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Abstract The minimality of the penalty function associated with a convex risk
measure is analyzed in this paper. First, in a general static framework, we provide
necessary and sufficient conditions for a penalty function defined in a convex and
closed subset of the absolutely continuous measures with respect to some reference
measure [P to be minimal on this set. When the probability space supports a Lévy
process, we establish results that guarantee the minimality property of a penalty
function described in terms of the coefficients associated with the density processes.
These results are applied in the solution of the robust utility maximization problem
for a market model based on Lévy processes.
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1 Introduction

The definition of coherent risk measure was introduced by Artzner et al. in
their fundamental works [1, 2] for finite probability spaces, giving an axiomatic
characterization that was extended later by Delbaen [3] to general probability
spaces. In the papers mentioned above one of the fundamental axioms was the
positive homogeneity, and in further works it was removed, defining the concept of
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convex risk measure introduced by Follmer and Schied [4, 5], Frittelli and Rosazza
Gianin [7, 8] and Heath [10].

This is a rich area that has received a lot of attention and much work has been
developed. There exists by now a well established theory in the static and dynamic
cases, but there are still many questions unanswered in the static framework that
need to be analyzed carefully. The one we focus on in this paper is the charac-
terization of the penalty functions that are minimal for the corresponding static
risk measure. Up to now, there are mainly two ways to deal with minimal penalty
functions, namely the definition or the biduality relation. With the results presented
in this paper we can start with a penalty function, which essentially discriminate
models within a convex closed subset of absolutely continuous probability measures
with respect to (w.r.t.) the market measure, and then guarantee that it corresponds
to the minimal penalty of the corresponding convex risk measure on this subset.
This property is, as we will see, closely related with the lower semicontinuity of
the penalty function, and the complications to prove this property depend on the
structure of the probability space.

We first provide a general framework, within a measurable space with a
reference probability measure PP, and show necessary and sufficient conditions
for a penalty function defined in a convex and closed subset of the absolutely
continuous measures with respect to the reference measure to be minimal within
this subset. The characterization of the form of the penalty functions that are
minimal when the probability space supports a Lévy process is then studied.
This requires to characterize the set of absolutely continuous measures for this
space, and it is done using results that describe the density process for spaces
which support semimartingales with the weak predictable representation property.
Roughly speaking, using the weak representation property, every density process
splits in two parts, one is related with the continuous local martingale part of
the decomposition and the other with the corresponding discontinuous one. It is
shown some kind of continuity property for the quadratic variation of a sequence of
densities converging in L'. From this characterization of the densities, a family of
penalty functions is proposed, which turned out to be minimal for the risk measures
generated by duality.

The previous results are applied to the solution of the robust utility maximization
problem. The formulation of this problem, described formally in Sect. 6, is justified
by the axiomatic system proposed by Maccheroni et al. [17], which led to utility
functionals of the form

X — Qigg {Eq U (X)]+ ¢ (Q)]}. (1.1)

The elements of this display will be described in detail in the last section. For
previous works on this direction we refer the interested reader to the works
of Quenez [18], Schied [19] and Hernandez-Herniandez and Schied [11], and
references therein.
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The paper is organized as follows. Section 2 contains the description of the
minimal penalty functions for a general probability space, providing necessary and
sufficient conditions, the last one restricted to a subset of equivalent probability
measures. Section 3 reports the structure of the densities for a probability space
that supports a Lévy processes and the convergence properties needed to prove the
lower semicontinuity of the set of penalty functions defined in Sect. 4. In this section
we show that these penalty functions are minimal. The description of the market
model is presented in Sect. 5, together with the characterization of the equivalent
martingale measures and, finally, in the last section we solve the robust utility
maximization problem using duality theory.

2 Minimal Penalty Function of Risk Measures
Concentrated in Q « (P)

Given a penalty function v/, it is possible to induce a convex risk measure p, which
in turn has a representation by means of a minimal penalty function Iﬂ;. Starting
with a penalty function 1, we give in this section necessary and sufficient conditions
in order to guarantee that it is the minimal penalty within the set of absolutely
continuous probability measures. We begin recalling briefly some known results
from the theory of static risk measures, and then a characterization for minimal
penalties is presented.

2.1 Preliminaries from Static Measures of Risk

Let X : Q@ — R be a mapping from a set 2 of possible market scenarios,
representing the discounted net worth of the position. Uncertainty is represented
by the measurable space (€2, F), and we denote by X’ the linear space of bounded
financial positions, including constant functions.

Definition 2.1

(i) The function p : X — R, quantifying the risk of X, is a monetary risk measure
if it satisfies the following properties:

Monotonicity: If X < Y then p (X) > p(Y) VX, Y € X. 2.1)

Translation Invariance: p (X +a) = p(X) —aVa e RVYX € X. 2.2)
(i1)) When this function satisfies also the convexity property

POX+(1-NY)<dipX)+1—1)p¥)Vre[0,1] VX, Y € X,
(2.3)

it is said that p is a convex risk measure.
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(iii) The function p is called normalized if p (0) = 0, and sensitive, with respect
to a measure P, when for each X € L° (P) with P[X > 0] > 0 we have that

p(=X)>p(0).

We say that a set function Q : F — [0, 1] is a probability content if it is finitely
additive and Q (2) = 1. The set of probability contents on this measurable space
is denoted by Qon:. From the general theory of static convex risk measures [6], we
know that any map ¥ : Qconr — R U {400}, with infgeg, ., ¥(Q) € R, induces a
static convex measure of risk as a mapping p : 9, — R given by

p(X) := supgeo,,., {Eo[-X]1 - ¥(@Q)}. (2.4)

Here 9)1 denotes the class of measurable functions and )1, the subclass of bounded
measurable functions. The function v will be referred as a penalty function. Follmer
and Schied [5, Theorem 3.2] and Frittelli and Rosazza Gianin [7, Corollary 7]
proved that any convex risk measure is essentially of this form.

More precisely, a convex risk measure p on the space 9, (2, F) has the
representation

p(X)= sup {Eq[-X]—1v; (@)}, (2.5)
QEQCUVU
where
¥i(Q = sup Eg[-X], 2.6)
XeAp

and A, :={X € M, : p(X) < 0} is the acceptance set of p.

Remark 2.1 The penalty 1//‘:; is called the minimal penalty function associated to p
because, for any other penalty function ¢ fulfilling (2.4) , ¢ (Q) > I/f; (Q), for
all Q € Qcons- Furthermore, for the minimal penalty function, the next biduality
relation is satisfied

Y@= sup  {Eq[-X]—p(X)}, VQ €Qcon- 2.7)
XeMp(Q,F)

Let Q (2, F) be the family of probability measures on the measurable space
(2, F). Among the measures of risk, the class of them which representation
in (2.5) is concentrated on the set of probability measures Q C Q,p; are of special
interest. Recall that a function / : E C R® — R is sequentially continuous
from below (above) when {X,},cny 1+ X = lim,o0 I (X)) = I (X) (respectively
{(Xnlien ¥ X = limp 01 (X)) = 1 (X)). Follmer and Schied [6] proved that
any sequentially continuous from below convex measure of risk is concentrated on
the set Q. Later, Kritschmer [15, Prop. 3 p. 601] established that the sequential
continuity from below is not only a sufficient but also a necessary condition in
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order to have a representation, by means of the minimal penalty function in terms
of probability measures.

We denote by Q. (P) the subclass of absolutely continuous probability measure
with respect to [P and by O~ (P) the subclass of equivalent probability measure. Of
course, O~ (P) C Q(P) C Q (R, F).

Remark 2.2 When a convex risk measures in X' := L (IP) satisfies the property
p(X)=p ) if X =Y P-as. (2.8)
and is represented by a penalty function i as in (2.4), we have that

Q S Qcont \ Q;ﬁnt - ‘/f (Q) = o0, (29)

where QS is the set of contents absolutely continuous with respect to P; see [6,
Lemma 4.30 p. 172].

2.2 Minimal Penalty Functions

In the next sections we will show some of the difficulties that appear to prove the
minimality of the penalty function when the probability space (€2, F, P) supports a
Lévy process. We will also clarify the relevance of this property to get an optimal
solution to the robust utility maximization problem in Sect. 6.

In order to establish the results of this section we only need to fix a probability
space (€2, F,P). When we deal with a set of absolutely continuous probability
measures K C O« (P) it is necessary to make reference to some topological
concepts, meaning that we are considering the corresponding set of densities and
the strong topology in L' (P) . Recall that within a locally convex space, a convex
set K is weakly closed if and only if K is closed in the original topology [6, Thm
A.59].

Lemma 2.1 Lety : K C Q(P) — RU {400} be a function with infgexc ¥ (Q) €
R, and define the extension ¥ (Q) := oo for each Q € Qcons \ K, with K a convex
closed set. Also, define the function V, with domain in L! (P), as

00 otherwise.
Then, for the convex measure of risk p(X) :=  sup {EQ [—X]— ¥ (Q)}

QEQCUVU
associated with  the following assertions hold:
(a) If p has as minimal penalty y; the function  (i.e. Yy = ¥ ), then V is a proper
convex function and lower semicontinuous w.r.t. the (strong) L'-topology or
equivalently w.r.t. the weak topology o (Ll, L°°).
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(b) If W is convex and lower semicontinuous w.r.t. the (strong) L'-topology or
equivalently w.r.t. the weak topology o (Ll, L°°) , then

vlo.m =¥ lo.@)- (2.10)

Proof

(a) Recall that o (Ll, L°°) is the coarsest topology on L' () under which every
linear operator is continuous, and hence llléf (Z) == Ep[Z (—X)], with Z €
L', is a continuous function for each X € My, (Q, F) fixed. For § (K) :=
{Z : Z = dQ/dP with Q € K} we have that

\Iff( (2) = \Ifé( (2) 15c) (Z) + 00 X 1151y (£)

is clearly lower semicontinuous on & (K). For Z' € L' (P) \ 8 (K) arbi-
trary fixed we have from Hahn-Banach’s Theorem that there is a contin-
uous lineal functional [ (Z) with l(Z’) < infzesoyl (Z). Taking & =
é {inszWQ 1(Z2)—1 (Z’)} we have that the weak open ball B (Z’, 8) =
{Z eL'(P): |l (Z’) —1 (Z)| < s} satisfies B (Z’, 8) N§ (K) = &. Therefore,
lIJIX (Z) is weak lower semicontinuous on L' (P), as well as lIJZX z2) =
vX(Z)—p(X) . If

v Q =9y, Q= sup {/Z(—X)d]P’—P(X)},

XeMy(2,F)

where Z := dQ/dP, we have that ¥ (Z) = supxeon, (.7 {lllg( (Z)} is the
supremum of a family of convex lower semicontinuous functions with respect
to the topology o (Ll, L°°), and W (Z) preserves both properties.

(b) For the Fenchel-Legendre transform (conjugate function) ¥* : L*®° (P) — R
foreach U € L™ (P)

U (U) = sup {/ZUdIP’—\D(Z)’: sup {EqlUl-v¢ (@} =p(-U).
Zed(K) QeQcont

From the lower semicontinuity of ¥ w.r.t. the weak topology o (Ll, LOO) that
¥ = W** Considering the weak*-topology o (L°° P), L! (]P’)) for Z =
dQ/dP we have that

V(Q=¥(2Z)=v"(Z)= sup {/Z(—U)dP—W*(—U)}ZWZ(Q)-

UeL>™(P)

O
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Remark 2.3

1. As it was pointed out in Remark 2.2, we have that

Q € Qeont \ Qo = ¥ (Q) = +00 =¥ (Q).

Therefore, under the conditions of Lemma 2.1 (b) the penalty function ¥ might
differ from 1//2'; on QF,, \ Q. For instance, the penalty function defined as
Y (Q) := 00 x 19,0, (Q) leads to the worst case risk measure p(X) :=
supge g (p) Eg [—X], which has as minimal penalty the function

1//; (Q) =00 X IQcont\Qcﬁnt (Q) ’

2. Note that the total variation distance dry (Ql,(@z) = supAe]_-|(@l
[A] — Q*[A]|, with Q', Q% € Q. fulfills that dry (Q', Q%) <
||dQ1 /d]P’—sz/d]P’” 1~ Therefore, the minimal penalty function is lower

semicontinuous in the total variation topology; see Remark 4.16 (b) p. 163
in [6].

3 Fundamentals of Lévy and Semimartingales Processes

Let (€2, F, ) be a probability space. We say that L := {L;};cr, is a Lévy process
for this probability space if it is an adapted cadlag process with independent sta-

tionary increments starting at zero. The filtration considered is I := {}'ﬂp (L) } teR,>

the completion of its natural filtration, i.e. }'ﬂp (L) := o {Ls:s <t} VN where
N is the o -algebra generated by all P-null sets. The jump measure of L is denoted
by u: 2 x (B(R;y) ® B(Rg)) — N where Ry := R\ {0}. The dual predictable
projection of this measure, also known as its Lévy system, satisfies the relation
wP (dt,dx) = dt x v (dx), where v () := E [ ([0, 1] x -)] is the intensity or Lévy
measure of L.

The Lévy-1t6 decomposition of L is given by

Lo=bt+ W, + / xdiu—,up}+ / xuds,dx).  (3.1)
[0,t]x{0<|x|<1} [0,¢]x{|x|>1}

It implies that L¢ = W is the Wiener process, and hence [L€], = ¢, where (-)¢ and
[ -] denote the continuous martingale part and the process of quadratic variation of
any semimartingale, respectively. For the predictable quadratic variation we use the
notation (- ).

Denote by V the set of cadlag, adapted processes with finite variation, and let
VT C V be the subset of non-decreasing processes in V starting at zero. Let A C V
be the class of processes with integrable variation, i.e. A € Aifandonlyif \/~ A €
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L' (P), where \/6 A denotes the variation of A over the finite interval [0, ¢]. The
subset AT = AN VT represents those processes which are also increasing i.e.
with non-negative right-continuous increasing trajectories. Furthermore, A;,. (resp.
AZZ ) 8 the collection of adapted processes with locally integrable variation (resp.
adapted locally integrable increasing processes). For a cadlag process X we denote
by X_ := (X;_) the left hand limit process, where Xo_ := X by convention, and
by AX = (AX;) the jump process AX; := X; — X;_.

Given an adapted cadlag semimartingale U, the jump measure and its dual
predictable projection (or compensator) are denoted by uy ([0,7] x A) :=
> o< 1a (AUy) and /15, respectively. Further, we denote by P C F ® B(R})
the predictable o -algebra and by P:=P®B (Ro) . With some abuse of notation,
we write 8; € P when the function 0] : 2 x Ry x Ry — R is P-measurable and
0 € P for predictable processes.

Let

LU := {9 € P : I{tu},en sequence of stopping times with 7, 1 oo
Tn
andIE|:f92d[UC] <ooVn e N}
0

3.2)

be the class of predictable processes 6 € P integrable with respect to U€ in the
sense of local martingale, and by

A(U°) = {/%dUC 0 € »C(UC)}

the linear space of processes which admits a representation as the stochastic integral
with respect to U°¢. For an integer valued random measure 1’ we denote by G (// )
the class of functions 0] : @ x Ry x Rg — R satisfying the following conditions:

(i) 61 €P,
Gi) [ 1610l ()7 ), dx) < oo Vi >0,
Ro

(iii) The process
2
JZ if 01 (s, x) 1t/ ({s},dx) — [ 61 (s,x) () ({s}, dx)} € Af .
s=t | Ry

Ry
0 teRy

The set G (u') represents the domain of the functional 6; — [ 61d (,u/ - )P) ,
which assign to 61 the unique purely discontinuous local martingale M with

AM, = / 01 (t,x) ' ({t},dx) — / o1 (t,x) (W) e}, dx) .

Ro Ro
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We use the notation f 01d (M/ — (,u’ )P) to write the value of this functional in

6. It is important to point out that this functional is not, in general, the integral with
respect to the difference of two measures. For a detailed exposition on these topics
see He et al. [9] or Jacod and Shiryaev [12], which are our basic references.

In particular, for the Lévy process L with jump measure u,

Guy=161€P:] [> {61 (s. ALY 1k, (ALy) eAl t. 33

s<t
- IER+

since u” ({tr} x A) =0, for any Borel set A of Ry.
We say that the semimartingale U has the weak property of predictable represen-
tation when

Mioeo = A (US) + { [0 (o= uE) 00 e 0 wu)} : (3:4)

where the previous sum is the linear sum of the vector spaces, and M, o is the
linear space of local martingales starting at zero.

Let M and M, denote the class of cadlag and cadlag uniformly integrable
martingale respectively. The following lemma is interesting by itself to understand
the continuity properties of the quadratic variation for a given convergent sequence
of uniformly integrable martingale . It will play a central role in the proof of the
lower semicontinuity of the penalization function introduced in Sect.4. Observe
that the assertion of this lemma is valid in a general filtered probability space and
not only for the completed natural filtration of the Lévy process introduced above.

Lemma 3.1 For {M(”)}nEN C My and M € My the following implication
holds

! P
MY L Moo= MW M| 0.

n—oo o

Moreover,

1
M L Moo= [MW — M| —> 0 v
n— o0

t n—>00

Proof From the L' convergence of Még) to M, we have that {Még)}neN U{My}is
uniformly integrable, which is equivalent to the existence of a convex and increasing
function G : [0, +00) — [0, +00) such that

@) tm %P — oo,

X—>00 X
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and

() supEE [G (\Mg@

)] VE[G (IMs])] < oo.

Now, define the stopping times

t<u

T = inf{u > 0: sup M,(") — Mt‘ > k}.

Observe that the estimation sup,.yE [G (‘Mr(fﬁ)
k

)] < SuPneNE[G (‘Még) )]

implies the uniformly integrability of {Mr(fﬁ)] N for each k fixed. Since any uni-
k Jne
formly integrable cadlag martingale is of class D, follows the uniform integrability

of { } . for all k € N, and hence isuptq M(") M,
ne
1ntegrab1e This and the maximal inequality for supermartingales

1
> 8] : sup E HM’(H) — M,H}
5

IER+
yields the convergence of {sup,q ‘M @ - M,

} is uniformly
neN

IA

P |:sup Mt(") — M;

IER+

IA

s[ju - naf] o

in L! to 0. The second Davis’

inequality [9, Thm. 10.28] guarantees that, for some constant C,

Mt(n) _ Mt

E[\/[M(") — M]Ti’] < CE |:sup

n
=T,

]—)O Vk e N,
n—0o0

and hence [M™ — M]r” L, Oforallk e N.
—> 00

k n

Finally, to prove that [M m M ]oo E) 0 we assume that it is not true, and then
[M® —M]_ % 0 implies that there exist & > 0 and {ng}rey € N with

d ([M("k) - M]oo , 0) > ¢

for all k € N,where d (X,Y) := inf{e > 0:P[|X — Y| > ¢] < ¢} is the Ky Fan
metric. We shall denote the subsequence as the original sequence, trying to keep the
notation as simple as possible. Using a diagonal argument, a subsequence {n;};cy C

N can be chosen, with the property that d ([M(”") - M]r"" , O) < ]i foralli > k.
k
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Since

tim [M©0 — ), =[M™ —M]  P-as,

k— 00 T 00

we can find some & (n;) > i such that

d ([M("i) — m]

Then, using the estimation
llk

]ID [
Tk(m)
<P| 1 sup Mt("") — M,‘ >k,
teRy

d ([M("k) - M|

which yields a contradiction with ¢ < d ([M("k) — M]oo , 0). Thus, [M(") — M]oo

£ 0. The last part of the this lemma follows immediately from the first

statement. O

,[M("i)—M] )< 1.
00 k

Tk(n;)

[M(nk) _ M:I _ [M(nk) _ M:I

it follows that

k— 00

; [M(nk) — M] ”k) — 0,
Tk

Tk(nk)

Using the Doob’s stopping theorem we can conclude that for M € M and
an stopping time v, that M* € M, and therefore it follows as a corollary the
following result.

Corollary 3.1 For {M(”)}nEN C Moo, M € My and T any stopping time holds

1
MO 5 My = [M® — M| =0,

T

=[M® - M]_ > 0. o

Proof [(M("))T - Mf] = [M® — M]",

o]

3.1 Density Processes

Given an absolutely continuous probability measure ) < P in a filtered probability
space, where a semimartingale with the weak predictable representation property
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is defined, the structure of the density process has been studied extensively by
several authors; see Theorem 14.41 in He et al. [9] or Theorem II1.5.19 in Jacod
and Shiryaev [12].

Denote by D; := E [ Z%‘}',] the cadlag version of the density process. For

the increasing sequence of stopping times 1, := inf ’t >0:D; < rll } n > 1 and
70 := sup, T, we have D; (w) = 0Vt > 19 (w) and D; (w) > 0Vt < 19 (w) , i.e.

D = D1jo,, 3.5)

and the process

1

D 1y p_xoy is integrable w.r.t. D, 3.6)
§—
where we abuse of the notation by setting [D_— # 0]] := {(w,1) € Q x R :
D;_ (w) # 0} . Both conditions (3.5) and (3.6) are necessary and sufficient in
order that a semimartingale to be an exponential semimartigale [9, Thm. 9.41], i.e.
D = £ (Z) the Doléans-Dade exponential of another semimartingale Z. In that case
we have

o=inf{t >0: D, =0o0rD;, =0} =inf{t >0: AZ, = —1}. 3.7

It is well known that the Lévy-processes satisfy the weak property of predictable
representation [9], when the completed natural filtration is considered. In the
following lemma we present the characterization of the density processes for the
case of these processes.

Lemma 3.2 Given an absolutely continuous probability measure Q < P, there
exist coefficients 6y € L (W) and 61 € G () such that

dQ, dQ 0
= 1 b == Z ) .
dp, = qp, MOl (%) (3.8)

where Z,Q € Mo is the local martingale given by

z? .= /eodw+ / 01 (s, x) (u (ds, dx) — ds v (dx)), (3.9)
10,¢] 10,11xRg

and & represents the Doleans-Dade exponential of a semimartingale. The coeffi-
cients 6y and 0 are dt-a.s and ,u%,? (ds, dx)-a.s. unique on [[0, t9]] and [[0, to]] X Rg
respectively for P-almost all w. Furthermore, the coefficients can be chosen with
6o = 0 on Jltg, oo[[ and 61 = 0 on JJtg, oo[[ xR .
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Proof We only address the uniqueness of the coefficients 6y and 61, because the
representation follows from (3.5) and (3.6). Let assume, that we have two possible
vectors 0 := (fp, 01) and 6’ := (9(’), 0] ) satisfying the representation, i.e.

Dy1jo,1 = | Di— d{ f 6o (s)dWs+ [ 61 (s,x)(n(ds,dx) —ds v (dx))}
10,£]1xRo

= [ D,- d{ f 6, ()dWs+ [ 6] (s, x) (u(ds,dx) —ds v (dx))},
10,£]1xRg

and thus

AD; = DA / 01 (s, x) (u(ds,dx) —ds v (dx))
\0, 1Ry

=D;_A / 01 (s, x) (u (ds,dx) —ds v (dx))
\J0,1xRo

Since D;_ > 0 on [[0, o[, it follows that

A / 01 (s,x) (u(ds,dx) —ds v(dx)) | =A / 0{ (s,x) (u(ds,dx) —ds v(dx)) | .
0,7]xRo 0,1]1xRRg

Since two purely discontinuous local martingales with the same jumps are equal, it
follows

01 (s, x) (i (ds,dx) — ds v (dx))
10,2]1xRg

= / 01 (s, x) (u (ds, dx) — ds v (dx))

10,¢1x R

/D, d{/@o(s)dW}—/Dt d{/@o(s)dW}

10,7]

and thus

Then,

0= [/ Dsd{f]o ](9() ) — 6o (u))quH = f (Ds-)* {6, (s) — 6o (s)}zds
)8 t

10,7]

and thus 9(’) = 6@y dt-a.s on [[0, t9]] for P-almost all w.
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On the other hand,

0= </ {9{ (s, x) — 01 (s, X)} (u(ds,dx) —dsv (dx))>

t

= / {61 (s.x) — 61 (s, x)}2 v (dx)ds,

10,2]1xRo

implies that 0y (s, x) = 6] (s, x) uﬁf (ds, dx)-a.s. on [[0, 9]l X Rg for P-almost
all w. O

For Q « P the function 6 (w, t, x) described in Lemma 3.2 determines the den-
sity of the predictable projection ,ug (dt, dx) with respect to ,u%,? (dt, dx) (see He
et al. [9] or Jacod and Shiryaev [12]). More precisely, for B € (B (R+) ® B (Rop))
we have

uh (@, B) = /B (1461 (w, 1, X)) ub (dt, dx) . (3.10)

In what follows we restrict ourself to the time interval [0, T'], for some T >
0 fixed, and we take /' = JFr. The corresponding classes of density processes
associated to Q« (P) and Qx~ (IP) are denoted by D« (P) and Dx (P), respectively.
For instance, in the former case

dQ

D (P) := {D = {Di}ie0,17 - 3Q € Q« (P) with Dy = JP

}, (3.11)
Fi

and the processes in this set are of the form

D; = exp : [ 6dW+ [ 61(s,x)(n(ds,dx)—v(dx)ds)

10,7] 10,21xRg
—3 [ 60 ds} x (3.12)
10,7]

X exp [ {In(1+61(s,x)) — 61 (s, x)} w(ds, dx)
10,2]1xRg

forfy € L(W) and 61 € G (1).
The set D« (PP) is characterized as follow.

Corollary 3.2 The process D belongs to D« (P) if and only if there are 6y € L (W)
and 61 € G () with 61 > —1 such that D; = &£ (ZQ) (t) P-a.s. Vt € [0, T] and
Ep [€(27) (t)] = 1 Vt > 0, where Z9 (1) is defined by (3.9) .
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Proof The necessity follows from Lemma 3.2. Conversely, let 6y € £ (W) and 61 €
G (w) be arbitrarily chosen. Since D; = f D_d Zf € M, is a nonnegative local
martingale, it is a supermartingale, with constant expectation from our assumptions.
Therefore, it is a martingale, and hence the density process of an absolutely
continuous probability measure. O

Since density processes are essentially uniformly integrable martingales, using
Lemma 3.1 and Corollary 3.1 the following proposition follows immediately.

Proposition 3.1 Let {Q(")}neN be a sequence in Q. (P), with D(Tn) = d%(:) =

T

converging to Dy = f;% = in L' (P). For the corresponding density processes
T

D{" = Ep [ DY |7: | and D, := Bg [Dr | F; ), for 1 € [0, T}, we have

[p® - D]T So.

4 Penalty Functions for Densities

Now, we shall introduce a family of penalty functions for the density processes
described in Sect. 3.1, for the absolutely continuous measures Q € O« (P).

Leth : Ry— Ry and ho, h1 : R — R, be convex functions with 0 = £ (0) =
ho (0) = h1 (0). Define the penalty function, with 79 as in (3.7), by

T A1o

P (@) = E@[ [ (o (80 0) + [, 8 0.3 b 61 (.3)) v (d)) dr} 1o, (@
0

+OO X Iant\Q« (Q) ’
(4.1)

where 6, 0] are the processes associated to Q from Lemma 3.2 and § (¢, x) : Ry x
Ro — R; is an arbitrary fixed nonnegative function § (¢, x) € G (u). Since 9y = 0
on [[tp, oo[[ and 61 = 0 on [[tp, co[[ xRp we have from the conditions imposed to
h, ho, and h

T
# (@) = Eg [f (10 0 (1) + fg, 6 (1. x) b1 61 (.3)) v (@) dr} 1o, (@
0

+00 X 1Qc(mt\Q<< (Q) :
4.2)

Further, define the convex measure of risk

p(X):= sup {Eg[-X]-2(Q]}. (4.3)
QeQ«®
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Notice that p is a normalized and sensitive measure of risk. For each class of
probability measures introduced so far, the subclass of those measures with a
finite penalization is considered. We will denote by Q”, Q7 (P) and QY (P) the
corresponding subclasses, i.e.

Q" :={Qe Q:¥(Q <oo}, QL(P) := Q" N Q«(P)and
QL(P) := Q7 N O~ (P). (4.4)

Notice that Q2 (P) # @.

Next theorem establishes the minimality on Q« (P) of the penalty function
introduced above for the risk measure p, its proof is based on the sufficient
conditions given in Theorem 2.1. This result is relevant to obtain one of the main
results of this paper, namely Theorem 6.1.

Theorem 4.1 The penalty function ¥ defined in (4.2) is equal to the minimal
penalty function of the convex risk measure p, given by (4.3), on Q« (P), i.e.

o @ = Vylo.@)-

Proof From Lemma 2.1 (b), we need to show that the penalization ¢ is proper,
convex and that the corresponding identification, defined as ® (Z) := ¥ (Q) if
Zes (Q<< (IP’)) = {Z e L'(P): Z =dQ/dP withQ € Q« (]P’)} and © (Z) := o0
onL'\§ (Q<< (]P’)), is lower semicontinuous with respect to the strong topology.
First, observe that the function ¢ is proper, since ¢ () = 0. To verify the
convexity of ¥, choose Q, Q € Q’é and define Q* := AQ+(1 — A) Q, for A € [0, 1].
dQ*

Notice that the corresponding density process can be written as D := JP

AD+ (1 —1) D P-as. . s
Now, from Lemma 3.2, let (6o, ¢1) and (6o, 01) be the processes associated to Q
and Q, respectively, and observe that from

Dy =1+ / D;s_6g (s)dW; + / D;_01 (s,x)d (u(ds,dx) — dsv (dx)))
[0,¢] [0,¢]xRo

and the corresponding expression for D we have for t} = inf ’t >0: D} < ,11 ]

S

X
tAT)

PR SO ADs—00(s)+(1—=2) Dy—Bo(s)
/ (Ds—) dDS - / ()»DS,+(1—)L)BS,) de +

INAT,

0 0

2D;5—61(s,x)+(1=2) Dy 1 (s,x) _ P
/ (ADy—+(1-1)D;) d(“ “P>‘

[0.tAT2 ] xR
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A -
The weak predictable representation property of the local martingale f(; A (DL) !
dD?, yield on the other hand

>

A

1AT) 1AT)

-1
f(Dﬁ,) dD" = f oL (s) dWy + / ef(s,x)d(u—ug,?),
0 0 [0,1AT2 ] xR

where identification

AD;_6) (s) + (1 — 1) Dy—8o (5)

A _
% )= (ADs_ + (1= 2) D)

3

and

0% (5. x) = ADs_01 (s, x) + (1 — ) Ds_81 (s, x)
e (ADy— + (1 = 2) Ds-) :

This is possible thanks to the uniqueness of the representation in Lemma 3.2. The
convexity follows now from the convexity of %, hp and /1, using the fact that any
convex function is continuous in the interior of its domain. More specifically,

[0,7]

?(Q") < Eg [ L Gt b (ho (60 (5))

+ [8(s,x)h1 (1 (s,x)v (dx)) ds]

Ro

(1-2)Dy a
tEqp [[ofr] (wﬁ(lfx)ﬁv)h (ho (fo (5))

+ f 8 (s, x) hl(gl (s, x))v (dx)) ds:|

Ry

=/ Mg ho (B (5))
o710 (ADs + (1 — 1) Dy)

+ [ 8(s,x) h1 (61 (s, X)) v (dX)>
Ry
x (ADs + (1= 1) Dy) 1 4 (135, ~0)dPds

(1 — 1) Dy
+ ~
lo,les{ (ADs + (1 — 1) Dy

)h (ho (@ (5))
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+ [ 8(s,x)h1 (61 (s, x))v (dx))

Ry
x (ADs + (1= 1) Ds) 1 4 (1235, ~0ydPds
=2 (Q+ (1 -1 (Q),

where we used that

{/ (t,x)hy (61 (t,x))v (dx)} and {/ 8 (1, x) h1(51 (t,x))v (dx)}
Ro Ro

teRy teRy

are predictable processes.
It remains to prove the lower semicontinuity of ®. As pointed out earlier, it is

enough to consider a sequence of densities Z™ := d%l) €6 (Q<< (]P’)) converging

in L' (P)to Z := ‘31% Denote the corresponding density processes by D™ and D,
respectively. In Proposition 3.1 it was verified the convergence in probability to zero
of the quadratic variation process

[D(") _ D]T = /T{Dﬁ")eg") (s) — Dy_6o (s)}zds
0

2
+ / {Di@@f") (s,x) — Ds_01 (s, x)} w(ds,dx).
[0,T]xRo

This implies that

2
I |D§"39(g"> (s) — Ds_6p (s)} ds 50,

and , (4.5)
I {Dﬁ’?@f") (s, x) — Dy_04 (s, x)} 1 (ds, dx) 5 0.
[0,T]xRo

Then, for an arbitrary but fixed subsequence, there exists a sub-subsequence such
that IP-a.s.

271
[D"6" )~ Dby )] =0

and

]2 L'(w

[D@6" (5. 1) — D61 5. 0] =% 0,
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where for simplicity we have denoted the sub-subsequence as the original sequence.
Now, we claim that for the former sub-subsequence it also holds that

D™ (5) "5 Dy 6y (s),
4.6)

Mx -a.s.

D"6™ (s, x) Dy_0 (s, x) .

We present first the arguments for the proof of the second assertion in (4.6).
Assuming the opposite, there exists C € B ([0, T])®B (Ro) ® Fr, with u xP [C] >
0, and such that for each (s, x, w) € C

2
lim {Dg’i)ef") (s, x) — Dy_0, (s, x)} —c#£0,

n—o00

or the limit does not exist.
Let C(w) = {(t,x) €[0,T] xRg: (¢, x,w) € C} be the w-section of C.
Observe that B := {w € @ : u[C (w)] > 0} has positive probability: P [B] > 0.
From (4.5), any arbitrary but fixed subsequence has a sub-subsequence converg-
ing [P-a.s. Denoting such a sub-subsequence simply by n, we can fix w € B with

(n) () 2
/ !D 6" (5, x) — Dys_ (s,x)} du (s, x)
C(w)

2
< f [P0 (5,%) = Dyt (5.0) | dp (s, %) — 0,
0,T1xRg n—00

2
and hence {D(")Q(") (s,x) — Ds_6 (s, x)] converges in p-measure to 0 on
C (w) . Again, for any subsequence there is a sub-subsequence converging p-a.s.

to 0. Furthermore, for an arbitrary but fixed (s, x) € C (@), when the limit does not
exist

2
a:= 11m1nf{D(")9(") (s, x) — Dy_0) (s, x)}

2
# lim sup {D(")O(") (s,x) — Ds_01 (s, x)} =:b,

n—oo

and we can choose converging subsequences z (i) and n (j) with

) n(i) an() 2
lim {DS, 01D (5, x) — Ds_0) (s,x)} —a

i—00

2
lim {D’“”@"(” (5. x) — Dy_0, (s,x)] — b.

j—o0
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From the above argument, there are sub-subsequences n (i (k)) and n (j (k)) such
that

. . 2
¢ = lLim {D’?“("”ef(’("” (s, %) — Ds_6; (s,x)} —0

s—
k— 00

. . 2
b= lim {D"(f("”ef(f("” (s, x) — Dy_6; (s,x)] =0,

S—
k— 00

which is clearly a contradiction.
For the case when

2
lim {Dﬁ’i)e{") (5, x) — Dy_04 (s, x)} —c#£0,
n—>oo

the same argument can be used, and get a subsequence converging to 0, having a
contradiction again. Therefore, the second part of our claim in (4.6) holds.

Since DA@@{") (s,x), Ds_01(s,x) € G(u), we have, in particular, that

Di"j@l(n) (s,x) € P and Dg_01 (s, x) € P and hence C € P. From the definition of
the predictable projection it follows that

Ozux]P’[C]z/ f lc(s,w)dudIP’zf / 1c (s, @) dub dP

Q [0,T1xRg Q [0,T]xRg
= // / 1c (s, w) dsdvdlP =1 x v x P[C],
Q Ro [0,T]
and thus

AxvxP-as.

D6 (s, x) IS Dy (s, x) .

Since

/ ‘Dt('i)—D,_‘d]P’xdtz / ‘Dt(”)—D, dP x dt — 0,

Qx[0,T] Qx[0,T]

we have that

L'(.xP) L(GxP)
’Dt(z)}tE[OT] — {Di-}ieo,r) and {D’(n)] — Dreoy-

tel0,T]
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Then, for an arbitrary but fixed subsequence {ni};cy C N, there is a sub-
subsequence {ny; },_; C N such that

D) (1) U b gy (1),
Dt(iki) Aﬁ.s. D,_,
Dt(nki) Aﬁ.s. D[.

Furthermore, Q < P implies that A x v x Q < A x v x PP, and then

D" o) (1, 1) G by gy (1, x),
Dt(iki) AxnﬁQg—a.s. D,_.

and

pl) Gas @.7)

Finally, noting that inf D; > 0 Q-a.s.

") (1,0 S g, (1 x). (4.8)

The first assertion in (4.6) can be proved using essentially the same kind of ideas
used above for the proof of the second part, concluding that for an arbitrary but fixed
subsequence {ny}ren C N, there is a sub-subsequence {nki } o C Nsuch that

i

] AxQ-a.s.
[bi] iy, @2
t€[0,T]
and
. AxQ-as.
{Oénkl) (I)} = {60 (D} ier0,7] - (4.10)
t€[0,T]

We are now ready to finish the proof of the theorem, observing that

lim inf (Q(">) — liminf / {h (ho (95’“ (t)) + / 5(t, %)
n—oo n—0o0
Qx[0,T] Ko

xh (6" (1, 3)) v (@) | Dls(j)d x Q).
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Let {ni}rezy € N be a subsequence for which the limit inferior is realized.
Using (4.7)—(4.10) we can pass to a sub-subsequence {nki }i <y C N and, from the
continuity of 4, hgandhy, it follows

liminf & (Q"”)

n n (" i)
> / liminf | {4 | ho (95 k")(z)) +/8(t,x)h1 (91( ki)(t,x))v(dx) Dfo d (. x Q)
Qx[0,T] l Ro
> h (ho (6o () +/ hy (01 (1, X)) v (dX)) d(xQ)
Qx[0,T] Ro
=7 (Q. o

5 The Market Model: General Description and Martingale
Measures

Let us now consider the stochastic process Y; with dynamics given by

Y, = / agds+ f Bod Wi+ / y (5.2) (1 (ds, dx) — v (dx) ds),  (5.1)

10,¢] 10,¢] 10,¢]1xRo

where « is an adapted process with left continuous paths (cag), 8 is cadlag with

B e L(W),andy € G (). Throughout we assume that the coefficients «, 8 and y
fulfill the following conditions:

(ADO<c<|B| VteR, Pas..

T (a)? .
(A2) [y (ﬂZ) du € My i.e. bounded.
(5.2)
(A3)y (1, AL) x 1gy (AL = —1 Vi Ry P-a.s. .

(Ad) {y (t, AL) 1R, (ALI)}IER+ is a locally bounded process.

The market model consists of two assets, one of them is the numéraire, having
a strictly positive price. The dynamics of the other risky asset will be modeled as a
function of the process Y; defined above. More specifically, since we are interested
in the analysis of problem of robust utility maximization, presented in the next
section, the discounted capital process can be written in terms of the wealth invested
in this asset, and hence the problem can be written using only the dynamics of the
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discounted price of this asset. For this reason, throughout we will be concentrated
in the dynamics of this price.

The dynamic of the discounted price process S is determined by the process Y as
its Doleans-Dade exponential

Sy = 505 X, (5-3)

where & represents the Doleans-Dade exponential of a semimartingale; condition
(A 3) ensures that the price process is non-negative. This process is an exponential
semimartingale if and only if the following two conditions are fulfilled:

(i) S =S1jo,q, forr :=inf{r >0:S, =0o0r S, =0},
5.4)
(i) s,l, 1ps_-op is integrable w.r.t. S,

where [S_ # 0]] := {(w,1) € @ x R} : S;— (w) # 0} . The first property in (5.4)
is conceptually very appropriate when we are interested in modelling the dynamics
of a price process. Recall that a stochastically continuous semimartingale has
independent increments if and only if its predictable triplet is non-random. There-
fore, in general, the price process S is not a Lévy exponential model, because
[Yeyl, = fé (ﬁu)2 du does not need to be deterministic. However, observe that the
price dynamics (5.3) includes Lévy exponential models, for Lévy processes with
AL = 1.
For the model (5.3) the price process can be written explicitly as

St =Soexpy [ agds+ [ BdWs+ [y (s,x)(u(ds,dx) —v(dx) ds)
10,7] 10,7] 10,11xRq

3 [ (B)*ds
10,¢]

X eXP{ [ n(d+y(s,x)—y (s, 0)}uds,dx) .
10,¢1x Ry
(5.5)

The predictable cadlag process {n:},cr,, satisfying the integrability condition

fot (115)% ds < oo P-as. forall 1 € R, shall denote the proportion of wealth at time
t invested in the risky asset S. For an initial capital x, the discounted wealth X; ™
associated with a self-financing investment strategy (x, =) fulfills the equation

X, ! Xzfﬂu
X7 =x+ 1ys_2opd Sy. (5.6)
0 Su—

We say that a self-financing strategy (x, 7) is admissible if the wealth process
X7 > 0forallt > 0. The class of admissible wealth processes with initial wealth



158 D. Hernandez-Hernandez and L. Pérez-Hernandez

less than or equal to x is denoted by X (x) . In what follows we restrict ourself to
the time interval [0, T'], for some T > O fixed, and take F = Fr.

Let us recall briefly the notation introduced in Sect. 3.1. Denote by Q () the
subclass of absolutely continuous probability measures with respect to P and by
O~ (IP) the subclass of equivalent probability measures. The corresponding classes
of density processes associated to Q. (P) and O~ (P) are denoted by D (P) and
Dx (IP), respectively. The processes in the class D« (IP) are of the form

Dy =expi [ 6odW + [ 01(s,x) (u(ds,dx) — v (dx)ds)
10,7] 10,2]1xRo

=3 S0y 60)° dS] x (5.7)

xexp{ [ {In(1+6i(s,x)) — 01 (s,x)} u(ds,dx) ¢,
10,11xRq

for6p € L(W) and 01 € G (). If [0 (s,x) u(ds,dx) € Ajoe (P) the previous
formula can be written as

1
D; = exp /GodW—z / (6o (5))* ds (5.8)
10,¢] 10,¢]

+ / In(1+6;(s,x))u(ds,dx) — / 01 (s, x)v(dx)ds
10,£]1xRg 10,21xRg

Next result characterizes the class of equivalent local martingale measures
defined as

Qelmm = {Q € Q%(]P)) X (1) C Mloc (Q)} = {Q € Q%(]P)) :Se Mloc (Q)}
5.9

Observe that (A 4) is a necessary and sufficient condition for S to be a locally
bounded process. This property is crucial in order to obtain the former equality
in (5.9). The class of density processes associated with Qg is denoted by
Detmm (P) . Kunita [16] gave conditions on the parameters (6p, #1) of a measure
Q € Q= in order that it is a local martingale measure for a Lévy exponential model
i.e. when § = £ (L). Observe that in this case Qejpm (S) = Qeimm (L) . Next
proposition extends this result, giving conditions on the parameters (6p, #1) under
which an equivalent measure is a local martingale measure for the price model (5.3).

Proposition 5.1 Given Q € Qx, let 69 € L(W) and 6 € G (u) be the
corresponding processes describing the density processes found in Lemma 3.2.
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Then, the following equivalence holds:

Q € Qeimm < ay + Bi6y (1) + / y(,x)01 (t,x)v(dx) =0Vt >0 P-as.
Ry
(5.10)

6 Robust Utility Maximization

The goal of the economic agent, with an initial capital x > 0, will be now to
maximize the penalized expected utility from a terminal wealth in the worst case
model. Given a penalty function ¢, this means that the agent seeks to solve the
associated robust expected utility problem with value function

u)= sup inf {[Eq[UXp)]+2Q]}, (6.1)
XeX(x) Qe Q% (P)

where Qi = {Q <« P: ¥ (Q) < oo} for a fixed reference measure P; see (4.2).
A utility function U : (0,00) —> R will be hereafter a strictly increasing,
strictly concave, continuously differentiable real function, which satisfies the Inada
conditions, namely U’ (0+) = 400 and U’ (c0o—) = 0.

The Fenchel-Legendre transformation of the function —U (—x) is defined by

V (y) = sup{U (x) — xy}, y > 0. (6.2)

x>0

This function V is continuously differentiable, decreasing, and strictly convex,
satisfying: V' (04) = —oo, V' (00) = 0, V (0+) = U (00), V (c0) = U (0+).
Further, the biconjugate of U is again U itself, i.e.

U(x):ing{V(y)—l—xy}, x > 0.
y>

For a fixed prior measure (Q, in Kramkov and Schachermayer [13] the dual problem
was formulated in terms of the value function

= inf {Eg[V (Y , 6.3
vg () Y;g‘}Q(y){ oV (rml} (6.3)

where
Yo () :={Y>0: Yo =y, YX Q-supermartingale VX € X (1)}. (6.4)

A similar problem was studied in [11] for diffusion processes and the logarithmic
utility function.
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Remark 6.1 To guarantee that the Q-expectationsin (6.1) and (6.3) are well defined,
we extend the operator Eg [U (-)] to £, as in Schied [19, p. 111], in the following
way

Eq[X]:=supEq[X Anl= lim Eq[X An] X eL%(Q,F). (6.5)
neN n—

The corresponding dual value function, in the robust setting, is defined by

v(y):= inf {vo )+ (@} . (6.6)

€Qx

In the rest of this section the connection between the penalty functions (4.1) and
the existence of solutions to the penalized robust expected utility problem (6.1) is
established. The first step in this direction is to notice that given Theorem 4.1, where
the minimality of the penalty function was proved, it is possible to write the primal
problem (6.1) as

u(x)= inf sup {Eq[UXn)]+?@Q]}.
QeQ% (P) XeX(x)

See Schied [19, Theorem 2.3]. Then, based on the duality theory for solving the
classical optimal investment problem, the dual problem (6.6) is solved using the
analogous sufficient conditions introduced by Kramkov and Schachermayer [13].
More precisely, for the class of utility functions described at the beginning of this
section, when

vg (y) < oo forall Q €Q? and y >0, (6.7)

where Q7 := {Q ~ P : 9 (Q) < oo} and ¢ is the minimal penalty function of the
associated convex measure of risk, we are able to conclude that there exists an
optimal solution to the dual problem (6.6), from which we can obtain an optimal
solution to (6.1), using Schied [19, Theorems 2.3 and 2.5]. For the proof of the
main result of this section, namely Theorem 6.1, we shall verify that these sufficient
conditions are satisfied.

6.1 Penalties and Solvability

Let us now introduce the class

£:= (0, 6M), £ cLw), €V egG(u, with
C=3¢ (ZS) Cap ,Btét(o) + f y (t,x) ED (¢, x) v (dx) = 0 Lebesgue vVt ( >
R
0 (6.8)
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where

z8 = / EOqw + / £D (5, x) (u (ds, dx) — ds v (dx)) .
10,7] 10,11xRy
Observe that D, (P) € C C YVp (1); see (6.4) for the definition of Mp (1). This

relation between these three sets plays a crucial role in the formulation of the dual
problem, even in the non-robust case.

Theorem 6.1 For g € (—oo, 1)\ {0}, let U (x) := 'x? be the power utility
function, and consider the functions h, hy and hy as in Sect. 4, satisfying the
following conditions:

h (x) > exp (K1x2) — 1 where k) :=1Vv 2 (2p2 + p) T and p := 1zq,
ho (x) = |x],
hy(x) > ‘i‘ ,for ¢ as in assumption (A1) .

Then, for the penalty function

T

Uxa (Q) :=Eq /h<ho (% (t))+/R ly (r, x)| h1 (61 (I,X))v(dX)) dtr |,
0
0

the penalized robust utility maximization problem (6.1) has a solution.

Proof The penalty function ¥,¢ is bounded from below, and by Theorem 4.1
equals on Q. (IP) the minimal penalty function of the normalized and sensitive
convex measure of risk defined in (4.3). Therefore, we only need to prove that
condition (6.7) holds. In order to prove that, fix an arbitrary probability measure

Q e Qi‘q = {Q~P: 84 (Q) < oo} and let & = (g, 1) be the corresponding
coefficients obtained in Lemma 3.2.

(1) In Lemma 4.2, Schied [19] establishes that even for Q € Q, with density
process D, the next equivalence holds

Yedop() & YDelp(y).

Therefore, for Q € Qiéq , with coefficient 8 = (6, 01), it follows that

wor gt oo o) <l G )}
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(2) Define

&ri= oy + B0 (1) +/ y (t,x)01 (1, x)v (dx),

Ro

the process involved in the definition of the class C in (6.8).

When ¢; is identically zero for all + > 0, Proposition 5.1 implies that
Q € Qeimm- However, for Q € Qg the constant process Y = y belongs
to Vg (), and it follows that vg (y) < oo, for all y > 0. In this case the proof
is concluded.

If & is not identically zero, consider £ := 6y () — g, and g :=0,. Since

{1 / y(t,x)@l(t,x)v(dx)} ePpP
B Ro tel0,T]

and

T

oo>z§‘xq((@)ZEQ /(

0

2
1/ y (t,x)0; (t,x)v(dx)) dt | — T,
ﬂl‘ Ro

it follows that { o ey .2) 61 (t,x)v(dx)} L€ L(W) for W a Q-

1€[0,T]
Wiener process and thus also £ € £ (W’) . Moreover, for £ = (§©, 1) we
have that £ (ZE) eC.
Using Girsanov’s theorem, we obtain further

S e[ (e () ]

(3) The Cauchy-Bunyakovsky-Schwarz inequality yields

sl v iy )]

2
= v Bg|expip [ (5)aw +5 [ (5) dt}:|
10,T] 10,T]

1
IlJyp]EQ[exp{ZP J (fﬂtr)dW’_@zaZ / (Zﬁ)zdt”z (6.9)

10,T] 10,T]

IA

1

XEQ[exp!(4§2+p) S (gft)zdtHz

10,T]
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On the other hand, the process

&t , 4[72 / (8;)2
exp 32 dw'’ — dt € Mjoe
P ”/ <ﬁ> > ] s toc (@)
10,T] 10,T]

is a local Q-martingale and, since it is positive, is a supermartingale. Hence,

4p? 2
Eg | exp Zp/(;t)dW/— ’2’ /(;’) art | <.
10,T] ' 10,T] '

2
Therefore we need only to take care about Eq [exp { (4’2’2 + p) f]o T (,85’[, )

dt ” in order to have the desired integrability. From assumption (A 2) we have

Eg [exp{(2p2 + p) 2/}01] ( )2dt” <cC,

o

B

and thus
so[ew{ (0 +0) [ (3) )] < crafernf2(2+1)
z ’ 2
) dt

1

X 6o ()| +

/ ( B
0

Finally, observe that for Q € Q , using that it has finite penalization

e (Q) < oo and Jensen’s inequality, we have

/ y (t,x)01 (t, x) v (dx)
Ro

— T 2

/ ho(é’o(t))+/|)/(t,X)|h1(91 (t,x)v(dx) | dt

0 Ro
/ v (t,x)
| Ry

K1

oo > Eg | exp T

T
1
> Eq | exp 2P +p /(|90(l)|+|/g
t

0

6, (t, x) v (dx)l)zdt}] .
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From the last two displays it follows that the r.h.s. of (6.9) is finite and the
theorem follows. m|

Next theorem establishes a sufficient condition for the existence of solution to
the robust utility maximization problem (6.1) for an arbitrary utility function.

Theorem 6.2 Suppose that the utility function U is bounded above by a power
utility U, with penalty function ¥xq associated to U as in Theorem 6.1. Then, the
robust utility maximization problem (6.1) for U with penalty ¥+« has an optimal
solution.

Proof Since U (x) := ;x_q >U (x) forall x > 0, for some g € (—o0, 1)\ {0} the
corresponding convex conjugate functions satisfy V (y) > 1% (y) foreachy > 0. As

it was pointed out in Remark 6.2, we can restrict ourself to the positive part VT (y) .
From Proposition 6.1, we can fix some Y € Vg () such that Eg [V (Y7)] < oo for

any Q EQZ‘C’ and y > 0, arbitrary, but fixed. Furthermore, the inequality V (y) >
V (y) implies that their inverse functions satisfy (V+)(_l) (n) > (V"’)(il) (n) for
all n € N, and hence

o0

ZQ [YT = (‘7+)(_1) (”)] = i@ [YT < (V+)(71) (n)] < 00.

The ~M0ments Lemma (Eq[|X]] < o0 & Z;’lil(@[|X| >n] < 00) yields
Eg [V+ (YT)] < 00, and the assertion follows. |

From the proof of Theorem 6.2 it is clear that the behavior of the convex
conjugate function in a neighborhood of zero is fundamental. From this observation
we conclude the following.

Corollary 6.1 Let U be a utility function with convex conjugate V, and ¥ a
penalization function such that the robust utility maximization problem (6.1) has
a solution. For a utility function U such that their convex conjugate function

V is majorized in an g-neighborhood of zero by V, the corresponding utility
maximization problem (6.1) has a solution.

Remark 6.2 When the conjugate convex function V is bounded from above it
follows immediately that the penalized robust utility maximization problem (6.1)
has a solution for any proper penalty function #. This is the case, for instance, of the

power utility function U (x) := ; x4, for g € (—o0, 0), where the convex conjugate

function V (x) = })x"’ <0, with p := ﬁq.
Next we give an alternative representation of the robust dual value function,
introduced in (6.6), in terms of the family C of stochastic processes.
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Theorem 6.3 For a utility function U satisfying condition (6.7), the dual value
function can be written as

. . £(z%),
v(y) = 1nf19 infeec 1Eq |V |y e + 9 (Q)
QeQx . (sz) (6.10)
DRSS

Proof Condition (6.7), together with Lemma 4.4 in [19] and Theorem 2 in [14] ,
imply the following identity

v(y) = Qingfﬁ {inf@egdmm((@) {Eq [V (ydQ/dQ)]} + v (Q)} :

Since Deymm (P) C C, we get

v(y) > inf {inf {EQ |:V (f({f}h)“ + 0 (@)}
QeQ? lgeC br (6.11)
3
i el (42

Finally, from Lemma 4.2 in Schied [19] and C C Yp (1) follows

i le v (€@
v@(y)_gnelc Q y D;@ ,

and we have the inequalities (6.11) in the other direction, and the result follows. O

6.2 The Logarithmic Utility Case

The existence of solution to the robust problem for the logarithmic utility function
U (x) = log (x) can be obtain using the relation between this utility function and
the relative entropy function. Let A, ko and & be as in Sect. 4, satisfying also the
following growth conditions:

h(x) > x,
1
ho (x) > 2x2,

hi (x) = {lx| vxIn(l+x)} 11,0 () +x (1 +x) 1r, (x).
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Now, define the penalization function

T
B10g (Q) := Eg [ [ 1 (1o B0 (1) + fiy Bt 61 .0) v (@) dt} lo. (@
0

+00 X IQconr\Q<< (Q) :
(6.12)

Remark 6.3 Notice that when Q € Qié"g (P) with coefficient § = (0, 01) has a
finite penalization, the following Q-integrability properties hold:

(6.3.1) [ 61t x)uf dt,dx) e L1 (Q)

[0,T1xRy
63i) [ {1+6; 0} In(1+6) ¢, x)pk (dt dx) e L1 (Q)
[0,T1xRy
(6.3ii) [ In(1+6; (s, x)) p(ds,dx) € L' (Q)
[0,T1xRy
(6.3.iV)EQ|: f ln(1+91)du:|=IEQ|: f {1n(1+91)}(1+91)duﬁp?}
10,T1xRo 10,T1xRo

In addition, for Q € Qi‘”g (") we have

63v) [ Oi(s,x)pu(ds,dx) <ooP—a.s.
[0.T]xRg

For Q € Q«(P), the relative entropy function is defined as
H@Q|P) = E [D;@ log (D;@)] .
Lemma 6.1 Given Q eQilOg (P), it follows that
H(QIP) = dhog (Q) .

Proof For Q eQi“’g (P) we have that 6y is integrable w.r.t. W’ a Q-Wiener process
as an square integrable martingale. Further Remark 6.3 implies that

1 T
H(@Q|P) =Eg 2/ (60)% ds + / In (1 + 61 (s, x))  (ds, dx)
0 10,T1x Ry

T
—//01 (s,x)v(dx)ds

0 Ro
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T

<Eg / ;(OO)st—I—/{ln(l—i—Ql (s, X))} 01 (s, x) v (dx) } ds
0 Ro

= ﬂlog (@) .

O

Using the previous result, the existence of solution to the primal problem (6.1)
can be concluded.

Proposition 6.1 Let U (x) = log (x) and thog be as in (6.12). Then the robust utility
maximization problem (6.1) has an optimal solution.

Proof Again, we only need to verify that condition (6.7) holds. Observe that, for
each Q € Qik’g (IP), we have that

Q

v (¥) < inf {E DY log br —log(y) — 1
T geC r E (ZS)T

Also, Proposition 5.1 and the Novikov condition yield for EeC withe® .= — %

s

and ’§<1> := 0, that @ € Qelmm, Where d@\d]P’ = D? =& (ZE)T . Further, from

Lemma 6.1 we conclude for Q eQi“’g (IP) that

Q 7 r 2
D ‘ 1 ‘

E|D%log( "L )| =H@IP)+Eg /a‘9§°>ds+ / %) ds | < oo
Dt / 2) \s.

T

and the claim follows. O
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