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Abstract This chapter deals with the problem of modelling the behaviour of
massive concrete structures. In the last decades, the developments in the field of
computational mechanics were significant, so nowadays several numerical tech-
niques are available to this goal, depending on the scale level considered but also on
which phenomena/processes are taken into account. In this chapter, we limit the
description to approaches/models that can be implemented using the Finite Element
Method, which is still the worldwide most used numerical technique. This chapter
presents two distinct groups of models. The first group covers deterministic models
starting from the simplest ones, which consider simply the thermo-chemo-
mechanical behaviour of the material, to more sophisticated approaches which
consider also the fluid phases; i.e., they consider concrete as a multiphase porous
material. In this first part, a specific section is dedicated to mechanical behaviour
modelling considering damage of the material, plasticity, etc. The second group of
the models takes into consideration stochastic nature of cracking. These models are
formulated specifically for giving a detailed information about cracks spacing and
opening in concrete structures in service life conditions.
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7.1 Introduction

Computational analysis has become crucial in almost all disciplines, together with
theory and experimental analysis. Every model is a simplification of reality
intended to promote its understanding. A model uses a simplified physical for-
mulation, mathematical framework and numerical tools in order to find the solution.
Successful models pass the validation stage where modelling results correspond
sufficiently well to reality.

Computational approaches are also playing an increasing role in industry. In
fact, validated models can save significant amount of experiments, time, and
resources, can mitigate potential problems and even find optimal solution. For
instance, in the case of massive concrete structures, numerical modelling often
follows objectives such as determination of temperature field during hardening,
effect of concrete composition, estimation of cracking potential with consequences
to durability, economical benefits.

In civil and environmental engineering, most of the processes/phenomena are
mathematically described by a set of partial differential equations (PDEs), usually
nonlinear in material laws. For example, a set of PDEs describes heat and mass
transfer, mechanical effects, hydrodynamic effects, electric and magnetic fields, and
all their interactions (multiphysics problems). There exists a significant amount of
numerical techniques for solving such a kind of complex mathematical systems,
some of them limited to the research world. In the context of this state-of-the-art
report, we consider the most commonly used numerical method—the Finite
Element Method. Often, obtaining a prediction from a theory requires massive
computing, so it is necessary to develop and implement special algorithms for
parallel computation to be able to exploit the full potential of the technology and
maintain scientific and productive competitiveness. Virtually, all manufacturers of
high-end chips in the last few years have adopted a multiprocessor organisation,
typically with 4–8 processors per chip (but solutions with up to 18 cores are
available). This number is expected to grow to 100–1000 in the next decade. Hence,
high-parallelism and low-communication algorithms are no longer the prerogative
of supercomputing and are instead becoming pervasive, but a description of such
kind of solvers and tools is beyond the scope of this chapter.

Hardening concrete is undoubtedly one of the most difficult structural materials
for modelling. The difficulties arise from a complex concrete microstructure, which
is additionally subjected to transformations as a result of cement hydration. Initially,
it is a mixture of liquids and solids of varying diameters and shapes. Such a
multiphase medium is characterised by strong viscous and plastic properties. With
progressing cement, hydration concrete becomes a solid, with elastic, viscous and
plastic characteristics, where the mutual proportions of these features depend on the
progress of the concrete hardening process. Moreover, in addition to the chemical
reactions resulting in the hydration of the material, several physical phenomena take
place (e.g. phase changes) and numerous fields are interacting with each other
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(thermal, hygral, mechanical, etc.) making the problem a typical multifield–multi-
physics problem (Gawin et al. 2006a).

Concrete represents a multiscale material which spans characteristic lengths
from about 10−10 to 10−2 m. The finest atomistic scale of C-S-H determines several
macroscopic properties such as elasticity, strength, creep, shrinkage, which mani-
fest on higher scales (Bernard et al. 2003; Pichler et al. 2011). Hydration takes place
up to micrometre scale of cement paste, and large aggregates have impact on
fracture properties.

Recent advances in multiscale models demonstrated models’ capabilities to
capture those effects and to set up microstructure-property link. Indeed, nowadays
several multiscale technics, of mathematical or numerical nature, are available for
considering the material behaviour at different scales: the formulation of constitu-
tive relationships starting from the microcomponents of the material up to the
macroscale is an example of the application of multiscale strategy (see Chap. 3 for
thermal properties).

Taking into account only concrete scale and its changes during hardening, two
possibilities appear to model its early-age behaviour:

• to use pure thermo-chemical, and possibly mechanical, models, or
• to formulate a multifield model.

In the first class of models, concrete is treated as a continuum at macroscopic
level and only the solid phase of the material is considered, taking into account the
thermal field and the chemical reactions (e.g. the hydration process), which affect
the mechanical performance of the material for a large extent.

The second group of models is based on the multifield concept; i.e., they con-
sider one or more phases: not only the solid phase, which is typically the concrete
skeleton, but also the liquid and gaseous components filling the pores of the
material. Depending on the number of the phases considered and on the scale level
chosen for the initial formulation of the mathematical model, the multifield models
can be subdivided into two main groups corresponding to two different approaches.

The first approach is related to phenomenological models, where concrete is
treated as a continuous medium. A detailed analysis of physical processes related to
phase transitions and chemical processes occurring in hardening concrete is
neglected in these models, and a macroscopic description of the thermal–moisture–
mechanical phenomena is used as a multiphysical description.

The second approach is related to multiphase models based on Multiphase
Porous Media Mechanics (MPMM), in which a precise analysis of the physical
phenomena and the influence of the material’s internal structure on these phe-
nomena are made. Starting from the microscopic level, appropriate constitutive
equations are defined for the solid, liquid and gaseous phases of the medium and
then averaged at macroscopic scale for a multiphase medium.

This state-of-the-art report gives a basic overview of the main approaches
available in the literature for modelling the behaviour of concrete at early ages and
beyond, starting from the simplest ones and then increasing the level of complexity.
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First, the pure thermo-chemo-mechanical models are introduced in Sect. 7.2.
Then, multifield single-fluid phase thermo-chemo-mechanical models and their
extension with a moisture transport are presented and described in Sect. 7.3. Both
these groups of models can be considered based on a typical phenomenological
approach (i.e. concrete is treated as a homogeneous medium directly at macroscopic
level). The last class of deterministic models taken into consideration is the one of
multifield multiphase models described in Sect. 7.4 based on porous media
mechanics. Each model group contains validation examples showing its effective-
ness in the numerical simulation of the main phenomena/processes taking place in
massive concrete structures.

Whatever is the model adopted for the description of the general behaviour of
the material, it is needed to consider the effects of thermal field, chemical reactions
and solid skeleton-fluid phase interactions on its mechanical performance. This
means the necessity to choose an appropriate constitutive relationship, describing
specifically its mechanical behaviour. Thus, damage and plasticity material models
are briefly discussed in Sect. 7.5 in connection with Chap. 4. Section 7.6 focuses on
models with stochastic nature. These models are formulated specifically for giving a
detailed information about cracks’ spacing and opening in concrete structures in
service life conditions.

7.2 Thermo-Chemo-Mechanical Models

Thermo-chemo-mechanical models consider coupling among heat transport, evo-
lution of underlying microstructure via chemical reactions and solid mechanics.
Moisture (humidity, water) transport is neglected, leading to zero drying shrinkage.
Such simplification is feasible for massive structures in their early age (except for
element surface), while for long-term calculation a chemo-hydro-thermo-mechanical
model should be preferred (see Sects. 7.3 and 7.4).

During early age, several phenomena occur simultaneously. In
thermal-chemo-mechanical models, the following ones are generally taken into
account: hydration linked to the temperature evolution due to exothermic cement
reaction, thermal conduction and dilatation, autogenous shrinkage, mechanical
properties evolution and mechanical degradation due to cracks and/or damage
(which could be visco-elastic damage models or plastic models).

7.2.1 Thermal Conduction Through the Concrete

The prediction of temperature evolution in a massive concrete structure is based on
the heat equation with a source term:
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c _T ¼ r krTð ÞþQn _a ð7:1Þ

in which Qn is the latent heat of hydration [Jm−3], T [K] is the temperature, a is the
hydration degree, k is the thermal conductivity [Wm−1K−1], and c is the volumetric
heat capacity [Jm−3K−1]. The latent heat of hydration, the thermal conductivity and
the volumetric heat capacity could be kept constant (see Waller 2000; Mounanga
2004; Mounanga et al. 2006) or evolve slightly with the temperature (Morabito
2001) and the hydration (see Faria et al. 2006; Ruiz et al. 2001; Lura and Van
Breugel 2001).

7.2.2 Constitutive Relationships/Couplings

One can distinguish between two types of couplings: thermo-chemical and
chemo-mechanical couplings with the corresponding constitutive relationships,
which are analysed and discussed in the following sections.

Thermo-chemical Coupling

The thermal properties, namely thermal conductivity, heat capacity and coefficient
of thermal expansion, are generally functions of the temperature and also evolve at
early age with the changes in the microstructure of the cement-based materials. For
instance, Hansen et al. (1982) reported a decrease of thermal conductivity from 0.88
to 0.78 W/(mK) during hydration of rapid hardening Portland cement, w/c = 0.5 at
T = 30 °C, while Mounanga (2004) obtained an increase. Generally, this aspect is
not explicitly taken into account in simulations or even experimentally, but different
authors report an impact of the variation of these properties on the structural
response. For instance, Briffaut et al. (2012) performed simulations, at the structure
level, in which the heat capacity and the thermal conductivity evolved with respect
to the degree of hydration. In their simulation, the evolution of the heat capacity
impacted the stress response more strongly than the evolution of the thermal
conductivity. Lura and van Breugel (2001) reported that a given variation of the
heat capacity may lead to a variation of the same order of magnitude in the com-
puted temperatures and stresses. The same authors also found that up to 5% of
variation in the thermal conductivity, an almost negligible effect is observed on the
temperature and stress responses and that the CTE affects actively the
thermo-chemo-mechanical response (a variation of 16% in the CTE is reported to
increase the cracking risk by about 15%) (see Lura and Van Breugel 2001). On the
other hand, Hilaire (2014) reported a not very pronounced impact of the CTE
evolution on the mechanical response at early age.

The thermal source of the heat equation depends on the evolution of hydration
which is achieved using chemical affinity (see Ulm and Coussy 1998, 2001;
Lackner and Mang 2004; Regourd and Gauthier 1980):
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_a ¼ ~AðaÞ exp � Ea

RT

� �
ð7:2Þ

where Ea is the activation energy [Jmol−1], R is the ideal gas constant
8.3145 [JK−1mol−1], T is the temperature [K], a is the hydration degree, and ~AðaÞ is
the chemical affinity [s−1].

Many kinds of expression describing the evolution of the chemical affinity have
been used (see among others Lackner and Mang 2004; Cervera et al. 1999a;
Benboudjema and Torrenti 2008; Briffaut et al. 2012; Sciumè et al. 2013), but there
remains experimental fitting. Buffo-Laccarière et al. (2007) proposed an expression
for multiphasic hydration degree evolution linked to chemical activation and
physical water accessibility to anhydrous cement product which allows for com-
posed cement.

The energy of activation is also a function of the temperature and may vary as a
function of the mechanisms deemed to drive hydration (Lothenbach et al. 2008).
Again, the variation of the energy of activation with respect to age and temperature
is often neglected in TC analyses.

Chemo-mechanical Coupling/Evolution of Mechanical Properties (Elastic,
Plastic or Damage)

This kind of model is generally based on uncoupled strains decomposition:

e ¼ eM þ ebc þ eau þ eT ð7:3Þ

where eM is the mechanical strain tensor, ebc is the basic creep strain tensor, eau is
the autogenous strain tensor, eT is the thermal strain tensor, and finally, e is the total
strain tensor. Nevertheless, some authors used coupling between creep and damage
(see Chap. 4) and between creep and hydration (chemo-visco-elastic coupling see
Chap. 4).

Autogenous shrinkage is directly related to the evolution of hydration in the
material. Experimental results show that autogenous shrinkage evolution is almost
linear with respect to the hydration degree as soon as the percolation threshold has
been overcame (see Laplante 1993; Mounanga 2004; Mounanga et al. 2006).
Therefore, autogenous shrinkage can be modelled by the following equation (Ulm
and Coussy 1998):

eauij ¼ �j�adij with �a ¼ a� a0
a1 � a0

� �
þ ð7:4Þ

where j is a constant material parameter [-], a0 is the mechanical percolation
threshold [-] (Torrenti and Benboudjema 2005), a∞ is the final hydration degree
(which depends on the concrete mix Waller 2000), and �h iþ is the positive part
operator. A small expansion (so-called swelling) can also be measured at the
beginning of hydration, depending on the w/c ratio and the type of cement.
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The mechanical strains could be elastic ones (Faria et al. 2006) but could also
consider plasticity (Ulm and Coussy 1998, 2001; Lackner and Mang 2004) or damage
(Benboudjema and Torrenti 2008; Briffaut et al. 2011; Cervera et al. 1999b). In this
last case, the relationship between apparent stress r, effective stress ~r, damage D,
elastic stiffness tensor E, elastic strain and previously defined strain reads:

r ¼ 1� Dð Þ~r ð7:5Þ
_~r ¼ EðaÞ _eel ¼ EðaÞ _e� _ebc � _ettc � _eau � _eTð Þ ð7:6Þ

where ettc is the transient thermal creep strain.
The Young’s modulus E and the tensile strength ft increase due to hydration as

follows (De Schutter 1999; Stefan et al. 2010, see also Chap. 4):

EðaÞ ¼ E1�aaE ð7:7Þ

ftðaÞ ¼ ft1�aaft ð7:8Þ

where ft∞ is the final tensile strength (i.e. when a ¼ a1) [Pa], E∞ is the final
Young’s modulus [GPa], �aaE , and �aaft are constant material parameters.

The Poisson’s ratio is relatively stable for mature concrete. Neville et al. (1983)
recommend a value equal to 0.2 for most of concrete mixes. However, De Schutter
and Taerwe (1996) suggests an evolution depending on the hydration degree:

mðaÞ ¼ 0:18 sin
pa
2

þ 0:5 expð�10aÞ ð7:9Þ

where m is the Poisson’s ratio and a is the hydration degree. Note that for a
hydration degree equal to 0, the Poisson’s ratio is equal to 0.5 which is the common
value for an incompressible fluid.

The evolution of the damage is linked to the elastic equivalent tensile strain and
could use strain from Rankine criterion (Cervera et al. 1999b) or Mazars approach
(Benboudjema and Torrenti 2008; Briffaut et al. 2011).

Strain softening induces inherent mesh dependency and produces failure without
energy dissipation (see Pijaudiet-Cabot and Bažant 1987). In order to dissipate the
same amount of energy after mesh refinement, when strains localise in one row of
finite elements, a characteristic length lc is introduced as a localisation limiter (Rots
1988; Cervera and Chiumenti 2006). Fracture energy of an element gf is related to
the material fracture energy Gf and the characteristic length lc:

gf ðaÞ ¼ Gf ðaÞ
lc

ð7:10Þ

lc ¼
ffiffiffiffiffiffiffi
Vef

3
p ð7:11Þ

where Vef is the volume of the finite element.
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The fracture energy also depends on the hydration degree (De Schutter and
Taerwe 1997):

Gf ðaÞ ¼ Gf1�ad ð7:12Þ

where d is a material property that must be fitted from experimental data and Gf∞ is
the material fracture energy at the end of hydration process.

Ulm and Coussy (1998) propose a chemo-mechanical cross-effect in a context
where plasticity is considered. These authors link the chemo-plastic cross-effects to
the strength growth and plastic hardening/softening properties of the material when
irreversible skeleton evolutions occur.

Thermo-mechanical Coupling

The thermal strain eth is linked to the temperature variation and to the coefficient of
thermal expansion CTE which is a function of the hydration degree and of the
temperature. Nevertheless, constant value allows to obtain sufficiently accurate
prediction (Loukili et al. 2000):

eTij ¼ CTEðaÞ � ðT � T0Þdij ð7:13Þ

where T0 is the reference temperature [K].

Thermo-chemo-mechanical Coupling

In thermo-chemo-mechanical model, when creep is taken into account, viscous
parameter could also be affected by the hydration degree and the temperature. For
instance, when rheological modelling is used, the viscosity and the stiffness of the
component should be affected (Benboudjema and Torrenti 2008; Briffaut et al.
2012).

It is noteworthy that the properties such as heat capacity and CTE are, for
thermo-elastic composites, linked according to some cross-relationships (Chen et al.
2012).

An additional thermo-chemo-mechanical coupling arises on the light of Bažant
and collaborators micro-prestress solidification theory (Bažant et al. 1997, 2004).
According to these authors, a micro-prestress relaxation within the concrete matrix
appears at the microlevel and is related to the hydration reaction. This effect is
thermo-activated per se (Bažant et al. 2004).

7.2.3 Validation of the Thermo-Chemo-Mechanical Models
on Massive Structures at Early Age

The chemo-thermal problem is often decoupled from the mechanical problem.
Several comparisons of model estimations and experimental measurements can be
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found in the literature (e.g. Craeye et al. 2009; Fairbairn et al. 2004; Faria et al.
2006; Honorio et al. 2014; Ulm and Coussy 1998, 2001). An example of thermal
prediction on a massive concrete structure (wall thickness 1.2 m; height 2.4 m) is
given in Fig. 7.1.

7.3 Multifield Models: Single-Fluid Models

This group of multifield models deals with the heat and moisture transport in a
porous material accompanied with mechanical response. The material can represent
cement paste, mortar, or concrete as a continuum directly defined at macroscale.
Even if the model is a multifield model, it is still based on a phenomenological
approach. In the view of the model description, thermo refers to heat transport,
chemo stands for chemical reactions occurring due to cement hydration, and hygro
describes moisture or water vapour transport as a single transported fluid phase,
followed with solid mechanical analysis.

In the simplest approach, thermo-(chemo)-hygro models proceed using a stag-
gered approach where temperature and relative humidity fields are computed first.
Both fields are then passed to mechanical model which accounts for strain-related
quantities, such as thermal strain caused by temperature, drying strain originating
from relative humidity, autogenous shrinkage strain due to drop in relative
humidity. Several mechanical parameters may depend on the microstructure evo-
lution, such as increasing Young’s modulus or increasing tensile strength (de
Shutter 2002). This section shows several examples of material sub-models, their
coupling and validations on real structures.
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Fig. 7.1 Temperature prediction on Civaux Wall (thickness 1.2 m; height 2.4 m) during
hydration (Briffaut 2010)
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7.3.1 Phenomena Taken into Consideration

Heat transport (thermo-) takes into account heat conduction (diffusion), heat con-
vection and radiation. The transport is often enhanced with heat generated due to
mostly exothermic cement hydration, or extended for enthalpy of water evaporation
from concrete surface (Černý and Rovnaníková 2002). Modelling heat transport
solely in hydrating concrete is used rarely; it finds its place especially in massive
concrete structures where moisture gradient could be neglected and thermal gra-
dients present substantial strains (Park et al. 2008).

Chemical phenomena deal mainly with the evolution of hydrating microstruc-
ture; i.e., it describes kinetics of hydrating clinker minerals, their hydration, evo-
lution of volume fractions or generated heat. The most elaborated hydration models
take into account cement chemistry, cement fineness, temperature, supplementary
cementitious materials, and water availability (Thomas et al. 2011). Temperature
acceleration often requires coupling with a heat transport model since reaction
speed approximately doubles with a 10 °C increase (Černý and Rovnaníková
2002).

Moisture transport describes gas diffusion, effusion and solution diffusion, being
driven by a gradient of water vapour pressure (Künzel 1995). The moisture in a
porous material can be present in the form of solid, liquid or vaporous form, and it
becomes convenient to quantify moisture as a total water content in this single-fluid
model. Most hygral models express total water content as a relative humidity, using
water vapour sorption isotherm for recalculation (Künzel 1995).

Mechanical part describes the effect of strains on structural behaviour in
hydrating concrete. Under standard circumstances, strains contain autogenous
shrinkage, temperature expansion/contraction or drying shrinkage. Mechanical
models used in the analysis compute time-dependent material behaviour (creep,
shrinkage) and time-independent load response (plasticity, damage).

Each part is represented with more or less sophisticated sub-model, which could
operate on different scales using a multiscale formulation. For example, concrete
can be treated as a heterogeneous material for prediction of hydration heat (Park
et al. 2008), and elasticity and strength can be linked to cement hydration (Shutter
2002).

7.3.2 Coupled Formulation and Data Flow

The multiphysical thermo-(chemo)-hygro-mechanical formulation leads at least to
three governing equations. Each sub-model contains a state variable to be solved
and may depend on other state variable, leading to mutual coupling:

• Thermo: enthalpy balance equation with unknown temperature field T [K], see
Eq. 7.1.
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• Chemo: hydration kinetic equation could be added, with, e.g., unknown degree
of hydration a [-], see Eq. 7.2.

• Hygro: mass balance equation for moisture transport with unknown relative
humidity h [-]. Some models use moisture content by mass w ½kgH2O=m

3
concrete�

instead, being a thermodynamically equivalent quantity related to h by sorption/
desorption isotherm.

• Linear momentum conservation equation (static equilibrium) with unknown
displacement field u[m]. Various material constitutive laws (viscoelastic, plastic,
damage) define stress/strain relationship between displacement field u and stress
r, see Sect. 7.5.

A monolithic formulation of thermo-(chemo)-hygro-mechanical problem
requires that all unknowns are solved in one system of equations, leading generally
to large systems. A simpler strategy for approximate solution is often employed,
using one-way coupling when outputs from one sub-model are passed to another
one, solving sub-models’ set of equations separately. Such staggered solution
strategy is the most popular method of decoupling (Baggio et al. 1995; Červenka
et al. 2014; Wu et al. 2014).

A characteristic thermo-hygro-mechanical model using a staggered approach is
shown in Fig. 7.2. First, heat transport sub-model with a possible hydration
sub-model computes temperature field T. Second, moisture transport sub-model
evaluates field of relative humidity h which also depends on temperature.
Alternatively, if hydration is formulated such as humidity-dependent, the corrector
phase may be added to find equilibrium in both sub-models with compatible
humidity field. Temperature and relative humidity fields are passed further to
time-dependent mechanical sub-model.

Fig. 7.2 A classical setup of thermo-chemo-hygro-mechanical model implementing a staggered
solution strategy
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Strain decomposition belongs to the key assumptions of the mechanical model.
Under small deformations, total strain tensor could be decomposed to
(Thelandersson 1987)

e ¼ eeðTÞþ ef þ ep þ ecr T ; hð Þþ eTðTÞþ eauðTÞþ ed;sh T; hð Þ ð7:14Þ

where the indices denote elastic, fracture, plastic, creep, thermal, autogenous, and
drying shrinkage strain components, respectively. Several strain components may
depend on temperature, such as creep, and on humidity, such as drying shrinkage
strain (Bažant et al. 2015). T and h are known from the underlying sub-models.

Analysis of Eq. 7.14 shows that strain components could be separated into
long-term and short-term contributions. Long-term (time-dependent) mechanical
laws define strain evolution in time such as strains ecr, eT, eau, ed,sh. On the other
hand, short-term (time-independent, frozen time) mechanical laws have no notion
of time and evaluate ee, ef, ep strains. These strains are related to concrete elasticity,
concrete cracking and concrete crushing, where time-dependent evolution of con-
crete properties is often accounted for inside the constitutive laws (Červenka et al.
2014). Most of short-term constitutive laws are based on stress criteria, such as
principal stress/tensile strength or plasticity surface.

7.3.3 Mathematical Formulation and Constitutive
Relationships

7.3.3.1 Stand-Alone Heat Transport

Chapter 3 describes in detail the heat balance equation, heat source, boundary
conditions with thermal properties of concrete and its components.

7.3.3.2 Stand-Alone Moisture Transport

Moisture transport in concrete has been modelled since the 1930s, and since that
time, it has been recognised that concrete moisture diffusivity strongly depends on
moisture content (Pickett 1942). Moisture transport model has been formulated by
Bažant and Najjar (1972) who quantified nonlinear concrete diffusivity and showed
it decreases an order of magnitude when passing from saturated to dry concrete
state. The mass balance equation for water vapour transport reads:

@w
@t

¼ �r � Jw þ @ws

@t
ð7:15Þ

where w [kg/m3] is moisture (evaporable water) content, t [s] is time, Jw [kg/(m2s)]
is moisture flux, and ws [kg/m

3] is water source, e.g. water consumption during
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hydration. Defining concrete moisture capacity Ch [kg/m
3], one can relate moisture

content w with relative humidity h [-] as

@w
@t

¼ Ch
@h
@t

ð7:16Þ

Bažant and Najjar (1972) assumed Ch being a constant over the whole des-
orption range, see Fig. 7.3 for three w/cs.

They arrived to the mass balance equation for moisture transport with h as the
unknown:

@h
@t

¼ �r � J þ @hs
@t

þK
@T
@t

ð7:17Þ

J ¼ �CðhÞrh ð7:18Þ

where J [m/s] is the liquid and vapour diffusion flux density, C [m2/s] is diffusivity
depending on h, hs captures humidity decrease due to self-desiccation during
hydration, and K is a hygrothermic coefficient [K−1]. Bažant and Najjar proposed S-
shape function for diffusivity as:

CðhÞ ¼ C1 a0 þ 1� a0

1þ 1�h
1�hc

� �N

0B@
1CA ð7:19Þ

with characteristic values for mature concrete C1 = 150 � 10−12 − 2200 � 10−12

m2/s, a0 = 0.05 − 0.10 (it is the initial hydration degree), hc = 0.75 − 0.90,
N = 6 − 16 (Bažant and Najjar 1972). Figure 7.4 shows such an example for
structural concrete. More refined values for structural concrete were proposed (Fib
2010; Abbasnia et al. 2013) as well as simpler approximations (Ayano and

Fig. 7.3 Example of
desorption isotherms for
structural concrete (Hansen
1986) and linearisation
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Wittman 2002; Xi et al. 1994). Note that the S-shape function gives a nonlinear
stationary profile of relative humidity across a concrete member, favouring higher
relative humidity.

Dirichlet boundary condition for (7.17) prescribes a fixed value of h, while
humidity convection on a surface can be conveniently approximated with a
humidity transfer coefficient as:

J ¼ bp h� h1ð Þ ð7:20Þ

where h∞ is relative humidity far away from a surface. bp can be approximated for
concrete (Kwak et al. 2006):

bp ¼ 6:028 � 10�7w=c� 2:378� 10�7 [m/s] ð7:21Þ

which gives a value bp = 2.74 � 10−8 m/s for w/c = 0.44, advised also by other
authors (Andreasik 1982; Aurich et al. 2009).

7.3.3.3 Heat and Moisture Coupled Transport

Coupling of heat and moisture transport leads generally to a system of two dif-
ferential balance equations for heat and moisture transport

@H
@t

¼ �r � qþQH ð7:22Þ

@w
@t

¼ �r � JþQw ð7:23Þ

Fig. 7.4 Example of
concrete moisture diffusivity
(Bažant and Najjar 1972)
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where H is the total enthalpy [J/m3], q is the heat flux density [W/m2], QH is the
heat source [W/m3], J is the liquid and vapour diffusion flux density [kg/(m2s)], and
Qw is the moisture source [kg/(m3s)]. Constitutive equations defining flux densities
q and J have been used by several authors (Andreasik 1982; Klemczak 2011), and
their general forms yield:

q ¼ �dTTrT � dTwrw ð7:24Þ

J ¼ �dwTrT � dwwrw ð7:25Þ

where dij are diffusion coefficients for heat or moisture transport.
Further, attention is focused to quite popular coupled model for building

materials which was pioneered by Künzel (1995). He defined constitutive equations
by taking into account separate liquid and moisture transport in a porous material,
quantifying dependence of thermal conductivity on moisture content and depen-
dence of water vapour permeability on temperature. Elaboration of Eqs. 7.22–7.25
leads to the final form:

@H
@T

@T
@t

¼ r � krTð Þþ @Qs

@t
þ hvr � dpr h � psatð Þ	 
 ð7:26Þ

@w
@h

@h
@t

¼ r � Durhþ dpr h � psatð Þ	 
� wn ð7:27Þ

where dH/dT [J/(m3K)] is a heat capacity, k [W/(mK)] is a thermal conductivity,
dQs/dt [W/m3] is an outflow of heat per unit volume, e.g. hydration heat source,
hv [J/kg] is evaporation enthalpy of water, dp [kg/(msPa)] is water vapour perme-
ability, psat [Pa] is water vapour saturation pressure depending on temperature,
dw/dh [kg/m3] is moisture storage capacity, Du [kg/(ms)] is liquid conduction
coefficient, and wn [kg/m3/s] is non-evaporable (chemically bound) water flux
density, i.e. consumed water due to hydration. The moisture diffusivity depends
again on relative humidity, in a similar fashion as in Fig. 7.4.

7.3.4 Validations of Single-Fluid Models

7.3.4.1 Validation of a Stand-Alone Moisture Transport Model

A short example of drying concrete cylinder illustrates the Bažant-Najjar’s model for
moisture transport (Bažant and Najjar 1972). A concrete cylinder with 6 inches in
diameterwasexposed at 7 days toenvironmental humiditywith0.5 (Hanson1968).The
best fit over all datapoints gave parameters from Eq. 7.19 as C1 = 579 � 10−12 m2/s,
a0 = 0.002,hc = 0.85,N = 3, better than in the original article (Bažant andNajjar 1972)
(Fig. 7.5).
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7.3.4.2 Validation of Oparno Bridge’s Arch

A reinforced concrete arch bridge, completed in 2010, was erected in the Czech
Republic, on a highway between Prague and Dresden. Two arches with a span of
135 m support prestressed bridge decks, as shown in Fig. 7.6.

Emphasis on durability with reduced cracking and application of concrete with
OPC 431 kg/m3 led to the need for internal cooling during concrete hardening. The
analysed cross section is located above the scaffolding as shown in Fig. 7.6. The
left symmetric part has outer dimensions of 3.5 � 2.17 m, the analysis considered
first a 2D cross-sectional model (Červenka et al. 2014). The most critical time for
the temperature evolution occurred during summer casting with the peak ambient
air temperature over 30 °C. CEM I 42.5R was used for concrete C45/55, and its
reaction kinetics was well known.

Figure 7.7 shows the temperature T and the moisture fields at 0, 32, 42, 60 h of
hydration. It was exercised that water cooling efficiently mitigated hydration heat
and maintained the core temperature under 65 °C. Without water cooling, the

Fig. 7.5 Validation of
cylinder drying (Hanson
1968)

Fig. 7.6 Two arches of
Oparno Bridge during
construction (Photograph by
Jan L. Vítek)
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maximum temperature would exceed 85 °C, which was unacceptable. Figure 7.8
validates temperatures from the thermo-hygral model.

The results of the transport analysis entered mechanical analysis which com-
puted cracks (see Fig. 7.8 for the evolution of temperature). The cracks’ pattern
originates from heat dissipation through the surface (Fig. 7.9).

7.3.4.3 Validation of ConCrack’s Restrained Beam

The validation of the coupled hydro-thermo-hydro-mechanical analysis originates
from the well-documented RG8 ConCrack experiment (Mazars 2014). Figure 7.10
shows the overall geometry of the RG8 beam with two massive heads on both sides
and two restraining steel struts. The central beam part was made of reinforced
concrete C50/60, w/c = 0.46, with dimensions of 0.5 � 0.8 � 5.1 m. The

Fig. 7.7 Temperature (top) and relative humidity (bottom) fields in the left symmetric part of the
arch cross section. The outer dimensions of the displayed cross section are 3.5 � 2.17 m. Six
cooling pipes are embedded, and the cooling water was turned off at 40 h

Fig. 7.8 Temperature
validation in the core of the
bridge arch
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Fig. 7.9 Crack pattern in a 1-m long segment in the Oparno Bridge

Fig. 7.10 Validation of RG8 ConCrack experiment—experiment overview (by CEOS.fr), cracks
at 30 days, displacement of points C-D and strain decomposition at the core point
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benchmark experiment provided material and structural data, internal temperature
in three points, and displacements of two points C, D located on the beam axis
2.5 m apart. Maximum temperature in the core attained 53.7 °C at 30 h.

Thermo-hygro-mechanical simulation used Künzel’s heat-moisture model, B3
creep model and fracture-plastic material model in ATENA software (Červenka
et al. 2014). Figure 7.10 validates further C-D displacement and displays strain
decomposition in the core point. Note that thermal strain with subsequent cooling
contributes the most to cracking at early ages.

7.3.4.4 Validation of a Restrained Wall in Oslo

A restrained wall served as a forerunner experiment for Bjørvika submerged tunnel
project, built in Oslo between 2005 and 2012. The wall utilised low-heat concrete
with a minimal risk of early-age cracking and high watertightness. Figure 7.11
shows two walls built on a raft concrete slab (Ji 2008). The left wall is made from
SV-40 concrete containing low-heat OPC I with silica fume at the amount of
424 kg/m3. This left wall is validated using a thermo-chemo-mechanical model

Fig. 7.11 Field test of a restrained wall in Oslo (Ji 2008)
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implemented in OOFEM (Patzák and Rypl 2012), neglecting moisture transport
(Šmilauer et al. 2016).

A semi-adiabatic calorimeter gave temperature evolution on a concrete cube with
247-mm edge. This small-scale test served for calibration of affinity hydration
model with perfect result (Leal da Silva et al. 2015).

The restrained concrete wall was cast on older concrete raft slab according to
Fig. 7.11. The quarter-simulated wall had reduced dimensions of 0.5 � 2 � 7.5 m
due to symmetry conditions. A fixed temperature 20 °C served at the bottom,
fluctuating temperature between 8 and 21 °C provided ambient
temperature-exposed surfaces. Heat transfer coefficients of 3.75 W/(m2K) acted on
vertical surfaces covered with a formwork, the top had 5.75 W/(m2K) with a foil
cover, and the bottom had 10 W/(m2K). The formwork removal at 216 h increased
the coefficients to 19 W/(m2K). Figure 7.12 shows temperature field with the
maximum temperature at 30 h and temperature validation in gage 15 which is
located in the middle of the wall, 1.2 m above the bottom.

The mechanical part used B3 creep model for concrete with corresponding
parameters, coefficient of thermal expansion of 10−5 K−1. The evolution of auto-
genous shrinkage, tensile strength and fracture energy was defined accordingly (Fib
2010). The wall’s bottom was supported with horizontal stiffness of 1000 MN/m3 to
mimic high stiffness of the underlying old concrete. The first cracks on the surface
appeared already in 12 h, but they closed by 60 h due to cooling. Minor cracks
formed after 70 h close to the interface with the old concrete, where high shear
stress led to tension on inclined planes. At time 260 h, vertical cracks formed
through the whole beam section close to gage 15, leading to a drop of principal
stress (Fig. 7.13). The widest cracks attained the width of 0.42 mm, and the
maximum tensile stress in reinforcement reached 25 MPa (Fig. 7.14). The locali-
sation into crack bands was not indicated in the experiment signalising better tensile
strength of concrete than that adopted from Model Code (Fib 2010).

Fig. 7.12 Temperature field at 30 h and the validation
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7.4 Multifield Models: Advanced Multiphase Modelling

In this part, the models will be discussed considering more than one fluid inside the
pore network of concrete. This class of models regards concrete as a porous
material and is based essentially on the mechanics of porous media.

This group of models aims at the simulation of the overall thermo-hygral and
mechanical behaviour of the material, considering sometimes also some chemical
aspects (e.g. the reactions of hydration and dehydration). To analyse hygro-thermal
phenomena in porous media, two different approaches are currently used: phe-
nomenological and mechanistic ones. In phenomenological approaches (e.g. Bažant
and Thonguthai 1978, 1979; Bažant and Kaplan 1996), moisture and heat transport
are described by diffusive-type differential equations with temperature- and mois-
ture content-dependent coefficients. The model coefficients are usually determined
by inverse problem solution, starting from experimental tests results, to obtain the
best agreement between theoretical prediction and experimental evidence. An
advantage of such a kind of models is that they are very accurate for interpolation
but rather poor for extrapolation of the known experimental results. Moreover,

Fig. 7.13 Validation of horizontal strain, principal stress and tensile strength at gage 15

Fig. 7.14 First principal stress, cracks and stress in reinforcement at 300 h
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various physical phenomena are lumped together and important processes, such as
phase changes, are neglected. An example of such a class of models is described in
Sect. 7.3.

Mechanistic models (Gawin et al. 2002, 2003, 2006a, b, c, 2008, 2009) are more
complicated from the mathematical point of view, and contrary to phenomeno-
logical ones, their coefficients have a clear physical meaning. This kind of models is
often obtained from microscopic balance equations written for each constituent of
the medium, which are then averaged in space by applying special averaging
operators.

Several mathematical and numerical models, usually based on extensive labo-
ratory tests, have been developed for the analysis of heat and mass transfer in
concrete at early ages and beyond, e.g. Benboudjema and Torrenti (2008), Cervera
et al. (1999a, b), Gawin et al. (2006a, b). However, one should remember that every
interpretation possesses all limitations and simplifications that are assumed in the
mathematical model which the simulation is based on. Thus, for this purpose one
should use models considering possibly the whole complexity and mutual inter-
actions of the analysed physical processes. Hence, a proper choice may be models
based on mechanics of multiphase porous media, taking into account chemical
reactions (e.g. reactions related to hydration, silica-alkali reactions and other
reactions due to chemically aggressive environments), phase changes, cracking and
thermo-chemical material degradation, as well as their mutual couplings and
influence on the hygral, thermal, chemical and mechanical properties of concrete.
These physical aspects of the behaviour of concrete treated as a multiphase porous
material are described in the following sections.

7.4.1 Concrete as Multiphase Porous Material

Concrete is essentially a mixture of two components: aggregates and paste. The
aggregate component is usually sand, gravel or crushed stone. It is mainly
responsible for the unit weight, the elastic modulus and the dimensional stability of
concrete. The paste component is typically used to bind aggregates in concrete and
mortar. It is a porous medium, which is composed of a solid skeleton, produced
from the hydration of Portland cement, and pores, which are filled by different fluid
phases. The principal solid phases generally present in the hydrated cement paste
(hcp) that can be resolved by an electron microscope are the calcium silicate
hydrates C-S-H which are very important in determining the properties of the paste
such as strength and permeability, and the calcium hydroxide Ca(OH)2 (also called
portlandite). The pore structure is relevant for concrete. It contributes to the
mechanical strength of concrete, but it also allows the interaction with the external
environment which takes place through the connected pores. Besides, it is the
container of the liquid water and gas phases (vapour and dry air). Figure 7.15 gives
a schematic representation of cement paste seen as a partially saturated medium.
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For a given representative elementary volume (REV)X, the volume of pores Xp

allows to define the porosity n ¼ Xp=X. Furthermore, the degree of saturation of
pores with liquid water is introduced as Sw ¼ Xw=Xp. It is an experimentally
determined function of the relative humidity RH (obtained through the sorption
isotherms). The remaining volume of pores is filled with a gaseous mixture with a
gas saturation: Sg ¼ 1� Swð Þ ¼ Xg=Xp (Xw and Xg are the volumes of the liquid
and gas phases, respectively).

The interfacial surface tension of water in a capillary pore leads to a concave
meniscus between liquid water and gas phase, as shown in Fig. 7.16. This may give
rise to a discontinuity in fluid pressure. The difference between the liquid water
pressure pw and the gas pressure (dry air pa + vapour pv) is called the capillary
pressure pc and is a function of the liquid water saturation Sw:

pc Swð Þ ¼ pv þ pa � pw ð7:28Þ

Fig. 7.15 Schematic representation of a non-saturated porous material
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Assuming the contact angle c between liquid phase and solid matrix to be zero,
the capillary pressure of water pc can be related to the pore radius r with the Laplace
equation:

pc ¼ 2rðTÞ
r

cos c ¼ 2rðTÞ cos c v ð7:29Þ

where r(T) is the surface tension of water which depends upon temperature and v is
the curvature of the meniscus. Any change in the curvature of meniscus will change
the equilibrium between liquid and vapour phases. A relation between the liquid
water and the vapour can be obtained by means of Kelvin’s equation considering
that liquid is incompressible and the vapour is a perfect gas.

Water can exist in the hydrated cement paste in many forms:

• capillary and physically adsorbed water; their loss is mainly responsible for the
shrinkage of the material while drying;

• interlayer water; it can be lost only during strong drying, which leads to con-
siderably shrinkage of the C-S-H structure.

All these types of water can evaporate up to 105 °C (at atmospheric pressure and
slow rate of heating). Another type of water, which is non-evaporable water, is
chemically bound water. It is considered to be an integral part of the structure of
various cement hydration products, and it is released when the hydrates decompose
on heating. Based on the Feldman–Sereda model (Feldman and Sereda 1968), the
different types of water associated with the C-S-H are illustrated in Fig. 7.17.

In fact, there is a third phase in the concrete microstructure, known as transition
zone, which represents the interfacial region between the particles of coarse
aggregates and the hcp. Concrete has microcracks in the transition zone even before

REV

Fig. 7.16 Schematic representation of the representative elementary volume (REV)
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a structure is loaded. This has a great influence on the stiffness of concrete. In the
composite material, the transition zone serves as a bridge between the two com-
ponents: the mortar matrix and the coarse aggregate particles. Therefore, the broken
bridges (i.e. voids and microcracks in this zone) would not permit stresses transfer.

For what has been described above, concrete can be treated as a multiphase/
multicomponent porous material. Because of this, in the last fifteen years,
mechanics of multiphase porous media proved to be a theory enabling an efficient
modelling of cement-based materials (Gawin et al. 2003, 2006a, b, 2008, 2009;
Pesavento et al. 2008, 2012). It allows for considering the porous and multiphase
nature of the materials, their chemical transformations, water phase changes and
different behaviour of moisture below and above the critical temperature of water,
mutual interactions between the thermal, hygric and degradation processes, as well
as several material nonlinearities, especially those due to temperature changes,
material cracking and thermo-chemical degradation.

In modelling, it is usually assumed that the material phases are in thermody-
namic equilibrium state locally. In this way, their thermodynamic state is described
by one common set of state variables and not by separate sets for every component
of the material, which allows reducing the number of unknowns in a mathematical
model. Thus, there is, for example, one common temperature for the multiphase
material and not different temperature values for the skeleton, liquid water, vapour
and dry air, etc. When fast hygro-thermal phenomena in a material are analysed
(e.g. during a rapid heating and/or drying), the assumption is debatable, but it is
almost always used in modelling, giving reasonable results from a physical point of
view and in part confirmed by the available experimental results.

Concrete is here considered to be a multiphase medium where the voids of the
solid skeleton could be filled with various combinations of liquid and gas phases as
in Fig. 7.16. In the specific case, the fluids filling pore space are the moist air
(mixture of dry air and vapour), capillary water and physically adsorbed water. The
chemically bound water is considered to be part of the solid skeleton until it is
released on heating.

Below the critical temperature of water Tcr, the liquid phase consists of physi-
cally adsorbed water, which is present in the whole range of moisture content, and

Fig. 7.17 Probable structure
of hydrated silicates (based on
Feldman and Sereda 1968)
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capillary water, which appears when degree of water saturation Sw exceeds the
upper limit of the hygroscopic region, Sssp (i.e. below Sssp there is only physically
adsorbed water). Above the temperature Tcr, the liquid phase consists of the
adsorbed water only. In the whole temperature range, the gas phase is a mixture of
dry air and water vapour.

Thanks to the mechanics of porous media and the schematisation of the material
described above, it is possible to analyse three different classes of phenomena
which characterises the behaviour of concrete at early ages and beyond:

• hygral phenomena,
• thermal phenomena,
• mechanical phenomena,
• chemical processes.

7.4.1.1 Hygral Phenomena

In order to analyse the physical processes taking place in the material under variable
conditions in terms of temperature and pressure, we can consider a concrete element
heated from the environment.

When temperature increases in a concrete structure (e.g. in a wall), water vapour
pressure is continuously increasing in a zone close to the heated surface. This
derives principally from the evaporation of water inside the wall, when the tem-
perature reaches and passes the boiling point of water. Vapour pressure is also due
to the water that is liberated during the dehydration of cement paste. This increase
in the water vapour pressure in the hot region will create a thermodynamic
imbalance between the hot and the cold regions. This will entail a diffusion process
of the water vapour and of the dry air through the wall and towards the external
atmosphere to maintain the equilibrium between liquid and vapour (see Fig. 7.18).

For appropriate prediction of the moisture distribution in a concrete structure,
one needs to know the material properties that control the movement of the fluids
inside a porous medium. Permeability and diffusivity are the most important
properties of the cementitious materials, from this point of view. These are very
sensitive to porosity changes or microcracking phenomena. In fact, the increases in
permeability and porosity of such materials are currently accepted as providing a
reliable indication of their degradation whether it has thermal, mechanical or
physicochemical origins. Therefore, in this document these properties and their
evolutions will be analysed also in the view of what is described in Chaps. 3 and 4.

7.4.1.2 Thermal Phenomena

Concerning thermal phenomena, it can be stated that in most cases the main
mechanism for heat transport is heat conduction. Heat conduction responds to
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gradients of temperature T. However, additional heat transfer will also be accom-
plished by advection due to the movement of the three phases: solid, liquid and gas.
The latent heat inherent to phase changes may also have significant thermal effects
(Gawin et al. 2003), see also Fig. 7.19.

The evolution of the temperature distribution in any structure is governed by the
thermal properties of the material, particularly heat capacity and thermal conduc-
tivity. In case of concrete, it is difficult to determine these properties because of the
numerous phenomena that occur simultaneously within the microstructure of
concrete and cannot be separated easily. These phenomena are affected in particular
by the evolution of the porosity, by the moisture content, by the type and amount of
aggregate, by changes in the chemical composition and by the latent heat con-
sumption generated by certain chemical phenomena. Because of these effects, a
unique relation cannot rigorously describe the dependence of concrete properties on
temperature.

Fig. 7.18 Mass sources/sinks and mass transport mechanisms in a non-saturated porous medium
subjected to heating
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7.4.1.3 Mechanical Phenomena

When mechanically loaded and simultaneously heated, the overall measured strain
of concrete is assumed as an additive combination of different components. These
components can be conventionally classified into three families according to the
origin of driving mechanisms:

• Mechanical strains that occur due to an applied mechanical load only. Elastic
strain, cracking strain and basic creep strain are main mechanical components.

• Thermo-hygral strains related to the occurrence of physicochemical processes
within the material such as drying, temperature raising, hydration and other
chemical reactions. Thermal expansion and shrinkage (both capillary and
chemical shrinkage) are the most important components. They are carried out in
(mechanically) load-free configurations.

• Interaction strains are additional components generated when the
above-mentioned physicochemical processes occur during a concomitant
applied load. In this case, indeed, the overall measured strain differs from the

Fig. 7.19 Heat sources/sinks and heat transport mechanisms in a porous medium
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sum of all strains induced by each single mechanism. For instance, additional
elastic strain, due to the evolution of Young’s modulus with temperature, is an
illustration of interaction strains. Also, drying and creep strains belong to this
category. For example, drying creep is shown when the structural element can
exchange water with the environment (i.e. shrinkage is taking place) and is
loaded at the same time.

7.4.1.4 Chemical Processes

Description of chemical reactions taking place in concrete at early ages (and beyond)
and their couplings with the thermo-hygral state of the material (e.g. self-drying) can
be found in Chap. 3. Here, one underlines that in the numerical modelling the
hydration is often considered as a single chemical reaction; i.e., only the overall
process is described through the formulation of a proper evolution equation.

7.4.2 Heat and Mass Transfer

The general approach to heat and mass transfer processes in a partially saturated
open porous medium is to start from a set of balance equations governing the time
evolution of mass and heat of solid matrix and fluids filling the porous network,
taking into account the exchange between the phases and with the surrounding
medium. These balance equations are supplemented with an appropriate set of
constitutive relationships, which permit to reduce the number of independent state
variables that control the physical process under investigation.

The formulation of the mathematical model is based usually on here main
approaches:

(1) Mixture theories (Bear 1988);
(2) Volume averaging theories (Whitaker 1980);
(3) Hybrid mixture theories (Hassanizadeh and Gray 1979a, b, 1980).

In the first approach, the governing equations of the model and its constitutive
equations are both formulated directly at macroscale. In the second and in the third
approach, the governing equations are defined at microscopic level and then
upscaled at macrolevel by applying some averaging operators (mass, volume, area
operators, mainly). In the case of volume averaging approach also the constitutive
relationships are formulated at microscale.

The Hybrid Mixture Theory and the Volume Averaging Theory allow for taking
into account both bulk phases and interfaces of the multiphase system, assure that
the Second Law of Thermodynamics is satisfied at macrolevel, that no un-wanted
dissipations are generated and that the definition of the relevant quantities involved
is thermodynamically correct.
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Recently, it has been shown that with the combination of Hybrid Mixture Theory
and the Thermodynamically Constrained Averaging Theory (TCAT, Gray and
Miller 2005), also the satisfaction of the second law of thermodynamics for all
constituents at microlevel is guaranteed (Gray et al. 2009).

Starting from this latter approach, in the following section a full set of balance
equations is presented. They can be obtained by using the procedure of space
averaging of the microscopic balance equations, written for the individual con-
stituents of the medium (i.e. the governing equations at local level). The theoretical
framework is based on the works of Lewis and Schrefler (1998), Gray and Schrefler
(2007). A detailed description of the procedure can be found in (Pesavento 2000;
Gawin et al. 2003, 2006a, b, c, 2008, 2009; Pesavento et al. 2008, 2012).

7.4.2.1 Final Form of the Governing Equations

The hygro-chemo-thermal state of cement-based materials considered as multiphase
porous media is described by three primary state variables: the capillary pressure pc,
the gas pressure pg and the temperature T, as well as one internal variable describing
advancement of the hydration processes, i.e. degree of hydration, a. This choice is
of particular importance: the chosen quantities must describe a well-posed
initial-boundary value problem, should guarantee a good numerical performance
of the solution algorithm and should make their experimental identification simple.
A detailed discussion about the choice of state (i.e. primary) variables can be found
in Sect. 7.4.3.

The mathematical model describing the material performance consists of three
equations: two mass balances (continuity equations of water and dry air), enthalpy
(energy) balance and one evolution equation (degree of dehydration). For conve-
nience of the reader, the final form of the model equations, expressed in terms of the
primary state variables, is listed below. The full development of the equations is
presented in (Gawin et al. 2006a, b).

Mass balance equation of dry air takes into account both the diffusive (described
by the term L.30.7) and advective air flow (L.30.8), the variations of the saturation
degree of water (L.30.1) and air density (L.30.4), as well as the variations of
porosity caused by: hydration process (L.30.5), temperature variation (L.30.2),
skeleton density changes due to dehydration (L.30.6) and by skeleton deformations
(L.30.3). The mass balance equation has the following form:
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in which qp is the density of the p-phase (p = s, w, g) and bs is the thermal
expansion coefficient of the solid phase, qa is the dry air density, a the hydration
degree, and Jag the dry air diffusive flux. In the previous equation and in the
following ones, vs is the velocity of the solid phase, while vps is the relative velocity
of the p-fluid phase (p = w, g) with respect to the solid skeleton.

Mass balance equation of water species (vapour + liquid water) considers the
diffusive (L.31.6) and advective flows of water vapour (L.31.7) and water (L.31.8),
the mass sources related to phase changes of vapour (evaporation–condensation,
physical adsorption–desorption) (the sum of those mass sources equals to zero) and
hydration (R.31.1), and the changes of porosity caused by variation of: temperature
(L.31.3), hydration process (L.31.10), variation of skeleton density due to hydration
(L.31.9) and deformations of the skeleton (L.31.2), as well as the variations of:
water saturation degree (L.31.1) and the densities of vapour (L.31.4) and liquid
water (L.31.5). This gives the following equation (Gawin et al. 2006a, b):
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@t|fflfflfflffl{zfflfflfflffl}

L:31:5

þ r � Jvg|fflffl{zfflffl}
L:31:6

þ r � n Sgqvv
gs

	 
|fflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflffl}
L:31:7

þ r � n Swqwv
wsð Þ|fflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflffl}

L:31:8

� qwSw þ qvSg
	 
 1� nð Þ

qs

@qs
@a

@a
@t|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

L:31:9

� _mhydr

qs
qwSw þ qvSg
	 


|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
L:31:10

¼ � _mhydr|ffl{zffl}
R:31:1

ð7:31Þ

where qv is the water vapour density, Jvg is the water vapour diffusive flux, and _mhydr

is the water mass source/sink due to hydration process.
In Eq. 7.31, bswg is the thermal expansion coefficient of the multiphase porous

medium, defined by:

bswg ¼ bs 1� nð Þ Sgqv þ Swqw
	 
þ n bwSwqw ð7:32Þ

in which bp is the thermal expansion coefficient of each phase (p = s, w, g).
Enthalpy balance equation of the multiphase medium, accounting for the con-

ductive (L.33.3) and convective (L.33.2) heat flows, the heat effects of phase
changes (R.33.1) and dehydration process (R.33.2), and the heat accumulated by
the system (L.33.1), can be written as follows:

qCp
	 


eff

@T
@t|fflfflfflfflfflfflffl{zfflfflfflfflfflfflffl}

L:33:1

þ qwC
w
p v

w þ qgC
g
pv

g
� �

� rT|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
L:33:2

�r � ðeqÞ|fflfflffl{zfflfflffl}
L:33:3

¼ � _mvapDHvap|fflfflfflfflfflffl{zfflfflfflfflfflffl}
R:33:1

þ _mhydrDHhydr|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}
R:33:2

ð7:33Þ

7 Numerical Modelling 211



where eq is the conductive thermal flux, vw and vg are the velocities of the liquid and
gas phase, respectively, and the thermal capacity of the multiphase porous medium
(qCp)eff and the enthalpies of vaporisation DHvap and hydration DHhydr are:

qCp
	 


eff¼ qsC
s
p þ qwC

w
p þ qgC

g
p;

DHvap ¼ Hgw � Hw;

DHhydr ¼ Hw � Hws

ð7:34Þ

in which Cp
p is the specific heat of the p-phase (p = s, w, g).

In Eq. 7.33, the vapour mass source is given by (Gawin et al. 2006a, b):

_mvap|{z}
L:35:1

¼ � qwn
@Sw
@t|fflfflfflffl{zfflfflfflffl}

R:35:1

� qwSw br � vs|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}
R:35:2

þ bsw
@T
@t|fflfflffl{zfflfflffl}

R:35:3

�r � n Swqwv
wsð Þ|fflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflffl}

R:35:4

� 1� nð Þ qwSw
qs

@qs
@a

@a
@t|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

R:35:5

� _mhydr
qwSw
qs|fflfflfflfflfflfflffl{zfflfflfflfflfflfflffl}

R:35:6

þ _mhydr|ffl{zffl}
R:35:7

ð7:35Þ

with:

bsw ¼ qwSw 1� nð Þbs þ nbw½ � ð7:36Þ

Equation 7.35 considers the advective flow of water (R.35.4), the mass sources
related to dehydration (R.35.7) and the changes of porosity caused by: variation of
temperature (R.35.3), dehydration process (R.35.6), variation of skeleton density
due to dehydration (R.35.5) and deformations of the skeleton (R.35.2), as well as
the variations of water saturation degree (R.35.1).

The governing equations in the form described above are now complemented by
the constitutive equations.

7.4.2.2 Constitutive Equations

Fluid state equations

The liquid water is considered to be incompressible such that its density depends on
the temperature only. The vapour, dry air and the gas mixture are considered to
behave as ideal gases, which gives (p = v, a, g):

pp ¼ qp T R=Mp ð7:37Þ

where pp is the pressure, Mp is the molar mass, and R is the universal gas constant.
Furthermore, the pressure and density of the gas mixture can be related to the partial
pressures and densities of the constituents through the Dalton’s law:
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pg ¼ pa þ pv qg ¼ qa þ qv ð7:38Þ

which gives:

Mg ¼ Ma þ Mv �Mað Þ pv
pg

ð7:39Þ

Liquid–Vapour Equilibrium

By assuming that the evaporation process occurs without energy dissipation, that is,
liquid and vapour water have equal free enthalpies, one can derive the generalised
Clausius–Clapeyron equation, which is a relationship between liquid and vapour
pressure:

pv ¼ pvsexp
Mv

qwRT
pg � pc � pvs
	 
� �

ð7:40Þ

where the capillary pressure at equilibrium

pc ¼ pg�pw ð7:41Þ

has been introduced for the porous medium and pvs is the saturation vapour pres-
sure, which only depends on temperature.

Mass fluxes

According to the definition of the velocities in the governing equations (7.30)
(Gawin et al. 2006a), the mass fluxes can be as follows:

Jps ¼ nSpqpvps ¼ qp
krpk
lp

�r pp þ qp gð Þ ð7:42Þ

which represents the Darcy’s law for the liquid (p = w) and gaseous (p = g) phases,
respectively, and where k is the intrinsic permeability, krp is the relative perme-
ability, lp is the dynamic viscosity, and g is the gravity acceleration.

The mass fluxes related to the diffusion are defined as:

Jag ¼ �qg
MaMw

M2
g

Da
g r

pa
pg

� �
¼ �Jvg ð7:43Þ

where Jag and Jvg are the fluxes of the dry air and water vapour in the gas phases (i.e.
the humid air), respectively, and Da

g is the diffusion tensor of the dry air.
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Conductive Heat Flux

In the energy balance Eq. 7.33, the heat conduction process in the porous medium
can be described by Fourier’s law which relates the temperature to the heat flux as
follows:

eq ¼ �k Sw; Tð ÞrT ð7:44Þ

where k(Sw,T) is the effective thermal conductivity which in general is a function of
the temperature and of the degree of saturation with liquid water of the pores.

Sorption–desorption isotherm

Solving the presented equations aims at determining the spatial and temporal dis-
tribution of temperature, masses of constituents and corresponding pressures within
the porous medium. By introducing the previous constitutive equations, the prob-
lem involves, at this stage, as main unknowns (Sw, pc, pg, T, mvap) or alternatively
(Sw, pv, pa, T, mvap). This set is reduced by introducing an additional explicit
relationship (van Genuchten 1980; Baroghel-Bouny et al. 1999; Pesavento 2000;
Gawin et al. 2003):

Sw ¼ Sw pc; Tð Þ ð7:45Þ

which is the sorption–desorption isotherm, characterising phenomenologically the
microstructure of the porous medium (pore size distribution).

Moreover, it is needed to consider that the microstructure of the cement paste
shows important changes during hydration (refinement of the porous network), so it
is important to take into account this aspect in the mathematical formulation of the
isotherms.

To do this, the classical analytical expression proposed by Van Genuchten
(1980) can be slightly modified to take into account the hydration degree (see
Fig. 7.20), which is a measure of the hydration extent (see the next subsections for
its definition):

Sw ¼ 1þ pc
a

CþCi

1þCi

� ��c�  b
b�1

( )�1
b

ð7:46Þ

where a and b are the classical parameters of the Van Genuchten’s law, and c and Ci

are the newly introduced parameters (Sciumè et al. 2013).
Using this additional relationship, the reduced set of unknowns is then (pc, pg, T,

mvap) where a choice is made here to retain the state variables (pc, pg) instead of (pv,
pa) or (pw, pa). Moreover, the set of unknowns can be further reduced. Because of
this, mass conservation equations of liquid and vapour defined as in (Schrefler
2002; Gawin et al. 2003) have been summed to eliminate the evaporation source
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term mvap and thus obtain the mass balance equation for the water species (that
means liquid water plus water vapour), Eq. 7.31.

7.4.3 Key Points for Modelling Cement-Based Materials
as Multiphase Porous Media

Dealing with cement-based materials as multiphase porous media introduces some
physical and theoretical difficulties, which should be overcome to be able to for-
mulate a mathematical model giving reliable results for the material. These key
points are discussed in the following subsections.

Choice of state variables

A proper choice of state variables for description of the multiphase porous materials
is of particular importance. From a practical point of view, the physical quantities
used should be possibly easy to measure during experiments, and from a theoretical
point of view, they should uniquely describe the thermodynamic state of the
medium. They should also assure a good numerical performance of the computer
code based on the resulting mathematical model. As already mentioned previously,
the necessary number of state variables may be significantly reduced if the existence
of local thermodynamic equilibrium at each point of the medium is assumed
(Schrefler 2002). In such a case, the physical state of different phases of water can
be described by the same variable.

Having in mind all the aforementioned remarks, the state variables chosen for the
presented model will be now briefly discussed. Use of temperature, which is the same
for all constituents of the medium because of the assumption about the local ther-
modynamic equilibrium state, and use of solid skeleton displacement vector are rather
obvious; thus, it needs no further explanation. As a hygrometric state variable,

Fig. 7.20 Desorption
isotherms: the numbers in the
diagram indicate the
hydration degree. (Adapted
from Sciumé et al. 2013)
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various physical quantities which are thermodynamically equivalent may be used,
e.g. moisture content by volume or by mass, liquid water saturation degree, vapour
pressure, relative humidity or capillary pressure. Analysing materials in the whole
range of temperatures, onemust remember that at temperatures higher than the critical
point of water (i.e. 374.15 °C or 647.3 K) there is no capillary (or free) water present
in the material pores, and there exists only the gas phase of water, i.e. vapour. Then,
very different moisture contents may be encountered at the same moment in a
cement-based material, ranging from full saturation with liquid water (e.g. in some
nuclear vessels or in so-called moisture clog zone in a heated concrete, see England
and Khoylou 1995, or in concrete at early ages), up to almost completely drymaterial.
Moreover, some quantities (e.g. saturation or moisture content) which can be chosen
as primary variables are not continuous at interfaces between different materials.

For these reasons, apparently it is not possible to use, in a direct way, one single
variable for the whole range of moisture contents. However, it is possible to use a
single variable that has a different meaning depending on the state. The moisture state
variable selected in the model is capillary pressure (Gawin et al. 2002, 2003, 2006a)
that was shown to be a thermodynamic potential of the physically adsorbed water
and, with an appropriate interpretation, can be also used for description of water at
pressures higher than the atmospheric one. The capillary pressure has been shown to
assure good numerical performance of the computer code (Gawin et al. 2002, 2003,
2006a, b, c) and is very convenient for analysis of stress state in concrete, because
there is a clear relation between pressures and stresses (Gray et al. 2009).

Therefore, as already shown, the chosen primary state variables of the presented
model are the volume averaged values of: gas pressure, pg, capillary pressure, pc,
temperature, T, and displacement vector of the solid matrix, u.

For temperatures lower than the critical point of water, T < Tcr, and for capillary
saturation range, Sw > Sssp(T) (Sssp is not only the upper limit of the hygroscopic
moisture range as mentioned earlier, but also the lower limit of the capillary one),
the capillary pressure is defined according to Eq. 7.41.

For all other situations, and in particular for T � Tcr or where condition
Sw < Sssp is fulfilled (there is no capillary water in the pores), the capillary pressure
substitutes—only formally—the water potential Wc, defined as:

Wc ¼ RT
Mw

ln
pv
f vs

� �
ð7:47Þ

where Mw is the molar mass of water, R is the universal gas constant, and fvs is the
fugacity of water vapour in thermodynamic equilibrium with a saturated film of
physically adsorbed water (Gawin et al. 2002). For physically adsorbed water at
lower temperatures (Sw < Sssp and T < Tcr), the fugacity fvs should be substituted in
the definition of the potential Wc, by the saturated vapour pressure pvs. Having in
mind Kelvin’s equation, valid for the equilibrium state of capillary water with water
vapour above the curved interface (meniscus) we can notice that in the situations
where Eq. 7.47 is valid, the capillary pressure may be treated formally as the water
potential multiplied by the density of the liquid water, according to the relation:
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ln
pv
pvs

� �
¼ � pc

qw

Mw

RT
ð7:48Þ

pc ¼ �Wcqw ð7:49Þ

Thanks to this similarity, it is possible to “formally” use the capillary pressure
during computations even in the low moisture content range, where the capillary
water is not present in the pores and capillary pressure has no physical meaning.

7.4.4 Constitutive Laws for Crack Evolution

In the following, some peculiar aspects of the mechanical behaviour of the material
strictly related to its porous nature are illustrated, taking into account that most of
the phenomena/processes involved are described in Chap. 4, e.g. creep and
microfracturing.

Furthermore, a more detailed discussion about the formulation of proper con-
stitutive relationships for describing damage mechanics and visco-plasticity can be
found in Sect. 7.5.

7.4.4.1 Momentum Balance

For completeness, the momentum balance equation is recalled here. Introducing the
Cauchy stress second-order tensor rtotal (x, t) at any point x in the studied domain
X, and at time t, and the applied forces per unit volume vector f (x, t), the
momentum balance equations can be written, in a quasi-static case, i.e. neglecting
the inertia effects, as:

r � rtotal þ f ¼ 0 ð7:50Þ

These equations are complemented by the boundary conditions, which are either
the prescription of displacements on some part of the boundary of the studied
domain Cu ¼ @Xu:

ui ¼ �ui 8 x 2 Cu ¼ @Xu ð7:51Þ

or the prescription of surface forces on the complementary part Cq
u ¼ @Xq

u the
boundary:
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rtotalij nj ¼ �ri 8 x 2 Cq
u ¼ @Xq

u ð7:52Þ

where n denotes the outward normal vector.

7.4.4.2 Effective Stress Principle

Here, cement-based materials are treated as multiphase porous media; hence, for
analysing the stress state and the deformation of the material, it is necessary to
consider not only the action of an external load, but also the pressure exerted on the
skeleton by fluids present in its voids. Hence, the total stress tensor rtotal acting in a
point of the porous medium may be split into the effective stress esss, which
accounts for stress effects due to changes in porosity, spatial variation of porosity
and the deformations of the solid matrix, and a part accounting for the solid phase
pressure exerted by the pore fluids (Pesavento et al. 2008; Gray et al. 2009)

rtotal ¼ esss � bH psI; ð7:53Þ

where I is the second-order unit tensor, bH is the Biot coefficient, and ps is some
measure of solid pressure acting in the system, i.e. the normal force exerted on the
solid surface of the pores by the surrounding fluids.

Taking into account several simplifications (Pesavento et al. 2008; Gray et al.
2009), the relationship describing the effective stress principle can be written in the
following manner:

esss ¼ rtotal þPsI ¼ rtotal þ pg � xwss pc
	 


I ð7:54Þ

where xwss is the fraction of skeleton area in contact with the water and Ps is an
alternative measure of the “solid pressure”. The effective stress principle in the form
of Eq. 7.54 allows to consider not only the capillary effects but also the disjoining
pressure (Gawin et al. 2004; Pesavento et al. 2008; Gray et al. 2009).

7.4.4.3 Strain Decomposition

As already mentioned in Sect. 7.4.1.3, different strain components can be identified
in a maturing element of concrete, both at early ages or at long term. Accordingly,
the overall measured strain tensor e may conventionally be split as following
(Gawin et al 2004):

e ¼ eel þ ef þ eT þ echem þ esh þ ecr þ � � � ð7:55Þ

218 F. Pesavento et al.



where eel is the elastic strain, ef is the cracking induced strain, eT is the thermal
strain, echem is the chemical strain (i.e. due to the hydration), ecr is the creep strain
which can be split into two parts: basic creep and drying creep.

In the following, some of these strain components will be analysed and dis-
cussed in view of a specific formulation of a mechanical constitutive model, also
taking into account what has been presented in Chaps. 3 and 4.

7.4.4.4 An Example of a Mechanical Constitutive Model for Concrete

Concrete is modelled as a visco-elastic damageable material, whose mechanical
properties depend on the hydration degree (De Schutter and Taerwe 1996). The
relationship between apparent stresses rtotal, effective stresses ~r (in the sense of
damage mechanics), damage D, elastic stiffness matrix E, elastic strains eel, creep
strains ecr, shrinkage strains esh (caused by the fluid pressures as shortly described in
Sect. 7.4.4.2), thermal strains- eT and total strains e reads:

rtotal ¼ 1� Dð Þ~r ð7:56Þ
_~r ¼ EðaÞ _eel ¼ EðaÞ _e� _ecr � _eT � _eshð Þ ð7:57Þ

Young’s modulus E, the tensile strength ft and the Poisson’s ratio m vary due to
hydration according to the equations proposed by De Schutter and Taerwe (1996)
and De Schutter (2002).

Creep strain is computed using a rheological model made of a Kelvin-Voigt
chain and two dashpots combined in serial way (see Fig. 7.21). The first two cells
(aging Kelvin-Voigt chain and one single dashpot) are used to compute the basic
creep, and the last cell (single dashpot) is dedicated to the drying creep strain. The
scalar model in Fig. 7.21 is extended in 3D through the definition of a creep
Poisson’s ratio (Sciumè et al. 2013).

The thermal strain eth is related to the temperature variation:

_eT ¼ bs _T1 ð7:58Þ

Fig. 7.21 Creep rheological model
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in which bs is the thermal dilatation coefficient (kept constant) and 1 is the unit
tensor.

To compute shrinkage, the elastic and the viscous parts have to be considered:

esh ¼ einstsh þ eviscsh ð7:59Þ

taking into account the solid pressure (see Eqs. 7.53–7.54), the constitutive model
to compute the elastic shrinkage reads

_einstsh ¼ � 1
3KT

@ bHpsð Þ
@t

ð7:60Þ

where KT is the bulk modulus of the solid skeleton and bH is the Biot modulus. The
viscous part of shrinkage strain, _eviscsh , is computed using the creep rheological model
(represented in Fig. 7.21) in which the stress is now _eviscsh .

Damage D is linked to the elastic equivalent tensile strain, ê. To take into
account the coupling between creep and cracking, the expression of ê proposed by
Mazars (1986) is modified by Mazzotti and Savoia (2003) and reads:

ê ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
eelh iþ : eelh iþ þ b ecrh iþ : ecrh iþ

p
ð7:61Þ

where b is a coefficient calibrated experimentally, which allows for considering that
often cracking may occur even at lower tensile stress than the expected tensile
strength. The damage criterion is given by:

f ¼ ê� j0ðaÞ ð7:62Þ

where j0(a) is the tensile strain threshold, which is computed from the evolution of
tensile strength, and the Young’s modulus (De Schutter and Taerwe 1996).
Considering the equivalent tensile strain, ê, and with respect to criterion Eq. 7.62
D is given by the equations proposed by Benboudjema and Torrenti (2008); the
adopted damage model allows taking into account also evolution of fracture energy
during hydration (De Schutter and Taerwe 1997).

To overcome the mesh dependency related to the local damage formulation, the
model is regularised in tension with the introduction of a characteristic length
related to the size of each finite element (Rots 1988; Cervera and Chiumenti 2006).

7.4.5 Boundary Conditions

With the momentum balance equation, the set of governing equations is complete,
Eqs. 7.30, 7.31, 7.33 and 7.50. For the model closure, we need the initial and
boundary conditions. The initial conditions (ICs) specify the values of primary state
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variables at time instant t = 0 in the whole analysed domain Ω and on its boundary
C, (C = Cp Cp [Cq

p; p = g, c, t, u):

pg ¼ pgo; pc ¼ pco; T ¼ To; u ¼ uo; on X[Cð Þ; ð7:63Þ

The boundary conditions (BCs) describe the values of the primary state variables
at time instants t > 0 (Dirichlet’s BCs) on the boundary Cp:

pgðtÞ ¼ �pgðtÞ onCg;

pcðtÞ ¼ �pcðtÞ onCc;

TðtÞ ¼ �TðtÞ onCt;

uðtÞ ¼ �uðtÞ onCu;

ð7:64Þ

or heat and mass exchange, and mechanical equilibrium condition on the boundary
Cq
p (the BCs of Cauchy’s type or the mixed BCs):

n Sgqav
gs þ Jad

	 
 � n ¼ qa; on Cq
g

n Swqwv
ws þ n Sgqvv

gs þ Jvd
	 
 � n ¼ qv þ qw þ bc qv � qv1

	 

; on Cq

c
n Swqwv

wsDHvap þ ~q
	 
 � n ¼ qT þ ac T � T1ð Þþ ero T4 � T4

1
	 


; on Cq
T

esss � pg � xwss pc
	 


I
� � � n ¼ �r; on Cq

u

ð7:65Þ

where n is the unit normal vector, pointing towards the surrounding gas, qa, qv, qw

and qT are respectively the imposed fluxes of dry air, vapour, liquid water and the
imposed heat flux, and �r is the imposed traction, qv∞ and T1 are the mass con-
centration of water vapour and the temperature in the far field of undisturbed gas
phase, e is emissivity of the interface, and ro the Stefan–Boltzmann constant, while
ac and bc are convective heat and mass exchange coefficients.

The boundary conditions, with only imposed fluxes given, are called Neumann’s
BCs. The purely convective boundary conditions for heat and moisture exchange
are also called Robin’s BCs.

7.4.6 Numerical Formulation

The set of nonlinear partial differential equations that controls the processes of mass
and heat transport (Eqs. 7.30 and 7.31) plus the one Eq. 7.33 is usually discretised
in the space domain by means of Finite Element Method. Also Equation 7.50 is
usually discretised in the space domain by means of Finite Element Method.

According to the FEM procedure, the governing equations are written by using
the weighted residual method, and the standard Galerkin procedure is usually
adopted. Time discretisation is achieved by means of the standard Finite Difference
Method. A non-symmetric, nonlinear system is finally obtained, and linearisation,
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usually by means of the Newton–Raphson method, is required (Zienkiewicz and
Taylor 2000).

The final set of discretised, linearised governing equations is solved as a
monolithic system or, alternatively, by means of a staggered coupled procedure (see
Gawin et al. 2003, 2006a, b, 2008; Sciumè et al. 2013).

Starting from the previous initial-boundary value problem, the variational for-
mulation can be obtained. Then, the standard Galerkin discretisation, replacing the
weighting functions with the shape functions, is adopted. For the state variables, we
can write:

pgðtÞ ffi Np pgðtÞ; pcðtÞ ffi Np pcðtÞ;
TðtÞ ffi Nt TðtÞ; uðtÞ ffi Nu uðtÞ:

ð7:66Þ

The resulting system of equations can be written in the following concise dis-
cretised matrix form:

CijðxjÞ @xj
@t

þKijðxjÞxj ¼ f iðxjÞ; ð7:67Þ

with

Cij ¼

Cgg Cgc Cgt Cgu

0 Ccc Cct Ccu

0 Ctc Ctt Ctu

0 0 0 0

26664
37775; xj ¼

pg

pc

�T

�u

8>>><>>>:
9>>>=>>>;;

Kij ¼

Kgg Kgc Kgt 0

Kcg Kcc Kct 0

Ktg Ktc Ktt 0

Kug Kuc Kut Kuu

26664
37775; f i ¼

fg
fc
f t
fu

8>>><>>>:
9>>>=>>>;;

ð7:68Þ

where the nonlinear matrix coefficients Cij(xj), Kij(xj) and (xj) are defined in detail
in Pesavento (2000), Gawin et al. (2003, 2006a, b).

The time discretisation is accomplished through a fully implicit finite difference
scheme (backward difference):

Wi xnþ 1

	 
 ¼ Cij xnþ 1

	 
 xnþ 1 � xn
Dt

þKij xnþ 1

	 

xnþ 1 � f i xnþ 1

	 
 ¼ 0; ð7:69Þ

where superscript i (i = g, c, t, u) denotes the state variable, n is the time step
number, and Dt is the time step length.

The equation set (7.69) can be linearised according to the following scheme:
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Wi xknþ 1

	 
 ¼ � @Wi

@x

����
xknþ 1

Dxknþ 1; xkþ 1
nþ 1 ¼ xknþ 1 þDxknþ 1; ð7:70Þ

where k is the iteration index and @Wi
@x is Jacobian matrix.

More details concerning numerical techniques used for solution of the model
equations can be found in Pesavento (2000) Gawin et al. (2003, 2006a, b, 2008,
2009).

7.4.6.1 Solution Strategy

A monolithic approach is often adopted for solution of the linearised system. In this
approach, all the equations are solved at the same time and all the state variables are
updated simultaneously during the iterative procedure. This approach guarantees
the optimal convergence of the system especially when dealing with strong non-
linearities (Pesavento 2000; Gawin et al. 2003; Bianco et al. 2003).

Alternatively, the system can be solved using a staggered procedure that permits
to solve the equations sequentially (Sciumè et al. 2013). A specific iterative algo-
rithm to account for the interaction between all the transfer processes to conserve
their full coupling is required. Staggered procedures show a superior flexibility
compared to monolithic ones if successive fields have to be introduced in the
problem. Moreover, an appropriate partitioning reduces the size of the discretised
problem to be solved at each time step. For further details, see Sciumè et al. (2013).

7.4.7 Application of the Proposed Approach

In this section, two application cases are presented. The mechanical constitutive law
used for this purpose is the one described in Sects. 7.4.2 and 7.4.4. For sake of
brevity tables with the assumed parameters that are not reported here, can be found
in the referred papers.

7.4.7.1 Cracking of a Reinforced Concrete Beam Under Variable
Environmental Condition

As typical application of the approach based on TCAT and validation of the
resulting model, the results of the numerical simulation of cracking of a massive
concrete beam are shown. The analysed test is a large beam specimen built for
ConCrack (2011): the international Benchmark for Control of Cracking in
Reinforced Concrete Structures (Fig. 7.22). This benchmark has been organised
within the French national project CEOS (Comportement et Evaluation des
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Ouvrages Speciaux vis-à-vis de la fissuration et du retrait) dedicated to the analysis
of the behaviour of special large specimens concerning cracking and shrinkage.

Here, one of the experiments of the benchmark programme and its numerical
simulation are presented. The test is divided in two phases. During the first 48 h
after casting, the structure is thermally isolated and protected from drying. Then,
after two days the isolation and the formwork are removed and the structure is
conserved during two months in the open environment. During the two phases of
the test, the longitudinal strains of the structure are globally restrained by two
metallic struts. After two months, the structure is loaded by a static bending test. For
more details on the analysed test, see the reference Web page of the benchmark
(https://www.concrack.org). The mesh of concrete is made of 3D elements (Fig. 7.
22, left). Truss elements rigidly linked with the concrete 3D mesh are used to model
the struts. The local damage model of Mazars (1986) has been used. This approach
allows predicting cracking in mode I (De Sa et al. 2008; De Sa and Benboudjema
2012) which is the case here, since cracking is induced by shrinkage restraint. The
model is regularised in tension with the introduction of a characteristic length, lc,
related to the size of each finite element (Rots 1988; Cervera and Chiumenti 2006)
to overcome the possible mesh dependency. The model for concrete at early age is
that of Sciumè et al. (2013).

The boundary conditions are assumed to be of convective type for both heat and
mass exchange, see Simoni and Schrefler (2014) for details. For the material
parameters, see Sciumè et al. (2012).

During the first and second phases, the longitudinal displacements of the spec-
imen have been globally restrained by the two metallic struts. Therefore, during
hydration the thermal extension of the concrete has been restrained and so in this
phase the concrete cross section was compressed. After the hydration, it is the
shrinkage of the beam that has been contrasted. The position of the displacement
measurement points are depicted in Fig. 7.23 and the deformed configuration and
the damage at day 60 in Fig. 7.24. The solution is not symmetric due to the
non-symmetric solar irradiation: this has been experimentally measured by the
benchmark organizers and taken into account in the modelling process.

Fig. 7.22 Experimental specimen (right) and finite elements mesh (left)
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The comparison between the experimentally and numerically obtained relative
displacements and axial force is shown in Fig. 7.25. Note the complex displace-
ment evolution.

Fig. 7.23 Position of the displacement measurement points (and coordinates)

Fig. 7.24 Deformed configuration (� 500) and damage after 60 days. Face exposed to the sun
(left) and face not exposed to the sun (right)

Fig. 7.25 Relative
displacement between the
point C and D (left). Axial
force in the two metallic struts
that restrain shrinkage (right)
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After two months, a static four-point bending test has been carried out until
rupture. Compression has been applied by eight jacks and live controlled by a
pressure sensor with an independent data registration system. The load was applied
with increments of 50 kN, and each loading step is kept during 20 min. The
comparison between the experimental and numerical crack pattern and the force
versus displacement diagram is shown in Fig. 7.26. The comparison in Figs. 7.25
and 7.26 with experimental results shows that the adopted approach is able to
simulate such complicated multifield fracture phenomena in realistic engineering
structures. For more results concerning hydration and thermal field, the reader is
referred to the Website of ConCrack (2011) and the final report.

7.4.7.2 Modelling of Repaired Beam

The numerical simulation of the thermo-hygro-mechanical behaviour of two
repaired beams is presented in this subsection (see Sciumè et al. 2013). Numerical
results are compared with the experimental ones of the reference experiment per-
formed by Bastien Masse (2010).

Fig. 7.26 Comparison between the numerical and experimental crack pattern (left). Force versus
displacements during the bending test (right)
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The geometry of the reinforced beams is represented in Fig. 7.27. Three iden-
tical reinforced beams were cast for the experiment. At thirty days after the casting,
two of these beams, after the hydrodemolition of 30 mm of the upper part, had been
repaired: one using the ordinary concrete (OC) (very similar to that using to cast the
three beams) and the other using the ultra-high-performance fibre-reinforced con-
crete (UHPC). The third beam is the reference specimen. Two fibre-optic sensors
(FO-h and FO-b) were placed inside the beams. More details on the experimental
procedure (laboratory conditions, specimen equipment, etc.) can be found in
Bastien Masse (2010).

The beams have been modelled in 2D plane stress; for more information about
the assumed boundary conditions and the FE discretization, refer to Sciumè et al.
(2013).

Is important to highlight that the THCM history of the two beams before the
repair and the wetting procedure for the preparation of the substrate have been also
taken into account within the modelling process (the numerical simulations start
from the casting of the beams), and this has been critical to succeed in predictive
numerical results.

Before performing the simulation of the beams, the input parameters for the two
considered concretes have been identified. This has been done exploiting experi-
ments performed by Bastien Masse (2010) for the characterisation of the two repair
materials. Comparison between experimental results and numerical ones for adia-
batic calorimetry, creep properties, Young’s modulus and Poisson’s ration evolu-
tion, autogenous and drying shrinkage is shown in Fig. 7.28.

In Fig. 7.29, for the two repair cases, relative humidity at 1 h, 1 week and
1 month after repair is depicted. In the UHPC, self-desiccation has also a relevant
impact on the decrease of relative humidity.

Figure 7.30 shows the numerical and the experimental results for the vertical
displacement of the three beams measured using the linear potentiometer placed in
the lower middle point of the beams. A good agreement between the experimental
results and the numerical ones can be observed. The deflection of the reference
beam is mainly due to its weight and also to the not symmetric position of the steel
reinforcements: in other words the shrinkage of the upper and lower part of the
beam generates an eccentric force which increases the deflection of the beam. In the
repaired beams, the deflections are accentuated by the autogenous and drying
shrinkage of the fresh restoration materials.

Repair Rebars

19.5 cm

3 cm

120 cm

Fig. 7.27 Geometry and FE mesh of the repaired beam
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Fig. 7.28 Experimental tests exploited to identify the model parameters: a adiabatic calorimetry,
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shrinkage for OC, e autogenous and drying shrinkage for UHPC. Symbols are experimental data,
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Fig. 7.29 Relative humidity at 1 h, 1 week and 1 month after repair for the two simulated cases.
(Adapted from Sciumé et al. 2013)
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After 2 months, the two repaired beams have been submitted to a three-point
bending test, and also in this case, the presented model has shown good accuracy in
predicting experimental results (Sciumè et al. 2013).

7.5 Constitutive Laws for Crack Evolution

Damage of concrete is connected with formation of discrete cracks. The study of
damage in which damage is modelled in a discrete manner is the interest of fracture
mechanics. Discrete crack models perform well in representation of structural
behaviour governed by a few dominant cracks with large crack widths and which
location and direction of propagation can be known a priori, and as such are suitable
for modelling of laboratory tests. More often damage of concrete due to crack
formation is represented with smeared models of cracking. Smeared crack models
are good for representation of typical, properly designed reinforced concrete
structures characterised by many cracks of small widths. The cracked material is
treated as continuum, and its cracked parts are assigned with modified properties.
Usually, it is assumed that the cracked element can no longer transfer the load in the
direction perpendicular to the crack plane (tensile stresses) but can still transfer the
parallel (shear) stresses (Hofstetter and Mang 1995).

7.5.1 Damage Models

The failure of concrete is connected with formation of a crack under certain level of
stress. Formation of the crack is a local phenomenon; however, homogenisation
techniques can be used to transform a cracked element into a continuum medium
and apply non-local damage models. Continuous damage models are based on
phenomenological approach to description of an elastic material containing cracks,
in which the effect of microcracking on the elastic stiffness of concrete
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Fig. 7.30 Experimental (open symbols) and numerical results (solid lines) for the vertical
displacement of the middle points of the three beams. The time “zero” corresponds to the
application of the repairs. (Adapted from Sciumé et al. 2013)
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(a quasi-brittle material) is introduced with internal state variables which act on the
elastic stiffness of the material (Pijaudier-Cabot 1995). In the simplest damage
model, the effect of damage is represented as degradation of the modulus of elas-
ticity of concrete:

rij ¼ Edamaged
ijkl ekl ð7:71Þ

where rij is the stress component, ekl is the strain component, and Edamaged
ijkl is the

stiffness coefficient of the damaged material. Ladevèze (1983) has introduced a
model which contains two damage variables d and d, which are equal to 0 in
undamaged material and reach 1 at complete failure. By assuming d = d, Mazars
(1984) has proposed a simplified formulation of this model which reads:

eij ¼ 1þ m0
E0 1� dð Þ rij �

m0
E0 1� dð Þ rkkdij

� � ð7:72Þ

where E0 and m0 are elastic modulus and Poisson’s ratio of undamaged isotropic
material and dij is a Kronecker delta.

Most commonly used non-local damage models are scalar isotropic models,
which introduce a scalar variable to represent damage. Nevertheless, there are
formulations based on plasticity models (see, e.g. Leblond et al. 1992) or aniso-
tropic damage models (see, e.g. Pijaudier-Cabot et al. 1994; Valanis 1991).

Damage can be controlled by either energy release rate or by tensile strain. In the
first approach, there is no distinction between the effect of damage in compression
and tension, while the other model does not have such limitations; thus, it is more
suitable for modelling of concrete. However, since the level of the compressive
stresses induced by the early-age effects is relatively small in the discussed massive
concrete structures, many authors apply damage criteria which account for material
degradation only in tension. For that purpose, stress–strain relationship with strain
softening in tension is used (such relationships were proposed, e.g., by Bažant and
Oh (1983) or Gutsch and Rostásy (1994)). These models involve tensile strength of
concrete, ft, and fracture energy, Gf.

The most popular strain-based damage model was introduced by Mazars (1984)
and developed by Mazars and Bournazel (1996) for the purpose of modelling
early-age concrete, modified and presented in its latest form by Benboudjema and
Torrenti (2008). The damage criterion which determines the formation of cracking
is defined as:

f ¼ e� ectuðaÞ ð7:73Þ

where e is the equivalent tensile strain and ectuðaÞ is the tensile strain capacity
defined as a ratio between the tensile strength, ft(a), and the modulus of elasticity,
E(a), at the time of analysis, t, expressed as a function of degree of hydration, a(t):
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ectuðaÞ ¼ ftðaÞ
EðaÞ ð7:74Þ

After the threshold strain is exceeded e[ ectuðaÞ, cracking appears. It is assumed
that part of the element is sound and part of the element is cracked; only the sound
part of the element can transfer the stress, which is the effective stress, r:

r ¼ Ee ð7:75Þ

The influence of progressing cracking on stress, r, is expressed with the dam-
age, D, and effective stress r:

r ¼ 1� Dð Þr ð7:76Þ

The damage, D, describing the softening behaviour of concrete in tension is
given by the formula:

D ¼ 1� ectu
e

1þAtð Þexp �Bttð Þ � Atexp �2Bttð Þ½ � ð7:77Þ

where At and Bt are material parameters defining softening branch of r − e diagram.
When modelling softening of concrete as damage progresses, it must be

remembered that the results of numerical analysis are strongly mesh-dependent
(Azenha et al. 2009, 2011; Benboudjema and Torrenti 2008; Jendele et al. 2014). It
is advised to discretise the analysed structure based on the density of the fracture
energy, Gf, and internal length, lc (Hillerborg et al. 1976). The internal length
bridges the gap between damage and fracture mechanics as the fracture energy is a
function of this length (Pijaudier-Cabot 1995).

In order to apply damage models, two characteristics of the material need to be
defined (Pijaudier-Cabot 1995): softening stress–strain curve and internal length of
the non-local continuum. These characteristics can be obtained either experimen-
tally or with the inverse analysis (FEM calculations on simple structural elements).

7.5.2 Plasticity Models

Other approach to modelling early-age concrete is based on plasticity models,
defined for three-dimensional complex stress states in which damage of the element
—its occurrence and character—is defined by a failure criterion. Failure criterion
can be graphically represented by a spatial surface, called failure surface. Behaviour
of concrete element after reaching failure surface is defined by the appropriate
material model, as is its behaviour before damage.

In modelling early-age concrete, the simplest material model is viscoelastic
model, which extensions led to definition of other models based on plasticity,
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i.e. viscoelastic–plastic, elasto-viscoplastic and viscoelasto-viscoplastic models.
A concise presentation and comparison of these models were presented by
Klemczak (2007). In the viscoelastic model, the stress–strain relationship has a
form:

Dr tiþ 1ð Þ ¼ Dve tiþ 1ð Þ De tiþ 1ð Þ � Den tiþ 1ð Þ � Decr tiþ 1ð Þ½ � ð7:78Þ

where notation Decr (ti+1) is given by the formula:

Decr tiþ 1ð Þ ¼ D�1
Zti

0

�@C tiþ 1; sð Þ
@s

rðsÞdsþ r tið Þ
Ztiþ 1

0

�@C tiþ 1; sð Þ
@s

ds

24
�
Zti

0

�@C ti; sð Þ
@s

rðsÞds
35 ð7:79Þ

Dve is a viscoelasticity matrix:

Dve tiþ 1ð Þ ¼ De tiþ 1ð Þ
1þ 0:5E tiþ 1ð Þ 1=E tið Þð Þ � 1=E tiþ 1ð Þð ÞþH tiþ 1; tið Þ½ � ð7:80Þ

where

H tiþ 1; tið Þ ¼
Ztiþ 1

ti

�@C tiþ 1; sð Þ
@s

ds ð7:81Þ

in which C(t, s) is a creep function.
In viscoelastic–plastic model, the strain tensor consists additionally of a plastic

strain component:

de ¼ dee þ deve þ dep þ den ð7:82Þ

The magnitude of plastic strain is determined by the law of plastic flow:

dep ¼ dk
@g
@r

ð7:83Þ

where dk is a scalar proportionality coefficient and g is the surface of plastic
potential, defined in the stress space as:

g ¼ g r; j; tð Þ ð7:84Þ
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The yield surface evolution, which characterises plastic behaviour of concrete,
for maturing concrete depends on the plastic parameter j = j(ep) and the age of
concrete t:

f r; j; tð Þ ¼ 0 ð7:85Þ

The yield surface f represents real physical states; thus, the point representing the
current state of stress in the stress space must always remain on the yield surface.
This means that each load must correspond to such a change of hardening parameter
that the point representing the state of stress is located on the yield surface. This
consistency condition may be written as:

df r; j; tð Þ ¼ 0 ð7:86Þ

The stress–strain relationship for the viscoelasto-plastic model can be defined as:

dr ¼ Dve de� den � decr � dep
� � ð7:87Þ

or in the following form:

dr ¼ Dvep de� denð Þ � A1 � A2 ð7:88Þ

with:

Dvep ¼ Dve � DvemnTDve

hþ nTDvem

� �
ð7:89Þ

A1 ¼ Dve � DvemnTDve

hþ nTDvem

� �
decr ð7:90Þ

A2 ¼ Dvem @f =@tð Þdt
hþ nTDvem

ð7:91Þ

where n is a vector normal to the yield surface, m is a vector normal to the plastic
potential surface, and h is the hardening modulus given as:

h ¼ � @f
@j

dj
dk

ð7:92Þ

The failure criterion for a viscoelasto-plastic model is defined as follows:

F r; tð Þ ¼ 0 ð7:93Þ

dF r; tð Þ ¼ 0 ð7:94Þ
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Finally, viscous behaviour of concrete can be considered in the plastic phase,
which led to formulation of viscoplastic models. One approach to determination of
viscoplastic strains is based on the overstress concept, which states that viscoelastic
strain develops only when a stress path goes outside the yield surface. The vis-
coelastic strain rate is proportional to the excess stress. There are two main proposal
of models based on this concept: Perzyna model (Perzyna 1966) and Duvant-Lions
model (De Borst et al. 2001). The first model is more general by assuming a
function of the excess stress, while in the other one the viscoelastic strain rate is
directly proportional to the vector of stress increase above plastic state. It must be,
however, emphasised that in both proposals it is possible that stress path goes
outside the yield surface; thus, the consistency condition df = 0 is not satisfied.

The consistency condition is satisfied in a consistency concept of the viscoplastic
model in which the viscoplastic strain is defined as:

_evp ¼ _k
@f
@r

ð7:95Þ

where _k is a positive scalar called a consistent parameter (De Borst et al. 2001;
Winnicki 2001).

Stress–strain relationship can be expressed in the following rate form:

_r ¼ Dve _e� _en � _ecr � _kn
� �

The yield surface and failure surface are expressed as functions of hardening
parameter and its rate:

f r; j; _jð Þ ¼ 0

F r; j; _jð Þ ¼ 0

Such formulation satisfies the consistency condition. The age of concrete is
implicitly considered in the adopted hardening law j = j(evp, t).

Damage of the element is defined by failure criterion. When defining the failure
surface for concrete, it was observed in the experimental tests (Chen 1982; Majewski
2003) that the shape of deviatoric section is close to triangular in the zone of tensile
and low-compressive stresses and similar to circular in the zone of high-compressive
stresses. The deviatoric section is smooth and convex, but it is not a circle and the
surface is not a solid of revolution. The meridians are smooth, convex and curvi-
linear but for practical ranges can be approximated with straight lines.

There have been multiple proposals for the failure surface to represent the
behaviour of concrete under the complex stress state. The single- and
double-parameter failure criteria used for description of the failure surface for
concrete, such as the Rankine, Mohr–Coulomb and Drucker–Prager failure criteria,
are commonly applied for description of the failure surface of concrete (Jendele et al.
2014; Lackner andMang 2004); however, each of them fails to represent some major
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characteristic of the concrete behaviour. Thus, more advanced approaches are used,
e.g. three- or five-parameter Willam–Warnke criterion or four-parameter Ottosen
criterion. The criteria are expressed either with stress invariants (I1, J2 and h) or by
means of the mean and octahedral stress (rm, soct and h).

The three-parameter Willam–Warnke criterion provides good representation of
concrete behaviour within the range of mean stresses from 4/3fc to 1/3ft. However,
because of the assumption of linearity of meridians, the strength within bi- and
three-axial tensile stresses and three-axial compression is overestimated (Majewski
2003). This shortcoming is removed in Ottosen failure criterion and five-parameter
Willam–Warnke criterion where curvilinear meridians are defined. According to the
five-parameter Willam–Warnke criterion, deviatoric section is still defined with a
triple elliptical shape, but the ratio of themeridians radii is not constant but depends on
the level of mean stresses. Meridians are defined with curved lines (second-order

Fig. 7.31 Deviatoric and axiatoric sections of failure surface with the modified three-parameter
Willam–Warnke criterion (MWW3, adopted after Majewski 2003)
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parabolas) which requires introduction of two additional parameters. Both failure
surfaces are “open” in the direction of compressive stresses on the mean stresses axis.

To remove the shortcomings of these criteria and limit the complexity of the
model, Majewski proposed a modified three-parameter Willam–Warnke failure
criterion (Majewski 2003, 2004). In his approach, meridians are straight lines, but
instead of defining meridians in such a way that meridian crosses the points rep-
resenting the values of appropriate strengths of concrete, the best straight-line
approximation was derived. Moreover, to limit the stresses in high-compressive
stresses range, a closing cap was defined (tension cutoff) (see Fig. 7.31).

Fig. 7.32 MWW3 failure surface for hardening concrete: a. calibration based on experimental
results, b. development during hardening process. (Adopted after Klemczak 2007)
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Under the same assumptions, the modified Willam–Warnke criterion was
adopted by Klemczak (2007) for early-age concrete. MWW3 was calibrated based
on the laboratory tests (see Fig. 7.32a). Development of the failure surface was
considered as mechanical properties defining the shape of the surface (compressive
and tensile strengths) change in time (see Fig. 7.32b).

Damage intensity factor was proposed by Majewski (2003) to determine the
level of damage of the element. DIF relates the actual stress level soct with respect to

the stress at failure surface s fokt (Fig. 7.33):

DIF ¼ sokt
s fokt

ð7:96Þ

The value of the damage intensity factor equal to unity signifies reaching of
failure surface and damage, which character depends on the location where the
failure surface was reached. In case of massive concrete structures under early-age
effects, failure surface is predominantly reached within hydrostatic tensile stresses,
which is equivalent with formation of a splitting crack in the direction perpendicular
to the principal tensile stress.

Behaviour of concrete after damage (i.e. reaching failure surface) is governed by
the applied softening law. If the stress path reaches the failure surface in the area of
mean tensile stress, where failure manifests as a splitting crack, a substantial ani-
sotropy of the concrete appears. Then, when describing material after failure the law
of softening and material anisotropy is considered.

7.6 Probabilistic Modelling of Mechanical Behaviour

This section presents some alternative methods to modelling the mechanical
behaviour of concrete structures in service life conditions. On the contrary of what
was described in Sect. 7.5, in which all the models and constitutive laws have a

Fig. 7.33 Graphical
interpretation of damage
intensity factor. (Adopted
after Majewski 2003)
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deterministic nature, this new class of models is based on a probabilistic approach.
They are capable to give a detailed information about cracks spacing and opening.

7.6.1 Probabilistic Explicit and Semi-Explicit Cracking
Model for Concrete

7.6.1.1 Probabilistic Explicit Cracking Model

The presented model was first developed at IFSTTAR by Rossi and Richer (1987)
and Rossi and Wu (1992) and recently improved by Tailhan et al. (2010). It
describes the behaviour of concrete via its two major characteristics: heterogeneity
and sensitivity to scale effects (see Rossi et al. 1994). The physical basis of the
model (presented in detail in Rossi and Richer 1987; Rossi and Wu 1992) can be
summarised as follows:

• The heterogeneity of concrete is due to its composition. The local mechanical
characteristics (Young’s modulus Eb, tensile strength ft, shear strength sc) are
randomly distributed.

• The scale effects are a consequence of the heterogeneity of the material. The
mechanical response directly depends on the volume of material that is stressed.

• The cracking process is controlled by defects in the cement paste, by the
heterogeneity of the material, and by the development of tensile stress gradients.

The following points specify how the numerical model accounts for these
physical evidences:

• The model is developed in the framework of the finite element method, each
element representing a given volume of (heterogeneous) material.

• The tensile strength is distributed randomly on all elements of the mesh using a
probability distribution function whose characteristics depend on the ratio:
volume of the finite element/volume of the largest aggregate and the com-
pressive strength (as a depends on the mesh, while the volume of the largest
aggregate is a property of the concrete, see Rossi and Richer 1987; Rossi and
Wu 1992; Tailhan et al. 2010).

• The shear strength is also distributed randomly on all elements using a distri-
bution function: (1) its mean value is independent of the mesh size and is
assumed equal to the half of the average compressive strength of the concrete,
and (2) its deviation depends on the element’s size and is the same (for elements
of same size) as that of the tensile strength.

• In the explicit cracking model, developed, in priority, to perform 2D simula-
tions, the cracks are explicitly represented by interface elements of zero thick-
ness. These elements connect volume elements representing uncracked plain
concrete. Failure criteria of Rankine in tension and Tresca in shear are used. As
far as tensile or shear stresses remain lower than their critical values, the
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interface element ensures the continuity of displacements between the nodes of
the two neighbouring volume elements. The material cell gathering these two
volume elements and the interface element remains therefore elastic. Once one
of the preceding failure criteria is reached, the interface element opens and an
elementary crack is created. Its tensile and shear strengths as well as its normal
and tangential stiffness values become equal to zero (Rossi and Richer 1987;
Rossi and Wu 1992; Tailhan et al. 2010). In case of crack reclosure, the interface
element recovers its normal stiffness and follows a classical Coulomb’s law
(Rossi et al 1996).

Note that in this model, the creation and the propagation of a crack is the result
of the creation of elementary failure planes that randomly appear and can coalesce
to form the macroscopic cracks (see Fig. 7.34). Note also that, in fact, the finite
element volume considered to determinate the tensile strength distribution function
is, in the explicit cracking model, the total volume of two volume elements inter-
faced by one interface element (see Fig. 7.34).

To conclude, it can be said that this probabilistic model is in fact a deterministic
one with probabilised parameters. Hence, it is necessary to perform a large number
of computations to statistically validate the results following a Monte Carlo method,
because only one simulation is not relevant when a probabilistic model is used. The
number of numerical simulations needed is related to the structural problem con-
cerned and the scattering of the structural response. In this way, it is easy to perform
a safety analysis of the loaded structure.

7.6.1.2 Probabilistic Semi-Explicit Cracking Model

The semi-explicit cracking model is based on the same physical assumptions than
the explicit one. The main difference between the two approaches is related to the
way of modelling the cracks. As a matter of fact, in the semi-explicit cracking

Fig. 7.34 Probabilistic concrete cracking model
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model, cracks are not modelled by using interface elements but by using volume
elements (linear triangles in 2D or linear tetrahedron in 3D).

The failure criteria of Rankine in tension and Tresca in shear are thus applied at
the gravity centre of the elements. When one of these criteria is reached in one
element, all the components of the matrix of rigidity of the volume element become
equal to zero. It is a “kill element” approach. By this way, a crack is modelled by a
hole.

Note that, in the frame of this semi-explicit cracking model, the finite element
volume considered to determinate the tensile strength distribution function is the
volume of the volume element itself.

7.6.2 Concrete-Rebar Bond Model

A simple and robust model has been developed and validated at IFSTTAR (see
Phan et al. 2013a, b, 2015). It takes into account the nonlinear behaviour of the
concrete-rebar bond in the frame of damage mechanics. It can represent physical
phenomena such as interface sliding, cracks appearance and degradation process.
The concrete-rebar bond is modelled as interface elements. Their role is to:

• Ensure the displacement continuity between the concrete and the steel before the
slip of the interface and before the cracking of the concrete, thus ensuring the
transfer of stresses between steel and concrete.

• Represent the macroscopic mechanical effect of the rebar at the ribs—which is
not explicitly represented in the mesh.

• Simulate a local failure between steel and concrete along the rebar resulting
from a loss of the local adhesion due to shear cracking.

• Simulate the local friction between the concrete and the steel after the interface
failure.

The model is implemented in 2D and 3D. It models the concrete-rebar bond as a
material zone that progressively degrades in shear (the tensile failure is neglected).
Prior to total failure, stresses are continuously transmitted through the interface.

The interface model is based on a damage model that maintains a constant level
of stress when the critical shear has been reached (see Fig. 7.35). When the relative
tangential displacement between the concrete and the rebar exceeds a critical value,
the interface element is declared broken (Rossi 1993). After failure, a Mohr–
Coulomb type of friction behaviour is maintained (see Fig. 7.36).

The interface model is deterministic. This is a valid approximation because the
cracking process around the rebar is governed by the presence of the ribs (rather
than the heterogeneity of concrete) (Rossi 1993).

Only the values of the maximum shear stress, C, and of the tangential critical
relative displacement, dcrit , have to be determined. This is done by numerical inverse
analysis of tie-beam tests.
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7.6.3 Probabilistic Explicit Cracking Model for FRC

The extension of the probabilistic explicit model to analyse the cracking process of
FRC structures is very simple.

The first step is to create cracks in the matrix, that means, in the concrete. It is
realised by opening the interface elements as described in Sect. 7.6.1.

Thus, after cracking, the interface element rigidity is considered different for
normal and tangential displacements. In 2D, normal and tangential rigidities of the
interface element are K

0
n and K

0
t , respectively. This post-cracking elastic behaviour

exists until it reaches a limit, d0, related to the normal displacement. Once this limit
value is reached, the mechanical behaviour of the interface element changes. As a
matter of fact, the normal stress is considered as linearly decreasing with the normal
displacement in order to take into account the damage of the bond between the
concrete and the fibre and the pull-out of the fibre. The decreasing evolution is
obtained with a damage model.

Fig. 7.35 a Steel–concrete interface behaviour law and b damage evolution

Fig. 7.36 Mohr–Coulomb friction after failure of the steel–concrete interface
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Finally, the interface element is considered definitely broken, and its normal and
tangential rigidities are equal to zero, when the normal displacement occurring
during the damage step reaches a critical value dc. This value corresponds to the
state where the effect of fibres is considered negligible.

The post-cracking total energy dissipated during the linear increase and followed
by the linear decrease of the normal stress is considered randomly distributed on the
mesh elements as for the material tensile strength. However, the random distribu-
tion results from a log-normal distribution function with a mean value independent
of the mesh elements size and a standard deviation increasing with the decrease in
the mesh elements size, which is physically logical (see Rossi 2012). In practice, to
model a given structure, the distribution function is determined in the following
manner:

• The mean value is directly obtained by performing a certain number of uniaxial
tensile tests on notched specimens (the post-cracking energy is classically
determined from the load-crack opening curve) or indirectly by performing an
inverse approach based on numerical simulations of bending test.

• The standard deviation, which depends on the mesh elements size, is determined
by an inverse analysis approach that consists of simulating uniaxial tests (on
notched specimens) or bending tests with different element mesh sizes. As a
matter of fact, knowing from the mean value of the post-cracking energy, several
numerical simulations are realised for each mesh size and the standard deviation
related to each mesh size is obtained by fitting the experimental results (in terms
of mean and standard deviation of the numerical responses compared to their
corresponding experimental values). By this way, it is possible to find a relation
between the standard deviation and the finite element mesh size.

The numerical mechanical behaviour adopted for the post-cracking step is
illustrated in Fig. 7.37. Only the normal stress–normal displacement curve is
considered in this figure.

Fig. 7.37 Modelling of the
post-cracking behaviour of
FRC
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7.6.4 Example of Application of the Numerical Model
Related to RC Structures

This example of validation of the numerical model was published in Phan et al.
(2013b).

The structure concerned is a reinforced slab–beam submitted to three-point
bending, 3.30 m long (3.00 m between supports), 0.80 m wide, and 0.15 m thick
(an element must have a thickness � 1/5 of its width to be considered a slab). All
details (geometry, reinforcement, loading conditions, etc.) concerning this RC
structure are given in Fig. 7.38.

The mean compressive strength of the concrete studied was 55 MPa.
The mechanical properties of the steel rebars were:

• Young’s modulus: 200000 MPa,
• Linear hardening modulus 1120 MPa,
• Elastic limit strength: 640 MPa,
• Ultimate limit strength: 720 MPa,
• Ultimate strain: 12%.

Tie-beam tests were performed in parallel of this structural test to get (by inverse
approach, see Sect. 7.6.3) the values of the parameters of the concrete-rebars bond
model.

These values were the following: C = 16 MPa and dcrit = 23 lm.
3D simulation of the beam–slab was performed. The finite element mesh used is

shown in Fig. 7.39.

Fig. 7.38 Slab–beam dimensions, type of reinforcement and loading conditions
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The finite elements used were:

• hexahedral linear elements for the steel bar,
• 3D linear interface elements for the concrete/steel bond,
• tetrahedral linear elements for the concrete.

Figure 7.40 shows a comparison between experience and numerical simulation
concerning the global behaviour of the structure represented by the load–deflection
curve.

Figure 7.41 shows an example of cracking profile obtained with the numerical
simulations.

Figures 7.42 and 7.43 summarise comparison between numerical simulations
and experimental tests in terms of mean, min and max curves related, respectively,
to the number of cracks versus load and to the cracks opening versus load.

Fig. 7.39 3D finite elements mesh of the beam–slab

Fig. 7.40 Load–deflection
curves—comparison between
experience and numerical
simulation
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(a) Side view

(b) Underside view

Fig. 7.41 Slab–beam test—example of cracking profile obtained with the 3D simulations

Fig. 7.42 Slab–beam test—number of cracks versus load—mean, min, max curves—comparison
between experience and numerical simulations
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7.6.5 Example of Application of the Numerical Model
Related to FRC Structures

This example of validation of the numerical model has been published in (Rossi
et al. 2015). The FRC structure concerned was a steel fibre-reinforced concrete
(SFRC) beam submitted to four-point bending. The experimental campaign that
allows the comparison of experimental and numerical results was conducted at
Ecole Polytechnique de Montréal, Canada (de Montaignac de Chauvance 2011).
The dimensions (length, width, height) of the beam were the following:
2600 � 400 � 300 mm. The testing apparatus used for this experimental cam-
paign is shown in Fig. 7.44.

Fig. 7.43 Slab–beam test—cracks opening versus load—mean, min, max curves—Comparison
between experience and numerical simulations

Fig. 7.44 Beams’ dimensions, testing apparatus and instrumentation related to the experimental
tests
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The SFRC used was a self-compacting one containing 78 kg/m3 of hooked-end
steel fibres. These fibres were 35 mm long and had a diameter of 0.55 mm.
This SFRC achieved an average compressive strength of approximately 60 MPa at
28 days.

In order to characterise the tensile behaviour, uniaxial tension tests were per-
formed on this SFRC. The RILEM uniaxial tension test was conducted on notched
core cylinders (h = 100 mm and Ø = 85 mm). Six specimens for each mix were
cored horizontally from a 500 � 600 � 400 mm block casted in addition to the
beams.

These tensile tests were performed to determinate, by inverse approach, the
parameters of tensile behaviour model of the SFRC (Sect. 7.6.4).

The parameters of the tensile behaviour model related to the studied SFRC were
the following:

• Average tensile strength: 2.46 MPa,
• Tensile strength standard deviation: 0.34 MPa,
• Average post-cracking energy: 4.26 MPa.mm,
• Post-cracking energy standard deviation: 0.88 MPa.mm,

Fig. 7.45 Finite elements mesh of the SFRC beam

Fig. 7.46 Load–deflection
curve—comparison between
experience and numerical
simulation
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• d0: 0.05 mm,
• dC: 4 mm.

The finite element mesh used to simulate the beam behaviour is shown in
Fig. 7.45.

Figure 7.46 shows a comparison between the global behaviour of the SFRC
beam obtained with the experience and with the numerical simulation. This global
behaviour is considered in the frame of the load–deflection curve of the beam.

Figure 7.47 shows an example of cracking pattern obtained with the numerical
simulation.

Figure 7.48 proposes a comparison between the evolution (with the loading
moment) of the maximum crack opening displacement obtained experimentally
with the one obtained numerically.

Peak load: 78 kN

Post-peak load: 76 kN

Fig. 7.47 Example of cracking pattern obtained with the numerical simulation

Fig. 7.48 Maximum crack
opening displacement versus
loading moment—
comparison between
experience and numerical
simulation
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