Chapter 12 ®)
Insurance Models Under Incomplete e
Information

Ekaterina Bulinskaya and Julia Gusak

Abstract The aim of the chapter is optimization of insurance company performance
under incomplete information. To this end, we consider the periodic-review model
with capital injections and reinsurance studied by the authors in their previous paper
for the case of known claim distribution. We investigate the stability of the one-step
and multi-step model in terms of the Kantorovich metric. These results are used for
obtaining almost optimal policies based on the empirical distributions of underlying
processes.
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12.1 Introduction

The primary goal of any insurer is redistribution of risks and indemnification of
policyholders. This explains the popularity of reliability approach in actuarial sci-
ences, that is, thorough analysis of ruin probability. Being a corporation insurance
company has a secondary but very important goal, namely dividends payment to the
shareholders. So, the alternative cost approach was started by De Finetti in 1957 (see
[9D.

Thus, there arose the new research directions in actuarial sciences specific for
modern period. They include, along with dividends payments (see, e.g., [1, 2, 11,
15]), reinsurance and investment problems (see, e.g., [4, 8, 13]). Hence, the treatment
of complex models (see, e.g., [6]) and consideration of new classes of processes, such
as martingales, diffusion, Lévy processes, or generalized renewal ones (see [7]), is
needed. It turned out as well that discrete-time models sometimes are more realistic
since reinsurance treaties have usually one-year duration, dividends are also paid
at the end of financial year (see, e.g., [17]). Several types of objective functions
and various methods are used to implement the stochastic models optimization (see,
e.g., [19, 22]). It is also important to mention investigation of systems asymptotic
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behavior and their stability with respect to parameters fluctuation and perturbation of
underlying processes (see, e.g. [3, 5, 25]). Furthermore, in practice neither the exact
values of parameters nor the processes distributions are known. Thus, it is important
to study the systems behavior under incomplete information. If there is no a priori
information at all it may be useful to employ the empirical processes.

The chapter is organized as follows. In Sect.12.2, we gather some auxiliary
results. The results concerning convergence in distribution in L, are transferred to
Appendix. Section 12.3 contains a brief description of the model treated in the chapter
(Sect. 12.3.1). Further parts of Sect. 12.3 are devoted to stability of the model under
consideration. The case of unknown claim distribution is considered in Sect. 12.4.
Finally, Sect. 12.5 presents conclusion and further research directions.

12.2 Preliminary Results

To investigate stability of the model, it is necessary to evaluate the difference between
the objective functions calculated for two distributions close in some metric. For this
purpose, we have chosen Kantorovich or Wasserstein L metric.

12.2.1 Kantorovich or Wasserstein L1 Metric

We begin by recalling the following definition given, e.g., in [23], see also [20].

Definition 12.1 For random variables (r.v.’s) X and Y defined on some probability
space (§2, %, P) and possessing finite expectations, it is possible to define their
distance on the base of Kantorovich metric in the following way

+o00
K(X,Y) =/ |F(r) = G@)ldt,

o0

where F and G are the distribution functions (d.f.’s) of X and Y, respectively.

This metric coincides (see, e.g., [12] or [23]) with Wasserstein L; metric defined
as d|(F, G) = inf E|X — Y| where infimum is taken over all jointly distributed X
and Y having marginal d.f.’s F and G. It is supposed that both d.f.’s belong to %)
consisting of all F such that fj;o |x|dF(x) < oo.

Lemma 12.1 The following statements are valid.

1. Let F~'(t) = inf{x : F(x) > t}, then d\(F, G) = fol |F~'(t) — G~ (1)|dt.

2. (61, dy) is a complete metric space.

3. For a sequence {F,},> from 6, one has d\(F,, F) — 0 if and only if F, 4
F and fj;o |x|dF,(x) — fj:oo |x|dF(x), as n — oo. Here 4 denotes, as usual,
convergence in distribution.
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The proof can be found in [12].
We are going to use also the notion of Lipschitz function.

Definition 12.2 A function f mapping a metric space (S;, ps,) into a metric
space (S2, ps,) is called Lipschitz if there exists a constant C > 0 such that
ps, (f(s)), f(s")) < Cps,(s',s") for any 5',s” € S, here ps,, ps, denote metrics
in the corresponding spaces.

Now we can formulate

Lemma 12.2 Let X, Y be nonnegative r.v.’s possessing finite expected values and
k(X,Y) = p.Assumealsothatg : R™ — R is anon-decreasing Lipschitz function.
Then k(g(X), g(Y)) < Cp where C is the Lipschitz constant.

Proof The distribution function of the random variable g(X) can be calculated in a
following way

Foy() =P{g(X) <t} =P{X <g ')} =Fx ('),

where g’l(t) is defined as in Lemma 12.1. Similarly, one can write Fyy)(f) =
Fy (37 0)):

Since g is a non-decreasing Lipschitz function, we get the following sequence of
equalities and inequalities

k(8(X), g(¥)) =/R [ Fox) (1) — Fgqry(t)|dt =/ [Fx(s) — Fy(s)|dg(s)
+ g

“1(R*)

= / |Fx(s) — Fy(s)lg'(s)ds < C/ |Fx(s) — Fy(s)lds
g (RY)

gHRY)

< Cf |Fx(s) — Fy(s)lds = Cp.
R+

In the first line, we have used the definition of Kantorovich metric and change of
variables t = g(s). As usually, g~'(R") is preimage of R*. Then the properties of
Lipschitz functions are employed. [

The next result enables us to estimate the difference between infimums of two
functions.

Lemma 12.3 Let functions f1(z), f>(z) be such that | f1(z) — f2(z)| < § for some
8 > 0and any z > 0. Then |inf ¢ f1(z) —inf,-¢ f2(2)| < 6.

Proof Put M; = inf,.¢ fi(z), i = 1, 2. According to definition of infimum, for any
e > 0, there exists zj(e) such that fi(z;(g)) < M; + ¢. Therefore, f>(z;(¢)) <
fi1(z1(8)) + 8 < My + ¢ + § implying M < f>(z1(¢)) < M1+ ¢+ 3.

Letting ¢ — 0 one gets immediately M, < M| + §. In a similar way, one estab-
lishes M| < M, + &, thus obtaining the desired result |M| — M;| < 4. O
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12.2.2 Distance Between Empirical Functions

First of all we would like to establish that if the difference between two d.f.’s is small
in the Kantorovich metric the same is true for the corresponding empirical functions.
Thus, let {X; = X;(w)}!_, be a sample of size n from the population of r.v.’s with d.f.
F. The empirical d.f. is given by F,,(w, ) = n~! Yo I{X; <t},wherew € 2 and
I{A} is indicator of the set A. Suppose there exists another sample Y1, ..., Y, from
the population of random variables with distribution function, say, G. The empirical
distribution function for this sample is denoted by G,, (w, t). Note that we are going
to assume further on the samples to consist of independent identically distributed
(iid)rv.’s.

Proposition 12.1 Ler k(F, G) = p, then P(x(F,,G,) > p) = 0asn — oc.

Proof Obviously, fj;o |F.(w, 1) — G,(w, t)|dt does not exceed

+00 +00 +00
/ |Fn(w,t)—F(t)|dt+/ G,y (o, 1) —G(t)ldt—i—[ \F(1) — G(0)\dt,
therefore we get P (k(F,, G,) > & + p) is less than
& &
P (K(Fn, F) > 5) +P (K(Gn, G)ldt > 5) FPW(F,G)>p). (12.1)

The last term in (12.1) is equal to 0, since we assumed p = fj’;o |F(t) — G(t)|dt.
Two first terms tend to 0 as n — oo for any ¢ > 0 due to convergence almost surely
(a.s.) of empirical function to theoretical one in Kantorovich metric (see, e.g., [10]).
Thus, we get the desired result. O

Remark 12.1 Since «(F,, F) and k(G,,, G) tend to zero a.s., as n — o0, the state-
ment of Proposition 12.1 can be rewritten as follows: limsup,_, ., «(F,, G,) < p
ifk(F, G) < p.

12.2.3 Convergence in Distribution for a Fixed t

Suppose for simplicity that two samples are independent. For each fixed r € R the
difference H,, (w, t) =: F,(w, t) — G,/ (w, t) is a real-valued function of the random
vector (X1, Yy, ..., X,,, ¥,) defined on a probability space (£2, %, P), namely

1 1 1
Hiw.0==3 I{X;<t)=— 3 IV <th=~3 &), (12.2)
i=1 i=1

i=1

where ¢;(t) = I{X; <t} —I{Y; <t}, i =1,n, areii.d.r.v.’s. Recall that
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E¢(t) = EI{X; <t} — EI{Y; <t} = F(t) - G(1),
Varg; (t) = Varl{X; <t} + Varl{Y; <t} = F(t) + G(t) — (F>(t) + G*(1)).

Since Varg; (1) < oo, the central limit theorem for i.i.d. r.v.’s gives

Y Gt —n(F@) —G(1)) 4 N 1)
VE@) + G(t) — (F2(1) + G2(1)J/n o

where N (0, 1) is a standard normal variable. In other words,

- H@n-(FO-G6Gw) a NGO, D).
VE@) + G(t) — (FX(t) + G(1))

According to properties of convergence in distribution, we get immediately the fol-
lowing result.

Proposition 12.2 Foranyt € R

Vi Hy(@. 1) = (F(t) = G0) > VF@©) + G(t) — (F2(t) + GX0)IN (0, D].

12.3 Stability of Insurance Model

We are going to study the stability of the periodic-review model of insurance company
performance with capital injections and reinsurance introduced in [8].

12.3.1 Model Description

Let u be the initial surplus of insurance company. It is supposed that the surplus at the
beginning of each period has to be maintained above some level a > 0. Denote by &,
the aggregate claim during the nth period. The sequence {&,} is assumed to consist of
i.i.d.r.v.’s with aknown d.f. F possessing a density and a finite mean y . The company
concludes at the end of each period the stop-loss reinsurance treaty. If the retention
level is denoted by z > 0, then ¢(z) =1y —m L oo F(t) dt is the insurer premium
(net of reinsurance). Here we supposed that the insurer and reinsurer premiums are
calculated on the base of expected value principle, and / and m are the corresponding
safety coefficients. As usual F@)=1-F@).

It is necessary to choose the sequence of retention levels minimizing the total
discounted injections during n periods.

One-period minimal capital injections are defined as follows

hi(u) = ing EJ(u,z), where J(u,z) = min(,z) — (u—a)—c@)"'.



176 E. Bulinskaya and J. Gusak

For the n-step model, n > 1, the company surplus U (n) at time n is given by the
relation

Un) =max(U(n — 1) + c(z) —min(, 2),a), U) =u.

It was also proved in [8] that the minimal expected discounted costs &, (1) injected
in company during n years satisfy the following Bellman equation

hy (u) = EEE(EJ(W z) + aBh,_(max(u + ¢(z) —min(§, 2), a))), ho(u) =0,

(12.3)
where 0 < « < 1 is the discount factor.
Put h,(u, z) := EJ(u, z) + «Eh,_(max(u + ¢(z) — min(&, z), a)) forn > 1. It
was established that infimum of the function 4,,(u, z) is achieved for some z > 0 and
function 4, (1) determined by (12.3) is continuous in u.

12.3.2 One-Step Model

We are going to add the label X to all functions depending on & if & ~ law(X).
Putting Ay := sup,., |1, (u) — h1, (u)| we prove the following result.

Theorem 12.1 Let X, Y be nonnegative r.v.’s possessing finite expectations, more-
over, k(X,Y) = p. Then
A <{A+I1+m)p

where | and m are the safety loading coefficients of insurer and reinsurer premiums,
respectively. Both premiums are calculated according to expected value principle
and1 <l < m.

Proof Begin by estimating |EJx (u, z) — EJy (u, z)|. Setting
Cx:=—(u—a)—IEX+mE(X -2, Cy:=—@u—a)—IEY +mE(Y —2)T,
it is possible to write

|[EJx(u, z) — EJy(u, z)| = |E (min(X, z) + Cx)" — E (min(Y, z) + Cy)™ |
< |[E(min(X, z) + Cx)* — E (min(X, z) + Cy)™" |

31(u,z)
+|E (min(X, z) + Cy)" — E (min(Y, z) + Cy)*|.

82 (u,2)

Now we estimate separately &y (u, z) and 8, (u, z).
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81(u,2) < E[(min(X, 2) + Cx)T — (min(X, 2) + Cy)" | < |Cx — Cy| < U +m)p.

Applying Lemma 12.2 to r.v.’s X, Y and function g(x) = (min(x, z) + Cy)", we
get

8y(u,z) = |Eg(X) — Eg(Y)| = ‘f Fyox)(t)dt —/ Fy)(t)dt
R* R+
< / | Faon (1) — Fean(0ldt = k(3(X), g(V)) < p,
R+

due to g’(x) < 1. Hence using Lemma 12.3 and just obtained estimates for &; (i, z)
and 8, (u, z), it is easy to establish the desired result

Ay <sup|EJx(u,z) —EJy(u,2)| < 1 +14+m)p.

12.3.3 Multi-step Model

Now we can prove the following result.

Lemma 12.4 Function h, (1) defined by (12.3) is non-increasing in u.

Proof Since ho(u) = 0 the statement of lemma is valid for n = 0. Due to the
fact that max(u + c(z) — min(§, z), @) is non-decreasing in u, we easily see that
h,—1(max(u + c(z) — min(§, z), a)) and its expectation are non-increasing in u if
we assume /1, (1) to be non-increasing. Furthermore, J (1, z) = (min(§, z) — (u —
a) — ¢(z))* does not increase in u; hence, the same is true for EJ (u, z). Summing
these results we conclude that EJ (u, z) + Eh,—; (max(u 4+ ¢(z) — min(§, z), a)) is
non-increasing in u for any fixed z. It follows immediately that 4, () is also non-
increasing in u, as infimum in z of previous expression. So, we proved the desired
result by means of mathematical induction. O

In the next lemma, we estimate the continuity modulus of function 4, ().

Lemma 12.5 For each n > 0 and any u > a, Au > 0 the following inequality is
valid
|y (u + Au) — hy(w)| < CyAu,

where C, = (1 —a™)(1 — )™,

Proof We use the mathematical induction and begin withn = 0. Since ho(u) = Oitis
clear that |ho(u + Au) — ho(u)| = 0. Hence, one has Cy = 0 = (1 — %) (1 — )~

Now assume that inequality |h,—i(u + Au) — h,—1(u)| < C,_1Au is already
established. Due to
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|J(u+ Au, z) — J(u, 2)|
= | (min(&, z) — (u + Au — a) — c(z))T — min(&,z) — (u —a) — c(@)t | < Au

it follows immediately that |EJ (u + Au) — EJ (u, z)| < Au.
Combining the induction assumption and obvious inequality

| max(u + Au + ¢(z) — min(&, z), a) — max(u + ¢(z) — min(§, ), a)| < Au,
we get

|Ehy— 1 (max(u + Au + c(z) — min(§, z), @)) — Ehy— 1 (max(u + c(z) — min(§, 2), a))|
< C;_1Au.

Taking into account that C,_; = (1 — "~ ")(1 — @)~ we can write
[hy(u+ Au, z) — hy(u, 2)| < (1 +aCy_1)Au = C, Au.

Application of Lemma 12.3 with f,(z) = h,(u + Au, z) and f>(z) = h,(u, z) leads
us to the desired result ending the proof. (I

Denote by &, (1) and h,,, (1) the minimal injected capital during n years if the claim
distribution coincides with law (X) and law(Y'), respectively. Our aim is to investigate
|Any () — hy, ()| under assumption « (X, Y) = p. We put A, = sup,,_, |, (1) —
hy, (u)| to formulate the following result.

Theorem 12.2 Let X, Y be nonnegative random variables having finite means and
k(X,Y) = p. Then

n—1
Ay < (Z a"cn_,) (L+1+mp,

i=0

here 0 < a < 1 is the discount factor, 1 <l < m are the safety loadings of insurer
and reinsurer and Cy, k < n, were defined in Lemma 12.5.

Proof We begin by estimation of |k, (u, z) — h,, (u, z)|. Since
u—a)+IEX —mEX —2)" = —-Cx, (u—a)+IEY —mEY —2)t = —Cy,
one can write

max(u + ¢(z) — min(X, z),a) = a — (Cxy + min(X, z)) ",

max(u + ¢(z) —min(Y, z),a) =a — (Cy + min(Y, 2))~,

where (Cx + min(X, z))~ = min{0, Cx 4+ min(X, z)}.
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Hence, it is possible to get the following expression

|y (0, 2) — hyy (u, 2)| < |[EJx(u, z) — EJy(u, 2)|
81, (u,2)
+a|Ehy_1y (@ — (Cx +min(X, 2))7) — Eh,_1, (@ — (Cy + min(Y, 2))7)|.

The first summand in right-hand side of the last inequality is estimated in the one-step
model as follows
81,(u,2) < (1 +1+m)p.

The second summand can be bounded by the sum of three terms.

|ERy_iy (@ — (Cx +min(X, 2))7) — Ehy_1, (a — (Cy + min(¥, 2))7)]
< |Ehy_1y (a — (Cx + min(X,2))”) — Ehy—1, (a — (Cx + min(X, 2))7)|

82, (u,2)
+ |Ehy_1, (@ — (Cx + min(X, 2))7) — Eh,_1, (a — (Cx +min(Y, 2))7)|

83, (u,2)
+|Ehy-yy, (@ = (Cx + min(Y, 2))7) — Eh,—1, (a — (Cy + min(Y, 2)) )|

84y, (u,2)

According to definition of A,_; for any u > a, we have |hn_1X(u) — hn_ly(u)| <
A,_1, therefore

52,02) = Ayt [ dFx0) = 4,01
R
Using Lemma 12.2 for g(x) = h,_, (a — (Cy + min(x, z))~), one can write
83, (u,z) < Cy1p.

To apply Lemma 12.2, it is necessary to verify that g(x) is non-decreasing. This fact
clearly follows from Lemma 12.4 due to the form of g(x).

As follows from Lemma 12.5, for any u > a one can use inequality |A,_1, (u +
Au) — hy_1, ()| < Cy—1 Au to get

84,(,7) < Cyi|Cx — Cy| < Cpmqi (I +m)p.

Combining the obtained results one gets

[y (U, 2) = hyy (0, D < A+ 1+m)p+a (A1 + Coi(1+1+m)p)
=A1+aC, 1A +ad,_1 =C A +ad,q,
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whence it follows

A, < Suplhnx(uvz) _hny(uvz)| < CA +ad, .

Since C;| = 1 one gets immediately from the previous formula
An = CnAl +OlAn—l = (Cn +O€Cn_])A] +052An—2

n—2 n—1
. < ZaiCn,iAl +a" A = (Zaicn,) 1+1+m)p.

i=0 i=0
(]

Remark 12.2 Letting n tend to infinity it is not difficult to establish that upper bound
of A, tends to (1 — ) ~2(1 + 1 + m)p. In fact,

n—1 iC _nfl Oli(l—()ln_i)_ 1 n—1 i 1 .
;a "_i_g 1 -« _l—ot;a_l—ana_

1 1 —a! " 1
= —_— —nd" | > —,
l -« l -« (1—a)?
asn —>ooand 0 <o < 1.

This result shows that the difference between the objective functions diminishes
as the distance p between the claim distributions decreases. Thus, we have proved
the stability of the model under consideration with respect to claim distribution
perturbations.

The discount factor o describes the effect of reducing the value of money over
time. Hence, it is natural that for « close to 1 the difference is larger than for small
values of «.

12.4 Incomplete Information

Up to now, we assumed the claim distribution F' per year to be known. In this case, it is
possible to find the analytical solution of optimization problem. However in practice,
the theoretical d.f. is usually unknown. It is understandable that for calculations the
empirical d.f. F,, (n is the sample size) is taken instead of the theoretical one, since
F.(t) — F(t) as.asn — o0.

For illustration, we formulate the result from [8] concerning one-step case and
show what one can obtain if F is unknown. We need to introduce in addition to
c(z) defined in Sect. 12.3.1 the functions r(z) = [ F(x) dx, k(z) = z + mr(z)
and g(z) = k(z) —ly, that is, c(z) =y — mr(z) and g(z) = z — c(z). Moreover,
we put z, = F'1=—m™h.
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There existthree sets D = {m > [ > y~'k(z.)}, Dy = {y 'k(z,) =1 > y~'z,}
and D3 = {y’lz* > [ > 1}.Itis obvious that g(z,) < 0in Dy, g(z+) = 0in D, U D3
and z, —c(o0) > 0in D3. Putalso u, =a+z, —ly and u] =a+k(z,) —ly =
a + g(z.). Moreover, it was established that inequalities a > u}, u, < a < u} and
a < u, are equivalent to the relations (I, m) € Dy, (I,m) € D, and (I, m) € Ds,
respectively.

Recall that the optimal policy depends on system parameters / and m as follows.

Theorem 12.3 ([8]) 1. If (I, m) € D, then hi(u) = 0 for all u > a. The optimal
retention level 71 (1) = z,.

2.If (I, m) € Dy, then hy(u) = 0 for u > u}. The optimal retention level z(u) = z.
Foru € [a, u}), the function z, () is the unique solution, for a fixed u, of the equation
u—a—+c(z) =z

3.If (I, m) € Ds, then for u > u, the results coincide with those of part 2, whereas
foru € [a, u,] it is optimal to use no reinsurance, that is, to take z,(u) = oo.

We have reproduced only parts of Theorems 1, 2, and 3 proved in [8] pertaining to
our investigation.

Denote by z.(n), u.(n), uj(n), and y (n) parameters z, U, u}, and y calculated
using the empirical d.f. F, instead of theoretical one.

Corollary 12.1 For fixed a, I, and m the following relations take place a.s., as
n— oo,
2e(n) = Z, us(n) = uy, MT(I’Z) g MT

Proof Ttis well known that convergence in distribution is equivalent to convergence in

quantile. That s, if F, 4 F ,then F! 4 F (quantiles converge in the continuity
points of the limit function F ~1(#),0 < t < 1), see [23]. Moreover, as follows from
part 3 of Lemma 12.1, convergence in Kantorovich metric implies convergence in
distribution, as well as convergence of expected values, and vice versa. If we take
F, = F,, then, according to [23], d,(F,, F) — 0O a.s., as n — oo. Hence, it is clear
immediately that z,(n) = F,'(1 —m™") — F~'(1 = m™") =z, as.,as n — oo.

Since u.(n) = a + z, — ly(n), parameters a and / are fixed, whereas |y (n) —
y| <di(F,, F) = 0as.,asn — 00, the second statement of corollary is also valid.

Turning to the last statement of corollary, we can write |r(z.(n)) — r(z.)| <
dy(F,, F) + |z+(n) — z.|. Hence, one easily gets

lui(n) —ui| < (m+Ddi(F,, F) + (m 4+ 1)|z.(n) — z.| = 0, a.s.

ending the proof. (]

Remark 12.3 Since z;(u) is equal either to z, or to ¢~ (z, +a — u) for (I, m) €
D, U D, it follows immediately from Corollary 12.1 that optimal retention level
calculated using empirical d.f. converges a.s. to theoretical one, as the sample size
tends to infinity. For the set Dj3, there exists also the possibility of no reinsurance.
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Fig. 12.1 Sets D; for 1
exponential distribution 4.0

35¢

3.0+

25¢

20t

L3k

The boundary between D3 and D, is given by the curve [ = ¢;(m) where
@1(m) =y 'F~'(1 —m™"), whereas the boundary between D, and D, is deter-
mined by ¢(m) = ¢;(m) + my~'r(z,). Thus, if we denote by (pl.(")(m), i=1,2,
the corresponding functions calculated on the base of empirical d.f., it is obvious that
<pl.(") (m) — @;(m) a.s.,asn — 00. Soitis possible to specify entirely the “empirical”
optimal policy for given parameters [, m, a, and u. Moreover, for a given initial capital
u one can choose a providing zero additional costs entailed by capital injection.

The form of the sets D;,i = 1, 2, 3, is depicted by Fig. 12.1 for exponential claim
distribution.

Itis also interesting to mention that for uniform, as well as, exponential distribution
the boundaries ¢; (m), i = 1, 2, do not depend on distribution parameters.

12.5 Conclusion and Further Research Directions

In this chapter, only the case of no a priori information about the claim distribution
was treated for one-step model. The multi-step case is the next step. However to deal
with it, we need to prove at first the existence of the so-called asymptotically opti-
mal stationary policy. Then it will be possible to construct empirical asymptotically
optimal policy, in other words, to propose a policy based on empirical distribution
giving the same long-run injection cost per period as the above-mentioned station-
ary policy. These results will be published elsewhere. We plan also to carry out the
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sensitivity analysis as proposed in [18, 21, 24] for finding out the most important
scalar parameters. Such analysis was already performed in [5] for two risk models.

12.6 Appendix

Here we prove some results concerning convergence in distribution in L; we plan to
use in further investigation of two samples case.

Recall that (X, Y1), (X2, Y2), ... is a sequence of independent random vectors
defined on a probability space (£2, .%, P) taking values in R?. Moreover, introduced
in the previous Sect.12.2.3 random variables ¢;(¢) for a fixed ¢ can take values
from the set {—1, 0, 1}. Hence, values of H, (¢, w) for a fixed n belong to the set
{in~' :i = —n,n} for any t, whereas mapping H,(¢,.) : £ — R is measurable.
Thus, the process H, (¢, w) for a fixed n is jointly measurable in (¢, @), that is, it is
AB(R) x .F-measurable. As usually, Z(R) is the Borel o-algebra in R.

Theorem 12.4 Let X, X;, i € N, be i.i.d. rv.’swithd.f. F andletY,Y;, i € N, be
also i.i.d. rv.’s but with d.f. G. Put

nt) =U{X>t}—PX>1t)—U{Y >t} — P >1), —o0o<t <00,
whereas 1;, i € N, are the processes obtained by substitution of X; instead of X
and Y; instead of Y in the last expression. Then

(a) The processes Y ;_, n;/~/n = /n(F, — G, — (F — G)) converge in distribu-
tion in L1(R) to the process B1(F(t)) + B,(G(t)), t € R, where By and B, are
two independent Brownian bridges, if and only if

+o00
/ VFOA = F(1) + G@t)(1 — G(1)) dt < 0. (12.4)

(b) (1) If the condition (12.4) is valid the sequence

+00
:ﬁ/ [Fp(w,1) = Gp(w,t) — (F(t) = G(t))|dt, neN,
—00
Ly

Zﬂi/ﬁ
i=1

is stochastically bounded.

(2) If the sequence ||Y__, n:/ /1| ,, is stochastically bounded, then

< Q.

Y Ui >ty =Py > 1)/Jn

i=1

sup £
n

L,
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Proof According to [14] for any random element n(t) from L;(R) such that

S lInllg,dP, < ooand [ ndP, = OCondltlonf VE())3dt < oo is equivalent
to weak convergence of the measures generated by Y+, 7;(¢)//n to a Gaussian

measure on L; (R). First, we show that this condition has the form (12.4) in our case.
Putting X(t) =I{X >t} — P(X >1), Y(t) =1{Y >t} — P(Y > 1), fors,t €
R, we have, due to independence of X and Y combined with E X (t)=FE Y(t) =0,

cov(n(s), n(1)) = E(X(s) — Y())(X (1) — Y (1)) = EX(s)X (1) + EY(s)Y (1)
=min(F (1), F(s)) — F(t)F(s) + min(G(¢), G(s)) — G({)G(s).

Hence, according to the central limit theorem for R¥ k € N, one has

Mm@, ..., n(t)) < (B1(F(t) + Bo(G(t1)), ..., Bi(F(t)) + B2(G(%)))

for any sequence t;, ..., witht; e R, i = 1, k. Using the result from [16], we
see that processes Y -, n;(t)/+/n converge to the process B (F (1)) + B»(G(t)) in
L{(R) as n — oo. Thus paragraph (a) of the theorem and sufficiency of paragraph
(b) are established.

Statement of paragraph (b2) is the immediate consequence of the proof of part
(b) of Theorem 2.1 in [10]. (I
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