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Abstract We investigate a classical two-sided jumps risk process perturbed by a
spectrally negative a-stable process, in which the gain size distribution has a rational
Laplace transform. We consider three classes of light- and heavy-tailed claim size
distributions. We obtain the asymptotic behaviors of the ruin probability and of the
joint tail of the surplus prior to ruin and the severity of ruin, for large values of
the initial capital. We also show that our asymptotic results are sharp. This extends
our previous work (Kolkovska and Martin-Gonzalez, Gerber-Shiu functionals for
classical risk processes perturbed by an «-stable motion. Insur Math Econ 66:22—
28,2016).
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1 Introduction

For a given risk process X = {X(¢), t > 0}, the expected discounted penalty
function, named also the Gerber-Shiu functional, is defined by

Pw) =E[e™w (IX (@), X (10—)) Lzy<c0)| X (0) =u],
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where 19 = inf{r > 0 : X (¢) < 0} is the ruin time, § > 0 is a constant representing
a discounting factor, and w : Ry x Ry — Ry is a nonnegative penalty function.
The random variables | X (79)| and X (rp—) are known respectively as the severity
of ruin and the surplus immediately before ruin. The functional ¢ was introduced
in [12] as a generalization of the concept of ruin probability, which is obtained as a
particular case when § = 0 and w = 1, and has been investigated intensively since
then. Many other important risk measures arise as particular cases of the Gerber-
Shiu functional, including the distribution of the claim that causes the ruin given
that 7y < oo, the joint Laplace transform of the severity of ruin and the surplus prior
to ruin, the Laplace transform of the time to ruin and the joint tail distribution of the
severity of ruin and the surplus prior to ruin.
The classical two-sided jumps risk process is given by

Ni(®) Na(0)
X)) =u+ct+ Y Yji— Y Ypi=u+ct+Zi(t) — Zo(), (1.1)
j=1 j=1

where u > 0 and ¢ > 0 are constants representing, respectively, the initial capital of
the insurance company and the prime per unit time that the company receives, and
Z1 ={Z1(@),t = 0}, Zr = {Z>(¢), t > 0} are two independent compound Poisson
processes with respective intensities and jump distributions, A; and F;, i = 1,2,
where A; > Ofori = 1, 2. Here Z; (¢) and Z,(¢) model respectively the accumulated
random gains and random claims at time ¢. In the case when A; = O the resulting
process is called the classical risk process.

In a previous paper [15] we investigated a perturbed two-sided jumps classical
risk process V,, = {Vy(2), t > 0}, given by

Vo (1) = X(t) —nWe(1), n> 0,1 =0, (1.2)

where X is the risk process defined in (1.1) and {W,(¢),# > 0} is an independent
standard «-stable process with index of stability 1 < o < 2 and skewness parameter
B = 1. Moreover, F| possesses a density f; whose Laplace transform ﬁ is arational
function of the form

=~ o(r)
A= L or>0, (13)
[T;2(qi +r)m
where N,m; € N with m; +my + --- + my = m, 0 < q1 < q@ <

- < ¢gm and Q is a polynomial function of degree at most m — 1. The family
of distributions satisfying (1.3) is widely used in probability applications. This
is a wide class of light-tailed distributions which includes Coxian distributions,
combinations of exponential distribution, phase-type distributions, combinations of
Erlang distributions and many others. It is dense in the class of general nonnegative
distributions (see e.g. [7] and [16, Theorem 8.2.8].) and this property allows for
numerical approximations for ¢ in the case of general gain distributions. Under
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some additional assumptions on the claim size distribution function F> and the
penalty function w, in [15] we obtained a formula for the Laplace transform of
¢ and an expression for ¢ as an infinite series of convolutions of given functions.
However, such infinite sums of convolutions are hard to work with in practice, and
therefore, it is of interest to study the asymptotic behavior of such expressions.

In this paper we investigate the same model as in [15], to which we refer the
reader for motivation and explanations about the meaning of the model parameters.
Based upon the results obtained in [15], here we obtain an asymptotic formula for
the ruin probability ¥ (#) := P[tg < 00|V4(0) = u] as u — oo, see Theorem 1
below. In Theorem 2 we obtain an asymptotic formula, as u — 00, of the joint tail
distribution

Yap(W) :=P[|Vu(t0)| > a, Vo(t0—) > b, 70 < 0|V(0) =u], a>0,b>0.
(1.4)

In Theorem 3 we show that such asymptotic formula holds uniformly in the
parameters a and b. These results extend our previous work [14], where we
investigated similar behaviors for the classical risk process perturbed by W,. Other
asymptotic results for the ruin probability and the asymptotic distribution of the
overshoot of the process about high levels are obtained by Kliippelberg et al. [13] in
the case when the Lévy risk process is spectrally positive or spectrally negative. In
Doney et al. [6] asymptotic results for the time of ruin, the surplus before the time
of ruin and the overshoot at ruin time are obtained for Lévy risk processes under the
assumptions that the positive part of the Lévy measure of the process is heavy tailed,
and the renewal measure of the descending ladder process is of regular variation. In
the case we study here the risk process V,, has two-sided jumps distribution, such
that the upward-jump distribution is light-tailed. Therefore, our results complement
the investigation in [13] and [6].

We remark that expressions for Gerber-Shiu functionals of a more general class
of Lévy risk processes than the one we treat here are given in Biffis and Morales
[2] in terms of infinite series of convolutions of integral functions. However,
the integrals involved in such convolution formula are not easy to calculate in
general, since they are integrals with respect to pure jumps measures and require
Laplace transform inversion techniques. In [1] the authors give an expression for a
generalized version of the Gerber-Shiu functional for spectrally negative Lévy risk
processes in terms of integrals of the associated scale functions of the processes.
However, in most cases the scale functions are difficult to obtain explicitly.

The paper is organized as follows: in Sect.2 we give additional assumptions on
the process V,, that we need, as well as several definitions and preliminary results
that we use in the sequel. In Sect. 3 we obtain asymptotics for the ruin probability of
the process Vg, using Karamata’s theorem combined with certain results from [8].
The final Sect. 4 contains our main results, Theorems 2 and 3, and their proofs.
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2 Definitions and Preliminary Results

In what follows we consider the process V,, and denote by i the corresponding ruin
probability ¥ (u) = P[tg < 00|V (0) = u] starting with an initial capital u > 0.
As above, we write Y, p(u) = P[|Vy(w0)| > a, Vu(t0—) > b, 19 < 00|V (0) = u],
u > 0, for the joint tail of the severity of ruin and surplus prior to ruin, where a and
b are fixed positive numbers. These two functions ¥ and Y, j are particular cases
of ¢ respectively, when w(x, y) = 1 and when w(x, y) = l{x>q,y>p}. We recall that
the survival probability ®(u) = 1 — ¥ (1), u € R, is a distribution function.
We consider the Generalized Lundberg equation

L(r) :=cr + 1% + M Fi(=r) + 22 Fa(r) — (M 4 22) = 0.

In [15, Proposition 3.6] it is proved that L has exactly m + 1 roots in the right-
half complex plane C; = {z € C: Re(z) > 0}, and when § = 0, 0 is a root of the
above equation with multiplicity 1. We denote the roots of L by p1, ..., pm+1, With
p1 = 0 when 6 = 0. We assume that the following conditions hold.

(a) The upward distribution Fj has a density fi, whose Laplace transform has the
form (1.3).

(b) The Net Profit Condition E[V, (1) — u] = ¢ + A1 — Aoz > 0 holds, where
nj =E[X;] <o0,j=1,2.

(c) Theroots py, ..., pm+1, are all different.

Notice that assumption (b) implies that lim,_, o, V4 (t) = 400 with probability 1.
For a > 0 we denote by z, , the density of the extremal stable distribution &y 4;
see e.g. [15, page 376] for the definition of ¢y 4. It is known [11, Lemma 1] that the

Laplace transform of z, 4 exists for all r > 0 and is given by Zy 4(r) = u +ra°‘*1 . We
N _a\m

set E(pj) = ]_[1_1[:1(!21 bi )_ " and denote by T, the Dickson-Hipp operator introduced
I#j pL—pj)

in [5], which is defined by 7, f(x) = [ e"0=9 f(y)dy for any x > 0, all

X
complex number r = r| 4 iry with r; > 0, and all integrable nonnegative functions

f. We define the function

m+1
g0(x) =12 Y E(p)Tp, fo(x), x>0,
j=1
and for « < 2 and u > 0 we denote l,(u) = (Olizzli'f)‘;a and fy(n) =

a—1_ a—1
S E o)) Toyla (). Ttis easily shown that fo (r) = 7% E(oj)p; ™,
From [15, Lemma 5.3] it follows that f, and go are real valued functions. In the
sequel we will assume that these two functions are nonnegative. This assumption
holds at least in the case when F> is a convex sum of exponential distribution



Asymptotic Results for the Severity and Surplus Before Ruin for a Class. . . 111

functions with positive coefficients, since in this case it follows similarly as in
[4] that the roots pj, j = 1,...,m + 1, of the Lundberg equation L(r) = 0 are
nonnegative real numbers. This implies, due to the definition of E(p;), that also
E(pj) are nonnegative numbers.

Now we define the distribution functions

1 1
Fy(x) = c /fa(y)dy, Go(x) = c /80()’)51%
F G
0t 0t

Uy(x) = CIU /va(y)dy, x >0, 2.1
0+

and Fp j(x) = Mlz Jo F2(»)dy, x = 0. Here Cr = [§} fu(x)dx, Cc =
Joy g0(x)dx and Cy = [g} ve(x) dx. The functions v : Ry — Ry and W, :
R4+ — R are defined by their Laplace transforms

~ I~ ~
Vg (1) <1 + Ofa (V)Za,e(r)) = Za,0(r), (2.2)
where & = ¢/n% + « and k = ,]Lgo(O) + f»(0), and

g Ve (1)

Wo(r) = .
= [P+ L B0

(2.3)

In [15, Proposition 5.6] we give representations of v and W, as series of convolu-
tions of given functions.

We recall [15, Proposition 5.4 b)] that the Laplace transform of the ruin
probability ¥ satisfies the equality

1 (c+rp )L,u)l_[N1qm‘i
-~ 11— Ap2) Lj=19; =
b)) = - S Wa(n), r>0. (2.4)
r r [T/ pj
Notice that the roots of Lundberg’s equation appear in conjugate pairs because the
l'lﬂ-il ‘I;nj

equation coefficients are real, hence " o, > 0.
j=2 Pi
We also recall the following deﬁnitiolns: Let F be a distribution function such that
F(0) = 0 with tail F = 1 — F. If there exist numbers ¢y, ¢o > 0 such that F(x) <

c1e”?* for all x > 0, then F is called light-tailed distribution function. Otherwise
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F is a heavy-tailed distribution function and in such a case we write F' € H. In case
that limy _, oo F*2(x)/F(x) = 2 we say that F belongs to the class of subexponential
distributions and write F' € S. The distribution function F belongs to the class L if
for any y > 0 there holds lim,_, o F(x — y)/F(x) = 1. Finally, F belongs to the
class R, for ¢ > 0 if F has a density f such that limy_, o f(x)/F(x) = c. We say
that f : Ry — Ry is a regularly varying function of x at co, with order a € R,
if limy_ o0 f(xt)/f(x) = t% fort > 0, and write f € RV,. In the particular case
when a = 0, we say that f is a slowly varying function of x at co. If f is regularly
varying of order a, then it can be written as f(x) = x“L(x), where L is a slowly
varying function. We define f ~ g if limy_ o f(x)/g(x) = 1. We write F € RV,
if F is such that F(x) ~ x?L(x). The following inclusions hold (see [9]):

RVocScLcHandRg C L. (2.5)

Lemma 1 Let Fy, F, be two distribution functions such that F;(0) = 0,i = 1,2,
and let H = F1 % I be their convolution.

a) If b € Sand F1(x) = 0o(F,(x)) as x — 00, then H € S. Moreover, H(x) ~
Fr(x).

b) If Fi(x) ~ x°Li(x) for i = 1,2, where L\ and L, are slowly varying
functions, then H(x) ~ x93 (L1(x) 4+ La(x)) as x — oo.

c) If Fo(x) ~ cF1(x) for some ¢ € (0, 00), then F| € S if and only if F» € S and
H~ (1+c¢)Fy(x).

d) If B € (0,1) and K(x) = (1 — B) ZZO:O B"F["(x) then the following three

conditions are equivalent:
KeS, FieS Kx)~  Fix).

Proof For a) and d) see, respectively, [8, Proposition 1a) and Theorem 3]. For b)
see [10, page 278]. The proof of c) is given in [16, lemmas 2.5.2 and 2.5.4].

3 Asymptotic Behavior of the Ruin Probability

In what follows we will use the elementary identities

Far) = fir) and F(r) = 1_rf(r), =0, 3.1)

valid for any distribution function F' with F(0) = 0 and having density f. First we
state the following auxiliary result.



Asymptotic Results for the Severity and Surplus Before Ruin for a Class. . . 113

Proposition 1 The following asymptotics hold:

N m;
F 1 14

a) xl;ngo xofff) =, (1 - H’n;ilq’ '>, hence F, € S.
r2—ao) 1_[,':2 Lj

N m;
G A [TiZ, g
b) If F; € Ry, then lim o) _ Aap2 =19

= Afin addition Fp,1 € S, then
v=>o0 Fp(x)  Co 1_[’]":21 Pj

G() e S.
c) If Fo(x) = o(x™%), then Go(x) = o(x'~9).
N m;
U Nogh
d) lim a () = Unlr;ilq' , hence U, € S.
r—00 é‘a,e(x) l_[jzz Pj
Proof
a) Let us define F*(u) = f(;’ F,(x)dx. From (3.1) we obtain f*(r) =
~ P L= ¢, fa(r)
(1- CIF fa(r))/r?, hence lrif(} rra—(zr) = 1}11(} rCaF_la . From the definition

of Cr it follows that 1 — ClF f(; (0) = 0. Using L’Hospital’s rule gives

a—1 roz—l

1 1 P; -
| 1+ " E(pjpj ?
lml_choz(r) —lim Cr Z] 2 I pj—r
ro el rl0 re=l
-1 a—1 )
| pi —r (@ — Dre
i—» E(pj)p;j -
1.@2” T\ = r)? pj—r
= lim
rl0 (@ — 1)re—2
1 m+1 1 nN_l q.mi
=—, Y E(p)= 1—= 7, (3.2)
Cr =2 Cr HT:z Pj

where the last equality follows by [15, Lemma 5.3]. From [10, Theorem 1, page
443] we obtain the limit in part a), which implies that F is regularly varying.
Using (2.5) we also obtain that F, € S.

b) Notice that

fxoo ij f2(y)dy
Fa(x)

< I fxoo fyoo e ReWDGEN) £ (2)dzdy
im

— s

x—>00 Fp 1(x)

lim
X—>0Q

j=2,3,....m+1.(3.3)
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Taking limits when x — oo in the right-hand side of (3.3) yields

o R : o R . _ )
. fx eRe(pj)y fy e Rz £ (2)dzdy ~tim fxooe Re(0))z £, (2)dzdy
xX—>00 Fa1(x) xX—>00 e*Re(pl,-)sz(x)
_ , f2(x)
= lim e fo(x) lim Falo)
x—00 Re(pj)e” Re(p/)sz(x)—i—e Re(p/)x]v2(x) ¥=00 Re(p;) + ;2(;;))
(3.4)

where the first and second equalities follow by L’Hospital’s rule. Using the
assumption that > € R, we obtain from (3.4) and (3.3) that

[ T o dy| _

(3.5
Fo 1(x) )

X—>00

Since [ go(n)dy = A glmif” naF2.1(0) =2 Y5 Eoj) [ Ty, f2(y), the
triangle inequality yields '

PUYTEN N Y _ ZmH E(pj) [ Ty, 2(y)dy Go(x)
Co T12; pj Fa1(x) Foi(x)|
(3.6)
and
Go(x) < A2 l_LN 1 qzmi + Zm+1 E(pj) fxoo Ty, f2(y)dy
Fr1(0)| ™ Co [T o) Fa.1(x) ‘
3.7

The limit in part b) follows from letting x — oo in (3.6) and (3.7) and using (3.5).
Assuming that F> ; € S, the relation G € S follows from part ¢) of Lemma 1.
c) Letus assume that F(x) = o(x~%), hence L’Hospital’s rule implies that

F
lim zil,(x) =0. 68
x—>o00 x!'T¢
This yields
[ e R y)fz(z)dzdy LS AR)dzdy
lim < Jim
Xx—00 xl-« e xi=e

— 15 lim Fo 1(x)

x—oo xl—o

=0,
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and from (3.8) we obtain

T, d
i |J T 2O (3.9)
X—>00 x1-a
Using (3.6) and (3.7) we obtain the inequalities
. 1
2 T 4" Fog o) | =c X720 E@) [T To LDIAY| | Gotx)
CG l—[;i_z-zlpj xl—a xl—a — | xl-a
(3.10)
and
. 1
Go) | _ 2 [Ty 4" Far() |, |~y X2 Ei) [ To o)y
xl—o | — CG ]—[;n:-l—zl P xl—a yl-a .

@3.11)

The result now follows by letting x — o0 in (3.10) and (3.11), and using (3.8)
and (3.9).
d) Putting r = 0 in (2.2) gives Cy = (1 + CGF)_l. Dividing both sides of (2.2) by

. T)\a(r) 12, o~ _’Za,@(r) .
Cy yields Cu (1 + p fa (r)za,e(r)> = o hence:
Ve (1) L~ _ L~ Za0 (1)
<1 T ) (1 + efa(V)Za,e(V)> =1+ efa(V)Za,e(V) T

=1+ éfa(r)?a,e(r) - <1 + C;)ix,e(r)

~ Cr . 1 ~
=1—Zu9(r) — GF Zu0 () (1 ~ fa<r>) .
(3.12)

We define the function U (x) = f(f Uy (y)dy,x > 0. From (3.1) we get

- Aoc(r)
N U 1"
U*(r) = “r(r) - rzCU . (3.13)

It follows from (3.12) that

—~ 1 =~
—~ 1 _?otﬁ(”) Cr Za,e(r) (1 ~ Cr foz(r))
rUg(r) _ pe=l g ra—1

—~ 3.14
re=2 1+ ) fa(r)Za0 (1) G4
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1-7Z 1
0+f¢x 1 we obtain lrlfrol rioif(r) = o Using this equality

together with (3.2) and letting » | 0 in (3.14), we obtain

Since Zy,g(r) =

77 + 11—1 IIq' N mj
g UG _ 0o 0n5"f b Cullic 1%, G.15)
m- 2 = = il :
rl0 14+ ¢ 5 0 [T

where in the last equality we used that Cy = (1 + CQF )~!. Since U} has the

monotone density U, Theorem 1 (page 443) in [10] gives the limit in part d).
This implies that the tail of U, is asymptotically regularly varying with index
1 — «, hence from (2.5) we conclude that U, € S.

Now we are ready to obtain the main result in this section.

Theorem 1 Consider the following three cases for the claim size distribution F.
As x — 00,

Casel : Fr(x) =o0(x™%),
Case 2 : Fa(x) ~ kx™% for some « > 0, (3.16)
Case3:Fr1 €S, FaeRopandx % =0 (Fz(x)).

Then, as u — 0o, we have:

a) In case 1:

o

n l—a
~ , 3.17
VO™ hapt — o TR — )" G-I
b) In case 2:
1 n% Aok l—a
~ , 3.18
v cH+ A1 — A2 |:F(2—05)+C(—1:|u ( )
c) In case 3:
A
) ~ 2 Faw), (3.19)

C+ ALl — A2u2

and in all cases ® € S.
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Proof

Case 1. We define the function G{j(x) = f(;‘ Go(y)dy,x > 0. Due to (3.1) we have
63 r) = 1_f§(”. From Proposition 1 ¢) and the assumption that F5(x) =
o(x~*) we obtain Go(x) = o (x!~*), hence Theorem 1 (page 443) in [10]

and the equality @6‘(;’) = 17;%’(” imply
G* 1 —3o(r)C!
0 =1tim e _ i 1 7800 (3.20)
rlo re=2 0 el

Using that 0 = ¥ (co) = lim ¥ (u), the final value theorem for
u—>00
Laplace transforms y(co0) = lim r(ﬁ(r) and (2.4) we obtain W, (0) =

m+1
<(c + A1 — Aapn) g,v‘z ,,,’, ) . Setting r = 0 in (2.3) yields
1 o~
1 B qep Ve (0)
HTzﬂf - Hew, 0) + L 20(0)%(0)
(c+ Ap1 — A2p2) v o 80V
1
nach

1-— ; [KCU + nla CGCU:I
or equivalently

1 1
1 oy 1= 4 [xCu+ hCoCu]

(¢ + rpr — Aap2) = 3.2D)
]_[l 1qiml n‘lch
Now we set ¥*(u) = fO” Y (y)dy. Due to (3.1), (2.4), (2.3) and (3.21) we
have
1 1-, [KCU+nL CGCU] O{Qﬁa(r)
. o CU 1- 5[wa(r>+ B0
U = !

;
1= 3 [ + LB | - [1_é[KC”C+U"I"CGC”]]ﬁa(r)

2 (1 B é I:Kﬁa(r) 4 nlagr\o(r)ﬁa(l’)])
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It follows that

1_mm+¢6p_@oq%m

gty 1 Cu n*o Co
lim = lim

rl0 rem2 o rem 1 — D kD (r) + B0 (r) Ve ()]

1 III lqt C

m+l
— s (3.22)

1— [kCu+n~*CsCu]’

where the last equality follows from (3.13), (3.15) and (3.20). From (3.21)

we obtain
1 l'IN—l fI-mi
=11 (j
6 175 »j v _ U
cHArpr — Aopa 1Y, ¢ C et Mp — A
m+l
neo T2
Tk o
hence from (3.22), lim ) = 7 . The asymptotic for-
rlo re—2 c+ AL — A2

mula (3.17) now follows from [10, Theorem 1, page 443]. Since (3.17)
implies that @ has a regularly varying tail, from (2.5) we conclude ® € S.
Case 2. We work again with the functions ¥* and G{j defined before. Due to

F, € RV,a and F, € R, from part b) of Proposition 1 we obtain

Go(x) ~ (23#2 1%',“'1‘1’ F7 1(x). Since Fa(x) ~ kx~%, an application

of L’ Hospital’s rule to lim Fj" ) yields Fa r(x) ~ Hence
X—>00

lea
1o K a1
PO I

Gol(x) ~ i=14;
o) Co(a — 1) 115 o)

to G{j(x) gives

x!=%. Applying [10, Theorem 1, page 443]

N m ~ o~ —1

A ' G, I=2g0(nC

oo [limia _ o rGa) o 1=8000Cq (3.23)
Cola =D 17t p; — r0 re= “ oo et

From the last equality we see, as in case 1, that the limit (3.22) remains
valid also in this case. Therefore

V) e [ _ B0 ]
R CYIE o i [1= T [
A0 e TG et | )+ B0 )Pa()]
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hence, substituting (3.13), (3.15) and (3.23) in the above equality gives

. 1 l_IN 149; .CU
o O _ 0 T o [ k(2 — a)i|
rlo re—?2 1-— P [KCU +n O‘CGCU] n% e — 1)

%=1+ k@2 —a)
C (et — dap)(@— 1)

The asymptotic formula (3.18) follows from [10, Theorem 1, page 443].
Since the right-hand side of (3.18) is a regularly varying function, it follows
that ® has a regularly varying tail. This finishes the proof of case 2.

*n
Case 3. The equality W,(x) = 0‘19 Vg * Ziio 91,, [K Vo + nla g0 * va] (x) 1is
proved in [15, Proposition 5.6]. From (2.4) we note that (¢ + A1 1 — Aau2)
n;n 2 p,

l_[l l
using the above equality and the definitions of U, and G in (2.1), it follows

that

. Wy is the density function of the probability of survival ®, hence

1
1_[;”+2 Pj
m;

zlqt

1
d(x) = 790 (c—i—Mlu — A2 42) CyUy

* Z on (KCUUa + o CcCuGy * Uoz) (x).
n=0

Now we define 8 = 61) [KCU + n*“CGCU]. Using (3.21), we obtain from
the last equality that

oo 'B"|:1
O == PUaxy. "
Lo Lo

= Uy % K(x), (3.24)

1 *n
(KCUUa +  CeCuyGo * Ua):| (x)
na

where K (x) = (1 — B) Y ooy B"K§" (x) with Ko(x) = (01/3 [KCUUa +

n~*CcCuy GO*UQ]) (x),x > 0. Since Uy and G are distribution functions,
using the definition of S we see that Ko and K are distribution functions as
well, and & is the convolution of the distribution functions U, and K. In
view of this, we need to study the asymptotic behaviour of K.

The assumption that x ™% = o(F2(x)), together with an application of
L’Hospital’s rule, imply that x!~® = o (F 2, I(x)) Since by assumption
Aapa TIY g;

o %mif Fa1(0).
hence x!™* = o (Go(x)), and due to part d) of Proposition 1 we get

F> € Ry, part b) of Proposition 1 yields Go(x) ~
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Ugsx) = o0 (Go(x)). It follows from the definition of Ky and Lemma 1

a) that 1 — Ko(x) ~ niaecﬁGcU Go(x). Since by assumption F> ; € S, from
part b) of Proposition 1 we obtain Go € S. It follows from Lemma 1 d)

that
B n*CeCu
K(x) ~ Go(x)
1-p 0B
N m,-
c+ripr —rop2 [IY, ¢ Cy n%0 nmﬂ AT
760 [T} o
. A2 42 D

which reduces to K (x) ~ F5 j(x) after simplifying the

o ) ctAipr —Azpuz )
coefficient in the right-hand side of the asymptotic expression above. From

here we obtain (3.19) using (3.24), Lemma 1 a) and the relation Uy (x) =
o(F2,1(x)) asx — oco. Hence @ € S.

Corollary 1 For the three cases in (3.16) the ruin probability ¥ (u) admits the
asymptotic expression

o

n |— Ao

Yu) ~ u
(c+rpr —rou) 2 —a) c+Aipr — Ao

Fp(u)asu — oo.

(3.25)

In particular, if Fo(u) ~ Li(w)u™% for some slowly varying function L1 and F»
belongs to any of the cases in (3.16), then

1 [ n* A2

u) ~ +
40 c+rpur—2ou [TR—a) aoa-—1

Ll(u)i| u . (3.26)

Proof The estimate (3.25) follows directly from Theorem 1. To obtain (3.26) we
consider the three cases in (3.16).

Case 1. We have lim “104™ — fjim F200 Li0u™ _ g Hence

u—oo U u—oo 4% Fau)
i Y(u)
1m

u—00 1 ?»2#2 -«
cHhp—hama [F(z o) T Ll(”)]”

I/fl(u)
= lim o =1

u—>00 1 n* + )»2#2 Li(uu'~
ctiipur—rapuz [ T2—a) ul-o

where we used (3.17) to obtain the last equality.
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_ 1 n* Aok
Case 2. Weset C = A1 1 —Aaiia [F(Z—a) + a_l]-

Using the equality lim Lj(u#) = « and (3.18) we obtain that
Uu—>00

; Y (u)
lim | } .
u—00 n 5 17(1
ctHAiipr—Aapm [F(Z—a) + a_lLl(u)] u
1//(114)
= lim Cu'=¢ _
u—o0 1 1 ne n A L](u)ul’a
Cctripi—rauy | TQR—a) T a—1 yl-o

Case 3. Notice that u™ = o (Fz(u)) implies u!™* = o (F2,1(u)). Using now
Karamata’s theorem (see e.g. [3, Proposition 1.5.10]) we obtain that

: For(w) _ a—1
ulggo LiGul-e = w2 . Hence
- Y (u)
lim | 3 .
u— 00 n 22 e
CcHA I —Aop2 [F(Z—a) + a—1 Ll(”)] u
Y (u)
Ao K2
= lim A=Ay Fa (u) 1
u—00 n* ul—o 1 Liul—«

FQ=) jopaFao )~ @=1 Fy )

4 Asymptotic Behavior of the Joint Tail of the Severity of
Ruin and the Surplus Prior to Ruin

For fixed 8 > 0 and a > 0, we define the function

n*(a—1)

B(x; B,a) := / e PO (Aze(y+a)+ G —a)

X

(y+ a)_“) dy, x>0.

4.1
In order to obtain asymptotic expressions for Y, ,(#) as u — oo in such a way that
A := max{u, b} — oo, we establish some preliminary lemmas.

Lemma 2

a) Forallx > 0and B > 0, B(x; B,a) < Ay + F(;’ia)al""forcmya > 0.
b) The asymptotic relation B(x; B,a) = o(Y(x + a)) as x — 00, holds in any of
the cases in (3.16).
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Proof

a) Since e #0=%) < 1 when y > x, and F2(y + a) < F2(y), we have

B(x; B, a)

S Ay — 1
S/x <A2F2(y+a)+7;((£x_a))

°° n*(a—1) —a
5/0 (Aze(y)Jr re— o Oy +a) )dy,

(y+ a)“) dy

which implies a).
b) Using that F2(y +a) < Fa(x +a)and (y +a)™ < (x +a) * forall y > x,
we see that

Buipiay = [ et (A2F2<x vo+ o Do a)*”‘) dy
_ 1 n%(a—1) _a
= 8 (Aze(x +a)+ re— o) (x +a) ) “4.2)

For the first two cases in (3.16), the limit lim I; 2,%) exists and is finite, hence

X—> 00
in any of these two cases we obtain

b (P2 + @+ TS+ a)7)

lim
X—00 (x + a)l—‘x
Faolx +a) | e
1 n%(a—1)
g (AZ Gtaye r(z—a>>
= lim —0. (4.3)
X— 00 X +a

Due to (3.17) and (3.18) we obtain, again in cases 1 and 2 of (3.16), that ¥ (u) ~
Au'~% for some constant A > 0. This and (4.3) imply

b (P2 + )+ FE) @)

lim
=0 Y +a)
b (P2t + @)+ 150+ a))
o (x +a)l-@ _
= Mim_ ¥ (x +a) =0.
(x + a)l_"‘

Hence we obtain the result in these two cases by dividing by ¥ (x + a) both sides
of (4.2) and making x — oo afterwards.
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In the remaining case 3, the assumption that F, € Ro and L’Hospital’s rule
imply that F 1 € Ro. From (3.19) we obtain that v (u) ~ A2F> (u) for some
constant A, > 0. Moreover, from the proof of Theorem 1 c) we see that xl-e =
o(F2,1(x)). Using these two results together with F2 ;1 € Ry, it follows that

(et T G o)
lim
o Y(x +a)

b (P2 + @+ TN 6+ )7)

— Iim Foi(x+a) _o
T x>0 Y(x 4+ a) -
Foi(x+a)

Again, the result follows dividing both sides of (4.2) by ¥ (x + a) and making
X — oo.

Recall the definition of the joint tail distribution Y, ;, given in (1.4).

Lemma 3 The joint tail distribution admits the representation
Yo W) =hg * We(m), u>0, “4.4)

where

N mi o o
g o — 1
ho(u) = i1 4; MFya+2)+ i )(a + 27| Lzspydz + Lo p(u),
m+1 re—ow)
j=2 Pj Ju
and 1op(6) = Y05 E(p)) [T e 0 (P +a) + 157 6+ a) )
Liy>pydy. Moreover, if F, belongs to any of the cases in (3.16), then for fixed
a,b >0,

/0 Lot — »)®(dy) = o(Y () as u — oo, @.5)

and the following limit holds:

u

lim [ Iopu—y)®(dy) =0, (4.6)

u— o0 0

uniformly on the sets {a > &, b > n} for all fixed &, n > 0.
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Proof Formula (4.4) follows directly from [15, Corollary 5.1]. To prove (4.5) we
first note that

e
m+1 00 o
) -1
< E . —Re(pj)(y—x) nWF n (Ol —o d ,
‘;' ol [ e Farta)+ 1 koY ay
which due to (4.1) is equivalent to
m+1
|1a,(0)| < Y 1E0))|B [x; Re(p)), a]. 4.7)
j=2

Let ¢ > 0 be given. From Lemma 2 b) there exists ug > O such that
27:21 |E(p;j)|B [u; Re(pj),a] < ey (u) for all u > ug. It follows from (4.7)
that

u

e Ly = = yNOWEY) | iy Hape = )P @y)
V() v (u)

Jo La.p(u — )@ (dy)
Y ()

ef(1—@w—y)Pdy) [ Hapu—y)|®dy)
0

U—1ug

= W) * o)

=31k, T g =

< P Aoz + F(2—a)a = ¢,
=2

where in the last equality we used Lemma 2 a). Hence

fou Iy p(u — y)®(dy) e(P) — O x D(u)) O () — ©(u — up)

W (u) ¥ (u) 0 W (u)
(1= b)) — Y @) Yl —ug) — Yr(u)
= =+ ¢o .
V() V()

The estimate in (4.5) follows from the last inequality and the fact that ® € S. Since
1, p, 18, by its definition, nonincreasing in a and b, it follows that

/0 Lo — Y)®(dy) < fo Ie.( — »)®(dy), 4.8)

foralla > & and b > 7.
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Since lim ¥ (u) = 0, using (4.5) we obtain that lim,_, fé‘ Inpy(u —
u— 00
y)®(dy) = 0. Hence the result follows from (4.8) by making u — oo.

‘We now obtain the main results of this section.

Theorem 2 Let F; belong to any of the three cases given in (3.16). Then, for fixed
a > 0, the joint tail of the severity of ruin and the surplus prior to ruin, Yq p,
admits the following asymptotic expressions as u — 00 in such a way that A =
max{u, b} — o0 :

o

. n -«
a) incase I, Yy p(u) ~ (a+A) 7%,
‘ (€ +Arp1 —hau2) T2 — @)
b) i 2, Yo p(t) ! R Ay
in case 2, u) ~ a ,
@b cH+rpur —2ou [TR—-—a) aoa—1
. A2 42
c) incase 3, Yqp(u) ~ Far(a+ A).

ct+ A — A2
Proof From (4.4) and [15, Corollary 5.5] it follows that

1
Yo p(u) =
“ C+ ALl — A22

x/"fm raFaa+ 0+ T | 1oy dz o@y)
0 Juy re-o e

N mj

[Tt q; '
1

172, »j

u
I, p(u —y) ®(dy). 4.9
o = 0@y )

In view of (4.5) we need only to study the asymptotic behavior of

1

Y*(u,a,b) =
c+ A — A2

x/u /oo [Aze(a+z)+ n%(a — 1)(a+z)—a:| Loy dz (dy)
0 Ju-y rQ-a)

as u — oo in such a way that A = max{u, b} — oo. First we suppose that A = u
and define

Yolu, a)
! /[A Fajatu-n+ " @+ )1—a]q>(d>
= 2o Fop@atu—y atu—y ).
c+Aripr — Az Jo ’ N

(4.10)
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Therefore
Y*(u,a, b)
1 u o0 na (a _ 1) —a]
< MF 4 dz®d(d
_C+MM1—A2M2/0 /Wy[z 2((1+Z)+l_,(2_a) @+ 2@
= Yo(u, a) 4.11)
and
Y*(u,a, b)
1 u o0 na(a _ 1) —
" e hapn - hamn /0 /u [AZFZ(Q FOF po g @t | e
hamaFa @ +u)+ @+ uw'=e
_ r@-= D (w). (4.12)
CH+Appr —Ag2u2
The above inequality and Corollary 1 imply that
YT*(u,a,b
iminf T 40 (4.13)
w00 (1 +a)
because lim ®(u) = 1. To finish the proof it suffices to show that
u— 00
T ’
o, a) _ (4.14)

m =
w0 Yr(u + a)

for any of the claim size distributions in (3.16). Indeed, the asymptotics in the three
cases follow from (4.14) together with (4.11), (4.13), (4.9) and (4.5).
We note that

1
Yo(u,a) =
c+rpy — Ao

u alfotna u
X |:)‘2/12F2,1(a)/0 (1= Fa,1(u—y)) ®(dy) + re-a /0(1 — Paq(u—y)) <I>(dy)} .
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. Fr1(u+a)
where we define for a > 0 the functions F, j(u) = 1 — and P, o (u) =
1 Fa 1(a)
a—
1-— ( au > ul=® u > 0. Hence,
a—+u

Yo(u, a) !

u,a) =

0 CH+ A —Ag2u2
lfana

X {kzﬂze,I(a) (@) — Fo 1 % ®(w)) + ¢ (®@) — Paja * <I>(u))}

re-a)

1
= opaFr (@) |[Pw) —1+1— Fg % P(u)
c+Ap —MM( [ ¢ ]

al = @ 141 —Pygx®
+F(2—O{)[ ) —1+1— Pgo* (’4)]>

1
c+ Ay —Au2
X (hapaFa (@) [1 = Fy @) — W(u)]

n al =y [1 = Pao# D) — W] (4.15)
rQ-—a) e ' ‘

Case 1. Due to Theorem 1 a) we have ® € S and Yv(@u) ~
o

n
u
(c+Aripr —2u)l2 —a)
Fo1(u) = o(u'=%) as u — oo, imply

1=¢ hence Lemma 1 ¢) and the assumption

o

n 1701.

1—F, 1 %x®) ~ u
’ (c+Arrpur —A2u2)l'(2 — )

This shows that

A2 Fo (a)

1 — Fup % @) — ¥@)] =o' ™) asu — oc.
c+ A — Aop2 [ “ ]

(4.16)
From Lemma 1 b), as u — o0,

au

a—1 o
n 1—«
1= Puo*®u) ~ :
ma* ) [<a+u) +(C+)\1M1—)»2M2)F(2—05):|u
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Case 2.

Case 3.
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which due to (3.17) implies

a—1
1= Pao % @) — Yu) ~ (aiu) . (4.17)

Using the expression for Yo(u, a) given in (4.15), together with (4.16)
1
and (4.17) we obtain Yo (i, a) ~ [AZMFZ, Ja+A)+
ct+ A — A2p2
NCET A)l—“], and (4.14) follows.

Since by assumption Fo(u) ~ «xu'~%, L’Hospital’s rule gives F j(u) ~

K -« ~ K -«
PRI Hence F, 1(u) ;l.z(afl)Fz,[(a)u . From (3.18) we

have W(u) ~ Cu'"® where the constant C is given by C =

C+)\1M}*)~2M2 [F(;’,a) + 23"1] Using this and Lemma 1 b) gives 1 — Fj, 1 *
D (u) ~ [C + uz(gfl)] u' =% Tt follows that

K K
ul*()l (a+l/l)17a.

= Farx @@=y~ "~ @1
(4.18)

From Lemma 1 b) and (3.18),

1 — Py xPu)

a—1 o
A
N ( au ) i n + 2K leot.
a+tu (c+ripr —Ap)l2—0a)  c+riipr —raun

This together with (3.18) yields

a—1
1= Pog % @) — Y(u) ~ (aiu) . (4.19)

Now using (4.18) and (4.19), we obtain

1 [ n“ A2k

Yo(u,a) ~ +
( ) c+rpur —2u [TR—-—a) o-—

1i| (a+u)'e.

Using the assumption u™* = o(F z(u)) and L’Hospital’s rule we

a—1
get ul™® = o(F2()). Since Pquq(u) = (a‘fu) =@ and
(auy a—1
lim a+uy
u— 00 au a=l
a+u

Pao() = o(F2;(u)), and from Corollary 1 and (3.19) we obtain

1 — Pyox D) ~ C+/\1/>121M—2Muz F> 1(u). Using (3.19) again we conclude

= 1 forall y > 0, we have P, o(u) ~ u' =% Hence
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that 1 — P, o * ®(u) — Y (u) = o(F2,1(u)). Due to Lemma 1 b),

1 A
i 242

1—F,,*c1>(u)~<
¢ Far(a) ¢+ Aipn — Aapp

) Fa(a+u),

Fo.1(u+a)

which implies 1 — F, 1 * ®(u) — ¥(u) ~ Fa.1(@)

obtain (4.14).

. In this way we

In the case of A = b we have
Y*(u, a, b)

! /LI/OO[AF(+)+na(a71)(+)7a:|l dz d(dy)
= 202(a Z a Z z>b} A2
e+ rmt —ropa Jo Sy re-a e=b) Y
1

C+ Al —Aaun

o

n
Q-

/0 [AszJ(a +b)+ (a+ b)l—a] (dy)

MpaFa (@ +b) + 13, (@+b)' o)
= u).
c+Aripr —rap2

The asymptotics for 7Y,;, follow by dividing 7Y,,(u) by
hamaFa(a+b)+ 1 J_, (a+ by«

_ c+Aipr — A2pd2 )
as in the cases 1, 2 and 3 above with u replaced by b.

, letting afterward u — oo, and proceeding

Corollary 2 For any of the cases in (3.16), the joint tail Y, has the asymptotic
expression when u — 0o and A = max{u, b} — 00 :

o
A
n (a+A)l—a+ 2142

T, u) ~
a.b®) (c+ i) —rou) TR —a) ¢+ rp = ropo

Fp 1(a+ A).

In particular, if Fo(u) ~ Li(w)u™% for some slowly varying function L1, and F;
satisfies any of the cases in (3.16), it follows

Yoy (u) ~ ! [ oy R Ll(a+A)}(a+A)1—“.
’ cHripur —rou [ TQR—a) ao-—1

We have the following sharper result, which shows that the asymptotics of Y p
given in Theorem 2, hold uniformly on the parameters a and b.

Theorem 3 Let F> belong to any of the three cases given in (3.16). The following
limits hold, when u — oo, uniformly on the sets Ag ;, = {a > &, b > n}, for fixed

E,n>0.
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1. Incase 1:
lim ‘Ta,b(u) — n (a+uw)'@ =0.
u—00 (c+rip1 —2r2p2) T2 —a)
2. In case 2:
. 1 n* Aok -
lim |7, - “l=0.
u—)oo‘ a.p() c+ A1 — A2 [F(Z—a)+a—li|(a+u)
3. In case 3:
lim ‘Ta,b(u) _ el Fa.(a+u)| =0.
u—00 c+ Ay — AU

Proof By (4.9) and (4.6), we only need to study the uniform convergence

1 u oo v
of Y*(u,a,b) = [x F 7% (@—1) w]
(,a.5) ¢+ Apr — Aau ofu[y 2halata F@-o (@t
1z>pydz®(dy) on the sets Ag ;.

Using (4.12) we obtain

n*(a+u)'=e VA CENERCIORSY
(c+ripr =)l —a) = (c+Aripr —2u2)I2 — @)
M Fo r(a+ u)®(u)
ct+ Ay — A2
n*(a+u)' = (®w) — 1)
T (et rpr —ru)l2—a)

YT*(u,a,b) —

Since (a + u)' = (du) — 1) is nonincreasing as a function of a, we have
@+w' = (@w—-1)<E+w'" (@w-1),

and since lim (& + u)l—« (®(u) — 1) = 0, the convergence
u— 00
lim (a4 u)'" ™ (@w)—1) =0 (4.20)
Uu—>00

is uniform on {a > &}. Hence for all ¢ > 0 and & > O there exists A > 0 such that
for u > A we have

T*(u,a,b) — @+ > . 4.21)
(c+ripr —Au)I'2—a) =
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We will use that, by the definition (4.10) and the equivalent formula (4.15),

Fap(a) (1 — Faqx @) —yu) = /0 Fai(a+u—y)ody)
and
' (1= Pag * @) — Y(u)) = / (@+u—y)' " oy),
0

hence

Fa.1(a) (1 = Fa1 % ®(u) — y(u)) and
a'™® (1 — Py * ®(u) — ¥ (u)) are nonincreasing in . (4.22)
Case 1: We have, by (4.12):

T*(u,a, b) — N+~ < Yo(a, b) — CE
o (c+rrpur —2pu)lF2—a) — ' (c+Arpur —2pu2)I2 —a)

Hence, from the definition of Yo (a, b) in (4.10) and the equality (4.15) we obtain:

o 1—«
T*(u,a,b) — n(a - u)
(c+rpr — Aou2)l'2 — @)
1
< A Fria)(1 —F, 1 «®w) —y(u
< C+MM1—)»2/L2[ 2maFa p(a) ( a1 * D) — Y (u))

o, l—a l—a
n“a a-+u
+I‘(2—a) (1 —Piox®w) —y(u) — ( 4 > >i| (4.23)

We know from (4.22) that 1 — P, o * ®(u) — ¥ (#) nonincreasing in a. Since

_ a—1 _
(”‘Z“)1 o _ <1+1u/a) and 1+4u/a is decreasing in a, it follows that — (“:{”‘)1 ¢

is decreasing in a. Hence 1 — P, o * ®(u) — ¥ (u) — (“Z“)l_a is decreasing in a.
From this and (4.17) we obtain, similarly as in (4.20), that
a+u -«
I_Pa,oz*q)(u)_w(”)_ a

lfotnot

I —0, 424
oo T'(2 — ) (4:24)

uniformly on {a > &}.
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For the remaining term in (4.23), from (4.16) and (4.22) we obtain using the same
argument

lim AopaFa (@) [1 = Fap % @) — y(w)| =0, (4.25)

uniformly on {a > &}. Due to (4.23), (4.24) and (4.25) it follows that, for all ¢ >
0,& > 0and n > O there exists A > O such that forallu > Aanda > &,b > n we
have
o 1—«a
T*(u,a,b) — n*(a +u) <e. (4.26)
(c+Arrpur —r2u2)l'(2 — )
Hence, the result follows from (4.21) and (4.26).
Case 2: Similarly as in the previous case, we obtain from (4.22) and (4.19)

. al—anoz a+4u l1-a
im 1 =Py Du) —(u) — =0, 4.27)
u—oo [I'(2 — ) ’ a
uniformly in {@ > &}. It also follows from (4.18) that
Tim_|Fa() (1= Far + @) = y()| =0, (4.28)

uniformly in {a > £}. Hence, for all ¢, &£, n > O there exists an A > 0 such that for
allu > Aanda > &, b > n we have

T*(u, a, b) — @+ <e. (4.29)
(c+Arrpur —Aop)l2—a) ~

The result follows now from (4.21) and (4.29).
Case 3: By (4.12) it holds

A2 L2
Y*(u,a,b)— Fo(u+a)
ct+ A — A2

A2 2
> For(u+a) (P@m)—1)
ct+ Ay — A2

770[ 1—«a
+F(2—a) (a+u) “"d(u).

As in the above cases we obtain that, for all ¢, &, n > 0 there exists an A > 0 such
that forallu > A anda > &, b > n we have

A
T*(u, a,b) — 2K2 Fa (u+a) > —e. (4.30)

c+ ALl — A2u2
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On the other hand,

Py A
2H2 Fa (u+a) < YTo(u,a) — 22 Fala+u)
¢+ ripy —A2p2

Y*(u,a,b) —
C+ A —Aaun

1
= et — Aapta :lzuz [For(@) (1 = Fapx®@w) — ) — Farla+u)]
al—ana

+ re—w (1= Paa @) — () } (4.31)

Since in this case we have lim (1 — P, 4 * ®(u) — (1)) = 0, using that 1 —
u— 00

Py.o * ®(u) is decreasing in a, it follows that

l—o o
. n _
im e (1= Py % ®u) — w(u))‘ -0, (4.32)

uniformly on {a > &}, for any & > 0. For the remaining term in (4.31), there holds
Fa (@) (1= Fap* ®w) —yw)
u
= Fa,1(a) [®(u) — Fap % Pu)] = Fz,l(a)/ (1= Far(u—y)) @(dy)
0

Forla+u—y)
Fy 1(a)

= (Fa,r(a+-) % ®)(u). (4.33)

— Fas(a) fo Fat(u— »)®(dy) = Fa.1(a) fo ®(dy)

Hence lim (F2,1(a + ) % <I>) (u) = 0 uniformly on {a > &} for £ > 0. Since
u— 00

Fyy(a) |1 — Fa % ®) — ¥ (u) — Far(a+u)
<[(Faoi(a+) % ®)(u) + Fa (@) Fa(a+u)],

and lim [(Fz,l(a +)xP)(u) + Far(a)Fa(a+ u)] = 0 uniformly on {a >
u— 00
&} for & > 0, we obtain that

Jm Fo y(a) |l — Farx®w) —yu) — Far(a+u)| =0, (4.34)

uniformly on {a > &}, £ > 0. Using (4.31), (4.32) and (4.34) we obtain that, for all
e, &, n > Othere exists A > O such that forallu > Aanda > &, b > n, it follows

A2 2

Y*(u,a,b) —
c+ A — Au2

Fri(u+a) <e. (4.35)

The result follows now from (4.30) and (4.35).
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