Chapter 4 )
Applications and Computations Shethie

In this chapter we establish further properties of (minimal) rotation sets for my
by exploiting the ideas and tools developed in the previous chapters, most notably
the deployment theorem. We also study minimal rotation sets under doubling and
tripling in some detail and carry out explicit computations. These computations
will tie in with the dynamical study of quadratic and cubic polynomials in the next
chapter.

4.1 Symmetries

It was already observed in Sect. 3.1 that if X is a minimal rotation set for my, the
deployment vectors of the d — 2 rotation sets

x+ ' ooxy 2 x+97% (mod 2) @.1)
mo .
d—1 d—1 ’ d—1

are obtained by cyclically permuting the components of §(X). The uniqueness parts
of the deployment Theorems 3.7 and 3.20 show at once that the converse statement
is also true. In particular, if §(X) is invariant under some cyclic permutation of

its components, then X itself has a corresponding symmetry. Explicitly, suppose
IT : R4 — R~ is defined by

(xy,x2,...,x4-1) = (Xg—1, X1, ..., Xd-2).

Theorem 4.1 A minimal rotation set X for mgq has the symmetry X = X +
i/(d — 1) (mod Z) if and only if its deployment vector §(X) is fixed by the iterate
.

For example, a minimal rotation set X under tripling is self-antipodal in the sense
X=X+ é (mod Z) if and only if §(X) = (é, é). Moreover, there is a unique such
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Fig. 4.1 If 6 is irrational or rational with even denominator, there is a unique self-antipodal

minimal rotation set X under tripling with p(X) = 6. Left: The self-antipodal 4-cycle of rotation

number i. Right: The self-antipodal Cantor set of the golden mean rotation number (“/52_1) . Here

w =~ 0.25208333 (see Sect. 4.6 for the method of such computations)

X with a given rotation number, which can only be irrational or rational with even
denominator (compare Fig. 4.1).

It turns out that the sets (4.1) are the only copies of X that are rotation sets of the
same rotation number:

Theorem 4.2 Suppose both X and X + o (mod Z) are rotation sets for mgq with
p(X)=p(X+a). Thena =i/(d— 1) (mod Z) for some 0 <i <d — 2.

Here the assumption p(X) = p(X + «) is necessary, as is illustrated by the
rotation sets

:[5 15 45 55

1 25 35 65 75]
80" 80" 80" 80

]andX—i-: Y on? on?
4 80 80 80 80

under tripling for which p(X) = }1 and p(X + }‘) = 2.

Proof Denote the distinct major gapsof X by I1, ..., I, so 1 +«, ..., I, + o are
the distinct major gaps of X + . Foreach 1 <i < n, let J; be the gap of X which
maps to /; and Ji be the gap of X +o which maps to I; +«. Evidently a gap of length
£ for X or X +« belongs to {Jy, ..., J,}or {fl, R f,,} if and only if the fractional
part of d¢ is at least 1/d. It follows that {J1, ..., J,} = {J1 +a, ..., J, +a}. We
prove that in fact Ji = Ji + o for every i.

Consider the standard monotone maps g, ¢ associated with X, X + « and let
@, ¢ be the semiconjugacies between g, ¢ and the rigid rotation rg, where 6 =
0(X) = p(X + ). Recall that ¢, ¢ map each gap of their respective rotation set to
a single point. Let ¢(I;) = {t;} and ¢(I; + a) = {f;}. Then ¢(J;) = {t; — 0} and
(,?J(fi) = {f; —0}. Since X + « is a rotation of X and since ¢, ¢ are order-preserving,
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there is an orientation-preserving homeomorphism 4 : T — T which maps #; to f;
for every i and maps the set {t{ — 6, ...,t, — 6} onto the set {f; — 0, ...,1, — 6}.
The claim JA, = J; + o is then equivalent to h(t; — 6) = f; —0. This is proved in the
following

Lemma 4.3 Supposety,...,t, € T are distinct and h : T — T is an orientation-
preserving homeomorphism which maps the set {t; — 0, ...,t, — 0} onto the set
{h(t1)—0, ..., h(ty)—0} for some 6. Then h(t; —0) = h(t;)—0 forevery 1 <i <n.

Proof The assumption means that the commutator [ro,h™'1 = rgoh!lo
Ty Lon preserves the finite set {71,...,%,} and therefore has a well-defined
combinatorial rotation number on it, which coincides with the Poincaré rotation
number p([rg, h~']). By Corollary 1.10, p([ro, h~']) = —p([h~", re]) = 0. It
follows that [rg, h~'] acts as the identity on {f1, ..., #,}. O

Back to the proof of the theorem, we now know that f, = J; + o foreveryi. Let
Ji = (t,s). Then, on the one hand, I1 = (dt,ds)so I} + a = (dt + a,ds + a).
On the other hand, f1 =Ji+ta=0(t+a,s+a)sol1 +a = (dt +da,ds +da).
It follows that do = o« (mod Z),or @ = i/(d — 1) forsome 0 < i < d — 2, as
required. O

Remark 4.4 The crucial point in the above proof was to use the assumption p(X) =
p (X +a) to show that r, omg = mgory holds at some point of X, hence everywhere
on the circle.

The following is an immediate corollary of Theorem 4.2:

Corollary 4.5 For every rotation set X for mg, the symmetry group {o € T : X =
X 4+ o (mod Z)} is a subgroup of Z./(d — 1)Z.

4.2 Realizing Gap Graphs and Gap Lengths

As an application of Theorem 3.20, we give a partial answer to the question of
realizing admissible graphs as gap graphs that was raised at the end of Sect. 2.1.

Theorem 4.6 Given an irrational number 6 and an admissible graph I" of degree d
without closed paths, there exists a (minimal) rotation set X for mg with p(X) =6
whose gap graph I'x is isomorphic to I'.

Proof Suppose I' consists of o degree O vertices of weights ny,...,n, and B
maximal paths Py, ..., Pg of total weights ny 41, ..., ngypg (thus, foreverya+1 <
i < o+ B, the number n; is the sum of the weights of the vertices in the path P;_,).
Then > Fn; =d — 1.

Choose o + B distinct points s; = 0,s2,...,5,+5 on T subject only to the
condition that their full orbits under the rotation ry are disjoint. We use the s; to
produce a list L of d — 1 not necessarily distinct points in T as follows: For each
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1 <i < a,let L include n; copies of the point s;. Foreacho + 1 <i <« + 8,
consider the maximal path P;_, which has the form

k
I —> ey — -~ I with Y w(l)) =n;, 4.2)
j=1

and let L include w(l;) copies of the points; — (j — 1)0 forevery 1 < j < k.
Represent points of L by numbers 0 < o1 < -+ < 04_2 < 0y4—1 = l and let X
be the minimal rotation set with p(X) = 6 and ¢ (X) = (o1, ...,04—1) given by
Theorem 3.20. Recall that under the canonical semiconjugacy of X, each major gap
of multiplicity n corresponds to an n-fold incidence 0; = - - - = 0j4,—1. Using this
and the selection of the list L, it is easy to see that I'y is isomorphic to I". O

Remark 4.7 The above proof shows that we have the freedom of arbitrarily
prescribing the number of iterates it takes to go from each loose vertex of I'x to
its adjacent vertex. To see this, suppose for each maximal path of I" of the form
(4.2) and each 2 < j < k we are given an integer N;, which is to be the number of
iterates it takes to map /; to ;1. Set N1 = 0, modify the list L by including w(/})
copies of the point s; — (N1 +---+ N;) 6 forevery 1 < j < k, and construct the
rotation set X as before.

Remark 4.8 We would naturally want to know if every admissible graph can be
realized as a gap graph even when it contains closed paths. It may seem at first
glance that all closed paths of a realizable graph must have the same length, but this
is not the case: Consider the rotation set

17 18 23 53 78 79 85 90 115}

X = ! 9 9 9 b b K K 9

1247 124" 124" 124" 124 124" 124 124" 124
under ms with p(X) = %, which is a union of three compatible 3-cycles. The cycle
of gaps

23 53 5 9 85
(124’ 124) ~ (1;4’ 11274) ~ (1724’ 124)

has two major gaps of multiplicity 1, so it is represented by a closed path of length
2 in I'x. However, the cycle of gaps

18 23 90 115 78 79
(124’ 124) w (124’ 124) w (124’ 124)

has only one major gap of multiplicity 1, so it is represented by a closed path of
length 1. This example also shows that the total weights around closed paths of I'y
can be different.
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We have already described possible gap lengths for rational rotation sets as the
solution (3.4) of some linear equation. Using the above theorem and remark, we can
provide a characterization of gap lengths in the irrational case (compare [2] where a
similar result is sketched via an inductive argument):

Theorem 4.9 A number £ > 0 appears as the length of a major gap of an irrational
rotation set for my if and only if it has the form

k
_N Y
e_zdﬂj, 4.3)

j=1

where 1 <k <d—1and{a;}, {B;} are sequences of positive integers which satisfy

k
dYaj<d—1 and 1=pi<pr<--<pr
j=1

Proof First suppose X is an irrational rotation set for m, with a major gap I of
length ¢ and multiplicity n. If [ is taut, then £ = n/d, which clearly has the form
(4.3). If I is loose, it is represented by a vertex in the gap graph I'y that belongs to
apath ] = Iy - Ix—1 — --- — Iy where I; has length £; and multiplicity 7.

For each 2 < j < k, there is an integer N; > 1 such that /;_1 = g;{Nj (I;). Hence
de’l(d £j —nj) = £;_1. Since I is taut, £;1 = ny/d. Using these relations, we
can solve for £ to obtain

ng ng—1 ny
d dNet+1 ANt +Ne+17

which has the form (4.3).

Conversely, suppose £ is a positive number of the form (4.3) for some choice
of k, {a}, and {B;}. Consider the admissible graph I" of degree d consisting of a
single degree 0 vertex of weightd — 1 — Zl;zl o, together with a single maximal
path of the form

Iy — Iy — - —> I with w(lj) = ap—jy1.

Consider also the positive integers Nj = Br_j12 — Br—j4+1 for 2 < j < k. By
Remark 4.7, there is a minimal irrational rotation set X, with I'y isomorphic to
I', with N equal to the number of iterates it takes to map [; to /;_j. Then, the
computation in the first part of the proof shows that the major gap Iy of X has
length £. O

Remark 4.10 When d = 2, the only possible values for the above integers are k =
a1 = 1, confirming what we already know: An irrational rotation set under doubling
has a single major gap of length % For d = 3, there are more possibilities: If k = 1,

then either oy = 1 so £ = é, ora; =2sol = % On the other hand, if k = 2, then
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1

i — o = _ 1
necessarily o] =ap =1sol = 5 + 38

for a more precise statement.

for some B, > 1. Compare Theorem 4.31

4.3 Dependence on Parameters

We begin with a preliminary observation on convergence of rotation sets:

Lemma 4.11 Suppose {X,,} is a sequence of rotation sets for mg which converges
in the Hausdorff metric to a compact set X. Then X is a rotation set with p(X) =
lim,— o0 0 (Xy). If every X, is maximal, so is X.

Proof Since each X, is mg-invariant and its complement T . X, contains d — 1
disjoint intervals of length 1/d, the Hausdorff limit X must have the same properties.
By Corollary 2.16, X is a rotation set. The family {g,} of the standard monotone
maps of {X,} is equicontinuous since each g, is piecewise affine with derivative
bounded by d. After passing to a subsequence, we may assume that g, converges
uniformly to a degree 1 monotone map g : T — T which necessarily extends mg|x
(in fact, this shows that the entire sequence {g,} converges and its limit g is the
standard monotone map of X). It follows from Theorem 1.11 that p(X) = p(g) =
limy,— 00 £ (gn) = limy— 00 p(Xn).

The last assertion follows from Corollary 2.19: If the X, are maximal, they
all have d — 1 major gaps of length 1/d. This property persists under Hausdorff
convergence, so X is maximal as well. m]

Now, let A C T x A9~2 be the set of all pairs @ = (6, §) subject to the restriction
that if 0 is rational of the form p/q in lowest terms, then g8 € Z¢~!. For each a =
6,8) € A, let X, denote the unique minimal rotation set for my with p(X4) = 6
and 6(X4) = §, given by the deployment theorem.

Theorem 4.12 The assignment a — X, from A to the space of compact subsets of
the circle (equipped with the Hausdorff metric) is lower semicontinuous.

Proof Leta, = (0,,6,) € Atendtoag = (0, 8p) € A asn — 00. Suppose Xg,
converges in the Hausdorff metric to a compact set ¥ C T. We need to show that
X4, C Y. By Lemma4.11, Y is arotation set for mgq with p(Y) = 6. Moreover, the
proof of that lemma shows that the sequence {g,} of the standard monotone maps
of {Xg4,} converges uniformly to the standard monotone map g of Y.

Let 1, be the natural measure of X, , that is, the unique mg-invariant probability
measure supported on X,,. After passing to a subsequence, we may assume that p,,
is weak™® convergent to a probability measure p. For every continuous test function
f:T—R,

/fdu= lim /fdun= lim /(fogn)dun= lim /(fog)dun
T n—oo T n—oo T n—oo T

=/(f0g)du-
T
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Here the first and forth equalities hold by the weak™ convergence u, — wu, the
second equality follows from the g,-invariance of u,, and the third equality holds
since the uniform convergence g, — g implies [(f 0 gy) dpn — [(fog)duy, — 0
as n — oo. This proves that u is g-invariant. For the rest of the argument, we
distinguish two cases:

If p(g) = 69 is irrational, it follows from the discussion in Sect. 1.5 that w is
the unique invariant probability measure supported on the Cantor attractor K of g.
By Theorem 2.33, K is the unique minimal rotation set contained in Y. Let §, =
(5,,,1, ey Sn,d—l) and 8() = (80,1, ey 80,d—1)~ Since MUn — M and /L{I/li} =0
(recall that u; = i/(d — 1) are the fixed points of my), it follows that

wlui—1,u;) = im wplu;—1,u;) = lim 8, ; = 8o, 4.4)
n—00 n—oo

for every i, so §(K) = §p. Since p(K) = p(Y) = 6p, the uniqueness part of
Theorem 3.20 shows that K = X,,. This proves X4, C Y, as required.

In the case p(g) = 6p is rational of the form p/q in lowest terms, we must
modify the above argument. Let K be the support of . We know from Sect. 1.5 that
K is a union of g-cycles of g. The Hausdorff convergence supp(i,) = X4, — Y
together with the weak™ convergence u,, — w show that K C Y. It follows that K
is aunion C1 U ---U C, of g-cycles in Y and therefore is a finite rotation set with
p(K) = p/q. The measure 1 is a convex combination ) ;_; o; uc; of the Dirac
measures along the C;, where every «; is positive and Y ;_; o = 1. Since the limit
(4.4) still holds for 1 <i <d — 1, we have

Y @i 8(Ci) = 8o = 8(Xay)-
i=1

By Lemma 3.18, this can happen only if n = 1 and X4, = C; = K. Again, this
implies X4, C Y. |

Recall from Sect. 2.3 that a rotation set is exact if it is both maximal and minimal.
Such rotation sets are necessarily irrational. Topologically, they are Cantor sets with
d — 1 major gaps of length 1/d (Theorem 2.37). The following lemma characterizes
exactness in terms of the cumulative deployment vector:

Lemma 4.13 Suppose X is a minimal rotation set for mgq with p(X) = 0 and
o(X) = (o1,...,04-1). Then X is exact if and only if o1, ..., 04—1 have disjoint
full orbits under rg.

Proof Recall from the proof of Theorem 3.20 that the lengths of the major gaps of
X are the values v{o;}, where v is the gap measure of X defined in (3.20). If the o;
have disjoint orbits under ry, then 6 is irrational and the definition of v shows that
v{oj} = 1/d for each i. Conversely, a relation of the form o; = o; — k6 fori # j
and k > 0 would contribute a mass of 1/d**! to v{o;}, so the corresponding major
gap would have length v{o;} > 1/d 4+ 1/d**" > 1/d. O
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Fig. 4.2 An attempt to visualize the set of parameters a = (6, §) for which the minimal cubic
rotation set X, is exact. Here the deployment vector (8, 1 — 8) is identified with its first component
8 € [0, 1]. The set of exact parameters is the complement of the union of the lines § + no =
0 (mod Z) over alln € Z

Lemma 4.14 There is a full-measure set of parameters a € A for which X, is
exact.

Figure 4.2 is an attempt to visualize this set when d = 3.

Proof Take any § = (41, ..., 84—1) in the interior of A4=2 Then the d; are positive,
so the numbers o; = 81 +---+4; for 1 <i < d —1 are distinct. There are countably
many 6 for which the orbits of the o; under ry collide. Let Hs be the complement of
this countable set in T. Then, the union

H =|_J(Hs x {8})

has full-measure and for every @ € H the rotation set X, is exact by Lemma 4.13.
0O

The following theorem determines when a minimal rotation set depends con-
tinuously on its rotation number and deployment vector. The possibility of such
characterization was suggested to me by J. Milnor:
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Theorem 4.15 The assignment a — X, is continuous at ag € A if and only if Xq,
is exact.

In particular, this assignment is discontinuous at every ao for which X, is
rational.

Proof First assume a — X, is continuous at @y € A. By Lemma 4.14 we can
choose a sequence a, € A convergingto ag such that X, is exact for every n. Since
Xa, — Xa, and each X, is maximal, Lemma 4.11 shows that X, is maximal. As
X g, 1s minimal by definition, we conclude that X, is exact.

Conversely, suppose X,4, is exact and take any sequence a, € A converging
to ag. After passing to a subsequence, we may assume that X,, converges to a
compact set Y in the Hausdorff metric. Theorem 4.12 shows that Y D X,,. Since Y
is a rotation set by Lemma 4.11, it follows from exactness that ¥ = Xg,. m]

Example 4.16 Minimal rotation sets under the doubling map m, are parametrized
by their rotation number. The assignment 8 +— Xy is continuous at every irrational
0 since such rotation sets are exact (Corollary 2.38). To get a feel for the nature of
discontinuity at rational 8, consider the n-cycle

1 2 2n—1
Xim: = = .
2n—1 2n—1 2n—1
As n — 00, X/, does not converge to Xo = {0}, but to the maximal rotation set
{0} U{1/2"}>1.

Remark 4.17 Milnor has pointed out to me that one may also study the map from
the union R of all rotation sets for m, to the set A defined as follows: The forward
mg-orbit of every t € Ry eventually lands in a well-defined minimal rotation set X;
(Theorems 2.3 and 2.33), so we can assign to ¢ the parameter (p(X;), §(X;)) € A.
This map is surjective and clearly discontinuous since R, is compact (see below)
but A is not.

Let C; C Ry be the union of all cycles, and €4 C Ry be the union of all exact
rotation sets.

Theorem 4.18

(i) Rg is compact.
(ii) Cq and &y are disjoint and non-compact, with €5 C Cy.
(iii) &g is a Cantor set.

Proof Lett, € Ry and t, — t. Take a rotation set X,, containing f,. After passing
to a subsequence, we may assume that X, converges to a compact set X, which is a
rotation set by Lemma 4.11. Hence t € X C Ry. This proves (i).

For (ii), first note that C; and €, are disjoint since rational rotation sets are never
exact. To see €4 is non-compact, take any sequence {X,} of exact rotation sets with
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p(X,) tending to some rational number p/q (for example, let a, = (6,, 6,) where
6, are irrational tending to p/q and §, have rational components, and consider the
rotation sets X,, which are exact by Lemma 4.13). Some subsequence of {X,}
converges to a compact set X which, by Lemma 4.11, is a (maximal) rotation set
with p(X) = p/q.Evidently X C ;. However, X NEy = @ since the forward orbit
of any ¢ € X eventually hits a cycle, so ¢ cannot belong to an exact rotation set.

Now suppose X is exact and choose cycles C, such that p(C,,) — p(X) and
8(Cp) — 6(X). Theorem 4.15 then shows that C, — X, so X C C4. This proves
the inclusion £; C €4 and also shows that C; is non-compact.

For (iii), simply note that €4 has no isolated point since it is the closure of a union
of Cantor sets, and it is totally disconnected since it is contained in the measure zero
set Ry (Theorem 2.5). O

Question 4.19 Does the equality £; = C; = Ry hold?

The answer is affirmative when d = 2 (see Theorem 4.28) and is likely to be
so for all d. Indeed, the following sharper statement seems plausible: Given any
maximal rotation set X for m, there is a sequence {X,,} of exact rotation sets for my
such that X,, — X in the Hausdorff metric.

4.4 The Leading Angle

A minimal rotation set X is uniquely determined by any of its elements: Simply
iterate any angle in X under m, and take the closure of the resulting orbit. This
section will give a recipe for computing a canonical angle in every minimal rotation
set from the knowledge of its rotation number and deployment vector. The particular
choice of this angle is motivated by polynomial dynamics and plays a role in the
representation of rotation sets in both dynamical and parameter planes, as outlined
in the next chapter.

Definition 4.20 Let X be a minimal rotation set for my and Iy = (', ) be its
major gap containing the fixed point 0. We call the endpoint w of Iy the leading
angle of X.

Thus, w is the first point of X that is met when we start at O and go counter-
clockwise around the circle. The closed intervals [ow’, w] and [mg(w'), my(®)] can
be described as the fibers ¢ ~!(0) and ¢! () of the canonical semiconjugacy ¢ of
X, where & = p(X). For convenience we identify @', w and their images with the
representatives which satisfy the order relations —1 < o’ < 0 < 0 < mg(0’) <
mg(w) < 1 (see Fig.4.3).

Suppose p(X) =6 # 0 and 0 (X) = (o1, ...,04—1). Let v be the gap measure
of X as defined in (3.20) and Ny > 0 be the number of indices 1 < j < d — 1 for
which o; = 0.
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Fig. 4.3 The major gap Iy = (@', ) containing the fixed point up = 0 and the leading angle @ of
a minimal rotation set X. The closed intervals [, @] and [mgy(w'), mq(w)] are the fibers q)‘l 0)
and ¢ ~1(9), respectively. Here ¢ is the canonical semiconjugacy of X and § = p(X)

Theorem 4.21 The leading angle of X is given by

1 No
= 0,0 4.5
® d—lv( ]+d—1 4.5)

d—1
1 1 No
=12 X +
_ k+1 _
d—1 i=1 0<o;—kf<0 d d—1
This formula gives an explicit algorithm for computing the base d expansion of the
angle (d — 1)w (compare Lemma 4.24 below).

Proof As pointed out in the beginning of Sect.3.2, if Ny > 1 is the number of
indices 1 < j <d — 1 for which o; = 1, then n9p = Ny + Ny is the multiplicity of
Iy = («/, @) as a major gap of X. Since

w,<—N1+l<—N1+1<O<N()< No o
d—1 — d - T d Td-1
the gap Ip already contains the ng points j/d for j = —N; + 1,..., Ng. By

Lemma 2.8, there could be no more preimages of 0 in Iy. In particular, ® <
(No+1)/d, which proves Ny is the integer part of d w. Since m4(w) = dw (mod Z),
it follows that

mg(w) = dw — Ny. 4.6)

Now let ¢ : T — T be the canonical semiconjugacy of X and A be Lebesgue
measure on the circle. Since ¢,A = v, we have

ma(w) — o = Mw, ma(@)] = Ae~"(0,6]) = v(0, 6]. 4.7
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The result follows by eliminating m4 () from (4.6) and (4.7). |

Remark 4.22 A similar argument gives the following formulas for the other angles
involved in Fig. 4.3:

=" voe4+ N
male) = g VT
1 N

o = v[0,0) — !
d—1 d—1

d Ni
"y = 0.0) — .
mq(w’) d—lv[ ) d—1

We point out that the above formulas for w, ' can be used to compute the endpoint
angles of any major gap of X. For example, if /; is the major gap of X containing
the fixed point u; = i/(d — 1) (mod Z), consider the rotation set X — u; whose
deployment vector is obtained by a cyclic permutation of the components of §(X)
(see Sect. 3.1), apply the above formulas to compute the endpoints of the major gap
of X — u; containing 0, and rotate them back by r,; to find the endpoints of ;.

4.5 Rotation Sets Under Doubling

In this section we focus on the basic case d = 2. Theorems 3.7 and 3.20 show that
forevery 0 < 6 < 1 there is a unique minimal rotation set Xy under doubling with
rotation number 6, which is a periodic orbit if 6 is rational and a Cantor set if 6 is
irrational. The structure of Xy in either case can be explicitly described as follows.

Let us first consider the rational case. For every fraction p/q in lowest terms,
Xp/q is a g-cycle of the form {11, ..., 1;}, where as usual the points are labeled in
positive cyclic order and 0 € (¢4, 11), and the subscripts are taken modulo g. Let
£ denote the length of the gap I; = (¢, tj41). We can compute the £; explicitly
using the general formulas we developed in Sect. 3.2. Recall that £ = (¢4, ..., ¢,)
and n = (n1,...,ny) are the gap length and gap multiplicity vectors of X/,
respectively. Since I; = Iy is the unique major gap of X/, of multiplicity 1, we
haven, = landn; =0for1 < j < g. According to (3.4),

T
— q—i—1 oi
e_%_IZ¥ T (n),
1=

where T'(x1, x2, ..., Xg) = (X14p, X24ps s Xg+p). Since T (n) = (Ni4ip, N2+ip,
..., Ng+ip), it follows that £; = 2‘1_’_1/(2‘1 — 1), where 0 < i < g — 1is the
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unique solution of j + ip = 0 (mod ¢g). If 1 < p* < g — 1 is the multiplicative
inverse of p modulo g, it follows that g — i = jp* (mod ¢q). Thus,
2(ip")—1

6=

,  where 1 < (jp*) < g is the unique representative of jp* (mod q).

In particular, I, and I; = I are the shortest and longest gaps of lengths

241
E,,:zq_l and £q=2‘1—1'
By (4.5), the leading angle w = #; is given by
P (jp*)-1
)4 2
w:v@,]zerpu+wp=§: . (4.8)
q = 29 — 1

Example 4.23 Consider the 7-cycle X3 = {f1, 12, ..., t7} under doubling. Here
7
qg =7, p =3 and p* = 5. By the above computation, the gap lengths are

2(5)-1 16 2(10)—1 4
E == - E = =
'= 127 T a7 27 127 T 127
2(15)—1 1 2(20)—1 32
63 == = £4 = =
127 127 127 127
2(25)71 8 2(30)71 2
65 == = £6 = =
127 127 127 127
259-1 64
07 = = )
127 127

(Alternatively, we could start with the minimal gap length ¢3 = and keep

1
127
doubling it until all £; are found.) The leading angle #; is €1 + &2 + {3 = 12217,
which, in view of the relation ¢;13 = 2¢; (mod Z), leads to the other angles ¢;:

42 84 41 82 37 74
7 = 13 = te = h = I35 =

4 = 5 3 ) b b .
YT 127 127 127 127 127 127

Thus,
_ 21 37 41 42 74 82 84}
;= 1277 127° 1277 127 127" 127" 127}

When 6 is irrational, the unique major gap Iy of Xy is taut, so it has length é For

every n > 1 there is a unique gap of length znlﬂ which maps to Iy after n iterates.
The rotation number 6 determines the cyclic order of these gaps around the circle.
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Now consider the leading angle w(6) of Xy as defined in the previous section.
The cumulative deployment vector of Xy is the trivial vector (o1) = (1). Hence the
formula (4.5) takes the form

1
w(®) = v(0,0] = Z ot (4.9)

0<—k6<6

If 6 is rational of the form p/g in lowest terms, this sum splits into p geometric
series, each taken over all k > O for which —kp/q = j/q (mod Z) for a given
1 < j < p. These p series in effect correspond to the p terms of the sum (4.8).
Table 4.1 illustrates the computation of w(p/q) using both formulas for all reduces
fractions with denominators up to 8.

Equation (4.9) can be interpreted as a formula for the binary expansion of the
leading angle w (). Consider the intervals

To=1[0,1-96) h=[1-6,1)
on the circle. The binary expansion of () is obtained using the itinerary of the

orbit of 0 under the rotation ry relative to the partition 7o U T7:

Lemma 4.24 The binary expansion
w(0) = 0.bob1by - - - (base 2)

is determined by the condition k6 € Ty, for all k > 0.
Note in particular that always by = 0.

Proof By (4.5), by = 1 if and only if —k6 € (0, 8], which is equivalent to k6 €
[1—06,1). O

We will see a dynamical interpretation of this lemma in the next chapter (see
Sect.5.3).

The following lemma provides yet another formula for the leading angle @ which
already appears in Douady-Hubbard’s work on the dynamics of the quadratic family
and the Mandelbrot set. Although this formula is not computationally as efficient
as (4.9), it greatly facilitates the study of the dependence of @ (6) on the rotation
number 6:

Lemma 4.25 The leading angle of Xy satisfies

1 1
0@ = > (4.10)
0<p/q<6

where the fractions p/q in the sum are all reduced.
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Table 4.1 The leading angle w(p/q) of the cycle X/, under the doubling map, for denominators
2<q=38

r/q Formula (4.8) Formula (4.9) w(p/q)
% 22231 Z?il 2%,;’ ;

; 232i1 Z?il 2;/’ ;
2 21420 00 ( [ 1_) 3

3 23-1 Jj=1\23j-1 23j 7
All 242i1 Z?il 2411./’ 115
;T 2 (ke o+ 04) A
; 252: Zjil zéj 311
; 2 X (251 2+ 25;) 3
e = (40 i
g 23+2225t211+20 Z?il (25}73 + 25.}72 + 25.}71 + 2§j> 5
é zﬁzil Z?il zéj 613
A pR GRS NI D B 1 B
; 272i1 Z?il 2;/’ 1%7
% 2237tzl0 Z?il (27}73 + 2%1') 127
;T 21 (hs + i + 27,) o
A Z 21 (gt + s + b + 27,) B
30 gy SR (et gt Fplat ) B
g 25+24+2237t212+21+20 Zoo (27! .+ 27! L+ 27! , + 27! , + 16237

27,'71 + 27;)

213 282i1 Z?il ztli.i 2;5
g ZZ;STZO Zjil (28}72 + 28}75 + 2;,-) 23575
i SR (st e T o) o
; 26+25+24;821T22+21+20 Z;“;l <28}—6 + 28}75 + 28}74 + 28}73 + ég;

1 1 1
28j-2 + 28j—1 + 28j)



72 4 Applications and Computations

Proof For each integer m > 1, let k,, be the largest positive integer for which
m > k6. Then 0 < m — k,;,60 < 0, so —k;;,0 (mod Z) is in the interval (0, 9].
Conversely, if —k6 (mod Z) belongs to (0, 8], there exists an integer m > 1 such
that0 < m — k6 < 60,50 k8 < m < (k+ 1)6, which shows k = k;,. Thus, by (4.9),

o0

1
RIOESY bt

m=1

To relate this sum to (4.10), we use an idea of Douady (compare [12] and [7]).
Assign to each pair (n, m) of positive integers the weight W(n, m) = 1/2". Let W
be the total weight of all (n, m) for which m/n < 6. On the one hand,

W= Y wam=3 > =3, =00
m=1 n=k,+1 m=1 n=k,+1 m=1
On the other hand, computing the total weight along lines with rational slope gives
W= Y Y WUain= 3 X = D a0
O<p/q=8 j=1 O<p/q=6 j=1 O<p/q=6
and the result follows. O

Corollary 4.26 The leading angle w(0) of Xg is a strictly increasing function of
0<6<1,witho")=0and w(17) = é Moreover,

(i)  has a jump discontinuity at every rational value of 0. In fact, if 6 = p/q in
lowest terms, then

1
o(p/9) =o(p/g) = wp/a+ ) )-

(ii) w is continuous at every irrational value of 0.
(iii) Forevery(Q <0 <1,

N o
w@")+o((1-0) )=2-

Compare Fig. 4.4. There is a well-known connection between the function 6 +—
w(0) and the quadratic family {z — z> + ¢}cec (see Sect. 5.3).

Proof Only (iii) needs a comment, as other properties follow at once from (4.10).
For0 <6 < 1,

1
29 — 1

0@ =wO) =

O<p/q=06

1 1
2 2 24 — 1

O<p/q<l1
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1/2

1/4 4

T
0 12 1

Fig. 4.4 The graph of the leading angle w(#) of the minimal rotation set Xy under doubling, as a
function of the rotation number 6. Notice the jump discontinuities at every rational value of 8 and
the symmetry of the graph around the center point (;, }‘)

1 1
2 2. 24 — 1

0<(g—p)/g<1-6
! ((1—-6)")
= — — B
2
as required. O

Remark 4.27 1t follows from Corollary 4.26 that the map 8 — () has a
left-inverse w +— 6(w) which maps (0, %) monotonically onto (0, 1) and has
non-degenerate fibers over every rational value of 8. It is not hard to check that
0 (w) is the rotation number of the rotation set consisting of all points in T whose
forward orbit under doubling is contained in the closed half-circle [w, w + %] (see
Theorem 2.15).

The behavior of 6 +— w(f#) makes it possible to answer Question 4.19 when
d=2:

Theorem 4.28 For every maximal rotation set X under doubling there is a
sequence {Xg,} of exact rotation sets such that Xq, — X in the Hausdorff metric.
In particular, €7 = C = R».

Proof If p(X) is irrational, then X itself is exact (Corollary 2.38) and there is
nothing to prove. If p(X) is rational of the form p/g in lowest terms, then X contains
the cycle X/, with the major gap

gq—1

(wp/a)— 51 0p/) = (0(p/a7) — . 0(p/gh).
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Corollary 2.31 then shows that the major gap of X is one of the intervals

1= (0tp/ah~ . op/aN) o T = (/g ~ . 0p/a0).

Suppose the major gap of X is I. Take a decreasing sequence {6,} of irrational
numbers with 8, — p/q. The rotation sets Xy, are exact and their leading angles
(6y) tend to w(p/q ™). By Lemma4.11, any Hausdorff limit of { X4, } is a maximal
rotation set with rotation number p/g and major gap I, so it must be X. It follows
that Xg, — X. If the major gap of X is J, take an increasing sequence {6,} of
irrationals with 8, — p/q, which now has the property w(6,) — w(p/q~), and
conclude similarly that Xg, — X. |

4.6 Rotation Sets Under Tripling

We now consider the case d = 3. Theorems 3.7 and 3.20 show that for every 0 <
6 < landevery 0 < § < 1 there is a unique minimal rotation set Xy s under tripling
with rotation number 6 and deployment vector (8, 1 — §), which is a periodic orbit
if 6 is rational and a Cantor set if 6 is irrational. Notice that changing § to 1 — §
amounts to rotating Xg s by 180°:

1
Xg1-5 = Xg,5 + 5"

This means that to study the structure of Xy s we may restrict § to either of the
intervals [0, é] or [é, 1].

First suppose 8 = p/q in lowest terms, so § is of the form s/g for some 0 <
s < g.Then Xp/4,5/4 is a g-cycle of the form {11, ..., 1,}, where the points are
labeled in positive cyclic order and 0 € (#;, t1). As before, let £; denote the length
ofthe gap I; = (tj,tj41),andlet £ = (€1, ...,£y) and n = (n1, ..., ny) be the gap
length and gap multiplicity vectors of X /4 s/4, respectively. The two major gaps of
Xp/q.s/q are I; = Iy and I containing the fixed points 0 and ; of m3, respectively.
We distinguish three cases:

e Case 1. s = g. The cumulative deployment vector in this case is (o1, 02) =
(1, 1). Evidently I, = I is the unique major gap of multiplicity 2, so n, = 2
andn; = Ofor 1 < j < q. This case turns out to be completely similar to the
doubling case treated in the previous section. A similar computation gives

2. 38ip")—1

=50

, where 1 < (jp*) < ¢ is the unique representative of

jp* (mod g).
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In particular, I, and I, are the shortest and longest gaps of lengths

23471
Ep=3q_1 and 6‘1:311_1‘
By (4.5) the leading angle @ = #; is given by
1 p 1 P 3lip*)-1
- 0, = (U1 4--420,)= 4.11
® 21)( q] 2(1+ +4p) ;3(1_1 4.11)

which is analogous to the formula (4.8) for the doubling case.

e Case 2. s = 0. The cumulative deployment vector in this case is (o1, 02) =
(0, 1). This is similar to Case I and can be reduced to it by a 180° rotation. It
easily follows that the gap lengths £; are given by the same formulas as above.
However, the leading angle w = 11 is

1 p1 1 1 1 &t g
— (o, ] = (-4t - .
» v( + =G )+ ;3q_1+2

* Case 3.0 < s < q. This time I; and I, are distinct major gaps of multiplicity 1,
song =ng = 1landn; = 0for j # ¢q, s. In this case,

1

b=3_

[3@,,*)4 + 3<(j,s)p*>,1].

Note that there are now two competing candidates I, I;y, for the shortest gap
and similarly two candidates I, Iy for the longest gap. The choice depends on
the relative size of (sp™) and (—sp*). In fact, the above formula shows that if
(sp*) < (—sp*), then the minimum and maximum gap lengths are

36p") 41 3¢—1 4 3(=sp")—1

Lyyp = 30— 1 and £, = 30— 1

3

while if (sp*) > (—sp*), the minimum and maximum gap lengths are

3(=sp*) 4 1 39—1 4 3lsp™)—1
ty= N and £ = +
379 -1 379 -1
If (sp*) = (—sp*) = ¢q/2 (so g is even), the minimum and maximum gap
lengths are
1 3(1/271
eP:eS+P:3q/2_1 and €q=€S=3q/2_1.
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Whatever the case, the leading angle w = #; can still be computed as the sum
w = (;)(El + -+ + £p) which, in view of the relation ¢4, = 3¢; (mod Z),
would determine every angle ¢;.
Example 4.29 Consider the 5-cycle X 13= {t1, ..., ts} under tripling. Here g =5,
p =3, p* =2ands = 5. By the computation in Case I, the gap lengths are

2.3@-1 6 2.3W-1 54 2. 3(6)-1 2
242 242 242 242 242 242
2.3®)-1 18 2.300-1 " 162
E4 = = 65 = = .
242 242 242 242

The leading angle # is (3)(¢1 + €2 + £3) = 5. In view of 3 = 3t; (mod Z),
we obtain

t_93 t_37 L t_91
YToa P T o4 BT o4 BT s
Thus,
X _{31 37 91 93 111}
53 7 12427 2427 2427 242" 2421
Example 4.30 Now let us determine the 5-cycle X 12 = {tr1, ..., ts} under tripling.

Here ¢ = 5, p = 3, p* = 2 and s = 2. By the computation in Case 3, the gap
lengths are

32— 4 32-1 2 3@-1 4301 108
b= 242 ~ 4 b= 242 YY)
30-1 4321 4 3®-1 4341 36
b= 242 ) b= 242 YY)
300-1 4 36)-1 g
b= 242 ~ 240
The leading angle # is (1)(€1 + €2 + £3) = $5, which gives
Lo 186 T o s
242 242 242 242

Thus,

2 =
5

{62 74 182 186 222]
242° 24272427 2427 242 17



4.6 Rotation Sets Under Tripling 77

Unlike the case of the doubling map, irrational rotation numbers under tripling
can have a wider variety of gap lengths depending on their deployment vector:

Theorem 4.31 Suppose 0 is irrational.

(i) If 8§ =0or 1, then Xg 5 has a single major gap of length g
(ii) If§ = £n6 (mod Z) for some positive integer n, then Xg s has a pair of major
gaps of lengths é and ; + g

. . . 1
(iii) For all other choices of 8, Xg,s has a pair of major gaps of length 5.

Proof The major gaps of Xy 5 have lengths v{§} and v{1} = v{0}, where

00 0
V= Z 37D g+ Z 37D 15 4o
k=0 k=0

is the gap measure of Xy 5 defined by (3.20). Since 6 is irrational, the backward
orbit O; = {—k0 (mod Z) : k > 0} in the first sum and the backward orbit O, =
{6 — kO (mod Z) : k > 0} in the second sum consist of distinct points. However,
for some values of § the two orbits could collide. If § = 0 or 1, then O = O
and there is a single major gap of length v{0} = % If § = n6 (mod Z) for some

positive integer n, then O; C O, and v{0} = _l, + 3,11“ and v{8} = !. Similarly, if
8§ = —nf (mod Z) for some positive integer n, then O» C Op and v{0} = é and
v{0} = } + ..., Forall other values of 8, 01 N Oz =@, s0 v{0} = v{8} = . O

Let w(6,8) denote the leading angle of Xy s as defined in Sect.4.4. By the
formula (4.5),

1 1 1 No
0@8= 1 D gt D g | T o4 (4.12)
0<—k0=<6 0<6—k6<6

where Ng = 1 if 6 = 0 and Ny = 0 otherwise. One can study the function (6, §)
w (6, ) by looking at the one-dimensional slices where 0 or § is kept fixed. The only
values of § for which 6 — w (6, §) is defined forall0 < 6 < 1 are§ =0 and 1. As
we have noticed before, these are similar to the doubling case. For example, when
6 = 1, the leading angle is given by

1
w®,1) = Z skt (4.13)

0<—k6<6

which is similar to the formula (4.9) for the doubling map. Table 4.2 illustrates the
computation of w(p/q, 1) using formulas (4.11) and (4.13) for all reduces fractions
with denominators up to 8.
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Table 4.2 The leading angle w(p/q,1) of the cycle X/, 1 under the tripling map, for
denominators 2 < g < 8

p/q Formula (4.11) Formula (4.13) w(p/q,1)
DR Iy :

; 333i1 Z?il 3;/’ 216
2 31430 0 ( Loy 1.) 3

3 331 Jj=1\33j-1 33j 26
All 34331 Z?il 3411./’ 810
3 P = (4 5

; 353: Zjil 3§j 24112
; iy X (351 2+ 35;) 22
S e T2 (ol ol 1)) B
g 33+3325+_311+30 Z?il (35}73 n 35}72 + 35}71 + 3§,) 24402
é 363E1 Z?il 3#)./’ 758
: 34+33J3r63iJ1r31+30 i (36}—4 + 303t a2t t 3é,-> 78
U X 2186
% 333{310 Z?il <37}73 + 3%1-) 2%26
;o e (Y s
é 31+3337+_315+30 Z °, (37! L+ 377 5+ 37‘},5 + 3%,') 2217846
o SR (et plst gl Fala ) A
g 35+34+3;t312+31 +30 2701<37, .+ 371 4 371 - 371 L+ 2316846

37,‘71 + 37j>

213 38331 Z?il 3tli.i 65160
T T 0 (gehe + s + 5h) z
g 34+31J3r83iJ1r33+30 o (38}74 I 38}71 n 38}76 + 381_173 + 3§,) 6354610
; 36+35+3443r3i41r32+31+30 Z?i] (38}76 n 33}75 n 33}74 n 33}73 n égg(s)

38}—2 + 38}—1 + 3éj)
The computations are identical to the doubling case in Table 4.1 once each power of 2 is replaced

by the similar power of 3. In other words, the ternary expansion of w(p/q, 1) is the same as the
binary expansion of w(p/q)
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An argument similar to the proof of Lemma 4.25 establishes the alternative
formula

2 1
0@ D=7 D 4

O<p/q=6

which leads to the following analog of Corollary 4.26:

Corollary 4.32 The leading angle w(0, 1) of Xp,1 is a strictly increasing function
of0 <8 < Lwitho(0T, ) =0andw(17,1) = é. Moreover,

(i) w(0,1) has a jump discontinuity at every rational value of 0. In fact, if 6 =
p/q in lowest terms, then

2
_ = -
o(p/g. D =0p/q". D=op/q" D+ 5,

(ii) w(0, 1) is continuous at every irrational value of 6.
(iii) Forevery0 <0 < 1,

N _ 1
0@ D+ =070 = .

Compare Fig.4.5. The function 8 — w (6, 1) is related to the unicritical cubic
family {z — z> 4 c}cec (see Remark 5.14 at the end of Sect. 5.4).
Now let us fix some irrational 0 < 6 < 1. For simplicity, let o = w (6, 1).

Theorem 4.33 The leading angle w (0, §) of Xg.s is a strictly decreasing function
of 0 <é <1, withw(,0) =w+ % and w(6, 1) = w. Moreover,

_'_I__I_"

1/6 4

1/12 A

O -I T T T T
0 12 1

Fig. 4.5 The graph of the leading angle w (6, 1) of the minimal rotation set Xy 1 under tripling, as
a function of the rotation number 6. Notice the similarity with the graph of the leading angle w(0)
under doubling in Fig. 4.4
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0.6 0.6
0.51 0.5
0.4 0.4
0.3~__‘—‘_ 03] cevenans
024 ! ! 1 0.2
‘ ; 1 ceeeeenn |
0 1 0 1

Fig. 4.6 Left: The graph of the leading angle w(6, §) of the minimal rotation set Xg s under

(‘/52_1) is the golden mean. There is a jump of

size 1/3"+! at the parameter 8, = 16 (mod Z) for every n > 0 (only six such jumps are visible
in the figure). Right: The graph of the leading angle for the rational approximation galt of 6 (see
Remark 4.34)

tripling, as a function of 0 < § < 1. Here 0 =

(i) § — w(8,8) has a jump discontinuity at the points §, = n6 (mod Z) for
integers n > 0. In fact,

(0,8,) = w(0,8,) =w®,8) + Sy

(ii) 8§ = w(8,§) is continuous at every & # &y,.
Compare Fig. 4.6.

Proof Foreach(0 < § < 1 we have

1 1 o €10, 8)
(6,5) = 2w+2;0 sal

where

1 if 6 — k6 € (0,0]

ex(0,98) = !
0 otherwise.

Since (0,8 — &x(0,8) as 8’ — 3§, it follows (say, from the dominated

convergence theorem) that w (6, §7) = w (0, §), proving left-continuity at every §. If

8 # 6, foreveryn > 0,then § — k6 € (0,60) or (8, 1) for each k > 0. In either case,

we have &¢(6,8") — & (0, 8) as 8§’ — 8T and right-continuity w (8, ) = w(8, §)
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follows. However, suppose 6 = &, for some n > 1. Then the two orbit relations
6—nf =0andé — (n —1)0 = 6 (mod 7Z) show that

en(0,87) =1>0=2¢,00,9),
en—1(0,87) =0<1=¢,1(0,9),
ex(0,8T) =ex(0,8) if k#n,n—1,

where the third relation follows from the assumption that 6 is irrational. It
follows that

o1 1 1 1
@0.8) =@, = (= 3+ 30) = g

Similarly, if § = 8o = 0, then

£0(0,87) =1>0=1¢(0,9),
ex(0,8%) = ex(6,8) if k#0,

from which it follows that

I Iy 1
w0.0) — (0,07 = 2+2( 3)_ -
Finally, observe that for each n the sum § + ZZ:O ex (0, 6) /3k+1 is a step
function with discontinuities along {§o, ..., 8,} where it jumps to a lower value,
hence is decreasing in §. Letting n — o0, it follows that the function § — w (6, §)
is decreasing as well. Since the set {5, },>0 is dense in [0, 1], we conclude that this
function must be strictly decreasing. O

Remark 4.34 The parameters 8, are precisely the values of § € [0, 1) for which the
major gap Ip of Xg s containing O has length > ; A generic perturbation § = 6, +¢

will replace Ip with a major gap of length ; together with a nearby minor gap of

length 3,11“ . This gives an intuitive explanation for the nature of discontinuity of the

leading angle at every 4.

It is not hard to check that if 6 is irrational and § # §, for all n > 0, and
if (pi/qi, si/qi) is a sequence of rational parameters that converges to (9, §), then
w(pi/qi,si/qi) — »(0,38). In view of this, it is natural to expect the discrete graph
of § = w(pi/qi, ) (consisting of g; + 1 points) to resemble the graph of § +—
(0, §) for large i; see Fig. 4.6.
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The next result shows that the values of w (6, §) at the discontinuity points 8, =
n6 (mod Z) depend rationally on the “base angle” w = w(6, 1):

Theorem 4.35 Let w = w (0, 1). Then, for everyn > 1,

34 Do+ A
w@.ng)=C TDeTA (4.14)
2.3

@"+Dw— By,

w8, —nb) = ) , (4.15)

where A,, B, are non-negative integers (in fact, sums of distinct non-negative
powers of 3):

Av= > 3" and B,= Y 3N (4.16)
1<k<n 1<k<n
0<k6<6 0<(k—n)6<0

Proof For simplicity let Z denote the set of integers k such that —k6 (mod Z)
belongs to (0, #]. By the definition of w (6, §) and (4.13),

2w(0,n0) = Z 3=kt 4 Z 3= (k+D)

keZN[0,00) k—neZN[—n,00)
=w+ Z 3—(ktnt1)
keZN[—n,00)

=w+< Z + Z )3*(k+n+1)

keZN[0,00) keZN[—n,0)

=(1+3Mw+3" Y 37ED,
keZN[—n,0)

which proves (4.14) with

A, = Z 3=+l _ Z 3k—1’

keZN[—n,0) 1<k<n
0<k6<06

as in (4.16). Similarly,

2w, —nb) = Z 3=k+D) 4 Z 3= (k+1)
keZn[0,00) k+nezZnn,oo)

—wd Z 3—(k—n+1)
ke ZN[n,o0)
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:w+( -y )3—(k—n+1)

keZn[0,00)  keZN[0,n)

— (1 + 3}’1)0) _ Z 37(/(*}1“1’1)’
keZN[0,n)

which proves (4.15) with

By= Y 3 kb y 3l

keZN[0,n) 1<k<n
0<(ki—n)0<0

as in (4.16). |

Remark 4.36 Tt can be shown that for every irrational 6 the angle w = w(6, 1) is
transcendental (see [7] for the quadratic case and [1] for a more general result).
It follows from the above theorem that all the leading angles w(6, £nf) are
also transcendental. These angles appear in the bifurcation loci of certain one-
dimensional families of cubic polynomials (see Sect. 5.4).
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