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Abstract In this note we present a criterion under which a functional defined
on vectors of non-decreasing functions is the I"-limit of a functional defined on
vectors of continuous non-decreasing functions. To this end, we present a separation
principle in which a weakly converging sequence of continuous non-decreasing
functions is decomposed in two parts, one converging to a non-decreasing function
with a finite number of jumps and the other to the complementary jumps.
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1 Introduction

For T > 0 fixed, we denote by C the class of right-continuous with left-limits
functions defined on the interval [0, T], which are non-negative and non-decreasing.
We denote by C f;ize the elements of C with a finite number of jumps and by co
the elements of C with no jumps. For ¢ € C, the jump at time ¢ € [0, T] is denoted
by Ac(?) and is defined as the difference c(¢) —c(z—). If ¢(0) > 0 then we consider
a jump of size c(0) at time ¢ = 0. Thus Ac(0) := c(0). An element of C defines
a unique positive measure in the interval [0, T] and we will consider the topology
of weak convergence on C. Recall that a sequence of measures {i, },eN converges
weakly to a measure w if for each continuous bounded function f : [0, T] — R
we have lim,,_, f fdun = f fdu. An equivalent property to weak convergence
is formulated in terms of the elements of C (which can be seen as “distribution
functions”). A sequence {C(n)},eN C C converges pointwise to an element ¢ € C

E. Trevino Aguilar (P<)
Department of Economics and Finance, University of Guanajuato, Guanajuato, Mexico

© Springer International Publishing AG, part of Springer Nature 2018 195
D. Hernandez-Hernandez et al. (eds.), XII Symposium of Probability

and Stochastic Processes, Progress in Probability 73,
https://doi.org/10.1007/978-3-319-77643-9_6


http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-319-77643-9_6&domain=pdf
https://doi.org/10.1007/978-3-319-77643-9_6

196 E. Treviflo Aguilar

for each continuity point of c if and only if the corresponding measures converges
weakly. By a slight abuse of language we will say that the sequence {C(n)},eN
converges weakly to C.

An important property of weak convergence is that it is metrizable on separable
spaces. Indeed, the well-known Prokhorov distance is a metric which on separable
spaces characterizes weak convergence; see e.g., Ethier and Kurtz [6, Section 3.1].
This property will be crucial for our results here.

Now consider a functional J : C® x C® — R and suppose we are required
to consider the functional in all of the space C x C. One reason why we might
need the functional in an enlarged space is related to the problem of minimizing the
functional. Indeed, a minimizer may fail to exist in the class of continuous elements
and we might need to consider an enlarged space. A classical method to construct
a functional in an enlarged space is by density and approximation. In this method,
we take a point (¢!, ¢?) € C x C and a sequence {(c!(n), c*(n))},en C C° x CO
which componentwise converges weakly. We might define a functional J* in the
point (¢!, ¢?) by the limit:

J*c!, c?H = lim_ Jic'n), ().

The method requires that the limit always exists and to be independent of the partic-
ular sequence. However, we will illustrate in Sect. 3 that for weak convergence, with
a very simple functional one gets different limits and even oscillatory behaviors.
Note also that even for elements of C® x C¥ the functionals J* and J does not
necessarily coincide and J* is not necessarily an extension of J. Thus, the method
does not work in general and we might need to consider “envelopes” instead of
extensions. A convenient solution still keeping in mind problems of minimization
is that of I'-convergence. The concept was introduced in the study of variational
problems by De Giorgi [5]. It is systematically presented by Dal Maso [4] and its
relevance in optimal control, which is our main motivation here, is presented by e.g.,
Buttazzo and Dal Maso [3]. The I'-convergence is a far reaching concept providing
a powerful framework covering a wide range of applications; see e.g., Braides [2]
and its references. In Sect.2 below, we give more detail on this concept for our
specific setting. Let us at this point formulate on the relevance of I"-convergence in
optimal control. Consider two topological spaces U (the space of controls) and Y
(the space of state variables), and a functionJ : U x Y — [0, +-o0c]. Given a set of
“admissible control-states” A C U x Y, consider the minimization problem:

min J(u, y).
(u,y)eA ®.)

This general problem may be difficult to study directly and instead, it might be
convenient to study related problems formulated with other sets A" c U x Y and
other functions J" for 4 € N. In principle, the minimization problem formulated
in terms of the pair (A", J") should be easier and provide information about
the original minimization problem formulated in terms of A and J. A way in
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which the sequence of auxiliary minimization problems help to understand the
original problem is that of convergence of minimal values and convergence of
optimal controls for the auxiliary problems, possibly along a subsequence, to an
optimal control of the original problem. This is one of the main properties of I'-
Convergence; see e.g., Buttazzo and Dal Maso [3, Theorem 2.1].

The construction of I'-limits is a highly non trivial task and in this paper we
obtain a substantial reduction based on an assumption of monotonicity.

Definition 1.1 A functional J is monotone if for each ¢!, ¢* € C% and v!, v2 € C°
we have

Jc' +v!, ¢ +v?) > Jicl, ). (1.1)

In this note, we prove the I'-convergence in C x C for monotone functionals as a
consequence of the property for elements of Cf,-,,i fe X Cfm,-te which have a finite
number of atoms. This is a non trivial reduction that makes use of Skorokhod’s
representation of weak convergence and depends strongly on the property of
monotonicity of the functional.

After this introduction, the note is organized as follows. In Sect. 2, we elaborate
on the concept of I'-convergence in our specific setting. In Sect. 3, we illustrate the
phenomenon of oscillatory behavior. In Sect.4 we prove a separation principle for
sequences of continuous distributions by making use of Skorokhod’s representation
of weak convergence. In Sect. 5 we prove the sufficient condition for I'-convergence.

2 TI'-Convergence

The next definition can be seen as a special case of the concept systematically
presented by Dal Maso [4].

Definition 2.1 For a functional J : C® x C° — R we say that the functional J* :
C x C — R is the I'-limit of J if the following conditions are satisfied:

1. for each point (¢!, ¢?) € C x C and sequence {(c!(n), c*(n))},en € C° x CO
which componentwise weakly-converges to (¢!, ¢?) we have:

Jie!, ¢ <liminfd(c' (), c(n)),

2. there exists a sequence {(c'*(n),c?*(n))}pen C C° x CU which weakly-
converges component by component to (¢!, ¢?) with the property

J*c!,c?) = lim_ Jc™ ), c*n)).
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3 An Example of Oscillatory Behavior

In this section we illustrate the phenomenon of oscillatory behavior with the very
simple functional J defined by

T s
Jic!, ¢?) ::/o dcf,/o del.

In particular this example illustrates the convenience of considering the concept of
I"-convergence.
For t € (0, T), let
2. _ Al
C; :=¢C; = 1. m@®). (3.1

Now we define continuous approximations. Take € > 0 with 7 + € < T and for
a € (0,1)lete :=ae. Let

| tA(T+e€) |
u,(€,a) 1= / m 1z rye(s)ds
0

) tA(T+€) 5
u; (e, o) ::/ me o lirte r+e1(s)ds. 3.2)
0
where
1 1
1. Cr+e —C;_ 1
m, = =
€ €
2 2
»  Chie—Ci 1
mg . = , = .
€—¢€ (1 —a)e

The functions u1 and u; are illustrated in Fig. 1.

Proposition 3.1 The functions u'(e, ) and u*(e, ) defined in (3.2) converge
weakly as € N\, 0 to ¢! and ¢? respectively, and

14+«

Jw'! (e, a), u* (e, a)) = 5

Proof Note that ul(e, a), u(e, @) converge pointwise as € N\ 0 in [0, T]/{r} to
c!, ¢?, respectively, and therefore converge weakly. For the second part of the
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Approximating controls

coccocccemel- - !

Fig. 1 The two functions ' and u?, defined in Eq. (3.2)

proposition, we have

T+ €

199

T ) K | T+€ ) K |
/0 dus(e,a)/o duz(e,a)zf mé’al[fﬁ/,,ﬂ](s)ds/() melr r4e(2)dz
T

+e’

| 2 T+€ K
=m€m€’a/ ds/ dz
T+€’ T
T+€
= m!m? / (s —1)ds
- €"Ve,a
T+¢€’

1
= mlmz’a 262(1 — a2)
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Remark 3.2 Note that it is possible to select a sequence {o;, };meN in such a way that
the sequence {J(u1 (€, om), u2(€, am)) }m <N generates a dense subset of the interval

[é, 1], due to Proposition 3.1.

4 A Separation Principle of Sequences

We start this section with Skorokhod’s representation of weak convergence in the
following form. Let {u, },en be a sequence of probability measures in the interval
[0, T] converging weakly to the measure p. Then, there exists a probability space
(2, F,P), arandom variable Y and a sequence of random variables {Y}, },eN defined
in this common space, such that Y;, has distribution w,, and Y has distribution n and
the sequence converges to Y everywhere in 2. See e.g., Billingsley [1, Theorem
25.6] for the proof.

Lemma 4.1 Let {Fy,}meN be a sequence of elements of C°. Assume the sequence
converges weakly to an element F of C. Thus, the sequence converges pointwise to
F except, possibly, for the points {ti};2, where F jumps.

Then, for ko € N fixed, there exist sequences of non-negative, non-decreasing
continuous functions {Gpy}menN and { Hy}meN such that

1. Fy, =Gy + Hyy, form € N.
2. The sequence {Hy;}meN converges pointwise to the function

(0.¢]
H@) = Y AF@)lg=n. (4.1)
k=ko+1

fort € [0, T].

3. The sequence {G,}meN converges pointwise to the function
G@):=Ft)—H(), 4.2)

fort € [0, T].

Proof We will do the proof only in the case that F;,(T) = F(T) = 1, the general
case following by normalization.

There exist a probability space (€2, F, P) and a sequence of random variables
{Xn}nen converging to a random variable X, with X,, ~ F,, and X ~ F, due to
Skorokhod’s representation theorem; see e.g., Billingsley [1, Theorem 25.6].
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Let
A= X710, T/ {th 41, Thgs2 - D,
B = Xfl(rkoﬂ, Tho42 - - -)-
Let us verify that the function G satisfies
G@)=P[{X <t} NA]. (4.3)
Note that

Fo)-PH{X <t}NA]l=P[{X <t}]]- P[{X <t} NA]
= P[{X <t}NB]

o]

> P[{Xft}ﬂX’l(rk)]

k=ko+1

o
- Z AF (1) {r<)
k=ko+1

= H(),
and the equality (4.3) follows. Let
Gu(t) = P[{Xn <t}NA], fort € [0,T]and m € N.

The function G, has the following properties:
1. The function is clearly non-negative and non-decreasing.
2. Gy, is a continuous function. Suppose by way of contradiction that G, has a
jump in ty € [0, T]. Take € > O smaller than the size of the jump
0<e <AGu).
Then
€ < P[{Xy =10}NA] < P[{Xn =10},
a contradiction with the fact that the function F}, is continuous. Thus, it was false
to assume that G, has a jump.

3. Fort € [0, T] we claim

lim_Gu() = G(). (4.4)
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Indeed, we have
lim P[{X,, <t}NA]= lim Ep [1(_oo,t](Xm)1A]
m—00 m—00

= Ep [1(—o0,1(X)14]

=P[{X <t}NA]

=G@),
where the second equality holds true due to Lebesgue dominated convergence
and the last equality is just (4.3).
Let

Hy = P[{Xm <t} NB].

Analogously to the sequence {G,, },,eN We can prove that Hy,

1. is a non-decreasing non-negative function,
2. is a continuous function
3. and lim,,;,— o H,,,(t) = H(2), fort € [0, T].

The proof concludes with the equalities
Gn(@)+ Hy(@) =P[{Xn <t}NA]l+ P[{X, <t}NB]
= P[(Xn < 1]
= Fp(1).

5 The I'-Limit Under Monotonicity

Theorem 5.1 Let J : C° x CO — R be a monotone functional. Assume J* : C x
C — Ris the T'-limit of J for elements in C finite X C tinize of distributions with a
finite number of jumps. Then, the T-limit of J in C x C is given as follows. For a
pair (¢!, c?) € C x C with a countable number of jumps {19, 1, ...} we have

J*c!,c?) = klim J*C' k), S (k)),

where

k
(k) =T} + ) AC, 1<
j=0

andC' is the continuous part of ¢!, fori =1, 2.
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Proof

1.

Let {(s'(m), 8>(m))}men C C° x CO be a sequence componentwise weakly-
converging to (¢!, ¢?) € C x C. We first prove that

lrinrgioréfJ(Sl(m), s%(m)) > klim J*E' k), S (k)). (5.1)

For k € N fixed and arbitrary m € N, take a decomposition si(m) = G'(m) +
Hi(m) as in Lemma 4.1 with G'(m) converging to C'(k) as m — oo. The
functional J is monotone and therefore

Js!'(m), s*(m)) = J(G' (m), G*(m)).
As a consequence

lim iO%fJ(sl(m), s2(m)) > lim: iO%fJ(Gl(m), G*(m)) = J*€' k), T*(k)),

where the last inequality holds true since G’ (m) weakly converges to C' (k). The
sequence {J* @ (k), €2 (k))}ken is non decreasing and we obtain the inequality
(5.1).

. Now we construct a sequence where the inequality (5.1) is satisfied with equality.

Let (K (k, )} jeN be a sequence of continuous functions weakly converging
to ¢ (k) fori = 1,2 and

J* @' (1), k) = lim J(K'(k, j), K> (&, ),
J—>00

such a sequence exists since J* is the I'-limit of J in Ctinire X Cfinire. Let p
denote the Prokhorov metric on the space of probability measures defined on the
interval [0, T]. Next, identify distributions with probability measures. For k € N
let jr € N be such that j; > jr—1 andfor j > jrandi =1,2

~i i 1
pC k), K (k, j)) < ok

~: . 1
c'(k),ct
p(Cc' (k) )<2k

J* @' (k), T (k) — I (k, j), K2 (k, j))| < ,1
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Then, the sequence {(kl(k, Ji), k2 (k, jk))}ken satisfies (5.1) with equality, since
it has the properties

p(C', K (k, jk) <

’

J* €' (k), T (k) — Ik (k, ji), K2 (k, o)) | <

= N =

O

Let us give an application of Theorem 5.1. To this end, take a non-negative Radon
measure 1 with support in the interval [0, T]. Consider a functional of the form

Jic!, c?) =/ f(t.cl,cPdn,, for (c!,c?) e C® x CY,
[0,T]

where f is a normal integrand. That is, the correspondence
t €0, T] — {(c',c?,a) e RE xR f(t,c', D) <o},

is closed-valued and measurable. Recall that a set valued mapping (or correspon-
dence) S : E — R U {00} defined in a measurable space (&, o) is measurable if
the inverse image sTloy:={Eee | 8SENO # (#} of every open set O is
measurable. We will assume that f(z, -, -) is a continuous non decreasing function
for each r € [0, T] and it is dominated by an 5-integrable function. It is clear that J
is a monotone functional. The I'-limit of J is given in the next result.

Proposition 5.2 For (¢!, c?) € C x C let D be the set of points where ¢' or ¢?
Jjumps and let A be the set of atoms of the Radon measure 1. Let (A N D)€ be the
complement of A N'D in the interval [0, T]. The T'-limit of J in (¢, ¢?) is given by

relr= [ gechchan+ Y aumsecl . 52
(AND)e

teAND

Proof Take (c!,c?) € Cinite % Crfinite. For i = 1,2, take a sequence
{w! (n)}pen C C¥ converging weakly to ¢'. We clearly have that

n—oQo

lim inf/ f(t, wlm), w?(n))dn,
[0,T]

= f f(,cl,cHdn, +liminf f £, whn), w?(n)dn,,
(AND)¢ =00 JAND

due to the weak convergence, since f is a continuous function.
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Take t € A N'D. We will do the proof for ¢ € (0, T), the other cases being more
simple. For € > OandS > O witht — 68,1 4+8 € (0,T)/AUDIlet N € N be such
that |wt s(n) — Ct 5| < € and |wt+5(n) t+5| <e¢€,forn > N. Then

—€ —I—Ciﬂ; < wi(n) <e€ +C§+5.
As a consequence

Ci < hm 1nfwt (n) < lim sup wt (n) < C
n—o0

The monotonicity and continuity of f implies now that

timint [ £l wondn = [ fG.el 6y,
AN

n—oo AND

Thus, we have proved that J*(c!, ¢?) < liminf,_, o J(w'(n), w!(n)).

Now we are going to construct a sequence {(v1 (n), vz(n))}neN converging
weakly to (¢!, ¢?) with J*(¢c!, ¢?) = lim,_, oo J(v' (1), v*(n)). Fort € DN (0, T)
let B;(8) := (¢t,t + 8] where § > 0 is small enough so thatt + & € (0, T)/(A U D)
and the sets B;(8) are pairwise disjoint. For i = 1, 2, let lf be the linear function
defined by

i) =@-n®"T 5)5_ ¢ | iy,

We define

Vi (8) = { 92— for z ¢ U;epno,m) B (9,
[;(z) for z € B;(9).
Let {8,},en be a sequence with §, < i and satisfying the requirements that
t+ 6, € (0,T)/(A U D) and the sets B;(5,) are pairwise disjoint. It is clear
that the sequence {(vl(S,,), v2(8n))}neN converges weakly to (c!, ¢?). Indeed,
(' (82). v*(8n)) = (¢, ¢?) outside the set |, cpno.) B: (8n). Moreover

/ ft, v} 80, v2Sp))dn, = / f(,cl_, ¢t ydn,,
AND AND

due to the definition of (v, (On), v; 2(8,)).

We have proved that J* as deﬁned in (5.2), is the I'-limit of J for elements
in Ctinire X Cfinite of distributions with a finite number of jumps. Then, after
Theorem 5.1, the I'-limit of J in C x C is given as follows. For a pair cl,c?) e
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C x C with a countable number of jumps {19, 71, . . .} we have
J(c'.¢®) = lim J*@' k), T (k).
k—o00
with the notation of Theorem 5.1. Note that

J@ ), k) = /[O 0T 0.,

Moreover, limg_, o 5;_(k) = Cﬁ_ uniformly in # € [0,T] and i = 1,2. As a
consequence

lim J*@' k), & (k)) = / f@, ¢l ¢t dn,
k— 00 [0,T]

due to the continuity of the function f. The right-hand side of the last equation
coincides with the right-hand side of (5.2). This proves the proposition. O
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