Chapter 3 )
The Deployment Theorem Sheiie

The main result of this chapter is that a minimal rotation set for m, is uniquely
determined by its rotation number together with an invariant called the “deployment
vector” which, roughly speaking, describes how the points of the rotation set are
deployed relative to the d — 1 fixed points of m,. This was first proved in the rational
case by Goldberg [11] and was later extended to the irrational case by Goldberg
and Tresser [13] using a Farey tree machinery. By contrast, our presentation here
builds upon the ideas developed in the previous chapter and treats both rational
and irrational cases in a unified fashion. Various applications of this result will be
discussed in the next chapter.

3.1 Preliminaries

To begin the discussion, consider a minimal rotation set X for my with p(X) =
0 # 0 and the standard monotone map gx. Let ¢ : T — T be the combinatorial
semiconjugacy between gx and rg if 6 is rational, or the Poincaré semiconjugacy
between gy and ry if 0 is irrational. In either case, we have the semiconjugacy
relation

pomg=rgoe on X.

Recall that ¢ is normalized by ¢(0) = 0 and its plateaus are precisely the gaps of
X. We refer to ¢ as the canonical semiconjugacy associated with X.

It follows from the discussion in Sect. 1.5 that there is a unique my-invariant
Borel probability measure p supported on X. This measure, which henceforth will
be called the natural measure of X, is related to the canonical semiconjugacy by

o) = pn[0,t] (mod Z).
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36 3 The Deployment Theorem

If 6 = p/q in lowest terms so X is a g-cycle, then u is just the uniform Dirac
measure on X which assigns a mass of 1/g to each point of X. On the other hand, if
0 is irrational so X is a Cantor set, then u is the (well-defined) pull-back of Lebesgue
measure under ¢.

Recall that the d — 1 fixed points of m, are denoted by

uj = dil (mod Z).
Set
8 = plui—1,u;) I<i<d-1
Then (61, ...,84—1) is a probability vector, that is, it belongs to the (d — 2)-

dimensional simplex

d—1
Ad=2 — ’(xl,...,xd_l) eR™ x> 0and Y ;= 1}.
i=1

Definition 3.1 The vector §(X) = (81, ...,84—1) € A?2is called the deployment
vector of the minimal rotation set X.

Here is a more explicit description for the components of §(X). If p(X) = p/q
in lowest terms, the component §; is the fraction of points of X that fall between the
fixed points u;_1 and u;:

1
8 = g #{l‘ eX:te [I/l,'_l,u,')}.

If p(X) is irrational, it follows from unique ergodicity that §; is the fraction of time
that the orbit of every ¢ € X spends in [u;_1, u;):

1
8= lim  #l0<k<n—1:mdF@) €lui-1,u))
n—-oon
(compare (1.11)).
Observe that the deployment vectors of the rotation sets

x+ 'oxg 2 x4+ 472 (mod Z)
d—1 d—1 """ d—1

are obtained by cyclically permuting the components of §(X). For example, if X is
a rotation set under my4 with §(X) = (81, 82, 63), then §(X + é) = (83, 81, 62) and
8(X +3) = (82,83, 81).
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Closely related is the cumulative deployment vector o (X) = (01, ...,04—1) €
[0, 119~ whose components are defined by

0 =84+ 1<i<d-1 (3.1

and therefore satisfy 0 < o1 < --- < 04—1 = 1. In terms of the natural measure u,
the number o; is just plug, u;). Whether we use §(X) or o (X) is solely a matter of
preference, as each of these vectors determines the other uniquely.

Let

No=#{l<i<d—1:0; =0}
Ni=#{l<i<d—1:0; =1},

so the components of o (X) begin with Ny > 0 zeros and end in N > 1 ones.
It is easy to check that the major gap Iy of X containing the fixed point ug = 0
contains precisely the fixed points u_py, 41, ..., up,. It follows from Lemma 2.13
that Ny + N is the multiplicity of Ij.

Remark 3.2 We can assign a deployment vector to every rotation set X, even if
it is not minimal: If X is rational, consider the finitely many cycles Cy,...,Cy
that are contained in X (Corollary 2.27) and define §(X) to be the average
(1/N) vazl 8(C;). If X is irrational, define 6(X) = §(K), where K is the unique
minimal rotation set contained in X (Theorem 2.33).

Lemma 3.3 Let X be a minimal rotation set for mg with o (X) = (o1, ..., 04-1),
and let ¢ : T — T be the canonical semiconjugacy associated with X. Then,

o, =¢;) (mod Z) forall 1<i<d-—1. (3.2)

Proof Let u be the natural measure of X, so ¢(¢f) = ulug, t] (mod Z) forall r € T.
Since p(X) # 0 by the assumption, X contains none of the fixed points u;, so
ufu;} = 0 for every i. Hence ¢ (u;) = pnluo, ui] = wlug, u;) = o; (mod Z), as
required. O

Remark 3.4 The congruences (3.2) allow us to determine o (X) from the knowledge
of the d — 1 points ¢(u1), ..., (ug—1) on T except when ¢(u;) = 0 (mod Z) for
all i because in this case we cannot decide whether each o; is 0 or 1. For example,
when d = 4, each of the vectors

o(X)=(0,0,1) or (0,1,1) or (1,1,1)

would correspond to a minimal rotation set whose canonical semiconjugacy satisfies

@(uy) = p(uz) = ¢(u3) =0 (mod 7).
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This ambiguity can be dealt with, for example, by looking at a lift of ¢.
Alternatively, we can work with rotation sets for which o1 # 0 so every o; lies
in (0, 1]. This condition can always be achieved by simply rotating the set: If the
components of o (X) begin with a string of 0’s of length Ny, replace X by its rotated
copy X — No/(d — 1).

3.2 Deployment Theorem: The Rational Case

Throughout this section we assume that X is a minimal rational rotation set, that is,
a g-cycle {1, ..., 14} under my with p(X) = p/q in lowest terms. As usual, we
label the points of X so that 0, #1, ..., , are in positive cyclic order (in particular,
0 € (#4, 1)) and the subscripts are taken modulo g.

Lemma 3.5 The interval I; = (tj,tj11) is a major gap of X of multiplicity n
if and only if j/q (mod Z) appears exactly n times as a component of o(X) =
01,...,04-1).

Note that since 0/q = g/q (mod Z), this generalizes our previous observation
that the multiplicity of Ip = I, is No + Nj.

Proof According to Lemma 2.13, /; is a major gap of multiplicity # if and only if it
contains exactly n fixed points. Under the canonical semiconjugacy associated with
X, each such fixed point maps to j/q. The result now follows from Lemma 3.3. O

The main result of this section asserts that a minimal rational rotation set is
uniquely determined by its rotation number and deployment vector. To motivate
the main idea of the proof, we begin with an example.

Example 3.6 Suppose we want to find a 5-cycle X = {f1,---,15} under my
with p(X) = ; and §(X) = (2,0, 2). Let £; denote the length of the gap
I; = (tj,tj41). By Lemma 3.5, the knowledge of the cumulative deployment vector

o(X) = (g, g, g) tells us that /3 is a major gap of multiplicity 2, Is = Iy is a major

gap of multiplicity 1, and the remaining /; are minor (see Fig. 3.1). Since p(X) = ; ,
we know that /; maps to /4. It follows from Lemma 2.8 that

b =44,
03 = 4 = 4%,
Ca=403—2=4%; -2
U5 =40y =4%; -8

0 =405 — 1 =4%¢; —33.
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Fig. 3.1 The unique minimal 176

rotation set X under m4 with b
p(X)=!and /
8(X)=(3.2.3) (anglesin

X are given in multiples of \

10123). Here X has cumulative a4
deployinegt \;ectsor . - h
o(X) = (5, 5. 3), and major 11
gaps I3 and Is = I of

multiplicities 2 and 1,

respectively, which are also

the number of fixed points of

m4 (shown as green dots)

they contain

704 Is=1o
/ 770

Iy

The last equation can be solved uniquely for £1, which in turn determines every £;:

33 132 528 66 264

0 = L = - Ll = . s = .
PT0230 P T 1023 T 10230 YTro23 0T 1023

Since £1 =1, — ) = 4t — 11 = 311, we find 71 and therefore every #;:

11 44 176 704 770

n = , Ih= , I3 = , Iy = , I3 = .
"7 00230 T 10230 P T 10230 T 1023 0T 1023

It is easily checked that this 5-cycle has the required rotation number and deploy-
ment vector. The uniqueness automatically follows from the above computation.

In general, the method of Example 3.6 can be described more formally as follows.
Suppose we are looking for a minimal rotation set X = {f1, ..., t;} for my with
p(X) = p/q # 0and §(X) = (1,...,84—1). Let £; denote the length of the
gap I; = (¢j,tj+1). Set n; to be the multiplicity of I; if I; is major, and n; = 0
otherwise. Then the relations £, = d{; — n; hold for every j (recall that all
subscripts are taken modulo g). Introduce the vectors

L=(y,....¢;) and n=(ny,...,ng)
in R? and denote by T : R? — R the isometry

T(x1,x2,...,%g) = (X14p, X24ps s Xgdp)-
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Notice that T is determined by the rotation number while n is determined by the
deployment vector (Lemma 3.5). The g relations above can then be written as the
non-homogeneous linear equation

T =dl—n (3.3)

which can be easily solved for £ by applying T repeatedly on each side and using
the fact that 7°¢ = id. The result is

1 !

) > a1 (). (3.4)
i=0

T da—1 ¢

Since n # 0 and since the addition j +— j + p (mod g) acts transitively on Z,,
the right hand sum has strictly positive components, so the above formula gives
a unique solution £ of (3.3) with £; > 0 for all j. Once the gap lengths £; are
known, we can find the #; by noting that the counterclockwise distance from ¢; to
tjyp =dtj (mod Z) is thesum £; + --- + £;4 ;1. The method produces a unique
candidate g-cycle X, but one still needs to verify that this X has indeed the required
rotation number and deployment vector.

There is an alternative way to solve (3.3) which, despite its appearance, will turn
out more advantageous. Write (3.3) as

1 1
= T
d @) + "
which can then be turned into

e="Crewr v+ e L Dre 4!
= n n —= n n.
d d d d d? d? d

Continuing this way and using the fact that 7°%(£)/d* — 0 as k — oo, we obtain
the series solution

o0
e=> "a D %k@). (3.5)
k=0

The vectors £ and r can be thought of as positive measures supported on the subset
S={J (mod Z):Ogqu—l}gzq
q

of the circle by identifying £; with £{j/q} and n; with n{j/q}. Under this
identification, £ is just the push-forward of Lebesgue measure under the canonical
semiconjugacy associated with X. Lemma 3.5 can then be translated into the
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statement that

where 1, is the unit mass at x. Thus, for each k > 0,

d—1
TOk(n) = Z ]laifkp/q
i=1

and (3.5) can be written as

d—1 oo

=" "d " 1y 4. (3.6)

i=1 k=0

This means that to find £ we start with a point mass 1/d at each o; and spread
it around S by taking pull-backs under the rigid rotation r /4, each time dividing
the mass by d. The measure £; = £{j/q} is the sum of d — 1 infinite series,
each representing the contribution from the initial mass concentrated at one of the
o;. This slightly disguised form of the solution (3.5) will be used in the proof of
Theorem 3.7 below. Why do we use (3.6) instead of the simpler formula (3.4)?
Because this formulation allows us to construct the cycle explicitly and to verify
that it has the given rotation number and deployment vector. More importantly, it
generalizes without any modification to the irrational case discussed in the next
section, thus allowing a unified treatment of both rational and irrational cases of the
deployment theorem.

Theorem 3.7 (Goldberg) For every fraction 0 < p/q < 1 in lowest terms and
every vector (81, ...,084—1) € A2 ywith qé; € Z there is a unique minimal rotation
set X for mq such that p(X) = p/q and §(X) = (61,...,84—1)-

Proof It will be convenient to use the notation = for congruence modulo Z, so we
write mg(t) = dt, ro(t) = t + 6 and so on. We may also assume &1 # 0; the
general case will follow by cyclically permuting the components of (81, ..., 84—1)
and rotating the corresponding rotation set. Define o; = 81 + ...+ §; for1 <i <
d—1.Then0 < 01 < 09 < --- < 04—1 = 1 and each o; is congruent to some
element of the set S = {j/g (mod Z) : 0 < j < g — 1}. Motivated by (3.6), we
consider the atomic probability measure v supported on S defined by

d—1 oo

v=Y"3"d" D1y . (3.7)

i=1 k=0
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Notice that v{o;} > 1/d. More precisely, if some j/q € S appears exactly n times
as aoj, thenn/d < v{j/q} < (n + 1)/d. The lower bound is immediate from the
definition. The upper bound holds since the contribution of the remaining terms of
(3.7) to v{j/q} is at most

o0
d—1 a4 1
d—1)Y dakatD = - :
( )k; 2 W@i-1) " d

The same argument also proves that 0 < v{j/q} < 1/d whenever j/q is not
congruent to any of the o;.

Let, as before, N; > 1 be the number of indices 1 <i < d — 1 for whicho; = 1.
Define

szv[O,é):v{Z}—i—---—i—vij;l} l<j=gq. (3.8)
soNy/d <Y1 < - <Yy_1 <Yy =1.8Set

y— Ny —v[0, p/q) _M —¥p

3.9
d—1 d—1 (3.9)
and
1i=vyj—a l<j=gq.
We show that X = {1, ..., 14} is the desired rotation set.
The relation
Py _
v(B + ) = dv(B) (3.10)
q

for every set B C T is easily verified from the definition of v. It implies

v[O, J Zp) = v[O, g) —l—v[[q), J Zp) = v[O, 2) —l—dv[O, é),

which yields the relation
Vjtp =d¥j+Vp
for all j. Thus,

titp =Vjtp —a=dy;j+¥p—a
=dtj+(d - Da+ v, =dt; + Ny = dt;. (3.11)
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Since 11, .. ., t; are in positive cyclic order, this proves that X is a g-cycle under my
with combinatorial rotation number p/q. It follows from Corollary 1.16 that X is a
rotation set with p(X) = p/q.

Next, we verify that 6(X) = (61,...,84—1) or equivalently o(X) =
(o1, ...,04-1). First note that ¥, > Ni/d, so Ny — ¢, < Ni(d — 1)/d, so
0 < a < Ni/d < . This shows that 0 € (14, t1). Suppose there is an n-fold
incidence of the form

J
=0; =0j41 = = Oi4n—1.
q

Then, by our earlier remark,

Z <tjit1 =t =Yjr1 —V; =V{;} < ni,_l,

which implies (#;, #;41) is a major gap of multiplicity n, and therefore contains n
fixed points of m4 by Lemma 2.13. Under the canonical semiconjugacy ¢ associated
with X, these n fixed points all map to j/q. Thus, ¢ maps the fixed point set
{ui,...,uq—1}totheset{oy, ..., o04—1}, sending n of the u; to the same point j /g if
and only if n of the o; collide at j/q. Since ¢(0) = 0, it follows from monotonicity
of ¢ that ¢(u;) = o; for every i. Since every o; lies in (0, 1] by our assumption
81 # 0, Lemma 3.3 proves that o (X) = (o1, ..., 04—1).

It remains to prove uniqueness. Suppose X = {f1,..., fq} is another rotation set
for m4 with rotation number p/q and deployment vector (41, ..., 64—1). As we have
seen in the discussion leading to (3.4) or (3.5), for each j the gap fj = (fj, fj+1) of
X has the same length as the gap I; = (¢, tj+1) of X. Hence there is a rigid rotation
ro which maps 7; to 7; for all j. We must show that & = 0. The major gaps Iy and
fo = rq (Ip) contain the same set of fixed points of m, since X and X have the same
deployment vector. Since the fixed points of m,4 are 1/(d — 1) apart, it follows that
the distance between « and O is less than 1/(d — 1). On the other hand, r : X — X
commutes with mg, so d(t; +a) = dt;j +a for every j, which implies (d — 1)a = 0.
The only solution of this equation whose distanceto Ois < 1/(d — 1) isa = 0, and
the proof is complete. O

Remark 3.8 The d — 1 solutions for a of the equation (d — 1)a + ¥, = 0, which
was key in (3.11), correspond to minimal rotation sets with rotation number p/q
whose deployment vectors are cyclic permutations of (41, ..., 84—1). The particular
choice of a in (3.9) guarantees that this permutation is the identity.

Example 3.9 Let us revisit Example 3.6, this time using the idea of the measure v in
the proof of Theorem 3.7. Recall that we were looking for the unique 5-cycle X =

{t1, -+, 15} under my with p(X) = $ and 8(X) = (3,0, Horo(X) = (2, 2. D).
We compute the atomic measure v on the set S = {(5), e g}, starting with a mass

1,1 _ 1 _ _ 3 1 Z5_70
s ts=,ator =02 = 5andamass4at<73 =3 = 5.Wethenspreadthe

measure around S by pulling back under the rotation ry s, each time dividing the
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mass by 4. Since v{r + é} = 4v{r} for every ¢t € S by the transformation rule (3.10),
it suffices to compute v only at g:

”{g}=<411+416+411 +"'>+<2.143+2-148+'”)= 1206;3

It follows that

wlsh= 10 =1s) - 2
4”{;]:1023 {i} 1023
st = o =151 = s
wfsh=to =15 = 1o

(these are just the gap lengths £; computed in Example 3.6). Thus,

n=rsh= 0

el ol = o
2”’(5)]+ ’ f+r { = 10293
ki 1 K T R R Y R
M R MR i T M R W R

Nowt; =v; —a,wherea = (1 —1)/3 = 1205233 We obtain

264 253 11 297 253 44
M= 1003 T 1023 T 1023 2= 1023 T 1023~ 1023
L 42516 Lo 95T 253 _ 04

1023~ 1023 ~ 1023 1023 1023 — 1023

1023 253 770

s = — = S
>7 1023 1023~ 1023
which is of course the same cycle obtained by the method of Example 3.6.

Remark 3.10 A different approach to the rational case of the deployment theorem
can be found in the recent work [27] which solves the general problem of realizing
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cyclic permutations of g objects as period g orbits of m . The idea is to reduce the
problem to finding the stationary state of an associated Markov chain, which can
then be tackled by classical Perron-Frobenius theory.

For each ¢ > 0 the number of distinct vectors (§1,...,8q4—1) € 292 with
qé; € Z can be computed as the number of ways to deploy ¢ identical ballsind — 1
labeled boxes. This, in view of Theorem 3.7, gives the following

Corollary 3.11 (Goldberg) For every fraction0 < p/q < 1inlowest terms, there
are

<q—|—d—2>_ (g+d—2)!
q ~gld—2)!

distinct minimal rotation sets X under mq with p(X) = p/q.

For d = 2 this number reduces to 1, proving that there is a unique minimal
rotation set under doubling with a given rational rotation number.

The deployment theorem can be generalized to unions of cycles as follows.
Suppose X is a rotation set for mgy, with p(X) = p/q # 0 in lowest terms,
consisting of distinct g-cycles Cy,...,Cy (here N < d — 1 by Corollary 2.27).
As in Remark 3.2, we define the deployment vector and the cumulative deployment
vector of X as the averages

1 & 1 &
§(X) = NZS(C;) and o(X) = NZO’(C,’).
im1 i=1

Of course the ith components of §(X) and o (X) are simply the fraction of points of
X that fall within the intervals [u;_1, u;) and [ug, u;), respectively. Note that these
components are now rational numbers with denominator dividing Ng.

Suppose we are looking for such a rotation set X with o (X) = (o1, ...,04-1).
Let X = {f1,...,n4}, where the points are labeled so that 0, 11, ..., ty4 are in
positive cyclic order and the subscripts are taken modulo Ng. Since each cycle
in X has combinatorial rotation number p/g = Np/(Ngq), the map my acts as
tj = tjynp on X. As in the case N = 1, let £; denote the length of the gap
I; = (tj,tj+1) and n; be the multiplicity of /; if /; is major, and n; = 0 otherwise.
Then the equations £y, = d{; —nj for 1 < j < Ng can be written in vector
formas T(€) = d€ — n. Here £ = ({1, ..., £Ng) is unknown, n = (n1,...,nNg)
is determined by the cumulative deployment vector o (X), and T : RN? — R4 is
the isometry

T(x1,x2,...,XNg) = (X14-Np, X24Np» - - - » XNg+Np)

determined by the rotation number. Since 7°¢ = id, the same argument as in the
minimal case gives a unique solution £ of this equation which can be expressed in
either of the forms (3.4) or (3.5) or (3.6). If every component of £ obtained this way
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is strictly positive, then the gap lengths are uniquely determined and an argument
similar to the minimal case shows that the desired rotation set X exists and is unique.
On the other hand, if the solution £ has a zero component, then no X with the
given rotation number and deployment vector can exist. Using the form (3.6) of the
solution, it follows that a necessary and sufficient condition for the existence of X
is that the support of the atomic measure

d—1 oo

Z Z d_(kH)Ln —kp/q

i=1 k=0

istheset S = {j/(Ng) (mod Z) : 0 < j < Ng — 1}. In other words, each point
of § must belong to the orbit of some o; under r,/,. Using the fact that p, g are
relatively prime, it is easy to see that j/(Ng), j'/(Ng) € S belong to the same
orbit under r,/4 if and only if j = j’ (mod N). Thus, S is the union of N disjoint
g-cycles under rp /4, indexed by the distinct residue classes modulo N. Consider the
signature s(X) = Nq o (X), thatis the integer vector s(X) = (s1, ..., S4—1), where
s; is the number of points of X in [ug, u ,~).l Then the above condition is equivalent
to every residue class modulo N being represented by some s;. This proves

Theorem 3.12 (Goldberg) Suppose 0 < p/q < 1 is a fraction in lowest terms,
N > 1 is an integer, and {s;}1<i<d—1 is an integer sequence such that 0 < s; <

- < Sq—1 = Ngq. Then there is a rotation set X for mq with rotation number
p(X) = p/q and signature s(X) = (s1, ..., Sq—1) if and only if every residue class
modulo N is represented by some s;. Moreover, X subject to these conditions is
unique.

Notice that this result gives an alternative proof for the inequality N < d — 1 in
Corollary 2.27.

Example 3.13 Consider finite rotation sets with rotation number }‘ under tripling.
According to Theorem 3.12, such a rotation set is either a 4-cycle (where N = 1) or
aunion of two 4-cycles (where N = 2), and is uniquely determined by its signature.
For N = 1, all five signatures (s, 4) for 0 < s < 4 can occur; they are realized by
the following rotation sets that we already encountered in Example 2.29:

X s(X)  8(X)
Ciigo g = 0 59 G4 (10
G0~ 50 G G
Gigrao—hran @9 G
Catgggo 500 5 (LA (D
Cst g5 =5 g 04 OD

!n the terminology of [11], the integers s; define the deployment sequence of X.
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However, for N = 2 only the signatures (s, 8) with odd 0 < s < 8 occur. These
are realized by the following four rotation sets, also encountered in Example 2.29
as unions of compatible pairs:

X s(X)  8(X)
CIUC, (1.8) (. 4)
CUCs (5.8) (3.3)
C3UCy (3.8) (3.3)
C4UCs (1,8) (5. 3)

Notice that the signatures (0, 8), (2, 8), (4, 8), (6, 8) cannot occur for the rotation

number il, a;ltl;ough7 they can be realized by 8-cycles with any of the rotation

numbers g» g3 0l g

The above example shows that the cycles C; and the unions C; U C;y1 have
distinct deployment sequences. This is a special case of the following stronger form
of the uniqueness part of Theorem 3.12:

Corollary 3.14 Suppose X, X' are finite rotation sets with the same rotation
number and deployment sequence. Then X = X'.

Proof Let p(X) = p(X') = p/q and suppose X and X’ are unions of N and N’
distinct g-cycles respectively. Consider the signatures s(X) = (sq,...,s4—1) and
s(X") = (s{,...,s)_,). The assumption §(X) = §(X") shows thats;/N = s//N’ or

N'si = Ns, forall 1<i<d-—1.

By Theorem 3.12, s; = 1 (mod N) for some j. It follows from the above equation
that N divides N’'. A similar reasoning shows that N’ divides N, so N = N’. It now
follows from the uniqueness statement of Theorem 3.12 that X = X'. O

Corollary 3.15 For every fraction 0 < p/q < 1 in lowest terms, there are g% 2
rotation sets X for mg with p(X) = p/q, each consisting of the maximum number
d — 1 of distinct g-cycles.

In particular, the upper bound in Corollary 2.27 is optimal.

Proof By Theorem 3.12 for N = d — 1, such X are in one-to-one correspondence
with signatures s = (s1,...,84—2, (d — 1)q) for which the unordered set A =
{s1,...,8q—2} reducesto {1,...,d —2} modulod — 1. Foreach1 <k <d —2
such A contains exactly one element of the form j(d — 1) +kwith0 < j <gq — 1.
Evidently there are g2 choices for A, hence for the signature s. O

Another application of Theorem 3.12 is the following characterization of com-
patible cycles in terms of their signature (compare §2 of [19]). It will be convenient
to use the notation %, (p/q) for the collection of all g-cycles under m, with rotation
number p/q.
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Theorem 3.16 Two distinct cycles C, C' € 64(p/q) are compatible if and only if
the non-zero components of s(C) — s(C’) are all 1 or all —1.

Proof First suppose C, C” are compatible. By Lemma 2.25 C, C’ are superlinked, so
their points alternate as we go around the circle. If u, " denote the natural measures
of C, C/, it follows that the function

Xt q(M[O, 1) — u'[0, t))

takes values in {0, 1} or in {0, —1}. Thus, the non-zero components (x (u1), ...,
x(ug—1)) of s(C) —s(C’) are all 1 or all —1.

Conversely, and without loss of generality, assume that all non-zero components
of e = s(C)—s(C’) are 1. The sum s (C)+s(C’) has both even and odd components,
so by Theorem 3.12 there is a rotation set X of size 2¢ with p(X) = p(C) = p(C’)
and s(X) = s(C) + s(C’). Decompose X into the union of two compatible g-cycles
Y,Y’, where s(Y) + s(Y') = s(C) + s(C’). By the previous paragraph and after
relabeling these cycles if necessary, we may assume that all non-zero components
of & = s(Y) — s(Y’) are 1. The relation 2s(C) + &' = 2s(Y) + & shows that &
and &’ have the same support (that is, their non-zero components occur at the same
places), so € = &'. It follows that s(C) = s(Y) and s(C’) = s(Y’). The uniqueness
part of Theorem 3.12 then shows C = Y and C’ = Y’, which proves C, C' are
compatible. O

The arithmetical criterion for realizability of signatures in Theorem 3.12 has
a geometric interpretation due to McMullen. He comments in [19] that ;(p/q)
can be identified with the vertices of a simplicial subdivision of a (d — 2)-
dimensional simplex, with compatible cycles corresponding to adjacent vertices
(compare Fig. 3.2). Below we provide a justification for this statement; Lemma 3.18
below will also play a role in the proof of Theorem 4.12 in the next chapter.

In view of Theorem 3.16 we can define a relation < between any two compatible
cycles C, C' € €4(p/q) by declaring C < C’ if the non-zero components of s (C") —
s(C) are all 1. Evidently a collection Cy, ..., C, in 4(p/q) are compatible if and
only if they are linearly ordered by <.

Lemma 3.17 Suppose Cy, ..., Cy, are distinct compatible cycles in €3 (p/q). Then
the deployment vectors §(C1), ..., 8(C,) € R4 are affinely independent.

Proof After relabeling the cycles we may assume C; < Cy < --- < C,. Let
€;,j = s(Cj) — s(C;). The cocycle relation

€ij T Ejk=Eik

shows that the vectors €12, €23, ..., &,—1,, have disjoint supports and therefore
are linearly independent in R~ It follows that the vectors

€12, €13=¢€12+¢€23, ..., €1pn=¢€12+€3+ -+ En1n

are also linearly independent.
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Fig. 3.2 Geometric representation of g-cycles as vertices of a subdivision Af]’_z of the standard

simplex A9~2, following McMullen. Here each cycle is labeled by its signature and two cycles
are compatible if and only if they are connected by an edge in AZ*Z. Left: The five vertices of

Ai representing 4-cycles under m3 with rotation number }‘ or 2. Middle: The ten vertices of
A% representing 3-cycles under m4 with rotation number é or % Right: The ten vertices of A%
representing 2-cycles under ms with rotation number ;

To prove §(Cy), ..., §(C,) are affinely independent, it suffices to verify the linear
independence of the vectors {§(C;) — §(C1)}a<i<n- If Y 15 i (8(C;) —8(C1)) =0
for some scalars «o; € R, then 27:2 ai(6(Ci) —a(Cy)) =0,s0

Y oaieri=) ai(s(C)—s(C1)) =g Y _ai(0(Ci) —a(C1) =0.

i=2 i=2 i=2

It follows from the previous paragraph that o;; = O for all ;. O

Recall that A9~2 is the standard simplex {(x1,...,x4—1) € Ri-1L . x >0
and Zf.l:_ll x; = 1}. Fix a rotation number p/q and consider the finite set V
consisting of vectors (x1,...,x4—1) € A972 guch that qgx; € Z for all i. By
Theorem 3.7, the assignment C +— §(C) is a bijection between %;(p/q) and V.
Let Ag_z be the collection of all convex hulls

n n
[5(C1), ..., 8(C)] = { Y aid(C):0<ai<land Y o= 1},
i=1 i=

1

=

where Cy, ..., C, are distinct compatible cycles in ;(p/q). Lemma 3.17 shows
that [8(C}), ..., 8(Cy)]is an (n — 1)-simplex in A972,

Lemma 3.18 Suppose Cy, ..., C, are distinct compatible cycles in €3(p/q), with
n > 1. Then the interior of the (n — 1)-simplex [6(C1), ..., §(Cy)] does not meet V.

Proof We may assume again that C;1 < Cy < --- < C,. Suppose there is a cycle
C € %4(p/q) and scalars 0 < «y,...,a, < 1 with )/ ,e; = 1 such that
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Y @i 8(Ci) =8(C). Then Y 1 a; s(C;) = 5(C), so

Y aieri =y ai(s(Ci) —s(C1)) =5(C) —s5(Cy),

i=2 i=2
where €; j = 5(C;) — s(C;) as before. Using the relation
€1, =¢€12+€3+ - +€&i-1, (3.12)

we can rewrite this as

Y Bieiri=s(C)—s(Ch),

i=2

where 0 < ;i = «; +--- + a, < 1. Since the vectors {€;_1,;}2<;<, have disjoint
supports, the components of Y 7_, B; €;—1,; consist of the B; and possibly some 0’s.
This contradicts the fact that s(C) — s(C1) is a non-zero integer vector. |

Theorem 3.19 Agfz is a simplicial subdivision of A?~2.

By Corollaries 3.11 and 3.15, Ag_z has (q+d_2) vertices and ¢?~2 top-
dimensional cells. The cases d = 3,4 produce regular linear and triangular
subdivisions, but the situation for d > 4 is not as symmetric (see Fig. 3.2).

Proof To show AZ—Z is a simplicial complex, it suffices to check that two simplices
[6(Cy),...,8(Cp)]and [S(Ci), .., 8(C))]in Ag_z whose interiors intersect must
coincide. Thecasen = m = listrivialandthecasesn = 1,m > lorn > 1,m =1
are already covered by Lemma 3.18, so we may assume n, m > 1. Label the cycles
sothat C; < --- < Cyand C| < --- < C,,. By our hypothesis, there are scalars 0 <
ar,...,0p <land0 <af, ..., e, <1, with) ;o = Z';':la} = 1, such that
Y i d(Cy) = Z;f;l a} S(C}). Then > 7, a; s(Ci) = 21}1:1 a;. s(C}). Letting
e j =s(Cj) —s(C;) and e;’j = s(C}) — 5(C)), it follows that

n n m m
SCD+ Y aieri=Y ois(C) =Y o;s(C)=sC)+ D ajel
i=2 i=1 j=1 j=2

or

n m
D aieri— Y ajel ;=s(Cp) —s(Ch)
i=2

j=2
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Using (3.12) and the similar relation for the e’l j» We can rewrite the above
equation as

Y Bieicri—Y B =s(C)—s(Ch), (3.13)
i=2

j=2

where 0 < B; = o+ --+a, < 1and0 < ﬁ} = a}—i—- --+a}, < 1.Since the vectors
{ei—1.i}2<i<n have disjoint supports, the non-zero components of Z?:z Biei—1,;are
precisely the §;. Similarly, the non-zero components of » ", ﬁ;. €/j—1, ; are the ,3}.
It follows that the components of the left hand side of (3.13) lie strictly between —1
and 1. Since the right hand side of (3.13) is an integer vector, the two sides must
vanish. Thus, s(C) = s(Ci) and the finite sequences

1> > >p=0,>0 and 1>p,>--->B8 =a,>0

coincide. This implies n = m, o; = o} and s(C;) = s(C}) forall 1 <i < n.

To finish the proof of the theorem, it remains to show that every x =
(xX1,...,Xq-1) € Ad=2 belongs to a simplex in Ag’z. Lety = (y1,..., Yd—1),
where y; = q(x1+---+x;). Then0 < y; <--- <y4s_1 =q.Lett; € [0, 1) be the
fractional part of y;. If all the #; are zero, then x € V and we are done. Otherwise,
list the non-zero elements of {t1, ..., #;_1} in decreasing order as

thy >...>t,, where 1<n<d-2.

Here we adopt the convention that if several ¢;’s are equal, we list them in the order
of decreasing subscripts, that is, if ;, = #;,,, then iy > iry1. Letey, ..., eq—1
denote the unit coordinate vectors in R?~! and define

vi =y — (1, ..., ta—1)
Vk+1 = Vg + ¢, 1<k<n. (3.14)
It is not hard to check that the components of each v; form a monotonic sequence
of non-negative integers ending in g, and therefore there is a unique cycle Cy €

%4(p/q) with s(C) = vg. By Theorem 3.16, Cy, ..., C,41 are compatible. Define
the scalars {ok}1<k<n+1 by

Q) = tik,1 - tikv

where 1;, = 1 and #;,,, = 0. Note that the o are non-negative and add up to 1. It
follows from (3.14) that

n n
y=uv+ Ztik eip =vi+ Ztik(vk+l — Uk)
k=1 k=1
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n+1 n+1 n+1

=Y i —ti)v =) axvg =Y as(Cp),
k=1 k=1 k=1

$0x = ZZ:% ay 8(Cy), as required. -

3.3 Deployment Theorem: The Irrational Case

We now proceed to the irrational case of the deployment theorem. Our approach
closely parallels the one presented for the rational case in the proof of Theorem 3.7.

Theorem 3.20 (Goldberg-Tresser) For every irrational number 0 < 6 < 1 and
every vector (81, ...,084—1) € A2 there is a unique minimal rotation set X for my
such that p(X) = 0 and §(X) = (61, ...,84—1).

Thus, the space of all minimal rotation sets for m, of a given irrational rotation
number can be identified with the simplex A4~2 c RY9=1 When d = 2, it follows
from this and Corollary 2.38 that there is a unique rotation set under doubling with
a given irrational rotation number.

Proof We continue using the notation = for congruence modulo Z. As in the
rational case, we may assume without loss of generality that §; # 0. Set o; =
S1+...+8forl <i<d-—-1,500<0]1 <0p <---<04_1 =1. We construct a
degree 1 monotone map ¢ of the circle with the following properties:

(i) Iy # ¥ implies I;_g # @, where I is the interior of the fiber o1 (s);
(i) ¢(dt) = ¢(t) + 6 whenever ¢ is not in the closure of a plateau of ¢; and
(i) ewj)=oiforl <i <d—1.

Properties (i) and (ii) prove that the complement of the union of all plateaus of ¢ is
a minimal rotation set X with p(X) = 6 (Theorem 2.35), while property (iii) proves
that 0 (X) = (o1, ..., 04—1) (Lemma 3.3).

Let S be the union of the backward orbits of the o; under ry:

S={oi—kf(mod Z):1<i<d—1andk > 0}. (3.15)

Consider the atomic probability measure v supported on S defined by

d—1 oo

v=>Y"Y"d" D1, 4. (3.16)

i=1 k=0

Observe that v{o;} > 1/d for every i. More precisely, if some s € S appears exactly
n times in the list {01, ..., 04—1}, then n/d < v{s} < (n + 1)/d. The lower bound
follows from the definition, whereas the upper bound holds since the contribution
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Fig. 3.3 Left: The graph of the map v obtained by integrating the atomic measure v. Right: The
graph of the left-inverse map v ~! along with its translation ¢ (in blue). In this example, d = 3,

p(X) = V57D and §(X) = (0.39475,0.60525). Computation gives a ~ 0.07713

of the remaining terms of (3.16) to v{s} is at most

o
d—2 1
d—2)) a* = :
( );; dd—1) ~ d

The same argument shows that 0 < v{s} < 1/d whenever s € S is not congruent to
any of the o;.

The map ¥ : T — T defined by ¥(¢) = v[0,¢) has degree 1, is strictly
monotone, is continuous on T ~\ § and is discontinuous at every s € § where it
jumps by v{s}. The left-inverse ¥ ~! extends to a continuous degree 1 monotone
map of the circle, with a plateau I precisely when s € S. Let N1 > 1 be the number
ofindices 1 < j <d — 2 for whicho; = 1. Set

Ni —v[0,0)
a = .

o (3.17)

We show that the map ¢ : T — T defined by ¢(f) = ¥ ~!(r + a) has properties
(1)—(iii) (see Fig. 3.3 for a typical graph of v and ¢ for the case d = 3).
Property (i) is immediate since s € S implies s — 6 € S. The relation

V(B +0) =dv(B) (3.18)
for every Borel set B is easily verified from the definition of v. It implies

V[0, 4 60) = v[0,0) + v[6, t +0) = ¥ (8) + dv[0, 1),
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which gives the functional equation

Y +0)=dy ) + ().

Applying the left-inverse ¥ ! to both sides, we obtain

t+0 =y dy@) +¥0) =@y ) + ¥ 6) —a).
If 7 is not in the closure of a plateau of ¢, then ¥ (¢(¢)) = ¢ + a and it follows that

) +0 =9di+a)+y(©)—a)
=@t + (d — Da+ ¢ ()) (3.19)
= p(dt + N1) = ¢(d?).

This proves property (ii).

To verify (iii), first note that ¥ ~!(r) = 0 for r € [0, v{0}]. Since v[0,6) >
v{0} > Ni/d, we have N1/d < v[0,0) < 1l,or 0 < a < Ni/d < v{0}. In
particular, ¢(0) = 1/;‘1 (a) = 0. By what we have seen above, if there is an n-fold
incidence s = 0; = 0j4+1 = -+ = Oj+n—1, the jump £ = v{s} of ¥ at s satisfies
the inequalities n/d < £ < (n + 1)/d. It follows that ¢ has a plateau of length £ on
which it takes the constant value s. This plateau is a major gap of X, so it contains
precisely n fixed points of my by Lemma 2.13. Thus, ¢ maps the fixed point set
{ui,...,uq—1} to the set {oq, ..., 04—1}, sending n of the u; to the same point s if
and only if n of the o; collide at 5. Since ¢(0) = 0, it follows from monotonicity of
¢ that p(u;) = o; for every i.

Finally, we prove uniqueness of X. Suppose X is any minimal rotation set with
p()A() = 6 and S(JA() = (81,...,84—1). Let ¢ be the canonical semiconjugacy
associated with X. By Lemma 3.3, ¢(u;) = o;, so ¢ takes the value o; on the
major gap of X containing u;. Moreover, if X has a major gap of multiplicity n,
there will be an n-fold incidence between the o;. Since the gaps of X are precisely
the plateaus of ¢, and since every gap eventually maps to a major gap, it follows
that the values taken by ¢ on its plateaus form the set S in (3.15). It is now easy to
see that the push-forward ¢, A of Lebesgue measure is just the measure v in (3.16).
Since g4A = v also by the construction, the relation g.A = @,A must hold. Let
D C X be the countable set of the endpoints of gaps, and similarly define D c X.
Asthemaps ¢ : X~ D — T~ Sand ¢ : XD — T ~ § are bijective, the
composition g~ logp : XD — X~ D defines a bijection ¢ > 7 that preserves the
cyclic order of all triples and commutes with m . Since for every 11,1, € X \ D,

A1, 1)) = v((9(t), (1)) = A((1, 12)),

it follows that ¢ > { is the restriction of some rigid rotation r, to X . D. In other
words, ry, maps X . D onto X \ D and therefore X onto X, and it commutes with
my. To finish the proof, we must show that « = 0. The proof is identical to the
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rational case: Let Iy be the major gap of X containing 0, so r (lp) is the major gap
of X containing O (this follows from the normalization ¢(0) = ¢(0) = 0). By our
construction, Iy and ry (Ip) contain the same set of fixed points of m4, namely those
which map under ¢ or ¢ to oy—1 = 1 = 0. Since the fixed points of m4 are 1/(d —1)
apart, it follows that the distance between « and O must be < 1/(d — 1). On the other
hand, r, commutes with my, so d(t + o) = dt + « for every t € X, which implies
(d — 1) = 0. The only solution of this equation whose distance to Ois < 1/(d — 1)
is @ = 0, and the proof is complete. O

Epilogue To conclude this chapter, let us briefly recap the main constructions
related to a minimal rotation set and how they lead to the proofs of the deployment
Theorems 3.7 and 3.20. Suppose X is a minimal rotation set for my with p(X) =
6 # 0,s0 X is a g-cycle if & = p/q in lowest terms, and a Cantor set if € is
irrational.

* The canonical semiconjugacy associated with X is a degree 1 monotone map
¢ : T — T, normalized by ¢(0) = 0, which satisfies

pgomg=rpgo@p on X.
The plateaus of ¢ are precisely the gaps of X.

e The natural measure of X is the unique mg-invariant probability measure p
supported on X. It is related to the canonical semiconjugacy by

t
@(1) =/0 dp = pl0, 1] (mod Z).

If & = p/q in lowest terms, then y is the uniform Dirac measure on X:

MZ;ZL"

xeX

If 6 is irrational, then u is the (well-defined) pull-back of Lebesgue measure A
under ¢:

A= @it

e The deployment vector of X is the probability vector §(X) = (81, ...,84—1) €
R?~! defined by

8 = plui—1,u;) I1<i=<d-1,

where the u; = i/(d — 1) are the fixed points of m.
¢ The cumulative deployment vector o (X) = (o1, ..., 04—1) is defined by

o; = pluo,u;) =81 +---+39; I1<i<d-1.
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* The gap measure of X is the push-forward v of Lebesgue measure A under ¢:
V = QxA.

The terminology comes from the observation that each gap I of X maps under ¢
to a single point s with v{s} = |I|. The gap measure can be expressed in terms
of p(X) =0 and o(X) = (o1, ..., 04—1) by the explicit formula

d—1 oo

v=>"3"d" V1, 4. (3.20)

i=1 k=0

In particular, v is an atomic measure supported on the set
S={oi—kO(mod Z):1<i <d-—1andk > 0},

which is a union of at most d — 1 backward orbits of the rotation ry. Thus, S
consists of the gth roots of unity if & = p/q in lowest terms, and is dense if 6 is
irrational.

¢ The minimal rotation set X can be recovered from its rotation number (whether
rational or irrational) and deployment data as follows: Form the gap measure v
as above, and let ¥/ (t) = v[0, t) for r € T which has a well-defined left inverse
¢~ Define ¢ : T — T by

Ni —v[0,0)

o) =y 't +a), where a= i

Here Ny > 1 is the number of indices 1 < j < d — 1 for which 0; = 1. Then
@ is the canonical semiconjugacy associated with X, so X is the complement of
the union of plateaus of ¢.
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