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Preface

At the CISM course “Vehicle Dynamics of Modern Passenger Cars”, a team of six
international distinguished scientists presented advances regarding theoretical
investigations of the passenger car dynamics and their consequences with respect to
applications.

Today, the development of a new car and essential components and improve-
ments are based strongly on the possibility to apply simulation programmes for the
evaluation of the dynamics of the vehicle. This accelerates and shortens the
development process. Therefore, it is necessary not only to develop mechanical
models of the car and its components, but also to validate mathematical-mechanical
descriptions of many special and challenging components such as e.g. the tire. To
improve handling behaviour and driving safety, control schemes are integrated,
leading to such properties as avoiding wheel locking or torque vectoring and more.
Future developments of control systems are directed towards automatic driving to
relieve and ultimately replace most of the mundane driving activities.

As a consequence, this book and its six sections—based on the lectures of the
mentioned CISM course—aim to provide the essential features necessary to
understand and apply the mathematic—mechanical descriptions and tools for the
simulation of vehicle dynamics and its control. An introduction to passenger car
modelling of different complexities provides basics for the dynamical behaviour
and presents the vehicle models later used for the application of control strategies.
The presented modelling of the tire behaviour, also for transient changes of the
contact patch properties, provides the needed mathematical description. The
introduction to different control strategies for cars and their extensions to complex
applications using, e.g., state and parameter observers is a main part of the course.
Finally, the formulation of proper multibody code for the simulation leads to the
integration of individual parts. Examples of simulations and corresponding vali-
dations will show the benefit of such a theoretical approach for the investigation
of the dynamics of passenger cars.

As a start, the first Chapter “Basics of Vehicle Dynamics, Vehicle Models”
comprises an introduction to vehicle modelling and models of increasing com-
plexity. By using simple linear models, the characteristics of the plane vehicle
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motion (including rear wheel steering), driving and braking and the vertical motion
are introduced. Models that are more complex show the influence of internal vehicle
structures and effects of system nonlinearities and tire—road contact. Near Reality
Vehicle Models, an assembly of detailed submodels, may integrate simple models
for control tasks.

Chapter “Tire Characteristics and Modeling” first presents steady-state tire for-
ces and moments, corresponding input quantities and results obtained from tire
testing and possibilities to formulate tire models. As an example, the basic physical
brush tire model is presented. The empirical tire model known as Magic Formula, a
worldwide used tire model, provides a complex 3D force transfer formulation for
the tire—road contact. In order to account for the tire dynamics, relaxation effects are
discussed and two applications illustrate the necessity to include them.

Chapter “Optimal Vehicle Suspensions: A System-Level Study of Potential
Benefits and Limitations” starts with fundamental ride and handling aspects of
active and semi-active suspensions presented in a systematic way, starting with
simple vehicle models as basic building blocks. Optimal, mostly linear-quadratic
(H2) principles are used to gradually explore key system characteristics, where each
additional model DOF brings new insight into potential benefits and limitations.
This chapter concludes with practical implications and examples including some
that go beyond the traditional ride and handling benefits.

Chapter “Active Control of Vehicle Handling Dynamics™ starts with the prin-
ciples of vehicle dynamics control: necessary basics of control, kinematics and
dynamics of road vehicles starting with simple models, straight-line stability. The
effects of body roll and important suspension-related mechanics (including the
Milliken Moment Method) are presented. Control methods describing steering
control (driver models), antilock braking and electronic stability control, all
essential information for an improvement for the vehicle handling, are provided.

In Chapter “Advanced Chassis Control and Automated Driving”, it is stated first
that recently various preventive safety systems have been developed and applied in
modern passenger cars, such as electronic stability system (ESS) or autonomous
emergency braking (AEB). This chapter describes the theoretical design of active
rear steering (ARS), active front steering (AFS) and direct yaw moment control
(DYC) systems for enhancing vehicle handling dynamics and stability. In addition
to recently deployed preventive safety systems, adaptive cruise control (ACC) and
lane-keeping control systems have been investigated and developed among uni-
versities and companies as key technologies for automated driving systems.
Consequently, fundamental theories, principles and applications are presented.

Chapter “Multibody Systems and Simulation Techniques” starts with a general
introduction to multibody systems (MBS). It presents the elements of MBS and
discusses different modelling aspects. Then, several methods to generate the
equations of motion are presented. Solvers for ordinary differential equation
(ODE) as well as differential algebraic equation (DAE) are discussed. Finally,
techniques for “online” and “offline” simulations required for vehicle development
including real-time applications are presented. Selected examples show the con-
nection between simulation and test results.
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The application of vehicle and tire modelling, the application of control strate-
gies and the simulation of the complex combined system open the door to inves-
tigate a large variety of configurations and to select the desired one for the next
passenger car generation. Only conclusive vehicle tests are necessary to validate
and verify the simulation quality—an advantage that is utilized for modern car
developments.

To summarize these aspects and methods, this book intends to demonstrate how
to investigate the dynamics of modern passenger cars and the impact and conse-
quences of theory and simulation for the future advances and improvements of
vehicle mobility and comfort. The chapters of this book are generally structured in
such a way that they first present a fundamental introduction for the later investi-
gated complex systems. In this way, this book provides a helpful support for
interested starters as well as scientists in academia and engineers and researchers in
car companies, including both OEM and system/component suppliers.

I would like to thank all my colleagues for their great efforts and dedication to
share their knowledge, and their engagement in the CISM lectures and the con-
tributions to this book.

Vienna, Austria Peter Lugner
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Basics of Vehicle Dynamics, Vehicle )
Models s

Peter Lugner and Johannes Edelmann

Abstract For the understanding and knowledge of the dynamic behaviour of
passenger cars it is essential to use simple mechanical models as a first step. With
such kind of models overall characteristic properties of the vehicle motion can be
investigated. For cornering, a planar two-wheel model helps to explain understeer—
oversteer, stability and steering response, and influences of an additional rear wheel
steering. Another planar model is introduced for investigating straight ahead accel-
eration and braking. To study ride comfort, a third planar model is introduced. Con-
sequently, in these basic models, lateral, vertical and longitudinal dynamics are sep-
arated. To gain insight into e.g. tyre—road contact or coupled car body heave, pitch
and roll motion, a 3D-model needs to be introduced, taking into account nonlineari-
ties. Especially the nonlinear approximation of the tyre forces allows an evaluation of
the four tyre—road contact conditions separately—shown by a simulation of a brak-
ing during cornering manoeuvre. A near reality vehicle model (NRVM) comprises
a detailed 3D description of the vehicle and its parts, e.g. the tyres and suspensions
for analysing ride properties on an arbitrary road surface. The vehicle model itself is
a composition of its components, described by detailed sub-models. For the simula-
tion of the vehicle motion, a multi-body-system (MBS)-software is necessary. The
shown fundamental structure of the equations of motion allows to connect system
parts by kinematic restrictions as well, using closed loop formulations. A NRVM also
offers the possibility for approving a theoretical layout of control systems, generally
by using one of the simple vehicle models as observer and/or part of the system.
An example demonstrates the possibility of additional steering and/or yaw moment
control by differential braking.

Keywords Vehicle dynamics * Vehicle handling + Basic models
Non-linear models

P. Lugner (=7) - J. Edelmann
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1 Introduction

Important features of modern passenger cars with respect to vehicle dynamics are
easy handling for normal driving, appropriate ride comfort, and support of the driver
by control systems e.g. for lane keeping or in critical situations.

In addition to investigate the fundamental dynamic behaviour of the vehicle, the-
oretical methods support the engineer in an early stage of vehicle development in
order to define basic vehicle layout properties, where no experiments are available,
and also for understanding detailed dynamic properties of (sub) systems. Thereby the
use of models of different complexity comprises the understanding of basic proper-
ties as well as the interaction with (human) control systems, by applying simulations
with multi-body-system (MBS) programs, see Lugner (2007), Rill (2012). With the
obtained results, the overall characteristics of the car can be interpreted and recom-
mendations for details of components can be given, as well as the potential for future
developments and improvements demonstrated.

Which kind of mathematical-dynamical vehicle model is needed/will be used
is obviously a matter of the demanded degree of detail with respect to the investi-
gated ride/handling quality. For the understanding and characterization of the basic
behaviour with respect to the longitudinal and lateral dynamics and vertical motion,
different linearized models may be used, see e.g. Mitschke and Wallentowitz (2014),
Plochl et al. (2015).

More complex models, including proper nonlinear descriptions of the tyre
behaviour, are necessary to describe the spacial carbody motion and tyre—road con-
tact to consider higher accelerations.

For the layout of vehicle components and their kinematic and dynamic interaction,
detailed MBS-models including full nonlinearities are used to establish a near reality
vehicle model (NRVM). Such a model also provides the possibility to investigate the
behaviour of control systems in a theoretical environment—a necessity for the tuning
of structures and parameters for a later realisation.

2 Simple (linear) Vehicle Models

By using basic (planar) linear models with a low number of degrees of freedom
(DoF), the equation of motions may decouple with regard to lateral, longitudinal and
vertical vehicle motion. Thus, cornering, longitudinal dynamics and vertical dynam-
ics can be investigated independently.
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2.1 Cornering, x-y-plane Motion

This well known simplified model of the vehicle is based on merging both wheels
of an axle to a substitutive wheel (axle characteristics) in the centre of this axle, see
Fig. 1. Furthermore, it is assumed that the whole model—called two-wheel model
(or bicycle model)—may move in the x-y-plane only. Since the model is planar, the
CG will also move in this plane only, e.g. Plochl et al. (2015), Plochl et al. (2014),
Abe (2009), Popp and Schiehlen (2010). For the nomenclature and explanation of
state variables see also DIN ISO 8855 (2013).

The relevant DoF for this model are the longitudinal and lateral motion and the
rotation about a vertical axis, represented by the velocities v, and v, (or v and side
slip angle of the vehicle ), and yaw rate ys = r, see Fig. 1.

With front and rear steering angles 6, and 6, as inputs to the vehicle, the kinematic
description of the motion of the car provides the side slip angles of front and rear
substitutive wheels with

oy + ey
Ap =0p = ————
U)(
v, — lRW
ag =g — —r (0
vX
Fig. 1 Planar vehicle model 6F X
fixed direction
KZ
I
77777 I
Ur A ,I

K
trajectory of CG

I
N
=2)1- |
G

%
ZR
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A linear model as basic description of the lateral tyre/axle forces

F,' = Ca

yi = Gy i=RF (2)

is applied, where the cornering stiffness C; comprises properties of the tyres and the
suspension stiffnesses.

With the aerodynamic forces W;, Wy and the aerodynamic moment M, the equa-
tions of motion are

x:  m@—a,p)= (Fy—Fybp) + (Fg — Fypdg) — W, (3)
yi  mla,+Bv) = (Fpbp+ Fyp) + (Fpdp + F ) + Wy )
z: I = (Fopbp + Fyp) lp = (Fogbg + Fig) g + My 5)

The lateral acceleration can be expressed by using the radius p of the curvature of
the path of the CG

a, = — (6)

Considering the steering angles 6, 65 and the longitudinal tyre/axle forces F,p, F,
(provided by the drive train and brake system) as input quantities, Egs. (1)—(5), will
describe the motion of the car by v(r), y (), p(?).

With the restriction of the linear description of the lateral tyre forces, neglecting
the influence of the longitudinal force transfer and assuming small accelerations v or
steady state conditions, Egs. (4) and (5) are sufficient to describe the in-plane-motion
of the vehicle.

For basic investigations of the cornering behaviour a constant longitudinal veloc-
ity is considered, leading to

vy =konst ; v=(f+y)p 7
a,=a, = v(f + ) ()

Moreover, for constant velocity v the longitudinal tyre forces will be small. Thus
the expressions F;0; in (4) and (5) can be neglected. and the linear matrix equation

of the linear two-wheel model is derived by

¥=Fx+Gé €))



Basics of Vehicle Dynamics, Vehicle Models

GG _UrCrliCy) G G
_ my, my, x _ m m
F= _ UpCp—IgCp) _I,Z:CF"'I,Z;;CR ., G= rCr _ 1gCg
Iy, Iy, 1, I,

Another way to describe the system is to transfer (9) into a second-order-system,

Kortiim and Lugner (1994)

Cp . Cpllpmv: — Crlgh

i+ 2K, f+ K,p= —6
4 1+ Kb my, © I,mv?
&5 B CR(—lRmvi — Cplpl)
myv, X I,myv2
IoCp .  CpCgl
i+ 2K i+ Kyr = L6+ £ X5,
I, I,mv,

ZRCRS CrCyl
- RS, -
1, I,my,

OR

with

b 2I,my,

lZCFCR + (CRlR - CFIF)mVJZC

0
Imv?

AV

2

Here it becomes immediately obvious that the expression

(Cglg — Cplpymv?

_Qwﬂwp+mq@+q@>o

F

og

(10a)

(10b)

1)

12)

13)

is responsible for the sign of K, and the possibility for larger velocities v, that K, < 0.
This is indicating an unstable steady-state motion of the system. To increase the range
of stable behaviour, it will help to put CG closer to the front [ < I, and/or ‘softer’
substitutive tyres at the front C, < Cy, (e.g. applying a stiffer torsion bar at the front

axle).

2.2 Steady State Cornering Without Rear Wheel Steering

(612 =0)

In general the common passenger car layout does not have additional rear wheel
steering, but this feature may be used for control purposes in the near future. An
essential information regarding the vehicle behaviour with respect to the influence
of the cornering radius and the velocity is provided by the steady state condition,
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where the cornering radius is equal to the curvature radius p = R and

Vv = const. (14)
w=r=v/R (15)
a, =v*/R (16)

The steady state values for the steering angle and the side slip angle of the car
derive directly from (10a) and (10b) with (14) and with 6, = 0:

Crlg — Cplp
Op g =0p,+ ————ma, 17
F st F CRCFI .8t
lp
by =P0,— =—ma (18)

Cel

Using the condition v — 0 the corresponding values of side slip angle and steering
angle (also denoted Ackermann angle ¢,,) are, see Fig. 2:

I l l I
ﬂo = E’ 511 = 5F0 = E = an,st’ ﬂo = 75170 (19)

X

To characterize the steering behaviour, an understeer gradient is used:

m(Cplp = Cplp) o
=——FF—F=20 20
us CrCpl = 0

Consequently (17) can be modified, and with the sign of K¢ the increase/decrease
of the necessary steering angle with increasing values of velocity or acceleration can
be explained.

5[-1 st

o Opu = Opy + Kysa

st (21
Asindicated in (21) also the hand wheel steering angle 6 ,, together with the steering
system ratio i  is introduced. Thus, (21) and K¢ may be used to characterise the

steering behaviour of the vehicle:

K¢ > understeer behaviour
K¢ = neutral steering

K¢ < oversteer behaviour

For a graphical presentation of a typical behaviour two kinds of figures are common.
With the data given in Table 1 for an oversteer vehicle A and an understeer vehicle B
the Fig. 3 shows the change of steering angle 6 for constant velocity as function of
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Fig.2 Driving condition
forv — 0

7
U
v=>0
CcG l
lg
'}

Table 1 Vehicle data for the linear 2-wheel models used for the demonstration examples: two

different steering characteristics

Vehicle A B

m 1900 kg

I 2900 kgm?

Iy 1.44 m

Ir 1.36 m

Cr 90 000 N rad™! 60 000 N rad™!
Cr 80 000N rad™! 110 000N rad™!
Kys —1.95-10- s2xm- +6.50-10-3 s2m-t
Steering characteristics oversteer understeer

lateral acceleration a,, (for variation of R) and constant radius R as function of lateral

acceleration a, (for variation of v), Lugner (2007).

For the oversteer vehicle A with increasing a, the necessary steering angle 6
decreases. Consequently an increasing sensitivity of the driver is necessary for
proper steering. The understeer vehicle B needs increasing steering angles 6, with
increasing a,, a property that for the driver fits to the expected behaviour. Though
the steering behaviour is quite different for vehicles A and B, the side slip angle g
characteristics do not show greater differences with increasing a,. For both vehicles
the § < 0 indicates an inward turned attitude during cornering.
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(a) (b)
o
5 rad
: = or 26p0
[rad] 7y
0.03 %
0.07=6r0¢ \LKUS =0
A Kys <0
0.02 U8
S
0 1 2 3 4 50ym/s?
0.01 A Kys <0
© g
[rad]
0.034=0,

0 1 2 3 4 5 0y[m/sY 0

—fo

Fig. 3 Steady state steering characteristics, data corresponding to Table 1: a for v = constant =
80 km/h; b for R = constant = 40 m; ¢ side slip angles to (b)

2.3 Steady State Cornering with Rear Wheel Steering 6, # 0

The effects of additional rear wheel steering, representing an additional system input,
make it possible to change/improve the steering behaviour or the side slip angle of
the car.

For cornering with very low speed (v — 0), Fig. 4 provides

l
== 0y, @2)
lR lF lR
ﬁRo = 76170 + 76R0 = E + 6Ro (23)

according to the relation of these two steering inputs. So 65, may be chosen in such
a way that fp, = 0 for left/right cornering.

For velocities or accelerations larger than zero the equation corresponding to (17)
becomes
Crlr = Crlr

CoCil ma, 24)

Op . — Opg = Oy — 5R,,

It is obvious that for constant 65, — dg, and no further change of the rear wheel
steering angle (e.g. oz, = 0), the characterisation for under-, neutral- and oversteer
behaviour is the same as before. On the other hand, if (6z ;, — g, ) is used as a variable
input—e.g. by a control system—one may achieve an arbitrary steering behaviour.
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Fig. 4 Additional rear
wheel steering: steady state
cornering withv — 0

Assuming that there is no change of the initial rear wheel steering angle 6, and
Ops = 0, the side slip angle of the vehicle will become

I
ﬂR,st = ﬂRo + (SR,sr - 5R0) - CFl may,st (25)
R

Compared to (19), this relation indicates a shift in f§, only.
In contrast to (10a) it can be shown that, with a proper control, the side slip angle
p of the car can be hold at §, = 0—as considered to be desirable in literature.

l Crlpmv? l Crlpgmv?
ﬂst=0=5F<_R_L>+5R<_F+L> (26)
I~ 2C.Cy 1 T BC,c,

Especially in tight curves with v, — 0 this control aim may help the driver regarding
the orientation of the vehicle motion and the direction of his/her view. If it is wanted
to have both a given steering (wheel) characteristic for the driver and the side slip
angle f = 0, an additional front wheel steering Ady or a variable steering ratio i
need to be used.

2.4 Stability

Under certain conditions the motion of the car—represented by the linear dif-
ferential equations (9) or (10)—can become unstable. Even small disturbances at
steady state driving conditions will result in uncontrolled motions, e.g.
Mitschke and Wallentowitz (2014), Rill (2012).
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The eigenvalues of the equations of motion characterize the stability behaviour.
As well known, the eigenvalues 4, , can be derived from the homogenous part of the
differential equations (9) or (10) by

det(F — AE) =0 (27
(where E represents the unity matrix) or
P +2KA+K, =0 (28)

From (28) the eigenvalues follow immediately with

Mo =-K £\/K>-K, (29)

In general, stability is given as long as the real parts of the eigenvalues are smaller
than zero. The system will show an unstable behaviour if K, < 0. To determine the
sign of K, Eq. (12) leads to

PCpCyq + (Cylg — Cplpymv,2 Z 0
(Crlg = Crlp) 55
R w2z

I+
ICoCr %

0 (30)

So it is immediately obvious that the expression (see (13))
(Crlg — CFlF)mv,% GD

is responsible for the sign of K, and the possibility for larger velocities v, that K, < 0
indicates the instability of the system.
Using (20) Eq. (30) can be expressed by

5F0 + KUSay,st

2 0; (32)
which is identical with the right hand side of (21). So the sign of the understeer
gradient Ky is also informative regarding the stability. An oversteer vehicle can
become unstable for higher velocities/accelerations.

Since only the homogenous equations are employed for the determination of the
stability, the criterion (32) for a car with additional rear wheel steering needs to be
modified due to (24) to

8o — Oro + Kysay g Z 0 (33)

y.st

Since 8z, Z 0 the lateral acceleration a, , for the stability limit can be changed com-

y,St
pared to pure front wheel steering.
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Fig. 5 Steering step input
limits defined by ESV
(Experimental Safety
Vehicle): with two examples T
of a passenger car (step input T'st
8y = 500° /s, final steady
state lateral acceleration
a, ., =0.4g)

Test speed
40 km/h < v, < 110 km/h

v, = 110 km/h

0.8 F vy =40 km/h

0.4

0 1 2 3 S

Time since steering input

2.5 Step Steering Input

In critical situations it may happen that the driver will introduce a step like steering
input. Then the response of the vehicle can be characterized e.g. by the yaw velocity
r which will reach the steady state value r, after the transient phase following the
input. Figure 5 shows accepted limits for r(z).

The corresponding steady state straight ahead driving yaw velocity gain (see

(10b)) is defined by
r Vy
= 34
r,st 5H/l€ /Sl ( )

I+ K2
where the denominator is already introduced with (30).
For an understeer vehicle K¢ > 0 the gain G, ,, will have a maximum at a char-
acteristic speed v, that can be obtained by

G

r,st

9G,,,  1-Kyg?,
o, (+Kypt)?
), _ 1
V= ——, Kyg>0 (35)
" KUS v

In contrast, the oversteer vehicle K¢ < 0 will have an unlimited yaw response

for the critical speed v,
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G'r' st .
58 |
[Q} :’Ur:wir,.A =136 km/h
rad !
1
1
A, Kys <0 1
1
20 \
1
1
1
1
L~ Kys =0

1
1
10 | !
1
1
1
V Uen = T4 kmjh

1 B, Kys >0
! [
! 1

i L ; | : -
0 40 80 120 160 Vg [km/h]

Fig. 6 Behaviour of oversteer, neutral and understeer vehicle with respect to the static yaw velocity
gain; vehicle data for A, B according Table 1

G, >
l
2
=l k. <0 36
Vo = "g o Kus (36)

Figure 6 shows for the already introduced vehicles A and B (see Table 1) the yaw
velocity gains. The understeer vehicle B shows a nearly equal response for 40 km/h
and more—a driver friendly behaviour. The increasing response of vehicle A will be
a challenge for the driver even for velocities smaller than the critical one.

The corresponding acceleration response is shown in Fig. 7. With the steady state
acceleration

Ay =TV,
the lateral acceleration response
S /,=G % (37)
Sy /is" T T T I Kygv 2

has the same structure as the yaw response. The understeer vehicle B has a limitation
for the a, , while even a neutral steering vehicle tends to have nonlinear increasing

values of G, ;.
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Gay,st
2
(2]

rad

400

A, Kys <0 Verit,A = 136 km/h

300

200 | Kys = e
rad

Gayost.B vy —oo = 153

100 f B, Kys >0

i i

0 40 80 120 160 T, [km/h)

Fig.7 Steady state lateral acceleration gain for oversteer K¢ < 0, neutral steer K¢ = 0 and under-
steer vehicle K¢ > 0; vehicle data for A, B according to Table 1

2.6 Frequency Response

To provide an information for an alternating steering the vehicle reaction to harmonic
inputs of different frequencies can be considered. It is assumed that the driver starts
the harmonic input at straight ahead driving; no rear wheel steering is taken into
account.

The yaw velocity frequency response for frequency v results again from Eq. (10):

, r 1+ T, (iv)
G ) = (N =Gry— (38)
F I+ =(@Gv)- =
, w;
with
_ mVXlF
2T Gyl
CrCrl2  Kyg?
=K, = +-X 1+ R
¢ I;mv2 l
Dw, = K,

The response for the lateral acceleration can be calculated using also (10) and

a, =v,(r+ 7))
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Magnitude

v N\ BB

-90°

Phase

CA108 K/

B,180:km/h

_1800 B B B B B B B
0.1 0.2 04 06081 Hz 2 3 5 5~

Fig. 8 Normalized acceleration frequency response of the oversteer vehicle A and the understeer
vehicle B (Table 1). No response of vehicle A for v > v,,;, = 136 km/h

a,(V)  r(iv) + ivBGiv)
) 5Gv)

1+ T,Giv) — T,V?

2D . 1%
1+ w_o(l\/) - E

0

(39)

ay,st

LN a, _
Gy = () =G
F

with | /
==, 1=
Vv, Cyl

and D, w, corresponding to (38).

With Fig. 8 it can be noticed that for the lateral acceleration gain in the region
of normal steering till about 1 Hz the oversteer vehicle shows a strongly frequency
dependent response with large phase angles compared to the driver friendly behaviour
of vehicle B. The low steering response behaviour about 1-2 Hz is a generally
accepted feature.

Examples for measured frequency responses are shown in Fig. 9 for an understeer
vehicle.
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Fig. 9 Measurements of yaw velocity and lateral acceleration responses of an understeer vehicle
(Kys = 0.0062 s’m™!, v, = 76 km/h) similar to vehicle A for different driving velocities, Lugner
(2007)

2.7 Longitudinal Dynamics, x-z-plane

To investigate the influences of braking or accelerating a plane vehicle model like
Fig. 10 is introduced, Plochl et al. (2015), Lugner (2007). Thereby no heave and pitch
motions are taken into account.

If the individual rotations of the wheels are included further extensions with
respect to the configuration of the drive train (four-wheel drive, electric hub drive,

Fig. 10 Plane vehicle

model for longitudinal z
dynamics; symmetry to b
central x-z-plane \
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Fig. 11 Model of a wheel z

Mp—-Mp —Mp

etc.) and at least the sticking and slipping of a wheel can be considered. Correspond-
ingly Fig. 11 shows the essential features of the wheel motion. It is assumed that in
the wheel hub—also the CG of the wheel—the forces X, Z are transferred to the axle.
The normal force F, has an offset, the pneumatic trail &, which represents the rolling
resistance. My, My, M., are driving torque, braking torque and friction moment by
the wheel bearing.

For the kinematics, the simplification that the tyre radius r is equal to the rolling
radius is assumed.

The equations of motion for the vehicle Fig. 10 now can be established:

ma, = 2F . + 2F , — W, — Gsin 9 (40)
0=2F; +2F 4+ W, — Gcos 9 (A1)
2Uptvp + 2givg = 2F 1l — &) — 2F il + Ep) = 2(Fop + F)h + My (42)

With the aerodynamic components W, , W, M, the moments of inertia I, I of
the wheels with respect to their axes and the whole vehicle mass m. The angular
acceleration of e.g. the rear wheel can be calculated by

Igtrg = Mpr — Mpg — Mpg — F glg — Fogig (43)

with the drive torque M, the braking moment My, and possible small friction
effects with Mg =~ 0.

To determine the effects of the drive train configuration by Egs. (40)-(43), the
longitudinal acceleration a, initiated by the drive/brake forces has to be considered.
Assuming pure rolling of the wheels and

FRWp = Fp@p = 1w =V,
ro =a, 44)
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Fig. 12 Structure of a drive ; Mpr dutch M ; Mpr
train with axle and central _ £
differentials * YR pou —| l— engine * wr
| [ |
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| |
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the longitudinal acceleration of the vehicle becomes

20, 2 My, M
e+ —F+ —Pa, = =2 = —= =W, (45)

with the substitutes

MF
Wges:T+WR+WL+WG

Sp/r=_Er/T =g
Wi = fxQF g + 2F 1) = fr(G cos 9 — W)
W = mgsind
My = 2(Mgg + Mpp) = 0
Mp = 2Mpg + 2Mpp
My = 2Mpp + 2M .

A drive train configuration with symmetric structure, angular velocity ey of the
engine and wgg, Wk for the front and rear drive shafts is established with Fig. 12.

With the transmission ratio N, of the gear box and the ratio N, of the axle differ-
entials and the torque splitting of the central differential with v, vj, the kinematics
become

0 = 0gNG,,
WG = VpWgp + VpWgp

wgg = Npwg, wgp = Npop (46)

and the torques for the different kind of drives
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2Mpp = Mpvp,  2Mpg = Mpvg

with vp +vp =1

forrear wheeldrive : vy =1
for front wheel drive : vy =1
for4WD with equal distribution : vy = v =0.5 (47)

The torque transfer from the engine torque My (@) to the wheels, using (44), can
be written by
Mp = QMpp +2Mpg) =

ON? N e+ Ipg + IDF)N2

nMg(wg)N — 1 3 2 cn |Gy

(48)
with
N = Ng,Np

n coefficient of efficiency
©; substitutive moment of inertia for the engine
I moment of inertia for parts of gears and central differential
Ipp, Ing moments of inertia: parts of differentials and shafts.

Consequently (45) can be transformed to

nMpogN My

(m+m.)a, = .

W (49)

ges

with the reduced mass for the rotational parts:

1
m, = = |ON 4 U+ Igp + Lp)Ngy + Qg +211)

¥

To determine the normal forces F,; and further on the friction limits for the force
transfer of the tyres, again Eqgs. (41) and (42) are used. With the simplification of
pure rolling (44) and equal values &, = & = &, these equations can be written in the
form

2F p+2F p =Gcosd — W,

21, 2, ,
_21FF1F+2lRFz = T+T ax+(max+WL+Gsm19)h

+ My + EGcosd — WZ)] (50)

Linearization and neglecting small terms and aerodynamic components leads to



Basics of Vehicle Dynamics, Vehicle Models 19

M,=0, W,=0
E(Gceos ) <« (ma, + W, + Gsind)h
QI +2I)/r < mh

F l
% = TRCOSS—a*% (51
F [
L icosl‘)+a*ﬁ
G l l
. a, . WL
with a" = = +sind+ — (52)
8 mg

g =100-tand in%

If the inclination angle 9 is small (road grade ¢ less than about 10%), then the sin-
function can be linearized too.

With the determination of the normal forces, the rolling resistance Wy, see (45),
can be calculated. Corresponding to Fig. 11 without M}, My, M and no grade 9 = 0,
the longitudinal force due to tyre flexibility and energy dissipation can be written
with

F, = —%Fz = —fpF, (53)

Some examples for typical values of the rolling resistance coefficient f are shown
in Fig. 13, see e.g. Plochl et al. (2014). As expected the energy dissipation increases
at higher speeds, but in the limits by traffic regulations it is nearly constant.

0.04
T T ;
speed index S, H, V; winter tyre SW
0.03

fr 0.02 - 7 47 /f
SW | /

0.01

0 20 40 60 80 100 120 140 160 180 200 km/h 240
v

Fig. 13 Rolling resistance coefficient f; for different types of passenger car tyres
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L2

YT W, /2

Fig. 14 Aerodynamic forces W,, W, and moment M, by running speed v, and ambient wind vy,;
plane motion

The consequences of the aerodynamics for a vehicle running with v and ambi-
ent wind vy, are shown in Fig. 14, Mitschke and Wallentowitz (2014), Kortiim and
Lugner (1994).

With the cross section area A and aerodynamic coefficients c;, the forces are pre-
sented by

v, 0
W, =Wy =c/(1)A- >
v,%0
Wy = cy(r)A '3 (54)
vrzo

M, = cy(0)A - 5
The coefficients are determined by experiments in a wind tunnel or/and also by soft-
ware packages calculating the aerodynamic flow.

To take into account the angle of attack z, the coefficients are considered to be
functions of 7. Defining the coefficient for calm air with c¢,, = ¢, (r = 0) as an exam-
ple, Fig. 15 shows the normalized value c,(7)/c,,, Kortiim and Lugner (1994). The
values of the coefficient vary depending on the shape of the car body and will be
about c,, ~ 0.3 for passenger cars. The position for point D can be estimated with
I, = 0.3[ for passenger cars and /;, = 0.17! for more squared like shapes.

To provide driving performance information with respect to available engine
torque M, transferred to the wheels or corresponding longitudinal forces, the engine
characteristics and drive train structure have to be known.

Figure 16 shows the typical maximal driving torque Mg, ,,,..(n¢) and power P, (np)
of a gasoline engine as function of the engine speed n; = 60(wy/27) for steady state
conditions, Lugner (2007).
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Considering the influence of the throttle position A, and the engine drag My, ,(nz)
an approximation for the available engine torque can be formulated. For low veloci-
ties/engine speeds, due to the fuel injection, at Ay = 0 the drag Mg ;(ng) > 0. In the
range of operation, M ; is approximated by a linear function of ng.

Mp=WMpgp —Mg)f(Ap) + Mg, 0<f(i7) <1 (55)

So with the knowledge of f(4r) and the characteristics for My, and Mg, the
whole performance volume of the engine can be presented. Furthermore the trans-
mission ratio N can be introduced. With the effective driving force Ky and W,,,—
see (49)—the vehicle driving performance becomes

mia, =Kp(v,N) — Wges(v, N) (56)
_m+mp
T oom
nMy(ng)NpNg, Mg,...(ng)
K, = M, Ky = nuNDNGn (57)

r r
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Fig. 17 Driving characteristics of a passenger car: max engine driving forces Kg,,,, and drag
forces Ky, with 4 gears Ng; and driving resistances W,,, for different grades ¢

Now using the engine characteristics Eq. (55), limit values for the principal driv-
ing behaviour of a gasoline engine vehicle with 4 gears can are depicted in Fig. 17.

For aroad without grade, g = 0, v,,,, is determined by the intersection of the resis-
tances with K, .. of the fourth gear (Ng,). The velocity v; results from a downhill
run (¢ = —10%) without throttle activation. If the car is operated at v, with the second
gear (Ng,) on a uphill road with ¢ = 10%, the (still) available driving force mAia, ,
can be used for accelerating the car.

So Fig. 17 represents an overall diagram for the creation of the effective driving
force Kj; by engine and drive train transmission to the wheels. In principle, similar
diagrams will also be valid for other kinds of drive train and engines when using
characteristics equivalent to K, and K.

Alternative propulsion systems in operation today are hybrid systems with a com-
bination of electric engine(s) and combustion engine, and full electric systems. The
later may have a centrally placed engine or wheel hub motors, with the possibility to
provide individual torques to each wheel, Chan (2007). To fully utilize such kinds
of propulsion, control systems have to be introduced, and the individual tyre—road
contacts need to be considered generally in combination with more complex vehicle
models. Examples of such drive trains are investigated e.g. in Galvagno et al. (2013).



Basics of Vehicle Dynamics, Vehicle Models 23

To investigate the braking performance, Eq. (52) needs to be considered again.
For inclination angle 9 and aerodynamic resistance W, the normalized deceleration
p of the car can be written by

a, . W,
f=—(—=+sind+—) (58)
8 mg
2F 2F
f=(E) 4 (-2
mg mg
f=(=Fp)+(=Fyg) (59)

In case of large 9 and aerodynamic drag it may happen that f < 0 despite of a, < 0,
meaning downhill acceleration.
Using (51), the normalized tyre forces can be expressed by

Fp=ly+ph
Fg=1lp—ph (60)
- Ly - I

~|>

Ip = 7f’lF:: 7.,5::

Limitations resulting from the force transfer (tyre—road) will be approximated
using constant friction coefficients

Hmax = MR,max = MF,max (61)

Iinlsﬂmaszi i=F’R

With (59) and (61) the maximum deceleration f,,,. = ;4. 1S achieved when both
axles are at the limit of locking

Iinl = ﬂmaszi i= F’R
ﬁmax = ﬂideal = Hmax (62)

and with (59) follows ) .
(_FxF) + (_FxR) = Mmax (63)

A break force balance k by the design of the brake system is defined by (the
negative sign is used to indicate the direction of action of the forces):

_ _FxF

k= —
_FXR

(64)
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Fig. 18 Example of the ~F,
braking capability for 0.4
Hopar = 0.4, symmetric
arrangement, optimal brake
balance k., > 0

0.3

front wheel locking

-
g k(lp/

0.2

0.1

0 0.1 0.2 0.3 0.4

To utilize the maximum deceleration, that is achieved when both the front and
rear wheels are at their friction limit, the brake balance has to be, using (60):

(_FXF) — ZR + E”max
(_I_:XR) zF - Z:umax

=k

(65)

opt.

Further on relations can be established between fo, I_?xR for the cases that only
front or rear wheels are locking.

o T Fa - 1-h Himax lR
(_FxF) = ”maszF; (_FxR) = (_FXF)_— - — (66)
* Himax h
= = - — 1 +E,um l
(_FXR) = MmaszR; (_FxF) = _(_I:)(R)_—wC + :F

: Mmax h

Choosinge.g. y4,,,. = 0.4, Eq. (66) will define a breaking domain: within this area
the vehicle can brake without reaching the friction limits at one of its wheels/axles,
Fig. 18. In point B all wheels are at the friction limit corresponding to (62). The diag-
onal line f§ = u,,,, = 0.4 is provided by relation (63). With (65), the brake balance
k,p; Will cross the line of y,,,, in point B, indicating the utilization of the maximum
braking forces at both axles.

The brake performance diagram, Fig. 19, Lugner (2007), shows the braking
domains for ,,,, = 0.3 and y,,,, = 0.8 for loaded and unloaded conditions, § > 0.
The curves (a) and (b) represent the points B for all possible y,,,, values. As an
example: point A on (c), which represents the design brake balance, corresponds to
a normalized deceleration of # = 0.4 determined by the intersection of # = constant
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Fig.19 Brake force distribution diagram for a passenger car with 2 loading conditions: a ZF =047,
h=02;bl; =0.52, h = 0.19; design brake balance, ¢ F,;/F,z = k = 2.63

with the x-axis. The brake balance k is chosen in a way that the front wheels will
lock first for all possible y,,,,. Generally, if front wheel locking will occur, the vehi-
cle will just move straight ahead, without starting yaw motion. The points A;, A; and
the corresponding f-diagonals define the achieved decelerations using (59).

With a more complex brake system lay out there may be a brake balance factor
different for different deceleration sections thereby better using the corresponding
braking domains.

The consequences/area of action of an ABS system are indicated by the shaded
areas in Fig. 19. But not only the more or less improvement in deceleration but espe-
cially the avoidance of a wheel locking is essential!

To get some information with respect to u-split conditions—the wheels of one
side encounter low friction values—a simple extension of the plane longitudinal
vehicle model, Fig. 20, together with a drive train configuration similar to Fig. 12,
and v = vy = vp = 0.5 according to (47) can be used. Thereby no grade or aero-
dynamic drag are taken into account but the height of the CG above the ground is

considered. Different cases of the locking of the central differential C or axle dif-
ferentials I, I induce yaw moments W* which may result in a spinning of vehicle
if there is no proper reaction by the driver. A DSP (dynamic stability program) will
avoid such a yaw moment and will correspond to the case A in the considered con-
figuration.

As expected the all wheel drive with all differentials locked AC I II will utilize the
maximum y-value at each wheel providing the largest acceleration a, ,,,,, but also the
largest yaw moment W*. For other configurations of the drive train a,,,,, is reached
if one or more wheels are at their friction limits. E.g. for a standard rear wheel drive
RD the limit is defined by the slipping of wheel 4 while both wheels of the rear axle
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Fig. 20 Different drive train configurations with u-split conditions, maximum possible accelera-
tion a and yaw moment W* = [(F,; — F,) + (F,3 — F4)1(s/2)

X,max

transfer the same longitudinal force. No yaw moment W* is generated. Now locking
the rear axle differential, configuration RD II allows the left wheel 3 to transfer a
higher longitudinal force F 5 > F,, resulting in higher a,,,, but also providing a yaw
moment. When no axle differential is locked—cases RD, FD, A—, no yaw moment
will occur.

2.8 Vertical Motion

Mainly the vertical motion of the car body by heave and pitch resulting from the road
surface structure is responsible for the ride comfort of the passengers. For further
details please refer to the following chapter of this book: D. Hrovath, H.E. Tseng,
J. Deur: Optimal Vehicle Suspensions: A System-level Study of Potential Benefits and
Limitations. In general, the root mean square value of the body acceleration ag,,g is
used as comfort measure, with additionally taking into account the human sensitivity
for vibrations.

The human sensitivity was determined by vibration experiments where differ-
ent frequencies and vertical/horizontal accelerations are applied onto a person. The
results are standardized in VDI 2057, ISO 2631-1. For a stochastic input the sig-
nal passes a standardized form filter to provide a weighed ag,,s-value as a sensitiv-
ity measure for the effect of vibrations on the whole human body. In Fig.21, VDI
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Fig. 21 Human sensitivity to harmonic excitation by the value of KZ

2057 edition 1979, larger KZ-values indicate less tolerance to the vibration and less
duration without comfort reduction or pain, Kortiim and Lugner (1994), Popp and
Schiehlen (2010). Obviously in the range of 4-8 Hz the human body with its internal
structure is most sensitive.

For the necessary stochastic input ¢ of the road, profile approximations by white
noise and form filter, standard profiles or (more expensive) measurements are used.
Very often the vehicle itself is represented by a simple vibration system, e.g. Popp
(2014), Zhao (2017).

Such a vehicle model with 4 DoF is shown in Fig. 22, Kortiim and Lugner (1994).
The aim is to determine the vertical acceleration agy,s , to evaluate the impact of the
stochastic input to the wheels by the road excitations {(¢) and {z(f) = {p(t — %). The
distance A characterises the position on the car body. ’

The linearized equation of motion with constant coefficients and the stochastic
vector & is

My+Dy+Ky=nh 67)
<c Yc
0 0
z= =z, ty=2zg+
<F Yr
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As can be noticed, the small quantities y, y, are the deviations from the steady-state
wheel positions and y, that from the CG of the car body. The pitch angle for steady
state is assumed to be § = 0.

Using the covariance analysis and the comfort measure presented in Fig. 21, the
relevant ag,,s/g-values and KZ,,-values can be determined, where the natural damp-
ing D and respective damping constants are related by

dp =2D\/cpmlg [l (68)
dg = 2D/ cpmlg [l

Figure 23 shows that ag,s/g is lowest near to the centre of the vehicle and
the natural damping needs to be about D > 0.2 to guarantee a reasonable vertical
comfort.

To simplify the 4 DoF model, an assumption with respect to the distribution of
the car body mass can be used.
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Fig. 24 Substitution of the MgR
car body by 3 concentrated
masses

The car body is presented by 3 substitutive masses, see Fig. 24, which need to
fulfill the conditions

Mpr +mBR +mK =m,

Mgplp = mpglg, (69)
mBFl% + mBRlIzQ =I.= mi2C

with the whole body mass m and the moment of inertia /., like before.
By (69) the substitutive masses become

ic . I

Mpr = mm = mT, (70)
ic _ I

Mpp mw = mT

As indicated with the first equation, if i, ~ 4/Iplz— which is valid in most pas-
senger cars—the vehicle model can be reduced to two separate 2 mass models,
Fig.25—a well known and investigated approach, e.g. Zhao (2017), Hrovat et al.
(2014).

The two equations of motion, in the similar form like (67), taking into account
the deviations from the static positions, are

M5 + Dy + Ky = h (71)



Basics of Vehicle Dynamics, Vehicle Models 31

Fig. 25 Vertical two mass

model: proportional body mp
mass my, wheel mass my, IUH

K=[C —c]
—c c+cy

Using (71) and typical parameters, the frequency response function for the body
acceleration with harmonic road excitation { = {, cos wt shows the typical two peaks
near the eigenfrequencies of the system, Fig.26. Taking into account the human
sensitivity in the range 4-8 Hz (shaded area), the suspension design has to avoid
eigenfrequencies in that area.

3 Extended Nonlinear Models

The linear vehicle models provide useful insight with respect to the overall behaviour
of the system. They are often the basis for control design as well as for observers. But
they do not provide e.g. a realistic (high-frequency) information of the force transfer
between tyre and road. Only narrow limits may be taken into account, see e.g. (62).
To determine the normal tyre forces F;, the effects of the suspension system need to
be considered, generally by the combined roll, pitch and heave motion. Additionally
for the calculation of the lateral tyre forces F; besides the side slip angles (lateral
slip) the longitudinal slip or/and the longitudinal tyre forces F,;, provided by braking
or accelerating, have to be known. Then an approximation for the tyre behaviour like
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Fig. 27, Edelmann et al. (2008) completes the essential characteristics of the tyre—
road force transfer, e.g. Pacejka (2014), see also the chapter Tire Characteristics and
Modeling written by 1.J.M. Besselink in this book.

A vehicle model that provides the possibility to investigate a 3D-motion and rela-
tive motion of the car body is shown in Fig. 28, Plochl (1995). Since this model also
comprises the individual tyre-road contact, it is necessary to use a tyre characteristic
like Fig. 27 to match the model complexity of the vehicle.

The equations of motion for this system may be still established by hand. E.g. by
neglecting small terms, especially within the Euler equations, the structure of these
equations for horizontal surface can be presented in the form:
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i=1+4, vy=v

L (72)

N = N e

J

The whole vehicle mass m comprises body mass my and the masses of the wheels
and parts of their suspensions. For the moment of inertia 7, also the whole vehicle
mass distribution is considered. By sin f and cos f it is indicated that there is no
restriction to small side slip angles. The distances %, and A, indicate the possibility
to take into account roll and pitch axes. The additional steering angles A¢; indicate
the possibility to consider additional control inputs.

To determine the normal forces F;, spring and damper properties are essential.
With the knowledge of F;, the side slip angles o; and the longitudinal slip s;; or

F,; (depending on the input of the drive/brake system and respective mechanical
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Fig. 29 Steady-state cornering, R = 100 m, mean front steering angle 6, and vehicle side slip
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pressure distribution py/pg

modelling), the lateral tyre forces F); can be calculated using an approximation of
the tyre characteristics.

Fz[ :Pz,'(h, (p,G,h, (;0’6.9 (m_mB)g) (73)
F; = p(s;(drive/brake), F ;)

a; = f,(v, B,r,8; + /\&;)
Fyi = pyi(in’in’ a;)

For F; and F;, the road surface condition needs to be taken into account. E.g. for
Fig. 27, the outer envelope of the curves corresponds to about y,,,. = 0.6 in lateral

direction and 0.7 in longitudinal direction.
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Fig. 30 Emergency braking during cornering

The principal consequences of the complex model with its nonlinearities can
already be investigated for steady-state cornering. The corresponding extension of
Fig. 3 results in Fig. 29 for a vehicle with neutral steering K, = 0 for v =0. The
oversteer—understeer characteristics change significantly at higher accelerations for
different vehicle layouts. For the side slip angle g, the system modifications have a
limited influence.

A simulation of an emergency braking during cornering needs to be done at least
with a model of such complexity, Fig. 30. However, the comparison with the mea-
surement also indicates that higher frequency responses cannot be mapped with this
model. In addition, not ideal initial conditions lead to further deviations.

To demonstrate the possibility to investigate the impact of different local friction
conditions at each wheel, cornering with passing a y-split area is shown in Fig. 31,
Lugner et al. (1988). The stepwise decrease of the lateral acceleration a is caused
by encountering a u-split condition. To detect, which wheels are running on low u,
in the recognition phase RP an additional steering of inner wheels Aé;=Aéd; < 0 is
applied, while outer wheels Ad,=Aé§, > 0 steer less taking into account the higher
values of F; at the outer wheels. Thereby, the tyre side slip angles slightly change.
Since the lateral acceleration a, still decreases more, the influence of the increasing
side slip angles at the outer wheels do not change the transferred tyre side forces
considerably, as they work near their friction potential. Consequently, Ao, and Ad; >
0 can be used to compensate partially for the lower friction coefficient at the outer
track in the control phase CP, using a feed forward control.

4 Near Reality Vehicle Model (NRVM)

Though the extended nonlinear model provides quite a lot of details and insight with
respect to tyre—road contact to investigate the impact of design details on vehicle han-



36 P. Lugner and J. Edelmann

a 6
q
4 \._H S e s e
[m/s*] &=
2 -
i RP —=CP
L ) My H3
7 e
r # M IS re——
A e —
S _ﬁ____mi-‘:j \‘_L:::;_______-—————
L e _’,'
E o Ha ., Hy
[ T
- distance [m]
{} 1 A L Ll ) 1 1 1 ' 1 L 1 1 1 | _— 1
0 2 4 6 8 10 12 14 16
=5 T Ab=Ady
As T
0 ;’
¥ 28| ;
1 i v A = ad
i Ab [N S L &= 46 Monpmena |
0 2 4 .B 8 1.0
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of the tyre-road contact, 6, = 0: Recognition phase RP, feed forward control CP

dling, the vehicle components (e.g. steering system) need to be modelled with cor-
responding complexity. Thereby ‘corresponding complexity’ means that the investi-
gated model of the vehicle or parts of it have (nearly) the same depth in the modelling
regarding their subsystems. Thus, for the reliability of simulation results, it will be
essential to have a tuned and also verified model of the different vehicle parts, includ-
ing a proper knowledge of the necessary parameters or nonlinear properties, see Bub
and Lugner (1992).

For the simulation of the vehicle as a whole or parts of it (e.g. for experiments at
testing rigs), multi-body system (MBS) simulation programmes are used. For such a
simulation the preparation of the system structure and the input process is essential—
as well as the interpretation of logically expected results, indicated as ‘Valida-
tion’ in Fig. 32, that visualizes this overall process, Kortiim and Lugner (1994).
The nowadays available software covers most of the (otherwise necessary) steps in
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Mathematical Program

Fig. 33 Assembly of component models to the overall vehicle model

the progress of establishing a simulation (environment) of the behaviour of a com-
plex system.

The set up of the physical model is indicated in Fig. 33, Lugner (2007). In most
cases the integration of the components and their interconnection to build the overall
vehicle model can be done by software packages. Also models of the components
themselves are generally established with the use of MBS software.
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Fig. 35 Software structure to Fig. 34

An example of a detailed modelling of a McPherson front suspension strut is
shown in Fig. 34, Lugner (2007). This kind of model will also be used for tests on
a virtual test rig. Figure 35 demonstrates how the corresponding software structure
looks like. The connection to the main model and the kinematic constrains have to
be introduced after the physical sub-model is defined.

For the now general motion of the NRVM a 3D kinematic description is necessary,
Kortiim and Lugner (1994). In a first step the position and orientation of a body fixed
frame xg, y, 75 With respect to the inertial system x;, y;, z; will be established Fig. 36.

In the next step the motion of the wheel coordinate system x,, y,, z;, with respect
to the body fixed frame is defined. The position/contact of the wheel with the road
surface, described in the inertial system, closes the ‘loop’, Fig. 37.
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Fig. 37 Kinematics of tyre road interface

The connection between the system parts are springs and dampers (bushings),
fixed connections or special force elements like the tyre-force characteristics, Fig. 27.
Naturally, the sequence of the time derivatives of the degrees of freedom of the parts
and their connections provide the necessary velocities and accelerations—which is
done by the MBS software. The road surface itself as an input quantity can be mod-
elled e.g. by using a measured spectral density, Fig. 38, Lugner (2007). According
to the complexity of the tyre-road contact and force transfer, the detailed structure
of the surface has to be created with the corresponding complexity. A more sophis-
ticated tyre model, e.g. with a belt structure, has to/may be used for rough road or
single obstacle crossing simulations. An example of such a model is shown in Fig. 39,
see also QOertel et al. (1998), Lugner (2007). An interesting overview of (complex)
tyre models, as well as their applications can be seen in Gruber and Sharp (2015).
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The system equations for the mathematical processing principally look like

p@®) = TP,
M)y =f(p,v,0) + G (p)A;

gp)=0
0
2(p.v) = é;—p(”)w)v =Gy =0
gp,v,v) =GP+ Gp,v)v=0 (74)

p € R : generalized coordinates
v € R €™ : generalized velocities
M(p) € R : generalized mass matrix
f,v,t) € R™ : generalized forces, inertia and gyro expressions
A € R" : Lagrange muliplier
g(p) € R™ : position constrains

It is indicated that there may be constrains due to structural (kinematic) loops.
The kind and number of constrains very much depends on the choice of coordinates
of the system parts.

More details on how to establish the system equations can be found in the contri-
bution of G. Rill: Multibody Systems and Simulation Techniques within this book.

The possibilities for detailed investigations of the behaviour of the vehicle and its
components may be indicated with Fig. 40. The vehicle may move on a rough road
and the motion of the wheels, car-body and steering wheel for straight ahead driving
can be calculated and observed. Moreover, the internal forces and relative motion of
the system (parts), e.g. the steering system, are provided.

A particular field of application of NRVM is the design of control systems within
the car—a more and more important challenge in modern passenger cars, see the

Fig. 40 Symbolical picture for a NRVM moving straight ahead on a rough road
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Fig. 41 Example of a control loop for additional steering and braking (yaw moment control): the
‘Observer’ is based on a basic model, the ‘Vehicle’ is represented by a NRVM

respective chapters of this book: T. Gordon: Active Control of Vehicle Handling
Dynamics and M. Nagai, P. Raksincharoensak: Advanced Chassis Control and Auto-
matic Driving.

For such investigation the NRVM is introduced into the control loop as ‘virtual
prototype’, e.g. in order to check different vehicle configurations. A possible observer
or the description of properties of vehicle components are mainly based on simple
(linear) vehicle models or more complex models, if needed.

An example of a control structure configuration for the application of additional
steering or/and individual braking to generate a desired yaw moment is shown in
Fig. 41, Heinzl et al. (2002), Lugner (2007).

In order to study the overall system behaviour, as essential feature the ‘vehicle’
has to be represented by a NRVM or at least a detailed model, otherwise the impact
of brake pressure changes Ap and additional steering Ady, Ad, cannot be mapped
properly. For the ‘observer’, here a state estimator, a simple 2-wheel model (or a basic
4-wheel model) is used. With the controller, the feed back for yaw and side slip of the
vehicle are calculated additionally, using the respective expression for a correction
of the yaw moment AM,,,,,. The drivers’ inputs are steering wheel angle 6, corre-
sponding to the desired trajectory, and brake pressure p,;. Additional inputs are yaw
rate y, angular velocity w; of the wheels, the longitudinal and lateral accelerations
a, a,, and the brake pressure p; at the wheels (possibly altered by an ABS-system,
van Zanten et al. (1994)). These quantities are assumed to be measured or/and pro-
vided by the NRVM.

How different control strategies, based on the scheme of Fig.41, can improve
the manoeuvre ‘braking during cornering’ with constant positioning of the steering
wheel is demonstrated in Fig. 42, for a high friction surface.

The desired vehicle behaviour will be that the vehicle stays on the demanded
track with constant radius of curvature, independent of the amount of longitudinal
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deceleration. In Fig. 42, the normalized values of the lateral acceleration and yaw
velocity 1 s after the starting of the braking indicate the motion tendency of the vehi-
cle. E.g. increased deceleration and yaw velocity correspond to the car turning to the
inside of the curve with increased yaw motion—which becomes essential for the
uncontrolled car for longitudinal decelerations larger than 3 m/s?. The different con-
trol strategies with additional steering or yaw moment control by individual braking
minimize the deviations over the whole range up to a deceleration of about 8 m/s?.
Only the combination of yaw moment stabilization and additional front wheel steer-
ing indicates an outward turning of the vehicle for higher decelerations. It may be
necessary to change the tuning of the control loop, especially for such a combination
of the control inputs.

5 Conclusion and Consequences

To improve understanding of the fundamental dynamic characteristics of a passen-
ger car, it is possible to consider (almost independent) linear vehicle models for
each of the main motion directions separately. The 3 DoF-model for yaw and plane
motion may explain the cornering properties. For acceleration and braking, a linear
one directional model shows the main influences of drive train and brake system.
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To estimate the impact of an excitation due to road unevenness on ride comfort and
safety, a model describing the vertical and pitch motions only can be used to calcu-
late comfort measures for the driver and the road holding capability represented by
the tyre’s normal forces.

For a more detailed insight into the dynamics of vehicles and the interaction of
tyre and road, 3D-motion of the carbody and suspension properties, and especially
a nonlinear description of the tyre forces needs to be considered. Then, e.g. the uti-
lized friction between tyre and road of individual wheels can be calculated, and limit
manoeuvres, induced by changing road conditions, studied. This kind of models can
already be used as virtual prototypes to check simple control strategies, designed on
the basis of one or more of the linear models.

As its name indicates, the near reality vehicle models (NRVM) integrate a detailed
modelling of components and vehicle parts into a full system model, aiming at rep-
resenting the dynamics of the vehicle and its components in detail and up to higher
frequencies. A component description has to take into account the whole range of
nonlinearities and motion limitations—in particular for the tyres. The separate mod-
elling of components, e.g. the wheel suspension, also makes it possible to test and
verify their dynamic behaviour on test-rigs before an integration into the whole vehi-
cle model. The kinematic and dynamic motion range of the NRVM than has no
restrictions w.r.t its application. Moreover, such a complex model might be needed to
validate control systems, often based on more basic (linear) models, as well as their
parameters. To simulate the motion of the vehicle, its parts and their kinematic and
dynamic interaction, typically available MBS software packages will be used. How-
ever, one aspect needs to be taken into account: the accuracy of the model strongly
correlates to the accuracy of parameters and nonlinearities; often, they are/have to be
tuned corresponding to the investigated problem. In addition, a check and compari-
son between results derived by NRVM and basic (linear) models is recommended.
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1. J. M. Besselink

Abstract Tires are the interface between vehicle and road. The forces and moments
generated by the tires determine the motion of a road vehicle. Dedicated tire tests pro-
vide insight in these forces and moments and their dependency on slip, inclination
angle and vertical force. The brush tire model can explain the measured characteris-
tics qualitatively, the Magic Formula is a semi-empirical tire model to quantitatively
describe them. To account for tire dynamic behavior, relaxation effects are discussed
and modeled.

Keywords Tire mechanics * Brush tire model + Magic Formula « Tire dynamics

1 Introduction

1.1 Scope

Road vehicles have been equipped with pneumatic tires for many years. Over these
years there have been improvements in the construction and materials being used,
but apart from a gradual decrease of the aspect ratio and changes of the tread pat-
tern not too much appears to have changed for the casual observer. Nevertheless, the
importance of tires should not be underestimated: tires provide the interface between
vehicle and road and will affect all aspects of vehicle dynamics, for example: ride
comfort, handling behavior and braking performance. The forces and moments gen-
erated by the tire will determine the motions of a road vehicle. Tires also play an
important role in the energy consumption of a road vehicle and the noise produced
by it, but these two aspects are outside the scope of this chapter.

Research on tire behavior, analyzing and modeling the forces and moments gen-
erated for various operating conditions in particular, has a long history. Dedicated
test equipment has been developed to do tire testing in a laboratory environment or
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to monitor the tires on a vehicle while driving. With the massive increase in comput-
ing power over the years vehicle and tire simulation models have become ever more
complex, together with increasing requirements on their accuracy. For a review on
tire modelling reference is made to Pacejka and Sharp (2007).

Despite all efforts, no physics based tire simulation model is available to date that
can predict tire behavior for all possible operating conditions. The friction phenom-
ena between tire and road are rather complex and dependent on for example sliding
velocity, temperature, road roughness, the presence of water or snow, etc. Further-
more, the tire may experience complex deformations, for example when driving over
a rutted road. The forces and moments cannot be predicted accurately yet for these
conditions by existing models. Tire simulation models still rely on full scale tire
measurements for model development, parametrization and validation.

In this chapter the emphasis will be on describing results obtained from tire mea-
surements and accompanying tire modeling. Most of the theory and tire models
described here, have been developed at the Delft University of Technology under
the supervision of professor Hans Pacejka. For a more elaborate discussion on tire
modeling reference is made to the book “Tire and Vehicle Dynamics” by Pacejka
(2012). Here the aim is to provide a concise overview and consistent approach to
modeling the tire in the context of full vehicle simulations. This implies that the
focus is on the overall tire behavior, describing and modeling these characteristics.
A detailed description of the physics governing rubber friction on a road surface
is outside the scope of this chapter. Also the complexity of the tire models will be
limited, e.g. finite element tire models will not be discussed.

1.2 Sign Conventions and Slip Definitions

A sign convention is adopted and a contact point is defined to describe the forces
and moments acting at the tire-road interface. A commonly accepted definition is
the ISO sign convention as shown in Fig. 1, see ISO (1991). The wheel is considered
to be an infinitely thin disk and the road is assumed to be locally flat. The distributed
forces that are present between tire and road across the contact patch are lumped into
three forces and moments that act at the contact center C. The location of this contact
center C is defined by the intersection of three planes:

1. the road plane
2. wheel center plane through the plane of symmetry of the wheel
3. the plane through the wheel spin axis y’ and normal to the road.

Three axis are defined at the contact center C. The x-axis is defined by the intersection
of plane 1 and 2 and positive in the forward driving direction. The y-axis is defined
by the intersection of plane 1 and 3 and positive to the left. The z-axis is normal
to the road plane and positive upwards. The forces and moments that are generated
between tire and road are assumed to act at the contact center C and are expressed
in the x, y and z-axis of the wheel as defined here.
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3 wheel spin axis plane z

Fig. 1 1SO sign convention with adapted inclination angle y

Three forces and three moments can be distinguished:

« longitudinal force F,

« lateral force F)

« vertical force (or normal force) F,
« overturning moment M,

« rolling resistance moment M,

« self-aligning moment M. .

It should be noted that in practice the forces and moments are measured at the wheel
center A using a measuring hub or wheel equipped with strain gauges. In order to
calculate the forces at contact center C, both the location of the contact center and
inclination angle y are required.

Different tire radii may be distinguished. The free tire radius r, equals the radius
of the undeformed tire. The loaded radius r; equals the distance between the wheel
center A and contact point C. The effective rolling radius r, relates the angular veloc-
ity of the wheel Q about the wheel spin axis y’ with the forward velocity V, for a
freely rolling tire according to

r,=—=. (D)

Both the loaded radius r; and effective rolling radius r, are dependent on the vertical
force F, as is illustrated in Fig. 2. The loaded radius r; decreases almost linearly with
increasing vertical force F,, whereas the effective rolling radius r, shows a smaller
dependency on F,. A point S may be defined, which corresponds to the instant center
of zero velocity for the freely rolling tire. The distance between point S and the wheel
center A equals the effective rolling radius r,.
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Fig. 2 Dependency of the effective and loaded tire radius, 7, and r;, on the vertical force F,

The longitudinal slip « of the tire is defined as

st _ Vx_Qre
Vil Vil ~

2)

where V, equals the longitudinal sliding velocity of point S, V, equals the longitu-
dinal velocity of the wheel center A and € equals the angular velocity of the wheel.
Note that for a freely rolling wheel k and V., are equal to zero by definition. When the
wheel is locked and does not rotate (2 = 0) x will be equal to —1. The tire behav-
ior can be considered to be linear for small values of longitudinal slip «, i.e. the
longitudinal force F, increases linearly with the longitudinal slip «,

F,=Cp.x 3)

where Cp,. equals the longitudinal slip stiffness.
The side slip angle (or drift angle) a of the tire is defined as

Vi
tan(a) = - |7

s
xl

“4)

where V equals the equals the lateral sliding velocity of point S. The inclination
angle y is the angle between the normal to the road plane and the wheel center plane.
In the sign convention adopted here a positive inclination angle y corresponds to
a rotation about the x-axis in the negative direction, as shown in Fig. 1. For small
angles, up to a few degrees, the lateral force F, and self-aligning moment M depend
linearly on the side slip angle « and inclination angle y according to

F, = Cpa+ Cpyy

&)
M, = -Cya+ CMyy,

where Cp, equals the cornering stiffness, Cy, the self-aligning stiffness, Cp, the
camber stiffness and C,,, the camber torque stiffness. With the adopted sign conven-
tion of Fig. 1 and (5) these stiffness are all positive for regular tires. An exception
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Fig. 3 Lateral force Fy and (a) sideslip angle « - top view
self-aligning moment M,

resulting from a side slip
angle a (a) and inclination
angle y (b)

—M,

is the camber stiffness C,, which may be zero or even negative force some truck
tires. The pneumatic trail 7, relates the self-aligning moment M, to the lateral force
F,, according to

The pneumatic trail 7, can be interpreted as the moment arm of the lateral force F),
to produce a self-aligning moment M., this is illustrated in Fig. 3. This figure also
shows the effect of an inclination angle y on the lateral force F, and self-aligning
moment M. Note that for a positive side slip angle a and positive inclination angle
v the contributions to the self-aligning moment M, have opposite sign.

Based on the preceding definitions, it is clear that the tire forces and moments are
a function of various slip quantities and inclination angle. In a way the tire can be
considered as a non-linear function with multiple inputs and outputs, as illustrated
by Fig. 4. In the next sections the focus will be on the relation between the inputs
K, &, y, F_ and outputs F,, F, and M,. As already indicated in Fig. 4 there are many
additional factors that have an influence on the tire forces and moments, but they all
will assumed to be constant. In Sects. 2, 3 and 4 the steady-state relations between
the inputs and outputs will be considered. Thereafter the dynamic behavior of the
tire will be discussed in Sect. 5.

Longitudinal slip definition In some literature a different definition for the longitu-
dinal slip is used. Brake slip is defined as:
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-
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wear

Fig. 4 The tire considered as a non-linear function

V. —Qr,
5, = Tr -100%, )
and drive slip is defined as:
Qr, -V
S = —r;r X 100%. (8)

e

Both brake and drive slip have a value between 0 and 100%. For modeling purposes
a continuous descriptions as given by (2) is more convenient. The effective rolling
radius r, may also be referred to as the dynamic tire radius in some literature. Note
that all definitions of longitudinal slip, (2), (7) and (8), will result in a division by
zero, when the vehicle is standing still (V, = 0, Q = 0), which is undesirable from a
computational point of view. In Sect. 5 this will be discussed further.

Sign conventions Over time various sign conventions and axis systems have been
used and standardized. The SAE and ISO sign convention use the same definition
for the x-axis, but have opposite definitions of the y and z-axis. Both SAE and ISO
define the tire side slip angle as
Vi 0
tan(a) = —.
@)= ©)

X

Furthermore SAE and ISO define a positive inclination angle y corresponding to a
rotation about the positive x-axis. Though this may seem intuitive at first, a positive
side slip or inclination angle will then result in a lateral force in the negative y-
direction. This makes the definition and interpretation of the cornering and camber
stiffness cumbersome, as they will be negative for a regular tire. In the SAE sign
convention the vertical force F, will be negative when the tire is loaded, which is
also not very intuitive.
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Adopting the ISO sign convention for expressing the tire forces and moments
and adding a minus sign to the ISO definitions for side slip and inclination angle
results in an intuitive set of tire characteristics, as illustrated by Fig. 5. This figure
was first published by Besselink (2000). Note that with this sign convention a positive
slip value (x, @) generally results in a positive force or moment and that a positive
inclination angle y results in an upward shift of the force or moment curve.

2 Tire Force and Moment Measurements

2.1 Test Equipment and Measurement Program

Dedicated test equipment exists to measure the relations between tire forces and
moments as a function of slip, inclination angle and vertical force. A distinction
can be made between indoor and outdoor testing. For indoor testing traditionally an
external or internal drum is used, but the curvature of the drum surface will affect
the results obtained. To circumvent this problem the Flat-Trac tire testing machine
has been developed, as shown in Fig. 6. In essence it can be considered as a scaled up
version of a belt grinder and the tire fixture allows to prescribe the desired vertical
force, longitudinal slip, camber and side slip angle. In this way experiments can be
executed in a controlled laboratory environment. On the other hand, the sandpaper
surface may not accurately reflect the road surface characteristics and measurements
on snow or ice are not possible. To avoid these issues tire test trailers have been
developed to measure force and moment characteristics on an actual road surface.
As an example the TASS tire test trailer is shown in Fig. 7. Though it allows to do
testing on different road surfaces, it is difficult to precisely control the environmental
conditions (e.g. temperature, humidity, water film depth, etc.) and some processing
of the measurement results is necessary to account for road irregularities.

As shown in Fig. 4, the tire may be considered as a non-linear function with mul-
tiple inputs and outputs. In a traditional force and moment measurement program
typically only one input is varied, while the other inputs are kept constant. Further-
more a distinction can be made between “pure” and “combined” slip conditions.
Pure slip conditions refer to cases where only longitudinal slip or a side slip angle is
applied, so braking in a straight line (a = 0°, F,, ~ O N) or drifting of a freely rolling
tire (k = 0, F, =% 0 N). In the case of combined slip both x and & are unequal to zero
and a combination of longitudinal and lateral forces will arise. An example of a tradi-
tional tire testing program is listed in Table 1, the results will be discussed next. The
dimensions of the tire under consideration are 195/65 R15 and the inflation pressure
equals 2.0 bar.
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Fig. 6 IABG Flat-Trac tire force and moment testing machine

Fig.7 TASS tire test trailer
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Table 1 Tire force and moment measurement program

k() a (%) ) | F, (kN)
Pure slip
Alpha sweep 0 -15t0 15 -5/0/5 2.0/4.5/7.0
Kappa sweep 0- -1 0 -5/0/5 2.0/4.5/7.0
Combined slip
Kappa sweep 10— -1 -2/2/5/9 0 2.0/4.5/7.0

2.2 Alpha Sweep Results

In an alpha sweep measurement the side slip angle « is varied using a triangular wave
signal. In the tests discussed it varies between —15 and 15° and the absolute rate of
change is equal to 1 deg/s. The test is executed at a forward velocity of 60 km/h. The
choice of the forward velocity and rate of change of the side slip angle will affect
the heat development in the tire and will influence the results obtained in these tests,
experience has shown that the values mentioned here result in representative tire
force and moment characteristics.

The measured lateral force characteristics for different vertical forces and inclina-
tion angles are shown in Fig. 8a. Near the origin the linear relation between the side
slip angle « and lateral force F', can be observed. As already introduced in (5), this
slope known as the cornering stiffness Cp,, the unit is N/deg. or N/rad. It is defined

as
oF,
CFa = -

(10)

oa x=0,a=0,y=0

It is clear that this slope dependents on the vertical force F,, as shown in Fig. 9a.
Note that the cornering stiffness does not increase linearly with the vertical force,
but reaches a maximum for a specific vertical force and then decreases again.

The lateral force F saturates and its magnitude reaches a maximum for large
positive and negative side slip angles, at this point the tire is sliding laterally. It can
be seen from Fig. 8a that the increase of the lateral force when changing F, from 2000
to 4500 N is bigger compared to the increase when changing from 4500 to 7000 N.
This implies that magnitude of the maximum lateral force does not increase linearly
with the vertical force. The fiction coefficient y, relates the maximum magnitude of
the lateral force to the vertical force,

_ max(|F,)
-

z

i, (n

The dependency of the lateral friction coefficient y, on the vertical force F, is shown
in Fig. 9e. A linear decrease with the vertical force F, is seen.
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The measured self-aligning moment characteristic for different vertical forces and
inclination angles is shown in Fig. 8b. The self-aligning moment M, reaches a maxi-
mum before it decreases to zero for large side slip angles. The magnitude of the peak
increases progressively with the vertical force F,. Near the origin of the graph the
self-aligning moment decreases linearly with an increase of the side slip angle a.
The self-aligning stiffness C,,, is defined as

oM,

oa k=0,a=0,y=0

Cya =

a

12)

Note that a minus sign is necessary in (12) to obtain a positive stiffness value due
to the adopted sign convention. The dependency of C,,, on the vertical force F, is
shown in Fig. 9b. The pneumatic trail 7, can be calculated using (6) and the results
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stiffness C, (c), camber torque stiffness Cy,, (d), lateral friction coefficient Hy (e) and pneumatic

trail 1, )

are shown in Fig. 9f. The pneumatic trail decreases with increasing magnitude of the
side slip angle. Increasing the vertical force F, results in an increase of the pneumatic
trail.

The effect of an inclination angle y on the lateral force F, and self-aligning
moment M, is also shown in Fig. 8. A positive inclination angle results in an upward
shift of both curves, a negative inclination angle moves them downwards. It is also
clear that the application of a 5° inclination angle has far less influence on the lat-
eral force and self-aligning moment compared to introducing 5° of side slip angle.
This is also reflected in the camber stiffness Cp, and camber torque stiffness C,y, .
Since the measurements are only done for discrete values of the inclination angle y
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(=5, 0 and 5°), the camber stiffness is approximated by

AF,
7 N o
The camber torque stiffness is calculated as
Cyy = AM, ) (14)
AJ/ x=0,a=0

In these equations AF| is the difference in lateral force for y equal to 5 and —5°,
AM_ is the difference in the self-aligning moment for y equal to 5 and —5° and Ay
is equal to the range of 10°. The dependency of Cp, and Cy, on the vertical force
F_ is shown in Fig. 9c, d respectively. The most important observation here is that
for this particular tire the camber stiffness Cp, is a factor 15-20 smaller compared
to the cornering stiffness Cr,. For the camber torque stiffness C,, this factor ranges
from 10 to 40 when comparing to the self-aligning stiffness C,,,. These numbers
indicate that an inclination angle change has only a limited influence on the lateral
force F; and self-aligning moment M. But as can be seen from Fig. 8a, the maximum
lateral force F); increases when an inclination angle is applied. Calculating the lateral
friction coefficient y, for this part of the curve, an increase of approximately 5% can
be seen when an inclination angle of 5° is applied in comparison to zero inclination
angle. This is also shown in Fig. 9e.

When looking carefully at the measurement results, it can be seen that the lateral
force F and self-aligning moment M, are not exactly zero when the sideslip angle
a and inclination angle y are zero. This is not necessarily a measurement error, but
it can be caused non-symmetry of the tire construction. There are two effects:

« plysteer is determined by the construction and build-up of the carcass layers of the
tire. The lateral force due to plysteer changes sign when reversing rolling direction
of the tire, so e.g. when going from forward to backward rolling. Plysteer may be
interpreted as a “pseudo” side slip angle, a,,..

 conicity is determined by the shape of the tire and/or carcass. The lateral force
due to conicity does not change sign when reversing the rolling direction of the
tire. Conicity may be interpreted as a “pseudo” camber angle, v,

The magnitude of the “pseudo” side slip angle, a,,;, is about 0.1°, the “pseudo” cam-
ber angle, y,,, reaches values up to 0.5° for the tire under consideration.

2.3 Kappa Sweep Results

In a kappa sweep measurement the longitudinal slip of the tire is varied by modulat-
ing the brake pressure. This results in a reduction of the angular velocity €, while
the forward velocity V, is kept constant at 60 km/h. The longitudinal force F, as a
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function of longitudinal slip x for a number of kappa sweep experiments is shown
in Fig. 10a. For small values of slip the relation between F, and « is linear, the slope
of this curve is known as the longitudinal slip stiffness Cp,., which is defined as:

_OF,

Fx — .
0K |x=0,4=0,y=0

(15)

The longitudinal slip stiffness is almost linearly dependent of the vertical force F,,
as shown in Fig. 10b. Furthermore it can be observed that the magnitude of the lon-
gitudinal force reaches a maximum when the longitudinal slip « is in the order of
—0.15. When the wheel is locked (xk = —1) the magnitude of the longitudinal force
F, that can be transmitted is reduced in comparison to the maximum value. For both
the maximum force and locked wheel situation a friction coefficient may be defined,
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o pear A0 py 1o TESPEcCtively, the are defined as

min(F,) (16)
Hypeak = — ’
x,pea Fz
and
i (7
Hxjock = — 7 .
lock F. |y

The dependency of these friction coefficients on the vertical force is shown in
Fig. 10c. It can be seen that both decrease with increasing vertical force F,. Further-
more it can be noted that the lateral friction coefficient is y,, as previously shown
in Fig. 9e, is more sensitive to changes of the vertical force. A final remark with
respect to Fig. 10a is that the longitudinal slip characteristics are hardly affected by
an inclination angle.

So far braking in a straight line has been discussed, where the side slip angle « is
equal to zero. For combined slip conditions, a kappa sweep is executed while a fixed
side slip angle is applied. Some results are shown in Fig. 11a. The introduction of a
side slip angle has a marked influence on the longitudinal slip characteristics. The
slope at the origin, the longitudinal slip stiffness Cy,., is reduced. Also the magnitude
of the maximum longitudinal force is reduced. The longitudinal force for a locked
wheel situation (k = —1) remains unchanged.

The measured lateral force F, is shown in Fig. 11b. For a freely rolling tire (x = 0)
the introduction of a side slip angle a will result in a lateral force F,. As the magni-
tude of the longitudinal slip x is increased, the lateral force decreases and becomes
almost zero when the wheel is locked (k = —1). Another way of plotting the lateral
force F, is shown in Fig. 12a. The curve obtained from the alpha sweep is plotted.
The lateral force for specific values of longitudinal slip are extracted from Fig. 11b
and added to this graph. Obviously the values for free rolling (x = 0) correspond
quite well with the alpha sweep results, the differences may be caused by tire tem-
perature effects. When braking the wheel and increasing the magnitude of «, the
maximum lateral force F) is reduced and the same is true for the slope near the
origin, the cornering stiffness C,. So mutual interactions exist when considering
combined slip:

o The introduction of a side slip angle « results in a reduction of the longitudinal
slip stiffness Cp,. and peak longitudinal force.

o The introduction of longitudinal slip x results in a reduction of the cornering stiff-
ness Cr,, and magnitude of the lateral force.

Another way of plotting combined slip measurement results is shown in Fig. 13,
where F is plotted as a function of F, for different vertical forces and side slip
angles. It is clear that the maximum forces that can be transmitted are limited by a
friction ellipse. The self-aligning moment for combined slip conditions is difficult to
measure accurately, Fig. 12b shows the measurement results.
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conditions (F, = 4500 N, y = 0°)

Wheel dynamics during braking Figure 14 shows the wheel being braked, while
the forward velocity V, remains constant. The equation of motion governing the
rotational dynamics of the wheel is given by

1,Q = —M, — r,)F (), (18)
where /; equals the mass moment of inertia of the wheel about the y axis, M, equals
the brake moment and 7, equals the loaded tire radius. Reformulating the longitudinal
slip Eq. (2) gives

k=——1. 19)
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Fig. 12 Measured lateral force characteristics (a) and self-aligning moment (¥, = 4500 N, y = 0°)

When increasing the brake moment M, the angular acceleration Q becomes nega-
tive and thus the angular velocity € is reduced. As the forward velocity V, remains
constant, the longitudinal slip k will become negative. This results in a negative lon-
gitudinal force F, that counteracts the brake moment M. When the brake moment is
kept constant, the system will settle for equilibrium and the angular acceleration
becomes zero. However when the brake moment M, exceeds the maximum moment
that can be developed by the tire, F,pt, .47 N0 stable equilibrium can be found, the
wheel will quickly slow down until the angular velocity becomes zero. In a kappa
sweep the brake moment M, is increased linearly over time until wheel lock occurs
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and the brake moment is made zero again, an example is shown in Fig. 15. After
passing the peak of the longitudinal force for k = —0.15, k quickly decreases to —1.
It will be therefore be difficult to precisely measure the tire characteristics for the «
range between —0.15 and —1. Considering the short time frame in which this process
takes place, the assumption of steady-state behavior may also be questionable. To
circumvent some of these issues, kappa-sweep measurements are typically repeated
three times and the results are averaged to produce graphs like Fig. 10a.
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Fig. 14 Force and moment acting on a wheel being braked
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Fig. 15 Simulation results of a k-sweep

3 The Brush Tire Model

3.1 Introduction

In the previous section the results of force and moment testing are presented without
providing an explanation why the characteristics have a specific shape. The brush
tire model is a comparatively simple physical model, that can be used to qualitatively
explain tire behavior. The brush tire model was first described by Fromm, according
to Pacejka (2012).

Before discussing the brush tire model, the fundamentals of this tire model will
be explained by developing a model of a brush, as shown in Fig. 16. The brush is
equipped with bristles that touch the surface. When a vertical force F, is applied,
and assuming static equilibrium, a distributed vertical force per unit of length g, (x)
will be present between the bristles and surface. The origin of the brush fixed axis
system is defined at the center of the base of the bristles and the contact length is
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Fig. 16 Model of a brush

equal to 2a. The vertical force then equals

a

w=F, = / q.(x)dx. (20)

—a
Assuming that g,(x) is constant the following expression is obtained

F

Z

= 72 @1

4.
Note that the unit of g, is N/m and since the tire does not stick to the road g_(x) can
not become negative.

The bristles are compliant and can deflect. The bristle deflection €, is considered
to be positive when moving in the positive x-direction, as shown in Fig. 16. The
bristle stiffness per unit of length equals k;, the unit of k, equals N/m?. The relation
between the longitudinal force per unit of length g.(x) and bristle deflection € (x)
equals

q.(x) = ke (x). (22)

Furthermore a friction coefficient y is present between the tip of the bristle and
surface. The magnitude of the longitudinal force per unit of length ¢,(x) is limited
according to

lg, (O < pg,(x). (23)
This limits the maximum possible deflection of the bristle to:

Hq(x)  pF;
k,  2ak,

(24)

1€ max()| =
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Starting with undeflected bristles and moving the brush over a small distance
As towards the left in the negative x-direction, all bristles will start to deflect. The
magnitude of the bristle deflection € (x) will be the same for all bristles and equal to
As. A force F| is required to move the brush to the left and this force is in equilibrium
with the force developed by the bristles,

a a

F,=F = /qx(x)dx =k, / £, (x)dx = 2ak, As. (25)

—a —a

Obviously the magnitude of F, increases linearly with the deflection of the bristles
€, and displacement As. When As is increased further and the maximum bristle
deflection will be reached and all bristles will start to slide at the same instance. The
longitudinal force F, is then given by:

a a

F,=F = /qx(x)dx =k, / € max(X)dx = pF, (26)

—a —a

A plot of the force F; as a function of the displacement As is shown in Fig. 17,
where As = 0 corresponds to undeflected bristles. For small displacements the bris-
tles are in adhesion with the surface and the force F increases linearly with the
bristle deflection. For large displacements all bristles will reach the their maximum
deflection and slide with respect to the surface. The force F is then equal to the fric-
tion coefficient multiplied by the vertical force. When reversing the direction of As
the bristles will be in adhesion at first, when the displacement is large enough in the
opposite direction they will start to slide again, as shown in Fig. 17.

Figure 18 gives an impression of the brush tire model and bristle deflection when
a side slip angle a is applied. Differences between the brush and brush tire mode are:

« In the brush tire model a parabolic distribution of the vertical force per unit of
length g, (x) is assumed instead of a constant g,.

Fig. 17 Force as a function F T
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Fig. 18 The brush tire
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e In the brush tire model the bristle deflection in the lateral direction ey(x) is also
considered.

« In the brush tire model the wheel rotates, meaning that undeformed brushes enter
the contact region and brushes will leave the contact region again. This causes the
bristle deformation pattern to be more complex, both adhesion and sliding may
occur in the contact zone.

In the brush tire model the wheel is represented by a thin disk, which is equipped
with a single row of bristles around the circumference. The bristles are compliant
in the longitudinal and lateral direction, representing the combined stiffness of the
tire carcass, belt and tread elements. The disk is flattened in the contact region and
the bristles are in contact with the road for a distance known as the contact length,
being equal to 2a. As the wheel is rotating, a bristle element will enter and leave the
contact region after a certain time. It is assumed that a bristle entering the contact
region is undeformed and positioned perpendicular to the road surface. In the contact
region a sliding velocity may be present between the disk and road surface, e.g. due to
the presence of a side slip angle @. This will cause the bristles to deflect and forces
will develop in the contact region. The longitudinal force F,, lateral force F, and
self-aligning moment M, can be determined by summing the contributions of the
individual bristle elements. Outside the contact region the bristles are undeflected
and do not contribute to the forces and moment. In the next sections the brush tire
model will be analyzed in detail for steady-state conditions, i.e. fixed values of «,
and F.
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3.2 Bristle Deflections

Figure 18 shows the brush tire model. The angular velocity of the wheel equals Q
and at the circumference of the tire the velocity is equal to the rolling speed V,., which
is related to Q by

V.=Qr, 27)
where r, equals the effective rolling radius. As shown in Fig. 18 a coordinate system
is introduced at the center of the contact line and in agreement with earlier definitions
given in Sect. 1.2. The x-coordinate is used to identify the position of a bristle in
contact region. As the wheel is rotating, a bristle element will enter and move though
the contact region, before leaving it again. The time increment AT is introduced to
denote the amount of time the bristle is in contact with the road after entering the
contact zone. The following expression applies:

a—x

V

r

AT =

(28)

In steady-state conditions the wheel has a fixed side slip angle a. The velocity V of
the wheel center can be projected on the wheel plane, which results in a longitudinal
velocity component V, and lateral sliding velocity V.

V, = Vcos(a), (29)
Vi, = =Vsin(a), (30)

When assuming a constant, non-time varying side slip angle « the entire wheel has
a lateral velocity of V. Thus the lateral velocity of the base of the bristles in the
contact region with respect to the road also equals V. The longitudinal velocity of
the base of the bristles in the contact zone with respect to the road equals

Vo=V, =V,

SX X re

€1V

Combining (31) with the definition of longitudinal slip x (2), the following expres-
sion is obtained
V,=V.(1+x). (32)

When assuming that the bristle tip sticks to the road after the first contact is made,
then the bristle deflection is calculated by multiplying the velocity with the time the
bristle spends in the contact zone AT. The longitudinal bristle tip deflection € (x)
and lateral tip deflection &,(x) then become

£.(x)= -V AT = —(V, - V,)(‘lv;x> =(@-x

r

- EK =@-xs, (33)
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and

£,(x) = —V, AT = —VW("‘: x) =(a- x)tlmjr—@: =(@-vs,  (34)

r

It should be noted that these expressions for the bristle tip deflections are only valid
as long as the bristle tip is in adhesion with the road. To simplify the expressions the
theoretical slip values s, and s, are introduced. The theoretical longitudinal slip s, is
defined as

s, = (35)

and the theoretical lateral slip s, is defined as

_ tan(a)
YT Tre (36)

As already discussed in the previous section, the maximum bristle deflection will
be limited by the friction coefficient u. A parabolic distribution of the vertical force
per unit of length is assumed for the brush tire model, as shown in Fig. 18. The
vertical force per unit of length g.(x) is dependent on the longitudinal coordinate x

and given by:
3F, x\°
9.0 = - <1 - (5> > (37

Obviously the vertical force F, is obtained when integrating expression (37) over the
contact length, see (20). Since the friction coefficient u and bristle element stiffness
k, are assumed to be constant, the maximum possible bristle tip deflection ¢,,,, will
be dependent on g, (x), and thus be a function of the longitudinal coordinate x.

Hq,(x)

X (38)

€] =

The maximum possible bristle tip deflection will follow the parabolic shape of the
pressure distribution. Both at the leading (x = a) and trailing edge (x = —a) of the
contact region the maximum bristle deflection will be zero, since g_(—a) = g.(a) = 0.
At the center of the contact region (x = 0) the maximum possible bristle tip deflection
will be reached.

As can be seen for the expressions of the longitudinal and lateral bristle tip deflec-
tion (33) and (34), the bristle deflection will increase linearly with its position in the
contact region when moving backwards toward the end of the contact region. This
can be generalized in the combined bristle deflection £(x), which is the vectorial sum
of the longitudinal and lateral deflection

e(x) = ¢/€2(x) + £§(x) =(a—x)4/s2+ sg. (39)
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Fig. 19 The brush tire

bristle deflection adhesion: —

e(x) = (a—x),/s2 + 52
sliding:
=)= F(1- (%))

x

a

sliding

-

|
adhesion !
I

A bristle tip initially sticks to the road when entering the contact region, thereafter
the deflection builds up until a point where it start to slide towards the end of the
contact region. A transition point is defined where the bristle state changes from
sticking to sliding, indicated by the coordinate x,. This is illustrated by Fig. 19. At
the transition point x, the combined bristle deflection equals the maximum bristle
deflection, thus &(x,) = €,,,,(x,).

3ufF x\2
— 242 =_""Z*(1-(=2
(a—x,) s+ = dak, <l <a> ) (40)

This quadratic equation in terms of x, has two solutions, a trival solution x, = a and

a second solution
4kba3 5 5
X, = 3 Z,/sx+sy—0t. 41

Obviously the transition point x, has to be in a physically plausible range, so —a <
x,; < a. It can be seen that for infinitely small theoretical slip values that (41) provides
x, = —a as a solution. As the theoretical slip increase, x, will increase. The solution
X, = a, indicating that all bristles in the contact region are in the sliding state, is
reached when the following condition is met

. (42)
For this condition all bristles in the contact region are sliding, there are no bristles
in the adhesion state anymore.

3.3 Forces and Moment for Pure Slip Conditions

Before moving to the more complex combined slip case, pure side slip will be ana-
lyzed first. In this case the longitudinal slip x will be zero and same applies to the
longitudinal bristle deflection € (x). Using (34) the lateral bristle deflection then
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becomes
ey(x) = (a — x) tan(a). 43)

Considering the limit case, when the side slip angle @ is very small, the assumption
can be made that all bristle elements in the contact region are in the adhesion state.
To calculate the lateral force F), the lateral force per unit of length g, (x) has to be
integrated over the contact length

a a a

F,= / qy(x)dx =k, / sy(x)dx = k;, tan(a) / (a — x)dx 44)

Since « is small, tan(@) =~ a, and solving the integral gives
F, =2ka’a = Cp,a. (45)

Note that we have obtained an expression for the cornering stiffness Cy,, of the tire,
being dependent on the bristle stiffness &, and contact length. To calculate the self-
aligning moment M, the moment arm x has to be taken into account and the expres-
sion becomes

a

M, = / qy(x)xdx =k, / 6y(x)xdx = k, tan(a) / (a — x)xdx. 46)

—da

Solving the integral gives

Z

M, = —%kba%t =—Cy . (47)
The expression for the pneumatic trail 7, becomes

c
= Ma 1, (48)
Cro 3

So far it has been assumed that the side slip angle « is infinitely small. To handle
larger values of the side slip angle both sticking and slipping of bristles in the contact
region has to be considered. A generic expression for the transition point x,, (41), has
already been derived in the previous section. For pure side slip it reduces to

5 = Mo | tan(@)| — a. (49)
' 3uF

z

Sliding of all bristle elements will start to occur when x, = a. The corresponding

side slip angle a4, is given by
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3uF,

. 50

| tan(asliding)l =

To determine the lateral force F), and self-aligning moment M, similar to (44) and
(46), the lateral force per unit of length g, (x) has to be integrated over the contact
length. However part of the bristles in the contact region are in the adhesion state
between x = x, and x = a, and the other bristles are in the sliding state between x =
—a and x = x,. For both regions different expressions for g,(x) are applicable. For
the sliding part we have g,(x) = ug,(x), for the adhesion part g,(x) = k,£,(x). The
integral to calculate F thus becomes

X

3uF, v\’ .
F,= P 1- - dx + ky tan(a) [ (a — x)dx. (51)

For the self-aligning moment M, the expression is very similar, but the moment arm
x needs to be taken into account,

X

3/4Fz X 2 :
M, = —/ <1 - <—> >xdx+kb tan(a)/(a — Xx)xdx. (52)
4a a

—a

Note that when |a| > g4, thatx, = a and second part of the integrals (51) and (52)
disappears. For this condition the following expressions are obtained for the lateral
force F, and self-aligning moment M._:

F, = uF

Yy ka

(33)

and

M, =0 54)
respectively. When |a| < a4, the integrals (51) and (52) have to be solved, and
expression (49) is used to determine x,. To simplify the expressions, the parameter
0 is introduced, it is defined as

Zkba2 1
0= = . (55)
3”FZ | tan(axliding)l
The theoretical lateral slip s, follows from (36), given that x = 0
s, = tan(a). (56)

By solving the integrals the expressions for F, and M, become



74 1. J. M. Besselink
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Fig. 20 The brush tire model results for pure side slip
F, =3uF.0s 1—|¢9s|+1(0s)2 (57)
y = IHEUSy y 30y
M, = —uF .abs, (1 —3|0s,| +3(0s,)* — |9sy|3>. (58)
Using these results, the following expression can be obtained for the pneumatic trail
t
p?

1 - 310s,| +3(6s,)> — 65,
= 3( : ’ J ) (59)

1
P3 1—10s,| + 305,

A graphical representation of the lateral force F, self-aligning moment M, and
pneumatic trail 7, is shown in Fig. 20. As the side slip angle « increases the bristle
deflection in the contact region increases, and thus the lateral force F) increases, up to
the level where all bristles have reached the maximum deflection. The self-aligning
moment M_ is a result of the non-symmetric bristle deflection in the leading and
trailing parts of the contact zone. For small side slip angles an increase of the side
slip angle will result in a larger bristle deflection and increase of the self-aligning
moment. For large values of side slip the asymmetry in the bristle deflection in the
leading and trailing part of the contact zone is reduced and vanishes completely
when all bristles are sliding. The pneumatic trail #, corresponds to the centroid of
the bristle deflection. It decreases monotonically with increasing side slip angle, until
it becomes zero when all bristles in the contact zone are sliding.
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The discussion of the pure longitudinal slip case is very similar to the pure lateral
slip case. In this case a is equal to zero thus £,(x) will be zero too, the expression for
€,(x) is given by (33). The expression for the transition point x, becomes

4k, a’
X, =
L 3uF .

K
1+«

—a=20a K
1+«

‘ ~a (60)

Again full sliding of all bristle elements in the contact zone will occur when x, = a,
thus the following condition has to be met

’ Ksliding _ l ©1)
1+ Kyiging 0
Two solutions exist for Ky, for positive k

Kliding = ﬁ (62)
and for negative k

Kliding = _ﬁ- (63)

Note that the longitudinal slip k¥ where full sliding occurs is different for driving
(k > 0) and braking (k < 0). The expressions for the bristle deflections £,(x) (34)
and €,(x) (33) are very similar, the only difference being that s, is replaced by s,. This
also implies that the function F',(s,) will be identical to F\(s,). Thus the equation for
the lateral force F, (57) can also be used to calculate the longitudinal force F, when
replacing s, by s,. The theoretical slip s, will be equal to the longitudinal slip x for
small values of slip. It allows to determine the longitudinal slip stiffness Cr,., which
equals

Cp, = 2kya*. (64)

Note that the expression for the longitudinal slip stiffness Cp,. is identical to the
cornering stiffness Cp, (45).

3.4 Forces and Moment for Combined Slip Conditions

In the case of combined slip, the bristles will deflect both in the longitudinal and
lateral direction. The evaluation of the combined slip case is similar to the pure side
slip case. Next a summary of the equations of the brush model is given, which can
handle both pure and combined slip conditions.

s, = (65)
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tan(a)
5= The (66)
Scomb = V s,% + SS (67)
- 3uF,
When s, < 1/6 then
F = 3uF 05, (1 — 1050 | + %(aswmbf) (69)
1-3|0s + 3(0s 2 —|0s 3
tp — ;_1< | combl ( Co]mb) | combl ) (70)
1- |9scomb| + g(escomb)2
Whens,,,,, > 1/6
F=uF, 71
t =0 (72)

The expressions for the longitudinal force F,, lateral force F, and self-aligning
moment M_ are:

Fo=—2F 73)
Scomb
sy
F,= F (74)
Scomb
M.=-t,-F, (75)

The required model parameters are the bristle stiffness per unit of length k,, the
friction coefficient u and half of the tire contact length a. The tire contact length 2a
depends on the vertical tire deflection p, which is dependent again on the vertical
force F,. Assuming the tire to behave as a linear spring in the vertical direction, see
e.g. Fig. 2, the tire deflection p reads

(76)

where k, equals the vertical tire stiffness. A first estimate for the dependency of half
of the contact length a on the tire deflection p can be made by assuming that the wheel
is a rigid circular disk that penetrates the road. The next equation can be obtained
for half of the contact length,
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half of contact length a/r0 [-]

Fig. 21 Experimental results and equations to describe half of the contact length a

(77)

where r, equals the undeformed tire radius. A comparison with experimental results
shows that this is not a very accurate representation, since in reality the contact length
is much shorter, as shown in Fig.21. By adapting the contact length equation in a
pragmatic way, a better match with the measurement results can be obtained. The
empirical equation for a then becomes

2
a=r, 0.5<£> +3<ﬂ> . (78)
To o

Implementation: divisions by zero When programming the brush tire model equa-
tions, care has to be taken to avoid divisions by zero. This can occur at several
instances:

o when both x and a are zero, the combined theoretical slip s,,,, (67) will be
zero, and a division by zero will occur in (73) and (74). A solution is modify
the denominator in expressions (73) and (74). Since s_,,,;, > 0 it can be replaced
by max(s,,,,;, €), where € is a small positive number and the function max(a, b)
returns a if a > b or b when b > a.

o The brush tire model equations are only valid when F, > 0. When a wheel lifts
of the ground the vertical tire force F, will become zero and the calculation of
(68) becomes problematic. A solution is to evaluate 6 for a small positive vertical
force, e.g. max(F, €). With this modification the forces F_, Fy and self-aligning
moment M, will still be zero when F, = 0 as a result of the multiplication with F,
in expression (69).

o When the wheel locks up, the angular velocity € will be zero and the longitudinal
slip ¥ will become —1. A division by zero will occur in the calculation of the the-
oretical slip s, (65) and s, (66). In can be noted that the brush tire model equations
have been derived under the assumption that the wheel is rotating in the forward
direction (€ > 0) and that the bristles spend a certain time in the contact zone.
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When the wheel is not rotating we basically get the brush model, as discussed in
Sect. 3.1. The resulting force will be equals to uF’, and in the opposite direction of
the sliding velocity

1% 1%
Fy=-yF,——* ., F,=—uF >

* © e 2 ‘e 2
Vet Vs VetV

Assuming that Q and V, cannot become negative, then ¥ > —1. The division by
zero can be eliminated by modifying the denominator of expressions (65) and (66)
to max(1 — «, €). The results obtained then are still in agreement with (79).

(79)

Implementation: forward and backward driving The brush tire model equations
have been derived for specific conditions, for example V. > 0 and Q > 0. When
implementing the brush tire model in a vehicle model also other conditions may
appear, e.g. driving backwards, vehicle sliding backwards while the driven wheels
still rotate in the forward direction, vehicle standing still, etc. To handle these condi-
tions, it is more convenient to use the sliding velocities V,, V,, and rolling velocity
V. to calculate the tire forces and moments, instead of k and a. The theoretical slip
equations have to be adapted. The expressions become

\%
- _ SX 80
T T max (V1 Vi) (80
Vsy
§o=—— Y (81)
Y max(l Vr | > Vr,min)

where V., is a lower boundary for the rolling speed. This value should not be
selected too small (e.g. 1 m/s) as it will make the resulting differential equations
numerically stiff, leading to long simulation times. It can also be verified that when
the rolling speed V, is equal to zero that (79) will be obtained. Furthermore the pneu-
matic trail 7, will change sign when switching from forward to backward driving, and
it will be zero when the rolling speed V, (or equivalently €2) is equal to zero. This

can be incorporated in a continuous way by modifying Eq. (75) to

M, = —1,F, tanh(10V,). (82)

3.5 Brush Model Validation

In Sects. 2.2 and 2.3 the results of steady-state force and moment measurements for
a specific tire have been presented. Here a comparison will be made with the results
obtained with the brush tire model. The parameters of the brush tire model are listed
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Table 2 Brush tire model parameters for a passenger car tire

Parameter Symbol Value Unit
Free tire radius To 0.315 m
Vertical stiffness k, 2% 10 N/m
Friction coefficient U 1.0 -
Bristle stiffness k, 7% 10° N/m?

in Table 2. They have been selected to get the best possible match of the brush tire
model with the measurements and expression (78) is used to calculate half of the
contact length a.

First pure slide slip will be considered and a comparison is shown in Fig. 22 for
the lateral force F, and self-aligning moment M. It can be seen that the shapes are
similar, but the magnitude of the self-aligning moment is largely underestimated.
The same applies for the pneumatic trail #,, as shown in Fig. 23a. The pure longitu-
dinal slip case, consisting of straight line braking, is shown in Fig. 23b. It is clear that
the brush tire model does not differentiate between a peak and locked wheel friction
coefficient, so the match with the measurements is not that good. Furthermore it can
be noted that the slope of the curve near the origin, the longitudinal slip stiffness
Cp,.. 1s too low. Figures 24 and 25 show results for combined slip conditions. It can
be seen that the brush tire model also displays the decrease of the longitudinal slip
stiffness C,. with increasing magnitude of the side slip angle «, see Fig. 24a. The
lateral force F, for combined slip conditions, as shown in Fig. 24b, is fairly accu-
rate. The decrease of the magnitude of the lateral force with increasing magnitude
of the longitudinal slip x is captured well. The self-aligning moment M, is shown
in Fig. 25a. In the measurements M_ does not decrease to zero for large values of
the longitudinal slip «, so apparently some phenomena are not included in the brush
model. Plotting F), versus F,, as is done in Fig. 25b, clearly shows the uF, friction
circle which limits the maximum shear forces. In this figure also the forces for the
driving side are shown (x > 0), which have not been measured. For the smaller side
slip angles some asymmetry can be observed: for the same magnitude of the longitu-
dinal force F, the lateral force F is smaller when the wheel is driven in comparison
to braking. This phenomenon is also seen in tire measurements.

The differences between model and measurements can also be quantified. The
same combinations of inputs (x, « and F,) as used in the measurements are applied
to the brush tire model and a comparison can be made between the outputs of the
model (F,, F. ) and M) and the measured quantities. The following error criterion is
used to numerically assess the differences

n
_ Zi:] |(Fmodel,i - Fmeas,i)l
- n

2[:1 |Fmeas,i|

- 100%, (83)
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Fig. 22 Comparison of brush tire model with measurements for pure side slip, lateral force F, and
self-aligning moment M,

where n is the number of measurement points, i an index to identify an individual
measurement point, F,, ., the result of the model and F,,,, the measurement result.
For the different outputs of the brush tire model the error € has been calculated and
the results are listed in Table 3. Based on Figs. 22, 23, 24 and 25 it can be seen
that an error of 10% or larger indicates that the measurements are not modeled very
accurately. It is obvious from the Figs.22b and 25a that the self-aligning moment
representation is very poor in particular.
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Fig. 23 Comparison of brush tire model with measurements for pure side and longitudinal slip,
pneumatic trail 7, and longitudinal force F

Table 3 Brush tire model errors

Pure (%) Combined (%)
F, 114 9.7
F, 153 16.6
M, 73.3 97.0
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Fig. 24 Comparison of brush tire model with measurements for combined slip, F, and F,(F, =
4500 N)

Brush tire model improvements The brush tire model is a relatively simple physical
tire model, that allows to qualitatively describe the tire characteristics. There are
various ways to improve the accuracy of the model:

« Separate the stiffness of tread elements and carcass. Introduction of a flexible car-
cass or rigid ring to which the flexible bristle elements are attached.

» Improve the accuracy of the distribution of the vertical force per unit of length, so
that it better reflects the actual pressure distribution in the contact area.

« Introduce a more refined friction law, the friction coefficient 4 should be a function
of sliding velocity and vertical force.

« Introduce multiple, parallel rows of bristles.

In Pacejka (2012) a more advanced brush tire model, called “Treadsim”, is described
that includes most of the improvements listed here.
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Fig. 25 Comparison of brush tire model with measurements for combined slip, M, and F,, versus
F., (F, = 4500 N)

4 The Magic Formula Tire Model

4.1 Magic Formula Fundamentals

The brush tire model, as discussed in the previous section, is a physical model that
is very useful to explain the shape of the measured tire force and moment charac-
teristics. It is however not capable to accurately represent the measured force and
moment characteristics. Although model enhancements are possible, experience has
shown that a major effort is required to create a truly accurate physical tire model.
Also the computational effort of such a detailed and refined physical tire model may
be high, which will make them not suitable for full vehicle simulations.
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Fig. 26 Stretching the sine function (B =8, C = 1.5, D = 4500, E = -2)

The tire characteristics do not necessarily have to be modeled using a physical
approach, what we are looking for is a tire model, a “tire function”, that can represent
the measured force and moment characteristics with sufficient accuracy. In a full
vehicle simulation the inputs x, «, y and F, will vary continuously, so it should allow
interpolation as the measurements are for example executed for a fixed vertical force
F.. Furthermore it should allow a plausible extrapolation, as during a full vehicle
simulation conditions may be encountered that have not been tested.

Generic curve fitting techniques, e.g. using polynomials, may be used to capture
the measured tire characteristics, but their performance is not considered to be ade-
quate. The “Magic Formula” is a semi-empirical tire model that employs specifically
designed functions to best represent the measured tire characteristics. The first ver-
sion of this tire model was developed by Egbert Bakker of Volvo Cars Helmond and
professor Pacejka of the TU Delft, Bakker and Pacejka (1987). As all model equa-
tions were published in the open literature from the start, the model rapidly became
popular and it is one of the most used tire models worldwide in full vehicle handling
simulations.

The observation was made is that the longitudinal, lateral and self-aligning
moment characteristics have sinusoidal shape, with a stretched horizontal axis for
large values of slip. This consideration is the base for the Magic Formula tire model.
The accompanying equation reads

y = Dsin(C arctan[(1 — E)Bx + E arctan(Bx)]) (84)
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where x would represent a slip variable, k or a and y the force or moment. Figure 26
illustrates how the sine function is stretched. The atan function results in a saturation
of the input to the sine function, the E parameter provides a way to influence the
position of the peak.

Next to the sine version of the Magic Formula (84), also a cosine version is used
to model specific aspects of the tire, for example the pneumatic trail 7,, as shown in
Fig. 9f. The cosine Magic Formula is given by

F = Dcos(Carctan[((1 — E)Bx + E arctan(Bx)]). (85)

Both sine and cosine Magic Formula are shown in Fig. 27, including the meaning of
some parameters. We can observe that:

e D determines the peak value
o C determines the limit value when x is going to plus or minus infinity. For the sine
Magic Formula
C=2- 2arcsin (yﬁ), (86)
D

T

and for the cosine Magic Formula

C=2—2arccos<y;°°>. &7

T D
note that C > 1.

« For the sine Magic Formula the product BCD determines the slope at the origin.

« For the cosine Magic Formula the product BC determines the curvature near the
origin.

» The parameters B, E and C determine the location of the peak x,, for the sine Magic
Formula and point where the curve crosses zero x,, for the cosine Magic Formula.
The parameter E can be calculated by

_ Bx—tan(z/2C)

E= ,
Bx — arctan(Bx)

(88)

where x is either x,, or x,. Not that it should hold that £ < 1, if E exceeds 1 unre-

m

alistic curves will be obtained.

Equations (84) and (85) provide the basic equations. To model a tyre accurately for
different operating conditions the parameters are made dependent on for example
the vertical force F, and inclination angle y. More details will be given in the next
sections.

An iterative, non-linear, constrained optimization procedure is typically used to
determine the Magic Formula tire model parameters. The objective of the optimiza-
tion is to minimize the error criterion given by (83), while the constraints C > 1 and
E <1 are applicable. To start the optimization procedure an initial estimate has to
be provided for the parameters. Thereafter the error criterion is reduced with every
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Fig. 27 Sine and cosine y
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iteration step, while the constraints are checked and maintained if necessary. The
MATLAB function “fmincon”, which is part of the optimization toolbox, has been
used successfully for this purpose.

In the next sections more details on the Magic Formula tire model will be
introduced. Since its conception, different versions of the Magic Formula have
been developed. The equations presented in the next sections reflect the version as
described by Pacejka (2012) and implemented in the MF-Tyre 6.x software, TASS
(2018). For educational reasons the effects of changes in tire inflation pressure have
been omitted, these extensions have been developed at the TU Eindhoven and are
described by Besselink et al. (2010). The same applies to parking and turn slip behav-
ior, which is described in more detail in Pacejka (2012).

To make the Magic Formula parameters dimensionless, the following parameters
are introduced:

 nominal vertical force F
« free radius of the non-rolling tire r;,.

The nominal vertical force F, should approximately reflect the static vertical tire
force, in case of a passenger car tire it will be in the order of 4000 N. Its value only
affects the magnitude of the Magic Formula parameters, but not the final accuracy
of the model. As will be shown in the next sections, some parameters of the Magic
Formula (e.g. D and E) are dependent on the vertical force. To include these effects
a dimensionless force increment d, is introduced, defined as:

F.—F,
dFZ=ZF—OZ'

Z

(89)
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Strictly speaking the free tire radius r;, used in the Magic Formula expressions
does not have to reflect the actual free radius of the tire, it is just used to make the
parameters in the expression for the self-aligning moment dimensionless. However
in most tire modeling software r is also used in the loaded radius calculation and
therefore should be defined precisely and reflect the actual tire dimension.

4.2 Longitudinal Force

The equations to describe the longitudinal force F, for pure slip conditions, & = 0,
are given by Egs. (90)—(99). In (90) the sine Magic Formula (84) can be recog-
nized, with additional shifts both in the horizontal and vertical direction, Sy, and
Sy, respectively. The peak friction coefficient is modeled by (94), a constant part
Ppy1 and part linearly dependent on the vertical force pj,,, can be recognized. They
allow to capture the linear decrease of the peak friction coefficient y, ., With ver-
tical force F, as shown in Fig. 10c. For many tires the dependency of y, ., on the
inclination angle y will be negligible, so pj, ; may be set to zero in that case. The lon-
gitudinal slip stiffness Cr, = K, is given by (96). In the measurement, see Fig. 10b,
a linear dependency on the vertical force F, is seen which can be captured by param-
eter pg,,. The parameters py,, and pg,; allow to model a non-linear dependency on
the vertical force F,. However they should be used carefully, in particular py,s, as
extrapolation to very high vertical forces may result in physically impossible results
when longitudinal slip stiffness K,,. becomes negative.

F,, = D,sin(C, arctan[(]1 — E,)B,k, + E, arctan(B,k,)]) + Sy, (90)

K, =K+ Sy, oD
Ci =Pcu (92)
Dy =y, pear 93)
Hepeak = Ppat + Ppadr)(1 = Ppar)A,, (%94)
E, = (ppa + Prodr. + Pradp)(1 = ppa sgn(k,) 93)
Koo = F(Pxar + Pradr) eXPPgadr) Ak (96)
B, = L 97)
CxDx

Sty = Prx1 + Prx2dr, (98)
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Fig. 28 Combined slip weighting function G,, for the longitudinal force F

SVx = Fz(pVxl +pVx2sz)/1;4x (99)

To model the forces for combined slip conditions a weighting function G, is
introduced, as can be seen from (100). This weighting function has a value between
0 and 1. This is logical as the longitudinal force F is reduced for combined slip
conditions in comparison to pure slip, which is illustrated by Fig. 11a. To model this
weighting function G,, the cosine Magic Formula (85) is used, in (101) it appears
both in the numerator as well as the denominator. It can be seen that G, will always
be equal to one when «a is equal to zero. For a given vertical force F, and longitudinal
slip k, the weighting function G,, as a function of « will have the cosine Magic
Formula shape. The longitudinal slip « affects B,, and changes the width of the
cosine Magic Formula. Furthermore, B,, will be zero when k goes to plus or minus
infinity and the weighting function G,, equals one again. A plot of the weighting
function G, is shown in Fig. 28.

F.=F,G, (100)

. cos(C,, arctan[(1 — E,,)B, &, + E,, arctan(B,,a,)]) (101)
cos(C,, arctan[(1 — E,,)B, Sy + E., arctan(B, Sy, )1

g =+ Sy, (102)

B,, = (rp, + rg,s7?) cos(arctan(rg,,&)) (103)

Coa = Teu (104)

Exa = TEx1 + rEXZsz (105)
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Fig. 29 Magic Formula (solid lines) and measurements (dots) for the longitudinal force F, pure
slip (a) and combined slip (b)

SHxa = T'Hyl (106)

The Magic Formula parameters have been determined for the measurements pre-
sented in Sect.2.3 and are listed in Table 4. The difference between measurement
and model e is also listed in this table, obviously the Magic Formula shows a much
increased accuracy in comparison to the brush tire model (Table 3). The results can
be checked visually in Fig. 29.
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Table 4 Longitudinal force Magic Formula parameters

Constants F, =5000N

F, pure Py = 1.5591

Ppa = 11752, pp, = —0.0889, p3 = 0

P =0, ppg = —0.1182, pp3 = 0.1844, pyy =0

Prx1 = 204330, pgyy =0, pg3 =0
Pia = ~0.0022, pgp =0

Pva =0,pyp =0

F, combined rpe = 159985, rg, =12.1522, 15, =0
req = 1.0177
rgy = 0.1783, rg,, = —0.2879
e =0

Model error Pure: € = 1.33%, combined: € = 2.39%

4.3 Lateral Force

The equations to describe the lateral force F, for pure slip conditions, k = 0, are
given by Egs. (107)—(121). The basic approach is very similar to modeling the lon-
gitudinal force F,. Again a sine Magic Formula is used, including a horizontal an
vertical shift. The friction coefficient y, is modeled by (111). When ignoring the
contribution of y, a linear dependency of , on the vertical force F, can be seen,
as also observed in the measurements, see Fig. 9e. Measurements indicate that the
dependency of the cornering stiffness C, on the vertical force F_ is different when
compared to the longitudinal slip stiffness Cp,., see Figs.9a and 10b. The equation
used modeling the cornering stiffness K, (113) is quite different from the expression
for the longitudinal slip stiffness K, (96). Note that the expression for K, includes
the influence of the inclination angle y, whereas y is assumed to be zero in the def-
inition of Cp, (10). In earlier versions of the Magic Formula the value of pg,, was
fixed to 2. Considering that a sine Magic Formula is used for modeling K|, the value
of pgy should be equal or greater than 1in any case.

The camber stiffness modeled by K, (114), this expression represents the mea-
sured camber stiffness C,, as shown in Fig. 9c. In the measurements the F, versus a
curve is shifted vertically as a result of an inclination angle y, in the Magic Formula
expressions this is taken into account by the vertical shift S, (121). A horizontal
shift due to camber, S Hyy (118), ensures that when « is equal to zero, that the desired
lateral force is obtained. In earlier versions of the Magic Formula the contribution
of the inclination angle y was implicitly included in the horizontal shift. This did not
allow to accurately model very large camber angles. With the equations presented
here even motorcycle tire characteristics with inclination angles in excess of 45° can
be accurately represented.

pr = Dy sin(Cy arctan[(1 — Ey)Byozy + Ey arctan(Byay)]) + Svy (107)
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@y =a+ Sy, (108)
Cy = Pcyl (109)
D, = p,F. (110)
Hy = Wpy1 +Ppyadp) (= ppyar )iy, (111)
E, = (pgy1 + Pryodr)(1 + Pysy” — (s + Pryay) sen(a,)) (112)
Ky, = pgyi Fosin <p,<v4 arctan < il ))(1 — P37 DAk (113)
’ ’ (Pry2 + Prys?DF o ’ g
K,, = F.(Pgy6 + Pry7r) Akyy (114)
B, = (115)
' C)’Dy
Sty = Styo + Sty (116)
Styo = Pyt + Pry2dr; (117)
Ky - S Vyy
Sty, = T K., (118)
Svy = Suy0 + Sysy (119)
Svso = F.(Pvy1 + Pryodi) (120)
Svey = F.(Pvys + Pryad )Y Agyy Ay (121)

The model for combined slip conditions uses a weighting function G,,. to modify
the pure slip characteristics. Furthermore a braking induced plysteer force Sy, is
introduced.

Fy=F,G, + Sy, (122)
The expressions for G,,., given by (123)-(128), are almost identical to the expression
for G,,, Eqgs. (101)—(106). Basically « and x are exchanged and a few additional
parameters are introduced in these expressions, rg; and ryy,. Figure 30 gives an
impression of the shape of the weighting function G,,,..

G - cos(C,, arctan[(l — E|,)B, k, + E,, arctan(B,, k)])
K cos(C,, arctan[(1 — E,,)B,, Sy, + E,, arctan(B,, Sy, )])

(123)
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Fig. 30 Combined slip weighting function G, for the lateral force F,

Ky =K + Sy (124)

B = (rg, + rBy4y2) cos(arctan[rg,,(a — rg,3)]) (125)
Cy =rep (126)

E, =rgy + rgpdp, (127)

Sty = Tryt T Teyodp, (128)

A longitudinal force due braking or driving may introduce an additional plysteer
angle. This results in an additional lateral force that is visible for small side slip
angles in particular. This phenomenon is impossible to be modeled accurately using
weighting functions, so an additional force S, is introduced. In expression (129) a
sine Magic Formula is used, thus parameter ry,5 should be in the range between 1
and 2. In expression (130) a cosine Magic Formula is used, here it is important that
I'yys 1s not too small to ensure that the braking induced plysteer force disappears for
larger side slip angles.

Syye = Dyy,e sin(ryys arctan(ry,ex)) (129)
Dy, = uyF (ryyy + rypodp, + rygy) cos(arctan(ry,,a)) (130)
The Magic Formula parameters and modeling error ¢ have been determined for

the measurements presented in Sects. 2.2 and 2.3, they are listed in Table 5. A com-
parison of measurement and Magic Formula tire model can be found in Fig. 31.
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Fig. 31 Magic Formula (solid lines) and measurements (dots) for the lateral force F’ )» pure slip (a)
and combined slip (b)

4.4 Self-aligning Moment

In the Magic Formula the self-aligning moment M, is described by the following
equation

M, =—t,F

g 0G0 + M., + 5. F,, (131)

where 7, equals the pneumatic trail defined by Eqs. (132)—(139), F),,G,, is the
combined slip lateral force for zero inclination angle (y = 0), M, is the residual
moment defined by Eqgs. (140)—(144), s, equals the moment arm of the longitudinal
force F, and is defined by (145).

The pneumatic trail 7, is modeled using a cosine Magic Formula as expressed by
(132), the final multiplication with cos(a) ensures that the pneumatic trail [ will be



94 1. J. M. Besselink

Table 5 Lateral force Magic Formula parameters

Constants F, =5000N

F, pure Pey = 1.2640

Ppy1 =0.9894, pp» = —0.1914, p, 5 =0

Pey = —1.3186, pgy, = —0.7057, p,5 = 0.3278
Py = —3.5829, ppys = 25.1493

Pyt = 13.2701, pgp = 1.4990, pyy5 =0

Piya = 2, Piys = 0, Py = 0.7033, pyy = 0
Puy1 = —0.0019, ppyyr, =0

Py = 0.0320, pyp = 0, pyy3 = 0.1853

Pyys = 0.4649
F, combined Fpy = 6.8792, 1y, = 5.0932, gy = 0, ryyy = 0
reyt = 10665

rpy = —0.1376, rp,, = 07782

Tyt = 0, 7y =0

'y = 0, 'y = 0, 'y = —0.5938, Tyyy = 20
Fyys = 2.1557, 1y = 10
Model error Pure: € = 1.92%, combined: € = 7.35 %

zero when the side slip angle a equals 90°. To handle combined slip conditions no
additional equations are used, but an equivalent side slip angle is calculated, «;,
(133). This approach has some similarities with modeling combined slip in the brush
tire model. Note that the expressions for the pneumatic trail 7, include the influence
of the inclination angle y. The pneumatic trail 7, is multiplied with a lateral force F,
that is evaluated for y = 0 (131).

t, = D,,cos(C,, arctan[(l — E,,)B,,a,, ., + E,, arctan(B,,a,, ,.)]) cos(a) ~ (132)
K \2
@0, = arctan q/tan*(a,,) + <KX’(> K2 - sgn(a,,) (133)
ya
@, = a+ Sy (134)
Stip = uz1t T 9u2dp; + us + quadp)y (135)

Akya
A

Hy

Cp =4c (137)

B, = (4,1 + dpadp, + ‘IBz3d12vz)(1 + qpay + qpslyD) (136)
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F

o
Dtp = FZ_O(qul + quZsz)(l + quSy + CIDz4y2)/1tp (138)
2
E,, = (G + 9epdr, + qEzSd%‘z)(l + (Gga + Ggs7) (;) arctan(B,C,,a,,)) (139)
When the lateral force is equal to zero, the self-aligning moment does not necessarily
have to be zero. The residual moment M, is introduced to incorporate this additional
contribution to M.

M., = D, cos(arctan(B,a, ,)) cos(a) (140)
2
2 K.XK 2
@, ., = arctan \/tan (a,) + <K_> k2 - sgn(a,) (141)
ya
S
=a+ Sy +—= 142
ar a Hy Kya ( )
)’Kya
Br = qu9T + qulOByCy (143)
Hy
D, = F.15[@pe + dpardr)Ar + (Apas + dpeod)Y Ay (144)

+(4pz10 + 921 lsz)7|7|/1kyy] Ay

For combined slip conditions the longitudinal force F, may have a contribution to the
self-aligning moment M, . This can be easily imagined as the contact path having a
lateral deflection with respect to the wheel plane of symmetry. In the Magic Formula
the moment arm of longitudinal force s, is modeled to take this effect into account.

F,
;=T (sszl + Ss2 <F_V> + (Ssz3 + ssz4sz)y> (145)
Z0

The Magic Formula parameters and modeling error € have been determined for
the measurements presented in Sects. 2.2 and 2.3 and they are listed in Table 6. A
comparison of measurement and the Magic Formula tire model can be found in
Fig.32.
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pure slip (a) and combined slip (b)

5 Tire Dynamics

5.1 Introduction to Tire Relaxation Behavior

In the previous sections the focus has been on analyzing and modeling the steady-
state forces and moments. The tire is considered and modeled as a complex, non-
linear function with multiple inputs and outputs as shown in Fig. 4. In the steady-state
approach any change of an input will result in an instantaneous change of the out-
puts. As will be shown in this section, this is not how a real tire behaves in dynamic
situations. Typically a tire responds with some delay on abrupt changes of the inputs.
A model to illustrate these effects is shown in Fig. 33. The tire contact patch has a
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Table 6 Self-aligning moment Magic Formula parameters

Constants F,=5000N, ry =0.315m

Z qp.; = 8.6117, qp, = —0.8357, g5 = —4.2173
qp.a = —0.2891, gp.5 = 0.6218
qc = 1.1423

dp; = 0.1231, gp,, = 0.0071, gp 3 = 0, gp_4 = 9.6467
qg.; = —3.1431, gz, = 0.7236, g3 = —6.4258

G = —0.3275, g s =0

qpz = —0.0067, g0 = 0, g3 = 0.1209, g4, = 0
M, dp9 =0, gp.10 = 0.2865

dps = —0.0037, gpp; = 0.0068, gp_¢ = 0.0610

dpz = —0.0625, gp.19 =0, gp,;; =0

s, 5.1 = 0.0363, 5., = 0.0102, 5., = —0.5962
Sy = 0.2702
Model error Pure: € = 7.82%, combined: € = 17.12 %
top view Vep Vv rear view

Fig. 33 Tire model with a lateral degree of freedom for the contact patch

lateral degree of freedom €, with respect to the wheel, the stiffness associated with
this degree of freedom is k. The contact patch can slide with respect to the road.
The relative velocity of the contact patch ¢, with respect to the wheel plane has to
be added to the absolute sliding velocity of point S, V;,, to obtain the side slip angle
«' of the contact patch. The side slip angle angle of the contact patch «’ becomes

Vy +é,

—_— 146
V] (146)

tan(a’) = —

Note that in the regular definition of the tire side slip angle a (4) that the wheel is
considered as a rigid disk. Assuming linear tire behavior and neglecting the mass
of the contact path, the spring force and lateral force due to side slip have to be in
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equilibrium,
F,= Crpd' = kye,. (147)

Assuming that Cr, and k, are independent of time, the following expression is
obtained after differentiation with respect to time

C a .
£, = k—‘;a’. (148)

Substituting (148) in (146) results in

C
Sre 1 oy tan(a’) = tan(a). (149)
k, V.|

The ratio between cornering stiffness Cp, and lateral stiffness k, is known as the
relaxation length o, thus
’ c
o, = —=. (150)
ky

The longitudinal velocity V, is approximately equal to the time derivative of the
traveled distance s,. For a positive longitudinal velocity and linearization for small
values of the side slip angle, the following expression is obtained

dt do’ , da’ ,
c,——+a =0,— +a =a. (151)
Yds, dt Y ds,

From this equation it becomes clear that the relaxation behavior of a tire is not depen-
dent on time, but on the traveled distance s,. Starting from an initial condition where
«’ and « are equal to zero and applying a step in the tire side slip angle « with mag-

nitude ay,,,, the analytical solution of (151) equals
o =(1-eay,, (152)
The lateral force F ) becomes
F, = Cry(1 = e/ ™)a,,. (153)

Note that this expression is only valid under the assumption of linear tire behavior
and small side slip angles.

As the tire relaxation behavior is a function of the traveled distance, the forward
velocity does not play a role when doing measurements to assess the tire relaxation
behavior and as a result this behavior can be measured at very low speeds. A mea-
surement device that allows to execute relaxation length measurements is the flat
plank tire tester as shown in Fig. 34. The wheel is mounted on a measurement hub
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Fig. 34 TU/e flat plank tire tester
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Fig. 35 Tire response to a step in side slip angle (a,, = 1°, F, = 4000 N, 6, = 0.412 m, Cp, =
1050 N/deg)

that allows to measure the forces and moments that occur at the wheel center. The
road is represented by a plank with a length of approximately 7 m, which can move
in the horizontal plane with a maximum velocity of 0.05 m/s. The measurement hub
can move vertically allowing to press the tire against the plank and thus giving con-
trol over the vertical tire force F,. Furthermore it can be rotated about the vertical
axis allowing a steering angle to be applied to the wheel.

To apply a step in side slip angle the required steering angle is applied first, then
the wheel is pressed against the plank and thereafter the plank is moved forward with
a low, constant velocity. The lateral force as a function of traveled distance is shown
in Fig. 35. In the same figure (153) is plotted, showing that it can accurately represent
the measurement results. Note that the relaxation length o, for this experiment equals
0.412 m. In general the relaxation length corresponds to the distance traveled since
the start of the application of the step in side slip angle, when 63.2% of the steady-
state value of the lateral force F) is reached. Note that the relaxation behavior of the
tire is not dependent on time, but traveled distance. This also means that when the
forward velocity is increased, that the tire force will respond more quickly since the
distance traveled in the same amount of time will increase.

Brush tire model The brush tire model can be used to gain more insight in various
aspects of tire relaxation behavior. Figure 36 shows the response of the brush tire
model to a small step in side slip angle. In this example it is assumed that no sliding
of the bristles will occur and that the steady-state deformation pattern of the bristles
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Fig. 36 Brush tire model transient behavior on a step in side slip angle

is triangular. Initially all bristles are undeformed and upon the application of the
side slip angle the tire needs to move forward over a distance 2a to obtain the steady
state deformation pattern. As a result the lateral force and self-aligning moment will
develop as a function of the traveled distance and relaxation effects become visible.
Various, qualitatively valid observations with respect to relaxation behavior can be
made from the brush tire model step response:

« It can be noted that there is a difference in the response of the lateral force F,
and self-aligning moment M. Upon application of the step in side slip angle Fy
starts to increase immediately, whereas the gradient of M, is equal to zero. This
behavior has also been observed for aircraft tires, for normal passenger car tires
this phenomenon is hardly noticeable.

 For large side slip angles the tire will need to travel less than 2a to obtain the
steady state deformation pattern, as the bristles in the trailing part of the contact
patch are already sliding. Thus the relaxation length is expected to decrease with
increasing side slip angle.

» As the contact length 2a increases with the vertical force, the relaxation length
will also increase with the vertical force F/,.

« When the tire is running at a fixed side slip angle, a stepwise increase of the vertical
force will also result in relaxation effects. The increase of the vertical force results
in a longer contact length and increased maximum bristle deflections. The tire
will need to travel over a certain distance before settling for a new steady-state
deformation pattern.

« Since there is no fundamental difference between longitudinal and lateral bristle
deformation, relaxation behavior will not only be present in the lateral direction
but also in the longitudinal direction.
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In the next section a pragmatic tire model will be developed, which includes all the
aforementioned effects.

5.2 Modeling Tire Dynamics

The steady-state Magic Formula tire model will be extended with differential equa-
tions that capture the relaxation behavior up to large side slip angles, furthermore the
model is modified to handle zero forward velocity. It can be noted that in the defini-
tions of the longitudinal slip x (2), side slip angle « (4) that the longitudinal velocity
V. appears in the denominator. This implies that a division by zero will occur when
V., is equal to zero and the equations cannot be solved numerically. A possible solu-
tion is to introduce a lower limit for the longitudinal velocity V. ... The longitudinal
slip is then by

Jmin®

V
S S 154
maX(Vx’ Vx,min) ( )

Though it solves the numerical problems, it is not correct from a physical point of
view. For velocities below V., . and assuming linear tire behavior, the following

expression is obtained for the longitudinal force

CF K
F =— V. (155)
Vx,min )

So actually a damper is modeled: the longitudinal force F is proportional and oppo-
site to the sliding velocity V.. This makes it impossible to simulate for example a
car being parked on a slope. The car would slowly move downwards as a sliding
velocity is necessary to generate a longitudinal force, which does not correspond to
the physical reality. The same phenomenon will occur in the lateral direction.

A solution to this problem can be found by multiplying expression (149) with |V |
and using the definition of the side slip angle a, as proposed by Zegelaar (1998). The
following expression is obtained then

Cragy 1y "=V 156
k—a +| x|tana = V- ( )
y
When V, is equal to zero, the following equation is obtained for o,
ky
a =——— / Vy,dt. (157)
CFa

Assuming linear tire behavior the lateral force F, becomes
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rear view € side view

Fig. 37 Dynamic tire model having a longitudinal and lateral degree (e, and €,) of freedom to
include motions of the tire belt with respect to the rim

F, = Cpd =~k / V. (158)

So by integrating the sliding velocity V;, a deflection is obtained which is multiplied
by the non-rolling lateral stiffness k, to obtain the lateral force F,. When V, equals
zero, the tire thus behaves as a spring which corresponds to physical reality. It should
be noted when the tire starts sliding and a’ becomes very large that this approach does
not yield physically correct results.

A pragmatic model is proposed to include the various observations made when
analyzing the brush tire model transient behavior in a quantitatively correct way.
The stiffness of the tire belt with respect to the rim is modeled separately from the
relaxation behavior of the tread elements attached to the belt, this is illustrated in
Fig. 37. The mass of the tire belt is assumed to be zero in the model described here,
but it is also possible to split the mass of the wheel in two items: rim combined with
tire bead and tire belt. In the lateral direction €, reflects the displacement of the belt
with respect to the rim. In the longitudinal direction the wheel can be considered
to consist of two concentric rings, that can rotate with respect to each other. The
deformation &, represents the translation at the circumference of tire as a result of a
relative rotation of the tire belt with respect to the rim. Note that differences between
the effective and loaded tyre radius a neglected in this approach.

The force equilibrium in the longitudinal and lateral direction equals

dxéx + kxgx = Fx,MF(K/’ C(/, Vs Fz) (159)
dyé, + ke, =F,yp(k’ 'y, F) (160)

where k, (d,) and k, (d,) represent the stiffness (damping) in the longitudinal and
lateral direction, F, y;z and F, ;- are the longitudinal and lateral force calculated
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using the Magic Formula. The relaxation behavior of the tread elements is described
by the following equations

ok + |V K ==V, —¢, (161)

o & + |V |tana' =~V —¢ (162)

y
where o, represents the relaxation length of the tread elements in contact with the
road. The magnitude of o, is typically in the order of half of the contact length a.
After rearranging (159)—(162) the following set of first order differential equations
is obtained

éx = dl(Fx,MF(K/’a,’ y’Fz) - kxgx ’ (163)
. 1
& = d_(F)uMF(K”a/’ 1 F) k), (164)
y
g1 v ’
K= —(=Vy =&, = [VoIx), (165)
O-C
Lo . /
& = O_—(—Vs.V —£,— |V [tana"). (166)

¢

This model allows to accurately describe the non-linear dynamic behavior for large
side slip angles. This is illustrated by Fig. 38, which shows a number of relaxation
length measurements with different side slip angles. The non-linear dependency of
the steady-state lateral force is modeled with the Magic Formula. It can be observed
that for larger side slip angles the tire responds more quickly and the relaxation length
is reduced. This effect is correctly captured with Eqgs. (164) and (166). A more simple
approach, whereby only the side slip angle is filtered using fixed relaxation length
and equation similar to (149), is not able to show this behavior. In the next section
it will also be shown that the tire response to vertical force variations is correctly
captured by the model presented here.

5.3 Applications

This section will briefly discuss two examples showing the relevance of tire relax-
ation behavior. The shimmy stability of a wheel having a yaw degree of freedom
will be analyzed first. The loss of side force due to vertical force variations will be
discussed next.

Shimmy Shimmy is an instability, which is caused by the interaction of the dynamic
behavior of the suspension and tire. It has been researched already for a long time,
an early paper was written by Von Schlippe and Dietrich (1941). The unstable lat-
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Fig. 38 Comparison of measurements and model response for various steps in side slip angle
(k, = 130,000 N/m, d,, = 1300 Ns/m, 6, = 0.05 m)

Fig. 39 Trailing wheel
system (top view)

eral and yaw vibration of the wheel can reach considerable amplitudes resulting in
a loss of control of the vehicle or even structural damage. The shimmy frequency is
typically in the range of 5-25 Hz. The most simple system capable of showing the
shimmy instability is the trailing wheel system, as seen in Fig. 39. Linear tire behav-
ior will be assumed in the following analysis. The yaw equation of motion of this
system is given by

(. +me* )i + d, s + k,w = —Crle +1,)a’. (167)
The relaxation behavior of the tire is described by
o, & +Va' ==V =Vy +ey (168)

In state-space form (X = Ax) the equations become
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Fig. 40 Trailing wheel system stability results (d,, = 0)
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a e Vv _v o

In these equations e equals the length of mechanical trail, k,, the yaw stiffness and d,,
the yaw damping constant. The total moment of inertia about the swivel axis equals
I, = 1. + me*, with m being the mass and .. the yaw moment of inertia of the wheel,
including the tire.

The stability of the system can be investigated by calculating the eigenvalues of
the matrix A. For a complex eigenvalue A = a + ib the damped eigenfrequency f; in
[Hz] can be calculated by

fi=o- (170)

and the dimensionless damping ratio { equals

¢ = —ﬁ -100%. (171)

Analytical expressions for the stability can be obtained for the system stability
using the Hurwitz criterion when the yaw damping d,, is equal to zero. In this case
the stability boundaries are independent of the forward velocity V. Results are shown
in Fig. 40 and the length of the mechanical trail e appears to be a decisive factor. The
trailing wheel system shows an oscillatory unstable behavior for small negative and
positive values of the mechanical trail e.

By adding yaw damping, so d,, > 0, this instability can be suppressed. The stabil-
ity results will become velocity dependent and no analytical expressions are available
to describe the stability for this situation. The working principle of the yaw damper
can be described as follows. When the yaw angle y changes the lateral tire force F,
responds with some delay due to the relaxation effects. This also implies that the tire
yaw moment about the rotation axis has a delayed response with respect to the yaw
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Fig. 41 TU/e tire
measurement tower

angle, which may result in an instability. The damper k,, produces a moment with
a phase lead with respect to the yaw angle y and can thus counteract the tire yaw
moment with a phase delay.

The shimmy stability of more complex systems has been analyzed by for example
Besselink (2000), the influence of nonlinear tire behavior on shimmy stability has
been researched by Ran (2016).

Cornering on undulated roads When a car is cornering the tires have to develop
lateral forces to keep the car on the circular path. The lateral force that the tire can
develop is influenced by the vertical force variations that may occur as a result of road
irregularities. This phenomenon has been investigated with a lab set-up, as shown in
Fig. 41, where a measurement tower is placed on top of a drum. The wheel is kept
a constant side slip angle a and a hydraulic actuator is used to prescribe the vertical
position of the measurement hub. First experiments of this type were reported by
Takahashi and Pacejka (1988) and later by Maurice (2000).

Tests have been executed with a forward velocity of 0.6 m/s and a fixed side slip
angle of 5° to illustrate the contribution of tire relaxation effects. The vertical force
F_ has an average value of 4000N and changes sinusoidally with an amplitude of
2000 N and different excitation frequencies are used: 0.25, 0.5, 1 and 2 Hz. Since
tire relaxation behavior is path dependent, it is convenient to use the wavelength A
to interpret the results, the following relation holds:

A=—, 172
7 172)
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Fig. 42 Tire relaxation effects due to sinusoidal vertical force changes (@ = 5°, V = 0.6 m/s)

where V is the forward velocity and f the excitation frequency. So in the experiments
the wavelength varies between 2.4 m (f = 0.25 Hz) and 0.3 m (f = 2 Hz). Figure 42
shows measurement results, on the horizontal axis the traveled distance, normalized
with the wavelength, is plotted. From Fig. 42b it is clear that a major decrease of
the average later force F, occurs when the wavelength is reduced by increasing the
excitation frequency. The tire relaxation effects are clearly visible: the lateral force
F), responds with some delay on an increase of the vertical force, whereas this not
the case for a decreasing vertical force.

Simulations have been executed for the same conditions. The steady-state corner-
ing characteristics are have been measured on the drum and are fitted using the Magic
Formula. The following parameters have been used in dynamic model: £, = 130,000
N/m, d;, = 1300 Ns/m and 6, = 0.02 m. The simulated lateral force F), is shown in
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Fig. 42c. When comparing the simulations with the measurements it is clear that the
main phenomena are captured well by the model, although differences exist. When
comparing the reduction in the average side force and using A = 2.4 m as the base-
line, it can be seen in Fig. 42d that the model shows the same trend and appears to
be fairly accurate.

In the optimization process of automotive shock absorbers one of the criteria is
to minimize the vertical tire force variations. Both measurements and simulations
show the loss of average side force due to a varying vertical force when the tire is
subjected to a fixed side slip angle. Though the experiments are executed at a low
forward velocity (2.16 km/h) and the maximum excitation frequency is limited to
2 Hz, the results are still meaningful for road car cornering.
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Optimal Vehicle Suspensions: M)
A System-Level Study of Potential Shmes
Benefits and Limitations

Davor Hrovat, H. Eric Tseng and Josko Deur

Abstract Fundamental ride and handling aspects of active and semi-active sus-
pensions are presented in a systematic way starting with simple vehicle models as
basic building blocks. Optimal, mostly Linear-Quadratic (H2), principles are used to
gradually reveal and explore key system characteristics where each additional model
Degree-of-Freedom (DoF) brings new insight into potential system benefits and
limitations. The chapter concludes with practical considerations and examples
including some that go beyond the more traditional ride and handling benefits.

Keywords Active and semi-active suspensions - Ride comfort
LQ control - Preview - Trajectory optimization - Active safety

1 Introduction

1.1 Goals/Objectives

During the past several decades there was a substantial activity in the area of
automotive computer controls and related mechatronics developments. This started
in the 1970s with engine controls and later included transmission and overall
powertrain controls. Subsequent additions included brake and driveline controls
such as four- and all-wheel drives, for example.

While there were substantial evolutionary developments in controls of longitu-
dinal direction or X-dimension of vehicle motion, on the other hand there was
relatively less activity and progress in the other two dimensions—Ilateral or Y and
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vertical or Z dimension—in terms of actual production applications. This is in
particular true for the case of vertical vehicle motion control via appropriate
advanced, controllable suspensions. While there were occasional major waves of
agitated and at times almost frantic activity in this area in the past, currently the
only advanced suspensions that saw some actual market penetration and usage are
the so-called semi-active suspensions, which are essentially controllable dampers.

The main objective of these lectures is to present potential benefits and asso-
ciated requirements and limitations of advanced active and semi-active suspensions.
It is hoped that this will lead to additional insight and revived interest towards
further developments in the above “forgotten dimension”, which may represent a
major yet not fully explored and exploited opportunity. In addition to addressing the
opportunities in more traditional areas of improved ride and handling the new class
of advanced suspensions may be especially attractive and timely addition to overall
vehicle controls in view of ever increasing interests in the areas of active safety,
driver assist technologies and autonomous vehicles. The conglomerate of all those
benefits may eventually lead to wide-spread production of advanced suspensions
benefiting millions of customers.

1.2 Basic Definitions

Before proceeding it is necessary to define some basic notions to avoid possible
misunderstandings, i.e. so that we are all on the same plane going forward through
these notes. In particular, we are concerned with such notions as what sort of
vehicle suspensions we are going to deal with in the sequel. The definitions are
mainly based on the notion of passivity, which is closely related to energy supplied
to or dissipated by the suspension unit.

Passive suspensions. They typically consist of shock absorbers and springs and
as such they don’t require any external energy sources i.e. they dissipate the energy
through the process of heating up the shock absorbers or dampers. They are seen on
most past and contemporary vehicles in the form of Macpherson struts (seen typ-
ically as front suspension on most contemporary vehicles), multilink suspensions
(seen on most luxury-type vehicles) and others.

Active suspensions. Unlike their passive counterparts, active suspensions do
require external sources of energy provided through pumps and electro-motors, for
example, to fully achieve their intended function. In turn they result in superior
performance at the expense of higher costs, increased complexity, more demanding
packaging requirements, and, in general, reduced robustness. In particular, while—
as we will see later—the active suspension can result in substantial improvements
in ride and handling and other benefits, their implementations also face significant
challenges such as containment of the so-called “secondary ride” that is demon-
strated through excitation of higher frequencies typically around and above 10-
20 Hz. In terms of actual practical implementation through different energy media
one distinguishes between:
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e Electro-pneumatic active suspensions including Load-Leveling
e Electro-hydraulic active suspension
e Electrical active suspension

Furthermore one can distinguish between single and double acting (i.e. one- or
two-sided actuation, where controlling force is acting upon one or both sides of an
actuator), and between narrow and wide band actuators depending on the frequency
range or “fidelity” of actuator desired force (or velocity/displacement) delivery.

Semi-Active (SA) suspensions. As their name implies, SA suspensions fall
between active and passive suspensions. They are controllable, “smart” dampers or
shock absorbers that require relatively very small amount of energy to modulate
their damping parameter and thus perform their desired function—produce the
desired force, whenever possible in view of the passivity constraint (to be discussed
next). Due to small energy requirements the SA suspensions can be in practice
regarded as essentially smart passive devices.

Mathematical definition of passivity. The above are more intuitive or practical
definitions of passivity and related passive or active suspensions. A more precise
definition of passivity follows from similar definitions used in the areas of electrical
networks and mathematics (Anderson and Vongpanitlers 1973). Accordingly, an
operator P is passive if there exists some constant k such that the inner product

(Pv|v)r=k (1)

where the inequality must hold for any final times 7 and all elements of v(.) from an
extended inner space composed of all functions that do not “explode” i.e. have
finite escape time. Associating v with velocity across actuator and Pv with corre-
sponding force, then the above inequality reflects the energy conservation (in the
case of equality) or dissipation (in the case of inequality) that is characteristic of
passive suspensions consisting of a spring and/or damper or shock absorber,
respectively. In this particular example the above inner product amounts to
time-integration of the product of actuator force and velocity i.e. integration of
power across the actuator, which is the energy dissipated or produced by the
actuator. With passive suspension this energy is positive and larger or equal the
amount of the initial energy contained in the actuator as represented by constant k;
the inequality must hold for any final time 7 and velocity profile v(?).

For Linear Time-Invariant (LTI) systems the above passivity constraint with
k = 0 is equivalent to a requirement that the associated transfer function matrix P
(s) is Rational Positive Real (RPR) matrix. The RPR matrix P(x) must satisfy a set
of conditions (Anderson and Vongpanitlers 1973) that include P(.) being analytic in
the r.h.s. plane i.e. all elements of P must have poles where Re(s) < 0. Thus it can
be said that for any passive suspension that can be described by the LTI transfer
functions the associated impedance matrix P must be a RPR matrix. This provides
one way of checking if a given suspension constitutive relation can be realized via
passive means or it may require an active actuator implementation.
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1.3 Historical Background

There is a relatively long history of efforts in the area of active suspensions. They
have been mentioned and considered already in the 1960s through theoretical
studies by Bender (1967a, b), Bender et al. (1967), Karnopp and Trikha (1969),
Young and Wormley (1973), Thompson (1971) and others, mostly from MIT.
Since then there were numerous studies on potential benefits and limitations of
active suspensions in the context of ride and to some extent handling; most of this
earlier work is summarized in Sharp and Crolla (1987), Elbeheiry et al. (1995),
Hrovat (1997) and more recently in Mastinu and Ploechl (2014), Tseng and Hrovat
(2015).

While there was much effort and progress in terms of theoretical analysis and
overall insight, the progress in actual production implementation of active sus-
pensions was relatively slow and somewhat sporadic. To this end there was a major
wave and push towards the latter during late 1980s and early 1990s. It started with
the Lotus efforts aimed towards formula F1 racing. In particular, a special Lotus
Esprit experimental vehicle was used through many years of research and devel-
opment resulting in some very impressive media shows and demonstrations. This is
also reflected in the January 21, 1987, New York Times article, with citations from
different automotive media evaluators ranging from “most impressive thing I've
ever tried” to “the greatest single advance in car engineering since the war”.

However, it should be pointed out that the most impressive demonstrations were
done on special test tracks that amplified large, low frequency road undulations,
which were “ideal” for exciting the dominant heave mode of body dynamics. The
latter is typically around 1-2 Hz with relatively low damping ratio (Hrovat 1997).
In reality, most actual roads are not of this type and ride benefits were then less
dramatic.

At the time most automotive OEM’s or companies on practically all continents,
but especially in Japan and the US (Akatsu et al. 1990; Goto et al. 1990; Goran
et al. 1992), have been heavily involved in R&D towards realizing a practical active
suspension that would robustly and reliably deliver most of ride and handling
benefits at reasonable cost, weight, packaging and energy requirements. While there
was considerable progress in experimental and test vehicle developments of active
suspensions only a few such systems saw actual production. This was in the form of
limited production series introduced during the 1990s by Nissan in the Infinity
Q45a (Akatsu et al. 1990) and Toyota in the 1989 Celica (Goto et al. 1990) which
were eventually discontinued. One of the main reasons for this lack of wide-spread
usage is that active suspensions at the time did not deliver sufficient value: their
performance as measured in terms of ride and handling improvements were not
noticeable enough while at the same time their cost was prohibitively high for all
but the most luxurious vehicle segments.

Subsequently, for the next two decades the active suspension efforts were mostly
limited to further theoretical developments done mostly in academia and few
industrial R&D institutions. In particular, the latter include long-standing internal



Optimal Vehicle Suspensions: A System-Level ... 113

efforts within Bose in developing their electrical active suspension, which attracted
significant media attention at the time (Moran 2004). At present, there is only one
significant production application of active suspensions—the so-called ABC,
Active Body Control, introduced by Mercedes. This was recently further enhanced
under Magic Body Control (MBC) where for the first time the use of road
roughness preview ahead of the vehicle has been used based on stereo cameras
(Anonymous 2017a; Streiter 2008). It is interesting that the ABC/MBC has been
offered by Mercedes as standard equipment on their top line, luxury models.

Last but not necessarily least, it should be mentioned that while active sus-
pensions did not see wide-spread in-vehicle production applications thus far, their
SA counterparts did find much larger acceptance and can now be found in many
vehicles under different marketing designations such as Continuously Controlled
Damping (CCD), Magnetic Ride/MagneRide Control and others. While their per-
formance was in general somewhat inferior to corresponding active suspension
performance at the time, their cost, robustness, relative simplicity and lower
packaging requirements and parts count all were more favorable. Thus they resulted
in higher value and acceptance rates so far.

1.4 Motivation

Since the first wave of active suspension efforts dating back to 1980s and 90s did
not succeed to bring a widespread production introduction of this high-tech concept
it is appropriate to ask—why reconsider it now? While this is a fair question there
are a number of factors that evolved during the last couple of decades that warrant
re-examination of this relatively dormant field. This includes:

e Further developments and continuous progress in the areas of Control Systems
and Optimization, and related Optimal Control methodologies such as Model
Predictive Controls (MPC) that are becoming more and more applicable to
Automotive Controls (Ulsoy et al. 2012; Rajamani 2012; Hrovat et al. 2011a, b);

e Further developments and progress in computers—both hardware and software,
electronics/mechatronics, conventional (passive) suspensions, and electrical
machinery;

e Ever increasing emphasis on and importance of Active Safety (van Zanten
2014);

e Recent trends in sensors and infrastructure enhancements; this includes cameras,
Lidar, Vehicle to Vehicle (V2V) and Vehicle to Infrastructure (V2I) commu-
nications, various forms of mapping including 3D mapping etc. Most of these
new technological developments will facilitate highly effective preview controls
based on, for example, MPC optimization (Xu et al. 2016; Hrovat et al. 2012);

e Recent developments and widespread efforts in Autonomous Vehicles (AV),
which could free many current drivers to do many other tasks and activities such



114 D. Hrovat et al.

as writing a report or playing his or her favorite computer game; all this will be
much easier to accomplish having an AV with a more steady platform facilitated
by a fully active suspension.

1.5 Brief Overview of Automotive Controls

As shown in the previous section, the field of automatic controls is central for many
of the ongoing activities and developments that are highly relevant for the next
possible wave of active suspensions. When speaking of “controls” here we are
primarily focusing on computer controls, which have been prevalent in the auto-
motive field for more than four decades by now. This implies related areas of
control-oriented modeling, which uses appropriately simplified models, along with
many computer-assisted control system design, analysis and simulation tools and
methods such as MATLAB, for example. The latter include open- and closed-loop
control algorithm design and analysis based on both classical as well as so-called
“modern” or advanced controls; optimization/optimal control design; signal pro-
cessing and diagnostics; system identification and estimation; Neural nets, Fuzzy
logic controls, and Artificial Intelligence (Al); along with associated architecture,
sensors, actuators, processes and embedded real-time software/CAE tools.

The automotive computer controls started in 1970s with the advent of micro-
processors, which were first used for engine controls, in particular spark advance
control that was prior to this accomplished through hardware means. Since their
modest beginnings in early 1970s the computer controls then propagated to all
aspects of engine and powertrain operations. This includes: Air-Fuel (A/F) ratio
control; Idle Speed Control (ISC); Exhaust Gas Recirculation (EGR) control; Waste
Gate (WG) control in case of boosted engines; many features of Automatic
Transmission (AT) control; and others (Hrovat et al. 2011a).

In almost all those cases the previous hardware-based controls have been
replaced by software. In the process the functionality and complexity of hardware
solutions that evolved through decades of ingenious refinements was transferred to
software, which grew more and more complex with time. However, one huge
advantage of software control implementations is their inherent flexibility: it is
much easier to modify computer programs then the corresponding hardware
implementations.

Next, the computer or more precisely microcomputer controls propagated to
many areas of chassis and overall vehicle dynamics and related functionality. This
includes, in a somewhat chronometric order, the following features: ABS brake
effectiveness/stopping distance control; Traction Control (TC), which can be
viewed as a counterpart of ABS especially helpful when driving on slippery roads;
Electronic Stability Control (ESC)—a very effective safety feature helping prevent
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many accidents, especially in emergency situations; Load Leveling (LL) used for
vehicle posture control; Four Wheel/All Wheel Drive (4WD/AWD) drivetrain
control that aims at optimizing traction on all four driven wheels, again especially
relevant for driving on slippery, snow- or ice-covered roads; Continuously Con-
trolled Damping (CCD) semi-active suspension control; Adaptive Cruise Control
(ACC) sometimes also called Autonomous Cruise Control due to its ability to
lock-in behind a leading vehicle and keep the related distance constant in terms of
time distance between the two; Electrical Power Assist Steering (EPAS) and
numerous forms of EPAS-based vehicle controls such as Active Front Steer (AFS),
Four Wheel Steer (4WS), Lane Keeping Aid (LKA), Trailer Backup Assist (TBA),
and, more recently various means developed to assist or fully control the parking
tasks such as Fully Automated Parking Assist (FAPA) and Remote Parking Assist
(RePA).

From the above somewhat lengthy list one can observe that most of the auto-
motive computer controls developed to date have been applied—via powertrain,
brake, and 4WD actuation, for example—in the longitudinal or X-direction (or
dimension) of vehicle motion. This is visualized in Fig. 1, which displays various
functionalities placed at their predominant axis of action. Next comes the lateral or
Y-direction, which has seen significant revival of activities lately. On the other hand
there is relatively little activity seen along the Z-axis or vertical motion of a vehicle
where we see only the Mercedes ABC system as a sole representative of active
suspension controls. As we will argue in a sequel, this “forgotten dimension” may
represent a major opportunity for further expansion and application of automotive
computer controls in the future.

Z
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\ When /
How to
SA AF WG ESC Shilt... E-Clutch ABS ESC...
— — X
ISC  EGR TC acc.l_ Bypass Clutch -~ TC
Engine Transmission Brake 4WD

Fig. 1 3D representation of various automotive control functionalities
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1.6 LQ Optimal Control Problem

There are many ways one could design an advanced, active vehicle suspension
system. Some of those can be based on different optimization methodologies. In this
work we focus on one of the most popular optimization methodologies—the Linear
Quadratic (LQ) optimal control techniques, which, as we will see in a sequel, is
particularly revealing and well-suited for our vehicle suspension design problem.

Deterministic LQ problem statement and solution. Since most of the opti-
mization work pursued in the present study is based on the Linear Quadratic
(LQ) optimal control approach (Athans and Falb 1966; Anderson and Moore 1971;
Kwakernaak and Sivan 1972; Levine 2011) we will now briefly summarize main
characteristics of this by now well-established and quite popular methodology,
which years back was referred to as “advanced or modern controls”. As it name
implies the LQ technique involves linear vehicle or plant models and quadratic
optimization or performance index. The linear models can be either time-varying or
time-invariant (LTI); presently we will almost exclusively deal with the latter i.e.
LTI models. In addition, we will focus on infinite-time regulator problem that, as
we will see below, results in feedback controls with constant control gains. The
corresponding deterministic LQ optimal control problem can be stated as mini-
mization of the following Performance Index (PI):

Minimizey, ., | PI = / (" (1)Ox(t) + u” (t)Ru(t) + 2x" (t)Nu(t))dt (2)
0

subject to LTI vehicle model dynamics

d
—X:Ax+Bu+Gvd

dt
y=Cx+Du 3)
x(0)=xp

where the PI weighting matrices R’= R > 0, Q"= Q > 0, y is the output variable
associated with the PI of Eq. (2), and v, is a vector of deterministic disturbances. In
the present case the latter are typically modeled as unit impulses in ground velocity,
which is equivalent to unit steps in ground displacement (in case of more complex
ground inputs they can sometimes be captured by expanding the state-space to
include the augmented states representing different ground displacement shapes).
Often the above step-like disturbance terms can be fully or partially captured by
the equivalent initial condition vector, xo. For example, in the simple case of a 1D,
1DoF optimization treated in Sect. 3.1, one can approach the underlying deter-
ministic two-state optimization problem as the one with zero initial conditions and
an impulse in ground velocity i.e. step in ground displacement. Alternatively, the
same problem can be approached as the one with zero ground input (v, = 0) and



Optimal Vehicle Suspensions: A System-Level ... 117

non-zero initial conditions where the first state—the one corresponding to the rat-
tlespace displacement—is initially set to 1 (x; = 1) to represent the initial com-
pression of the suspension space that is equivalent to the above-mentioned unit step
in ground displacement. Later we will discuss another equivalence—the one
between the above deterministic LQ results and corresponding stochastic case. But
first, let us summarize the general solution to the above optimization problem and
then say few words about the important topics of the stability and robustness of the
LQ-optimal solution, which is critical for any possible practical implementation of
the LQ-like control strategy.

The optimal solution to the above deterministic, infinite-horizon,
continuous-time LQ regulator problem is given by following feedback controller:

u*= —Kx 4)
where the constant feedback gain matrix K is given by
K=R™'(B"P+N") (5)
and P is obtained by solving the following Algebraic Riccati Equation (ARE)
A"P+PA—(PB+N)R™'(B'"P+N") +0=0 (6)

Now, for the case when N = 0, which is most often encountered here, if the pair
(A, B) is stabilizable and (A, C) is observable, where Q = C”C, then the above ARE
has a unique positive-definitive solution P > 0, which results in an asymptotically
stable, LQ-optimal, closed-loop system. If (A, B) is stabilizable and (4, C) is
detectable, then the above ARE has a unique positive semi-definitive solution
P > 0, which again results in asymptotically stable, LQ-optimal, closed-loop
system. When N # O then the equivalent, more stringent stability conditions can be
found in Anderson and Moore (1971).

Robustness of LQ regulator. Robustness properties of the deterministic LQ
optimal regulator for the nominal or most often cited case when the cross-weighting
matrix N = 0, are well known. Here under “robustness” we refer to system ability
to still maintain good performance and stability despite the unavoidable errors due
to model mismatch, and many other unpredictable noise factors that typically occur
in practice. Assuming that all the states are available the Single-Input-Single-Output
(SISO) gain margin is very generous and can range between 6 db and infinity, i.e.
the nominal gain of 1 can vary from 0.5 and +oo0, whereas the associated phase
margin is 60°. Similar results apply for each individual control channel of the
corresponding Multi-Input-Multi-Output (MIMO) case under some mild additional
assumptions as elaborated by Safonov and Athans (1977).

However, as shown by Ulsoy et al. (1994), once the non-zero cross-weighting
matrix N is introduced, the above impressive robustness properties of the “standard”
LQ regulator don’t apply anymore and can be significantly reduced. For example,
in the context of the present vehicle dynamics ride and handling optimization
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problem this situation arises when one augments the actuator-only secondary sus-
pension of a quarter-car setting (see Sect. 3.2 below) with some passive counter-
parts such as an additional supporting spring and possibly a damper. These passive
components could reduce maximum and average force and energy requirements
from an active actuator. However, there could be instances when the actuator needs
to provide net active power thus requiring total neutralization of the passive ele-
ments (or partial reduction of the spring stiffness) and if this action is overdone due
to modeling and other errors one could see the potential for significant degradation
in system performance including destabilizing effects of ending up with a net
negative spring or damper effects, for example.

In addition to the above, the robustness of the LQ solution can be further eroded
when not all of the system states are directly measured and available for controls
(Ulsoy et al. 1994). Indeed, more often than not this is the case in practice since
some state measurements are very difficult to make and some may be too costly. If
the system in question is observable then these missing states can be reconstructed
via different state estimation techniques, such as Luenberger observer (Levine
2011), for example. However, the additional dynamics and related dynamic delays
typically result in further reduction of robustness and associated gain and phase
margins. These issues are further amplified in the case when various noises are
present—either in the process i.e. model dynamics and/or state or output mea-
surements that will be discussed next.

Stochastic case—LQG controller. As described later (Sect. 2.2) most road
inputs relevant for vehicle ride dynamics can be described as random, stationary
stochastic processes. In this case the above deterministic LQ optimization problem
transforms to an equivalent stochastic counterpart with an additional assumption
that all random noises are white and of Gaussian character. The resulting opti-
mization problem is then referred to as Linear Quadratic Gaussian (LQG) optimal
control problem. In the context of present usage it can be formulated as mini-
mization of the following Performance Index

Minimizey, ;(u [PI =E (xTQx +u'Ru+ 2xTNu)] (7)
subject to LTI vehicle dynamics

d.
j); =Ax+Bu+Gw, (8)

where the expectation operator E(.) represents steady-state mean square (co-variance
matrix) values of the affected variables. Here w,, is the system disturbance in the form
of aforementioned Gaussian white noise process characterized by

Elwa(1)] =0
alt

E[W ( 1)Wd(t2)] =271W5(t1 —tz) (9)
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with 6(.) representing the impulse or Dirac delta function, and W being the
two-sided road (vertical) velocity power spectral density, which is equal to the
product of road roughness coefficient and vehicle velocity (see Sect. 2.2 below).
Special care should be exercised regarding the factor 2z since some road descrip-
tions may imply different factor. This can be traced to different definitions of the
associated Fourier transforms (Weisstein 2017). In practice this means that one
should be aware of the context how different psd data were obtained, especially
when dealing with measured road spectra (Mastinu and Ploechl 2014).

The solution to the stochastic LQG problem is given by the same optimal
feedback gain matrix K as in the corresponding deterministic LQ regulator problem.
The only difference is that in the general LQG case one uses Kalman estimate of the
state vector x, which amounts to a linear unbiased minimum error variance estimate
obtained via Kalman-Busy optimal filtering (Sage and White 1977; Anderson and
Moore 1990; Levine 2011). However, just as in the above deterministic case, the
estimation with associated filter dynamics and measurement noises can significantly
erode the robustness margins of the LQG controller. Indeed, as shown by Doyle
(1978) even a simple two-state example can result in practically zero robustness for
sufficiently large measurement noises and state weighting matrix Q. Another, more
practical i.e. physical example was provided by How and Frazzoli (2010) who used
an LQG controller to stabilize an inverted pendulum on a cart. It is shown that again
one can encounter a situation where vanishingly small robustness margins are
present around the nominally stable closed-loop system.

Calculation of performance metrics. In order to calculate different rms and
mean-square values we use the following Lyapunov-like equation for the
closed-loop covariance matrix X

(A—BK)X+X(A—-BK)" = —GI'G” (10)

where I" corresponds to the ground velocity psd quantity 2zW. Setting I' = 1 and
solving the above equation will then result in normalized covariance matrix, where
all relevant entries are normalized by 2zxW, i.e. the related rms values are nor-
malized by v2aW . This type of normalization will be used through most of the
present chapter. Once the covariance matrix X is known one can then calculate the
expected mean-square optimal control input from

E(u*) =KXK" (11)

Other output quantities of interest that are linear functions of states can be
calculated in a similar fashion.

To summarize. The infinite time deterministic LQ problem and its stochastic
LQG counterpart share the same optimal feedback control structure and associated
gain matrix K. In the context of present active suspension study, there are number
of equivalent or similar LQ optimization settings that lead to identical control
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structure and gains. First, in the case of a deterministic LQ regulator, there is
equivalence between appropriately posed initial condition response problem and
related step input in ground displacement (or an impulse in ground velocity). Both
of those deterministic settings are equivalent to the stochastic LQG problem for-
mulation where ground input is now represented through white-noise in velocity
process. In all three optimization cases we end up with the same optimal feedback
control structure with the same gain K as per the above Eq. (5).

Regarding the robustness of the LQ regulator there are two different answers
depending on the structure of the problem. In the case when there are no
cross-weight terms (N = 0 in PI) and when all the states are available then the LQ
regulator results in a robust closed loop system with gain margin of at least 6 db and
phase margin of 60°. However, this is in general not the case when N # 0 and/or
when some of the states have to be estimated—either via an estimator or
Kalman-Busy filter. In the present case we will mostly deal with the idealized
situation where N = 0 and all the states are available for controls. While this is an
idealized assumption the main objective of the present study is to establish best
possible performance potentials of active suspensions realizing that eventual actual
implementation will result in some degradation of performance and robustness.
These are important topics for further investigation along the V-diagram of Fig. 2
that should be pursued in the future once the optimal performance has been iden-
tified along with related high-level architecture, bandwidth, and other requirements.
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Fig. 2 V diagram representation of system-engineering approach to advanced suspension design
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1.7 System-Level Approach

In order to investigate potential benefits and limitations of active suspensions we
propose to start with a system- level (“30,000 ft” or “10,000 m”) study based on
simple vehicle models and related requirements and constraints. In particular, it is
proposed to start with establishing optimal ride and handling potentials based on a
simple, linear one-dimensional (1D) and 2D vehicle models. This is accomplished
by using appropriate optimal control tools such as the well-known optimal
Linear-Quadratic (LQ) methods, to determine global best possible performance
under ideal conditions and constraints.

The rationale being that if we cannot identify sufficient potential benefits within
a simple setting under numerous simplifying, mostly favorable assumptions and
thus less stringent constraints, there is little incentive to proceed with the study
toward more detailed and complex models and optimization settings with many
much more stringent constraints. The advantage of this “30,000 ft approach” is that
due its simplicity it can cover large territory of potential solutions and produce a
global view of the potential benefits and limitations. The key word here is “global”
since many opportunities may be missed or overstated if one focuses on just one or
two isolated points, as is the case with some studies.

On the other hand, depending on the outcome of the above “high-level” global
study one can decide whether to proceed toward more detailed (10,000 ft and
below”) studies based on more complex, possibly non-linear models. As such this
approach may be viewed as “top-down” as opposed to “bottom-up” approach where
one starts with the complex and very detailed models and then gradually simplifies
them toward control-oriented models and studies. Each approach has some
advantages and disadvantages and may be more or less appropriate depending on a
given task at hand.

The above top-down approach is particularly suitable for applying
system-engineering principles (Anonymous 2017b) following the Model-based
System Engineering V methodology (Anonymous 2017¢) shown on Fig. 2. The
entry point to the System V is at the upper left brunch of V starting with overall
customer-level requirements regarding system functionality and conceptual mode
of operations. Starting with overall customer requirements one can then use the
above simple models and appropriate optimization tools to establish what are the
best possible performance metrics and are they good enough to satisfy top level
customer requirements. In addition one can then obtain the outlines of needed
architecture and associated design and other engineering constraints such as desired
actuator configuration and bandwidth or fidelity. Essentially, such a top-level
optimization process uses modeling and related synthesis to produce results that can
in turn then be used as requirements and guidance for subsequent more detailed
lower-level work based on more detailed models and so on as one proceeds down
the left branch of the System V. Eventually the process reverses as one progresses
through the r.h.s. branch of V going through verification and validation phases
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starting from component tests all the way to validation of the whole system
operation and performance.

At this stage, following the above systematic approach we start by specifying the
high-level requirements for an advanced, high-performance vehicle suspension.
They can be listed as follows:

1. Maintain proper vehicle posture when subject to various inertial and external
forces and moments caused by braking, turning, wind gust, and other opera-
tional events and disturbances;

2. Provide superior ride comfort (in an optimal sense to be further elaborated in a
sequel) when subject to road roughness inputs, which act as a major disturbance
to a vehicle;

3. Secure superior road handling (in an optimal sense to be further elaborated in a
sequel) and overall vehicle agility;

4. Avoid excessive suspension stroke to avoid hitting jounce and rebound stops
(this is the so-called “rattlespace” constraint requirement);

5. Enable additional benefits and functionality that will facilitate enhanced active
safety and introduction of new, exciting functionality leading to superior cus-
tomer experience (the “wow” factor).

In practice, the first requirement is typically best addressed through feed-forward
control based on more detailed (possibly non-linear) models since some of the main
disturbances regarding posture control come from known sources such as engine
and brakes, which are initiated by the driver and thus known in advance to some
extent. From the above list we will focus on Ride and Handling requirements 2—4
for most of the subsequent sections with some comments regarding many future
exciting potential benefits being discussed in the last part of the chapter.

2 Setting up the Stage

In this section we will set the stage for the LQ optimization that will be used in the
subsequent section. To this end we will next discuss the appropriate, simple Per-
formance Index (PI) reflecting the above ride and handling requirements along with
pertinent constraints. Next, we will address the numerical description and con-
struction of an appropriately simple vertical road input representing the main dis-
turbance acting upon the system. Also, we will address what are the appropriate,
simple vehicle models that should be paired with the above. Finally, we will briefly
mention many of the underlying assumptions used throughout this chapter.

Note that the key words here are “appropriately simple” since for a global,
comprehensive analysis at this high of a level it is imperative to deal with an
appropriately simplified setting. This means that all aspects of the problem (PI,
constraints, disturbances, models) are in synch as far as the level of complexity is
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concerned. Indeed, it would not make much sense nor it would be efficient to have a
very detailed, 3D vehicle model but a simple “1D” PI or road description, and vice
versa.

2.1 Performance Index and Related Constraints

Since one of the main objectives of the present work is to establish ride benefits of
advanced active and semi-active suspensions, our first task will be to define an
appropriate ride comfort index, which will in turn be used to define the associated
optimization Performance Index (PI). This has been a subject of many investiga-
tions in the past. In its very nature this is an intrinsically subjective metric and as
such may be a subject of many more studies in the future, especially as we face
different modes of transportation such as autonomous driving, for example.

One of the first field-test studies to address the ride comfort metric was done in
the 1970s by Smith et al. (1978). The authors used couple of different vehicles
driven on 18 different roads with a total of 78 passengers. Their conclusion was
that, “excellent correlation was found to exist between the subjective ride ratings
and simple root mean square acceleration measurements at either the vehicle
floorboard or the passenger/seat interface”. The key results of this study are
reproduced in Fig. 3 where the horizontal axis represents the average or mean
personal ratings and vertical axis represents rms acceleration measured for com-
bined vertical and lateral directions. Here higher ratings represent better ride
comfort. Similar results were obtained for the case limited to vertical accelerations
only.

Further refinements of the rms ride comfort PI metric are possible through
introduction of the vehicle or seat-track vertical jerk, which is the derivative of the
vertical acceleration (Fearnsides et al. 1974). The rationale being that the addition
of jerk will capture contributions from high-frequency disturbances that are typi-
cally part of Noise Vibration and Harshness (NVH) spectrum. We will use this
additional jerk term when addressing some elementary ride optimization problem
based on simple, 1D vehicle models.

In addition to the above simple rms-based ride metrics there were number of
attempts to expand this metric in order to include frequency-dependence of human
sensitivity to vibrations. This was captured by the ISO standard 2631, which also
takes into account the length of human exposure to vibration (Anonymous 1972).
Additional information about various ride metrics and their further enhancements—
such as a comprehensive NASA metric applicable to 3D motions—can be found in
Hrovat (1993), Tseng and Hrovat (2015) and references therein.

It is interesting that some of the early comparison studies (Smith 1976; Smith
et al. 1978) found the simple rms metric comparable to more complex counterparts
such as the above ISO standard. Since the usage of proper ride metric depends on
the context of its usage and since in the present setting we focus on simple models,
optimization methods (LQ), and metrics, in what follows we will exclusively use
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Fig. 3 Least square fit to
experimental data by Smith
et al. (1978) expressing Mean
Personal Rating (MPR) as a
function of rms acceleration
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the rms ride metrics mentioned above. We remark that, if desired, it is easy to
incorporate frequency-weighting into the LQ-type metric by augmenting the
state-space model with appropriate filter states associated with the desired fre-
quency shaping. Additional considerations may apply when dealing with future
autonomous vehicles where ride sickness effects may be more pronounced due to
lack of driving activity (Wada 2016).

At this point it is important to stress that if the ride comfort were the only
objective of the optimization then the solution would be simple i.e. to keep the rms
acceleration (and jerk) equal to zero for all times by making the total suspension
force equal to vehicle weight for all times. This may work fine in isolated cases of
driving on flat surfaces. However, the main issue with such a suspension would be
that it would require unrealistically large suspension strokes or so-called “rat-
tlespace” to negotiate hills and valleys and similar large road deviations from flat
surfaces (in the extreme, one could consider airplanes as limiting case of such “air
cushion” vehicles).

In practice, the available suspension stroke is limited as determined by jounce
and rebound stops. Although these “bump stops” represent hard constraints they are
often approximated by soft constraints in the form of rms or mean-square
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limitations on rattlespace. The latter are then appended to the mean-square ride
comfort metric to form an overall PI that will be used for LQ or H, optimization
based on a simplest possible 1D vehicle model to be considered in Sect. 3.1.

In addition to the above rattlespace constraint we will later introduce an addi-
tional constraint when dealing with slightly more detailed 1D or quarter-car vehicle
models. The main purpose of this additional constraint will be to limit tire
wheel-hop, which can be detrimental to vehicle handling as well as ride. This yet
another mean-square constraint (this time on tire deflection or relative motion w.r.t.
ground) will be addressed in Sect. 3.2.

2.2 Road Description

As elaborated in Hrovat (1993) there are two kinds of disturbances that affect
vehicle ride and handling. One is caused by road roughness irregularities and the
other by different inertial and aerodynamic forces due to braking, turning, and wind
gusts, for example. In this paper we focus on road or ground input disturbances,
which are the most relevant for present ride studies.

There are many ways to describe road inputs, which can be classified as shocks
and vibrations. Shocks are discrete events of short duration and high magnitude,
such as encountered while suddenly hitting a pothole or road bump at relatively
high speed. On the other hand, vibrations are characterized by prolonged and
consistent excitations that are typically encountered during long trips on highways
and other roads.

When considering vibration excitation, road roughness is typically described as a
stationary random process of a given displacement power spectral density, p.s.d.
(Bendat and Piersol 1971). An example of measured displacement or roughness
power spectral densities of various roads and terrains from Sevin and Pilkey (1971)
is shown in Fig. 4.

Comparing the actual measured traces with the straight line of negative 2:1 slope
in the log-log scale one obtains the following often used approximation describing
road displacement p.s.d., S(.):

S(Q)=A/Q" (12)

where Q is the spatial frequency in units of “radians per length” (rad/ft in the case of
Fig. 4) and n = 2. The above displacement spectra imply that the corresponding
vertical velocity spectrum as experienced from a moving vehicle is constant for all
frequencies i.e. white noise with intensity of A * V, where V is vehicle forward
velocity. The white-noise characterization of the road input conveniently matches
the well-known LQG (Linear Quadratic Gaussian) optimal control setting, which
presupposes the white-noise Gaussian process and measurement noises (see
Sect. 1.6).
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Fig. 4 Measured power spectral densities of various terrain/road surfaces (according to Sevin and
Pilkey (1971) where factor 1/2n was used when relating autocorrelation function to psd)

Further reinforcements about the above white character of many measured roads
can be seen in Figs. 5 and 6 from Smith (1982).

Additional examples can be found in Hrovat (1993) and references therein where
one can also find references to more elaborate and/or multi-dimensional models of
road roughness such as discussed by Dodds and Robson (1973) and Rill (1983), for
example.

Numerical procedure used to construct an approximate white-in-velocity
Gaussian road sequence for usage in simulations is discussed in Hrovat and Mar-
golis (1975). The procedure starts with a sequence of uniformly distributed random
numbers with triangular autocorrelation function. The corresponding p.s.d. is then
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approximately white up to certain frequency band, which is controlled by the choice
of random sequence update rate. The sequence is next passed though appropriate
bandpass filter to wash out large road protrusions such as hills and valleys, on the
one hand, and high frequency noise that is well beyond the underlying models
bandwidth fidelity, on the other. In the final step, the sequence is ensemble averaged
to produce the desired Gaussian characteristics.

2.3  Vehicle Models

In order to complete the optimization setting we now briefly introduce some of the
simple vehicle models to be used in the rest of this work. We start with linear, time
invariant models of lowest complexity and gradually add additional dimensions and
Degrees-of-Freedom (DoF). The simplest possible model is shown in Fig. 7.
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Fig. 7 Simple 1D, One Degree-of-Freedom (DoF) vehicle model

It consists of only a sprung mass, My, and an active suspension actuator that can
produce any desired force U while supporting vehicle mass M.

The vehicle is assumed to traverse an uneven road with constant velocity V,
which creates a vertical input w(f) acting upon the lower mounting point of the
active suspension actuator. The vertical velocity input w(f) is proportional to vehicle
velocity V and the spatial slope of the road unevenness. It is in this context that one
talks about the “moving ground” when referring to w(f). As discussed earlier for the
purpose of the present study the spatial slope is approximated by a white-noise
process so that w(f) is also white with p.s.d. intensity proportional to V.

Next we introduce models resulting from considering only one corner of a
vehicle. These are the so-called quarter-car models—some of which are shown in
Fig. 8. In addition to the sprung mass M,, which is now appropriately propor-
tionated to a given corner, we also have an unsprung mass, m,,, which reflects the
wheel/tire subassembly with associated mass components due to steering links,
knuckles etc. The unsprung mass is typically only a fraction (one-fifth or less) of the
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Fig. 8 Various 1D, 2DoF vehicle models: with active suspension (a); with active suspension and
vanishing unsprung mass (b); with passive suspension (c)
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Fig. 9 Half-car, 2D vehicle model

corresponding sprung mass and is suspended between the primary suspension
provided by tire flexibility and secondary suspension that can be passive, active or
semi-active. A point-wise tire-road contact is considered, and the tire filtering effect
may be included, as needed.

As the next logical step in model complexity, we consider the so-called half
vehicle, 2D, models the simplest variant—without unsprung masses—being shown
in Fig. 9. It includes vehicle (sprung mass) pitch motion represented by angle 6, and
vertical or heave motion represented by vertical displacement, z, of its Center of
Mass, CM.

Finally the full 3D models are represented in Fig. 10, which shows the simplest
possible 3D model consisting of vehicle heave, pitch and roll modes. Note that
again the unsprung masses have been neglected for this lowest-level 3D model;
they can be easily added later, as needed.

The above 1D, 2D and 3D model variants are the ones most often used in studies
dealing with system-level advanced suspension optimization and synthesis,.
However, depending on the task at hand one may add some additional elements and
components such as subsystems consisting of an engine/powertrain suspended on
their mounts, and a driver suspended on a seat. Similar 2D, 6 DoF model has been
evaluated through actual vehicle tests and the corresponding results are shown in
Figs. 11 and 12. This illustrates that even a relatively simple, linear, time-invariant
2D models can provide good fidelity up to the bandwidth of 10 Hz and more. If
further improvements in fidelity are desired then one may have to consider addi-
tional modeling details and degrees of freedom and possibly even augment the
present lumped parameter models with flexible counterparts, as needed and
appropriate. The underlying assumption is that we are dealing with linear vehicle
models that are needed for the above LQ optimization approach.
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Fig. 10 Full-car, 3D vehicle model
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Fig. 11 Measured and predicted acceleration PSD’s at CG for linear 6 DoF, 2D model per Smith
and Sigman (1981)
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Fig. 12 Measured and predicted unsprung mass acceleration PSD’s for linear 6 DoF, 2D model
per Smith and Sigman (1981)

2.4 Assumptions

There are many implicit and explicit assumptions used throughout the course of this
work. Some of them we have already enumerated in the previous sections when
introducing rationale for chosen performance metrics, road disturbance represen-
tation, and different simplified vehicle models. Numerous additional assumptions
can be found in Hrovat (1997) and references therein such as Hrovat (1988). They
include the assumption that in what follows all state variables are available for
controls; that—as indicated earlier—all external load effects will be neglected for
most of the present study and assumed to be treated separately, mostly in the
context of feed-forward controls; and that all actuators are assumed infinitely fast
and accurate.

In addition, since one can consider suspension system to be essentially a filter for
road roughness induced disturbances, this filtering or attenuation should not include
(large) hills and valleys and similar low frequency ground inputs that vehicle should
follow. This can be achieved through appropriate signal processing (detrending) of
key signals used for control. The latter is especially relevant for so-called “sky-
hook” damper and spring implementations to be discussed in a sequel.

3 Optimization Results

In this section we proceed with developing optimal control results for different
scenarios starting with the simplest possible 1D, 1DoF setting and gradually pro-
gressing toward 2D and 3D cases. At each step we build upon the acquired
knowledge and insight, which in turn serves as a footing for the next step based on a
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more detailed model representation. In the process we reveal essential character-
istics of each optimization setup in terms of potential ride and handling benefits,
and fundamental constraints—such as different invariant points in key frequency
transfer function maps imposed by a given structural constraint, for example. While
focusing on best possible performance outcomes, which typically imply an active
suspension solution, we will also try to put these optimal results in a proper per-
spective by comparing them with the corresponding passive suspension
counterparts.

3.1 Simple 1D, 1DoF Case

Problem statement. Referring to Sect. 2, we can now pose the following optimal
control problem for the case of a simple, 1D, 1DoF model represented in Fig. 7:

Minimize,, ., [PI = E(x% + ruz)} (13)
subject to the following second-order state equations

dx/dt=x, —w (14)

dx,/dt=u
where as seen from Fig. 7, the states x; and x, represent suspension rattlespace and
sprung mass velocity, respectively, and u is a normalized force U/M,, which in the
present case equals to sprung mass acceleration. The PI of Eq. (13) then captures
the requirements for smooth ride (low u) balanced against the competing require-
ment for limited rattlespace (low x;). The disturbance w when seen from a moving
vehicle appears as a vertical velocity input caused by road irregularities. It is
modeled according to the aforementioned zero-mean, Gaussian white-noise
velocity characterization discussed in Sects. 1.6 and 2.2.

One DoF LQG problem solution—Skyhook structure. The solution to the
above LQG problem follows the procedure outlined in Sect. 1.6. Since we are
dealing with a simple second-order system it is now possible to obtain an entirely
analytical solution to this problem. We start with the Riccati equation (6)

A"P+PA—(PB+N)R™'(B'"P+N")+0=0 (15)

where in the present case

o 1 _fo _ o o _[P P _
S Bt A A ] A
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Substituting these expressions into the above ARE and solving for P we get

P1=\/§r%, P2=\/;, P3=\/§731 (17)

so that the optimal control gain matrix from Eq. (5) becomes
1 | |
K=;[P2 P3]=[r_§ \/ir_z] (18)

Thus the LQ-optimal feedback control u;, becomes

1 V2

MLQ=—r17.X1—m.X2 (19)

Since u represents a normalized force, the optimal suspension structure amounts
to a spring of normalized spring constant »~!/2, and a damper with normalized
damping constant of v/2r~'/4. While the optimal spring is placed between the
vehicle sprung mass and “moving” ground, the optimal damper is placed between
the vehicle sprung mass and an inertial ground. For this reason the latter config-
uration is called “skyhook” damper. The optimal skyhook structure is shown in
Fig. 13 along with the corresponding optimal performance boundary, both shown
as full lines in the figure. Note that this optimal structure could be inferred even
before solving the above LQ problem. This follows from the fact that the LQ
optimal control amounts to a feedback control based on two states with negative
signs resulting from the fact that the closed-loops system is asymptotically stable.

The optimal performance line in Fig. 13 has been calculated using covariance
Eq. (10) of Sect. 1.6, where for the sake of efficiency of presentation both states
have been normalized w.r.t. v/2rAV so that in general traversing rougher roads and/
or at higher speeds leads to larger normalized acceleration due to limited available
rattlespace. Just as in the case of optimal gain calculation, it has again been possible
to analytically determine all PI quantities of interest. Actual calculation steps can be
found in the Appendix. The resulting optimal trade-off is given by the following
equation

3V3
ULQ, rms,norm = 8)63— (20>

1, rms, norm

This is represented in Fig. 13 by solid straight line with a slope of —3 on the
log-log scale so that each 10% increase in available rattlespace facilitates 30%
decrease in rms acceleration levels. The optimal trade-off line is parameterized by
the weighting factor r. As it can be seen from the above equation for normalized
force u;p, which in the present case equals sprung mass acceleration—larger
weights r result in softer suspension settings with related smaller accelerations and
larger rattlespace requirements.
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In terms of actual practical realization, the skyhook damper structure cannot be
implemented in the configuration shown in Fig. 13 since an inertial ground is not
available from a moving vehicle. Thus in the context of a simple 1D, 1DoF model
under consideration, the suspension members can only be placed between sprung
mass and a “moving” ground. It is then shown in Hrovat (1982) by using the
definition of passivity from Sect. 1.2 that so positioned suspension actuator must be
an active device in order to implement the above LQ-optimal control strategy. It is
interesting to mention that one “almost” optimal all passive structure was shown in
Young and Wormley (1973). It consists of a serial combination of a spring and
damper all in series with the sprung mass. However, although such a structure
resulted in desired transfer functions there was a pole-zero cancellation corre-
sponding to the unstable pole at zero. This reflects the inability of such a structure to
support the sprung mass weight and also it violates the asymptotic stability property
of the LQ-optimal solution.

The skyhook structure has a number of advantages. Since the skyhook damper is
not in direct contact with the moving ground it can be tuned to higher damping
values than its more conventional counterpart placed between the moving ground
and sprung mass. Indeed, typical damping ratios for the conventional passive
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suspension are in the range of 0.2-0.3. On the other hand from the above equations
one can see that the LQ-optimal damping ratio is significantly higher and equals

v/2/2~0.7. The latter leads to more effective containment of sprung mass oscil-
lations especially the ones induced by frequencies around vehicle dominant heave
mode of oscillations typically around 1-2 Hz. This is the area where back-to-back
comparison between active and passive suspensions is typically the most impres-
sive when performed on a specially constructed test tracks with large, low fre-
quency undulations that can excite the above heave mode at right vehicle speeds.

Consideration of external loads. It is interesting that the above elevated
damping ratio will also help in containment of load-induced dynamic disturbances
due to inertia effects when braking, accelerating, turning and similar (Hrovat 1997).
Here it should be reminded that, as explained earlier, load disturbances have not
been explicitly considered so far. However, for completeness we briefly mention
the work of Young and Wormley (1973) where the authors address simultaneous
effects of both road as well as load disturbances. The load disturbances were
primarily due to aerodynamic forces acting upon a proposed high-speed ground
transportation vehicle. These aerodynamic forces that included wind gust and
similar were modeled as a random process in the form of a low-pass filtered white
noise. The authors show that large and random load forces can significantly dete-
riorate the LQG performance from Fig. 13 where, depending on the magnitude of
these forces, there could be a significant deviation in the optimal performance line
toward saturation in the direction of the lower r.h.s. of the plot. However, these load
effects become significant at very high wind speeds w.r.t. vehicles that were trav-
elling at speeds up to 300 mph, such as high-speed trains discussed by Young and
Wormley (1973). Another area of relevance is racecars such as Formula 1 vehicles,
which are subject to large aerodynamic loads. For most of conventional vehicles
this is not the case, and besides, since vehicle speed is known, one could use
feed-forward controls to counteract any mean aerodynamic loading (as well as any
loading due to inertia forces caused by braking, turning etc.).

Introduction of Semi-Active (SA) control. Although as discussed before it is
not possible to implement the LQ-optimal skyhook structure using more standard
passive components, one can still attempt to approach the LQ-optimal performance
by using semi-active dampers (Crosby and Karnopp 1973). One such strategy
would be to attempt to reproduce the optimal skyhook damper force whenever
possible i.e. whenever there is a passive power required by the SA damper placed
between sprung mass and moving ground (in reality this will be between sprung
mass and unsprung masses, as discussed in Sect. 3.2 based on quarter-car 2DoF
vehicle models). At any instant when this passivity constraint is not satisfied the SA
force is turned off since this is in some sense the “closest” that one could get to
optimal force at that moment. While not optimal this simple strategy leads to close
to optimal performance in practice.

Inclusion of jerk in PI. Although the vehicle sprung mass vertical acceleration
has been generally accepted as main indicator of passenger ride comfort, some
authors (Fearnsides et al. 1974) argued that in addition to acceleration one should
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also consider jerk—derivative of acceleration—as an additional metric when
evaluating ride comfort. This case was elaborated by Hrovat and Hubbard (1981).
To this end we expand the original PI of Eq. (13) by one additional term propor-
tional to the mean-square of expected sprung mass jerk. The augmented PI is then

P@:E[xf+r1u2+r2(du/dt)2] (21)

This can be next aligned with the standard LQG formulation by defining the
normalized force i.e. sprung mass acceleration, i, as a new state, x3, so that the
derivative of u, which is equal to sprung mass jerk, then becomes the new control
uy. The resulting LQG optimization problem can now be stated as

Minimizey, ; (., [PI] = E(x% + rlxg + rgu%)} (22)
subject to the following state equations

dxy /dt =x;, —w(t)
dxy/dt =u=x3 (23)
dxs /dt = uy

with r;, r, > 0, r; + r, > 0, and the white noise process w(f) specified as before.

The LQ-optimal solution to this problem is given by the following feedback
control law

Uy Lg= —Kx(t) = - k1X1 - kz)Cz - k3)€3 (24)

where it was again possible to obtain analytical solutions for control gains k,k, and
ks as a function of weighting parameters r; and r, (Hrovat and Hubbard 1981).
Moreover, since the new control, uy, i.e. jerk, is equal to derivative of acceleration,
and the latter is in turn equal to the original control, u, one can now write the
original optimal control—normalized control force as

Urg = —K/x(t)dt= —kl/xldt—kg/XZdl—k3X2 (25)

The first integral term on the r.h.s. equals the integral of rattlespace, second is
integral of sprung mass velocity, which is equal to sprung mass position, and the
last term involves sprung mass velocity. This leads to a structure depicted through
dashed lines in Fig. 13. In addition to the skyhook damper this new LQG-optimal
structure includes a skyhook spring and a (possibly fast) load-leveling device acting
upon the integral of suspension deflection. Both—the skyhook damper and spring
—are attached to an inertial ground that is in practice not available from a moving
vehicle. As implied by the assumptions in Sect. 2.4, this “inertial” ground should
represent a low-pass filtered or smoothed version of the road that retains large hills,
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valleys and similar. In practice this can be achieved through proper signal pro-
cessing such as, for example, high-pass filtering of vehicle accelerations and
velocities that would detrend large, low frequency components. In addition, with
current efforts on 3D road mapping, it should be possible to know some portions of
the road elevation well in advance thus further facilitating a creation of an appro-
priate “inertial” ground.

At this stage it is of interest to see how would the jerk-optimal suspension
compare w.r.t. more standard acceleration-only case. Relevant analytical calcula-
tions have been performed in Hrovat and Hubbard (1981); the results fall
in-between the full and dashed lines in Fig. 13. As indicated previously, the full line
corresponds to the standard 1DoF case with acceleration-only weighting. The
dashed line then represents the other special case when r; = 0 so that in this case
only the vehicle jerk has been optimized as a measure of ride comfort. For this
jerk-only weighting one can analytically express the relations between optimal
normalized rms rattlespace and acceleration as

/1000

3
36x 1, rms, norm

(26)

X3, rms, norm =

This is plotted in the log-log scale of Fig. 13 as a dashed straight line parallel to
the standard case where r, = 0. As it can be seen from Fig. 13 the difference in
performance in terms of acceleration-rattlespace trade-off is relatively small
in-between the two extreme cases. For example, for the same level of rms sus-
pension stroke the acceleration-only optimal suspension results in up to 26% lower
acceleration levels or, equivalently, the jerk-only optimal suspension results in up to
35% higher rms acceleration levels while substantially reducing the related jerk
(theoretically, for the standard case of acceleration-only weighting the rms jerk
tends toward infinity, which in practice may lead to very large jerk levels).

In addition to the substantial jerk reduction, there are a number of other
advantages associated with jerk-optimal suspension. This includes relatively large
damping ratios between 0.5 and 0.7, and the presence of integrating, load-leveling
component, which can provide good load containment and posture control. As
opposed to more traditional load-leveling systems that may take seconds and
minutes to establish new level, the present load-leveling system can be fast,
depending on the desired overall closed-loop system bandwidth. It should be
pointed out that the above skyhook spring-and-damper structure, and the fact that
the optimal controller includes load-leveling, imply that—just as in the standard
1DoF case—one will necessarily need an active actuator to implement the
jerk-optimal strategy.

Summary. While extremely simple the above standard 1D, 1DoF case provides
many useful data and insightful information about the structure and key charac-
teristics of an optimal suspension. This includes:

e Special so-called “skyhook” damper that provides superior isolation from
road-induced vibrations and shocks;
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e Superior heave mode damping with relatively high damping ratio of 0.7 when
compared to conventional passive suspension damping, which is typically in the
range between 0.2 and 0.3;

e Better dynamic load containment with up to 2-3 times smaller sags due to, for
example, sudden braking or cornering (Hrovat 1997);

e Optimal skyhook algorithm points to a practical strategy for semi-active sus-
pension control—today SA suspensions are already widely used in the industry
and “skyhook” is one of the most popular approaches for controlling the SA
devices.

e As an extension of the above standard 1DoF case one can also consider
including jerk as an additional metric of ride (dis)comfort. This naturally leads
to concepts of skyhook spring and fast load leveling resulting in substantial jerk
reduction and thus further smoothing and filtering of the ground input effects.

It should be stressed again that this simple analysis and synthesis is only the first
step in system-engineering based approach to advanced vehicle suspension design.
For example, reference (Evers 2010) addresses design of optimized cabin suspen-
sions for commercial trucks by starting with LQ design for the simple, 1 DoF
models discussed above. It then introduces much more detailed 4 DoF quarter car
models that include engine/powertrain module suspended on engine mounts and
some other additional effects. It is interesting that after detailed analysis and
appropriate approximations the study concludes that for the quarter-car models
under considerations the acceleration- and jerk-optimal controllers based on the
simple 1 DoF models perform close to the optimal controllers based on the full
eight- and nine-state models, respectively.

It could be said that in terms of the System V diagram from Fig. 2 we are at
around the tip of the left branch of V. While in general many more steps still need to
follow down the System V diagram, including input signal processing, actuator
design, load containment, system diagnostics and similar, nevertheless the above
insight serves as a solid “first base” (in the lingo of American baseball) for sub-
sequent R&D steps. At each such step we should gain some unique insight, which
will in turn point out to additional tasks and details needed to bring
production-worthy advanced active suspension to life.

3.2 Quarter-Car, 2DoF Case

A natural next step when progressing from the above simplest possible 1DoF model
is to include the so-called unsprung mass associated with the wheel-tire component
and all the related attached masses of steering and suspension subsystems. The
resulting “quarter-car” model is shown in Fig. 8. Part (a) from Fig. 8 corresponds to
the active suspension model we will be dealing with next, while models from parts
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Fig. 14 Percent path deviation versus change in tire deflection for simulated sudden crosswind
disturbance per (Asgari and Hrovat 1991)

(b) and (c) will be used later for comparison purposes in order to put our opti-
mization results in proper perspective.

Wheel-hop dynamics and related constraint. Introduction of unsprung mass
and tire stiffness brings an additional degree-of-freedom and an additional limitation
or constraint upon our system. The constraint comes from the fact that this addi-
tional dynamics may lead to wheel-hop oscillations on uneven roads which in turn
may lead to some loss of vehicle handling capability. More precisely, excessive
wheel hop leads to large variations in tire normal force, which then results in the net
loss of average normal force due to tire nonlinearity (concavity). Net effect is some
loss of tire tractive and cornering i.e. handling capability. The latter is illustrated in
Fig. 14 from Asgari and Hrovat (1991) where it can be seen that there is almost a
linear relation between the rms tire deflection due to wheel hop dynamics and the
percent deviation from an original, straight path of a vehicle subjected to sudden
crosswind disturbance. Thus, as is common in related literature, we will try to limit
the undesirable wheel-hop effects by introducing an additional quadratic penalty
term for tire deflection in the original performance index, Eq. (13).

Problem statement. Based on the above discussion and Fig. 14, we will next
define an appropriate performance index for the 2DoF quarter-car problem as

Minimizey .y [PI =E(rix] + 126 + u*) | (27)
subject to the following quarter-car dynamics corresponding to Fig. 8a
dxi /dt=x —w (28)

mustQ/dt = — kusxl +U (29)
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dX3/d[=X4 — X2 (30)
mgdxy/dt= —U (31)

where we have introduced an additional term r; x% in the above PI to penalize
excessive tire deflections. The rest of the symbols are self-explanatory: m,; and k.
stand for unsprung mass and (tire) stiffness, respectively; w is again the white-noise
ground velocity input; U represents the active suspension actuator force, and u is
normalized active force, which again equals sprung mass acceleration, u = U/my.

After normalizing the above set of four state equations one can end up with
another set of four with only two physical parameters instead of the original three
(my, my,, k). The two normalized parameters are @, = 2xf;= (km/mus)l/ 2, which is
natural “wheel-hop” frequency of the unsprung mass subsystem, and p = my/m,.
The normalized control, u, is now again equal to sprung mass acceleration. The
resulting LQG problem was solved using control systems CAE/CAD tools such as
Matlab and its predecessor Matrixx. Again, we were interested for a global solution
that will provide a comprehensive map and insight into the potential benefits and
limitations of the proposed active suspension concept. This was very much facili-
tated by the above tools.

The optimal control solution was in the form of a linear feedback of states, where
according to Sect. 2.4 we assume that all four states are known

4
u= — Z k,-x,- (32)
i=1

With this control and using the covariance Eq. (10) we can next calculate and plot
various performance metrics. The global plot of normalized rms acceleration versus
normalized rms rattlespace is shown in Fig. 15, parameterized by weighting factors
ry and rp. The plot has been obtained for the case with fj=10 Hz and p = 10. From
this “tornado-like” plot it can be seen that higher values of r; and r, result in less
comfortable rides. Similar comments apply to Fig. 16, which shows normalize rms
acceleration versus corresponding tire deflection.

More precisely, as it can be seen from Fig. 15, higher value of rattlespace
penalty, r,, results in smaller suspension excursions but larger sprung mass
accelerations i.e. less comfortable ride. Similarly, from Fig. 16 it can be seen that
higher value of the tire wheel-hop deflection penalty, r, results in smaller tire
excursions but larger sprung mass accelerations, and thus better handling but worse
ride comfort. The shaded areas in Figs. 15 and 16 correspond to the areas of
practical significance for the present vehicle ride optimization problem. The fol-
lowing example from Hrovat (1997) illustrates how could one use the above plots
in early phase of an advanced suspension design.

Ilustrative example. Assume that you have been given a task to perform a
preliminary, system-level study of potential benefits of an advanced active sus-
pension applied to an autonomous commuter vehicle. In order to facilitate the
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Fig. 15 Optimal normalized sprung mass acceleration versus rattlespace trade-offs for quarter-car,
2 DoF vehicle model

unhindered activities such as reading, texting, writing and similar, the proposed
suspension should deliver best possible ride quality within given design constraints
during a typical commute at nominal speed of V = 80 ft/s (88.5 km/h) on a road
characterized by road roughness coefficient of A = 1.6 x 107> ft (4.9 x 107° m).

The design constraints are that the rms tire deflection should remain bounded
within 1 in. (2.54 cm) from static equilibrium value 99.7% of time, and that the rms
of suspension deflection (rattlespace) should remain bounded within 3 in. (7.62 cm)
from its static value 99.7% of time. What would be the best possible i.e. the lowest
rms acceleration in this case based on the above quarter-car model with fij=10 Hz,
p = 10, and assuming that the road input is characterized by a Gaussian distribu-
tion? How realistic is the resulting closed-loop design in terms of underlying
dynamics, stability, robustness and bandwidth requirements?

We start by normalizing different constraint variables so that we can then use the
global optimal plots of Figs. 15 and 16. Since for most on-road operations the tire
(wheel-hop) constraint is more stringent than the rattlespace counterpart we first
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Fig. 16 Optimal normalized sprung mass acceleration versus tire deflection trade-offs for
quarter-car, 2 DoF vehicle model

explore the limiting case of x;. The Gaussian assumption and 99.7% time
requirement (i.e. the well-known 3o rule) imply that the rms tire deflection must be
less than 1/3 in. or 0.85 cm. The normalized rms tire deflection for the above speed
and road then must remain within

X1, rms.norm < 0.31's172 (33)

Choosing the above as the limiting value we proceed to Fig. 16 from where we
obtain the corresponding limiting i.e. smallest possible normalized rms acceleration

urms,narm ~ 108_3/2 (34>



Optimal Vehicle Suspensions: A System-Level ... 143
Choosing 5 norm = 10.9 s72 results in only 3%g rms acceleration. This partic-
ular candidate design is indicated as point A; in Fig. 16. Note that this level of rms
acceleration is at the lowest r.h.s. end of the scale used for subjective tests in Fig. 3
thus securing highest level of ride comfort.

At this stage we need to check if the rattlespace constraint has been satisfied. To
this end we enter the value of 10.9 s™2 into the vertical, normalized rms accel-
eration axis on Fig. 15 from where, for the aforementioned design point A, we get
the normalized rms rattlespace value as

X3, rms, norm = 0.605 51/2 (35)

which then results in actual rms value of only 0.67 in. implying 3c value of 2 in.
(5.08 cm). This is well within the required +3 in. constraint thus showing that the
most critical constraint in the present example is on tire deflection and related road
holding and handling. As indicated earlier, this is usually the case with most
on-road operating situations.

For the above design A we can next determine from Fig. 15 the associated PI
weights

r1=1100, r, =100 (36)
With these values one can then obtain the optimal control gains
k1 =6.084, ky=—0548, k3=10.0, k4=4.438 (37)
so that the closed loop system eigenvalues become
e12=—224j226, e34=—-2.75+j62.9 (38)

Note that the first set of eigenvalues corresponds to the well-damped oscillatory
mode associated with vehicle sprung mass heave or vertical vibration. It is char-
acterized by a natural frequency of only 0.5 Hz with the damping ratio of 0.7,
which by now should be well known from our previous 1DoF “skyhook” study (it
will be shown later that this 0.7 ratio is also LQ-optimal for vehicle models of
higher dimensions, i.e. 2D and 3D models). The relatively low natural frequency of
0.5 Hz falls significantly below most of current vehicle suspensions and is an
indication of an overall “softer” suspension setting.

The second oscillatory mode corresponds to the wheel-hop dynamics. It is
characterized by natural “wheel-hop” frequency of 10 Hz, and relatively small
damping ratio of only 4.4%. Whether this small amount of wheel-hop damping will
be sufficient will depend on the operating conditions, particular adaptive optimal
control strategy used, and similar factors. For example, this may be acceptable
while driving on the long straight stretches of the road where handling may be less
critical. On the other hand driving on winding stretches of the road may require
much higher wheel hop damping and thus an optimal control strategy that will
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adapt to different driving conditions, as needed. We will address this—along with
some possible hardware i.e. structural modifications—in more detail in subsequent
sections.

Before closing this illustrative example let us summarize how we answered the
original inquiries. First, we have succeeded to quantify what is the best possible ride
comfort level within given design constraints. Moreover, we have obtained some
insight about the resulting closed-loop system dynamics. While stable it did display
some potential issues and challenges such as robust containment of relatively low
wheel-hop damping. The latter may have to be addressed through software and
possibly hardware means, as we will discuss later.

Finally, a word of caution regarding bandwidth requirements of the resulting
closed-loop system. On the first glance, based on the above system eigenvalues it
would appear that the bandwidth requirements on the actuator force production
would extend to 10 Hz and more. However, such relatively high-bandwidth sys-
tems can be challenging to implement in practice since they tend to negatively
influence so-called “secondary ride” i.e. they tend to transmit high frequency road
induced disturbances. This also points out to the fact that force-related bandwidth
requirements are only part of the story. Indeed, even if we were required to keep the
actuator force constant and equal to vehicle weight (for “bestest” possible ride with
zero acceleration) i.e. if we were asked for zero force bandwidth, this task would by
no means be trivial due to the fact that our actuator mounting points are subject to
constant motion and road-induced disturbance. Some of these important
design-related issues will be discussed later and some are beyond the scope of this
system-level study at the left-top end of System V diagram of Fig. 2.

Passive suspension comparison. It can be shown (Smith and Walker 2000) that
the above optimal suspension strategy requires an active device, which is to be
expected based on our previous 1DoF results. At this stage it is appropriate to ask
how does this active suspension (Fig. 8a) compare with a conventional passive
counterpart from Fig. 8c. This is shown in Fig. 17, which focuses on the more
critical constraint i.e. tire deflection versus sprung mass acceleration trade-off. For
simplicity we show only the limiting curves for r; = 0, and r, = 0. Superimposed
on the figure are traces of passive suspension performance trade-offs for heave
mode natural frequencies between 1 and 1.5 Hz, and damping ratios varying
between 0.02 and 1.

From Fig. 17 it can be seen that the best passive suspension setting—in terms of
present trade-offs between smooth ride and firm handling—corresponds to point P,
with natural frequency of 1 Hz and damping ratio of 0.3. The latter is typically in
the range seen on most conventional vehicles that have been optimized through
many generations of iterative work primarily based on experience and intuition. In
addition, it can be seen that the best active setting for the same amount of tire
deflection corresponds to point Aj, which is only 11% below the passive coun-
terpart in terms of rms acceleration. Thus if one focuses at only this narrow region
(as was the case with prior investigations by some authors) then one would con-
clude that there is not much potential in active suspensions, especially taking into
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Fig. 17 Comparison between conventional passive suspension (point P1) and optimal active
counterparts (points Al and A) in terms of ride and handling trade-offs

account that most likely the results of the present simplified high-level study
constitute upper bounds of best possible performance.

However, one inherent advantage of active suspensions is that they can adapt to
different road/driving conditions so that different control settings can be used on
different stretches of the road. In other words, we could move either to the right or
left of point A in Fig. 17. Thus on the long straight stretches of a highway, such as
exist in Nevada, for example, one could relax the settings to mimic a soft sus-
pension with very smooth ride thus moving to the right of point A;. This is shown
as point A, which corresponds to our Illustrative Example design. Note that in this
case there is a 67% reduction in rms acceleration when compared with the passive
case P;. According to Fig. 3, such as large reduction can lead to substantial
improvement in subjective ride comfort ratings.

Alternatively, on winding roads one can go for much firmer suspension settings
for superior road holding and handling. In this case one would move to the left of
point A; trading improved vehicle agility for reduced ride comfort. This is not
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Fig. 18 Frequency response function of sprung mass acceleration versus ground input velocity
for passive and active suspensions from Fig. 17

possible for passive suspensions, which cannot move much farther to the left from
point P;.

We will next extend our comparison to Frequency Transfer Functions
(FTF) between the above three design cases, A;, Py, and A. This is shown in
Figs. 18, 19 and 20 for the three PI metrics of primary interest, sprung mass
acceleration, tire deflection and suspension stroke, respectively. By associating the
rms values of these quantities with the area under different frequency response
curves we can clearly see from Fig. 18 that design A will lead to much smaller rms
acceleration. On the other hand from Figs. 19 and 20 we can also see that this
design results in a large resonant peak at the tire natural frequency, which will lead
to increased wheel hop. This is in accordance with our previous observation that the
design A will result in relatively small wheel-hop damping. From the above FTF’s
we can make the following additional observations as given in the following
paragraph/subsection.

Invariant Points (IP). Turning our attention back to Fig. 18 it can be seen that
both active suspension settings A and Al, do a good job in reducing the acceler-
ation levels around the dominant, sprung mass heave mode of oscillations in the
neighborhood of 1 Hz. However, this is not the case with the second oscillatory
mode around the wheel hop frequency of 10 Hz where all three transfer functions
seem to pass through the same point. Indeed, it turns out that this is exactly an
invariant point for our original quarter-car structure. This was first observed by
Thompson (1971) and then extended by Hedrick and Butsuen (1990) to include an
additional invariant point at the frequency corresponding to the case of locked
secondary suspension i.e. sprung and unsprung masses vibrating in synch on a tire
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Fig. 19 Frequency response function of tire deflection versus ground input velocity for passive
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Fig. 20 Frequency response function of suspension stroke versus ground input velocity for
passive and active suspensions from Fig. 17
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spring. This can be seen from the following equations where we start with the
original set of four state Eqs. (28-31). Summing up second and fourth equation we
get the overall momentum-like equation for the two-mass subsystem
d.X4 de
s . ws—— = —k 39

ms— +m ” X1 (39)
By defining (absolute) displacements of sprung and unsprung masses as x, and x,,
and substituting x,; =x1 + f wdt in the above equation, the corresponding Laplace
transform becomes

mgsXy(s) + (kt + mussz)Xl ()= —my,ssW(s) (40)

Dividing the above equation by road velocity Laplace transform quantity, W(s), and
defining the three transfer functions associated with the PI acceleration, rattlespace,
and tire deflection metrics as

_ sX4(s)
W(s)

X (s)
W(s)

Ga(s) (41)

GTD (S) =

after dividing with W(s) and setting s = jw, we can rewrite the above equation as in
Hedrick and Butsuen (1990)

myGa (jo) + (k — mys0®) Grp (j©) = — mygjo (42)

From this equation we can conclude that at the wheel hop natural frequency
@ =+/k;/m,s the sprung mass acceleration transfer function, G4, has an invariant
point equal to

. A/ Mysk @
Ga(jor) = —]Tt = —1?1 (43)

which, for our case with p = 10, f; = 10 Hz, is equal to j 2n. The corresponding
gain or magnitude of G4 is 2z or 15.97dB ~ 16dB (cf. Fig. 18).

Using similar kind of manipulations starting with the above Eq. (39) but this
time substituting x,= x,,+ x3, we end up with the following equation

— myw’ Gg(jo) + [k — (mg + mm)a)z] Grp(jw) = — (mys + my)jo (44)
From this equation we see that there is now an invariant point at

@y =\ ki/(Mys +mg) =w1/y/p+1 (45)

where the rattlespace or suspension deflection transfer function, Gg, has the fol-
lowing constant value
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(mus+ms) _.p+1
mgw; P2

Gr(w2) =j (46)

For our case with p = 10, f; = 10 Hz, we have @, = 273.02 and corresponding
gain of Gy is 0.058 or —24.7 dB (¢f. Figure 20). As mentioned previously the above
invariant point frequency w, corresponds to natural frequency of a combined
sprung and unsprung mass oscillating on tire spring; it is typically in the range
between 3 and 5 Hz.

Based on Eqgs. (42) and (44) it was observed by Hedrick and Butsuen (1990) that
once one of the above three transfer functions is specified the other two follow from
the constraint equations. For example, choosing Gu(s) then implies that
Grp(s) follows from Eq. (42), which in turn fixes Gy via (44). A physical inter-
pretation of the above invariance is that within the given quarter-car structure of
Fig. 8a we observe that a single suspension actuator placed in-between sprung and
unsprung masses is asked to perform conflicting tasks of minimizing sprung mass
acceleration for improved ride comfort while at the same time providing adequate
wheel hop damping and road holding. It should be pointed out that the above
invariances and related limitations hold independent of the particular suspension
type—passive, active or semi-active—or control strategy used, as long as the
fundamental mechanical structure remains the same.

3.3 Comparison Between 1DoF and 2DoF Cases

In order to put the above results into proper perspective we next try to compare the
two basic active suspension cases studied so far: the simple 1DoF configuration of
Fig. 7 and the 2DoF case from Fig. 8a. To this end we overlay the 1DoF optimal
trade-offs over the corresponding 2 DoF results as shown in Fig. 21. From this
figure we can make two observations. From the lower right side we can see that for
the most part the optimal 1 DoF case results are significantly better i.e. below the 2
DoF trade-offs. This is to be expected since the 2 DoF problem introduced one more
constraint—tire deflection—that should then lead to less favorable outcome.

On the other hand from the upper left side we see that in some areas the reverse
is true i.e. the 1 DoF performance appears even worse than the 2 DoF case! The
reason for this apparent discrepancy is that we are not actually comparing apples to
apples since on the horizontal axis we are comparing total deflection between
sprung mass and ground of the 1 DoF system with the deflection between sprung
and unsprung masses of a 2 DoF system. As the rattlespace constraint becomes
more and more stringent i.e. as the suspension becomes more and more stiff the
advantage of the 2 DoF structure becomes more pronounced due to the ameliorating
effects of primary suspension i.e. due to more pronounced contribution from tire
deflection.



150 D. Hrovat et al.

/ 7 ¥
I' /
7 r= 106 ’l
7 " ™
“
=] g
= b
:
<
o
L
-
w
U ...... -
U -
<
v
"
<C
=
v
=
o
(]
= p=—fny =10
e |
g fi=10Hz
= Pl=E(U+r X+
O 1 1 273
= . = X 3.ms ?I_ Urms H
*" [2nAv ~ [znav
{Basic Model)
0.6 - \ N d S
0.6 1 10

NORMALIZED RMS SUSPENSION STROKE X ( s*/?)

Fig. 21 Comparison between “basic” 1DoF and 2DoF optimization trade-offs

To rectify this situation and facilitate more appropriate (apples-to-apples)
comparison, we introduce a modified 1 DoF model shown in Fig. 8b. It is a limiting
case of standard 2 DoF model with unsprung mass reduced to zero. The corre-
sponding optimal trade-offs are shown in Fig. 22, where we can now see—as one
would expect—that the upper left side of the plot is close to and below the cor-
responding 2 DoF line. At the same time the lower right side approaches and
merges with the previous “standard” 1 DoF case optimal trade-offs.

The observation that this optimal structure with vanishing unsprung mass, m,,, =0,
offers superior performance w.r.t. corresponding 2 DoF counterparts is logical con-
sequence of the fact that reduced unsprung mass for a given sprung mass, i.e. larger p,
leads to improved performance trade-offs as shown by Hrovat (1988), for example. In
the context of the present problem the new 1 DoF structure can be seen as limiting case
of 2 DoF model as unsprung mass becomes smaller and smaller. Another observation
from the lower right side of the plot is that for most operations where good ride is of
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Fig. 22 Comparison between 2DoF and various 1DoF optimization trade-offs

primary concern, we see that there is a significant loss of performance associated with
the 2 DoF models, which is primarily due to the additional, wheel-hop imposed
constraint.

3.4 Dynamic Vibration Absorber

At this stage it would be natural to inquiry how we could recover some of the above
lost performance and thus sway the optimal trade-offs in the direction of the arrow
in Fig. 22. To address this inquiry we know from the Invariant Points (IP) discus-
sion that this will not be possible within the given 2 DoF structure of Fig. 8a. Thus
the answer should be pursued through structural i.e. hardware modification. One
logical candidate to consider is tuned mass damper or Dynamic Absorber (DA).
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Fig. 23 Quarter-car 2DoF 1 X
vehicle model with dynamic m 4

vibration absorber (DA)
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As we know from the IP subsection, one of the most critical invariant points is at
the wheel-hop frequency and associate pronounced resonant peak due to relatively
low damping in this mode. Thus, if we could increase this damping without neg-
atively influencing sprung mass accelerations we may achieve our goal. This leads
us to the modified quarter-car configuration (3 DoF system) shown in Fig. 23 where
we use a DA tuned to wheel-hop frequency to alleviate the above issue i.e. increase
wheel hop damping without simultaneously increasing sprung mass acceleration.
The DA mass was chosen as one tenth of the unsprung mass and corresponding DA
damping ratio was chosen as 0.2.

The results of this global study are shown in Figs. 24 and 25. As it can be seen,
the DA effectively sways the optimal trade-offs toward the corresponding 1 DoF
case, which is especially pronounced in the case of acceleration versus rattlespace
trade-off in Fig. 24. This means that with the help of DA, our original smooth ride
design point A with very lightly damped wheel-hop mode now transform to point A’,
where based on Figs. 24 and 25 we can see that both the sprung mass acceleration
and tire deflection are further reduced resulting in improved ride comfort and
handling. From these figures we can conclude that further substantial improvements
are possible up to the point where now rattlespace constraint becomes the limiting
factor. For example, for design point A” we see that suspension deflection
requirement is the same as for the previous design case A while tire deflection and
especially sprung mass acceleration are both reduced.

At this stage to put all this into broader perspective and gain additional insight
into DA benefits, it is appropriate to compare performance of the above designs
A and A’ with design case A; and related passive case P; discussed in Sect. 3.2
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Fig. 24 Impact of dynamic
absorber on ride versus
rattlespace trade-offs (Hrovat
1997)

]

/)
A ‘J/ /
kS

A
g

Normalized RMS acceleration @ [s73/2]

0 0.1 1
Normalized RMS suspension stroke Xg (s!/2)
Fig. 25 Impact of dynamic - T B T
absorber on ride versus 2‘ gz et }
handling/tire deflection 2 100 | Ldiild : / il i
trade-offs (Hrovat 1997) = N =
g o {
2 :
s !
3 10 i gl W
o SENEIETEERENE Qb s IO
§ _ \oll J\'_‘, j_ >
i A" E»
2] :
= \gn& b
~ / 1 \
B == 2 DOF + DAS R
.E o P T— : "
Té' ;
c : FHIL
Z 0.1 i i R
0.001 0.01 0.1 1 10

Normalized RMS tire deflection xyg (s'/?)

(also see Fig. 17). The corresponding frequency response curves are given in
Figs. 26 and 27, which show sprung mass acceleration and tire deflection gain
transfer functions, respectively. From Fig. 26 we see that that for all three cases, Py,
Ay, and A, the sprung mass accelerations pass through the invariant point at the
wheel-hop frequency of 10 Hz. However, for case A’, which includes a DA, we see
that the invariant peak at 10 Hz has been substantially reduced (by more than
10 dB). This demonstrates that structural changes introduced by DA eliminate this
important and detrimental quarter-car constraint. At the same time, from Fig. 27 it
can be seen that the strong resonant peak in tire deflection at 10 Hz has been
substantially reduced when compared with the soft case A’ with the potential for
further reduction at the resonant peak but at the expense of more narrow notch. All
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those considerations can also be seen in related time responses where excessive
oscillations of the soft suspension case A’ have been contained with the help of DA.

The above study demonstrates significant potential benefits of dynamic vibration
absorbers. Their main drawback is added weight and more challenging packaging
requirements. To date there has been only one widespread, production application
of the DA concept. This was implemented in the highly popular Citroen 2CV
(sub)compact vehicle that was legendary for its supreme ride, especially for such a
small vehicle. According to the June 1987 Car magazine article, the 2CV ride was
characterized by the following statement, ““You will be enjoying the scenery on top
of a chassis which, in terms of small car terms, has no peer in ride comfort.”

In closing this section we observe that we did not re-optimize the total 3 DoF
system with the DA included. This would lead to further improvements at the
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expense of increased complexity since we would be feeding back six states instead
of four. Additional refinements are possible by optimizing combined or “hybrid”
system consisting of an active actuator and DA with free design parameters (DA
mass, damping, stiffness). One could also contemplate an active or at least SA
dynamic vibration absorber as proposed by Hrovat (1990). We will later focus on
the ultimate i.e. best possible quarter car configuration in the sense of LQG-optimal
performance. But first let us introduce an interesting mechanical element that shares
some (but not all of) characteristics of dynamic vibration absorber.

3.5 Inerter and DA Comparison

Inerter was introduced by Smith (2002) as a mechanical device where inertia-like
force is proportional to the difference of two accelerations across the device ter-
minals shown in the insert of Fig. 28, i.e.

d(VL - VR)

F=My =4

(47)
where M.z stands for the effective (linear) inertia due to reflected inertias of the
inner rotational masses within the inerter of Fig. 28, and v; and v stand for the
corresponding left and right terminal velocities, respectively. Note that, in terms of
bond graphs, the above device is a one-port with two distinct terminals. Further
generalization of this interesting concept might be possible in the form of a two-port

(a) Z "“ (b) (©) I M. S

Inerter . C: ks

N A\
I Jorr
f\® = | — [: My

s 1 =

0b—— C: k".\
N

ku\\-

Sf

Fig. 28 Race-car suspension with an inerter: schematic diagram (a); equivalent quarter car
schematic (b); and corresponding bond graph (c)
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that represents inertia-coupling that is characteristic of planetary transmissions, for
example (Hrovat et al. 2000).

It can be said that inerter is in part similar to the more common inertia element
where inertia force is proportional to the acceleration of the inertia element or
derivative of the associated momentum (Karnopp et al. 2012). Indeed, by grounding
one of the two terminals we end up with a standard inertia element.

It is interesting that the (generalized) inerter elements were present for quite
some time in different mechanical and hydraulic systems such as differentiators,
planetary gears, engine mounts, and hydraulic suspensions, for example. This can
also be seen from corresponding bond graphs where inerters can be revealed
through non-trivial attachments of inertia elements to a zero junction, where the
latter indicates a difference of two speeds or generalized flows (Karnopp et al. 2012;
Karnopp and Rosenberg 1970; Hrovat et al. 2000). While some of them may not
satisfy somewhat restrictive requirements originally postulated in Smith (2002) they
are certainly very useful as demonstrated through millions of vehicles and other
devices. In any case, Smith deserves credit for explicitly identifying and promoting
this somewhat ubiquitous yet “hidden” structural component, and at the same time
devising an interesting practical mechanical inerter device that has found significant
applications in the car-racing arena.

The device is sketched in Fig. 28 in the context of a racecar application. Based
on available information (Clarke 2012; Smith 2011; Scarborough 2011) the setup
seems to consist of a standard mechanical spring and damper configuration aug-
mented with a black-box device placed across the left and right side of a vehicle
front suspension elements or rockers. Assuming that the black box device is an
inerter without additional internal components and assuming symmetrical road
inputs at the left and right side of a vehicle an equivalent quarter car representation
and corresponding bond graph model are shown in Fig. 28b and c, respectively.

From the bond graph it can be seen that in this particular case the inerter is
represented by an inertia element in differential causality (Karnopp et al. 2012).
However, this may not always be the case. For example, inserting an additional
spring in series with the current C-R-I suspension setup would remove this con-
straint. Based on the bond graph of Fig. 28c, it can be deduced that the sprung and
unsprung masses effectively act in series with the inerter with the reflected inertia,
Jeg This can be seen directly from the bond graph due to the corresponding
0-junctions.

In reference (Smith 2002) it is shown that under certain conditions the
inerter-based suspension structure can produce notch filter-like effect similar to
tuned mass dampers or dynamic vibration absorbers (DA). Specifically, this was
demonstrated for a single mass case where such mass has been supported by a
vibration absorption-type suspension consisting of a parallel combination of inerter
and spring, which were in turn placed in series with a parallel combination of
another spring and a damper. The underlying assumption was that the mass is
subject to the base input oscillations with strong single-component frequency
content. It was then shown that by tuning the inerter-spring combination to this
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input frequency one could achieve complete disturbance cancellation comparable to
similarly tuned DA.

According to available literature the inerter was used to improve wheel adher-
ence to the track with Formula 1 racecars although the quantitative extent of this
improvement was not given. It is interesting that a DA-type device used by a
competing team was not allowed by the Formula 1 governing body although the
effects were apparently similar (Clarke 2012; Scarborough 2011). It is possible that
this was due to lack of full understanding of how these two devices operate in the
context of car racing.

While there was strong similarity between inerter-based and DA-based vibration
isolation in the case of single mass exposed to base oscillation, this similarity seems
to brake down in the case of a 2DoF quarter car configuration. In particular, note
from Fig. 28 that the inerter, as a one-port device, imposes equal forces on the
sprung and unsprung masses so that the Invariant Point constraint at the critical
wheel-hop frequency still applies (it is interesting that in the case of no system
damping this IP constraint reduces to a singularity). This is fundamentally different
from the DA structure of Fig. 23. Consequently it is expected that the quarter-car
performance will not improve to the degree seen with the DA. Indeed, the available
publications (Smith and Wang 2004; Papageorgiou and Smith 2006; Scheibe and
Smith 2009) seem to confirm this, although they were based on somewhat localized
studies where only one or maximally two attributes were considered at the time.
Further extensions could include jerk as component of ride comfort, although this
may disadvantage inerter-based suspensions due to their inherent inertia-like effects
and potentially less favorable high-frequency roll-off.

3.6 Best Possible Quarter-Car Performance and Related
Structure

Based on encouraging results with DA-enhanced quarter-car structure it was natural
to look into different possible extensions and variations of this concept in a search
toward best possible quarter-car performance. To this end reference (Hrovat 1990)
investigated potential benefits of augmenting the conventional, passive tuned mass
damper or DA with an additional active actuator acting in-between the DA and
unsprung mass. This lead to up to 35% lower sprung mass acceleration and 26%
lower tire deflection w.r.t. previously mentioned LQ optimal case A” with passive
DA—see Figs. 24 and 25. At the same time the suspension stroke or rattlespace
excursions have been kept almost the same in all cases. Similar results were
obtained for the configuration where only the DA-equivalent mass was kept without
the accompanying spring and damper so that only an active “unsprung” actuator
was used to suspend the DA-equivalent mass. However, the required active actuator
energy and force were significantly higher in this case thus confirming the use-
fulness of a full DA structure even when augmented by an active actuator attached
to the DA mass.
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Observing that significant additional benefits in performance resulted from
having unequal forces acting upon sprung and unsprung masses facilitated by the
DA-like structure, we now pose the following optimization problem as an extension
of the previous analysis. The problem setting is illustrated in Fig. 29a. This time we
are considering two independent actuators—one acting upon the sprung mass and
the other on the unsprung counterpart. Note that while in the previous DA-based
setting we were limited how much force could the unsprung actuator impose due to
limiting motion capabilities of the DA mass, this sort of constraint is not imposed
now.

In addition we make use of the fact that there is a natural two time-scale sep-
aration associated with quarter-car problem, where the slow mode corresponds to
the sprung mass oscillatory mode around 1-2 Hz and the fast mode corresponds to
unsprung mass wheel-hop mode around 812 Hz. Anticipating this separation we
structure the states as shown in Fig. 29a. The associated PI then has the same three
components (weighted means square of sprung mass acceleration and tire and
suspension deflection) as before with an additional term penalizing the unsprung
force

Minimizey rqu,, u, [PI =E(u% + r]xg +ra(x; —x3)2 + rw%)] (48)

where u; is the sprung mass acceleration equal to Uymy, and u, corresponds to
normalized unsprung force, i.e. u,= U, ¢/m,,. Now letting the penalty r3 on nor-
malized unsprung force be very small one ends up with the so-called (partially)
cheap controls (Saberi and Sannuti 1987). In the process we can think of the cheap
control u, as an essentially “structure optimizer”. Eventually letting r3 go toward
zero and transforming the cheap control problem to an equivalent singular pertur-
bation problem we end up with the optimal structure depicted in Fig. 29b (Hrovat
1990).
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Note that the structure optimizer u, was used to effectively eliminate the
unsprung mass, which is in accordance with the established fact that reduced
unsprung mass helps the overall ride and handling performance (Hrovat 1988). This
was also confirmed by our previous analysis from Fig. 22 comparing the optimal 2
DoF and 1 DoF performances. In addition, the structure optimizer i.e. cheap and
fast control adjusts the incremental stiffness of primary and secondary suspensions
to best accommodate the respective weights r; and r3, thus resulting in the best
possible performance. Once the wheel hop mode has been so contained the sprung
mass control u; can then be used to contain the slow, sprung mass mode according
to the well-known 1 DoF LQ-optimal rules with skyhook damper and an overall
damping ratio of 0.7.

The above “most” optimal quarter-car structure results in additional substantial
benefits. An illustrative example from Hrovat (1990) shows normalized sprung
mass acceleration of only 1.17 ™%, with well-contained tire and suspension
deflections. While it would be difficult to realize such a suspension in practice (e.g.
it may require very powerful jets on each, sprung and unsprung masses) these
limiting results can serve as a benchmark of best possible performance that any
practical suspension realization can be compared against. It also confirms our
previous results and intuition about the superiority of a simple 1 DoF structure in
the context of a quarter-car vehicle models.

As a final remark in this section we mention that we could also pose the question
what is the best possible passive two-port suspension setup as a counterpart to the
active setting from Fig. 29a. To this end one could follow similar approach based
on passive network optimization and synthesis that was elegantly done in Papa-
georgiou and Smith (2006) for the case of passive one-port suspension structures. It
is expected that some portions of such a two-port extension would contain DA-like
components. Further optimal passive extensions could include cross-coupling
between left and right as well as front and rear sides of a vehicle, such as can be
seen in so-called interconnecting or equalizing-type suspensions first found on
Citroen 2 CV (Pevsner 1957), which was well-known for its smooth ride.

3.7 2D, Half-Car Models

Since we have pretty much exhausted various quarter-car optimization scenarios the
next logical step is to consider the half-car models and related LQ optimization. We
start with 2 DoF half-car model shown in Fig. 30. It includes vehicle heave and
pitch modes.

This is reflected in the following performance index

PI=E|r(*2/d)’ + 12 (d©/dr?) + 133} + 1422 (49)
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Fig. 30 Half-car, 2D vehicle model with 2DoF (heave and pitch)

where different quantities have been defined w.r.t. Fig. 30 with z; and z, standing
for the front and rear suspension rattlespace—in the present case where we did not
include the unsprung masses, this is the distance between the ground and front and
rear end of the sprung mass. Note that this PI could be slightly modified to
explicitly include the acceleration at a specific position such as driver’s or some
(VIP) passenger’s seat, for example.

Optimization of the above PI under four state equations representing the simplest
possible 2D, Half-car model has been done in Krtolica and Hrovat (1992). It is
interesting that in this case it was still possible to analytically solve the LQ optimal
problem. The resulting closed-loop control system was again characterized by the
optimal damping ratio of 0.7 in both heave and pitch modes. The same reference
establishes necessary and sufficient conditions to decouple the original
two-dimensional, 2 DoF, half-car LQ optimization problem into two
one-dimensional, 1 DoF, quarter-car problems; these conditions are

Ms'lf'lr—Jp (50)
ry - lf . lr =nr

where M, and J, are vehicle sprung mass and pitch moment of inertia about the
center of mass, CM, and /;and /, are front and rear distances from CM (see Fig. 30).
The first condition depends on vehicle physical parameters and is typically satisfied
within 20% by most present vehicles. The second condition depends on the PI
weighting parameters r; and r,, which are at designer’s disposal and can often be
chosen to satisfy the above constraint while at the same time leading to a reasonable
design, i.e. compromise between heave and pitch aspect of ride.

Through the above decoupling one can see the connection between the previ-
ously established wealth of results for the simple 1 DoF quarter-car vehicle models
and the corresponding 2 DoF, half-car case. This parallel can be extended to more
complex 4 DoF, half-car models that include unsprung masses, as shown in Fig. 31.
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Fig. 31 Half-car, 4DoF vehicle model (a) and, corresponding decoupled model consisting of two
quarter-car, 2DoF sub-models (b)

It turns out that the same decoupling conditions apply in this case as well leading
to two decoupled 2 DoF, quarter-car models shown in Fig. 31b. This again
establishes the link between more complex half-car models and corresponding
quarter-car counterparts for which there is an abundance of previously established
results. In practice this means that a reasonable approach to an active suspension
system design may start with controlling the corners enhanced with some addi-
tional, typically feed-forward action to counteract different pitch disturbance due to
braking, accelerating and similar.
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At this stage we note that the 2D setup of Figs. 30 and 31 facilitates preview of
road ahead of certain points of a vehicle. In particular we see that front wheels could
serve as sensors or previewers of road inputs ahead of rear suspension units. In
general, having some advance knowledge of the future disturbances may be
invaluable in some situations and highly beneficial in many.

While in case of most automobiles this kind of preview may be relatively short
and of limited effectiveness, it could be much more pronounced in some other
vehicles such as heavy-duty trucks (“18-wheelers”) and especially trains (Karnopp
1968). Similar applies to some more recent transportation paradigms under con-
sideration such as vehicle platooning or convoys of trucks that is becoming more
and more realistic proposition due to rapid advances in sensors, actuators and
processing intelligence needed for (semi)autonomous driving. This includes pre-
view information provided by on-board cameras, lidars, and availability of 3D road
maps and V2V communication, where vehicles ahead may serve as “sensors” for
following vehicles.

One of the first studies investigating potential benefits of preview was done by
Bender (1967a) who started with logical simplest case of 1 DoF vehicle models.
Using the Wiener-Hopf optimization approach (which is similar to—albeit more
restrictive than—the hereby pursued LQG approach) the author obtained the global
optimal performance maps shown in Fig. 32, where the axes are the same as in
Fig. 13 with horizontal axis corresponding to normalized rattlespace (or, more
precisely, to the distance between sprung mass and road) and vertical axis corre-
sponding to normalized sprung mass acceleration. The straight line for no preview
(i.e. preview time T = 0 s) corresponds to the case studied earlier—this was rep-
resented as the full line in Fig. 13.

On the other hand the line with infinite preview (7 = o0) indicates the best
possible performance under preview. Based on the analysis from Bender (1967a)
the optimal infinite preview line in a log-log scale of Fig. 32 can be expressed as

u = 43\/§
rms,norm — 128x3

1, rms, norm

(51)

Comparing this expression with the corresponding expression for the 1 DoF case
without preview (see Eq. (20) in Sect. 3.1 and Eq. (72) in the Appendix) one can
conclude that there is a substantial, 16-fold, potential for reducing the sprung mass
acceleration while keeping the overall rattlespace the same. While this requires
knowing all of the future, from Fig. 32 it can be seen that even knowing only 0.5 s
of advanced road ahead could lead to significant benefits in the context of the
present 1 DoF problem.

An extension of the above 1 DoF preview case toward the 2 DoF quarter-car
counterpart was considered in Hrovat (1991a). The approach taken was to shift the
time point of reference so that instead of considering a preview system one ends up
with a dynamic system with delays for which there is an abundance of research
results (Richard 2003; Fridman 2014). This was achieved by shifting the observer
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vantage point from vehicle to some distance ahead of vehicle corresponding to the
magnitude of preview. Figure 33 illustrates this graphically.

The resulting carpet plots of normalized rms acceleration versus suspension
rattlespace and tire deflection are shown in Figs. 34 and 35, respectively. While, as
it might have been expected from previous non-preview analysis, the performance
improvements are now less dramatic than for the 1 DoF case of Fig. 32, the plots
still reveal opportunities for further significant improvements in both ride as well as
handling aspects of vehicle performance. In particular, from Fig. 35 one can see
that even a relatively short amount of preview of only 0.1 or 0.2 s can make
significant difference in terms of the sprung mass acceleration versus tire deflection
trade-offs, which is also a reflection of the fact that this particular trade-off is in
good part associated with the fast, wheel-hop mode.

To put this short preview times in proper perspective—a preview of 0.1 s cor-
responds to traversing the distance of little more than one wheelbase length of Ford
Fusion sedan (wheelbase distance between front and rear wheels being 2.84 m in
this case) at speeds of 65 mph or 29 m/s. This indicates that one could in theory
benefit from even such a short preview times or equivalent distances. However, to
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fully exploit such opportunities one would in practice need very fast and accurate
“high-fidelity” actuators and/or some ingenious hardware design measures and
innovations. Additional aspects of preview control in the context of quarter-car
models, such as bandwidth requirements and frequency responses, can be found in
Pilbeam and Sharp (1993), Hac (1992), Hrovat (1997) and references therein.

3.8 3D, Full-Car Models

The optimization problem treated thus far for 1D, quarter-car and 2D, half-car
models can be naturally extended toward the full 3D setting. Thus, following the
above example of 1D-2D extension, one would now add sprung mass roll accel-
eration to the PI of Sect. 3.7 in addition to rattlespace constraint for each of the four
vehicle corners; the resulting PI is given below (see Fig. 10)

PI=E| a2} +anzh +aczt + ach + 11 (2/dP) 12 (0 /ar) + 1y (P /ar) |
(52)
Some of the first studies based on the LQG approach were presented in Barak

(1985), Chalasani (1986), Barak and Hrovat (1988). The approach taken by Hrovat
(1991b) is based on the simplest possible 3D model where one again starts by
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neglecting the unsprung masses. For this particular case with some additional mild
assumptions on the road roughness characterization, it was possible to obtain an
analytical solution even for this 3D problem, as elaborated in Hrovat (1991b).

a=b
QA=QQ ' qc=qD

Pitch & Heave Roll

F &) Je C NN

Fig. 36 Full-car, 3D vehicle model and related simplifications
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Based on these analytical results it was possible to make a number of obser-
vations about the optimal system characteristics. This includes the fact that all three
optimal body modes have the highly desirable damping ratio of 0.7, which is an
extension of similar results for 1D and 2D cases. In addition, under some mild
conditions shown in Fig. 36, the original 3D problem can be decoupled into two
subsystems: one being the 2D pitch and heave subsystem, and another being a
special roll subsystem as depicted in Fig. 36. Furthermore, if the previously
established conditions for 2D decoupling hold (see Fig. 36) then the pitch and
heave subsystem can be further decoupled into two basic, 1D optimization
problems.

This way the original full car optimization problem has been transformed into
much simpler half and quarter car optimization setting. In this manner we have
established a link with the previously obtained wealth of results for 1D and 2D
optimization cases. Some other approaches and results based on the full 3D model
including unsprung masses can be found in Barak (1985), Chalasani (1986), for
example. Further extensions of the 3D model are possible to include flexible modes
(in case of long trucks and similar vehicles) and flexible guideways, such as long
(suspension) bridges and similar structures (Margolis 1978; Karnopp et al. 2012).

4 Model Predictive Control (MPC) as an Extension
of Preview Control

In this section, we review the usage of Model Predictive Control in suspension
control where it can incorporate not only the road preview but the other dynamic
considerations including constraints, mode switchings and other non-linearities.
Figure 37 illustrates suspension travel limits, bumper nonlinearities, and tire road
interaction nonlinearities or constraints.

As indicated earlier (e.g. Sect. 3.1), in semi-active suspension systems, the
suspension force can be modulated through a range of damping force within the

—_— M, _T X
spring force b, f tire force
X3 ks -
=f¢
// ST %
—
X3 — x 1
higher stiffness when suspension tire force is zero once

hits bump stops tire leaves ground

Fig. 37 Dynamic mode switching, nonlinearities, and constraints
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associated passivity constraint. In this case the suspension force cannot track an
arbitrary desired force from the unconstrained LQ optimization-derived control law.
As a compromise, the semi-active control design typically follows its unconstrained
active counterpart when it can, and operates along the passivity envelope when it
cannot. For example, the damping force is adjusted to follow the desired suspension
force derived from the optimal control law, and set to zero when a negative
damping force is required. This control is therefore commonly referred to as
“clipped optimal”.

The optimal control law for the semi-active system has been posed as a con-
strained LQ optimization and solved numerically in Hrovat et al. (1988), Tseng and
Hedrick (1994), involving the iterative solution of a time-varying force constraint.
A specific example in Tseng and Hedrick (1994) showed that up to a 10%
advantage with respect to clipped-optimal can be achieved. However, it also found
that the amount of improvement depends on driven scenarios and is usually very
limited. A later work (Giorgetti et al. 2006) leveraged the explicit hybrid MPC to
confirm analytically the previously obtained numerical finding that clipped optimal
is not the optimal control for semi-active suspensions in general.

In practical suspension design, rebound and jounce bumpers are needed within
the rattle space to ensure no metal to metal contact when the vehicle encounters a
large road disturbance. Since the power and force of an actuator are limited, an
optimal active suspension controller may want to take advantage of this passive
nonlinearity in the vehicle. A hybrid MPC controller was discussed in Xu et al.
(2016) to demonstrate the control’s potential in further enhancing overall suspen-
sion performance, given limited actuation force/power. As is well known, the power
and force of a hardware actuator are limited since they are tightly correlated to the
practical constraints of cost and weight.

Noting that the tire of a vehicle may briefly lose road contact when encountering
a large road disturbance such as an abrupt pothole or a brick on the road, a
preview-based hybrid MPC can be designed (Xu et al. 2016) to take advantage of
the upcoming road profile as well as the knowledge of non-symmetric tire behavior
(when leaving the ground).

In a preview-based Model Predictive Control, not only is the vehicle response in
the future prediction horizon “simulated and evaluated”, but also is the road profile
within the prediction horizon “measured and buffered”. Bringing the future road
profile into the augmented system dynamics is a native capability within the MPC
framework where the look-ahead road input at each sampling time is measured, if
available, and buffered until it reaches the vehicle (See Fig. 33). As such, a road
preview MPC can be developed to enhance performance (Xu et al. 2016) using the
same framework of MPC without preview.

A benchmark simulation comparison for a quarter car going through a curb with
the step change of 0.1 m in road height is illustrated in Fig. 38, where the overall
cost function, rms tire deflection, suspension rms deflection, and sprung mass rms
acceleration are listed. All the controllers (LQR, MPC, and hybrid MPC) utilized
0.1 s preview, while the LQR controller assumed linear model, the MPC controller
constrained the suspension and tire deflection to within their linear and symmetric
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Fig. 38 Benchmark comparison among LQR preview, MPC, and hybrid MPC

region, and the hybrid MPC accounted for more detailed representation of sus-
pension nonlinearities and unsymmetrical tire behavior. Significant improvement
can be achieved with MPC and hybrid MPC where the realistic nonlinearity can be
predicted and managed to avoid hitting the suspension jounce bumper.

5 Other Concepts, Features, and Related Practical
Considerations

5.1 Other Concepts

As the suspension performance index often includes conflicting terms,
multi-objective optimization—symbolic or numeric—has been widely used to
systematically manage nonlinearities and constraints (Gobbi and Mastinu 2001;
Chatillon et al. 2006; Chen et al. 2003). The solution of a multi-objective opti-
mization finds the best trade-off among the various pre-defined control terms. This
is also known as Pareto optimization used in systematic design procedures, which is
in many cases similar to the global optimization approach pursued in Sect. 3.

On the other hand, there are approaches with simpler concepts that focus on
emulating an ideal damping for the single element in consideration. Among them,
one of the most popular approaches is the skyhook concept which is supposed to
emulate a damper connected between the sprung mass and the sky or a moving
cloud representing an absolute, inertial ground. The skyhook control focuses on
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Fig. 39 Illustration of skyhook, groundhook, and their combination

passenger comfort with proper trade-off between suspension travel and tire force
variation. An analogous concept was introduced to focus on the minimization of tire
force variation. Instead of putting a damper between the sprung mass and a moving
cloud (aka sky or “inertial ground”), it suggests to put a heavy duty damper
between the unsprung mass and the moving ground, hence its name “ground hook™
(Novak and Valasek 1996; Valasek et al. 1997). In its implementation, the sus-
pension device located between sprung and unsprung mass emulates a damping of
the unsprung mass with respect to the ground i.e. road. Its emphasis is on the
prevention of road damage and minimization of tire force variations. Practical
advantages for road, soil, and bridges have been supported by experimental results
with a prototype truck (Valasek et al. 1998, 2003). Figure 39 illustrates the concept
of sky hook, ground hook, and their combined implementation.

An attempt to extend the above LQ optimization results to a nonlinear setting is
presented in Karlsson et al. (2000, 2001a, b). The idea was to put additional, higher
order (e.g. quartic) penalty on the rattle space, which in reality is best represented
by hard constraint as opposed to soft constraint representation used in the typical
LQ setting of Sect. 3. As a consequence of this increased penalty, there is more
efficient utilization of rattle space, especially in case of large bumps and potholes
that could otherwise result in unacceptably large impact forces.

5.2 Hydraulic Suspensions and Their Brief History

A brief history of hydraulic-based suspensions is illustrated in Fig. 40 where var-
ious version of hydraulic and related electro-hydraulic suspensions have been
implemented in production vehicles, ranging from low, mid, to high bandwidth,
ride height focused to vehicle roll response motivated. Note that the Kinetic Sus-
pension Technology (Sherman 2011) is essentially a semi-active suspension system
acting between different corners while Nissan Infinity Q45a (Akatsu et al. 1990)
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Fig. 40 Brief history of hydraulic suspensions

and Mercedes ABC (Merker et al. 2002) are narrow bandwidth active suspension
(NBAS) systems, to be discussed in Sect. 5.6.

5.3 Self-leveling Feature

Various self-leveling systems have been introduced in the market including the
ones illustrated in Fig. 40. Notable examples include the Hydropneumatic systems
developed by Citroen (Nastasi¢ 2002) and the Electronically-Controlled Air Sus-
pension on Lincoln by Ford Motor Company (Chance 1984). This feature allowed
these vehicles to maintain proper ride height and suspension stiffness over a wider
range of vehicle loading. It adjusts the vehicle ride height, usually very slowly, in
order to balance among (1) soft and comfortable ride from the softer-than-usual
passive spring, (2) proper vehicle attitude/stance, and (3) increased rattle space for
anticipated or unknown road disturbance ahead. This feature has been implemented
in the Lincoln Mark VIII in the 90s and most recently in Tesla Motor Model S
(Edmunds 2012; Korosec 2014). It enables the lowering of the vehicle at highway
speeds to improve aerodynamics and therefore, better fuel economy and driving
range.
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5.4 Variable Suspension Damping (Semi-active Suspension)
Feature

Production semi-active suspension systems are generally constructed using an
adjustable damper in parallel with the secondary suspension spring. These are
typically constructed from pneumatic and/or hydraulic piston/cylinder combina-
tions with electromechanical control of an orifice. Actuator bandwidth is primarily
determined by the reaction time of the controlling valve and associated pressure/
force production dynamics. A modern version can be found in Lincoln’s Contin-
uous Controlled Damping system introduced in 2006. The Lincoln system uses a
suite of sensors that constantly monitor suspension motion, body movement,
steering and braking inputs and adjusts the suspension in milliseconds, helping keep
the car smoothly on track (See Fig. 41). Specifically, it monitors up to 46 inputs and
reacts on average within 20 ms (Nicolas 2014) to reduce roll, pitch, and heave
motions, while enhancing driving comfort and dynamics, and isolating the vehicle
from road harshness.

Another implementation of adjustable damping is through magneto-rheological
(MR) fluids. MR fluid viscosity can be changed electronically, allowing the force
across the actuator to change quickly (Bodie and Hac 2000). This method benefits
from faster response time, although limited fluid life may contribute to service
concerns. One MR damper application is found in the 2002 Cadillac Seville STS
and 2003 Chevrolet Corvette whose MR fluid system was co-developed by Delphi
and Lord Corporation.

5.5 Variable Suspension Geometry/Low Power Low
Bandwidth Active Suspension Feature

A variable geometry suspension adjusts the ratio of wheel movement to
the deflection of the suspension spring in real-time. By changing the leverage of the
passive suspension spring depending on wheel motion, it essentially controls the
wheel rate or effective spring stiffness.

x g
/O3

2

Fig. 41 Illustration of Lincoln CCD mitigating pothole impact by “stiffening” the damper



Optimal Vehicle Suspensions: A System-Level ... 173

Fig. 42 Delft active suspension realized with a cone mechanism

Various systems and hardware configurations that provide variable suspension
geometry have been proposed in the literature (Venhovens and van der Knaap
1995; Sharp 1998; Watanabe and Sharp 1999; Tumova 2004) including the “Delft
Active Suspension” concept that was implemented as a prototype vehicle and
demonstrated experimentally.

A specific variable geometry design, the “Delft Active Suspension” (van der
Knapp 1989; Venhovens et al. 1992; Evers et al. 2008), is realized with a cone
mechanism and illustrated in Fig. 42. This mechanism connects the spring to the car
body on one end and to a rotatable crank on the other end. The crank is
joint-connected to the suspension/wheel control arm and can be rotated at the joint
around the base of the imaginary cone. The cone mechanism serves two purposes;
(1) the length of the spring remains the same as the crank rotates, and (2) the ratio of
movement between the wheel/tire control arm and the crank changes as the crank
rotates (see Fig. 42). The intent is that the power required for geometry variation
and the associated force leveraging of wheel rate will be much less than for directly
changing the desired force. Ideally, with the configuration, the mechanism would
require very low power and low energy. In practice, however, the precise
arrangement and alignment could be compromised by suspension motion and
deflection, and associated always-present friction.

5.6 Narrow Bandwidth Active Suspensions (NBAS)

Narrow bandwidth active suspensions are characterized by relatively low
force-production bandwidth of up to few Hertz, which results from an architecture
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where the dominant compliance is placed in geometric series with the active force
generator. Most of the NBAS implementations thus far have been of
electro-hydraulic type. Some representative electro-hydraulic active suspension
configurations are shown in Fig. 43. Starting with a general structure shown in
Fig. 43a one can use the bond graph of Fig. 43b to derive an equivalent
all-mechanical structure shown in Fig. 43c. In the special case when the flow source
Qg is not present one ends up with the load-leveling-like configuration shown in
Fig. 43d where we assumed a very soft, possibly pneumatic or air spring compli-
ance. Finally, if the flow source Q4 is not present then we end up with the con-
figuration shown in Fig. 43e. This is similar to some NBAS architectures—note in
particular the serial arrangement between the dominant spring and the active force
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Fig. 43 Electro-hydraulic suspension configurations: a general structure; b corresponding bond
graph; ¢ equivalent mechanical system; d typical structure with Qp= 0; e typical structure with
04 = 0 (based on Karnopp 1987)
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generator represented by the electro-hydraulic actuator that includes the controlled
flow source Qg.

As suggested by Hrovat (1997) the above NBAS model could be further
enhanced by inclusion of inertia effects due to hydraulic line dynamics, which can
be especially relevant in case of relatively long and narrow lines or tubing. This is
shown in Fig. 44, where the hydraulic conduit connecting the two flow sources, Q4
and Qp, and suspension cylinder has been modeled as an inerter element repre-
sented by a differential causality within the associated bond graph of Fig. 44.
A corresponding all-mechanical configuration is also shown in that figure. At this
point, it should be mentioned that more recently there were attempts to develop and
commercialize the hydraulic inerter (Scarborough 2011) as an alternative to its
more common mechanical inerter counterpart. This may have some advantages in
terms of packaging and overall design/cost flexibility, depending on particular
implementation situation.

Further extensions of the above electro-hydraulic structures are possible by
including an additional compliance near the suspension cylinder. This is shown in
Fig. 45a along with an associated controlled damping mechanism. In the case that
the latter is of an on/off type and neglecting all active sources (i.e. setting Q4 and
Qp to zero) one ends up with a semi-passive suspension shown in Fig. 45b. This is
similar to Citroen hydro-pneumatic suspension (Carbonaro 1990) where one uses
the on-off valve to control the effective suspension stiffness. The bond graph for the
generic configuration of Fig. 45a is shown in Fig. 45c. Note in particular, that the
inerter element corresponding to fluid line inertia is now in an integral causality
with corresponding increase in the number of system states. Based on this bond
graph one can easily deduce the corresponding all-mechanical suspension structure
shown in Fig. 45d.
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equivalent bond graph, and all-mechanical counterpart
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hydro-pneumatic semi-passive equivalent with Q4 = Qg = 0; ¢ corresponding generic bond
graph; d equivalent all-mechanical system

A special case of the generic configuration of a typical electro-hydraulic (semi)
active suspension from Fig. 45 is shown in Fig. 46. This is one of the first pro-
duction implementations of the NBAS system developed by Nissan for their Infinity
Q45a luxury vehicle (Akatsu et al. 1990). Note in particular the presence of an
accumulator, which effectively acts in series with the actuator thus limiting the
actuator bandwidth while at the same time filtering high-frequency road-induced
disturbances. This corresponds to the accumulator with stiffness k, in Fig. 45a.
While the Infinity Q45a system used pressure control valve (Fig. 46a) another
alternative would be to use the flow control valve shown in Fig. 46b.

In late 1990s Mercedes introduced their Active Body Control—ABC advanced
suspension control system illustrated in Fig. 47 (Merker et al. 2002), which is
structurally similar to the NBAS architecture generalized in Fig. 45. However, there
is an important practical difference. While Infinity Q45a system used an hydraulic
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Fig. 46 Nissan infinity Q45a N-B active suspension

accumulator to implement the above mentioned in-series stiffness k, the
Mercedes ABC suspension uses a mechanical counterpart similar to the one shown
in Fig. 45d. For most cases the two would be equivalent except in the case when
there is significant friction or even stiction within the actuator piston/cylinder
combination in which case the mechanical implementation would lead to smaller
road-induced disturbances resulting in better ride comfort. Through the years
Mercedes has further developed and enhanced their system, which has recently
included preview of the road based on stereo cameras. This system is now marketed
under Magic Body Control (MBC) on their high-end luxury vehicles (Anonymous
2017a; Streiter 2008).
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5.7 Broad Bandwidth Active Suspensions (BBAS)

Broad bandwidth active suspensions are characterized by relatively high
force-production bandwidth that may extend up to and beyond the wheel-hop
frequencies. This typically implies a very fast actuation and relatively stiff in-series
compliance k4 in Fig. 45. The negative aspect of the latter is that the high-frequency
road-induced disturbances are more easily transmitted to the sprung mass resulting
in increased NVH (Noise, Vibration and Harshness) i.e. less comfortable secondary
ride. While most of the BBAS implementations thus far have been of
electro-hydraulic type equipped with high-fidelity servo-valves, there is also a case
to be made for all electrical actuation, especially in view of increasing emphasis on
Hybrid (HEV) and Battery Electric Vehicles (BEV).

As an example of electro-hydraulic implementation, we will next consider the
BBAS prototype system (Fig. 48) that was developed at Ford Research Laboratory
in the early nineties and successfully demonstrated in a research vehicle. It con-
sisted of four high-fidelity electro-hydraulic servo actuators, one at each corner,
installed onto a 1989 Ford Thunderbird (Goran and Smith 1996). The concept
hardware and software not only verified the potential in ride quality improvement
but also identified the shortcomings of the implemented hardware structure
including actual power consumption, secondary ride harshness, and actuator noise.

The Ford Thunderbird BBAS system was controlled through four-way servo
valves, which have high precision and speed of response. In addition, the BBAS
actuators were based on double-acting cylinders capable of equally fast rebound
and jounce strokes. The vehicle also had one central processor operating at lower
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Fig. 48 Illustration of Ford broadband active suspension prototype

rates, and four corner-unit micro-processors for fast signal/control processing; four
actuator displacement sensors and four load cells for internal (force) loop calcu-
lations; and four air springs—one at each corner placed in parallel with the BBAS
actuators. The air springs serve to support and self-center the vehicle sprung mass
as is typical of load leveling systems. At the same time they provide lower sprung
mass natural frequency for more comfortable basic ride, which is then appropriately
dynamically modified through the BBAS actuators. The system incorporated 26
various sensors, including accelerometers, pressure sensors, vehicle speed sensors
and others.

The BBAS control strategy was based on coordinated individual wheel control
and consisted of two hierarchical control levels (Goran et al. 1992). The outer loop
level operated at a 20 ms rate. It calculated the desired corner forces for the four
BBAS actuators, desired operating modes (handling or ride dominated) and
checked the overall system integrity. The ride related calculations were based on
quarter-car vehicle models aimed at emulating skyhook damping at each corner,
which is often very close to the optimal possible ride benefit (Hrovat 2014). Dif-
ferent effective spring and damping rates were used depending on prevailing
operating modes, i.e. ride or handling. Additional details about the system and its
performance can be found in Goran et al. (1992), Goran and Smith (1996).

An example of an Electrical Active Suspension (EAS) implementation (Davis
and Patil 1991) in a prototype Ford vehicle is shown in Fig. 49. An important
aspect of this BBAS system development was creation of an appropriate validated
model, with special emphasis on actuator model fidelity. The corresponding bond
graph model is shown in Fig. 50. This model was validated using bench testing and
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the results—in terms of relevant frequency transfer function plots—are shown in
Fig. 51. It can be seen that there is in general very good correlation between the
model and test data. Once validated, this model was used in the process of this—at
the time very novel—BBAS system development, which culminated in successful
demonstration in a research vehicle. More recent example of an EAS system
development can be seen in Moran (2004), Gysen et al. (2010), Anderson et al.
2013) indicating renewed interest in this promising concept, especially in view of
increased emphasis on electric (HEV and BEV) vehicles.
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6 Optimization-Based Analysis of Active Suspensions
for Integrated Vehicle Controls

As discussed in the previous sections, active suspension is commonly considered
under the framework of vertical vehicle dynamics control primarily aimed at
improvements in ride comfort. In this section, we expand upon this traditional
application by introducing some recent developments based on more detailed,
non-linear vehicle models and more general optimization methodology. In partic-
ular, a collocation-type control trajectory optimization method is used to analyze to
which extent the application of fully active suspension (FAS) can be broaden to the
tasks of vehicle handling/cornering control and braking distance reduction, as well
as enhanced active safety, in general. The analysis is extended to the ride control
task for the case of emphasized, discrete road disturbances such as high-magnitude
bumps and potholes. The main optimal control objective is to provide a favorable
trade-off of ride comfort and road holding capability, as well as a robustness against
wheel damage, e.g. at the pothole trailing edge. The presentation is based on the
recent papers (Coric’ et al. 2016a, b, 2017), which include more details on vehicle
modeling, optimization problem formulation, and optimization results and related
discussions.



182 D. Hrovat et al.

6.1 Vehicle Dynamics Model

The conducted optimization study is mostly based on the 10 DOF passenger vehicle
dynamics model depicted in Fig. 52a, b (Hancock 2006). The model state variables
include longitudinal (U), lateral (V), and heave (W) velocities, and roll (p), pitch (g),
and yaw (r) rates, as well as the four state variables related to the rotational speeds
w; of each wheel, i = 1, ..., 4. For the ride control optimization task, the simple
quarter-car vehicle model shown in Fig. 52c (Hrovat 1997) is mostly used. The 10
DOF model is extended by the unsprung mass dynamics (dashed lines in Fig. 52b)
when verifying the basic 10 DOF model-based optimization results, or when using
the full vehicle model for ride control optimization.

The variable AF,; (or F, in Fig. 52c) represents the FAS control input to be
optimized along with other control inputs such as Ad; = Ad, (for active front
steering, AFS) and T; (for active brakes, ABS).

The tire is described by the 1994 Magic formula combined-slip model, including
the relaxation length dynamics for the lateral DOF (Pacejka 2006). The longitudinal
and lateral tire forces are scaled by the tire-road friction coefficient p.

6.2 Braking Distance Reduction

The optimization objective is to find the control input vector u = [T,...,T4, AF y,...,
AF ], which minimizes the final longitudinal position X(#;) of the vehicle on the
fixed time interval [0, #, i.e. the cost function to be minimized is specified as

Jo=X(y) (53)

The optimization is subject to hard constraints on the tire normal load F;, i = 1,
..., 4, the FAS control inputs AF;, and the suspension deflection z;, see Fig. 52b
and Cori¢ et al. (2017):

in ZFzmin (54)
- AFzmax < Ain < AFzmax (55)
—dj<zi—zy <d (56)

In order to provide a well-damped system response, the cost function (53) is
extended with additive soft constraint terms of mean-square type on the variables 7;,
F, AF,, and AF;, where 5; denotes the tire longitudinal slip. Similarly, to ensure
straight ahead motion of the vehicle during the braking maneuver in the case of
split-u scenario, the mean-square constraints are introduced for the yaw rate (r) and
the lateral displacement (Y) variables, and the active front or rear steering input is
added to the control vector to be optimized.
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Fig. 52 10 DOF vehicle
dynamics model (a, b) and
quarter car model (c)
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Figure 53 shows the vehicle response for a pulse-type, low-high-low transient-u
scenario, where the FAS and brake control inputs, AF,; and T;, i = 1, ..., 4, are
simultaneously optimized. The FAS provides a load boost on those tires that
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Fig. 53 Comparative Brakes and FAS + Brakes optimization results for pulse-type transient-u
scenario

experience the high-u condition (first front, F,r = F, 1+ F, and then rear tires,
F,. = F3+ F_4). This results in a boost of the longitudinal deceleration —a,, and
finally in reduction of the braking distance by 5.1% (on the given, fixed time
horizon).

The side effects of FAS action include excitation of vehicle heave and pitch
dynamics. This results in the long stroke in the heave, Z, direction (approx.
+10 cm; which is closely related to the suspension deflection constraint (56), with
d; = 10 cm), and the corresponding heave acceleration peak of 0.69 g. The pitch
angle response 6 includes some more oscillatory content as the results of FAS
action.

In order to produce a strong tire load boost during the high-u period and at the
same time satisfy the suspension stroke constraint, the FAS relaxes the tire load
immediately before and after the high-u interval (see Fr and F_,). These tire load
holes have a weaker effect on the deceleration —a, than the load boost, because they
occur during the low-y intervals.

The analysis is extended in Cori¢ et al. (2017) for other u-scenarios. The braking
distance reduction is lower for the step-type, high-low transient-u case (around 2%
for the same y levels and time horizon values) and much smaller for the constant-u
scenario (0.5%). In the latter case, the performance gain is higher (around 2%) if the
ABS actuator bandwidth is lower than the FAS bandwidth. This is because the FAS
can boost the tire load when the braking torque is being settled i.e. when it is close
to maximum, while preparing for the boost through generating the tire load hole in
the early stage of braking torque transient.
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Fig. 54 Comparative brakes and brakes + FAS optimization results for split-4 maneuver with
included AFS actuator

In the split-y scenario (413 = 1 and ps4 = 0.1 in the particular case, Fig. 54),
the FAS again transfers the load to the high-u tires (the left tires in this case), and
the braking distance is reduced by 2.1%. To keep the vehicle moving straight ahead,
the optimized active front steering (AFS) input y is such to counteract the yaw
torque caused by unequal left and right braking forces. Between the high-y tires, the
load is transferred to the non-steered (left rear) tire, because it has a larger longi-
tudinal force potential according to the friction circle (Pacejka 2006). It is important
to note that the overall FAS action is such to form a warp arrangement of the four
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FAS forces (see the normal load, F;, responses in Fig. 54). In this case the total
FAS force XAF,; is approximately equal to zero, thus avoiding any notable have
motion, and allowing for control of tire load distribution over long steady-state
intervals. Namely, the load redistribution occurs during the whole maneuver
interval (Fig. 54), unlike in the transient-u case where only a temporary load boost
(preceded by load hole) was achievable due to the suspension deflection/heave
stroke constraint (Fig. 53). It should also be noted that a chassis roll is induced
towards the high-y wheels.

The constant-u scenario has been extended by imposing oscillatory behavior of
the longitudinal slip (through an equality constraint), in order to mimic the
ABS-inherent limit-cycle behavior. The optimized FAS action is such to increase
the tire load in the wheel torque peak periods, thus resulting in a higher tire friction
potential in those periods, and finally boosted deceleration. This is in accordance
with the FAS + ABS control strategy proposed by Alleyne (1997).

6.3 Handling Control—Stabilization

The standardized sine-with-dwell maneuver-based test (Anonymous 2007) is used
to evaluate the FAS control authority in stabilizing the vehicle. In this maneuver, a
“robot” steering wheel angle (SWA) with the amplitude d;, the frequency of 0.7 Hz,
and the dwelling period of 0.5 s, is applied to a vehicle coasting at the velocity
U = 80 km/h for the tire-road friction coefficient u = 0.9. Unlike the original test
specification, where repetitive tests with a growing SWA are executed, only the
worst-case scenario related to the SWA amplitude 6, = 270° is considered in
optimization. In order to reflect the test requests on limiting the yaw rate response
(stabilization) and maximizing the lateral displacement Y (responsiveness) during
the maneuver interval [0, #; = 4 s], the following cost function is considered:

J= / (r—rg)dt — k max(Y) (57)
0

where ry is the target yaw rate generated by a vehicle dynamics reference model,
and k is the weighting factor selected to achieve a trade-off between the two
conflicting objectives. The optimization is subject to inequality constraints (54)—
(56). The optimized control variables are FAS inputs AF,;, i = 1, ..., 4. A more
detailed elaboration of the optimization problem formulation and a more detailed
discussion of the optimization results are presented in Cori€ et al. (2017).

Figure 55 shows the optimization results for the considered sine-with-dwell
maneuver. A typical though simplified feedback-type ESC reference strategy pre-
dominantly brakes the outer front wheel (F,;) to generate an oversteer compensa-
tion (OSC) component of the yaw torque M, and stabilize the vehicle (Tseng et al.
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Fig. 55 Comparative FAS + ESC optimization results for sine-with-dwell maneuver, including
comparison with passive vehicle and ESC-only cases

1999). The OSC action is emphasized in the interval around 7 = 1 s in order to
suppress the excursion of sideslip angle § resulting in stabilization effect, as well as
around ¢ = 2 s, but to a lower extent.

The ESC + FAS optimization results in Fig. 55 point to a significant yaw rate
error reduction leading to 45% lower yaw rate root-mean-square (RMS) error, and
also f-peak reduction resulting in a wider stability margin (see the performance
indices given in Table 1). This is achieved by two distinct actions that can be
observed in Fig. 55: (i) the total tire load boost (see XF,; around ¢ = 0.7 s and
t = 1.3 s) that increases the lateral acceleration a, over its saturation level for
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Table 1 Comparative stability control performance indices for different actuator configurations
and FAS control strategies (k = 0.01 in Eq. (57))

Case® max(Y) RMS" (r,) W o [Pl | Oluae | UGy

(m) (rad/s) mis) O © (m/s)
No control | 4.51 0.471 038 29.63 | 1.08 11.87
ESC 422 0.126 033 382|157 18.48
FAS1 421 0.073 5.28 285|337 19.82
FAS2 3.86 0.077 0.81 297 1309 19.83
FAS3 3.81 0.096 033 246 | 1.08 19.88
FAS4 433 0.088 7.91 316|128 19.85
FAS5 4.16 0.083 6.23 316|123 19.90
FAS6 423 0.153 033 648 1095 19.35
FAS7 3.69 0.097 033 278|105 19.86
ESC + FAS |4.05 0.070 3.80 295|285 19.12
Active 3.61 0.074 0.40 325 200 11.61
brakes

“FAS1—Full FAS control

PRMS = Root Mean Square

FAS2—Hard constraint on total actuator force Y F,= 0

FAS3—Laterally anti-symmetric force distribution (AF,; = —AF, AF 3= —AF_)
FAS4—Longitudinally symmetric force distribution (AF,; = AF3 AF,, = AF,,)
FAS5—Warp-related constraint (AF,; = AF4 AF., = AF3)

FAS6—Longitudinally ~ symmetric ~and  laterally  anti-symmetric ~ force  distribution
(Ale = AFzS = _AF12 = _AFz4)

FAS7—Coupled warp-related constraint (AF,; = AF,4 = —AF,, = —AF3)

improved handling, and (ii) transfer of load from front to rear tires to generate OSC
yaw torque (see Frand F,, around ¢t = 0.65 s and t = 1.9 s). As side effects, the
former excites significant heave motion (the heave acceleration peak of 0.38 g,
Table 1), while the latter causes emphasized pitch angle magnitudes (6). The lateral
displacement Y (i.e. the responsiveness) remains largely unaffected. However, the
agility is notably improved in the case of integrated control (U(#,) is higher, #; =
4 s), because the ESC + FAS system uses the brakes to a lower extent than in the
ESC-only case (see F,q, ..., Fy4).

Since the optimization is inherently conducted over the full time window
(full-horizon preview is available), the comparison between the optimized FAS
control action and the causal ESC action (no preview) is strictly speaking unfair. To
provide a more appropriate comparison between the FAS and ESC systems control
authorities, the same preview-based optimization approach has been applied in the
FAS-only case (AF,; inputs are optimized) and active brake-only case (7; inputs are
optimized). The corresponding results given in Table 1 under the labels ‘FAS1’ and
‘Active brakes’ show that the optimized FAS and active brake systems give
comparable yaw rate RMS errors. The advantages of FAS control include improved
responsiveness (by 17%) and agility (by 40%), while the disadvantages are related
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to increased magnitudes of heave acceleration (0.5 g vs. 0.04 g) and pitch angle
(3.4° vs. 2°).

In order to investigate if the ultimate FAS performance can be approached by
simpler control actions based on lower number of control DOFs, the FAS control
input optimization scenarios defined in the legend of Table 1 under the labels
‘FAS2’—‘FAS7’ are also considered. The main conclusions drawn from the cor-
responding performance indices are as follows: (1) the application of zero total FAS
force constraint (FAS2; three control inputs) gives only slight reduction of control
performance, with an advantage of no heave motion excitation (no total tire load
boost is allowed); (2) in the cases of longitudinally symmetric force constraint and
warp-related constraints (FAS4 and FASS, respectively; two control inputs in both
cases), the performance also remains high, the pitch motion excitation is avoided
(no front/rear tire load transfer is allowed), but the heave acceleration is excessive;
and (3) in the case of coupled warp-related constraint (FAS7; only a single control
input), the performance is notably deteriorated, but it is still better than that of the
ESC case, and both pitch and heave dynamics excitation is avoided. For the coupled
warp-related constraint, the FAS control makes the front tire loads more distinctive
from each other and the rear tire loads more balanced, thus providing an oversteer
compensation action based on the convexity of the lateral force versus normal load
tire curve (Pacejka 2006). At the same time, the total tire load, heave, and sus-
pension deflection are kept approximately constant, so that the control action can be
applied during steady-state turns, as well. FAS3 configuration gives comparable
performance as in the case of FAS7 configuration, but it includes one control DOF
more. FAS6 configuration is inferior to other configuration, because it does not
allow for load boost, front/rear load transfer, and different left/right load transfers on
the two axles.

6.4 Handling Control—Path Following

A path following minimization objective is used along a double lane change
maneuver (DLC) to further investigate the FAS control authority, particularly under
the conditions of understeer behavior (with respect to reference trajectory). The
optimization problem is to find the FAS control inputs AF,; (1), 0 < t < t5 i =1,
..., 4, which minimize the cost function

) 3 3 I

i i
4 4
J= /(Y—YR(X))zdt +k1/ ) (in—Fz,-o)zdt+k2/02dt+k3 ¢2dt+k4/ Y itde
i=1 i=1
0 0 0 0 0

N
Jo

(58)
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subject to inequality constraints similar to those given by Egs. (54)-(56). In
addition to the main, cost function term J,, which penalizes the path following
error, there are other, soft constraint-related terms penalizing the control effort, pitch
and roll magnitudes, and excessive longitudinal slip excursions.

Figure 56 shows the optimization results for the worst-case DLC Maneuver 3.
The reference response corresponds to the passive vehicle for 4 = 1, zero driveline
torque, and optimized driver steering input. The achieved vehicle path Y(X) is used
as the reference path for other cases presented in the same figure, where the same
driver steering input is applied, but for the reduced tire-road friction coefficient
u = 0.6 and the driveline input torque 7;, = 250 Nm. Under these conditions the
passive vehicle (‘No control’ case) becomes unstable (see f#). The optimized active
front steering (AFS) control stabilizes the vehicle and provides an accurate path
following.

Reference
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Fig. 56 Comparative AFS and FAS + AFS optimization results for path following task and
Maneuver 3 (u = 0.6, T;, = 250 Nm)
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The path following RMS error is further reduced (by 30%) when the integrated
AFS + FAS control is applied. Since the AFS has a large control authority over the
lateral vehicle dynamics, the FAS action is focused on the effect of boosting the
total tire load (XF) and, thus, the lateral acceleration (a,) capacity in the critical
intervals. The FAS also provides a certain rear-to-front tire load transfer by strongly
unloading the rear axle for understeer compensation (USC) around the intervals of
0.3, 1.1, and 2.6 s. The side effects of FAS action are again related to excitation of
heave and pitch dynamics: the heave acceleration peak is 0.6 g while the pitch
angle amplitude is relatively modest (1°).

Table 2 shows the performance indices related to FAS-only optimization results
obtained for Maneuver 1 (u = 0.6, T;, = 0) and different sets of cost function
weighting factors given in the table legend. In the unconstrained case (no hard and
soft constraints, Case 1), almost ideal path following can be achieved (J, — 0).
However, this case is unrealistic due to very high heave peaks required by the
strong FAS action (43 cm from the equilibrium Zj), i.e. due to violation of the
suspension stroke limits (+10 cm). After adding the hard constraint on suspension
stroke (Eq. (56); Case 2), the path following RMS error (J()/tf)l/2 grows signifi-
cantly, but it remains substantially lower compared to the no-control case. By
adding the soft constraint on control effort (Cases 3 and 4), the FAS control
amplitudes become smaller, thus reducing the FAS consumed energy
E= f AF,v,dt, as well as the pitch angle, heave, and heave acceleration magni-
tudes. This is paid for by reduction of the path following performance, which is
more emphasized in the case with higher control effort weighting factor k; (Case 4).
When compared to the optimization results for Case 5 (considered in Fig. 56; the
pitch and roll angle magnitudes are constrained), the less restrictive tuning related
to Case 3 provides a significant improvement in the path following performance

Table 2 Comparative performance indices of FAS optimization results for different sets of
constraints and Maneuver 1 (u = 0.6, T;, = 0)

Case® | o/ |[Pluae  |XW)  [EGD  [|W| | Oae |12 = Zolma 1z =
(m) ©) (m) iSO Ziolmax) (cm)

No 4.493 8.0 103.1 0 0.3 0.7 0.6 (7.0)

control

Case 1 0.004 5.5 102.3 22.7 15.3 18.8 43.0 (69.0)

Case 2 0.182 5.2 104.4 7.0 10.1 4.6 10.0 (12.8)

Case 3 0.194 5.0 104.7 54 7.7 4.2 8.9 (11.1)

Case 4 | 0.262 4.4 105.5 |34 43 4.2 2.6 (10.2)

Case 5 0.285 4.1 105.7 1.4 2.8 2.5 9.1 (10.1)

alUnlimited FAS (no hard constraints and k; = k, = k3 = 0 in Eq. (58))

2Added suspension deflection constraint (k; = k, = k3 = 0)

3Added weak constraint on control effort (ky = 0.001, kr = k3 = 0)

“Added strong constraint on control effort (k; = 0.01, k, = k3 = 0)

5Added constraints on pitch and roll angle magnitudes (k; = 0.01, k, = 0.1, k3 = 0.1)
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Table 3 Comparative path following RMS error values (m) for different active steering and FAS
configurations and different DLC maneuver types

Maneuver | ARS FAS ARS + AFS AFS + 4WS 4WS +
FAS FAS FAS

1 0.112  [0.281 0.077 0.137 |0.086 0.091 0.067

2 0.044 [0.197 |0.025 0.045 |0.027 0.030 |0.023

3 0.175 [0.405 |0.141 0.229 |0.157 0.163 [0.130

Maneuver 1: ¢ = 0.6, T;,, =0
Maneuver 2: y = 1, T;,, = 350 Nm
Maneuver 3: 4 = 0.6, T;,, = 250 Nm

(30% lower RMS error). However, the control effort is increased to such extent that
the tire load lower amplitudes approach the limit value set to 500 N.

Table 3 shows the path following RMS errors (m) for various single- and
multi-actuator configurations, and different DLC maneuver types. Maneuver 1 is
similar to the already described Maneuver 3, but the driveline torque is set to zero.
Maneuver 2 is executed for the non-reduced friction coefficient (u = 1) like in the
reference case, but with a relatively high driveline torque (7}, = 350 Nm). The
results in Table 3 indicate that the FAS-only control is inferior to the AFS/ARS
control, which may appear to be in contrast with the handling control results from
Sect. 6.3, where the FAS was very competitive to active brake control. This is
because in the considered control task a strong USC action is required, including
the preview action during the initial period when the vehicle moves straight ahead
(see 6y = 6; = 0, in the AFS case in Fig. 56). The fact that the FAS cannot generate
lateral tire force in the absence of tire sideslip angle explains its inferiority com-
pared to AFS. Nevertheless, it effectively stabilizes the vehicle and provides rela-
tively accurate path following.

Table 3 further shows that the ARS is more effective than AFS, because it
utilizes a driver-untapped lateral force potential of rear tires (Deur et al. 2014).
The FAS action is, thus, less effective when integrated with ARS (than with AFS),
and it is reduced solely to the unique ability of FAS to boost the total tire load and
the lateral acceleration. This unique control authority explains why the FAS brings
more significant improvement to the AFS (in the AFS + FAS configuration) than
the ARS does (in the ARS + AFS = 4WS configuration).

There are several other, secondary mechanisms through which the FAS can
improve the vehicle handling performance (Cori¢ et al. 2016b). First, for a
throttle-on maneuver and the example of rear-wheel-drive vehicle, the FAS unloads
the inner driven tire to increase its longitudinal slip and, thus, weaken its lateral
force to provide USC. Next, as already mentioned in Sect. 6.3, the FAS can
increase the left-right tire load difference on the front axle and make the tire load
more balanced on the rear axle, thus generating OSC yaw torque based on the
convexity feature of the tire lateral force versus load static curve. Finally, the FAS
can provide the vehicle tilting effect as an USC intervention acting through the
front-axle bump steer component of the toe effect.
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6.5 Ride Comfort and Tire Impact Control for Bumps
and Potholes

In the case of bump-type road disturbance and the quarter-car vehicle model given
in Fig. 52c, the cost function is defined as (see Sect. 3.2):

I i I I
J =k /.Xidt +k12/ (X] —xlo)zdt + ki3 / (X3 —X3())2dt +k14/Fidl‘ (59)
0 0 0 0
N—— ~——
Jin Jio Ji3 Jia

where the terms Jij, ..., Ji4 penalize the ride discomfort, loss of road holding/
handling ability, excessive suspension stroke, and control input oscillations,
respectively. The only hard constraint applied in the basic optimization case relates
to the FAS actuator force limits: —2500 < F, [N] < 2500.

The dashed-line blue curves in Fig. 57 represent the corresponding optimization
results for the case of high-amplitude bump (10 cm), bump length of 0.1 s, and the
bump preview time of 0.2 s (see z, response). Immediately before the bump
occurrence, the FAS generates a positive force F,,, which tends to lift the tire (see x;
and F,, and also Fig. 52c), thus reducing the strong tire-bump impact. Conse-
quently, the sprung mass acceleration dx,/dt is suppressed when compared to the
passive vehicle, thus resulting in better ride comfort. After the wheel hop peak,
occurring around ¢ = 0.3 s (see x;), the FAS abruptly reverses its action (F, < 0) to
prevent the strong sprung mass (free) fall that would affect the ride comfort.
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Fig. 57 Optimization results for emphasized discrete bump-type road disturbance
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However, such “bang-bang”-like FAS action excites strong oscillations of the
system response, which results in residual wheel hops and related temporary losses
of road holding ability (¥, = 0). During the bump preview period (¢t < 0.2 s), the
FAS prepares for the tire lift action at the leading bump edge by exciting the
unsprung mass oscillations with a proper phase angle.

The solid-line red response in Fig. 57 corresponds to the case of imposing the
lower-limit constraint on the tire normal load (¥, > 1000 N), and also applying the
final time conditions on the state and control variable that are equal to the corre-
sponding initial conditions. The wheel is prevented from hopping (see x; and F,
responses) by generating a strong negative FAS force F, after the bump peak
(0.25 < £ (s) < 0.3), which presses the wheel to the ground. However, the reactive
force of the same amount F, acts on the sprung mass (see Fig. 52), thus causing a
very strong peak of the sprung mass acceleration and affecting the ride comfort.
Therefore, there is an evident trade-off between the ride comfort and road holding
ability. The summarized performance plot shown in Fig. 58 indicate that the cost
function weighting factors can be tuned so that both ride comfort and road holding
indices are notably better than in the passive vehicle case, particularly in the
high-bump case.

The analysis has been extended to the case of full vehicle model (Fig. 52a, b)
with the unsprung mass dynamics included. It has been found that there is an
additional cross-axle FAS control mechanism, which reduces variation of the total
(four-corner) sprung mass/chassis force for improved ride comfort (Cori¢ et al.
2016a). This mechanism counteracts the anti-wheel-hop peak of suspension force
on the active axle (the one exposed to the bump) by means of suspension force
reduction on the inactive axle.

In the pothole case the cost function is formulated as

13 tr 13
J= / (Fa ()CQ —)C4))2dl +k3p /)Cidl + k33 (— min(zu)|:5+T> + k34 / ngl (60)
0 0 _ 0
—— J33 ——
J31 I3 J3a
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Fig. 59 Optimization results for emphasized discrete pothole-type road disturbance of square
shape

The main difference compared to the cost function (59) relates to two additional
terms, J3; and J33, which penalize the FAS actuator energy consumption and the
tire sensitivity to damage during the pothole interval, respectively. The hard con-
straints include the aforementioned actuator force limit and the state variable
boundary condition.

Figure 59 shows the optimization results for the case of square-shape pothole
with the depth of 0.1 m, length of 0.1 s, and the preview time of 0.2 s. Regardless
of the cost function tuning, the optimal system behavior is such that the wheel hops
over the pothole (see x,,) to prevent the wheel damage on the pothole trailing edge
(see x; and F, immediately after r = 0.3 s). To effectively prepare for the wheel
hop, the FAS first increases the (absolute value of) tire deflection x; immediately
before the pothole (F, < 0). It then quickly reverses its control action (F, > 0) to
lift the wheel near the pothole leading edge (¢ = 0.2 s) with some significant hop-off
velocity x,. The response of FAS energy consumption E indicates that the FAS
predominantly generates active force (dE/dt > 0), where the power peaks equal
around 1.5 kW.

The main difference between the two active control responses in Fig. 59 is that
the wheel entirely hops over the pothole when the emphasis is on damage pre-
vention (solid red curves) compared to the case when the ride comfort is empha-
sized (dashed blue curves). In the former case, the FAS action F, is stronger
(longer) both in the preview phase (¢ < 0.2 s) and during the pothole period
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Table 4 Comparative

" indices Case Square-shaped pothole

performance indices for 2 2

passive vehicle and three FAS Cost Ul 1)~ (m/s”) AL I3 (cm)

control optimization cases for ~No control 6.6 - 12.8

pothole-type road disturbance  Case 1 2.9 0.14 2.5
Case 2 3.5 0.05 3.0
Case 3 4.0 0.12 0.0

In Cases 1, 2, and 3 the emphasis is on ride comfort, energy
saving, and wheel damage robustness, respectively

(0.2 < 1 (s) < 0.3), in order to better prepare for the wheel hop and keep the wheel
lifted action when hopping over. The post-pothole peak of the normal tire force F,
is not only lower in that case, but it occurs after the trailing edge, thus reducing
further the possibility of wheel damage. However, the ride comfort is reduced (see
dx,/dt) due to the stronger FAS activity before and during the pothole period.

Another cost function tuning case is also considered in (éoric’ et al. 2016a),
where the emphasis is on energy consumption. In this case the FAS action is such
that it keeps the suspension deflection x3 approximately constant during the pothole
period (and longer), i.e. no power is consumed in that case (as dx;/dt = 0 holds in
that case). This results in halving the energy consumption compared to the previous
two cases, but the ride comfort or wheel damage robustness is compromised.

The above results are further illustrated by the performance indices listed in
Table 4 based on the definition of the cost function terms in Eq. (60), and for three
characteristic sets of weighting functions. In all cases, the FAS improves the wheel
damage robustness (see J33), and, it also, improves the ride comfort performance
(J32) when compared to the passive vehicle. In Case 3, the wheel damage is
avoided, while the other two cost indices are modestly high. In Case 2 the energy
consumption is the lowest, but ride comfort and wheel damage robustness are
inferior compared to Case 1.

The case of long pothole is analyzed in (Cori¢ et al. 2016a), as well. In that case
the optimal behavior includes the phases of (i) wheel landing and traveling over the
pothole bottom, and (ii) hopping over the pothole trailing edge.

6.6 Summary

The presented control variable optimization study has pointed to the unique control
authority of FAS, which relates to boosting the tire load for providing an increased
tire friction potential and improved vehicle dynamics control (VDC) performance.
The tire load boost can be applied under conditions of non-uniform tire friction
coefficient y (the load is increased during the high-y interval, e.g. for improved
ABS performance) or during the critical handling/cornering maneuvers (to increase
the lateral acceleration over its p-related saturation level and improve the VDC
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performance without affecting the agility). The VDC performance can also be
enhanced by the FAS ability to generate oversteer compensation- or understeer
compensation-yaw torque by transferring the load to rear or front tires, respectively.
There are additional FAS control mechanisms for enhanced VDC, such as those
relying on spinning a driven tire by reducing its load, balancing the left-right tire
load on an axle to boost its lateral force, and increasing the steering effort through
the bump steer component of the toe effect. Finally, in the case of emphasized
discrete road disturbances such as high-amplitude bumps and potholes, a proper
(optimal) FAS control action can improve both ride comfort and road holding
performance. Moreover, in the pothole case, the wheel damage can be prevented by
forcing it to hop over the pothole.

However, the FAS control action has certain side effects and limitations. The tire
load boost and load transfer actions are directly associated with excitation of heave
and pitch dynamics, respectively, thus affecting the driving comfort. Due to the
limited suspension stroke, the FAS actions can last only for a relatively short
interval, and they would, thus, not be very effective in nearly steady-state turns or
transient maneuvers performed at slower rates of change. To emphasize the FAS
control effect (e.g. the tire load boost) and satisfy the suspension stroke constraint,
the FAS action typically includes a preparatory phase during the preview period
(e.g. a tire load hole), and is usually succeeded by a similar relaxation phase. This
makes the control system development more challenging, as it would require some
kind of on-line optimization that is typically included within the model predictive
control framework, and a preview of critical period of maneuver and/or road dis-
turbance. Another limitation relates to the fact that the FAS cannot influence the tire
lateral forces unless the tire is subject to non-zero lateral sideslip angle. This affects
the effectiveness of understeer compensation, particularly when it is a part of
preview control action during straight ahead driving.

There is though a FAS action that is not associated with most of the above side
effects. When the tire normal loads are distributed in the warp-like arrangement, the
FAS action does not excite the heave and pitch dynamics, and it can be applied
during steady-state turns and braking maneuvers in a simplified (more conven-
tional) control law formulation. However, this action has a lower control authority
than the load boost and front/rear load transfer actions, thus usually resulting in
limited control performance enhancement.

It is believed that the encouraging results of this study may serve as a solid basis
and inspiration for future possible extensions, especially when combined with
(semi)autonomous vehicles fortified by V2V, V2I, detailed 3D mapping, and
similar exciting and promising future developments.

Acknowledgements Assistance of Dr. Li Xu and Dr. Mirko Cori¢ in preparation of these class
notes and related slides, and the help of Professor Rill with some figures, is gratefully
acknowledged.
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Appendix

In this appendix we establish the LQG-optimal trade-off line for the 1 DoF model of
Fig. 7. We start with the covariance (Lyapunov) equation

(A—BK)X+X(A—-BK)" = —GI'G” (61)

where in our case G'= [—1 0] and I" = 1 since we are dealing with normalized
covariance,

X= [;; iz] (62)
where,
X1 = (X1, ms,norm)” and Xo = (Xa, s, norm)* (63)
Define
AcL=A—BK = [ 2 _lkz} (64)
with optimal control gains
ky=r=12  ky=V2r~4 (65)
then the covariance equation becomes
AcaX +XAL, = - GG" (66)
or
2X; Xz—klxl—kzXﬂ:[—l o] (67)
Xo —ki Xy —kXs -2k X3 -2k X, 0 O
Solving for X;, X5, and X3,
X1=ir1/4 Xo= —p 12 Xy= - (68)

22 0 P 2
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from where we get the normalized rms rattlespace

3
V3 /8

X1, rms, norm = Xl = (69)
2V2
The normalized rms sprung mass acceleration then follows from
U=KXK = =3 (70)
22
so that
27
U==—X3 71
64 1 ( )
resulting in the normalized rms acceleration versus rattlespace equation
3V3 _
Upms, norm = Txl,fmx, norm (72)

which was used to plot the corresponding optimal trade-off line in Fig. 13.
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Active Control of Vehicle Handling m
Dynamics L

Tim Gordon

Abstract This chapter provides an overview of the basic lateral control of a road
vehicle using actuators such as individually controlled brakes and or rear-wheel steer-
ing. The main focus is on linear control system design for cornering, especially for
the improvement of stability and manoeuvrability of a passenger car. Steering con-
trol is presented in the form of a simple ‘driver model’ that shows the importance of
road preview in providing a stable controller. For nonlinear control, anti-lock brak-
ing and electronic stability control are described; finally there is an introduction to
vehicle motion control at the limits of friction.

Keywords Chassis control * Vehicle stability + Rear-wheel steering
Electronic stability control * Anti-lock braking system * Driver model
Friction limits

1 Overview of Vehicle Control Applications

In recent years, electronic controls have become an integral part of automobile
engineering. Starting with electronic engine control and anti-lock braking systems
(ABS), the number of electronic functions has expanded almost exponentially over
the past decade. However there are relatively few degrees of freedom associated with
the primary ride and handling of a rigid vehicle—just six. Compared to this, there
may be a large number of actuators available, or at least feasible, for controlling
these six degrees of freedom. If we assume a four-wheel rigid vehicle has indepen-
dent braking/traction at each wheel (drive and brake torque combined together) plus
independent suspension and steering, this gives three independent actuation modes
per wheel, or 12 actuator degrees of freedom in total. In this case, the ratio of actua-
tors to degrees of freedom is 2:1. Fundamentally the automobile is an over-actuated
machine.

Not all degrees of freedom may be actively controlled (for example when bounce,
pitch and roll are controlled by a standard passive suspension). But even then, a
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standard Electronic Stability Control (ESC) system will be over-actuated, having
four individual wheel brakes available and only two degrees of freedom to control:
yaw and body side-slip. So again, motion control becomes over-actuated and some
form of constraint or control allocation is necessary as part of the controller design.

Certain vehicle control modes are more simply described as single-input-single-
output (SISO) systems. An example is cruise control, where the vehicle follows a
set reference speed; the input is the speed reference, the output is the actual vehi-
cle speed, and a suitable performance index would be the root-mean-square error
between the two. Another SISO example is steering control, where lane position is
controlled via steering. Although this might be thought of as an ‘advanced’ control
function for automated driving, it is so fundamental to the control of a road vehicle
that we also analyse the system dynamics when a steering controller is connected
to the base vehicle. These notes adopt a similar approach to the book Abe (2015),
which is recommended for further reading.

In Sect.2 we consider the basic linear bicycle handling model and the way its
dynamics can be altered by rear-wheel steering. This includes the use of feedforward
control to reduce body sideslip, which is a fundamental concern of ESC. Stability,
even for the linear model, is a key concern and is covered in some detail. In Sect. 3
we introduce the effects of feedback control, with emphasis on actuation by rear-
wheel steering (RWS). But we note that the exact same approaches can be applied
to active-front-steering (AFS) and direct yaw moment control (DYC) using active
differentials or differential braking. In Sect. 4 we consider the fundamentals of lane
keeping, where the system dynamics includes the influence of a steering controller.
Finally, Sect. 5 considers the nonlinear control region, which occurs when the limits
of friction are approached: ABS, ESC plus an introduction to combined path and
speed control at or near the limits of friction.

2 Open-Loop Control of Handling Dynamics

2.1 Overview

Analogous to the quarter-car model of ride dynamics, we require a simple model for
handling dynamics that for control system design, and also as a reference model for
closed-loop control. The bicycle handling model is commonly used, being the sim-
plest model that represents the effect of tyre forces on the lateral and yaw motions
of the vehicle. Cornering forces are generated either by lateral slip of the tyre (slip
angle), by lateral inclination (camber angle), or a combination of the two. The forces
due to camber are relatively small, so here we only consider cornering forces gen-
eration due to slip angle, as represented in Fig. 1. The slip angle of any individual
tyre is analogous to steering angle, except that it measured relative to the velocity of
the wheel center over ground, rather than the longitudinal axis of the vehicle body.
Typically, rear wheels are not steered, but they experience sideslip in order to gen-
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Fig. 1 Slip angle a; at
wheel i, where v; is the
velocity vector of the wheel
centre relative to the ground.
(X, 7Y) is the local coordinate
frame of the tyre. Slip angle
a; becomes positive when
v,; <0

erate cornering forces. For either front or rear, the wheel generates cornering force
due the component of velocity lateral to the wheel v,;, and in the opposite direction.
In Fig. 1 the (X, Y) axes are oriented according to the ISO convention, and we con-
sider the positive slip angle a; > 0 generating cornering force in the +Y direction;

this is a common, but not universal, convention in vehicle dynamics:

-v,
tana = — (D
vx

Note that when we introduce the bicycle handling model below, the corresponding
slip angle g for the vehicle uses the opposite sign convention, f < 0 when the body
is oriented to the left of the velocity vector; this sign convention is almost universal
in the literature.

Friction limits and the complex structure of the pneumatic tyres lead to the non-
linear input-output relationship shown in Fig. 2, which displays a linear region for
small a, an adhesion peak at which the maximum force F. W is achieved, and then a
sliding region with reduced force at large slip angles. Under normal driving condi-
tions the tyre remains in the linear region, and hence a satisfactory representation of
the tyre mechanics is given by the simple equation

F,=C,a 2

where C, (the cornering stiffness of the tyre) is the initial slope of the force-slip curve
in Fig. 2. Typically, this linear tyre model is valid for vehicle handling dynamics up to
lateral accelerations ~4 ms™2.

Note that the cornering stiffness is dependent on many variables: tyre size and
type (radial vs. bias construction), number of plies, cord angles, wheel width, and
tread design, all of which affect the structural performance of the tyre. For a given
tyre, the vertical load and inflation pressure are the main parameters affecting the
value of C,.
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Fig. 2 Lateral force F, versus slip angle a

2.2 Linear Bicycle Model

The key dimensions and variables for the bicycle handling model are shown in Fig. 3.
Here (X;;, Y;) represents the global orientation of the in-plane coordinate axes, rela-
tive to which the vehicle body has yaw angle y. Using the sign convention mentioned
above, the path angle (i.e. the direction of motion of the vehicle mass centre) equals
y + f, where f is the body sideslip angle.

The model assumes the vehicle forward speed U is constant; also the steer angle
0 is assumed small, so the cornering force at the front axle is considered to act per-
pendicular to the vehicle longitudinal axis. Then the yaw and lateral motions are
controlled by the front and rear lateral tyre forces F; and F, respectively. The resul-
tant side-force and yaw moment then determine the lateral dynamics of the vehicle.
Roughly speaking, the front steering angle 6 = 6, commands the yaw rate, while
body sideslip follows from the equilibrium of forces between the front and rear axles.

Fig. 3 Bicycle handling model. The left and right wheels are combined at each axle and the axle
cornering stiffness is introduced: C,r = Cpy + Cppps Cy = Cpyy + C,p, Steer angle 6 is assumed
small, so Fyf =F ’yf COS 6 ~ Cafaf
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Using coordinates fixed with respect to the vehicle, the equations of motion are:

d
MU(d—f+r> =F,+F, 3)
dr
1 7= [Fy = LF,, 4)

Here, I is the yaw moment of inertia, lf and [, are the distances of the front and
rear wheel axles from the centre of gravity and / (= /; +[,) is the wheelbase. The
cornering forces (F’ of and F' y,) are the axle totals, and are assumed to act in the vehicle
lateral direction.

As above, for small tyre slip angles we use the linear approximation and assume
small angles:

L
f
Fy = Cyrap ,af=5f—ﬂ—5r (5)

l
F,=Cg,a,,a,=—p+ =r (6)
’ U
where C,., C,, refer to the total cornering stiffness at the front and rear axles respec-
tively.
Substituting Egs. 5 and 6 into Egs. 3 and 4 we obtain:

d U Cos = 1,Ca)

MUd—‘f +(Cy + Cp)f + MUr + MTII;’ = Cyy5; %
o (BCy +EC,,)

154 (Cop = L,Co)B + = = [,C,y )

These are the fundamental equations of vehicle planar motion under the simpli-
fying assumptions stated above. A number of constant parameters repeatedly occur
in these equations

Ly=Cy+C, )
Ll = lfcaf - lrcw (10)
Ly =LCy +LC, (11)

these being the pth moments of cornering stiffness, of the form L, = ¥, K C,; with
summation over all wheels. Then, for example, the state-variable form of the bicycle
handling model can be written in a relatively compact form

X = AX + Bu (12)
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Fig. 4 Step-steer responses
for the linear bicycle
handling model, with either
front or rear wheel steering
as input. For rear-wheel-steer
a negative steering ratio is
used, so that positive
steering induces positive yaw
rate. Data: steering ratio:
15:1 (—15:1 for rear wheel
steering); vehicle mass:

M =1500 kg; cornering
stiffnesses: C,; = 1000 N/deg
(each individual tyre);
distance from CG to front/
rear axles: lf =1.08 m,

[, =1.62 m; radius of
gyration for yaw: R, = 1.25
m; forward speed: U =25
m/s; step-steer angle:

6y =45° at the steering
wheel

where x = [x;,x,]" = [, r]", u = 6.

beta (deg)

yaw rate (rad/sec)

l
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Ly/MU 1 + L, /MU? (13)
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Figure 4 shows (solid lines) the response of the bicycle handling model for a step
input at the steering wheel, assuming front-wheel-steer (FWS). The sideslip angle
and yaw rate responses are shown. Also shown (dashed lines) are the corresponding
responses for rear-wheel-steer (RWS), i.e.when the steering mechanism connects
instead to the rear wheels; we return to this aspect in Sect. 2.5. Focusing attention to
the FWS results, the vehicle takes around 0.5 s to reach steady state, settling with a

negative sideslip angle f.

Note the following simple relationships, which are easily confirmed; they turn
out to be useful in the algebraic manipulation of the various transfer functions in the

next section:
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L,~ L, = U,C,
Ly+1,L = II,C,y
~Ly + Ly = IC,,
Li+1,Ly=ICy (15)

2.3 Transfer Function Analysis

For the transfer function form of the bicycle handling model we may convert from
state-space or apply the Laplace transform operator to the original equations of
motion, Egs. 7 and 8. Using s as the Laplace variable, we obtain:

MUs+Ly MU+ L, /U| |B(s)
L, Is+L,/U | |r(s)

— Caf
= [lfcaf] 5f(s) (16)

where f(s), r(s) and 6,(s) are the Laplace transforms of #, r and 6, respectively.
The relevant transfer functions are then found. We solve using the inverse-matrix to
obtain

[ﬂ(S)

r(s)] = A(S)_l

Is+L,/U -MU+L, /U] | Ca
_L21 (MUs+ll,0) ] llfcfzf] 6¢(s) 17)

where A(s) is the system determinant:

_|MUs+Ly MU +L,/U
A(s)—’ L, Is+L/U (1%
System stability is determined from the characteristic equation A(s) = 0:
i |y Mot PG L, (19)
YT T M T T T

where [ = [, + [, is the wheelbase. In the above equations, the term L; = (/,C,; —
[.C,,) relates to the imbalance between front and rear axle cornering forces; if this
parameter is zero, the resultant yaw moment becomes zero only when the front and
rear slip angles are equal, which is the neutral steer condition.

Let W, = Mgl,/l and W, = Mgl, /1 be the static vertical loads on the front and
rear axles respectively. Then the understeer gradient (USG) K|, is defined as:

Wf W
K,=——-— (20)
c, C

[0 ar

or equivalently
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o Mgl
" lcaf Car

Hence the characteristic equation, Eq. 19, can be written
s> +2Ds+E=0

where the damping and stiffness terms are respectively

ML, + IL,
T MIU

2D
CofCoyl
T MgIU?

(gl +K,U%

T. Gordon

ey

(22)

(23)

(24)

The natural frequency w, and damping ratio ¢ of the vehicle response are defined

from the characteristic equation coefficients:

w>=E
n

2w, =2D

(25)
(26)

Returning to Eq. 17, after some manipulation we can now obtain the following

simplified forms of the input-output transfer functions:

BGs) _ Ky(s +ap)
5(s) 2+ 20 w,s + o2

where
Caf
K, =
MU
nc, - leU2
aﬁ =
1U
Similarly, for the yaw rate r(s),
ris)  K(s+a,)

5(s)  s2+ 2fw,s + @2

where

IC,

K =2
1

lCar

a, =

@7

(28)

(29)

(30)

€2V

(32)
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In either case, the steady-state gain takes the form

G =2 (33)
[(0)]

n

which is the input-to-output scaling factor in the steady-state limit. For example, in
the case of a step-steer input, when a driver suddenly shifts the steering angle (say
from zero to ¢, e.g. in the initial stage of an evasive manoeuvre) the steady-state
gain K,a, /w? determines the yaw rate achieved, and hence the responsiveness of the
vehicle to driver inputs.

Vehicle responsiveness in the step-steer scenario is also measured via the delay
in achieving steady-state. For a second order transfer function of the type in Eq. 30
this is determined by the time constant

) 1 _1__2MIU (34)

(w, D ML,+IL,
If T, becomes larger, this means the vehicle becomes slow to respond, but if T,
becomes too small the driver will have greater difficulty in controlling the vehicle.
For the step-response in Fig.4, T,= 0.148 s (and corresponds to a settling time of
around 37, or around 0.45 s in the figure). Eq. 34 shows some simple and natural
trends: (i) when vehicle mass increases then so does 7. (assuming yaw inertia [ also
increases with vehicle mass) (ii) the yaw response is slower at higher speeds (iii)
increasing tyre cornering stiffness reduces T, (the denominator increases in propor-
tion to C,).

2.4 Stability

The solutions of Eq. 22 are the system eigenvalues (poles)

A=-D+VD?>—E (35)

or equivalently

A= o, +jo,\1 -2 (36)

System stability is determined by the condition that the real part of A should be
negative; from Eq. 23 it is clear that the first term in Eq. 35 is strictly negative for all
reasonable physical parameters (e.g. positive cornering stiffness). For both solutions
of Eq. 35 to have negative real parts, it is seen that the stability condition is simply

E>0 (37
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(consider first the case E = 0 and then let E increase or decrease). If U — oo in Eq.
24 then the first term tends to zero and the remaining stability condition is that

ar-u

Mgl

IC..C. K
B A ) (38)

or more simply that the vehicle understeers, i.e. K, > 0. Thus for a passive vehicle
operating in the linear region, the necessary and sufficient condition for handling sta-
bility at all speeds is that the understeer gradient is positive. An oversteering vehicle
(K,, < 0) has a critical speed above which the vehicle is unstable—at least if there is
no control intervention.

2.5 Rear-Wheel Steering

The aim now is to design some simple linear handling control laws— using actuators
and feedback control to improve handling via reference model tracking. We assume
the actuator is an automated rear-wheel steering system which responds to the driver
input at the steering wheel 6(¢) and/or the vehicle states (f(¢), r(¢)).

First however we need to revisit the bicycle handling model with a second input,
namely the rear steer angle 6,. Referring to Egs. 5 and 6, we obtain the simple mod-
ification

l
i

Fyp=Coyyr g === 57 (39
lr

F,=Cua ,a,=6—p+ 7 (40)

Hence it is a simple matter to expand the previous state-space equations to include
the second input. The A matrix in Eq. 13 is unchanged, while the B from Eq. 14 is
expanded to
Cc,/MU C,./MU >
B=|( ¥ ar 41
( bCo /T =1,Cor /1 @b

Here state variables are unchanged, but there are two inputs: u; = &, u, = 5,. Now,
referring once more to Fig. 4, the dashed line represents the use of rear steering, with
the front wheels unsteered. As mentioned, a negative RWS steering ratio is used so
the vehicle turns in the same direction of the steering wheel. In steady-state, the
rate of turn is exactly the same as for FWS. However the yaw rate shows a more
oscillatory response, due to the need for a larger body sideslip angle. This is because
the front wheels are now ‘steered’ via the yaw angle of the entire vehicle body;
contrary to a,, yawing motion tends to reduce a;, so (negative) body sideslip must
be increased to achieve equilibrium. Thus, in practice, a driver will find it harder to
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steer a RWS vehicle, even though it is inherently just as stable as a FWS vehicle: the
values of D and E in Eqs. 23 and 24 are independent of which axle is steered.

For transfer function analysis we introduce the transfer function matrix [G;(s)],
where i denotes the output (x;) and j denotes the input (u;):

[ﬂ(s)] — [G”(s) G]z(s)] [5f(5)] (42)
r(s) G, (5) Gyy(s)] [6,(5)

All four transfer functions G(s) take the form similar to Egs. 27 and 30:

Kij(s +a;
- (43)
52 + 20w, s + @2

G,-j(s) =
and in this notation K, = K in Eq. 28, K,, = K, in Eq. 31 and similarly a;; = a,
a21 = ar.
For the rear steering input, the corresponding transfer functions may be obtained
by setting 6, = 0 and using the rear-steer analogue of Eq. 17

BO] _ a1 [I5+L/U ~MU +Li/O)]| [ C,
[r(s) = A©) L, MUs+Ly ||-tcC,|%® “44)
Following the same type of algebraic manipulation as before, making use of Eq. 15,
and gathering front and rear terms together, we obtain the full set of transfer function
parameters relating to Eq. 43:

_ |Ki1 Kpp| _ |Cye/MU C,, /MU
[KU] B [KZI K22 B lfCaf/[ _erar/I (45)
_ 2 2
(0] = ua.c,, — MU lf)/IU (llfCaf+MU 1)/1U 46)
v lCa,/MUlf lCaf/MUl,

To emphasize, for both K;; and a;;, the first index refers to output (sideslip angle or
yaw rate) and the second index refers to input (front or rear steering). The gain and
phase plots for these transfer functions (frequency responses, with s = jw) are shown
below in Figs. 5 and 6.

As in Eq. 33, we find the steady-state gain by letting s — 0, i.e.

GOy =Xa _ MgIU*Ka 1
T @ 1C,C, (gl+K,U?)

47)

where for clarity we have omitted the ij subscript. For example, setting i = 2 (yaw
rate), j = 1 (front steer) we obtain
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Fig. 5 Frequency response
functions, with input = 6_/ or
6,, output = yaw rate
(rad/sec). Note in the upper
plot: steady-state gains are
equal; also there is a stronger
resonance for §,. Lower plot:
rear steer indicates a
steady-state phase lag of
180°, indicating that positive
6, induces negative r

Fig. 6 Frequency response
functions, with input = 6f or
o,., output = body sideslip
angle (rad). Note in the
upper plot: gain is
substantially higher for input
o,. Lower plot: front steer
indicates a steady-state phase
lag of 180°, indicating that
positive 6, induces negative
P (Vehicle data: see Fig. 4)
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ris)  gU

Gy, (0) =i = 48
2(0) =lim 5:(5)  gl+K,U? ()
Interestingly, we also find
U
Go(0) = lim 7 = ___ 8 49)

=08,(5)  gl+K,U2

i.e. the same result but with a negative sign, confirming that a constant positive rear-
steer angle produces a negative yaw rate; this is in agreement with the upper plot
in Fig.5 which shows equal gain factors. Thus, if control is applied to make the
rear steer angle equal to the front, then the steady-state yaw rate gain is zero. Note
however that the transient dynamics will not generally cancel out in this way. Indeed,
the gain is higher for the rear-steer (Fig.5), so the rear input will tend to dominate
the response during transient motions of the steering.

Also note that, from the common term (g/ + K, U 2=l instabilty will result in the
case of an oversteering vehicle K, < 0; for all of these transfer functions, Gij —
at the critical speed

U.=+gl/(-K,) (50)

In reality, the distinction between stable and unstable behaviour is not a sharp one.
A vehicle may become inherently unstable but very slow to respond, and this is what
happens when an oversteering vehicle is close to the critical speed. Fortunately, since
the unstable response is slow, an experienced driver can make corrections to coun-
teract such instability by ‘counter-steering’, i.e. by steering in the opposite direction
to the growing yaw rate. On the other hand, a stable vehicle with fast yaw dynamics
(T, in Eq. 34 very small) may become unstable in the hands of a novice driver.

2.6 Feedforward Control for Zero Body Sideslip

Using the above models it is relatively easy to craft a control transfer function to
achieve simple objectives. With rear wheel steering it is clearly possible to adjust
body sideslip independent of the yaw rate. For example, if 6, = o, is set to a constant,
then to drive in a straight line the driver needs to set 6f = &y, so the front and rear
wheels steer at the same angle; the yaw rate will be zero but body sideslip angle f
is not—and the vehicle will move with a somewhat crab-like motion. Clearly this is
counter-intuitive and would make the vehicle difficult to drive!

On the other hand it may be thought desirable to regulate f to zero under dynamic
manoeuvres, so the vehicle is always ‘pointing in the right direction’. To impose this
we assume a control law of the form

8,(s) = C(5)5,(s) (51)
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Thus we impose the condition

B(s) = G11(5)6(5) + G1,(5)6,(s)
= (G1(s) + C(5)G5(5))6(s)
=0

According to Eq. 43 we have
K (s+a)+C)K(s+a,) =0
from which we obtain the required controller transfer function:

KyG+ay)  Cy s+UC,—MUL)/IU

Cl)=———=
) Ki,(s+ay,) C, s+ (llfCaf + MU?L)/IU

(52)

This has the form of a standard first order (lead-lag) compensator, and is a famil-
iar type for implementation as a digital controller (once converted to discrete-time
form). By definition the transfer function f(s)/ (Sf(s) is zero. Then the transfer func-
tion for yaw rate, including the effect of C(s), is:

IO _ G () + C)Gnls) (53)
0,(s)

Substitution from Egs. 43 and 52 yields, after some algebra—which includes can-
cellation of the term (s + 2Ds + E)—this reduces to the simple first-order transfer
function:

r(s) ic,C 1

ap a,

5:(s)  MIUK,, s+a,

(54)

As expected, for a first-order transfer function the step-response is non-oscillatory—
Fig. 7; the controlled system has a faster response but with reduced steady-state yaw
rate.

This is a satisfactory illustration of the capability of a rear-steer actuator, but there
are several limitations of the approach, in particular (a) control is open-loop: the
controller relies on the bicycle model being an accurate representation of the actual
vehicle dynamics; (b) the design objective is somewhat arbitrary and there is no
design freedom to choose the target (steady-state) yaw rate or response time. In par-
ticular there is considerable steady-state understeer compared with the uncontrolled
vehicle. On the other hand, with zero body sideslip the yaw rate becomes directly
proportional to both lateral acceleration and path curvature, even under transient
conditions. For example the path-lateral acceleration is given by
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Fig.7 Step response in the 0.35 T T T -
case where feedforward e
control imposes zero body . 031 7 T
sideslip. Rear wheel steering § 025 | / 1
remains active in 3
steady-state, inducing g 02y 1
considerable understeer in % 015k ]
the form of reduced yaw rate ;
and increased turning radius <} 011 — — _ uncontrolled ]
0.05 controlled 1
0 ‘ ‘ ‘ ‘
0 0.2 0.4 0.6 0.8 1
time (sec)
6 _ &= _ ) s _ ) 55)

8(s) 5(s) (s 8i(s)  8,(s)

The net result is to suppress the yaw dynamics and force the vehicle to respond as
though it were a simple particle; as to whether this is desirable depends then on
‘human factors’, i.e. whether the coupled vehicle-driver system is a more effective
controller. This very interesting question goes beyond the scope of the current anal-
ysis however.

2.7 Feedforward Control of Yaw Rate

In this case we assume a reference model for how the vehicle ‘ought’ to respond
to steering input, which allows the step-steer response to be directly chosen by the
designer. By analogy to the previous controller, we will require the yaw velocity to
be dominated by a first order response with a specified amplitude and time constant.
Of course other choices are possible. The design intent in this example is to choose
a time constant 7, which is smaller than the corresponding time constant T, of the
passive vehicle (Eq. 34), but with unchanged steady-state gain. The target transfer
function is then

K
r(s) = T"Tdssf(s) = G¢, (5)8,(s) (56)

where Ggl(s) is the desired yaw rate transfer function after rear-steer control is
applied, and K, is the desired steady-state gain. Hence

Gl -G
215
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Fig. 8 Step responses for 0.5 T T T -
feedforward control targeting

a first-order yaw rate ol

reference (Vehicle data: see — — — uncontrolled

controlled

Fig. 4)

beta (deg)
s
(6]

-1.5 :
0 0.2 0.4 0.6 0.8 1
0.4 T T T T
o -
Q
2
e
£
P — — —uncontrolled
E controlled
S j
o
>
0 ‘ ‘ ‘ ‘
0 0.2 0.4 0.6 0.8 1

time (sec)

giving a control law of the same form as Eq. 51, and where the controller transfer
function is now second order:

K (s> +2¢w,s + a)i) - Ky (s +ay)(d +Tys)

c® Koy (s + ap)(1 + Tys)

(57)

For this example, 7, = 0.148 s, T, = 0.1 s and, in line with the passive vehicle model,
K, =15.77. Results are shown in Fig. 8.

The choice of maintaining the same steady-state yaw rate as the passive (uncon-
trolled) vehicle has the advantage that 6, — 0 in steady-state, which also explains
why body sideslip returns to the passive value. Interestingly, for simple feedforward
control, 6,(s) = C(s)éf(s), there is a direct relationship between the steady state val-
ues of r(¢) and f(¢). Considering Eq. 53, together with the analogous expression for
B(s)/ 5f(s), we set s = 0 in Eq. 43 to obtain the steady-state values:

By = (Kyyay + C(0)K ya1,)8,/E (58)

r = (K311 + C(0)Kppa29)8)/E
where (recall) E = a)i We illustrate this result in Fig. 9, where the step-steer input
0o = 3° is again assumed. Irrespective of how the feedforward transfer function C(s)
is designed, the trade-off between steady-state yaw rate and sideslip is fixed. In the
upper plot we see that yaw rate decreases as C(0) increases, while body sideslip has
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Fig.9 Steady-state relationship between body sideslip angle and yaw rate (Vehicle data: see Fig. 4)

the opposite trend. In the lower plot we more clearly see the inverse relationship
between f; and r . The figure clearly shows the reduction in r,, between the passive
case (C(0) = 0 in the upper plot) and zero body sideslip (f,; = 0 in the lower plot).
These results apply for the feedforward controller, independent of the details of the
controller transfer function C(s).

3 Closed-Loop Control of Handling Dynamics

In the above we presented the open-loop control of the vehicle, and also feedforward
control of the lateral dynamics; in these approaches there is no feedback of vehicle
states to the controller, and hence no ‘self-correcting’ mechanism. This is needed
to ensure robustness in cases when the model is not a sufficiently accurate repre-
sentation of the actual vehicle. This arises since basic parameters may vary, e.g. the
mass M changes according to the number of passengers, the cornering stiffnesses C,;
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plant
) r(t)
Ta £ G, (8)

Fig. 10 Block diagram for closed-loop control of yaw rate in response to a demand input. The
r(s) _ kpGZI(S)
r(8) T s+k, Gy ()

closed-loop transfer function is

vary with inflation pressure, vertical load etc. And the effects of disturbances such
as crosswinds are not automatically corrected for in such a controller.

In the absence of electronic control, the only feedback loop is via the driver,
adjusting the steering angle to follow a desired path. We consider this type of control
in Sect. 4, where the feedback signal comes from the position and motion of the vehi-
cle relative to the road geometry. In that case, for example, the effect of a crosswind
disturbance will be corrected by a change in steering wheel angle by the driver.

Electronic feedback control can also be used to improve the robustness and sta-
bility of the base vehicle, for example to track a desired yaw rate inferred from the
steering wheel angle.

3.1 Feedback Control of Yaw Rate

We now introduced feedback control, where the effects of disturbances will be largely
rejected, provided there is a sufficiently large gain in the feedback loop. Further, the
inclusion of integral control, will remove undesirable steady-state errors (previously
seen for example in Fig. 7).

The basic feedback loop is shown in Fig. 10. This is shown using front steering
wheel angle to test the approach. Equivalent to the figure, the control equation can
be written:

Sp(1) = —k, (r(1) = r,(1)) (59)

which implies for example that steering angle is increased if the current yaw rate is
less than desired, r < r,;. Clearly, if the yaw rate demand is constant, as would be the
case on a road of constant curvature, then steady-state (5} = 0) will only be achieved
once the desired yaw rate is achieved (r = r,;). This is the result of the integral control
action 1/s in Fig. 10.

The main concern is now the stability of the feedback loop. This is tested (using
vehicle parameters previously given) via the root-locus plot in Fig. 11. Here &, is
systematically increased and the closed-loop poles (eigenvalues) are plotted. Clearly
the points all have negative real parts, so the system is stable for all values of k,. The
corresponding step responses are shown in Fig. 12, where it is seen that all plots tend
towards the commanded value r; = 1. However, the low gain response is very slow
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Fig. 11 Root locus plot as 20 -
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and high gain response is very oscillatory. Hence a compromise case is required,
for example the tenth point on the root-locus, corresponding to the thick curve in
Fig. 12, k, = 0.9.

For rear-wheel steering the results are quite similar, corresponding to the lower
half of Fig. 11. The control law is now

8,(1) = +h,(r(1) — (1) (60)

where the sign change is needed since positive rear steer angle induces negative
yaw rate. Again the closed-loop system is stable for all values of k, and again a
compromise is required (k, = 0.9 is again suitable). The closed-loop transfer function
is given by

res) —k, Gy (s)

rg(s) s —k,Gy(s)

(61)

reflecting the sign change applied to k.
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Fig. 12 Time responses to a step demand in yaw rate corresponding to the upper plot in Fig. 11—
front wheel steer. The highlighted curve corresponds to the the tenth point of the root locus, with
k, =09

P

3.2 Combined Feedback/Feedforward Control

We now combine the feedforward and feedback control schemes, as shown in Fig. 13.
Starting in the top left corner, the steering command is realistic form of a step-steer,
taking 0.2 s to reach the maximum angle. Across the top and to the right is the
basic input to the vehicle, via the first input 6, and the three outputs are saved to
workspace (sidelslip, yaw rate and path-lateral acceleration). Feedforward control
is the next component down, where C(s) from Eq. 52 is used to excite a rear-steer
response from the driver input. The lower part of the figure is the yaw rate feedback.
Here the target yaw rate, derived from the steady-state gain (Eq. 33) is compared
with the actual yaw rate, and using the above integral control (with k, = 0.9) we add
feedback and feedforward terms together to complete the control law for rear steer.

Figure 14 shows the step response when the feedforward term is switched off,
hence combining front-wheel-steer direct to the vehicle with rear-wheel-steer based
on yaw rate tracking. Then in Fig. 15 we see the beneficial effect of including the
feedforward term.

The advantage of feedforward control is that there is no ‘waiting time’ for errors
to appear before corrections are applied, leaving smaller errors for feedback control
to correct. And the advantage of feedback is that it counteracts disturbances and



Active Control of Vehicle Handling Dynamics 225

’—\_|—\_|—\ -
b x' = Ax+Bu
* )= Crenu o v ]

To Workspace

Repeating State-Space
Sequence
feedforward
controller > E_.
b1.s+b0 =
> Sorat Select yaw rate
alsta To Workspace2
Cis)
.1}
5
rd feedback controller
+ —j4
refefrence
model
qgain

Fig. 13 SIMULINK block diagram of a combined feedforward/feedback controller for handling
dynamics. The steering wheel angle changes from 0 to 45° in 200 ms, then remains constant
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Fig. 14 Step response in the case where feedforward control is turned off
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Fig. 15 Step response in the case where both feedback and feedforward control actions are
included. Note that because of the integrator in the feedback control loop, steady-state error is
eliminated

can avoid steady-state errors. Figure 15 combines both and overcomes the steady-
state error seen previously in Fig. 7. Note however that the same restriction exists as
before—in steady state, the rear steer angle tends to zero if the passive yaw velocity
gain is to be preserved, and in this case we lose the possibility of cancelling out body
sideslip; see the slip angle plot in Fig. 15.

The above methodology can be applied to other types of actuators. One option is
active-front-steer (AFS) where the control actuator manipulates the actual front steer
angle by controlling an offset relative to the steering wheel, and may be represented
as:

6, =G5, +u, (62)

where G is the steering ratio, J, is the angle commanded by driver at the steering
wheel, and u, is the offset from the control actuator. In this case the exact same
approach can be taken as above, using the same linear bicycle model. Another option
is direct yaw moment control (DYC) where differences in braking or traction torque
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can be applied to affect the yaw response. In this case the equations of motion need to
be further expanded (in a very simple way), and a similar controller design approach
can be taken.

4 Lateral Control

4.1 Overview

We normally assess vehicle dynamic performance as something in the vehicle. But
it is increasingly common (and important) to model and evaluate the interaction
between the steering controller and the vehicle particularly because of ‘smart’ driver
assistance systems e.g. electronic stability control or lane keeping assistant. Many
control tasks in driving are in the form of regulator control:

» maintain the center of the lane
« maintain speed

» maintain following distance

« brake to rest at a stop sign.

These are relatively simple control tasks, where a key component is error correction
by feedback—applying steering or speed control (acceleration or braking) to reduce
errors between the actual and intended outputs over time.

In some literature on driver modelling (e.g. Jagacinski and Flach 2003; Weir and
McRuer 1970) the control regulator task is referred to as compensatory control, while
the more dynamic components—for example active steering around an obstacle or
driving on a curved road—is referred to as pursuit control. In the latter type of track-
ing control there is an element of preview and prediction involved, while in compen-
satory control the target is reasonably fixed. There is a clear correspondence with
feedback and feedforward control, the former being closely associated with the reg-
ulator problem, the latter with pursuit of a ‘moving target’. When the target is the
geometry of the road itself, it is a highly predictable target and we expect driving
control to make use of road preview in this case—see below.

In low speed driving control the feedback loop is mostly position-based where
the priorities (for error correction) are based on

« lateral position (e.g. in lane or parking spot)
« longitudinal position (e.g. moving slowly up to a stop line)
« path curvature (turning into driveway).

Lateral control action can then be based on the kinematics of the steering system,
and tyre mechanical properties are hardly involved. This is also the control domain
for low-speed mobile robots.

At normal driving speeds, motion cues are more important, and the control of
the vehicle is more of a challenge, involving visual sensing of motion (foveal and
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peripheral vision), acceleration sensing (e.g. from the vestibular system), steering
torque feedback, brake pedal force, and more general vehicle response cues, such as
pitch and roll motions. Since most control tasks are conducted well within the friction
limits of the vehicle, tyre elastic properties become relevant, but linear dynamics can
reasonably be assumed.

In emergency driving situations, the friction envelope of the vehicle needs to be
exploited to the full, and vehicle control is most reliant to commanding path acceler-
ations and using the yaw dynamics of the vehicle to support this in the best way pos-
sible. Few, if any, validated (human) driver models exist for this regime, but recent
work on friction-limited control does address this area.

4.2 Lateral Offset Steering Control

The simplest driver model involves tracking by simple feedback of position. Accord-
ing to the above this is only likely to be relevant for low-speed motion. The control
task is to follow a target path and apply steering correction to compensate for lat-
eral deviations from the path. Here we investigate the coupled dynamics using the
previously developed linear 2 DOF bicycle handling model for a simple test case:
straight-line driving with the target path represented by the x axis.

It is necessary to expand the vehicle model to include position variables

X=Ucosy — Vsiny
y=Usiny + Vcosy

W=r

In the case shown in Fig. 16, the target direction is the x axis, and the vehicle forward
speed U is assumed constant; thus we may ignore the differential equation for x.
According to the equations of motion of the bicycle handling model in state-space
form, Eqgs. 12-14, the differential equations for x; = f, x, = r can be rewritten in
an expanded state-space form, with the introduction of two further state variables
x3 =Y, x, = y. If we assume small angles, the equations of motion are as follows:

Fig. 16 Position variables X
are included within an 4
expanded state-space model

>
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X =apx; +apx, + b6 (63)
Xy = Ay X + apXy + b25f (64)
X3 =Ux| + Uxy (65)
Xy =X, (66)

Here we write a;; for the components of the 2 X 2 matrix A and b, are the components
of the 2 X 1 matrix B; so for example a,; = —L,/MU etc.
The simplest possible control law for lane keeping is

5 = —kyy ©67)

Combining this control law with the state equations we easily determine the
resulting system eigenvalues. We omit the analytical details, but using the previous
vehicle data it is easy to vary the vehicle speed and control gain and then determine
system stability. It turns out that the coupled system can be made stable, but only with
low gain and at very low speeds. For example, if we choose k; = 1073 the system
remains stable for U < 12 m/s.

Figure 17 shows part of the root locus diagram with U increasing; a complex pair
of eigenvalues moves into the right half plane as the speed increases. Note however
that, even within the stable speed range, the eigenvalues have very small real parts,
indicating that settling to equilibrium will be very slow and any small disturbance
will cause considerable drift from the target path.

Clearly some improvement is needed! A modest improvement in stability can be
achieved by introducing derivative feedback

5 = —kyy — kyj (68)

Fig. 17 Closed-loop
eigenvalue locations for

et

increasing speed. Control X

. . X
gain k; = 1073 is fixed and 5
the vehicle speed is 051 o
. . X
increased from U = 1 m/s in %
increments of 1 m/s o )>(><<
T Of "

S X

= X

X

X

X

X

-05r1 %

X

X
X

I
N
T
o F XXX(X

ol
=

0.2 0.3
real



230 T. Gordon

but realistic driving models require more stability, which can only be achieved using
preview of the road ahead.

4.3 Preview Steering Control

It is worth noting the destabilizing effect of time delay. A human driver does not react
instantaneously to changes in vehicle motion or position, and any performance or
stability analysis should take account of delays in human response. The above results
assume zero time-delay, 7, = 0. In the following we should relax this condition and
yet have a realistic chance of finding a control law to satisfactorily regulate the lateral
position of the vehicle.

The preview control scheme is shown in Fig. 18, where the previewed lateral devi-
ation $(z + T,) is used for feedback control:

o, +Ty) = =kt + T,) — k(1) (69)
Y+ T,) = y@) + UT, sin(y (1) + p(1)) (70)

The resulting driving control is well behaved, provided the control gains (k;, k,)
and preview time 7}, are suitably tuned to provide acceptable tracking and stability
performance, and the valid parameter ranges also depend on the vehicle dynamic
properties as well as the driver delay time 7.

The following results correspond to k; = k, = 0.005, with driver time delay T, =
0.25 s and preview time 7, = 0.5 s (Fig. 19). Starting with an initial lateral deviation
of 1 m, the task of the driver model is to return the vehicle to the x-axis. The system
performs the manoeuvre within a few seconds, and is clearly stable and capable
of settling back to the desired path. For more complex situations, where there is
changing road curvature or obstacles to avoid, we expect that additional feedforward
control will be required. However this will take us well beyond the scope of this
chapter.

The choice of feedback gains (k,, k,) can be addressed in a systematic way using
a form of root locus for the linearized system. For example, if the system is defined

Fig. 18 Preview control
variables

J+T,)

(1)
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Fig. 19 Closed-loop responses of the vehicle-driver system. Initial lateral offset y(0) = 1 m. The
effect of the driver time delay T,; = 0.25 s is clearly seen in the steering response

in Simulink, the linearization (including time delay) is easily performed numerically
and the eigenvalues determined for each set of chosen gains. Here, starting with the
parameters in the above example, k, is varied over a range of positive and nega-
tive values; the real parts of the system eigenvalues are plotted in Fig. 20. It is seen
that, for the particular case, k, ~ 5 x 1073 gives ‘optimum stability’ meaning that
the maximum real part of the eigenvalue set is as negative as possible. Of course this
result depends on the other parameters chosen, including the time delay 7,;. Note that
the constant zero eigenvalue is related to longitudinal dynamics and can be ignored.

5 Control of Nonlinear Handling Dynamics

5.1 Overview

Antilock braking and electronic stability control systems (ABS/ESC) operate near
the limits of friction. ABS works in a localized way, controlling the dynamics of indi-
vidual wheels without any significant coordination between them. ESC controls the
overall dynamics of the vehicle and hence has a wider scope and somewhat greater
sensing requirements. Since neither system can ‘see’ the world outside, there is scope
for more capable systems to be developed in the future, to control vehicle motions in
emergency situations taking account of the local road geometry, obstacles etc.; this
wider aspect is introduced in Sect. 5.4.
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5.2 Anti-lock Braking Systems

ABS works by limiting the slip ratio s, during severe braking. s, defines the rela-
tive speed reduction of the wheel during braking, or alternatively the relative speed
increase during vehicle acceleration. It is this speed reduction relative to a free-
rolling wheel which leads to elastic deformation of the tyre and hence the generation
of longitudinal tyre force for braking:

oR —v,
5, = — (71)
vX
Here w is the wheel angular velocity, R is the rolling radius of the tyre and v, is the
longitudinal velocity of the wheel-centre in the local tyre coordinates, and s, < 0

during braking. Similar to the case with lateral tyre force generation, the braking
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Fig. 21 Tyre force versus F
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force experiences an adhesion peak—Fig. 21. When the slip ratio goes beyond this
adhesion peak, there is a tendency for the wheel to lock up under further braking,
which reduces the available braking force and degrades the ability of the (front) tyres
to steer the vehicle. ABS is especially important in conditions where road surface
friction is reduced (e.g. wet or icy road) but is designed to also operate under hard
braking, even when the surface friction is high.

Previously, before ABS became a common feature, the brake pressures on a car
would be biased towards the front wheels so that, in the case of severe braking,
the front wheels would lock before the rear wheels. A locked wheel has no angular
velocity and there is only sliding contact with the road; hence there is a very low
cornering stiffness—Ilateral forces due to slip angle become correspondingly small.
According to Eq. 20 the denominator of the first term in the understeer gradient
becomes small, so K, > 0 and the vehicle will severely understeer. The alternative,
rear wheels locking first, leads to severe oversteer and the vehicle will spin out. While
the latter option is clearly worse, severe understeer means that the vehicle tends to
straight-line motion even when the driver turns the steering wheel. Hence, to main-
tain stability with some basic level of steerability, all wheels should be kept from
locking.

ABS requires a hydraulic pump and valves (two per wheel) that allow wheel cylin-
der pressure to: (i) increase (inlet open, return valve closed); (ii) hold a fixed value
(inlet and return valves closed) or (iii) reduce hydraulic pressure (inlet is closed,
return valve is open). The valves are to be actuated to maintain the slip ratio in a
suitable range (—s,,, —s,;) once the lower limit —s,, is first reached—see Fig.21.
As mentioned, not only does this increase the braking force to some extent (and
hence reduce straight-line stopping distance), it also preserves adhesion in the con-
tact patch and hence the generation of cornering forces arising from slip angles. In
this way the vehicle can maintain its stability—avoiding oversteer—and at the same
time be capable of responding to steering inputs—avoiding excessive understeer.

A simple ABS control strategy is in the form of a switched (‘bang-bang’) con-
troller. Define the valve states v, according the values
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Fig. 22 ABS control by Vabs
simple hysteresis
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Then the ABS controller can be defined by a simple hysteresis switching rule, as
shown in Fig. 22. This will maintain the slip ratio in the desired range (—s,,, —5,;)-
Note that v, = 0 is not used in this simple function.

However, during a hard braking event, vehicle speed is not easily estimated—
once all wheels decelerate under braking, the vehicle speed over ground becomes
decoupled from the wheel speeds and there is not enough information to calculate
slip ratios. Clearly, uncertainty in the slip ratio is greatly magnified by any uncer-
tainty in the vehicle speed (see Eq. 71). However, since wheel speed itself can be
accurately determined, the rate of change of wheel speed can be used as an alterna-
tive trigger for controlling the valve state v,,.. This involves using heuristic switching
rules, tuned to adapt to different conditions of friction and driving. Wheel accelera-
tions are compared to thresholds to allow valve states to be selected. The basic idea
is very simple: a large wheel deceleration cannot arise from a reduction in vehicle
speed, and hence the wheel is tending towards a locked condition. On the other hand
if, after pressure release, there is a large enough wheel acceleration, it is presumed
that the wheel has recovered sufficient rotation to be given another brake actuation.

A typical set of rules are given in Fig. 23. Reading down the first column, brake
pressure is allowed to increase until the first threshold is reached, @ < —a,. The
valve state is set to hold (v,,, = 0) until the second threshold is reached @ < —a,,
at which point the wheel hydraulic pressure is released (v,,, = —1). Then, moving
up the second column (1) the pressure is held when @ > —a; and remains held until
@ > ay, i.e. there is appreciable wheel acceleration. Now, with pressure allowed to
increase the wheel will again decelerate, switching to hold when @ crosses ay, to
‘slow increase’ after a; and full release after —a,. The switching will then cycle
through the switching logic of the final two columns of the table (1, |).

In the following example, the effect of ABS control is demonstrated in the sce-
nario where a steering input is applied during hard braking.

ABS example A collision avoidance scenario is defined where the driver applies
an intervention with hard braking and simultaneously applies steering to try to



Active Control of Vehicle Handling Dynamics 235

Threshold First Cycle i !
~ 1 1
a, — — —
~ 0 0
a, — — —
1 0 0.5
—a — — _
0 -1 -1
—a, — — _
-1 -1 -1

Fig. 23 Switching rules for ABS valve states v, ,— see Eq. 72—based on wheel rotational accel-
eration thresholds a;. State v, = 0.5 is slow pressure increase with states alternating between

Vas =0and v, =1

change lanes. A low-friction surface (u# = 0.4) is assumed, representing for example
a smooth wet concrete road surface. Steering is in the form of a sinus steer, of ampli-
tude 68° and duration 1.6 s; this has sufficient amplitude to execute a lane change if
there were no braking.

Two cases are simulated using (CarMaker 2014); in case (a) there is no ABS
and the wheels lock under hard braking; in (b) the ABS system maintains rotation
of all wheels. For both cases, the initial speed is set at 80 km/h and initial lane-
keeping is via a driver model; the brake/ steer manoeuvre is initiated after 5s of
simulation. Figure 24 shows that in case (a) the (lighter, blue) car has no appreciable
lateral deviation; the driver model continues braking to minimize collision speed
and the simulation continues until the vehicle stops. In case (b), with ABS enabled,
the (darker, red) vehicle is able to respond to steering and, after the 1.6 s avoidance
manoeuvre, control is resumed by the driver model and the car is able to return safely
to the original lane.

According to Fig. 25 the deceleration advantage of ABS is actually very small—
both cars have approximately the same speed profile. The operation of ABS is clearly
shown in Fig. 26—during the intervention for (a) all wheels lock (slip ratio = —1)

| | | |
120 140 160 180

X[m]

Fig. 24 Vehicle trajectories for an attempted lane change manoeuvre with hard braking: a light
(blue) car locks the wheels and stops in the current lane; b dark (red) car uses ABS and completes
the lane change



236

v(t) (m/s)

T. Gordon

25 T T

20 ¢

15+

10 +

6
time(sec)

10 12

Fig. 25 Speed profile for: a ABS off; b ABS on. The whole driving contains three phases: first
phase, the vehicle runs for 5 s at speed of 80km/s; second phase, steering and braking for 1.6 s;
third phase a the driver continues to brake, or b the driver returns to normal speed and steering

control
0.5
cwx 0
ie)
T -05
2
R
-1.5
0.5

ri
X

slip ratio s !

0.5

fr
X

slip ratio s

-1.5
4 6 8 10 12
time(sec)
0.5
th 0
he]
T -05
2
Y
-1.5
4 6 8 10 12
time(sec)

8 10 12
time(sec)
——— ABS_off
— — —ABS_on

8 10 12
time(sec)

Fig. 26 Slip ratio of four wheels: without ABS system, the vehicle locks four wheels during lane
change and braking phase



Active Control of Vehicle Handling Dynamics 237

while for (b) there is a controlled reduction of wheel speed giving a minimum slip
ratio & —0.15. In this scenario it is clear that the major effect of ABS is to provide
the driver with continued steering control during braking. Of course, in reality the
human driver may not respond in such an ‘optimal’ way, but the point is clear, that
ABS enables directional control from the driver even under hard braking on a low-
friction surface.

5.3 Electronic Stability Control (ESC)

Electronic Stability Control is referred to under many different names and acronyms
such as Electronic Stability Program (ESP) and Vehicle Stability Control (VSC). In
all cases the basic function is the same: ABS hardware (valves and hydraulic pump)
are used to actuate one or more wheel brakes to provide a corrective yaw moment to
the vehicle, in order to avoid excessive oversteer or understeer. The crucial difference,
compared with ABS, is that the brakes are actuated without the driver pressing the
brake pedal. Also, the control reference comes from the vehicle motion rather than
simply the rotation of the individual wheel.

Additional sensors are required in the form of (i) a steering wheel angle sensor (ii)
a yaw rate sensor. These sensors are relatively inexpensive, and so the development
of ESC from ABS is largely a question of the enhanced software. A third sensor, for
lateral acceleration, is also required. This is because body sideslip angle f is part of
the ESC control algorithm, but there is no affordable sensor to directly measure it.
Hence f is to be estimated using other sensors, and the accelerometer helps with the
estimation.

ESC is an example of integrated chassis control where one or more actuators
work together to improve the handling performance of the vehicle as a whole.

Oversteer correction Oversteer is commonly characterized by the rear slip angles
being larger than at the front, and in steady-state cornering this follows directly from
the bicycle model equations. Thus, for the case of cornering to the left, 6 > 0, we
expect &, > a; > 0 during oversteer. In everyday terms, the rear of the vehicle “spins
out’ leading to excessive yaw rate and a large (negative) sideslip angle. Given a ref-
erence model, such as the bicycle handling model of Sect. 2, the model-reference
for these variables may be determined in real-time, X,,; = [B,, rmf]T based on the
current vehicle speed U and steering inputs 6(¢). Then the oversteer condition is
characterized by

r> >0 (74)

again for the case of turning to the left, using ISO coordinates.
The situation is shown in Fig. 27; the yaw rate r = y is larger than is demanded by
the curvature of the intended path; the rear axle loses grip and the tendency to spin
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Fig. 27 ESC intervention to correct oversteer (spin-out). Left figure: without ESC, right figure:
with ESC. The yaw moment simultaneously balances excessive positive yaw velocity yr and nega-
tive body sideslip angle f

out also leads to an increase in body sideslip. In the case shown, the right-front wheel
is braked under ESC control so that the yaw rate is reduced and simultaneously the
body sideslip angle is restored towards the reference state (shown as dark green at
the center of the vertical bar).

As noted, reference values for » and f can be obtained from the bicycle han-
dling model. In state-space form (see Eq. 12) X = Ax + Bu and the reference may be
obtained from a steady-state condition.

X, = —A"'Bu (75)

assuming matrix A is invertible. In fact it is quite common to set the reference side-
slip angle to zero (since typically it is small) and allow the controller to apply cor-
rections only when || is larger than around 5°. In steady-state the yaw rate reference

is obtained from Eq. 48
gus(1)
()= ——"— 76
)= K (76)

Because ESC in this instance is intended only for occasional intervention to prevent
oversteer, a trigger is also required:

if |r—rel >rg

P =Ty

and >p ()

r ref
then e, =r—r,,
else e, =0

The error term e, is then used to generate a yaw moment, via braking, for feedback

control—but only if the absolute and relative errors are sufficiently high. A similar
feedback error is required for body sideslip control:
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i 181> By
and pf >0
then ey = f + f
else e; =0

(78)

Then, finally, feedback is applied whenever the error terms are non-zero:
M, =-K.e, + Kzeg (79)

The yaw rate feedback is essentially a switched proportional control, while the body
side-slip term includes derivative action also via the term 7 in the expression for e 5
The difference of + signs is clear from Fig. 27—a negative yaw moment is required
in this case, where e, > 0 and ep < 0.

For oversteer correction, the yaw moment M, may be obtained by braking the
front outer wheel, creating a stabilizing effect as in Fig.27. The reasoning here is
that, for oversteer, the rear tyres are operating beyond their adhesion limits and addi-
tional braking will have little effect, so the priority is to brake the relevant front
wheel, which is likely to be working below its adhesion limit. In reality, such single-
wheel control allocation is overly restrictive, and control may be applied to more than
one wheel, depending on the estimated surface friction and vertical tyre loads—for
example including braking of the rear outer wheel; it may also be possible to apply
traction forces at the inner wheels if there are available actuators such as indepen-
dent electric drive. On the other hand, single-wheel braking at the outer front wheel
is well-known as a simple and effective countermeasure for oversteer. The appropri-
ate algorithms for wheel actuator allocation are vehicle-specific, and the parameter
values for 7y, p, ), 7, K, and K 5 are obtained by trial-and-error tuning in simulation
and track testing.

Understeer correction For the understeer case, Fig. 28, the countermeasure can be
similar and the same control law, Eq. 79, may be applied. For example, with single-
wheel control allocation and for the case shown, e, < 0, ey~ 0 so the correcting
positive yaw moment is applied by braking the rear inner wheel. However, unlike
oversteer correction, the yaw moment will typically have an undesirable side-effect
for body sideslip, generating an increasingly negative value for § leading to a second
(oversteer) ESC correction. Overall there will be a desirable effect, since increasing
the magnitude of § will increase the cornering force at the rear axle, hence increasing
path curvature, but only temporarily.

In the above ‘classical’ understeer mitigation algorithm, the critical role of vehi-
cle speed is neglected, and it is now known that four-wheel braking can be the most
effective intervention for the understeer case—see Sect. 5.4 below. In brief, four-
wheel braking has three potential benefits for understeer correction: (a) longitudinal
load transfer to the front axle increases its lateral force capacity; (b) speed reduction
directly reduces the understeer effect, presented for example in Eq. 48; (c) the limit-
ing path curvature for a given lateral force capacity increases quadratically with the
reduction in speed:



240 T. Gordon

B Laart%et /\ v 2 ,/
&g, i) kg

S j— %
f_o ESC /v‘o jyaw moment

L<

Fig. 28 ESC intervention to correct understeer. The yaw moment increases yaw velocity y but
pushes the body sideslip angle f towards the oversteer condition
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(80)

where F), represents the overall lateral force capacity of both axles and R~ is the
path curvature. This suggests there should be an optimum balance between the use
of available friction to slow the vehicle and also create the necessary lateral forces
to promote path curvature.

Itis clear from the above that, while oversteer correction is mostly concerned with
maintaining the stability of the vehicle so the driver can remain in control, understeer
is more concerned with giving the driver-vehicle system the capability of increasing
path curvature—for example to prevent run-off-road crashes on tight curves. Thus
oversteer mitigation prioritizes yaw moment control for stability, understeer mitiga-
tion prioritizes the magnitude and direction of the resultant force at the mass centre.

5.4 Motion Control Near the Limits of Friction

When the limits of friction are reached, it is beyond the skill of the average driver to
control the path and speed of the vehicle to maintain the stability and safety of the
vehicle. We have seen how ABS and ESC can help with lateral stability, but for path
and speed control they only assist in an indirect way. In the following we introduce a
more sophisticated vehicle control concept which focuses directly on motion control.
Consider once again the problem of understeer when a vehicle approaches a curve,
and the speed is too high or the road surface friction is too low, so that without inter-
vention a dangerous road or lane departure becomes inevitable. As the driver steers
more, the vehicle reaches its overall friction limit and there is no available increase in
path curvature: we term this condition path understeer, which is similar but distinct
from the conventional understeer condition discussed above; conventional understeer
is related to the cornering force limit at the single (front) axle, while path understeer
relates to the overall force capacity of the vehicle.
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Fig. 29 Schematic of the PPR target motion with constant 0 acceleration. The dashed line rep-
resents the target path and the aim is to minimize the maximum off-tracking distance A&. This is
equivalent to minimizing the distance traveled in the ¢ direction. Hence a,,; is fixed in the inertial
axes. The optimal choice of 6 depends on initial conditions and surface friction

The problem of path-understeer was addressed in Klomp et al. (2014), where an
optimal control problem was formulated with an objective to minimize the maximum
off-tracking from the reference path. The optimal combination of braking and corner-
ing forces was found to be a parabolic path associated with a reference CG accelera-
tion vector fixed in inertial coordinates. This is shown in Fig. 29. In the coordinates
shown the acceleration vector is a,,, = ug[—sin 6, cos 61" where pg is the limiting
acceleration magnitude and 0 defines the fixed inertial direction. The optimal value
of 6 is chosen so that, at the point of maximum off-tracking, a,, is perpendicular to
the tangent of the vehicle path. The reference motion is termed the ‘parabolic path
reference’, PPR—(Klomp et al. 2014). Note that for the PPR motion, as the vehicle
path curves and returns to the direction of the desired path, in vehicle coordinates the
acceleration vector changes its bias from combined braking and cornering towards
the pure lateral (cornering) direction. Correspondingly, the path curvature reaches
a maximum at the point of maximum lateral deviation, which is also the point of
minimum vehicle speed.

The high level control concept is quite simple, but to implement it requires a
nonlinear multivariable brake controller. It is no longer sufficient to use single-
wheel braking, and an optimal (or near-optimal) brake force distribution controller is
needed. In the papers Gao et al. (2015, 2016b) the Modified Hamiltonian Algorithm
(MHA) was proposed, and MHA is used in the following. Note, however, that other
optimization methods might be used to achieve the same control objective: track the
target acceleration vector while maintaining lateral stability.

Example: path understeer mitigation This example is due to Yangyan Gao—see
Gao et al. (2016a). The aim is to highlight the fundamental distinction between con-
ventional understeer/ oversteer and path understeer. The example is simulation-based
and makes use of a high fidelity simulation model in CarMaker (2014). Vehicle
parameters are given in Table 1.



242 T. Gordon

Table 1 Vehicle data

Description Symbol Value
Vehicle mass (kg) m 1675
Vehicle moment of inertia Izz 2610

(kg m*)

Wheelbase (m) l 2.675
Axle distances from CG (m) lf, L 0.41, 0.6/
Front and rear track width (m) |/, 1.5

Road surface friction U 0.9
coefficient

Fig. 30 Vehicle trajectory i i i
L. 70 | 1
of negotiating a curve (target
radius R = 27 m): solid line 60
without marker: standard 7 1
vehicle; solid line with cross
; . 50 1
marker: terminal understeer
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o 40 1
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30 R
20 - R
10f 1
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To alter the (classical) understeer/ oversteer characteristics, but otherwise main-
tain the same overall properties of the reference vehicle, the front and rear anti-roll
bar stiffness are varied. A stiffer anti-roll bar at the front promotes load transfer at the
front, and results in reduced maximum force at the front axle, giving terminal under-
steer under severe cornering. On the other hand, increasing the anti-roll bar stiffness
at the rear and reducing the anti-roll bar stiffness at the front causes the rear tires to
lose maximum force, and therefore promote terminal oversteer. Various simulations
were performed for the three vehicle configurations (standard, understeer, oversteer)
under both uncontrolled and controlled conditions.

First we present the uncontrolled responses. Figure 30 represents a test condition
where a large step-steer input pushes both axles towards their friction limits. It can
be seen that the understeer vehicle follows a wider path than the standard vehicle,
while the oversteer vehicle follows a tighter curve. In the case of oversteer there is
a much larger body sideslip angle—see Fig. 31—which is responsible for a speed
reduction and leads to the tighter path. Both terminal understeer and oversteer lead
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Fig. 31 Vehicle body
sideslip response: solid line
without marker shows the
body sideslip of the standard
vehicle; solid line with cross
marker shows that of
understeering vehicle; solid
line with square marker
shows that of oversteering
vehicle

body sideslip [degree]

Time[s]

to poorly controlled vehicle motions that endanger the vehicle occupants and other
road users.

Turning to the effect of MHA control, a fixed reference 6 = 53° was tested with
initial velocity U, = 20 m/s. This value corresponds to surface friction y = 0.9 and
a desired path curvature R = 27 m.

Overall off-tracking performance is shown for two of the three cases in Fig. 32,
giving distance, velocity and acceleration in the direction of interest &. The standard
vehicle responses are not shown because they are almost identical to the understeer
case.

It is seen that, while there are subtle differences in the acceleration time histories
(the oversteer case showing some oscillation), the velocity and distance plots are
nearly identical.

Maximum off-tracking is achieved when the velocity reaches zero at the direction
of &, as shown by the square markers. Both understeer and oversteer vehicles are
controlled in the same way (the MHA algorithm is not ‘told’ anything about the
change in configuration) and achieve nearly identical results.

However, since the passive dynamic properties are quite different, we expect some
differences when individual braking forces are considered. In Fig. 33 it is seen that
while braking forces are similar at the front axle, there are significant differences at
the rear axle; in the oversteer case there is more of a bias to the right (outer) wheel
braking.

Referring to Fig. 34, the body sideslip turns out to be very similar for both under-
steer and oversteer configurations. This is completely different from the uncontrolled
case in Fig. 31. This emphasizes that optimal (or near-optimal) path understeer miti-
gation is only mildly affected by differences in yaw stability, provided the controller
can stabilize the yaw motion. Hence we expect to see difference in the direct yaw
moment from the commanded braking forces. This is seen in Fig. 35. Since the over-
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Fig.32 Displacement, velocity and acceleration component in the direction of off-tracking &, mak-
ers shows point of maximum off-tracking: solid line represents oversteer vehicle response; dashed
line represents understeer vehicle
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Fig. 33 Braking force of four wheels: solid line represents oversteering vehicle; dashed line rep-
resents understeering vehicle
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steer vehicle has a tendency to spin, the turn-out yaw moment should be greater (i.e.
M, should be more negative) and this is clearly seen in the figure.

We conclude that path understeer compensation via four wheel braking deals with
understeering and oversteering configurations in a seamless way—automatically
adjusting the yaw moment compensation to suit the particular chassis. Note that in
both cases there is a negative direct yaw moment arising from braking, i.e. the effect
is a turning out yaw moment, contrary to the standard understeer compensation via
ESC, described above in Sect. 5.3. Clearly the combined slip condition at the tyres
is being taken into account by the controller, and the lateral tyre forces provide suf-
ficient turning-in yaw moment.
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More generally we conclude there are are sufficient actuator degrees of freedom
available from individual wheel braking to deal simultaneously with any inherent
vehicle understeer or vehicle oversteer tendencies, while at the same time addressing
path understeer using a single integrated chassis control algorithm.
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Advanced Chassis Control )
and Automated Driving L

Masao Nagai and Pongsathorn Raksincharoensak

Abstract Recently, various chassis control and preventive safety systems have been
developed and applied in modern passenger cars, such as Electronic Stability Sys-
tems (ESC), Autonomous Emergency Braking (AEB) etc. This chapter, “Advanced
Chassis Control and Automated Driving", describes the theoretical design of Active
Rear Steering (ARS), Active Front Steering (AFS) and Direct Yaw-moment Control
(DYC) systems for enhancing vehicle handling dynamics and stability. The controller
implementation and effectiveness verification using experimental vehicles are also
demonstrated. In addition to recently deployed preventive safety systems, Adaptive
Cruise Control (ACC) and Lane Keeping Control Systems have been investigated
and developed among universities and companies as key technologies for automated
driving systems. Here, fundamental theories, principles and applications are mainly
presented to give comprehensive understandings in the context of chassis control and
automated driving technology.

Keywords Chassis control + Control engineering * Active steering
Direct Yaw moment control + Handling and stability * Automated driving

The main purpose of this chapter is to provide an overview of the advanced chassis
control systems aiming for enhancing vehicle handling and stability followed with
the automated driving functions of intelligent vehicles in longitudinal and lateral
vehicle dynamics.

The first half of this chapter will describe the advanced chassis control systems for
enhancing vehicle handling and stability. As the basic performance of current pas-
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senger cars improved, most of drivers feel the need for a quicker response that could
control the direction of vehicle as desired with less effort. Based on the constraint
that only the front tyres can be steered, the chassis performance is limited to a cer-
tain level. Chassis control has objectives to enhance vehicle handling and stability
with respect to the steering input from the driver, and to enhance its limit perfor-
mance avoiding side slip or spin during emergency manoeuvre. Handling and stabil-
ity performance can be enhanced by controlling lateral and yaw motions of vehicle
body, by using front and rear tyre forces in lateral and longitudinal direction. This
chapter describes the design of Active Rear Steering (ARS), Active Front Steering
(AFS) and Direct Yaw-moment Control (DYC) systems for enhancing vehicle lateral
dynamics, i.e. handling and stability. The controlled variables are the vehicle body
side slip angle and the yaw rate.

The latter half of this chapter describes the control system design in the con-
text of automated driving vehicles. Automated driving functionalities as Advanced
Driver Assistance Systems (ADAS) has been currently developed to prevent traf-
fic accidents as well as fatalities, increase driving convenience as well as comfort
and increase traffic and fuel efficiency. A suite of on-board sensors for environ-
ment perception such as camera, radar or LIDAR (Light Imaging Detection And
Ranging) have been progressively developed and the detection performance has been
improved. Actuator technology for steering and braking becomes more advanced and
has good control performance.

ADAS assists human drivers to maintain safe driving in the form of (1) infor-
mation provision, (2) warning by auditory, visual or haptic types and (3) control
intervention. ADAS in the context of control intervention can be classified into two
types: Co-Pilot (Fig. 1) and Auto-Pilot (Fig. 2). The Co-Pilot type ADAS acts in par-
allel with the human driver to control the vehicle not to fall into critical situations.
The human driver still has a full authority to control the vehicle by steering, acceler-
ating and braking. Co-Pilot ADAS may be able to monitor the human driver behavior
in real time in order to adapt the intensity of control intervention. On the other hand,
the auto-pilot ADAS replaces the human driver in the vehicle longitudinal and/or lat-
eral control manoeuvre. The human driver has responsibility to monitor the control
behavior of the system and it is necessary for the human driver to take over the ADAS
in the case that the system cannot handle some difficult situations. In this textbook,
the basic control algorithm of the ADAS in longitudinal and lateral control will be
described.

Fig. 1 Schematic of :
co-pilot type advanced driver Mon Co-Pilot
assistance system (ADAS) onitor re|

1 Control
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Motion
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—
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Driver
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In conventional front wheel steering vehicles, only the front tyres are involved in
controlling the side slip angle needed for cornering. The rear tyres generate corner-
ing force only by the resulting side slip angle from the front steering angle input.
The rear tyres are not directly involved in controlling the direction of the vehicle.
If the rear tyres can be steered together with the front tyres to control the side slip
angle, the vehicle lateral dynamics can be changed. The idea of steering the rear tyres
simultaneously with the front ones becomes an innovative step forward in the field
of vehicle dynamics control (Furukawa et al. 1989). This chapter shows basic con-
trol system design of the ARS technology in terms of vehicle dynamics and control
techniques (Abe, 2015).

A vehicle which can steer the rear steering angle is called Four-Wheel-Steering
Vehicle (4WS). The equations of lateral and yaw motion of vehicle can be written as
follows:

l.
mV(f +r) = 2C; <5f—‘i/r—/3> +2C, <5r+i—;r—ﬁ> (1)
. ly I,
Li=2,C; <5f - - ﬂ) ~21.C, (5, - ﬂ) )

From these equations, we can express the vehicle response in the form of state space

equation as follows:
ﬂ] [a” ‘112] [ﬂ] [bu blZ] [5f]
| = + 3)
[’" dyy Ay r by by | | 6, (

where each element is determined from the equations of motion.
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From the above state space equation indicated in Eq. (3), by taking Laplace trans-
formation, we can express the vehicle response in the form of transfer function as
follows:

[Side slip angle response to the front and rear steering angle]

byys + (=by1ay + byay,)

p(s) = 6.(s)
52+ (=ay — ax)s +(ayay — ay,ay,) !
4
biys + (=bypay, + byay,)
5 0,(s)
5%+ (—ay — ay)s +(ayay — apa,1)
[Yaw rate response to the front and rear steering angle]
by s+ (=byay + by ay,)
o) = = 21 21411 T D1dy 5,(5)
5%+ (=ayy — ay)s + (ay1ay, — ayay,) )

bys + (=byay, + byya,,)

52+ (=ayy — ay)s + (ay1ay — a1ya,)

5,(s)

1.1 Front Steering Angle Proportional ARS

The basic idea to control the rear steering angle is to make it steer proportional to the
front tyre steering angle which is determined by the driver as the following control
law.

5, = ké; ©6)

We can steer the rear steering angle in the same direction with the front steering
angle (k is positive) or in the opposite direction (k is negative). In the case that the
rear steering angle is in the same phase with the front steering angle, it has effect
in reducing yaw rate gain and improving vehicle stability in high speed region and
reducing the body side slip angle during cornering manoeuvre. In contrast, in the case
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that the steering angle is out of phase with the front steering angle, it has effect in
increasing yaw rate gain, improving vehicle agility and improving manoeuvreability
in low speed region, e.g. reducing the turning radius.

The important effect of the front steering angle proportional rear steering angle
is the reduction of the lateral acceleration gain and the phase delay of the lateral
acceleration. As can be noticed from Fig. 3, when increasing rear steering angle gain
k, the lateral acceleration gain with respect to the front steering angle is reduced and
the phase delay of the lateral acceleration is also reduced.

Next, the effect of rear steering angle on the vehicle body side slip angle is
observed. As can be noticed from Fig.4 increasing the rear steering angle gain k
reduces the body side slip angle gain. This means the vehicle heading direction
becomes the same with the vehicle forward direction resulting in easy controlla-
bility by the driver.

In the case of front-wheel-steering vehicle (2WS), the vehicle attitude changes
depending on the vehicle speed as shown in Figs. 5 and 6. In low speed region, the
vehicle body side slip angle is positive indicating that the vehicle is heading outside
the corner. In high speed region, the vehicle body side slip angle is negative indicat-
ing that the vehicle is heading inside the corner. We can use the side slip angle as the
index to determine the proportional gain k of the rear steering angle in theoretical
manner. If the rear steering angle is controlled to regulate the side slip angle in steady
state condition (steady state cornering), we can derive the control law as follows:

ko, V = 100 km/h
120

100
80
60
40

Gain [m/s?/rad]

Phase [deg]

10 107 10° 10
Frequency [Hz]

Fig. 3 Frequency response of lateral acceleration when changing the rear steering control coeffi-
cient (velocity = 100 km/h)
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Fig. 4 Frequency response of body side slip angle when changing the rear steering control coef-
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B(s) = byys + (=byay, + byyay,)
52+ (=ay; — ax)s + (ay,ay — ajya,,)
biys + (=byyay; + byayy)

52+ (=ay) — ax)s + (ay,ay; — a1ya,;)

5,(5)
(4)

3,(5)
Considering the steady state condition, the Laplace operator s = 0, the gain k can be
derived as follows:

(=byyay, + by ay,) (=byra,, + byay,)

p0) = 6,(0) + 6,(0)=0 @)
(ay1a5 — apay;) (ay1ay — apyay;)
-b +b -b +b
(=byya9, 21“12)5f(0) 4 (=b1pa4, 22“12)k5f(0) —0 )
(ay1ay — ajpay) (ajay —apay) -
k= _=bijan +byay ©)
=byyay, + byay,
201,.c.C, - 1.C mV?2
f f~f (10)

" T 2L,C,C,+1,CmV?

By using zero-side-slip-angle as the control objective, we can derive the speed-
dependent control ARS law as indicated in Eq. (10) and Fig. 7.

1.2 Dynamic Compensation ARS control

In vehicle planar motion, there are two state variables: side slip angle and yaw rate.
Figure 8 shows the block diagram of 2-input 2-output system. In the design of active
rear steering angle controller, we need to select the controlled variable that we want
to control, as we have only one control input. Generally, it is difficult for human
drivers to control the side slip angle. Therefore, in general, most of rear steering
angle control laws are designed to directly control the body side slip angle.
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(A) Design by Using Inverse Dynamics

By referring to the linear equation of body side slip angle including dynamic charac-
teristics, if we set the side slip angle response to be zero not only in the steady state
steering manoeuvre but also dynamic steering manoeuvre, this results in the control
law which generates opposite steering direction of the rear wheel with respect to the
front wheel in the initial steering manoeuvre phase.

_ byys + (=byjay + byayy)
52+ (=ay| — axy)s + (a4 — a1ya,)
biys + (=byyay; + byay,)

52+ (=ay; — ax)s + (ay,ay;, — a12a,;)

Pp(s)

5f(5)
“)

0,(s)

0= byys+ (=byyay + byayy)
2+ (=ay| — axp)s + (a4 — a1yay)
b1ys + (=byyay, + byay,)

52+ (=ay; — axn)s + (ay,ay, — a12a,;)

5f(5)
(11)

5,(s)

byys + (=byyay + byja,)

5, =—
b1ys + (=byyay; + byayy)

5,(5) (12)

An example of time history of the front and rear steering angles in the case of
vehicle running at a velocity of 100 km/h is shown in Fig. 9. As can be noticed from
Fig. 9, in the initial phase, the rear steering angle is steered in opposite direction
with the front steering angle in order to reduce side slip angle motion as well as
improve the yaw responsiveness in the initial phase of steering manoeuvre. Such
kind of characteristics is called Non-minimal Phase Delay System which refers to
the transfer function which contains the positive zeros in the system.

(B) Design by Using Inverse Dynamics Model 11
There is another design method for active rear steering angle based on two-wheel
vehicle model in order to achieve zero-side-slip response. Based on the equations of

Fig. 8 Structure of 2-input
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By letting the side slip angle and side slip angular velocity term become zero, and
then solving for the control law of active rear steering angle, the following control
law can be achieved (Yamamoto, 1991).

C, mv  Cr—1.C,
5’:_c_f,6f+ <2_C,+—f fC,V )r (13)
From the above equation, the rear steering angle is determined as function of linear
combination of front steering angle and the yaw rate. This control law has yaw rate
feedback feature which can compensate the yaw disturbance such as side wind so
that the vehicle is more robust to the disturbance.

Next we will see how the yaw rate response changes by applying the control law
indicated in Eq. (13). The control law indicated in Eq. (13) is substituted into the
equation motion of yaw rate.

L= (21;C; +21,C;) 6;

r

Iy I, I,C; —1,C, (14)
+ <—21fcf— ~21,C,Z —ml,V - 21,—>
Ty v

By taking the Laplace transformation to the above equation, we can get the
(IVs + (ml, V> +21I:C;) ) r(s) = (2IC;V) &, (15)

By rearranging the equation, we can get the modified yaw rate response by the active
rear steering angle control as 1st order delay transfer function while in the case of
conventional front-wheel-steering (2WS) vehicle has 2nd order delay characteristics.
It is known that in the case of high velocity region of conventional front-wheel-
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Fig. 10 Effect of zero-side-slip active rear steering angle control on yaw rate response

steering (2WS) vehicle which the resonance peak of yaw rate is dominant and the
damping characteristics is not satisfactory. This bad damping characteristics can be
effectively improved by controlling the active rear steering angle which regulates the
side slip angle to be zero, as shown in Fig. 10.

rs) _ AGY
() LVs+ (ml,V?+2I,C;)

(16)

1.3 Active Rear Steering Angle Control by Using Model
Following Control Theory

Alternative methods to design the controller for the active rear steering angle control
system is to apply the model following control theory to the vehicle plant. The model
following control theory is a method to make the vehicle response match a desirable
response based on 2-degree-of-freedom control system consisting of a feedforward
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Fig. 11 Block diagram of model following control ARS

controller and a feedback controller. Generally, the feedforward controller aims to
improve the response with respect to the reference signal input and the feedback
controller aims to compensate the modeling errors and unexpected disturbances.
Both controllers are designed independently so that it is called 2-degree-of-freedom
control system. Mostly, the feedforward controller is designed by using inverse
dynamics via transfer function method, whereas the feedback controller is designed
to compensate the error between the desired response and the actual response by
using a classical controller such as PID or a modern controller using LQR control
theory and etc. Fig. 11 shows the block diagram of active rear steering angle control
system to make the vehicle follow a desired vehicle response model.

If it is possible to control the front steering angle actively using electronic con-
trol device, the active four-wheel-steering control (active 4WS) as shown in Fig. 12
can be realized. The authors have proposed a control system which can control the
front and rear steering angles by a combination of feedforward and feedback com-
pensation to make the steering response characteristics of vehicle side slip angle
and yaw rate follow a virtual vehicle model. A theoretical analysis of a closed-
loop driver-vehicle system reveals that the addition of feedback compensation to the
control system capabilities ensures superior stability in straight-road driving because
the vehicle can respond autonomously to reduce the influence of external distur-
bance. The effects of errors in vehicle modeling and of changes in parameters for the
vehicle or the driver are also studied and the feedback compensation is effective to
compensate the error in modeling and secure the control performance. Besides the
above design methods, the new variable D* which is defined as a linear combination
of yaw rate and lateral acceleration is employed as the controlled variable to be fol-
lowed by using the model following control method. A rear steering angle control
can make the quantity D* follow the output of the desired reference model.

D* =ka,+ (1 - k) Vr (17)
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Fig. 12 Active 4WS for model following control

Moreover, against changes in the state of the vehicle and parameters such as loading
condition, road friction or errors due to the nonlinear factors which are not consid-
ered in the model for the controller design, a control method that can autonomously
adjust the control system parameters to changes of vehicle conditions is required.
This method is called “Adaptive Control”.

1.4 Summary

This section has described various control laws of Active Rear Steering (ARS) con-
trol system. ARS can be classified into two main categories, a feedforward con-
troller type which uses the driver steering wheel angle as input signal and a feedback
controller which uses the vehicle state variables as input signal. ARS is effective
in controlling the body side slip angle. Extensive researches on ARS by applying
modern control theories have been also conducted including the model-matching or
model-following control techniques to achieve desired steering response character-
istics and there are also further studies on adaptive steering control systems to secure
the robustness of the controller against changes in vehicle parameters. As ARS can
modify the vehicle steering response characteristics, it is important to know the vehi-
cle steering response characteristics that is easy for drivers to control the vehicle
motion. Handling quality objectification is also one of essential issues in this area of
study.

2 Active Front Steering (AFS) Control System
for Enhancing Vehicle Handling and Stability

Since 2000’s, Electric Power Steering (EPS) system by using electric motor has been
developed instead of the hydraulic system of conventional power steering system for
increasing the fuel consumption efficiency. EPS has strong potential to improve the



Advanced Chassis Control and Automated Driving 259

vehicle stability, the vehicle responsiveness and driving comfort, by reducing steer-
ing torque effort in manoeuvreing. As EPS has a mechanical linkage, the relationship
between the steering wheel angle and the steering torque cannot be independently
designed. Therefore, to enhance both the vehicle stability and the steering feeling in
manoeuvreing characteristics is limited under the current mechanical type of steer-
ing configuration.

To overcome this problem, Steer-by-Wire (SBW) becomes one of the solutions
since the mechanical linkage between the steering wheel and the front tyre as a
mechanical constraint in motion does not exist anymore. Typically, SBW system has
several merits as follows: (1) Avoiding steering column shaft collision to driver, (2)
Flexibility of interior layout and steering situation, (3) Flexibility of steering con-
figuration design, such as joystick, circular wheel, ellipse, bar. Moreover, SBW can
control the steering angle automatically to stabilize the vehicle behavior and can
control the steering feeling as well as decrease the physical workload, transmit the
vehicle behavior and the road information based on front tyre force to the driver.
From the viewpoint of human-machine interface (HMI), SBW has structural merits
in avoiding interference between the driver and the steering wheel as the mechanical
linkage between them is completely replaced by electric wiring, several actuators
and controllers.

This section describes a chassis control system utilizing the feature of SBW sys-
tem based on the model matching control method to improve handling and stabil-
ity (Shino et al. 2004b; Yoshida et al. 2005). The experiments using an actual test
vehicle equipped with SBW, were carried out and the experimental results show the
effectiveness of the control system.

2.1 Structure of Steer-By-Wire System (SBW)

SBW system consists of a reaction torque generation motor for adjusting steering
reaction torque which relates to steering feeling and a front tyre steering actuator
for actually steering the front tyres to control the vehicle motion with respect to
the driver steering intention. The configuration of SBW is shown in Fig. 13. As a
fail safe mechanism when the system error occurs or it is in a malfunction mode,
this steering system is also equipped with an electromagnetic clutch between the
steering column shaft and the intermediate shaft that connects them together and
thus the conventional mechanical linkage of steering can be resumed.
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Fig. 13 Schematic diagram of Steer-By-Wire system

2.2 SBW Control System Design

For enhancing the handling and stability of vehicle, the yaw rate of the vehicle is
controlled to trace the desired response by using active front steering control input
activated by SBW system. Here, the controlled variable is the yaw rate and the con-
trol input is the actual front steering angle. The reaction torque for adjusting the
steering feeling as an important topic will not be discussed here. With the appli-
cation of model matching control theory, the control system consists of a feedfor-
ward compensator with respect to the steering wheel angle input from the driver and
a feedback compensator designed with the application of disturbance observer to
reduce the sensitivity to the external disturbances. The proposed SBW control law
can be expressed as shown in Fig. 14.

Fig. 14 Block diagram of Steering wheel Feedforward
Steer-By-Wire control angle controller Front steering angle Yaw rate
system S . r
sw
Gy |0 P(s) |
: |
AS, —
Disturbance
Observer

Feedback controller
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Design of Feedforward Compensator

The inversed dynamics model can be used to design the feedforward compensator
to make the yaw rate response of uncontrolled vehicle follow the desired steering
response.

The desired yaw rate with respect to the steering wheel angle is assumed to be
the first-order delay system as follows:

s _ . kg
8ou(s) T T (Vs + 1

(18)

where, k., and 7,,; are the steady state gain and the time constant of the yaw rate
response respectively.

As shown in Fig. 14, the feedforward compensator can be expressed as a transfer
function from the steering wheel angle to the front steering angle as follows:

5,(5) = G (5)8,,,(s) (19)

From the linear two-wheel vehicle model, the transfer function from the front tyre
steering angle to the yaw rate can be expressed as follows:

r(s)  ais+ag
8:(s) s> +bys+b,

(20)

where, each coefficient in the above transfer function can be expressed as follows:

21,C;
al = N

IZ

alc,c,
ao = .

ml.V
, 2(C; +C,) Z(I?Cf+lfC,)

= —+ s

! mv LV
, 4G 2,6 -1,0)
T Tmrve: I,

Moreover, to avoid complexity in the controller design, the transfer function indi-
cated in Eq. (20) is approximated as the first-order delay system with respect to the
front steering angle as follows:

rs) _ as+ay _ k.(V)
¢(s) T2+ bys + b, ~ () = 7,.(V)s + 1 @D
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where, k, and 7, are the steady state gain and the time constant of yaw rate response
respectively and P indicates the transfer function of the desired steering response.
Moreover, by comparing the transfer function of the uncontrolled vehicle indicated
in Eq. (20) with the approximated one indicated in Eq. (21), the steady state gain and
the time constant of yaw rate response can be obtained as follows:

=~ % _ 14

k,=— = (22)
O =y
LV
= bao - - 1,C,—1.C 23)
0 2c, (1 - i V2>
fer

Here, by substituting Eq. (19) into Eq. (21), the following equation can be obtained.
r(s) = P(s)G(5)Sy,(s) (24)

In order to match the actual vehicle yaw rate response with the desired yaw rate
response, let the yaw rate in Eq. (21) be equal to the desired yaw rate response indi-
cated in Eq. (18), and the feedforward controller transfer function can be derived as
follows:

Gy(s) = P71 ()G (s)
tVs+1  ky(V) k() 7,(Vs+1 (25)
k(V)  t,(Vs+1 k() r,V)s+1

Moreover, the above transfer function can be further rearranged as follows:

Gyls) =

5 ka(V) ll [ =) s] 6

8.,(5)  k(V) 7,,(V)s + 1

From the above equation, it can be interpreted that the first term refers to the steering
gear ratio between the steering wheel angle and the front tyre steering angle, and
the second term refers to the derivative steering control part, in the other words, the
derivative term of the steering angle input from the driver. The feedforward controller
transfer function depends on the parameters of the desired yaw rate response model
which will be described in the next subsection.

Desired Yaw Rate Model

As described in the previous section, four wheel steering (abbreviated as 4WS) vehi-
cle improves vehicle handling in the low speed region and vehicle stability in the high
speed region. In this paper, the desired yaw rate steering response of zero-side-slip
4WS as the transfer function from the steering wheel angle to the yaw rate can be
expressed as follows:
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’”d(s) _ k,.d(V)
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O0uu(8)  T,,(V)s+1

where,

k= 14 28)

2

s < 211 cf v )
LV

Ty = 29)

2L,C; + ml,V?

In the case without active front steering control, the transfer function from the steer-
ing wheel angle to the yaw rate can be expressed as follows:

i) ko)
6,,(s) T,(V)s+1

sw

(30)

where, the steady state gain of the yaw rate with respect to the steering wheel angle
is expressed as follows:

ko = v (31)

1,C-1,C
nl(1- L2
( 22 G,

To discuss the characteristics of feedforward compensator, the case of feedforward
controller is compared with the case without control. The parameters used in the
calculation is a small-scale electric vehicle. The yaw rate gain and the time constant
of yaw rate steering response are shown in Fig. 15 and Fig. 16 respectively. In other
words, the equivalent steering gear ratio for Steer-By-Wire system can be expressed
as follows:

1+ ml,V?
W) = &V G ko 32)
n.g.., = =
o k) | ZmbGhyn T K
22 CC,

The above equation shows that this steering gear ratio n,, has speed-dependent char-
acteristics as shown in Fig. 17.
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Design of Feedback Controller

Generally, using only feedforward controller cannot completely secure the vehi-
cle stability against unexpected disturbance, e.g. crosswind, or unexpected vehicle
parameter changes, e.g. road friction coefficient. Hence, to enhance the vehicle sta-
bility against disturbance, a steering control algorithm of feedback compensator is
proposed by using the theory of disturbance observer.

Figure 18 shows the block diagram of the disturbance observer. The front steering
angle and the yaw rate are measured in order to estimate the yaw rate disturbance.
The relationship between the front steering angle, the vehicle yaw rate and the yaw
rate disturbance can be expressed as follows:
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A~

d=r—P(s)é (33)

The transfer function P(s) is the approximated yaw rate response model as shown
in Eq. 21. To suppress the yaw rate deviation against a disturbance, the active front
steering angle input for compensating the disturbance can be expressed as follows:

Aép =P ' (s)d =P\ ()r = § 34

In the above equation, the linear inverse function P~!(s) exists and makes the transfer
function of the feedback controller become not proper. In practical cases, some mea-
surement noise in the system might be amplified. A method to solve this problem is
to augment a 1st order delay transfer function with the current feedback controller

transfer function. 1

Aby = ———
f Tys+1

[P~ () — &] (35)
where, T, indicates the time constant of disturbance observer. Setting the value of
T,, involves the tradeoff relation between the noise problem and disturbance estima-
tion delay. By considering this calculation tradeoff, the value of the time constant is
set to 0.01 s heuristically.

2.3 Effectiveness of SBW Control system

This section demonstrates the effectiveness of Steer-By-Wire control system on han-
dling and stability of vehicle by using a small-scale electric vehicle equipped with
Steer-By-Wire system.
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Effectiveness on Low-Speed Manoeuvre

In low speed manoeuvre such as U-turn manoeuvre, Steer-By-Wire system is very
useful in changing the steering gear ratio so that the amount of turning the steering
wheel angle becomes less. Figure 19 shows the steering wheel angle in the case with
active front steering angle ratio and with the conventional constant gear ratio. It was
found that by the usage of Steer-By-Wire with the feedforward controller, the steering
wheel angle magnitude is significantly reduced during U-Turn manoeuvre.

Effectiveness on Lane-Change Manoeuvre

The improvement of vehicle handling quality by using the feedforward controller
was investigated in lane-change test as a course indicated in Fig. 20. From the exper-
imental results in Fig. 20, the front steering angle was steered earlier than the steering
wheel angle input from the driver. As a result, the phase delay of the yaw rate was
effectively reduced with the Steer-By-Wire control system. The main contribution is
from the derivative steering term of the feedforward controller. From the investiga-
tion of Lissajous diagram between the steering wheel angle and the yaw rate indi-
cated in Fig. 21, the hysteresis of the yaw rate response to the steering wheel angle in
the case of control was smaller than that of the vehicle without active front steering
control. The feedforward controller can effectively make the yaw rate response to the
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steering wheel angle close to a linear relationship. This implies that Steer-By-Wire
control system also significantly enhances vehicle handling so that the driver can

steer the vehicle much easier.
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Fig. 22 Response of uncontrolled vehicle in braking on p-split road

Effectiveness on u-Split Road

The vehicle stability against a yaw moment disturbance caused by asymmetric brak-
ing on u-split road was investigated. The effectiveness of the feedback controller with
the application of disturbance observer theory was verified. The vehicle ran straight
at constant speed of 35 km/h into the p-split road and then conducted full braking
by the driver. To verify the effectiveness of the controller, the corrective steering
manoeuvre by the driver was not conducted. Figure 22 and Fig. 23 show the experi-
mental results in the case without control and with feedback controller respectively.
In the case without control, large yaw rate deviation was generated as a result of yaw
moment disturbance due to asymmetric braking on y-split road. On the other hand,
in the case with the feedback controller, the control system can effectively suppress
the yaw rate deviation by controlling the front tyre steering angle in real time. With
the proposed Steer-By-Wire control system, it shows that the vehicle stability can be
secured with the application of disturbance observer.
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2.4 Summary

Steer-By-Wire control system for enhancing handling and stability was presented
here. Setting the desired yaw rate response, the feedforward controller of Steer-By-
Wire system can be theoretically determined. With the application of disturbance
observer, the feedback controller can be designed by measuring the steering wheel
angle and the yaw rate. Demonstrations using a small-scale electric vehicle were

shown to verify the effectiveness of the proposed active front steering angle control
based on Steer-By-Wire structure.
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3 Direct Yaw-Moment Control System

Active steering control performance for enhancing handling and stability strongly
depends on the tyre lateral forces, in a range where the lateral acceleration is compar-
atively high and the vehicle is near handling limit, the lateral forces become saturated
and then the active steering control system cannot perform its control effectively
anymore. In such situations, the driver may lose control over his car due to excessive
side slip angle together with unbalance of yaw moment on the car. To overcome this
problem, a strategy using tyre longitudinal forces to control vehicle lateral motion
was proposed, called direct yaw-moment control (DYC). As a common approach for
vehicles in productions, by utilizing the existing ABS (Anti-lock Braking System)
hardware or traction force distribution control, DYC system can be realized in real
applications (Koibuchi et al. 1996; Shibahata et al. 1992; Van Zanten et al. 1996).
Nowadays, in the automobile market, DYC is commonly used for the objective of
side slip prevention, and also effectively for rollover prevention, especially for com-
mercial vehicles.

This chapter describes a chassis control system utilizing DYC by using a model
matching control method to make the steering response of body side slip angle be
constantly zero (Shino et al. 2004a). A concept to enhance vehicle stability during
cornering is to generate additional yaw moment by transverse distribution of lon-
gitudinal forces. As an electric vehicle (EV) has in-wheel-motor structure which
the motors can be controlled to generate wheel torques independently of each other,
transverse distribution of longitudinal forces (traction or braking forces) can be pre-
cisely generated. Furthermore, as the electric motor has comparatively faster torque
response, and easy measurability of torque compared with the conventional engine,
the individual driving/braking torque control by motors is very attractive for engi-
neers in the field of vehicle dynamics. For realizing the proposed control system
using an actual electric vehicle, it is necessary to estimate the side slip angle instead
of measuring it directly. A speed-dependent observer is presented here. With the
objective of enhancing vehicle stability, the control objective is to obtain desirable
steering response by controlling the body side slip angle of the vehicle. Experiments
using an actual electric vehicle is carried out to verify the effectiveness of the pro-
posed chassis control system on cornering performance in a J-turn and Lane Change
tests.

3.1 Direct Yaw-Moment Control System for Side Slip Angle
Regulation

Figure 24 shows the vehicle model used for the controller design. The control objec-
tive of DYC system is to make the side slip angle and the yaw rate trace the responses
of the desired vehicle model for enhancing handling and stability. The direct yaw
moment generated by the traction forces at rear axle is employed as the control input
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to make the actual response trace the desired vehicle response. With the applica-
tion of model matching control method, the control system consists of a feedforward
compensator with respect to the steering angle, and a feedback control compensator

depending on the state deviations of the side slip angle and the yaw rate as shown in
Fig. 25.



272 M. Nagai and P. Raksincharoensak

To improve the vehicle stability, the main objective of the control is to make
the side slip angle response with respect to the steering wheel angle input be zero.
First from the governing equations of the vehicle in planar motion, the state space

equation of the vehicle can be written as follows:

X =AX +BU + Hé; (36)

Bl _lanan||p by, hy,
[ i) T la an | [r] T b2 Maye hy, o &7
where, each coefficient in the state space equation can be expressed as follows:

p
X = [r] U=M,,

A6 +C) 204G, = 1,C)
A I
2 2
d = _2(lfcf B err) o = _z(lfcf + lrcr)
21 —Iz > Ay —IZV >
1 26 2L, Cy
by =0, by = I_’ hyy = W’ hy = 7
Zz Z

Here, the control input is determined to be the direct yaw moment input and the
steering angle is treated as an excitation input from the driver. As a part of model
matching control system, the feedforward control input is set to be proportional to
the steering wheel angle as follows:

My = Ky, (38)
Considering the steady state of motions, the derivative terms in the state space equa-
tion are zero. Then, the feedforward controller gain Kﬁp can be solved under the con-
dition that the zero side slip angle is achieved.

3 5SW
ﬁ=a11ﬂ+a12r+bll7 (39)
6'W
i = @y P + ayyr + by, ’7 + by, (Kg6,,) (40)

Let the side slip angle term and the derivatives of side slip angle and yaw rate be
zero, the following relationship is obtained.

)
0=0+a12r+b11ﬂ (41)
n
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0=0+apr+ | — +byKy | 5, (42)
n y

Then, the feedforward controller gain K can be solved from the system equation as
follows (Fig. 26):

0=0 _bll 6sw b21 4
=0+ [25%) an 7 + 7 + b221(ﬁc (st ( 3)

2
K. = aybyy —apby _ 4L,C,C, = 2L,ComV
4 a,byont n2(,C; - 1,C,) + mV?)

(44)

By using the feedforward control input for zeroing the side slip angle, the trans-
fer function of the yaw rate with respect to steering angle input can be computed
by substituting the relationship between the steering wheel angle and the front tyre
steering angle as, é,,, = néy, into Eq. (20) and then the yaw rate r(s) can be derived
as follows:

r(s) __ A + ay 20)
O4,(8) 2+ Db;s+ by

where,
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The desired vehicle response embedded in the model matching control system is
determined in the way that the side slip angle response is zero and the yaw rate is
set to be the first order delay system with respect to the steering wheel angle input
as follows:

pls) _
5. ) =0 (45)
}’(S) _ krd (46)

8,,(5)  Tus+1

where, k,; and 7, are the steady state gain and the time constant of the desired yaw
rate dynamics respectively. It is important to determine the desired yaw rate dynam-
ics as it strongly relates to the handling dynamics evaluated by human drivers. By
comparing the transfer function of the desired yaw rate (Eq. (20)) with the transfer
function in Eq. (46), the steady state gain and the time constant of the desired yaw
rate dynamics can be determined as follows:

kg = 26V = 47)
o mV2+2(,C, - 1,C) n
LV
Ty = e —— (48)
22C; +BC,)

To compensate the side slip angle and yaw rate deviations during transient steering
manoeuvre, it is necessary to combine the feedback controller with the feedforward
controller. Here, the state feedback of side slip angle and yaw rate deviation is pre-
sented.
The state deviation between the desired value vector X, and the actual value vector
X is defined as follows:
E=X-X, (49)

To formulate the optimal regulator problem, the differentiated value of the above
equation can be written as follows:
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E=X-X, (50)
E = (AX + BMy, + H5;) — (A;X, + H,5;) (51)
E=AX—-X,)+BMy +(A-ApX, + (H—H)5; (52)
E =AE + BM;, + W (53)

where, W is lumped as a disturbance term of the regulator. The optimal control input
is determined to minimize the deviation of each state variable with respect to its
desired value as follows:

My, = =Ky, (B — By) — Kppo(r — 1) (54)

where, the feedback gains Kj,;, Ky, are determined by the application of opti-
mal linear quadratic regulator (LQR) control theory to minimize the following cost

function.
* _ 2 _ 2 M 2
J=/l<ﬁ ﬁ“) +<r r") +<i> ]dr (55)
/ q; q, T

where, the weighting coefficients g, and ¢, indicate the maximum allowable values
of the state variables and the coefficients ry, indicates the available yaw moment
control input.

To generate the yaw moment control input on the actual electric vehicle, the dif-
ferential traction forces are exerted on left and rear tyres. With the structural merit
of in-wheel-motor electric vehicles, the transverse distribution of the traction forces
can be done easily.

Considering the case of rear-wheel-driven electric vehicle and the driving resis-
tance is small. If the longitudinal acceleration given by the driver via the accelerator
pedal stroke is given as a,, the governing equation of longitudinal dynamics can be
expressed as:

ma, = Fx3 + Fx4 (56)

The yaw moment control input which is determined from the controller is given as
follows:

l
My =My + My, = EW (Fyu—Fy3) (57)

By rearranging Eqs. (56) and (57), the command traction force of each tyre can be
calculated as follows:

ma, M, dyc
Rear left tyre: F,= > T (58)
. ma, M, dyc
Rear right tyre: Fy = + (59)

2 l
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Design of Speed-Dependent Side Slip Angle Observer

For implementing the proposed DYC system on the actual vehicle, it is necessary to
estimate the side slip angle instead of direct measurement, as the side slip angle sen-
sor is too expensive to be equipped in production vehicles. According to the theory
of observer for state estimation, the side slip angle can be estimated by measuring the
steering wheel angle, the yaw rate and the vehicle velocity as shown in the schematic
diagram in Fig. 27. As the body side slip angle has speed-dependent characteristics,
it is necessary to design the side slip angle observer with variable observer gains
depending on the vehicle velocity.
The state space equation of the observer can be written as follows:

A

X =AX+BU+ LY - CX) (60)
X=(@A—-LOX+BU+LY 61)

where, L indicates the observer gain which can be determined by the pole placement
theory or Kalman Filtering theory. Y is the measurement value which is the vehicle
yaw rate in this case, so the matrix C is expressed as:

Y=r=CX=[01][/:] (62)
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Fig. 28 Side slip angle estimation results by using the observer

If the error vector of the estimated states is defined as E,, = X — X, the dynamics of
the estimated error can be expressed as follows:

E, =X-X=[(A—LOX + BU + L(CX)| — [AX + BU] (63)
E,=(A-LOE, (64)

Setting the eigenvalues of the matrix A — LC to be located on the left side of complex
plane results in fast convergence of the estimation error to zero which means the
estimated state variables will be close to the actual state variables very fast.

For example, by using the pole placement method, the desirable poles of the
observer i.e. eigenvalues of the matrix A — LC, are set to be real numbers (4,, 4,),
the observer gains can be calculated as follows:

L= L, _ |- {all(_all + A+ Ay — A4, —apay } /ay (65)
L2 a“ + (122 - ()«1 + Az)
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Figure 28 shows the experimental results with respect to the given front steering
angle that is equivalent to slalom driving test with variable speed. This study assumes
that the body side slip angle is correctly estimated when the estimated yaw rate well
matches the measured yaw rate. As a result, Fig. 28 shows that the estimated yaw
rate can effectively trace the actual value by the use of the proposed observer against
the change in velocity. From repeated experiments, it was verified that the proposed
observer is effective against any arbitrary steering inputs.

3.2 Effectiveness of DYC

This section discusses the validity of the proposed DYC system in cornering per-
formance as described in the previous section by experiments using a small-scale
electric vehicle. All experiments are conducted under a dry asphalt road. The front
steering angle is assumed to be calculated from the measured steering wheel angle
divided by the overall steering gear ratio, while neglecting the steering dynamics.
The J-turn and lane-change test were conducted to verify the effectiveness on regu-
lating the body side slip angle of the vehicle.

Effectiveness of DYC in J-Turn Test Manoeuvre

In J-turn test shown in Fig. 29, after the vehicle runs straightly at constant speed of
35 km/h, the front steering angle pattern, as shown in the upper graph of Fig. 29,
is executed by the driver. This test is used to investigate the vehicle behavior for
transient and steady state steering manoeuvres. Figure 29 shows the vehicle behavior
with respect to the given steering manoeuvre input. It was found that, by using DYC,
the vehicle body side slip angle was significantly suppressed during the steady state
cornering. Figure 29 also shows that the body side slip angle during transient state
can be effectively suppressed by using the feedback compensator. Moreover, it was
confirmed that the DYC input is realized by controlling each wheel driving torque
independently to achieve differential traction in real-time.

Effectiveness of DYC in Double Lane-Change Test Manoeuvre

In double lane-change test, the front steering angle as shown in Fig. 30, is executed
at a vehicle velocity of 35 km/h. The driving course was set up equivalently to an
emergency obstacle avoidance manoeuvre at the level of lateral acceleration of 0.5 G.
Figure 31 shows the vehicle behavior against the double lane-change steering input
which can be treated as continuous steering manoeuvre input. Figure 31 shows that,
by using only the feedforward controller, the body side slip angle can be suppressed
as it becomes closer to zero, as compared with the uncontrolled vehicle. It is also con-
firmed that the body side slip angle can be more suppressed by the combination with
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Fig. 29 Control effectiveness of DYC during J-turn at 35 km/h

279

the feedback compensator. Moreover, in the case without control, large body side
slip angle appeared during the lane-change manoeuvre which causes difficulty for
the driver to trace the given course. There were collisions with pylons in some trials
during the experiment without DYC. According to the subjective comments from
the driver, DYC system significantly enhanced handling performance and vehicle
stability so that the driver could steer the vehicle much more easily.
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Fig. 30 Course configuration for double lane change manoeuvre
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Fig. 31 Control effectiveness of DYC during double lane change manoeuvre at 35 km/h

3.3 Summary

This section has described the feature and the structure of Direct Yaw-moment Con-
trol (DYC) especially using the structural merits of in-wheel-motor electiric vehicle
and its effect on enhancing vehicle handling and stability against various types of
steering manoeuvre, step steer and lane change. The control objective of DYC is to

regulate the vehicle
the vehicle forward

body side slip angle, i.e. making the vehicle attitude aligned with
direction, with the application of model matching control theory,

consisting of feedforward and feedback controllers. An additional remark here is that
controlling the side slip angle by DYC when the vehicle is near limits in nonlinear
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Fig. 32 Basic function of Adaptive Cruise Control (ACC) System

tyre region is more effective compared to active rear steering angle control system
due to limitation of tyre cornering forces.

4 Adaptive Cruise Control System (ACC)

The functional purpose of ACC system is to maintain a desired range clearance
between an ACC-equipped vehicle and its preceding vehicle, when one is present. If
there are no preceding vehicles within a reasonable range, the system performs as a
cruise control system to trace a set velocity, for example 100 km/h (Fig. 32).

4.1 Governing Equation of Longitudinal Vehicle Dynamics

To design the control algorithm of ACC, the longitudinal vehicle dynamics is
used (Rajamani, 2012). The governing equation of longitudinal vehicle motion is
expressed as shown in Eq. (66).

4
mV =ma, =Y F,—Fg—Fy—Fg (66)

i=1
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where, m indicates the vehicle mass, V, the vehicle velocity, XF,, the actuation
force (longitudinal tyre force) produced by the engine and drivetrain and the braking
system, F, the tyre rolling resistance force, F4, the aerodynamic drag, F;, the resis-
tance force caused by road gradient.

The entire flow of the vehicle powertrain from the accelerator pedal stroke input
to the wheel torque is shown in Fig. 33. The governing equation of the engine and
drivetrain is described. To simplify the torque characteristics of the driving source
(engine or electric motor in the case of EV), it can be assumed that the engine torque
transfer function with respect to the pedal stroke input (or throttle input) is a first-
order delay system as follows:

T, +T,=K,P, (67)

T—KEP 68
L(8) = 1 . (8) (68)

e

where, P, indicates the accelerator pedal stroke input, 7,, the time constant of the
torque produced by the driving source, 7,, the torque produced by the driving source,
K, the driving source torque gain.

The governing equation of rotational motion about the engine driveshaft is
expressed as follows:
(69)

where, I, indicates the moment of inertia of tyre and wheel w the rotational velocity

of the tyre and r,, the effective radius of the tyre. Next, the governing equation of
rotational motion about the transmission shaft is expressed as follows:

La, =T, —i,T; (70)

where /, indicates the moment of inertia of the engine, w, the rotational velocity of
the engine, and 7, the torque on the transmission side. The governing equation of
rotational motion about the driving wheel is expressed as follows:

I =T, —F,r, (71)

where, I, indicates the moment of inertia of the transmission, w, the rotational veoloc-
ity of the transmission, i.g. the transmission gear ratio, and 7 the torque on the driv-
ing wheel. The pictorial diagram of the tyre-wheel dynamics is shown in Fig. 34.
From the equation of longitudinal vehicle motion indicated in Eq. (66), the required
driving force to obtain the desired longitudinal motion can be calculated as follows:

4
Y Fy=mV+Fg+F,+Fg (72)

i=1
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Fig. 33 Flow of the accelerator pedal stroke to the torque of the driving wheel

Fig. 34 Rotational motion
of driving wheel

If we assume that the slip ratio of the driving wheel is small in normal driving region,
the relationship between the forward velocity of the vehicle body and the driving
wheel rotational velocity can be written as follows:

V=r,o= Pl @, (73)
By using the equations of motions indicated in Eqgs. (69)—(73), the relationship
between the desired vehicle acceleration and the required driving torque can be
obtained as shown in the following equation.

. Vo
Ty = (L4 1+ 2 (1,4 m2) ) =+ i [1r,(Fe + Fy + Fo) (74)

Il

In the above equation, the first term refers to the driving torque to compensate the
inertia of the engine and drivetrain and the second term refers to the driving torque
to compensate the resistance of the vehicle longitudinal motion.

Preceding l ¢

r\J/:smroli position
&velocity |sensor| | Upper Level Lower Level Vehicle velocity
" |, Controller > >

Controller T.acceleration

Fig. 35 Architecture of Adaptive Cruise Control System
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Fig. 36 Variables used in car-following scene

4.2 Basic Function and Characteristics of Adaptive
Cruise Control

ACC system design can be divided into two parts: the upper level controller and
the lower level controller as shown in Fig. 35. The upper level controller is designed
to determine the acceleration that is required to follow the preceding vehicle at a
desirable headway distance with zero relative velocity. The lower level controller
is designed to determine the amount of the driving or braking torque to realize the
demand acceleration required from the upper level controller.

The upper level controller design will be described. The variables used are shown
in Fig. 36. From the current positions of the ego vehicle and the preceding vehicle,
after T, seconds, the error of the headway distance with respect to the desired head-
way distance can be expressed as the following expression.

e=|,+T,V,)-&+T,V)-1| -T;V (75)
e=|x,—x=D+T,(V,-V)|-T;V (76)
e=l,+ Tl -T;V (77)

Then, the controller determines the amount of acceleration which is proportional to
the error of future headway distance.

axfdes

=k,e =k, [, + T,l)— ] = k, (I, —1,) +k,T,1, (78)

a, g, =Hg(l;=0) +Hyl, (79)

x_des
where, the coefficient of headway distance error is Hy = kp and the coefficient of
relative velocity is Hy, = kap. In the above equation, the first term refers to the feed-
back of headway distance error and the second term refers to the feedback of relative
velocity. Mostly, the desired headway distance can be defined as the function of ego
vehicle velocity as follows:

L=T,V+1,

w

(80)

stop
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Fig. 37 Block diagram of lower level controller of ACC system

where, /; ,, indicates the headway distance when the vehicle is stopping. In some
literatures, a nonlinear function of desired headway distance such as a quadratic func-
tion is also employed to express the desired headway distance with respect to the ego
vehicle velocity.

The acceleration model following control method can be used to design the lower
level controller as shown in Fig. 37. The feedforward controller determines the driv-
ing torque based on Eq. (74) and the feedback controller determines the compen-
satory driving torque by using the acceleration feedback control such as PI Con-
troller. The feedback controller plays a role to reduce the error of acceleration with
respect to the desired value when there are unexpected disturbances or modelling
error.

T=Tpp+Tpp

Idrivetrain
= ——a +i, |r,(Fp+F4+F
ig”w x_des g [ w( R A G)] (81)

Ki
+ Kp(ax_des - ax) + ?(ax_dex - ax)

4.3 Control Characteristics of ACC

Next, the control characteristics of the ACC-controlled vehicle velocity with respect
to the preceding vehicle velocity will be discussed. First, assuming that the lower
level controller dynamics, i.e. reference acceleration model following control, can
be approximated as first order delay system, the transfer function from the desired
acceleration to the actual acceleration can be expressed as follows:
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a() 1
a, des(s) 7.5+ 1

(82)

Using the relationship, a, = Vv, a,.= v, Zd = Vp — V and substitute all into Eq.
(79), the following equation can be obtained.

p=_Llyg Tl [He(ly — ) + Hy(V, = V)] (83)

c c

Then, differentiating the above equation, we get,

V= —li 4 L (v, - v-T ) H(V, - V) (84)

T, T.

Then, multiplying the whole equation with 7., we get,

t.V==V+ [Hx(V, -V =T} V) +Hy(V, - V)] (85)

Then, taking Laplace Transformation of the above equation, the following equation
can be obtained.

7,8°V(s) = =5 V() + [Hg(V,,(s) = V(s) — T, sV(5)) + Hy(sV,(5) — sV(s))] (86)

w

Rearranging the above equation, the transfer function from the preceding vehicle
velocity to the ego vehicle velocity can be achieved as follows:

V(i) Hys+ Hp

- 34 2 s &7)
Vi(s) T8+ s>+ (Hy + T, Hg)s+ Hg

Figure 38 shows the frequency response of the ego vehicle velocity with respect to
the preceding vehicle velocity while changing the value of relative velocity feed-
back gain Hy,. As can be noticed from Fig. 38, increasing the value of H,, improves
the damping characteristics of the car-following behaviour as the resonance peak
around the natural frequency of the closed loop control characteristics is significantly
reduced.

Next, Fig. 39 shows an example of time history of car-following behaviour by
using the proposed ACC control algorithm when changing the value of relative
velocity feedback gain Hy, in the situation that the preceding vehicle brakes with
a deceleration of 2 m/s?. As can be noticed from Fig. 39, increasing the value of Hy,
results in less undershoot and more responsiveness of vehicle velocity response.

From the above equation, if the time constant of the lower level controller is com-
paratively smaller than the upper level controller, the transfer function from the pre-
ceding velocity to the ego-vehicle velocity can be expressed as follows:
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Fig. 38 Effect of changing relative velocity feedback gain Hy, on frequency characteristics of the
ego vehicle velocity response to the preceding vehicle velocity
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Fig. 39 Effect of changing relative velocity feedback gain Hy, on time history of the ego vehicle
velocity response to the preceding vehicle velocity
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V(s) Hys + Hp B w?(Ts + 1)
V,(s) TS24 (Hy + T; Hg)s + Hy T 242w, + w?

(88)

From the above transfer function, the relationship between the natural frequency of
the closed-loop control characteristics and the feedback gain of the driver model can
be expressed as follows:

w:=H, = w,=\H; (89)

From the damping term in the characteristic equation, the following relationship can

be obtained.
H, + T;WH »
ZCwn=HV+T;‘WHR > {(=—— 90)

N

For example, if the desirable time headway is set at 2 s and the desirable damping
ratio of the closed-loop control system is set to be 1.00, the following relationship
about the ACC controller gains can be achieved.

Hy, + T H,

=L R 2+/Hy = Hy + 2H, 1)
2\/Hy

Hy = 2(\/Hg — Hy) 92)

Figure 40 shows the simulation result that ACC control system parameters are set
in the condition that realizes the critical damping ratio. It can be confirmed from
the time history that the ego vehicle can follow the preceding vehicle velocity with-
out undershoot behaviour of vehicle velocity according to the theoretical parameter
setting indicated in Eqs. (89) and (92).

4.4 Summary

This section described the theoretical design of Adaptive Cruise Control System
(ACC) aiming at controlling the vehicle velocity and following the preceding vehi-
cle at a certain headway distance. In real applications, the headway distance and the
relative velocity can be measured by using a millimeter wave radar or a stereo cam-
era. The proposed theoretical control system design can be also applied to a vehicle
platooning control. In addition, in the case of curved roadway, if the information of
road curvature can be acquired via a navigation system and digital map, the braking
manoeuvre before entering the curved road will be also combined in order to get
comfortable acceleration during car following situation on curved roadways.
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Fig. 40 Vehicle following behavior when setting the damping ratio at 1.0

S Lane Keeping Control System

An automated steering system is designed to support the driver lateral vehicle control
task to keep the vehicle on the desired lane based on using on-board sensor such as
a vehicle-mounted camera that detects lane markers ahead of the vehicle. This is a
convenience-targeted feature which can potentially reduce driving workload as well
as fatigue on long-time highway driving. The basic design requirements of the lane
keeping control system are as follows:

(1) The automated steering control must accomplish lane keeping task without
driver’s handling manoeuvre.

(2) The steering actuator provides suitable torque smoothly for lane keeping task.

(3) The driver can override the steering system easily if necessary.

The control input of such a steering system can be classified into the steering angle
input and the steering torque input. This subsection describes the design of lane keep-
ing control based on state-feedback control and investigates the physical character-
istics of lane keeping controller using the steering angle and the steering torque as
the control input, and compares their differences (Nagai et al. 2002). Generally, most
of researches about lane keeping control maneuver deal with steering angle control
method due to its excellent robustness to uncertainty in steering nonlinear dynam-
ics. Typically, however, in driving on highways, drivers do not hold steering wheel
with strong restraining force to prevent vehicle from course deviation. In contrast,
the steering torque control provides some degree of freedom in permitting the driver
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to steer the vehicle, thus it has potential for development as a driver assistance sys-
tem witch keeps driver-in-the-loop. Additional intervention, i.e. override by human
driver, could be performed when necessary such as emergency avoidance. There
are a number of lane keeping control methods such as methods based on geometric
and kinematic relationships, feedback control methods based on vehicle-dynamics-
model, sliding mode control methods, model predictive control methods and etc.
For learning the basic characteristics, the following section will show the design of
the lane keeping control system using the steering angle and the steering torque as
the control inputs by employing Linear Quadratic (LQ) control theory (Mouri and
Furusho 1997).

5.1 Governing Equation for Lane Keeping Control
System Design

In the design of lane keeping control system, it is important to know the position of
the vehicle with respect to the desired lane so it is more reasonable to express the
vehicle motion with the earth-fixed coordinate system. Here, the X-Y coordinates
are fixed on the ground and the equations of motions are derived based on the lateral
position and yaw angle variables. The vehicle model in the earth-fixed coordinate

Y <

Fig. 41 Bicycle model in earth-fixed coordinate system
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system is shown in Fig.41. Normally, when considering the motion of the vehicle
moving in a straight path and the front steering angle is not large, the direction of the
lateral forces acting on the front and rear tyres almost coincides with Y-direction.
The vehicle lateral and yaw motions can be expressed as below.

d*y,
>y
L—5 = 2F, ~2,F, (94)

The relationship between the lateral velocity and the side slip angle and yaw angle
can be expressed as follows:

Ve=V(B+y) 95)

Therefore, the side slip angle can be rewritten using the variables of lateral velocity
and yaw angle as follows:
Ve
== - 96
b= —w (96)
Converting the yaw rate and the side slip angle into the earth-fixed coordinate system
variables, the tyre forces can be rewritten as follows:

I .
Fyp=C <5f - éyy - <yv - w)) ©7)

Foec (e (2 08
=l (5-)) o

Then, the vehicle motion in the earth-fixed coordinate system can be expressed as
follows:

. lf . yC lr . )')C
my. =2C; (8 — v =7 ) +2C, (G +v - (99)

.. l_f . -).)L' ll‘ . -).)C
Izzq/ = ZZfo 5]«- - ‘—/l// +y - V - ZI,C, VW +y - V (100)

As similar to the previous section, to apply the modern control theory on the vehicle
motion control problem, Egs. (99) and (100) can be arranged in the form of state-
space equation comprising of four state variables as follows:
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v Ayre Aine Arze O || W biie
W 10 00|y 0
vil= ar 5 (101)
Ve sy, Az, Az O || Ve b3, f
5. o0 1ofly]||o
X=AX+Bg;, X=[vwiy] (102)

where each element in the matrices are shown as follows:

2 2
He="""7" 7v 0 Y= 57 WBe=TTT 75
LV I, LV
23,¢; - 1,C,) 2C+C) 2C; +C))
a3l = _T’ aze = T’ azze = _T’
2 2¢,

bije = —— b3y, =—
IZ

5.2 Lane Keeping Control with Steering Angle Input

A lane keeping control system where the steering wheel angle is used as the control
input is referred as steering angle control. Using a simplified linear two-wheel model
in the planar motion as shown in Fig. 41 and the state space equation in Eq. (101),
we can rewrite the state space equation as follows:

v e Ayne A1z O || W byi./n

W 170 00|y 0

V= vl 5, 103)
Yer Aaszie A3, A33, 0 Yer b31€/n (

3o 0 0 10|y, 0

where n indicates the steering gear ratio. The state variables of the state space equa-
tion are the vehicle position and attitude with respect to the desired lane. The sub-
script r refers to the relative variables. In the design of lane keeping control, all
variables are regulated to zero in the form of general regulator problem. Here, in the
case of straight path, the desired lateral displacement is a constant value along the
desired lane, thus the lateral deviation is expressed as:

ycrzyc_yc* (104)

where y” denotes the desired lateral displacement, and the desired lateral velocity,
the desired yaw angle and the desired yaw rate are zero.

An example of lane keeping control algorithm design using an optimal regulator
is to determine the steering angle input in a form of full state feedback as follows:
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8o = —(Kyir + K, w + K3, + K.y,,) (105)

The feedback gains are determined theoretically in order to minimize the perfor-
mance index or cost function J in the form of integral of linear quadratic terms of
the steering wheel angle and the state variables indicated in Eq. (106).

J= / (g9 + @u” + 332, + quy>, + 62) dt (106)
0

where, g (i = 1 ~ 4) denotes the weighting coefficient of the state variables and r
indicates that of the steering wheel angle input. This control theory is also known
as Linear Quadratic (LQ) Regulator. In the simplified case, the cost function on the
lateral deviation is the most important in the case of lane keeping control, therefore
the cost function can be written as

J= /qy +62) (107)
0

Larger value of g results in small lateral deviation during lane keeping. In addition
to the weighting coefficient of the lateral deviation, the weighting coefficients of the
other state variables can also be added to achieve desirable performance depending
on the controller designers.

From the linear quadratic (LQ) control theory, the feedback gains shown in Eq.
(105) can be calculated as shown in the following equation.

K=-R'B’P (108)

P is the matrix solution of the Riccati equation shown in Eq. (109) based on optimal
control theory.
PA+A"P-PBR'BTP+(0=0 (109)

Figure 42 shows the simulation results of lane keeping control of a passenger car
with respect to the desired step lane given at the time # = 1 s and a velocity of 100
km/h. The control algorithm is LQ regulator, and the linear two-wheel vehicle model
is used in the simulation. Increasing the value of weighting coefficient g provides
better lane tracking. On the other hand, the steering wheel angle becomes larger,
which means that more energy consumption of steering actuator is needed for lane-
tracking performance enhancement.

Figure 43 shows the frequency response of lateral displacement with respect to
the desired lane when increasing the value of the weighting coefficient of lateral
deviation g. As can be noticed from Fig. 43, increasing the weighting coefficient of
lateral deviation results in better lane keeping performance as the gain is close to 1
up to higher frequency region and the phase delay is also improved.



294

Lateral
displacement
[m]

Yaw angle
[rad]

Steering
wheel angle
[rad]

| —»

M. Nagai and P. Raksincharoensak

o
o

q la‘rger

o o
o N b
T T

iy

0.1

2 3 4 5 6 7 8 9 10
Time [s]

la‘r er
0.05 a4 LA

0.05 y

Time [s]

q larger

2 3 4 5 6 7 8 9 10
Time [s]

Fig. 42 Simulation results of lane keeping control of a passenger car with steering angle input

0.8

0.6
0.4

Gain [-]

0.2

-150

Phase delay [deg]
g

-200

10

Ye(s)
()

q larger

10 10 10
Frequency [Hz]

q larger

10° 10 10
Frequency [Hz]

Fig. 43 Frequency response of lateral displacement with respect to the desired lane



Advanced Chassis Control and Automated Driving 295

5.3 Lane Keeping Control with Steering Torque Input

A lane keeping control system where the steering torque is used as the control input
is referred as steering torque control. In this case, the steering system as shown in
Fig. 44 becomes necessary in modeling the vehicle plant. In this paper, the steering
system is configured such that the self-aligning torque (abbreviated as SAT) of the
front tyre is transmitted directly to the steering wheel via the steering gear. In this
case, the governing equation of steering system can be expressed as follows:

1,6,, = —C6

s%sw s%sw T

(110)

where, the left hand side term refers to the inertia, the right hand side terms refers
to the viscous damping, the reaction torque from SAT, the steering assist torque
supplied by the steering actuator, respectively.

Therefore, the model of the control object becomes the 6th order system as
follows:

Steering wheel

Steering actuator

Steering 5. = [
gear n Y n
Self-aligning torque
(SAT)
Trail £

Fig. 44 Simplified steering model for lane keeping control with steering torque input
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v Ay Appe 13,0 0 by /n || v 0
174 1 0 00O 0 14 0
ycr _ | 931e 432¢ G33e 00 b3le/n ycr 0
|10 0 Too o |[w|T]o |« D
§sw asy, sy, Asz, 0 ass, dsg, O bs,
04 0 0 001 0 Oy 0

where, the elements in the fifth row of the state space equation are determined from
the governing equation of the steering system as follows.

asje = 2§Cflf’ Asye = _2§Cf’ Asze = 2§Cf’
InV I I;nV
C, 28C 1

Asse = _I_s’ As6e = — In2’ Sle = I_s

In this case, for the design of lane keeping controller with steering torque input, the
control input can be expressed as the following full state feedback law, including the
feedback of steering wheel angular velocity and steering wheel angle.

T,=— (K, +K,w+ Ky, + Ky, + K, +K;s5,,) (112)

Here, as in the same manner with the case of steering angle control input, the feed-
back gains are determined with the application of the optimal control theory, i.e.
Linear Quadratic (LQ) regulator, which aims to minimize the following performance
index.

J= /qy +7T2)d (113)
0

As same as the case of the steering angle control, the simulation is conducted.
Figure 45 shows the simulation results of lane keeping control with steering torque
input of a passenger car with respect to the desired step lane given at the time =1 s
and a velocity of 100 km/h. As similar to the case of lane keeping control with steer-
ing angle input, increasing the value of weighting coefficient g provides better lane
keeping performance. On the other hand, the steering torque input becomes larger,
which means that more energy consumption from the steering actuator is needed for
lane keeping performance enhancement.
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Fig. 45 Simulation results of lane keeping control of a passenger car with steering torque input

5.4 Comparison of Steering Angle Control and Steering
Torque Control

As shown in the previous subsection, both lane keeping control system with steering
angle input and steering torque input act on the vehicle in the same way when the
lane keeping control maneuver is accomplished with the optimal regulator. How-
ever, the control system structure of the two approaches differs from each other. The
structures of lane keeping control systems in the case of steering angle and steering
torque input are shown in Fig. 46 and Fig. 47 respectively. In the case of lane keeping
control with steering angle input, since the actual steering angle must correspond
to the command steering angle, the steering wheel angle control unit is designed
independently of the vehicle lane keeping control. On the other hand, in the case of
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Fig. 47 Structure of lane keeping control with steering torque input allowing override by driver

steering torque input, the steering angle control and the vehicle motion control for
lane keeping are designed together as the steering torque feedback control input is
determined based on steering system dynamics including the characteristics of self-
aligning torque (SAT). Therefore, in the case of steering angle control, any torques
added to the steering system including the SAT and the driver steering torque input
are all treated as external disturbances. On the other hand, in the steering torque
input, SAT is not treated as an external disturbance, since it has been included in the
system modeling when the feedback gains are determined. From the viewpoint of
driver assistance systems, the lane keeping control with steering torque input allows
the driver to override the automated lane keeping control system such as in the case
that the lane-change manoeuvre or obstacle avoidance manoeuvre must be executed
by the driver if necessary. However, in real steering systems, there are nonlinear char-
acteristics, such as coulomb friction in the steering and the hysteresis between the
lateral acceleration and the steering torque, which are not considered in the model
for lane keeping controller design. Therefore, the lane keeping control using steering
torque input needs to be carefully designed considering such nonlinear characteris-
tics to secure the lane keeping control performance.
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5.5 Summary

This section described the design of automated lane keeping control by the front
steering input, in the cases of steering angle and steering torque input. It was found
that both steering angle control and steering torque control approach equivalent char-
acteristic in lane keeping control via an analysis by using the optimal linear quadratic
control theory. From the viewpoint of the control structure, the steering angle control
treats self-aligning torque as an unknown disturbance, so the additional minor loop
control of steering servo is needed to follow the steering angle command from the
upper-level lane keeping controller. On the other hand, the steering torque control
approach takes the characteristics of self-aligning torque into account, thus it does
not need the minor loop control in the design of lane keeping control. In the case of
steering torque input, the driver steering torque is allowed to override the system if
necessary, thus the system characteristics fits the specification of a driver assistance
system.

6 Direct Yaw Moment Control for Lane Keeping Functions

This section presents an alternative function of DYC which plays a role in enhanc-
ing vehicle safety. Here, an alternative lane keeping control strategy with direct
yaw moment control which utilizes the transverse driving torque distribution will
be described (Raksincharoensak et al. 2006). It is presumed that the information of
road position can be acquired by current technologies such as a vision system using
a CCD camera together with an on-board image processing system. As a feature of
the proposed control law, the lateral deviation detected by CCD camera is converted
into the desired yaw rate for tracing the desired lane. Then, DYC input is theoretically
determined to follow the desired yaw rate. The theoretical analysis of lane keeping
control characteristics using the 2-DOF linear vehicle model on planar motion will
be presented, and an experimental study using a small-scale electric vehicle will be
demonstrated to verify the effectiveness of the proposed strategy.

6.1 Introduction

This section describes a new lane keeping control strategy for enhancing active safety
of automobiles, as one of advanced driver assistance system functions (ADAS).
As one of active chassis control systems to enhance vehicle handling and stability,
the individual wheel torque distribution control of electric vehicle by utilizing in-
wheel-motors in order to achieve direct yaw moment control (DYC) input has been
theoretically studied and experimentally examined as shown the previous section for
reducing the vehicle side slip angle. On the other hand, in the field of automated
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driving and driver assistance systems, lane keeping control systems to prevent lane
departure accidents have been studied extensively. As shown in the previous section,
the lane keeping control with the steering angle and the steering torque input can
be conducted based on the lane marker position information acquired by a cam-
era. Besides the steering control device, transverse distribution of braking forces as
an extension of ABS device has potential to prevent vehicle from lane departure in
emergency case by providing yaw moment to change the vehicle orientation and thus
reduce the time-to-lane-crossing, i.e. risk of lane departure. This section considers
that if DYC with differential driving torques generated by electric motors can be
effectively used for lane keeping, the existing hardware of electric vehicle can be
used while the steering system remains intact for the driver to have full authority
in control. The aspect of lane keeping control system with DYC input is theoreti-
cally described and the effectiveness of the proposed control system is verified by
the experiments using the small-scale electric vehicle.

6.2 Lane Keeping Control System Design

The control objective of lane keeping is to regulate the lateral deviation of vehicle
with respect to the given desired lane. This means that lane keeping control behaviour
is equivalent to the lateral acceleration control. However, DYC is practically a strat-
egy, which uses tyre longitudinal forces to directly control yaw motion, thus it is more
suitable to control the yaw rate instead of the lateral acceleration. Here an alternative
algorithm for lane keeping control by applying yaw rate matching control is proposed
to fulfil the task of lane keeping functionality.

Here, the idea of the 2nd order predictive model for calculating the desired yaw
rate based on the information from CCD camera is used. As shown in Fig. 48, From
Taylor’s 2nd order expansion, the predicted lateral displacement at the distance in
front of vehicle of /; can be expressed as follows:

. (an?
Vet + A =y () + Ar-y.(t) + 5 -¥.(0) (114)
Fig. 48 Vehicle model in Y
earth-fixed coordinate y

system for control system Preview point
design Desired path
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Ar== 115
v (115)

As the objective of lane keeping control, the desired lateral displacement at pre-
view point and the predicted lateral displacement must be equal (y.(z + Ar) = y;(2)).
Consequently, the required lateral acceleration for lane keeping can be calculated as

follows:
2V2

v.(t 2
.')}c(t) = 1_2 I:yt(t) - <yc(t) + lvyc‘fv)>:| = _21_‘2/.)}”(0 (116)

When the body side slip angle is negligible, the kinematics relationship between yaw
rate and lateral acceleration can be expressed as follows:

5.0 = V(B + (1) = Vr(1) arn

By substituting Eq. (117) into Eq. (116), the desired yaw rate for lane keeping control
can be obtained as follows: v

r(r) = _l_zysr(t) (118)
In the case of curved lane tracking, the yaw rate according to the road curvature p
must be included.

Yaw rate at curved lane : r (t) = v (119)

p(1)
2V 1%
Total yaw rate : ry(t) = r(t) + r (t) = —?ys,(t) + E (120)

where, the turning radius of the desired path p can be estimated in real time from
the vision information and vehicle lateral dynamics model with the application of
Kalman filter. To make the vehicle trace the desired yaw rate, the yaw moment con-
troller calculates the direct yaw moment control input by using linear inverse dynam-
ics. The transfer function from the yaw moment input to the yaw rate can be calcu-
lated as follows:

ayy t oy
r(s) = ———M , (s 121
(s) 2+ bis+ by dye(8) (121)

where, each coefficient can be expressed as follows:

L1l A6+
M — IZ’ oM — mIZV ’
2C,+C) 2LC+EC) 4PC,C,  21,Cr - 1,C,)
_x¢ L e A o
! mV LV A I

With the inverse transfer function of Eq. (121), the yaw moment input for tracing the
desired yaw rate can be theoretically calculated as follows:
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52+ bys + b,
Mdyc(s) = r4(8) (122)

(@S + agy)(tps + 1)

where, 7, denotes the time constant of 1st order lag element to make the transfer
function of the controller become proper.

Practically, the yaw moment input is generated by the differential driving torque
between left and right wheels. The driving torque of each motor can be calculated
as follows:

r

Left wheel : T, =T, — l—deyC(t) (123)
rW

Right wheel © T, ,(t) = T, (t) + l—MdyL.(t) (124)

w

where, T, indicates the driving torque required for straight running and r,, indicates
the effective radius of the wheel. The block diagram of the proposed lane keeping
control system is shown in Fig. 49.

6.3 Experimental Validation

Experiments on Straight Roadway

The structure of the electric-vehicle-based experimental vehicle used for lane keep-
ing control system verification is shown in Fig. 50. First, the validity of the pro-
posed lane keeping control system was proved on straight roadway with a small lane
change course as shown in Fig. 51. Figure 52 shows the experimental results in the
case of straight lane. The vehicle ran straight and accelerated to velocity of 25 km/h
and passed through the course shifting region without driver’s corrective steering.
Figure 52 shows the time history of preview lateral deviation measured from the
CCD camera, the vehicle yaw rate, the front steering angle, the DYC input and the
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in-wheel-motor torques. The measured yaw rate shows good consistency with the
desired yaw rate, which means the yaw moment controller by yaw rate matching
control method is effective. The in-wheel-motor torques shows that the individual
wheel torque control was actually realized. Figure 53 shows the trajectory of vehicle
centre of gravity, which shows that the vehicle actually traced the set course by the
proposed DYC.

Experiments on Curved Roadway

Next, the validity of the proposed lane keeping control system was proved on curved
roadway with constant radius of curvature of 100 m at velocity of 35 km/h. During
tracing the curved roadway, the driver did not hold the steering wheel. The experi-
mental data is shown in Fig. 54.

Figure 54 shows the time responses of the preview lateral deviation, the
vehicle yaw rate, the estimated road curvature, the DYC control input, the in-wheel-
motor torques. The lateral deviation was suppressed under 50 cm, which was quite
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Fig. 52 Experimental results of straight lane keeping with DYC (V = 25km/h)
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satisfactory. The vehicle yaw rate in steady state traced the reference value well.
The estimated road curvature was satisfactorily consistent with the reference road

curvature.
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Fig. 54 Lane keeping result on curved roadway with constant radius of 100 m (velocity = 35 km/h)

6.4 Summary

This paper examined the feasibility of the automated lane keeping control strategy
with direct yaw moment control (DYC) input generated by differential transverse
driving torques of in-wheel-motors, which is a structural merit of electric vehicle.
The direct yaw moment control (DYC) system was designed to follow the desired
yaw rate, which was determined from lane marker position information acquired by
vision system. From the experimental validation, it was proved that the proposed



306 M. Nagai and P. Raksincharoensak

desired yaw rate determination and the yaw rate model matching control for lane
keeping task was valid in actual driving. In addition, in the case of curved lane, since
the desired yaw rate must be corrected due to road curvature, so the road curvature is
estimated based on the information of preview lateral deviation considering vehicle
dynamics in planar motion. As a result, the vehicle can perform lane keeping on
curved lane with small lateral deviation.

7 Conclusion

As a great progress in automotive electronic control units in production cars, chas-
sis control technology together with automated driving system for driver assistance
systems have been developed and put in current production cars. This chapter pro-
vided an overview of the advanced chassis control systems aiming for enhancing
vehicle handling and stability followed with the automated driving functions of intel-
ligent vehicles in longitudinal and lateral vehicle dynamics, by employing the linear
two-wheel vehicle dynamics model. In the controller design, classical control the-
ory based on transfer function method or modern control theory based on optimal
linear quadratic (LQ) control theory can be used depending on the control applica-
tions. Designing driver-friendly active vehicle dynamics control systems is a very
important issue, for example, make the system easy for the driver to override the
system or the system can support the driver to control the vehicle easier. Adaptive
Human-Machine Interface (HMI) is also required to make man-machine closed-loop
characteristics stable and realize good driver acceptance.
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Georg Rill

Abstract This part begins with an introduction to Multibody Systems (MBS). It
presents the elements of MBS and discusses different modeling aspects. Then, differ-
ent methods to generate the equations of motion are presented. Solvers for ordinary
differential equations (ODE) as well as differential algebraic equations (DAE) are
discussed. Finally, techniques for “online” and “offline” simulations including real-
time applications are presented like necessary for car development. Special examples
show the connection between simulation and test results.

Keywords Multibody systems * Vehicle models * Equations of motion
Differential equations + Numerical solution

1 Multibody Systems

1.1 The Multibody Systems Approach to Vehicle Dynamics

For dynamic simulation, vehicles are usually modeled by multibody systems (MBS),
Jagt (2000). Typically, the overall vehicle model is separated into different subsys-
tems, Rauh (2003). The components of a passenger car model that can be used to
investigate handling and ride properties are shown in Fig. 1. A generic vehicle model
consists of the vehicle framework and subsystems for the steering system and the
drive train. It must be supplemented by an approriate model for the tire road interac-
tion. The vehicle framework represents the kernel of the model. It at least includes
the module chassis and modules for the wheel/axle suspension systems.

For standard vehicle dynamics analysis, the chassis can be modeled by one rigid
body, Blundell and Harty (2004). The first eigenmodes of the chassis consist of tor-
sion and bending. These modes can be approximated by a lumped mass model where
the chassis is divided into three parts, Fig. 2. Software packages like MSC.Adams,
Simpack or Recurdyn make it possible to describe the chassis by sophisticated Finite
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Fig. 1 Structure of a
generic vehicle model

Vehicle
frame-
work

Fig. 2 Lumped mass
chassis model

Element Models. But that requires a detailed knowledge of the internal chassis
structure. Hence, for basic studies the rigid body or lumped mass approach will be
more appropriate.

Most wheel/axle suspension systems can be described by typical MBS elements
such as rigid bodies, links, joints, and force elements, Rill (1994). Analytical models
of a double whisbone suspension and a MacPherson axle suspension can be found
in Rill (2012) and Rill and Schaeffer (2014). A purely kinematic suspension model
consists of ideal joints, rigid links, and force elements describing the coil spring,
and the damper, Fig. 3. However, relevant bushing compliancies must be taken into
account for detailed investigations of handling and ride properties, Seibert and Rill
(1998). For that purpose, a hierarchic model structure of the wheel suspension may
be provided. Depending on the objectives and on the availability of data the user
can activate a purly kinematic, a comfort, or a comfort and handling model. The
corresponding model types for a quadra-link rear axle suspension system are shown
in Fig. 4. On most cars the wheel suspension system is attached to a subframe that
is elastically mounted to the chassis, Fig. 5. A double whisbone suspension system
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Fig. 3 Kinematic suspension models

(a) kinematical model (b) comfort model (c) comfort + handling model

Fig. 4 Hierarchic structure of a suspension system

then consists of two knuckles, two wheels, two lower and two upper wishbones, and
one subframe. These bodies, modeled rigid or flexible, are attached to each other by
several bushings. Rubber elements connect the subframe to the chassis. Spring and
damper elements control the hub motion of each wheel.

Usually the suspension spring and the suspension damper are modeled as non-
linear force elements characterized by

Fg=F4u) and Fp=Fp(v) (1)

as functions of the spring displacement u# and the damper velocity v respectively.
Depending on the layout of the suspension the spring and/or the damper incorporates
bump and rebound stops that are described by additional non-linear force character-
istics. Torsional compliances in the bushings between the wishbones and the sub-
frame or the chassis generate additional or parasitic stiffness and damping effects.
In most cases the damper is mounted elastically to the chassis. The damper top-
mount combination results in a dynamic force characteristic then. Last but not least,
the anti-roll bar couples out of phase movements of the left and right knuckle, Fig. 6.
Today luxury cars offer active anti-roll bars that increase ride comfort and ride savety
simultaneously.

The vehicle framework is supplemented by modules for the load, an elastically
suspended engine, passenger/seat models, and optionally a model for the trailer, Rill
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and Chucholowski (2004). A simple load module just takes the mass and inertia
properties of the load into account. The subsystems elastically suspended engine and
complex passenger/seat models can all be handled by a generic free-body model, Rill
(2006a).

The steering system, shown in Fig. 7, consists of the steering wheel, an optional
overriding gear, a flexible steering shaft, and the steering box, which may also be
power-assisted, Rill and Chucholowski (2005b). A very sophisticated model of the
steering system that includes compliancies, dry friction, and clearance can be found
in Neureder (2002). Today, the power assistance is usually provided by an electric
motor.
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The drive train model described in Rill (2006a) takes lockable differentials into
account, and it combines front-wheel, rear-wheel, and all-wheel drive, Fig. 8. The
drive train is supplemented by a module describing the engine torque. It may be
modeled quite simply by a first-order differential equation or by enhanced engine
torque modules.

Tire forces and torques have a dominant influence on vehicle dynamics. In par-
icular the wheel dynamics strongly depends on the tire model, Rill (2007). Usually,
semi-empirical tire models are used for vehicle handling analysis. They combine
a reasonable computer runtime performance with sufficient model accuracy. Com-
plex tire models are valid even for high frequencies and on really rough roads. But,
they are computer time consuming and therefore used in special investigations only.
The “Tyre Model Performance Test (TMPT)” provides information about the effi-
ciency and problems of tire modeling and parameterization as well as the integra-
tion in standard multibody system program codes, Lugner and Plochl (2007). The
semi-empirical tire model “TMeasy” that is part of the Simpack Automotive pack-
age meets the requirements of both user friendliness and sufficient model accuracy,
Rill (2013a).

Road irregularities and variations in the coefficient of friction present significant
impacts on the vehicle. Therefore a road model must at least provide the road height
and the local friction coefficient, Butz et al. (2004).

Besides that, a driver model is needed to operate the vehicle. Even rather sim-
ple driving maneuvers, like a step-steer input or braking in a turn, require at least a
simple drive torque controller to maintain the given speed. The maneuvers steady
state cornering, lane change, double lane change, or driving along a given path,
demand for a driver model that controls the steer input and the drive torque
simultaneously.
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If the chassis is supposed to be a rigid body, one coordinate system fixed to the
vehicle body will be sufficient to describe the overall motions of the vehicle, Fig. 9.
The vehicle-fixed system V is located in the center C in general. Its xy-axis points
forward, the y,-axis to the left, and the z,,-axis upward, which will correspond with
the definitions in the ISO 8855 directive. In complex vehicle models it is often more
convenient to attach the vehicle-fixed axis system V to a representative chassis point
rather than to the center of gravity of the vehicle, because the latter will change with
different loading conditions. The earth-fixed system 0 with the axis x,, y,, g, serves
as inertial reference frame. Its origin O lies in a reference ground plane and its z,-axis
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Fig. 9 Position and
orientation of the vehicle
body

will point in the opposite direction of the gravity vector g. The vector r,. pointing
from O to C describes the momentary position of the vehicle then.

The orientation of the vehicle-fixed axis system V with respect to the inertial
frame O can be described by a rotation matrix A, that is defined by a sequence
of three elementary rotations. In vehicle dynamics the angles v, 6, and ¢ which
represent the yaw, the pitch, and the roll motion of the vehicle body are used for that
purpose.

The first rotation about the z, = z;-axis defines the intermediate axis system with
x; and y; parallel to the horizontal ground.

The wheel consists of the tire and the rim. Handling tire models simplify the
contact patch by a local plane, which is represented by the contact point P and an
unit vector e, perpendicular to this plane. The rim is mounted at the wheel carrier or
knuckle. The suspension system, consisting of force and guidance elements, attaches
the wheel carrier to the chassis. Depending on the type of suspension system, the
wheel carrier and the attached wheel can perform a hub motion z and optionally a
steering motion 6, Fig. 10.

To describe the position and orientation of the wheel carrier or knuckle and the
wheel, a reference frame with the axes xg, yg, zx is fixed to the wheel carrier. The
origin of this axis system is supposed to coincide with the wheel center M. The
position and the orientation of the wheel carrier depend on the hub motion z and
optionally on the steer motion é. In design position, the corresponding axes of the

b4 Zv A
0 vehicle-fixed

frame

wheel

carrier inertial

Yo frame

local
road plane

Fig. 10 Position and orientation of wheel carrier and wheel
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Fig. 11 Design position of
wheels

frames K and V are supposed to be parallel. The wheel itself rotates with the angle
@ about an axis that is determined by the unit vector e, Fig. 10.

1.3 Design Position

The design position of a wheel center M is roughly' determined by the wheelbase
a = a; + a, and the track widths s, s, at the front and rear axles, Fig. 11. If left/right
symmetry is assumed, then the position vector

a
remp =| $1/2 2)
—h+ry

denoted in the vehicle-fixed reference frame V will define the design position of
the front left wheel center M relative to the vehicle center C. Here, /& denotes the
height of the vehicle center C above the ground and rg names the static tire radius,
which takes the tire deflection caused by the weight of the vehicle into account. By
changing the sign in the second component (s1 /2 > -5,/ 2), Eq. (2) applies for the
right front wheel too. Finally, the design position of the rear wheels is obtained by
replacing a; and s; by —a, and s,, respectively.

Usually, the wheel rotation axis, which is described by the unit vector eyws will
not coincide with the y,-axis, which is part of the corresponding axis system located
in the wheel center M and fixed to the knuckle, Fig. 12. The orientation of the unit
vector ey, can be defined either by the angles &, and y,, or by 6, and 7,, where
0y 1s the angle between the yy-axis and the projection line of the wheel rotation
axis into the xy, yy-plane. The angle 7, describes the angle between the y,,-axis and
the projection line of the wheel rotation axis into the yy, z;,-plane, whereas y, is the
angle between the wheel rotation axis e,y and its projection into the xx-yg-plane.
Toe-in and a positive camber angle are indicated by 6, > and y, > 0 or 7, > 0 at the

'Note: The track width is defined as the distance of the contact points at an axle. On cambered
wheels, the distance of the wheel centers is slightly different.
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A 2K

Fig. 12 Design position of wheel rotation axis

left wheel. In the design position, where the corresponding axis of the vehicle-fixed
axis system V and the knuckle-fixed coordinate system K are parallel, one gets by
inspecting Fig. 12,

tan §
= 1 (3)
\/tan2 8o+ 1+tan?p, | —tanf,

1

ewyv = &wk

On the other hand, applying a series of elementary rotations results in

sin o, cos ¥,

ey = e = | €088, cosy, 4
—siny,

On a flat and horizontal road where the track normal e, points in the direction of
the vertical axis zx = zy, the angles 6, and y, correspond to the toe angle and the
camber angle, respectively. To specify the difference between ¥, and 7, the ratio
between the third and second component of the unit vector ey, is considered now.
Equations (3) and (4) deliver

—tan 7, —siny, . tany,
= or tany, =
1 €08 O COS ¥

®)

€08

Hence, for small angles 6, < 1, the difference between the angles y, and j, is hardly
noticeable. Kinematics and compliance test machines usually measure the angle 7.
That is why the automotive industry mostly uses this one instead of y, to determine
the orientation of the wheel rotation axis in the design position.

Often the position of the wheel rotation axis is defined by the wheel center M and
an additional point D which is called “wheel alignment point”. If this point is located
inside the wheel center, then the unit vector pointing in the direction of the wheel

rotation axis is given by
Temy — T'epy

(6)

(4 =
oy lremv = repwl
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where the vectors 7,  and rp  describe the design position of the wheel center M
and the wheel alignment point D relative to the origin C of the vehicle-fixed reference
frame V.

1.4 Kinematics

According to Fig. 10, the absolute position of the wheel carrier or knuckle is defined
by the vector

Fomo = Toco + AovTemy (7N

where the vector ry and the rotation matrix A, define the momentary position of
the chassis center C and the orientation of the vehicle-fixed frame V with respect
to the inertial frame 0. The vector r¢,y describes the momentary position of the
knuckle fixed reference point M with respect to C and its components are expressed
the vehicle-fixed frame V which is indicated by the corresponding comma separated
index. The multiplication with the rotation matrix A, transforms a vector via

remo = Aov emy 3
from the system V into the system 0. As the rotation matrix is orthonormal

AgyAgy =Ag, Agy =1 and Ag, =Af, ©)
will hold, where I denotes the corresponding matrix of identity.

Even if the knuckle performs only hub motions relative to the chassis the suspen-
sion kinematics will cause the knuckle to rotate as more or less requested. Hence, the
absolute orientation of the knuckle-fixed reference frame is defined by the rotation
matrix

Aok = Aoy Avk 10)

where the rotation matrix Ay defines the orientation of the knuckle-fixed system K
relative to the vehicle-fixed frame V.

A three-dimensional vehicle model consists at least of the chassis, 4 knuckles and
4 wheels. The chassis has 6 degrees of freedom, each knuckle can perform at least a
hub motion and each wheel an angular rotation. Describing the steering motions at
the front and optionally at the rear axle by the rack displacements at front and rear,
the three-dimensional vehicle model has f = 6 + 4 + 4 4+ 2 = 16 degrees of freedom
then. The generalized coordinates that are required to describe the free motions are
usually collected in the vector y. Then

roio = Toio(y) and Ay = Ap(y) (11

will hold for body i of the vehicle model or a multibody system in general.
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The velocity with which body i is moving relative to the inertial system O is deter-
mined by the time derivative of the position vector defined in Eq. (11)

f
d . 0rg;0(¥) .
Yoio = Toio®) = Foip(y) = Z oy m = Voio (> ¥) (12)
m=1 m

where

9rgi0(») _ [a”ol‘,o()’) 9rpin(y) 3701',0()’)] (13)

dy 9y, 9y, dyy

denotes the 3 X f-Jacobian matrix of the translational motion of body i.
The time derivative of the rotation matrix multiplied by its transposed results in
a skew-symmetric matrix

f
~ d 0Ay(y) . ~ .
@oio = (AOi,O(y)> Agz’,O(y) = z 62) ymAg,-,o(y) = wy;(,)) (14)

m=1 m

Its essential components

_ 0 —m0;0(3)  @y;n(2)
@9 = | @pi0(3) 0 —0;0(1) (15)
—®o;i0 2) @;0(1) 0

define the vector of the angular velocity wg;g = [@g;0(1), @g;0(2), wOi’0(3)]T with
which the body-fixed axis system i rotates relative to the earth-fixed axis system O.
A direct calculation shows that

WoigTo = Wpig X Ty (16)

holds for any vector r,, which means that the multiplication of the skew-symmetric
matrix of the angular velocities can be replaced by the corresponding vector- or
cross-product.

Depending on the kind of constraints, the algebraic representation of the velocity
Vector vy, o = Vo, 0(y, ¥) and the vector of the angular velocities wgy,; o = @y, ((y, ¥) may
become very complex. However, significant simplifications are possible if the time
derivative of the vector of the generalized coordinates y is replaced via

y =Kz a7)

by a corresponding vector of generalized velocities z. Then, the algebraic represen-
tation for the resulting velocities and angular velocities

VoioY) = voi0(0:2) and @y 0(v,y) = @0, 2) (18)
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will be less complicated. In many cases a simple inspection of the resulting velocity
terms already leads to appropriate generalized velocities and automatically delivers
the kinematical matrix K = K(y), Kane and Levinson (1980). The trivial choice

y=z 19)

is always possible. Here, the kinematical matrix simplifies to the corresponding
matrix of identity.

The time derivatives of the velocities and the angular velocities finally result in
the corresponding accelerations

fz avolo(y Z) + i i 0, 2) 2
0z “m
" (20)
/' ow (y 2) ow, (y 7).
0i,0 0i,0
%0 = COolo(y 7)) = Z Vm + Z

m=1 m=1

Aoip = VOz 0(¥2)

3

m

1.5 Forces and Torques

Point-to-Point Force Elements: Usually, mounts connecting springs, dampers, and
actuators to different bodies can be regarded as ball joints, Fig. 13. Then, the action
line of the force generated by the element that is mounted between the points P and
Q is defined by the unit vector

Tpo o Tog.0 — Toro
eppo = = 21
‘rPQ,0| |r0Q,O - ”0P,0|

L= ””PQ,0’ = 1/r£Q,orpQ,o (22)

where

Fig. 13 A point-to-point
force element attached
between two bodies
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defines the actual length of the force element in addition. The point P is attached to
body i and point Q to body j. The vectors ry, o, ry; o and the rotation matrices A, Ay,
describe the momentary position and orientation of axis systems fixed in the center
of each body with respect to the earth-fixed reference frame 0. Then, the position of
the attachment points is defined by

Topo = Toio +AgiTip; and  rypo = rojo+Ag g, (23)
—— ——
Tipo Tio.o

where the vectors r;p;, 1o ; characterize the position of P and Q with respect to the
corresponding body-fixed axis systems. The deflection of the force element is just
given by

s =Ly—L (24)

where L, denotes the length of the force element in the design position and the actual
length L is defined by Eq. (22).

It is common practice to describe spring forces via Fg = F(s) as functions of
the force displacement s and dampers via Fj, = F,(v) as functions of the damper
velocity v. The time derivative of the force element deflection s given in Eq. (24)
delivers the damper velocity at first as

d ,
=§5=—(L,—L)=-L 25
A% S dt ( 0 ) ( )
By using Eq. (22) it results in
T T
2Tpo0 o0 "po0

. T . .
y=— = - | Tpoo = —€pgo (rOQ,O - rOP,O) (26)

T r
2 V P00’ P00 | PQO

where Eq. (21) was used to re-insert the unit vector ep, and to put the time derivative
of the vector rp, down to the time derivatives of the position vectors r,, and ryp.
According to Eq. (23), the time derivatives of the position vectors are given by

Fopo = Voio + @oio X Tipg and 7 000 = Voj0 T @0 XTigo (27)

where v, o = 70, Voj0 = Fo;0 name the absolute velocities of the body centers and
@y, 0, W0 denote the absolute angular velocities of the bodies. In particular dampers
are designed nonlinear at least by distinguishing between the rebound and compres-
sion mode.
Finally, the force acting in an arbitrary point-to-point force element can be
described by
F = F(s, $, u, x) (28)
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where the dependency on a control signal # will include actuators and the vector x
collects internal states that are required when dynamic force elements are modeled.

Enhanced Dry Friction Model: The braking torque applied to the wheel usually
is generated by friction, Fig. 14. However, a simple dry friction model will cause
severe numerical problems because it is not defined in a locking situation (AQ = 0).
The regularized model that is mostly used in commercial software packages avoids
this problem but becomes less accurate when approaching the locking situation. The
enhanced dry friction model avoids the jump at AQ = 0 and provides an appropriate
locking torque, Rill (2006b). So, the braking torque will here be modeled by

T, = T +dyAQ and |T,| < T (29)

where Tg’ names the static or locking torque, dy > 01is a constant with the dimension
of Nm/(rad/s), Tl’g’” denotes the maximum braking torque, and

AQ=Q—wy (30)

describes the relative angular velocity between the wheel and the body where the
brake caliper is mounted. Usually this will be the knuckle.

The static part provides a steady-state locking torque when the relative angular
velocity is vanishing, T;/(AQ = 0) = T} In the steady state when Q = 0 holds in
addition, The torque balance at one wheel delivers
0=T,-T;—rF, (31)
where TD names the drive torque, r is the radius of the wheel, and F, describes the
longitudinal tire force. The rolling restinance torque and additional friction torques
in the wheel bearing are neglected, here. Hence, the static braking torque

T = T,~rF, (32)

will counteract appropriately the resulting torque applied to the wheel, namely
consisting of the driving torque 7', and the torque r F generated by the longitudinal

TpA TpA TgA
+ TP = +T| f , T
simple regularized enhanced
dry driction dry driction T,'§ dry driction
model model model
> > >
0 AQ 0 AQ AQ
— T _Tmx
B B

Fig. 14 Coulomb dry friction model and enhanced brake torque model
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Fig. 15 Rubber elements in
vehicle suspension

bushings

tire force. Just like the overall braking torque T}, the steady-state part is bounded to
the maximum braking torque
Ty < Ty 33

As shown in Rill (2012) the numeric constant dy can be choosen such that the dynam-
ics of a fully braked and freely rolling wheel will be similar.

Rubber Elements: Force elements made of natural rubber or urethane compounds
are used in many locations on the vehicle suspension system, Fig. 15. Those ele-
ments require no lubrication, isolate minor vibration, reduce transmitted road shock,
operate noise-free, offer high load carrying capabilities, and are very durable.

During suspension travel, the control arm bushings provide a pivot point for the
control arm. They also maintain the exact wheel alignment by fixing the lateral and
vertical location of the control arm pivot points. During suspension travel, the rubber
portion of the bushing must twist to allow control arm motion. Thus, an additional
resistance to suspension motion is generated.

Bump and rebound stops limit the suspension travel. The compliance of the top-
mount avoids the transfer of large shock forces to the chassis. The subframe mounts
isolate the suspension system from the chassis and allow elasto-kinematic steering
effects of the whole axle.

It turns out that those elastic elements can hardly be described by simple spring
and damper characteristics, F'¢ = Fg(u) and F, = Fj,(v), because their stiffness and
damping properties change with the frequency of the motion. Here, more sophisti-
cated dynamic models are needed.

Tire Forces and Torques: Tires are very complex. They combine dozens of com-
ponents that must be formed, assembled, and cured together. In normal driving sit-
uations the tire is in contact to the road. The forces and torques transmitted in this
rather small contact area must support and guide the vehicle, Fig. 16. Handling tire
models, like TMeasy, describe the steady state forces and torques as functions of
the longitudinal, the lateral and the turn slip at first. Then, dynamic effects caused
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Fig. 16 Contact forces and

torques longitudinal force

lateral force
vertical force or wheel load

=

tilting torque
rolling resistance torque
self-aligning and turn torque

NN mSD

by the tire compliance are taken into account, Rill (2013a). Within TMeasy a set of
first order differential equations is generated that describe the dynamic tire forces
and torques by using internal tire states that describe the tire deflections in longitu-
dinal, lateral, and torsional directions, Rill (2007). For instance, the dynamic force
in longitudinal direction F, is thus defined by

(V;xdx +fG)x€ = _V;x CxXe — fG (Vx —Ip Q)

F.=cx,+d %,

(34)

where ¢, and d, describe the stiffness and damping properties of the tire in lon-
gitudinal direction. The internal tire state x, characterizes the circumferential tire
deflection, v, defines the longitudinal velocity component of the wheel center, ry, is
the dynamic rolling radius, € represents the angular wheel velocity, and v, names
a modified transport velocity with which the tread particles are transported through
the contact patch. Finally, f; = F;/s; is the global derivative of the generalized tire
characteristics F; = F;(s;) with respect to the generalized slip s,; that vectorielly
combines the slips in longitudinal, lateral, and torsional directions, Rill (2013b).

1.6 Equations of Motion

Each body in a multibody system is exposed to applied and constraint forces and
torques. Then, the linear and angular momentum may be written as

my g = Fly + F, (35)
Ogi0 i + @i X Ogig woio = Tiy + T (36)

where m;, ©; , describe the mass and inertia properties of body i, F, T}, are the
applied forces and torques, and on, Tlfo denote the constraint forces and torques
generated by links and joints.

To combine and solve the equations of motion for a multibody system consisting
of i=1(1)k bodies, the constraint forces and torques have either to be



Multibody Systems and Simulation Techniques 325

eliminated or the set of dynamic equations must be supplemented by algebraic con-
straint equations.

The principle of virtual work (D’Alembert’s Principle) or the principle of virtual
power (Jourdain’s principle) eliminate all constraint forces and torques very effec-
tively. The principle of virtual power, for example, states that the virtual power of
the constraint forces and torques must vanish, because each constraint force or torque
generated by a link or a joint points into a direction that is blocked by this link or
joint. Hence, for a system with k rigid bodies

k

Z {5"5‘,0 Fig + o Tﬁo} (37
=1

must hold. The virtual velocity and the virtual angular velocity of body i are defined
by
vy, 0wn:
010 5Z and 50)0[ 0 = 0i0
’ 0z

BVoio = 52 (38)

where the f X 1-vector 6z collects the variations of the f generalized velocities 6z;,
02y, ... 6z that are required to describe the motions of the multibody system. The
partial derivatives simply named as partial velocities and partial angular velocities
may be arranged in the 3 X f-Jacobian matrices of translation and rotation

Moo [ 9oio0:2) vgio(»,2)  vp(y:2) (39)
aZ - aZ] ’ aZZ o aZf
dwy; 0w 0(¥,2) 0wy, (¥, 2) 0wy (v, 2)
= , . (40)
0z 07, 0z, 9z

Using the Jacobian matrices, the accelerations provided by Eq. (20) can be written
as
9Voi 0 0wy,

_ . R _ R
Goi0 = 0z ¢+ ag, and ay, = o Z+ oy 41)

where 7 is the time derivative of the vector of generalized velocities and

L vy (v, 2) L\ 00 0(y, 2)

R 0,0\ . R 0i,0\» .

gy = Z—ym and af, = Z—ym
' ~ oy, ' ~ Oy,

(42)

abbreviates the remaining terms in the accelerations. By combining Eq. (37) with
Egs. (35) and (36), one is able to put the constraint forces and torques down to
dynamic terms and the applied forces and torques. Using the notation in Egs. (41)
and (42), Jourdain’s principle reads as
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k T
Moio Moo R ra
Z 0z "oz 2+ may = Fp,
=t (43)
dw! o’
0i,0 ® 0,0 . ® R ® T¢ 57=0
+ oz 0 T, ¢ T 0, 0% T @0 X040 — 13 =

The variations of the generalized velocities 6z are arbitrary. Hence, the expression in
the braces must vanish. The resulting first-order differential equation can be written
as

M)z = q(.2) (44)

where the f X f-mass-matrix is defined by

k Tovl ov.. o’ o’
0i,0 0i,0 01,0 0i,0
M®») = =~ m, =+ ~ 0. : 45

o) ; l 0z i 0z 0z 0 9z ] (“43)

and the f X 1-vector of generalized forces

koo,
_ 1, a R
q(,2) = Z l_az (Fi,o - miaOi,O>

i=1

(46)

0w’
+ 00 (e _@ of — X0 o
oz i0 i0%0i,0 0i,0 i,0 ©0i,0

combines the inertia and gyroscopic forces and torques with the applied forces and
torques. The equations of motion result in a set of two first-order ordinary differential
equations (ODEs). The definition of generalized velocities which is done by Eq. (17)
or in the trivial form by Eq. (19) represent the first set and the dynamic equation
defined in Eq. (44) the second one. Usually, a multibody systems contains dynamic
force elements too. Then, the set of ODEs

y=K0O)z
M)z =q(y,z9) 47)
5= h(s,y,z,u)

describes the dynamics of a general multibody system, where the vectors s und u
collect the states of the dynamic force elements und the external inputs, like the
road roughness. Finally, one will end up in a set of Differential-Algebraic-Equations
(DAEs) of index 3

y=Kz

s a T

My)z=q" + Jg A 48)

§=h(s,y,z,u)

0=g®
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if only some or none at all constraint forces and torques were removed. In this simple
approach, g = g“ + ¢° separates the generalized force vector into parts of applied and
constraint generalized forces and torques. According to Lagrange? it is possible to
reduce the unknown vector of generalized constraint forces and torques via

dg0)

dy (49)

¢ =J"A where J =
g g

to the vector of Lagrange multipliers A that correspond in its dimension with the
number of constraint equations and just require the derivative of the constraint equa-
tions g(y) with respect to the vector of generalized coordinates y and the kinematical
matrix K in addition. Finally, the vector function g(y) summarizes the (remaining)
constraint equations.

The DAE of index 3 in (48) can be reduced step by step to a DAE of index 1. For
that purpose the constraint equation is replaced by its time derivatives. Making use
of the kinematical differential equation, the first equation in (48), one gets

. dg dgdy dg. _ dg
g or dr dydi dy’ dy e C

In general, the Jacobian of the constraint equations J, is not constant, therefore the
second derivative results in

d’g d (dg d .
0=¢ O=—=—|—=|=—(J,2)=J,2+J,Z 51
& o drr  dr \ dt dt( gZ) g LTIt Gb

The dynamic differential equation, the second equation in (48), delivers
=M (q” +77 /1) (52)

Inserting this relationship into the constraint equation on acceleration level (51)
results in
0=J,z+J,M" (q“ +JgT/1> (53)

and yields the Lagrange multipliers as
-1 .
d= = (ML) 4 ,2) 54

Hence, replacing the original constraint equations 0 = g by 0 =g delivers the
Lagrange multipliers explicitely and thus reduces the DAEs to

2Joseph-Louis de Lagrange (25 January 1736-10 April 1813).
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y=Kz
_l .
MG) =g~ T (Jg M-lJ§> (J, Mg+, 2) (55)
§ = h(s,y,z,u)

This set of equations has the same structure as the ODEs provinded in (47). How-
ever, the numerical solution requires a special treatment. Besides that, the matrix
J, M~'JT must be invertible, demanding at least for constraint equations that are
free of redundances.

1.7 A Quarter Car Model

Modeling Concept: The quarter car model shown in Fig. 17 consists of the chassis,
a trailing arm that is rigidly attached to the knuckle, and the wheel. The model rep-
resents a quarter car on a hydropulse test rig. That is why, the chassis is supposed
to perform vertical motions only. Revolute joints in B and W connect the trailing
arm with the chassis and the trailing arm with the wheel. The position of the actu-
ator that supports the wheel is controlled to follow a prescribed displacement time
history, u = u(t).

A quarter car model is quite a good but surely limited approximation of real vehi-
cle dynamics. So, the simplification that the wheel center W, the center of the knuckle
and trailing arm K, and the joint in B are arranged in a straight line will correspond to
the overall model quality. In addition, the chassis is supported by a torsional spring
and damper combination for the sake of simplicity.

The parameter for a quarter car model that may represent the rear suspension of
a small front wheel driven car are listed in Table 1.

ODE Kinematical Model: The vertical chassis motion z as well as the rotation
angles f, and @y, are sufficient to describe the momentary position and orientation
of the k = 3 model bodies chassis, trailing arm with knuckle, and wheel. The vectors

Fig. 17 Quarter car model
with trailing arm suspension
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Table 1 Parameter for the quarter car model
s =0.250 m Joint B to center of knuckle/trailing arm
a =0.400 m Joint B to center of wheel M
b=0310m Vertical distance chassis center C to joint B
h =0.600 m Height of chassis center C
7o =0.305 m Tire radius
me =200 kg Corresponding chassis mass (quarter car)
my =35kg Mass of knuckle/trailing arm
my, =15 kg Mass of wheel (rim and tire)
Oy = 0.6 kg m? Inertia of knuckle/trailing arm
Oy = 1.0 kg m? Inertia of wheel
Tg = 1200 Nm Pre-tension torque in torsional spring
¢g =10 000 Nm Torsional suspension spring rate
dg =800 Nm s Torsional suspension damping
¢, =180 000 Nm s Longitudinal tire stiffness
¢, =220 000 N/m Vertical tire stiffness
d, = 1200 Ns/m Longitudinal tire damping
a'Fg =90 000 N/- Initial inclination longitudinal force
vy = 0.01 m/s Fictitious velocity
0 —scos fixg —acos fg
Toco=| O | roko = 0 s Towo = 0 (56)
h+z¢ h—b+ scos fy h—Db+acos fg

describe the momentary position and the angles fg, @y, define the rotation of the
trailing arm with knuckle and the wheel about the y,-axis. A detailled model descrip-
tion, the derivation of the equations of motion, as well as the replacement of this
simple torsional spring/damper combination by a point-to-point force element can
be found in Rill (2012).

Applying Jourdain’s principle the dynamics of this quarter car model is defined
by

y=2z and Mz =g¢q 57)

where y collects the generalized coordinates z., fg, @y and the vector z defines
trivial generalized velocities. The Egs. (45) and (46) deliver the mass matrix and the
vector of the generalized forces and torques as

me + mg + my
M =
0

(smg +amy) cos By Ok + ’my +a’my, 0

(smK+amW) cosfiy O
(58)
0 Oy
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F, - (mc+mK+mW) g+ (smK+amW) sinﬁKﬁ'lg

q = | Ts— (smy +amy) cos f g + a (F, sin By + F_ cos fy) (59)
_rSFx

The torsional spring damper combination acting at the revolute joint in B generates
a torque that can be modeled as a function of the knuckle rotation angle fx and its
time derivative. Assuming linear spring and damper characteristics one gets

Ty = csfy + dshy + T9 (60)

where ¢y and dg name the torsinal spring and damper constants and 7? describes the
pre-tension torque that determines the steady state position of the trailing arm.
In a first approximation, the vertical tire force is given by

0 > lift
F,= i[9 270 (o 1)
cr (ro=rs) rg <,

where c; names the radial tire stiffness and r, describes the unloaded tire radius. The
loaded tire radius is provided by

ry=h+zc— b+ asin(fg) — u(t) (62)

where the distances a, b and & are defined in Fig. 17. According to (34) the longitu-
dinal tire force is defined by

F.=c.x,+d. %, (63)

where ¢, d. describe the stiffness and damping properties of the tire in the longitu-

dinal direction and the internal tire state x, is definded by an additional differential
equation
—vi e x, — folv,—rpQ
X, = Tx “x e G(x D ) (64)
viod, +fg

Tx

where the dynamic rolling radius may be approximated via rj, = %ro + %rs by a
weighted combination of the unloaded and loaded tire radius. The global derivative
of the generalized tire characteristics can be approximated by the initial inclination
of the longitudinal tire characteristics f; = ng because no large longitudinal forces
will occur in this particular case. The wheel angular velocity is simply given by
Q = ¢y, and the longitudinal component of the contact point velocity as well as the
modified transport velocity are defined by

ve=asinfg fe and vi =|rpoy|+vy (65)
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where vy > 0 is a small fictitios velocity that is introduced to avoid singularities in
stand still situations.

Hence, the dynamics of the quarter car model described by (57) and (64) corre-
sponds to the typical set of ODEs defined in (47).

DAE Model: Each body is now supposed to move freely in the x,-z,-plane, Fig. 18.
Then, the vectors

0 Xg Xy
roco=101 rko=[01| rowo=|0 (66)
<c ik Iw

simply define the position of the chassis center C, the knuckle center K, and the
wheel center W. The chassis is still supposed to perform vertical motions only and
the angles f and ¢y, describe as before the rotations of the knuckle and the wheel
about the y,-axis. The equations of motion will then read as

meZe = —meg — B,

mg iy =B, + W,

My g =—mgg+ B, + W,

Ok By = Tg — B,ssin fy — B_scos i + W,wsin g + W,wcos (67)
my Xy = F,— W,

myZy =—-myg+F,—W,
O Py = —rgk,

where the abbreviation w = a — s describes the distance from the knuckle center K
to the wheel center W and B,, B_, W,, W_ denote the reaction forces acting in the

Fig. 18 Free body diagram e
of quarter car model </’W chassis ﬁ

>

knuckle with
trailing arm
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revolute joints where the knuckle is attached to the chassis and the wheel to the
knuckle.
Collecting the generalized coordinates in the vector

T
y=lz2c x% w B xw w owl (68)

and defining by
y=1z (69)

trivial generalized velocities makes it possible to describe the dynamics of the quarter
car model by the matrix differential equation

Mz =q'+4" (70)

where
M =diag [mc my my O my my O] (71

defines the mass matrix and

q" = [—mcg 0 -mgg Tg F, —myg+F, —rSFX]T (72)
collects the applied forces.

However, the differential equation (70) can not be solved because the reaction
forces B, B,, W,, W_ are not defined or known yet. In this particular case the con-
straint forces were modeled explictely. This is possible for rather simple models but
extremely cumbersome for complex models. The use of Lagrange multipliers will
be more appropriate then. At first the constraint equations are required. A revolute
joint that connects body i to body j at a specific point prevents body i to perform any
displacement relative to body j at this very point. Hence, the revolute joints in B and

W deliver the constraint equations as

0 =xg + scos fg

0 =zg —ssinfg — -b
s (emb) gy 73)
0 =xx —wcos fx — xy

0=zg +wsinfx — zy

where the abbreviation w = a — s was used again and a, s, b, h are constant model
parameter defined in Fig. 17. Taking (68) into account, the partial derivative of the
constraint equations yields the Jacobian as

01 0 —ssinfg
J = dg | =1 0 1 —scosfy
§ dy 01 0 wsinfy —
0 0 1 wecospg

(74)

(=R N e N o)
- o O O
SO OO
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The trivial choice of generalized velocities realized in (69) results in a kinematical
matrix K that simply equals the matrix of identity. Then Eq. (49) delivers the vector
of the generalized constraint forces as

0 -1 0 0
1 0 1 0
0 1 0 1
¢ = J;/l = | —ssinfy —scosfy wsinfy wcosfi |4 (75)
0 0 -1 0
0 0 0 -1
0 0 0 0

where A denotes the Lagrange multipliers. In this particular and in similar cases, the
Lagrange multipliers A will coincide with the constraint forces in B and W. Depicting
the vector of the generalized forces from (67) and rearranging the terms results in

0 -1 0 0
1 0 1 0
0 1 0 1 gx
q°- =| —ssinfy —scosfy wsinfy wcos fg WZ (76)
0 0 -1 0 WX
0 0 0 -1 <
|0 0 0 (U

which compared to (75) delivers by inspection 4 = [BX B. W W, ] " Inmore general
cases, the Lagrange multipliers A will just correspond with the constraint forces and
torques but will not necessarily equal them.

The torque T generated by the torsional spring damper combination, the vertical
tire force F,, and the dynamic tire force in longitudinal direction F, are still provided
by (60), (61) and (63) in combination with (64). But the loaded tire radius is now
simply given by

ry = Zy — g — u(t) ()

and the longitudinal component of the contact point velocity as well as the modified
transport velocity are defined by

ve=xy and Vi = |rp oyl +vy (78)

where Q = ¢y, provides as before the angular wheel velocity and the dynamic tire
radius rj, was defined in the text subsequent to Eq. (64).

Hence, the dynamics of the quarter car model described by (69), (67), (64), and
(74) represents a typical set of DAEs defined in (48).
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A index reduction makes it possible to transfer DAEs into a set of ODEs. How-
ever, the calculation of the Lagrange multipliers via (54) will then require the time
derivative of the Jacobian J, , in addition. The Jacobian J, for the quarter car model
is provided by (74). Its time derivative simply results in

0 00 —scospgfiy 000
g {000 ssinpgf 000 79
dr |0 00 wcospgfy 000

000 —wsinfgfy 0 0 0

Free Body Model: The equations of motion provided by (67) hold for a system of
free bodies, that consists here of the chassis, the trailing arm with knuckle and the
wheel. The bodies were assembled to a quarter car by constraints that reduce the
number of degrees of freedom in case of the kinematical ode approach or require
additional constraint equations in case of the DAE model. But there is also another
model approach possible if joints and links are modeled by introducing real or ficti-
tious compliancies.

Within this planar quarter car model the revolute joints in B and W may be sup-
plemented by bushings providing forces in longitudinal and vertical directions that
act opposite to the bushing displacements. Introducing the parameter cg,, cg,, Cy,.
¢y, that describe the stiffness properties of the bushings in B and W in longitudinal
and vertical directions, the bushing forces will simply be provided by

B, cu 0 0 0
B |_ | 0em 0 0

Fe=|{w = [0 0col8 (80)
W, 0 0 0 cy,

where g = g(y) defined by the constraint equation in (73) provides the bushing dis-
placements. Adding appropriate damping effects is straight forward and will just
require the time derivative g(y) that Eq. (50) defines in general. Finally, the vector
of the generalized “constraint” forces will then be given by
c _ T

q =J g Fp (81)

which is the result of comparing Eq. (76) with Eq. (75).
However, many joints and links are very stiff in practice. That is why, this rather
simple approach may cause severe problems within the numerical solution. In addi-

tion, if the stiffness of a bushing is not known, an estimated bushing stiffness may
cause unrealistic and unpredictable dynamic effects.
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2 Numerical Methods

2.1 Ordinary Differential Equations

Overview: Ordinary differential equations (ODEs) like the ones defined in (47) are
usually transfered to a state equation in the form of

X =f(t,x) (82)

where the state vector x collects the generalized coordinates y and velocities z as
well as additional states s. For the numerical time integration of ordinary differential
equations (ODEs) numerous methods with one-step and multi-step algorithms are
known, see e.g. Ngrsett et al. (2008). The commercial software package Matlab® for
instance offers seven solvers:

ode23 isaone-step solver. Based on an explicit Runge-Kutta (2,3) pair of Bogacki
and Shampine. It may be more efficient than ode45 at crude tolerances and in the
presence of mild stiffness.

ode45 is a one-step solver. Based on an explicit Runge-Kutta (4,5) formula, the
Dormand-Prince pair. It is a one-step solver—in computing, it needs only the
solution at the immediately preceding time point. In general, ode45 is the best
function to apply as a “first try” for most problems.

odell3 Variable order Adams-Bashforth-Moulton PECE solver. It may be more
efficient than ode45 at stringent tolerances and when the ODE function is partic-
ularly expensive to evaluate. odel13 is a multistep solver—it normally needs the
solutions at several preceding time points to compute the current solution.

odelSs Variable-order solver based on the numerical differentiation formulas
(NDFs). Optionally it uses the backward differentiation formulas, BDFs, (also
known as Gear’s method). Like ode113, odel5s is a multistep solver. If you sus-
pect that a problem is stiff or if ode45 failed or was very inefficient, try odelS5s.

ode23s Based on a modified Rosenbrock formula of order 2. Because it is a one-
step solver, it may be more efficient than odel5s at crude tolerances. It can solve
some kinds of stiff problems for which ode15s is not effective.

ode23t An implementation of the trapezoidal rule using a “free” interpolant. Use
this solver if the problem is only moderately stiff and you need a solution without
numerical damping.

ode23tb  An implementation of TR-BDF2, an implicit Runge-Kutta formula with
a first stage that is a trapezoidal rule step and a second stage that is a backward
differentiation formula of order 2. Like ode23s, this solver may be more efficient
than ode15s at crude tolerances.

The performance of these solvers were benchmarked in Rill and Schiehlen (2009)
on a complex planar model. It turned out, that for low accuracies and/or real time
simulations a semi-implicit Euler code is an interesting alternative. Applied to a set
of ODEs as defined in (47) one gets
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Sk+1 — sk + Ath (Sk,yk,Zk, Mk+1)
Zk+l — Zk + AtM—l(yk)q (yk,Zk,Sk+l) (83)
yk+1 — yk + AtK (yk) Zk+1

where At denotes the integration step size and the superscripts © and “*! characterize
the states at ¢ and ¢ + At respectively. The input signals ! = u(¢ + Af) are com-
puted here at time ¢ + Af in order to achieve a slightly more implicite touch. The
semi-implicit character comes from the multi-tiered algorithm that makes it possi-
ble to use the implicit states s**! and z**! in the subsequent equations. This implicit
terms improve the stability of the integration formulas a lot.

Euler Semi-Implicit Versus ode23: The semi-implicit Euler integration formula
(83) was applied to the quarter car model. The predefined movements of the hydraulic
piston u = u(f) represent the vertical excitation of the wheel when a vehicle is driven
with a constant velocity of v = 100 km/h across a country road. The simulation
results are plotted in Fig. 19 where the lower right graph shows the the piston move-
ments u = u(?) that represent the road profil. To assess the quality of this simple inte-
gration formula the results are compared to a simulation performed with the Matlab
solver ode23. The default accuracy of the ode23 solver was reduced to ABSTOL =
0.0001 and RELTOL = 0.001 in order to achieve a “fair” comparison. In par-
ticular, the vertical chassis motion z and the rotation of the trailing arm fj are in

0.1
0.05

50

-0.05 ode23 — 1 Euler semi-implicit
tsim=2.07 s tsim=0.47 s

Bk [deg]

0.1 T
0051 4 A
HR L gty 4 0 "'-“ - ﬂ‘ﬁ o A '_Jf%«l-
~0.1 ~0.05 L
~0.2 ~0.1
0 5 i[s] 10 0 5 i[s] 10

Fig. 19 Semi-implicit Euler compared to ode23
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very good conformity. The stepsize of the ode23 solver is automatically adjusted in
order to meet the error tolerances. Figure 20 shows, that it mean value is slightly
larger than 1 millisecond (ms). That is why, the stepsize of the semi-implicit Euler
formula was fixed to 1 ms. As the accuracy of the semi-implicit Euler formulas is
limited, the time histories of the wheel rotation ¢y, and the tire forces F, and F,
deviate a little from the corresponding signals calculated with the ode23 solver. But,
the semi-implicit Euler generates the results four times faster than the ode23 solver.

Stiff Problems: At the end of Sect. 1.7 a quarter car model is presented that describes
the bearings in B and W by compliant bushings rather than by ideal revolute joints.
Many rear wheel suspension systems based on a trailing arm assemble a bushing at
B that provides a significant compliance in longitudinal direction. This “comfort”
bearing allows the wheel to run more smoothly across bumps. If both bearings in
B and W are modeled with compliant bushings then a simple extension of the DAE
quarter car model delivers the corresponding equations of motion.

The stiffness properties of the bearing in B listed in Table 2 correspond to a real
layout. The stiffness properties for the bushing in W are choosen significantly larger
and equal in the lateral and the vertical directions. Corresponding to the stiffness
properties the bushing displacements in B and W differ a lot in longitudinal direc-
tion (x-displacements), left graph in Fig.21. In total, the vertical excitation of the
quarter car model results in bushing displacements in z-direction that are an order
of magnitude greater than the displacements in x-direction. The hard bushings in W
result in “stiff” differential equations that require a special treatment while solved
numerically. Figure 22 shows the results of the stiff free body model generated with
the stiff Matlab solver ode23tb compared to the results of the kinematical model
produced with the ode23 solver.

The longitudinal compliance in Bushing B results in larger variations of the lon-
gitudinal force F, that infect the wheel rotation angle @y, in addition. Differencies
in the vertical chassis motion z. and the rotation of the trailing arm f are hardly

Table 2 Stiffness properties of compliant bushings in B and W

cg, =500 000 N/m Bushing B: longitudinal stiffness
cp, =200 000 N/m Bushing B: vertical stiffness
cwy = 5000000 N/m Bushing W: longitudinal stiffness
¢y, = 5000 000 N/m Bushing W: vertical stiffness
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Fig.21 Bushing displacements B, W, and B_, W, while running across a country road at a velocity

of v = 100 km/h
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Fig. 22 Model with bushings compared to kinematical model

noticeable. However, the implicit solver ode23tb needs double the computing time

of the explicit ode23 solver.
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2.2 Differential Algebraic Equations

General Remarks: As shown in Sect. 1.6 a system of differential algebraic equations
(DAESs) can be reduced to a set of ordinary differential equations (ODEs). If the
resulting ODEs are summarized in the state equation (82), a large variety of solvers®
can be applied, then. Sophisticated solvers like DASSL* start from the more general
residual form of the state equation

otx,x)=0 (84)

that corresponds for ¢ (¢, x, X) = & — f(¢, x) with (82), but optionally allows the use
of very efficient residual formalisms. The commercial software package SIMPACK
uses the DASSL based integrator SODASRT as the default solver.

An extensive overview of different solvers and applications in multibody dynam-
ics can be found in Arnold et al. (2011).

A direct index 3 solver that processes the DAEs provided by (48) is implemented
in the commercial software packages MSC.ADAMS and RecurDyn. This implicit
solver called HHT or g-alpha is described in Negrut et al. (2006).

Index Reduction: Applying the index reduction technique to the quarter car model
produces the results plotted in Fig.23. The solver ode23 takes now more time
because the index reduction of the DAEs to the ODEs where performed by sim-
ply executing all the matrix operations provided in Eq. (55) whereas the ODEs of
the kinematical model were provided as analytical expressions. Again, the vertical
chassis motion z, and the rotation of the trailing arm fj are in very good confor-
mity. But, the time history of the wheel rotation ¢y, shows a tendency to drift off
from the kinematical solution when time goes on. That drift is the result of the index
reduction where the original constraints defined by g = 0 where replaced by g = 0.
So, the numerical solver controlling the error of the constraints at acceleration level
will automatically result in an increasing contraint violation on position level due
to numerical round-off errors, Fig. 24. Of course, the magnitude of the drift can be
reduced by more stringent error tolerances. But it cannot be avoided in general by
this simple DAE to ODE conversion.

There are several methods available to reduce or avoid this drift. Two of them are
discussed in the following, Gear et al. (1985) and Baumgarte (1972).

Gear-Gupta-Leimkuhler Stabilization: Extending the DAEs in Eq. (48) with fic-
titious Lagrange multipliers y in the kinematical differential equation and adding the
constraint equation on velocity level results in a DAE of index 2

3Several free solvers are provided at http://www.unige.ch/~hairer/software.html.
“freely available at http://www.netlib.org/ode/.
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y:K(z+J§;4>
M)z =g+ JT A

§ = h(s,y,z,u) (85)
0=z
0=25®

Now, the constraint equation on velocity level results in

g=j—§y=Z—iK<z+J:M)=Jg(Z+J:u>=O (86)

which immediately delivers the fictitious Lagrange multipliers as

-1
u=- (JngT ) J .z (87)

A index reduction of (85) finally results in a set of ordinary differential equations
(ODEs) that in extension to (55) are provided now by

5= <1< - <JngT>_1 Jg> z

- . (88)
s a T —1 4T —1 _a
MG):=g' ~ ! (JgM Jg) (J, Mg+, 2)

§ = h(s,y,z,u)

This slight modification hardly increases the computing time but results in a much
smaller drift, Fig. 25. Even after t = 10 s simulation time the constraint violation is
below 5 X 1077 m which in comparisson to Fig. 24 is a reduction of three orders of
magnitude. Now, the contraint equation on velocity level ¢ = 0 are controlled by the
solver too. Of course the overall drift cannot be avoided by this technique completely.

1077 107
5 x10 - 5 x10
--------- [ B w
E Y E 0f—
= \ v [TT—
= 5 10 =55 : 4
t [s] 1]

Fig. 25 Dirift in constraints with Gear-Gupta-Leimkuhler stabilization
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But, more stringent error tolerances or more sophisticated solvers will produce in
most cases neglectable remaining drifts in the constraint equations.

Baumgarte Stabilization: In this approach the constraint equation on acceleration
level provided by (51) is extended by penalty terms that are proportional to the con-
traint equation on velocity and position level

§+ag+pfg=0 (89)

where a and g serve as weighting coefficients. Finding appropriate values for @ and
is the problem in this approach. But, Eq. (89) has the form of a single mass oscillator.
By introducing the undamped frequency w, and the viscous damping ¢ Eq. (89) can
be written as

g+ 20w g+ ayg =0 (90)

So, the constraint equations will perform damped oscillation about the steady state
solution that is defined by the original constraint equation g(y) = 0. From a practi-
cal point of view, this oscillations should be damped properly. A viscous damping
rate of { = 0.5 will grant an optimal decay of the oscillations. To avoid problems
in the numerical solution, the undamped frequency should be choosen not too high,
because then the set of the resulting ordinary differential equations will become stiff.

Usually, the multibody approach to vehicle dynamics is valid up to frequencies
of 20 to 30 Hz. That is why, besides the viscoous damping of { = 0.5, the undamped
frequency of w, =2z - 30 Hz = 188.5 rad/s was choosen for the Baumgarte stabi-
lization in the case of the quarter car model.

Now, the time histories of the vertical chassis displacement z, the rotation of the
trailing arm S, as well as the rotation of the wheel ¢ are in very good conformity to
the results of the kinematical model, Fig. 26. Only small differences show up in the
time histories of the tire forces F, and F/,.

As can be seen from Fig. 27, the drift in the constraints is for sure sufficient small
and remains small. The Baumgarte simulation with appropriate stabilization param-
eter has nearly no influence on the computing time and is therefor a good choice for
vehicle simulations.

2.3 Real-Time-Simulations

Using a modified implicit Euler algorithm makes it possible to solve the dynamic
equations for vehicles in real time even if axle suspensions with compliancies and dry
friction in the damper elements are taken into consideration. Real-time-simulations
of large vehicle systems are possible too, Rill (1997), Rill and Chucholowski (2005a),
and Rill (2006b).



Multibody Systems and Simulation Techniques

0.1
0.05
0
-0.05
-0.1

0.2
0.1

-0.1
-0.2

z¢ [m]

Pk [deg]

ew [deg]

0 5
t[s]

10

50

Fy [N]

5 t[s] 10

kinematical model
solved with ode23
tsim =2.07 s

DAE reduced to ODE
with Baumgarte
stabilisation
tsim=3.41s

Fig. 26 Baumgarte stabilization compared to kinematical model

x1078

x [m]
o

0 5

t[s]

10

z [m]
[«

PRI

Fig. 27 Dirift in constraints with Baumgarte stabilization

343



344 G.Rill

3 A Three-Dimensional Vehicle Model

3.1 Model Structure

The vehicle framework of a fully three-dimensional vehicle model consists at least of
k = 9 rigid bodies: four knuckles, four wheels, and the chassis, Fig. 28. The vehicle-
fixed axis system V is located now in the middle F of the front wheel centers. As
before, the xy-axis points forward, the y-axis to the left, and the z,-axis upward.

3.2 Position and Orientation

According to Sect. 1.2 the momentary position and orientation of the vehicle-fixed
coordinate system V with respect to the inertial frame O is defined by the position
vector

T
roro =[xy 2] O
expressed in the inertial frame 0 and the rotation matrix

¢, =S, 0l ¢ O0s9|[10 O
Agy =[5, ¢, O] 0 10 []0cy—sy (92)
0 0 1||—=s90¢cy[]0sy cy
that is defined by a sequence of elementary rotations about the corresponding z- y-
and x-axes. Abbreviations like ¢, = cosy and 5, = siny were used to shorten the
expressions. The three components x, y, z of the position vector ToF.0 and the three
rotation angles ¢, 6, y define a first set of generalized coordinates.

20
vehicle-fixed - 0
axis system %‘ S ¥
N o F i —a< 0
~ —
Yo

@A

A
yv o

inertial
2 (} w2 frame
1@& wheel 2 = owa
A —
Z1A up knuckle 2 - %}\(}> >wheel 4
@ knuckle 1 Z3 A uRA knuckle 4
pw = wheel 1 @ knuckle 3
w3 wheel 3

Fig. 28 Modell bodies of a three-dimensional vehicle model
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Now, the position of the chassis center C and the orientation of the chassis are
simply given by

Foco = Toro tAovrrey and  Age =Agyy (93)

where the vector rpy, that describes the position of the chassis center relative to
the vehicle-fixed axis system, is constant and defined by the mass distribution of the
chassis.

Each wheel is supposed to be fully balanced. Then, its center is located on the
rotation axis. In addition, it is assumed that the center of the corresponding knuckle
will be sufficiently close by or will even coincide with the wheel center. As a conse-
quence, the position of each knuckle, and simultaneously of each wheel, is defined
by the vector

0i0 = Toro T Aoy Try,> 1= 1(1)4 %94)

If the rotation matrices Ay;, i = 1(1)4 describe the orientation of each knuckle-fixed
axis system relative to the vehicle-fixed axis system, then the rotation matrices

Ay = Agy Ay, 1=1(1)4 95)

will define their orientation with respect to the earth-fixed axis system. A purely
kinematic suspension model describes the position and orientation of each knuckle
as a function of the jounce and rebound motion as well as the steering motion. The
vertical motion z; of each knuckle i = 1(1)4 relative to the chassis may be used to
characterize the jounce and rebound motion.

Assuming a rack and pinion steering system at both axles, the rack movements
up and uy at the front and rear axle will fully describe the steering motion at the
corresponding axle. Then, the position and orientation of each knuckle and wheel
center relative to the vehicle-fixed axis system are defined by

Try = TRy (Zi’ ”i) s Ay =Ay, (Zi’ ”i) , i=1(1)4 (96)

where u; = u, = up and u3 = u, = uy denote the rack displacements at the front and
the rear axle respectively.

Finally, the angles @y;, i = 1(1)4 describe the rotation of each wheel relative to
the corresponding knuckle.

The generalized coordinates, describing the position and orientation of the k = 9
bodies are now collected in the 16 X 1 position vector

T
y= [X, .z ¢, 0, v, 215 s Ups 235 245 URs Py Pw2s Pw3s (ﬂw4] 7
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3.3 Velocities

Expressing the absolute velocity and the absolute angular velocity of the vehicle-
fixed axis system in this axis system results in

X
Vory = Agyforo = Agy| ¥ (98)
Z
K 0 0
wgyy =| 0 |+A51]| € |+A5| O [¢
0 0 j
: i _ (99)
1 0 —sinf ¢ ¢
=|{0 cos¢singcosd || 6 |=K,| 6
0 —sing¢ cos¢pcosb || y /s

where the components of vz, and @y, will be used as generalized velocities fur-
ther on. As a consequence, the absolute velocity and the angular velocity of the chas-
sis are simply defined by

Voc,v = Vory T @ovy X Tpey  and  @ycy = @gyy (100)

The time derivative of Eq. (94) provides the velocities of the knuckle and wheel
centers as

Foip = Torog +®ovoAov TRy + Aoy Fry. =14 (101)
N~—— =
V0i,0 Vor,0

The transformation into the vehicle-fixed axis system V yields
Voiv = Vory + @ovy 'ry + gy, =114 (102)

where the velocity state of the vehicle-fixed axis system, characterized by vy, and
wyy.y, is defined in Eqgs. (98) and (99). The time derivatives of the position vectors
provided by Eq. (96) result in

; _a”Fi,vZ gy
Fi,v 0z; i ou:

1 L

W=ty +it,yiy (103)

where 1, and 1, i = 1(1)4 abbreviate the corresponding partial velocities and
it; = ity = ity as well as i3 = i1, = it name the time derivatives of the rack displace-
ments. Similary, the angular velocities of the knuckles may be written as
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Wogiy = @oyy +dyy 4+ dyy iy, P=1(1)4 (104)

where d;y and d,; y,, i = 1(1)4 abbreviate the corresponding partial angular veloci-
ties. Finally, the absolute angular velocity of each wheel is given by

Wow; = Woyy +dyy T dyy iy + Ayl @y 1= 114 (105)

where the unit vectors ey, ., i = 1(1)4, describe the orientation of the wheel rotation
axis in the design position. They are defined by a wheel alignment point or via the
toe and the camber angles respectively.

The partial velocities and the partial angular velocities of the vehicle model con-
sisting of k = 9 model bodies are collected in the Tables 3 and 4, where I denotes
the 3 X 3 matrix of identity, and the cross-products in the velocity equations are sub-
stituted viaw X r = —r X @ = —Fw = ¥ @ by multiplication with the corresponding
skew symmetric matrices. In this model approach it is assumed that the centers of
each knuckle and wheel will coincide. That is why knuckle and wheel are summa-
rized to one body in Table 3. The components v,, v, v, of the velocity vy, and
the the components o,, ,, @, of the angular velocity w,y ,; the time derivatives
of vertical wheel center displacements z; to z,; the time derivatives of the lateral
rack movements i and i1, as well as the wheel angular velocities ¢y,;, i = 1(1)4 are
used as generalized velocities here. The three-dimensional vehicle model then has
f=3+3+4+2+4 = 16degrees of freedom. All partial velocities and all inertia
tensors are expressed in the vehicle-fixed reference frame.

The partial velocities and the partial angular velocities can be calculated analyti-
cally as done in Sect. 3.5 for the multi-link axle suspension. Alternatively, the posi-
tion and orientation of each knuckle may be provided via look-up tables. A spline
interpolation will then provide the partial velocities too.

3.4 Accelerations

Now, the absolute acceleration of the chassis, expressed in the vehicle-fixed axis
system, is obtained as

aocy = Vory T ®opy X Fpey + @oyy X Vocy (106)

where the fact that the vector 7y, is constant was already taken into account. The
last term, which does not depend on the time derivatives of the generalized veloc-
ities \')OF"./ or Wypy repriisents the.remaining t<?rm agc,v heré. The absolute angular
acceleration, expressed in the vehicle-fixed axis system, is given by

Gocy = Wocy + Doy y X Bgcy = Dopy + Doy y X Bgyy = Dgpy (107)
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and will contain no remaining acceleration terms, "‘gc v= 0. The absolute accelera-
tion of the knuckles and wheel centers, i = 1(1)4, are obtained by

Aoy = Vopy + @opy X iy + L vZ + 1, vil (108)

+woyy X gy + vz + byt + ooy y X vy
The absolute angular acceleration of the knuckles, i = 1(1)4, is given by

Qokiv = Dopy + dy yZ + dy; i (109)

+dy vz +dy i+ ogyy X Oy
and the absolute angular acceleration of the wheels, i = 1(1)4, reads as

Qowiy = Dopy + dyvZ + dy yil; + Ayieyy; Gy, (110)

+d v+ dy vl + Opy X Ayiey: @y + Oy y X Qg y

The lateral rack movements were abbreviated by u;, where u; = u holds at the front
axle (i = 1,2) and u; = uy, at the rear axle (i = 3, 4). Each second line in Egs. (108),
(109), and (110) represents the remaining acceleration terms agK[’V, agwl.’v, and agKl.,V,
agwl.,v, respectively. Which in the case of the wheel angular acceleration include the
gyroscopic torques generated by the wheel rotation.

The parts in the remaining accelerations, which are generated by the time deriva-
tives of the partial velocities and partial angular velocities, are small compared to the
other parts in vehicle dynamics and may thus be neglected. This makes it possible to
describe the kinematics of suspension systems very efficiently because complicated
second order derivatives are not required. The kinematics of a Double Wishbone
axle suspension and of a MacPherson axle suspension are described in detail in Rill
(2012) and Rill and Schaeffer (2014). The kinematics of a multi-link axle suspension
will be presented in the following.

3.5 Kinematics of a Multi-Link Axle Suspension

Model Structure: Figure 29 shows the model of a multi link axle suspension. The
guidance of the knuckle is done by 5 rigid links A-B, U-V, W-X, Y-Z and P-Q. By
connecting one of the joints A, U, P, W, or Y to a steering linkage, here point P is
used for that purpose, the knuckle and the wheel will perform hub and steer motions.

The force elements, like spring (F-G), damper (D-E), and anti-roll bar (S) may be
attached to the knuckle or to one of the links. The multi-body suspension represents
a generic axle suspension that will include a double wishbone, a central control axle,
or a Short-Long-Arm (SLA) axle.
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Fig. 29 Multi-link axle
model

Position and Orientation: The motion of the wheel center M and the orientation
of the knuckle-fixed frame xg, yx, zx can be described by a single coordinate, for
instance the hub motion z. If the axle is steered, one of the links is attached to the
steering linkage; here the link P—Q is chosen. Thus, the momentary position of P
depends on the steering angle 6 or the rack displacement u respectively

Typy = Typy(6) (111)

Now, the position and the orientation of the wheel body depend on two coordinates,
the hub and the steer motion.
The position of the knuckle center M is described by the position vector

X

Temy = Temup t |V (112)
Z

where F denotes the origin of the vehicle-fixed reference frame and rgy, , = const.
describes the knuckle center M in the design position. In the design position the
axes of all coordinate systems are parallel per definition. So, no additional rotation
matrices are required. As done here, all position vectors defined in the design position
are characterized by appending j, to the subscript.

The orientation of the knuckle-fixed coordinate system Xy, yx, zx With respect to
the vehicle-fixed reference frame xy,, yy, zy is defined by the rotation matrix

1 0 0 cosf 0 sinf || cosy —siny O
Aygk = | 0cosa —sina 0O 1 0 siny cosy 0 (113)
Osina cosa || —sinf 0 cosp 0 0 1

that is composed of three elementary rotations with the angles a, f, and y.

Constraints: The vertical displacement of the wheel center, the hub motion z and
the steer angle 6 are chosen as generalized coordinates. Hence, the longitudinal and
lateral motion of the wheel center x = x(z, §), y = y(z, 6) and the angles a = a(z, 6),
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p = Pz, ),y = y(z, 6) are defined by the constraint equations

1 7 1, i=AUW,Y,P
Sroytey =Sl ) (114)
2 WYy 2 j=B,V.X,Z,0
where /;; denote the lengths of the links and the factor L will simplify the calculation
of derivatives later on. The link vectors can be calculated from

Fagy = Temy + Avk 'vep — Trap
ruvy = Temy + Avk Tmvp = Trup
Pwx,y = Temy + Avk 'ux.p = Tew.p (115)
Tyzv = Temy + Avk "mzp = Tryp
Tpoyy = Temy + Ayg vop — YRV

where the position vector of the wheel center 7, ,, and the rotation matrix of the
knuckle A follow from (112) and (113). The vectors 7 1, t0 1y pp as well as ry p
to rpy p are defined by the design position and given by data. If the axle is steered,
the vector from C to P depends on the steering angle Tepy = FP’V(&) otherwise it is
simply defined by the design position Tepy = TFPD and given by data. The coordi-
nates x, y, @, f and y that depend on the hub motion z and the steering angle 6 are
now grouped into a vector

¢ =[xy afv] (116)

Then, the constraint equations (114) can be written as a nonlinear vector equation of
type
f(&z2,6) =0 (117)

The Newton-Raphson algorithm leads to an iterative solution. Starting with &, =0
at each step k = 0, 1,2, ... a better approximation is given by

0
a—j; (&1 = &) = (&) (118)

where the Jacobi matrix is given by

T O yp T 07 yp T 07 g 7 Or g T Ot yp
af B AB 'ax AB .ay AB .aa AB aﬂ AB .0)/

0¢

: : : : : (119)
- drPQ r 0rPQ . 0rPQ r arPQ - ()rPQ
roTg TPoToy TPoTo TPoTop TPoTy,

The subscript , denoting that a vector is expressed in the vehicle-fixed frame V was
omitted here. The vector rp,, ,, depends on x, y and z of course. That is why



Multibody Systems and Simulation Techniques

Orspy _ (1) Orpgy _ (1)
ox 0 ox 0

ypy (1) Orpgy 1
ady 0 dy
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(120)

(121)

will hold. The rotation matrix Ay is determined by the angles a, f, and y. As a

consequence, the corresponding partial derivatives are defined by

Orspy Orpgy
VR dyy Xrygy EV dyy X Iyoy
Orapy arPQV
— =dyy Xr — =dyy Xr
()ﬂ 'A% MB,V aﬁ pV MQ,V
Orspy arPQV
— =d, yXr — =d, yXr
oy 7V XTuBy dy v X Tmoyv

where the position vectors

rrgy = Avk Tmpp> TrRov = Ayg "Mmo.D

are defined in (115) and the rotation vectors are given by

1 0 sin
dyy =10 dgy = | cosa d,y = | —sina cosf
0 sin a cosa cos f

(122)

(123)

(124)

(125)

(126)

Velocities: The angular velocity of the knuckle fixed reference frame K with respect
to the body fixed reference frame V can be derived from the rotation matrix (113).

Using the rotation vectors from (126) one gets
Oyky = dy @ + dpy f +dyy 7

The velocity of the wheel center M follows from (112)

1 0 0
Feyy = |0+ |1y +([0]z
0 0 1

As x,y as well as a, ff, y depend on the generalized coordinates z and 6

(127)

(128)
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p= 4 %y
Y 5
: : : (129)
. 0dy. 0y .
=Z:4+ L5
T=5." %

will hold. The partial derivatives of the constraint equation (117) with respect to z
and 6 result in

N

- - 130
9 0z | oz P Y (130)

which represent two linear matrix equations that will deliver the partial derivatives
0&/0z and 0&/06. The Jacobian of /9¢& is given by (119) and according to (116)

oe 0x'/ 0z o 0x/. 06
a— = : and % = : (13 1)
< dy [0z dy /96
will hold. Finally, the constraint equations (114) deliver
_ 0 -
0
;o sy NE) 0
of _| T, A of 0
-— = : = : and — = (132)
0z arP v 3) 06 0
;L Pev Yrov Orpp.y
POV 9 P LS
¢ POV "5
where the partial derivative drpp /05 results from the steering linkage.
Now, the angular velocity of the knuckle is defined by
[ Ja . oA Jda . oa
— +smpf— — —
5 Ty 25 TP 55
0 . 0 0 oy |.
Oygy = cosaa—f—smacosﬂa—z Z+ cosa%—sinacosﬂa—g o (133)
0 0 .0 0
_sinaa—f—cosacosﬁa—};_ 51na£—cosacosﬁ£
di. v disy

and the velocity of the knuckle center is given by
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ox ox
dz 26
gy = | Wz + | |6 (134)
0z 06
1 0
—— N~——
tkev Iksy

where the vectors d, v, tx, y and dg; v, tx5 v describe the momentary direction of the
knuckle rotations and the wheel center motions due to the generalized coordinates z
and 6.

Orientation of Link A-B: The link vector 7,5y, is defined in (115). Introducing the
rotation matrices

1 0 0 cosy —siny 0
A,=|0cosp —sing |[; A, =]|siny cosy 0 (135)
0sing cose 0 0o 1
Fapy = AgAy Tapp = AviTapp (136)

holds in addition, where r, p, is given by data and A, describes the orientation of
the link. Using (135) the first part of (136) can be written as

1 0 0 cosy —siny 0
0 cosg sing |rypy = | siny cosy O |rpp (137)
0 —sin @ cos @ 0 0o 1

The first and third line of these vector equation

W=D cosy — r2sin
ABv = TaBD 14 Ap,p SNV

2 & (3) )]
—Fapy S + Tapy €OS® =T pp

(138)

provide trigonometric equations that deliver the angles ¢ and .

Angular Velocity of Link A-B: The roation matrix Ay, defined in (136) is composed
of two elementary rotations. The unit vectors

1 0
e,v =|0| and e,, =[—sing (139)
0 Ccos @

define the corresponding rotation axis. Then, the angular velocity of link A-B is
determined by
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dp oy |\ . 0@ oy ) .
wVL,V = {E(F,V a_z + eu/,v a_z}z + {e(p,v % + ewyv %} 5 (140)

According to (115) the left side of (136) delivers

OTppy Oapy

o0 tgoy +dgy Xrypy and 5 - tsy +dgsy X Tygy (141)

where rypyv = Ayg rypp and f, v, tgsy and di, v, dg;y are defined in (128) and
(127). The right side of (136) results in

Orapy op oy

0z €, v XTapy FH te,vXTapy P (142)
Orypy 0@ oy

95 :e(p,VXrAB,V% +eW’VXrAB’V$ (143)

Combining (141) with (142) and (143) the partial derivatives are defined as

T T
op (Trey +dpoy X 1rpy ) oy % (trey +dpey X 1rpy )

= = (144)
0z el (€, XTapy) 0z el (e, Xragy)

b}

op el (trsv + drs.y X v ) ou (ro.y + drsy X rpv )

29 _ L 145
06 el (e, XTragy) 06 el (e, XTapy) (143)

Force Element Attached to Knuckle: The momentary position of a force element
ij that is attached to the knuckle at i and to the chassis at j is given by

Tijyv = Yrip — TRy = Trip — (rFM,V+rMi,V) (146)

Then, the actual length and the unit vector into the direction of the element are
defined by

riv

u

i

a _ T —
Uy = [Ty Ty and ey =

147)

If ug denotes the initial length of the force element, the actual displacement is given
by
— 5,0 a
wp = U — U (148)
To calculate the generalized forces the partial derivatives of u; with respect to each

generalized coordinate y, are needed
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or,
a 2}’T —U’V
e e o [1, =Y 0y (149)
iv lijv

o 9y | OTwmiv g d
=Sy v, + v, =€iv\ kv T kv X Tmiy

where the partial angular velocities d; y or dy_y and dg,y respectively and the
partial velocities i,  or fx,y and ;s respectively are defined in (133) and (134)
in this particular case.

Force Element Attached to Link A-B: In general, force elements will not be
attached to a link that is part of the steering system, like the link P-Q here. The
momentary position of a force element #j that is attached to one of the remaining
links, e.g. link A-B, at i and to the chassis at j is given by

Tijv = Trip — (rFA,D +ABLrAi,D) = Tajip — Taiv (150)

where the rotation matrix Ag,, is defined in (136) and ry; , and r,; ;, are defined by
data. The partial derivative of the spring deflection deﬁned via (148) and (147) with
respect to each generalized coordinate y, now leads to

arA.V
a 2T v
% _ _% _ PV oy, = <_0rAi,V > =T Opiy as1)
9y Ok 2. /T r v 0y v Ok
AN

The partial derivatives of the link vector r,; with respect to each generalized coor-
dinate y, follow from

Iray 0 (ApA, ru ! d 0 9
ALV _ ( oy TA ,D) =10]|x rAi,V _(P +| — Sin(p X rAi,V —W (152)
oy, oy 0 OV cos @ M

where Ap; = A, A, was used and the partial derivatives d¢/dy, and dy /dy, or
0@ /07 to oy /06 respectively are defined in (144) and (145).

Anti-roll Bar: In general, a vertical drop-link connects the anti-roll bar to the control
arm or to a link, Fig. 6. The vertical displacement of the drop link attachment point
determines the torsional deflection of the anti-roll bar in a first approximation.

In some cases, the anti roll bar is attached at i = S to the knuckle. Then, the third
component of (146) provides the vertical displacement

3 3 3
25 = 1oy = (roww + 7o) (153)
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and (149) delivers the partial derivatives with respect to the generalized coordinates
yy=zandy, =0 as

9 _ O @ 4o 0
a_yk =tKﬂV+dKﬂV MzV_dKﬁV Mi,V (154)
where e = [0 0 1] was applied to realize the assumed vertical orientation of the

drop hnk and the numbers in brackets indicate the vector components.

If the anti roll bar is attached at i = S to link A—B then (150) and (151) deliver the
vertical displacement of the anti roll bar and the partial derivatives of zg with respect
toy, =zandy, =0 as

0z ory

e 3 S "aiyy

Zo = ; and — = (155)
S Aj D AV ayk a)’k

where e] v = [00 1] was applied again to realize the assumed vertical orientation of

the drop link.

3.6 Applied and Generalized Forces and Torques

The principle of virtual power processes the applied forces and torques via (46) to the
vector of generalized forces and torques. This method is applied here to the weight
and inertia forces and to the gyroscopic torques only. In particular, the contribution
of the inertia forces and the gyroscopic torques of body i to the vector of generalized
forces and torques is then given by
B avgi’v R
9= 5, (m,-g,v - mia()i,V)
ow?!

0i,v
0z ( Qv"‘olv a)OiVXGIVwOlV>

i=1(Dk (156)
+

where the gravitational force m;g ;, was processed too. The three-dimensional model
for the vehicle framework consists here of kK = 9 bodies, which in the case of transla-
tional motions are reduced to five bodies by combining each knuckle and wheel into
one body. All terms are expressed in the vehicle-fixed axis system now. The applied
torque T“ is omitted, and the applied force F|, is just replaced by the body weight
Gy= = m, g .v» Where g ,, denotes the gravity vector expressed in the vehicle-fixed axis
system.

All other applied forces and torques are transformed according to generalized
ones by applying the principle of virtual power seperately. Each force element is
characterized by its force F and its displacement u; that depends on the generalized
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coordinates y. Then, the variation of the force element velocity v, = i, (y) is given
by

ovp = —0y=—K6z (157)

where K denotes the kinematical matrix. Finally, the contribution to the vector of
generalized forces and torques is defined by

ou r
F
gr=—K F 158
F (()y > ( )

Handling tire models like TMeasy summarize the forces and torques generated in
the contact patch in a resulting force vector F; applied at the center of the wheel M
and in a resulting torque vector 7. Then

vy \© g \ |
arn = 2 Fr + —K Ty; (159)
0z a7

provide the corresponding contribution of tire i to the vector of generalized forces
and torques. The partial derivatives of the velocity v,; and the angular velocity wg;
of the knuckle are defined in Tables 3 and 4.

The general layout of the drive train generates braking torques between knuckle
and wheel and transmits driving torques via half-shafts from the chassis-mounted
differentials to the wheels. In this model approach, the wheels are described rela-
tive to the knuckle and those relative to the vehicle (chassis). Then, the driving and
braking torques T);, Tg;, i = 1(1)4, will act directly as generalized torques here in
the components g(13) to g(16). Beyond that, the driving torques T}, i = 1(1)4, will
generate the reaction terms dZele-TDi, i = 1(1)4, in the components ¢(7), g(8), g(10),
q(11), which are related to the jounce and rebound motions z,; to z, here.

3.7 Model Inputs

Depending on the purpose of investigation the fully nonlinear and three-dimensional
vehicle model may be supplemented by appropriate subsystems for the drive train
and the steering system. Then, the torque at the hand-wheel, the position of the gas,
clutch, and brake pedal will serve as model inputs. However, in many cases the rack
displacements as well as the driving and braking torques may be provided as pre-
defined time histories or generated by an appropriate driver model. Besides that, for
basic studies the complex vehicle model may be substituted by simple model that
are tailored to the specific task.



360 G.Rill

4 From Complex to Simple Models

4.1 Simple Maneuverability Model

Handling analysis is mostly performed on nearly horizontal road surfaces. Hence,
the overall performance of the vehicle is mainly characterized by the longitudinal,
the lateral and the yaw motion. The simple track model, shown in Fig. 30, is based on
the Ackermann geometry. The Ackermann geometry holds in a very low acceleration
range where the side slip at the wheels is neglectable small and all wheel move
strictly into their circumferential directions. The vehicle turns around a pivot point P
if the wheels are steered properly. Applied to fictitious center wheels the Ackermann
geometry delivers then

a )
tang, = R and tanf, = R (160)

where 6, denotes the Ackermann steering angle at the fictitious front center wheel,
p, defines the Ackermann side slip angle at the vehicle’s center of gravity C, a is the
wheelbase, a, denotes the distance of the center of gravity to the rear axle, and R
describes the momentary turning radius. In this simple case the rear wheels remain
unsteered.

The position and orientation of the vehicle in the x,-y,-plane may be fixed by
the coordinates x and y that define the center of the fictitious rear wheel and the
yaw angle y. Then, the Ackermann geometry provides a set of first order differential
equations

X=vcosy, y=vsiny and w:gtanéA (161)

Fig. 30 Track model
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Fig. 31 Simple handling
model

Yov

that can be solved numerically if the velocity v of the vehicle, measured at the ficti-
tious rear wheel, and the Ackermann steering angle 6, are provided as functions of
the time ¢. In particular, the space requirement of vehicles at parking maneuvers can
be investigated by this approach.

4.2 Simple Handling Model

Within a simple handling model® the side slip angle # and the distances a,, a, that
determine the position of the center of gravity within the wheelbase a = a; + a,
are introduced in addition, Fig. 31. The lateral forces applied to the fictitious center
wheels are approximated by

Fy = cgsy and Fy = cpsyp (162)

where cy;, ¢y, denote the cornering stiffness at the front and the rear axle. The lateral
slips are defined by

a % ay .
sp=—PF—1-w+—06 and s,=—-f+ —y (163)
[v] [v] [v]

where a small yaw velocity | (al + az) ¥ | < |v| as well as small angles 6§ < 1 and
f < 1 were assumed. The dynamics of this simple handling model is then defined
by two first order differential equation that can be written as

SThis simple planar model, often called the “bicycle model,” was first published by P. Riekert and
T. E. Schunck: Zur Fahrmechanik des gummibereiften Kraftfahrzeugs, Ingenieur-Archiv, 11, 1940,
S. 210-224. It is still used for fundamental studies or the basic layout of control systems.
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_Csit Gy Aol —a1Cs v v Cg
mlv m|v||v v

Al _ v VI W8] e | )

w ayCgy — A1Cg a1651 + a2CS2 w 1% 1 —_—
— 0 o |v| —_— | IV @ M

X \ ~ J X ———

A B
(164)

where @ = s denotes the yaw velocity, m specifies the mass of the vehicle, and ®
represents the inertia with respect to the center of gravity about an axis perpenticu-
lar to the x,-y,-plane. This linear state equation can now be used to investigate the
stability of the vehicle, calculate the steady-state or the transient response, and apply
classic control methods. In particular the steady state response delivers the steering
angle

a, +a a,Cqgy —a C
s= 4 2 4 g 2 1651 a, (165)
R cg1 € (a; +ay)
——
b4 steering tendency k

and the side slip angle measured at the center of gravity

po=—(2-m—1 4 (166)
T vl \ R cplay+ay) 7

as functions of the lateral acceleration a, = v2/R. The vehicle has an understeer
tendency (k > 0) and will be stable at forward drive when the relationship a,cg, —
a,cg; > 0 applies. On forward drive (v > 0), the steady state slip angle decreases
with increasing lateral acceleration. It changes sign at

_ a, cy (a; +ay) (167)
a;mR

aﬁw =0
Y
The sign change depends on the position a,, a, of the center of gravity, the mass m
of the vehicle, and the magnitude of the cornering stiffness cg, at the rear axle, in
particular.

4.3 Comfort Models of Different Complexity

Much simpler models can be used, however, for fundamental studies of ride comfort
and ride safety. If the vehicle is mainly driving straight ahead at constant speed,
the hub and pitch motion of the chassis as well as the vertical motion of the axles
will dominate the overall movement. Then, planar vehicle models can be used. A
nonlinear planar model consisting of five rigid bodies with eight degrees of freedom
is discussed in Rill and Schiehlen (2009). The model, shown in Fig. 32, considers
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Fig. 32 Sophisticated ! z
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: driver

I vehicle body ZmB

nonlinear spring characteristics of the vehicle body and the engine suspension, as
well as degressive characteristics of the shock absorbers. Even the suspension of the
driver’s seat is taken into account here. Planar vehicle models suit perfectly with a
single track road model.

In a further simplification, the chassis is considered as one rigid body. The cor-
responding simplified planar model has four degrees of freedom then, which are
characterized by the hub and pitch motion of the chassis z., 6., and the vertical
motion of the axles z,; and z,,, Fig. 33. Asuming small pitch motions (6, < 1) the
equations of motion for this simple planar vehicle model read as

Mic=F +F,-Mg, (168)
Géc =-a,F, +a,F,, (169)
myiy=-F +Fr—mg, (170)
MyZpy =—Fr+ Frp —my g, (171)

Fig. 33 Simple planar vehicle model for basic studies
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where M, m,, m, denote the masses of the chassis, the front, and the rear axle. The
inertia of the chassis around an axis located in the chassis center C and pointing into
the lateral direction is described by ® and a,, a, represent the distances of the chassis
center C to the front and rear axle. Finally, F|, F, name the suspension forces and
Fr,, Fp, the tire forces. The restrictions Fp; > 0 and Fy, > 0 will take tire lift-off
into account.

The hub and pitch motion of the chassis can be combined to two new coordinates

= —a, 0 —
a=emhbe [201] = [1 “1] [ZC] (172)
Iy =Zcta HC 22 1 a, HC
——
Tc

which describe the vertical motions of the chassis in the front and in the rear, Fig. 34.
Then, the Eqgs. (168) and (169) arranged in matrix form

(M O] [z2:] _[Fi+F,-Mg]
| 0 (—)] [éc] - [—al Fi+aF, (173)
can be written as
MO 1 -az al ZCI 1 1 Fl_ —Mg
_— .. = + 174
[O G] ay+ay [—1 1] [Zcz —a; ay | [ F; | 0 (174
— —— ——
—1 T
Tc T

where the inverse of the transformation matrix 7. defined in Eq. (172) was used
to replace the chassis hub and pitch accelerations by the vertical accelerations of
chassis points located above the front and rear axle. It can be seen also that the

Fig. 34 Chassis split into three point masses
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distribution matrix for the suspension forces F; and F), is defined by the transposed
of the transformation matrix. Multiplying Eq. (174) with the inverse of TEI finally

results in
1 Ma,+®© Maya,—© [201] _ [F1]+ 1 [—azMg]
- 5 “cr| = -
(al +az)2 Maja, —©® May+0 | |Zic F, a,+a, |—aMg

(175)
The off-diagonal elements in the mass matrix, given by Ma,a, — ©, generate a cou-
pling between the chassis acceleration Z-; and Z, that are induced by the suspension
forces F|, F, and the corresponding parts of the chassis weight M g. If the inertia of
the vehicle happens to satisfy the relation

® =Maa, (176)
then, the remaining mass diagonal elements

Ma§+® _Ma§+Ma1a2 3 Ma,

1 (177)

(a, +a2)2 - (a, +g2)2 a,+a

and
Maf+® Maf+Ma1a2 Ma,
M, = = = (178)
2 2 2 a +a
(a) +ay) (a) +ay) 1+d;

spread the chassis mass to the front and rear according to the distribution of the
chassis weight. In this particular case, the equations of motion for the front and rear
chassis parts are decoupled and simply read as

Mga Mga
g 2 and MZZCZ = F2 - g 1

M % = F, —
a, +a, a, +a,

179)

These equations suplemented by the corresponding differential equations for the
axles provided by the Eqgs. (170) and (171) represent two separate models with two
degrees of freedom that describe the vertical motions of the axle and the correspond-
ing chassis mass on top of each axle.

The mass and inertia properties of the chassis may als be judged by three point
masses M*, M, M,, which are located in the chassis center C and on top of the front
and the rear axle, left image in Fig. 34. The point masses must satisfy the relations

M +M*+M, =M, @M +dM, =0, aM, =a,M, (180)

that ensure the same chassis mass, the same inertia, and the same location of the
center of gravity. Resolved for the point masses one gets
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S S

= —— and M, = ——— (181)
a(a; +a,) ay(a; + ay)
as well as
" ®
M =M[{1- (182)
Ma,a,

It can be seen that the coupling mass vanishes if ® = M a, a, will hold. This relation
coincides with Eq. (176) exactly.

Hence, a a vanishing (M* = 0) or at least a neglectible coupling mass (M* <«
M, M,) indicates a specific chassis mass distribution that makes it possible to split
the planar model with four degrees of freedom into two separate models with two
degrees of freedom describing the vertical motions of the axle and the corresponding
chassis mass on top of each axle. By using half the chassis and half the axle mass,
we finally end up in quarter car models.

Finally, the function z,(s) provides road irregularities in the space domain, where
s denotes the distance covered by the vehicle and measured at the chassis center of
gravity. Then, the irregularities at the front and the rear axle are given by zz(s + a,)
and zz(s — a,), respectively, where a; and a, locate the position of the chassis cen-
ter of gravity C in the longitudinal direction. A quarter car model with a trailing
arm suspension was presented in Sect. 1.7. For most vehicles the axle mass is much
smaller than the corresponding chassis mass, m; < M;, i = 1,2. Hence, for a first
basic study, axle and chassis motions can be investigated independently. Now, the
quarter car model is further simplified to two single mass models, Fig. 35. The chas-
sis model neglects the tire deflection and the inertia forces of the wheel. For the high
frequent wheel motions, the chassis can be considered fixed to the inertia frame. The
equations of motion for the chassis and the wheel model read as

MZic + dsic + cgzc = dsip + c52g (183)
mZy + dyZy + (cs+cp)zy = crzg (184)
where zy, and z- define the vertical motions of the wheel mass and the corresponding

chassis mass with respect to the steady-state position. The constants cg, dg describe

quarter car model chassis model

zch M zc 4 M wheel model

ZWidS L § cs R ids 1 %c‘s ds CSiZW

ZR i cr cr iZR

Fig. 35 Simple vertical vehicle models
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the suspension stiffness and damping. The dynamic wheel load is calculated by
FP = c; (zp — zw) (185)

where c; is the vertical or radial stiffness of the tire and z; denotes the road irreg-
ularities. In this simple approach the damping effects in the tire are not taken into
account.

5 Applications

5.1 Vehicle Parameter

The fully nonlinear and three-dimensional model described in Sect. 3 requires many
parameters. At first the mass, the inertia, and the design position of each model body
is required. The kinematics of the axle suspension system is characterized by its type
(Double Wishbone, MacPherson, Multi-link, ...) and the design position of the joints
(hardpoints). The force elements (spring, damper, anti-roll bar, stops) are defined by
their characteristics and the design position of the attachment points. A left/right
symmetry of the axle layout reduces the number of parameters significantly. Then,
the parameter of the tire model must be specified of course. The TMeasy tire model
of version 5 requires 52 parameters in total. The main advantage of TMeasy is, that
its model parameter can easily be identified by measurements or set properly by an
Engineer’s guess, if no or not all measurements are available, Rill (2015). Adding
subsystems (steering system, drive train, engine suspension, ...) demands for more
model parameter. Finally, the environment must be characterized too. At least the
road surface must be defined by its profile (flat or uneven) and friction property (dry,
wet, u-split). Some applications require aero-dynamic properties (drag coefficient,
center of pressure) too.

5.2 Vehicle Handling

Vehicle Model: To investigate the handling properties of a vehicle, the chassis can
be regarded as one rigid body. However, the suspension system as well as the tire
must be modeled completely nonlinear and in detail. This kind of vehicle models
may be set up as described in Sect.3 or by using commercial software packages,
Hirschberg et al. (2009). The characteristic data for typical fullsize and midsize cars
are provided in Tables 5 and 6.

The fullsize car is equipped with rear wheel and the midsize car with front wheel
drive. That is why, a MacPherson suspension that leaves enough space for the trans-
versely mounted engine is used at the front axle of the midsize car.
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Table 5 Characteristic parameter of a fullsize car

Wheel base 2.900 m
Track widh front | rear 1.530m | 1.524 m
Height of CoG 0.54 m
600 0 0
Total mass and inertia 2140kg and [ 0 3100 0 |kgm?
0 0 3350
Axle load front | rear 10.75 kN | 10.25 kN
Suspension front | rear double wishbone | double wishbone
Tire front | rear 265/40 R18 | 265/40 R18
Table 6 Characteristic parameter of a midsize car
Wheel base 2.600 m
Track widh front | rear 1.5244 m | 1.4878 m
Height of CoG 0.515m
425 0 0
Total mass and inertia 1450 kgand| 0 1800 0 |kgm?
0 0 2020
Axle load front | rear 8.0kN | 6.2 kN
Suspension front | rear MacPherson | multi-link
Tire front | rear 205/50 R15 | 205/50 R15

Steady State Cornering: The steering tendency of a vehicle is determined by the
driving maneuver called steady-state cornering. The maneuver is performed quasi-
static. The driver tries to keep the vehicle on a circle with the given radius R. He
slowly increases the driving speed v and, due to a, = v? /R, also the lateral accelera-
tion until reaching the limit. Characteristics signals, like the steering wheel angle and
the side slip angle, are plotted versus the lateral acceleration, Fig. 36. Both vehicles
show moderate understeer tendencies (11°/g and 21°/g) in the lower acceleration
range. As typical for most front wheel driven cars, the midsize car has a stronger
understeer tendency as the rear wheel driven fullsize car. Starting at a, ~ 0.4g the
understeer tendencies become stronger and stronger while finally approaching the
limitrange at a;”‘”‘ ~ 0.85g for the fullsize and a;"‘”‘ ~ 0.9g for the midsize car respec-
tively.

At very low accelerations a, ~ 0 the Ackermann geometry will apply. Hence, the
steering angle as well as the side slip angle correspond with the purely kinematical
values determined by the wheel base and the curve radius. According to the axle
loads and the wheel bases provided by the Tables 5 and 6 the distancies of the centers
of gravity to the rear axle are defined by
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Fig. 36 Steady state cornering results for a typical fullsize and a midsize car at a curve radius of
R=100m
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where the superscripts ' and M indicate fullsize and midsize. The second part of Eq.
(160) delivers the Ackermann side slip angles as

1’4%5 =0.85° and B} =arctan 1.462

F _ aret
B, = arctan 100

=0.84° (187)

These values conform quite well with the results of the three-dimensional vehicle
model, when the graphs in the right plot of Fig. 36 are extrapolated to a, — 0 by a
simple inspection.

The accelerations 0.26g for the fullsize and 0.29g for the midsize car where the
slip angle g changes the sign are in the lower acceleration range. Hence, the relation-
ship (167) derived for the linear handling model will apply and deliver the cornering
stiffness at the rear axle. The vehicle for the fullsize and the midsize car result in

F @R po=0 = LA15-100 1106 696981 ~ 180k
=4t =02 L2100 -0.26-9.81 ~ 180KN/= (188
T L@ tay) Y 1.485-2.9 (188)
M a; R s -0 _ 1.138-100
= 87 a0 = 22200 4450029981 ~ 124 KN/~ (189
2T @ tay Y 146226 (189)
The steering tendency
a»C¢H —aq C
P L Bl U I (190)

a, cg1 Csp (a; + ay)
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defined in (165) can now be used to determine the cornering stiffness cg,; at the front
axle. In the linear range where the handling model applies the steering wheel angle
6¢y and the steering angle 6 at the fictitious front wheel are related by the steering
ratio ig = gy, /6. The first part of Eq. (160) delivers the Ackermann steering angles
when the fullsize and the midsize cars are driven at vanishing lateral acceleration on
aradius of R = 100 m

8% = arctan % =1.6611° and &) = arctan% = 1.4897° (191)

The left plot in Fig. 36 delivers the steering wheel angles at a, — 0 and makes it
possible to calculate the steering ratios

. 278 w3020
= =1674 and M =
s Te611° and s = 148970

=20.28 (192)

Now, the steering tendencies derived from the graphs can be matched with the one
that holds for the simple handling model. One gets

11/16.74 21/20.27
Fo W8T n 00117 and i = 272927 7 _ (00184 (193)
981 180 981 180

Resolving (190) for the cornering stiffness at the front axle results in

ma
cs1 = : s (194)
may +kcg (a; +a,)
and delivers the values
g A 15TkN/~ and c§f ~ 117kN/- (195)

In case of the fullsize car where a! ~ af holds the light understeer tendency is
achieve by a smaller cornering stiffness at the front axle cgl < cgz. Whereas the
stronger understeer tendency of the midsize car is the result of a’lu < agl .

The parameter k that determines the steering tendency of the vehicle is related to
the stability of the vehicle. That is why k > 0 implying stability and an understeer
tendency is applied at most vehicles.

Dynamic Maneuvers: Step like or sinusoidal steer inputs are used to judge the
dynamic reactions of a vehicle. Here, the dynamics of the tires as well as elastic
properties of the wheel axle suspension have to be taken into account. The closed
loop performance of driver and vehicle is tested in double lane change maneuvers.
Simulation results of autonomous obstacle avoidance maneuvers including off-road
scenarios are published in Castro et al. (2017).

Critical Maneuvers: Braking in a corner or at u split may cause critical situations.
Different braking scenarios, including no braking at all, are shown in Fig. 37. At the
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Fig. 37 Braking in a turn with different scenarios

beginning, the vehicle, a standard passenger car, is cornering with a driving velocity
of v = v, = 80 km/h on a radius of R & 100 m, which results in a lateral acceleration
of a, » (80/3.6)*/100 = 4.94 m/s?. All braking scenarios start at t = 3 s. In the
standard case, the braking torques at the front wheels are raised within 0.1 s to 900
Nm and at the rear wheels to 270 Nm, which stops the vehicle in barely 4 s. If large
braking torques of 1500 Nm are applied only at the front wheels, the vehicle will stop
in nearly the same time. But, the front wheels will lock now and cause the vehicle to
go straight ahead instead of further cornering. If the same braking torques are put on
the rear wheels only, the vehicle becomes unstable, rotates around, is then stabilized
by the locked rear axle, which has come to the front, and finally comes to a stand
still.

If a vehicle without an anti-lock system is braked on a pu-split surface, then the
wheels running on y,,,, will lock in an instant, thus providing small braking forces
only. The wheels on the side of 4,,,, however, generate large braking forces that gen-
erate a severe yaw impact. The rear wheel on 4, is locked and provides no lateral
guidance at all. At full braking, the rear wheel on p,,, is close to the friction limit
and therefore is not able to produce a lateral force large enough to counteract the yaw
impact. As a consequence, the vehicle starts to spin around the vertical axis. Screen
shots of a commercial trailer from the company Robert Bosch GmbH, explaining the
need for controlled systems® compared with the results of a simulation with a full

6 Anti-Lock-System (ABS) or Electronic Stability Program (ESP).
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Fig. 38 Braking on u-split: Field test and simulation results taken from Rill and Chucholowski
(2004)

vehicle model are shown in Fig. 38. Despite different vehicles and estimated friction
coefficients for the dry (4, = 1) and the icy part (4, = 0.05) of the test track, the
simulation results are in good conformity with field tests. Whereas the reproducibil-
ity of field tests is not always given, a computer simulation can be repeated exactly
with the same environmental conditions.

5.3 Vehicle Handling and Comfort

For detailed investigations of ride safety and ride comfort, sophisticated road and
vehicle models are needed, Seibert and Rill (1998). The three-dimensional and
fully nonlinear vehicle model, shown in Fig. 39, includes an elastically suspended
engine and dynamic seat models. The elasto-kinematics of the wheel suspension
was described as fully nonlinear. In addition, dynamic force elements for the damper
topmount combination and the hydro-mounts are used. Such sophisticated models

Fig. 39 Complex vehicle
model for handling and
comfort analysis
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Fig. 40 Measurements and simulation results to asses handling properties and ride comfort taken
from Seibert and Rill (1998)

provide simulation results with one set of parameter that are in good conformity to
measurements in a wide range of applications, Fig. 40. Whereas in the simulation a
perfectly flat road is easily realized, field test, will usually be characterized by slight
disturbances induced by a nonperfect road surface. As can be seen in the left plot of
Fig. 40 the measured steering angle is a little bit noisy. Measurements and simulation
results conform very well. Again, the understeer tendency, indicated by the slope of
the graph steering angle versus lateral acceleration, increases with the lateral accel-
eration. The simulation results indicate a maximum acceleration of approximately
0.75g here.

In a hydropuls test the simulation results are also very close to the measurements,
left plot of Fig. 40. The magnification factor of the vertical chassis acceleration is a
sensitive signal to assess the ride comfort of a vehicle. To achieve this good confor-
mity between measurements and simulation even the dry friction in the suspension
system had to be taken into account. Of course, the engine suspension plays a mature
part here. Attaching the engine rigidly to the chassis produces the broken line in the
right graph of Fig. 40. This broken line generated by a simpler model deviates a lot
from the measurements and can not be used to predict the ride comfort of a vehicle
seriously.
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