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Abstract We consider the K3 surfaces that arise as double covers of the elliptic
modular surface of level 5, Rs 5. Such surfaces have a natural elliptic fibration
induced by the fibration on Rss. Moreover, they admit several other elliptic
fibrations. We describe such fibrations in terms of linear systems of curves on Rs 5.
This has a major advantage over other methods of classification of elliptic fibrations,
namely, a simple algorithm that has as input equations of linear systems of curves
in the projective plane yields a Weierstrass equation for each elliptic fibration. We
deal in detail with the cases for which the double cover is branched over the two
reducible fibers of type /5 and for which it is branched over two smooth fibers,
giving a complete list of elliptic fibrations for these two scenarios.
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1 Introduction

Let S/C be a smooth projective surface and B/C be a smooth projective curve. We
say that a proper flat map &: S — B is an elliptic fibration if the generic fiber S
is a smooth genus 1 curve and a section O: B — § is given. Given a section, we
regard the generic fiber of & as an elliptic curve over the function field k(B), and
so we can work with a Weierstrass form of &. We will say that an elliptic fibration
is relatively minimal if there are no contractible curves contained in its fibers. For
the remainder of this paper, all elliptic fibrations will be assumed to be relatively
minimal and not of product type.

Not all surfaces S admit elliptic fibrations, and if S admits an elliptic fibration,
a lot is known about the base curve and about the maximal number of elliptic
fibrations on it. More precisely if S is of general type, then S admits no elliptic
fibrations; if the Kodaira dimension of § is nonpositive, then the curve B is rational,
if a surface S admits more than one elliptic fibration as above, then it is a K3 surface
(a surface with trivial canonical bundle and trivial irregularity). In particular if S is
either a K3 surface or a rational surface, then B ~ P'. Every relatively minimal
rational elliptic surface is the total space of a pencil of plane cubics; such surfaces
admit only the obvious elliptic fibration. We refer to [6] and to [11] for more on the
theory of elliptic fibrations on surfaces.

1.1 K3 Surfaces Arising from Rational Elliptic Surfaces
and Their Elliptic Fibrations

In this paper we will consider K3 surfaces S that are double covers of rational elliptic
surfaces R, branched over two fibers of the elliptic fibration &g : R — P!. More
precisely, such K3 surfaces are the minimal resolution of the fiber product S of
a rational elliptic surface &: R — P! and a degree 2 map P! — P!, which is
necessarily branched over two points.

We recall that an involution on a K3 surface is non-symplectic if it acts by —1
on HY(S, Ks) ~ C. Call ¢ the involution on S agreeing with the cover involution of
the 2 : 1 map § — R; then this involution is non-symplectic and fixes the inverse
image of two fibers of the fibration & : R — P!, which are the branch curves. The
quotient surface S/t is rational and is either R or a blowup of R (denoted by R in
what follows). It was proved by Zhang (see [15]) that every K3 surface S admitting
a non-symplectic involution ¢ whose fixed locus contains curves of genus at most 1
arises by a base change of order two from a rational elliptic fibration &% : R — P!
as described above.

The K3 surface S obtained as above is naturally equipped with one elliptic
fibration &: S — P!, induced via pullback from &%. In [4] the relationship between
elliptic fibrations on S and linear systems on the rational surface R (or ﬁ) is studied.
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The elliptic fibrations on S fall into one of the three categories below according to
the action of ¢ on the fibers. Note that & belongs to the second one:

» if ¢ preserves each fiber of the fibration, then it acts on the fibers as the elliptic
involution. The elliptic fibration on S is therefore induced by fibrations in rational
curves on R. We will call these pencils “conic bundles” if they are rational
fibrations on R and “generalized conic bundles” if they are rational fibrations
on R (but not on R);

» if ¢ preserves the fibration, but not each fiber of the fibration, this implies that ¢
acts on the base of the fibration (with two fixed points). In this case the elliptic
fibration on § is induced by a pencil of genus 1 curves on R, whose members
split in the double cover. We call these pencils “splitting genus 1 pencils”;

e if ¢ does not preserve the elliptic fibration, we call the fibration of type 3.
A fibration is of type 3 if and only if the class of the fiber of the fibration, in
the Néron-Severi group of S, is not preserved by ¢.

As a result of this classification and of the technique introduced in [4], in good
cases one may classify the singular fibers of all elliptic fibrations &: § — P! in
terms of the singular fibers of more tractable linear series on S/¢. Our focus here
is on even finer information: obtaining explicit Weierstrass equations of elliptic
fibrations on such K3 surfaces. Using Tate’s algorithm, one may then read off the
singular fibers from the order of vanishing of the coefficients and discriminant of the
Weierstrass equation (see, e.g., the table on page 41 of [6]). In Sects. 5.2 and 6.1.2,
we give methods and algorithms for determining Weierstrass equations coming from
conic bundles and splitting genus 1 pencils on rational elliptic surfaces, under some
assumptions. This is our main result.

Theorem 1 Let S be a K3 surface arising from the rational elliptic surface
&r: R — P! as described above. Let & be an elliptic fibration on S that is not
of type 3. Then, under certain conditions, one obtains a Weierstrass equation for &

by applying:

* the algorithm of Sect. 5.2 if & is induced by a (generalized) conic bundle with
prescribed properties (see Sect. 5.2 for details);
* the algorithm of Sect. 6.1.2 if & is induced by a splitting genus 1 pencil.

1.2 Outline of the Paper

We focus particularly on K3 surfaces arising as double covers of Rs s, the elliptic
modular surface of level 5. This is the universal elliptic curve over the modular
curve X1(5), and the evident map &gss: Rs5s — X1(5) =~ P! is the unique elliptic
fibration. The fibers of &k, 5 are smooth except for two nodal rational curves (type
I1) and two 5-gons (type Is); this property also determines Rs 5 and implies that the
Mordell-Weil group MW (&R) = Z/5Z. The geometry of this surface as the total
space of a pencil of plane cubics is described in Sect. 2.
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In Sect. 3 we classify the conic bundles on Rs 5 up to automorphisms. The main
result of this section is Proposition 1.

In the remainder of the paper, we study elliptic fibrations on different K3 surfaces
arising from Rs 5 by choosing different base changes. In Sect.4 we describe such
K3 surfaces, writing their equations as double covers of P2, as well as giving the
Weierstrass form of the elliptic fibrations induced by &%.

In Sect. 5 we consider the elliptic fibrations induced on K3 surfaces by the conic
bundles classified in Sect. 3. We observe directly that the same conic bundle induces
elliptic fibrations with very different properties on K3 surfaces according to the
choice of the branch curves.

In Sects.6 and 7, we restrict our attention to two K3 surfaces obtained by
choosing maximally different branch fibers: in Sect. 6 we consider the very special
case where the branch fibers are 2/s5, and in Sect. 7 we consider the generic case
where the branch fibers are 2.

When the double cover is branched over the two 5-gons, the K3 surface is called
Ss.5, and the involution ¢ fixes the union of ten rational curves. There is a unique such
K3 surface possessing such a non-symplectic involution. This K3 surface admits 13
types of elliptic fibrations, classified by Nishiyama in [9]. In this special case we are
able to determine equations for all elliptic fibrations on S5 5 using our techniques
and algorithms. We observe that in this case there are no fibrations of type 3. The
main result of this Section is Proposition 2.

When the double cover is branched on two smooth fibers, the K3 surface moves
in the two-dimensional family of the K3 surfaces admitting an elliptic fibration with
a 5-torsion section. We call a very general member of this family X5 5, and using the
lattice-theoretic technique of [9], we list all the admissible configurations of fibers
of an elliptic fibration on Xs 5 in Table (7.1) proving Proposition 3. In this case the
elliptic fibrations cannot be induced by splitting genus 1 pencils or by generalized
conic bundles. On the other hand, there are plenty of elliptic fibrations of type 3,
and we describe one of them in detail.

2 The Surface Rs s

Let Rs s be the elliptic modular surface of level 5. We know from [1, Tableau] (with
coordinates X = xq, Y = xo — x1, Z = x3) that the surface Rs s is the blowup of
IP? in the basepoints of the pencil & of cubics:

Axyx2(xo — x1) + pxo(xo — x1 — x2)(x0 — x2) = 0. (D

We will denote this blowup morphism by f: Rs5 — P2. The cubic corre-
sponding to A = 0 is reducible and consists of the three lines m; : xo =0,
my : xo—x1 —x2 =0, m3 : x9g —x2 = 0; the cubic corresponding to u = 0 is
reducible and consists of the three lines £1 : xo —x; =0,42 : x1 =0,43 : x =0
(Fig. 1).
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Fig. 1 The reducible cubics
and basepoints of the pencil
'@

The nine basepoints of this pencil of cubics are as follows: Q1 := (0 : 0 : 1),
the point Q) infinitely near to Q1 and corresponding to the tangent direction 7.
Q2 := (1 : 1 : 0), the point Q infinitely near to Q and corresponding to the
tangent direction m»>, Q3 := (0 : 1 : 0), the point Q’3 infinitely near to Q3 and
corresponding to the tangent direction £3, Q4 := (1 : 0 : 1), the point Q) infinitely
near to Q4 and corresponding to the tangent direction €5, and Qs := (1 : 1: 1).

In the following we will denote by 77 the point (1 : O : 0), which is not a
basepoint of the pencil and corresponds to the intersection of the lines ¢> and ¢3, and
by 75 the point (0 : 1 : —1), which is not a basepoint of the pencil and corresponds
to the intersection of the lines m; and m,.

Let i denote the preimage of the class of a line; then NS(Rs 5) is spanned by
h and the components of the exceptional divisors of the blowup g : Rss — P2,
We will denote the (irreducible) exceptional divisor corresponding to Q; (resp. Q})
by E; (resp. F;) fori = 1,2,3,4. At Qs there is only Es5. Note that Fi2 = —1,
E} = —2fori = 1,2,3,4, E2 = -1, E;E; = 0ifi # j, F;F; = 0ifi # j,
E;F; = 1. By slight abuse of notation, let £1, ¢, 3 and m1, my, m3 denote the
proper transforms on Rs s of the corresponding lines in P2, We have the following
relations in NS(Rs 5):

bi=h—E\—F —Ey—F),—Es my=h—FE|—2F — Ez;—F3

lp=h—E|—F —E4—2F4 my=h—Ey,—2F, —E4— Fy

lz=h—FE),— F)— E3;—2F; m3=h—E3— F3 — E4— F4 — Es.
(2)

The Weierstrass equation of the elliptic fibration of Rs s is obtained by (1)
choosing x> = 1 and applying standard transformations. It is
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y2 =x3+ A\ w)x + B, : ), where 3)
~1 1 7 1 1
A(p) i= —pt — =P — — 222 + - — —2%, and
(W)= gl = gWh = g RAT g AT = gk an
1 1 25 25 | 1
B —_ 6 o 5)L o~ 4)L2 = 2)L4__ )LS —)»6.
()= geqh T g™+ T ggh *" T+ 2ggt LT

The discriminant is 1323 (—=22 + 11p + p2), so there are two fibers of type Is
over (A : ) = (0:1)and (A : u) = (1 : 0). Moreover there are two fibers of type
I over (A: ) =(1: —1—21 + %\/3)

Now the function

2 2 2
W —O6uA 4+ A7 puA
A= x@Riuyrw)=———m7"——i; —
12 2
is a 5-torsion section of this fibration. It is known (see, e.g., [11, Section 9.5]) that
the elliptic fibration on Rs s has Mordell-Weil group equal to Z/5Z.
The negative curves on Rs s are:

1. the ten components of the two fibers of type /5 denoted by @él), @](l), @él),

@);1), (H)jl) on the first fiber and (H)éz), @)fz), 6)2(2), (H)gz), @f) on the second fiber
(these are all (—2)-curves);

2. the five sections Py, P;, P>, P3, and P4, where Py meets the components @él) and
@(gz), P meets the components @fl) and @éz), P> meets the components @2(1)
and @f), P3 meets the components @)3(1) and @1(2) , and P4 meets the components
@il) and @éz) (these sections are all (—1)-curves).

The dual graph of this configuration is given in Fig. 2. We observe that Fig. 2 is
a generalization of the Petersen graph (it is exactly the Petersen graph if one does
not consider the empty edges), and we point out that this graph represents several
intersecting objects in algebraic geometry and in tropical geometry (see, e.g., [10]).
We may then make the following choice of identifications:

o =m0 = E3 05" =m3 0" = £, 6" = m,
0P =E 07 =t 05 =t; 0 =E; 0 = ¢ “
Ph=F Pi=F P,=Es P3s=F, Py=F,.

We observe that there is an automorphism o5 on Rss of order 5, which
is the translation by the section Pj. It acts on the negative curves as follows:
05(@,.(1)) = (N)l.(}r)1 and 05(@;2)) = @i(i) , where i + 1 and { + 2 are considered
modulo 5; 05(Py) = Pr+1, where k 4 1 is considered modulo 5.

There is also an automorphism o2 of order 2 on Rs s which is the elliptic
involution on the elliptic curve (3) over the function field k(u). Note that o restricts
to the elliptic involution on each smooth fiber of the fibration (3). It acts on the
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Fig. 2 Dual graph of
negative curves on Rs 5. The
symbol filled circle denotes a
(—2)-curve, and open circle
denotes a (—1)-curve

negative curves as follows: 02(@i(j)) = @(_/;.), where i € Z/57Z, j = 1,2 and
02(Py) = P, where k € Z/57. There is also an automorphism « of Rs s lying
above the involution of P! &: (A : u) — (—w : A). In terms of the Weierstrass

equation (3), we have
a: (x,y, ) > (/i —y/ i, =1/ ).

010
Note that the automorphism 0520(0’53 is induced by the element ( 3 1 (1) (1) ) in PGL3(C).

From this description, the action on NS(Rs s) is apparent a(@él)) = @62) and
(@) = 0 a@") = 6P and «(©?) = ©; and finally & (Py) = Py,

-7

while the remaining sections are permuted so as to preserve intersections.

3 Conic Bundles on Rs s

In this section we classify the conic bundles on Rs 5 by considering their reducible
fibers proving Proposition 1.

The key result we use is that on a rational elliptic surface, every conic bundle has
at least one reducible fiber. Further, any reducible fiber must be of type A, or D,,,
as shown in Fig. 3 (see, e.g., [4]).

Proposition 1 There are exactly three conic bundles on Rs s up to automorphisms,
i.e., the conic bundles B1, By, and B3 induced by the pencils of plane rational curves
with Egs. (5), (6), and (7), respectively.

Proof

Step 1: Classification of the reducible fibers. Every conic bundle has at least
one reducible fiber, so in order to classify the conic bundles, it suffices to find all
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An Dy,

Fig. 3 Possible reducible fibers of conic bundles on (minimal) rational elliptic surfaces. The
numbers n and m refer each to the number of components. The multiplicity of a component
is indicated above the corresponding vertex if it is not 1. The symbol filled circle denotes a
(—2)-curve, and open circle denotes a (—1)-curve

the possible reducible fibers. The components of the reducible fibers are negative
curves. As Rs s (and in fact any extremal rational elliptic surface; see [6, VIII.1.2])
has only finitely many curves of negative self-intersection, one simply must find all
possible A, and D,, (for m > 3) configurations among the curves with negative
self-intersection.

Every reducible fiber contains at least a (—1)-curve, as shown in Fig. 3. Since
we are looking for a classification up to automorphisms, and the automorphism o5
permutes the (—1)-curves on Rs 5, we can always assume that one of the reducible
fibers of the conic bundle contains the (—1)-curve Py. Moreover we recall that the
action of o; switches G)i(j ) with @5(1_) ; and the action of a switches the two /5-fibers.
Up to the action of o9 and «, the reducible fibers of type A, that contain Py as a
component are necessarily of one of the following type:

o Py+ Z{'(:O @i(l) + Py, k = 1,2, 3, and in this case, we have a fiber of type Ax43.

Up to the action of o9, the reducible fibers of type D,, that contain Py as a
component are necessarily of the following types:

e 2Py + (H)él) + @)(()2), and in this case, we have a fiber of type D3;

e 2P+ 2@81) + @fl) + @)(1), and in this case, we have a fiber of type Dj.

Step 2: At most three conic bundles. We consider the conic bundles associated
to the possible singular fibers described above and show that some of them are

equivalent up to the action of o5 and 0. Moreover we describe the conic bundles
that we find and we give equations for them:

(1) |Bi| =|Py+ @(()1) + (H)fl) + P1|. The components of one reducible fiber are Py,
@él), @1(1), P;. This fiber is of type A4. The curves @él), @il), @éz), and @2(2)

are sections of the bundle. There is another reducible fiber of type A4 which is
2

formed by the curves P>, ©,7, 6)3(2), P4 and one of type D3 which is formed
by P3 (with multiplicity 2), 05", ©?.

Using the identifications made earlier, this class can also be written as:
Bi=F +m +E+FB=F+"h-E —-2F—-E—F)+E+ F;

=h—E|—Fj.
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Unwinding what this means geometrically, | B1| comes via proper transform from
the pencil of lines through Q1 in P? which has equation

X1 = TXg. )

Under this description we can also understand the singular fibers: they correspond to
the special lines m1, £1, and £,. For example, the line £, corresponds to the reducible
fiber B*(£2) — E1 — Fi = &+ Es + 2Fs = 02 + 08" 1 2p;.
The conic bundle |B;| is sent to other conic bundles by o35, by 02, and by their
powers. Each of these has exactly three reducible fibers of types A4, A4, and Ds3.
We observe that the fiber of type D3 of the conic bundle |Bjp| is sent to

2Py + (H)él) + 6)2(2) by the automorphism 052, so the conic bundle with reducible
fiber 2 Py + @él) + @éz) is equivalent to | B1| up to automorphisms.

Similarly the Ay-fiber P>+ ©.” + O + Pyis sentto Py +6\” + 6 + Py by
05, 0 also the conic bundle with reducible fiber Py -+ @éz) +6 fz) + P3 is equivalent
to | B1| up to automorphisms.

2) |B2| = |Py+ @él) + @1(1) + @él) + P,|. The components of one reducible fiber
are Py, @él), @1(1), @2(1), P>. This fiber is of type As. The curves @él), (H)i]),
@éz), @f), and P; are sections of the bundle. There is another reducible fiber
of type As which is formed by the curves Pz, & 1(2), @éz), (~)§2), Py.

Similarly here we can write:
By=F +m +E3+m3+Es=2h—E|—F — E3—2F;— Eq4— Fy.

Hence B corresponds to the pencil of conics through Q1, Qs, Q/S, and Q4. More
explicitly this is given by conics passing through Q| and Q4, and tangent to £3 at
Q3 and in IP? this pencil is given by the equation

x1x2 = T(xpxy — xg). (6)

The two reducible fibers correspond to the reducible conics m| U m3 and £, U £3.
The As-fiber of |B>| whose components are P3, @fz), @2(2), @éz), Py is sent to
the reducible fiber Py + ZZ-ZZO @i(z) + P by 052.

3) |B3| = |Py + (H)(g]) + @f]) + @2(1) + @3(1) + P3|. The components of one
reducible fiber are Py, @él), @](1), @él), @él), P5. This fiber is of type Ag.

The curves @(()2), ® 1(2), Py, and P, are sections of the bundle. The curve ® ftl) is
a multisection of degree 2. There is another reducible fiber of type D4 which is
formed by the curves Py, @3(2), @f), @éz).

We can also describe this using:

Bsy=F +m +E3s+m3s+Es+ Fy=2h—E{— F, — E3—2F; — Es.
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Therefore B3 comes from the pencil of conics in P2 through Q1, O3, Q/3, and QOs;
that is conics through Q; and Qs, tangent to £3 at Q3, and in P this pencil is given
by the equation:

x1x2 = (T 4 Dxoxz — 7. (7)

We can again understand the reducible fibers as coming from reducible conics £1U¥{3
and mi U ms.
The Dy-fiber is sent to the fiber 2Py + 207 + 0> + 6> by os.

Step 3: Exactly three conic bundles. It remains only to prove that the conic
bundles B; for i = 1,2, 3 are all inequivalent up to automorphisms. Since the
reducible fibers of |B;| are (2A4, D3), the reducible fibers of |By| are (2As),
and the reducible fibers of |B3| are (Ag, D4), they cannot be equivalent up to
automorphisms. Hence there are three conic bundles on Rs 5 up to automorphisms.

4 K3 Surfaces Obtained by Rs s

Now we consider K3 surfaces obtained from Rs s by a base change of order 2
branched on two fibers. Of course the K3 surface obtained depends on the branch
fibers. Let us explicitly give the description of the K3 surfaces that we can obtain
in this way. They will be both described as elliptic fibrations (induced by the one of
Rs 5) and as double covers of P2.

4.1 The Branch Fibers Are 21s: The K3 Surface Ss s

Let us consider the K3 surface S5 5 obtained by a base change of order 2 of Rs 5
whose branch locus corresponds to the two fibers of type Is. This means that all
the components of the fibers of type /s are in the branch locus of the double cover
85,5 -——» Rs 5.

4.1.1 The Surface R

The double cover of Rs s branched over the two fibers of type /s has ordinary
double point singularities at the ten points over the nodes in the branch fibers. In
order to obtain a K3 surface, one can blow up these ten points on the double cover,
introducing ten exceptional divisors. Equivalently one may first blow up the ten
nodes of the branch fibers to obtain a non-minimal rational elliptic surface R and
then consider the double cover of this surface branched over the strict transforms
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of the branch fibers. Note that in the preimage of the branch fibers, all the 10
exceptional curves occur with multiplicity 2, and so they are not in the branch locus.

We will make use of this non-minimal rational elliptic surface R it is simply
the blowup of P? in 9 4 10 points, some of which are infinitely near to each other.
The ten additional points are T, 7> and the two points on each of the exceptional
divisors E; fori = 1, 2, 3, 4 corresponding to the tangent directions at Q; specified
by, respectively, £1 and £, £1 and £3, m| and m3, and finally m, and m3.

We will denote by Eg., E7,, and ET, the exceptional divisors over Qs, T1, and
T, respectively. These three divisors are (—1)-curves.

We will denote by E;, F;, G;, and H; the four exceptional divisors over Q; for
i = 1,2,3,4. For each i, the divisor E; is a (—4)-divisor intersecting F;, G;, and
H;, which are orthogonal (—1)-curves. We make the identification that F; is the
tangent direction corresponding to the basepoint of the pencil of cubics, and H; and
G, correspond to the tangent directions specified in the following table:

12 3 4
G|ty €3 m; m3
H; |ty 1 m3 myp.

Note that the E; and F; are the strict transforms of the curves of the same name
on Rs s.
The strict transforms of the lines £; and m j, j =1, 2, 3 on R are the following:

ti:=h—E—-—F—-26G1—-H —E,—F—Gy—2H, — Egs;
by:=h—E—F1—Gy—2H| — E4 —2F4 — G4 — Hy — E7y;
l3: = h—Ey,—F,—2Gy—Hy— E3 —2F3 — G3 — H3 — E7y;
my:=h—E —2F —Gy—H — Ez— F3 —2G3 —2H3 — Ep,;
my:= h—FE)—2F—Gy—Hy—E4— Fy— G4 —2Hy — E7y;
m3:=h—E3—F3—G3—2H3 — E4— Fy —2G4 — Hy — Eg;.

The sections of the non-relatively minimal fibration on Rare F i,j=1,2,3,4and
E g, (i.e., the strict transform of the sections of the fibration on Rs ).

4.1.2 Geometric Description of S5 5 and Its Néron-Severi Group

The surface S5 5 admits a non-symplectic involution ¢ which is the cover involution
of the double cover S5 5 — R. This involution fixes ten rational curves (the curves
mi, £i,i = 1,2,3 and E; with j = 1,2,3,4), and it acts trivially on the Néron—
Severi group.

The elliptic fibration &, ;: S55 — P! induced by &rss: Rs5 — P! has two
fibers of type I1o (induced by the fibers of type Is on Rs s) and four other singular
fibers, all of type I;. The trivial lattice of the fibration (generated by the class of
the generic fiber, the class of the zero section, and the classes of the nontrivial
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components of the reducible fibers) has rank 20. The trivial lattice is a sublattice
of the Néron—Severi group, and since the Néron—Severi group of a K3 surface has
rank at most 20, we conclude that it is exactly 20. By the Shioda—Tate formula,
there are no sections of infinite order for the fibration @@Ss,si S55 — P!. The
5-torsion sections of the fibration on Rs 5 induce 5-torsion sections of 555’5. Hence,
MW (&5, ;) 2 Z/5Z. The possible torsion parts of the Mordell-Weil group of an
elliptic fibration on a K3 surface are Z/nZ for 2 < n < 8, Z/27Z x Z/mZ for
m=2,4,6, and (Z/kZ)2 for k = 3,4 (see, e.g., [12, Thm 7.1]). So we conclude
that MW (&s; 5) = Z/5Z.

The curves @i(j ) are in the branch locus, and we denote by .Ql.(j ) the rational curve
on S5 5 whichmaps 1 : 1 to @l.(j ), Moreover, we have ten other rational curves on
Ss.5: the curves 9,'(3171’ foriy,iy — 1 € Z/5Z, j = 1,2, which are the curves
resolving the singularities of the intersection point between (H)i(lj ) and @i(ljjl and are

the double cover of the ten exceptional curves of the blowup R — Rs 5. The curves
P; are not in the branch locus and we denote by Q; their 2 : 1 cover in S5 5. The
dual graph of this configuration is given in Fig. 4. We observe that this gives exactly
the diagram given in [14, Figure 1] as dual graph of certain rational curves on the
K3 surface whose transcendental lattice is (2)Z, which is a different way to describe
the surface Ss 5. ~

Let w: S55 — R denote the double cover. As can be deduced from (4) and the
above identifications, pushing forward curve classes has the following effect:

Fig. 4 Dual graph of relevant
negative curves on Ss 5
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M85 =my 2y =26y m2y) = E1 m2y) =2G, m,.Q0=2F
720 =265 7.2 = E; 708 =20 1.9 =E n.05=2F
m. 2\ = B3 m2y) =20 m® =t 700 =2 1.0/ =2F
T2 =2Hy m 82y =my w2 =2Er, m2y =0 71.04=2F
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®)
4.1.3 Weierstrass Equation of Ss s
By the Weierstrass equation (3), the fibers of &k of type I5 are the fibers over

uw = 0and p = oo. So the base change branched on these fibers is given by
w— ,uz, and the elliptic fibration on S5 s induced by the one on Rs 5 is

y2=x3+A(u)x+B(/L), where )]
-1 1 7 1 1
A —_ g8 6 " 4, - 2 0 d
() Ty +4 g n

1 1 25 25 1 1
B) = ——pl2_ 0 = 8 = 4, 1 2 1
W= —geah " ag" st st Tas T sea
The discriminant is 11_6 ulo(—l + 11u2 + ;1,4), so there are, as expected, two fibers
of type I1p over u = 0 and u = co. Moreover there are four fibers of type I over

p==x/- 35

4.1.4 Double Cover of P2

On the other hand, R and Rs 5 are blowups of P2, and the branch fibers of
mw : Ss5 --» Rss correspond to the cubics f3 := xjx2(xo — x;) = O and
g3 = xo(xo — x1 — x2)(xp — x2) = 0. This exhibits S5 5 as a double cover of
IP? branched along the union of these two cubics. So we obtain a different equation
for Ss 5, as a double cover of P2, ie.,

w? = x1x2(x0 — X1)X0(xX0 — X1 — x2) (X0 — X2). (10)

We observe that Ss 5 is rigid (both in the moduli space of the elliptic K3 surfaces
with prescribed reducible fibers and in the moduli space of the K3 surfaces with a
non-symplectic involution with a prescribed fixed locus), since both Rs s and the
choice of the branch fibers are.



172 F. Balestrieri et al.
4.2 The Branch Fibers Are 21y: The K3 Surface Xs s

Let us consider the K3 surface X5 5 obtained by a base change of order 2 of
Rs 5 whose branch locus corresponds to two fibers of type Ip. Let us assume it
is very general among the K3 obtained in this way. This K3 surface lies in a two-
dimensional family of K3 surfaces (see [5]), whose parameters depend on the choice
of the two branch fibers (see (12)).

4.2.1 Geometric Description of X5 5 and Its Néron—Severi Group

The surface X5 s admits a non-symplectic involution ¢ which is the cover involution
of the double cover X5 5 — Rs s and which fixes two elliptic curves.

The elliptic fibration &5 : X55 — P! induced by SRss + Rss — P! has
four fibers of type I5 and four fibers of type /1. Moreover it has a 5-torsion section,
induced by one of the sections of the elliptic fibration on &, 5. The Néron—Severi
group and the transcendental lattice of this K3 surface are computed in [5], and a
set of generators of the Néron—Severi group is given by the class of the fiber of the
fibration, the zero section, one section of order 5, and the irreducible components of
the reducible fibers of the fibration. .

The curves @i(/ ) are not in the branch locus, and we denote by .Qi(J ) fork=1,2

the two disjoint rational curves which are mapped to @i(f ) by the quotient map
Xs55 — Rss. The curves P; are not in the branch locus and we denote by Q;
their 2 : 1 cover in X5 5. The dual graph of this configuration is shown in Fig. 5.
This diagram is also a tropical surface, similar to the one given in [10, Figure 1], as
pointed out by B. Sturmfels.

4.2.2 Weierstrass Equation of X5 5

Let us denote by 1 and p, two arbitrary points of IP’}L such that the fibers of (3)
over 1 and o are smooth. Let X5 5 be the surface obtained from Rs 5 by a base
change of order 2 branched in 11 and 2. We already observed that the surface X5 5
lives in a two-dimensional family of K3 surfaces and its equation depends on the
two parameters 1 and wo.

Let us consider the base change Pga:ﬁ) — ]P)ENJ)») branched over (u : ) = (uq : 1)
and (u7 : 1), i.e., the base change given by

=i+ pA r=o+ (11)
It induces on X5 5 the elliptic fibration:

v =x>+ A(a : B)x + B(a : B) (12)
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Fig. 5 Dual graph of relevant negative curves on X5 s

whose discriminant is
5 5
((azuz + 82 (e + B2) (@*uid + 1t g pd — ot + ey o 2+

20?32 + e u3p? — 202 ua B2 + w3 p* + 118400 — %) )/ (1617)
(13)

For generic values of @1 and w2, the elliptic fibration has 415 4+ 41; as singular
fibers.

4.2.3 Double Cover of P2

On the other hand, Xs5 is the double cover of P2 branched on the union
of the two cubics xjxp(xg — x1) + wixo(xo — x1 — x2)(x9p — x2) = 0 and
xlxz(xo - JC1) + ,bszo(xo — X1 — xz)(x() - x2) = 0. So X5’5 can be described
by the equation

w? = (x1x2(x0 — x1) + pixo(xo — X1 — x2) (x0 — x2))

(x1x2(x0 — x1) + paxo(xo — X1 — x2)(x0 — x2)).  (14)

4.3 Branch Fibers Is and I;

If one uses as branch fibers a fiber of type I5 and one of type /1, one obtains a rigid
K3 surface (in the moduli space of the elliptic K3 surfaces with prescribed reducible
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fibers), whose singular fibers are 119+ 215 + I + 21, and theoretically one has four
different admissible choices to do that. Indeed one can choose the fiber of type Is
which is the branch fiber to be the fiber either over ;; = 0 or over u; = 00, and
similarly one can choose the fiber of type /1 which is the branch fiber to be the
fiber either over up = (—11 + 5«/5)/2 orover up = (—11 — 5«/5)/2. In order to
obtain the Weierstrass equation of these elliptic fibrations, it suffices to apply the
base change (11) with the chosen values for 11 and us.

We assume that pup, = (—11 + 5«/3)/2, and we obtain the following two
Weierstrass equations. If @y = 0, the base change (11) applied to u; = 0 and
wr = (=11 4 55) /2 gives an elliptic fibration:

v =x>+ A(a: B)x + B(a : B)

whose discriminant is

—% (—o +5825) (—202 — 1182 + Sﬂzﬁ)soﬁﬁ“’.

In order to choose (| = oo, one has to slightly change the equation of the base
change (11), which now is u = o? and A = o?/us + B2, and one obtains

y2=x3+A(oe:,B)x+B(a:ﬁ)

whose discriminant is
1 2 2 2 2 2 3 2 10
135 (—375125+1677615) (=2502+2/5) (—202+1152+567V5) pa®.

We observe that in the first case the K3 surface obtained is described as a double
cover of P? by the equation

w? = x1x2(xp — x1) (x0x1x2(13 + 5«/3) — x12x2(11 + Sx/g)
+2x3 — 4x§x2 — 2x1x§ + 2x0x§> ,
in the second by the equation
w? = x0(x0 — 31 = 12)(¥0 — %2) (x0x122(13 + 5v5) — Pra (114 5V5)

—|—2x8 — 4x§x2 — 2x1x§ + 2x0x§) .

4.4 Branch Fibers Is and I

If one chooses as branch fibers one fiber of type /5 and one of type Iy, one obtains a
one-dimensional family of K3 surfaces, whose singular fibers are 119 + 215 + 411,
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and theoretically one has two different admissible ways to do that. Indeed one can
choose that the fiber of type Is which is the branch fiber is the fiber either over
u1 = 0 or over u; = oo, while p, is the parameter of the family. In order to
obtain the equations of these elliptic fibrations, one has to apply the base changes
(w=pB%r=0a>+B%/u) or (u=0a?r=a?/uy + B> to Eq.(3), exactly as in
the previous sections.

Similarly one can describe these K3 surfaces as a double cover of P? substituting
in (14) the appropriate values of 11 and w;.

4.5 Branch Fibers I and I

If one chooses as branch fibers one fiber of type I; and one of type Iy, one obtains
a one-dimensional family of K3 surfaces, whose singular fibers are 415 + I, + 211,
and theoretically one has two different admissible ways to do that. Indeed one can
choose that the fiber of type I; which is the branch fiber is the fiber either over
w1 = (—11 = 54/5)/2 or over 1 = (—11 + 54/5)/2, while 1, is the parameter
of the family. In order to obtain the equations of these elliptic fibrations, one has to
apply the base change (11) with the chosen 1 to Eq. (3), and to obtain an equation
of this surface as a double cover of P2, one has to substitute the chosen x| in (14).

4.6 Branch Fibers 211

If one chooses as branch fibers the two fibers of type I;, one obtains a rigid K3
surface, whose reducible fibers are 4/s + 21,. In order to obtain the equation
of this elliptic fibration, one has to apply the base change (11) with the chosen
ni = (=11 = 5/5)/2 and pus = (=11 + 54/5)/2 to Eq.(3). Similarly to
obtain an equation of this surface as a double cover of ]P’z, one has to substitute
i = (=11 —5/5)/2 and o = (—11 + 54/5)/2 in (14).

5 Elliptic Fibrations on K3 Surfaces Induced
by the Conic Bundles

The aim of this section is to describe both geometrically and by the Weierstrass
equations the elliptic fibrations induced by the conic bundles B; (described in
Sect. 3) on the K3 surfaces described in Sect. 4. We also provided a general method
to find these Weierstrass equations, under some assumption on the conic bundles
(see Sect.5.2).
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5.1 An Example

Let us consider the K3 surface Ss s, whose equation as a double cover of P? is given
by (10). Let us consider also the conic bundle | By | from Sect. 3. By Garbagnati and
Salgado [4, Theorem 5.3], the conic bundle |B;| induces an elliptic fibration on S5 5

with three reducible fibers of type 12*: one whose components are Qy, .leo), .Qél),
.Ql(l()), .Ql(l), 01, and .Qélf; one whose components are Q», .Qf&, .Qf), .Qfg, .ng),
Q4, and .(23(2%; and one whose components are oW .Qélg, .(23(1), 03, 9(2)’ P

4,3 2,1°
2)
and *Q],o-

5.1.1 Equation of the Elliptic Fibration on Ss 5 Induced by | B1|

Let us consider the conic bundle By on Rs s associated to the pencil of lines
x1 = txo9 C P2, It induces an elliptic fibration on S5 5. To find the equation of this
elliptic fibration, we use the equation of S5 5 as double cover of P2, je., Eq. (10),
and we substitute in x; = txg in (10).
This gives
w? = (Tx0)x2(x0 — TX0)X0 (X0 — TX0 — X2) (X0 — X2).
We put x; = 1 and we obtain

w? = (1 — )x3 (xo — Tx0 — D(x0 — 1).

Let us consider the change of coordinates w +— wx( and divide both the members
by xé. ‘We obtain

w? = 7(1 — T)xo(xo — Tx0 — D) (x0 — 1).

This is the equation of an elliptic fibration over P
Moreover one can explicitly compute the Weierstrass form: first one uses the
change of coordinates w > 72(1 — t)w and xp > Txo obtaining

w1 = 1)% = 21 = D)xo(rx0(1 — 7) — D(Tx0 — X2)

ot o)
w- = X0 | X0 ‘L'(l—‘L') X0 .

Second, one considers the change of coordinates given by w — w/73(1 — )3 and
X0 > xo/r2(1 —1)%and multiplies all the equation by 91 — 1)6. So one obtains

and so

w? = xo(xog — (1 — 7)) (xg — (1 — 7)?). (15)

The discriminant is tg(l — r)g, and so, by Tate’s algorithm, there are three fibers of
type Iy overt =0,7 = 1,7 = oo.
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5.2 An Algorithm to Compute Weierstrass Equations

The aim of this section is to formalize systematically what we did above.

Setup Let V be a K3 surface obtained by a base change of order 2 from a rational
elliptic surface R. Therefore, V can be described as double cover of P2 branched on
the union of two (possibly reducible) plane cubics from the pencil determining R.
It has an equation of the form

w? = fa(xo 1 X1 1 X2)g3(X0 : X1 : X2). (16)

Let B be a conic bundle on R, e.g., a basepoint-free linear system of rational curves
giving R — P.. Pushing forward to P2, B is given by a pencil of plane rational
curves with equation 2(xg : x; : x2, 7). The polynomial A(xg : x1 : x2,7) is
homogeneous in xg, x1, X2, say of degree ¢ > 1 and linear in 7.

As the anticanonical series on R coincides with the elliptic fibration, the
adjunction formula implies that every curve with equation A (xg : x1 : x3, T) meets
both of the branch curves (the proper transforms on R of) f3 = 0 and g3 = 0
in two additional points. It therefore meets (the proper transform of) their union
f3g3 = 0 in four points. (Note that there may be additional points of intersection on
P2 which are separated in the blowup R.) Therefore the preimage in V is the double
cover of a rational curve branched over four points, e.g., the standard presentation
of an elliptic curve. For general t, we must find an isomorphism of the curve
h(xo : x1 : x2,7) = O with P! and extract the images of the four intersection
points with f3g3 = 0.

When e < 3, an isomorphism with P! is provided by projection from a point of
order ¢ — 1 on the curve (e.g., any point in P? if ¢ = 1, a point on the conic if e = 2,
and a double point of the cubic if e = 3). Such a point necessarily exists (in the case
e = 3 the singularity must be a basepoint of the pencil) and is also necessarily a
basepoint of the original pencil of cubics giving &&. Up to acting by PGL3(C), we
may assume that this pointis (0 : 1 : 0).

Algorithm Whene < 3

1. Compute the resultant of the polynomials f3(xp : x1 : x2)g3(xo : x1 : x2) and
h(xo : x1 : x2, T) with respect to the variable xj. The result is a polynomial
r(xo : x2, T) which is homogeneous in x(o and x», corresponding to the images
of all of the intersection points { f3¢3 = 0} N {h,; = 0} after projection from
0:1:0).

2. Since B is a conic bundle, r(xg : xp, T) will be of the form

a(xo : x2, 7)?b(xg : x2, T)c(T),

where a and b are homogeneous in xo and x;, the degree of a depends upon e,
and the degree of b in xo and x> is 4.
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3. The equation of V is now given by w?> = r(xq : x2, T), which is birationally
equivalent to

w? = c(t)b(xo : x2, 7). (17)

by the change of coordinates w — wa(xp : x2, 7). Since for almost every ,

Eq. (17) is the equation of a 2 : 1 cover of IP%XO: ) branched in four points, (17)
is the equation of the genus 1 fibration on the K3 surface V induced by the conic
bundle B.

4. If there is a section of fibration (17), then it is possible to obtain the Weierstrass

form by standard transformations.

Remark 2 The algorithm can be applied exactly in the same way to the generalized
conic bundles, and not only to the conic bundles.

When e > 4, projection from a point may suffice, for example, if all curves have
a basepoint of degree e — 1. However there are several conic bundles whose general
member cannot be parametrized by lines.

We now consider a parametrization which can be done by conics. Let & be a
pencil of rational curves of degree e passing through the (possibly infinitely near)
basepoints 77, ... T, with certain multiplicities. Let € be a pencil of conics whose
basepoints are among 77, ... T, and such that 2e — 1 intersection points between a
generic curve in & and a generic curve in ¢ are in {71, ... T,}. So there is exactly
one extra intersection between a generic curve in & and a generic curve in %. This
allows to parametrize the curves in & by the curves in . If moreover the basepoints
of € are three distinct points and one infinitely near point, we will say that the
condition (x) is satisfied. So (x) is satisfied if the curves in &2 can be parametrized
by a pencil of conics passing through four points, exactly two of which are infinitely
near.

If the condition (%) is satisfied, up to changing coordinates by some matrix
M e PGL3(C), we may assume that the basepoints of ¢ are p; = (0 : 0 : 1),
p2=1(0:1:0), p3 = (1:0:0) and the infinitely near point p| corresponds to the
line xo = x1. The pencil of degree 2 maps P! — P2 sending

1 pq, 00 > pa, O p3
with derivative at z = 1 in the direction of the line xo = x is given by
(xo:x1:x)=(z—-1:2z—1):p-2), peIF’l.

In the following we are interested in pencils of quartics which satisfy the
condition (%), so we study the effect of this condition on quartic curves. We say
that a pencil of quartics satisfies (1) if, up to a change of coordinates, it is of one of
the following types: (1) each quartic is double at p> and has a tacnode at p; with
principal tangent specified by p{; (2) each quartic is double at py and p3 and has a
cusp at py with principal tangent specified by pj.

We recall that, by the construction of the conic bundles, all the basepoints of &
(and thus also of %) are also singular points for the sextic f3gz = 0.
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Algorithm Assuming ()

1. Factor h(z — 1 : z2(z = 1) : pz,7) = c(1)z%(z — 1)°r (2, p, ) where r(z, p, T)
is linear in z and a + b is 5 or 6 depending on the multiplicity of & at p,. The
solution zg of r(z, p, T) = 0 gives the rational parameterization

h(zo—1:z0(zo — 1) : pz0,7) =0
with parameter p € P!.
2. A birational equation of the K3 surface is given by
w? = (f383)(20 — 1 1 20(z0 — 1) : pzo).
3. If there is a section of fibration (17), then it is possible to obtain the Weierstrass

form by standard transformations.

This algorithm can be generalized to pencil of curves satisfying (x).

5.3 The Elliptic Fibrations Induced by Conic Bundles

Here we can describe and compute the equations of all the elliptic fibrations induced
by the conic bundles on the different K3 surfaces introduced. For this purpose, we
apply the algorithm, described in the previous section, to the equations of the conic
bundles given in Sect. 3 and to the Weierstrass equations given in Sect. 4.

5.3.1 The K3 Surface Ss s

The conic bundle | B, | induces an elliptic fibration on S5 5 with two reducible fibers
of type Ij‘: one whose components are Q, Qo(li, .Qél), 91(13’ Ql(l), .Qéll), (22(1), 0>,
and .{23(1% and one whose components are Q3, .{21(2()) .{21(2), 52521) s .Qéz), .Qézg .Qéz),
Q4, and .Qf;
The Weierstrass equation is computed applying the algorithm to
383 = xox1x2(x0 — x1)(x0 — x2) (X0 — X1 — X2),
by (10), and i (xg : x1 : x2, T) = x1x2 — T(X0X2 — xg). One obtains the Weierstrass

equation:

2 2 4
_ 1
N 43” D aen

2+ 1)(=14+2t)E2+1)
27 )

(18)

So the discriminant A(t) is —7!%(—1 4 7)%(r + 1)2. Hence, by Tate’s algorithm,
this fibration has two fibers of type ;" over T = 0, oo and two fibers of type I over
T ==l1.

The conic bundle | B3| induces an elliptic fibration on S5 5 with two reducible
fibers: one of type I; whose components are Qo, .Q(()’li, .Q(()l), 91(,13’ .Ql(l), .Qéll),
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.Qél), .le%, .Qél), 03, and .{2513) and one of type I11* whose components are Q4,
(2 2 (2) (2) (2) (2 (2)

257, 93,23 203, 82,7, 94 . §2,77, and £27.
The Weierstrass equation is

5, 53 (461249t +3)  (r +3)Q20° + 1272 + 187 +9)
yo=x"— 3 xX— 77 . (19

So the discriminant A(t) is —t°(tr + 4)(r + 1)2. Hence, by Tate’s algorithm, this
fibration has one fiber of type I over T = oo, one fiber of type I/1* over T = 0,
one fiber of type I> over t = —1, and one fiber of type I; over T = —4.

5.3.2 The K3 Surface X5 5

Here we consider the elliptic fibrations induced by B; on X5 5. We recall that in
this case one has to apply the algorithm to (14). We summarize the results in the
following table, where r denotes the rank of the Mordell-Weil group of the fibration.

A singular fibers |r
—70(r — DO(u1 — p2)* gy ©=0
B, (r3 =212 =272, +6‘C;1.2+T+‘[/L%—4M2) 2l T =00,1]2
(r3 — 202 — 222y + 6T +r+r/¢%—4u1) 61

— T 20+ P+ 2t — T+ ) (-t ) |23 T =0,001,

B
2 (=3 20 4 o2 4 2t — T A ) (=T 4 ) (1 — ) 81
Iipt =00
Bs —t8(t+2r2+r3—6u2t—2u212+4u%+tu%) I* 1=0 1
(3 =6t + 2t + v+ pdr +4p? — 21t (g — o) 612
1

(20)
5.3.3 Other K3 Surfaces

As we saw above, all the equations for K3 surfaces that are double covers of Rs 5
branched over some special fibers can be obtained from the general equation for
X5 5 by substituting particular values of ¢ and 7.

In particular in order to find the Weierstrass equations of the elliptic fibrations
induced by the conic bundles B; on a specific K3 surface, it suffices to substitute
in (5.3.2) the appropriate values of 11 and u;. As an example here, we construct
a table analogous to (5.3.2) if the K3 surface is obtained by Rs 5 branching along
one fiber of type I5 and one smooth fiber. We already noticed that one has two
different choices for the /5 branch fiber. Once one chooses the branch fiber /5, the
construction is not symmetric in /5. For i = 1, 2 the reducible fibers of the conic
bundle |B;| are symmetric up to switching the /5-fibers, so the conic bundle |B;|
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is associated to elliptic fibrations with the same property choosing differently the
Is branch fiber. For the conic bundles |B;| and |B;|, we will choose the I5 branch
fiber to be the one over 11 = 0. The conic bundle | B3| has a unique reducible fiber,
supported over one specific /s, so the elliptic fibrations induced by this conic bundle
have not necessarily the same properties if one changes the /5 branch fibers. So we
give the equations of the elliptic fibrations if one chose both ;11 = 0 and p; = oco.

For all the conic bundles, w7 is the parameter of the one-dimensional family of
K3 surfaces we are considering. So we obtain the following (where r = rank(M W),
and both the reducible fibers and r are given for generic choice of 1):

A singular fibers r

B (=1 + )83 —2¢% = 272 If 1=0, Jt=1 |
+T + 672 + T3 — 4pa) Is T =00, 31

B, —70u3 (=1 + )22 + 2o + 2T 2 I: t=0, hLht=1 |
-4 2t) (2 — 1) Iy, T = 00, 41)

B3, —Mg‘[g(f—|—1)2(t—‘,—212+f3—6#2‘[ III*T=OO, 121':—1 1
w1 =0 —2u27% + 43 + Td) Iy =0, 3

By, |—t*@+1)(t+2t%+ 1 607 Iy t=0 |

) = 00 =272 + 4pd + Tud) I} v = o0, 41,
(21

6 The K3 Surface Ss 5 and Its Elliptic Fibrations

The aim of this section is to prove the following results, computing the equations of
all the elliptic fibrations on S5 5.

Proposition 2 The K3 surface Ss s admits 13 different elliptic fibrations. One of
them is induced by &R, three by conic bundles, three by splitting genus one pencils,
and six by generalized conic bundles. The equations of these elliptic fibrations are
given in (9) (the one induced by &r), in (15), (18), and (19) (the ones induced by
the conic bunldes); in (6.2.1) (the ones induced by splitting genus 1 pencil); and
in (6.2.2), (30) (the ones induced by generalized conic bundles).

To prove this, we deeply analyze the elliptic fibrations on S5 5 induced by
splitting genus 1 pencils and generalized conic bundles, in particular giving an
algorithm to find the Weierstrass equation of any elliptic fibration induced by a
splitting genus 1 pencil.

The K3 surface S5 5 can be also described as the (unique!) K3 surface which
admits a non-symplectic involution fixing ten rational curves. Indeed, by our
construction it is clear that ¢ fixes ten rational curves (the inverse image of the
components of the two /5 fibers). The fact that this K3 surface is unique is classically
known, and due to Nikulin, see [8]. The transcendental lattice of this K3 surface is
Ts >~ (2) ®(2). The elliptic fibrations on this K3 surface are classified by Nishiyama
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(see [9, Table 1.2]), who used a lattice-theoretic method that we will apply later to
a different K3 surface, in Sect. 7. The complete list of the elliptic fibrations is the
following:

n’| singular fibers MW

7] I +4n (1}

8| IF+15+2I | Z)2L

9| 20} +2D (Z.)27,)?
10| I+ Iy +41; | Z/4Z
1[IV*+ 11y +41|Z x Z/3Z
12 313 (Z.)27)*
13 2110 + 41, 757

=

?|  singular fibers MW
21T + 2D {1}
11"+ Ig + 21 {1}
Iy + 2L + 21 |Z/27
2117 + I 7./27
T+ IF+ b+ 1|22
Ls+ L +41 |Z/3Z

(22)

NN K |W[IN|—

Since the involution ¢ acts as the identity on the Néron—Severi group of Ss 5, there
are no fibrations of type 3 on this K3 surface.

The fibration 13 in Table (22) is the one induced by the fibration &, 5, and it
has Eq. (9). By Sect. 5, the fibrations 5, 9, and 12 are induced by conic bundles, and
their equations are (19), (18), and (15), respectively.

The other fibrations are induced either by generalized conic bundles or by
splitting genus 1 pencils.

An elliptic fibration induced by a splitting genus 1 pencil corresponds to a
fibration of genus 1 curves on a non-relatively minimal rational elliptic surface
(i.e., this fibration admits (—1)-curves as components of some fibers). The original
relatively minimal rational elliptic surface Rs s can be recovered from this non-
minimal surface by blowing down some divisors. A different choice of divisors to
blow-down, namely, the (—1)-curves which are components of the fibers of the
splitting genus 1 pencil, gives us another rational elliptic surface on which the
splitting genus 1 pencil above corresponds to a relatively minimal elliptic fibration.
Hence each fibration given by a splitting genus 1 pencil is indeed induced by a
rational elliptic surface (different from Rss5) by a base change of order 2 whose
branch locus consists of ten curves. Considering the list of elliptic fibrations on
Ss.5 given in Table (22), one observes immediately that the fibrations 6, 10, and
11 could be of this type, i.e., they could be induced by splitting genus 1 pencils
(this is in fact proved in [4]). Indeed they present some fibers which appear in pairs
(each pair is good candidate to be the inverse image of a unique fiber on the rational
elliptic surface) and at most two other fibers, which do not appear an even number
of time, but which are either of type I, or of type IV*. These fibers are the one
obtained by base change of order 2 branched over I, or I V-fibers, so they could be
the ramification fibers of the base change. The other fibrations in Table (22) have
not the same properties and, thus, cannot be induced by rational elliptic surface
by a base change of order 2. We already observed that the fibration 13 is induced
by the elliptic fibration on Rs s and that the fibrations 5, 9, and 12 are induced by
conic bundles, so the fibrations 1, 2, 3, 4, 7, and 8 are induced by generalized conic
bundles.
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6.1 Splitting Genus 1 Fibrations
6.1.1 An Example, the Fibration 6

We give an example of splitting genus 1 pencil of curves: we are looking for a fiber
of type I3, and it is given by

Wy 1 = Qo+2y +20+2P+e3+20 +920 + 27 + 27 + 27+
+03+ 23" + 255+ 237 + ) + 21 + 2l + 2.

Using (8), the class Wg := m, Wy is

2F1+E1+2G1+ 0 +2Hy + E2 +2Gy + 83 +2E7 + 8 +2F4 + E4 + 2G4 +m3 +2H3
+ E3+2G3+my =5h—2E| —2F, — 2G| —4H, — Ey, —2F, — Gy — Hy — 2E3; — 4F;
—2G3 —2H3 — E4 — F4y — G4 —2H4 — 2Eg, — E7,. (23)

Since we know that the curves in the linear system described split in the double
cover, we can assume that the class Wg is both the push-down and the geometric
image of a fiber of our fibration (i.e., 7« (Wx) = 7(Wx) = Wg).

This class is the strict transform on R of quintics in P? with the following
properties: they have a tacnode in Q| with principal tangent £;; they have a tacnode
in Q3 with principal tangent £3; they have a node in Qs; the tangent in Q7 is mj;
the tangent in Q4 is my; they pass through 75.

This gives the following families of quintics

— bxg + bxgxl + bxgxg — exgxlxz + exgxlzm + exgxlx%—i—

(=3b — e)xoxix? + bxix3 +bxix3 =0.  (24)

This is the equation of the splitting genus 1 pencil that we are looking for. It
indeed corresponds to a pencil of curves of genus 1 parametrized by (b : e).

We now have to intersect the branch sextic given in Eq.(10) with (24). The
resultant of the polynomials (10) and (24) with respect to the variable xg is

—x {21263 (x1 — x2)* (x2 + x1)% (e + 2D).

We observe that all the solutions in (x1, x2) have even multiplicities, as is necessarily
if the double cover splits into two curves, isomorphic to the base curve (see
[4, Section 3]).

More precisely, the curve splits after the base change of order two branched in
b:e)=0O:1and b :e) = (1 : =2), cf. Lemma 1 below. In order to write
down explicitly the Weierstrass form of the elliptic fibration on X5 5, one first finds
the rational elliptic fibration given by the splitting pencil of genus 1 curves (24), and
then one performs the base change of order two.
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This can be computed by any computer algebra system, and it is

vV:=x>+Ab:e)x+Bb:e),

where
23 5 1 1 1
A :e) = =b*— —bde — —b%® + —be® — —e*
48 12 8 12 48
and
181 17 31 1 5 1 1
B(bh:e):=——Db"——be+-——b*e®——b’e— b+ —be® — — O,
:e) s6a” 144 CT288” ¢ T54” ¢ To88” ¢ T1aa¢ T s6a¢

The discriminant of this rational elliptic fibration is
1
B1;9(e +2b)(e* — 5be + 13b%)

and the fibration has one fiber of type Iy and three other singular fibers, all of type
1.

Now we consider the base change of order 2 branched in (b : ¢) = (0 : 1) and
(b : e) = (1 : —2). It can be directly written as a map P%ﬂ:e) — IP(lb:e), where
b=p%ande = —B> +2B¢ + €.

So we obtain a new elliptic fibration on S5 5 whose equation is

y=x'+AB:e)x+BB:e), (25)

oy 238 3 6. a0 o Loa o 2,2
A(ﬁ-é)-—48,3 12ﬂ(ﬂ+256+6) 8,3(,3+2/36+6)+

+11—2ﬂ2(—ﬂ2 +2Be + €23 — (1/48)(— % + 2Be + €2)*

and

B'(B:e):=—(1/108)8'2 — (5/9)8" e — (7/18)B'0? + (28/27)B%> + (7/12) p3¢*
—(11/12)B7> + —(35/72)8%° + (1/3)B%€” + (5/24)B*e® — (5/108)°€°
—(1/18)8%'% — (1/72)e!1 B — (1/864)¢'2.

The discriminant is
(1/16)B'8(198* — 1483 — 382 + 486> + et (e + B)*.

This fibration has a fiber of type I3, as expected, one fiber of type I» (in
(B : €) = (1 :—1)), and four fibers of type /. By construction this elliptic fibration
exhibits S5 5 as the double cover of a rational elliptic surface with one fiber of type
I and three fibers of type ;.
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6.1.2 Splitting Genus 1 Fibration: An Algorithm

The aim of this section is to generalize the previous construction to other splitting
genus | pencils.

Setup Letw: V — P! beaK3 surface which is a double cover of a (not necessarily
minimal) rational elliptic surface R branched over two fibers. If J#: R — IP’ yisa
splitting genus 1 pencﬂ then the induced elliptic fibration on V comes via pullback
from a double cover IP( pe) IP’(b; »)- Hence given an equation for the fibration .77,

it suffices to find the branch points of the map IP’%B: o~ Py, in order to find the
Weierstrass equation for the elliptic fibration on V. We now explain how to do this
in general, when the branch curves and equations for /# are given in P2

Assume that the equation of V as double cover of P? is given by

w? = f3(x0 1 x1 1 X2)g3(x0 1 X1 1 X2).

Let h((xg : x1 : xz) (b : e)) be the equation of the pushforward of a splitting
genus 1 pencil from R to P2, The equation & is homogeneous of some degree in the
coordinate (xg : x; : x2) on P? and linear in the coordinate (b : e) of the base P! of
the pencil. For every (b : e), the curve with equation i ((xo : x1 : x2), (b : e)) is of
arithmetic genus 1.

Write Ugeg Cy for the irreducible components of the branch curves f3g3 = 0.
For D C P?, write multc, (D) for the multiplicity of the component Cy in D. Then
we have the following.

Lemma 1 A plane curve D ..y C P? that is member of the pencil € is a branch
curve for the double cover

V.——R

G

1 2:1 1
Py = Plow)

induced by the splitting genus 1 pencil if and only if there exists k € K such that
multc, (D(p:e)) # 0.

Proof If D meets the branch curves transversely, it does so only in points of even
multiplicity and so splits in the double cover as two disjoint elliptic curves. It
suffices, therefore, to show that if D contains at least one component Cy, the support
of the preimage of D under the 2 : 1 map 7: V — P2 is connected. This follows
from the fact that the preimage of Cy is a double curve, the support of which maps
isomorphically onto Cy, and so every component of 7 * D must meet this curve.

We will also make use of the following elementary fact. Let D¢,y C P2 be a
plane curve in the pencil 7 with equation h((xg : x1 : x2), (bg : ep)). Denote
by r((x1 : x2)(b : e)) the resultant of f3(xo : x1 : x2)g3(xo : x1 : x2) and
h((xo : x1 : x2), (b : e)) with respect to xg.
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Lemma 2 The resultant r ((x1 : x2)(b : e)) vanishes to order

deg C :(1:0:00&C
= Zmultck(D(bo:eo)) % D 7 G
3 (degCr—1) : (1:0:0) € Cy

at (b :e) = (by : ep).

Proof This follows from the geometric description of the zeros of the resultant in
terms of projecting the scheme-theoretic intersection of 4 = 0 and f3g3 = 0 from
the point (1 : 0 : 0).

Writing ordp,.e,) for the order of vanishing at (by : ep), we may combine these two
Lemmas to show the following:

Corollary 1 If ord(yy.e) (r((x1 = x2)(b : €))) > O, then the curve Dpy.e,) is a
branch curve for the double cover induced by the splitting genus I pencil.

If (1:0:0) & UxCy and Dpy.ey) is a branch curve for the double cover induced
by the splitting genus I pencil, then ordp.e) (r((x1 :x2)(b - e))) > 0.

We can therefore determine the relevant branch points from the resultant. This
leads to the following algorithm.

Algorithm

1. Compute the resultant r((x1 : x2)(b : e)) of the two polynomials

Sf3(xo 1 x1 1 x2)g3(x0 : X1 1 x2)
and
h((xg :x1:x2),(b:e))

in one variable, say xg.

2. Observe that 7 ((x; : x2)(b : €)) = c1(b : e)ca(b : e)s((x1 : x2), (b : €)2,
where c; (b : e) are homogeneous polynomials each with a unique root, denoted
by (b; : e;). (If (1 : 0: 0) is in the branch curves, it may be necessary to change
coordinates first.)

3. Write the Weierstrass form of 4 ((xp : x1 : x2), (b : €)), by applying the standard
transformations. This is the equation of a rational elliptic surface, and the base of
the fibration is P%b: o)

4. Consider the base change ]P)%ﬂ:e) — P%b:e) given by (b = B2(b1/e1) + €2,
e = B2+ (e2/br)€?) (cf. (11)). Substituting this base change in the previous
Weierstrass equation, one finds the Weierstrass equation of the elliptic fibration

on the K3 surface V whose base is ]P)éﬁ:e)'

6.2 The Elliptic Fibrations on Ss s

In this section we want to describe all the elliptic fibrations on S5 5 giving equations
for each of them.
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In [2] a model of Ss 5 as a double cover of P? was given, and the elliptic fibrations
induced by (generalized) conic bundles are already studied geometrically in that
context. Here we explicitly describe in our context both the fibrations induced by
generalized conic bundles and the ones induced by splitting genus 1 curves, giving
also a Weierstrass equation for each of them.

6.2.1 Elliptic Fibrations Induced by Splitting Genus 1 Pencils

The fibration 11 of Table (22) is induced by the class of the fiber
My = Qo+2y +2{\ | +2{"+ 01+ 2 +2 )+ 2P +e i+ 2P + 27+ 25

which is the class of a fiber of type I1>. The curves .Qél), .{23(1; .Qél), .lei, .Qil),
03, and 91(2) are orthogonal to the components of the /1>-fiber and form a fiber of
type 1V*. The classes Q»>, Qu, 91(1; .Qilé, !21(28, .{22(11) are sections of the elliptic
fibration induced by |M||. We observe that there are six curves fixed by ¢ among

the components of the fiber of type 11, (the curves .Ql.(j ) for @ j)=(@O,1), (1,1,
2,2), (3, 2), (4,2), (0,2)) and four among the components of the IV *-fiber (the

curves !2](./) for (i, j) = (3, 1), (2, 1), (4, 1), (1, 2)).
The push-down of the class M| is

3h—E\—FN—-G—2H\—Ey,—2F,—~Gy—Hy—E3—F3—G3—H3;—Ep — Ep,— E5

which corresponds to a pencil of cubics passing through Q1 with tangent line ¢5,
through Q, with tangent line m5, and through Qs, E7,, ET,, and Q5. The equation
of this pencil is

b(xgxl — )co)cl2 + x12x2 + xlx% — 2x§x2) + e(xpx1x2 — xéxz) =0. (26)

The Weierstrass form of the (rational) elliptic fibration associated to the pencil
(26) is

2 3 128V +4eb+e*)(2b + )’
y X — X
48
(376b* + 176eb> + 60e2b? + 8¢3b + e*)(2b + ¢)?
864 ’
whose discriminant is b%(315% + 4eb + ¢?)(2b + ¢)*/16. This elliptic fibration has

a fiber of type I on b = 0 and one of type IV on (b : e) = (1 : —2).
The fibration 10 of Table (22) is induced by the class of the fiber

M= 00+ afl + 2+ 2l + a0+ 2l +all+ 2+ ol + ol + i+ 20
+23+ 2P+l +of.

which is the class of a fiber of type /6.
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The push-down of the class M> is
4h —E\—F1 — Gy —2H|—E, — F, —2G, — H, — E3; — 2F;

—G3 — — E4 —2F4 — G4 — Hy — 2E7, — 2E5

which corresponds to a pencil of quartics with bitangent lines /> (in Q2 and Qa)
and /3 (in Q1 and Q3) and having two nodes in E7, and Es5. The equation of this
pencil is
bxé — 2bx3x1 + bxgx% — 2bx8xz + (3b + 4e)x§x1x2 + (=b — 4e)xox12x2+
ex%xz + bxgx% + (—b — 4e)x0x1x22 + 2ex12x22 + exlxg’ =0. 27

Using the algorithm, we find the following Weierstrass equations for elliptic
fibrations on S5 5 induced by splitting genus 1 pencils.

i Elliptic fibrations

A=RB5— 5B +2Be +€2) — gBH—p7 +2Bc + 1)+
5 B2(—B2 + 2B + €2)3 — (1/48)(— B2 + 2B + ))*

B =—(1/108)8'2 — (5/9)' e — (7/18)B1062 + (28/27) 8% + (7/12)p8*
—(11/12)7€> + —(35/72) %° + (1/3)B7€” + (5/24)8%€® — (5/108)83€°
—(1/18)82€10 — (1/72)e11 B — (1/864)€!2

A= (1/16)B18(198% — 1483 — 3822 + 483 + %) (e + B)?

A= —(4e% + 14 /48, B = —(216€3 +368%* + B8) 8% /864
A=e202764 + pHpd 16
A= (—B8 +166*8% — 16¢%) /48, B = —(B* — 8¢*)(—8e® — 16¢*8* + B8) /864
A=e%8%2e — p)(2e + B4 + B2)/16

11

10

(28)

6.2.2 Elliptic Fibrations Induced by Generalized Conic Bundles

Let us consider the divisors:

Ni =228 +400 + 62 + 5027 + 427 +327) +227 + @) +323.
Ny: = 29<2) +427) + 6.Q<2) + 5:2(2) + 49(2) + 3.Q<2) + 29‘2) +23 +300.
N3:= Qo+ 20+ 04+ 22, +2 (Qé” + :21(_13 + :21‘” + Q(”+

+ 20+ leg 2V + 05+ 2P + 27 + 2 + 20 + rz@) ,
Nyt = 205 +225 +300 +425" +32{) +22{" + 23!} + 2824},
Ng:= 2{+ 0o+ 2+ 27 +2 (.Q”) +2)+ e’ + 2} + 2P

+ 2 rel+ o+ 525”) :
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The linear system |N;| induces the elliptic fibration number i of Table (22);
indeed the divisor N; corresponds to an elliptic fibration with a fiber of type I1%,
I, r,, 1n1*, Ié" ifi =1,2,3,4,8, respectively, so N3 (resp. Ng) corresponds to
the unique fibration in Table (22) with a fiber of type I}, (resp. Iy), i.e., the fibration
3 (resp. 8). A priori Nj could correspond either to the fibration 1 or to the fibration
2 (which are the fibrations which admit at least a fiber of type 17*). To distinguish
among these cases, we consider the other reducible fibers: the curves orthogonal to

Nyare 4" forh, j € {1,234}, h < j, 2(" fork = 1,2,3,4, 0, and Q4, and

they span the lattice E;;, so N corresponds to the fibration 1 in Table (22); the curves
orthogonal to N, are .Q}(ll;, forh,j €{0,1,2,3,4}, h < |, ngl) fork =1,2,3,4
and Q», and they span the lattice Djg, so N, corresponds to the fibration 2 in Table
(22).

Let us now consider the fibration N4. The fiber associated with Ny is a fiber of
type 111*. The curves .{251) and Ql(l) are sections of the fibration. The curves .Qézl) ,

5222, (23(2, _(23(2), .Qfg, .Qf), 02, Q4 are orthogonal to N4 and are the components of
another fiber of type 7117*. This implies that | N4| is the fibration 4 in Table (22) and

that the unique other reducible fiber is of type 1. The curves Q3, [23(1), .Qilg, and

523( 1% are orthogonal to N4 and span a lattice isometric to D4. So they are components
of the /j-fiber in the fibration | N4|. A Ij-fiber has five components; four of them are

03, SZ(I), 95}3), and .(23(12), and the fifth component is another curve, say V;. So that
we have a special fiber of the fibration | N4|, which is ZQél) ~|—[2£13) +.Q§1§ + Q3+ V.

Hence we can express the class of the curve V| as Ng — (29;1) + .Qil; + .Q%(l% + 03).
From this expression one can compute all the intersection numbers of V| with all
the curves .Qlk I £2]', and Q. One can also observe that since V; is a component of
a fiber of the fibration | N4/, it is orthogonal to all the components of the two other
reducible fibers of the same fibration, i.e., to the components of the 71 I*-fibers.

Let us now consider the class:

No= 20 12 v+ 2l 12l + 00+ 20 + 23+ 20 + 2@+

)

(2 ) 2 (2 (2 (1) (1) (1)
T A S H 87T+ 25+ 27+ Qo+ 82,7 + 82, + 8257,

It is the class of the elliptic fibration 7 in Table (22) since it is the class of a fiber of
an elliptic fibration on Ss 5 with a fiber of type .

All the classes N;, for i = 1,2,3,4,7,8 considered above correspond to
generalized conic bundles which can be written in the following way in terms of

the classes on R:
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(T« (N))/2

4h — (Er+ Fo + Go + Hy) — RQE3 +3F3 +3G3 +2H3) — 2(E4 + 2F4 + G4 + Hy) — E7,

4h — (2E2 +2F) +2Go +3Hy) — 2(E4 +2F4 4+ G4+ Hy) — (E3 +2F3 + G3 + H3) — Es

4h — QE1 +2F, +2G1 +3H|) — (Es+ F4 + G4+ 2Hy) — 2(E3 + 2F3 + G3 + H3) — Es

2h — (E1 + F1 +2G1 + Hy)) — (E3 +2F3 + G3 + H3)

N | AW N =]~

Th—3(E1+ F1+2G1+ H) — (E2+2F, + Gy + Hy)+
—2(E4+2F4 + G4+ Hy) — (4E3 + 6F3 +4G3 + 5H3)

4h —2(Ey — F1+G1+ H) — QE2+3F, +2G2+2Hy)+
—(E4+2F4+ G4+ Hy) — 2E3 +2F3 +2G3 + 3H3)

This allows to compute explicitly the equations of pencils of singular rational
curves in P? corresponding to our elliptic fibrations on Ss s.

i Pencils in P?

1 a(xé — xgxl + 3x3x1x2 — 4x8x2 + 6x§x22 — 3x0x1x22 — 4xox§’ + xlxg + xg) + gxoxlzxz

2 n(xé — 2x8x1 + xé}cl2 + 7x§x1x2 — 3x12x0x2 — 4xzx(3) + 6x%x(% — 8x0x1x%)+
+n(2x|2x% — 4x§’x0 + 3x1x§’ + xg) + m(8x|2xzxo — 8x|3xz)

3 f(—x(‘)1 + xéxlxz + xé’xz — xlzxg) + n(xé + x%xf — xgxz — xox]x%)

4 rxg + o (xpx2 — x1X2)

~J

—8X2 2.3

3.2.2
+7x, 0X1%

0*1*2

2 6 3.3 42
Txpx1x2(x2 — x0) (X0 — x1) (x5 — Xox2 + X1x2) + 0 (—x1x7 + 2x0x7 x5 — 12x5x1x5+
4.2 7
. +6x(5)x1x2 = 3xgxix2 +):O — XyXx] — XgxiXx;
+10x3x1xé + 6x%x8 — 4x2x8 + 3x§x]2xo + xéx(*) — 4x§’xé)

4.3 2.3.2 2

— 3x§x1x0+

4 3 22 2 2 3 22 2
3 s(xg — 2xgx1 + xgxy + 3xgx1x2 — Xox7x2 — 2x5%2 + X5X5 — X0X1%5)+
—H(—x(%xlxz + xoxlzxz + 2x0x1x22 — xlzxzz)

Now it remains to find the Weierstrass equations of the elliptic fibrations on
S5.5 corresponding to the linear systems (7'[* (Nj) /2) on R. In case 4, the curves
which are fibers of the conic bundle have degree 2, so we can directly apply the first
algorithm in Sect. 5.2. In cases 1, 2, 3, and 8, the curves are quartics which satisfy
condition (), and so we may apply the second algorithm in Sect. 5.2. The rational
parameterizations and induced Weierstrass equations are given by

i Rational parameterization

Elliptic fibration

xo = —agp® — 2agp* —agp
1 xp = —g2p* — 2agp? — a?
xp = g2p* —agp’ + g% p3 — agp?

A= 73a4g4, B = a7g5 +a5g7
A= —432g10a10(a - g)2(a + g)2

xp = —()4m2p4 + 8nmp3 — 8nmp
= —64m2p4 + 1611mp3

7n2p2 - 16nmp2 + 2n2p —n?
Xy = —64m2p4 + 8nmp3 + 64mzp3 — Snmp2

X1

A = 108m2n*(—n? + 384m?2)
B = —432m3n5 (n* — 576n%m? + 55296m*)
A = 570630428688384n10m12 (n? — 432m2)

x0 = p(=np + fp +n)(=np> + fp> + fp—n+ f)
xt=(p+D(=n+ Hp*(—np+ fp+n)
xp = (=np? + fp? + fp —n+ f)?

S

A=QGf0 —18f5n 4362 —24£3n3 — 3 2%
+6n5 —n) - 27(f — n)?
B=(9f% =545+ 11742 — 1081313 + 39 f2n*
—6fn° +n%) - 27n(f —n)3 3% — 6fn +2n?)
A = —8503056(n — 2.£)(3n — 2£) f2(2n — £)2(n — )18

A=13(1+1)% B=0,
A=47%1+1)0

x0=(p— D(sp+0)(tp> —sp—1)
8 x; = .\‘[72(1172 —sp—1)
Xp=p—=D(=—sp+itp—0)(p+1)

A =—2712s2 (s + 45212 +1%)
B = 276353 (5% + 22)(2s* + 85212
A = 850305658114 (s2 + 412)

-

(29)




Elliptic Fibrations on Covers of the Elliptic Modular Surface 191

The fibration induced by |N7| is the unique elliptic fibration on a K3 surface
with a fiber of type I}, (which is a maximal fiber, since if a K3 surface admits an
elliptic fibration with this reducible fiber, then this is the unique reducible fiber). So
it suffices to know the equation of this elliptic fibration, which is classically known
[13, Theorem 1.2]. Hence for |N7| we only rewrite here the known equation, a part
from the fact that we chose the parameters over }P’ET:U) in such a way that four fibers

of type I are over the points (7 : 0) = ((£v —26 + 14iﬁ)/4 : 1). These values
correspond to the septic in |N7| which are tangent to m> in a smooth point. We
therefore have equation:

A = 12(—120% — (3/8)0*1? — (15/2048)02t* — (9/262144)79),
B =130 (—1608% — (3/4)1%0% — (21/1024)0*t* — (35/131072)1%0>
—(63/33554432)1%),
A = —(729/4503599627370496)t%°(20480* + 527262 + 14).

(30)

We note that it is possible to obtain such an equation using our techniques. Indeed
one may find a rational parameterization of the septic plane curves of the generalized
conic bundle by rational cubic curves, and from there the computation follows in the
same way as above. We omit this computation here as the equation is already in the
literature.

7 The K3 Surface X5 s and Its Elliptic Fibrations

The K3 surface X5 5 is very well-known and studied, in particular since its Néron—
Severi group allows to describe the moduli spaces of K3 surfaces with an elliptic
fibration with a 5-torsion section in terms of L-polarized K3 surfaces (see [3]).
Indeed, if a K3 surface admits an elliptic fibration with a 5-torsion section, then the
lattice U @ M has to be primitively embedded in its Néron—Severi lattice, where M is
an overlattice of index 5 of a root lattice. The lattice M is known to be an overlattice
of index 5 of Aﬁ, and so the lattice U @ M is isometric to the Néron—Severi lattice
of X5 5. Hence the moduli space of the K3 surfaces which are N S(X5,5)-polarized
coincides with the moduli space of the K3 surfaces which admit an elliptic fibration
with a 5-torsion section.
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7.1 The List of All the Elliptic Fibrations

The transcendental lattice of X5 5 is known to be Tx >~ U @ U(5) (see, e.g., [S]).
This allows to apply the Nishiyama method in order to classify (at least lattice
theoretically) the elliptic fibrations on X5 5. This method is studied and applied in
several papers, and we do not intend to describe it in details. Here we just observe
that we can apply the method using A4 @ A4 as the lattice T, so that T is a negative-
definite lattice with the same discriminant form as the one of the transcendental
lattice Tx and whose rank is rank(7") = rank(Tx) + 4. Then one has to find the
primitive embeddings of A4 @ A4 in the Niemeier lattice up to isometries, and this
can be done by embedding T into the root lattice of the Niemeier lattices. The list
of the Niemeier lattices and the possible embeddings of root lattices in Niemeier
lattices up to the Weyl group can be found in [9] (see also [7]). In particular one
has that A4 embeds primitively in a unique way (up to the action of the Weyl
group) in A, forn > 4, in D,, for m > 4, and in E, for h = 6,7, 8 (see [9,
Lemmas 4.2 and 4.3]). On the other hand, A4 & A4 has a primitive embedding in
A, forn > 9 and in D,, for m > 10 and has no primitive embeddings in Ej,
for h = 6,7, 8 (see [9, Lemma 4.5]). All these primitive embeddings are unique
with the exception of A4 & A4 < Djg, for which there are two possible primitive
embeddings (see [9, Page 325, just before Step 3]). The orthogonal complement
of the embedded copy of A4 @ A4 in the root lattice of each Niemeier lattices is
a lattice L which can be computed by Nishiyama [9, Corollary 4.4] and which
encodes information about both the reducible fibers and the rank of the Mordell-
Weil group of the elliptic fibrations. In particular the root lattice of L is the lattice
spanned by the irreducible components of the reducible fibers orthogonal to the
zero section. More precise information on the sections can be obtained by a deeper
analysis of these embeddings, but this is outside the scope of this paper. So in
the following list, we give the root lattice of the Niemeier lattice that we are
considering, the embeddings of A4 @ A4 in this root lattice, the root lattices of the
orthogonal complement, and in the last two columns the properties of the associated
elliptic fibration. This gives the complete list of the types of elliptic fibrations on
Xs5:
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n’ Niemeier

1 E}

2 E3 ® Die

3 Eg @ Dig

4| E2e@ Dy

5 E% @® Do

6 E% @® Do

7| E2e Dy

8 E7® Ay

9 E;@ Ay
10 Doy

11| D& D2
12| D12 ® Dy2
13 D3

14| D9 ® A5
15| Dy @ Ars
16 E}
17|E¢ ® D7 ® A1x
18|E¢ ® D7 ® A1y
19|Es ® D7 @ A1y
20|Ec ®© D7 @ A1y
21 D}

22| De® A2
23| De@ A3
24| Do ® A3
25| DiIo A}
26| DI A2
27| DieA?
28 A3

29 Aoy

30 A3,

31 A3,

32| DieAl
33 A}

34 AS

embedding(s)
Ay C Eg A4 C Eg
Aq C Eg A4 C Dy
Ay @ Ay C Dis
Ay C E7 Ay C E7
A4 C E7 A4 C Dy
A4 @D Aq C Do
Ay @ Ay C Dyo
Ay C E7 A4 C Ay
Ay @ Ay C Apy
Ay ® Ay C Dy
A4 C D1 Ay C D1p
A4 ® Ay C Dy
A4 C Dg Ay C Dy
Ay C D9 Ay C Ays
Ay @ Ay C Ags
A4 C Eg A4 C Eg
Ay C Eg Ay C Dy
Ay C Eg Ay C Ay
Ay C D7 Ay C Ay
Ay @ Ay C Aqy
A4 C Dg Ay C Dg
A4CD6A4CA9
Ay C Ag Ay C Ag
Ay @D Ay C Ag
A4 C D5 Ay C Ds
Ay C Ds Ay C A7
Ay C A7 Ay C Ay
Ay C Ag A4 C Ag
Ay D Ay C Ay
Ay CAp Ay C A
Ay ® Ay C App
Aq C As Ay C As
Ayg C Ag Ay C Ag
Ay C Ay Ay C Ay

roots orthogonal

Ay @ Ay @ Eg
A4 ® D1y
E3 @ Dg
A% @ Dio

E78® A2 @ Ds

Dg ® A3z ® A3
Dy ® Ao
D9 ® As
Al @ E?
A?GBAU

A1 @ D7 @ Ag

Ee ® Al @ Ag

Ec ® D7 ® Ay

P
Ay @ Ag

Do @D Ay @ Ay

Dg @ Ag
43

A7 Ds ® A
D A3
Al Ag

Ay
e
A @ A
D4®A§
A? @ Al

4
Ay

singular fibers
2Is + 11" + 214
Is+ 17 +6I
IT* + IF + 61
20 + I + 613
HI*+ 1+ 1 450
2111* 4614
2I1T* + 614
I+ 113 + 814
111*+ Is+ 71,
Iy + 80
213 + 61
I§<+212+611
]I+214+611
Ig+1In +7hL
I3+ 16+ 71
20, +2IV* + 45
3L+ I1p + 614
L +1;+ 1 + 6]
I1V*+2L + I7; + 514
IV*+13*+12+5[]
212*-1—811
Is+ 1o+ 91
I3 +2Is + 613
I3+ o+ 61
213 + 81
Is+ 1] + I3 + 61
2If + 213 + 41
214 + 1o + 713
Iis + 91
213 4+ 81
I+ 113 + 814
]6‘-{-21(,-{-611
21 + 217 + 61
415 + 41,

tk(MW)

0
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Observe that lines 6 and 7 correspond to the two different embeddings of
A4 @A4 in Dyg. The K3 surface Xs 5 is obtained as double cover of a rational
surface Rs 5 branched on two smooth fibers, so there are no elliptic fibrations
induced by generalized conic bundles or by splitting genus 1 pencils (see [4]). So
an elliptic fibration on X5 5 is either induced by a conic bundle on Rs 5 or it is of

type 3.

Putting together these considerations with the results of Sects. 4 and 5, we proved
the following proposition.
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Proposition 3 The elliptic fibrations on Xs s are of 34 types, listed in Table (7.1).
The fibration in line 34 of Table (7.1) is induced by &g, and its equation is given in
Sect. 4.2.2; the fibrations of lines 22, 30, and 32 are induced by conic bundles on
Rs 5 and their equations are given in Sect. 5.3.2. The other fibrations on Xs 5 are of

type 3.

7.2 Fibration of Type 3: An Example, the Fibration 26

The aim of this section is to construct explicitly an example of an elliptic fibration
of type 3 and to discuss the geometry of the noncomplete linear system on P? which
induces this fibration.

The divisor

Dy = 287 + 2" +200 +220" + 2V + 2"

corresponds to the class of the fiber of a fibration which has one reducible fiber
of type I]'; thus |Dy| is one of the fibrations 5,26,27 in Table (7.1). The curves

.Qéz’l), [23(2’1), 0>, 03, .{21(2’2), .Qf’z), 91(1,1), Qil’l) are sections of the fibration
|D1|. Assuming that 952’1) is the zero section, there is a fiber whose nontrivial
components are 92(2’2), ng,z), Qq, 921’2), 951’2), 93(1’2), and 521(1’2). So there is a
fiber of type I3 and |Dj]| is the fibration 26 in (7.1), and there is a fiber of type I3
whose nontrivial components are .Qél’l) and .Q;l’]).

Denoted by # : Xs55 — Rss, we have n(Q;) = P; and n(Qi(j’l)) =
7(2Y?) = 09 for j = 1,2. In particular «(2") = 2", thus, «(Dy) # D,
and indeed D; := (D) is

Dy = 28" + 2" +200 + 20207 + 27 + 2.

We observe that .Qéz’])D] = 0, [Zé]’z)Dl = 2, QoD = 0, QéZ’Z)D] = 0,
Q%D =1,2%PD; = 1,and thus D2D; =0+2+0+0+ 141 =4

So D1 Dy =4 and (D + D2)2 = 8. In particular a smooth member of the linear
system | D{ + D3| is a curve of genus 5.

We are interested in the class of the curve 7 (D1 + D). By the projection formula,
w.(D1 + D) = 2w (D + D3), so we are looking for %n*(D1 + D»). Since

1
w(D1) = 7 (Dy), ETF*(DI + Dy) = m(Dy) = 7 (D).

We recall that the map 7 restricted to .Ql.(j Disal:1 map to @l.(j ), and similarly

the map = restricted to .Qi(j Pisal:l map to @i(j ). On the other hand, the map =
restricted to the sections Q; is a 2 : 1 map to the section P;. So
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T (DN=0P+0V+ar+20P+0P+02 =367 +6P+6P 16" +4p).
Hence by (4)
(D) =3E1+ 0+l +m+4F =3h—Ey— F, — Egs — E4—2F4— E3 — F3,

which is the class of the strict transforms of cubics in P? passing through Q», Q3,
Q4 with tangent £, and Q5.
The equation of the cubics satisfying these properties is

axg + bxgxl + (—a — b)xox% + dx§x2+

exox1xy + fx12x2 + (—3a — 2d)x0x% +(a—e— f)xlx% +(d + 2a)x§’ =0.
(32)

This equation depends on five parameters (four projective parameters) and
specializes to equations of cubics which split on the double cover and induces
elliptic fibrations on X 5.

The generic cubic ¢3 as in Eq.(32) is a cubic in P2. We recall that X555 is
the double cover of P? branched along the reducible sextic cs whose equation is
f3g3 = 0 for two cubics f3 and g3. So ¢3 and ¢ meet in 18 points in P2 counted
with multiplicity. Recall that cg is singular at Q», Q3, Q4, and Qs, and in Q4, c¢
is the union of two cubics, both with tangent direction £>. Hence c3 intersects cg in
0», 03, Qs with multiplicity 2 and in Q4 with multiplicity 4. Outside these points,
c3 and cg intersect in 18 —2 —2 —2 —4 = 8 points. The inverse image of ¢3 on X5 5
is a double cover of c3 branched in eight points. Since generically c3 is a smooth
cubic in P2, it has genus 1, and then its inverse image on Xs s has genus g such that
2¢ —2=2(0)+8.S0g =5.

We already observed that cg is the union of two smooth cubics in P2, which are
the image of the branch curves of the double cover X55 — Rs 5. Denoting by
b1 : f3 = 0 and by := g3 = 0 these two cubics, ¢3 intersects b; in nine points,
five of which are Q», Q3, Q4 with tangent £;, and Q5. So ¢3 and by generically
intersect in four other points. In the case c3 splits in the double cover (which is the
case in which c3 is the image both of D and D,), these four points are either one
point with multiplicity 4 or two points with multiplicity 2. The strict transform of
by (resp. b2) on Rs 5 is a smooth fiber of the fibration on Rs s, and its pullback to
X5 5 is a smooth fiber, denoted by Bj (resp. B»),! of the fibration induced on X 5.5
by the one on Rs s. Since a section of this fibration is Qo, B1Qo = B2Qo = 1,
B12*7 = 0and thus D;B; = DBy = DyB| = DyB; = 2. In particular D,
and D» intersect in four points, two on B and two on B,. Considering the image
of these curves in P2, one realizes that if ¢ is the image of D1, then it intersects b
(resp. b») in two points each with multiplicity 2.

INot to be confused with the conic bundles B; and Bj in Sect. 3.
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So, theoretically, in order to find the specializations of a curve c3 which is the
image of D1, one has to require that the intersection c3Nb; consists of the points Q»,
03, Q4 with tangent £», and Qs, and of two other points each with multiplicity 2.

As in the previous context one can compute the resultant between the equation
of the cubics c¢3 and the branch locus of the double cover X55 — P2, given in
(14). Since not all the curves in the linear system |c3| split in the double cover, the
resultant of the equation of ¢3 and the equation of the branch locus of X — P?
is not the square of a polynomial. Nevertheless one recognizes some factors with
even multiplicity (which correspond to the conditions that c3 passes with a certain
multiplicity through a certain base point of the pencil of cubics from which Rs 5
arises), and one can also observe that for certain choices of the values (a, d, e, f),
the resultant becomes a square. For example, one observes that for f = —a —d —e
the resultant with respect to x is

x%(xo — x2)%(xox2(em + am — a + dm) + xg(am + bm) — x%(d —2a))?
(xoxz(el +al —a +dl) + xg(al + bl) — x%(d —2a))?

so in this case we know that the intersection between the generic member of |c3|
and the branch curve is always with even degree, which is the necessary condition
to have a splitting in any point.
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