technology involves a robot that winds a roving,
impregnated by resin on a die, along the stress directions given by the robot
trajectory. The robot moves a deposition head along a winding trajectory in order to
deposit roving. This study considers the possibility to use multiple robot system in
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cooperation [19] in order to execute complex 3D parts and to have bigger space
flexibility.

In the majority of the studies two kinds of systems are presented. The first one is
placing the fiber roll on the robot. The second one is made using a pre-impregnation
system and pre-tensioning system using mechanical or electrical actions, Fig. 1. He
scope of this system is to have tension between the fiber roll and the winding head
by making a longer or shorter path between this two [1–3, 12].

There is no system which makes the tensioning between the matrix and the peg
for a complex matrix, where there is no contact between the matrix and the dis-
posing head. In order to provide the fabric tension required to suppress compression
force, in [21] the tension is placed directly on the supply rolls.

This study analyze 2 ABB IRB robots (2400 and 1600), with IRC 5 controllers.
For the force measuring it is used a JR3force cell and PCI controller, Fig. 2. The

Fig. 1 Components of a filament winding machine [17]

Fig. 2 Hardware system structure
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tensioning device will be manual adjusted, considering that the system is able to
integrate a tension control based on a controller and servo motor. The system
components are controlled of a master platform developed in C#, which needs only
a PC with Ethernet connection. The trajectory and the enable signals are transferred
from the master platform to the robots according to the matrix which has to be
wound around. One robot is programmed to hold the deposition head and the
second one is programmed to hold the matrix to have bigger space flexibility and
control.

2.2 Tensioning Subsystem

Fiber tension is controlled by passing the roving over a deposition head, a peg or a
tensioning device. This study presents a hybrid model is presented, having a ten-
sioning device included in the peg, as in the Fig. 3.

The fiber is passed directly from the source roll to the deposition head which
made the tensioning. Then the fiber is passed directly to the matrix which is wound.
In this way the tensioning before the robot is not important, therefore the trajectory
of the robot can be very complex. Although, it is important to control the tensioning
between the deposition head and the matrix.

Taking into consideration the electrical part there are two main types of feedback
systems. In regulator type feedback systems, the reference signal is constant and the
main objective of the control is to keep the output at a constant value. For the servo
systems the reference signal is variable. The aim of the control system is to ensure
that control variable follows the variations of the input reference as accurately and
as quickly as necessary, while being relatively unaffected by any disturbance inputs.

Fig. 3 Hybrid tension
system
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3 Control System and Software Structure

Typically, a filament winding tension control system consists of three parts, the
convolution section, the measurement section, the control section and auxiliary
transmission apparatus. The tension control system uses a closed loop control mode
in order to get real-time detection tension feedback signal [10].

3.1 Hybrid Control System

A master-slave control is referring to multiple robots or motion devices where one
of them gets the information and is executing and the other one are following it.
This study present a different model of control, where a hybrid control system is
developed in 2 directions. One of them is referring to the robots, where one of the
robot is making the winding and is sending to the second robot information about
when it should move [16]. The second control system is about the master platform
which is sending the entire path to a robot and then is collecting all the information
necessary to control the movement of the second robot [19] and also of the ten-
sioning system directly or using another intermediary control unit for the tensioning
motor as presented in Fig. 4.

Comparing with [9], where is proposed a system which calculates the amount of
the fibers taking into consideration the density or the width of the fiber, in this case

Fig. 4 System control diagram
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the software platform calculates and influences the process after process start, in
order to assure that the calculated nominal parameters are accordingly. There is the
option to implement a strain gauge pressure sensor [10], to have a fast response.
This sensor measure only the value for the tension forces, without the force
directions. The position of the force sensor is also different, this one being
implemented before the robot peg, in the 3 rolls base tensioning system. An
implementation with multi forces has the advantage of showing the direction of the
force and together with the position and trajectory direction the force and tensioning
compensation can be calculated with bigger accuracy.

Currently the tension controller uses a traditional PID algorithm. It is easy to
implement, but the parameter setup requires experience and practice. In this study,
the tension control system with fuzzy neural network control algorithm can achieve
higher control precision. Difference between simulation and experiment results
made with a conventional PID controller proved that the proposed fuzzy neural
network controller has the advantages of fast convergence, good dynamic response,
robustness, small overshoot, control high accuracy and good stability [10].

4 Models and System Software Structure

Previous studies propose a single robot system with the fiber roll mounted directly
on the robot [14]. The winding device has been designed and built on the basis of
compactness, structural lightness, stiffness, and functionality principles, in order to
guarantee both the maximum dexterity of the robot, to minimize the probability of
crashes between the winding die and the components of the cell, and to improve the
control of the process parameters for accuracy and repeatability. This kind of
system can be used only when the fiber is already pre-impregnated with resin. In
this study it is proposed to use a robot cooperative system through a master plat-
form in order to be able to execute complex winding processes around 3D matrix.

To have a constant tension on the fiber, besides the mechanical components it is
necessary also a study on the software and algorithm side. The master controller,
Fig. 5, is sending to the robot the right path to follow. The robots are sending back
the actual position to the Master Controller. The force component of the system is
implemented using an Visual Basic application in order to record the data and
transformation.

Considering the present equipment for this study multiple algorithms can be
selected to control the fiber tension. One option, was to select the tri-positional and
bi-positional controlling models [16–18]. These are applied in this case for the
tensioning device like in the Eq. (1)

u tð Þ=
− um for ε< − εp

0 for − εp < ε< + εp
+ um for ε> + εp

8
<

:
ð1Þ
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where u(t) is the value for the units to move the tensioning device in order to press
on the fiber to create tension, -um and +um value to add, calculated in the controller
base on force feedback, ε the actual value of the units in the tensioning device
and ±εp are the limits adjusted by user in the interface. Because it is planned to use
the actual position of the robots and the force feedback in all directions in the same
time, in this study is suitable to use Fuzzy method approach. In order to be able to
realize parts with requested characteristic, there was necessary to establish nominal
expected values for the fiber tension.

5 Conclusions

This study presents a new model of tensioning system more robust and easy to use.
Main advantages that the components before the deposition head are not important
in the process. In order to create a new tensioning device and to test it was nec-
essary to design also a new Hardware and Software structure to measure and
analyze the values. The structure from this study gives the information that with a
new design of the tensioning system can be set a constant tensioning between the
winding head and the matrix. To define the nominal values for a good winding
process having the master platform developed to control all the processes, this study
will continue in order to establish nominal parameters value and forward to a
complete automatic tensioning system, with an automated tensioning system using
2 industrial robots in cooperation.

Acknowledgements This paper is supported by the Romanian Government, specifically MEN—
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Fig. 5 System software
structure
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Tensioned Carbon Fiber Winding
on a Collaborative Robots Cell. Part 2
(Tests)

M. P. Sbanca and G. L. Mogan

Abstract In this paper are presented aspects concerning winding process of
complex shapes products. The focus is related to the carbon fiber tensioning
methods. The goal of the study is to obtain composite complex structures made of
impregnated carbon fiber. In order to obtain an material with similar or better
characteristics comparing with steel or aluminium alloy, the material properties
must be constant. The carbon fiber density must be same in all points. Density is
characterized by parameters like winding trajectory, resin quantity, fiber layers and
especially carbon fiber tension during the winding process.

Keywords Composite materials ⋅ Carbon fiber winding methods
Fiber tension control

1 Introduction

In some areas, actual materials are not satisfying the necessity to have high stress
resistence and low weight. Usual materials like steel or aluminum are used less. In
some of the cases the replacement is plastic. Plastic alloys have the stress resistance
much smaller and due to the fact that in industry is the request to reduce the energy
consumption a new range of materials appear, represented by composite materials
[2, 5, 6]. One of the most popular methods to produce the composite products is the
fiber winding method. Using this method carbon fiber, glass fiber or Kevlar can be
processed. The most common applications are air tank, fuel tank, pressure and
storage vessel, air craft and military parts [8]. The winding process components are
a fiber roll, a resin bath, a tensioning device, a deposition head and the mandrel
(matrix).
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The main goal of this study is to present another tensioning method for the
carbon fiber. Comparing with the other tensioning methods this is tensioning the
fiber between the matrix and the deposition head. This tensioning method has the
big advantage, that it can be used for very complex shapes to be wound. In order to
apply this method in this study a very complex matrix is presented, which needs
two robots [11] to realize the winding process. Together with the robots the pro-
posal is to use the hardware system and software platform developed in the previous
research in this field [12]. This has the advantage of complete and autonomous fiber
winding and tensioning possibility with the right winding method.

2 Tensioned Carbon Fiber Winding Process

In the majority of the production cases the carbon fiber is use in the winding process
to obtain simple construction of cylindrical products. This products are used in
aeronautics domain [6, 14]. The system construction can be implemented in dif-
ferent forms [6], taking into consideration the size or the part [15] or the type of the
final product [1]. Some studies analyze the influence of the distributer speed or
trajectory for the fiber density [7]. According to the previous tests the most
influencing parameter is the fiber tension during the winding process [10, 11]. This
parameter can be checked and controlled with several types of fiber tensioning like
presented in Figs. 1, 2 and 3.

In this study is proposed a real time control system, using a force measuring
device to measure the tension, in the first step, then to check which actions can be
taken to solve the constant tensioning during the winding process.

Fig. 1 Spring tensioning
system

Fig. 2 Roll tensioning
system
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In some studies methods to control speed in a curved trajectory of the robot are
presented [9]. It is proposed to divide the trajectory in more points, which help to
modify the speed, but in the same time can appear brakes in the trajectory which are
influencing the constant tensioning of the fiber. In the direction of speed controlling,
is proposed a system which is controlling the speed of the source roller and the
mandrel roll with the same constant speed in order to have a constant speed of the
winding process [4].

In many studies a 2 steps solution is proposed. First one is to establish an
advanced filament winding system, to identify the right technique [15]. The second
one is proposing the final complex control solution, like PID controllers or fuzzy
controllers [5]. In our case the trajectory is defined [10] but it is still necessary to
adjust other parameters in order to have a constant density of the fibers.

Fiber tension has a significant effect on the composite proprieties. Fiber density
in the composite, increases in the same time with the fiber tension. Absorption
capacity of the fiber decreases with tension increasing. The tension was limited in
order to avoid the tow failure [3].

In a preferred method of fiber tension control, the fiber tension is sensed by an
in-line tension sensor and on the basis of measured force the tension is adjusted
[12]. This method provides a constant fiber tension throughout the winding process
[9, 13]. The choice of the value for winding tension and the need to keep constant
the winding tension to the chosen value are two aspects strongly connected with the
geometry of the part to wind. In previous studies is showing that the offset rule
makes it possible both to keep the tension on roving near to the nominal value.

3 Winding Tests

In previous research, several results regarding the winding process are presented
[10, 11], but the majority of them are related to simple form of composite structure
which doesn’t need a special control for the robot trajectory, this being constant.

In this case study a 2D winding trajectory is presented, in which the winding
head is moving around the matrix in order to realize the complex composite
product. The carbon fiber roll is placed aside and having in consideration the
trajectory in one of the direction, the carbon fiber wire will be loose. This means it
is necessary a pre tensioning device. One solution is to use a pretension between the

Fig. 3 Contact tensioning
system
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roll and the winding head. The option chosen in this case is different, making the
tensioning directly at the winding head, meaning that the tension is between the
matrix and the winding head presented in Fig. 4.

The goal of these tests is to analyze the influence of the fiber source roll on the
winding tensioning if the roll is not tensioned before, and how can this influence be
eliminated, using the system and the platform proposed by us in the previous study
[12].

We propose to use a peg with a tensioning system integrated in the peg, as
presented in Fig. 5. This tensioning system can be adjusted manually to observe the
differences in the density of the fibers.

Between the peg and the robot head is used a 6 axis force cell in order to
establish the direction of the force from the peg [12]. The fiber source roll will be
fixed in a position located on the minimum X axis. The matrix will be placed under
the peg meaning that there should be forces in both directions also for X axis but
also on Y axis. We use this kind of force cell to determine if the force is coming
from the matrix-peg connection or from the fiber roll-peg connection.

For the beginning it is used a fix matrix with trajectory in 2 directions, X and Y
to see the influences forces. The matrix shape is made by 2 circular trajectory and
another 2 straight paths, one of them will be in positive direction and the other one
will be in negative direction. The X negative direction is the most problematic when
is no tensioning system because the fiber will be loose, like in Fig. 6a. When the

Fig. 4 Winding trajectory

Fig. 5 In Peg tension system
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fiber is loose can appear waves in the deposition direction, called marcels. On the
other direction when the winding is too tight the fiber can be damaged and cause
irregular compressions in the part, like in Fig. 6b.

4 Carbon Fiber Winding with Tension Measure

Was performed 7 tests of winding process around the matrix using different types of
setup to observe the difference and also to establish the nominal configuration for
the automated winding process. For this product after mechanical tests a nominal
density of the fiber was established, resulting a nominal range of the tension force
between 15 and 35 N in the matrix fiber. This tension was established for straight
line trajectory with constant speed and no noise effects. Results are presented in the
next Figs. 7, 8 and 9.

In Fig. 7a can be seen that even if there is no influence from the source roll there
are values on the negative range, meaning the tension is now between the peg and the
matrix. When there is an influence from the fiber source roll, Fig. 7b the tension
forces are just amplified, the direction is not changing, meaning that the tension is still
between the matrix and the peg. In Fig. 7 was applied 18 N in the fiber tension
between the peg and the matrix, with manual adjustment of the pre-tensioning device,
for both cases, with another 10 N from the source roll in Fig. 7b. In Fig. 8a, b the
force was increased to 23 N and the differences can already be seen: the maximum
forces increase in both sides. There can also be seen some fluctuations when the roll
tension is present, making the tensioning inconsistent and difficult to control.

In Fig. 9, the tension force was increase to 35 N and the sensing force by the
force cell also increase to a maximum of all measurements in both X and Y and
both directions positive and negative with a faster transition without any influence
from the fiber source roll. The most important result of the composite structures is
the density of the fibers. Considering the same trajectory every time the parameter
which is defining the density can be consider to be the total length for each com-
plete path.

Fig. 6 Fiber disposal
between the source and the
peg
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5 Results Comments

In Table 1 the same tests are presented, including the total fiber length for one
complete path around the matrix. Comparing the results, the fiber tension increases,
the total length decreases. When there is also a force influence from the fiber source,
the quantity of the fiber is even less, but having the right setup of the tensioning in
the peg setup, this influence can be compensated.

The tests from this study show that with a new design, of the tensioning system,
can be set a constant tensioning between the winding head and the matrix. All the
components placed before the winding head, like resin bath or fiber roll are not
changing the tensioning of the final part. In this way we can control the tension, the
length of the total fiber and the density of the result product. Also the tests results
reveal that when the fiber tension is increase the density of the final product is
bigger; therefore the total length of the used fiber is less.

Once the fiber tension value has been set, it is necessary to assure that the tension
acting on the roving during winding is as near as possible to the set nominal value
for best mechanical characteristics of the final product.

(a) No roll tension – 18 N pretension

(b) Roll tension 10 N – 18 N pretension

Fig. 7 a No roll tension—18 N pretension. b Roll tension 10–18 N pretension
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(b) Roll tension 10 N – 23 N pretension

(a) No roll tension – 23 N pretension

Fig. 8 a No roll tension—23 N pretension. b Roll tension 10–23 N pretension

Fig. 9 No roll tension—35 N pretension
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6 Conclusions

This study is presenting a new model of tensioning system more robust and easy to
use. This is bringing a big advantage because components before the peg are not
important in the process. Also, the advantage of this type of peg is that it can be
used for any kind of winding process, especially for complex products where the
trajectory is 3D. In order to have the possibility to control the tension from the peg
there were made tests to establish the nominal values for the expected output
parameters.

Taking into consideration the results of this study, presented in Fig. 10, it will be
continued in order to analyze how can other internal parameters like speed,
acceleration or even cooperative robotics trajectory can be synchronized with
carbon fiber tensioning during the process. Having defined the nominal values for a
good winding process and a master platform developed to control all the processes,
this study will continue in order to realize a complete automatic winding, including
the fiber tensioning system, with an automated tensioning using the actual two
robots in collaboration.

Table 1 Tension and length measurements

Case Setup Tension from
roll (N)

Pretension
(N)

Length
(mm)

Case 1 a No roll tension—18 N pretension No 18 413
b With roll tension 10–18 N

pretension
10 18 410

Case 2 a No roll tension—23 N pretension No 23 412
b With roll tension 10–23 N

pretension
10 23 409

Case 3 a No roll tension 29 N pretension No 29 411
b With roll tension 10–29 N

pretension
10 29 403

Case 4 a No roll tension 35 N pretension No 35 406

Fig. 10 Carbon fiber composite structure
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An IKP-DKP Approach Emphasizing
Singularities of 9R (3-RRR) Mechanisms

Fl. Buium, D. Leohchi and C. D. Duca

Abstract This paper intends to present an integrated program in order to put in
connection ones of fundamental problems regarding 6R(RRR) parallel mechanisms:
inverse kinematics (IKP), direct kinematics (DKP), mechanism workspace and
singularities avoidance. Of course, this type of mechanism represents a subject of
large interest in scientific literature, all of specific enumerated problems being
exhaustively treated. In this context, ours paper character is only practical one.
Being a versatile instrument, this approach allows the students (e.g.), without great
amount of time consumption, to determine the mechanism workspace, to solve IKP
for different imposed trajectories, to verify driving movements using DKP and to
verify also the presence/absence of singularities inside mechanism workspace.

Keywords Parallel 9R (3RRR) mechanism ⋅ IKP ⋅ DKP ⋅ Workspace
Singularity

1 Introduction

In technical literature [1–4], the 9R(3RRR) parallel mechanism was studied
regarding structure, kinematics, dynamics, workspace, singularities, actuation and
other aspects from long time ago, because its practical advantages (work speed,
accuracy, stiffness, load/weight report). The principal disadvantage of this mecha-
nism is related to its relative small workspace compared with serial ones and it may
contain many interior singularities. However these not represent great limitations,
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because its can be eliminated by constructive lengths scaling or by singularities
avoidance of the workspace.

The 3 RRR parallel mechanism contains three actuated chains, each of them
containing three revolute joints: first—between fixed platform and proximal links,
second—between proximal and distal links and third—between the distal links and
mobile platform. Depending on the driving links of the 3 RRR mechanism there are
three actuating mods (3-RRR, 3-RRR, 3-RRR) [2–4], among which the first is the
most favorable by dynamic and constructive reasons. But the 3-DoF 3 RRR planar
parallel mechanism has two important disadvantages which limit their application
sphere: the workspace is very limited as dimensions and shapes on one hand and
inside the workspace a high density of singularities may occurs.

The proposed approach represents a three modules program (Fig. 1), each being
specialized to solve one of mentioned problems (IKP i.e. inverse kinematic prob-
lem, DKP i.e. direct kinematic problem and singularities problem). In this package
input data are introduced separately in each of the three module and the output data
circulate as shown by arrows.

2 Workspace and IKP Module

In order to study workspace and IKP for an above mentioned structure, a general
3-DOF planar parallel mechanism with revolute joints, was considered as shown in
Fig. 2. This mechanism is characterized by following elements:

Fig. 1. The program general
structure
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• a triangular end-effector, B1B2B3,
• a fixed base O1O2O3, joined by three serial kinematic chains,
• three proximal link, OiAi of l1 length,
• three distal link, AiBi of l2 length,
• three revolute joints Oi, Ai, and Bi,
• OOi, OiAi, AiBi, and OiBi segments depicted by oi, ui, ri, and si vectors [2].
• a coordinate system fixed to the mechanism base Oxy,
• a mobile coordinate system fixed to the mobile platform O′x′y′,
• input parameters matrix Θ= ½θ1, θ2, θ3�T , defined as in figure,
• output parameters matrix q= ½x, y,φ�T , defined as in figure,
• the orientation φ angle defining the mobile platform pose,

• R=
cosφ − sinφ
sinφ cosφ

� �
is the revolute matrix of φ angle and O′ center,

Based on [2], and according to Fig. 2, the extreme mechanism positions occur
when the proximal and distal links are in extension or superposed so, that, the
following relations can be written:

r ̄i = v ̄+Rs ̄′i − oī ð1Þ

rīk k=

x

y

 !
+

cosφ − sinφ
sinφ cosφ

� �
x′Bi
y′Bi

� �
− xOi

yOi

� �" #T
⋅

⋅
x

y

 !
+

cosφ − sinφ
sinφ cosφ

� �
x′Bi
y′Bi

� �
− xOi

yOi

� �" #

8>>>><
>>>>:

9>>>>=
>>>>;

1 ̸2

ð2Þ

Fig. 2. The 9R (3RRR)
parallel mechanism [2]
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l1 ± l2ð Þ2 = x + x′Bi cosφ− y′Bi sinφ− xOi
� �2
+ y + y′Bi sinφ− y′Bi cosφ− yOi
� �2

.
ð3Þ

For a φ= const. end-effector orientation, Eq. (3) represents two concentric
circles:

ai = − x′Bi cosφ+ y′Bi sinφ+ xOi
bi = − x′Bi sinφ− y′Bi cosφ+ yOi

ð4Þ

The mechanism workspace is mathematically depicted by OiBi

�� ��
max
min

= l1 ± l2j j.
In order to solve the inverse kinematics, it write the relation resulting from Fig. 2

[2]:

l2̄ = v ̄+Rs ̄′i − uī − oī ð5Þ

Using this relation, the input rotation angles Θ= ½θ1, θ2, θ3�T can be expressed as
follows:

θi =2arctg
y− bi + di

ffiffiffiffiffi
Di

p
x+Ci − ai

. ð6Þ

where: Ai = x− ai,

Bi = y− bi,

Ci = x− aið Þ2 + y− bið Þ2 + l21 − l22
h i

̸ 2l1ð Þ,

di =±1,

Di = ðx− aiÞ2 + ðy− biÞ2 −Ci.

It results 23 = 8 possible solutions for IKP problem, corresponding to the 8
assembling modes of this mechanism.

3 DKP Module

In order to solve direct kinematic problem (DKP), supposing as known all angular
positions Θ= ½θ1, θ2, θ3�T of actuated links, it determines output parameters
q= ½x, y,φ�T , representing the pose of the mobile platform.

This problem represent in fact a verification of the IKP and in the case of this
mechanism can be performed two ways. One of these consist in solving by numeric
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methods a system of 6 equations with 6 unknowns, coming from the conditions that
proximal links and sides of triangular mobile platform to have constant lengths.

The other procedure (that is used in the paper), represents an intersection
problem between a planar curve, described by point B1 from the planar four bar
mechanism A2B2B3A3 (Fig. 3), and the circle with center in A1 and radius A1B1.
Equation of this circle is just first equation in the system Eq. (7). In order to
determine coordinates of point B1 it was used a classical procedure from the
mechanism theory, taking into consideration the vector contour
A2 →B2 →B3 →A3.

Firstly, the above mentioned contour equation, is written as follows:

A2B2 +B2B3 +B3A3 +A3A2 = 0 ð7Þ

Projecting Eq. (8) on the axes of fixed referential system A2x2y2 and suitable
arranging of terms, it obtains a system with two equations and unknowns φb and
φ3:

b cosφ2 + l2 cosφ3 = xA3 − xA2 − l2 cosφ2
b sinφ2 + l2 sinφ3 = yA3 − yA2 − l2 sinφ2.

�
ð8Þ

Where φb is angle between horizontal positive axis and B2B3, φ3—angle
between horizontal positive axis and A3B3, φ2 is here input parameter defined as in
Fig. 2.

Writing down a= xA3 − xA2 − l2 cosφ2, c= yA3 − yA2 − l2 sinφ2, squaring both
equations of the system and added its term to term, the following equation is
obtained:

a cosφb + c sinφb = d. ð9Þ

where d= a2 + b2 + c2 − l22
2b . Substituting now tan φb

2 = t, the two solutions of Eq. (10)
can be expressed:

Fig. 3. The vector contour
A2 →B2 →B3 →A3
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t1, 2 =
c±

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2 + a2 − d2

p

a+ d
, from where φb =2 ⋅ arctg t1, 2 and:

xB1 = l2 cosφ2 + b cos φb + π ̸3ð Þ, yB1 = l2 sinφ2 + b sin φb + π ̸3ð Þ. ð10Þ

In fact, all this calculus (at Eqs. (8)–(10)) represent the kinematics solving of the
four bar planar linkage A2B2B3A3 with A2B2 driving link and B2B3, A3B3—driven
links. Because of the paper space limitations, it was very concise presented.

4 Singularities Module

Putting length l22 = xBi − xAið Þ2 + yBi − yAið Þ2 of distal links under detailed form,

l22 = x+ x′Bi cosϕ− y′Bi sinϕ− xOi − li cos θi
� �2
+ y+ x′Bi sinϕ+ y′Bi cosϕ− yOi − li sin θi
� �2

.
ð11Þ

and considering the function

Fi x, yð Þ= x+ x′Bi cosϕ− y′Bi sinϕ− xOi − li cos θi
� �2

+

+ y+ x′Bi sinϕ+ y′Bi cosϕ− yOi − li sin θi
� �2 − l22.

ð12Þ

as an implicit three dimensional function of a three dimensional variable
q= x, y,ϕ½ �, like that, F θ,qð Þ= 0. Differentiating this relation with respect to time
leads to a formula between input and output velocities [2]: Jq ⋅ q̇+ Jθ ⋅ θ ̇ = 0.

-2 -1 0 1 2 3 4
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m
]

Fig. 4. Mechanism
workspace
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Accomplishing the calculations in this matrix, it may be written ΔJq, the
Jacobian matrix determinant. Taking ΔJq = 0 we will able to discuss about the
situations when singularities of the 2-nd type occur.

5 Numerical Results

Below, after running the performed programs, a set of results is presented, based on
the following constructive data L =2.4; l1= 1; l2= 1.1; b = 0.5; φ = π/6; r1= 0.4;
r2= 0.4; Lengths have relative units.
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Fig. 5. Proximal links movements (IKP)
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Fig. 6. DKP: End-effector follows a circle, computing step is 1° (left) and 0.1° (right). Values on
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In Fig. 4, in the center of workspace, an end-effector circular trajectory was
drawn. The discontinuity in Fig. 5, comes from the inverse of tangent function
(atan2), because this function returns angular values included between −π and π
only. So that angles contented in III and IV quadrants are regarded as negatives.

In Fig. 6, the result of a circular end-effector trajectory following is shown.
In Fig. 7 and Fig. 8, the Jq determinant was represented, in spatial form (Fig. 7),

and by level curves (Fig. 8). In this last case, only nearest to zero curves were
traced, representing in fact singularity curves.

Fig. 7. 3D representation of Jq determinant. Values on the axes represent relative units of lengths

Fig. 8. Singularity curves and end-effector circular trajectory. Values on the axes represent
relative units of lengths
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Figure 6 shows the dependence between DKP accuracy and the computing
step. Referring to Fig. 8, here a simple case was shown, when end-effector tra-
jectory is enough distanced from the singularity curves. It represent the actual
research stage. It follows to take into consideration more complex situations.

6 Conclusions

In the paper, an IKP-DKP instrument was presented, that may also be used in order
to emphasize the singularities, especially of the 2-nd degree, of the 3RRR parallel
mechanism. This is suitable also for student learning use [5–8]. Running this set of
programs it can put in relief mechanism workspace, input movements of driving
(proximal links), verified by DKP modulus, and singularity curves.
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Use of Hypocycloidal Motion
in the Study of Rolling Friction

S. T. Siretean, I. Muscă, S. Alaci and F.-C. Ciornei

Abstract The paper proposes a device for finding the coefficient of rolling friction
using a sphere in contact with the inner surface of a ring that rotates about a
horizontal axis. The motion of the ball is characterized by the fact that for a
stipulated rotation speed of the ring the centre of the ball executes a damped
oscillatory motion and at equilibrium the centre of the ball is situated on different
vertical than the one the centre of the ring is positioned. It is assumed that this
feature is produced by the rolling friction torque that is proportional with the normal
pressing force and the nonlinear differential equation of motion is obtained for the
intended dynamic model. By the integration of the equation of motion there are
confirmed the oscillatory motion of the ball and the eccentric equilibrium position
and it is found a dependency of equilibrium position on the coefficient of rolling
friction.

Keywords Rolling friction ⋅ System dynamics ⋅ Experimental rig

1 Introduction

Two major categories of contacts are identified when studying the interaction
between bodies: conforming and non-conforming or Hertzian contacts. Conforming
contacts assume the interface between bodies bounded by identical surfaces thus
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ensuring that surfaces fit exactly on a relatively large area. For these contacts, in any
point of the contact zone, the only possible motion between the points from the two
bodies is sliding in the common tangent plane. For the case of Hertzian contacts, the
contact between boundary surfaces is made theoretically in a point line where there
are defined the normal and the common tangent plane. The relative motion between
two bodies in Hertzian contact is more complex than the one corresponding to a
conforming contact [6]. For non-conforming contact case, besides the sliding in the
common tangent plane there is possible a spatial rotation that can be considered as
composed by a spin about the normal and a rolling about an axis contained in the
tangent plane. A form of friction will oppose to each of these relative motions
between bodies, materialized by the sliding friction force, spinning torque and
rolling torque.

2 Experimental Evidences

The paper is based on a series of experimental researches concerning the rolling
friction phenomenon. Specifically, a parallel between sliding and rolling friction
was sought for in experimental tests. An attribute of rolling friction accepted in
unanimity is the existence of two types of friction, static and dynamic and therefore
the necessity of defining two coefficients of friction, corresponding to absence of
relative motion between the two boundary surfaces and to sliding motion, respec-
tively. One of the methods used to determine the coefficient of sliding kinetic
friction uses the inclined plane and finds the angle of inclination of the flat surface
on top of which the body is placed when the body starts sliding due to the own
weight. The motion is more complex when the body on the inclined plane is a solid
of revolution and in the general case is a combination between rotation and
translation motions [2]. A significant case for industrial applications is the situation
when pure rolling exists between the two bodies, characterized by the fact that in
the support point there is no relative motion between the contacting points.

It is noticed that, similar to the sliding friction case, there is a boundary angle of
the inclined plane corresponding to the delimitation between the rest at equilibrium
on the plane and start of rolling motion. Applying the relations from statics for the
limit equilibrium position allows determining the static coefficient of rolling friction
[7]. The procedure is difficult due to small values of the rolling friction coefficient
and correspondingly is not easy to indicate accurately the inclination angle of the
plane for which the equilibrium is broken down (the accuracy of angle measure-
ment is comparable to the angle to be measured). A device was planned to over-
come this aspect, Fig. 1, constructed from a bearing ring 1, set into rotation motion
about a horizontal axis by a d.c. electrical motor. A bearing ball is positioned on the
race at rest in the lowest point of the ring. Setting a constant voltage, it is remarked
that the ball performs oscillatory damped motion and there is an equilibrium
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position when the motion becomes steady, but this position about which the ball
oscillates differs from the vertical of the centre of the ring, Fig. 2. It is reached the
idea that the deviation from vertical of the angle of position of equilibrium of the
ball is a measure of rolling friction.

Fig. 1 Experimental device

Fig. 2 Eccentric steady ball
position
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3 Theoretical Considerations

A metallic ring of interior radius R that rotates around a horizontal axis with
constant angular speed ω0 is considered. A bearing ball having the r radius r and
mass M is placed in contact with the ring in the lowest point of the ring, having, in
the case of pure rolling, a hypocycloidal motion [4]. The same problem was solved
in recent works using cyclic motions, evolvent [1] and cycloid motions [3]. The
values of coefficient of rolling friction s and coefficient of sliding friction μ are
considered known. Two coordinate systems are used for indicating the position of
the ball: a fixed one Oxyz with the origin in the centre of the ring and a mobile one
Cx′y′z′ attached to the ball, with the origin in the centre of it. The angles θ char-
acteristic to the centre of the ball and φ showing the rotation of the ball with respect
to the fix system must be known for indicating the position of the ball. The unique
exterior force acting upon the ball is Mg, its weight, on the vertical direction. In B,
the point of contact between the ball and the ring, act the forces:

• Normal reaction N, directed along the normal to the ring;
• Friction force T, tangent to the ring, with opposite sense to the relative motion

between the contacting points;
• Rolling friction moment Mr directed along the normal to the plane of motion

and having the opposite sign of relative angular velocity ðφ̇−ωÞ. The over-dot
is used in short-hand notation for time derivative.

The theorem concerning the motion of the centre of mass, applied for the ball
[2]:

Ma=G+N+T ð1Þ

The moment of momentum theorem applied with respect to the centre of mass
has projection only on the normal to the plane of motion [2]:

Jzφ ̈=Tr−Mr ð2Þ

The vector Eq. 1 must be projected on the axis of a coordinate system in order to
obtain the equations of motion. It is convenient to use the axes of the mobile
system, with origin in the centre of the ring and unit vectors u and v. The accel-
eration of the centre of mass of the ball is written (Fig. 3):

aC = anC + atC = − θ
2̇Ru+ θ ̈Rv ð3Þ

The Eq. 1 is written using the projections on the axes of the ground system:

Mð− θ
2̇R u+ θ ̈R vÞ=Mg cos θ u−Mg sin θ v −N u+T v ð4Þ
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The system of equations corresponding to the motion of the ball is:

−Mθ ̇2R=Mg cos θ−N
Mθ ̈R= −Mg sin θ+ T

Jzφ ̈=Tr−Mr

8<
: ð5Þ

and the unknowns from the system are θ, φ N, T Mr. Two additional equations are
necessary for solving the system. The first equation characterizes the rolling
friction:

Mr = − sNsgnðφ ̇−ω0Þ ð6Þ

According to Eq. 6, it is assumed that the moment of rolling friction is pro-
portional to normal pressing force and the sign of x variable is given by the sgnðxÞ
function. The second equation depends on the friction type met in the ball-ring
contact: for a pure rolling contact, N and T are known and the pure rolling condition
is expressed as a relation between the parameters θ and φ; for a contact with sliding
friction, the parameters θ and φ are independent and the friction force is found
using the relation:

T = μN ð7Þ

The device was designed starting from the study of pure rolling and thus the pure
rolling condition must be deduced. The definition for pure rolling condition requires
that in the contact point the velocities of the two points should be equal:
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Fig. 3 Bearing ball inside a
circle (ring)

Use of Hypocycloidal Motion in the Study … 471



vBring = vBball ð8Þ

The explicit relation (8) becomes:

ω0k× ðR+ rÞ u= θ ̇ k× ðR uÞ+φ ̇k× ðruÞ, ð9Þ

where k is the unit vector for the axis normal to the plane of motion. In relation (9),
all terms are collinear to k× u and as a result, the pure rolling condition results:

ω0ðR+ rÞ= θ ̇R+φ ̇ r. ð10Þ

The relations (5), (9), and (10) allow finding the reactions form the contact point
and the equation of motion:

θ ̈= − ðRθ ̇+ g cos θÞ s
r
sgnðθ−ω0Þ+ g sin θ

� �
̸R 1+

Jz
Mr2

� �
ð11Þ

The Eq. 10 is a second-order nonlinear differential equation and the numerical
method Runge-Kutta [5] was applied for integrating it. After integration, the
variations of θ angle and its derivative versus time were found. Substituting them in
relation (10) permit finding the angular acceleration θ ̈ and finally the dependencies
of normal force N and friction force T versus time. The last two are necessary for
validating the existence of pure rolling condition:

T < μN ð12Þ

4 Theoretical and Experimental Results

The method described above was applied for the device from the laboratory, having
the following parameters: radius of the bearing ball r=0.006m, inner ring radius
R=0.06m and ball mass M =0.007 kg. The angular elongation of the centre of the
ball versus time is presented in Fig. 4, obtained by integrating the Eq. 10.

A comparison between the experimental and theoretical (obtained using Eq. 10)
amplitudes of the first oscillations is presented in Fig. 5. It is noticed from both
Figs. 4 that the position of dynamic equilibrium of the ball, eccentrically with
respect to the vertical through the centre of the ring, is validated both experimen-
tally and theoretically. After the motion becomes steady, the angle made by the
position vector of the centre of the ball with vertical, θ0 takes the value 0.76◦. The
asymmetrical position of the centre of the ball about the vertical is confirmed
experimentally too. To be mentioned, there is concordance between the theoretical
and experimental periods of oscillation. The time variations of normal reaction N
and friction force T are presented in Figs. 6 and 7, and afterwards, using relation
(11), the presence of pure rolling is tested with these values, the results being
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presented in Fig. 8. For a constant value of rolling friction coefficient (s=80 μm)
the angular velocity of the ring was varied and the obtained variation of position
parameter for steady motion is represented in Fig. 9. There are noticed two domains
of behaviour of the ball.
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Fig. 5 Theoretical and experimental angle of centre of mass versus time
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Keeping constant the angular velocity of the ring, (ω=1 rad ̸sec) the depen-
dence of angle of position for steady motion on different values of rolling friction
coefficient is presented in Fig. 10 in Cartesian and double logarithmic coordinates.
Both plots confirm the linear dependence between the two parameters.

5 Conclusions

The hypocycloidal motion of a bearing ball inside the bearing ring that rotates
steadily about a horizontal axis is analyzed and it is found that the ball presents a
damped periodic motion that stabilizes in an eccentric point with respect to the
vertical through the centre of the ring. A dynamic model for the system ball-race is
proposed, assuming that the eccentric equilibrium position is caused by the
occurrence of rolling friction between the ball and race. With the hypothesis that
pure rolling exists between the two bodies, the differential equation of motion is
found for the dynamic model. The differential equation is numerically integrated
and after testing the pure rolling condition, there are confirmed the damped oscil-
latory motion and the eccentricity of equilibrium position. Further more, the model
shows a quasi-linear dependency of the parameter of position of the ball centre on
the coefficient of rolling friction. Additionally, it was noticed that for a given value
of the coefficient of rolling friction, when the rotation speed of the ring varies within
a certain range, two domains where the equilibrium position is independent on the
rotation speed, can be distinguished. The two zones are separated by a very narrow
region (where the equilibrium position is affected by the angular speed) that ensures
transition between the other two neighboring regions.
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Fig. 10 Equilibrium position versus coefficient of rolling friction
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Experimental Bench for Spur Gears
Efficiency Measurement

N. Dumitru, E. Dragut, N. Craciunoiu and I. Geonea

Abstract In this paper, a test bench for study the efficiency of spur gear is pre-
sented. Based on the proposed design scheme a virtual model of the test bench is
developed in SolidWorks, both for manufacture and for simulation purpose. The
main principle of the test bench it is that the load is performed internally on a closed
circuit composed from two sets of spur gears, for that reason it is not necessary to
use a brake system. Using a HBM acquisition system and strain gauge transducers it
is established the experimental variation of the torque on the shafts of the gears. In
this way is established the experimental efficiency of the spur gear set. The bench is
designed into a modular design, for test can be used a set of different gear pairs with
same axle distance.

Keywords Spur gears design ⋅ Efficiency ⋅ Experimental measurement
Strain gauge transducers ⋅ Data acquisition

1 Introduction

The gears design, experimental efficiency study and diagnosis based on vibration
are presented in numerous researches published in the literature. The experimental
efficiency of gear train is studied in [16].
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Complex equation systems are used to predict the coefficient of sliding friction
between the gear teeth, when the lubrication regime is elastohydrodynamic [14].
The aspect of computerized design and stress analysis is subject of numerous
studies [2]. In [2] is presented a computerized approach for synthesis, analysis and
stress calculation for spiral bevel gears. The subject of gear diagnosis based on
vibration is present in many studies [4, 17]. The authors of [17] demonstrates that
the vibrations that appear in gearbox mechanical systems can be used as infor-
mation to detect faults, by performing a study of vibrations in a wide range of load
and speed conditions. In [10] the Adams software it is used to model gears contact.
Also the gear contact is analyzed in [11] in order to predict wear.

The design of spur gears for improving efficiency is presented in [1]. It is
presented a method for gears power loss calculation for improved efficiency.
Experimental investigations concerning the gears efficiency are presented in [3, 9,
15] for spur gear, helical gear systems and hypoid gear pairs. Dynamic analysis of
involute spur gears and dynamic optimization is presented in researches presented
by [5, 8]. Also are presented measurements of automotive transmission efficiency,
using a chassis dynamometer, in [7, 17]. The test benches proposed for gears
efficiency estimation are the object of a large number of patents [18]. Studies
concerning experimental test bench for gears efficiency are presented in [6, 12, 13].

In this research it is proposed the efficiency study of a spur gears train. The
designed and developed test bench uses a closed power circuit and it is not nec-
essary to use a brake. The internal load in the closed circuit is created by torsion of
the shaft assembly. The efficiency measured is including the losses in gear friction,
gear lubrication and bearing friction.

2 Test Bench Design

The bench test for spur gears efficiency is based on the kinematic scheme presented
in Fig. 1.

Z4
l4;e4l3;e3

CF2 CF3

CF5 CF4

CT1

CT2 l6;e6

Z3

Z1

Z2

l2;e2

l7;e7l8;e8

l1;e1

CF1 CC1

M

I

II

CI

l5;e5

CC2

Fig. 1 Kinematic scheme of
the bench test for spur gears
efficiency
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The tested gears pairs (1, 2) and (3, 4) are mounted in the boxes fixed on a base
support. The motor M it is used to transmit the motion to the tested gears. The
internal torque load is created using the CI coupling with front teeth on the shaft I.

Notations used in Figs. 1 and 2 represent: CFi, i = 1 … 4—flange mechanical
couplings; CI—load coupling; li, i = 1 … 8—bearings; ei, i = 1…8—sealing; 1 …

4—spur gears; CTi, i = l … 2—strain gauge torque transducer;
Design of gears is performed with a program elaborated by the main author, in

three stages, dimensioning, geometric calculus and verification to bending and
contact fatigue. The gears design parameters are visible in Table 1.

By the fact that the both gearboxes from the bench structure are identical, and the
loads achieved with the load coupling CI are equal, it means that loss of bearings

I 

II

Z2 

Z1 

CF
l, e CI

Fig. 2 Design model of the test bench for spur gears efficiency

Table 1 Gear design parameters

Teeth number Pitch diameter [mm] Dedendum diameter [mm] Whole depth [mm]

Z1 = 27 d1 = 135 df1 = 123.6 11
Z2 = 31 d2 = 155 df2 = 143.217 Add. mod.

coefficient
Center distances Addendum diameter

[mm]
Working pitch diameter
[mm]

xn1 = 0.11

aw = 150 da1 = 146.10 dw1 = 139,656 xn2 = 0.071
a0 = 145 da2 = 165.71 dw2 = 160,344 Gear ratio: 1.148
Addendum
(gear1)

Dedendum (gear 1) Addendum (gear2) Dedendum (gear 2)

5.55 5.70 5.355 5.895
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gears and seals are comparatively equal. Marking with η the efficiency of each
gearbox, then the power (energy) and efficiency is computed with Eq. (1):

P3 = − η2 ⋅P1; η2 =
T2
i ⋅ T1

⇒ η=

ffiffiffiffiffiffiffiffiffi

T2
i ⋅ T1

r

ð1Þ

where: P3 and P1 are the power at gear 3 and 1, in [kW], i is the gears ratio and T1
and T2 the shafts torque.

The bench is able to measure the torque on shafts 1 and 2, so the efficiency of a
gear set is computed with Eq. (1).

3 Experimental Setup

Based on the proposed design a real model test bench it is developed. The
experimental model and HBM acquisition system is presented in Fig. 3.

To measure the load torque are used strain gauge transducers, placed on shafts I
and II. It is used HBM strain gauges, XY2x type, designed for torque measurement.
The strain gauges are connected to a complete Wheatstone bridge electric circuit.
To transmit the measurement signal from shafts to the bench frame are used
brush-bearing systems SK-6 type, manufactured by HBM. A transducer calibration
is performed, using a special designed lever P. The calibration diagrams of the
strain gauge transducers placed on shafts 1 and 2 are presented in Fig. 4.

1 2 
P 

Fig. 3 Experimental model of the spur gears efficiency test bench
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Having the correlation between the measured deformation and the torque load on
can represent the experimental variation of the torque. To measure the torque, it is
used the MGCPlus acquisition system and Catman AP software. In order to perform
the torque measurement and the gears efficiency it is created an internal load, by
rotating with one teeth the frontal coupling, as shown in Fig. 5.

Rotating with one teeth the frontal coupling CI (load coupling), as can be seen in
Fig. 5, it is created an internal load torque of 200 Nm.

4 Obtained Results

Obtained results are the graphics of variation for the torque dynamic load on shafts I
and II, as can be observed in Fig. 6.

As can be observed from Fig. 6, the torque measured has a medium value of 205
Nm and for the shaft II the medium value is 230 Nm. It appears a greater value of
the torque on the shaft II because of the reducer gear ratio. Considering the Eq. (1)
the value of the spur gear pair efficiency is 0.98. Obtained value for the gear
efficiency is comparable with values presented in the literature.

Fig. 4 Experimental calibration diagrams of the bench shafts

Fig. 5 Shaft II internal torsion with help of frontal teeth coupling
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5 Numerical Simulation

The virtual design is performed with Adams and Ansys Workbench programs.
Presents interest the shafts dynamic comportment, experimentally and by numerical
simulation with Adams. The system motion is monitored in 19 s. It is established
the time variation of kinematic and dynamic parameters, superposing the motion of
the rigid body with that of elastic body. The virtual prototype, from Fig. 7, is
analyzed in two stages: a modal dynamic analysis to establish the natural fre-
quencies and eigen modes of vibration and the second one is dynamic analysis.

Fig. 6 Measured torque on the bench shafts

Fig. 7 Test bench virtual model in Adams
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6 Conclusions

This paper presents the research developed in the direction of design, manufacture
and testing of a test bench for spur gear efficiency. The novelty of the proposed
design consists in the principle of creating the internal load by rotating the two parts
of the shaft II. To establish gears efficiency, it is necessary to measure the torques
on the shafts. This is made by using a data acquisition system and strain gauge
transducers. A calibration of the torque transducer is performed and the obtained
dependency torque-deformation for the shafts is linear. Experimental measurements
performed, for the shafts torques is used to calculate the efficiency of the gear set.
The jump from the torque diagrams, obtained experimentally are explained by the
fact that the bench shafts with afferent gears and couplings are elastic system from

Fig. 8 Experimental and simulation torque on shaft 1

Fig. 9 Experimental and simulation torque on shaft 2
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flexional and torsional comportment. It is computed the dynamic response of the
shafts, as deformable bodies, obtained results are presented in Figs. 8 and 9. It is
observed that the elastic transversal displacement and longitudinal, has small val-
ues. Also the values for the longitudinal displacement from Figs. 10 and 11 are
small.
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Design, Development and Testing
of a Dynamometer for Drill Force
Measurement

I. Geonea, A. Rosca and P. Rinderu

Abstract In this study, a drill dynamometer for measure dynamic forces and
torques, using strain gauge transducers has been designed, manufactured and tested.
The dynamometer is connected to a HMB data acquisition system. Drill forces
signal are captured processed and transformed into numerical data with the help of
hardware and software of the MGC. Plus acquisition system. The principle of the
dynamometer measurement is based on strain gauge transducers which measures
elastic deformations produced by the loads. The elastic element used in the con-
struction consists in a spoked wheel which measures simultaneously the force and
torque. The elastic deformations produced by the force and torque, bends the
double embedded spokes. It is presented the dynamometer design and principle of
measuring. In order to verify the elastic element deformations, it is performed a
FEA analysis in ANSYS. The experimental model is calibrated and in the final
stage is made experimental measurements of drill force and torque.

Keywords Drill ⋅ Experimental measurement ⋅ Strain gauge transducers
Data acquisition

1 Introduction

The measurement of forces and torque in drill operations is important in order to
optimize the drill geometry and parameters of the process (cutting speed, advance).
Also in some researches is pointed that the cutting force is related with the tool wear
[7].
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A considerable volume of research it is directed to measure of the cutting forces,
especially to turning process [8]. This type of measurement is important because the
cutting forces which appear in the processing of pieces are correlated with the
generated heat, and also with the tools wear, with the roughness of machined
surface and not at least with the accuracy of generated piece. Due to the complex
configuration of the machine, cutting tool and piece system, the theoretical fun-
daments for estimation of force and torques which appear to metal cutting process,
are not enough accurate to obtain good results [1, 3]. So, it is necessary to measure
with experimental methods the cutting forces. Recently are developed many
dynamometers, especially for turning process. The principle of force measurement
is most time based on elastic deformation of transducer elements. The deformations
are captured with strain gauge sensors.

The elastic elements used for dynamometers construction is described in refer-
ences [2, 4–6]. Most used elastic elements are octagonal ring, used to measure three
force components for turning process.

2 Experimental Setup

Drilling is a manufacturing process used to cut a hole into a metal piece. Similar
processes to drilling are counterboring and tapping that is based on the same
kinematics, but instead uses other tools. The forces and moments which appear
during drilling are presented in Fig. 1, correlated to the fixed reference system
attached to the spoked wheel elastic element. As can be seen at holes machining it
appears a drilling moment Mz, two deflective forces Fx, Fy and a feed force Ff. It is
two possibilities of forces and torque measurement for the drill process, either using
stationary or rotating dynamometers. To existing stationary dynamometers, the
forces are acquired in three directions but the torque will not be measured directly,
instead will be computed from force sensors measurements signal [2]. Proposed
solution of dynamometer can measure only two parameters, the drill torque Mz and
feed force Ff.

Proposed and designed solution is a stationary type dynamometer, mounted on
the CNC machine table. The principle of measuring of the dynamometer is based on
the deformation measurement of an elastic element.

The elastic element used is a four spokes wheel designed and manufactured as in
Fig. 1. The strain gauges 1 and 2 are used to measure the feed force Ff. Strain
gauges 3 and 4 measure the deformations produced by the drilling torque Mz. For a
proper measurement the elastic element of the dynamometer must be designed with
enough rigidity and manufactured with accuracy, because it is used for dynamic
loads. Used strain gauges are type HBM LY, with one measuring grid for strain
measurement in one direction and nominal resistance of 120 Ω. The measuring grid
is made of constantan and the material of measuring grid support is polyimide. The
strain gauge is bonded with cyanoacrylate elastic adhesive (Loctite 480 type) on the
wheel beams. To measure force and torque, on the opposite side of the beams
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(Fig. 1) are bonded another two stain gauges, in order to connect the transducers in
a complete Wheatstone electric bridge.

To complete the dynamometer design are manufactured two plates: one inferior
plate (1) mounted on the machine plate with bolts, and one superior plate (2) with a
device (3) to mount the drilled pieces, as in Fig. 2. The elastic element is mounted
with bolts to plate (1) placed on the holes (a), and with bolts placed to holes (b) to
the superior plate. In that case the drilling loads are transferred from the upper
device (3) to the spoked wheel (3) center with bolts (b). The elastic element (4) is
fixed on the exterior diameter to the lower plate (1) with bolts mounted on holes (a).
Between plates (1) and (2) it is a 1 mm gap, to allow the elastic element (4) de-
formations. The gap is isolated with silicone rubber to prevent cooling fluid to
reaches the strain gauge electric circuits.
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Fig. 1 Spoked wheel elastic element (design and real model)
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r

Fig. 2 Spoked wheel elastic element (design and real model)
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To verify the elastic element deformations, it is performed a finite elements
analysis in ANSYS, considering the torque of 800 Nmm and the feeding force of
1000 N. The maximum value of elastic deformation is 0.011044 mm, and at middle
of the beam the elastic deformation is 0.0061356 mm, as shown in Fig. 3. The
equivalent von Misses Stress at the middle of the beam element is 7.2 MPa, and
maximum value of stress at the connection area (r indication, in Fig. 2) is of
32 MPa. So the element (4) has enough stiffness to measure deformations in a
dynamic regime.

2.1 Setting the Wheatstone Bridges

The physical arrangement of the strain gauges and electric connections are
described in Fig. 4. For the half bridge configuration, in Fig. 5, are used two axial

Fig. 3 Spoked wheel FEA analysis (computed elastic deformation and equivalent stress maps)
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Fig. 4 Bending beam in half bridge and full bridge configuration
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gauges. The lower surface gauge is located under the gage on the top, and they
measure bending stains with equal magnitude and opposite signs. Any resistance
changes of the active gage produced by axial load will be canceled as a result of that
configuration, because two active strain gauge are positioned in adjacent arms of the
electric connection type Wheatstone bridge. In full bridge connection of the stain
gauges, because the strains produced by bending are equal as magnitude but
opposite as sign, the bridge voltage output is double by that produced by a single
strain gauge, to the same load.

The elastic deformation of the beams from Fig. 4, are computed with Eq. (1).

ε=
6PL
Ebt2

ð1Þ

The strain which occurs in the strain gauges can be calculated with Eq. (2).

ΔR
R

= k
ΔL
L0

ð2Þ

where: ΔR—differential resistance; R—resistance of the strain gauge before
application of the voltage (Ω); k—gauge factor, equal with 2; ΔL—elongation due
to the stress (mm); L0—initial length; ΔL ̸L0 = ε.

The output voltage of the Wheatstone bridge (Fig. 5), can be expressed as
Eq. (3):

E0

E
=

R1

R1 +R2
−

R4

R3 +R4
ð3Þ

where, E0 is the bridge output voltage; Ei represent the bridge excitation voltage;
R1, R2, R3 and R4 are the resistances of the strain gauges. Because the gauges have
the same resistance, the full bridge output can be expressed as Eq. (4):

E0

E
=

R1 +ΔR1

2R1 +ΔR1
−

1
2

� �
=

ΔR1 ̸R1

4 + 2 ΔR1 ̸R1ð Þ ð4Þ

For the beams represented in Fig. 4, the output in full bridge configuration is
computed with relation: E0 ̸Ei =F ⋅ ε, and for the half bridge with relation:
E0 ̸Ei =F ⋅ ε ̸2+F ⋅ ε.
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Fig. 5 Full bridge and half
bridge Wheatstone montage

Design, Development and Testing of a Dynamometer … 491



2.2 Dynamometer Calibration

To establish the linear correlation from the elastic deflection of the deformable
element (4) and loads, the dynamometer was calibrated. The calibration was made
for the drill torque and feed force, which are able to be measured. The calibration
montage is shown in Fig. 6. The principle consists in applying a known force and
torque and registering the deformations of the strain gauge transducer mounted on
the wheel (4). Obtained dependencies are shown in Fig. 7.

Fig. 6 Dynamometer calibration for measure of drill feed force and torque

Fig. 7 Calibration results for torque and feed force measurement
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3 Obtained Results

A set of drilling test was performed on fifteen circular pieces made from
X17CrNi16 alloy steel, presented in Fig. 8. The used drill is type HSS-G, 8 mm
diameter, manufactured by Bosch. The drill is mounted on a BT elastic cone, as
shown in Fig. 8. In order to establish the drilling parameters values are considered
the recommendations of the tools producer Walter. So, considering that the material
of the piece is alloy steel, with ferrite structure, annealed and with a hardness of 200
HB, it is recommended a cutting speed of 11 m/min and the value of 0,094 mm/
rotation for the advance. The dynamometer in mounted on a CNC machine, type
YMC-1050, to perform drill operations, as is presented in Fig. 8. The technologic
process it is designed in TOP SOLID software, used for CNC machining. For data
acquisition and storage, it is used the HBM MGCPlus acquisition system and
Catman AP operating software, installed on a Windows XP operating system.

Experimental obtained results consist in the graphics of feed force and drilling
torque variation, as presented in Fig. 9. The preliminary data obtained are strain
gauge transducers deformations, in µm/m. The data are transferred into Excel
program, and considering the calibration coefficients for each transducer, presented
in Fig. 7, are computed and represented the drilling parameters. The first graphic
corresponds to a slow advance motion (0.08 mm/rot), the hole is machined in 8.5 s.
The feed force is around 400 N and drill torque is from 800 to 1200 daN mm. The
next representations correspond to a hole machined with an increased advance
motion (0.16 mm/rot), this is the reason for an increased value for the measured
parameters. For this cutting regime, the measured parameters are increase, the feed
force reaches 700 N and the drilling torque 1900–2000 daN mm.

Fig. 8 Used equipment for the experimental measurement
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4 Conclusions

In this study a strain gauge based dynamometer for drilling operation is developed
and tested. The dynamometer is designed to measure the axial feed force Ff and
drilling torque Mz. The dynamometer was designed to measure a maximum force of
3000 N and a maximum torque of 30 Nm, and the sensibility of the system is
±0.2 N. For establish the accuracy the dynamometer was calibrated statically and
subjected to eccentricity test. For accurate results the machined axis hole must be
placed into a 20 mm radius from the spoked wheel center. The obtained results for
machining tests performed at different drilling parameters, shows the reliability and
accuracy of designed dynamometer. Although the dynamometer was conceived
primary for drilling, it can be used also for milling, counterboring.

References

1. Ahmadi K, Savilov A (2015) Modeling the mechanics and dynamics of arbitrary edge drills.
Int J Mach Tools Manuf 89:208–220

2. Ciurezu L, Dumitru N, Geonea I (2015) Experimental research regarding the influence of
cutting regime on the wear of drills at steel processing. Fiability Durab Suppl 1:118–122

Fig. 9 Obtained experimental results

494 I. Geonea et al.



3. Godfrey CO, Kumar S (2006) Response surface methodology-based approach to CNC drilling
operations. J Mater Process Technol 171(1):41–47

4. Korkut I (2003) A dynamometer design and its construction for milling operation. Mater Des
24:631–637

5. Sedat K (2007) Analysis of drill dynamometer with octagonal ring type transducers for
monitoring of cutting forces in drilling and allied process. Mater Des 28:673–685

6. Sedat K (2007) Performance testing of a constructed drilling dynamometer by deriving
empirical equations for drill torque and thrust on SAE 1020 steel. Mater Des 28:1780–1793

7. Stanimir A, Pascu I-C, Buzatu Ş, Geonea I (2008) Chip formation and cutting force in the
machining of hardened RUL IV steel. In: Annals of the ORADEA university, fascicle of
management and technological engineering, vol VII (XVII), pp 1812–1817 (2008)

8. Suleyman Y, Faruk U (2006) A dynamometer design for measurement the cutting forces on
turning. Measurement 39:80–89

Design, Development and Testing of a Dynamometer … 495



Frictional Contact Study of the Chain
Link/Polyamide Contact

M.-T. Lateş, C. C. Gavrilă and R. Papuc

Abstract This paper has as subject, in a first stage, the experimental study of
dynamic friction coefficients between the links of a toothed chain (steel) and two
chain guides, made from PAx and PA66, in lubricated conditions. Then there are
highlighted the characteristics of the contact area between the toothed links and the
guide fragments by using the finite element method. At the end of the paper there
are presented the conclusions regarding the tests and the finite element modelling of
the frictional contact between the chain link and the PAx.

Keywords Tribometer ⋅ Friction coefficient ⋅ Guide ⋅ Finite elements

1 Introduction

The experimental research made so far had allowed different conclusions on the
friction force. This depends on a variety of factors, like: normal force, sliding speed,
contact type, quality and surface rugosity, material nature in contact, rigide or
elastic character of surfaces, temperature and the presence of some films on the
sliding surface (lubricants, impurities). Implicity, the dynamic friction coefficient
depends in the surfaces state [9–11].
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2 Describing the UMT Tribometer and Testing Elements

In the experimental determinations of the dynamic friction coefficient between the
toothed link and guides is used the UMT tribometer and the reciprocating module,
presented in Fig. 1. The tribometer gives informations regarding experimental
determinations through a software.

The tribometer components for determining the dynamic friction coefficients are:
1—fixing screws; 2—rotary module; 3—lid; 4—fixation device; 5—positioning
device; 6—griping element—fixing one link; 7—connecting cables.

For the beginning the lid is removed, which has the role to prevent oil expulsion
during testing onto the rotary module 2. The rotary module is positioned and fixed
on the tribometer UMT with interior hexagonal head screws 1; then the griping-
fixation device of a single link is mounted 7 with screws 6.

The next stage is mounting the disks made from the guide material (PA66 and
Pax) inside the module rotary. The working principle of the tribometer is presented
in Fig. 2: the normal force F is acting on the holder where the chain link is mounted
and the polyamide disk is rotating.

The positioning is made through an interior hexagonal head screw 8, an
eccentric stud, which enters in the corresponding hole of the disk. In the end, it is
mounted on the fixation device 4 of the tribometer, the gripping element of a single
link 7. The lubrication was made with a 15 W–40 engine oil.

Fig. 1 UMT tribometer
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3 Experimental Determination of the Dynamic Friction
Coefficient

Next, there are presented the experimental tests for the contact between the toothed
link and the two disks from the same material as the active surface of the guide—
PAx and PA66). For a rigorous determination of the dynamic friction coefficient
there were made three series of tests. Thus, the imposed conditions on the first
series of tests were normal force Fn = 9 N, to which it corresponds a medium
pressure pmed = 0.451 MPa; rotary module speed n = 1250 rot/min, to which it
corresponds v = 3.27 m/s; temperature T = 20–90 °C; test duration t = 2 h;
lubricant: 15 W–40 engine oil. According to the testing conditions and to the
amount of the lubricant in the contact area, there are full-filled semi-fluid and
boundary lubrication regime conditions.

It must be highlighted that the results regarding the obtained values friction
coefficients are presented, as relative values or percentage, representing the
parameters dependence for which absolute values are used. This fact was imposed
by privacy clauses from including this research in the contract Chain Drive System
Dynamic Friction.

After the experimental determinations, it was obtained the variation of the rel-
ative dynamic friction coefficient (the values of the friction coefficients were
reported to the lowest value) according to the module speed in an imposed time
interval. The first series of the experimental determinations was made for the
contact between the toothed link and PA46 guide. From Fig. 3 it can be observed
that for the contact between the toothed link and PA46 guide, the dynamic friction
coefficient, after a quasi-constant stage, the plot increases.

Fig. 2 The working principle
of the UMT
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In Fig. 4 it is presented in comparison the relative dynamic friction coefficient
variation according with temperature, based on the results obtained in the experi-
mental determinations for the contact between the toothed link and two types of
guide (PAx and PA66); the reference value of the friction coefficient was consid-
ered in the case of a 20 °C temperature for the PA66 polyamide.

This diagram highlights the fact that the temperature influences the dynamic
friction coefficient variation for the contact between the toothed link and two types
of guide. For the contact between the toothed link and PA66 guide, the relative
friction coefficient drops as the temperature increases. For the contact between the
toothed link and PAx guide it can be observed the relative constant value of the
dynamic friction coefficient at the temperature increase.

Next, there are shown the imposed conditions for a second series of tests, thus:
the normal force Fn = 9 N, to which it corresponds a medium pressure pmed =
0.775 MPa; “rotary” module speed n = 0–3000 rot/min, to which it corresponds
v = 0–8 m/s; test duration: t = 1 h; temperature T = 20 °C; lubricant: 15 W–40
engine oil.

Fig. 3 The relative dynamic friction coefficient variation between the toothed link and PA46
guide according with time

Fig. 4 The dynamic friction coefficient variation according with temperature
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Based on the results obtained in the experimental determinations of the friction
coefficient in contact between the toothed link and the two types of guide material
—PAx and PA66, it was made a comparative diagram of the relative friction
coefficient according to speed, presented in Fig. 5; the reference value of the
friction coefficient was considered in the case of the PA66 polyamide, for a speed of
0.4 m/s.

For the contact between the link and PA66 guide, the diagram from Fig. 5 shows
a slight rise of the dynamic friction coefficient in the speed domain of 0.4–6 m/s,
after which it remains constant until the end of the test cycle.

In the conditions of a limited friction regime, the friction coefficient increases
with speed indicates the behavior of the toothed link—guide, for the PA66 guide as
well as for PAx guide, which does not respect the Stribeck curve.

The relative friction coefficient variation for different forces and constant speeds
is presented in the last series of tests. So, the test conditions are: normal force
Fn = 3, 5, 7, respectively 9 N, to which corresponds a medium pressure domain of
pmed = 0.150; 0.250; 0.350; 0.451 MPa; rotary module torque n = 1000 rot/min,
to which corresponds a speed of v = 3 m/s; test time: t = 1 h; temperature
T = 20 °C; lubricant: 15 W–40 engine oil.

Based on the average values obtained for the relative friction coefficients there
were drawn the diagrams from Fig. 6—for PAx guide, and Fig. 7—for PA66 guide.

From the comparative analysis of the diagrams from Figs. 6, and 7 it is observed
that at constant torque and different forces, the relative friction coefficient drops
significantly for PA66.

Fig. 5 The dynamic friction coefficient variation according to speed
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4 The Study of Contact Pressure

In order to determine the contact pressures variation between the toothed link and
the disk made from the guide material, it will be used the finite element method.

The finite element method (MEF) is a numerical method used to solve partial
derivative equations which models the physical systems with an infinite number of
freedom degrees. After applying MEF, these partial derivative equations are
reduced to systems of algebraic equations, namely to a discrete system with a finite
number of freedom degrees [1, 3].

For the numerical evaluation of the studied model it was used the ANSYS.

Fig. 6 The relative dynamic friction coefficients variation corresponding to force for PAx guide

Fig. 7 The relative dynamic friction coefficients variation corresponding to force for PA66 guide
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The model, shown in Fig. 8, was meshed with second order tetrahedron
deformable finite elements, with intermediary node, and for the components defined
as rigide, the software used for meshing rigide type of elements (Fig. 9).

The materials used in this distributed analysis were PAx polyamide for the guide
and steel for the other components. The model was loaded with a normal force of
Fn = 9 N, resulted in the lubricating condition and for defining the contact between
the link and guide was used a value for the friction coefficient of 0.2, determined
from the experimental tests in lubricated conditions [6].

After applying the 9 N force, it was obtained the displacements and contact
pressure distribution (Fig. 10). The maximum displacement value is 0.00131 mm
and is placed in the normal force applying zone; the 0.847 MPa maximum contact
pressure is positioned on the contact area between the chain link and the disk and is
also presented in Fig. 10.

Fig. 8 Finite element models

Fig. 9 The loading of the
model
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The values of the penetration and of the sliding distance are presented in Fig. 11;
due to the high stiffness values of the materials being in contact, there are obtained
small values for the two parameters.

5 Conclusions

The paper offers an original and complete frictional contact study of the steel chain
link/polyamide contact by achieving tests and finite element modelling. First, by
performing test, it is identified the variation of the friction coefficient under different
testing conditions (temperature and speed variation); in the second step, the finite
element modeling of the chain link/polyamide contact, is achieved by using the
value of the friction coefficient determined by tests.

Fig. 10 Displacements and contact pressure distribution

Fig. 11 The penetration and sliding distances values
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The friction coefficient of link/PA66 guide determined in dynamic and limit
friction conditions indicate a better efficiency at high temperatures, and a slight
increase by speed and decrease by pressure. By comparison, to PAx, material taken
from an existent stretching system, PA66 has better characteristics from friction
reducing point of view. These results show that tribologicaly, the materials ana-
lyzed have a specific behavior different by the generally known and characterized
by the Stribeck curve.

In concordance with the literature [4, 8], the results related to the friction
coefficient, obtained in this paper, are showing that the PAx polyamide has a more
stable and better behavior than the PA66 polyamide; the dynamic friction coeffi-
cient has a bigger relative decrease with the temperature increasing in the case of
the PAx polyamide and a more stable relative variation with the speed. Due to
confidentiality reasons (the research is achieved in the frame of a research project
with a company, which produces automotive spare parts), the results obtained for
the friction coefficient are presented as relative values.

The finite element analyses made for the chain link/PAx contact, shows that
there are obtained small values for the contact pressures due to the high mechanical
characteristics of the studied polyamide; these results are in concordance with the
specific literature [2, 5, 7].

Using the finite element method it could be highlighted the equivalent tensions
variation and the contact pressures for the two models. Because the force is
transmitted from the applying point to the fixing point is done only through the
contacts between components, there were no significantly equivalent tensions.
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Influence of Number of Teeth
and Centrifugal Force on Forces
Distribution on Silent Chain
Transmissions

L. Jurj and R. Velicu

Abstract The aim of this paper is to define and to analyse the theoretical contact
forces that appear in a sprocket—silent chain joint. The contact force between the
links and the teeth flanks of the sprocket can be considered as a reaction to the axial
force (tensioning force) transmitted throughout the pins. The centrifugal force is
considered to be constant and the friction between the elements is not considered.
This paper is presenting an analysis of forces in the joints of links and between links
and sprocket in order to establish a distribution along links and the influence of
number of teeth of sprockets and centrifugal force on number of links transmitting
the load.

Keywords Silent chain joint ⋅ Contact of gearing ⋅ Centrifugal force
Force distribution

1 Introduction

Dynamics of the chain drive systems became of great interest in the automotive
industry with the increase in importance of friction, noise and vibration.

Chain drives are used because of the high power, non-slip, relatively light weight
and compact power transmission compared to belt or gear transmissions, but usu-
ally with increased noise and vibration. Timing chain transmissions are used more
and more in combustion engines. In comparison with synchronized belt drives, they
ensures the transmission of higher torque for a longer aggregate maintenance-free
period [1].

Silent chains as timing chains have a great interest considering performance
improvements of automobile engine systems, which can generate significant
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improvements in reducing fuel and oil consumption, increase of engine power and
torque, reducing harmful exhaust emissions; improved reliability and engine life
and longer service intervals [3, 4].

References of theoretical studies on silent chain transmissions come from early
20th century [2]. A geometrical study of chain transmissions with two sprockets
and a guide is presented in [9].

An FEM study of forces distribution on links of a silent chain, at the contact with
a circular guide, is presented in [6] and pressure distribution between a silent chain
and a guide, resulted from a tribological study, is presented in [8].

A comprehensive approach on general chain transmissions, including aspect of
silent chains is [10] and experimental results on load distribution between bush
chains and sprockets is presented in [7].

2 Theoretical Model

This paper intends to study the theoretical contact which appears between the silent
chain’s elements and the sprockets. Silent chains, Fig. 1, are usually composed of
1—inner plates, 2—middle plates, 3—outer plates and 4—pin. This type of chains
are not standardized, there are different shapes and sizes of the plates; different
number of inner and middle plates.

The theoretical force distribution takes in account the forces that appear between
the sprocket—chain link contact—Fz1, the tensioning force component between the
silent chain links, that is transmitted by the plate-pin joint—F1, and the centrifugal
force that appear during the rotational speed of the chain transmission—Fc.
Figure 2 presents the theoretical model of the silent chain transmission.

In this case the force distribution is varying within an angle φ from −α to α,
where α represents the half of the pitch angle on the sprocket. This is depending on
the number of teeth that are machined on the sprocket.

The profile angle γ is the angle between the axis of a tooth and its flank line
(plate’s exterior flank). Three values of the profile angle are considered in the
following study.

Fig. 1 Silent chain assembly
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The calculus relations for the components F1 and Fz1 have been established
from the equilibrium of link 1 [5] depending on initial tensioning of the chain F:

F1 =
F sinðα+ γ−φÞ+Fc cosð2α+ γÞ

sinð3α+ γÞ ð1Þ

Fz1 =
F1 sinðφ+2αÞ−Fc cosðφ+ αÞ

sinðα+ γ−φÞ ð2Þ

The following equations define the other parameters:

α=
360
2z

ð3Þ

vt =
π ⋅Dp ⋅ n
1000 ⋅ 60

ð4Þ

Fc =
mchain ⋅ v2t
Dp

2 ⋅ 1000
ð5Þ

where z is the number of teeth on the sprocket, Dp is the pitch diameter of the
sprocket, n is the rotational speed of the chain transmission, vt is the tangential
speed at the pitch diameter and mchain is the mass of the silent chain.

For the next link F1 will take the role of the input tensioning (F). The relative
angle between the links will be constant, thus φ will have the value of the pitch
angle α. The force F1 for the second link will be F2, while Fz1 will become Fz2. The
forces will still be depending on φ angle of rotation since all the previous com-
ponents depend on F and φ. For the next links the forces can be computed with the
following generalized formulas [5]:

Fig. 2 Force distribution on silent chain transmission
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Fm =
Fm− 1 sinðγÞ+Fc cosð2α+ γÞ

sinð3α+ γÞ ð6Þ

Fzm =
Fm− 1 sinð3αÞ−Fc cosð2αÞ

sinð2γÞ ð7Þ

where m represents the number of the corresponding link of the silent chain.

3 Results—Forces Distribution

The model for the force equilibrium presented above has been applied for z (27, 60,
90) and three values of profile angle γ (20°, 25°, 30°). Table 1 presents the input
parameters calculated according to [11], while Figs. 3 and 4 presents the theoretical
tensioning and contact force distribution for z = 27. For these the centrifugal force
was not considered, to see clearly the effect of the number of teeth and the contact
angle over the force distribution.

Figures 5 and 6, 7 and 8 present the tensioning and contact force distribution for
z = 60 and z = 90 without taking into account the centrifugal force.

The centrifugal force’s effect can be seen on Fig. 9 and 10 for z = 90, γ (20°,
25°, 30°), n = 3000 (rpm), where Fc = 19.2304 (N/plate).

For comparison Fig. 11 shows the contact force distribution for z = 90, γ (20°,
25°, 30°), n = 1500 (rpm), where Fc = 4.8076 (N/plate).

Table 1 Input gear
parameters

z (–) F (N) α (°) P (mm) Dp (mm)

27 500 6.66 8 68.9103
60 500 3 8 152.8585

90 500 2 8 229.2296

Fig. 3 Tensioning force distribution on the first (a) and the fifth (b) link for three values of the
profile angle γ (20°, 25°, 30°), z = 27, centrifugal force not considered
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Fig. 4 The contact force distribution on the first (a) link and the fifth (b) for three values of the
profile angle γ (20°, 25°, 30°), z = 27, centrifugal force not considered

Fig. 5 Tensioning force distribution on the first (a) and the fifth (b) link for three values of the
profile angle γ (20°, 25°, 30°), z = 60, centrifugal force not considered

Fig. 6 The contact force distribution on the first (a) link and the fifth (b) for three values of the
profile angle γ (20°, 25°, 30°), z = 60, centrifugal force not considered
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Fig. 7 Tensioning force distribution on the first (a) and the fifth (b) link for three values of the
profile angle γ (20°, 25°, 30°), z = 90, centrifugal force not considered

Fig. 8 The contact force distribution on the first (a) link and the fifth (b) for three values of the
profile angle γ (20°, 25°, 30°), z = 90, centrifugal force not considered

Fig. 9 Tensioning force distribution on the first (a) and the fifth (b) link for three values of the
profile angle γ (20°, 25°, 30°), z = 90, n = 3000 (rpm), centrifugal force considered
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The analysis of the theoretical force distribution shows that the tensioning force
in the silent chain transmission is distributed on several links and the forces are
decreasing with the distance from the first link.

The increase of number of teeth of the sprocket (decrease of pitch angle α)
determines a slower decrease of forces with the distance from the first link, so
higher number of links transmitting the load.

The profile angle has more influence on the tensioning between links Fm at
bigger number of teeth and almost no influence on sprocket—chain link contact
force Fzm with increasing m.

The centrifugal force effect creates an increase of tensioning between links Fm
and decrease of sprocket—chain link contact force Fzm, so smaller number of links
are in contact with the sprocket.

Negative computed values for sprocket—chain link contact force Fzm are
actually zero values and means no contact force between link and sprocket exists.

Fig. 10 The contact force distribution on the first (a) link and the fifth (b) for three values of the
profile angle γ (20°, 25°, 30°), z = 90, n = 3000 (rpm), centrifugal force considered

Fig. 11 The contact force distribution on the first (a) link and the fifth (b) for three values of the
profile angle γ (20°, 25°, 30°), z = 90, n = 1500 (rpm), centrifugal force considered
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4 Conclusions

The main conclusion from theoretical analyze of the silent chain contact forces is
that the number of chain links in contact is influenced by number of teeth of the
sprocket, value of centrifugal force and the profile angle of the tooth flank.

However, this model must be improved by considering the friction between pins
and plates and between plates and sprocket. The dynamics of the chain must also be
considered.
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Influence of Chain Pitch Increase
on Bush-Sprocket Contact for Bush
Chain Drives

R. Velicu, R. Saulescu and L. Jurj

Abstract One of the chain types used in machine construction is the bush chain.
These types of chains can be with long or short links. In this paper it is proposed a
case study, in which there is considered a standardized bush chain with short links,
with known geometry of chain and sprocket. This is the starting point in the
establishment of the contact between the sprocket and the chain during functioning.
This will enable the precise determination of the static contact forces (value and
direction). According to the literature, the pitch of a new chain should be bigger
than its nominal value with up to 0.1%. In functioning, the pitch of the chain
increases due to the wear of pin-bush joints and due to elastic deformation. This
work proposes a comparative study of the most representative parameter, the
contact angle (α) between the sprocket and the chain bush, for different sprocket
sizes and different deviations of the chain pitch to the standard, which influence the
contact forces and transmission behaviour. The evolution of the contact angle
during gearing, in function of the sprocket’s number of teeth and the pitch differ-
ence (x), is highlighted with the help of the numerical simulations which permit
drawing of some recommendations regarding the functionality of the transmission,
minimization of vibrations or taking out the chain from functioning.

Keywords Chain drive ⋅ Kinematic ⋅ Contact point ⋅ Bush-sprocket
Contact angle
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1 Introduction

Chain transmissions used in automotive industry, regularly work at high loads and
rotational speeds, fact that involve knowhow about their dynamics in order to
optimize or decrease vibrations. These vibrations may be caused by the geometry of
the transmission, incorrect functioning or excessive wear of the transmission.

A study regarding the geometry optimization of such transmission is presented
in [10], optimization with the hypothesis that the chain elongation is done with a
constant pitch; the influence of the number of teeth over the maximum pitch is
presented in [2], within is stated that this decreases with the number of teeth.
Different studies regarding the contact stress between the pin and the bush [3, 4],
the geometry [6] or the stress between the chain guide and the chain [7], the wear
phenomenon that appear between the bush and the sprocket, and also the behaviour
of the bush elements, are analysed in [5], within there is stated the need to
understand of such phenomenon, the contact surfaces and the contact angle between
the bush and the chain. There are also discussions about the contact angle between
the bush and the sprocket in [8], where two laborious modeling methods are pro-
posed for the contact. Results from these methods are comparable with experi-
mental ones, and based on these there is stated that the vibrations that appear during
functioning of the chain transmission are due to the impact between the chain bush
and the sprocket. This impact is directly influenced by the pitch change compared to
the nominal dimension, therefor the contact angle analysis between the bush and the
sprocket is legitimate.

2 Problem Statement

In a bush chain transmission, due to the speeds and the forces that are involved in
the contact between the bush and the sprocket, longitudinal and transversal forces
appear, that influence the dynamic behaviour of the transmission. Improving these
properties presume the increase of the reliability of the transmission and simulta-
neously keeping for a longer period of time the geometry of the chain and the
sprocket.

The change of pitch is one of the main factors that can lead to the failure of the
chain transmission [13]. This change comes due to initial pitch deviations of the
chain links, which is permitted up to 0.1% from the nominal pitch dimension, and
the wear during functioning that can determine a supplementary increase of up to
0.2% of the nominal pitch. If the first two factors are due to internal causes, an
external factor that changes the pitch of the chain is the elastic elongation caused by
the tensioning forces from the transmission (determines up to 0.3% of the pitch).
These deviations directly influence the functioning of the transmission by changing
the contact point between the sprocket and the bush; during functioning, because of
the above mentioned factors, the bush has an angular movement related to the base
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of the socket, describing in this way an angle between the theoretic and real contact
point, named in this work as contact angle (αi), that is not permitted to be bigger
than the half of the the roller gap angle, limited to 120° [9]. Consequently a case
study is proposed that presents the dependency of the contact angle in function of
the pitch change (noted as x), that can get in the worst case up to 6% of the nominal
pitch dimension, for the first 4 contacts (i) between the bush and the sprocket. In
this study there is proposed to consider a minimal and maximal number of teeth
(z = 25 and 90), recommended in automotive industry.

3 Geometric and Kinematic Modeling of the Transmission

In a chain transmission, knowing the real and not the nominal geometry of the
sprocket [1] and the bush chain is essential because the contact between these
determine the functionality and dynamics of the transmission. For this modeling
there is considered a bush chain transmission with short standardized links [14], with
the following known parameters: radius of the bush (rB), number of teeth of the
sprocket (z) and the chain pitch (p). Noting B0B01 = p, chain pitch and x% of p than
BkBk+1 =B0B1 = p+ x (Fig. 1), respectively A0B0 =A1B1 =A2B2 = . . . =AkBk

in which A0B0 = rA − rB (Fig. 1a).
For the kinematic modeling and the definition of the geometric parameters, the

initial position 0 is considered as the one where the points A0B0O are collinear, for
which the first bush in contact with the sprocket (i), the contact angle between the
bush and the chain (α0) and the deviation angle caused by the elongation of the
chain pitch (λ0) are zero: i = 0, α0 = 0, λ0 = 0.

Applying the general algorithm presented in [9, 12] the contact angle (αi) and the
deviation angle (λi) can be determined:

Bi− 1Ai =
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
OB2

i− 1 +OA2
i − 2OBi− 1OAi cos τ− λi− 1ð Þ

q
ð1Þ

δi = arccos
Bi− 1A2

i +OA2
i −OB2

i− 1

2Bi− 1Ai ⋅OAi
ð2Þ

ψ i = arccos
Bi− 1A2

i +AiB2
i −Bi− 1B2

i

2Bi− 1Ai ⋅AiBi
ð3Þ

αi =ψ i − δi ð4Þ

OBi =
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
OA2

i +AiB2
i − 2OAi ⋅AiBi cos αi

q
ð5Þ

λi = arcsin
AiBi sin αi

OBi
ð6Þ
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Finding these parameters is possible with the help of Fig. 1b [11],considering
the assembled position, where OB0 =RA − rA + rB and OAi =RA (Fig. 1a).

Using the generalized Pythagorean and the sine theorem from ΔOB0A1 there is
determined:

δ1 = arcsin
OB0 sin τ
B0A1

ð7Þ

where: B0A1 =
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
RA − rB + rAð Þ2 +R2

A − 2RA RA − rB + rAð Þ cos τ
h ir

.

From ΔB0B1A1

ψ1 = arcsin
B0A2

1 +A1B2
1 −B0B2

1

2B0A1A1B1
ð8Þ

where: B0B2
1 =B0A2

1 +A1B2
1 − 2B0A1A1B1 cos δ1.

(a)

 (b)

τ =360/z     

τ

τ

λ1α1

δ1

δ2

λ2
α2

p+x

RA

rAA0

B0

B1

A1

A2

B2

α0 =0
λ0=0

Ak+1

Bk+1

Bk

rB

Ak

O

p 

p+x

1 2 3 

O

A0

B0

A1

B01
B1 τ

ψ1

δ1

α1

λ1

p 
p+x

Fig. 1 Contact geometry between the sprocket and the chain bushes: a representative geometric
parameters (where: 1-sprocket, 2-bush, 3-link between 2 successive bushes) and b explanation of
the geometric contact parameters i = 1 in relation with the reference i = 0
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With the two before determined geometric angles the contact angle is obtained
(α1), for the first contact between the chain (chain bush) and the sprocket, next to
the initial 0 position.

α1 =ψ1 − δ1 ð9Þ

With the help of ΔOA1B1 the deviation angle can be computed (λ1):

λ1 = arcsin
A1B1 sin α1

OB1
ð10Þ

where: OB1 =
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
OA2

1 +A1B2
1 − 2OA1A1B1 cos α1

q
.

4 Case Study

The main objective of this work is to observe the influence of the pitch increase
from its nominal dimension over the contact angle between the chain bush and the
sprocket. This change can influence representatively the functionality of the
transmission, as well as its dynamics. Therefor a case study is proposed, starting
with known and computed [12] the principal geometric and kinematic parameters,
presented in Table 1. Once these parameters are determined the two angles αi and λi
can be computed and presented for different specific modifications of the chain (x);
taking in account that regularly the first 4 bushes in contact with the sprocket are the

Table 1 Geometric and kinematic parameters of the sprocket—bush chain gearing

Constant
parameters

z p
(mm)

rB (mm) rA
(mm)

RA

(mm)
25 9.525 2.54 2.684 24.555

Variable
parameters

x (%) of p i δi
(deg)

ψi
(deg)

αi (deg) λi (deg)

0 1 81.942 81.942 0 0
4 81.942 81.942 0 0

0.1 1 81.942 85.748 3.806 0.014
4 81.977 96.743 14.765 0.055

0.2 1 81.942 89.54 7.597 0.028
4 82.043 111.215 29.171 0.105

0.3 1 81.942 93.333 11.391 0.042
4 82.14 126.353 44.212 0.151

0.6 1 81.942 104.895 22.953 0.084
4 82.78 – – –

Obs. i = number of considered contacts between sprocket and bush
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most loaded. These simulation is limited for the first four contacts i = 1,…, 4
(Table 1).

After the numeric simulation, based on the presented algorithm, the diagrams
from Figs. 2 and 3 are illustrated for the variation of the contact angle (αi) caused
by the length difference of the pitch to the nominal value.

5 Results and Discussions

The correct functioning or replacement of a bush chain, used in machine con-
struction is given to the pitch increase to the nominal dimension, change imposed
by wear and elastic elongation caused by the radial and tangential forces, appearing
during functioning. This difference is highlighted by the appearance of the contact
angle between the sprocket and the chain bush; once with the increase of the angle
described by the contact angle between the bush and the sprocket, increases also the
friction surface between the bush and the sprocket, fact that has an effect over the
transmission.

Fig. 2 Influence of the pitch change coefficient (x) over: a contact angle (αi) for z = 25 and
b contact angle (αi) for z = 90

Fig. 3 Influence of the pitch change coefficient (x) over: a contact angle (αi) for the first contact
(α1) and b contact angle (αi) corresponding to the maximum contact point (α4), considering α0 = 0
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This work presents analyses of the influence of the pitch increase (x) and of the
number of teeth (z) of the sprocket over the contact angle (αi) between the bush and
the sprocket. The constant parameters are: the nominal pitch of the chain is
p = 9.525 (mm), diameter of the bush dB = 5.08 (mm), number of teeth z = 25 and
90 (minimal and maximal number of teeth considered for automotive engines) and
the variation of x = 0…0.6% of p.

From Fig. 3 can be seen that the increase of the pitch elongation (x) leads to the
contact angle increase α, which determines: decrease of number of teeth in contact
(i), increase in load on teeth and implicitly increase of friction surfaces between the
bush and the sprocket; for ex. For x = 0.001p results αi=4 = 15°, and for
x = 0.004p it is obtained αi=4 > 60°, what means that IVth contact moves on the
top of the tooth.

From Fig. 3 it can be observed that the contact angle is influenced insignificantly
by the increase of the number of teeth (its influence referring more to overall
dimensions and wear in time).

Hence it can be stated that pitch differences to nominal dimensions can have a
role in friction losses, thus the friction model of the transmission has to take in
account the specific dimensional deviations and the elongation caused by wear and
elastic deformations. According to what was presented, functioning correctly over
longer time period of the chain transmission is directly influenced by the dimen-
sional increase of the pitch over the nominal one.

Once determined the kinematic geometry of the contact between the sprocket
and the chain bush, statics and dynamics of the transmission can be approached to
optimize in this way the transmission.

6 Conclusions

Dynamic studies over bush chain transmissions used in machine construction
industry represents still a domain with great interest since these have a longer
lifetime because of the rolling contact which takes place between bush and
sprocket.

Because the radius of the bush is smaller than the radius of the socket (rB < rA),
occurs a pitch difference between the chain pitch and the sprocket pitch. In reality
this difference is admissible up to 0.1% form the nominal pitch of the chain. This
difference, noted with x, increases due to chain wear with up to 0.2%, respectively
up to 0.3% due to elastic elongation caused by the tensioning that appear during
functioning. These differences have a direct effect over the contact between the
bush and the sprocket, an angle that influences the dynamics, vibrations and wear of
the transmission.

Looking on the comparative analysis of the obtained results it can be concluded
that once the pitch difference increases, the contact angle also increases, which
implies the move of the contact point to the top of the tooth of the chain after a
smaller number of contacts. This will determine increased friction surfaces between
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the bushes and the sprocket, modification of the contact angle of the forces during
functioning and as a result the appearance of vibrations and wearing acceleration.

Using of such algorithm ensures determination of parameters that could help to
optimize bush chain transmissions by placing the transversal and normal forces in
the chain, minimizing the friction surfaces between the bush and the chain and
minimizing transversal vibrations.
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Increasing the Resistance of Scuffing
for HCR External Helical Gearing

M. Rackov, M. Čavić, M. Penčić and M. Vereš

Abstract The paper analyses the way to increase the resistance of HCR external
involute gearing from a scuffing point of view. The scuffing is the most important
damage of teeth flanks of HCR involute gears. In the case of warm scuffing; it is the
combined action of high pressure between surfaces, high sliding speeds, and
excessive contact temperature, resulting from pressure and sliding speed values,
which cause oil film rupture between the teeth flanks. Adopting suitable geometry
of the tooth curve profile, it will be defined certain values addendum heights for
meshing wheel according to criteria of specific slips and corrected head shape of the
teeth of both wheels. The paper deals with assessment and theoretical analysis of
the impact of the HCR tooth profile resistance to scuffing on the basis of integral
temperature criterion according to Winter-Michaelis criterion, researching espe-
cially two factors: factor of load distribution (Xε) and factor of gear geometry (XG).
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1 Introduction

Progressive scuffing means serious damage to the tooth profile curve, which means
removing the teeth from the service [14]. Increased noise transmission over the
standard border may refer in some cases also to the reason for exclusion from the
transfer operation [6, 11]. Teeth scuffing can be eventually avoided by additional oil
cooling and reducing load transfer, but these methods are disadvantageous from an
economic perspective [3, 7]. Although, quality lubricating oils with additives (EP
oils) should be used and appropriate choice of teeth geometry could be adopted.
Suitable geometry of the tooth curve profile in the design of involute gearing is
possible by defining certain values of addendum heights for teeth of both meshing
wheels. It should be used criteria of specific slips and corrected head shape of the
teeth. This paper deals with the problematic of high contact ratio gears (HCR), i.e.
the gears with extended duration of contact period. The scuffing occurs more fre-
quently in HCR gear teeth, since the path of action is larger and peripheral speed is
higher [8]. This paper is trying to analyze and discuss the possibilities to reduce
occurring of scuffing, or at least to postpone this damage of teeth on external HCR
gears. Fracture in the tooth root due to bending stress and the formation of pitting
represent fatigue damage, but the occurring of scuffing can happen after short time
of transfer overload within a few hours. Beside the gear load and the peripheral
speed, there are different effects which can influence the occurring of scuffing, such
as material of gears, geometry of the teeth, quality of teeth flanks and the properties
of the lubricating oil [2, 4, 5, 12]. When introducing higher demands on the
capacity of the teeth and developing new materials having high resistance to pitting
and making high flexural strength, it is shown that the limit factor at design of spur
gears in many cases may be just scuffing [9].

2 Defining Integral Temperature Criterion for HCR
Involute Gearing

According to Blok hypothesis [1], it is possible to express the flash temperature
(local instantaneous flash temperature) at any point of meshing along the contact
path by the formula [15, 16]. Integral temperature criterion is based on the middle
temperatures of surface calculated on the basis of Blok theory [1]. Comparative
medium temperature of surfaces ϑi (the integral temperature) consists of two
temperatures: the medium value of local instantaneous flash temperature along the
action line ϑBlm and tooth bulk temperature ϑ0 [1]. Therefore integral temperature is
calculated from the relationship:

ϑi =ϑ0 +BϑBlm ð1Þ
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where B is a weighting factor which takes into consideration qualitatively different
temperatures influence of the actual tooth bulk temperature ϑ0 and temperature
ϑBlm, which is defined only as a comparative temperature, and it does not reflect the
actual size of the temperature in the contact points [13, 15, 16].

For determining the integral temperature ϑi from the Eq. (1), it is necessary to
determine the tooth bulk temperature ϑ0. It can be assumed that the tooth bulk
temperature principally consists of two parts. The first is tooth surface temperature
when it is not in contact (it is approximately equal to the temperature of the oil).
Another part depends on the size of the difference between integral temperature and
oil temperature and from the values of the coefficients of thermal convection in the
gear material and thermal transfer from the gear to the oil. If the coefficient of
thermal convection and thermal transfer are included in the dimensionless coeffi-
cient, it can be written:

ϑ0 = ϑoil +Aðϑi −ϑoilÞ ð2Þ

The coefficients A and B in Eq. (2), resp. (1) is determined experimentally by
measuring the temperature at the surface of the teeth. If C = B/(1 − A), then:

ϑi = ϑoil +CϑBlm ð3Þ

where ϑoil—oil temperature. The size of integral temperature is determined from the
general relation (1), or using the Eq. (3), where l is the length of contact line
(l = AE):

ϑi =ϑoil +C

Rl
0
ϑBl dx

l
ð4Þ

Integral in Eq. (4) can be expressed in the form:

1
l

Z l

0

ϑBl dx=ϑBl ðEÞ Xε ð5Þ

where ϑBl(E) is local flash temperature at reference point of meshing E for contact
between teeth with contact ratio εα = 1. Factor Xε is a dimensionless factor which
takes into account the distribution of the load between two mating teeth, contact
ratio of the head of the pinion and gear wheel and geometric characteristics of the
curve of tooth profile. Therefore, Eq. (4) for integral temperature becomes:

ϑi =ϑoil +CϑBlðEÞXε ð6Þ

which is analysed in [15, 16]. The factor of load distribution (Xε) for HCR involute
gearing is described in Fig. 1 within the hatched area [10].
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There are no many published relevant results of the valuation of the HCR
gearing resistance against the warm scuffing damage. Nowadays, normalized cal-
culation of load capacity of the involute gearing is used to derive the thermal
scuffing calculation according to the integral temperature criterion. However, this is
valid only for standard profiles. For HCR gearing it is necessary to extrapolate
particular factors, which have substantial influence on the designation of the inte-
gral temperature value and in this way it is possible to extend the validity of this
criterion, even on the gearing with εα ≥ 2.

3 Calculation of Local Flash Temperature #Bl(E) for HCR
Involute Gearing

To compare the resistance of particular types of gearing against the scuffing it is
necessary to identify local flash temperatures ϑBl(E) in the reference point. Reference
point is defined by the integral temperature for HCR involute gearing as endpoint of
contact line on head of pinion, i.e. point E on the contact line. The temperature at
reference point E can be expressed using Blok theory [1, 10, 15, 16]:

ϑBlðEÞ =0.62 μm
FnE

b

� �0.75 Er

ρr

� �0.25

E

vρ1E − vρ2E
�� ��ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

BM1 vρ1E
p

+
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
BM2 vρ2E

p ð7Þ

If normal force FnE is expressed, which acting in point E of straight tooth (spur
gear), tangential force F0 on rolling circle can be obtain from FnE = F0/cosαE and if

Fig. 1 Temperature distribution along the path of contact for HCR involute gearing
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it is considered that the gearing of both gear wheels is made of standard steel (i.e.
BM1= BM2= BM), Eq. (7) can be expressed in the form:

ϑBlðEÞ =0.62 μm
w

cosαE

� �0.75 Er

ρr

� �0.25

E

ffiffiffiffiffiffiffiffi
vρ1E

p − ffiffiffiffiffiffiffiffi
vρ2E

p�� ��ffiffiffiffiffiffiffi
BM

p ð8Þ

where w = F0 /b.
The values Er and BM depend only of material of meshing gear wheels.
If the Eq. (8) is substituted and ρrE, vρ1E, vρ2E are substituted with their relations,

after modification and arranging, it follows [17]:

ϑBlðEÞ = μm w0.75 v0.50 a− 0.25 XM XG ð9Þ

where XG is dimensionless coefficient of gear geometry which can be modified in
the shape:

XG =1.24
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tan αwt
cos2 αwt

4

r
⋅

ffiffiffiffiffiffiffiffiffiffi
u+1

p

2
⋅

ffiffiffiffiffiffiffi
ρ1E

p − ffiffiffiffiffiffiffi
ρ2E

p
ffiffiffiffiffiffiffiffiffiffiffiffiffi
ρ1Eρ2E4

p ð10Þ

4 Calculation of the Factor Xe for HCR Involute Gearing

High contact ratio gears are different from the standard gear profiles since the load
distribution along the contact line is different and, of course, there are also higher
tangential velocities at the beginning and at the end of the teeth meshing. If Eq. (1)
is considered more seriously, it is evident that two geometric parameters values
have the main influence on the scuffing resistance. These values are tangential
velocities and the reduced radius of curvature.

For calculation of load distribution factor (Xε), it is necessary to know the load
distribution, size of radii of curvature and tangential speed at any contact point. This
is the main difference between the calculation of the integral temperature intensity
for LCR and HCR gearing, since the is determination of factor of load distribution
Xε is different. Equation for determination Xε is obtain as total amount of the areas
under the curves of the local flash temperatures along the meshing (Fig. 1) and local
flash temperatures at the point Eεα= 1 multiplied by the length of the meshing line
for equivalent areas. The load distribution along the contact line for HCR gearing is
shown in Fig. 2 [10].

However, Winter and Michaelis, in their criteria foresaw a simplified waveform
of temperatures along the contact line. Theoretical values of these temperatures
apply strictly only at points C and E and between these points the change in
temperature is linear (Fig. 3) [10]. In fact, this meshing could not be with different
radii of curvature of involute of both wheels, since tangent in any individual point is
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linear, but a deviation between actual and linear course of considering temperature
is negligible.

The overall surface (P) under the flash temperature line during whole contact of
path of action can be replaced with the surface of a rectangle. The width of this
rectangle is the same value of contact line and the height represents the integral
temperature (ϑBl(E)) [1, 10, 15, 16]:

ϑBl =P=AE ⋅ ϑBl int = ϑBl ðEÞ ⋅Xε ⋅XG ⋅XM ð11Þ

Fig. 2 Load distribution along the contact line for HCR involute gearing

Fig. 3 Linear distribution of temperature along the path of contact for HCR involute gearing
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According to Fig. 3, it is possible to derive the relationship for factor of load
distribution (Xε) for HCR involute gearing. Overall surface will be divided into six
separate parts, calculated in [10]. Equation for factor of load distribution can be
written in the following form:

Xε =
P

l ⋅ ϑBlðEÞ εα =1
ð12Þ

Considering l = AE = εα pbt, it follows:

Xε =
1

2ε1εα
0.123ε21 + 0.204ε22 + 1.001ε1 + 0.759ε2 − 0.543ε1ε2 − 0.539
� � ð13Þ

For comparison, Winter and Michaelis derived for LCR gearing that [13, 14,
16]:

Xε =
1

2 ε1εα
0.18 ε21 + 0.7ε22

� 	
+0.82ε1 − 0.52ε2 − 0.33ε1ε2

� � ð14Þ

5 Conclusions

Gear pair has high contact ratio (HCR) only in the case when there are at least two
pairs of teeth in contact between gears. Addendum height of high contact ratio gears
is increased, so it is larger than in standard gearing and therefore the meshing
contact is longer. Geometry of HCR gearings is much complicated, since there is
larger possibility of occurring meshing and production interference during the
operation and it is much larger than interference occurring in LCR involute profiles.
There is also higher risk of reduced thickness of a tooth tip and significantly higher
values of specific slipping can occur into the flanks.

Contact ratio is increased since the tooth height is larger. Having at least two
pairs of teeth in contact, dynamic loads and noise are reduced. Measuring different
results of gear pair, noise reduction proved to be the best using HCR gearing with
the value εα = 2 for contact ratio. Noise decreasing is also the best for εα = 2 since
there are always two pairs of teeth in contact. So, when one pair of teeth goes out
from the contact, another pair of teeth comes in contact and applied force is con-
siderably smaller since it is always divided on two pairs of teeth. Therefore, gears
from automotive industry should be done in such a way to reduce the noise and
dynamic forces, with contact ratio εα = 2.

Therefore it was made a detailed theoretical analysis of the HCR geometry and
impact of the shape of the involute HCR teeth on its scuffing resistance using the
criterion of integral temperature. Evaluating the impact of gearing geometry to its
scuffing resistance from the point of integral temperature, it can be concluded that it
is possible to achieve smaller flash temperature and thus increase the resistance to
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scuffing. Of course, beside this condition, type of transmission oil has very
important influence on scuffing occurrence. This means that scuffing occurrence can
be reduced using oils for extra pressure. Experimental verification should confirm if
using this type of oil is necessary or not.

The main contribution of this paper is a generalization of the integral temper-
ature criterion for involute HCR gearing. It is shown here that the factor of load
distribution should need to be calculated for integral temperature criterion for
involute HCR gearing for a case εα ≥ 2. Since factor of load distribution (Xε) and
factor of gear geometry (XG) were known only for LCR gearing, this paper offers
deriving and equations for the case of involute HCR gearing. In the continuation of
this researching, the criterion for integral temperature of involute HCR gearing can
be optimized and the minimal flash temperature could be obtained.
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