
Chapter 3
Topology-Induced Geometry
and Properties of Carbon Nanomaterials

Hiroyuki Shima and Jun Onoe

Abstract Nanoscale graphene sheets (i.e., sp2-bonded monoatomic carbon layers)
often exhibit drastic changes in their geometry and properties when non-hexagonal
carbon rings are embedded into the original hexagonal lattice. This chapter gives
a short review on the physics of sp2 nanocarbon materials with curved geometry,
together with a concise explanation of the mechanism as to how the presence of
topological defects causes the anomalously curved geometry.A special emphasiswill
be placed on the geometry-property correlation inherent in quasi-one-dimensional
fullerene polymers and single-walled carbon nanocoils, each of which shows geo-
metric curvature or torsion induced by local change in the carbon network topology.

3.1 Introduction

3.1.1 Carbon as a Building Block

Carbon is one of the most wealth-generating elements on the Earth. In view of biol-
ogy, carbon is the root of all living matters, allowing many other chemical elements
(hydrogen, oxygen, nitrogen, etc.) to react with it to produce substantial organic
compounds. From the physico-chemical perspective, carbon is highly versatile in the
sense that it accepts different atomic orbital hybridizations. For instance, hybridiza-
tion of the 2s orbital with all three 2p orbitals (px, py, and pz) in a carbon atom results
in four sp3 hybrid orbitals with tetrahedral geometry. The sp3 orbitals spanning the
three-dimensional (3D) space allow the realization of diamond, one of the most
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attractive materials in the world. Similarly, the s orbital and two p orbitals hybridize
to form three sp2 orbitals with the trigonal planar structure, allowing the formation
of graphene, a two-dimensional (2D) mono-atomic sheet made purely from carbon.
Finally, the s orbital hybridizes with one of the p orbitals to form two sp hybridized
orbitals, whose frontal lobes face away from each other forming a one-dimensional
(1D) straight line.

A direct consequence of the versatility in the hybridized orbitals, each of which
spans a different class of spatial dimension (3D, 2D, and 1D), is the diversity of
carbon-based nanomaterials with various morphologies [1, 2]. Of the intriguing
nanocarbon family, those made by monoatomic carbon layers (i.e., sp2 graphene
sheet) have long been the hot topic in the community of materials science [3]. It is
definitely sure that carbon nanotube is the greatest example among the epoch-making
nanocarbons made by wrapping a graphene sheet [4, 5]. As well, graphene nanorib-
bon, which is a stripe of graphene sheet with a few tens Å in width, is also the one
spotlighted from the discovery in the last decade [6].

Basically, the profoundnature of those sp2 nanocarbons originates from the perfect
hexagonal structure of the monoatomic sheet. And further interesting aspect is that,
it may be richer and variegated if the hexagonal symmetry of the crystalline lattice
is broken locally by introduction of structural defects [7]. So what kind of symmetry
breaking is relevant to the physics of sp2 carbon? See below an overview of the
subject.

3.1.2 Defect in sp2 Nanocarbon

Ideally, an sp2 graphene sheet is a perfect 2D crystal in which the carbon atoms
perfectly align into hexagons. But in reality, a graphene sheet does not show either
perfect horizontality nor perfect hexagonal symmetry. In fact, it inevitably contains
a considerable number of defects.

From structural viewpoints, defects in a graphene sheet (or more generally, in a
monoatomic layer of sp2 carbon) are classified into four groups:

(1) Topological defect;
(2) Presence of sp3 chemical bonds due to hybridization;
(3) Vacancy and/or dislocation;
(4) Non-carbon impurity.

The class of topological defects, written at the top of the list above, is the main topic
of this chapter. A topological defect is produced by introducing non-hexagonal rings
(e.g., pentagons or heptagons) into the perfect graphene sheet with hexagonal sym-
metry. We will see later the presence of topological defects may provide a significant
alteration in the geometry and properties of sp2 nanocarbons. Here, the term “topol-
ogy” means the local connectivity of carbon atoms via covalent bonding, though it
has a more abstract meaning as a mathematical jargon [8]. When being inserted in a
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graphene sheet, a topological defect breaks locally the structural order of the hexag-
onal lattice, altering the connectivity of carbon atoms in a limited region. We will
see in this chapter that the presence of topological defects can cause a significant
alteration in the geometry and properties of the originally planar sp2 nanocarbon
sheets.

Emphasis should be placed on the fact that the defect-induced alteration in geome-
try can allow a new class of anomalously-shaped nanocarbonmaterials endowedwith
surface curvature and/or torsion. Examples include, but are not restricted to, peanut-
shaped fullerene polymers [9], helix-shaped carbon nanocoils [10], and gyroid-
shaped carbon Schwarzite [11].Many intriguing properties of the three anomalously-
shaped nanocarbons have been unveiled in the last decade. Against the backdrop,
the present chapter aims at a bird’s eye view of the latest achievements on the new
family of sp2 nanocarbon materials, together with a concise explanation as to how
the topology of local atomic structure correlates with global geometry of the sp2

nanocarbon materials.

3.2 Topology-Induced Geometry in sp2 Nanocarbon

3.2.1 Surface Curvature Generation in Graphene Sheets

Topological defects play a crucial role in tailoring equilibrium structures of graphene
sheets [12, 13]. This is because insertion of topological defects into a graphene sheet
causes a change in local connectivity of carbon atoms, resulting in a global change
in the geometry of the sheet from the planar to curved structure as explained below.

Figure 3.1 provides a schematic diagram of surface curvature generation by topo-
logical defect insertion [14, 15]. Suppose that we are given a monoatomic graphene
sheet with perfect hexagonal symmetry, as displayed in the middle panel of Fig. 3.1.
Next, we remove a π/3 wedge from the original sheet and pull the two new edges to
connect them with each other. The resulting structure is displayed in the left panel of
Fig. 3.1. A particular attention should be paid to that the local atomic connectivity
is altered only at the central carbon rings, from hexagon to pentagon, while other
hexagon rings surrounding the central non-hexagon ring remain unchanged. This dia-
gram thus shows that artificial insertion of a pentagon ring into the perfect hexagonal
sheet yields a transformation from the flat to a positively curved graphitic layer.

A contrasting situation is illustrated in the right panel of Fig. 3.1. In that situation,
one π/3 wedge hatched in the middle panel is replaced forcibly by an already-
joined two π/3 wedges. As a consequence, the originally flat sheet (middle panel)
is transformed to a saddle-shaped graphitic sheet that has a heptagonal ring at the
center (right panel). Similarly to the previous case, local atomic configuration remains
unchanged except for the central non-hexagonal ring.

We have known that artificial change in the local atomic connectivity at the cen-
ter of a planar graphitic sheet results in a positively or negatively curved graphitic
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Fig. 3.1 Diagram of surface curvature generation by topological defect insertion. A portion of an
initially flat graphene sheet (middle) becomes endowedwith positive (left) or negative (right) surface
curvature when a π/3 wedge (shaded area) of the original sheet is removed or added, respectively.
Reprinted with permission from [15]

Fig. 3.2 A wrinkled
graphene structure. It was
theoretically designed
through a controlled
distribution of topological
defects. Reprinted with
permission from [17]

sheet. So what happens if the central hexagon is replaced by larger rings (e.g.,
octagon, nonagon, or more) or smaller rings (square and triangle)? In principle, a
severely curved sheet with positive or negative surface curvature can be built through
such local connectivity alteration; however, most of them turned out to be unstable
mechanically and thus it will be difficult to synthesize them in reality [16].

The topology-induced change in the surface geometry implies the ability of mor-
phological control of sp2 nanocarbons by artificial insertion of topological defects. In
fact, numerical simulations have suggested that collective behaviors of topological
defects can be utilized to design wrinkled graphene structures in controllable man-
ner. Figure 3.2 shows a thermodynamically stable structure of a defective graphene
sheet obtained by molecular dynamics simulations [17]. The numerically obtained
structure shows concavo-convex shape, involving pentagons at crests and valleys and
heptagons at saddle points. The simulation revealed the mechanical stability of the
periodically curved structure with 4 nm in wavelength and 0.75 nm in amplitude.

It was theoretically predicted that the topology-induced curvature in a graphene
sheet leads to a significant modification of the physical properties [18] such as elec-
tronic band structure [19–21], the charge carrier transport [22, 23], and spin-orbit
couplings [24]. In particular, negatively curved graphene sheets embedding heptag-
onal and octagonal defects have been shown to significantly enhance the capacity
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Fig. 3.3 a Three-dimensional crystal structure of T12-carbon, from which the two-dimensional
pentagon-based sheet (highlighted in yellow) will be exfoliated. Views from the [100] and [001]
directions are displayed. b Two-dimensional all-pentagon-made monoatomic carbon sheet, called
“penta-graphene”. Top and side views are shown. Reprinted with permission from [27]

of graphene based electrodes [25, 26], because of the high surface area compared
with the planar counterpart. More recently, another graphene sheet consisting of only
pentagons (so called “penta-graphene”) has been proposed theoretically as shown in
Fig. 3.3 [27]. It is interesting to note that penta-graphene exhibits a negative Poisson
ratio.

3.2.2 Plastic Deformation of Carbon Nanotubes

Aside from the “planar” graphitic materials, artificial introduction of topological
defects into “tubular” sp2 nanocarbons is also an interesting subject; defect inser-
tion can cause drastic changes in the structure and property of the tubular systems.
For instance, X-branched and T-branched junctions made of carbon nanotubes were
synthesized by inserting topological defects into the joint area of two or more dif-
ferent nanotubes, as demonstrated in Fig. 3.4 [28–30]. These branched nanocarbons
will find useful applications in nanoelectronics [31] and fiber-reinforced composites
[32, 33]. Other interesting examples of anomalously shaped nanotubes include car-
bon nanocoils [34] and bamboo-shaped carbon nanotubes [35–37]. The structural
anomaly observed in these systems relies on the periodic insertion of defects into
the originally straight nanotubes, which causes periodic variation in torsion and/or
curvature that allow coiled and/or twisted structures as metastable states.

Figure 3.5 demonstrates spatial variation in the tube radius caused by topological
defect insertion into a carbon nanotube [38, 39]. The symbol “P” depicted in the
electron microscope image indicates an apex at which one pentagon is embedded
into a graphitic cylinder. The presence of the pentagon causes mechanical strain in
the hexagonal carbon network around the pentagon. To relieve the strain, the cross-
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Fig. 3.4 Left: Molecular models of the X-junction between a thin and wide nanotube. Heptagonal
rings are indicated in red. Right: Atomic models of the T-junction. Reprinted with permission from
[28]

section of the tube slightly deviates from the initial circular shape at the position
indicated by “P”, resulting in an oval shape. Another strain-induced deformation
occurs at a local dent, indicated by “H” in the microscope image of Fig. 3.5. At the
dent, one heptagon is embedded into the graphitic sheet, generating negative surface
curvature near the point. As a result of the paired defects, a pentagon and a heptagon,
the tubular diameter of the carbon nanotube decreases gradually from the trunk to
the tip of the nanotube.

Interestingly, topological defects in carbon nanotubes (and other nanocarbons
having a closed shape) shed light on a beautiful interplay between mathematics and
atomic structures. A typical example is a capped structure of a nanotube obtained
by defect insertion [40]. Figure 3.6 shows an enlarged view of the tip of a capped
carbon nanotube with chirality of (30,0). Two different capped structures, shown
in the panels (a) and (b), are obtained by inserting six pentagon defects at the tip.
An intriguing fact is that the axial symmetry of the resulting capped structure is
dependent on the relative configuration of the topological defects, even if the same
number of defects is inserted. Indeed in Fig. 3.6, the exactly six pentagonal defects
yield five-fold symmetry in the case of (a) and six-fold symmetry in (b) with respect
to the tubular axis, in which more surprisingly, it is prohibited to choose the other
number of pentagons to be embedded; only the six pentagon insertion is allowed for
capping a carbon nanotube regardless of its tube radius and chirality. This restriction
with respect to the number of pentagons is a consequence of amathematical theorem,
called the Gauss-Bonnet theorem [41]. The theorem states that the number of non-
hexagonal rings (i.e., topology) is related to the curvature of the embedding graphene
sheet (i.e., geometry). From the technological perspective, the closed-cap formation
driven by topological defect insertion has been expected to offer the possibility for
the control of the chirality of carbon nanotubes during growth [42].
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Fig. 3.5 Left: Electron microscope image of a closed cap at the tip of a multi-walled carbon
nanotube. The successive presence of topological defects changes the diameter of the concentric
tubes gradually toward the tip [38]. Right: Atomistic structure of a capped carbon nanotube, in
which one pentagon and one heptagon are incorporated. The overall picture looks similar to the
image shown in the left panel. Reprinted with permission from [39]

3.3 Stone-Wales Defect

3.3.1 Symmetry Breaking by C–C Bond Rotation

A Stone-Wales (SW) defect, or also called a 5-7-7-5 defect, is the lowest energy
topological defect in sp2 nanocarbons [43]. It is formed by a 90-degree rotation
of a C–C bond in the hexagonal carbon network. The rotation causes atomic re-
configuration at the neighbor from the set of four hexagons to the set of two pentagons
and twoheptagons; see the top panels in Fig. 3.7. This 90-degree bond rotation is often
called a Stone-Wales (SW) transformation. It should be noted that the bond rotation
breaks the hexagonal symmetry of the perfect graphene sheet. Thus the resulting SW
defects scatter carrier transport, degrading the high mobility of carriers, which is the
hallmark of Dirac fermion behavior in graphene [44]. Yet it is not always a bad thing.
In fact, the symmetry breaking induced by SW defect insertion is also manifested by
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Fig. 3.6 Capping a (30,0) zigzag carbon nanotube by inserting six pentagonal carbon rings (marked
by shadow) at the tip. Depending on the defect configuration, two different kinds of axial symmetry
arise in the capped structure: a five-fold and b six-fold symmetry. Top views and overall views are
displayed in the upper and bottom panels, respectively. Reprinted with permission from [40]

the band gap opening in the electronic spectrum of graphene [45]. This finding will
expand the range of possible applications of graphene in nanoelectronics.

3.3.2 Formation Energy

Let us remind that SW transformation is accompanied by the consecutive breaking of
two single C–C bonds. Since the breaking of a single C–C bond in graphene requires
expending energy of nearly 5 eV, the height of the potential barrier preventing the
SW transformation is on the order of a few eV or more [46]. If we choose thermal
activation to overcome the high-energy barrier, it would be necessary to use extremely
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Fig. 3.7 Top: Atomic configuration of a graphene sheet before (left) and after (right) rotating the
C–C bond marked in red. Bottom left: Electron microscopic images of a SW defect. Bottom right:
Simulated results of the atomic configuration obtained by density functional theory. Reprinted with
permission from [53]

high temperatures. Therefore, earlier experimental attempts at artificial production
of SW defects have been based on the high-energy beam irradiation or the action of
mechanical stresses at the stage of the synthesis of the sp2 nanocarbons, as will be
argued in Sect. 3.4.

3.3.3 Out-of-Plane Displacement

One may think that a graphene sheet is flat and purely two-dimensional, even when
a SW defect is present in the sheet. But this is not true; in fact, the lowest-energy
atomic configuration of the SW defect has a sine-wave-like form [47]. In this wavy
structure, the two atoms involved in the rotated C–C bond move out of plane in the
opposite direction. This buckling of the C–C bond at the core of the SW defect gives
rise to the vertical displacement of many atoms around the defect, resulting in a
sine-like shape of the cross section as illustrated in Fig. 3.8 [47].
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Fig. 3.8 The structure of two buckled SW defects in graphene. Left: Top and side views of the
sine-like buckled SW defect, being identified as the most stable defect structure. Right: Top and side
views of the cosine like buckled SW defect. The rotated bonds at the defect core are highlighted.
Dashed lines indicate 1 × 1 rectangular and hexagonal unit cells. Reprinted with permission from
[47]

It may be non-trivial for readers why the SW defect in graphene does not remain
flat in equilibrium but buckles out of the plane. One plausible mechanism is based on
the release of the excess strain energy induced by the C–C bond rotation [47]. Prior
to the bond rotation, the equilibrium C–C bond length in perfect graphene is 1.42
Å. If we rotated a C–C bond with keeping the original flat shape of the embedding
hexagonal sheet, the separation between the rotated atoms would be compressed to
1.32 Å. Here, the flat structure cannot release the compression efficiently, because
in-plane motion of C atoms in graphene is too much expensive as compared to
out-of-plane motion. Instead of the in-plane deformation, the SW defect exhibits
out-of-plane deformation, as a result of which the compressed C–C bonds can be
expanded enough to release the in-plain strain energy. In fact, displacement of the
SW defect in the direction normal to the graphene sheet results in the pulling of
neighboring atoms out of the plane, because it is energetically favorable for the C–C
bonds that surround the SW defect to remain as close to a planar sp2-bonded network
as possible.

SW defects also affect the side-wall curvature of carbon nanotubes. Figure 3.9
illustrates local deformation of a nanotube caused by SW defect insertion into the
graphitic sidewall [48]. It follows from Fig. 3.9 that the magnitude of out-of-plane
displacement is maximized at the interface between two pentagons. Because of the
significant out-of-plane displacement, addition reactions are most favored at the C–C
double bonds of these positions [49].
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Fig. 3.9 Stone-Wales defect on the sidewall of a single-walled carbon nanotube. Reprinted with
permission from [48]

3.3.4 Microscopic Observation

From an experimental viewpoint, it is difficult to observe SW defects by ordinary
microscope techniques, despite a few indirect evidences have been provided to date
[50–52]. The difficulty stems mainly from the high activation barrier for the SW
transformation, whose energy scale is estimated as a few eV [30]. Due to the high
activation barrier, detection of native topological defects in a pristine sp2 nanocarbon
is statistically unrealistic. Hence most of earlier experiments for identifying topo-
logical defects with an atomistic-scale precision were based on artificial generation
of the defects, with the aid of high-energy beam irradiation and/or high-temperature
heat treatment.

The first direct observation of SW defects was successful on single-walled carbon
nanotubes in 2007 [53]. In the seminal work, high-resolution transmission electron
microscopywith atomic accuracywas used to obtain the image that is displayed in the
left-bottom panel of Fig. 3.6. It is interesting to remind that the defects shown in the
image were those artificially introduced in a pristine non-defective carbon nanotube.
Being exposed to high temperature (≈2300 K) in vacuum, a portion of hexagonal
lattices at the sidewall of nanotubes breaks out, which leads to the fusion of adjacent
nanotubes into a unified single-walled nanotube with large tube diameter [54]. The
large-diameter nanotube thus obtained suffers from substantial amount of structural
imperfection. When rapidly cooled, therefore, a large number of SW defects as well
as other kinds of topological defects are involved in the resulting nanotube; typically
a few SW defects can be detected per 10 nm length (and/or per 10 nm long).

Aside from those found in carbon nanotubes, SW defects were also found in
a flat monolayer graphene [55]. Figure 3.10 shows the microscope image of SW
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Fig. 3.10 Microscope image
of a Stone-Wales defect with
atomic configuration
superimposed. Reprinted
with permission from [55]

defects involved in the two-dimensional graphitic sheet; pentagons and heptagons
are colored in green and red, respectively. The image provides clear evidence for SW
defects existing in the examined graphene layer.

Quite recently, statistical atomic kinetics during SW transformation in graphene
was formulated, enabling the decoupling of the two contributions from high-energy
beam irradiation and thermal excitation to the activation of the C–C bond rotation
[56]. The result indicated the exceptionally high rate of healing for SW defects
generated by irradiation, compared with the healing rate of thermally-induced SW
defects. This implies the complexity in the route of reaction processes toward SW
defect realization in a graphene sheet.

3.4 Defect of 5–7 Paired Type

3.4.1 Dissociation of a SW Defect

It is interesting to note that SW defects on the sidewall of carbon nanotubes can
show a curious mechanical response to the axial load. Upon application of the axial
load to the defective carbon nanotube, a SW defect can dissociate into two separated
5–7 pairs. This tensile-driven dissociation of a SW defect is caused by additional
transformations of C–C bonds that locate in the vicinity of the 5–7 pairs [57]. Now
we suppose that the axial load remains exerting continuously on the nanotube. Then
we will observe further successive transformations of C–C bonds around the 5–7
pairs. Because of the successive transformations, the 5–7 pairs start to migrate along
a helical path that twines around the tube [58].

The migration of the 5–7 pairs along the helical path involves a number of atomic
reconfigurations around it, thus requiring a sufficient amount of energy supply to
proceed. This requisite energy is often supplied in the form of thermal excitation and
the work done by axial strain; it can be also supplied by bend deformation [59, 60].
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Fig. 3.11 a, b A perspective view (a) and a top view (b) of the atomic configuration involving two
5–7 paired defects in a graphene sheet. c, d Bond structures around the defect core in 3D (c) and 2D
projection (d). The color represents the scale of the out-of-plane displacement in a and potential
energy in b–d, respectively (scalebar:1 nm). Reprinted with permission from [61]

The chirality alteration is an important consequence of the 5–7 pair migration.
When the 5–7 pairs complete the full distance from one end to the other end of the
given nanotube, the charity of the tube domain covered by the helical path will be
altered. This chirality change is accompanied by the change in the tube diameter.
Therefore, the defect migration may serve as a driving force for a ductile elongation
behavior of carbon nanotubes under large axial strain, aswas observed in experiments
[57].

3.4.2 As a Seed of Surface Curvature

We have seen in Sect. 3.3 that the presence of SW defects causes a surface curvature
in an originally flat graphene sheet. Similar curvature generation occurs in a graphene
sheet containing topological defects of an isolated 5–7 pair, i.e., an adjacent pair of
pentagonal and heptagonal rings. Figure 3.11 illustrates the wrinkle of an initially flat
graphene produced by inserting two 5–7 defects [61]. As shown in the middle panel,
the two 5–7 defects are placed apart from each other with a separation equivalent to
several hexagonal rings. Then the two defects generate the surface curvature, giving
rise to a large wrinkle near the defect core (see the left panel). The vertical amplitude
of the out-of-plane displacement is estimated to be up to 3.3 Å. The middle panel
of Fig. 3.11 shows the potential energy of carbon atoms around a 5–7 defect, where
atoms involved in the defect exhibit a higher energy than those far from the defect.
In particular, three atoms on the heptagon side have the highest energy. The right
two panels display the 3D distributions of bond lengths around a defect (top) and
the corresponding 2D projection (bottom). It can be clearly observed that the 2D
projection significantly underestimates the length of covalent bonds around the 5–7
defect.
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Fig. 3.12 Schematic
illustration showing the
synthesis of the 1D C60
polymer. Reprinted with
permission from [65]

3.5 Peanut-Shaped C60 Polymers

3.5.1 Fusion of C60 Molecules

In the previous sections, we have seen that alteration in local atomic configuration
of sp2 nanocarbons can lead to a drastic change in the global geometry. Artificial
control of topology in the carbon sheet, therefore, may enable to realize anomalously
shaped sp2 nanomaterials endowed with surface curvature. This section focuses on a
particular class of such anomalously shaped sp2 nanocarbons, called peanut-shaped
fullerene (C60) polymer [9]. It is a quasi-one dimensional (1D) nanostructure obtained
by a series of fusions between C60 molecules [62, 63]. Figure 3.12 shows a schematic
diagram of the synthesis.When irradiated by the high-energy electron beam, two C60

are coalesced with each other via the generalized SW transformation [64]. They are
then transformed into C120 isomers, followed by the synthesis of the 1D C60 polymer
[65].

It has been unveiled that the 1D C60 polymer exhibits unique properties differing
from those of the other nanocarbon allotropes (fullerenes, nanotubes, and graphenes)
[66]. Experimental findings on the Peierls transition [67] and the infrared (IR) absorp-
tion intensity [68, 69] have indeed suggested the intriguing correlation between the
shape and physical properties of the 1DC60 polymers. Themost interesting properties
in view of topology-geometry correlation would be the surface curvature effects on
the electronic properties. Indeed, the 1D C60 polymers commonly show the periodic
modulation in the surface curvature of the sidewall along the tubular axis. This cur-
vature modulation stems from periodic variation in the tube diameter, which results
from periodic insertion of topological defects into a rolled-up graphene sheet. We
will see in the subsequent sections that the periodically modulating curvature of the
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1DC60 polymers drastically changes the nature of collective excitations in themobile
electrons compared with the case of the flat sp2 nanocarbons.

3.5.2 TLL State in C60 Polymers

The 1D C60 polymer is a long, thin, and hollow cylinder whose radius varies peri-
odically in the axial direction. Generally, in low-dimensional systems, Coulombic
interaction between mobile electrons plays a crucial role in their quantum nature and
often creates new collective states. Particularly in one-dimensional systems, such
as the 1D C60 polymer, interacting electrons cannot be regarded as a Fermi-liquid
but as a Tomonaga-Luttinger liquid (TLL) [70]. In the TLL state, the single-particle
excitation spectrum has an energy gap near the Fermi level, and this gap often causes
a power-law anomaly in the measurement data of the system. The hallmark of TLL
states is the power law behavior of the single-particle density of states (DOS), des-
ignated by D (ω, T ), near the Fermi energy EF . Here, ω indicates the energy mea-
sured from EF , and T denotes the absolute temperature. Such power-law anomalies
were experimentally confirmed in carbon nanotubes [71], which are also a quasi-one
dimensional nanocarbon. These facts naturally raise a question as to whether or not
the periodic curvature modulation inherent to the 1D C60 polymers affects the TLL
behavior of the systems if it occurs [72]. Given a significant effect is detected, it
evidences the topology-induced alteration both in the geometry and property of the
1D C60 polymers.

The mentioned above problem was resolved experimentally in 2012 by photoe-
mission spectral (PES) measurements [73]. The measurements revealed the PES
spectra in the vicinity of EF in the temperature range of 30–350 K. As the tempera-
ture decreased, the DOS D (ω, T ) converged to a power-law whose dependence on
the binding energy ω near EF is described by

D (ω, T � 0) ∝ |�ω − EF |α

in an energy range of 18–70meVwith the exponent α of ca. 0.66. In a similarmanner,
the DOS just on EF (i.e., ω � 0) was found to obey the power law with respect to T
as

D (ω � 0, T ) ∝ T α

in the range of 30–350Kwithα being ca. 0.59. It should be emphasized that the above
mentioned values of α, nearly equal to 0.6, are quite larger than that of single-walled
carbon nanotubes (α ∼ 0.5) [71]. It is thus concluded that the feasible increment
in α obtained in the experiment can be attributed to the effect of surface curvature
modulation that are produced by the periodically inserted topological defects along
the tube axis.
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Fig. 3.13 Top: Two different atomic models of the 1D C60 polymers deduced from first-principles
calculations. Constricted portions are occupied by a set of heptagons and octagons in the left-side
model, and by a set of five octagons in the right-side model. Bottom: Dispersion curves and the
densities of states of electrons in the two atomistic systems. Reprinted with permission from [72]

3.5.3 Topology-Based Understanding

Theoretical interpretation regarding theTLLbehavior of the 1DC60 polymer has been
proposed in 2016 [72], shortly after the experimental finding reported in 2012 [73].
The aim of the theoretical workwas to describe the low energy behavior of local DOS
in the 1D C60 polymer using the bosonization procedure. This procedure requires
the knowledge above the Fermi velocity of carriers, which can be evaluated from the
electronic band structures. To secure the quantitative accuracy, the band structures
as well as the atomic configuration of the 1D C60 polymers were deduced from the
first-principles calculations [74], from which the correlation between topological
defects and the TLL nature can be unveiled.

Figure 3.13 shows the energetically stable atomic models of the 1D C60 poly-
mers deduced from the first-principles calculations [74]. To find the two most stable
configurations, more than fifty kinds of 1D C60 polymers having different atomic
structures were analyzed. Through the analysis, it turned out that the total energy
and the stability of the models depend on the number of non-hexagonal rings (i.e.,
pentagon, heptagon, and octagon) embedded and their relative positions. One of the
twomost stable models, depicted in the left-upper panel of Fig. 3.13, is characterized
by that the constricted portions are occupied by a set of heptagons and octagons. On
the other hand, the constricted parts of the other stable model depicted in the right-
upper panel are composed of five octagons. The difference in the formation energy
between the two models was found to be less than 0.7 eV; in actual fabrication of
the 1D C60 polymers, therefore, both atomic configurations are possibly realized.



3 Topology-Induced Geometry and Properties … 69

The bottom panels of Fig. 3.13 show the electronic energy bands of the two
models. It follows from the graphs that more than one dispersion curves cross the
Fermi level. A difference in the number of Fermi-level crossing points between the
two models is a consequence of the slight difference in the lattice symmetry at the
waist part as mentioned above. Another remarkable feature is that for both models,
the X-shaped band crossing is a little slanted, asymmetric at the crossing point. This
slanted level crossing is in contrast with the fully symmetric level-crossing observed
in the metallic single-walled carbon nanotubes, indicating the effect of periodic
insertion of topological defects in the rolled-up sp2 monoatomic sheet.

The simulation data for the stable lattice structure and the associated electronic
band structure made it possible to obtain an analytic formula for DOS of the 1D
C60 polymers. The formula successfully reproduces the experimental data of PES,
thus describing the effect of topological defects on the TLL nature. Furthermore, the
formula tells us that different Fermi-level-crossing bands result in different power-
law dependence in the PES. This conclusion implies an uncovered crossover in the
spectra at energy on the order of 100 meV, beyond which the value of the exponent
shifts significantly.

3.5.4 Curvature-Based Understanding

We have argued in Sect. 5.3 that the atomistic model involving topological defects
provides the theoretical understanding of the TLL states realized in the 1D C60

polymers. Periodic insertion of defects causes variation in the surface curvature of
the sp2 monoatomic sheet, resulting in the upward shift in the power-law exponent
compared with that of single-walled carbon nanotubes.

The story does not end. If the wavefunctions of the mobile electrons are expanded
over the whole system, as those in 1D C60 polymers [75], there is another theoretical
approach that is useful to describe the low-energy excitations of the electronsmoving
on curved surfaces. In this approach, the discrete atomic structure is approximated as
a continuum thin surface, and the electrons’ motions are assumed to be restricted to
the surface by a confining force perpendicular to the surface [76]. Due to the strong
confinement, quantum excitation energies in the direction normal to the surface are
elevated much higher than those in the tangential direction. As a result, the particle
motion normal to the surface can be disregarded; this approximation allows us to
define an effective Hamiltonian for propagation along the curved surface.

It is well known that, given a curved surface, the effective Hamiltonian describing
the quantum motion on the surface involves an effective scalar potential. The sign
and magnitude of the effective potential depend on the local surface curvature. An
important consequence derived from the effective potential term in the Hamiltonian
is that quantum particles confined to a thin curved layer should behave differently
from those on a flat plane. Namely, the presence of nonzero surface curvature impacts
the quantum motion of electrons in the curved system. In this context, it is expected

https://doi.org/10.1007/978-3-319-76596-9_5
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Fig. 3.14 Left: Schematic illustration of a quantum hollow cylinder with periodic radius modula-
tion. Right: Surface curvature effect on the TLL power-law exponent. Reprinted with permission
from [77]

that the periodic surface curvature inherent in the 1DC60 polymers engenders sizable
effects on their TLL properties.

The problem was addressed theoretically in 2009 using the continuum approxi-
mation [77]. There, the 1D C60 polymers were mapped onto thin, long, and hollow
cylinders; the cylindrical radius is assumed to be varied in a periodic manner, as
analogous to the envelope surface of the real C60 polymers. The tube radius r (z)was
assumed to be periodically modulated in the axial z direction as

r (z) � r0 − δr

2
+

δr

2
cos

(
2π

�
z

)

where the parameter r0 and δr were introduced to express themaximumandminimum
of r (z) as r0 and r0 − δr , respectively; see Fig. 3.14 for the schematic illustration of
the deformed tube. The values of the parameters, r0 � 4.0 Å and � � 8.0 Å, suffice
to reproduce the actual shape of the 1D C60 polymers, while the value of δr may
vary according to the time duration of electron beam irradiation applied to pristine
C60 molecules at the stage of synthesis. It is important to note that the value of δr
determines the degree of curvature-induced scalar potential. Therefore, the central
aim is to be placed on where (or not) the variation in δr causes a certain shift in the
TLL power-law exponent α.

Let us remind that given a TLL state, the single-particle DOS at zero temperature,
D (ω), near EF exhibits a power-law singularity of the following form:

D (ω) ∝ |�ω − EF |α , α � u + u−1

2
− 1

The explicit form of u is derived using the bosonization procedure as follows:
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u �
√
2π�vF + g4 (q) − g2 (q)

2π�vF + g4 (q) + g2 (q)

Here, g4 (q) and g2 (q) are the wavenumber(q)-dependent coupling constants, and
vF is the Fermi velocity, determined by the slope of the electronic dispersion curve at
the Fermi level. Note that the variation in δr causes a change in the dispersion curve;
thus vF is a function of δr . As a consequence, the exponent α should be dependent
on δr , as clearly observed in Fig. 3.14. The plot shows the numerical result of the
δr -dependent α for different Fermi wavenumber kF . The salient feature of Fig. 3.14
is the significant increase in α with increasing δr . Such surface curvature-driven shift
in α is consistent with the experimental finding that α for the 1D C60 polymers is
larger than that for straight-shaped carbon nanotubes. Eventually, the upward shift in
α can be attributed to the effects of geometric curvature as well as topological defect
insertion to the constituent sp2 monoatomic sheet

3.5.5 Electron-Phonon Coupling in C60 Polymers

It is plausible that topological defect insertion, or equivalently, periodicmodulation in
surface curvature, may affect the degree of electron-phonon (e-ph) interaction in the
1D C60 polymers. This is because the spatial profiles both of lattice vibration ampli-
tude and the probability density of electron’s wavefunctions will be dependent on
the atomistic-level topology and global geometry of the system. In general nanocar-
bon allotropes, the e-ph interaction plays the key role in the collective motion of
carriers, as proved in superconductivity [78] and charge density waves (CDW) [79].
Thus the theoretical prediction as well as experimental detection of the strength of
e-ph interaction in the 1D C60 polymers will facilitate the understanding of their
physico-chemical properties and of the contribution from the topological effects on
them.

To proceed with consideration, we remind that in sp2 nanocarbons, the strength of
e-ph coupling is highly dependent on the global geometry of the structures. Denoting
the e-ph coupling strength by λ, it is known that λ ∼ 0.6 for K3C60 having spheri-
cal structure [80], λ ∼ 0.006 for single-walled carbon nanotubes having monolay-
ered tubular structure [81] and λ ∼ 5.4 × 10−4 for multi-walled nanotubes having
concentric-layered cylindrical structure [82]. The wide variation in the values of λ,
despite the common sp2 nature, is plausibly attributed to the difference in the mor-
phology of extended π-conjugation in the system. So what value of λ should be
obtained for the 1D C60 polymers, having an intermediate geometry between the
“spherical” C60 molecules and the “tubular” carbon nanotubes?

In order to estimate λ, carrier relaxation dynamics of the 1D C60 polymers was
examined using femtosecond time-resolved pump-probe spectroscopy [83]. The
measurement data of the femtosecond-transient refractivity was theoretically ana-
lyzed, leading to the conclusion that the magnitude of λ of the 1D C60 polymers to
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be 0.02. This result indicated that topology-induced curvature in the sp2 nanocarbons
significantly affects the magnitude of λ for nanocarbon allotropes.

3.6 Carbon Nanocoil

3.6.1 Benefit from Coiled Structure

Topological defect insertion into sp2 nanocarbon allows to realize not only “curved”
structures but also geometrically “twisted” ones. Carbon nanocoil is a typical exam-
ple of such twisted sp2 nanocarbon, resembling a “telephone cord” attached to a
traditional phone receiver [84]. Carbon nanocoil promises to show both mechanical
flexibility reflecting the coil morphology and the mechanical toughness originating
from the sp2 bonding. Furthermore, unique spiral structures of carbon nanocoils
imply their versatile applications [85] including ultra-sensitive contact with resolu-
tion as high as femtograms [86].

From a historical perspective, the existence of carbon nanocoils was theoretically
predicted in advance of the experimental realization. The predictionwas first reported
in 1993 [10]; it is interesting to note that this was just two years after the seminal
finding on carbon nanotubes. In the theoretically proposed structures, the coiling
arose as a consequence of periodic insertion of topological defects into a perfect
graphitic cylinder. Figure 3.15 presents three different kinds of proposed structures
[10], inwhich the pentagons and heptagons inserted aremarked by black and shadow,
respectively. It should be noted that in the proposed structures, topological defects are
not “defects” but essential building blocks for realizing the atomic coiling network.
Furthermore, the presence of non-hexagonal rings gives a physico-chemical impact
on carbon nanocoils; it was numerically found that local change in the atomic bonding
around the non-hexagonal rings leads to an enhancement of molecular hydrogen
absorption on the outer surface [87]. The enhanced hydrogen absorption on the body
surface indicates the possibility of developing a newclass of hydrogen storage devices
based on carbon nanocoils and/or other defective sp2 layered materials.

3.6.2 Atomistic Modeling

A simple atomistic modelling of carbon nanocoils was suggested in [88]. The mod-
elling is based on insertion of heptagons and pentagons in a periodic manner into a
hexagonal carbon network. First let us suppose a piece of straight carbon nanotube
as depicted in Fig. 3.16a. Next, a pair of pentagons is incorporated onto one side of
the piece (at the position colored in blue), and a pair of heptagons onto the other side
(red). After relaxing the defective tube segment, we will see that it is bent around the
non-hexagonal rings, through which the defect-induced strain energy is relieved [10,
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Fig. 3.15 Various atomic models of carbon coils with the lowest cohesive energy per atom. Pen-
tagons and heptagons (shaded) appear in the outer and inner ridge lines, respectively, amid a back-
ground of the hexagonal lattice. Reprinted with permission from [10]

Fig. 3.16 Procedures of constructing a carbon nanocoil of a (6,6) type from pieces of a (6,6) carbon
nanotube. Reprinted from [88]

89]. Similarly to previous arguments, pentagons generate positive curvature leading
to a local cone shape, while heptagons generate negative curvature leading to a local
saddle shape. The close relation between the defect position and the local change in
the surface curvature is illustrated in Fig. 3.16b.
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To obtain a spiral structure, we have only to connect the many building blocks
already prepared one by one with a certain twisting angle. Figure 3.16c demonstrates
a joint of two segments; repeating the connecting procedure, we finally obtain a
seamless nanocoil as demonstrated in Fig. 3.16d. By changing the tube length at the
two ends of the building block segment, or by varying the nanotube diameter, we
can control coil diameter, coil pitch, and tubular diameter of a carbon nanocoil.

3.6.3 Experimental Realization

It may be surprising that experimental fabrication of carbon nanocoils has a rela-
tively short story. The first electron microscopy observation of carbon nanocoils was
reported in 1994 [90], serving as the pathfinder for the subsequent efforts both of
high-quality production and of physical property investigation in carbon nanocoils.
In the seminal work [90], catalytic decomposition of C2H2 worked successfully to
synthesize carbon nanocoils with 30 nm in pitch and 18 nm in tubular diameter.
Electron diffraction method was used to reveal the multiwalled, hollow, and poly-
gonized structure, indicating that the nanocoils consisted of short straight segments.
These structural features experimentally confirmed are consistent with the theoreti-
cal prediction that the introduction of pentagon-heptagon pairs at regular distances
in a straight carbon nanotube results in the coiling morphology [89].

Since the first synthesis, many researchers have tried to make up these materials.
Production of carbon nanocoils by chemical vapor deposition, laser evaporation, and
opposed flow flame combustion method has been reported to date [5]. In addition
to the “multi”-walled nanocoils with tubular diameters of several tens nanometers
or more [91], indirect evidence of ultrathin “single”-walled carbon nanocoils (with
both tubular diameter and pitch length down to 1 nm) was achieved by electron
microscopy [92].

Among many syntheses so far, the triple-walled carbon nanocoil may be the
thinnest one of which the direct microscopic image was obtained as a proof [93].
Figure 3.17 shows the image of the triple-walled nanocoil, having the fiber diameter
less than 5 nm. It was synthesized by chemical vapor deposition under the following
conditions: reaction temperature is 700 °C, the ratio of the source gas (acetylene,
C2H2) to the dilution gas (nitrogen, N2) is 0.01, and the gas pressure to be 0.67 kPa.
A low C2H2 gas flow rate and a low partial gas pressure were important in reducing
the fiber diameter.

3.6.4 Theoretical Prediction

For general twisted nanomaterials, geometric torsion is thought to result in significant
impact on the coherent transport [94–97] and spin–orbit coupling [98, 99] of electrons
migrating over the system. Namely, quantum transport through a nanoscale material
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Fig. 3.17 Electron
microscope image of a
triple-walled carbon
nanocoil. Reprinted with
permission from [93]

with torsion will be essentially different from that in a curved nanomaterial with no
torsion. This is because geometric torsion of the host material generates an additional
quantum potential that affects the quantummotion of carriers in the system. It is thus
interesting whether such torsion effect is feasible in the quantum nature of carbon
nanocoils; this remains an open question, especially from an experimental viewpoint,
mainly because of the difficulty in synthesizing few-walled carbon nanocoils with
fine crystalline structure.

Numerical efforts have also been underway to unveil the curvature (and/or topol-
ogy) effect on the quantum transport in carbon nanocoils. For instance, tight-binding
simulations have shown that the quantum conductance is quantized due to the trans-
lational symmetry in the coiled direction [100]. Yet the conductance behaviors differ
greatly from those of pristine metallic carbon nanotubes; instead, it looks similar to
those of carbon nanotube superlattices, as a manifestation of the periodic insertion
of topological defects.

The thermal properties of carbon nanocoils are also an interesting subject. Non-
equilibriummolecular dynamics simulations have been used to reveal that the thermal
conductivity in carbon nanocoils is reduced up to 70% compared with that of the
corresponding straight single-walled carbon nanotubes [101]. The extreme reduction
is due to the phonon scattering by coupled defects and folding. Shortly afterward,
phonon thermal transport in carbon nanocoils has been studied in detail [102]. The
three-phonon Umklapp scattering rates and the associated phonon relaxation were
considered in a wide temperature range, and a certain reduction in the thermal con-
ductivity of carbon nanocoils was numerically detected as well.

As a final remark, it warrants comment on a recent finding on the quantum trans-
port of a helicoidal graphene nanoribbon [103]. In this geometry, the twist of the
nanoribbon plays the role of an effective transverse electric field in graphene. Sur-
prisingly, this effective electric field turned out to have a different sign for the two
isospin states; here, isospin is defined with regard to the two components of a Dirac
spinor. As a result, this electric field reverses polarity when the isospin is changed,
leading to a separation of the isospin states of the carriers on the opposing rims of the



76 H. Shima et al.

Fig. 3.18 Atomic structural model of a warped nanographene. All of the atoms shown in the image
are carbons; hydrogen atoms on the perimeter are omitted for clarity. Reprinted with permission
from [104]

nanoribbon. From the experimental feasibility, the isospin transitions are expected
with the emission or absorption of microwave radiation which could be adjusted to
be in the THz region.

3.7 State-of-the-Art Curved sp2 Nanocarbons

3.7.1 Nano-“Pringles”

Thefinal section covers several exotic sp2 nanocarbons thatwere fabricated/predicted
in the last few years. The first to be noted is the so-called nano-“Pringle” [104], i.e.,
a piece of warped nanographene comprising 80 carbon atoms joined together in a
network of 26 rings. Figure 3.18 shows the atomic model of a nano-Pringle. Key to
the formation of the grossly warped structure is the addition of five heptagons into
the hexagonal lattice. Nano-Pringles turned out to show high solubility in common
organic solvents and a widened energy gap between the highest occupied molecular
orbital (HOMO) and the lowest unoccupied molecular orbital (LUMO) [104].

Interestingly, this unique structure was found to have physical and chemical prop-
erties distinct from other all-carbon families. For instance, the first-principles calcu-
lations revealed that the introduction of topological defects significantly changes the
optical absorption spectra of nano-Pringles [105, 106]. In particular, the interaction
between the topological defects was found to enhance the excitonic effect due to the
lattice symmetry breaking, thereby generating the extra peaks at the lower photon
energy side of the main peak.

From chemical perspective, the gas adsorption ability of nano-Pringles has drawn
much attention recently. A series of numerical work has unveiled the adsorption
property of small molecules, such as O2, CO, and SO2, on the nano-Pringles sur-
face. For instance, adsorption of SO2 turned out to induce charge transfer, indicating
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Fig. 3.19 a Nano-Tetrapod structure made of sp2 carbon bondings. It is a junction of four (9, 0)
nanotubes with a zigzag edge. b Chemical bonding near the core of the tetrapod. Trivalent carbon
radicals are emphasized by gray spheres. Reprinted with permission from [109]

that the nano-Pringles can be used as an SO2 sensor [107]. In addition, chemical
adsorption of O2 causes modulation in the HOMO-LUMO gap, implying the poten-
tial utility in optoelectronics [107]. Another salient feature of the nano-Pringles is
the potential utility as the CO chemical sensors, for which the pristine graphene is
not appropriate. Numerical simulation uncovered that the electronic conductivity of
nano-Pringles increases with the CO concentration [108].

3.7.2 Nano- “Tetrapod”

Figure 3.19 displays the second remarkable example of exotic nanocarbons, so to
say, a nano-“Tetrapod” [109]. This three-dimensional open structure is composed of
a carbon network of hexagons and heptagons only. As found in Fig. 3.19, four cut-
off pieces of carbon nanotubes with (9, 0) chirality are glued via several heptagons,
forming a quadruped nanocarbon material. The tetrapod may serve as a building
block of a nanostructured carbon foam [110].

One of the most striking features is that the nano-Tetrapod carries a net magnetic
moment in the ground state. The origin of magnetism in the nano-Tetrapod is the
presence of four unpaired spins in the electronic ground state. Accordingly, the
ground state of the nano-Tetrapod is different either from the spin-polarized states at
the zigzag edge or dangling-bond states, in which the spin polarization is attributed
to the presence of under-coordinated carbon atoms. Instead, themagnetic behavior of
the nano-Tetrapods stems from the trivalent carbon radicals introduced at the center
of the quadruple structure. The radicals are sterically stabilized within the aromatic
system of the otherwise tetravalent carbon atoms. The conclusion that unpaired spins
may be introduced by carbon radicals, not only by under-coordinated carbon atoms,
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Fig. 3.20 Atomic structure of the gyroidal Schwarzite: the [111] orientation (left panel), the [100]
and [010] orientation (top right panels), and the [110] orientation (bottom right panel). The arrow
labeled by b indicates the lattice parameter. Reprinted with permission from [114]

will open a new avenue to design other graphitic structures with negative surface
curvature.

3.7.3 Nano-“Schwarzite”

The last example of exotic sp2 nanocarbons is carbon Schwarzite. It has been known
as a negative-curvature analogue of the fullerenes since the early 1990s [111–113].
Figure 3.20 illustrates the atomic structure of a carbon Schwarzite with gyroidal
type [114], in which non-hexagonal carbon rings stabilize the curved structure.
Schwarzites are distinguished from the well-known sp2 nanocarbon with 0D, 1D
or 2D, by their hyperbolic geometry. Thus, such new type of geometry is expected
to result in novel and fascinating properties.

In mathematics, the negative curvature surfaces of interest are called infinite peri-
odic minimal surfaces, first studied in detail by the mathematician H. A. Schwarz
in the late 19th century [115]. He pointed out that it is not possible to construct an
infinite surface with a constant negative Gaussian curvature; instead, he found that
patches of varying negative Gaussian curvature could be smoothly joined to provide
an infinite surface with zero mean curvature, which is periodic in 3D space. Five
different types of minimal surfaces were known by 1880 [116]; afterword, more than
50 types of distinct minimal surfaces have been discovered [117].

In the community of physics and materials science, Schwarzite structures have
received increasing attention due to the interest in finding a graphene foam [118].
A number of periodic porous carbon structures similar to Schwarzite structures
have been experimentally produced using, for example, templated synthesis [119]
and liquid exfoliation techniques [120]. The enhanced control in the fabrication of
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Schwarzite structures will open the way for versatile applications; hydrogen stor-
age systems [121] and electrolyte diffusion [122] are only a few to mention. Quite
recently, Schwarzite structures have been fabricated along the wall of zeolite pores; it
was demonstrated that La ions embedded in zeolite pores facilitate the carbonization
of ethylene or acetylene, enabling the selective formation of Schwarzite structures
inside the zeolite template [123].

One interesting subject in view of quantum physics is the possible presence of
pseudo-relativistic massless particles (Dirac fermions) in Schwarzite structures. The
density functional calculations have revealed that a linear band crossing merging in
a point for a large gyroidal Schwarzite structure [114]. Such a gapless linear energy
dispersion in low-dimensional nanocarbonshad a tremendous impact on conventional
condensed-matter physics by imposing relativistic physics in the electronic properties
of these nanosystems. Indeed, the electrons in graphene (2D) and carbon nanotubes
(1D) behave like Dirac fermions as described by the crossing of linearly dispersive
electronic bands, also called the Dirac cone. In this context, Schwarzites may be a
remarkable playground to investigate relativistic physics of these exotic fermions,
whereas their essential properties with respect to structural stability, mechanical, and
electronic aspects should be largely investigated [124, 125].

3.8 Perspective

The synthesis or discovery of new materials, for example, fullerenes (1996 Nobel
Prize in Chemistry), nanotubes, and graphene (2010 Nobel Prize in Physics) has
been hitherto done on the basis of (1) knowledge (literature), (2) experience, and (3)
intuition so far. These factors are still important, but it is wondered that we have failed
to find the other fascinating materials close to them thus synthesized/discovered
previously. In addition, it will take an unexpected time to discover the next new
fascinating materials, because of “serendipity” based on (2) and (3) as shown in top
(a) of Fig. 3.21.

Is it impossible that we can synthesize/discover new novel materials beyond
“serendipity”? One possible way is to combine modern geometry with materials
science. It is well known historically that Mathematics has been extensively used as
a good tool in Physics and Chemistry (for example, differential and integral, point
group, vector and tensor, etc.), but we have not seriously considered the correlation
between geometric/topological quantity and physical/chemical quantity (properties)
up to now, because there has been a large gap between mathematical simple model
(point and line) and real materials (different atoms and different interactions between
them).

As introduced in this chapter, geometry/topology can provide not only new forms
but also new properties of nanocarbon materials. If geometric/topological quantity
is correlated with physical/chemical quantity (properties), we can add new index
“mathematics” to materials world consisting of two indexes “physics and chem-
istry” as shown in bottom (b) of Fig. 3.21. Thus we can synthesize/discover new
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Fig. 3.21 Paradigm shift in materials science using Mathematics. Top: Conventional ways to dis-
cover novel materials. Bottom: Mathematics-navigated ways to discover novel materials

materials beyond “serendipity”. More recently, materials informatics [combination
of AI (artificial intelligence) with data-base of materials] has been focused from
a viewpoint of materials development. It is a concern that they can find the opti-
mal solution promptly for a given material, but may hardly find new or unexpected
solution as far as using the data-base.
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