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1 Introduction

Euclidean regular polytopes are in the center of scientific studies since the Antiquity
(see [18] or [9]). Packings of equal balls in spaces of constant curvature have been
investigated rather intensively since the middle of the 20th century (see [3], [7], [12]
and [21]). In this paper, we focus on packings of equal spherical balls (see [8], [11]
and [19]) that are related to some Euclidean simplicial regular polytope P with its
fo(P) vertices being on S¢~!, d > 3. We write ¢ to denote the acute angle satisfying
that edge length of P is 2 sin @ p. We note that the simplicial regular polytopes in R?,
d > 3, are the regular simplex and crosspolytope in all dimensions, and in addition
the icosahedron in R? and the 600-cell in R* (the latter has Schlfli symbol (3, 3, 5)).
The corresponding data is summarized in the following table.

Regular Polytope P | fo(P) ©p
Simplex in RY d + 1|3 arccos =
Crosspolytope in RY| 2d z
Icosahedron in R 12 |3 arccos -
600-cell in R* 120 o

10

Theorem A If P is a simplicial regular polytope in R? having its vertices on S¢!,
d > 3, then the vertices are centers of an optimal packing of equal spherical balls
of radius ¢p on S

Theorem A is due to Jung [17] if P is a regular simplex. For the case of a regular
crosspolytope, the statement of Theorem A was proposed as a problem by Davenport
and Hajés [10]. Numerous solutions arrived in a relatively short time; namely, the
ones by Aczél [1] and by Szele [22] and the unpublished ones due to M. Bognar,
A. Csészar, T. K6vari and 1. Vincze. Independently, Rankin [20] solved the case
of crosspolytopes. There are two more simplical regular polytopes. The case of
icosahedron was handled by Fejes Té6th [13] (see, say, [15] or [16]), and the case of
the 600-cell is due to Boroczky [4]. All these arguments yield (explicitly or hidden)
also the uniqueness of the optimal configuration up to orthogonal transformations.
For the case of the 600-cell, Andreev [2] provided an argument for optimality based
on the linear programming bound in coding theory. The proof of uniqueness via the
linear programming bound was given by Boyvalenkov and Danev [6].

In this paper, we provide a stability version of Theorem A of optimal order. For
u,v e S, we write §(u, v) € [0, 7] to denote the spherical (geodesic) distance of
u and v, which is just their angle as vectors in R?.

Theorem 1.1 Let P be a simplicial regular polytope in R? having its vertices
on S41 d > 3. For suitable ep,cp > 0, ifxy,...,xx € S4=1 are centers of non-
overlapping spherical balls of radius at least pp — ¢ for e € [0, ep) and k > fo(P),
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then k = fo(P), and there exists a ® € O(d), such that for any x; one finds a vertex
v of P satisfying é(x;, ®v) < cpe.

We even provide explicit expressions for ep and cp. If P is a d-simplex or a d-
crosspolytope, then cp is of polynomial growth in d (cp = 9437 if P is a d-simplex,
and cp = 96d? if P is a d-crosspolytope).

Concerning notation, if p € $~! and ¢ € (0, 7/2), then we write B(p, ¢) for
the spherical ball of center p and radius ¢. When working in R?, we write either
|X| or HY=1(X) to denote the (d — 1)-dimensional Hausdorff-measure of X. For
Z1, ..., xx € R, their convex hull, linear hull and affine hull in R? are denoted by
[y, ..., 2], lin{xy, ..., z} and aff{x,, ..., z;}, respectively. For x,y € R4, we
write (x, y) to denote the scalar product, and ||x|| to denote the Euclidean norm. As
usual, int K stands for the interior of K C R¢.

The paper uses various tools to establish Theorem 1.1. Only elementary linear
algebra is needed for the case of a simplex, the linear programming bound is used
for the case of a crosspolytope, and the simplex bound is applied to the icosahedron
and the 600-cell.

Concerning the structure of the paper, Sects. 3 and 5 handle the cases of the
simplex and the crosspolytope, respectively, and Sect. 4 in between reviews the
linear programming bound used for the case of crosspolytopes. Results in these
sections will be used also to handle the cases of the icosahedron in Sect. 8 and the
600-cell in Sect. 9, as well. After reviewing the Delone and Dirichlet-Voronoi cell
decompositions and the corresponding simplex bound in Sect. 6, and verifying some
volume estimates in Sect. 7, Theorem 1.1 is proved in Sects. 8 and 9 in the cases of
the icosahedron and the 600-cell, respectively.

2 Some Simple Preparatory Statements

The following statement will play a key role in the arguments for the cases of sim-
plices and crosspolytopes of Theorem 1.1.

Lemma 2.1 Letn >2and0 <n < ﬁ Ifuy, ..., u, € "' satisfy that |{u;, u;)|
<n for i # j, then there exists an orthonormal basis vy, ...,v, of R" such that
lin{u;, ..., u,} =lin{v;, ..., v,} and (u;,v;) >0 fori =1,...,n, and
(i, V)| € ——1—— fori # j. (1
T 1—-m—-=2)n
Moreover, §(u;, v;) < 2nn holds fori =1, ..., n provided that n < ﬁ

Proof We prove the lemma by induction on n where the case n = 2 readily holds.
Therefore, we assume that n > 3, and the lemma holds in R"~!.

Letv, =u,. Fori =1,...,n—1,letu; = w; + t;v, for w; evj- and; e R. It
follows that |1;] < 5 and w;|| = (1 —3)2 > (1 —n*)2 fori =1,...,n — 1, and
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we define w; = w;/||w;|| € S"~!. We observe thatif 1 <i < j <n — 1, then

o [{wi, w;)l (i up)| + |6t;1 n+n? U
(i, )| = —— o s e s =
(1—=1)2(1 —17)2 1= L=n> 1-=n
Asi = & < —L follows from < —L-, we may apply the induction hypothesis to
wi, ..., w,—1 and 1. We obtain an orthonormal basis vy, ..., vy for vj such that
lin{w;, ..., w,_1} =lin{v;,...,v,_1}and (w;,v;) >0fori =1,...,n— 1, and
. 1 U s
w;, v;)| < - = fori .
[{w;, v;)l =37 1—m—2n #J
If1 <i <n-—1then (u,,v;) = (vy,v;) =0 and |{u;, v,)| = |t;] < n. However
ifi # jfori, je{l,...,n— 1}, then
2.1~ — n
(s, v i)l = U= 12805 o tivn, v} < 163, vj) < — 0
Therefore, we have verified (1), and we readily have lin{u;, ..., u,} = lin{v;, ..., v,}
fori =1, ..., n by construction.
Finally, for the estimate §(u;, v;) if n < ﬁ and i =1, ..., n, we observe that

[(ui, vj)| < 2n provided j # i. It follows from |u;|| = 1 and (u;, v;) > O that

0<(i—uv)=1— [1= (u,v)> <Y (w,v;)* < (n— dn* < 21,
JF# J#

In particular,

n

i —will = | Y i —ui,v;)? < ndy? =2/nn,

J=1

and hence & (u;, v;) < 2nn. Q.E.D.

The following Lemma 2.2 and its consequence Corollary 2.3 are due to Rankin
[20], and will be used, say, for simplices.

Lemma 2.2 Ifuy,...,us: € S d > 2, are contained in a closed hemisphere,
then there existi and j, 1 <i < j <d + 1, such that (u;, u;) > 0.

Proof We prove the statement by induction on d where the case d = 2 readily
holds. If 4 > 3, then we may assume that (y;,u;) <0if 1 <i <j <d+1. Let

v e §" ! such that (v,u;) >0fori=1,...,d+ 1, and hence u; = w; + A;v for
i=1,...,d+1wherew; e vtand A; > 0.Ifu; = vforsomei € {1,...,d + 1},
then (u;, u;) = Ofor j # i, thus we are done. Otherwise w; # ofori =1,...,d + 1.

Ifi=1,...,d,then
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0> (ugp1, i) = (a1, i) + Aav1 - A = (War1, wi),

therefore, the induction hypothesis applied to Iw eyl n §9-T yields

A
fwill > lwgll
(w;, w;) > 0forsome 1 <i < j <d, and hence (lu,', uj) > é Q.E.D.

Corollary 2.3 Ifk >d+2,d > 2, andu,, ..., u € S, then there existi and j,
1 <i<j<d+1,suchthat (u;j,uj) > 0.

3 The Proof of Theorem 1.1 in the Case of Simplices

Theorem 3.1 covers the case of regular simplex of Theorem 1.1.

Theorem 3.1 If ug,...,uy € sa-1 satisfy 8(u;, u;) > arccos ’71 —2¢ for ¢ €
[0,e4) and 0 <i < j <d, d > 2, then there exists a regular simplex vy, ..., V4]
with vy, ..., vq € SV such that 8(u;, v;) < cqe fori =0,...,d where c; = 9d>?>

and gq = 1/c¢y.

Remark 1f d = 2, then one may even choose ¢; = 3 and &; = 1”—2

Proof We first handle the case d = 2, because this case is much more elementary.

We define &, to be 5 = %(ZT” — 7%). Thus arccos _71 = 27” and ¢ < &; yield that no

closed semicircle contains ug, u;, uy, and hence the sum of the three angles of type
8(u;, uj) is 27r. We may assume that & (ug, u1) < 8(ug, uo) < 8(u1, u2), and hence

21 21 21
T—26§3(M0,M1)§ 755(1417142)5 ?4-48. ()

We choose v, v2, v3 € S! that are vertices of a regular triangle, and
d(ug, vo) = 8(ur, v1) < e.

We deduce from (2) that § (12, v;) < 3e, thus we may choose c; to be 3.
Turning to the case d > 3, let

0<e<

9435

If0 <i < j <d, then we have

d d

1—2e¢ 2(d + 1)
—2e) > 2T
d d

TR o cos2e d>—1
l; —ujll” =2 —2cos8(u;, uj) >2+2 - sin 2¢

>2+2( 6e. 3)
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Using (3) and the estimate

d

>

i=0

2
2 2
+ E lu; —u;ll” > E lot; — ujll”,

0<i<j<d 0<i<j<d

d+1)° =

we deduce for any i < j the upper bound

+3d(d + 1e.

lu; — u;

2
P < d+1
d

In particular, if i < j, then

-1 3 -1
— —5dd+De = (uiuj) <= — +2e. )

We embed R? into R4t as RY = ¢ forsuitablee € S¢ ¢ R4*! . Fori =0,...,d,

we define
1 d
i = i e s,
v \/d+1'“’+\/d+1”e

and hence (4) yields that if i # j, then

1

a’—i—ljL

(i, uj) <2
Ui, Uj = —- E.
I 2

ALy )
=—— |5 + Ui, u;
d+1\d J

d
|<wiawj)|:‘ pE

Since % d’e < m, Lemma 2.1 can be applied, and hence there exists an orthonor-
mal basis qg,...,qq of R4*! such that S(wi, qi) <3(d+ 1)d?¢ holds for i =

0,...,d. Wedefineqg = Y%, \/d#? gi and deduce that g € §9.
Since for any i =0,...,d, we have (e, w;) = ﬁ and §(w;, q;) < 3(d +

1)d?e, it follows from | cos(ex + B) — cosa| < |B| fora, B € Rthat|(e, ;) — ——

Vd+1
< 3(d + 1)d?e, and hence |{e — g, g;)| < 3(d + 1)d*c. We deduce that
le —qll <3(d+1)2d%.

Let A € O(d + 1) be the identity if e = ¢, and be the rotation around the linear
(d — 1)-space of R%*! orthogonal to lin{e, g} with Ag = e if e # g. It follows
that ||Au — u|| < |le — g|| for u € S¢. For each i =0,...,q, g = Ag; € S¢ sat-
isfies [|G: — gi|| < lle — qll < 3(d + 1)2d*¢ and combining the last estimate with
S(wi, gi) < 3(d + Dd%e < 3(d + 1)2d% yields

9 .
lwi =il < 5 + Did%. 5)
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As Ag = e, we also have that (g;, ¢) = ‘/d—Jlrl = (w;, e)fori =0, ..., q. Therefore,

d—+1 1
Vi = L qi — e| eetnsd=gé!
d d+1
fori =0,...,q,[vo,...,vq]is aregular d-simplex, and
d+1 _ 9 2,3 15 8
i —uill =y —— g —will = 5(d+1)7d>e =<8d°¢ < -
lvi —ul 7 lg: — will 2(+) € £<y
for i =0,...,9 where we used d >3 at the last estimate. Using that
2arcsin% < %t for any ¢ € [0, g], we conclude that §(v;, u;) = 2 arcsin w <
2lvi — will < 9d*3¢ fori =0,....q. Q.E.D.

4 The Linear Programming Bound

Letd > 2. The presentation about the linear programming bound for sphere packings
on %! in this section is based on Ericson and Zinoviev [11, Chap. 2]. A central
role in the theory is played by certain real Gegenbauer polynomials Q;, i € N, in
one variable where each Q; is of degree i, and satisfies the following recursion:

Oo(t) =1

01(t) =t
dr* — 1

Oo(t) = 11

(i+d—=2)Qi1(1) = 2i+d =1Qi(1) =i Qi1 (r) fori > 2.

We do not signal the dependence of Q; on d because the original notation for the

Gegenbaur polynomial is Q; = Ql@ for o = % as

1
/ 0:1Q; (1)1 — )T dt =0ifi # j.
-1

Actually, Q; is normalized in a way such that Q;(1) = 1 fori € N.

The basis of our considerations is the following version of the linear programming
bound, which is contained in the proof of Theorem 2.3.1 in [11]. We write | X| to
denote the cardinality of a finite set X.

Theorem 4.1 Ford >2,if f = foQo+ f1O1+ ...+ fi Qi fork > 1, fo > 0and
fis..., fi =0, then any finite X C S9! satisfies
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IXIFD)+ > U y) = X fo 6)

Remark The classical linear programming bound is a consequence; namely, if in
addition, f(t) < 0 for fixed s € (—1, 1) and variable t € [—1, 5], then

1X| < f(D)/fo. )

If we have equality in (7), then (6) shows that all values (x, y) forx # y,x,y € X
are roots of f.

As an example, let X C S?~! be the centers for a packing of spherical balls of
radius 7, and hence (z, y) < 0 for z, y € X with z # y. The polynomial

f@O=tt+1) = foQo+ f101+ 202
satisfies f(r) < Ofort € [—1,0] and

1 1
f():_’ f]=1, fzzl_E, f(l):Z,

d
therefore, (7) yields | X| < 2d.
Next we quantify the obvious statement that for any packing of m spherical balls
of radius » on $"~!, if r is close to % then m < 2n.

Lemma 4.2 IfY C S, n > 2, satisfies that (x, y) < ﬁforw, y €Y withe #
1y, then |Y| < 2n.
Proof Lets = max{(z,y) : z,y € Y and x # y} < 2n21_n . We consider the polyno-

mial

fO=0¢+1D(—5)= foQo+ f101+ 202

where f(¢) <0fort € [-1,s] and

1 1
f():__sv f‘]ZI—S, f2=1__7 f(1)=2(1_s)
n n

We deduce from the linear programming bound (7) and s < ﬁ that
2n(1 — 2n(n — 1
< 2d=s) L, ey o QED.
1 —ns 1 —ns

The linear programming bound could have been used in the case of simplex to
prove (4). However, this could be proved easily by elementary arguments, as well.
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The linear programming bound can be also used to prove the optimality of the
icosahedron and the 600-cell however the corresponding polynomials are more com-
plicated. Say, in the case of 600-cell, the polynomial is of degree 17 and f1, = f;3 =0
according to Andreev [2]. Therefore we use volume estimates to handle the cases of
the icosahedron and the 600-cell.

5 The Proof of Theorem 1.1 in the Case of Crosspolytopes

Let X C S?! be the centers for a packing of at least 2d spherical balls of radius

I _¢g0<ex< and hence (z, y) < s for x,y € X with x # y and

1
4 64d*>

s =sin2e < 2¢ < ﬁ.
We deduce from Lemma 4.2 that
|X| =2d.
We consider the polynomial
fO =+ —s)= foQo+ /101 + /20>
where f(¢) <0fort € [—1,s] and

1 1
f():g—s, f1=1—S, fzzl—g, f(1)=2(1—s)

It follows from (6) and f(¢) < 0 fort € [—1, s] thatif x, y € X with & # y, then

1
fUzy) = 1XP fo— |1XIf(1) = 4d? (3 - S) —4d(1 —5) = —4d(d — Ds.
®)

Sincer —s < 5 ifr < Fandr+ 1> 1ifr >

1
f@ < —3 min {|t + 1|, |t — s|} fort € [-1, s].
We deduce from (8) that if x, y € X with z # y, then
min{(x,y) + 1,5 — (x,y)} < 8d(d — 1)s,

or in other words,



40 K. Boroczky et al.

=3

either —1=<(z,y) =—-1+ ﬁ < 9)
or —=8d(d —1)s < (z,y) <5 < 35.
We define |
=8d(d -1 — 10
n=8d(d - s < ;. (10)
We claim that for every z € X
. . -3
there exists a unique y € X such that (x, y) < e (11)

which we call the element of X opposite to x. For any y € X, we write y to denote
its projection into z*, and if y # %x, then we set y* = 3/||7].
The first step towards (11) is to show that if y, z € X, then

-3 -3
(x,y) < R and (z, z) < T yield y = z. (12)

Since |§]| = /1 — (z,y)? < \/gand similarly ||z]] < % we have

9

(y,2) = (x, y) (e, 2) + (. 2) > — —

11
16 2 16

)

which proves (y, z) = 1 by (9), and in turn verifies (12).
Next, set X = {y € X : |[(z, y)| < n}. For (11), it is sufficient to verify that

1X| <2(d —1). (13)

Foryi, y» € X, w]e havey; = y; + piwfori = 1,2 where p; € [—n, n]. In particular,
7l = (1 —pH2> > (1 - %)%, and hence

v % (@1, Y2) (Y1, y2) — P1p2 n+n’ n

<y11y2) = N 2151 2:1 < 2.
(1—-p)id—pH:  (1—p)il—pd):e =N =N
Since 21 < d2 , Lemma 4.2 withn = d — 1 yields (13), and in turn (11).

We deduce from (11) that X can be divided into d pairs of opposite vec-
tors. Choosing one unit vector from each pair, we obtain xi,...,z; € X such
that [(x;, x;)| <n for i # j. It follows from Lemma 2.1 that for every such d-
tuple xy, ..., zq € X there exists an orthonormal basis vy, ..., vy of R? such that

lin{x;, ..., x4} =lin{v;, ..., vg}and 6(x;, v;) < 2dnfori=1,...,d.
We claim that if z, y € X are opposite vectors, then

Sy, —x) < 4dn. (14)
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We choose , ..., z; € X representatives from the other d — 1 opposite pairs, and
let v be the unit vector orthogonal to lin{x,, ..., 4} with (z, v) > 0. Taking x = z;
and considering the approximating orthonormal basis vy, ..., v, for this zy, . . ., x4,
we deduce that v = vy, and hence §(x, v) < 2dn. Similarly, taking y = x|, we have
vy = —v for the approximating orthonormal basis, thus 6 (y, —v) < 2dn. In turn, we
conclude (14) by the triangle inequality.

Finally, we fix representatives uy, ..., uy from each of the d pairs of opposite
vectors, and hence there exists an orthonormal basis wy, ..., wy; of R? such that
8(u;, w;) <2dnfori =1,...,d. We write u; 4 to denote the vector of X opposite
tou;,i =1,...,d, and hence §(u;+4, —u;) < 4dn according to (14). Therefore,

S(Uiyd —w;i) < 8(ujpq, —ui) + 8(—ui, —w;) < 4dn + 2dn = 6dn < 48d°s < 96d°¢.

Therefore, ¢; = 96d* can be chosen for Theorem 1.1 in the case of crosspolytopes.

6 Spherical Dirichlet-Voronoi and Delone Cell
Decomposition

Forv € S9! and acute angle A, we write B(v, #) to denote the spherical ball of center
v and radius 6. Foru, v € S9!, u # —v, we write uv to denote the smaller geodesic
arc connecting u# and v. We will frequently use the Spherical Law of Cosines: If
a, b, c are side lengths of a spherical triangle contained in an open hemisphere, and
the opposite angles are «, B, y, respectively, then

cosc =cosa-cosb+sina -sinb - cos y. (15)

A set C C R? is a convex cone if it is closed and ax + By € C for o, f > 0
and z,y € C. If C contains a half-line, then M = C N S4-1 s called a spherically
convex set whose dimension is one less than the Euclidean dimension of C. The
relative interior of M is the intersection of S~ and the relative interior of C with
respect to lin C. If the origin is a face of C and C is a polyhedron (namely, intersection
of finitely many half-spaces) then M is called a spherical polytope. In this case, the
faces of M are intersections of S?~! with the faces of C different from the origin.

Let z1,..., 2 € S9! satisfy that each open hemisphere contains some of
zy, ..., %, and hence o € int P for P =[xy, ..., x;]. The radial projections of the
facets of P onto SY~! form the Delone (or Delaunay) cell decomposition of S¢~!.
We observe that if the distance of o from aff F'is o for a facet F', then arccos o is the
spherical radius of the spherical cap cut off by aff . We call arccos o the spherical
circumradius of the corresponding Delone cell.

To define the other classical decomposition of S¢~! corresponding to x, . . ., ¢,
let

D;={ueS"": §(u,x;) <8, x;)forj=1,...,k)
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fori =1, ..., k, which is the Dirichlet-Voronoi cell of x;. The Dirichlet-Voronoi
cells also form a cell decomposition of §”~! that is dual to the Delone cell decom-
position by providing the following bijective correspondence between vertices of
Dirichlet cells and Delone cells. If visa vertex of D;,i € {1, ..., k},andé(v, z;) = 6,
then§(v, x;) > @ forall j =1, ..., k,and points z; with § (v, x;) = 6 form the ver-
tex set of a Delone cell (see, say, Boroczky [5]). In addition, if F is an m-dimensional
face of some D;, and p is the closest point of the m-dimensional great sphere X of F,
then there exists a (d — 1 — m)-dimensional face G of the Delone cell complex con-
tained in the (d — 1 — m)-dimensional great sphere ¥’ orthogonal to X at p whose
vertices are all of distance §(p, x;) from p.

A simplex with ordered vertices po, ..., ps—1 on S9-1 is called an orthoscheme
iffori =1,...,d — 2, the i-dimensional great sphere through py, ..., p; is orthog-
onal to the (d — 1 — i)-dimensional great sphere through p;, ..., ps—1.

For any face F of a Dirichlet-Voronoi cell D;, we write ¢; (F') to denote the point
of F closest to z;. It follows from the convexity of F and the Spherical Law of
Cosines that if z € F\g; (F), then

(a) the angle between the arcs g; (F), x; and ¢, (F), x is at least %
(b) and is actually exactly 7 if g; (F) lies in the relative interior of F.

For a Dirichlet-Voronoi cell D;, we say thatasequence (Fy, ..., Fy_») isatower,if F;
isa j-faceof D;, j =0,...,d —2,and F; C F;if j < [.Inaddition, (Fy, ..., Fy_2)
is a proper tower, if ¢; (F;) # g;(F}) for j < [, and, in this case, we call the simplex
E with ordered vertices x;, q; (Fy—2), - - ., qi (Fp), a quasi-orthoscheme. We observe
that according to (b), a quasi-orthoscheme is an orthoscheme if each g; (F;), j =
1,...,d —2, lies in the relative interior of F;. Moreover, (a) yields that quasi-
orthoschemes provide a triangulation of S¢~! refining the Dirichlet-Voronoi cell
decomposition.

Forany ¢ € (0, Z) andi > 1, we write r;(¢) € (0, Z) to denote the circumradius
of the i-dimensional spherical regular simplex of edge length 2¢. In particular, there
exists a spherical triangle with equal sides r; (¢) enclosing the angle arccos 7_1 where
the third side of the triangle is 2¢. In addition, we define ro(¢) € (0, Z) in a way
such that there exists a spherical triangle with equal sides 7, (¢) enclosing the right
angle where the third side of the triangle is 2¢. We have

p=ri(p) < <ra-1(¢) <reo(p).
It follows from (15) thatif j =1,...,d — 1, then

s 2
sin” r;(g)

cos2¢p = cos’ ri(e) — and cos2¢ = cos’ roo(€), (16)

which in turn yields that

i
sinrj(p) = ,j -Ifl sing and sinr. (@) = V2 sin ¢. 17
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The following lemma is due to Boroczky [4]. We include the argument because
the second statement is only implicit in [4].

Lemma 6.1 Let ¢ € (0, %), andletxy, ...,z € §41 satisfy that each open hemi-
sphere contains some of x1, ..., Ty, and §(x;, x;) > 2¢ fori # j, and let D; be the
Dirichlet-Voronoi cell of x ;. If F is an m-dimensional face of certain D, then

(i) 8(xi,qi(F)) = ra—1-m(@);
(ii) and even &(x;, q;(F)) > roo (@) if q; (F) is not contained in the relative interior
of F.

Proof Let p be the closest to z; point of the m-dimensional great subsphere X
containing F, and let / be the set of all indices j such that F is a face of D;. In
particular, all x; with j € I span the (d — 1 — m)-dimensional great subsphere %’
passing through p and perpendicular to X, and hence the cardinality of 7 is at least
d — m. It follows that for 6 = 6(x;, p) < §(x;, q;(F)), we have 6 = §(z;, p) for
j€l.For jel,letu; be a unit vector tangent to the arc p, x; at p, and hence
all uj, j € I, span the (d — 1 — m)-dimensional linear subspace L’ tangent to X’ at
p- According to Jung’s theorem (see also Lemma 3.1), there exist different [, j € 1
such that §(u;, u;) < arccos d_’ll_m. Since 8(x;, p) = 8(x;, p) =0, we deduce (i)
from the Spherical Law of Cosines (15).

Turning to (ii), we assume that p is not contained in the relative interior of F. In
this case, there exists an x, € Sd’l\E’ such that 0 < §(z,, p) < 0. Letu, € §d-1
be a unit vector tangent to the arc p, T, at p. We claim that there exist different
j.1 € 1 U{g} such that

(uj, u) > 0. (18)
Let L be the m-dimensional linear subspace L tangent to X at p, which is the
orthogonal complement of L’ inside the tangent space to S~! at p. Therefore, there
exist unit vectors v € L and v/ € L" and a real number ¢ € [0, 7] such that u, =
veost +v'sint. If (', u;) < Oforall j € I, then Lemma?2.2 yields different j, ! € I
such that (u;, u;) > 0. Otherwise there exists j € I such that (v/, u;) > 0, and hence
(ug,uj) >0, as well.

Using these u; and u; in (18), we apply the Spherical Law of Cosines (15) to the
triangle with vertices p, x;, z; to obtain

cos2¢ > cosd(xj, x1) = cosd(p, x;) - cosd(p, x;) > cos? 6.

Therefore, 6 > ry(¢) by (16). Q.E.D.

We fix a point zo € 7!, and for 0 < 1y < -+ < 141 < %, we write O(1y, .. .,

t;—1) to denote an orthoscheme with ordered vertices zg, z1, ..., Z4—1 such that
8(zp,zi) =t fori =1,...,d — 1. We observe that the (spherical) diameter of
O(t,...,t5—1) is ty_;. For any ¢ € (0, 1], we define

|®(t17 ceey td,l) N B(ZOa (P)|

At,...,t, = s
o) = el - B0, @)]
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whose value does not depend on the choice of ¢ € (0, #1]. If W C zé is the Euclidean
convex polyhedral cone generated by the rays tangent to the arcs Zg, z; at zg, | =
1,...,d — 1, then

H2(W N s
1O, ..., tg_1)] - HI72(8472)

Alty, ... tgm) =

According to one of the core results of Boroczky [4],ifs; < ---s4-1 < % andf; <s;
fori =1,...,d — 1, then

Aty .o tg—1) = A1, ooy Sa—1)- (19)

We deduce from Lemma 6.1 and (19) the following estimate.

Lemma 6.2 Leto € (0, L), andletxy, ...,z € 91, d > 3, satisfy that each open
hemisphere contains some of x1, ..., xy, and 6(x;, ;) = 20 fori # j, and let D;
be the Dirichlet-Voronoi cell of x;. If B is a quasi-orthoscheme associated to some
D; and it is known that E is an orthoscheme, and the diameter of E is R, then

M < A(ri(0),...,14-2(0), R) (20)

< A@(0), ..., 1q-2(0),rq-1(0)). (21)

We note that the ideas in Boroczky [4] yield (21) even if the quasi-orthoscheme
E is not an orthoscheme, but they actually even imply the following stronger bound
in the low dimensions we are interested in.

Lemma 6.3 Lero € (0, %), and let xy, ...,z € S47', d = 3,4, satisfy that each
open hemisphere contains some of xi, ..., xx, and §(x;, x;) > 20 fori # j, and
let D; be the Dirichlet-Voronoi cell of z;. If E is a quasi-orthoscheme associated to
some D; and it is known that E is not an orthoscheme, then

|E N B(x;,0)|
121 1B o) SA@(0), ..., 13-2(0),rx(0)).

Proof Let Fy C --- C Fy_, be the proper tower of faces of D; associated to . If
8(xi, qi(Fq-2)) > roo(0), then F,;_; does not intersect the interior of B(x;, roo(0)),
and hence Lemma 6.1 yields

|E N B(x;,0)] - |E N B(x;,0)] _ |B(x;, 0)|
|E] TIENB@i, reo(@)| |B(@i, reo(0)]
Since O(r1(0), ..., r4—2(0), re(0)) C B(20, roo(0)), we have

©@1(0), ..., ra—2(0), () N B(z0,0)| __ |B(20,0))
1©@1(0), ..., 14-2(0), r(0))] " 1B(z0, reo(0))|
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we conclude the lemma in this case.

This covers the case d = 3 completely because the condition &(x;, q; (F1)) <
I's (o) implies by Lemma 6.1 that E is an orthoscheme. The only case left open is
when d = 4, §(x;, q;(F2)) < re(0), and hence ¢, (F;) is contained in the relative
interior of F,, but ¢;(F;) is not contained in the relative interior of F; because
otherwise E is an orthoscheme. Then there exists p € q;(F»), g;(F;) such that
8(x;, p) = roo(¢). We consider the spherical cone C obtained by rotating the tri-
angle with vertices x;, g2 (F3), p around z;, g2 (F3). Since F>\C does not intersect
B(z;, roo(¢)), the argument as above leads to

|(E\C) N B(zi, o)
(E\O)| - 1Bz )| = A(ri(0),r2(0), 1o (0)). (22)

In addition, (19) and the argument of K. Boroczky [4] yield

|ICNB(xi, o) .
Il 1B@. o) Sl_lfﬁh A(r1(0), reo(0) — 5, 700 (0))
< A(r1(0), r2(0), ree(0)). (23)
Combining (22) and (23) proves Lemma 6.3. Q.E.D.

Actually, the argument in Boroczky [4] shows that Lemma 6.3 holds in any dimen-
sion. More precisely, [4] proved the so-called simplex bound; namely, if o € (0, %),
and there exist k non-overlapping spherical balls of radius o on $¢~!, then

k< A1), ..., rg-1(0)) - HTH(ST, (24)

and equality holds in the simplex bound if and only if the centers are vertices of a
regular simplicial polytope P with edge length 2sino.

The following statement shows in a qualitative way that if for an acute angle ¢,
all simplices in a Delone triangulation of S9~! are close to be regular with spherical
edge length 2¢, then the whole Delone triangulation is close to a one induced by a
simplicial regular polytope.

Lemma 6.4 Let ¢ € (0, /4], let ug, ..., uy € S d > 3 be such that u,, ...,

uq—1 determines a unique (d — 2)-dimensional great subsphere that separates uy and
ug, andlet ¢ € (0, gg) for ey = ; 65\‘/“{;%. If there exist two spherical regular simplices

of edge length ¢ with vertices vy, ..., v4—1 and Wy, ..., wg such that §(u;, v;) < ¢
fori =0,...,d —1,andd(u;, w;) < efori =1,...,d, then§(uy,vq) < ce, where
Vi, ..., Vg are vertices of a regular simplex, vq # vy and ¢ = 165— ;nd(;l.

Proof 1Tt is sufficient to prove that § (vg, wy) < (¢ — 1)e. Using §(v4, wy) = 2 arcsin

lazwal < 2lvy — wyl given vy — wyll < 1, itis sufficient to show

-1
va — wall = - €. (25)
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Wewillusethatifxy, ..., k, Y1, ..., Yk € R*, ||z — yi | < nforalli =1,...,k,
and A, , ..., Ax > 0, then the triangle inequality yields

Iz + .o+ Meze) — Qayr + o+ Lyl < g+ oo+ A, (26)

Wehave é(v;, w;) <2¢efori =1,...,d — 1,thus ||v; — w;|| <2efori=1,...,

d — 1. We deduce from (26) that | p — p’|| < 2¢& holds for the centroids

1
=i v and p = S (w wg)

of the (d — 2)-dimensional regular Euclidean simplices [vy, ..., vs—1] and [wy, ...,
wg_1]. We consider @ > 8 > 0, and an orthonormal basis V1, .. ., V4 such that vy, V4
lie in the same half-space with respect to lin{vy, ..., vy_1} = lin{vy, ..., vy} and
satisfy

vi=aii+ »  pvifori=1,....d—1 (27)

J#
jell,...d—1}

Then «, B satisfy

1= (v.v)=c?+(d—2)p>
cos2¢ = (v1, 1) = 2aB + (d — 3)B2,

therefore taking the difference leads to

(a — B)? _ 1 — cos2¢

22
= sin” @. 28
> > @ (28)
Similarly, we define an orthonormal basis Wy, ..., w; of R? such that wy, Wy lie
in the same half-space with respect to lin{wy, ..., wy—;} = lin{w, ..., wy_;} and

satisfy

wi = ol + »  Pijfori=1,....d—1.

i

This basis exists when «, B satisfy the conditions derived above.

According to (27), the (d — 1) x (d — 1) symmetric matrix M whose main diag-
onals are «, and the rest of the entries are 8, satisfies that Mv; = v;i = 1,...,d — 1.
One of the eigenvectors of M in V7 is v, = Z”f;} v; with eigenvalue o + (d — 2)B.
Any vector in Gj orthogonal to v, is an eigenvector with eigenvalue o — 8. We
deduce with help of (28) thatif v € f/j‘, then

vl

M~y < (ax — )71 V| = ———.
I [ B vl Jrsing

(29)
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Fori =1,...,d — 1, we have (wy, w;) = 0 and ||v; — w;|| < 2¢, therefore,

2e = [(Wq, vi)| = ||at(Wa, V;) Z B{wa, v;)

#i
(1 Ld—1)

In particular, the length of the vector v = (wy, vi)vy + - - - + (Wy, va_1)Va—1 is at
most 2e+/d — 1, thus (29) implies that

_ 2e/d — 1
T 2sing

In other words, the projection of the unit vector w, into v is of length at most
2e+/d—

ﬁT therefore, possibly after exchanging w, by —w,, we have
2e+/d — 1«/5 _2ed -1

Va — wall < =—
ﬁsingo sin @

Now the orthogonal projection of the origin o into aff{vy, ..., v;} lies inside [ p, v4],
thus the angle of the triangle [0, p, v4] at p is acute. In addition, the angle of p and v,
is also acute by ¢ < %. Therefore, there exist ¢, s € (0, 1) such that v; = tp + sV,

and hence also w,; = tp’ + sw,. We deduce from ||p — p’|| < 2¢ < 2s:md(p and (26)
that

2e/d—1 _4e/d—1

lva —wall = (2 4+ 5)— < —
sin ¢ sin ¢

According to (25), we may choose ¢ = 16vd=1 Q.E.D.

sing °

We note that the lengthy calculations in the rest of paper (say, Sect. 7) are mostly
aiming at providing upper estimates for the derivatives of A(¢; — €, r2(¢; — €)) (see
(34)), Alpr — &, r2(@r) + y26) (see Lemma 8.1), A(pg — &, r2(pg — €), r3(pg —
g)) [see (43)] and A(pg — &, r2(@p — €), r3(¢g) + y3€) (see Lemma 9.1) as a func-
tion of small ¢ > 0 where y, and y; are suitable large constants. These estimates can
be obtained by some math computer packages based on formulas in Fejes Toth [14,
15] and . However, we preferred a more theoretical approach, because the ideas can
be used in any dimension for similar problems.

7 Volume Estimates Related to the Simplex Bound

To calculate or estimate (d — 1)-volume of acompact X C §9-1 we use Lemmas 7.1
and 7.2.
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Lemma 7.1 Ift € (0, 1), and X C S?~', d > 3, is spherically convex that for some
v € X satisfies (u,v) >t for all u € X, then H'"'(X) > H*"(X') holds for the
radial projection X' of X into tv + v*.

Proof The statement follows from the fact that the orthogonal projection of X into
tv + vt covers X'. Q.E.D.

Lemma 7.2 Ifv € sa-1 d~z 3,and X C §4 s compact and satisfies §(u, v) < 0,
® < 7, forallu € X, and X is the radial projection of X into the tangent hyperplane
to S4 1 at v, then

HTN(X) = / (1+ ly —vIIH) ™2 dH" (y) = cos? © - H 71 (X).
X

Proof The statement follows from the facts that if y e i, then |yl = (1 +
ly —v|I>)Y? and u = y/||y|| satisfies (u, v) = (1 + ||y — v[|>)~/? > cos ©. Q.E.D.

The main results of this section are Lemma 7.3, its Corollary 7.4, and Lemma 7.5,
which provide estimates when we slightly deform the “regular” orthoscheme

(@), ....ra-1(®)).

Lemma 7.3 For¢ € (0, arcsin /ﬁ), ife € (0, @), then

©F1(@ =¢),....1a-1(¢ =) > |OF1(@), ..., ra-1(@)[(1 =N - &),

where R = d 2U9FI/2 /sinry_1(p).

Proof Wededuce from (17) thatry_; (p) < w/4.Letv € S let H = v + v bethe
hyperplane tangent to S?~! at v, and let o be a spherical arc of length 77 /4 starting from
v. For ¢ € (0, ¢), we consider the spherical regular simplex 7 (¢) whose spherical
circumscribed ball is of center v and radius r;_; (¢ — €), and one vertex of T (¢) is
contained in ¢. In particular,

[©F1(p —€),....ra1(p — )| =T (e)|/d!.
We write T(a) to denote the radial projection of T (¢) into H, whichis aEuclidEan reg-
ular simplex of circumradius R(¢) = tanry_; (¢ — ¢) < 1. Bounding H-N(T(0)) <

2% |T(0)| by Lemma 7.2 we deduce that

IT0)] — T ()| < |TON\T (&)

_ R(e)!! d—1 5
= (1 — W) H (T (0))
R(0) = R\ un
< (1—<I—TO)> >2 [T (0)]
< M ~d2d/2|T(O)|. (30)

= R0
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For r(¢) = ry_1 (¢ — €), we deduce from (17) that 7' (&) = —%‘j’,(—;),/ @, there-
fore,

2 3/2
R'(e) = (1 + R(e)Hr'(e) > _\/5(1 + R(e)7) - 2

cosr(0)  — cosr(0)
Using (30) and R(0) - cos 7(0) = sinry_;(¢),
ITOI=1T @I _ 23/%¢ gp  d 22U .
|T(0)] ~ R(0) - cosr(0) " sinrg_i (@)

Q.E.D.

Corollary 7.4 For ¢ € (O, arcsin /ﬁ), ife € (0, %)for the N of Lemma 7.3,
then

A(ri(@ —€),....ra-1(9 =€) = A(ri(@), ..., ra—1(9) (1 + 28 - ¢).

Proof 14 28e > 1/(1 — Re) so, according to Lemma 7.3, it is sufficient to prove
that if 0 < s < ¢, then, for any 7 < ri(s),

|B(z0, T) N O1(5), ..., ra-1(8))| = |B(z20, T) N O 1(9), ..., ra-1(p)]. (1)

Essentially, this statement means that the angle measure at a vertex of a regular
spherical simplex increases when the side length of the simplex increases. For the
sake of completeness we give an argument for this statement.

Consider two regular spherical simplices T’ and T with side lengths 2s and 2¢
respectively such that they share a common center v and each vertex z; of T’ belongs
to the arc z;, v. Triangle [z, z}, v] is inside [z, z2, v] so the area of [z}, 25, v] is less
than the area of [z;, z2, v]. Since the area of a spherical triangle is the sum of its
angles minus m, the angle between z}, z, and z}, z/, is less than the angle between
Zi, 22 and 7y, v.

Now we consider two regular simplices 7’ of side length 2s with vertices
20,2}, ..., 2,_; and T of side length 2¢ with vertices zo, zi, ..., zg—1 such that
the center v/ of 7’ belongs to the arc v, zg, where v is the center of 7', and all triangles
[z0, v, zi] and [z, V', z}] overlap. Then all arcs Zzo, z; belong to the cone formed by
T at z because all corresponding 2-dimensional angles in 7’ are smaller than those
in T. Therefore, the angle measure for 7’ is smaller than the one for T. Q.E.D.

We set up a notation for Lemma 7.5. For ¢ € (0, %), let zo = zo(@), z1(p), - . .,
z4—1(¢p) be the vertices of @ (r1(¢), ..., rq—1(¢)). Fort € [ry_i1(¢), %), we set

Op, 1) = OF1(@), ..., ra—2(9), 1),

and we may assume that zo(¢), ..., zg—2(p) are vertices of @(90, t), and its d-th
vertex z4-1(g, t) satisfies zq1(¢) € z4—2(9), Za—1(@, D).
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Lemma 7.5 If € (0, atcsin [ ) and 1 € (9, 3), then

t—rq-1(p)

> : |(:)(</), ra-1(@))] .

1O, D\O(@. ra—1(9))| =
Proof For brevity, we set z; = z;(¢) fori =0,...,d — 1l,andry_; = ry_1(¢p). The

o : o
condition on ¢ yields that ry_; < T

Let s be the length of the arc z4_1, z4—1(¢, 1). Since the length of the arc 7;—1, Zo
is r4—1, and the angle of these two arcs is arccos —, the Law of Cosines (15) yields

COSt = COS7g_1COSs — (sinry_ysins)/d,

we deduce from sin ¢ > sinr,_; that

dt _ COSrg_y sins + (sinry_; cos s)/d 1
ds sin - sin Fa—1
therefore,
§>(t —rg_y)sinrg_;. (32)

We set © = (:)(go, ra—1(¢)), and observe that the closure of(:)(cp, t)\(:) is the spher-
ical simplex T with vertices zo, . . ., 2Zg—3, Za—1, Za—1(@, t). Let H be the hyperplane
tangent to S?~! at z;_1, and we write X’ to denote the radial projection of some
X C S9Uin H. It follows that ®’ is the Euclidean orthoscheme such that d! of its
copies tile the Euclidean regular simplex of circumradius tanr,_; < 1, and hence
lz, > — 2z, ;I = (tanrg—1)/(d — 1). We deduce from Lemma 7.2 and (32) that

Il > 17l || tan s _ |O'|(t — ra_y) sinrg_,
= 2d 2d||zfi ,— 2yl T 2(tanrg_y)/(d — 1)
|®|(f—rd 1) 1O(t — ra_ 1)
2d 7d

Q.ED.

8 The Case of the Icosahedron

In this section, we write / to denote the regular icosahedron with vertices on S2. In
particular,

1 1 3
= 3 arccos ﬁ < arcsin \/;, 33)

thus Corollary 7.4 and Lemma 7.5 can be applied with ¢ = ;. Since S? can be
dissected into 120 congruent copies of ® (¢;, r2(¢;)), we have
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T
1© (@1, r2(9p)| = %,

and it follows from (24) that
3
Apr, ra(en) = —.
T

According to (17), we have sinr(¢;) = %singo,, thus the constant X of

Lemma 7.3 satisfies 8 = sinsr'zz(ip,) < 40. In particular, Corollary 7.4 yields that if
e € (0,0.01), then

3 3
Alpr — e, r(pr —e)) < —(1 +80¢) < — + 80e. (34)
T b4

We also note that if v € §? and 5 € (0, %), then
|B(v, m)| =2m(1 — cosn). (35)

Lemma 8.1 Fory > 10* and ¢ € (0, m), we have

£
Alpr — &, 72(01) + v&) < Agr, ralpn) — Zyo—o

Proof To simplify the notation, we write ¢ = ¢; and r, = r,(¢) = arcsin zfi/"g‘p,
which satisfy r, +y¢& < % (in order to apply Lemma 7.5). We may assume that
O(p — e, rm(p —e¢)) and O(¢ — &, r, + ye) share a side of length ¢ — ¢.

We deduce from (¢ — €) < ry that (r, + ye) — (e —¢) > ye.

We set T to be the closure of

O(p —e,rn+ye)\O(p —¢&,n(p —¢)),

thus Lemma 7.5 yields
I
TI= L2 00 —e.ne o)l (36)

In addition, if o € (0, ¢ — ¢), then we deduce from ¢ < 1079, that

IT N B(zp, 0)l _ |T N B(zp,0)| _ |B(z0, 0)l
|B(zp,0)|-IT|  |B(z0,0)| - |T N B(zg,r2(¢ —&))|  |B(z0,0)| - |B(z0, r2(p — &)
< : =
|B(z0, r2(p — 1076))]

3
Ag < = —0.175,
s

because Ag ~ 0.7751 and 2 — 0.175 ~ 0.7799.
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Therefore y > 10 yields

(2 4+ 808)|0(p — &, 129 — )| + Aol T|
|©(p — &, r(p —e)| +IT|

3 3 8
5—+808—(—+808—A0)M
b4 1+

Alp —e,rn+ye) <

e ¥

3 <80 %+805—A0)
:——|—yg B e ——

b4 y 8+ ye

3 2 — Ao 3 ye
<= (e S—
—n+"8< 10 ) =7 200

Q.E.D.

The following two simple statements are useful tools in the case of the 600-cell
as well.

Lemma 8.2 If T C R? is a triangle such that all sides are of length at least a, and
the center of the circle passing through the vertices lies in T, then |T| > ¢T§ a’.

Proof The largest angle « of T satisfies % <a<Z. Q.E.D.

[SIE]

Lemma 8.3 For z,y,v € S2, let §(x, y) > 2, and let §(x,v) = §(y,v) = R for
0 < ¥ < R < 3. If the angle between v,T and v,y is w, then

(i) cosw <1— %?irﬁw,‘

(i) If v =¢ —¢and R <r+ye where y <9 <r <3 —yeand y > 1, then

25sin’ ¢ 4ye
<1 29 ave
Cos w 1 il r + ity

Proof For (i), the Spherical Law of Cosines (15) yields

1 —2sin? ¥ = cos 2y > cos’ R + (sin> R)cosw = 1 — (1 — cos w) sin” R.

Turning to (ii), we deduce from % sin>7 = sin2¢ < 1 that

. (y+De =2
2sin3p —e) _ 2sin’g —g) _ (1 Gr)2sin’y (1-2) 26’y

sin®(r + ye) — sin’r4+ye (1+Siﬁf¢)sin2r - sin? r

k]

and hence (i) implies (ii). Q.E.D.

Proof of Theorem 1.1 in the case of the icosahedron Let / be the icosahedron
with vertices on S2, therefore, the vertices determine the optimal packing of 12
spherical circular discs of radius ¢; = % arccos \/lg We set ¢ = @, r, = r(¢) and

oo = Foo(@). For g = 10~ and n = 0.11, we observe that
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rm4+107ey <1 +1 < re — 1. (37

Lete € (0, gp),andletxy, ...,z € 52 satisfy thatk > 12,and 8 (z;, ;) > 2(¢ — &)
for i # j. We may assume that for any = € S? there exists z; such that §(z;, ¥) <
2(p —e).Let P =[xy, ..., z¢], and hence o € int P. We prove Theorem 1.1 for the
icosahedron in two steps.
Step 1 Proving that all Delone cells are of circumradius at most r, + 107¢

We suppose that there exists a Delone cell of spherical circumradius at least r, +
107¢, and seek a contradiction. Let us consider the triangulation of S? by all quasi-
orthoschemes associated to the Dirichlet cell decomposition induced by x4, . .., z.
Among them, let O and Q denote the family of the ones with diameter less than
r> + 107¢, and with diameter at least r, + 107¢, respectively. We claim that

Z |E| > 27 (1 —cosn) > 0.03. (38)
ZeQ

Let o > 0 be the largest number such that o B®> C P, and let R = arccos o. Then
0B? touches 9P at a point y € 9P in the relative interior of a two-dimensional
face F of P, R is the spherical circumradius of the corresponding Delone cell, and
R>ry+ 107, By construction, R is the maximal circumradius among all Delone
cells.

We may assume that Ty, Tp, T3 are vertices of F such thaty € [xy, 22, 23] = T.
Let v =y/llyll, and let T be the radial projection of T into S2, that is the asso-
ciated spherical “Delone triangle”, and satisfies v € T. If R < r, then all quasi-
orthoschemes having vertex v are actual orthoschemes by Lemma 6.1, and hence
their union is 7. In particular, Lemmas 7.1 and 8.2 yield that

~ 3
STIE = 71 171 = 2 sinte — e = 04,
EeQ

However, if R > ro and x € B(v, n), then §(z, ;) > rp+nforali=1,... k,
thus any quasi-orthoscheme E containing = has a diameter at least r, + 107¢ by
(37). Therefore,

Y I8l = (B, n)| = 27(1 — cosn)

EeQ

in this case, proving (38).
We note that 12 = % - |8?| according to the equality case of the simplex bound
(24). We deduce from (34), Lemma 8.1 with y = 107 and (38) that

3 3
k<> |21~ - (1+80e) + L] (E —50,0005>

Ee0 EeQ

3
<12+ —[47 - 80e —0.03 - 50,000 - ¢] < 12.
b4
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This contradiction completes the proof of Step 1.
Step 2 Assuming all Delone cells are of circumradius at most r, + 107

It follows from (24) and (34) that k = 12.

Wesety = 107. Let 2 be a Delone cell, and let v be the center of the circumcircle
of radius R. We claim that 2 is a triangle, and there exists a regular spherical triangle
Qo of side length 2¢, such that for any vertex x; of 2 there exists a vertex w of 2
with

8(x;, w) < 25ye. 39)

If x; # x; are the vertices of 2, and the angle between v, z; and v, ¥; is w;;, then
Lemma 8.3, sin¢/sinr, = +/3/2 and ye < 1072 yield

2sin’ ¢ dye

-1
cosw;jj <1 ——— —— < 5 + 12y <.
sin“ ry sin“ rp 2
In particular, € is a triangle by Corollary 2.3. Since (cost)’ = — sin¢ is at most _73
ift € [7, %”], we have
2

We deduce from the Remark after Theorem 3.1 that one may find a regular spherical
triangle Q" with vertices on the spherical circle with center v and radius R such that
for any vertex x; of Q there exists a vertex w’ of " such that the angle between
T;,v and w’, v is at most 24y e, and hence 8(z;, w') < 24ye. We take Qo with
the circumcenter v so that for any vertex w of Qg there exists a vertex w’ of Q'
such that w € w’, v or w’ € w, v. As R < r» + y& by the condition of Step 2, and
R > ry(¢p — ¢) = rp, — ye, we conclude (39) by the triangle inequality.

Now we fix a Delone cell ® and let ® be the spherical regular triangle provided
by (39). We observe that ¢ < 44 for the constant of Lemma 6.4 in our case. We
may assume that the vertices of ® are vertices of the face Fj of the icosahedron /.
There exist nine more faces Fi, ..., Fo of I, such that F; N F;_; is a common edge
fori =1,...,9, and any vertex of [ is a vertex of some F;, i < 9. Attaching the
corresponding nine more Delone cells to ®, we conclude from Lemma 6.4 that we
may choose c; = 44° - 25y. Q.E.D.

9 The Case of the 600-Cell

In this section, by Q we denote the regular 600-cell with vertices on S2. In particular,

il i \/T (41)
= —— < arcsin —
2= 10 3
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thus Corollary 7.4 and Lemma 7.5 can be applied with ¢ = ¢¢. Since S3 can be
dissected into 14400 congruent copies of O (¢g, r2(¢g), r3(¢p)), we have

| 3| 7.[2
1©(@g, r2(9g), r3(po))| = 4200 = 7200°
and it follows from (24) that
60
Alpg, r2(pg). 13(pg)) = Pl (42)

The main idea of the argument in the case of the 600-cell will be similar to the one

for the icosahedron. According to (17), we have sinr3(¢g) = \/g sin ¢, thus the

4.012

constant 8 of Lemma 7.3 satisfies X = =
sinr3(¢g)

yields that if ¢ € (0, 0.004), then

< 120. In particular, Corollary 7.4

60 60
Alpg — &, (g —¢€),r3(pg — €)) < ;(l + 240¢) < = + 1500¢. 43)

Next Lemma 9.1 estimates A(@g — &, r2(pg — €), r3(pg) + ye) for large y and
small ¢ > 0, and Lemma 9.2 estimates the volume of a tetrahedron.

Lemma 9.1 Fory > 10°and ¢ € (0 ), we have

|
> 100y

&
Alpg — &, 12(pg — €),13(9g) + 7€) = Algg. r2(9g). r3(¢0)) — %.

. . . . . 3si
Proof Tq simplify notation, we write ¢ = @ and r3 = r3(¢) = arcsin =53*, and use
the notation set up before Lemma 7.5.

We deduce from r3(¢ — ¢) < r3 that (r3 + ye) —r3(p —¢) > ye.

For the closure 7' of

O(p —&,13 +ye\O(p — &, 13(9 — €)),

Lemma 7.5 yields
ve |~
7] = E~I®(¢—8,r3(¢—8))|- (44)

Let o € (0, ¢ — &p). We consider two spherical cones C and Cy, where C
is obtained by rotating the triangle with vertices zo, z1(¢ — ¢€), z3(¢ — €) around
20, 21(¢ — €), and Cy is obtained by rotating the triangle with vertices zg, z;(¢ —
€0), 23(¢ — €o) around zg, z1 (¢ — &p). For the two-face F of T opposite to zg, F\C
is disjoint from B(zg, r3(¢ — ¢)), which in turn contains C, and hence we have the
density estimates
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(T\O) N B(zo. )] _ |B(z0.0)| _ 1€ B, 0)l
[T\C[-1B(z0. )|~ |B(zo.ra(p — )l - 1Bzo. )| ~ ICI-|B(zo. )|

Since the density of B(zp,0) in CNT is %, and in T\ C the density is at
most % we deduce using (19) and the argument of Boroczky [4] that

T N B(zop, C N B(zp, .
IT0BGo. o)l _ 1COBG. O _ o A — g, ra(p — &) — 5. 13(0 — )
T 1BGo. o) ~ ICI-1BGoo)|  oib-

lim Alp — eo. r3(¢ — £0) — 5. 73(¢ — £0))
- 1€ N B, o)l _
~ 1Col - 1B(z0, 0|

IA

Ao. (45)

Now Cj is a spherical cone whose base is a circular disc of radius & =
arccos %, center z;(¢ — &o) and height ¢ — ). Let H C R* be the hyper-
plane tangent to S3 at z; (¢ — &), let C, be the radial projection of Cy into H, which is
a Euclidean cone whose base is a circular disc of radius o = tan &, center z;(¢ — &o)

and height 4 = tan(¢ — (). Therefore, Lemma 7.2 yields

ICol = | A+ llz—z1(p — ) du
G

h Q*%
= / / A+ 2+ r>72 27rdrdt.
0 0

In addition, if the angle between the arcs zo, z1 (¢ — &) and zo, z3(¢ — o) is &, then
cosa = M=) Therefore, (35) yields
3(9—&0)

1 —cosu 60
ANy= —— < — —0.3.
0T 30 T2

For A = A(p — &, (¢ — &), r3 + ye), y > 10° yields

0 +15006)O(¢p — &, r3(¢ — &))| + Ag|T|

(
A < ~
1O —&,r(p —e)| +IT|

60 60 16
< 0 15006 — (2 4 15006 — A, ) LE/20
72 w2 14 12
60 1500 % +1500e — Ag
_ o0 _
2y 16 + ye

IA
|

£ =M} 60 ye
20 a2 100

60
> +ve (2- 1073 —
bid

Q.E.D.
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Lemma 9.2 [f0 € (0, %), and uy, uy, uz, g € S satisfy that (u;, u;) < —0 fori #
J, then
H3 ([ur, ua, us, ug]) > ~/6/4.

Proof For T = [uy, uy, u3, us], we have o € int T by Lemma 2.2. Let r > O be
the maximal number such that rB?> C T, and hence r < % (see, say, Boroczky
[5], Section 6.5). We may assume that rB? touches 37T in a point y of F =
[u1, uy, uz], which lies in the relative interior of F. We set u = y/r € S2, and v; =
(i —y)/v1—r2e 8> fori =1,2,3. We have « € [arccos % %) and B8 € (£, 7]
such that § (u;, u) = o fori = 1,2, 3, §(ug, u) = B. Thus u; = ucosw + v; sin« for
i =1,2,3,and uy = —u|cos 8| + w sin B for some w € ut N S2.

Since (u;,u;) <0 for 1 <i < j <3, we have (v;,v;) = (u;, uj) — cosacos
o <0forl <i < j <3.Wededuce that ||u; —u;|| > /2(1 —r?)forl <i < j <
3, and there exists [ € {1, 2, 3} such that (v;, w) > 0. In particular, we have

—0 > (u4, u;) > —|cos B - cos .
It follows from Lemma 8.2 and 1 — r2 > g that

| cos B| 4 cos
4

+/cos B - cosar V31 =r?) . \/_5
2

2
';l F I'

HI(T) =

Q.E.D.

It is not hard to see that the lower bound /0 /4 in Lemma 9.2 can’t be replaced
by, say, 2\/5 .
Proof of Theorem 1.1 in the case of the 600 -cell Let Q be an 600-cell with vertices
on S3, therefore, its vertices determine the optimal packing of 120 spherical circular
discs of radius 99 = {5. We set ¢ = @g, r2 = ra(9), r3 = r3(¢) and reo = roo ().
For y = 102, g9 = 10~'* and n = 0.02, we observe that

r3+yeo <r3+n<ro—21n. (46)

Let ¢ € (0, &9), and let =y, ...,z € S? satisfy that k > 120, and §(z;, z;) >
2(¢ — &) for i # j. We may assume that for any = € S°, there exists x; such that
8(xi,x) <2(p —e). Let P =[xy, ..., 2], and hence o € int P. We prove Theo-
rem 1.1 for the 600-cell in two steps.

Step 1 Proving that all Delone cells are of circumradius at most r3 + y &

We suppose that there exists a Delone cell of spherical circumradius at least
r3 + y¢ and seek a contradiction. Let us consider the triangulation of S° by all quasi-
orthoschemes associated to the Dirichlet cell decomposition induced by 1, .. ., zk.
Among them, let O and Q denote the family of the ones with diameter less than
r3 + ye, and with diameter at least 73 + y ¢, respectively. We claim that
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> 18| > (4r/3)sin’n > 107, (47)
ZeQ

Let o > 0 be the largest number such that oB* C P and let R = arccos 0. Then
0B* touches 3P at a point y € 3P in the relative interior of a three-dimensional
face F of P, R is the spherical circumradius of the corresponding Delone cell, and
R>ry+ ye.

We may assume that xy, z,, x3, x4 are v~ertices of F in a way such that y €
[x1, 2, x3, 4] = T. Letv = y/||lyll, and let T be the radial projection of T into S3,
that is the associated spherical “Delone simplex”, and satisfies v € T.IfR < r3 +2n,
then all quasi-orthoschemes having vertex v are actual orthoschemes by Lemma 6.1,
and hence their union is T'. If for some {i, j} C {1, 2,3, 4}, the angle between v, x;
and v, 7; is w;;, then Lemma 8.3 yields

2sin2(<p — &) “1— 23in2(<p — £&0)

cCosSw;; < 1 — _—
V= sin? R sin®(r3 + 2n)

In particular, Lemmas 7.1 and 9.2 yield that

Y182 (TI = 17] = V0.1/4 > 0.07.

EeQ

However,if R > r; + 2nandx € B(v, n),thend(x, x;) > r3 + nforalli =1, ...k,
thus any quasi-orthoscheme E containing « has diameter at least 3 + y e by (46).
We deduce from Lemma 7.1 that

> I8 = B, n)| = (47/3)sin’
EeQ

in this case, proving (47).
We note that 120 = % - 83| according to the equality case of the simplex bound

(24). We deduce from (34), Lemma 8.1 with y = 10'? and (38) that

60 60
k<Y I8 - (1+15000) + > 8l (- 1010 ¢)
E€0 EeQ

60
<12+ =27 - 15006 — 107> x 10" - ] < 12.
s

This contradiction completes the proof of Step 1.
Step 2 Assuming all Delone cells are of circumradius at most r3 + y e

It follows from (24) and (43) that k = 120.

Let ©2 be a Delone cell, and let v be the center of the circumscribed spherical ball
of radius R. We claim that Q2 is a spherical tetrahedron and there exists a regular
spherical tetrahedron €2 of side length 2¢ such that for any vertex x; of 2 there
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exists a vertex w of Qg with
§(xi, w) < 10,000y ¢. (48)

If x; # x; are the vertices of 2, and the angle between v, z; and v, ¥; is w;;, then
Lemma 8.3, sing/ sinr; = 4/2/3 and ye < 1072 yield

2sin’ ¢ dye -1
cosw;j <1 ———— —— < — +30ye <0.
sin” ry sin” r3 3
In particular, €2 is a tetrahedron by Corollary 2.3. Since (cos )’ = — sinz is at most
Zifr € [%, &), we have
-1
w;j > arccos e 40ye. 49)

We deduce from Theorem 3.1 that one may find a regular spherical tetrahedron '
with vertices on the subsphere with center v and radius R such that for any vertex z; of
Q there exists a vertex w’ of Q" such that the angle between z;, v and w’, v is at most
9000y ¢ and hence 8 (z;, w") < 9000y e. We take 2 with circumcenter v so that for
any vertex w of Q there exists a vertex w’ of Q' such that w € w,vorw € w,v.As
R < r3 4 ye by the condition of Step 2, and R > r3(¢p — €) > r3 — y¢&, we conclude
(48) by the triangle inequality.

Now we fix a Delone cell ® and let ®( be the spherical regular tetrahedron
provided by (48). We observe that ¢ < 90 for the constant of Lemma 6.4 in our case.
We may assume that the vertices of ® are vertices of the face Fj of the 600-cell Q.
There exist 116 more faces Fy, ..., Fjj¢ of Q,suchthat F; N F;_; is acommon edge
fori =1,...,116, and any vertex of Q is a vertex of some F;, i < 116. Attaching
the corresponding 116 more Delone cells to ®, we conclude from Lemma 6.4 that
we may choose co = 9016 . 10,000 y. Q.E.D.
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