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Abstract Although for a number of semilinear stochastic wave equations existence
and uniqueness results for corresponding solution processes are known from the
literature, these solution processes are typically not explicitly known and numer-
ical approximation methods are needed in order for mathematical modelling with
stochastic wave equations to become relevant for real world applications. Therefore,
the numerical analysis of convergence rates for such numerical approximation pro-
cesses is required. A recent article by the authors proves upper bounds for weak errors
for spatial spectral Galerkin approximations of a class of semilinear stochastic wave
equations. The findings there are complemented by the main result of this work, that
provides lower bounds for weak errors which show that in the general framework
considered the established upper bounds can essentially not be improved.
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1 Introduction

In this work we consider numerical approximation processes of solution processes of
stochastic wave equations and examine corresponding weak convergence properties.
As opposed to strong convergence, weak convergence even in the case of stochastic
evolution equations with regular nonlinearities is still only poorly understood (see,
e.g., [3, 6-8, 12] for several weak convergence results for stochastic wave equations
and, e.g., the references in Sect. 1 in [4] for further results on weak convergence in the
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literature). Therefore, equations available to current numerical analysis are limited to
model problems, such as the ones considered in the present article, that cannot take
into account the full complexity of models for evolutionary processes under influence
of randomness appearing in real world applications (see, e.g., the references in Sect. 1
in [4]). The recent article [4] by the authors provides upper bounds for weak errors
for spatial spectral Galerkin approximations of a class of semilinear stochastic wave
equations, including equations driven by multiplicative noise and, in particular, the
hyperbolic Anderson model. The main result of this article, Theorem 1.1 below, in
turn shows that the weak convergence rates for stochastic wave equations established
in Theorem 1.1 in [4] can in the general setting there essentially not be improved.
Theorem 1.1 is obtained by proving lower bounds for weak errors in the case of
concrete examples of stochastic wave equations with additive noise and without drift
nonlinearity (cf. Corollary 2.10 and (1.4) below). We argue similarly to the reasoning
in Sect.7 in Conus et al. [1] and Sect. 9 in Jentzen and Kurniawan [5]. First results on
lower bounds for strong errors for two examples of stochastic heat equations were
achieved in Davie and Gaines [2]. Furthermore, lower bounds for strong errors for
examples and whole classes of stochastic heat equations have been established in
Miiller-Gronbach et al. [10] (see also the references therein) and in Miiller-Gronbach
and Ritter [9], respectively. Results on lower bounds for weak errors in the case of a
few specific examples of stochastic heat equations can be found in Conus et al. [1]
and in Jentzen and Kurniawan [5].

Theorem 1.1 For all real numbers n,T € (0,00), every R-Hilbert space
(H, (-, Yu, I-llz), every orthonormal basis (e;)nen={1,23,..): N— H of
H, every probability space (2, F,P) with a normal filtration (IF;):c0,7)
and every idy-cylindrical (2, F, P, (F;):ep0,17)-Wiener process (W;)iepo,1]
there exist a strictly increasing sequence (N\;)pen: N — (0,00), a linear
operator A: D(A) S H — H with D(A)={veH: Y [ Alesv)nl* <
oo} and Vv e D(A): Av=>"" —N(es, vigen, a family of interpola-
tion spaces (Hy, (-, )u.,ll'ln), r €R, associated to —A (cf, eg, [l
Section3.7]), a family of R-Hilbert spaces (Hy, (-, )u,,|l‘ln,), r € R, with
VreR: H,, ¢, u,s -llm) = (Hye X Hpp, (- VHipyxHyp 1y ||'||Hr,2xH,/2,|/2),
families of functions Py : \J,cg Hr — U, g H» N € NU {oo}, and Py : |,z H,
— U,eg H, N eNU{oo}, with VYNeNU{oo},reRueH, w)e
H,: (Pv(w) = SN (O T en, uy i, (A) e, and Py (v, w) = (Py(v), Py (w))),
a linear operator A: D(A) CHy — Hy with D(A)=H; and Y (v,w) €
H;: A(v,w) = (w, Av), real numbers ~,c € (0,00), a vector £ € H,, and
functions ¢ € C,f(Ho, R), Fe C,f(Ho, H,), Be Cg(Ho, HS(H, Hy)), and
(Cze(0.00) 1 (0,00) = [0, 00) with ¥ 3 € (0/2,7]: (—A)~"* € HS(H), F(H,) <
H, MHy>v—Fv) eH,)eCiHyH), VveHyueH: ByvuecH,
VveHy: (Hsuw—BWvuecH,) e€L(HH,), ad MHys3v+—> (H>ur>
Bvu eH,) e L(H,H,)) € Cg(HO, L(H,H,)) such that

(i) itholds that there exist up to modifications unique (F;),c0,71-predictable stochas-
tic processes XV : [0, T]1 x Q — Py(Hy), N € N U {oc}, which satisfy for all
N € NU {oo}, t € [0, T] that sup,; 1) E[IIXV I, ] < o0 and P-a.s. that
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1 t
XN = e Py¢ + f e™APNF(XY) ds + / e!™IAPNB(XY)dW,  (1.1)
0 0

(ii) and it holds for all € € (0, 00), N € N that

e O = [E[e(XP)] - E[¢(X))]| < C-- Qw)* " (1.2)

Here and below we denote for every non-trivial R-Hilbert space (V, (-, -)v, ||-]lv)
and every R-Hilbert space (W, (-, -)w, ||-llw) by Cg(V, W) the set of all globally
bounded twice continuously Fréchet differentiable functions from V to W with
globally bounded derivatives. In the following we provide a few further com-
ments regarding the statement and the proof of Theorem 1.1. The initial value
¢ and the functions F and B in the setting of Theorem 1.1 can be chosen in
such a way that there exist appropriate §, € H, & € H_i, and appropriate func-
tions F': Hy — H_y,, B: Hy — HS(H, H_1,) such that £ = (&, &1), F = (0, F),
and B = (0, B). In this case, for every N € N U {oo} the first component process
XN:[0,T] x Q — Py(H) of XV is, roughly speaking, a mild solution of the
stochastic wave-type evolution equation

X, = AX, + PyF(X,, X;) + PyB(X,, X)W, (1.3)

with Xg = Py, Xo = Pyé&; for ¢t € [0, T]. Theorem 1.1 is a direct consequence
of Theorem 1.1 in [4] (with v = 2n, 8 = min{n + ¢, 2n}, p = 0 in the notation of
Theorem 1.1 in [4]) and Corollary 2.10 below (with p = 1/5, § = /2 — 7 in the
notation of Corollary 2.10 below). In the case n = /2, the lower bound in (1.2) is
obtained, for example, for the stochastic wave equations

X0 = L X, (x) + Py W, (x) (14)

with Xo(x) = Xo(x) =0 and X,(0) = X,(1)=0 for x € (0,1), ¢ €[0,T],
N € NU {oo}, corresponding to the choices H = L%((0,1);R), Vn e N:
e, = «/zsin(mr()) eHVneN: N\, =72n%,6=0,F=0,B=Hy > (v, w) —
(H>u+ (0,u) € Hy) € HS(H, Hp)) in the setting of Theorem 1.1 (cf. Corol-
lary 2.11 below). Inequality (1.2) reveals that the weak convergence rates in Theo-
rem 1.1 in [4] are essentially sharp. More details and further lower bounds for weak
approximation errors for stochastic wave equations can be found in Corollary 2.8
and Corollary 2.10 below.

2 Lower Bounds for Weak Errors

2.1 Setting

Let (H, (-, -)u, |-l ) be a separable R-Hilbert space, for every set A let P(A) be the
power setof A, let T € (0, 00), let (2, F, P) be a probability space with a normal fil-
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tration (IF;);c0.71, let (Wy)seqo,7) be an idy-cylindrical (2, F, P, (IF;)s¢j0,71)-Wiener
process, let HH € H be a non-empty orthonormal basis of H, let A\: HH — R be a
function with supy, .z A < 0, let A: D(A) € H — H be the linear operator which
satisfies D(A)={ve H: Y ,culM(h,v)u> <oo} and Vve D(A): Av=
Y onem Ml vigh, let (He, (-, -)g,. |-Ilg), r € R, be a family of interpolation
spaces associated to —A, let (H,, (-, )u,, [llm,), r € R, be the family of
R-Hilbert spaces which satisfies for all » € R that (H,, (-, ‘)u,, |-lln,) = (H,/2 X
Hypspo, (5 ) HipxHypy s ||'||H,/2xHr/271/2), let Pr: U, Hr = U, g Hrs I € P(H),
and P;: UreR H, — Ure]R H,, I € P(H), be the functions which satisfy for all
IePM), reR, ueH, v,w) eH, that Pr(u) =, (I \|""h, u)m | \u| "1
and P; (v, w) = (P1 ), Pl(w)), let A: D(A) € Hy — Hj be the linear operator
which satisfies D(A) =H; andV (v, w) e H;: A(v, w) = (w, Av), let u: HH - R

be a function which satisfies )", 'll’A”’,llz < 00, let B € HS(H, Hy) be the linear

operator which satisfies for all v € H that By = (O, ZheH wnh, v)Hh), and let
X' = X", X5 Q — P;(Hy), I € P(H), be random variables which satisfy for
all I € P(H) that it holds P-a.s. that X! = fOT eT—9AP, BdW,.

2.2 Lower Bounds for the Squared Norm

Lemma 2.1 Assume the setting in Sect.2.1. Then for all I € P(H) it holds P-a.s.

that
Xl,l
X' =p, X" = (Xm)

e (2 o sin(I V(T = 5)) dth, W )

= o » " (2.1)

S her (725 fo cos(Il"(T = ) dih, W ) Il

Proof of Lemma 2.1. Lemma 2.5 in [4] proves that it holds P-a.s. that

T T
XH — / e(T—S)AB dWs — Z/ e(T—S)ABh d(h, WS)H
0 her Y0
_y St Jy sin(Il(T = )hd(h, Wo)n 22
o\ i cos(IMl(T = $))hd(h, W)y

e i Sn(M(T = 5)) dth, Wy )
e o os(I (T — ) dth, W ) Dl

Furthermore, Lemma 2.7 in [4] shows for all I € P(H) that it holds [P-a.s. that

T T
P, X" = / P, 9ABAW, = / eT=9AP,Bdw, = X'. (2.3)
0 0
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This and (2.2) complete the proof of Lemma 2.1. ([l

Lemma 2.2 Assume the setting in Sect. 2.1 and let I € P(H). Then

(i) it holds that {h, X“)Ho, h € H, is a family of independent centred Gaussian
random variables,
(ii) itholds that(|)\h |"h, X’*Z)H o h € H, is a family of independent centred Gaus-
i

sian random variables, and
(iii) it holds for all h € H that

2 : 12
Var((h, X" ) = 1 () 22 l<T - w) 2.4)

[Anl 2 2|l
i gl 1 sin@IMIT)
Var (Il . X%, ) = s (T g ) @)

2 /1 _ T
1 2 yl2 _ lpnl? (1 — cos(2| Al
Cov(th. X"y (W10 X12), ) =1 ( )
(2.6)

Proof of Lemma 2.2. Observe that Lemma 2.1 implies (i) and (ii). It thus remains to
prove (iii). Lemma 2.1 assures for all 4 € H that it holds P-a.s. that

T
(h, X" Yy, = 1,(h )IA |1/2/ sin(|\]A(T = ) d(h, Wohg,  (2.7)

T
(Il X2, =T = / cos(| A |*(T — 5)) d(h, Wy)y.  (2.8)

I/\ I'/ :
Itd’s isometry hence shows for all i € H that

Var((h, X" i) = E[I(h, X"") i, I*]

|| T 1 2
=1,(h) " | |s1n(|)\h| (T —5)["ds (2.9
(y | |* T sin(2| A\ |72T)
b, | 2 205l )

Var(Inlh, X'2),, ) = E[ |10l 8, X'2)

| 1n]?
[An]

| 1 sin(2|\ 2T
=1;(~h |\ T+ ——= .
1 2\ T e

]

T
lcos(IMI"(T — ) ds  (2.10)

HJ/Z

=1,(h)
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Furthermore, observe that it holds for all 2 € H that

Cov (U X"y (0l X2 ) = B[t X"l x02),

2 T
=1;(h) 'l’”;”|| sin(JA|"(T — 5)) cos(| A (T — 5)) ds
h
LA <;sm(w|va)|z)
P YTRNETPILE
2 (1 —cos(2|\|"*T
= 1,022 < il )>.
Al 4l

The proof of Lemma 2.2 is thus completed.

@2.11)

O

Lemma 2.3 Assume the setting in Sect. 2.1 and let I € P(H). Then it holds for all

i €{l1,2} that

| *
E[IIX" 1} 00,
Ho Z |)\h|

; e )? sin(2) 2T
E[1X"13,, ]=—Z L ,. ,/2) <
el T2 2] (—D721v]

Proof of Lemma 2.3. 1td’s isometry and Lemma 2.6 in [4] imply that

2
E[IX" 5] = [”/ e IAP, B AW, }
Hy

2

2 Z | on |
= T”PIB“HS(H,HU) =T |)\ |
her '

In addition, Lemma 2.2 shows for all i € {1, 2} that

Liy2 _ ity xli
IE[||X l||H1,2_,-/2] = ZJEH(WI D¢ l)Hl/zJ/z
heH

]

| Al (=172 Aq]"2

Z |l (T N sin (21 [T

heI

The proof of Lemma 2.3 is thus completed.

(2.12)

(2.13)

(2.14)

(2.15)

O

Corollary 2.4 Assume the setting in Sect. 2.1 and let I € P(H). Then it holds for

all (v, w) € P;(Hy) that
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1 Jpnl? sin(2|\]"2T) h)
CovopXH)( V) == T — h,
Rt 32 (7= =5 ) g

1 — cos(2|Ax]2T)
< 2|>\ |1/2 ><|)\h I/Zh w H 12 ) (2.16)

1 — cos(2|\y]T)
20|72 )< (M I‘/zh)

§1n 2|)\;,|/ ) 12
+<T+ VI (IR, w),,

J’_

Y ‘1/2h):| € P;(Hp).

Proof of Corollary 2.4. Lemma 2.1, and Lemma 2.2 prove for all x; = (v{, wy),
Xy = (v2, wp) € Pr(Hp) that

(x1, CovOp(X")x2)m, = Cov({x1, X )u,, (x2, X")m,) = E[(x1, X )m, (x2, X )1, ]
=E[((vi, X" g, + (w1, X %)y 1/2)((\’2, X"y + (wa, XI’Z)H,I/Z)]

_ZVar B, XY gy ) (v g (B va) g

heH

+ ZCOV(UI’ XI!I)HU’ (lAh|l/zh’ XI’Z)HJ/2><h’ V1>H0<|>\h|l/2h’ wz)HJ/z
heH

+ ZCOV(UI’ XI’I)HO’ (|)\h|l/2h’ X[’Z)H,l/2><h’ v2>H0(|)\h|l/2h’ wl)H,l/z
heH

+ Zvar((lA“l/zh’ XI'2>H_1/Z)<|>‘11|]/2h’ u)1>H_]/2(|)\h|1/2h, UJ2)H_
heH

= <v1, Z[Var((h, X" ) (b, va)
heH

+ Cov((h, XY o, (12, X”Z)Hil/2)<|)\h|‘/2h, w2>H1/2]h>H 2.17)

0

+ <w1, Z[COV(U!, XI,I)HO, (|/\h|l/2h’ XI’2>H,1,2><h’ Va) Hy

heH

+Var((|Ah|‘/2h,X”2) >(|)\h|/2h wa), ]lAhl‘/2h>
H71/2

= <x1, Z[Var((h, XY i) (b va) i,

heH
h
+ COV(<h’ XI‘I)HU’ (|/\h|l/2h’ X1’2>H,1/2)<|)\h|]/2h’ wZ)Hfl/ziI <0>>Ho

+ <x1, Z[Cov((h, X“)Ho, <|)\h|l/2h9 XI’2>H,1/2)<h’ V2) H,

heH
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i 0
+Var<(|/\h|‘/~h, x'?), ]/2)(|Ah|'/2h, wa), 1/2] <|Ah|l/zh)>

This and again Lemma 2.2 complete the proof of Corollary 2.4. (I
Proposition 2.5 Assume the setting in Sect. 2.1. Then it holds for all I € P(H) that

E[IX 15, ] — E[X G, ] = E[IX™I5,] = T inf ) ZW' (2.18)
heH\I

Proof of Proposition 2.5. Orthogonality and Lemma 2.1 imply for all / € P (H) that

E[IX M5, ] + E[IX™V 15, ] = E[IP X1, ] + E[IPe X g, ]

= E[lI®; + P )X 1, ] = E[IX" 1, ]- e
This and Lemma 2.3 show for all 7 € P(H) that
E[IX"15,] = E[IX I, ] = E[IX 11, ]
|pa)? . 2 1 (2.20)
= Th;}ﬂ;l = T inf ] heZI—]I;l WL
The proof of Proposition 2.5 is thus completed. ]

In Corollary 2.7 and Corollary 2.8 below lower bounds on the weak approximation
error with the squared norm as test function are presented. Our proofs of Corollary 2.7
and Corollary 2.8 use the following elementary and well-known lemma (cf., e.g.,
Proposition 7.4 in Conus et al. [1]).

Lemma 2.6 Let p € (0,00), § € (—00, /2 —1/@2p)). Then it holds for all N € N

that
NPRI—D+I

p(26—1)
%1 " - [p(1 —26) — 1]2p1=20)~1" (2.21)
n

Proof of Lemma 2.6. Observe that the assumption that § € (—oo, 1/2 — 1/(2p)) ensures
that p(20 — 1) € (—oo, —1). This implies for all N € N that

oo
S b - Z / AP0 gy > Z / P g

n=N+1 n=N+1 n=N+1
B /oo xp(%il) 4 — _(N + l)p(Zo D+1 2.22)
N+1 p2i—1)+1 '

NP@I—D+1
> .
~ [p(1 =20) — 1]2r0=20~1
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This completes the proof of Lemma 2.6. |

Corollary 2.7 Assume the setting in Sect.2.1, let ¢ € (0,00), p € (1,00), let
e: N — H be a bijection which satisfies for alln € Nthat \,, = —cn?, and let Iy €
P(H), N € N, be the sets which satisfy for all N € N that Iy = {e1, e2,...,ey} C
H. Then it holds for all N € N that

T inf)epr|pn > NP
Hi2 1 In )2 heH |
E[I1X"1%,] — E[IX™1%,] = TSI (2.23)

Proof of Corollary 2.77. Proposition 2.5 and Lemma 2.6 prove for all N € N that

1 =1
H, 2 Iy (2 . 2 o=l 2 o
E[IX*, ] - E[IX"™ 5] = 7 inf|mf* ) oy = ¢ T inflml >

heH\Iy n=N+1
T inf IN'P
. Tinfhem|pl (2.24)
c(p—1)2r-1
The proof of Corollary 2.7 is thus completed. O

Corollary 2.8 Assume the setting in Sect. 2.1, let ¢, p € (0, 00), § € (—o0, 12 —
1/ep), let e: N— H be a bijection which satisfies for all n € N that A\, =
—cn?, let Iy € P(H), N € N, be the sets which satisfy for all N € N that Iy =
{e1,es,...,en} € H, and assume for all h € H that || = |)\h|‘;. Then it holds for
all N € N that

T c20—1 Ny pQ25—D+1
> .
= [p(1 —26) — 1]2r0-20)-1

E[IX" 115, ] — E[IX"™ 114, ] (2.25)

Proof of Corollary 2.8. Proposition 2.5, Lemma 2.3, and Lemma 2.6 show for all
N e N that

7k _
B{IX ] - EIX™ 5] =T 3 350 =T 2, P (2.26)
hem\ry 'h heH\Iy
o0 26—1 (20—1)+1
— T o201 Z QP21 < Tc NP ‘
~ [p(1 —26) — 112701201

n=N+1

This completes the proof of Corollary 2.8. ]
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2.3 Lower Bounds for the Weak Error of a Particular
Regular Test Function

The next result, Proposition 2.9 below, follows directly from Lemma 2.2, and
Lemma 2.3 above and Lemma 9.5 in Jentzen and Kurniawan [5].

Proposition 2.9 Assume the setting in Sect.2.1 and let ¢;: Hy — R, i € {1, 2},
be the functions which satisfy for all i € {1,2}, (vi,v»2) € Hy that p;(vi, ) =
exp(—llviH%ﬂ/’Jﬂ). Then it holds for all i € {1,2}, I € P(H) that p; € Cg(Ho, R)
and

H,i 1,i
E[1x=3, |- B[ixtg, ]
exp<6]E[||XH’||Hl/, ,/2])

Corollary 2.10 Assume the setting in Sect.2.1, let ¢, p € (0, 00), § € (—o0, 12 —
1/ep), let e: N— H be a bijection which satisfies for all n € N that A\, =
—cn?, let Iy € P(H), N € N, be the sets which satisfy for all N € N that Iy =
{el, €, ...,en} C H, assume for all h € H that |u,| = |)\h|5, and let ¢;: Hy —

R, i € {1,2}, be the functions which satisfy for all i € {1,2}, (vi,v2) € Hy that
pi(vy,m) = exp(—||v,||h,l/2 2) Then it holds for all i € {1,2}, N € N that ¢; €

Cb (Hp, R) and

E[p;(X)] — E[p; (X™)] > (2.27)

Elpi (X™)] — Elp; (X™)]
sin(x) } T c20—19p(26=1) \ p(26-1)+1

)T 201
[p(1 —26) — 1]exp(%)

2|:1+ inf

>0. (2.28)
xe[Zc]/zToo)( l)l

Proof of Corollary 2.10. Lemma 2.3, and Lemma 2.6, and the fact that Vx € (0, 00):
|—Smx(x) | < I prove foralli € {1,2}, N € N that

| | 1 l? (., sin(212]"°T)
H.i| 2 _ In.iy 2 =-
B0, ] - BIX 0, =5 2 ol I e

heH\Iy

sm(2|)\h|/2T 261

|+ inf ol 2 M 2.29

( il Ty 2|)\,,|‘/2T> 2 il (2:29)
heH\ Iy

; 25—1
> (1 +  inf s1n(x') )TC Z pP20=1)
xe[2e¢2T,00) (1)1 x ot
sin(x) \ T¢2012r@0-1) yp@i-D+1
) [p(1 —26) —1]

> 0.

>|14+ inf
< x€e[2¢'2T,00) (_l)l
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Furthermore, note that the fact that p(2§ — 1) € (—oo, —1) ensures that

00 00 n+l1 00
Do <14y f xP@Ddy =1 + / xP@=D gy (2.30)
n=1 n 1

n=1
| 1 . p5—1)
p25—1D+1 pRs—1D+1

Lemma 2.3 hence implies for all i € {1, 2} that

[o.¢]
exp(=6E[1X* 13, |) = exp(~6 E[IX" |3, ]) = exp(—6Tc2‘“1 Zn"@°—‘>)

n=1

6p(26 — NTc¥! 0

— >
p2o—1)+1

> ex

2.31)

Combining this and (2.29) with Proposition 2.9 concludes the proof of
Corollary 2.10. (I

Roughly speaking, Corollary 2.11 below specifies Corollary 2.10 to the case
where the linear operator A: D(A) € H — H inthe setting in Sect. 2.1 is the Lapla-
cian with Dirichlet boundary conditions on H = L?((0, 1); R). Corollary 2.11 is an
immediate consequence of Corollary 2.10.

Corollary 2.11 Assume the setting in Sect. 2.1, let § € (—o0, 1/4), lete: N — H be
a bijection which satisfies for all n € N that \,, = —m2n?, let Iy € P(H), N € N,
be the sets which satisfy for all N € N that Iy = {e1, e, ..., en} C H, assume for
all h € H that || = |\|°, and let ¢;: Hy — R, i € {1, 2}, be the functions which
satisfy for all i € {1,2}, (vi,v2) € Hy that p;(vi, ) = exp(—||v,<||2 ) Then it

Hl/zJ/z
holds foralli € {1,2}, N € N that p; € CS(HO, R) and

Elp; (X™)] — E[¢: (X™)]
. sin(x) T(47T2)2671N4671
> [ 1 xe[é,lrlT 00) (—l)ix 1—46§ 125—1)T 72
’ [1 — 48] exp(Z==517—)

> 0. (2.32)
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