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Abstract We consider the volume of a Boolean expression of some congruent balls
about a given system of centers in the d-dimensional Euclidean space. When the
radius r of the balls is large, this volume can be approximated by a polynomial
of r, which will be computed up to an O (r¢~3) error term. We study how the top
coefficients of this polynomial depend on the set of the centers. It is known that in
the case of the union of the balls, the top coefficients are some constant multiples
of the intrinsic volumes of the convex hull of the centers. Thus, the coefficients in
the general case lead to generalizations of the intrinsic volumes, in particular, to a
generalization of the mean width of a set. Some known results on the mean width,
along with the theorem on its monotonicity under contractions are extended to the
“Boolean analogues” of the mean width.

Keywords Volume - Intrinsic volume - Quermassintegral - Unions and
intersections of balls

1 Introduction

The long-standing conjecture of Kneser [10] and Poulsen [11] claims that if the
points py, ..., py and qy, . .., qy of the d-dimensional Euclidean space R4 satisfy
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the inequalities d(p;, p;) > d(q;, q;) forall0 < i, j < N, then

N N
voly <U Bd(p;, r)) > voly <U Bd(q[, r))

i=1 i=1

for any r > 0, where B%(p, r) denotes the closed d-dimensional ball of radius r
about the point p and voly is the d-dimensional volume. K. Bezdek and Connelly [2]
proved the conjecture in the plane, but it is still open in dimensions d > 3.

Results of Gromov [9], Gordon and Meyer [8] and the author [4, 5] suggest that
the Kneser—Poulsen conjecture could be true in a more general form, which we
formulate below.

Let By be the free Boolean algebra generated by N > 1 symbols x, ..., xy. We
denote the greatest element of 5y by X, and the least element of By by ¢. Elements of
By are equivalence classes of formal expressions built from the symbols xy, ..., xy,
X and @, the binary operations U, N, and the unary operator f — f.Two expressions
are called equivalent if and only if we can prove their equality assuming that the
operations satisfy the axioms of a Boolean algebra. We shall refer to an element of
By by choosing a Boolean expression from its equivalence class, and we write “="
between two Boolean expressions if they are equivalent. We shall also use the derived

operator f \ g = f N g and the partial ordering f C g &L fUg = g. We refer
to [6] for more details on Boolean algebras.

Take a Boolean expression f € By which can be represented by a formula built
exclusively from the variables xi, ..., xy and the operations U, N, \ in such a way
that each of the variables occurs in the formula exactly once. For any pair of indices
i #j,1 <i,j < N,evaluate f replacing the variables x;, k ¢ {i, j} by X or #in all
possible ways. It can be seen that the results of those evaluations that are not equal
to X or @, are all equal to one another and to one of the expressions x; N x;, x; \ x;,
xj \ xi, x; Ux;. Let the sign el/; be —1 if the evaluations not equal to X or ¢ are equal

to x; N x;, and set eifj = 1 in the remaining three cases.

The generalization of the Kneser—Poulsen conjecture for Boolean expressions
of balls claims that if the Boolean expression f € By obeys the conditions of the
previous para;raph, and the points py,...,py and qj, ..., qy in R4 satisfy the
inequalities el:j(d(p,-, p;) —d(qi,q;)) >0forall0 <i, j < N, then

voly (f(B(p1,r1), ... BY(py, rv))) = voly (f (B (@i, r), - ., By, x)))
ey
for any choice of the radii 7y, ..., ry.

A suitable modification of the arguments of Bezdek and Connelly [2] shows that
this generalization of the Kneser—Poulsen conjecture is also true in the Euclidean
plane (see [5]).

As it was pointed out by Capoyleas, Pach [3], and Gorbovickis [7], the original
Kneser—Poulsen conjecture for large congruent balls is closely related to the mono-
tonicity of the mean width of a set under contractions. The relation is based on the
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formula

N
volg (U B (pi, r)) = kar® + d%w({pl, PN 00, ()

i=1

where k4 is the volume of the unit ball in R?, w,(S) denotes the mean width of the
bounded set S C R?. We remark that the mean width function w, depends on the
dimension d of the ambient space, but only up to a constant factor. More explicitly, if

Ly (D(8))
for any bounded set S C R“. Applying Formula (2) and the fact that the Kneser—
Poulsen conjecture is true if the dimension of the space is at least N — 1 (see [9]),
Capoyleas and Pach [3] proved that the mean width of a set cannot increase when
the set is contracted. Using rigidity theory, Gorbovickis [7] sharpened this result by
proving that if the d-dimensional configurations (py, ..., py) and (qi, ..., qy) are
not congruent and satisfy the inequalities d(p;, p;) > d(q;, q;) forall0 < i, j < N,
then the strict inequality

®: R? — R is an isometric embedding, then we have %a)d(b’) =

wd({plv"'va}) > wd({qu""qN})

holds. This strict inequality, in return, implies that the Kneser—Poulsen conjecture is
true if the radius of the balls is bigger than a constant depending on the configurations
of the centers.

Gorbovickis [7] proved also that for the volume of the intersection of large con-
gruent balls we have

N
volg (ﬂ B (pi, r)) = kar — d%w({pl, T 00, (3)

i=I

thus, as a consequence of the strict monotonicity of the mean width, the above men-
tioned generalization of the Kneser—Poulsen conjecture is true also for the intersec-
tions of congruent balls if the radius of the balls is greater than a constant depending
on the configurations of the centers.

In 2013 K. Bezdek [1] posed the problem of finding a suitable generalization of
Egs. (2) and (3) for the volume of an arbitrary Boolean expression of large congruent
balls, and suggested to explore the interplay between the generalized Kneser—Poulsen
conjecture and the monotonicity properties of the coefficient of #¢~! in the general
formula. In the present paper, we summarize the results of the research initiated by
these questions.

The outline of the paper is the following. In Sect. 2, we sharpen Eq. (2), expressing
the volume of the union of some large congruent balls with an error term of order
O (r?=3). The coefficients appearing in the formula are some constant multiples of
the intrinsic volumes Vj, V;, V; of the convex hull of the centers. In Sect. 3, we show
that if a Boolean expression f (Bj, ..., B,) of some balls is bounded, then its volume
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can be obtained as a linear combination of the volumes of the unions of some of the
balls. The coefficients of this inclusion-exclusion type formula, given in Proposition
5, depend purely on the Boolean expression f. These coefficients are used to define
the Boolean analogues of the intrinsic volumes of the convex hull of a point set in
Sect.4. Theorem 1 gives a generalization of Eq. (2) for Boolean expressions of large
balls using Boolean intrinsic volumes. In Sect.5, some classical facts on intrinsic
volumes are generalized for Boolean intrinsic volumes. For example, it is known
that the kth intrinsic volume of a polytope can be expressed in terms of the volumes
of the k-dimensional faces and the angular measures of the normal cones of these
faces. This formula is generalized for Boolean intrinsic volumes in Theorem 2.
As an application of Theorem 2, we prove that the kth Boolean intrinsic volumes
corresponding to dual Boolean expressions differ only in a sign (—1)*. This explains
why the coefficients of 7¢~! in the Eqs.(2) and (3) are opposite to one another.
Theorem 3 provides a Boolean extension of the fact that the first intrinsic volume of
a convex set is a constant multiple of the integral of its support function. Section 6
is devoted to the proof of Theorem 4 on the monotonicity of the Boolean analogue
of the first intrinsic volume.

2 Comparison of the Volume of a Union of Balls and the
Volume of Its Convex Hull

Every convex polytope K C RY defines a decomposition of the space as follows.
Denote by F(K) the set of all faces of K, including K, and by F;(K) the set of its
k-dimensional faces. Let 7: RY — K be the map assigning to a point x € R? the
unique point of K that is closest to x. For a face L € F(K), denote by V (L, K) the
preimage 7 ~! (relint L) of the relative interior of L. As K is the disjoint union of
the relative interiors of its faces, R? is the disjoint union of the sets V (L, K), where
L is running over F(K). If L € F;(K), then V(L, K) is the Minkowski sum of the
relative interior of L and the normal cone

N(L,K)={ueR?|ul[L]and ma,g((u, X) is attained at a pointx € L} (4)
Xe

of K at L, where [L] denotes the affine subspace spanned by L. Set n(L, K) =
N(L,K)N B0, 1)and v(L, K) = voly_;(n(L, K))/kq—i. Division by k;_j in the
definition of v(L, K) is advantageous because it makes the angle measure v(L, K)
of the normal cone N (L, K) independent of the dimension d of the ambient space
R?, though the normal cone itself changes if we embed K into a higher dimensional

space.
Denote by K, = K + B%(0, r) the distance r parallel body of K. The decompo-

sition
R'= |J NL.K) 5)

LeF(K)
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induces a decomposition of the parallel body K,, which enables us to write the
volume of K, as a polynomial of r

voly(K,) = Y volg(K, NN(L.K)) = Y volg(L+r (n(L. K))

LeF(K) LeF(K)

d (6)
= kax| Y vol(L)W(L,K) | r* .

k=0 LeF(K)

Equation (6) is a special case of Steiner’s classical formula (see, e.g., [12, Eq.
4.2.27)])

d d
voly(K + B(0.r) = > (i) WK = ka i Vi(K)r ™, (7)

k=0 k=0

expressing the volume of the distance r parallel body of an arbitrary compact convex
set K as a polynomial of r, in which the normalized coefficients W,f (K) and Vi (K)
are the quermassintegrals and intrinsic volumes of K respectively. It is known that
the intrinsic volumes are continuous functions on the space of compact convex sets
endowed with the Hausdorff metric (see [12, Sect. 4.2]), and V;(K) = 1. Comparing
(6) and (7) we obtain the formula

Vi(K)= > vol(L)v(L, K) (8)

LeF;(K)
expressing the intrinsic volumes of a polytope K.

Proposition 1 Letpy, ..., py beafixedsetofpointsinR?, K = conv({pi, ..., pn})
be the convex hull of the points. Denote by B; = B (p;, r) the ball of radius r centered
at p;. Then we have

= 0@ 9)

-

voly(K,) — vold<

5)

i=1

for large values of r.

Proof Denote by A the diameter of K, and set 7’ = r — A?/r. Itis easy to see that if
r > A,then K,» C U,N:1 B; € K., (see [3]). Intersecting the decomposition (5) with
the union of the balls, we get

C=

QB,: U (N(L,K)m( B,~)>.

LeF(K) i=1
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When L € Fo(K) is a vertex, we have N(L, K) N (U,N:l Bi) — N(L,K)NK,.
Thus,

d
kA (UB)eU U M@ KKK,

i=1 k=1 LeFi(K)

and
N
voly(K,) — vold( B,-)

i=1

d AZ
d—k _ [, _ 2~ - d-3
<Y vole(L)ka—xv(L, K) <r <r . ) ) =00,

k=1

as claimed.

Corollary 1 Using the notations of Proposition 1, we have

N
V01d<U B,-) — scar 4 kg A VIK)P kg o Va(KOF2 4+ 0973, (11)
i=1

3 Combinatorics of Boolean Expressions

For a subset I of the set [N] = {1, ..., N}, define a; € By by a; = (ﬂj¢,x_,) \
(U;e; xi)- The elements a;, (I € [N1]) are the atomic elements of By. Any f € By
can be decomposed uniquely as f = Ua,g 7 ay. In particular, By has 22" elements.

Definition 1 The reduced Euler characteristic xy(f) of f € By is the integer
xv(f) = Za,g(—l)”w'

Obviously, the reduced Euler characteristic of a Boolean expression is an integer
number in the interval [—2V~!, 2N-1],

Proposition 2 If f € By can be represented by a formal expression which does not
contain all the variables xy, . .., xy, then xy(f) = 0.

Proof We may assume without loss of generality that f can be written as an expres-
sion not using the variable xy. This means that if ¢(: By_; — By is the natural
embedding, then f = ((g) forsome g € By_;.1f I C [N — 1],anda; € By_; isthe
corresponding atomic expression in By _1, thent(a;) N xy and t(a;) N Xy are atomic
expressions in By corresponding to the index sets / € [N] and I U {N} C [N]
respectively, furthermore,

aj Cg = a)Nxy C f < wa)NxyC f.

Thus,
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v =) (=D 4 (=D = 0.

arcg

Proposition 3 If f is the complement of f € By, then xn(f) = —xn(f).

Proof 1tis clear from the definition of the reduced Euler characteristic thatif f N g =
@, then xy(f U g) = xn(f) + xn(g). We also have

N _ N
In(X) = Z(—l)’“(i ) =0,
i=0

0 in(f) + in () = Zn(f U ) = in(X) = 0.

Recall that the contradual f* of f € B v is formed by replacing each variable x; by
its complement &;, while the dual f* = f* of f is the complement of the contradual

of f.

Proposition 4 For any f € By, we have
—In(f) = Zn () = DY In ().

Proof The first equation is a corollary of Proposition 3, so it is enough to show the
second one. The contradual operation preserves the ordering and maps the atom a;
to ayny\ ;- Consequently,

AN =D DI ==Y YT DIV = (DY R ().

arCf* an S f
O

Let Ly be the sublattice of By generated by the elements x1, ..., xy and the oper-
ations U and N. An element f € B, belongs to £, if and only if f # ¢ and when-
ever a; C f and J C I we also have a; C f. This means that we can associate
to any element f € Ly an abstract simplicial complex Py = {I C [N]|a; C f}.
This assignment gives a bijection between £, and abstract simplicial complexes on
the vertex set [ N] different from the abstract (N — 1)-dimensional simplex. In this
special case, the reduced Euler characteristic of f is one less than the ordinary Euler
characteristic of Py. The difference is due to the fact that ¢ is not counted as a
—1-dimensional face when we compute the Euler characteristic, but it is taken into
account in the computation of x(f). The number of elements of Ly is My — 2,
where My is the Nth Dedekind number.

There is a sublattice Cy D Ly of By consisting of expressions that can be built
from the variables x1, ..., xy using only the operations U, N, and \. The lattice Cy
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contains exactly those elements of By that do not contain the atomic expression apy;.
This way, Cy has 22" ~! elements.

Denote by My the linear space of real valued functions u: Cy — R such that
w(fUg)=u(f)+nu(g) if fNg=0@. As u € Cy is uniquely determined by its
values on the atomic expressions a;, (I C [N]), dim My =2V — 1.

For @ £ I C [N], letu; € Ly be the union u; =, x;.

Proposition 5 Forany f € Cy, there is a unique collection of integers my,; € Z for
(@ £ 1 C [N]) such that for any u € My, we have

p(fy= Y mpipup). (12)

P#IC[N]

Proof Thereis anatural embeddingev: Cy — M7, of Cy into the dual space of My
given by the evaluationmapev: f +— ev,, whereev,(u) = u(f) forany u € My.
The proposition claims that for any f € Cy, evy can be decomposed uniquely as an
integer coefficient linear combination of the evaluations ev,,,, ( # I C [N]).

Any f € Cy has an atomic decomposition f = Ua,g 7 ar, showing that

evy = Zeva,. (13)

arcf

Applying the inclusion—exclusion formula

u(ﬂ Ak>= Y oYt a;

kek p#ICK jeJ

for the Boolean expressions Ay = x; \ u;, k € K = [N]\ I, we obtain

pap= Y O uwep = Y oV gy = pep)
P#FJS(NND D#J (NN
= > oMV,
ICKC[N]
(14)
forany u € My and I # [N].
Equations (13) and (14) show that ev; can be written as a linear combination of
the evaluations ev,,, (¥ # I < [N])) with integer coefficients.
To show uniqueness of the coefficients m r;, observe that the evaluations ev,,,
(@ # 1 € [N]) form a basis of M?%,, and as the linear space spanned by the 2 — 1
evaluations ev,,, (¥ # I C [N]) contains this basis, it is the whole space M7,. Since
dim M}, = 2N _ 1, the evaluations evy,, (# # I C [N]) are linearly independent.
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Proposition 6 The sum Zﬂaélg[N] m 1 of the coefficients is 1 if ay € f and 0 oth-
erwise.

Proof Let u € My be the additive function the values of which on atoms are given
by

_JO ifI#9

Han =1y =g,

Then w(u;) =1, forall @ £ I C [N]. Applying (12) to u, we obtain

0 ifay
Z mgp = Z mf,[M(u[)ZM(f)ZZM(a]):{ lalﬂ,@f

9#£IC[N] PAIC[N] acf 1 ifayg C f.
|

Proposition 7 For any @ # 1 C [N], my, j = é;.; holds, where 8; ; is the Kro-
necker delta symbol.

Proof 1tis clear that u(u;) = ZQ#JEINI 87, 7u(uy). By the uniqueness of the coef-
ficients m,,, j, this equation implies m,, ; = 85, ;.

Proposition8 If f, g € Cy and f N g =0, then myy, = my + mg 1 for every
B #£1C[N]

Proof Since for any u € My, equation

D mpugan(u) =p(fU) =pu(f)+u@) = Y (mps+meu)

PAIC[N] PAIC[N]
holds, uniqueness of the coefficients m . ; implies the statement.

If u € My, then there are infinitely many ways to extend p to a map p: By —
R preserving the additivity property wu(f U g) = u(f) + n(g) — n(f N g). Since
such a map is uniquely defined by its values on the atomic expressions a;, and i (a;)
is already given for I # [N], the extension of u is uniquely given if we prescribe the
value (apy)) € R. This value is uniquely determined if we require that pu(X) = 0,
since this equation holds if and only w(ajn)) = — Z,QN] ulay).

Definition 2 The unique extension of © € My to a map u: By satisfying the con-
ditions u(f U g) = u(f) + u(g) — u(f Ng) and u(X) = 0 will be called the 0-
weight extension of .
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4 Asymptotics for the Volume of Boolean Expressions of
Large Balls

Let f € Cy be a Boolean expression built from the variables xi, ..., xy and the
operations U, N and \. For a system of N points p = (pi, ..., py) € R)Y and a
given radius r > 0, consider the body

B¢(p,r) = f(B'(r,r), ..., B (pn, 1))

obtained by evaluating f on the balls x; = B?(p;, r). We are interested in the asymp-
totic behaviour of the volume V? (p,r) = vold(ij (p, r)) of this body.

For a system of points p = (py, ..., py) € (RY)" and a set I C [N], denote by
K;(p) the convex hull of the points {p; | i € I}.

Definition 3 For f € Cy and a system of points p € (RY)", define the Boolean
quermassintegrals Wj‘f’ «(p) and Boolean intrinsic volumes Vi (p) by the equations

Wi = Y mpyWiK(p) and V()= Y mpVi(K;(p)).
W#IC[N] P#IC[N]

By Proposition 8, for any k and p € (RY)", the maps Cy > f + W¢,(p) and Cy >
f = Vii(p) are in My. We define W;{k(p) and V. (p) for arbitrary f € By as
the O-weight extension of these maps, respectively.

Theorem 1 For any Boolean expression f € Cy, and any fixed system of centers
p € RHY we have

d 2
d
V?(pv r)= E (k) W?k(p)rk + O(rd_3) = E Kd—ka_k(p)l’d_k + O(Fd_3),
ke=d—2 =0

Proof Let u: Cy — R be the additive function defined by u(g) = V;,’ (p, ). Apply-
ing Eq. (12) for u, we obtain

Vi) =u(f)= > mpu@)= Y mgVip.r).

P#IC[N] D#IC[N]

For each 1, Vf, is the volume of the union of some balls, to which we can apply
Corollary 1. This gives

V4 = kegr? 4 kg ViK™ kg o Va(Krd ™2 + 0 (rd73). (15)

ur

The last two equations together with the definition of the Boolean quermassintegrals
and Boolean intrisic volumes imply the theorem.
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Remark One of the main goals set in the introduction was to extend Eqgs. (2), (3), and
(11) for the volumes of Boolean expressions of large congruent balls, finding suitable
generalizations of the intrinsic volumes Vj, V}, V,, appearingin (11). Theorem 1 gives
the desired extension and justifies our definition of the Boolean intrinsic volumes.

S Properties of Boolean Intrinsic Volumes

The following properties are straightforward corollaries of the analogous properties
of intrinsic volumes of convex bodies and the definitions.

Proposition 9

(a) Vyio(p) does not depend on p. Its value Vi = ZQ#IC[N] myyis 1ifag C f,
and 0 otherwise.
(b) The Boolean intrinsic volume V. (p) does not depend on the dimension d. In

particular,
d 3
d _ kk Vidoi = Kk v, Aty (bs) = (kiﬁ)’(kwdﬂ @A) d Kk g
k= Ty Vd—k = s VE(d+s)—(k+s) = s = '
Sk (c]f) ! (c]f) fildts $ (‘]f)’(k+s SRS T (e 1) o (kS SHES
foranys € N.

(¢) Vi is a continuous function on RHYN for every d > 0.

(d) If f, ¢ € By and f Ng =0, then W4, , = W, + W and Viier = Vs +
Ve k-

(e) W?’k = _W}J,k and Vi, = —Vyy forany f € By.

We are going to find a formula for the Boolean intrinsic volumes that generalizes
Eq. (8). Assume that any k + 2 points of the system p = (py, ..., Pn) € (RHN are
affinely independent. This can always be achieved by a small perturbation of the
points if d > k + 1. Choose a k + 1 element index set S = {iy, ..., ix+1} C [N]
and denote by o the convex hull of the points p;,, . .., p;,.,. By the general position
assumption on p, o is a k-dimensional simplex and the affine subspace [os] spanned
by it does not contain any of the points p; for j ¢ S.

Define an integer valued functionn 5 »: S¢*~! — Zonthe unitsphere S§ ! =
{ue S| u L [og]} asfollows. Choose a vectoru € S‘é_k_l . Splitthe index set [ V]
into three parts depending on the position of the point p; relative to the hyperplane
orthogonal to u, containing the simplex o by setting

H+={J€[N]|<p]_p117u>>0}7
My ={j € [N]|{p; —pi;,u) =0},
- ={je[N]|(p; —pi,u) <0}

Itisclearthat § C Iy and S = I for almost all u. Define the elements yy, ..., yy €
By by the rule



82 B. Csikds

X ifjell, U(Ip\S),
yj: )Cj lfJGS,
W ifjell_.

Evaluating the Boolean expression f on the y;’s we obtain an element f(yy, ..., yn)
€ Biti1(xiy, ..., Xj,,,) in the free Boolean algebra generated by the elements x; , . . .,

Xigy,- Setnps pu) = (=DM g (F O u ).
The values of n s 5 , are integers in the interval [—2F, 2F]. Let

1
e ——— d
vf,S,p (d _ k)Kd—k ./S;"l nfaSap(u) u

be the average value of n g ;.

Theorem 2 If f € By andp € (RN satisfies that any k + 2 points of p are affinely
independent, then we have

Vik®) = Y vyspvol(os). (16)

SC[N]
|S|=k+1

Proof If f, g € By are disjoint, thatis f N g =, then V y,x = Vyx + Vi, fur-
thermore, f(y1,..., yn) N g1, ..., yn) = ¥ for any choice of the variables y;, and
since the reduced Euler characteristic is an additive function, vyyex = vyx + Vg x.
Thus, both sides of Eq. (16) are additive functions of the Boolean expression f. Since
both sides vanish for f = X, the two sides are equal for any f € By if they are equal
for any f € Cy. As it was shown in the proof of Proposition 5, the evaluations ev,,,
for ¥ # I C [N], form a basis of M, so it is enough to check the proposition for
the unions u;.

Assume f = u;. Then Vi (p) = Vi(K;(p)) by Proposition 7. Let S = {ij, ...,
ir+1} € [N] be a set of k + 1 indices. To understand the geometrical meaning of
n s p(w), consider first the value of f(y, ..., yn) = Uje] V.

If y; = X foranindex j € I,then f(y;,...,yy) = Xandvss(u) = Y41 (X) =
0. Hence nygp(u) vanishes if / ¢ I1_ U Tl,. By Proposition 2, nygp(u) van-
ishes also in the case when one of the variables x;,, ..., x;,, does not appear in
f(1, ..., yn). These variables appear in f(yj, ..., yy) ifand only if S € I N Iy.
This means thatif n s 5 p(uw) # 0, then K, (p) is contained in the halfspace {x € R? |
(u, x — p;,) < 0} and the boundary hyperplane of this halfspace intersects the poly-
tope K;(p) in a face that contains the k-dimensional simplex os. What is the value
of ny g p(u)in this case? If I/ C T1_ U Tlp and S € I N Iy, then

nf,Sp(u) = (_1)k+12k+1('xl’] U-.-u xl'](+1) = _2k+1(xi] n---N xl'](+1) = 1'

If the simplex o is not a face of K;(p), then the smallest face of K;(p) that contains
os has dimension bigger than k because of the general position assumption on Pp.
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In this case, the support of the function 7 /5, is contained in a great subsphere of
S‘é_k_', and vy, = 0.

If og is a face of K;(p), then n s p is the indicator function of the intersection of
the cone N (o5, K;(p)) and the sphere S”Sl*k”, therefore

1
vV = -
f.5.p (d _ k)Kd—k

/ n s p(Wdu = voly i (n(os, Ki(p))) — v(os. K1 (D).
s§! Kd—k

As all the k-dimensional faces of K;(p) are simplicies, we conclude that for f = uy,
we have

S vspvolio) = 3 vio, Ki()volk(L) = Vi(K;(p) = Vyi(p),
TerEiey

as desired.

Proposition 10 If f € By, f* and f* are the dual and contradual of f respectively,
then

Viek ==Vpe = (=D"Vipand Wi, = =W = (=D Wi,

Proof Due to Proposition 9 (e) and (b), it is enough to show the equality Vs« ; =
(=¥ Vi k. As Vg (p) does not depend on the dimension of the ambient space RY, we
may assume that d > k. Then the set of configurations p = (pi, ..., py) € (RHY
satisfying that any k + 2 of the points py, ..., py are affinely independent is dense
in (RN, Since V is continuous on (RY)" for all f € By, it suffices to prove the
equation V- x(p) = (—=DF V.1 (p) for configurations satisfying this general position
condition. Under this assumption, Theorem 2 implies the statement if we show the
equations vy« g p = (—l)kvf,s.p.

Consider the function ny s p(un) = (=D %1 (f 1, ..., yy)) in the defini-
tion of vy p. It is not difficult to see that f*(v1, ..., yy) is the contradual of
fOis ..., yn) and f*(yq, ..., yn) is the dual of it, so applying Proposition 4, we
obtainn p« g p = (—1 Yn .5.p- Taking the mean value of both sides over the unit sphere
S47*=1 we get the desired equation vy g p = (—1) v .

Denote by /,: RY — R the linear function /,: X — (u, x). If u is a unit vector,
and K is a bounded convex set, then the length of the interval [,(K) is the width
wg (u) of K in the direction of u. It is known that V| (K) is proportional to the mean
width of K, namely,

1 d
/ wg (w)du = Ka
2Kd_1 Sd-1 2Kd_1

The width and the mean width can be expressed with the help of the support function
of K. Recall that the support function of a bounded set X C R? is defined as the

Vi(K) =

wa(K).
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function hy: S' = R, hx(u) = sup,.x (X, u). It is clear that wg (u) = hg(u) +
hg(—u), and

hg (w)du.

1
(hg () + hg(—w))du = —
Kg—1 Jgd-1

Sd-1

Vi(K) =

We can extend this formula for the case when f € Ly. Then f can be evaluated on
real numbers by setting a U b = max{a, b} and a N b = min{a, b} fora, b € R.

Theorem 3 If f € Ly, then for any p € (RN, we have
1
Via(p) = — f(u,p1), ..., (u, py))du.
Ka—1 Jsi-1

Proof Suppose that the points p; are all contained in the interior of the ball By =
B4(0, R). Since f € Ly, ay C f, therefore Y perciny M = 1, and

S mpViKi) + Br) | — Vi(Bp).

Vi) = > mpVi(Ki(p) =
P#IC[N]

P#ICIN]

Denote by S; (u) the interval /,({p;} + Bg) = [{(u, p;) — R, (u, p;) + R]. Then

1
/ voly (lu(K; + Bg)du = f vol <U S; (u)) du,
§d-1 2K4—1 Jgd-1 )

Vi(Kr(p) + Br) =
2kd-1 iel

and
dICdR

/1( 3 mflvol(US(u)>) —

PAICIN] iel

V .
r1(p) = 2y
For any fixedu € S9=1, the function i : Cy — R defined by u(f) = voly (f (S (u),
Sy (w))) is in My, therefore Proposition 5 yields

D mprnGup) = p(f) = voli (f(Si(@), ..., Sy(W)).

D#IC[N]

> mpvoli(Usiw) =

GEICIN] iel
By the choice of R, 0 is a common interior point of all the intervals S; (u). For this
reason, all the sets that can be obtained from these intervals using the operations U
and N are also intervals. In particular,

fSi, ..., Sy(w) = [—f(=(u,p1),..., —(u,py) — R, f({u,p1), ..., (u, py)) + R],

and
voli (f(S1(w),..., Syw) = f((u,p1),--., (—u,pn)) +2R.
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Using the fact that for any integrable function 7 : S9! 5 R, we have szH h(u)du =
fSI,,l h(—u)du, these equations give

deR

Vii(p) =
1P P

) f (f(u,p1), ..., (W, py) + f{(—w, p1), ..., (—u, py)) + 2R)du —
Kd—1 Jsd-1

1

Kd—1 Jgd-1

Sa,pi), ..., (u, py))du,

as we wanted to show.

6 Monotonocity of the Boolean Intrinsic Volume Vi,

In this section, we prove the following result.

Theorem 4 Assume that the Boolean expression f € Cy can be represented by a
formula in which each of the variables occurs exactly once. Define the signs eifj, for
1 <i < j <N, as in the introduction. If the configurations p = (p1, ..., Pn) and
q=(q,...,.qy) € RYY satisfy the inequalitiesei];(d(pi, p;) —d(q;,q;)) > Ofor
all0 <i < j < N, then we have

Vii(p) = Vii(q). (17)

Proof 1t is proved in [5], that if there exist piecewise analytic continuous maps
z;: [0,1] = R? for 1 <i < N, such that z;(0) = p;, z;(1) = q;, and the distances
d(z; (1), z;(t)) are weakly monotonous functions of ¢ for all 7 and j, then ineqality
(1) is true for any choice of the radii. It is not difficult to see that the analytic curves
z;: [0, 1] > R? x R? defined by z; () = (cos(t7/2)p;, sin(t7/2)q;) connect the
points (p;, 0) to the points (0, q;) in the required way, but jumping into R??. Thus,
embedding the centers into R??, our assumptions imply the inequality

Vi (p,r) = volo (Bi*(p, 1)) = vola (f(B¥(a, 1) = Vi@, r)  (18)

for any choice of the radius r. By Proposition 9 (a), Vy0(p) = V/0(q), therefore
Theorem 1 gives

0<V¥(p.r) = Vi¥@.r) =rku1(Vii(p) = Ve (@)’ + 0?7,

This inequality can hold for large r only if the coefficient of the dominant term is
nonnegative, i.e., Vy1(p) > Vyi1(q).

It seems to be an interesting question whether we can write strict inequality in
(17) if, in addition to the assumptions of Theorem 4, we know that the configurations
p and q are not congruent. An affirmative answer would imply that the generalized
Kneser—Poulsen conjecture holds for Boolean expression of congruent balls if the



86

B. Csikds

radius of the balls is greater than a certain number depending on the system of the
centers.
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