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Preface

For an integer d > 2, let my : R/Z — R/Z denote the multiplication by d map
of the circle defined by m,(t) = dt (mod Z). A rotation set for m, is a compact
subset of R/Z on which m, acts in an order-preserving fashion and therefore has
a well-defined rotation number. Rotation sets for the doubling map m, seem to
have first appeared under the disguise of Sturmian sequences in a 1940 paper of
Morse and Hedlund on symbolic dynamics [17] (the equivalence with the rotation
set condition was later shown by Gambaudo et al. [10] and Veerman [28]). Fertile
ground for their comeback was provided half a century later by the resurgence
of the field of holomorphic dynamics. For example, in the early 1990s Goldberg
[11] and Goldberg and Milnor [12] studied rational rotation sets in their work on
fixed point portraits of complex polynomials. The main result of [11] was later
extended by Goldberg and Tresser to irrational rotation sets [13]. Around the same
time, Bullett and Sentenac investigated rotation sets for the doubling map and their
connection with the Douady—Hubbard theory of the Mandelbrot set [7] (see Fig. 1
for an illustration of this link). Aspects of this work were generalized to arbitrary
degrees a decade later by Blokh et al. who in particular gave recipes for constructing
a rotation set for m4.1 from one for m, and vice versa [2]. More recently, Bonifant,
Buff, and Milnor used rotation sets for the tripling map m3 in their work on antipode-
preserving cubic rational maps [4]. In an entirely different context, rational rotation
sets appear in McMullen’s study of the space of proper holomorphic maps of the
unit disk [19]; they play a role analogous to simple closed geodesics on compact
hyperbolic surfaces.

This monograph presents the first systematic treatment of the theory of rotation
sets for my in both rational and irrational cases. Our approach, partially inspired
by the ideas in [4], has a rather geometric flavor and yields several new results on
the structure of rotation sets, their gap dynamics, maximal and minimal rotation
sets, rigidity, and continuous dependence on parameters. This “abstract” part is
supplemented with a “concrete” part which explains how rotation sets arise in the
dynamical plane of complex polynomial maps and how suitable parameter spaces of
such polynomials provide a complete catalog of all rotation sets of a given degree.
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Fig. 1 For each 0 < 6 < 1 the doubling map ¢ — 2t (mod Z) has a unique minimal invariant
set Xg C R/Z of rotation number 6 which is a period orbit if 6 is rational and a Cantor set
otherwise. Top left: The case 6 = 2/5 where Xy is the 5-cycle 351 = ;‘1) = %‘1) = 391 = ;’13
V5—1
2

of w ~ 0.35490172 . ... According to Douady and Hubbard, the “rotation set” Xy is related to the

Top right: The golden mean case 6 = where the Cantor set Xy is the closure of the orbit

external rays of the corresponding quadratic map z — ¢*7?z + z2 (shown in the bottom row) as

well as the parameter rays that land on the boundary of the main cardioid of the Mandelbrot set.
See Sect. 5.3 for details

Here is an outline of the material presented in this monograph:

Chapter 1 provides background material on the dynamics of degree 1 monotone
maps of the circle. Given such a map g : R/Z — R/Z, its Poincaré rotation
number p(g) is constructed using a Dedekind cut approach that quickly leads
to basic properties of the rotation number and how it essentially determines the
asymptotic behavior of the orbits of g. These orbits converge to a cycle if p(g)
is rational and to a unique minimal Cantor set if p(g) is irrational. A key tool in
understanding this dichotomy is the semiconjugacy between g and the rigid rotation
rg 1 t — t +6 (mod Z) by the angle 6 = p(g). This semiconjugacy is also utilized



Preface vii

in studying the existence and uniqueness of invariant probability measures for g:
If p(g) is rational, every such measure is a convex combination of Dirac measures
supported on the cycles of g, while if p(g) is irrational, there is a unique invariant
measure supported on the minimal Cantor set of g.

Chapter 2 introduces rotation sets for the map my and develops their basic
properties. A rotation set for my is a non-empty compact set X C R/Z, with
mg(X) = X, such that the restriction mg4|x extends to a degree 1 monotone map
of the circle. The rotation number of X, denoted by p(X), is defined as the rotation
number of any such extension. We refer to X as a rational or irrational rotation
set according as p(X) is rational or irrational. Understanding X is facilitated by
studying the dynamics of the complementary intervals of X called its gaps. A
gap I is labeled minor or major according as my|; : I — my(I) is or is not a
homeomorphism, and the multiplicity of I is the number of times the covering map
mg wraps I around the circle. Counting multiplicities, X has d — 1 major gaps,
a statement reminiscent of the fact that a degree d polynomial has d — 1 critical
points. Major gaps completely determine a rotation set and the pattern of how they
are mapped around can be recorded in a combinatorial object called the gap graph.

Next, we study maximal and minimal rotation sets. Maximal rotation sets for
mg are characterized as having d — 1 distinct major gaps of length 1/d. A
rational rotation set may well be contained in infinitely many maximal rotation sets.
By contrast, we show that an irrational rotation set for m, is contained in at most
(d — 1)! maximal rotation sets. Minimal rotation sets are cycles in the rational case
and Cantor sets in the irrational case. We prove that a rational rotation set contains
at most as many minimal rotation sets as the number of its distinct major gaps. As
a special case, we recover Goldberg’s result in [11] according to which a rational
rotation set for m,4 contains at most d — 1 cycles. On the other hand, every irrational
rotation set is easily shown to contain a unique minimal rotation set.

Chapter 3 offers a more in-depth study of minimal rotation sets by presenting a
unified treatment of the deployment theorem of Goldberg and Tresser. Suppose X
is a minimal rotation set for my with the rotation number p(X) = 6 # 0. Then
X is a g-cycle (i.e., a cycle of length ¢) if 8 = p/q in lowest terms and a Cantor
set if 6 is irrational. The natural measure on X is the unique m -invariant Borel
probability measure p supported on X. The canonical semiconjugacy associated
with X is a degree 1 monotone map ¢ : R/Z — R/Z, whose plateaus are precisely
the gaps of X, which satisfies ¢ o my = ry o ¢ on X. It is related to the natural
measure by ¢(¢) = u[0, t] (mod Z). The covering map my has d — 1 fixed points
uj = i/(d — 1) (mod Z). The deployment vector of X is the probability vector
§(X) = (81,...,84—1) where §; = p[u;_1,u;). Note that g8(X) € Z4~1 if 0 is
rational of the form p/q.

The deployment theorem asserts that given any 6 and any probability vector § €
R4~ that satisfies g8 € Z4~! if 6 = p/q, there exists a unique minimal rotation
set X = Xg 5 for mg with p(X) = 6 and §(X) = 4. The rational case of this
theorem that appears in [11] and its irrational case proved in [13] are treated using
very different arguments. By contrast, we provide a proof that reveals the nearly
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identical nature of the two cases. The key tool in our unified treatment is the gap
measure

d—1 oo
—(k+1
%) At
i=1 k=0
where 0; = §; + --- + §; and 1, denotes the unit mass at x. This is an atomic

measure supported on the union of at most d — 1 backward orbits of the rotation
ro. The general idea is that the gap measure can be used to construct the “inverse”
of the canonical semiconjugacy of X and therefore X itself. This measure makes
a brief appearance in an appendix of [13], but its real power is not nearly utilized
there. In addition to its theoretical role, the gap measure turns out to be a highly
effective computational gadget.

Chapter 3 also includes a fairly detailed discussion of finite rotation sets, namely,
unions of cycles that have a well-defined rotation number. Let 6;(p/g) denote the
collection of all g-cycles under m, with rotation number p/q. According to the
deployment theorem, 6;(p/q) can be identified with a finite subset of the simplex
A2 = {(x1, .. xg-1) € RN x> 0and Y90 x; = 1) with (’“3‘2)
elements. A collection of cycles in ;(p/q) are compatible if their union forms
a rotation set. In [19], McMullen proposes that %;(p/g) can be identified with
the vertices of a simplicial subdivision AZ_Z of A92 where each collection of

compatible cycles corresponds to the vertices of a simplex in Az_z. We provide

a justification for this geometric model; in particular, for each x € A2 our
proof gives an explicit algorithm for finding a simplex in AZ‘Z that contains x.

The subdivision Ag’z is different from (and in a sense simpler than) the standard
barycentric subdivision and could perhaps be of independent interest in applications
outside dynamics.

In Chap.4, we give sample applications of the results of Chaps.2 and 3,
especially the deployment theorem. For example, we show that every admissible
graph without loops can be realized as the gap graph of an irrational rotation set.
We also study the dependence of the minimal rotation set Xy s on the parameter
(6, 8). We prove that the map (0,8) +— Xp s is lower semicontinuous in the
Hausdorff topology, and it is continuous at some parameter (6, §o) if and only
if Xg,,5, 1s exact in the sense that it is both minimal and maximal. We provide a
characterization of exactness which shows that the set of such parameters has full
measure in (R/Z) x A?~2,

As another application, we use the gap measure to compute the leading angle
of X = Xy s, that is, the smallest angle when X is identified with a subset of (0, 1):

d—1
1 No 1 _ No
= 0,0 - =+ )
=, VO, d—l,Z 2 tao1
i=10<o0;,—k0<6
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Here, No > 0 is the number of indices i with o; = 0. The formula gives an explicit
algorithm for computing the base-d expansion of the angle (d — 1)w, which has
an itinerary interpretation in the context of polynomial dynamics. We exploit the
leading angle formula in the low-degree cases d = 2 and d = 3 to carry out a
detailed analysis of the structure of minimal rotation sets under the doubling and
tripling maps.

Chapter 5 explores the link between rotation sets and complex polynomial maps.
After a brief review of the basic definitions in polynomial dynamics, we explain
how an indifferent fixed point of a polynomial of degree d determines a rotation set
under m4. More precisely, the angles of the dynamic rays that land on a parabolic
point or on the boundary of a “good” Siegel disk define a rotation set X with
p(X) =0, where ¢?"? is the multiplier of the parabolic point or the center of the
Siegel disk. In the parabolic case, this statement is well known and goes back to the
work of Goldberg and Milnor [12]. The Siegel case, while similar in spirit, is trickier
because of the possibility of rays accumulating but not landing on the boundary. The
“good” Siegel disk assumption refers to a limb decomposition hypothesis, similar
to Milnor’s in [22], which allows us to prove the required landing statements (this
hypothesis is weaker than local connectivity of the Julia set and presumably holds
for Lebesgue almost every 8). The deployment vector §(X) can be recovered from
the internal angles of the marked roots on the boundary of the Siegel disk, as seen
from its center.

These general remarks are illustrated in greater detail in two low-degree families
of polynomial maps. According to Douady and Hubbard, the combinatorial structure
of the Mandelbrot set (specifically, the boundary of the main cardioid and the limbs
growing from it) catalogs all rotation sets under the doubling map m> (see [9]
and [20]). We give a brief account of this in a section on the quadratic family,
setting the stage for the simplest higher degree example, namely, the family of
cubic polynomials with an indifferent fixed point of a given rotation number. This
one-dimensional slice was studied in [30] in the irrational case and has been the
subject of investigations by others (see for example [6]). There are indeed intriguing
connections between rotation sets under the tripling map m3 and this cubic family.

Fix 0 < 8 < 1 and consider the space of monic cubic polynomials with a fixed
point of multiplier ¢***? at the origin. Each such cubic has the form f, : z
e?197 1+ az? 4 73 for some a € C, where f, and f_, are affinely conjugate under
the involution z > —z. The connectedness locus

AM3(0) = {a € C : The Julia set J(f,) is connected}

is compact, connected, and full (compare Figs. 5.8 and 5.10). Outside .#3(9) exactly
one critical point of f, escapes to oo and the Béttcher coordinate of the escaping
co-critical point gives a conformal isomorphism C \ .Z3(9) — C ~. D which can
be used to define the parameter rays of .#5(0).

When 6 is rational of the form p/g in lowest terms, the set X, of angles of
dynamic rays that land at the parabolic point 0 is a rotation set under tripling
with p(X,) = p/q. There are 2g + 1 possibilities for X, parametrized by their



X Preface

deployment vectors (i /(2q), 1 —i/(2q)) fori =0, ..., 2q. Here, X, is a g-cycle if
i is even and the union of two compatible g-cycles if i is odd. We briefly describe
the locus of each possibility in the a-plane as a piece of .#3(0) cut off by a pair of
parameter rays.

Next we assume 6 is an irrational of bounded type. In this case, each f, has
a Siegel disk A, centered at 0 whose topological boundary d A, is a quasicircle
containing at least one critical point of f,. According to [30], there is an embedded
arc I' C .#3(6) containing a = 0 and having endpoints at a = £+/3¢27 with the
property thata € I' if and only if d A, contains both critical points of f, (Fig.5.10).
This arc is parametrized by a well-defined choice 7, € [0, 1] of the conformal angle
between the two critical points, as seen from the center O of the disk A,. For each
a € I, the set of angles of dynamic rays that land on the boundary d A, contains
a unique minimal rotation set X, under tripling with p(X,) = 6. If (8,, 1 — §,) is
the deployment vector of X, then §, = 7,. Thus, as a moves along I" from one
end to the other, §, assumes all values between 0 and 1 monotonically. In particular,
every minimal rotation set for m3 with rotation number 6 occurs exactly once in the
famﬂy {Xa }ae]"~

The connectedness locus .#3(0) has a limb structure much like the Mandelbrot
set, where the role of the boundary of the main cardioid is being played by I".
The analysis of the rotation sets under tripling in Chap.4 allows us to give a
combinatorial description of the limbs growing from I" and the associated wakes
+%, corresponding to the parameters +a, € I" where 8+,, = +n6 (mod Z) for
n > 0. We show that the angles of the parameter rays bounding these wakes are all
transcendental but depend rationally on a single base angle

o= Y 3k

0<—k6<6

which is just the leading angle of the minimal rotation set X under tripling with
p(X) = 0 and 6(X) = (1, 0). Explicit computations are given for the golden mean

6 = (*/5271) , where w ~ (0.12809959. This description is combinatorial, as we do
not address the issue of landing of these parameter rays.

To make sense of the rotation set X, for a ¢ I, one possibility is to
verify the limb decomposition hypothesis for all Julia sets J(f;), but this has
not yet been verified for every a € .#3(0) (although it is known to hold for
many parameters). We take an alternative route by approaching .#3(6) from
outside, allowing disconnected Julia sets and bifurcated rays. Using the fact that
outside .#3(6) the cubic f, has a quadratic-like restriction hybrid equivalent to
7 > €297 4 72 we define the rotation set X, for a ¢ (), describe its
deployment vector in terms of the external angle of a, and show that it remains
unchanged within each open set £%}, \. .#3(0). A holomorphic motion argument
then allows extending this result to the entire wakes +%/,.

Understanding the combinatorial structure of the limbs growing from I" is related
to the question of whether .#3(0) contains a homeomorphic copy of the filled Julia
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set of the quadratic z — ¢2"%z + z? in which the Siegel disk is collapsed into an

arc. A similar statement has been proved for the attracting perturbations of these
maps in [24], and there are strong indications that the phenomenon persists in the
indifferent case, at least when 6 is of bounded type.
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Chapter 1 )
Monotone Maps of the Circle Shethie

Throughout this monograph the following conventions are adopted:

e The circle is represented as the quotient T = R/Z.

e 1 :R — T is the canonical projection.

» Three or more distinct points 71, f2, . . ., tx € T are in positive cyclic order if there
are representatives x; € n’l(t,-) suchthat x; < xp < --- < x; < x1 + 1.

* For a distinct pair #1,#, € T, the interval (#1,#) C T is defined as the set of
all t € T such that 71, ¢, # are in positive cyclic order. We define the intervals
(t1, 2], [t1, 12), [11, t2] by adding the suitable endpoints to (1, #2).

* The length of an interval (#1,#) C T is always understood as its normalized
Lebesgue measure, that is, the unique representative of #, — #; in [0, 1).

Every continuous map g : T — T lifts under the canonical projection 7 to a
continuousmap G : R — R, so 7 o G = g o, and G is unique up to an additive
integer. The lift G satisfies G(x + 1) = G(x) + d for some integer d called the
degree of g. We say that g is a monotone map if G is monotone in the usual sense
(non-increasing or non-decreasing).

This chapter studies the dynamics of degree 1 monotone maps of the circle, which
can be thought of as slight generalizations of orientation preserving homeomor-
phisms. It will be convenient to first work with lifts of such maps, i.e., continuous
non-decreasing self-maps of the real line that commute with the unit translation.

1.1 The Translation Number

Suppose G : R — R is a continuous non-decreasing map which satisfies

Gx+1)=G@x)+1 forall xeR. (1.1)

© Springer International Publishing AG, part of Springer Nature 2018 1
S. Zakeri, Rotation Sets and Complex Dynamics, Lecture Notes in Mathematics
2214, https://doi.org/10.1007/978-3-319-78810-4_1
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2 1 Monotone Maps of the Circle
If0<x <y <1,then

Gx) =)= (G =) =G =)= (G —y)=y—x <1

and

GCx) =)= (G =y =GO —x) - (G —y)=y—-—x—-1>-L

Since by (1.1) the function G — idR is 1-periodic, the inequality

(G(x) —x) = (G(y) =y <1

follows for all x, y € R. The same reasoning applied to the n-th iterate G°" shows
that

(G"(x) —x) — (G"(y) —y)| <1 forall x,yeR and n>1.  (12)

Lemma 1.1 There exists at most one rational number p/q with g > 0 for which
the equation G°1(x) = x + p has a solution in x € R.

Proof Suppose G°4(x) = x + p and G°*(y) = y + m. Then G (x) = x + np
and G (y) = y + mgq. By (1.2),

|(Gonq(x) —x) — (GOqu(y) — y)| = |np —mq| <1,

which implies np = mgq. O

Consider the sets
— _ [P . fog
Qg = :G*(x) > x4+ pforallx € Rt,
q

Q= {;’ - G (x) <x—|—pf0rallxeR],

where p, g are integers with ¢ > 0. Evidently Q and Q‘g are non-empty disjoint
subsets of the set QQ of rational numbers. Furthermore,

1. If p/q ¢ Q5 U Qg, both equations G°?(x) > x + p and G°?(x) < x + p have
solutions and so does G°?(x) = x + p by continuity. Applying Lemma 1.1, we
see that the union Q U Qg can omit at most one rational number.

2. If p/g € Q; andm/n € QE, then x + np < G°"9(x) < x + mgq for all x, so
p/g <m/n.

3. If p/q € Qg, since the function G°? — idg is 1-periodic and > p, there is an
e > 0 such that G°Y(x) > x + p + ¢ for all x. It follows by induction that
G°"4(x) > x +np + ne forall x and n > 1, which proves (np + 1)/(nq) € Qg
assoon asn > 1/¢. This shows Q; has no largest element. Similarly, @Jé has no
smallest element.
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Properties (1) and (2) show that the pair (Q;, QJG“) is a “Dedekind cut” of Q and
- _ +
supQ, = inf Q.

We call this common value the translation number of G and denote it by t(G).
It follows from property (3) that

_ Q- {t(G)} if 1(G)eQ
UQt = 1.3
QoY Q if 7(G) ¢ Q. (1-3)

The terminology for t(G) is justified by the following

Theorem 1.2 (Poincaré) Forevery x € R,

2(G) = tim & ¥ (1.4)

n—00 n

Thus, 7(G) measures the average translation per iterate that each point experiences
under repeated applications of G.

Proof For any integer n > 1 we can find an integer m such that (m — 1)/n <
7(G) < (m +1)/n. Then (m — 1)/n € Qg and (m + 1)/n € Qf, so
m—1 G"(x)—x m+1
< <
n n n

for all x. This gives the inequality

G (x) —x 2
—17(G)| < forall x€eR and n > 1. (1.5)
n n
The result follows by letting n — oo. O

Corollary 1.3 The equation G°1(x) = x + p has a solution in x € R if and only if
©(G) =rp/q.

Proof Bvidently G°/(x) = x + p for some x if and only if p/q ¢ Qg U @g.
By (1.3), this is equivalent to 7(G) = p/q. O

Corollary 1.4 Suppose ni, ny, mi, my are integers with ny > 0 and ny > 0. Then
mt(G)+m; <nt(G) +my (1.6)
if and only if

G (x)+m < G (x)+my forall x e€R. (1.7
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Proof The case n; = n» is trivial, so let us assume 0 < n; < n». In this case,
the inequality (1.6) is equivalent to (m1 — m2)/(n2 — n1) < t(G) which by (1.3)
is equivalent to (m; — ma)/(ny — ny) € QE' The latter means x +m| — my <
G°™7" (x) for all x, which is clearly equivalent to (1.7). The case ny > ny > 0is
treated similarly. O

1.2 The Rotation Number

Now consider a degree 1 monotone map g : T — T. By definition, this means g
lifts to a continuous non-decreasing map G : R — R which commutes with the unit
translation. All other lifts of g are of the form G + k for some integer k, with the
translation number 7 (G + k) = 7(G) + k by (1.4).

Definition 1.5 The rotation number p(g) of a degree 1 monotonemap g : T — T
is the residue class modulo Z of the translation number 7(G), where G : R — R is
any lift of g.

For convenience, we often identify p(g) with its unique representative in [0, 1).
As a main example, for any 6 € [0, 1) the rigid rotation ro : T — T defined by

re(t) =t +60 (mod Z)

has rotation number p(ry) = 6.

Theorem 1.6 Let g : T — T be a degree 1 monotone map with p(g) = 6. If the
orbit points rgi 0), rgj 0, rgk (0) under the rigid rotation rg are in positive cyclic
order, the same must be true of the orbit points g° (), g% (t), g (¢) for everyt € T.

(If 6 is a fraction of the form p/g in lowest terms, we need to assume g > 2 in order
for the theorem to have any content.)

Proof The assumption means that there are integers m1, my such that
i0<jO+m <kB+my<if+1.
If we choose a lift G of g so that 7(G) = 6, Corollary 1.4 shows that for all x € R,
G (x) < GY(x) + m; < G*(x) + my < G (x) + 1.

Projecting down to the circle, it follows that g (¢), g/ (1), g°* () are in positive
cyclic order forevery r € T. O

Theorem 1.7 For every degree 1 monotone map g : T — T and every integer
k>0,

p(g™) =kp(g) (mod Z). (1.8)

If g is a homeomorphism, the above formula holds for negative k as well.
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Here g°° = id and g°* means the (—k)-th iterate of g~ if k < 0.

Proof (1.8) is trivial for k = 0, so let us assume k > 1. For any lift G of g, the
iterate G°F is a lift of g° and

Gokn (0) Gokn (0)

7(G°%) = lim =k lim =k1(G).
n—00 kn

n—o0 n
Taking residue classes modulo Z then proves (1.8). If g is a homeomorphism, so

is G and the inverse G! is a lift of g~!. The uniform estimate (1.5) applied to
x = (G~H°™(0) gives

G*l on () 2
(G0 +1(G)| <
n n
forall n > 1. Letting n — 00, we obtain r(G‘l) = —1(G), which proves (1.8) for
k = —1. The general case k < 0 follows from this by iteration. O

Theorem 1.8 Either of the following assumptions on degree 1 monotone maps
g, h: T — Timplies p(g) = p(h):

(i) g and h agree along some orbit, that is, there is a t € T such that g°"(t) =
ho"(t) foralln > 1.

(ii) g and h are semiconjugate, that is, there is a degree 1 monotonemap ¢ : T — T
which satisfies the relation ¢ o g = h o ¢.

Proof

(1) Lett, = g°"(t) = h°"(¢t). We may assume #, # t,_1 for all n since otherwise
both g, h have a fixed point and p(g) = p(h) = 0. Pick any xp € 7~ (1) and
define x, inductively as the smallest element of 71 (t,) thatis > x,_1. Thus,
Xn—1 < Xp < xp—1 + 1 for all n. Take the unique lift G of g that sends xq to
x1 and let y, = G°"(xp). Applying G repeatedly on the inequalities yo < y; <
yo+1 then shows y,_1 < y, < y,—1+1 forall n, where the inequalities remains
strict by the assumption #, # t,—1. Since y, is an integer translation of x,, and
Yo = Xo, it follows that y, = x, for all n. Similarly, the unique lift H of & that
sends xq to x| satisfies x, = H°"(xqg) for all n. It follows from Theorem 1.2
that 7(G) = lim,— oo (x, — x0)/n = T(H), which proves p(g) = p(h).

(i1) Choose lifts G, H,® : R — R of g, h, ¢ such that ® o G = H o @. Then
@ o G = H°" o @ for all n. Since @ commutes with the unit translation, the
function @ — idp is 1-periodic and therefore bounded on R. It follows that

. H(@(0) —G"(0) . &(G(0) —G"(0)
im = lim =

n— 00 n n—oo n

O,

which shows 7(G) = t(H). |
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The following can be thought of as an analog of Corollary 1.3 for arbitrary
rotation numbers:

Lemma 1.9 Let g : T — T be a degree 1 monotone map with p(g) = 6. Then
g(t) =ry(t) for somet € T.

Proof Let0 < 6 < 1and choose alift G of g with 7(G) = 6. Suppose G(x) > x+6
for all x € R. Then, since the function G — idp is 1-periodic, there is an ¢ > 0 such
that G(x) > x+0+-¢ for all x. It follows by induction that G°"* (x) > x+n(0+¢) for
allx and alln > 1. By (1.4) this would imply t(G) > 6+¢, which is a contradiction.
Similarly, the assumption G(x) < x + 6 for all x leads to a contradiction. Thus,
G(x) = x + 0 for some x € R. |

Here is a consequence of the above lemma that will be used in Sect. 4.1:

Corollary 1.10 For every orientation-preserving homeomorphism g : T — T and
every rigid rotation rg, the commutator [g,rg] = gorgog o re_l has rotation
number zero.

Proof By Theorem 1.8(ii), p(g org o g_l) = p(rg) = 6. By Lemma 1.9, there is a
t € T suchthat (gorgo g_l)(t) = ry(¢). This means ry (¢) is a fixed point of [g, rg],
which proves p([g, r9]) = 0. |

We end this section by showing that the rotation number p(g) depends continu-
ously and monotonically on g. Observe that the space of continuous non-decreasing
functions R — R which commute with the unit translation is closed in the topology
of uniform convergence on the real line. Hence the space of degree 1 monotone
maps T — T is closed in the topology of uniform convergence on the circle.

Theorem 1.11 The mapping g — p(g) is continuous in the topology of uniform
convergence on the circle.

Proof It suffices to check that G — t(G) is continuous in the topology of uniform
convergence on the real line. This is easy because by (1.5) this mapping is the
uniform limit of the sequence of continuous mappings G — G°*(0)/n. O

Now suppose we have a family {g,} of degree 1 monotone maps of the circle
depending continuously on a parameter o which varies in some interval on the real
line. We say that {g,} is a monotone family if it lifts to a continuous family {G,} of
maps of the real line such that G, < Gg whenever o < . An easy induction then
shows that G* < G;” for all n, so T(Gy) < T(Gg). This proves

Theorem 1.12 For every monotone family {gy}, the map o +— p(gy) is monotone.

Of course the rotation number of a monotone family can be constant. Suppose
however that in the above situation Gg = G4 + 1 for some a < B, so t(Gg) =
7(Gy) + 1. Since the function ¢ +— t(G,) is continuous by (the proof of)
Theorem 1.11, it assume all values in the interval [t (Gy), T(Gy) 4 1] and it follows
that the translation number is not constant.
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Corollary 1.13 Suppose go : T — T is a degree 1 monotone map and
8a(t) = go(t) + & (mod Z)

for o € T. Then the assignment o — p(gq) itself is a degree 1 monotone map.

1.3 Dynamics in the Presence of Periodic Points

We continue assuming that g : T — T is a degree 1 monotone map. It is easy to see
using Corollary 1.3 that p(g) = p/q if and only if g°¢(t) = ¢ for some ¢t € T. Here
is a sharper statement:

Theorem 1.14 Suppose g : T — T is a degree 1 monotone map with p(g) = p/q
in lowest terms. Then,

(i) g has a periodic orbit of length q.
(ii) All periodic orbits of g have length q.
(iii) If the points of a periodic orbit are labeled in positive cyclic order as
t, 1, ..., g, then g(t;) = tjyp, where the subscripts are taken modulo q.

Proof By what we have seen, g has a periodic point whose period n divides g. This,
in turn, implies that p(g) is a fraction of the form m /n (mod Z). Since p and g are
assumed to be relatively prime, it easily follows that n = g. This proves (i).

To see (ii), let # be a periodic point of g of period n. Take any x € 7! (z)
and a lift G of g with 7(G) = p/q. Then G°"(x) = x + m for some integer m,
where m/n = p/q by Corollary 1.3. Since p and g are assumed relatively prime,
we have n = kg and m = kp for some integer k > 1. If the minimal period n
were greater than ¢, then either G°?(x) > x + p or G°?(x) < x + p. Since G
is monotone and commutes with the unit translation, it would follow inductively
that G4 (x) > x +ip or G°9(x) < x +ip forall i > 1. This would contradict
G4 (x) = x + kp. Thus n = q.

Finally, (iii) follows at once from Theorem 1.6 since if a; = j/q (mod Z), the
points ay, az, - - - , a4 are in positive cyclic order and form the orbit of O under the
rigid rotation rp /4, which sends each a; to a4 . O

For convenience we often use the term g-cycle for a periodic orbit of length
q. Part (iii) of the above theorem can be expressed as a semiconjugacy relation as
follows. Suppose we label the points of a g-cycle C of g as 11, ..., #; in positive
cyclic order. Define the piecewise constant map ¢ : T — T by sending each half-
open interval [¢;, z;41) to the pointa; = j/q (mod Z). Then one has the relation

Qog=TIp/go¢@ On C. (19)

Note that there are ¢ different ways of labeling the points of C in positive cyclic
order, giving rise to g such semiconjugacies which only differ by a rotation. In
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Fig. 1.1 Left: The combinatorial semiconjugacy ¢ associated with a 5-cycle C = {11, ..., 15}.
Right: The graph of ¢. Observe that C is the complement of the union of plateaus of ¢

particular, if we choose the labeling so that 0 € [z, 1), then ¢(0) = 0. We call ¢
normalized this way the combinatorial semiconjugacy associated with the cycle C.
To establish the analogy with the more interesting case of irrational rotation numbers
to be discussed in the next section, let us comment that the cycle C can be described
as the complement of the union of the “plateaus” of ¢ (by definition, a plateau is
a maximal open interval on which the map is constant; see Sect. 1.4 and compare
Fig. 1.1).

Remark 1.15 The relation (1.9) may not hold globally since g may well map a point
in (¢, tj+1) to tj1p+1. However, if g maps each [¢;, f;11) onto [¢j4p, tj+p+1), then
(1.9) holds on the whole circle.

The preceding discussion provides a simple characterization for the cycles that
occur as periodic orbits of degree 1 monotone maps of the circle. Let C consist
of g points t1, ..., 1, labeled in positive cyclic order and g : C — C be any
transitive action. We say that C has combinatorial rotation number p/q under
g if gtj) = tj4p for all j. In this case, we can extend g to an orientation-
preserving homeomorphism of the circle by mapping each half-open interval
[#;,%j+1) homeomorphically onto ¢4 p, tj+p+1). Theorem 1.14(iii) then shows that
p(g) =rp/q.

Corollary 1.16 A cycle can be realized as a periodic orbit of a degree 1 monotone
map if and only if it has a well-defined combinatorial rotation number.

See Fig. 1.2.
Recall that the omega limit set of a point ¢ € T under the action of g is the set of
all accumulation points of the forward orbit of ¢:

wg(1) = [ 1" (1), g1 (1), g +2 (1), ... ).

n>1

It is easy to see that w, (7) is non-empty and compact, and g(wg (1)) = w, (7).

Theorem 1.17 Suppose g : T — T is a degree 1 monotone map with p(g) = p/q
in lowest terms. Then wg(t) is a q-cycle for every t € T.
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Fig. 1.2 Every g-cycle under a degree 1 monotone map of the circle has a well-defined
combinatorial rotation number of the form p/q, where p and g are relatively prime. The 5-cycle on
the left has combinatorial rotation number g while the one on the right, having no combinatorial
rotation number, cannot be realized as a periodic orbit of any degree 1 monotone map

Proof Let E = {t € T : g°(t) = t}. By Theorem 1.14, E is non-empty and
every t € E has period g, so wg(t) = {t,g(1),..., g% (). If t ¢ E, then ¢
belongs to a connected component J of the open set T . E. The iterate g°¢ maps
the interval J onto itself, keeping the endpoints fixed but moving all the interior
points (note however that a point in J may map to an endpoint). An easy calculus
exercise shows that one endpoint ¢’ of J is attracting under g°? and the other is
repelling. It follows that g°"9(r) — t' as n — oo. But then g° "4 (r) — g° (1),
which proves w, (t) = {t', g(t'), ..., g°771(t)}. O

1.4 Dynamics in the Absence of Periodic Points

We now turn to the case of irrational rotation numbers.

Theorem 1.18 (Poincaré) Suppose g : T — T is a degree 1 monotone map with
p(g) = O irrational. Then there exists a degree 1 monotone map ¢ : T — T which
satisfies ¢ o g = ryp o ¢. Moreover, ¢ is unique up to postcomposition with a rigid
rotation.

We call the unique such ¢ normalized by ¢(0) = 0 the Poincaré semiconjugacy
between g and ry.

Proof Lift g toamap G : R — R with t(G) = 6. We will construct a map
@ : R — R with the following properties:

(i) @ is continuous and non-decreasing;
(i) @(x+1)=d(x) + 1 forall x;
(iii)) @(G(x)) = @(x) + 0 forall x.

The quotient map ¢ : T — T will then have the desired property.
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Consider the set
A = {G°"(0) +m : n, m are integers with n > 0}. (1.10)

Since 7(G) = 0 is irrational, Corollary 1.4 shows that each element of A has a
unique representation of this form. Define @ : A — R by

D (G (0) +m) = nb + m.

The image @ (A) is dense in R since 0 is irrational, and @ is strictly increasing on
A by Corollary 1.4. Extend @ to the real line by

D(x) = sup D(y).
yeAN(—o0,x]

Clearly @ is non-decreasing, so it has one-sided limits @ (x~) < @ (x™) at every
x. If the inequality were strict at some x, the image @ (A) would omit all points in
the interval (@ (x~), @ (x™)), with the possible exception of ®(x) if x € A, which
contradicts density of @ (A). Thus, @ is continuous everywhere.

Properties (ii) and (iii) clearly hold when x € A, and by continuity they hold
when x € A. If (a, b) is a connected component of R ~ A, the definition of @
shows that @ is constant in (a, b). If x € (a, b), invariance of A under the unit
translation gives

Px+1)=@@@+1)=P@+1=D(x)+1,
while monotonicity gives
P(G(a)) = P(G(x) = 2(G(b) = P(a) +0 = P(G(x)) =< P(b) +6.

Since @ (a) = @ (b) = ®(x), we obtain @ (G (x)) = @ (x) + 6. This proves that (ii)
and (iii) hold for all x € R.

Uniqueness follows since @ is uniquely determined by its values on A, which in
turn are uniquely determined by @ (0). O

Since the Poincaré semiconjugacy ¢ constructed above is a monotone map, each
fiber E; = ¢~ !(s) is either a point or a closed non-degenerate interval. It follows
that the interior I of Ej is either empty or an open interval. In the latter case we call
I, a plateau of ¢.' We can visualize a plateau as a maximal open interval on which
the graph of ¢ is a horizontal line.

1Let us emphasize that our plateaus are open intervals, a convention that is not commonly adopted
in the literature.
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Lemma 1.19 Let ¢ be the Poincaré semiconjugacy between g and ry, given by
Theorem 1.18.

(i) Foreverys €T, g’l(ES) = FE;_p.
(ii) If Iy # @ then I;_g # O. Moreover, I;_g contains the open interval gil(IS).

By part (ii), the plateaus of ¢ are indexed by a countable union of backward orbits
of rg. This turns out to be a characteristic property of Poincaré semiconjugacies
(see Theorem 1.22).

Proof Statement (i) follows directly from the semiconjugacy relation g o g = rg o .
For (ii), simply note that I being a plateau implies that E; does not reduce to a point.
By (i), the same must be true of E;_g, which shows I;_g is a plateau. m]

The following theorem is the analogue of Theorem 1.17 for monotone maps
with irrational rotation number. Unlike the rational case, there are now two possible
regimes for the asymptotic behavior of orbits.

Theorem 1.20 Suppose g : T — T is a degree 1 monotone map with p(g) = 0
irrational, and ¢ : T — T is the Poincaré semiconjugacy between g and rg.

(i) If ¢ is a homeomorphism, then wg(t) =T forallt € T.
(ii) If ¢ is not a homeomorphism, there exists a g-invariant Cantor set K C T with
the property that wg (t) = K foreveryt € T.

The map g is called linearizable or non-linearizable according as case (i) or (ii)
holds. We refer to K in (ii) as the Cantor attractor of g (see Fig. 1.3).

0.8

0.6

0.2 1

0% T T T T T
0 0.2 0.4 0.6 0.8 1

Fig. 1.3 The Cantor attractor K of some degree 1 monotone map with irrational rotation number,
and the graph of the corresponding Poincaré semiconjugacy ¢. (Here and elsewhere, we use
hyperbolic convex hulls to make subsets of the circle more visible.) Similar to the rational case, K
can be described as the complement of the union of plateaus of ¢
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Proof If ¢ is a homeomorphism, then g is conjugate to 7y under which all orbits
are dense, so (i) holds. Let us then assume that ¢ is not a homeomorphism and
define K to be the complement of the union of all plateaus of ¢. Evidently K is
a compact proper subset of the circle. If g(¢) belongs to a plateau /5, Lemma 1.19
shows that I;_g is a plateau containing 7. This proves g(K) C K. To prove the
reserve inclusion, suppose 7 € K and take any ¢’ with g(t') = ¢t. If ¥/ € K, then
t € g(K). Otherwise ¢’ belongs to a plateau I;. By Lemma 1.19, g(E;) = Eg19
contains 7. Thus, g maps E; either to the single point #, or to the non-degenerate
closed interval Ey having ¢ as a boundary point. In either case, monotonicity of g
implies that some endpoint of I; maps to ¢, proving t € g(K).

To check that K is a Cantor set, first observe that K has no isolated point since
distinct plateaus of ¢ have disjoint closures. If K were not totally disconnected, it
would necessarily contain a non-empty open interval J. As J does not meet any
plateau, ¢ would be one-to-one in J, and the image ¢(J) would also be an open
interval. We could then take any plateau /; and an integer n > 1 such that s — n6 €
@(J). Then, I;_,p, a plateau by Lemma 1.19, would have to intersect J, contradict-
ing Is_,p NK =0.

Next, we show that K is strongly minimal in the sense that if X is non-empty,
compact and g-invariant, then K C X. Let us verify that every p € K which is
not an endpoint of a plateau belongs to X. Since such p are dense in K, this will
prove K C X. Pick any ¢+ € X and an increasing sequence {n;} of positive integers
such that rgn' () = p(g°"(t)) — @(p). By passing to a subsequence, we may
assume g°" (t) — u € X, so ¢(u) = ¢(p) by continuity. If p # u, the fiber Ey(p)
would be non-degenerate, hence Iy () would be a plateau with p as an endpoint,
contradicting our assumption. Hence, p = u € X.

It is now easy to prove that w, (1) = K forevery t € T. If g°"(¢t) € K for some
n > 0, then w,(t) = K follows immediately from minimality. Consider then the
case where g°"(t) ¢ K for every n > 0. If I is the plateau containing #, it follows
from Lemma 1.19 that I, is the plateau containing g°"(¢). The I4,¢ are disjoint
with > |Ii4ng] < 1, 80 |Ii4ng] — 0 asn — oo. Therefore the distance between
g°"*(¢) and the endpoints of /¢ tends to zero. It follows that w, (f) C K, and again
by minimality wg (t) = K. O

Remark 1.21 The non-linearizable case can always be reduced to the linearizable
case at the expense of working in a quotient dynamical system. Consider the
equivalence relation ~ on the circle where 1 ~ t' if and only if ¢(r) = ().
Let T be the set of all equivalence classes [7] of ~. The map ¢ : T — T defined by
@[t] = ¢(2) is clearly a bijection, so it induces a topology on T with respect to which
¢ is a homeomorphism. The induced action g : T—T given by g([t]) = [g(®)]
is easily seen to be well-defined and homeomorphic, and it is linearizable since
gog=rpog.
The next result characterizes the monotone maps that arise as Poincaré semi-
conjugacies. It will be used later in Theorem 2.35. We will continue denoting the
interior of the fiber ¢ 1 (s) by I;.
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Theorem 1.22 Let 6 be irrational and ¢ : T — T be a degree 1 monotone map
with the property that Iy # () implies Is_g # . Then, there exists a degree 1
monotone map g : T — T which satisfies ¢ o g = rg o .

Observe that any such g has rotation number 6 by Theorem 1.8(ii). The map g could
be a homeomorphism even if ¢ has plateaus. This happens when the plateaus of ¢
are indexed by full orbits of ry.

Proof It will be convenient to work on the universal cover. Let @ : R — R be any
lift of ¢ and set £, = @~ !(y) for every y € R. By the assumption, if E y reduces
to a point, so does Ey .. Hence there is a unique map G : R — R which sends
each fiber Ey affinely to £y, preserving the orientation. The relations G(x +1) =
G(x)+1and @(G(x)) = @(x)+6 for all x follow immediately. It remains to show
that G is non-decreasing and continuous.

Take any x,x’ € R with x < x'. If both x, x’ belong to the same fiber of @,
then clearly G(x) < G(x') by the definition of G. Suppose then that x € E, and
x" € E,/, where necessarily y < y’ since @ is non-decreasing. Then @(G(x)) =
y+60 <y +0 = &(G(x')), which implies G(x) < G(x’). This shows G is
non-decreasing. Moreover, every point of R belongs to some fiber Ey, which is
contained in the image of G since G(Ey—¢) = E,. Thus G is surjective. Because of
monotonicity, this proves that G is continuous. O

1.5 Invariant Measures

Let .# (T) denote the space of all Borel probability measures on the circle. Every
Borel measurable map g : T — T acts on . (T) by sending a measure p to its
push-forward g, defined by (g.p)(E) = w(g~ Y (E)). A measure u € #(T) is
called g-invariant if g,.u = . According to Krylov and Bogolyubov, there is at
least one g-invariant measure when g is continuous [14]. In fact, if we start with any
wo € A (T) and define the sequence u, € .# (T) by

—1
1% .
pn = _X(;(g"’)*uo n>1,
1=

then any weak™ limit of the sequence {u,} will be g-invariant.

A g-invariant measure u € . (T) is called ergodic if g_l(E) = FE implies
W(E) = 0 or w(E) = 1. In this case, it follows from Birkhoff’s ergodic theorem
that for every function f € L'(u),

n—1

1 .
li » (1)) = d
nggoni:of(g ) fo 2
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holds for p-almost every ¢ € T [14]. If we choose for f the characteristic function
of an interval I C T, we deduce that

1 .
p)=lim #{0<i<n—-1:8"@1) €el}
n—oo n

for p-almost every ¢+ € T. In particular, almost every orbit is dense in the support
of w.

It may happen that g has a unique invariant measure u € .# (T). In this case,
is necessarily ergodic and the map g is called uniquely ergodic. A sharper form of
Birkhoff’s theorem then shows that for every continuous function f : T — R,

n—1
: 1 oiy __
Jim ?_O:f(g )—fodu

uniformly on T. If © has no atoms, we can deduce by a standard approximation
argument that for every interval / C T and every t € T,

1 .
#o<i<n—1:80) el (1.11)
n

u() = lim

n—o0

Now suppose g is a degree 1 monotone map. If p(g) is rational of the form p/gq

in lowest terms, then g has at least one g-cycle C by Theorem 1.14, and the Dirac

measure (¢ which assigns a mass of 1/g to each point of C is clearly g-invariant

(in fact, ergodic). Moreover, the combinatorial semiconjugacy ¢ associated with C
(see the end of Sect. 1.3) is related to pc by the formula

t
(1) =/0 dpuc = pcl0, 1] (mod Z).

Itis not hard to see using Theorem 1.14 that the support of every g-invariant measure
w € #(T) is contained in the union of g-cycles of g. As the restriction of u to each
g-cycle is also g-invariant, it must give an equal mass (possibly zero) to each point
of the cycle. In the special case where g has finitely many g-cycles Cq, ..., Cy, it
follows that p is a convex combination of the Dirac measures jic;, that is,

n
W=0a e, + - +oay puc,, where «; >0 and Zaizl.
i=1

In this case the space of all g-invariant measures is isomorphic to an (n — 1)-
dimensional simplex. The ergodic measures in this space are wuc;,..., 1LC,
corresponding to the n vertices of the simplex. Thus, g is uniquely ergodic if
and only if it has a single periodic orbit.
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The situation when p(g) = @ is irrational is quite different. It is well known
that the rigid rotation ry is uniquely ergodic, with Lebesgue measure A being its
unique invariant measure. In the linearizable case where the Poincaré semiconjugacy
@ between g and ry is a homeomorphism, it immediately follows that g is also
uniquely ergodic, with the unique invariant measure ¢_ 'A supported on the full
circle. In the non-linearizable case a similar construction gives a unique g-invariant
measure w, supported on the Cantor attractor K, with the property that g, = A.
In fact, let D C K be the countable set of the endpoints of plateaus of ¢, and let
S be the countable set of s € T for which Iy % #. Theng : K ~ D — T~ Sis
continuous and bijective, and the measure y can be described as the push-forward
under cp’l of the restriction of A to T ~. S. Similar to the rational case, the Poincaré
semiconjugacy ¢ is related to the invariant measure p by the formula

@(t) = ul[0,7] (mod Z).
In fact, 9~ '[0, @(r)] D [0, ] for every ¢ by monotonicity of ¢. Moreover, the

difference (p_l[(), o()] \ [0, t] is disjoint from K ~ D, so its pu-measure is zero.
Hence,

9(t) = 1[0, ()] = (¢ '10, ¢(®)]) = ul0, 7] (mod Z).



Chapter 2 )
Rotation Sets Creck o

Throughout this chapter d will be a fixed integer > 2. We study certain invariant
sets for the multiplication by d map m, : T — T defined by

mq(t) = dt (mod Z).

The low-degree cases m» and m3 are often referred to as the doubling and tripling
maps.

Definition 2.1 A non-empty compact set X C T is called a rotation set for mg if

e X is my-invariant in the sense that m4(X) = X,' and
* the restriction mg4|x can be extended to a degree 1 monotone map of the circle.

Roughly speaking, the latter condition means that m, preserves the cyclic order of
all triples in X, except that it may identify some pairs.

If X is arotation set for m4 and g, h are degree 1 monotone extensions of my|x,
then g = h on every orbit in X, so p(g) = p(h) by Theorem 1.8. This quantity,
which therefore depends on X only, is called the rotation number of X and is
denoted by p(X). We refer to X as a rational or irrational rotation set according
as p(X) is rational or irrational.

2.1 Basic Properties

Since multiplication by d commutes with the rigid rotation r : t > ¢t + 1/(d — 1)
(mod Z), if X is a rotation set for my, so are its d — 2 rotated copies

x+ Uoxq 2 x+97% (mod 2)
, o mo. )
d—1 d—1 d—1

I"Thus, our notion of invariance is stronger than forward invariance my(X) C X and weaker than
full invariance m;l (X)=X.
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_______________________________________

7 u 2 7u 2
26 26 26 26 26 26

Fig. 2.1 The cycle X : 276 = %é = ;é under tripling is a rotation set with p(X) = % Left: A
generic monotone extension of m3|x. Right: The “standard” monotone extension of m3|y (see the
discussion leading to Eq. (2.1))

Moreover, all these sets have rotation number p(X) since if g is a monotone
extension of mg4|x, then the conjugate map r° o g or—* will be a monotone extension
of the restriction of mg to X +1i/(d — 1).

Example 2.2 The 3-cycle X : 276 = gé = %é under tripling is a rotation set

with rotation number % Two possible monotone extensions of m3 restricted to this
cycle are shown in Fig.2.1. The 180°-rotation of X produces the new rotation set

X + ; : 286 = gg — %g with the same rotation number. On the other hand, the

4-cycle ; = g = ‘51 = g under tripling is not a rotation set since it fails to have a

combinatorial rotation number (compare Corollary 1.16).

A rotation set containing periodic orbits is clearly rational. Conversely, every
orbit in a rational rotation set is eventually periodic. Here is a more precise
statement:

Theorem 2.3 Suppose X is a rational rotation set for mg, with p(X) = p/q in
lowest terms. Then, every forward orbit in X under my is finite. More precisely, for
everyt € X there is an integer i > 0 such that ml‘}i (t) is periodic of period q. In
particular, X is at most countable.

Proof Take any ¢t € X and any degree 1 monotone extension g of my|x. We know
from Theorem 1.14 that the sequence {g°"*?(¢) = mJ;(¢)} tends to a periodic point
" € X of period ¢ as n — o0. Since the map mgq is uniformly expanding on
the circle, its fixed point ¢’ is repelling. Hence m () cannot converge to ¢’ unless
m$q (1) = t' for some n. |
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Remark 2.4 Most periodic orbits of m, do not define rotation sets. For each prime
number ¢ the equation m°?(t) = t has d? — 1 solutions t = i /(d? — 1) (mod Z).
Discarding the d — 1 fixed points of mg, it follows that the number (d? — d)/q of
distinct g-cycles of my4 grows exponentially fast as ¢ — o00. On the other hand,
the number of g-cycles of m, that form a rotation set is precisely (g — 1) (‘”{‘;72)
d-1

)

which grows like the power g as g — oo (see Corollary 3.11).

Every rotation set is nowhere dense since any open interval on the circle
eventually maps to the whole circle under the iterations of mg. By contrast,
Lebesgue measure on the circle is ergodic for mg,> so a randomly chosen point
on T has a dense orbit almost surely. This proves the following

Theorem 2.5 The union Ry of all rotation sets for mq has Lebesgue measure zero.

McMullen [19] has proved the sharper statement that the Hausdorff dimension of
R4 is zero.? For more on the set Ry, see Sect. 4.3.
To study of the structure of a rotation set, we first look at its complement.

Definition 2.6 Let X be a rotation set for mg4. A connected component of the
complement T \ X is called a gap of X. A gap of length £ is minor if £ < 1/d
and major otherwise. The multiplicity of a major gap is the integer part of d¢ > 1.
A major gap is taut or loose according as d? is or is not an integer.

Intuitively, a minor gap is short enough so it maps homeomorphically onto its
image by mg. On the other hand, a major gap is too long and wraps around the
circle by m4 as many times as its multiplicity (see Lemma 2.8 below).

It will be convenient to work with a specific degree 1 monotone extension of
mg|x which can be defined whenever X has more than one point. This map, which
we call the standard monotone map of X and denote by gy, is defined as follows:
On every minor gap, set gx = my . On every major gap (a, a+£) oflength0 < £ < 1
and multiplicity n, define

mg(a) te€ a,a—i-g]
gx(t) = @.1)

mg(t) te€ a—l—;‘l,a—l—ﬁ)

(see Figs.2.1 and 2.2). The map gx is piecewise affine with derivatives 0 and d,
so the total length of the plateaus of gx is 1 — 1/d = (d — 1)/d. Since by the

2Assuming m;l(E ) = E for some measurable set E, the characteristic function xg satisfies
XE omg = xg. Expanding xg into the Fourier series 3" ¢, 2™, it follows that 3" ¢, e?™ /4" =
3" cae?™i which implies ¢, = cgy for all n. Since ¢, — 0, this can hold only if ¢, = 0 for all
n#0.

3He proves the statement for the closure of the union of all finite rotation sets for mgy, but an
inspection of his proof shows that it also works for the a priori larger set R;. The zero dimension
statement for individual rotation sets was known much earlier [29].
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Fig. 2.2 Left: The standard monotone map gx of some rotation set X for ms. Counting
multiplicities, X has four major gaps, two taut gaps I, /3 of multiplicity 1 and a loose gap I»
of multiplicity 2. Right: The position of major gaps around the circle. Notice that each major gap
contains as many fixed points of m, as its multiplicity, as asserted in Lemma 2.13

I L L I

construction each major gap of multiplicity n contributes a plateau of length n/d,
we arrive at the following fundamental fact (compare [2] and [4]):

Theorem 2.7 Every rotation set for mq containing more than one point has d — 1
major gaps counting multiplicities.

The following lemma summarizes the mapping properties of gaps:

Lemma 2.8 Let X be a rotation set for mgq containing more than one point and
1 = (a,a+?) beagap of X. Take any degree 1 monotone extension g of mq|x.

(i) If I is a minor gap, the interior J of g(I) is a gap of length df. Moreover,
mg . I — J is a homeomorphism.
(ii) If I is a taut gap of multiplicity n, the image g (1) is the single pointmy(a) € X.
Under mg, the point mg(a) has n — 1 preimages in I, whereas every point in
T \ {mg(a)} has n preimagesin I.
(iii) If I is a loose gap of multiplicity n, the interior J of g(I) is a gap of length
dt — n. Under my, every point in J has n 4+ 1 preimages in I, whereas every
point outside J has n preimages in I.

Proof For the standard monotone map gx the statements follow immediately from
the definition. For an arbitrary extension g, we can use the fact that g is monotone
and takes the same values as gx on the boundary of gaps to arrive at the same
conclusions. The details are straightforward and will be left to the reader. O

The preceding lemma shows that the pattern of how gaps map around is
independent of the choice of the monotone extension g. For any gap I, the image
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g(1) is either a point or a gap J modulo its endpoints. In practice, it is convenient
to ignore the issue of endpoints and simply declare that I maps to J. With this
convention in mind, we see from the above lemma that every minor gap eventually
maps to a major gap I. If I is taut, it maps to a point and the process stops. If I is
loose, it maps to a new gap and the process continues.

Let us collect some corollaries of this basic observation.

Theorem 2.9 A rotation set is uniquely determined by its major gaps.

Proof Let X, Y be rotation sets with the same collection of major gaps. We may
assume neither of X, Y is a single point. Suppose there is some ¢ € Y ~ X. Then
t must belong to a minor gap / of X. Take the smallest integer i > 0 such that
J = m;’li(l) is a major gap of X. Then m;’li : I — J is a homeomorphism, so
m;’ii (t) € J NY, which is impossible since J is a major gap of ¥ as well. This
proves Y C X. Similarly, X C Y. O

Theorem 2.10 Suppose X is a rotation set containing more than one point and 1
is a gap of X. Then either I is periodic or it eventually maps to a taut gap.

Proof Let I; denote the interior of g‘)’g (I) and assume that [; is not taut for any i. By
Lemma 2.8 there is a sequence i1 < iz < i3 < --- of positive integers for which I;,
is loose. Since there are finitely many loose gaps, we must have /;; = [;; for some
J < k. This proves that I eventually maps to a periodic gap. Since by monotonicity
of gx every gap is the image of precisely one gap, it follows that I itself must be
periodic. O

Corollary 2.11 Every infinite rotation set has at least one taut gap.

Conversely, all major gaps of a finite rotation set are loose since in this case mg,
being surjective, must also be injective on the rotation set.

Proof Otherwise every gap would be periodic by the previous theorem, so its
endpoints would be periodic points in the rotation set. By Theorem 1.14 these
infinitely many endpoints would have the same period ¢ > 0 under m,. This is
impossible since m4 has only finitely many g-cycles. O

Remark 2.12 Here is an alternative approach to the above corollary (compare [2]):
Lemma 2.8 applied to gx shows that mg () =mg4(¢') for a distinct pair ¢,7 € X
precisely when ¢, ¢’ form the endpoints of a taut gap or more generally when there
isachaint =1t1,1t,..., 1 =t € X such that each pair #;, #;;1 forms the endpoints
of a taut gap. Thus, if X had no taut gap, the map my : X — X would be a
homeomorphism. Since mg4 is expanding, this would imply that X is finite [21,
Lemma 18.8].

The next result establishes a connection between the major gaps of a rotation set
and the d — 1 fixed points

ui:dl—l (mod Z)
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of the map my. This connection will play an important role in Sects. 3.2 and
3.3.

Lemma 2.13 Suppose X is a rotation set for mq with p(X) # 0. Then each major
gap of X of multiplicity n contains exactly n fixed points of mgq.

Compare Fig.2.2.

Proof The assumption p(X) # 0 tells us that each fixed point of m, belongs to a
gap, which is necessarily major since a minor gap is disjoint from its image under
my. Let I be a major gap of multiplicity #» and assume that it contains n + 1 adjacent
fixed points u;, ..., u;y,. Since each open interval (u;, u;11) contains precisely
one preimage of every fixed point under my, it follows that u; has at least n + 1
preimages in /. By Lemma 2.8, I is loose and u; belongs to the interior of gx (/).
This implies that the closure of I maps onto itself by gx, so the endpoints of I must
be fixed by m4, which contradicts the assumption p(X) # 0. Thus, I contains at
most n fixed points of m.

Now let {1;} be the finite collection of major gaps of X of multiplicities {n;}. We
have shown that the number k; of fixed points in I; satisfies 0 < k; < n;. Since
> ki =) ni =d— 1, we must have k; = n; for all i. O

To each rotation set X for m,; we can assign a gap graph I'x which is a finite
directed (not necessarily connected) graph having one vertex for each major gap of
X, with an edge going from vertex I to vertex J whenever J is the first major gap
in the forward orbit of /. We also assign to each vertex I a weight w(/) > 1 equal
to its multiplicity. Thus, Iy has the following properties:

) Z w(l)=d— 1.
vertices /
(i) The degree of every vertex is either 0 (no edge going out or coming in), or

1 (only one edge going out or coming in), or 2 (one edge going out and one
coming in, possibly a loop).

If X has no loose gaps, Iy is a trivial graph consisting of at most d — 1 vertices
and no edges. If X is an irrational rotation set, Theorem 2.10 tells us that every
directed path in I'x terminates at a taut vertex and in particular there are no closed
paths (see Fig. 2.3).

Let us call a finite directed graph admissible of degree d if it satisfies the
conditions (i) and (ii) above. It is natural to ask the following

Question 2.14 Given an admissible graph I" of degree d, does there exist a rotation
set X for my whose gap graph I'y is isomorphic to I"?

In Sect. 4.2 we will provide the answer to this question in the case I" has no closed
paths (see Theorem 4.6).
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Fig. 2.3 Possible gap graphs for irrational rotation sets under m, for 2 < d < 5. The red and blue

vertices correspond to taut and loose gaps respectively, and the weights denote multiplicities

2.2 Maximal Rotation Sets

Take any collection

S ={1,..

a1}

of disjoint open intervals on the circle, each of length 1/d. Consider the set

Xp={teT:mJ'(t) ¢ 1 U---UIl;_ foralln > 0}.
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Theorem 2.15 ([4]) X s is a rotation set for mg.

Proof First we check that X s # (. Denote by U the open set I1 U- - -UIy_1. Under
mgq, every to € T has d preimages which are a distance 1/d apart, hence at least one
of these preimages, say #1, must be outside U. It follows inductively that there is a
backward orbit - - - > # > 1 > 1y such thatz, ¢ U for every n > 1. Evidently,
any accumulation point of the sequence {#,} belongs to X ».

It is immediate from the definition that X s is compact and maps into itself by
mg. Of the d preimages of any point in X ¢, at least one lies outside U and therefore
belongs to X ». This proves my(X ) = X ». Finally, m, restricted to X » can be
extended to a degree 1 monotone map g : T — T by setting g = my outside U and
mapping each interval /; to a point. O

Corollary 2.16 A non-empty compact mg-invariant set X is a rotation set if and
only if T \ X contains d — 1 disjoint open intervals, each of length 1/d.

Proof Necessity follows from Theorem 2.7. For sufficiency, let .# be the collection
of the d — 1 disjoint intervals of length 1/d in T \. X. By the above theorem X 4 is
a rotation set that contains X. Hence X itself is a rotation set. O

If Y is a rotation set for my and if X C Y is compact and my-invariant, then
clearly X is also a rotation set for m , with p(X) = p(Y). We record the following
simple lemma for future reference:

Lemma 2.17 Suppose X, Y are rotation sets for mgq containing more than one
point, and assume X C Y. Then each major gap of X of multiplicity n contains
n major gaps of Y counting multiplicities.

Proof Evidently each major gap of Y is contained in a major gap of X. Let {/;}
be the collection of major gaps of X of multiplicities {n;}. The number k; of major
gaps of Y contained in /; satisfies 0 < k; < n;. Since Y _k; = > .n; =d — 1 by
Theorem 2.7, we must have k; = n; for all i. O

Let us call a rotation set maximal if it is not properly contained in another rotation
set. Theorem 2.15 provides a convenient recipe for enlarging every rotation set to a
maximal one.

Lemma 2.18 Every rotation set is contained in a maximal rotation set.

Proof Suppose X is a rotation set for my. For each major gap (a,a + £) of X of
multiplicity n, consider the n disjoint subintervals (@ + (j — 1)/d,a + j/d) for
1 < j < n.Let .# denote the collection of the d — 1 disjoint open intervals of
length 1/d thus obtained. The rotation set X » of Theorem 2.15 clearly contains X.
Moreover, the endpoints of the intervals in .# map to X under m,4, which shows they
all belong to X #. Thus, X » has d — 1 taut gaps of multiplicity 1. By Theorem 2.9
and Lemma 2.17, X » is maximal. m]

Corollary 2.19 A rotation set X for mq is maximal if and only if it has d — 1 distinct
gaps of length 1/d. In this case X = X g, where . is the collection of the major

gaps of X.
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The proof of Lemma 2.18 in fact gives the following improved lower bound for
the number Npax (X) of the maximal rotation sets containing X:

Corollary 2.20 Suppose X is a rotation set for mq with loose gaps I, ..., Ix of
multiplicities ny, . .., ng. Then
k
Nmax(X) = [ [ + D).
j=1

In particular, X is contained in at least 2k maximal rotation sets.

Proof For each loose gap I = (a, a + £) of X with multiplicity n, there are n 4 1
different ways of choosing n disjoint subintervals of length 1/d whose endpoints
map to mg(a) or mg(a + £) (the one in the proof of Lemma 2.18 was one of these
choices). This leads to ]_[I;Zl (n; + 1) different choices for the collection .#. |

Example 2.21 The 2-cycle X = {;, %} under doubling is contained in precisely
two maximal rotation sets

XA ={;,§}U’; _3-212"_1}7121U{§_3'122”]n21

and

X = {; i}u i; + 3-122"}nzlu{§jL 3'212"’1}"21

corresponding to the collections .%] = {(%, é)} and /| = {(g, ;)}. Note that each
orbit in X # eventually hits the 2-cycle X, and the intersection of X s with the
major gap of X is countably infinite.

The above example is a special case of a count for Npax (X) that we will establish
in the next section for certain rational rotation sets (see Theorem 2.30). These
rotation sets, however, are not typical. In fact, when d > 2 there are rational rotation
sets for mq that are contained in infinitely many maximal rotation sets. Here is an
example:

Example 2.22 Consider the 2-cycle X = {}‘, i} under tripling. Define the
sequences

n
1 1
In = Z 32j+1 T 341 1o
j=0
1 1

sy = m3(t,) 2232/ + 321 .12
j=0
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forn 20.Then§ <th<t <t <---witht, > ; and 112 =50 <S8 <8 <---
with s, — é. For each n > 0 the collection

Ao ={ (ot .D (i 112)}

produces a rotation set X » which evidently contains the 2-cycle X. The endpoints
i, 112 map to }‘ under m3, so they both belong to X g . The other endpoints ¢, #,, + é
have the m3-orbit

1 1 1

tn, tn+3 > Sy > 1> Sp—1 > o> g > 50 = 12r—> 4
which, by monotonicity of {;} and {s;}, never meets the pair of intervals in .%,.
This shows that both #,,, t,, + _l, belong to X » . Thus X z has a pair of major gaps

of length é and therefore is maximal by Corollary 2.19.
The situation in the irrational case is different and in fact simpler:

Theorem 2.23 Every irrational rotation set X for my is contained in finitely many
maximal rotation sets. For any maximal rotation set Y D X and any gap I of X, the
intersection Y N I is finite (possibly empty) and eventually maps into X under the
iterations of my.

Proof Take any maximal rotation set Y D X. First suppose / is a major gap of X
of multiplicity n. By Lemma 2.17 and Corollary 2.19, Y has exactly n taut gaps of
multiplicity 1 contained in /. We distinguish two cases:

e Case 1: I is taut. Then [ has the form (a, a + n/d) and

yni ! §
= {a,a—i—d,...,a—i—d].
This condition uniquely determines the major gaps of Y that are contained in /.
Notice that the inclusion m4 (Y N I ) C X holds.

* Case 2: I is loose. Consider the standard monotone map gy which is also an
extension of mg|x. By Theorem 2.10, there is an i > 0 such that the interior J
of g;i (I) is a taut gap of X (there can be no periodic loose gap of X since p(X)
is irrational). Note that mzi(Y NnIi)= g?f (Y N 1) is contained in ¥ N J which
is uniquely determined by Case 1. Hence the elements of ¥ N I are among the
finitely many m;’/-preimages of Y N J. This gives finitely many choices for the
major gapsof Y in I.

The two cases above show that there are only finitely many choices for the major
gaps of Y, hence for Y itself by Theorem 2.9.

We have shown that for any major gap I of X, the intersection ¥ N [/ is finite and
eventually maps into X. Since every minor gap of X maps homeomorphically onto
a major gap under some iterate of m, the result must also hold when 7 is minor. O
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The number Npax (X) of maximal rotation sets Y containing an irrational rotation
set X depends on the structure of the gap graph I'y defined in the previous section.
Suppose there is a maximal path in Iy of the form

Iy > I — ---— 11, with w(;)=n;. 2.2)

Since I; is taut, the major gaps of Y in I; are already determined. However, there
are ("1:2"2) choices for the major gaps of Y in /. For each of these choices, there

(n1+n§+n3)

are choices for the major gaps of Y in I3 and so on. This gives the count

N (00) = [ () (7)o (ot < T O 5400 g5

ny n3 ng ny! - ong!

where the product is taken over all maximal paths in I'y of the form (2.2) (if there
is no path in Iy, the product is taken over the empty set and is understood to be 1).

A quick inspection of Fig. 2.3 reveals that Ny (X) = 1 ford = 2, Npax(X) < 2
ford = 3, and Npax(X) < 6 ford = 4, and Npax(X) < 24 for d = 5. More
generally, we have the following

Theorem 2.24 Npx(X) < (d — 1)! whenever X is an irrational rotation set for
mq.

Proof If the gap graph 'y has no path, then Np,x(X) = 1 and there is nothing to
prove. Otherwise, let 'y have p > 1 distinct maximal paths of the form (2.2), where
the weights of the vertices in the i-th path add up to N;, so Ny +---+ N, <d — 1.
Then, by (2.3),

p p
Nuax(X) = [Nt = (Yo Ni)t = @—

i=1 i=1

as required. O

2.3 Minimal Rotation Sets

A rotation set is called minimal if it does not properly contain another rotation set.
This section will study the question of existence and uniqueness of minimal rotation
sets that are contained in a given rotation set, in both rational and irrational cases.
Before we begin, a quick comment on topological dynamics is in order. The
simple proof that minimality is equivalent to having all orbits dense requires a slight
modification here, as the closure of an orbit in a rotation set is only forward invariant
and may not be a rotation set.* Similarly, the standard application of Zorn’s lemma

“4In fact, it will follow from the results of this section that for rotation sets minimality is equivalent
to having a single dense orbit, a property that is often called point transitivity.
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to show that every rotation set contains a minimal rotation set needs some care
because the intersection of a linearly ordered family of rotation sets is a priori
forward invariant. This minor problem is addressed by observing that under mg,
every compact forward invariant set contains a compact invariant set. In fact, if Z
is compact and satisfies m4(Z) C Z, the nested intersection K = (1), omJ"(Z) is
easily seen to satisfy my(K) = K.

Let us first consider the rational case, where minimal rotation sets are cycles. Let
C = {t1,...,14} be a cycle of rotation number p/q under mgy, where the t; are
in positive cyclic order and their subscripts are taken modulo ¢ (see Sect. 1.3). By
Theorem 1.14, dt; = tj4, (mod Z) for every j. The g gaps I; = (tj,tj41) are
permuted under any monotone extension g of m4|c, so g(I;) = I;+p. Recall that
these gaps are either minor or loose: there can be no taut gap.

It follows from Theorem 2.3 that every rotation set X for my with p(X) = p/q in
lowest terms contains at least one g-cycle. But there could be several such minimal
sets in X. For instance, under the tripling map m3, the union X = C; U C; of the
3-cycles

4 12 10 7 21 11
C: — — and C: — —
26 26 26 26 26 26

is a rotation set with p(X) = 2 This can be seen, for example, from Corollary 2.16

since T . X contains the intervals (%, ég + %) and (%é, %é + é) on the circle. The

general situation can be understood as follows.

We call a collection Cq, ..., Cy of distinct g-cycles under m, with the same
rotation number compatible if their union C; U - - - U Cy is a rotation set. We say
that Cy, ..., Cy are superlinked if for every pair i # j, each gap of C; meets C;.

Geometrically, this means that the points of C; and C; alternate as we go around the
circle.

Lemma 2.25 Cy, ..., Cy are compatible if and only if they are superlinked.

In follows in particular that a collection of cycles are compatible if and only if
they are pairwise compatible.

Proof First suppose X = C1 U --- U Cy is a rotation set. Consider the standard
monotone map g = gx, which is also a monotone extension of my|c; for each i.
Pick any pair C;, C;. Since these cycles are distinct, there is a gap / of C; that
meets C; at some point t. Then for every k > 0, the interior J; of g°k(1 ) meets

C; at g°k(t) = m;’lk(t). Since Jo = 1, J1, ..., Jy—1 form all the gaps of C;, we
conclude that C;, C; are superlinked.
Conversely, suppose Ci, ..., Cy are superlinked and consider the standard

monotone map g = gc,. Take a gap I of Cy and let J be the interior of g(I).
For2 <i < N,let C; NI = {a;} and C; N J = {b;}. Using the fact that the
C; have the same rotation number, it is easy to see that b; = mg(a;). As the C;
are superlinked, the points a; appear in the same order in I as the points b; in
J, so there is an orientation-preserving homeomorphism %z : I — J such that
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h(a;) = b; for 2 < i < N. Repeating this process for every gap of C; and gluing
together the resulting homeomorphisms will then yield an orientation-preserving
homeomorphism /2 : T — T which restricts to my on the union C{ U ---UCy. O

Theorem 2.26 The number of distinct cycles in a rational rotation set is bounded
above by the number of its distinct major gaps.

In view of Theorem 2.7, we recover the following result of Goldberg as a special
case (see [11] for the original combinatorial proof and [2] for an inductive argument
reducing the problem down to d = 2):

Corollary 2.27 A rational rotation set for mg contains at most d — 1 distinct cycles.
The upper bound d — 1 can always be achieved; see Corollary 3.15.

Proof of Theorem 2.26 Let Y be a rational rotation set for my with p(Y) = p/q
in lowest terms. Suppose C1, ..., Cy are the distinct cycles in Y, all necessarily of
length g. The union X = Cy U --- U Cy is an my-invariant subset of Y, so it is a
rotation set. By Lemma 2.25, the C; are superlinked. It follows that any gap I of C
contains precisely N gaps Ji, ..., Jy of X. Each J; is periodic of period g and its

orbit contains at least one major gap of X. Moreover, the orbits of Jy, ---, Jy are
disjoint, so they cannot share any major gap of X. It follows that X, hence Y, has at
least N distinct major gaps. O

Corollary 2.28 Every rational rotation set under the doubling map contains a
unique cycle.

Example 2.29 Under the tripling map m3 there are five 4-cycles of rotation number
1.
4

1 3 9 27
Cr: — — —
80 80 80 80

2 6 18 54
Cr: — — —
80 80 80 80

PSR D RN I B
= : > > >
3T T80 T80 80 80

1 14 4 46 58
Ci=Ct g™ 80 ™80 g0

1 41 43 49 67
C=Cit g™ 80 ™80 80

By Corollary 2.27, at most two 4-cycles under tripling can be compatible. By
Lemma 2.25, this happens precisely when the two 4-cycles are superlinked.
Simple inspection shows that (C1, C2), (C2, C3), (C3, C4) and (Cy, Cs) are the only
compatible pairs (compare Fig. 2.4).
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Fig. 2.4 The five 4-cycles of rotation number }‘ under tripling, shown in different colors (angles

are given in multiples of 810). Only the four superlinked pairs (red, blue), (blue, green), (green,
yellow), and (yellow, brown) are compatible cycles

Before moving on to the irrational case, let us use the above ideas to show that
for some rational rotation sets the lower bound of Corollary 2.20 is sharp:

Theorem 2.30 Let X be a rational rotation set for mq which is the union of d — 1
distinct cycles. Then Npax(X) = 2d-1,

Proof By Theorem 2.26 X has d — 1 major gaps, all loose and of multiplicity
1. If p(X) = p/q, these major gaps have disjoint orbits which are periodic
of period ¢. Let Y be any maximal rotation set containing X. Each major gap
I = (a,b) of X contains a single major gap J of Y of length 1/d. We claim
that J = (a,a +1/d) or J = (b — 1/d, b). Otherwise J = (t,t + 1/d), where
a <t <t+1/d < b. The standard monotone map g = gy is also a monotone
extension of mg4|x, so g°¢ maps I onto itself fixing the endpoints a, b. Moreover, the
gaps g(I), ..., g°?~1(I) of X are all minor, so they cannot contain major gaps of
Y; as such, g acts homeomorphically on them. It follows that g°? is homeomorphic
on [a,t]U[t 4+ 1/d, b] and collapses J to the single point mzq (#). This image point
necessarily lies in J since g°7 = mzq is expanding on both [a, ] and [t + 1/d, b].
This is a contradiction since mzq (t)eY.
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Thus, there are just two possibilities for each major gap of Y inside a given
major gap of X, hence 2¢~! possibilities altogether for the major gaps of ¥, and
therefore for Y itself. This proves Npax(X) < 249=1_ The result now follows since
Nmax(X) > 29~ by Corollary 2.20. O

The following corollary immediately follows from the above theorem and its
proof:

Corollary 2.31 Every rotation cycle X under the doubling map is contained in
exactly two maximal rotation sets. Moreover, if (a, b) is the major gap of X, then
the intervals (a, a + %) and (b — ;, b) are the major gaps of these maximal rotation
sets.

Compare Example 2.21.

Example 2.32 Consider the 2-cycle X = {}‘, 2} under tripling. We showed in
Example 2.22 that Npax(X) = oo. However, the enlarged rotation set ¥ =
{é, }‘, g, i}, a union of two 2-cycles under tripling, has Npax(Y) = 4 by
Theorem 2.30!

We now consider minimal rotation sets in the irrational case.

Theorem 2.33 Every irrational rotation set X for mgq contains a unique minimal
rotation set K. Moreover,

(i) K is the Cantor attractor of any monotone extension of mq|x.
(ii) Each gap of K contains at most finitely many points of X, all of which
eventually map to K under the iterations of mq.

Proof Take a monotone extension g of my|x and let K be the Cantor attractor of
g, as in Theorem 1.20. Let Z be any non-empty compact m -invariant subset of X.
By Theorem 1.20, K = wg4(t) C Z forevery t € Z. It follows that K is the unique
minimal rotation set contained in X.

To verify the second statement, let Y be any maximal rotation set containing X
(whose existence is guaranteed by Lemma 2.18). Since Y contains K, Theorem 2.23
shows that for each gap I of K, the intersection ¥ N[ is at most finite and maps into
K under the iterations of m . Hence the same must be true of X N 1. O

By (the proof of) Theorem 1.20, the gaps of the Cantor attractor of g are the
plateaus of the Poincaré semiconjugacy ¢ between g and rg. Thus, we have the
following

Corollary 2.34 Suppose X is a minimal rotation set for mg with p(X) = 6
irrational. Then there exists a degree 1 monotone map ¢ : T — T, whose plateaus
are precisely the gaps of X, which satisfies ¢ omg = rg o ¢ on X.

Here is the converse statement. Recall that for each point s € T, I; denotes the
interior of the fiber E; = ¢~ 1(s).

Theorem 2.35 Let 6 be irrational and ¢ : T — T be a degree 1 monotone map
with the property that Iy # () implies I;_g # (. Denote by X the complement of the
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union of all plateaus of ¢. If
pomg=rgoqp on X, (2.4)

then X is a minimal rotation set for myq with p(X) = 6.

Proof The assumptions imply that ¢ has plateaus; otherwise X = T and (2.4) would
exhibit a global conjugacy between the degree d > 2 map m, and the rotation ry,
which is impossible.

We invoke Theorem 1.22 to find a degree 1 monotone map g : T — T such
that ¢ o g = rg o ¢ on T. Then X is the Cantor attractor of g. If # € X is not an
endpoint of a plateau and s = ¢(¢), then E; = {¢}, so by the assumption Eg is a
singleton {¢'}. The semiconjugacy relation (2.4) for m, and the one for g then show
that mq(t) = ' = g(t). Since the set of such ¢ is dense in X, we conclude that
g = mg on X. As the Cantor attractor of g, X is minimal for g and hence for mg,
and my(X) = g(X) = X. This completes the proof that X is a minimal rotation
set. ]

We conclude this section with characterizations of minimal rotation sets, as well
as those that are both minimal and maximal.

Theorem 2.36 A rotation set for my is a Cantor set if and only if it is minimal and
has irrational rotation number.

Proof The “if” part follows from Theorem 2.33. For the “only if” part, suppose X is
a Cantor set. Then p(X) is irrational since a rational rotation set is at most countable
(Theorem 2.3). Let K be the unique minimal rotation set contained in X. If K # X,
some gap I of K would have to meet X. But then by Theorem 2.33 the intersection
X N I would be finite, consisting of isolated points of X. This would contradict the
assumption that X is a Cantor set. O

Let us call a rotation set exact if it is both minimal and maximal.’ Evidently a
rational rotation set can never be exact. In the irrational case, the following criterion
follows immediately from Corollary 2.19 and Theorem 2.36:

Theorem 2.37 An irrational rotation set for mg is exact if and only if it is a Cantor
set with d — 1 distinct gaps of length 1/d.

Corollary 2.38 Every irrational rotation set under the doubling map is exact.

Proof Let X be an irrational rotation set under doubling. Then X has a single major
gap I of multiplicity 1 which is necessarily taut by Corollary 2.11. If K is the unique
minimal rotation set contained in X, then K is a Cantor set with a single taut gap of
multiplicity 1 which can only be I. It follows from Theorem 2.9 that K = X, and
then from Theorem 2.37 that X is exact. |

5The terminology is meant to suggest that nothing can be added to or removed from such a set
without losing the property of being a rotation set.
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Remark 2.39 The above corollary is false in higher degrees. For example, there are
minimal irrational rotation sets under tripling with a pair of major gaps of lengths
_l, and g which therefore are not maximal (compare Theorem 4.31). However, every
irrational rotation set under tripling is either minimal, or maximal, or both. In every
degree > 3, there are irrational rotation sets that are neither minimal nor maximal.

For more on the role of exact rotation sets, see Sect. 4.3.



Chapter 3 )
The Deployment Theorem Sheiie

The main result of this chapter is that a minimal rotation set for m, is uniquely
determined by its rotation number together with an invariant called the “deployment
vector” which, roughly speaking, describes how the points of the rotation set are
deployed relative to the d — 1 fixed points of m,. This was first proved in the rational
case by Goldberg [11] and was later extended to the irrational case by Goldberg
and Tresser [13] using a Farey tree machinery. By contrast, our presentation here
builds upon the ideas developed in the previous chapter and treats both rational
and irrational cases in a unified fashion. Various applications of this result will be
discussed in the next chapter.

3.1 Preliminaries

To begin the discussion, consider a minimal rotation set X for my with p(X) =
0 # 0 and the standard monotone map gx. Let ¢ : T — T be the combinatorial
semiconjugacy between gx and rg if 6 is rational, or the Poincaré semiconjugacy
between gy and ry if 0 is irrational. In either case, we have the semiconjugacy
relation

pomg=rgoe on X.

Recall that ¢ is normalized by ¢(0) = 0 and its plateaus are precisely the gaps of
X. We refer to ¢ as the canonical semiconjugacy associated with X.

It follows from the discussion in Sect. 1.5 that there is a unique my-invariant
Borel probability measure p supported on X. This measure, which henceforth will
be called the natural measure of X, is related to the canonical semiconjugacy by

o) = pn[0,t] (mod Z).
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If 6 = p/q in lowest terms so X is a g-cycle, then u is just the uniform Dirac
measure on X which assigns a mass of 1/g to each point of X. On the other hand, if
0 is irrational so X is a Cantor set, then u is the (well-defined) pull-back of Lebesgue
measure under ¢.

Recall that the d — 1 fixed points of m, are denoted by

uj = dil (mod Z).
Set
8 = plui—1,u;) I<i<d-1
Then (61, ...,84—1) is a probability vector, that is, it belongs to the (d — 2)-

dimensional simplex

d—1
Ad=2 — ’(xl,...,xd_l) eR™ x> 0and Y ;= 1}.
i=1

Definition 3.1 The vector §(X) = (81, ...,84—1) € A?2is called the deployment
vector of the minimal rotation set X.

Here is a more explicit description for the components of §(X). If p(X) = p/q
in lowest terms, the component §; is the fraction of points of X that fall between the
fixed points u;_1 and u;:

1
8 = g #{l‘ eX:te [I/l,'_l,u,')}.

If p(X) is irrational, it follows from unique ergodicity that §; is the fraction of time
that the orbit of every ¢ € X spends in [u;_1, u;):

1
8= lim  #l0<k<n—1:mdF@) €lui-1,u))
n—-oon
(compare (1.11)).
Observe that the deployment vectors of the rotation sets

x+ ' oxg 2 x4+ 472 (mod Z)
d—1 d—1 """ d—1

are obtained by cyclically permuting the components of §(X). For example, if X is
a rotation set under my4 with §(X) = (81, 82, 63), then §(X + é) = (83, 81, 62) and
8(X +3) = (82,83, 81).
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Closely related is the cumulative deployment vector o (X) = (01, ...,04—1) €
[0, 119~ whose components are defined by

0 =84+ 1<i<d-1 (3.1

and therefore satisfy 0 < o1 < --- < 04—1 = 1. In terms of the natural measure u,
the number o; is just plug, u;). Whether we use §(X) or o (X) is solely a matter of
preference, as each of these vectors determines the other uniquely.

Let

No=#{l<i<d—1:0; =0}
Ni=#{l<i<d—1:0; =1},

so the components of o (X) begin with Ny > 0 zeros and end in N > 1 ones.
It is easy to check that the major gap Iy of X containing the fixed point ug = 0
contains precisely the fixed points u_py, 41, ..., up,. It follows from Lemma 2.13
that Ny + N is the multiplicity of Ij.

Remark 3.2 We can assign a deployment vector to every rotation set X, even if
it is not minimal: If X is rational, consider the finitely many cycles Cy,...,Cy
that are contained in X (Corollary 2.27) and define §(X) to be the average
(1/N) vazl 8(C;). If X is irrational, define 6(X) = §(K), where K is the unique
minimal rotation set contained in X (Theorem 2.33).

Lemma 3.3 Let X be a minimal rotation set for mg with o (X) = (o1, ..., 04-1),
and let ¢ : T — T be the canonical semiconjugacy associated with X. Then,

o, =¢;) (mod Z) forall 1<i<d-—1. (3.2)

Proof Let u be the natural measure of X, so ¢(¢f) = ulug, t] (mod Z) forall r € T.
Since p(X) # 0 by the assumption, X contains none of the fixed points u;, so
ufu;} = 0 for every i. Hence ¢ (u;) = pnluo, ui] = wlug, u;) = o; (mod Z), as
required. O

Remark 3.4 The congruences (3.2) allow us to determine o (X) from the knowledge
of the d — 1 points ¢(u1), ..., (ug—1) on T except when ¢(u;) = 0 (mod Z) for
all i because in this case we cannot decide whether each o; is 0 or 1. For example,
when d = 4, each of the vectors

o(X)=(0,0,1) or (0,1,1) or (1,1,1)

would correspond to a minimal rotation set whose canonical semiconjugacy satisfies

@(uy) = p(uz) = ¢(u3) =0 (mod 7).
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This ambiguity can be dealt with, for example, by looking at a lift of ¢.
Alternatively, we can work with rotation sets for which o1 # 0 so every o; lies
in (0, 1]. This condition can always be achieved by simply rotating the set: If the
components of o (X) begin with a string of 0’s of length Ny, replace X by its rotated
copy X — No/(d — 1).

3.2 Deployment Theorem: The Rational Case

Throughout this section we assume that X is a minimal rational rotation set, that is,
a g-cycle {1, ..., 14} under my with p(X) = p/q in lowest terms. As usual, we
label the points of X so that 0, #1, ..., , are in positive cyclic order (in particular,
0 € (#4, 1)) and the subscripts are taken modulo g.

Lemma 3.5 The interval I; = (tj,tj11) is a major gap of X of multiplicity n
if and only if j/q (mod Z) appears exactly n times as a component of o(X) =
01,...,04-1).

Note that since 0/q = g/q (mod Z), this generalizes our previous observation
that the multiplicity of Ip = I, is No + Nj.

Proof According to Lemma 2.13, /; is a major gap of multiplicity # if and only if it
contains exactly n fixed points. Under the canonical semiconjugacy associated with
X, each such fixed point maps to j/q. The result now follows from Lemma 3.3. O

The main result of this section asserts that a minimal rational rotation set is
uniquely determined by its rotation number and deployment vector. To motivate
the main idea of the proof, we begin with an example.

Example 3.6 Suppose we want to find a 5-cycle X = {f1,---,15} under my
with p(X) = ; and §(X) = (2,0, 2). Let £; denote the length of the gap
I; = (tj,tj41). By Lemma 3.5, the knowledge of the cumulative deployment vector

o(X) = (g, g, g) tells us that /3 is a major gap of multiplicity 2, Is = Iy is a major

gap of multiplicity 1, and the remaining /; are minor (see Fig. 3.1). Since p(X) = ; ,
we know that /; maps to /4. It follows from Lemma 2.8 that

b =44,
03 = 4 = 4%,
Ca=403—2=4%; -2
U5 =40y =4%; -8

0 =405 — 1 =4%¢; —33.
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Fig. 3.1 The unique minimal 176

rotation set X under m4 with b
p(X)=!and /
8(X)=(3.2.3) (anglesin

X are given in multiples of \

10123). Here X has cumulative a4
deployinegt \;ectsor . - h
o(X) = (5, 5. 3), and major 11
gaps I3 and Is = I of

multiplicities 2 and 1,

respectively, which are also

the number of fixed points of

m4 (shown as green dots)

they contain

704 Is=1o
/ 770

Iy

The last equation can be solved uniquely for £1, which in turn determines every £;:

33 132 528 66 264

0 = L = - Ll = . s = .
PT0230 P T 1023 T 10230 YTro23 0T 1023

Since £1 =1, — ) = 4t — 11 = 311, we find 71 and therefore every #;:

11 44 176 704 770

n = , Ih= , I3 = , Iy = , I3 = .
"7 00230 T 10230 P T 10230 T 1023 0T 1023

It is easily checked that this 5-cycle has the required rotation number and deploy-
ment vector. The uniqueness automatically follows from the above computation.

In general, the method of Example 3.6 can be described more formally as follows.
Suppose we are looking for a minimal rotation set X = {f1, ..., t;} for my with
p(X) = p/q # 0and §(X) = (1,...,84—1). Let £; denote the length of the
gap I; = (¢j,tj+1). Set n; to be the multiplicity of I; if I; is major, and n; = 0
otherwise. Then the relations £, = d{; — n; hold for every j (recall that all
subscripts are taken modulo g). Introduce the vectors

L=(y,....¢;) and n=(ny,...,ng)
in R? and denote by T : R? — R the isometry

T(x1,x2,...,%g) = (X14p, X24ps s Xgdp)-
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Notice that T is determined by the rotation number while n is determined by the
deployment vector (Lemma 3.5). The g relations above can then be written as the
non-homogeneous linear equation

T =dl—n (3.3)

which can be easily solved for £ by applying T repeatedly on each side and using
the fact that 7°¢ = id. The result is

1 !

) > a1 (). (3.4)
i=0

T da—1 ¢

Since n # 0 and since the addition j +— j + p (mod g) acts transitively on Z,,
the right hand sum has strictly positive components, so the above formula gives
a unique solution £ of (3.3) with £; > 0 for all j. Once the gap lengths £; are
known, we can find the #; by noting that the counterclockwise distance from ¢; to
tjyp =dtj (mod Z) is thesum £; + --- + £;4 ;1. The method produces a unique
candidate g-cycle X, but one still needs to verify that this X has indeed the required
rotation number and deployment vector.

There is an alternative way to solve (3.3) which, despite its appearance, will turn
out more advantageous. Write (3.3) as

1 1
= T
d @) + "
which can then be turned into

e="Crewr v+ e L Dre 4!
= n n —= n n.
d d d d d? d? d

Continuing this way and using the fact that 7°%(£)/d* — 0 as k — oo, we obtain
the series solution

o0
e=> "a D %k@). (3.5)
k=0

The vectors £ and r can be thought of as positive measures supported on the subset
S={J (mod Z):Ogqu—l}gzq
q

of the circle by identifying £; with £{j/q} and n; with n{j/q}. Under this
identification, £ is just the push-forward of Lebesgue measure under the canonical
semiconjugacy associated with X. Lemma 3.5 can then be translated into the
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statement that

where 1, is the unit mass at x. Thus, for each k > 0,

d—1
TOk(n) = Z ]laifkp/q
i=1

and (3.5) can be written as

d—1 oo

=" "d " 1y 4. (3.6)

i=1 k=0

This means that to find £ we start with a point mass 1/d at each o; and spread
it around S by taking pull-backs under the rigid rotation r /4, each time dividing
the mass by d. The measure £; = £{j/q} is the sum of d — 1 infinite series,
each representing the contribution from the initial mass concentrated at one of the
o;. This slightly disguised form of the solution (3.5) will be used in the proof of
Theorem 3.7 below. Why do we use (3.6) instead of the simpler formula (3.4)?
Because this formulation allows us to construct the cycle explicitly and to verify
that it has the given rotation number and deployment vector. More importantly, it
generalizes without any modification to the irrational case discussed in the next
section, thus allowing a unified treatment of both rational and irrational cases of the
deployment theorem.

Theorem 3.7 (Goldberg) For every fraction 0 < p/q < 1 in lowest terms and
every vector (81, ...,084—1) € A2 ywith qé; € Z there is a unique minimal rotation
set X for mq such that p(X) = p/q and §(X) = (61,...,84—1)-

Proof It will be convenient to use the notation = for congruence modulo Z, so we
write mg(t) = dt, ro(t) = t + 6 and so on. We may also assume &1 # 0; the
general case will follow by cyclically permuting the components of (81, ..., 84—1)
and rotating the corresponding rotation set. Define o; = 81 + ...+ §; for1 <i <
d—1.Then0 < 01 < 09 < --- < 04—1 = 1 and each o; is congruent to some
element of the set S = {j/g (mod Z) : 0 < j < g — 1}. Motivated by (3.6), we
consider the atomic probability measure v supported on S defined by

d—1 oo

v=Y"3"d" D1y . (3.7)

i=1 k=0
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Notice that v{o;} > 1/d. More precisely, if some j/q € S appears exactly n times
as aoj, thenn/d < v{j/q} < (n + 1)/d. The lower bound is immediate from the
definition. The upper bound holds since the contribution of the remaining terms of
(3.7) to v{j/q} is at most

o0
d—1 a4 1
d—1)Y dakatD = - :
( )k; 2 W@i-1) " d

The same argument also proves that 0 < v{j/q} < 1/d whenever j/q is not
congruent to any of the o;.

Let, as before, N; > 1 be the number of indices 1 <i < d — 1 for whicho; = 1.
Define

szv[O,é):v{Z}—i—---—i—vij;l} l<j=gq. (3.8)
soNy/d <Y1 < - <Yy_1 <Yy =1.8Set

y— Ny —v[0, p/q) _M —¥p

3.9
d—1 d—1 (3.9)
and
1i=vyj—a l<j=gq.
We show that X = {1, ..., 14} is the desired rotation set.
The relation
Py _
v(B + ) = dv(B) (3.10)
q

for every set B C T is easily verified from the definition of v. It implies

v[O, J Zp) = v[O, g) —l—v[[q), J Zp) = v[O, 2) —l—dv[O, é),

which yields the relation
Vjtp =d¥j+Vp
for all j. Thus,

titp =Vjtp —a=dy;j+¥p—a
=dtj+(d - Da+ v, =dt; + Ny = dt;. (3.11)
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Since 11, .. ., t; are in positive cyclic order, this proves that X is a g-cycle under my
with combinatorial rotation number p/q. It follows from Corollary 1.16 that X is a
rotation set with p(X) = p/q.

Next, we verify that 6(X) = (61,...,84—1) or equivalently o(X) =
(o1, ...,04-1). First note that ¥, > Ni/d, so Ny — ¢, < Ni(d — 1)/d, so
0 < a < Ni/d < . This shows that 0 € (14, t1). Suppose there is an n-fold
incidence of the form

J
=0; =0j41 = = Oi4n—1.
q

Then, by our earlier remark,

Z <tjit1 =t =Yjr1 —V; =V{;} < ni,_l,

which implies (#;, #;41) is a major gap of multiplicity n, and therefore contains n
fixed points of m4 by Lemma 2.13. Under the canonical semiconjugacy ¢ associated
with X, these n fixed points all map to j/q. Thus, ¢ maps the fixed point set
{ui,...,uq—1}totheset{oy, ..., 04—1}, sending n of the u; to the same point j /g if
and only if n of the o; collide at j/q. Since ¢(0) = 0, it follows from monotonicity
of ¢ that ¢(u;) = o; for every i. Since every o; lies in (0, 1] by our assumption
81 # 0, Lemma 3.3 proves that o (X) = (o1, ..., 04—1).

It remains to prove uniqueness. Suppose X = {f1,..., fq} is another rotation set
for m4 with rotation number p/q and deployment vector (41, ..., 64—1). As we have
seen in the discussion leading to (3.4) or (3.5), for each j the gap fj = (fj, fj+1) of
X has the same length as the gap I; = (¢, tj+1) of X. Hence there is a rigid rotation
ro which maps 7; to 7; for all j. We must show that & = 0. The major gaps Iy and
fo = rq (Ip) contain the same set of fixed points of m, since X and X have the same
deployment vector. Since the fixed points of m,4 are 1/(d — 1) apart, it follows that
the distance between « and O is less than 1/(d — 1). On the other hand, r : X — X
commutes with mg, so d(t; +a) = dt;j +a for every j, which implies (d — 1)a = 0.
The only solution of this equation whose distanceto Ois < 1/(d — 1) isa = 0, and
the proof is complete. O

Remark 3.8 The d — 1 solutions for a of the equation (d — 1)a + ¥, = 0, which
was key in (3.11), correspond to minimal rotation sets with rotation number p/q
whose deployment vectors are cyclic permutations of (41, ..., 84—1). The particular
choice of a in (3.9) guarantees that this permutation is the identity.

Example 3.9 Let us revisit Example 3.6, this time using the idea of the measure v in
the proof of Theorem 3.7. Recall that we were looking for the unique 5-cycle X =

{t1, -+, 15} under my with p(X) = $ and 8(X) = (3,0, Horo(X) = (2, 2. D).
We compute the atomic measure v on the set S = {(5), e g}, starting with a mass

1,1 _ 1 _ _ 3 1 Z5_70
s ts=,ator =02 = 5andamass4at<73 =3 = 5.Wethenspreadthe

measure around S by pulling back under the rotation ry s, each time dividing the
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mass by 4. Since v{r + é} = 4v{r} for every ¢t € S by the transformation rule (3.10),
it suffices to compute v only at g:

”{g}=<411+416+411 +"'>+<2.143+2-148+'”)= 1206;3

It follows that

wlsh= 10 =1s) - 2
4”{;]:1023 {i} 1023
st = o =151 = s
wfsh=to =15 = 1o

(these are just the gap lengths £; computed in Example 3.6). Thus,

n=rsh= 0

el ol = o
2”’(5)]+ ’ f+r { = 10293
ki 1 K T R R Y R
M R MR i T M R W R

Nowt; =v; —a,wherea = (1 —1)/3 = 1205233 We obtain

264 253 11 297 253 44
M= 1003 T 1023 T 1023 2= 1023 T 1023~ 1023
L 42516 Lo 95T 253 _ 04

1023~ 1023 ~ 1023 1023 1023 — 1023

1023 253 770

s = — = S
>7 1023 1023~ 1023
which is of course the same cycle obtained by the method of Example 3.6.

Remark 3.10 A different approach to the rational case of the deployment theorem
can be found in the recent work [27] which solves the general problem of realizing
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cyclic permutations of g objects as period g orbits of m . The idea is to reduce the
problem to finding the stationary state of an associated Markov chain, which can
then be tackled by classical Perron-Frobenius theory.

For each ¢ > 0 the number of distinct vectors (§1,...,8q4—1) € 292 with
qé; € Z can be computed as the number of ways to deploy ¢ identical ballsind — 1
labeled boxes. This, in view of Theorem 3.7, gives the following

Corollary 3.11 (Goldberg) For every fraction0 < p/q < 1inlowest terms, there
are

<q—|—d—2>_ (g+d—2)!
q ~gld—2)!

distinct minimal rotation sets X under mq with p(X) = p/q.

For d = 2 this number reduces to 1, proving that there is a unique minimal
rotation set under doubling with a given rational rotation number.

The deployment theorem can be generalized to unions of cycles as follows.
Suppose X is a rotation set for mgy, with p(X) = p/q # 0 in lowest terms,
consisting of distinct g-cycles Cy,...,Cy (here N < d — 1 by Corollary 2.27).
As in Remark 3.2, we define the deployment vector and the cumulative deployment
vector of X as the averages

1 & 1 &
§(X) = NZS(C;) and o(X) = NZO’(C,’).
im1 i=1

Of course the ith components of §(X) and o (X) are simply the fraction of points of
X that fall within the intervals [u;_1, u;) and [ug, u;), respectively. Note that these
components are now rational numbers with denominator dividing Ng.

Suppose we are looking for such a rotation set X with o (X) = (o1, ...,04-1).
Let X = {f1,...,n4}, where the points are labeled so that 0, 11, ..., ty4 are in
positive cyclic order and the subscripts are taken modulo Ng. Since each cycle
in X has combinatorial rotation number p/g = Np/(Ngq), the map my acts as
tj = tjynp on X. As in the case N = 1, let £; denote the length of the gap
I; = (tj,tj+1) and n; be the multiplicity of /; if /; is major, and n; = 0 otherwise.
Then the equations £y, = d{; —nj for 1 < j < Ng can be written in vector
formas T(€) = d€ — n. Here £ = ({1, ..., £Ng) is unknown, n = (n1,...,nNg)
is determined by the cumulative deployment vector o (X), and T : RN? — R4 is
the isometry

T(x1,x2,...,XNg) = (X14-Np, X24Np» - - - » XNg+Np)

determined by the rotation number. Since 7°¢ = id, the same argument as in the
minimal case gives a unique solution £ of this equation which can be expressed in
either of the forms (3.4) or (3.5) or (3.6). If every component of £ obtained this way
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is strictly positive, then the gap lengths are uniquely determined and an argument
similar to the minimal case shows that the desired rotation set X exists and is unique.
On the other hand, if the solution £ has a zero component, then no X with the
given rotation number and deployment vector can exist. Using the form (3.6) of the
solution, it follows that a necessary and sufficient condition for the existence of X
is that the support of the atomic measure

d—1 oo

Z Z d_(kH)Ln —kp/q

i=1 k=0

istheset S = {j/(Ng) (mod Z) : 0 < j < Ng — 1}. In other words, each point
of § must belong to the orbit of some o; under r,/,. Using the fact that p, g are
relatively prime, it is easy to see that j/(Ng), j'/(Ng) € S belong to the same
orbit under r,/4 if and only if j = j’ (mod N). Thus, S is the union of N disjoint
g-cycles under rp /4, indexed by the distinct residue classes modulo N. Consider the
signature s(X) = Nq o (X), thatis the integer vector s(X) = (s1, ..., S4—1), where
s; is the number of points of X in [ug, u ,~).l Then the above condition is equivalent
to every residue class modulo N being represented by some s;. This proves

Theorem 3.12 (Goldberg) Suppose 0 < p/q < 1 is a fraction in lowest terms,
N > 1 is an integer, and {s;}1<i<d—1 is an integer sequence such that 0 < s; <

- < Sq—1 = Ngq. Then there is a rotation set X for mq with rotation number
p(X) = p/q and signature s(X) = (s1, ..., Sq—1) if and only if every residue class
modulo N is represented by some s;. Moreover, X subject to these conditions is
unique.

Notice that this result gives an alternative proof for the inequality N < d — 1 in
Corollary 2.27.

Example 3.13 Consider finite rotation sets with rotation number }‘ under tripling.
According to Theorem 3.12, such a rotation set is either a 4-cycle (where N = 1) or
aunion of two 4-cycles (where N = 2), and is uniquely determined by its signature.
For N = 1, all five signatures (s, 4) for 0 < s < 4 can occur; they are realized by
the following rotation sets that we already encountered in Example 2.29:

X s(X)  8(X)
Ciigo g = 0 59 G4 (10
G0~ 50 G G
Gigrao—hran @9 G
Catgggo 500 5 (LA (D
Cst g5 =5 g 04 OD

!n the terminology of [11], the integers s; define the deployment sequence of X.
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However, for N = 2 only the signatures (s, 8) with odd 0 < s < 8 occur. These
are realized by the following four rotation sets, also encountered in Example 2.29
as unions of compatible pairs:

X s(X)  8(X)
CIUC, (1.8) (. 4)
CUCs (5.8) (3.3)
C3UCy (3.8) (3.3)
C4UCs (1,8) (5. 3)

Notice that the signatures (0, 8), (2, 8), (4, 8), (6, 8) cannot occur for the rotation

number %, a;ltl;ough7 they can be realized by 8-cycles with any of the rotation

numbers g» g3 0l g

The above example shows that the cycles C; and the unions C; U C;y1 have
distinct deployment sequences. This is a special case of the following stronger form
of the uniqueness part of Theorem 3.12:

Corollary 3.14 Suppose X, X' are finite rotation sets with the same rotation
number and deployment sequence. Then X = X'.

Proof Let p(X) = p(X') = p/q and suppose X and X’ are unions of N and N’
distinct g-cycles respectively. Consider the signatures s(X) = (sq,...,s4—1) and
s(X") = (s{,...,s)_,). The assumption §(X) = §(X") shows thats;/N = s//N’ or

N'si = Ns, forall 1<i<d-—1.

By Theorem 3.12, s; = 1 (mod N) for some j. It follows from the above equation
that N divides N’'. A similar reasoning shows that N’ divides N, so N = N’. It now
follows from the uniqueness statement of Theorem 3.12 that X = X'. O

Corollary 3.15 For every fraction 0 < p/q < 1 in lowest terms, there are g% 2
rotation sets X for mg with p(X) = p/q, each consisting of the maximum number
d — 1 of distinct g-cycles.

In particular, the upper bound in Corollary 2.27 is optimal.

Proof By Theorem 3.12 for N = d — 1, such X are in one-to-one correspondence
with signatures s = (s1,...,84—2, (d — 1)q) for which the unordered set A =
{s1,...,8q—2} reducesto {1,...,d —2} modulod — 1. Foreach1 <k <d —2
such A contains exactly one element of the form j(d — 1) +kwith0 < j <gq — 1.
Evidently there are g2 choices for A, hence for the signature s. O

Another application of Theorem 3.12 is the following characterization of com-
patible cycles in terms of their signature (compare §2 of [19]). It will be convenient
to use the notation %, (p/q) for the collection of all g-cycles under m, with rotation
number p/q.
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Theorem 3.16 Two distinct cycles C, C' € 64(p/q) are compatible if and only if
the non-zero components of s(C) — s(C’) are all 1 or all —1.

Proof First suppose C, C” are compatible. By Lemma 2.25 C, C’ are superlinked, so
their points alternate as we go around the circle. If u, " denote the natural measures
of C, C/, it follows that the function

Xt q(M[O, 1) — u'[0, t))

takes values in {0, 1} or in {0, —1}. Thus, the non-zero components (x (u1), ...,
x(ug—1)) of s(C) —s(C’) are all 1 or all —1.

Conversely, and without loss of generality, assume that all non-zero components
of e = s(C)—s(C’) are 1. The sum s (C)+s(C’) has both even and odd components,
so by Theorem 3.12 there is a rotation set X of size 2¢ with p(X) = p(C) = p(C’)
and s(X) = s(C) + s(C’). Decompose X into the union of two compatible g-cycles
Y,Y’, where s(Y) + s(Y') = s(C) + s(C’). By the previous paragraph and after
relabeling these cycles if necessary, we may assume that all non-zero components
of & = s(Y) — s(Y’) are 1. The relation 2s(C) + &' = 2s(Y) + & shows that &
and &’ have the same support (that is, their non-zero components occur at the same
places), so € = &'. It follows that s(C) = s(Y) and s(C’) = s(Y’). The uniqueness
part of Theorem 3.12 then shows C = Y and C’ = Y’, which proves C, C' are
compatible. O

The arithmetical criterion for realizability of signatures in Theorem 3.12 has
a geometric interpretation due to McMullen. He comments in [19] that ;(p/q)
can be identified with the vertices of a simplicial subdivision of a (d — 2)-
dimensional simplex, with compatible cycles corresponding to adjacent vertices
(compare Fig. 3.2). Below we provide a justification for this statement; Lemma 3.18
below will also play a role in the proof of Theorem 4.12 in the next chapter.

In view of Theorem 3.16 we can define a relation < between any two compatible
cycles C, C' € €4(p/q) by declaring C < C’ if the non-zero components of s (C") —
s(C) are all 1. Evidently a collection Cy, ..., C, in 4(p/q) are compatible if and
only if they are linearly ordered by <.

Lemma 3.17 Suppose Cy, ..., Cy, are distinct compatible cycles in €3 (p/q). Then
the deployment vectors §(C1), ..., 8(C,) € R4 are affinely independent.

Proof After relabeling the cycles we may assume C; < Cy < --- < C,. Let
€;,j = s(Cj) — s(C;). The cocycle relation

€ij T Ejk=Eik

shows that the vectors €12, €23, ..., &,—1,, have disjoint supports and therefore
are linearly independent in R~ It follows that the vectors

€12, €13=¢€12+¢€23, ..., €1pn=¢€12+€3+ -+ En1n

are also linearly independent.
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(0,0,0,2)
(0,0,3)

04 (14 24 G4 44

033)  (1,33) (23.3) (3.3.3)

0.2.2.2)

Fig. 3.2 Geometric representation of g-cycles as vertices of a subdivision Af]’_z of the standard

simplex A9~2, following McMullen. Here each cycle is labeled by its signature and two cycles
are compatible if and only if they are connected by an edge in AZ*Z. Left: The five vertices of

Ai representing 4-cycles under m3 with rotation number }‘ or 2. Middle: The ten vertices of
A% representing 3-cycles under m4 with rotation number é or % Right: The ten vertices of A%
representing 2-cycles under ms with rotation number ;

To prove §(Cy), ..., §(C,) are affinely independent, it suffices to verify the linear
independence of the vectors {§(C;) — §(C1)}a<i<n- If Y 15 i (8(C;) —8(C1)) =0
for some scalars «o; € R, then 27:2 ai(6(Ci) —a(Cy)) =0,s0

Y oaieri=) ai(s(C)—s(C1)) =g Y _ai(0(Ci) —a(C1) =0.

i=2 i=2 i=2

It follows from the previous paragraph that o;; = O for all ;. O

Recall that A9~2 is the standard simplex {(x1,...,x4—1) € Ri-1L . x >0
and Zf.l:_ll x; = 1}. Fix a rotation number p/q and consider the finite set V
consisting of vectors (x1,...,x4—1) € A972 guch that qgx; € Z for all i. By
Theorem 3.7, the assignment C +— §(C) is a bijection between %;(p/q) and V.
Let Ag_z be the collection of all convex hulls

n n
[5(C1), ..., 8(C)] = { Y aid(C):0<ai<land Y o= 1},
i=1 i=

1

=

where Cy, ..., C, are distinct compatible cycles in ;(p/q). Lemma 3.17 shows
that [8(C}), ..., 8(Cy)]is an (n — 1)-simplex in A972,

Lemma 3.18 Suppose Cy, ..., C, are distinct compatible cycles in €3(p/q), with
n > 1. Then the interior of the (n — 1)-simplex [6(C1), ..., §(Cy)] does not meet V.

Proof We may assume again that C;1 < Cy < --- < C,. Suppose there is a cycle
C € %4(p/q) and scalars 0 < «y,...,a, < 1 with )/ ,e; = 1 such that



50 3 The Deployment Theorem

Y @i 8(Ci) =8(C). Then Y 1 a; s(C;) = 5(C), so

Y aieri =y ai(s(Ci) —s(C1)) =5(C) —s5(Cy),

i=2 i=2
where €; j = 5(C;) — s(C;) as before. Using the relation
€1, =¢€12+€3+ - +€&i-1, (3.12)

we can rewrite this as

Y Bieiri=s(C)—s(Ch),

i=2

where 0 < ;i = «; +--- + a, < 1. Since the vectors {€;_1,;}2<;<, have disjoint
supports, the components of Y 7_, B; €;—1,; consist of the B; and possibly some 0’s.
This contradicts the fact that s(C) — s(C1) is a non-zero integer vector. |

Theorem 3.19 Agfz is a simplicial subdivision of A?~2.

By Corollaries 3.11 and 3.15, Ag_z has (q+d_2) vertices and ¢?~2 top-
dimensional cells. The cases d = 3,4 produce regular linear and triangular
subdivisions, but the situation for d > 4 is not as symmetric (see Fig. 3.2).

Proof To show AZ—Z is a simplicial complex, it suffices to check that two simplices
[6(Cy),...,8(Cp)]and [S(Ci), .., 8(C))]in Ag_z whose interiors intersect must
coincide. Thecasen = m = listrivialandthecasesn = 1,m > lorn > 1,m =1
are already covered by Lemma 3.18, so we may assume n, m > 1. Label the cycles
sothat C; < --- < Cyand C| < --- < C,,. By our hypothesis, there are scalars 0 <
ar,...,0p <land0 <af, ..., e, <1, with) ;o = Z';':la} = 1, such that
Y i d(Cy) = Z;f;l a} S(C}). Then > 7, a; s(Ci) = 21}1:1 a;. s(C}). Letting
e j =s(Cj) —s(C;) and e;’j = s(C}) — 5(C)), it follows that

n n m m
SCD+ Y aieri=Y ois(C) =Y o;s(C)=sC)+ D ajel
i=2 i=1 j=1 j=2

or

n m
D aieri— Y ajel ;=s(Cp) —s(Ch)
i=2

j=2
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Using (3.12) and the similar relation for the e’l j» We can rewrite the above
equation as

Y Bieicri—Y B =s(C)—s(Ch), (3.13)
i=2

j=2

where 0 < B; = o+ --+a, < 1and0 < ﬁ} = a}—i—- --+a}, < 1.Since the vectors
{ei—1.i}2<i<n have disjoint supports, the non-zero components of Z?:z Biei—1,;are
precisely the §;. Similarly, the non-zero components of » ", ﬁ;. €/j—1, ; are the ,3}.
It follows that the components of the left hand side of (3.13) lie strictly between —1
and 1. Since the right hand side of (3.13) is an integer vector, the two sides must
vanish. Thus, s(C) = s(Ci) and the finite sequences

1> > >p=0,>0 and 1>p,>--->B8 =a,>0

coincide. This implies n = m, o; = o} and s(C;) = s(C}) forall 1 <i < n.

To finish the proof of the theorem, it remains to show that every x =
(xX1,...,Xq-1) € Ad=2 belongs to a simplex in Ag’z. Lety = (y1,..., Yd—1),
where y; = q(x1+---+x;). Then0 < y; <--- <y4s_1 =q.Lett; € [0, 1) be the
fractional part of y;. If all the #; are zero, then x € V and we are done. Otherwise,
list the non-zero elements of {t1, ..., #;_1} in decreasing order as

thy >...>t,, where 1<n<d-2.

Here we adopt the convention that if several ¢;’s are equal, we list them in the order
of decreasing subscripts, that is, if ;, = #;,,, then iy > iry1. Letey, ..., eq—1
denote the unit coordinate vectors in R?~! and define

vi =y — (1, ..., ta—1)
Vk+1 = Vg + ¢, 1<k<n. (3.14)
It is not hard to check that the components of each v; form a monotonic sequence
of non-negative integers ending in g, and therefore there is a unique cycle Cy €

%4(p/q) with s(C) = vg. By Theorem 3.16, Cy, ..., C,41 are compatible. Define
the scalars {ok}1<k<n+1 by

Q) = tik,1 - tikv

where 1;, = 1 and #;,,, = 0. Note that the o are non-negative and add up to 1. It
follows from (3.14) that

n n
y=uv+ Ztik eip =vi+ Ztik(vk+l — Uk)
k=1 k=1
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n+1 n+1 n+1

=Y i —ti)v =) axvg =Y as(Cp),
k=1 k=1 k=1

$0x = ZZ:% ay 8(Cy), as required. -

3.3 Deployment Theorem: The Irrational Case

We now proceed to the irrational case of the deployment theorem. Our approach
closely parallels the one presented for the rational case in the proof of Theorem 3.7.

Theorem 3.20 (Goldberg-Tresser) For every irrational number 0 < 6 < 1 and
every vector (81, ...,084—1) € A2 there is a unique minimal rotation set X for my
such that p(X) = 0 and §(X) = (61, ...,84—1).

Thus, the space of all minimal rotation sets for m, of a given irrational rotation
number can be identified with the simplex A4~2 c RY9=1 When d = 2, it follows
from this and Corollary 2.38 that there is a unique rotation set under doubling with
a given irrational rotation number.

Proof We continue using the notation = for congruence modulo Z. As in the
rational case, we may assume without loss of generality that §; # 0. Set o; =
S1+...+8forl <i<d-—-1,500<0]1 <0p <---<04_1 =1. We construct a
degree 1 monotone map ¢ of the circle with the following properties:

(i) Iy # ¥ implies I;_g # @, where I is the interior of the fiber o1 (s);
(i) ¢(dt) = ¢(t) + 6 whenever ¢ is not in the closure of a plateau of ¢; and
(i) ewj)=oiforl <i <d—1.

Properties (i) and (ii) prove that the complement of the union of all plateaus of ¢ is
a minimal rotation set X with p(X) = 6 (Theorem 2.35), while property (iii) proves
that 0 (X) = (o1, ..., 04—1) (Lemma 3.3).

Let S be the union of the backward orbits of the o; under ry:

S={oi—kf(mod Z):1<i<d—1andk > 0}. (3.15)

Consider the atomic probability measure v supported on S defined by

d—1 oo

v=>Y"Y"d" D1, 4. (3.16)

i=1 k=0

Observe that v{o;} > 1/d for every i. More precisely, if some s € S appears exactly
n times in the list {01, ..., 04—1}, then n/d < v{s} < (n + 1)/d. The lower bound
follows from the definition, whereas the upper bound holds since the contribution
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1 1
0.8 0.8
0.6 0.6
0.4 0.4
a
Bl
0.2 1 0.2+
0 - T T T T 70 T T T T 7
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

Fig. 3.3 Left: The graph of the map v obtained by integrating the atomic measure v. Right: The
graph of the left-inverse map v ~! along with its translation ¢ (in blue). In this example, d = 3,

p(X) = V57D and §(X) = (0.39475,0.60525). Computation gives a ~ 0.07713

of the remaining terms of (3.16) to v{s} is at most

o
d—2 1
d—2)) a* = :
( );; dd—1) ~ d

The same argument shows that 0 < v{s} < 1/d whenever s € S is not congruent to
any of the o;.

The map ¥ : T — T defined by ¥(¢) = v[0,¢) has degree 1, is strictly
monotone, is continuous on T ~\ § and is discontinuous at every s € § where it
jumps by v{s}. The left-inverse ¥ ~! extends to a continuous degree 1 monotone
map of the circle, with a plateau I precisely when s € S. Let N1 > 1 be the number
ofindices 1 < j <d — 2 for whicho; = 1. Set

Ni —v[0,0)
a = .

o (3.17)

We show that the map ¢ : T — T defined by ¢(f) = ¥ ~!(r + a) has properties
(1)—(iii) (see Fig. 3.3 for a typical graph of v and ¢ for the case d = 3).
Property (i) is immediate since s € S implies s — 6 € S. The relation

V(B +0) =dv(B) (3.18)
for every Borel set B is easily verified from the definition of v. It implies

V[0, 4 60) = v[0,0) + v[6, t +0) = ¥ (8) + dv[0, 1),
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which gives the functional equation

Y +0)=dy ) + ().

Applying the left-inverse ¥ ! to both sides, we obtain

t+0 =y dy@) +¥0) =@y ) + ¥ 6) —a).
If 7 is not in the closure of a plateau of ¢, then ¥ (¢(¢)) = ¢ + a and it follows that

) +0 =9di+a)+y(©)—a)
=@t + (d — Da+ ¢ ()) (3.19)
= p(dt + N1) = ¢(d?).

This proves property (ii).

To verify (iii), first note that ¥ ~!(r) = 0 for r € [0, v{0}]. Since v[0,6) >
v{0} > Ni/d, we have N1/d < v[0,0) < 1l,or 0 < a < Ni/d < v{0}. In
particular, ¢(0) = 1/;‘1 (a) = 0. By what we have seen above, if there is an n-fold
incidence s = 0; = 0j4+1 = -+ = Oj+n—1, the jump £ = v{s} of ¥ at s satisfies
the inequalities n/d < £ < (n + 1)/d. It follows that ¢ has a plateau of length £ on
which it takes the constant value s. This plateau is a major gap of X, so it contains
precisely n fixed points of my by Lemma 2.13. Thus, ¢ maps the fixed point set
{ui,...,uq—1} to the set {01, ..., 04—1}, sending n of the u; to the same point s if
and only if n of the o; collide at 5. Since ¢(0) = 0, it follows from monotonicity of
¢ that p(u;) = o; for every i.

Finally, we prove uniqueness of X. Suppose X is any minimal rotation set with
p()A() = 6 and S(JA() = (81,...,84—1). Let ¢ be the canonical semiconjugacy
associated with X. By Lemma 3.3, ¢(u;) = o;, so ¢ takes the value o; on the
major gap of X containing u;. Moreover, if X has a major gap of multiplicity n,
there will be an n-fold incidence between the o;. Since the gaps of X are precisely
the plateaus of ¢, and since every gap eventually maps to a major gap, it follows
that the values taken by ¢ on its plateaus form the set S in (3.15). It is now easy to
see that the push-forward ¢, A of Lebesgue measure is just the measure v in (3.16).
Since g4A = v also by the construction, the relation g.A = @,A must hold. Let
D C X be the countable set of the endpoints of gaps, and similarly define D c X.
Asthemaps ¢ : X~ D — T~ Sand ¢ : XD — T ~ § are bijective, the
composition g~ logp : XD — X~ D defines a bijection ¢ > 7 that preserves the
cyclic order of all triples and commutes with m . Since for every 11,1, € X \ D,

A1, 1)) = v((9(t), (1)) = A((1, 12)),

it follows that ¢ > { is the restriction of some rigid rotation r, to X . D. In other
words, ry, maps X . D onto X \ D and therefore X onto X, and it commutes with
my. To finish the proof, we must show that « = 0. The proof is identical to the
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rational case: Let Iy be the major gap of X containing 0, so r (lp) is the major gap
of X containing O (this follows from the normalization ¢(0) = ¢(0) = 0). By our
construction, Iy and ry (Ip) contain the same set of fixed points of m4, namely those
which map under ¢ or ¢ to oy—1 = 1 = 0. Since the fixed points of m4 are 1/(d —1)
apart, it follows that the distance between « and O must be < 1/(d — 1). On the other
hand, r, commutes with my, so d(t + o) = dt + « for every t € X, which implies
(d — 1) = 0. The only solution of this equation whose distance to Ois < 1/(d — 1)
is @ = 0, and the proof is complete. O

Epilogue To conclude this chapter, let us briefly recap the main constructions
related to a minimal rotation set and how they lead to the proofs of the deployment
Theorems 3.7 and 3.20. Suppose X is a minimal rotation set for my with p(X) =
6 # 0,s0 X is a g-cycle if & = p/q in lowest terms, and a Cantor set if € is
irrational.

* The canonical semiconjugacy associated with X is a degree 1 monotone map
¢ : T — T, normalized by ¢(0) = 0, which satisfies

pgomg=rpgo@p on X.
The plateaus of ¢ are precisely the gaps of X.

e The natural measure of X is the unique mg-invariant probability measure p
supported on X. It is related to the canonical semiconjugacy by

t
@(1) =/0 dp = pl0, 1] (mod Z).

If & = p/q in lowest terms, then y is the uniform Dirac measure on X:

MZ;ZL"

xeX

If 6 is irrational, then u is the (well-defined) pull-back of Lebesgue measure A
under ¢:

A= @it

e The deployment vector of X is the probability vector §(X) = (81, ...,84—1) €
R?~! defined by

8 = plui—1,u;) I1<i=<d-1,

where the u; = i/(d — 1) are the fixed points of m.
¢ The cumulative deployment vector o (X) = (o1, ..., 04—1) is defined by

o; = pluo,u;) =81 +---+39; I1<i<d-1.
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* The gap measure of X is the push-forward v of Lebesgue measure A under ¢:
V = QxA.

The terminology comes from the observation that each gap I of X maps under ¢
to a single point s with v{s} = |I|. The gap measure can be expressed in terms
of p(X) =0 and o(X) = (o1, ..., 04—1) by the explicit formula

d—1 oo

v=>"3"d" V1, 4. (3.20)

i=1 k=0

In particular, v is an atomic measure supported on the set
S={oi—kO(mod Z):1<i <d-—1andk > 0},

which is a union of at most d — 1 backward orbits of the rotation ry. Thus, S
consists of the gth roots of unity if & = p/q in lowest terms, and is dense if 6 is
irrational.

¢ The minimal rotation set X can be recovered from its rotation number (whether
rational or irrational) and deployment data as follows: Form the gap measure v
as above, and let ¥/ (t) = v[0, t) for r € T which has a well-defined left inverse
¢~ Define ¢ : T — T by

Ni —v[0,0)

o) =y 't +a), where a= i

Here Ny > 1 is the number of indices 1 < j < d — 1 for which 0; = 1. Then
@ is the canonical semiconjugacy associated with X, so X is the complement of
the union of plateaus of ¢.



Chapter 4 )
Applications and Computations Shethie

In this chapter we establish further properties of (minimal) rotation sets for my
by exploiting the ideas and tools developed in the previous chapters, most notably
the deployment theorem. We also study minimal rotation sets under doubling and
tripling in some detail and carry out explicit computations. These computations
will tie in with the dynamical study of quadratic and cubic polynomials in the next
chapter.

4.1 Symmetries

It was already observed in Sect. 3.1 that if X is a minimal rotation set for my, the
deployment vectors of the d — 2 rotation sets

x+ ' ooxy 2 x+97% (mod 2) @.1)
mo .
d—1 d—1 ’ d—1

are obtained by cyclically permuting the components of §(X). The uniqueness parts
of the deployment Theorems 3.7 and 3.20 show at once that the converse statement
is also true. In particular, if §(X) is invariant under some cyclic permutation of

its components, then X itself has a corresponding symmetry. Explicitly, suppose
IT : R4 — R~ is defined by

(xy,x2,...,x4-1) = (Xg—1, X1, ..., Xd-2).

Theorem 4.1 A minimal rotation set X for mgq has the symmetry X = X +
i/(d — 1) (mod Z) if and only if its deployment vector §(X) is fixed by the iterate
.

For example, a minimal rotation set X under tripling is self-antipodal in the sense
X=X+ é (mod Z) if and only if §(X) = (é, é). Moreover, there is a unique such
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15/50 @

5/50 w+'/s

45
/80 ®+25

55/80
w+'1/

Fig. 4.1 If 6 is irrational or rational with even denominator, there is a unique self-antipodal

minimal rotation set X under tripling with p(X) = 6. Left: The self-antipodal 4-cycle of rotation

number i. Right: The self-antipodal Cantor set of the golden mean rotation number (“/52_1) . Here

w =~ 0.25208333 (see Sect. 4.6 for the method of such computations)

X with a given rotation number, which can only be irrational or rational with even
denominator (compare Fig. 4.1).

It turns out that the sets (4.1) are the only copies of X that are rotation sets of the
same rotation number:

Theorem 4.2 Suppose both X and X + o (mod Z) are rotation sets for mgq with
p(X)=p(X+a). Thena =i/(d— 1) (mod Z) for some 0 <i <d — 2.

Here the assumption p(X) = p(X + «) is necessary, as is illustrated by the
rotation sets

:[5 15 45 55

1 25 35 65 75]
80" 80" 80" 80

]andX—i-: Y on? on?
4 80 80 80 80

under tripling for which p(X) = }1 and p(X + }‘) = 2.

Proof Denote the distinct major gapsof X by I1, ..., I, so 1 +«, ..., I, + o are
the distinct major gaps of X + . Foreach 1 <i < n, let J; be the gap of X which
maps to /; and Ji be the gap of X +o which maps to I; +«. Evidently a gap of length
£ for X or X +« belongs to {Jy, ..., J,}or {fl, R f,,} if and only if the fractional
part of d¢ is at least 1/d. It follows that {J1, ..., J,} = {J1 +a, ..., J, +a}. We
prove that in fact Ji = Ji + o for every i.

Consider the standard monotone maps g, ¢ associated with X, X + « and let
@, ¢ be the semiconjugacies between g, ¢ and the rigid rotation rg, where 6 =
0(X) = p(X + ). Recall that ¢, ¢ map each gap of their respective rotation set to
a single point. Let ¢(I;) = {t;} and ¢(I; + a) = {f;}. Then ¢(J;) = {t; — 0} and
(,?J(fi) = {f; —0}. Since X + « is a rotation of X and since ¢, ¢ are order-preserving,
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there is an orientation-preserving homeomorphism 4 : T — T which maps #; to f;
for every i and maps the set {t{ — 6, ...,t, — 6} onto the set {f; — 0, ...,1, — 6}.
The claim JA, = J; + o is then equivalent to h(t; — 6) = f; —0. This is proved in the
following

Lemma 4.3 Supposety,...,t, € T are distinct and h : T — T is an orientation-
preserving homeomorphism which maps the set {t; — 0, ...,t, — 0} onto the set
{h(t1)—0, ..., h(ty)—0} for some 6. Then h(t; —0) = h(t;)—0 forevery 1 <i <n.

Proof The assumption means that the commutator [ro,h™'1 = rgoh!lo
Ty Lon preserves the finite set {71,...,%,} and therefore has a well-defined
combinatorial rotation number on it, which coincides with the Poincaré rotation
number p([rg, h~']). By Corollary 1.10, p([re, h~']) = —p((h~", re]) = 0. It
follows that [rg, h~'] acts as the identity on {f1, ..., #,}. O

Back to the proof of the theorem, we now know that f, = J; + o foreveryi. Let
Ji = (t,s). Then, on the one hand, I1 = (dt,ds)so I} + a = (dt + a,ds + a).
On the other hand, f1 =Ji+ta=0(t+a,s+a)sol1 +a = (dt +da,ds +da).
It follows that do = o« (mod Z),or @ = i/(d — 1) forsome 0 < i < d — 2, as
required. O

Remark 4.4 The crucial point in the above proof was to use the assumption p(X) =
p (X +a) to show that r, omg = mgory holds at some point of X, hence everywhere
on the circle.

The following is an immediate corollary of Theorem 4.2:

Corollary 4.5 For every rotation set X for mg, the symmetry group {o € T : X =
X 4+ o (mod Z)} is a subgroup of Z./(d — 1)Z.

4.2 Realizing Gap Graphs and Gap Lengths

As an application of Theorem 3.20, we give a partial answer to the question of
realizing admissible graphs as gap graphs that was raised at the end of Sect. 2.1.

Theorem 4.6 Given an irrational number 6 and an admissible graph I" of degree d
without closed paths, there exists a (minimal) rotation set X for mg with p(X) =6
whose gap graph I'x is isomorphic to I'.

Proof Suppose I' consists of o degree O vertices of weights ny,...,n, and B
maximal paths Py, ..., Pg of total weights ny 41, ..., ngypg (thus, foreverya+1 <
i < o+ B, the number n; is the sum of the weights of the vertices in the path P;_,).
Then > Fn; =d — 1.

Choose o + B distinct points s; = 0,s2,...,5,+5 on T subject only to the
condition that their full orbits under the rotation ry are disjoint. We use the s; to
produce a list L of d — 1 not necessarily distinct points in T as follows: For each
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1 <i < a,let L include n; copies of the point s;. Foreacho + 1 <i <« + 8,
consider the maximal path P;_, which has the form

k
I —> ey — -~ I with Y w(l)) =n;, 4.2)
j=1

and let L include w(l;) copies of the points; — (j — 1)0 forevery 1 < j < k.
Represent points of L by numbers 0 < o1 < -+ < 04_2 < 0y4—1 = l and let X
be the minimal rotation set with p(X) = 6 and ¢ (X) = (o1, ...,04—1) given by
Theorem 3.20. Recall that under the canonical semiconjugacy of X, each major gap
of multiplicity n corresponds to an n-fold incidence 0; = - - - = 0j4,—1. Using this
and the selection of the list L, it is easy to see that I'y is isomorphic to I". O

Remark 4.7 The above proof shows that we have the freedom of arbitrarily
prescribing the number of iterates it takes to go from each loose vertex of I'x to
its adjacent vertex. To see this, suppose for each maximal path of I" of the form
(4.2) and each 2 < j < k we are given an integer N;, which is to be the number of
iterates it takes to map /; to ;1. Set N1 = 0, modify the list L by including w(/})
copies of the point s; — (N1 +---+ N;) 6 forevery 1 < j < k, and construct the
rotation set X as before.

Remark 4.8 We would naturally want to know if every admissible graph can be
realized as a gap graph even when it contains closed paths. It may seem at first
glance that all closed paths of a realizable graph must have the same length, but this
is not the case: Consider the rotation set

17 18 23 53 78 79 85 90 115}

X = ! 9 9 9 b b K K 9

1247 124" 124" 124" 124 124" 124 124" 124
under ms with p(X) = %, which is a union of three compatible 3-cycles. The cycle
of gaps

23 53 5 9 85
(124’ 124) ~ (1;4’ 11274) ~ (1724’ 124)

has two major gaps of multiplicity 1, so it is represented by a closed path of length
2 in I'x. However, the cycle of gaps

18 23 90 115 78 79
(124’ 124) w (124’ 124) w (124’ 124)

has only one major gap of multiplicity 1, so it is represented by a closed path of
length 1. This example also shows that the total weights around closed paths of I'y
can be different.
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We have already described possible gap lengths for rational rotation sets as the
solution (3.4) of some linear equation. Using the above theorem and remark, we can
provide a characterization of gap lengths in the irrational case (compare [2] where a
similar result is sketched via an inductive argument):

Theorem 4.9 A number £ > 0 appears as the length of a major gap of an irrational
rotation set for my if and only if it has the form

k
_N Y
e_zdﬂj, 4.3)

j=1

where 1 <k <d—1and{a;}, {B;} are sequences of positive integers which satisfy

k
dYaj<d—1 and 1=pi<pr<--<pr
j=1

Proof First suppose X is an irrational rotation set for m, with a major gap I of
length ¢ and multiplicity n. If [ is taut, then £ = n/d, which clearly has the form
(4.3). If I is loose, it is represented by a vertex in the gap graph I'y that belongs to
apath ] = Iy - Ix—1 — --- — Iy where I; has length £; and multiplicity 7.

For each 2 < j < k, there is an integer N; > 1 such that /;_1 = g;{Nj (I;). Hence
de’l(d £j —nj) = £;_1. Since I is taut, £;1 = ny/d. Using these relations, we
can solve for £ to obtain

ng ng—1 ny
d dNet+1 ANt +Ne+17

which has the form (4.3).

Conversely, suppose £ is a positive number of the form (4.3) for some choice
of k, {a}, and {B;}. Consider the admissible graph I" of degree d consisting of a
single degree 0 vertex of weightd — 1 — Zl;zl o, together with a single maximal
path of the form

Iy — Iy — - —> I with w(lj) = ap—jy1.

Consider also the positive integers Nj = Br_j12 — Br—j4+1 for 2 < j < k. By
Remark 4.7, there is a minimal irrational rotation set X, with I'y isomorphic to
I', with N equal to the number of iterates it takes to map [; to /;_j. Then, the
computation in the first part of the proof shows that the major gap Iy of X has
length £. O

Remark 4.10 When d = 2, the only possible values for the above integers are k =
a1 = 1, confirming what we already know: An irrational rotation set under doubling
has a single major gap of length % For d = 3, there are more possibilities: If k = 1,

then either oy = 1 so £ = é, ora; =2sol = % On the other hand, if k = 2, then
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1

i — o = _ 1
necessarily o] =ap =1sol = 5 + 38

for a more precise statement.

for some B, > 1. Compare Theorem 4.31

4.3 Dependence on Parameters

We begin with a preliminary observation on convergence of rotation sets:

Lemma 4.11 Suppose {X,,} is a sequence of rotation sets for mg which converges
in the Hausdorff metric to a compact set X. Then X is a rotation set with p(X) =
lim,— o0 0 (Xy). If every X, is maximal, so is X.

Proof Since each X, is mg-invariant and its complement T . X, contains d — 1
disjoint intervals of length 1/d, the Hausdorff limit X must have the same properties.
By Corollary 2.16, X is a rotation set. The family {g,} of the standard monotone
maps of {X,} is equicontinuous since each g, is piecewise affine with derivative
bounded by d. After passing to a subsequence, we may assume that g, converges
uniformly to a degree 1 monotone map g : T — T which necessarily extends mg|x
(in fact, this shows that the entire sequence {g,} converges and its limit g is the
standard monotone map of X). It follows from Theorem 1.11 that p(X) = p(g) =
limy,— 00 £ (gn) = limy— 00 p(Xn).

The last assertion follows from Corollary 2.19: If the X, are maximal, they
all have d — 1 major gaps of length 1/d. This property persists under Hausdorff
convergence, so X is maximal as well. m]

Now, let A C T x A9~2 be the set of all pairs @ = (6, §) subject to the restriction
that if 0 is rational of the form p/q in lowest terms, then g8 € Z¢~!. For each a =
6,8) € A, let X, denote the unique minimal rotation set for my with p(X4) = 6
and 6(X4) = §, given by the deployment theorem.

Theorem 4.12 The assignment a — X, from A to the space of compact subsets of
the circle (equipped with the Hausdorff metric) is lower semicontinuous.

Proof Leta, = (0,,6,) € Atendtoag = (0, 8p) € A asn — 00. Suppose Xg,
converges in the Hausdorff metric to a compact set ¥ C T. We need to show that
X4, C Y. By Lemma4.11, Y is arotation set for mgq with p(Y) = 6. Moreover, the
proof of that lemma shows that the sequence {g,} of the standard monotone maps
of {Xg4,} converges uniformly to the standard monotone map g of Y.

Let 1, be the natural measure of X, , that is, the unique mg-invariant probability
measure supported on X,,. After passing to a subsequence, we may assume that p,,
is weak™® convergent to a probability measure p. For every continuous test function
f:T—R,

/fdu= lim /fdun= lim /(fogn)dun= lim /(fog)dun
T n—oo T n—oo T n—oo T

=/(f0g)du-
T
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Here the first and forth equalities hold by the weak™ convergence u, — wu, the
second equality follows from the g,-invariance of u,, and the third equality holds
since the uniform convergence g, — g implies [(f 0 gy) dpn — [(fog)duy, — 0
as n — oo. This proves that u is g-invariant. For the rest of the argument, we
distinguish two cases:

If p(g) = 69 is irrational, it follows from the discussion in Sect. 1.5 that w is
the unique invariant probability measure supported on the Cantor attractor K of g.
By Theorem 2.33, K is the unique minimal rotation set contained in Y. Let §, =
(5,,,1, ey Sn,d—l) and 8() = (80,1, ey 80,d—1)~ Since MUn — M and /L{I/li} =0
(recall that u; = i/(d — 1) are the fixed points of my), it follows that

wlui—1,u;) = im wplu;—1,u;) = lim 8, ; = 8o, 4.4)
n—00 n—oo

for every i, so §(K) = §p. Since p(K) = p(Y) = 6p, the uniqueness part of
Theorem 3.20 shows that K = X,,. This proves X4, C Y, as required.

In the case p(g) = 6p is rational of the form p/q in lowest terms, we must
modify the above argument. Let K be the support of . We know from Sect. 1.5 that
K is a union of g-cycles of g. The Hausdorff convergence supp(i,) = X4, — Y
together with the weak™ convergence u,, — w show that K C Y. It follows that K
is aunion C1 U ---U C, of g-cycles in Y and therefore is a finite rotation set with
p(K) = p/q. The measure 1 is a convex combination ) ;_; o; uc; of the Dirac
measures along the C;, where every «; is positive and Y ;_; o = 1. Since the limit
(4.4) still holds for 1 <i <d — 1, we have

Y @i 8(Ci) = 8o = 8(Xay)-
i=1

By Lemma 3.18, this can happen only if n = 1 and X4, = C; = K. Again, this
implies X4, C Y. |

Recall from Sect. 2.3 that a rotation set is exact if it is both maximal and minimal.
Such rotation sets are necessarily irrational. Topologically, they are Cantor sets with
d — 1 major gaps of length 1/d (Theorem 2.37). The following lemma characterizes
exactness in terms of the cumulative deployment vector:

Lemma 4.13 Suppose X is a minimal rotation set for mgq with p(X) = 0 and
o(X) = (o1,...,04-1). Then X is exact if and only if o1, ..., 04—1 have disjoint
full orbits under rg.

Proof Recall from the proof of Theorem 3.20 that the lengths of the major gaps of
X are the values v{o;}, where v is the gap measure of X defined in (3.20). If the o;
have disjoint orbits under ry, then 6 is irrational and the definition of v shows that
v{oj} = 1/d for each i. Conversely, a relation of the form o; = o; — k6 fori # j
and k > 0 would contribute a mass of 1/d**! to v{o;}, so the corresponding major
gap would have length v{o;} > 1/d 4+ 1/d**" > 1/d. O
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Fig. 4.2 An attempt to visualize the set of parameters a = (6, §) for which the minimal cubic
rotation set X, is exact. Here the deployment vector (8, 1 — 8) is identified with its first component
8 € [0, 1]. The set of exact parameters is the complement of the union of the lines § + no =
0 (mod Z) over alln € Z

Lemma 4.14 There is a full-measure set of parameters a € A for which X, is
exact.

Figure 4.2 is an attempt to visualize this set when d = 3.

Proof Take any § = (41, ..., 84—1) in the interior of A4=2 Then the d; are positive,
so the numbers o; = 81 +---+4; for 1 <i < d —1 are distinct. There are countably
many 6 for which the orbits of the o; under ry collide. Let Hs be the complement of
this countable set in T. Then, the union

H =|_J(Hs x {8})

has full-measure and for every @ € H the rotation set X, is exact by Lemma 4.13.
0O

The following theorem determines when a minimal rotation set depends con-
tinuously on its rotation number and deployment vector. The possibility of such
characterization was suggested to me by J. Milnor:
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Theorem 4.15 The assignment a — X, is continuous at ag € A if and only if Xq,
is exact.

In particular, this assignment is discontinuous at every ao for which X, is
rational.

Proof First assume a — X, is continuous at @y € A. By Lemma 4.14 we can
choose a sequence a, € A convergingto ag such that X, is exact for every n. Since
Xa, — Xa, and each X, is maximal, Lemma 4.11 shows that X, is maximal. As
X g, 1s minimal by definition, we conclude that X, is exact.

Conversely, suppose X,4, is exact and take any sequence a, € A converging
to ag. After passing to a subsequence, we may assume that X,, converges to a
compact set Y in the Hausdorff metric. Theorem 4.12 shows that Y D X,,. Since Y
is a rotation set by Lemma 4.11, it follows from exactness that ¥ = Xg,. m]

Example 4.16 Minimal rotation sets under the doubling map m, are parametrized
by their rotation number. The assignment 8 +— Xy is continuous at every irrational
0 since such rotation sets are exact (Corollary 2.38). To get a feel for the nature of
discontinuity at rational 8, consider the n-cycle

1 2 2n—1
Xim: = = .
2n—1 2n—1 2n—1
As n — 00, X/, does not converge to Xo = {0}, but to the maximal rotation set
{0} U{1/2"}>1.

Remark 4.17 Milnor has pointed out to me that one may also study the map from
the union R of all rotation sets for m, to the set A defined as follows: The forward
mg-orbit of every t € Ry eventually lands in a well-defined minimal rotation set X;
(Theorems 2.3 and 2.33), so we can assign to ¢ the parameter (p(X;), §(X;)) € A.
This map is surjective and clearly discontinuous since R, is compact (see below)
but A is not.

Let C; C Ry be the union of all cycles, and €4 C Ry be the union of all exact
rotation sets.

Theorem 4.18

(i) Rg is compact.
(ii) Cq and &y are disjoint and non-compact, with €5 C Cy.
(iii) &g is a Cantor set.

Proof Lett, € Ry and t, — t. Take a rotation set X,, containing f,. After passing
to a subsequence, we may assume that X, converges to a compact set X, which is a
rotation set by Lemma 4.11. Hence t € X C Ry. This proves (i).

For (ii), first note that C; and €, are disjoint since rational rotation sets are never
exact. To see €4 is non-compact, take any sequence {X,} of exact rotation sets with
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p(X,) tending to some rational number p/q (for example, let a, = (6,, 6,) where
6, are irrational tending to p/q and §, have rational components, and consider the
rotation sets X,, which are exact by Lemma 4.13). Some subsequence of {X,}
converges to a compact set X which, by Lemma 4.11, is a (maximal) rotation set
with p(X) = p/q.Evidently X C ;. However, X NEy = @ since the forward orbit
of any ¢ € X eventually hits a cycle, so ¢ cannot belong to an exact rotation set.

Now suppose X is exact and choose cycles C, such that p(C,,) — p(X) and
8(Cp) — 6(X). Theorem 4.15 then shows that C, — X, so X C C4. This proves
the inclusion £; C €4 and also shows that C; is non-compact.

For (iii), simply note that €4 has no isolated point since it is the closure of a union
of Cantor sets, and it is totally disconnected since it is contained in the measure zero
set Ry (Theorem 2.5). O

Question 4.19 Does the equality £; = C; = Ry hold?

The answer is affirmative when d = 2 (see Theorem 4.28) and is likely to be
so for all d. Indeed, the following sharper statement seems plausible: Given any
maximal rotation set X for m, there is a sequence {X,,} of exact rotation sets for my
such that X,, — X in the Hausdorff metric.

4.4 The Leading Angle

A minimal rotation set X is uniquely determined by any of its elements: Simply
iterate any angle in X under m, and take the closure of the resulting orbit. This
section will give a recipe for computing a canonical angle in every minimal rotation
set from the knowledge of its rotation number and deployment vector. The particular
choice of this angle is motivated by polynomial dynamics and plays a role in the
representation of rotation sets in both dynamical and parameter planes, as outlined
in the next chapter.

Definition 4.20 Let X be a minimal rotation set for my and Iy = (', ) be its
major gap containing the fixed point 0. We call the endpoint w of Iy the leading
angle of X.

Thus, w is the first point of X that is met when we start at O and go counter-
clockwise around the circle. The closed intervals [ow’, w] and [mg(w'), my(®)] can
be described as the fibers ¢ ~!(0) and ¢! () of the canonical semiconjugacy ¢ of
X, where & = p(X). For convenience we identify @', w and their images with the
representatives which satisfy the order relations —1 < o’ < 0 < 0 < mg(0’) <
mg(w) < 1 (see Fig.4.3).

Suppose p(X) =6 # 0 and 0 (X) = (o1, ...,04—1). Let v be the gap measure
of X as defined in (3.20) and Ny > 0 be the number of indices 1 < j < d — 1 for
which o; = 0.
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Fig. 4.3 The major gap Iy = (@', ) containing the fixed point up = 0 and the leading angle @ of
a minimal rotation set X. The closed intervals [, @] and [mgy(w'), mq(w)] are the fibers q)‘l 0)
and ¢ ~1(9), respectively. Here ¢ is the canonical semiconjugacy of X and § = p(X)

Theorem 4.21 The leading angle of X is given by

1 No
= 0,0 4.5
® d—lv( ]+d—1 4.5)

d—1
1 1 No
=12 X +
_ k+1 _
d 1 i=1 0<o;—kO<6 d d 1
This formula gives an explicit algorithm for computing the base d expansion of the
angle (d — 1)w (compare Lemma 4.24 below).

Proof As pointed out in the beginning of Sect.3.2, if N > 1 is the number of
indices 1 < j <d — 1 for which o; = 1, then n9p = Ny + Ny is the multiplicity of
Iy = («/, @) as a major gap of X. Since

w,<—N1+l<—N1+1<O<N()< No o
d—1 — d - T d Td-1
the gap Ip already contains the ng points j/d for j = —N; + 1,..., Ng. By

Lemma 2.8, there could be no more preimages of 0 in Iy. In particular, ® <
(No+1)/d, which proves Ny is the integer part of d w. Since m4(w) = dw (mod Z),
it follows that

mg(w) = dw — Ny. 4.6)

Now let ¢ : T — T be the canonical semiconjugacy of X and A be Lebesgue
measure on the circle. Since ¢,A = v, we have

ma(w) — o = Mw, ma(@)] = Ae~"(0,6]) = v(0, 6]. 4.7
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The result follows by eliminating m4 () from (4.6) and (4.7). |

Remark 4.22 A similar argument gives the following formulas for the other angles
involved in Fig. 4.3:

=" voe4+ N
male) = g VT
1 N

o = v[0,0) — !
d—1 d—1

d Ni
"y = 0.0) — .
mq(w’) d—lv[ ) d—1

We point out that the above formulas for w, ' can be used to compute the endpoint
angles of any major gap of X. For example, if /; is the major gap of X containing
the fixed point u; = i/(d — 1) (mod Z), consider the rotation set X — u; whose
deployment vector is obtained by a cyclic permutation of the components of §(X)
(see Sect. 3.1), apply the above formulas to compute the endpoints of the major gap
of X — u; containing 0, and rotate them back by r,; to find the endpoints of ;.

4.5 Rotation Sets Under Doubling

In this section we focus on the basic case d = 2. Theorems 3.7 and 3.20 show that
forevery 0 < 6 < 1 there is a unique minimal rotation set Xy under doubling with
rotation number 6, which is a periodic orbit if 6 is rational and a Cantor set if 6 is
irrational. The structure of Xy in either case can be explicitly described as follows.

Let us first consider the rational case. For every fraction p/q in lowest terms,
Xp/q is a g-cycle of the form {11, ..., 1;}, where as usual the points are labeled in
positive cyclic order and 0 € (¢4, 11), and the subscripts are taken modulo g. Let
£ denote the length of the gap I; = (¢, tj41). We can compute the £; explicitly
using the general formulas we developed in Sect. 3.2. Recall that £ = (¢4, ..., ¢,)
and n = (n1,...,ny) are the gap length and gap multiplicity vectors of X/,
respectively. Since I; = Iy is the unique major gap of X/, of multiplicity 1, we
haven, = landn; =0for1 < j < g. According to (3.4),

T
— q—i—1 oi
e_%_IZ¥ T (n),
1=

where T'(x1, x2, ..., Xg) = (X14p, X24ps s Xg+p). Since T (n) = (Ni4ip, N2+ip,
..., Ng+ip), it follows that £; = 2‘1_’_1/(2‘1 — 1), where 0 < i < g — 1is the
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unique solution of j + ip = 0 (mod ¢g). If 1 < p* < g — 1 is the multiplicative
inverse of p modulo g, it follows that g — i = jp* (mod ¢q). Thus,
2(ip")—1

6=

,  where 1 < (jp*) < g is the unique representative of jp* (mod q).

In particular, I, and I; = I are the shortest and longest gaps of lengths

241
E,,:zq_l and £q=2‘1—1'
By (4.5), the leading angle w = #; is given by
P (jp*)-1
)4 2
w:v@,]zerpu+wp=§: . (4.8)
q = 29 — 1

Example 4.23 Consider the 7-cycle X3 = {f1, 12, ..., t7} under doubling. Here
7
qg =7, p =3 and p* = 5. By the above computation, the gap lengths are

2(5)-1 16 2(10)—1 4
E == - E = =
'= 127 T a7 27 127 T 127
2(15)—1 1 2(20)—1 32
63 == = £4 = =
127 127 127 127
2(25)71 8 2(30)71 2
65 == = £6 = =
127 127 127 127
259-1 64
07 = = )
127 127

(Alternatively, we could start with the minimal gap length ¢3 = and keep

1
127
doubling it until all £; are found.) The leading angle #; is €1 + &2 + {3 = 12217,
which, in view of the relation ¢;13 = 2¢; (mod Z), leads to the other angles ¢;:

42 84 41 82 37 74
7 = 13 = te = h = I35 =

4 = 5 3 ) b b .
YT 127 127 127 127 127 127

Thus,
_ 21 37 41 42 74 82 84}
;= 1277 127° 1277 127 127" 127" 127}

When 6 is irrational, the unique major gap Iy of Xy is taut, so it has length é For

every n > 1 there is a unique gap of length znlﬂ which maps to Iy after n iterates.
The rotation number 6 determines the cyclic order of these gaps around the circle.
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Now consider the leading angle w(6) of Xy as defined in the previous section.
The cumulative deployment vector of Xy is the trivial vector (o1) = (1). Hence the
formula (4.5) takes the form

1
w(®) = v(0,0] = Z ot (4.9)

0<—k6<6

If 6 is rational of the form p/g in lowest terms, this sum splits into p geometric
series, each taken over all k > O for which —kp/q = j/q (mod Z) for a given
1 < j < p. These p series in effect correspond to the p terms of the sum (4.8).
Table 4.1 illustrates the computation of w(p/q) using both formulas for all reduces
fractions with denominators up to 8.

Equation (4.9) can be interpreted as a formula for the binary expansion of the
leading angle w (). Consider the intervals

To=1[0,1-96) h=[1-6,1)
on the circle. The binary expansion of () is obtained using the itinerary of the

orbit of 0 under the rotation ry relative to the partition 7o U T7:

Lemma 4.24 The binary expansion
w(0) = 0.bob1by - - - (base 2)

is determined by the condition k6 € Ty, for all k > 0.
Note in particular that always by = 0.

Proof By (4.5), by = 1 if and only if —k6 € (0, 8], which is equivalent to k6 €
[1—06,1). O

We will see a dynamical interpretation of this lemma in the next chapter (see
Sect.5.3).

The following lemma provides yet another formula for the leading angle @ which
already appears in Douady-Hubbard’s work on the dynamics of the quadratic family
and the Mandelbrot set. Although this formula is not computationally as efficient
as (4.9), it greatly facilitates the study of the dependence of @ (6) on the rotation
number 6:

Lemma 4.25 The leading angle of Xy satisfies

1 1
0@ = > (4.10)
0<p/q<6

where the fractions p/q in the sum are all reduced.
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Table 4.1 The leading angle w(p/q) of the cycle X/, under the doubling map, for denominators
2<q=38

r/q Formula (4.8) Formula (4.9) w(p/q)
% 22231 Z?il 2%,;’ ;

; 232i1 Z?il 2;/’ ;
2 21420 00 ( [ 1_) 3

3 23-1 Jj=1\23j-1 23j 7
All 242i1 Z?il 2411./’ 115
;T 2 (ke o+ 04) A
; 252: Zjil zéj 311
; 2 X (251 2+ 25;) 3
e = (40 i
g 23+2225t211+20 Z?il (25}73 + 25.}72 + 25.}71 + 2§j> 5
é zﬁzil Z?il zéj 613
A pR GRS NI D B 1 B
; 272i1 Z?il 2;/’ 1%7
% 2237tzl0 Z?il (27}73 + 2%1') 127
;T 21 (hs + i + 27,) o
A Z 21 (gt + s + b + 27,) B
30 gy SR (et gt Fplat ) B
g 25+24+2237t212+21+20 Zoo (27! .+ 27! L+ 27! , + 27! , + 16237

27,'71 + 27;)

213 282i1 Z?il ztli.i 2;5
g ZZ;STZO Zjil (28}72 + 28}75 + 2;,-) 23575
i SR (st e T o) o
; 26+25+24;821T22+21+20 Z;“;l <28}—6 + 28}75 + 28}74 + 28}73 + ég;

1 1 1
28j-2 + 28j—1 + 28j)
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Proof For each integer m > 1, let k,, be the largest positive integer for which
m > k6. Then 0 < m — k,;,60 < 0, so —k;;,0 (mod Z) is in the interval (0, 9].
Conversely, if —k6 (mod Z) belongs to (0, 8], there exists an integer m > 1 such
that0 < m — k6 < 60,50 k8 < m < (k+ 1)6, which shows k = k;,. Thus, by (4.9),

o0

1
RIOESY bt

m=1

To relate this sum to (4.10), we use an idea of Douady (compare [12] and [7]).
Assign to each pair (n, m) of positive integers the weight W(n, m) = 1/2". Let W
be the total weight of all (n, m) for which m/n < 6. On the one hand,

W= Y wam=3 > =3, =00
m=1 n=k,+1 m=1 n=k,+1 m=1
On the other hand, computing the total weight along lines with rational slope gives
W= Y Y WUain= 3 X = D a0
O<p/q=8 j=1 O<p/q=6 j=1 O<p/q=6
and the result follows. O

Corollary 4.26 The leading angle w(0) of Xg is a strictly increasing function of
0<6<1,witho")=0and w(17) = é Moreover,

(i)  has a jump discontinuity at every rational value of 0. In fact, if 6 = p/q in
lowest terms, then

1
o(p/9) =o(p/g) = wp/a+ ) )-

(ii) w is continuous at every irrational value of 0.
(iii) Forevery(Q <0 <1,

N o
w@")+o((1-0) )=2-

Compare Fig. 4.4. There is a well-known connection between the function 6 +—
w(0) and the quadratic family {z > z> + ¢}cec (see Sect. 5.3).

Proof Only (iii) needs a comment, as other properties follow at once from (4.10).
For0 <6 < 1,

1
29 — 1

0@ =wO) =

O<p/q=06

1 1
2 2 24 — 1

O<p/q<l1
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1/2

1/4 4

T
0 12 1

Fig. 4.4 The graph of the leading angle w(#) of the minimal rotation set Xy under doubling, as a
function of the rotation number 6. Notice the jump discontinuities at every rational value of 8 and
the symmetry of the graph around the center point (;, }‘)

1 1
2 2. 24 — 1

0<(g—p)/g<1-6
! ((1—-6)")
= — — B
2
as required. O

Remark 4.27 1t follows from Corollary 4.26 that the map 8 — () has a
left-inverse w +— 6(w) which maps (0, %) monotonically onto (0, 1) and has
non-degenerate fibers over every rational value of 8. It is not hard to check that
0 (w) is the rotation number of the rotation set consisting of all points in T whose
forward orbit under doubling is contained in the closed half-circle [w, w + %] (see
Theorem 2.15).

The behavior of 6 +— w(f#) makes it possible to answer Question 4.19 when
d=2:

Theorem 4.28 For every maximal rotation set X under doubling there is a
sequence {Xg,} of exact rotation sets such that Xq, — X in the Hausdorff metric.
In particular, €7 = C = R».

Proof If p(X) is irrational, then X itself is exact (Corollary 2.38) and there is
nothing to prove. If p(X) is rational of the form p/g in lowest terms, then X contains
the cycle X/, with the major gap

gq—1

(wp/a)— 51 0p/) = (0(p/a7) — . 0(p/gh).
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Corollary 2.31 then shows that the major gap of X is one of the intervals

1= (otp/ah~ . op/aN) o T = (/g ~ . 0p/a0).

Suppose the major gap of X is I. Take a decreasing sequence {6,} of irrational
numbers with 8, — p/q. The rotation sets Xy, are exact and their leading angles
(6y) tend to w(p/q ™). By Lemma4.11, any Hausdorff limit of { X4, } is a maximal
rotation set with rotation number p/g and major gap I, so it must be X. It follows
that Xg, — X. If the major gap of X is J, take an increasing sequence {6,} of
irrationals with 8, — p/q, which now has the property w(6,) — w(p/q~), and
conclude similarly that Xg, — X. |

4.6 Rotation Sets Under Tripling

We now consider the case d = 3. Theorems 3.7 and 3.20 show that for every 0 <
6 < landevery 0 < § < 1 there is a unique minimal rotation set Xy s under tripling
with rotation number 6 and deployment vector (8, 1 — §), which is a periodic orbit
if 6 is rational and a Cantor set if 6 is irrational. Notice that changing § to 1 — §
amounts to rotating Xg s by 180°:

1
Xg1-5 = Xg,5 + 5"

This means that to study the structure of Xy s we may restrict § to either of the
intervals [0, é] or [é, 1].

First suppose 8 = p/q in lowest terms, so § is of the form s/g for some 0 <
s < g.Then Xp/4,5/4 is a g-cycle of the form {11, ..., 1,}, where the points are
labeled in positive cyclic order and 0 € (#;, t1). As before, let £; denote the length
ofthe gap I; = (tj,tj41),andlet £ = (€1, ...,£y) and n = (n1, ..., ny) be the gap
length and gap multiplicity vectors of X /4 s/4, respectively. The two major gaps of
Xp/q.s/q are I; = Iy and I containing the fixed points 0 and ; of m3, respectively.
We distinguish three cases:

e Case 1. s = g. The cumulative deployment vector in this case is (o1, 02) =
(1, 1). Evidently I, = I is the unique major gap of multiplicity 2, so n, = 2
andn; = Ofor 1 < j < q. This case turns out to be completely similar to the
doubling case treated in the previous section. A similar computation gives

2. 38ip")—1

=50

, where 1 < (jp*) < ¢ is the unique representative of

jp* (mod g).
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In particular, I, and I, are the shortest and longest gaps of lengths

23471
Ep=3q_1 and 6‘1:311_1‘
By (4.5) the leading angle @ = #; is given by
1 p 1 P 3lip*)-1
- 0, = (U1 4--420,)= 4.11
® 21)( q] 2(1+ +4p) ;3(1_1 4.11)

which is analogous to the formula (4.8) for the doubling case.

e Case 2. s = 0. The cumulative deployment vector in this case is (o1, 02) =
(0, 1). This is similar to Case I and can be reduced to it by a 180° rotation. It
easily follows that the gap lengths £; are given by the same formulas as above.
However, the leading angle w = 11 is

1 p1 1 1 1 &t g
— (o, ] = (-4t - .
» v( + =G )+ ;3q_1+2

* Case 3.0 < s < q. This time I; and I, are distinct major gaps of multiplicity 1,
song =ng = 1landn; = 0for j # ¢q, s. In this case,

1

b=3_

[3@,,*)4 + 3<(j,s)p*>,1].

Note that there are now two competing candidates I, I;y, for the shortest gap
and similarly two candidates I, Iy for the longest gap. The choice depends on
the relative size of (sp™) and (—sp*). In fact, the above formula shows that if
(sp*) < (—sp*), then the minimum and maximum gap lengths are

36p") 41 3¢—1 4 3(=sp")—1

Lyyp = 30— 1 and £, = 30— 1

3

while if (sp*) > (—sp*), the minimum and maximum gap lengths are

3(=sp*) 4 1 39—1 4 3lsp™)—1
ty= N and £ = +
379 -1 379 -1
If (sp*) = (—sp*) = ¢q/2 (so g is even), the minimum and maximum gap
lengths are
1 3(1/271
eP:eS+P:3q/2_1 and €q=€S=3q/2_1.
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Whatever the case, the leading angle w = #; can still be computed as the sum
w = (;)(El + -+ + £p) which, in view of the relation ¢4, = 3¢; (mod Z),
would determine every angle ¢;.
Example 4.29 Consider the 5-cycle X 13= {t1, ..., ts} under tripling. Here g =5,
p =3, p* =2ands = 5. By the computation in Case I, the gap lengths are

2.3@-1 6 2.3W-1 54 2. 3(6)-1 2
242 242 242 242 242 242
2.3®)-1 18 2.300-1 " 162
E4 = = 65 = = .
242 242 242 242

The leading angle # is (3)(¢1 + €2 + £3) = 5. In view of 3 = 3t; (mod Z),
we obtain

t_93 t_37 L t_91
YToa P T o4 BT o4 BT s
Thus,
X _{31 37 91 93 111}
53 7 12427 2427 2427 242" 2421
Example 4.30 Now let us determine the 5-cycle X 12 = {tr1, ..., ts} under tripling.

Here ¢ = 5, p = 3, p* = 2 and s = 2. By the computation in Case 3, the gap
lengths are

32— 4 32-1 2 3@-1 4301 108
b= 242 ~ 4 b= 242 YY)
30-1 4321 4 3®-1 4341 36
b= 242 ) b= 242 YY)
300-1 4 36)-1 g
b= 242 ~ 240
The leading angle # is (1)(€1 + €2 + £3) = $5, which gives
Lo 186 T o s
242 242 242 242

Thus,

2 =
5

{62 74 182 186 222]
242° 24272427 2427 242 17
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Unlike the case of the doubling map, irrational rotation numbers under tripling
can have a wider variety of gap lengths depending on their deployment vector:

Theorem 4.31 Suppose 0 is irrational.

(i) If 8§ =0or 1, then Xg 5 has a single major gap of length g
(ii) If§ = £n6 (mod Z) for some positive integer n, then Xg s has a pair of major
gaps of lengths é and ; + g

. . . 1
(iii) For all other choices of 8, Xg,s has a pair of major gaps of length 5.

Proof The major gaps of Xy 5 have lengths v{§} and v{1} = v{0}, where

00 0
V= Z 37D g+ Z 37D 15 4o
k=0 k=0

is the gap measure of Xy s defined by (3.20). Since 6 is irrational, the backward
orbit O; = {—k0 (mod Z) : k > 0} in the first sum and the backward orbit O, =
{6 — kO (mod Z) : k > 0} in the second sum consist of distinct points. However,
for some values of § the two orbits could collide. If § = 0 or 1, then O = O
and there is a single major gap of length v{0} = % If § = n6 (mod Z) for some

positive integer n, then O; C O, and v{0} = _l, + 3,11“ and v{8} = !. Similarly, if
8§ = —nf (mod Z) for some positive integer n, then O» C Op and v{0} = é and
v{0} = } + ..., Forall other values of 8, 01 N Oz =@, s0 v{0} = v{8} = . O

Let w(6,8) denote the leading angle of Xy s as defined in Sect.4.4. By the
formula (4.5),

1 1 1 No
0@8= 1 D gt D g | T o4 (4.12)
0<—k0=<6 0<6—k6<6

where Ng = 1 if 6 = 0 and Ny = 0 otherwise. One can study the function (6, §)
w (6, ) by looking at the one-dimensional slices where 0 or § is kept fixed. The only
values of § for which 6 — w (6, §) is defined forall0 < 6 < 1 are§ =0 and 1. As
we have noticed before, these are similar to the doubling case. For example, when
6 = 1, the leading angle is given by

1
w®,1) = Z skt (4.13)

0<—k6<6

which is similar to the formula (4.9) for the doubling map. Table 4.2 illustrates the
computation of w(p/q, 1) using formulas (4.11) and (4.13) for all reduces fractions
with denominators up to 8.
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Table 4.2 The leading angle w(p/q,1) of the cycle X/, 1 under the tripling map, for
denominators 2 < g < 8

p/q Formula (4.11) Formula (4.13) w(p/q,1)
DR Iy :

; 333i1 Z?il 3;/’ 216
2 31430 0 ( Loy 1.) 3

3 331 Jj=1\33j-1 33j 26
All 34331 Z?il 3411./’ 810
3 P = (4 5

; 353: Zjil 3§j 24112
; iy X (351 2+ 35;) 22
S e T2 (ol ol 1)) B
g 33+3325+_311+30 Z?il (35}73 n 35}72 + 35}71 + 3§,) 24402
é 363E1 Z?il 3#)./’ 758
: 34+33J3r63iJ1r31+30 i (36}—4 + 303t a2t t 3é,-> 78
U X 2186
% 333{310 Z?il <37}73 + 3%1-) 2%26
;o e (Y s
é 31+3337+_315+30 Z °, (37! L+ 377 5+ 37‘},5 + 3%,') 2217846
o SR (et plst gl Fala ) A
g 35+34+3;t312+31 +30 2701<37, .+ 371 4 371 - 371 L+ 2316846

37,‘71 + 37j>

213 38331 Z?il 3tli.i 65160
T T 0 (gehe + s + 5h) z
g 34+31J3r83iJ1r33+30 o (38}74 I 38}71 n 38}76 + 381_173 + 3§,) 6354610
; 36+35+3443r3i41r32+31+30 Z?i] (38}76 n 33}75 n 33}74 n 33}73 n égg(s)

38}—2 + 38}—1 + 3éj)
The computations are identical to the doubling case in Table 4.1 once each power of 2 is replaced

by the similar power of 3. In other words, the ternary expansion of w(p/q, 1) is the same as the
binary expansion of w(p/q)
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An argument similar to the proof of Lemma 4.25 establishes the alternative
formula

2 1
0@ D=7 D 4

O<p/q=6

which leads to the following analog of Corollary 4.26:

Corollary 4.32 The leading angle w(0, 1) of Xp,1 is a strictly increasing function
of0 <8 < Lwitho(0T, ) =0andw(17,1) = é. Moreover,

(i) w(0,1) has a jump discontinuity at every rational value of 0. In fact, if 6 =
p/q in lowest terms, then

2
_ = -
o(p/g. D =0p/q". D=op/q" D+ 5,

(ii) w(0, 1) is continuous at every irrational value of 6.
(iii) Forevery0 <0 < 1,

N _ 1
0@ D+ =070 = .

Compare Fig.4.5. The function 8 — w (6, 1) is related to the unicritical cubic
family {z — z> 4 c}cec (see Remark 5.14 at the end of Sect. 5.4).
Now let us fix some irrational 0 < 6 < 1. For simplicity, let o = w (6, 1).

Theorem 4.33 The leading angle w (0, §) of Xg.s is a strictly decreasing function
of 0 <é <1, withw(,0) =w+ % and w(6, 1) = w. Moreover,

_'_I__I_"

1/6 4

1/12 A

O -I T T T T
0 12 1

Fig. 4.5 The graph of the leading angle w (6, 1) of the minimal rotation set Xy 1 under tripling, as
a function of the rotation number 6. Notice the similarity with the graph of the leading angle w(0)
under doubling in Fig. 4.4
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0.6 0.6
0.51 0.5
0.4 0.4
0.3~__‘—‘_ 03] cevenans
024 ! ! 1 0.2
‘ ; 1 ceeeeenn |
0 1 0 1

Fig. 4.6 Left: The graph of the leading angle w(6, §) of the minimal rotation set Xg s under

(‘/52_1) is the golden mean. There is a jump of

size 1/3"+! at the parameter 8, = 16 (mod Z) for every n > 0 (only six such jumps are visible
in the figure). Right: The graph of the leading angle for the rational approximation galt of 6 (see
Remark 4.34)

tripling, as a function of 0 < § < 1. Here 0 =

(i) § — w(8,8) has a jump discontinuity at the points §, = n6 (mod Z) for
integers n > 0. In fact,

(0,8,) = w(0,8,) =w®,8) + Sy

(ii) 8§ = w(8,§) is continuous at every & # &y,.
Compare Fig. 4.6.

Proof Foreach(0 < § < 1 we have

1 1 o €10, 8)
(6,5) = 2w+2;0 sal

where

1 if 6 — k6 € (0,0]

ex(0,98) = !
0 otherwise.

Since (0,8 — &x(0,8) as 8’ — 3§, it follows (say, from the dominated

convergence theorem) that w (6, §7) = w (0, §), proving left-continuity at every §. If

8 # 6, foreveryn > 0,then § — k6 € (0,60) or (8, 1) for each k > 0. In either case,

we have &¢(6,8") — & (0, 8) as 8§’ — 8T and right-continuity w (8, ) = w(8, §)
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follows. However, suppose 6 = &, for some n > 1. Then the two orbit relations
6—nf =0andé — (n —1)0 = 6 (mod 7Z) show that

en(0,87) =1>0=2¢,00,9),
en—1(0,87) =0<1=¢,1(0,9),
ex(0,8T) =ex(0,8) if k#n,n—1,

where the third relation follows from the assumption that 6 is irrational. It
follows that

o1 1 1 1
@0.8) =@, = (= 3+ 30) = g

Similarly, if § = 8o = 0, then

£0(0,87) =1>0=1¢(0,9),
ex(0,8%) = ex(6,8) if k#0,

from which it follows that

I Iy 1
w0.0) — (0,07 = 2+2( 3)_ -
Finally, observe that for each n the sum § + ZZ:O ex (0, 6) /3k+1 is a step
function with discontinuities along {§o, ..., 8,} where it jumps to a lower value,
hence is decreasing in §. Letting n — o0, it follows that the function § — w (6, §)
is decreasing as well. Since the set {5, },>0 is dense in [0, 1], we conclude that this
function must be strictly decreasing. O

Remark 4.34 The parameters 8, are precisely the values of § € [0, 1) for which the
major gap Ip of Xg s containing O has length > ; A generic perturbation § = 6, +¢

will replace Ip with a major gap of length ; together with a nearby minor gap of

length 3,11“ . This gives an intuitive explanation for the nature of discontinuity of the

leading angle at every 4.

It is not hard to check that if 6 is irrational and § # §, for all n > 0, and
if (pi/qi, si/qi) is a sequence of rational parameters that converges to (9, §), then
w(pi/qi,si/qi) — »(0,38). In view of this, it is natural to expect the discrete graph
of § = w(pi/qi, ) (consisting of g; + 1 points) to resemble the graph of § +—
(0, §) for large i; see Fig. 4.6.
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The next result shows that the values of w (6, §) at the discontinuity points 8, =
n6 (mod Z) depend rationally on the “base angle” w = w(6, 1):

Theorem 4.35 Let w = w (0, 1). Then, for everyn > 1,

34 Do+ A
w@.ng)=C TDeTA (4.14)
2.3

@"+Dw— By,

w8, —nb) = ) , (4.15)

where A,, B, are non-negative integers (in fact, sums of distinct non-negative
powers of 3):

Av= > 3" and B,= Y 3N (4.16)
1<k<n 1<k<n
0<k6<6 0<(k—n)6<0

Proof For simplicity let Z denote the set of integers k such that —k6 (mod Z)
belongs to (0, #]. By the definition of w (6, §) and (4.13),

2w(0,n0) = Z 3=kt 4 Z 3= (k+D)

keZN[0,00) k—neZN[—n,00)
=w+ Z 3—(ktnt1)
keZN[—n,00)

=w+< Z + Z )3*(k+n+1)

keZN[0,00) keZN[—n,0)

=(1+3Mw+3" Y 37ED,
keZN[—n,0)

which proves (4.14) with

A, = Z 3=+l _ Z 3k—1’

keZN[—n,0) 1<k<n
0<k6<06

as in (4.16). Similarly,

2w, —nb) = Z 3=k+D) 4 Z 3= (k+1)
keZn[0,00) k+nezZnn,oo)

—wd Z 3—(k—n+1)
ke ZN[n,o0)
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:w+( -y )3—(k—n+1)

keZn[0,00)  keZN[0,n)

— (1 + 3}’1)0) _ Z 37(/(*}1“1’1)’
keZN[0,n)

which proves (4.15) with

By= Y 3 kb y 3l

keZN[0,n) 1<k<n
0<(ki—n)0<0

as in (4.16). |

Remark 4.36 Tt can be shown that for every irrational 6 the angle w = w(6, 1) is
transcendental (see [7] for the quadratic case and [1] for a more general result).
It follows from the above theorem that all the leading angles w(6, £nf) are
also transcendental. These angles appear in the bifurcation loci of certain one-
dimensional families of cubic polynomials (see Sect. 5.4).



Chapter 5 )
Relation to Complex Dynamics Shethie

In this chapter we outline how rotation sets occur in the dynamical study of complex
polynomial maps. Special attention is paid to the relation with the dynamics of
complex quadratic and cubic polynomials. This link provides a geometric realization
of rotation sets under m,, whose abstract theory was developed in the previous
chapters.

5.1 Polynomials and Dynamic Rays

We assume the reader is familiar with the basic notions of complex dynamics, as
in [21]. Let f : C — C be a monic polynomial map of degree d > 2. The filled
Julia set K (f) is the union of all bounded orbits of f, and the Julia set J(f) is the
topological boundary of K (f). Both are compact non-empty subsets of the plane.
The complement C\ K ( f) is connected and can be described as the basin of infinity
for f, that is, the set of all points whose orbits under f tend to co. The Green’s
function of f is the continuous function G : C — R defined by

1
: + on
G(z) = nhm " log™ | " (2)],

which describes the escape rate of z to co under the iterations of f. It is easy to see
that G satisfies the relation

G(f(2) =dG(2)

with G(z) = 0 if and only if z € K(f). The Green’s function is harmonic in
the basin of oo, with critical points at all precritical points of f. In other words,
VG (z) = 0 for some z € C~ K(f) if and only if f°"(z) is a critical point of f for
some n > 0.
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There is a unique conformal isomorphism S, defined in some neighborhood of
00, which is tangent to the identity at oo (in the sense that lim,_, », f(z)/z = 1) and
conjugates the action of f to that of the power map z > z%:

B(f(2) = (B(z))? forlarge |z

We call 8 the Bottcher coordinate of f near co. The modulus of 8 is related to the
Green’s function by the relation |8(z)| = %@ for large |z|. It is not hard to check
that 8 is univalent in the domain {z € C : G(z) > Gg}, where

Go = max{G(c) : cis a critical point of f}.

In particular, if every critical point of f belongs to K(f), then Gp = O and S is a
conformal isomorphism C \. K (f) — C ~. D. This happens precisely when K (f)
is connected.

In what follows and unless otherwise stated we assume that K (f) is connected.
In this case the inverse Bottcher coordinate v = ! : C~ D — C K(f)isa
conformal isomorphism which satisfies

Ve =fW@) for |zl > 1. (5.1)
By the (dynamic) ray of f at angle t € T we mean the real-analytic curve
R(t) =y ({re”™ i r > 1}).
The functional equation (5.1) shows that
f(R(@)) = R(mg(t)) forall reT. (5.2)

We say that R(¢) lands at z € J(f) if lim,_,4 ¥ (re?™ity = z. It follows from (5.2)
that if R(r) lands at z, then R(m4(¢)) lands at f(z). Similarly, if f has local degree
katw € f~!(z), then there are k preimages {1, ... #x} of  under m, such that each
R(#;) lands at w. A ray may or may not land, but the set of angles ¢ for which R(¢)
lands has full Lebesgue measure on the circle.

The impression ﬁ(t) of the ray R(z) is the set of all w € C for which there is a
sequence z; € C ~\. D such that z, — 2™ and ¥ (z,) — w. It is not hard to check
that R(¢) is a non-empty compact connected subset of J (/). Every point of the Julia
set belongs to at least one impression. We say that the impression R(t) is trivial if it
reduces to a single point {z}. In this case, R(¢) necessarily lands at z (a landing ray,
however, may well have a non-trivial impression). Furthermore, it is easily seen that

lim sup ﬁ(tn) - ﬁ(t) whenever t, — t. (5.3)

n—oo



5.1 Polynomials and Dynamic Rays 87

(As usual, the limsup on the left is the set of all p € C such that every neighborhood
of p meets infinitely many of the R(t,).) We will also use the following separation
property later on: Suppose the rays R(z"), R(¢") land at z and W is one of the two
connected components of C \ (R(¢') U R(¢") U {z}). If a third ray R(¢) is contained
in W, then R(r) ¢ W U {z}.

A point z € K(f) is the landing point of two or more rays if and only if
K (f) ~ {z} is disconnected. More precisely, z has 2 < n < oo distinct rays landing
on it if and only if K(f) ~ {z} has n connected components [18]. If z has finite
forward orbit under f, the number of rays landing on it can be arbitrarily large (see
the case of a parabolic fixed point below). But if the forward orbit of z is infinite,
there is an upper bound C(d) for the number of rays that can land at z (one can take
C(d) = 2¢, and the bound improves to C(d) = d if z is not precritical [15]).

The multiplier of a fixed point ¢ = f(¢) is the derivative f'(¢). We call ¢
attracting, repelling, or indifferent, according as the modulus | f/(¢)] is less than,
greater than, or equal to 1. An indifferent fixed point is called parabolic if its
multiplier is a root of unity. The multiplier and type of a periodic point ¢ of period
n can be defined analogously by treating ¢ as a fixed point of the iterate f°".

Suppose the angle t+ € T is periodic of period ¢ > 1 under my, so ¢ is
rational of the form i /(d? — 1). According to the Douady-Hubbard landing theorem
[21], the ray R(¢) lands at a periodic point of f with period dividing ¢, and this
periodic point is necessarily repelling or parabolic. Conversely, every repelling or
parabolic periodic point of f is the landing point of finitely many rays whose angles
are periodic under m, of the same period.

As aspecial case, ifu; = i/(d—1) (mod Z), it follows that foreach0 <i < d—-2
the fixed ray R(u;) lands at a repelling or parabolic fixed point §; = f(¢;). When
¢; is parabolic, the multiplier f'(¢;) is necessarily 1. Of course the fixed points
o, - - -, C4—2 need not be distinct.

The study of dynamic rays when K (f) is disconnected is a bit more complicated
(an example of this case will be briefly discussed in Sect. 5.4). In this case at least
one critical point of f escapes to oo and the Green’s function G has infinitely many
critical points outside K ( f). We can still define the dynamic rays { R(¢) };cT partially
near oo by pulling back the radial lines under the Béttcher coordinate

B:{zeC:G) > Go} — {z: |z] > %).

These partial rays are the trajectories of the gradient vector field VG near oo, so they
can be extended in backward time. Such an extended trajectory either avoids the
critical points of G and tends to K (f), or it eventually tends to such a critical point
(namely an escaping precritical point of f). We call the ray smooth or bifurcated
accordingly. For all but countably many # € T the ray R(#) is smooth. In this
case R(mg(t)) is also smooth and the relation (5.2) holds. On the other hand, for
a countably infinite set of angles ¢ the ray R(t) is bifurcated. Under the iterations of
f every bifurcated ray eventually maps to a smooth ray passing through a critical
value of f.
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5.2 Rotation Sets and Indifferent Fixed Points

This section will study polynomial maps of degree d > 2 with connected Julia set
which have an indifferent fixed point of multiplier ¢>*/? = 1. Every such map is
affinely conjugate to a monic polynomial of the form

2ﬂi9z+a2Z2+...+ad_1Zd_l ‘|‘Zda 5.4

fize
where the indifferent fixed point is placed at the origin. We consider two cases
depending on the nature of the fixed point 0.
The parabolic case. First suppose 0 is a parabolic fixed point so 6 is rational of
the form p/q in lowest terms. Then there are finitely many rays landing at 0, each
being periodic of period g. We can label these rays as

R(11), R(12), ..., R(tng)

where N > 1 and 0, 11, ..., tng4 are in positive cyclic order. Using the form of the
multiplier, it is easily seen that f(R(#;)) = R(tj1np), or mq(tj) = tj4np for every
J» where as usual the indices are taken modulo Ng. It follows that {71, ..., tng}
is the union of N disjoint g-cycles under m,4, each with the combinatorial rotation
number p/q.

The following lemma ties up the situation with rotation sets:

Lemma 5.1 The set X of the angles t € T for which the ray R(t) lands at 0 is a
rotation set under mgq with p(X) = p/q.

Proof Label X = {t1,...,tn4} as above. For1 <i < N, let C; denote the g-cycle

ti = liyNp > tiqoNp > ... > Lig(g—1)Np

under my. Evidently X is the disjoint union of Ci, ..., Cy and these cycles are
superlinked in the sense of Sect.2.3. By Lemma 2.25, X is a rotation set with
p(X) = p(Ci) = p/q. o

The deployment invariant of X can be described dynamically as follows. Two
adjacentrays R(z;) and R(t;1) together with their common landing point O divide
the plane into two open sectors. By definition, the (dynamic) wake W is the sector
that contains the rays R(¢) with r € (¢;,1;41) (thus, W; is the sector defined by
going counter-clockwise from R(z;) to R(zj+1)). The gap I; = (¢j,tj41) of X
corresponds to the part of the boundary of the wake W; on the circle at co. By
Lemma 2.13, the multiplicity n; of I; is the number of fixed rays that are contained
in W;. It is also the number of the critical points of f in W; (see [12], where this
invariant is called the “critical weight” of W;, and compare Theorem 5.10 for a
similar case). In particular, /; is a major gap if and only if W; contains a fixed point
gi, or equivalently a critical point. As there are d — 1 fixed rays, there are at most
d — lindices 1 < j < Ngq for which n; # 0. Form the non-decreasing list of
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integers 0 < s; <7 <--- <sg_1 = Ng in which eachindex 1 < j < Ngq appears

n; times. It then follows from Lemma 3.5 that (sq, ..., sq—1) is the signature s(X)
as defined in Sect. 3.2 and therefore (s1/(Ngq), ..., Sq—1/(Ngq)) is the cumulative
deployment vector o (X).

Since the multiplier of the fixed point O is a g-th root of unity, the g-th iterate of
f has the local expansion

) =z+a"+ 0@E"Y) forsome a#0 and m > 1.

The integer m, the algebraic multiplicity of O as the root of the equation
f°1(z) — z = 0, is necessarily of the form kg + 1 for some 1 < k < N. According
to Leau and Fatou [21], there are bounded Fatou components Uy, . . ., Uy, arranged
as kq “petals” around the common boundary point 0. If we choose labeling counter-
clockwise, we have f(U;) = Ujp for every j, taking indices modulo kg, so the
U; are permuted with combinatorial rotation number p/q. Every point in the union
U1 U --- U Uy has an infinite orbit that tends to 0. Conversely, every infinite orbit
converging to 0 must eventually enter this union. It follows from this local picture
that the petal number kq of the parabolic fixed point is bounded above by the ray
number Nq. The bound N < d — 1 of Theorem 2.27 now shows that

g < petal number kg < ray number Ng < (d — 1)q.
In the quadratic case d = 2 it follows that the petal number and ray number are both

g, while in the cubic case d = 3 these numbers can be g or 2¢ (see Fig. 5.1 for the
case (k, N) = (1, 1) and (1, 2), and Fig. 5.9 for the case (k, N) = (2, 2)).

Fig. 5.1 Examples of parabolic points with multiplier A = ¢**//3 and petal number 3. Left: The
cubic z — Az — (0.04 + 0.85i)z% + z> with ray number 3. Right: The cubic z — Az +
(0.23 — 0.20i)z2 + z> with ray number 6. The critical points ¢, ¢’ are marked as white dots
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The “good” Siegel case. Now suppose O is a linearizable fixed point, so it
belongs to a bounded Fatou component A in which the action of f is conjugate
to the irrational rotation z > ¢>"*z. The domain A is called the Siegel disk of f
centered at 0. We will assume that the boundary d A is a Jordan curve containing
at least one critical point of f. This is certainly the case if 6 is an irrational
number of bounded type, that is, if the partial quotients in the continued fraction
expansion 8 = [ay, az, a3, ...] form a bounded sequence (compare [8] and [31).1
To avoid topological complications and focus on the combinatorial aspects of the
constructions, we further make the following assumption:

The Limb Decomposition Hypothesis There is a countable collection of disjoint
non-trivial compact connected subsets of K (f), called limbs, such that

(LD1) K (f) is A union all the limbs,
(LD2) Each limb meets A at a single point on d A called its root,
(LD3) For each € > 0 there are at most finitely many limbs with diameter > ¢.

We denote by L(p) the limb with root p € d A.

2

Lemma 5.2 A point p € A is a root if and only if K(f) ~ {p} is disconnected.

Proof For every root p the non-empty set L(p) \ {p}, which is clearly closed in
K(f) ~ {p}, is also open in there by the condition (LD3) above. It follows that
K(f) ~ {p} is disconnected. Conversely, if K ~ {p} is disconnected for some
p € 0A, there are two distinct rays landing at p. These rays together with their
landing point divide the plane into two open sectors, one containing A and the other
containing a non-trivial subset of K (f) which necessarily lies in a single limb. It
easily follows that p is the root of this limb. O

Lemma 5.3 The set of roots is backward-invariant and therefore everywhere dense
ondA.

Proof Take aroot p and let z be the unique point on 9 A such that f(z) = p. There
are small neighborhoods U of z and U’ of p such that f : U — U’ acts as the power
w — w* for some k > 1. Take two distinct rays landing at p, take their intersections
with U’ and pull them back under f to obtain 2k > 2 arcs in U landing at z. Each
such arc is necessarily contained in a ray because of the functional equation (5.1).
It follows that K ~ {z} is disconnected and therefore z is a root by Lemma 5.2.
This proves backward-invariance of roots. Density of roots is now immediate since
flaa : 0A — 0 A is conjugate to an irrational rotation. O

Every root p has infinite forward orbit since f|ja is conjugate to an irrational
rotation. It follows that there are at least 2 and at most 2¢ rays landing at p. These

't is conjectured that A is a Jordan curve containing a critical point for almost every rotation
number 6. This has been proved in the quadratic case in [25].

2The limb decomposition hypothesis is believed to hold for almost every rotation number 6 (and
at least for 6 of bounded type), but so far this has been rigorously verified only for d = 2 where
the whole Julia set is known to be locally connected; see [23] and [25].
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Fig. 5.2 The wake W (p)
with the root p on the
boundary of the Siegel disk A

rays together with their landing point p divide the plane into finitely many open
sectors. There is a unique sector that contains A which we call the co-wake with
root p and denote by V(p). The complement W(p) = C ~\ V(p) is called the
(dynamic) wake with root p. Thus W(p) is bounded by two rays landing at p and
contains L(p) ~\ {p} (see Fig.5.2). Notice that distinct wakes are disjoint. Every
point in the plane is either in A, or in a unique wake, or else on a unique ray which
is outside all wakes.

Lemma 5.4 Every ray R(t) that is outside all wakes lands at a point z € JA.
Moreover,

(i) If z is not a root, thf‘n Ié(t) ={z}. .
(ii) If z is a root, then R(t) C L(z) so R(t) N 0A = {z}.

Proof Let us first make the extra assumption that the ray R = R(¢) is not a boundary
ray of any wake. Suppose the impression R contains a point z ¢ d A. Then z belongs
to a limb L(p), and since z # p, we have z € W(p). Since by our assumption R
is disjoint from W(p), it must be contained in the co-wake V (p). But then R C
V(p)U{p}, which implies z € V(p), contradicting z € W(p). This proves R CaA.
If the impression R is non-trivial, by connectivity it must contain an open subarc
T C 3A. By Lemma 5.3, there are distinct roots p, p’ € T. The open set C
(W(p) UW(p") U A) has two connected components and R is contained in one of
them, say H. It follows that T C R C H N 3A. But the intersection H N dA is one
of the two closed subarcs of d A with endpoints p, p’, neither of which contains the
open arc T. The contradiction proves that Risa single point on d A.

Now consider the case where R is one of the two boundary rays of a wake W (z).
An argument similar to the above paragraph shows that R C L(z) UodA. If R
contained a point of d A other than z, it would have to contain a non-degenerate
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open arc in dA. A similar argument as before would then yield a contradiction. This
shows R C L(z) and completes the proof. ]

Corollary 5.5 Every non-root z € 0A belongs to the impression of a unique ray.
This ray has trivial impression and therefore lands at z.

Proof Let R(t) be any ray whose impression contains z. Then R(¢) is outside all
wakes since R(t) C W(p) would imply ﬁ(t) C W(p) U {p} which in turn would
imply z = p is a root. It follows from the previous lemma that ﬁ(t) = {z}. To see
uniqueness, simply note that if R(s) also contained z for some s # t, then by the
above observation ﬁ(s) = {z}. As the landing point of two distinct rays, z would
disconnect K (f) and therefore would be a root by Lemma 5.2. |

Let: : C — A be the map that is the identity on A, sends every wake to its root
and sends every ray outside all wakes to its landing point (Lemma 5.4).

Lemma 5.6 (: C — A is a retraction.

Proof We need only check continuity of ¢ at every point z that does not belong
to A or any wake. First consider the easier case where z € dA. Take a sequence
Zn ¢ A that tends to z. Each z, belongs to a limb L(p,) and we may assume that
these limbs are distinct. Since diam(L(p,)) — 0 by (LD3), it easily follows that
Uzn) = pn = 2 =1(2).

Now consider the case where z belongs to a ray R(¢) outside all wakes. Take any
sequence z, — z. For large n, each z, belongs to a unique ray R(#,), where t,, — t.
We distinguish two cases:

Case I After passing to a subsequence, every ray R(f,) is outside all wakes. Then,
by (5.3) and Lemma 5.4,

lim sup{t(z,)} = limsup R(t,) N9A C R(1) N 0A = {1(z)}.

n—od n—o0
This proves ¢(z,) — t(2).

Case 2 After passing to a subsequence, each R(#,) lies in some wake W (p,). Then
the impression ﬁ(tn) is contained in the limb L(p,) whose diameter tends to O
as n — oo. Hence limsup,,_, ., R(1,) coincides with the set of all accumulation
points of the sequence of roots {p, = (z,)}. Again, by (5.3) and Lemma 5.4,
limsup,,_, o, R(tn) - R(t) = {t(z)}, and we conclude that ((z,) — (). |

Recall that for 0 < i < d — 2 the fixed point ¢; € J(f) is the landing point of
the fixed ray R(u;). Let w; = 1(¢;) € dA. Since the ¢; do not belong to A, they lie
in wakes, so every w; must be a root. We call {wo, ..., wg—>} the marked roots of
f. Take the unique conformal isomorphism # : A — D which fixes 0 and sends
wo to 1. According to Carathéodory, since d A is a Jordan curve, i extends to a
homeomorphism between the closures [21]. Note that b o f o h~! : D — DD fixes 0
and has derivative ¢>" at the origin, so by the Schwarz lemma,

h(f(z)) =™ Ph(z) forall ze A.
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We define the internal angle of a point z € 9A as the unique o € T such that
h(z) = ¥ By the above conjugacy relation, the internal angle of f(z) will then
be o + 0 (mod Z).

Let op,02,...,04—1 denote the internal angles of the marked roots
wi, wa, ..., wg—1 = wp. The following is the analog of Lemma 5.1:

Theorem 5.7 The set X' of all angles t € T for which the ray R(t) lands on 3 A
contains a unique minimal rotation set X for myq, with p(X) = 6. Moreover, the
cumulative deployment vector of X satisfies

o(X) = (a1, ...,04-1) (mod Z471). (5.5)

The proof will show that the difference X’ ~. X consists of at most countably
many isolated points.

Proof For each root p € dA let I(p) be the open interval of angles t € T for
which R(t) C W(p).Set X = T ~ Up I(p). By Lemma 5.4 the compact set X is
contained in X’ and the difference X’ \. X consists of the at most countable set of
angles of rays within some wake that land at a root.

Let ¥ : C~D — C ~ K(f) be the inverse Bottcher coordinate of f
near co. Define ¢ : T — T by letting ¢(#) be the internal angle of the point
L(Y(2e2711)) € 9A. The map ¢ is continuous by the previous lemma, and is
surjective by Corollary 5.5. Using the fact that distinct rays cannot cross, it is
not hard to see that ¢ is monotone of degree 1, with the collection of intervals
{I(p) : pisaroot} as its plateaus. If R(¢) lands at z € 0 A with internal angle «,
then R(m4(¢)) lands at f(z) with internal angle o + 6. This proves

pomg=rgpop on X.

Furthermore, if the fiber (p‘l(a) is non-trivial, then 2~ (e27i®) is a root, so its
preimage 7~ (e?™1(@=9) is also a root by Lemma 5.3, which proves the fiber
(p‘l(a — 0) is non-trivial as well. It now follows from Theorem 2.35 that X is a
minimal rotation set for my with p(X) = 6, and ¢ is the canonical semiconjugacy
associated with X.

The claim (5.5) on o (X) follows from Lemma 3.3 since «;, the internal angle of
w; = 1(&) = (Y (2e>T4)), is just the image ¢ (u;). O

Remark 5.8 The set X’ of all rays landing on A is closed and mg-invariant, and

every forward orbit in it has the combinatorial structure of an orbit under ry. Yet X’
may fail to be a rotation set. For example, the cubic polynomial

@) =e™V5 D402 4 3 with a & 0.44437107 — 0.35184284
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Fig. 5.3 Left: Filled Julia set of the cubic map f in Remark 5.8 with both critical points ¢, ¢ on
the boundary of the Siegel disk A in the center of the picture, where f(c’) = c. Right: A small
perturbation of f in Remark 5.12 for which ¢’ = ¢} = f(c) = ¢, = f 2ye A

has both critical points ¢, ¢’ on dA with f(¢’) = c¢ as shown in Fig. 5.3 left. The
critical point ¢’ is the landing point of four rays at angles ¢, t + ;, t+ é S+ g which
map under f to the two rays at angles 3¢, 3¢+ % landing at ¢;. Here r &~ 0.30762195.
The set X’ in this example is not a rotation set since the complement of these six
rays already fails to contain two disjoint open intervals of length é (Corollary 2.16).
However, removing 7 + ; 1+ ; and all their preimages from X’ will yield a minimal
rotation set X.

Remark 5.9 The congruences in (5.5) determine o (X) uniquely from the knowl-
edge of the internal angles a7y, ..., a4—1 except when o; = 0 (mod Z) for all i.
This corresponds to the case where there is a single marked root wg = - -+ = wg_»
which is necessarily a critical point of local degree d (compare Corollary 5.11
below). This type of ambiguity has already been pointed out in Remark 3.4 and
can now be understood from the dynamical standpoint. For example, when d = 4
and ] = ap = @3 = 0 (mod Z), we have the possible candidates

oc(X)=1(0,0,1) or (0,1,1) or (1,1,1)

which correspond to quartic polynomials which are conjugate by the 120° rotation
around the origin. Dynamically, these cases can be distinguished by the position of
the Siegel disk A among the three fixed rays R(0), R(é), R(%) (see Fig.5.4).

Let us collect some corollaries of Theorem 5.7. As before, let w; = 1(¢;) (0 <
i < d — 2) be the marked roots of f. To simplify the notation, we denote the limb
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Fig. 5.4 Filled Julia set of a unicritical quartic polynomial f(z) = z* + ¢ with a Siegel disk A
of the golden mean rotation number. Here the corresponding rotation set X has o (X) = (0, 0, 1).
Conjugating f with the 120° and 240° rotations around the origin yields quartics with o(X) =
(1,1, 1) and (0, 1, 1). In this example, ¢ ~ 0.59612528 — 0.46108628 i and @ ~ 0.68914956

L(w;) by L;, the wake W (w;) by W; and the gap I (w;) by ;. The following can be
thought of as the irrational counterpart of a result of Goldberg and Milnor in [12]:

Theorem 5.10 Let X be the minimal rotation set of Theorem 5.7.

(i) lo, ..., 1l4—> are the major gaps of X.
(ii) The multiplicity n; of I; is the number of fixed rays in W;. It is also the number
of subscripts 0 < j < d — 2 for which w; = wj.
(iii) The limb L; = W; N K(f) contains n; critical points of f counting
multiplicities.

Proof By the proof of Theorem 5.7 every [; is a gap of X. Since W; contains the
fixed ray R(u;), the gap I; contains the fixed point u; of my, so it must be major.
By Lemma 2.13, the multiplicity n; of I; is the number of fixed rays in W; or the
number of times w; appears in the list wy, ..., wg—>. Since there are d — 1 fixed
rays, the sum Y_ n; over distinct I;’s is d — 1 so Iy, . .., I;—2 account for all major
gaps of X by Theorem 2.7. This proves (i) and (ii).

The proof of (iii) is based on an idea of [12]. Let I; = (¢, t), so W; is bounded
by the rays R(z) and R(¢'). Let n be a small loop around w; which intersects
each of R(r) and R(r') once, say at ¥ (rje>™") and W (r1e?™i"). Fix a large radius
ro. Construct a positively oriented Jordan curve by going out along R(¢) from
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Y (r1e?™) to ¥ (rpe?™"), then following the equipotential curve {y/ (re*™ %) : t <
s < t'}, then going down along R(¢') from ¥ (r2e?™") to ¥ (rie*™*"), and finally
going counter-clockwise along n from 1/f(r162” i’/) back to 1/f(r162” 1y Round off
the four corners of this curve to obtain a smooth positively oriented Jordan curve y .
The number of the critical points of f in W; is the number of roots of f” inside y.
By the argument principle, this is the winding number of the closed curve f’ o y
around 0, which is one less than the number of full counter-clockwise turns that
the tangent vector to image curve f o y makes when y is traversed once. By the
construction of y, this number is at least n; — k; + 1, where k; > 1 is the local
degree of f at w;. Taking into account the fact that w; itself is a critical point of
multiplicity k; — 1 if k; > 1, it follows that the number N; of the critical points of
f inthe limb L; is at least (n; — k; + 1) + (k; — 1) = n;. Since the sums ) N; and
> n; over distinct I;’s are d — 1, it follows that N; = n; for all i, as required. a

Corollary 5.11

(i) Every critical point ¢ € 0A is a marked root. Moreover, the algebraic
multiplicity of ¢ (as a root of f') is at most the multiplicity of the corresponding
gap I (c).
(ii) Every marked root w; whose corresponding gap I; = I(w;) is taut must be a
critical point.
(iii) A point on 0 A is a root if and only if it is pre-critical.

Proof First suppose ¢ € dA is a critical point. By Corollary 5.5 the critical value
f(c) is the landing point of at least one ray R(¢). As in the proof of Lemma 5.3,
take small neighborhoods U of ¢ and U’ of f(c) such that f : U — U’ acts as
the power w > w* for some k > 2. The intersection R(r) N U’ pulls back under
f to the intersection of k rays R(#1),..., R(t) with U, all landing at c, where
11, ..., ty are among the d preimages of ¢ under m,. This proves that K (f) \ {c} is
disconnected, hence c is a root by Lemma 5.2. Moreover, the wake W (c) contains
all R(#;)’s in its closure, so |/ (c)| > (k—1)/d. Hence I (c) is a major gap of X, and
the root ¢ is marked by Theorem 5.10(i). The multiplicity n of I(c) is the integer
partof d |I(c)|, son > k — 1. (Alternatively, we could invoke Theorem 5.10(iii) to
conclude that n > k — 1.) This proves (i).

To verify (ii), suppose I; is a taut gap of the form (¢, = t + n;/d). Then w;
is the landing point of the rays R(¢), R(¢"). Under f, these rays map to the same
ray R(mgy(t)) = R(my(¢")) landing at f (w;). This shows f is not injective in any
neighborhood of w;, which proves w; is a critical point.

For (iii), first note that by part (i) and the backward invariance in Lemma 5.3,
all precritical points on dA are roots. Conversely, consider any root p so I(p)
is a gap of the minimal rotation set X of Theorem 5.7. Since p(X) is irrational,
Theorem 2.10 shows that there is a k > 0 such that gg(k(l(p)) = I(f(p)) is a taut
gap. By part (ii), f°F(p) is a critical point. O

Remark 5.12 Here are three comments related to various parts of the above
corollary: (i) The algebraic multiplicity of a critical point ¢ € dA can be strictly
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less than the multiplicity of the gap I(c). This happens precisely when the wake
W (c) contains a critical point of f. (ii) If a marked root w; is critical, the gap I;
may be loose. For example, the cubic map f in Remark 5.8 has both critical points
¢, on dA with f(c’) = ¢, where I(c) is taut and I(c’) is loose (see Fig. 5.3 left).
(iii) Marked roots can be non-critical. For example, one can perturb the above map to
obtain a cubic with ¢ € 94 and f°%(¢’) € A (thus the critical point ¢’ is “captured”
by the Siegel disk A). Here the second marked root f ~1(¢) N 3 A is non-critical.
Figure 5.3 right shows one such perturbation where

@) =e" V5D 4 a2 422 with a ~ 0.54716981 — 0.31132075 i.

The two examples before and after perturbation have identical minimal rotation sets
X. We will discuss this phenomena in more detail in Sect. 5.4.

Corollary 5.13 Suppose all critical points of f are on dA. Then these critical
points are precisely the marked roots wy, . .., wy—2, and the algebraic multiplicity
of each w; is equal to the multiplicity of its corresponding gap.

Proof By Corollary 5.11 all critical points of f are marked roots. Let cy, ..., ck
be the distinct critical points of multiplicities «q, ..., ax. Let ny, ..., n; be the
multiplicities of the corresponding gaps. By Corollary 5.11(i), o; < n; for all i.
Hence, by Theorem 2.7,d — 1 =Y o; <Y n; <d — 1. It follows that o; = n; for
alli and {cy, ..., cx} = {wo, ..., wg—1}. m|

It would be interesting to investigate how the preceding constructions should be
modified for indifferent fixed points with arbitrary irrational rotation numbers. The
difficulty arises when the fixed point O is the center of a “wild” Siegel disk or is
non-linearizable (a so-called “Ceremer point”). In this case, the natural candidate
for the rotation set X would be the minimal set of angles of dynamic rays whose
impressions meet d A in the Siegel case and the fixed point O in the Cremer case.
But in the absence of some kind of control on the Julia set of such maps, proving
analogous results seems out of reach even for quadratic polynomials.

5.3 The Quadratic Family

This section and the next illustrate the relation between indifferent fixed points
and rotation sets in the low-degree cases d = 2 and d = 3, in both dynamical
and parameter planes. The abstract analyses of these rotation sets, carried out in
Sects. 4.5 and 4.6, come to life in these concrete realizations.

The case d = 2 is more straightforward and rather well-known. Consider the
monic quadratic polynomial

P="P:zr> P07 422 (5.6)
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with an indifferent fixed point at the origin. When 6 is rational of the form p/q # 0
in lowest terms, the parabolic fixed point O is the landing point of precisely ¢ rays
R(t1), ..., R(ty), where X,/,, = {t1,...,1;} is the unique minimal rotation set
under doubling with rotation number p/q. If as usual we assume 0, #{, ..., f; are
in positive cyclic order, it follows that the unique critical point ¢ = —e?"% /2 lies
in the wake bounded by R(#1), R(t;), corresponding to the longest gap of X /,.
Similarly, the critical value v = P(c) = —e*"'?/4 lies in the wake bounded by
R(t14p), R(ty4p), corresponding to the shortest gap of X/, (compare Fig. 5.5 left).

When 6 is an irrational of bounded type (or more generally belongs to the full-
measure set € in [25]), the Julia set J(P) is locally connected. In this case the
boundary of the Siegel disk A of P centered at 0 is a Jordan curve containing ¢, and
the limb decomposition hypothesis automatically holds. It follows from the general
results of the previous section that the set of angles of the rays that land on 9 A
is precisely the minimal rotation set Xy under doubling. Note that Xy is a Cantor
set with a single major gap of length % bounded by the angles w, 0’ = @ — 5,
where 0 < w = w(0) < % is the leading angle of Xy as defined in Sect.4.5. By
Corollary 5.11, both rays R(w), R(w") land at the critical point ¢ which is the unique
marked root. The precritical point P~"(c)Nd A is then the root whose corresponding
wake defines the gap of Xy of length 21,, (see Fig. 5.5 right).

The realization of rotation sets in the dynamical plane allows an alternative route
to Lemma 4.24. The binary expansion 0.bpb1b; - - - of the leading angle v = w(0)
of Xy is characterized by the condition by = 1 if and only if 2w € (%, 1).
If6 = p/g # 0and Xp/y = {t1,...,14} as above, then 0 € (t;,1) and

Fig. 5.5 Filled Julia set of the quadratic polynomial z — e**?z + z2 with the corresponding
minimal rotation set Xy under doubling. Left: The parabolic case 6 = ; Right: The Siegel case

0= (“/52_1) . Shown here are the wakes rooted at the critical point ¢ and its first five preimages on
d A, which define the major gap (o', ) of Xy and the five minor gaps of lengths 2% for2 <k < 6
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1 1 : 1
s € (tg—pstq—p+1). Hence t,...,15—p € (0, ,) while t5—p41, ..., 15 € (5, 1).

Thus,

1
K = t144p € (2,1) e 1+kpmodg)isin{g—p+1,....q).

This is clearly equivalent to k6 € [0, 0).

A similar argument works when 0 is an irrational and P has a “good” Siegel disk.
In this case, 0 € (o', ) and é € (0 + 1)/2, (w+ 1)/2), so %*w e (é, 1) if and
only if 2w € ((w + 1)/2, @'). But the pair R(w), R(«') land at ¢ with the internal
angle 0 and the pair R((w+ 1)/2), R((w’ + 1)/2) land at the preimage Pl (c)naA
with the internal angle —6. It follows that 2fw € ((w+1)/2, ') precisely when k@,
the internal angle of P°k(¢), is in the interval (—6, 0).

The parameter space of quadratic polynomials provides a complete catalog of
all rotation sets under doubling. To see this, it will be convenient to represent our
quadratics in the normal form f,(z) = z>+c¢ where ¢ € C. The connectedness locus

My = {c € C: K(f.) is connected},

commonly known as the Mandelbrot set, is non-empty, compact, and full. If
Be denotes the Bottcher coordinate of f. near oo, the Douady-Hubbard map
@ : C~ #» — C~ D which assigns to each ¢ outside .#> the Bottcher coordinate
Bc(c) of the critical value f.(0) = c, is a conformal isomorphism. By the parameter
ray of ./ at angle r € T we mean the real-analytic curve

R(t) = &~ ({re*™ " 11 > 1)).

We say Z(t) lands at z € 8.4 if lim, .1 @~ (re? i) = z.

Each quadratic Py in (5.6) is affinely conjugate to f, with ¢ = c(@) =
e?i0 2 — 470 /4 As @ varies in [0, 1], the image ¢(#) traces out a cardioid
on the boundary of .#> that is prominently visible in Fig.5.6. When 60 # 0 is
rational, ¢(0) is the landing point of the two parameter rays Z (2w), Z(2w'). (Recall
that (o', w) is the major gap of Xy.) If 6 is irrational, then ¢(0) is the landing
point of the unique parameter ray Z(2w) = % (2w’). One may interpret this by
saying that c(6) is always the landing point of the parameter ray at angle 2w (6),
which is a strictly increasing function of 6 that jumps by 1/(2¢ — 1) at every
rational 6 = p/q (Corollary 4.26). When 6 is rational, the two parameter rays
ZQ2w), Z2w') together with their landing point ¢(@) define the parameter wake
W (0), characterized by the property that the dynamic rays with angles in Xy land at
a fixed point of f, if and only if ¢ € #'(6) N .#> (for a detailed treatment see [20]
and compare Fig. 5.6).
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Fig. 5.6 The Mandelbrot set
M and its parameter wakes
# (3. #(5) and #(3).
Also shown is the parameter
ray #(2w) landing at the
quadratic that is affinely
conjugate to €270z 4 72,
Here 6 = (“/52_1) and

o = w(f) =~ 0.35490172

Remark 5.14 The family of degree d unicritical polynomials z — z¢ + ¢ exhibits
very similar features in relation with rotation sets. As an example, the cubic map

fe : 2+ 23 + c has an indifferent fixed point of multiplier ¢>"% if and only if
1 . 1 .
c=%c(0) where c(@)=—_, &m0 T
3V3 V3

The maps fs) and f_.(g) are conjugate by the 180° rotation z — —z. The angles of
the dynamic rays of f(s) that land on the indifferent fixed point when 6 is rational,
or on the boundary of the Siegel disk when 6 is a suitable irrational, form the rotation
set Xg,1 under tripling. The rotation set associated with the conjugate map f_.()
is of course Xp,9. As 0 varies in [0, 1], the images £c(0) trace out an algebraic
curve (a nephroid) on the boundary of the corresponding connectedness locus .3
which bounds the central hyperbolic component containing ¢ = 0. The analog of
the Douady-Hubbard map is a conformal isomorphism C \ .#3 — C ~ D, which
can be used to define parameter rays in the c-plane. The boundary point c(6) is the
landing point of the parameter ray at angle 3w (6, 1), which strictly increases from 0
to é, jumping by 2/(37 — 1) at every rational 8 = p/q (Corollary 4.32). Similarly,
—c(0) is the landing point of the parameter ray at angle 3w (6, 0) = 3w(8, 1) + %,
which strictly increases from é to 1 with similar jumps at every rational 6. As in the
case of the Mandelbrot set, there is an analogous notion of parameter wakes for .3
and their dynamical characterization (see Fig. 5.7).
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Fig. 5.7 The connectedness locus .23 of the unicritical cubic family {f. : z 23 + ¢}eec, with
selected parameter rays and wakes. Here % (p/q,8) N .#3 for § = 0, 1 is precisely the set of
parameters ¢ for which the dynamical rays at angles in X /4 5 land at a fixed point of f

5.4 The Cubic Family

This section is somewhat expository and contains outlines of the results. Consider
the space of monic cubic polynomials with an indifferent fixed point of multiplier
719 at the origin. Each such cubic has the form

07 4 az* + 73 forsome aeC. (5.7)

faiz> e
Note that f, and f_, are affinely conjugate by the involution z — —z. One could
thus look at the quotient of the a-plane under a — —a (equivalently, work with the
parameter a?). However, for our purposes in this section we prefer to treat f, and
f—q as distinct cubics.
The connectedness locus of this cubic family is defined by

M30) = {a € C: K(f,) is connected}.

It is not hard to verify that .#3(f) is a compact, connected and full subset of C
which is invariant under the involution a — —a [30].

When a € .#3(6), both critical points of f, belong to the filled Julia set K ().
When a ¢ .#5(0), exactly one of the critical points, labeled c,, belongs to K (f;)
while the other, labeled e,, escapes to oo. The escaping critical value v, = f,;(eq)
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has two preimages under f,: the critical point e, itself (with multiplicity 2) and
a regular point ¢, which we call the escaping co-critical point. The Bottcher
coordinate B, of f, near oo is defined and holomorphic in some neighborhood of
é4. The analog of the Douady-Hubbard map @ : C \ .#3(6) — C \ D defined by

@ (a) = Ba(ea)
is a conformal isomorphism [6]. We define the parameter ray at angle t € T by
A1) = {® ¥y i r > 1),

We study the realization of rotation sets under m3 in the dynamical plane of f, as
well as the parameter a-plane. The discussion is presented in two cases depending
on whether 6 is rational or an irrational of bounded type. We will outline the first
case only briefly, as our main interest is the case of cubics with Siegel disks.

The parabolic case. Let us assume 6 is rational of the form p/q # 0 in lowest
terms. By the discussion of Sect. 5.2, the g-th iterate of f, has the form

@) =24+ A@ 0+ 4 2

Here A(a) is a polynomial of degree g in a with simple roots. Moreover, A is an
even function if g is even, and odd function if ¢ is odd. If A(a) # 0, the petal
number of the parabolic point O is ¢ and its ray number is g or 2q. If, on the other
hand, A(a) = 0, then the above expression reduces to

() =2+ Bla) 29t . 4 2

where B(a) # 0, so the petal and ray numbers are both 2¢. In this case, we say f,
has a degenerate parabolic fixed point at 0.

By Lemma 5.1 the set X, of angles of the dynamic rays of f, that land at O
is a rotation set under tripling with p(X,) = p/q, which consists of one or two
g-cycles. The deployment vector of X, has the form §(X,;) = (64, 1 — 84), where
84 € [0, 1] is the deployment probability of f,, i.e., the probability that a dynamic
ray R,(t) of f, landing on 0 has its angle 7 in (0, é). Note that by symmetry,

S_a=1-4, 06%3([7/61)-

First suppose the ray number is g, so X, is a single g-cycle {t1, ..., #;}. Thus,
in the notation of Sect. 4.6, X, = Xp/4.i/q for some 0 < i < q. If we assume
0,11,..., 14 are in positive cyclic order, it follows that one critical point of f;
lies in the wake bounded by the dynamic rays R,(#;), R.(t1), the other in the
wake bounded by R,(#;), R, (t;+1). Thus, the deployment probability §, = i/q is
determined by the “combinatorial distance” i between the two critical points of f,
(that is, how many wakes they are apart). Figure 5.1 left illustrates this case with

pla=ilqg=]}.
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Next consider the case where the ray number is 2¢, so X, = {1, ..., t24}. Under
tripling, each ; maps to #; 12, so X, splits into two g-cycles. As these g-cycles are
compatible, Theorem 3.16 shows that

Xa=Xp/qitg Y Xpjq.i+1)/q

for some 0 < i < g — 1. Now one critical point of f, lies in the wake bounded
by Ru(t2¢4), Ru(t1), the other in the wake bounded by R, (22i+1), Ra(t2i+2). Thus,
similar to the above case, the deployment probability §, = (2i + 1)/(2¢q) is
determined by the combinatorial distance 2i 4+ 1 between the two critical points
of f,. Figure 5.1 right illustrates this case with p/q =i/q = ;

Turning the attention to the parameter space, one can identify the following types
of the interior components for .Z3(p/q):

* adjacent, where the two critical points belong to the same attracting petal at 0;

* bi-transitive, where the two critical points belong to different attracting petals at
0 in the same cycle;

* capture, where the orbit of one critical point eventually hits the cycle of attracting
petals at 0;

* hyperbolic-like, where the orbit of one critical point converges to an attracting
cycle.

Conjecturally, every interior component of .#3(p/q) is of one of the above types.
In fact, the only possibility to rule out is a “queer” component in a small copy of the
Mandelbrot set in .#3(p/q) in which the interior of K (f,) is the basin of attraction
of 0 but the Julia set J (f;) has positive measure and admits an invariant line field.

Let ap, ..., aq—1 denote the degenerate parabolic parameters, i.e., simple roots
of the equation A(a) = 0. There is a chain of interior components Cy, Cy, ..., Cy
of .#3(p/q) such that 9C;_1 N3C; = {a;} for 1 <i < g.Here C; = —Cy—i, with
Co and C; of adjacent type and Cy, ..., Cy—1 of bi-transitive type (see Fig.5.8).
For every parameter a € C;, we have §, = i/q.

The deployment probability §, can be determined throughout the connectedness
locus .#5(p/q). Each degenerate parabolic parameter a; is the landing point of
four parameter rays whose angles are those of the dynamic rays of f,, that bound
the Fatou components containing its co-critical points. Using the general results
of Sect. 4.6 it is not hard to find explicit formulas for these angles in terms of the
leading angles w(p/q,i/q) and w(p/q, (i +1)/q). An example of this computation
for p/q = % and i = 0 is shown in Fig.5.9.

These 4¢g parameter rays together with their landing points {ao, . . ., a;—1} divide
the a-plane into 3q 4+ 1 parameter wakes %y, ..., ¥y, _ng’ el .Q;il. Here %;

contains C; and the pair Ql.i separate #; from #;1 (see Fig.5.8). We have X, =
Xpq.ijg ifa € W 0 AM3(p/q), and X, = Xp/q.ijg Y Xpjg.i+1)/9 ifa € .Qii N
M3(p/q). Thus,

s _la ifa € #;N.#(p/q)

Wt ifae @F nta(p/g).
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Fig. 5.8 The parabolic connectedness locus //{3(%) and the chain of interior components
Co, C1, Ca, C3. The twelve parameter rays landing on the degenerate cubics ag, aj, ap define the
ten wakes %0, #1, #> %5 and .Qoi, .Qli .in The deployment probability §, takes the value i /3 on

Wi O3(3) and (2i +1)/6 on 2 N .at5(3)

A detailed analysis of the landing properties of some of the parameter rays of
3(p/q) can be found in [3].

The “good” Siegel case. Now suppose 6 is an irrational of bounded type, so the
fixed point O of f, is the center of a Siegel disk A,. The boundary 0 A, is then a
Jordan curve (in fact a quasicircle) passing through one or both critical points of f,.

One can easily identify the following two types of interior components of the
connectedness locus .3 (6):

* capture, where the orbit of one critical point eventually hits the Siegel disk;
e hyperbolic-like, where the orbit of one critical point converges to an attracting
cycle.
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50/78

Fig. 5.9 Filled Julia set of the degenerate parabolic f, in //l3(§) with X, = X 20 UXay 1 =

3°3

(24, 3%, 8. 80 2 Y and 8, = }. Here a ~ 0.68308975 — 1.08669099i. The ray pairs at

angles (;g, %g) and (%‘8‘, %) bound the Fatou components containing the critical points ¢ and ¢/,
respectively. It follows that the ray pairs at angles (;g — ; = ‘7‘2, %g + ; = 3‘8)) and (%‘81 +

2 _ 76 51 .1 _ 77 P s e A v
3 = 73573 T 3 = 73) bound the Fatou components containing the co-critical points ¢ and ¢’,

respectively

As in the rational case, it is conjectured that every interior component of .#3(0) has
one of these types. In Fig. 5.10 left the capture components are the blue bulbs, while
the hyperbolic-like components are the grey bulbs that belong to a small copy of the
Mandelbrot set.

The following is proved in [30]:

Theorem 5.15 There is a closed embedded arc I'(0) C .#3(0) with the property
that a € I'(0) if and only if d A, contains both critical points of f,.

The arc I"(9) is clearly invariant under the involution a + —a. The endpoints
of I'(0) are the parameters ++/3¢27i0 corresponding to the cubics with a double
critical point. We denote by ag the endpoint in the lower half-plane, so —ay is the
other endpoint in the upper half-plane. The midpoint of I"(6) is the parametera = 0
corresponding to the cubic with centered critical points. See Fig. 5.10 right.>

3In [30] the cubics are given in the normal form

: 1 1 1
27if 2 *
= 1— _(1+ + ) e C*,
e Z( 2( c)Z 3c” ¢
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—ay

as %,

ai

a

Fig. 5.10 Left: The cubic connectedness locus .#3(9) C C. Right: The arc I"(0) C .#3(0). Here
0= <J52—1>

The arc I (f) is parametrized by the internal angle between the two critical points
(as defined in Sect.5.2). More precisely, if a € I'(0) and if the internal angles of
the critical points of f, are 0 and 7, € [0, 1], where 7,, = 0 and 7_,, = 1, then the
map a — 1, is a homeomorphism " () — [0, 1].

Here are two alternative characterizations of I"(0):

e I'(0) is the set of parameters near which the boundary dA, fails to move
holomorphically. In fact, if U is a disk which does not intersect I"(6), then
the critical point of f, that lies on dA, depends holomorphically on a € U,
so its forward orbit moves holomorphically over U. By the A-lemma [16], this
holomorphic motion extends to a holomorphic motion of the closure of this
forward orbit, which is just dA,. On the other hand, if U is a disk that does
intersect I"(0), the critical point on d A, cannot be followed holomorphically in
U, which shows 90 A, does not move holomorphically over U (although it still
moves continuously in the Hausdorff topology [30]).

e Let rad(a) denote the conformal radius of the Siegel disk A, relative to its
center 0. The function a +— lograd(a) is continuous and subharmonic in C
and harmonic off I" () (see [5] and [32]). The arc I"(0) can be described as
the support of the generalized Laplacian 499 lograd. This has been proved by 1.
Zidane and independently by the author (unpublished).

with marked critical points at 1 and ¢. The punctured c-plane is a double-cover of the a2-plane,
branched at ¢ = =£1. In this normalization, I"(¢) appears as a Jordan curve passing through these
branch points, and is invariant under the involution ¢ + 1/c.
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An adaptation of the work of Petersen in [23], using complex a priori bounds for
critical circle maps, proves that for every a € I'(6) the Julia set of f, is locally
connected and has measure zero. Thus, along I"(6) the Julia set is tame enough to
allow the general constructions of Sect.5.2 to go through. In particular, it follows
from Theorem 5.7 that we can assign to each a € I"(f) a minimal rotation set X,
under tripling with p(X,) = 6, consisting of angles of the dynamic rays of f, which
land on d A,. Notice the symmetry

1
X_.=X,+ 5 (mod 7Z). (5.8)

For each a € I'(9) consider the deployment vector §(X,) = (84, 1 — 8,), where
84 € [0, 1] is the deployment probability of f;, i.e., the probability that a dynamic
ray R,(¢) landing on 0 A, has its angle ¢ in (0, é). It follows from the symmetry
relation (5.8) that

bg=1—-8, ael().

At the two endpoints a = =ag of I'(9) the cubic f, has a double critical point
whose wake contains both dynamic rays R, (0) and Ra(é). At any other a € I'(6)
the critical points of f, are distinct and we label them as %, and %, by requiring that
the wake W (x,) contains R,(0) and the wake W (%)) contains Ra(é). Under this
labeling, the internal angle of #, will be 0 and that of «, will be .

The following is an immediate corollary of Theorem 5.7:

Theorem 5.16 For every parameter a € I"(0), the deployment probability of X, is
the internal angle between the two critical points of f,:

Sa = T4

Thus, starting at the endpoint ag of I"(6) in the lower half-plane and moving
to the other endpoint —ag, the probability §, increases monotonically and takes
all values between O and 1. In particular, the family {X,},e ) spans all minimal
rotation sets under tripling with p(X,) = 6.

For each integer n > 1, let a, be the unique parameter on /" (¢) for which §,, =
n6 (mod Z) (the first few a, are shown in Fig. 5.10 right). Using Theorem 5.16, it is

readily seen that f"" (%4,) = *, . By Theorem 4.31, the rotation set X, has a taut

gap of length _l, corresponding to the wake W (x;, ) and a loose gap of length é + 3,,1“

corresponding to the wake W (x,,) (compare Fig. 5.12). Of course by symmetry the
parameters —a, have similar dynamical description, with *, and %/, exchanged.
Namely, §_,, = —n6 (mod Z), f° (*_,) = *_q4,, and X_,, has a taut gap of
length % corresponding to W (x_,,,) and a loose gap of length ;~|— 3n1+1 corresponding
to W(*La’l).ét

4Each parameter =a,, is the “root” of a capture component in which the (n + 1)-st iterate of one
critical point hits the Siegel disk. We will not be using this fact in our presentation.
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We can combinatorially describe I"(6) by specifying the angles of the candidate
parameter rays that presumably land on it. This description is related to rotation
sets under tripling, much like what we have seen in the case of the boundary of the
main cardioid of the Mandelbrot set. It will be convenient to use Theorem 5.16 to
parametrize () by the deployment probability. For each § € [0, 1], let a(§) €
I"(6) be the unique parameter with 8,5y = §. Thus, a(%) = 0 and in terms of our
previous notation, a(0) = ag, a(l) = —ao, and a(£nf) = *+a, foralln > 1. If
8 # nb (mod Z) for all n, there are two angles —é < s5(8) < é and ; <t() < %
such that the parameter rays Z(s(8)) and Z(z(5)) land at a(8) (thus, in Fig.5.14,
Z(s(8)) lands at a(8) from the right side of I"(9) while Z(¢(§)) lands there from
the left side). These angles can be expressed in terms of the leading angle w (6, §)
of Xu(5) = Xg,s studied in Sect. 4.6:

t(8) =w(0,8)+;
s(0) =w@@,1—-158) — é

This can be seen by examining Fig. 5.11 which illustrates the angles of the dynamic
rays landing at the co-critical points of f;s). Notice that by symmetry,

t(8)=s(1—8)+;.

Fig. 5.11 Filled Julia set of a typical cubic map f, with a € I"(9), where the critical points *, *’
have disjoint orbits on d A. Here the rays at angles 7 + ; land at * and those at angles s £ ; land

at ', If § is the deployment probability of the associated rotation set X, we have t — ; =w(0,96)
and s — ; =w@,1 -6+ é Thus, the rays landing at the co-critical points %, ¥ have angles
t=w(,d) + ; ands = w(@,1 —38) — é, respectively
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Recall from Theorem 4.33 that the leading angle § — (6, §) is a decreasing,
left-continuous function with a jump discontinuity of size 3n1+ , at 8 = n6 (mod Z)
for each n > 0. Moreover,

0®,0) =w®,0") + ; =w@,1)+ ;
It follows from the above formulas that s(§) is increasing and ¢ (§) is decreasing as
a function of §. For each n > 1 the angle #(§) has a jump discontinuity of size b1
at 6 = n6 (mod Z), while s(§) remains continuous there, and similarly, s(6) has a
jump discontinuity of size 3,11“ at§ = —nf (mod Z), while 7 () remains continuous
there. These values of § correspond to the parameters +a, along I"(6) and the
aforementioned discontinuity suggests that every a, with n > 1 is the landing point
of three parameter rays at angles

t, =w(,nd) + gt

1
3
I 1
t, =w@,nf) + 3

1
sp = w(@, —nb) —

6

while the parameter —a,, is the landing point of the three parameter rays at angles

1

_ 1
s, =w,nb) — 6 3ntl
1
6

s;f =w(d,nb) —
1
t, = w8, —nb) + 3
These computations are illustrated in Fig.5.12 which shows the angles of the
dynamic rays that land at the co-critical points of f;,.

Finally, the endpoint a¢ of I"(0) is the landing point of the two parameter rays at
angles

iy =w®, 1)+

[, T S I

fp =@ D+

while the other endpoint —ay is the landing point of the two parameter rays at angles
59 = (@, 1)
+ 1
s =w(@,1) + 5

Compare Fig. 5.13 which provides a justification for these formulas.
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t+1/3=1/3"
t _1/3n+1

Fig. 5.12 Filled Julia set of the cubic map f, , where the n-th iterate of the critical point x hits the
critical point *". Here the rays at angles s+ ; land at " and those at angles ¢+ % and 1+ % - 3,,1+1 land
at * (although only two of them, shown in the picture, are present in the rotation set X, ). We have
t— ; =w(f,nb) and s — ; =w(d, —nd)+ ; Thus, the ray at angle s = w(0, —nf) — é lands at
the co-critical point " and the rays at angles t = w (6, n6) + % and 1 — 3,,1+1 =w(0,n0)+ % — 3,,1+1
land at the co-critical points %

By Theorem 4.35, the above angles can be expressed rationally in terms of the
(transcendental) base angle w = w (6, 1). It follows that

L G+ Do+A, 1
= 2.3 +3
L 3"+ Do—-B, 1
n — 2 6’

where A,, B, are the integers defined by (4.16).

Example 5.17 For the golden mean 6 = (‘/52_1), the base angle w = w (0, 1) can be
effectively computed with desired precision using the formula (4.13):

o =~ 0.128099593431 - - -



5.4 The Cubic Family 111

Fig. 5.13 Filled Julia set of
the cubic map f,, with a
double critical point * = %’
(which also coincides with
the co-critical points % = #).
Here the rays at angles
t=w®, 1)+ and

t— % =w@,1)+ % land at *

Using the formula (4.16) it is easy to compute the integers A,, B,. Here are the
resultsfor 1 <n < 5:

A =3"=1 B =0

Ay =3243l=4 B, =3"=1

A3 =343l =4 By=3'=3

Ay =343 433=31 By =3"+32=10

As =343 133 134 =112 Bs =30 43! 3% =31,

The corresponding angles are listed in Table 5.1. Figure 5.14 shows selected
parameter rays at these angles.

We can extend this picture to parameters outside the arc I"(f). One possible
approach is to show that when 6 is of bounded type, the filled Julia sets K (f,) for
a € A5(0) satisty the limb decomposition hypothesis in Sect. 5.2 so the rotation
set X, is well defined. This is already known for many parameters in .#3(6),
including the hyperbolic-like ones, and is surely true for all capture parameters.
An alternative route, which is outlined below, is to approach .#3(0) from outside,
allowing disconnected Julia sets.

Outside the connectedness locus, the filled Julia set K (f,;) consists of countably
many homeomorphic copies of the filled Julia set of the quadratic polynomial
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Table 5.1 Angles of some

. Angle Intermsof w = w(0,1) Approximate value
parameter rays which “land”

on the arc I"(0) for Y o+ 0628099593431

o="5"0 W o+ 0.961432926764
f o+ 0.474288617843
I To+) 0.585399728954
51 20—} 0.089532520195
t SO+ b 0.589684959314
tF o+ 0.626721996351
9 S0+ 3 0.973831300488
4 No+ 0.461483739804
o B+ 0.473829418816
53 140 — 3 0.126727641367
4 8O+ e 0.585416666634
0 o+ 0.589531892972
54 41w — 3 0.085416664004
[ B+ 0.626727642244
15 Bo+ 5 0.628099384356
55 12200 — 4 0.961483731915

P : z > ¢¥%7 + 7% and uncountably many points. In particular, the connected

component K, of K(f,) containing the Siegel disk A,, called the little filled
Julia set, is homeomorphic to K (P). More precisely, let G, : C — R be the
Green’s function of f, as defined in Sect.5.1, and U, and V, be the connected
components of G;l[O, Ga(ey)) and G;l [0, G,(eq)/3) containing K, respectively
(recall that e, is the escaping critical point). Then U, and V, are Jordan domains
with K, Cc V, C V, C U, and the restriction f, : V, — U, is a degree
2 branched covering (see Fig.5.15). According to Douady and Hubbard, this
restriction is hybrid equivalent to the quadratic P, namely, there is a quasiconformal
homeomorphism ¢, : U, — ¢,(U,) which satisfies ¢, o f, = P o ¢, in V,, with
¢a(Ky;) = K(P) and 9¢, = 0 a. e. on K, (see for example [30] or [6]).

When a is outside .#3(6), it belongs to the parameter ray Z(t) for a unique
t € T called the external angle of a. It follows that the dynamic rays R, (¢t &+ ;)
are bifurcated and crash into the escaping critical point ¢,. Let N; be the countable
dense set of angles whose forward m3-orbit hit either of ¢ &+ % If u ¢ Ny, the ray
R, (u) is smooth. If u € Ny, the ray R, (u) is bifurcated and crashes into an iterated
preimage of e, (only once if neither # é is periodic under m3, infinitely many times
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1 s S0 753

o2
S1
st
sq
5]
I
5
52
=
)
o
7
1 =
2
+ =
2 X 2, /e

Fig. 5.14 Some parameter rays which “land” on the roots of capture components along the arc
I'(0). Here 6 = (‘/52_1)

otherwise). For each u € N; we can define the limit rays R, (ut) as the pointwise
limits

R,(u™) = lim Ry(v) and Re(u”)= lim Rq(v),
v—>u v—>u

vEN; vé¢N;

with one always turning to the right at a bifurcation point, the other always turning
to the left. Every point of the little filled Julia set K, is accumulated by at least one
smooth or limit ray. When u € Ny, only one of R,(u™") or R,(u™) can accumulate
on K, and we agree to denote this simply by R, ().

Consider the compact set

Y,={ue1r:mgi(u)¢(t+;,t—;)fora11izo}.
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Fig. 5.15 Filled Julia set of a
cubic f, outside the
connectedness locus .#3(0).
The restriction f, : V, — U,
is a degree 2 branched
covering hybrid equivalent to
the quadratic

7> 2074 22

It is not hard to show that Y, contains a maximal m3-invariant Cantor set A,
characterized by the property that u € A, if and only if the (smooth or limit) ray
R, (u) accumulates on K,. Every endpoint of a gap of A; belongs to N; and the
inclusion A; D Y; ~ N; holds. According to [2], there exists a degree 1 monotone
map h : T — T, with plateaus over the gaps of A;, which satisfies

homis=maoh on A;. 5.9

The following is a special case of the main result of [26]:

Theorem 5.18 The ray R,(u) with u € A; lands at 7 € K, if and only if the ray
R(h(u)) of the quadratic P lands at ¢,(z) € K(P).

Since K (P) is locally connected [23], it follows that all rays R, («) with u € A,
land on K,. In particular, since every point on the boundary of the Siegel disk of
P is the landing point of one or two rays, and since /|4, is at most 2-to-1, we see
that every point of 94, is the landing point of at most four (smooth or limit) rays.
An argument similar to Sect. 5.2 for connected Julia sets then shows that the set
of angles of rays landing on d A, contains a minimal rotation set X, C A; under
tripling, with p(X,) = 6. Let us investigate the relation between the deployment
probability &, € [0, 1] of X, and the external angle ¢ of a.

We may assume without loss of generality that sg' =w+ é <t < tg' =w+ 2
(the complementary case is treated by symmetry). Then the interval (r + ;, t — ;)
of length % is contained in the major gap Iy of X, that contains the fixed point 0.
It will be convenient to first study the case where X, N N; # {, so at least one



5.4 The Cubic Family 115

of the angles r £+ _l, belongs to X,. Since no angle in X, is periodic under m3, the
rays R, (t & ;) crash at e, and then join as a single smooth path to land at a point
w, € dA, which is characterized by the property that the internal angle from the
non-escaping critical point ¢, € 9 A, to w, is §,. Here are the possibilities:

Case 1.8, = 0. Then w, = c,. We either have Iy = (¢, t—é) where t = a)—i-g =1,
orlp = (t + é, t) wheret = w + é =1, (seeFig.5.16a,b).
Case 2. 64 = nf (mod Z) for some n > 1. Then ¢, = f;"(w,). We either have

11 1 o,
Io=<t+3—3n+1,t—3), where 1= w(@.n0) + | =1

or

1 1
3 + 3n+1

t

1
), where ¢t = (0, nb) + 3 gl T

P 1

0= (t + 3’ t
(see Fig.5.16¢, d which show the case n = 1).

Case 3. 6, = —n6 (mod Z) for some n > 1. Then w, = f;"(c,) and we have
Ip=(t+},t— 1) wheret = (6, —n) + } = t, (see Fig.5.16e which shows
the case n = 1).

Case 4. 6, # nf (mod Z) for all integers n. In this case ¢, and w, have disjoint
orbits on d A,, and we have Iy = (¢t + ;, t— é) where t = 1(8,) (see Fig.5.16f).

Using monotonicity of § = (0, §), it is easy to see that the above cases classify
X, for all external angles ¢ except when ¢ € (t,, t,f ) for some n > 0. As a corollary,
we obtain

Corollary 5.19 Ifthe external anglet ofa ¢ #3(0) liesin (1, , t,1) for somen > 0,
then X, is contained in the set

. 1
Y, N, = ueT:mgl(u)¢[r+3,t—3]forallizo}.

In particular, every dynamic ray R, (u) withu € X, is smooth.

It remains to determine X, when ¢ belongs to such an interval. We will need a
preliminary observation:

Lemma 5.20 Corollary 5.19 holds if we replace X, with the rotation set Xg np.

1

Proof We know that Xy ¢ has a loose gap Iy = (« + é = g O~ ;) containing

0 and a taut gap (8 + ;, B — é) containing é Here

1 1
o =wd,nb)+ 3 and B =w(0, —nb) — 6
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(b)

(©) (d)

Fig. 5.16 Possible types of cubics f, with a ¢ .#3(6) which have a non-smooth ray landing on
04,4.(a) 8, = 0,1 = tg. M) 8, =01 =15.(c) 8 =nb,t =5 () 8, =nb,t =1, .
(€)8a = —nb,t =t,. () 84 #nb,1=1()
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Fig. 5.17 Major gaps of a—1/3
Xg.no and the proof of
Lemma 5.20

(see Fig.5.17). We have

1
o 3n+1 =o- 3n+1 n

1 1
t, = w(®,nb) + 3 and ¢t =w(®,nb) + ;=%

so the assumption 1, < t < t,f implies [t + é,t — _l,] C Iy. Since the forward
ms3-orbit of every u € Xy ,9 avoids Iy, it must avoid the subinterval [¢ 4 é, t— ;],

which implies u € Y; \ N;. a

Theorem 5.21 Ifthe external anglet of a ¢ #3(9) lies in (1, , t,}) for some n > 0,
then X4 = Xg no.

Proof By Corollary 5.19, X, C Y; ~ N; C A;. The semiconjugacy & of (5.9)
has plateaus over the gaps of A;, so it is injective on X,. Hence & maps X,
homeomorphically onto an m;-invariant Cantor set C = h(X,). If ¢ is the canonical
semiconjugacy associated with X, the composition o ~! is a well-defined degree
1 monotone map of the circle since each fiber of 4 maps to a single point under .
Since ¢ o Kl semiconjugates m>|c to the rotation rg, it follows that C is a rotation
set for my with p(C) = 6. Similarly, by Lemma 5.20 Xy .9 C Y; ~ N; C A; and
an identical argument shows that C" = h(Xg »0) is also a rotation set for my with
0(C’) = 0. By the uniqueness of rotation sets under doubling, C = C’. It follows
from injectivity of & that X, = X¢ 0. O

Assuming that the rays %’(t,f) in fact land at a,, we can define the parameter
wake #), as the connected component of C \ (Z(t,) U Z(1,") U {a,}) which does
not meet I"(0). Using monotonicity of § — w(6, §) it is easy to see that distinct
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parameter wakes are disjoint. Theorem 5.21 can be restated as saying that X, =
Xo.np Whenever a € #, ~ #3(0). We can show that this holds for every a € %,
(this contains the claim that X, is well defined for a € #;, N .#3(6)). The argument
uses holomorphic motions as follows.

A dynamic ray R, (u) moves holomorphically over the parameter a € C as long
as it remains smooth (see [6], Proposition 2). Lemma 5.20 shows that every ray
R, (u) with u € Xg np is smooth for a € #, ~ .#3(09). Since R,(u) is trivially
smooth for a € .#3(0), it follows that this ray moves holomorphically over the
entire parameter wake #},. By the A-lemma, this motion extends to a holomorphic
motion of the closure R, (1) over #;,. But fora € #;, . .#3(6) this closure is R, (1)
union its landing point on d A,. Since 3 A, also moves holomorphically over %, it
follows that R, («) lands on d A, for every a € #;, as required.

Away from the endpoints £ag of I"(6) the critical points of f, can be continued
analytically as a function of a (however, going around 4ao will swap the two
critical points, so the monodromy is non-trivial). In particular, the escaping and non-
escaping critical points of f, fora € %, ~ .#5(0) extend to holomorphic functions
a + eq, cq defined for all a € #,. The preceding paragraph then shows that e,
belongs to the dynamical wake W (f, " (c,)) whenever a € #;,. It seems likely that
this property is the dynamical characterization of the parameter wake #/,.

To summarize, we have identified the dependence of §, on a in the following
cases:

e Ifa € #,thené, = 0.

e Ifa e —#,thend, = 1.

e Ifa e W, UZ(s,) forsomen > 1, then §, = né (mod Z).

e Ifae—#,UZ(t,) forsome n > 1, then §; = —nb (mod Z).

o Ifa e Z(5)) UZ(s(8)) where § # n6 (mod Z) for all n, then §, = 8.

It is conjectured that an analog of the limb decomposition hypothesis in Sect. 5.1
holds in this cubic parameter space, in the sense that the parameter limbs %, =
A3(0) N #;, have shrinking diameters as n — oo. Under this assumption, the
connectedness locus .Z3(0) would be the union of the arc I"(0) together with the
parameter limbs £.%, for all n > 0, and the five cases above would describe §,
(hence X,) forevery a € C.
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