Chapter 9 M)
A Finite-Time Nonlinear PID Set-Point e
Controller for a Parallel Manipulator

Francisco Salas, Israel Soto, Raymundo Juarez and Israel U. Ponce

Abstract In recent years, finite-time controllers have attracted attention from some
researchers in control, who have formulated applications to several processes and
systems, including serial robotic manipulators. In this work, we report the appli-
cation of a finite-time nonlinear PID controller to a Five-Bar Mechanism, which is a
parallel manipulator, for set-point controller. The stability analysis of the
closed-loop system shows global finite-time stability of the system. The dynamic
model of the Five-Bar Mechanism developed in this work is a so-called reduced
model, which has a structure similar to a serial robot. Moreover, the results of the
numerical simulations carried out confirm the usefulness of the proposed applica-
tion. The contribution of this work is to show the feasibility of the application of a
finite-time nonlinear controller to a Five-Bar Mechanism and the usefulness of the
proposed approach by numerical simulations.

Keywords Nonlinear controller - Finite-time PID - Parallel manipulator

9.1 Introduction

In recent years, finite-time controllers have attracted attention from some
researchers in control.

As a result, the fundamental theory has been developed (Dorato 1961; Michel
1970; Weiss and Infante 1967) and enriched by many contributions (Bhat and
Bernstein 1998, 2000, 2005; Polyakov and Poznyak 2009; Polyakov 2014).
According to Amato et al. (2013), the finite-time stability is a property related to the
quantitative behavior of the states of a system over a period of time.
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A system is finite-time stable if, given a bound on an initial condition, the
weighted norm of the state does not exceed a certain threshold over a specific time
period. Moreover, finite-time stability and Lyapunov asymptotic stability are
independent concepts, although not exclusively one from another. The existence of
one does not imply the existence of the other. Some advantages of the finite-time
stabilization of dynamic systems are that it can produce faster transient responses
and high-precision performance, as well as convergence to the equilibrium in finite
time. Some previous works in applications of finite-time controllers to robotic
manipulators are Feng et al. (2002), Gruyitch and Kokosy (1999), Hong et al.
(2002), Yu et al. (2005), Su and Zheng (2009, 2010), Zhao et al. (2010). In Su and
Zheng (2009), a finite-time nonlinear PID-like control for regulation of robotic
manipulators is presented. The authors propose a not model-based controller, to
take advantage of the robustness to parametric uncertainty of the model. This work
is improved in Su and Zheng (2010) by adding a nonlinear filter to estimate velocity
when measurements are not available.

On the other hand, parallel robots are closed-chain mechanisms that possess
some particular features such as high-speed capabilities and high stiffness that make
them useful for some tasks as machining (Barnfather et al. 2017; Kelaiaia 2017),
welding (Li et al. 2015; Wu et al. 2008), packaging (Pierrot et al. 1990; Xie and Liu
2016) as well as flight simulators (Huang and Cao 2005) and telescopes (Enferadi
and Shahi 2016; Nan et al. 2011). Some recent approaches of control of this kind of
robotic manipulators include not model-based controllers (Bourbonnais et al. 2015;
Ren et al. 2007) and model-based controllers (Diaz-Rodriguez et al. 2013; Ren et al.
2007; Salinas et al. 2016). In Ren et al. (2007), a comparison of several control
approaches for robot tracking of three degrees of freedom (DOF) parallel robot is
presented. They compare the performance of an adaptive controller, a Pl-type
synchronized controller (model-based), a conventional PID controller, and an
adaptive synchronized controller (not model-based). In Bourbonnais et al. (2015), a
computed torque controller and a conventional PID controller are implemented for a
novel Five-Bar parallel robot. In Diaz-Rodriguez et al. (2013), a reduced
model-based controller of a three DOF parallel robot is proposed. The reduced
model is obtained by considering a simplified model with a set of relevant
parameters. In Salinas et al. (2016), a family of nonlinear PID-like controllers in
which an integral action of a nonlinear function of the position error is added to the
control signal.

In this work, inspired in the work of Su and Zheng (2017) on a finite-time
controller for set-point controller of a serial robot, we propose the application of this
controller to a parallel manipulator, in order to prove the finite-time stability of the
closed-loop system by developing the stability analysis and to prove the feasibility
and the usefulness of such an application. The dynamic model of the Five-Bar
Mechanism constitutes a set of differential algebraic equations (DAEs). Based on
Soto and Campa (2014) and Khan et al. (2005), a procedure is carried out in order
to transform the set of DAEs into a set of ordinary differential equations (ODEs).
By using such a model, the Lyapunov stability analysis and the finite-time stability
analysis of the closed-loop system can be developed. As a result, the global



9 A Finite-Time Nonlinear PID Set-Point Controller for a ... 243

finite-time stability of the closed-loop system is proven. Moreover, such a model of
ODEs representing the dynamics of the Five-Bar Mechanism let us to carry out
numerical simulations of the system. The results of the simulations confirm the
validity and usefulness of the application.

9.1.1 Mathematical Preliminaries

In this work, vectors are denoted with italic—bold lowercase letters, e.g., x or .

Matrices are denoted with italic capital letters, e.g., A. |x|| = vxTx represents the
Euclidean norm of vector x. An.x{A} and Anin{A} represent the largest and the
smallest eigenvalues of matrix A, respectively.

In the following, based on Su and Zheng (2017) we define some useful vectors
and vector functions, as well as a definition for the control design and analysis.

Sig*(x) = [Jx1|sign(x1), . . ., [xa|*sign(x,)] € R (9.1)
Sech(x) = diag(sech(x;), . ..,sech(x,)) € R"" (9.2)
where o and o are positive constants, and x € R". Furthermore, 0 <a <1, sign(-),
and sech(-) are the standard scalar functions signum and hyperbolic secant,
respectively, and diag(-) denotes a diagonal matrix. By defining the vector function

Tanh(x) = [tanh(x;), .. ., tanh(x,)]" € ®", (9.3)

the validity of the following expressions

xTSig*(x) = Z lx;|**! > Tanh” (x)Sig*(x) >0 (9.4)
i=1

b |* T > tanh?(x;) (9.5)

(Sech?(x)),, = 1 (9.6)

can be proven for all x # 0 € R".

9.1.2 Fundamentals of Finite-Time Stability Analysis

Although finite-time stability concepts in control systems literature can be traced
back to decade of the 1960s, it was until the works reported in Bhat and Bernstein
(1998) and (2000) when the foundations of finite-time stability theory were
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rigorously established. In Bhat and Bernstein (2005) were further studied some
conditions for finite-time stability, in relation to the homogeneity of a system. In the
following, some definitions will be exposed in order to clarify the concepts of
finite-time stability.

Definition 1 A function V : " — R is homogeneous of degree d with respect to
the weights p = (py,...,p,) € R" if for any given 6 > 0, V(' xy,...,"x,) =
5dV(x), Vx € R". A vector field h is homogeneous of degree d with respect to the
weights p = (p1,...,p,) € R, if for all 1<i<n, the ith component h; is a
homogeneous function of degree p; + d.

Definition 2 Consider the system
X =h(x),h(0)=0,x e R" (9.7)

with i : Uy — R" continuous on an open neighborhood Uy of the origin. Suppose
that system Eq. (9.1) possesses unique solutions in forward time for all initial
condition. The equilibrium x = 0 of system Eq. (9.1) is (locally) finite-time stable if
it is Lyapunov stable and finite-time convergent in a neighborhood U C Uy of the
origin. The finite-time convergence means the existence of a function
T(xo) : U\{0} — (0,00), such that, ¥xo € U C R", the solution of Eq. (9.1)
denoted by s;(x() with xq as the initial condition is defined and s,(xo) € U\{0} for
t € [0,T(xo)) and lim,_7(y,) s:(xo) = 0. When U = R", the global finite-time sta-
bility is obtained.

Remark 1 The system (7) is homogeneous if k(-) is homogeneous.
The following results represent sufficient conditions for finite-time stability of
the closed-loop system.

Lemma 1 (Hong et al. 2002; Huang and Cao 2005)
Consider the system

% = h(x)+h(x),h(0) = 0,(0) = 0,x € R" (9.8)

where h(x) is a continuous homogeneous vector field of degree d <0, with respect to
(p1,---,Pn). Assume that x = 0 is an asymptotically stable equilibrium of system

Eq. (9.7). Then,x = 0 is a locally finite-time stable equilibrium of system Eq. (9.8) if
fi('x1, ..., 0" x,

fim 711 97 )

50 5d +pi

=0,i=1,...,n,Vx £0 (9.9)

Lemma 2 (Hong et al. 2002; Su and Zheng (2017)
Global asymptotical stability and finite-time stability imply global finite-time
stability.
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9.2 Dynamic Model of a Parallel Robot Manipulator

A parallel robot manipulator is a closed-chain mechanism (CCM) that consists of
kinematic chains which are connected in loops. Consider a CCM with n actuated
joints. Due to its closed configuration, the CCM is subject to holonomic constraints.
In this work, the actuated joints are represented by the vector g € R", while the
non-actuated joints are represented by the vector f € R™ and the holonomic con-
straints are represented by the vector y € . Let us define the vector of generalized
coordinates p that fully explicitly represents the configuration of the CCM as

p= [qTﬂT]TE s

with s = n+m. By applying the Euler—Lagrange formulation, the dynamic model
of a parallel robot with viscous friction is in general formulated as

M (p)p+C(p,p)p+€(p)+Fp=7+D"(p)i

Y(p) =0 10

where M'(p) € R*** represents the inertia matrix, C'(p, p) € R*** is the matrix of
terms arising from the centripetal and Coriolis forces, g'(p) € R represents the
vector of forces due to gravity, F' € R°** represents the diagonal matrix of viscous
friction coefficients, " € R* is the vector of generalized forces associated with

scalar variables of p,D(p) = 01()—(:) € N is the Jacobian matrix of the system

holonomic constraints y(p) € R, or the constraint Jacobian, and L € R’ is the
vector of Lagrange multipliers.

Notice that Eq. (9.1) constitutes a set of DAEs. There are several methods to
transform the DAEs into ODEs (Khan et al. 2005; Soto and Campa 2014). The
purpose of such a transformation is to be able to apply standard numerical methods
for solving the ODEs rather than the DAEs. One of the most important methods is
the method of projection via the constraint Jacobian. According to Soto and Campa
(2014, 2015), this method consists of finding a matrix R(p) whose column space
belongs to the null space of D(p), i.e., D(p)R(p) = 0. By considering § = dgq/dr as
the vector of independent velocities and p = dp/dr as the vector of feasible
dependent velocities of a constrained body that belong to the space spanned by the
columns of R(p), we obtain the expression

P =R(p)i (9.11)

with R(p) € R**". Notice that, given the differential kinematic model f = Js(p)q,
the matrix R(p) can be constructed as

ORI 9.12)
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where I, is the identity matrix of dimensions n X n. It can be proven that, by
substituting the expression in Eq. (9.11) and its temporal derivative in model
Eq. (9.10), it can be written as

M(p)g+C(p,p)g+8(p)+Fq=r1 (9.13)
where
M(p) = R"(p)M'(p)R(p) (9.14)
Cp,p) = R"(p)M'(p)R(p) + R" (p)C'(p, p)R(p) (9.15)
g(p) =R (p)g'(p) (9.16)
F = R"(p)F'R(p) (9.17)
T =R"(p)7 (9.18)

Notice that the term of Eq. (9.10) containing the product of the constraint
Jacobian by the Lagrange multipliers vanishes because it belongs to the null space
of R(p), as it was pointed above.

Ghorbel et al. (2000) proven that there exist a unique parametrization p = #(q)
of p € N, inside a neighborhood N,, whenever the system is not in a singular
configuration. Moreover, Muller (2005) established that, for a parallel machine, a
subset g of n joint variables determines its configuration, in virtue of that exist a
smooth mapping ¢ that assigns to each p the parallel machine configuration as
p = ¢(q), where the map ¢! is a local parametrization of the n dimensional
manifold V, such as V = {p € V";y(p) = 0}, where V represents the set of all
admissible configurations of the parallel machine, and y(p) = 0 represents the
holonomic constraints.

In consequence, we can write down, without loss of generality, the matrices and
vectors of the dynamic model M(p), C(p, p) and g(p) as M(q), C(q,q) and g(q).
respectively. Thus, the dynamic model Eq. (9.10) takes the form

M(q)q+Clq,q)q+g(q)+Fqg=1 (9.19)

The model Eq. (9.19) exhibits the following properties.

Property 1 Cheng et al. 2003
The inertia matrix M(q) is symmetric and positive definite.

Property 2 The inertia matrix M(q) is bounded as

1M(g)|| <My



9 A Finite-Time Nonlinear PID Set-Point Controller for a ... 247

where M)y is a positive finite constant, whenever the robot is not in singular
configuration.

Proof Since ||ATB|| <||Al|||B]|, from Eq. (9.14) we can write
IR"MR| < [|R[| 172"

Norm ||M'|| is upper bounded whenever its entries are finite. For robots with
only revolute joints, this is assured because entries of matrix M’ are sinusoidal
functions of joint variables with constant coefficients. On the other hand, ||R]| is
upper bounded whenever its entries are finite, that is to say, matrix ||R|| is well
posed. From Eq. (9.12) it can be noticed that ||R|| is well posed whenever there
exists a continuous mapping between p and ¢g; i.e., the robot is not in singular
configuration.

Property 3 (Ghorbel et al. 2000; Cheng et al. 2003)
The matrix M(q) — C(q,§) is skew-symmetric.

Property 4 (Khalil and Dombre 2004)
There exists a constant k¢ > 0 such that |C.(q,q)|| <kc||q||, for all g € R".

Property S The friction matrix F can be bounded as

f;nl S F SfMI

9.3 Finite-Time Nonlinear PID Controller

The solution of the problem of global finite-time regulation of a robot manipulator
implies finding input torques for the actuators of the manipulator in order to reach a
desired position g, such that for any initial state (¢(0),4(0)), § =g — g, — 0 and
q(t) — 0 in finite time.

In this work, we propose to apply the finite-time regulation controller, inspired in
Su and Zheng (2017)

t

T = —K, Sig" (q) — KqSig”(n) — kyo — K; / n(c)do — kaoq (9.20)
0

to a CCM, with

= q+ optanh (g) (9.21)
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and

Q= /11(0) do (9.22)

0

K,, K; and K; are positive definite constant diagonal control gain matrices,
respectively; k,o and kg are positive constants and 0<a; <1, while
op = 201 /(ot; + 1). By substituting Egs. (9.20) and (9.22) in Eq. (9.19), we obtain

M(q)§+C(q.9)+Fq

o ., . . (9.23)
+ K, Sig" (q) + Ka Sig™ (n) + kyoq + kaoq + K1 = 0

With Egs. (9.22) and (9.23), and taking into account that t} = ¢ when g, =0,
the closed-loop equation can be written as

- q
a | M@+ R K S @ - Kasigt ) |
d |, + K10 + kpod + kaod] '
q + o Tanh(q)

Notice that the origin of the system Eq. (9.24) is the only equilibrium of the
system.

9.3.1 Stability Analysis of the Closed-Loop System

By proceeding inspired in Su and Zheng (2017), we study the global asymptotical
stability of Eq. (9.24). First, we propose the Lyapunov function candidate

1

2 kp()é Tq

o 1. . i .
V(@,4,9) = 54"M(q)d + % Tanh” (§)M(g) +
(9.25)
+

n B n B 1
D kil " o0 Y (+ kao) I (cosh(@)) + 5 ¢ Krp
i=1 i

i=1

o+ 1

where f; is the ith entry of friction matrix F. In order to investigate positive defi-
niteness of Eq. (9.25), notice that in virtue of

l-T . T/~ . 1 2 ~ qoq + 1
—qg™™ Tanh” (§)M Nk lal™
24 (q)q + o Tanh' (¢) (q)q+2(al+1) ;:1 il il
1 n
> [k —2 1)o2 My | tanh? (g,
= 2o+ 1) & i = 21 DotgM] tanh”(@)
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where we have used Property 2 and Eq. (9.5), we can lower bound Eq. (9.25) as

1 - 2 2/~ L
\% Z m; I:kp,' — 2(0(1 + l)aOMM:I tanh (q,) + Ekp()q q
1 B ) (9.26)
+3 o K+ Zi]TM(q)q +o0 Y (fi+kao) In (cosh ()

i=1

The three last terms of the right side of inequality Eq. (9.26) can be lower
bounded as

1 1
E(PTKNP > Eimm{K]}||qo||2 >0,V A0€R"

1 1. . . )
24M @3> min{M(@)}14]* > 0.4 # 0 € R

n

% z": (fi + kao) In (cosh (G;)) > et > (fi +kao)e > 0

i=1 i=1

The second term of the right side of inequality Eq. (9.26) is positive definite
since 1 k047§ = 1 ky0(|4||”. Notice that the first term or the right side of Eq. (9.26) is
positive as long as k,; — 2(a; + l)oc%MM is positive, i.e.,

kpi > 2(oy + 1)z My (9.27)

Therefore, since the fourth last terms of the right side of Eq. (9.26) are positive
definite for all q,4, ¢ # 0 € R", the Lyapunov candidate function Eq. (9.25) is
positive definite while Eq. (9.27) is satisfied.

The temporal derivative of the Lyapunov function candidate Eq. (9.25) is as
follows:

V(@.4.9) = 54" M(9)g +4"M(g)g + o (Sech’(§)q) M(q)q
+ o Tanh” (§)M(q)g + oo Tanh" (§)M(q)§ + kg G

+4"K, Sig" (§) + oo Tanh” (q) (F + kaol)q + " K10

(9.28)

Along the trajectories of the closed-loop system in Eq. (9.24), we obtain

V= —4"Fq — kig'q — 2Tanh(q)K, Sig" (§) — 1" K, Sig™ (n)

By N N . . (9.29)
+ ao[Tanh(q)C(q,q)q + (Sech®(¢)q)" M(q)q] — aokpoTanh(q)g

where we have used the Property 3 (skew symmetry). Here, we neglect the grav-
itational forces vector from Eq. (9.24) since the CCM is a horizontal Five-Bar
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Mechanism, in which motion of interest is not subject to gravitational forces. The
two parts of the fifth term of the right side of Eq. (9.29) can be upper bounded as

Tanh()C(q.4)q < ||Tanh(7)C(g, 44|
<[ Tanh(@)[|[|C(q,4)Il14]]
< Vnke|g|?
(Sech®(7)q)"M(q)q < || (Sech®@)q) " M(q)q||
< ||(Sech®@)g)" || 1M ()[4l
<Mu|q|?

where we have used Eq. (9.2), Property 2, and Property 4. Thus, the fifth term of
the right side of Eq. (9.29) can be upper bounded as

o [Tanh(7)C(q. 4)g + (Sech®(§)q)" M(q)q]

) (9.30)
< ao(v/nke + M) 4|

In addition, by using Property 5 the first term of the right side of Eq. (9.29) can
be upper bounded as

—§"Fqg< — £l (9.31)

After substituting Egs. (9.30) and (9.31) in Eq. (9.29) and rearranging terms, we
can upper bound Eq. (9.29) as

V< = [fon+kao — 20 (v/ke +Mu)] 14|~ Tanh (§)K, Sig* ()
— " Kq4 Sig” () — %okpoTanh(g)g

In virtue of that, tanh(x) and x have the same sign, and then
Tanh(q)q > 0,Vg # 0. Therefore, we can write

V< — [fu+kao — %0 (Vitke + M) ] 4] — %o Tanh(g)K,, Sig™ ()

Ly (9.32)
— 1" Ky Sig™ (n)
After using the expression in Eq. (9.4), Eq. (9.32) can be rewritten as
. .2 - ~ ~ 0
\%4 § - [fm + kd() — 0 (\/r_lkc +MM)] ||q|| —0 Z k,,i|tanh(q,-)| |Qi|
= (9.33)

n
- z:koli|’1i|9£2+1
i=1
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where k,; and kg represent the ith diagonal elements of matrices K, and Ky,
respectively. Therefore, we can conclude that V <0 as long as

ka0 > O(()(\/I;kc +MM) — fmn (934)

is satisfied. In order to conclude the global asymptotical stability of the closed-loop
system Eq. (9.24), by LaSalle’s theorem (Kelly et al. 2005), we have that g(r) —
0, 4(t) — 0 and () — 0 when ¢ — oo for any initial state. Thus, we conclude the
global asymptotical stability of origin of the closed-loop system Eq. (9.24).

9.3.2 Finite-Time Stability

In this section, we will apply the concepts of finite-time stability in order to
establish, in a similar way to Su and Zheng (2017), the stability of the closed-loop
system in finite time. We first define the state vector y = [yl yl y3T]T where
Y1 =4, ¥y, =1 and y; = ¢. The closed-loop system of state vector y can be written
as

1 ¥, — opTanh(y,)
M (y; +44)[(C(y, +44,y2 — % Tanh(y;))

d il _ —|—F+kd()l)(_)’2 - OCOTanh(,Yl))+KP Sigm(yl) (9 35)
1. 2 - EO,? .
dr y; + KaSig™ (v,) + kpoyy + K1ys]

+ a(Sech? (y, ) (¥, — o Tanh(y,)))

L ¥ i

Notice that the origin y=0€ R is the equilibium of Eq. (9.35).
Equation (9.35) can be rewritten as

4 [ v +hi(y) )
a |22 | = | "M (@) [K, Sigh (1) + KaSig® (v2)] +ha(y) (9.36)
Y3 )
where
hy = —oTanh(y,) (9.37)

hy = —M""(y; +4,)[(C(y, + 44,2 — %Tanh(y,))
+ F +kaol)(y, — a0 Tanh(y,)) + Koy, + K1 (y3)y3]
— M(y1,4,)[K, Sig" (v;) + Ka Sig” (y,)]
+ ao(Sech?(y;) (y, — oo Tanh (y,)))

(9.38)
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M(y,,q,) =My, +4,) — M 'y, +4,) (9.39)

Now consider the closed-loop system

d yl 3 . y2 .
12 —M!(q,) [K, Sig" (y,) + Ka Sig* ()] (9.40)
Y3 Y2

which, according to Definition 1, is homogeneous if the following expressions are
satisfied:

P2 = d+[71
upy = opr =d+p; (9.41)
p2=d+ps3

It can be verified that with the wvalues p; =2, p, =0 +1,
ps =2,00 =20 /(g +1), and d =0y — 1, Eq. (9.41) is satisfied. Moreover,
selecting o such that 0 <o <1 results ind = o; — 1 <0. Then, it can be concluded
that Eq. (9.40) is homogeneous of degree d = a; — 1 <0. Notice that k(0) = 0,
from Eq. (9.40), and il(O) = 0 from Egs. (9.37) to (9.38).

In order to prove the asymptotical stability of the equilibrium y =0 of the
system Eq. (9.40), we propose the positive definite Lyapunov candidate function

1 n 1 1
2= Knlyul™ " + 532 S0 =y3) (0 - 9.42
2 ” +1; pil Vil + 32 (qa)y>+ 2(y1 v3) (v —¥3) ( )

where y|; denotes the ith component of vector y;. The temporal derivative of
Eq. (9.42) is

Vo = 31K, Sig" () +yaM(q.)y, + (51 —¥3)" () — ¥3) (9.43)

where it was taken into account the fact that M(g,) = O when g, is constant. After
substituting Eq. (9.40) in Eq. (9.43), we have

Vo = yi K, Sig™ (y,) (9.44)
By using Eq. (9.4) in Eq. (9.44), it can be concluded that V5 <0, which implies

that the origin is a stable equilibrium. By using the LaSalle invariance theorem
(Kelly et al. 2005), the global asymptotical stability of the origin can be concluded.
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Now consider the hyperbolic tangent function:

Tanh(&"'y;) = o(&"y,) (9.45)
where o(¢”y,) means to be of order &y, as &'y, — 0. Therefore, for any fixed
y=01y .Y3T)T € R¥, we have

limhl(gplyl’gpzyz’gmh) = g 1imw
=0 gl e—0  gdtp (9.46)

= —aplimo(e™%y,) =0
e—0

Since M~!(y, +¢,) and C(y, +q,,y,) are smooth [see Hong et al. (2002); Su
and Zheng (2009)], we obtain

M~y +q,)

lif(l) B &d 2 [(C(e"y, +q,4, &7y, — g Tanh ('y,))
+ F + kaol ) (e"y, — o9 Tanh(e'y, )] (9.47)

= —M""(4,)[(C(qy,0) + F +kaol)

X (yalim e~ — g lim o(e~/7y,))] = 0
and

M~t(em
U i T )

0 ed+p2 [kpoe” vy + K1 (e7y3)]

=-Mq,) ko1 lina 1P Ky, liII(l] a2 —
& £—

After applying the mean value theorem to each entry of M (y1,4aq) yields

M(y,,q,) = M ('y, +q,) — M (g,) = o(e™) (9.48)

which results in

lim — M(&"y,,q,4)| K, Sig™ ("'y,) + K Sig™ (¢72y,) |
e—0 Sd +p2 (949)
= lim o(¢" ~¥772) =0

e—0

Moreover, in virtue of a property of the ordinary hyperbolic secant function
applied to Eq. (9.2), Sech?(0) = I. Then,



254 F. Salas et al.

i 20(Sech? (@) (e — aTanh(y, )))
i—0 gd+p (9.50)
= ooy, lime™ — o lim o(e" = 2y,) = 0
£— &—

where p3s—d—p,=p1—d—p,=2(1—-0o;)>0 and —-d=1—0a; >0 for
0<uoy <1. Then, for any fixed y = (y y y5)" € R, we have

. ha(Pyy, &y, €7y5)
lim v
e—0 gdtp

=0 (9.51)

Thus, according to Lemma 1, the finite-time stability of the system Eq. (9.35) is
proven. Moreover, by invoking Lemma 2, the global finite-time stability of the
system Eq. (9.35) is proven.

9.4 Simulations

In order to show the feasibility of the proposed application of the finite-time reg-
ulation controller for a parallel manipulator, we carried out numerical simulations.
Simulations of the finite-time nonlinear PID controller applied to the model of a real
horizontal Five-Bar Mechanism were carried out.

9.4.1 Model of the Five-Bar Mechanism

A Five-Bar Mechanism is a planar parallel manipulator of two degrees of freedom.
A scheme of the Five-Bar Mechanism is shown in Fig. 9.1. Notice that the structure
of the mechanism is shown as an open structure. However, the extreme ends of the
links 3 and 4 are joined. In the current section, the matrices M'(p), C'(p, p) of the
model Eq. (9.10) and the matrices M(q) Eq. (9.14), C(q,q) Eq. (9.15) and F(q)
Eq. (9.17) of the model Eq. (9.19) (Soto and Campa 2014), including the trans-
formation matrix R(p) Eq. (9.12) and its temporal derivative, are shown. Note that
since the Five-Bar Mechanism is horizontal, the gravitational forces vector is zero.
The matrices of the model Eq. (9.10) are

! / / /
my, 0 mj; O ¢y, 0 ¢35 O

my 0 my oo |0 & 0 dy
wy 0wy 0 |PCWP=1a 0 0 0
0 m, 0 my 0 ¢, 0 0
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Fig. 9.1 Five-Bar
Mechanism

where

J\ZU

mly = mP 4+ ms(L3 4 Py +2L11s cos () + 11 + 1
miy = m3(I%5 + Liles cos (B))) + I3

/ _ !
My = My

m/22 = m2lgz + m4 (L% + l§4 + 2L2lc4 Cos(ﬁz)) + 12 + 14
mby = my(I24 + Loles cos(B,)) +1u

ro_
Myp = Moy

/ 2
my; = m3l; + 13

r_ 2
my, = malo, +1s

and

¢}y = —m3Lylessin(B) P,
cly = —m3Lils sin(B,)(q1 + By)
Chy = —mylsles Sln(ﬁz)ﬁz
chy = —myloleg sin(B,) (g2 + ﬁz)
¢y = m3Liles sin(By)dqn
chy = myLaley sin(By) B,
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The transformation matrix R(p) and its temporal derivative R(p) are

1 0 0 0

0 1 . 0 0

R(p) = Rp)=1| .~
(p) ri o riz (p) i ri2
1 I il T

where

_ sin(gr —q2 — ) |

" sin(q1 — g2+ B1 — B)
Py = —— sin(f)

sin(q1 — g2+ By — Bo)
- sin(f,)
21 =

sin(q1 — g2+ B — B)

ryr — sin(gr —q2—f)

B sin(q1 — g2+ B1 — B)

The matrices of the model Eq. (9.19) are

M(q)[m“ m'z] C(q,d){c” 6'2],

myy Mo 1 €
where
r2 / / / /
My = My ry, +myy +misri + i (my +miarn)
! / / /
miy = mhyray + rio(myy +miaryy) + myrir
! / !
my1 = Myyry + riz(m; + masrin) + myrarn
r 2 / / ’ ’
My = M3y, + My + Myyra + o (mhy + miyra)
and

/ / ! . ! / ! .
e = ¢y + i+ S+ i (myy + mayyri) + miyraiag
/ / . ! ! / .
C12 = CiaT1n + Cppran + o (M + miarin) + myrain
/ / . / / / .
€21 = Cy 112 + Chyrar + Fai (M + miyyran) + misrini

/ / ! . ! / ! .
€2 = Chy + oy + Chaton + Fap (Mg +miyra) +mizrizing

The friction coefficients matrices of the model Eq. (9.10) and of the model
Eq. (9.19) are

f0 0 o

0 £, 0 0 S f12:|
F = 22 JF =

0 0 f;3 O {fZl S

0 0 0 f
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where

2 2

i =fl i fas +fy

fiz =rurinfi+rarnfy

fr =rurinfy+rarnfy
2 2

for = foy Fripfis S

The parameters of the dynamic model are shown in Table 9.1.

The elements of the matrix F of friction coefficients of the model Eq. (9.10) are
shown in Table 9.2.

The desired values of the joint variables were computed using the inverse
kinematic model [see Soto and Campa (2015)] based on the desired position of the
end effector to reach a point P; = (x;, — A, y;, + A) from the initial or home position
Py, = (X, y1). Notice that A = 0.02 (m). The coordinates of the initial position are
xp = Ly, yn = Ly, with respect to the origin located at the rotation axis of the joint
g (see Fig. 9.1). The values of the joint variables that correspond to the home
position are ¢; = 0 (rad) and g, = 1.5708 (rad), while the values that correspond to
the point P, are q; = 0.1686 (rad) and g, = 1.7441 (rad). The gains and parameters
of the finite-time nonlinear PID controller used in the simulations are shown in
Table 9.3. These gains were selected by try and error procedure in order to achieve
the best performance in terms of small position errors and at the same time,
avoiding to exceed a maximum value of torque of 0.2 Nm. This maximum torque
value is similar to the maximum values of electric motors that usually drive a small
Five-Bar Mechanism for academic purposes.

Table 9.1 Parameters of the dynamic model of the Five-Bar Mechanism

Parameter Value (units) Parameter Value (units)

L L, L Ly 0.127 (m) m, 0.121 (kg)

Ie1 0.047 (m) m; 0.085 (kg)

leo 0.045 (m) my 0.063 (kg)

les 0.069 (m) I; 0.0017 (kgmz)

lea 0.062 (m) L 0.0014 (kgm?)

m 0.126 (kg) L 8.74 X 107 (kgm?)

Table 9.2 Friction parameters of the Five-Bar mechanism

Parameter Value (units)

i 0.01 (Nm/rad s)
I 0.01 (Nm/rad s)
S 0.00001 (Nm/rad s)
S 0.00001 (Nm/rad s)




258

F. Salas et al.

Table 9.3 Gains and parameters of the finite-time nonlinear PID controller

Gain Joint 1 Joint 2 Units

kyo 0.2 0.22 Nm/rad

kao 0.5 0.5 Nms/rad

K, 0.37 0.36 Nm/rad

K; 0.1 0.06 Nms/rad

Ky 0.1 0.01 Nm/rad

o 0.1 0.1 s

o 0.5 0.5 (dimensionless)
o 0.6666 0.6666 (dimensionless)
Table 9.4 Gains of the nonlinear PID controller

Gain Joint 1 Joint 2 Units

K, 1.15 1.15 Nm/rad
K, 0.5 0.5 Nms/rad
K; 0.08 0.03 Nm/rads

For comparison purposed, simulations of a PID-like controller inspired in Kelly
(1998) applied to the Five-Bar Mechanism were also conducted. The control law of
this controller is

t
T=—-K,qg—K; / Tanh(g(0))do — K4q
0

The gains used for this controller are shown in Table 9.4. These gains were
selected by try and test, in order to obtain the best performance of the controller and
avoiding to exceed the maximum torque values.

9.4.2 Simulations Results

The results of the simulations are shown in Figs. 9.2, 9.3, 9.4, 9.5, 9.6 and 9.7. In
Fig. 9.2, the position errors at joint 1 from both controllers, the finite-time nonlinear
PID controller (FNPID) and the nonlinear PID from Kelly (1998), are shown. In
Fig. 9.3, the position errors at joint 2 from both controllers are shown. From these
figures, notice that the position errors of the FNPID in steady state are smaller than
the position errors of the NPID. In Figs. 9.4 and 9.5, the commanded torques from
the FNPID for joint 1 and joint 2, respectively, are shown. In Figs. 9.6 and 9.7, the
commanded torques from the NPID for joint 1 and joint 2, respectively, are shown.
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Fig. 9.2 Position errors in joint 1 from both controllers, FNPID and NPID

0.05 T T T

= FNPID
= = NPID

(12 [rad]

0.2 1 1 1
0

Fig. 9.3 Position errors in joint 2 from both controllers, FNPID and NPID

Notice that the torque signals from the NPID controller for both joints last longer
times than the torque signals from the FNPID controller. This may imply smaller
and shorter control efforts from the FNPID controller, which may result in
improved durability of the drives and motors of the parallel machine. Notice that, as
was pointed above, in the simulations we were careful in avoiding exceeding the
maximum torque value of 0.2 (Nm).
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Fig. 9.4 Commanded torque from the FNPID controller, for joint 1
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Fig. 9.5 Commanded torque from the FNPID controller, for joint 2
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0.2 T T T

01F 4

71 [Nm)]

Fig. 9.6 Commanded torque from the NPID controller, for joint 1

0.2 T T T

01F 1

Ty [Nm)]

Fig. 9.7 Commanded torque from the NPID controller, for joint 2

9.5 Conclusion

In this work, we have reported the application of a finite-time nonlinear PID reg-
ulation controller to a Five-Bar Mechanism. The stability analysis of the system has
been carried out, resulting in the global finite-time stability of the closed-loop
system.

A dynamic model of a parallel robot, which is subject to mechanical constraints,
has been obtained in structure similar to that of a serial robot. This let us analyze the
closed-loop system in a similar way to analyzing a system with a serial robot.
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Numerical simulations of the proposed controller applied to the model of a
Five-Bar Mechanism were conducted. The simulations’ results confirm the use-
fulness of the proposed approach.
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