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Abstract. The eccentric connectivity index of a graph G, denoted by
£°(G), defined as £°(G) = 3 cy (g €(v) - d(v), where e(v) and d(v)
denotes the eccentricity and degree of a vertex v in a graph G, respec-
tively. The volcano graph V,, 4 is a graph obtained from a path P41 and
a set S of n —d — 1 vertices, by joining each vertex in S to a central ver-
tex/vertices of Pyi+1. In [4], Morgan et al. proved that £°(G) > £°(Vy,4)
for any graph of order n and diameter d > 3. In this paper, we present
a short and simple proof of this result by considering the adjacency of
vertices in graphs.
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1 Introduction

Let GG be a finite, connected and undirected graph without loops and multiple
edges. We denote the vertex set of G by V(G). The distance between two vertices
u and v of G, denoted by d(u,v), is the least length of a u,v—path in G. The
eccentricity of a vertex v in a graph G, denoted by e(v), is the distance of a
vertex farthest from v in G. The degree of a vertex v in a graph G, denoted by
d(v), is the number of edges incident to it.

A topological index is a numerical graph invariants used for Quantitative
Structure-Activity Relationship (QSAR) and Quantitative Structure-Property
Relationship (QSPR) studies. The Wiener index, introduced in 1947 by Herold
Wiener [9], is the first non-trivial topological index in Chemistry. Then after
many topological indices have been defined such as Zagreb index, PI-index etc.
and successfully used to study the chemical, pharmaceutical and other proper-
ties of molecules. More recently, a new adjacent-cum-distance based topological
index, the eccentric connectivity index (or ECI for short) denoted by £°(G) has
been introduced by Sharma et al. [7] which is defined as

€@ = Y ev)-dv) (1)

veEV(Q)
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The eccentric connectivity index has been employed successfully for the devel-
opment of numerous mathematical models for the prediction of biological activi-
ties of diverse nature. Recently, many results on the eccentric connectivity index
have been obtained and some of them have been applied as means for model-
ing chemical, pharmaceutical and other properties of molecules, for details see
[1,2,5-7,10].

The common trend of research for the topological indices and its variants is
to determine the extremal graphs for the given topological index or its variant.
Also the trend is to determine the extremal trees for the given topological index
or its variant. For most of introduced topological indices or its variants, the
extremal graphs or trees are determined except Wiener index; the origin of all
topological indices and its variants. The same approach is considered by Morgan
et al. for the eccentric connectivity index of graphs in [3,4].

In [3], Morgan et al. noted the eccentric connectivity index of some basic
graph families and determined the eccentric connectivity index of other three
classes of graphs namely broom graph B, 4 (a graph which consists a path P,
together with (n — d) end vertices all adjacent to the same end vertex of Py),
lollipop graph L,, 4 (a graph obtained from a complete graph K,_4 and a path
P, by joining one of the end vertices of P; to all the vertices of K,,_4) and
volcano graph V,, 4 (a graph obtained from a path Py and aset S of n—d—1
vertices, by joining each vertex in S to a central vertex/vertices of Pyy1). Note
that for a fixed value of n, when d is even, the volcano graph V,, 4 is unique;
whereas when d is odd, there may be several non-isomorphic volcano graphs
Vi,a- The readers are advised to see [3,4] for figures and details on these graph
families. The eccentric connectivity index of path Py4; and volcano graph V;, 4
is given as follows.

Proposition 1. Let n > 2 be an integer. Then

o(py— 3(3n? —6n+4), forn even, ,
S = 2(n—1)% for n odd. 2)

Proposition 2. Let n,d be non-negative integers. Then

nd—i—n—l—d;—Qd—l, for d even,

(3)
nd+2n+%2—3d— %, for d odd.

gc(Vn,d) = {

In [3], Morgan et al. gave a lower bound for the eccentric connectivity index
of trees and proved that £°(T") > £°(V,, 4) for any tree T of order n > 3 and diam-
eter d. Later, in [4], Morgan et al. extended this lower bound for the eccentric
connectivity index to arbitrary connected graph of order n and diameter d > 3
but we emphasize that the proof is lengthy and complicated. In this paper, we
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give a short proof of this result by considering the connectivity of vertices in
graph which is a very simple approach. Moreover, this approach can also be
extend to prove similar types of results for other topological indices.

2 Preliminaries

We follow [8] for graph theoretic definition and notation. A tree T is a connected
graph that contains no cycle. A caterpillar is a tree in which all the vertices are
within distance one from central path. The diameter of a graph G, denoted by
diam(G) or simply d, is max{d(u,v) : u,v € V(G)}. The degree of a vertex in a
graph G, denoted by d(v), is defined as the number of edges incident to it. Let
H C V(@) then for any v € V(G), define d(v|H) is the degree of a vertex v in
a subgraph induced by H of G. Note that if H = V(G) then d(v|H) = d(v);
otherwise d(v|H) < d(v). The center of a graph G, denoted by C(G), is the set
of vertices with minimum eccentricity. Note that for any v € V(G), e(v) > [d/2]
and e(v) = [d/2] if and only if v € V(C(G)). We notice the following well known
results about center of graphs.

Proposition 3. The center C(G) of a graph G is contained in a block of G.

Proposition 4. The center C(T) of a tree T' consists of a single vertex or two
adjacent vertices.

The following lemma characterize the vertices with minimum eccentricity in a
graph G which is useful for our main result.

Lemma 1. Let G be any graph and Piy1 = vg—v1 — ... —vq be a fized diametral
path joining vy and vg.

(a) If e(v) = d/2 for v € V(G \ Pas1) then v is on other diametral path joining
vo and vgq, where C(Pgy1) = {w}.

(b) If e(v) = (d+1)/2 forv € V(G \ Pas1) then either v is on other diametral
path joining vy and vq or v is adjacent to both w and w/, where C(Pyy1) =

{w,w'}.

Proof. (a) Let G be any graph and Py; = vg — v1 — ... — vg be a diametral
path joining vy and vg such that C(Pyy1) = {w}. Let v € V(G \ Pj41) such
that e(v) = d/2. If possible then assume that v is not on any diametral path
joining vy and vg. Then it is clear that either d(v,vg) > d/2 or d(v,vq) > d/2;
otherwise the shortest path P =wvy—..—v—..—uvgis a diametral path as
e(v) = d/2, d(vo,vq) = d and €(u) > d/2 for any v € V(G). But note that one
of d(v,v9) > d/2 or d(v,vq) > d/2 gives e(v) > d/2, a contradiction. Hence v is
on diametral path joining vy and vg.
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(b) Let G be any graph and Pyy; = vg — v1 — ... — vg be a diametral path
joining v and vy such that C(Pyy1) = {w,w'}. It is clear that if v is adjacent
to both w and w’ then e(v) = (d + 1)/2. So assume that e(v) = (d + 1)/2 for
some v € V(G \ Pg41) and v is not adjacent to both w and w’ then as in case
(a) one can prove that v is on other diametral path joining vy and vg.

Lemma 2. Let G be any graph and v € V(G) such that e(v) = [d/2] then
d(v) > 2.

Proof. By Lemmal if e(v) = [d/2] then either v € C(Py4+1) or v is on other
diametral path joining vy and vy where P11 = vg —v; — ... — vg is a diametral
path joining vy and vg or v is adjacent to both w and w' in the case when
C(Pgy1) ={w,w'}. Hence in any case d(v) > 2.

3 Main Result

In this section, we continue to use the terminology and notation defined in
previous section. First we prove the following Theorem.

Theorem 1. Let G = (V,E) be a connected graph of order n, and diameter
d > 3 such that every spanning tree T of G is a caterpillar of diameter d. Then

£(G) = €(Vaa)- (4)

Proof. Let G be a connected graph of order n and diameter d > 3 such that every
spanning tree T of G is a caterpillar of diameter d. Let Pyy1 = vg—v1 — ... —vg
be a fixed diametral path of a graph G. It is clear that a caterpillar T" contains
Py+1 and it is the central path of T'. Then define
P={veV(G):veV(Pi1)}

P —{v e V(G):vg V(P

P.={veP:el)=1[d/2]};

P.={veP:ew)>[d/2]}

Pl ={ve P :el)=[d/2]};

P, ={ve P :ew)>[d/2]};

P!, ={v e P :vis adjacent to C(Py41)};

P!, ={v e P! :visnot adjacent to C(Pys1)};

P, ={v € P, :vis adjacent to C(Py1)};

P/, . ={v € P, :vis not adjacent to C(Py4+1)}.

Let |P!| = ny and |P.| = ng, where 0 < ny,ne < n—d—1; |P/| = ni;
and |P..| = ni2, where 0 < ny1,n12 < ny; |PL,.| = ner and |PL .| = ne, where
0 S Nn21,MN22 S no. Note that niy+ng = nfdfl, ni1+nie = Ny and N9l +Noo =
ny. Moreover, V(G) = PUP' = P,JP,UP/UP!, = P.UP,UP. UP! ,JUP., UP., .
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We consider the following two cases.
Case 1: d is even.

veEV(Q)
= Z e(v)d(v) + Z e(v)d(v)
vEP veP!
=) " e)(d@[P) +d@[P) + > e)d(v) + Y e(v)d(v)
veP vEP) veP!,
=D (@) d@|P)+ > e(v + > ew)d)+ Y e(v)d(v)
veP veP vEP, vePé/C
+ ) ew)d()
veEP!, ,
= Z e(v)d(v|P) + Z e(v)d(v|P") + Z e(v)d(v|P") + Z e(v)d(v)
veP veE P, veP,, vEP,
+ ) ewde) + Y e(v)d(v)
7161:”,C veP!, ,
> gd —+ noy <(2i (1) (2’(11 +ﬂ22) ( + 1) (1) + nq <2> (2)
+ na21 (34-1 (1) + n22 (;l—i-l) (1)
> gdz-l-nm <(21 +n1 <2+1) + naa (;i+l) +n <2>

d2
=nd+n+ > —2d-1

= fc(v’n,d)~
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Case 2: d is odd.
€G) = Y e(v)d(v)

vev(G)
=Y c)d(v) + Y e(v)d(v)
veEP veP’
=) e()(d@[P) +d@|[P)+ > e(w)d(v) + Y e(v)d(v)
veEP vEP] veP!,
=Y e()d@P) + Y e(w)d@|P) + Y e(v)d(v) + Y e(v)d(v)
veP veP vEP] vePFf,c
+ Z e(
vEPC’,C,
= Z e(v)d(v|P) + Z e(v)d(v|P") + Z e(v)d(v|P") + Z e(v)d(v)
veP vEP, veP,, veEP]
+ )« + ) e(v)d(v)
vGP vGP
ngz—F;—i— 2n11 + na1) (d L + (2n12 + nga) <d;—3> (1)

+
2
d+3 d+3
+n1() nzl( )1)+n22( > 1)
i d+3 1
12 5
n d+3 n y n ) d+3
22 B 2 N21 + N22 2
5 1 <d+3) <d+1>
fd + =+ (n11 + n12) + (n21 + na2)
n d+1 n d+3
"\ 2 2\ 72
3, 1 d+3 d+1 d+1 d+3
_§d +2—|—n1< 9 >+n2( 5 )—i—m( 9 )—i—nz( D) )
3

1 d+

5 )T
3 1 d+ d+1
=_-d?+ = —d—1)( —— —d—-1)(——
5 +2+(n )( 5 )+(n ) 5 )
+

1
:gd2+§+(nfd71 (d+1)

)
d? 3
=nd+2n— — —3d — =

nd + 2n > 3 >
:fc(vn,d)-

(n—d-1)
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Theorem 2. Let G be a connected graph of order n and diameter d > 2. Then
§(G) 2 & (Vna)- ()

Proof. Let Gy C G1 C ... C G = G be a sequence of subgraphs such that Gg
is a connected subgraph of G which contain a diametral path P;1; and every
spanning tree of Gy is a caterpillar of diameter d, and G;41 (0<i<k—1)isa
induced subgraph of G with vertex set V(G;y1) = V(G;) U{v},v € V(G \ G;).
Let the order of G; is n; then |G| = nx = n. Then by Theorem 1, we obtain
£°(Go) > Vpy.a- Now consider the graph G; = Go U {v} where v € V(G \ Go).
Note that for a newly added vertex v in G, either e(v) > [d/2] or e(v) =
[d/2]. If e(v) > [d/2] then it contribute one degree for some vertex of Gy
and hence v contribute at least ([d/2]) (1) + ([d/2] + 1) (1) for £°(G1) as Gy
is connected and e(u) > d/2 for every u € V(Gp). Hence we obtain, £¢(Gy) >
£°(Go)+([d/2]) (D) ([d/2] + 1) (1) = €(Vay a) +([d/2]) (1)+([d/2] + 1) (1) =
£°(Vny,a)- If €(v) = [d/2] then by Lemma?2, d(v) > 2 and it adjacent to at least
two vertices of Gy. Hence v contribute at least 4 ([d/2]) > ([d/2]) +([d/2] + 1)
for £°(G1). Hence we obtain £9(G1) > €(Go) +4([d/2]) > £(Vpy.a) + ([d/2]) +
([d/2] +1) = €(Vay.a).

Continuing in this way, finally we obtain £¢(Gy) > £¢(Gr—1)+([d/2] + 1) (1)+
(F4/21) (1) = €(Va_y.a) -+ ([4/2] + 1) (1) + ([d/2]) (1) = € (Vi) = € (Vina)-

Note that equality holds if at each step of above procedure equality holds and
hence we obtain that volcano graph V, 4 attain a lower bound which completes
the proof.

Corollary 1. Let T be a tree of order n and diameter d > 3. Then
§(T) = £°(Vn,a)-

Ezample 1. The readers are advised to refer the following example for the pro-
cedure used in Theorems 1 and 2 to give a lower bound for the eccentric connec-
tivity index of graphs.

In Fig.1, the graph G of order 19 and diameter 7 is shown in which Py =
vg —v1 — ... — vy is a fixed diametral path and the vertices with circle are vertices
with minimum eccentricity.

In Fig.2, a sequence of subgraphs Gy C G; C Gy C G3 = G of G with
ordered pair whose first coordinate denote vertex degree and second coordinate
denote eccentricity of that vertex in G;,0 < ¢ < 3 is shown. It is clear that Gy
is a graph whose each spanning tree is a caterpillar of diameter 7 and G;11 =
G; U{v}(0 < i < 2) for some v € G\ G;. Moreover, |Gy| = 16, |G1| = 17, |G4|
=18, |G3| = |G| = 19 and diam(G;) = 7 for 0 < ¢ < 3. Note that £°(Gy) = 182,
£°(G1) =195, £°(G2) =204 and £°(G3) = £°(G) = 213 (The readers can calculate
it using the ordered pair at each vertex in G;). Using (3), it is easy to calculate
that SC(V16,7) = 146, {C(V1777) = 155, fc(‘/i877) = 164 and fC(Vlgj) =173. It is
clear from above that {°(Go) > £°(Vie,7), £°(G1) = £°(Varr), £9(G2) = £9(Visr)
and £(G3) = £9(G) = €°(Vig,7)-
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Fig. 1. Graph G of order 19 and diameter 7.
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4 Concluding Remarks

The determination of extremal graphs for topological indices is remain interest of
many researchers due to its various application in chemical, pharmaceutical and
other properties of molecules. Various approaches are followed by researchers
to determine the extremal graphs for the topological indices and its variants.
In this work, we considered the adjacency relation of vertices to determine a
lower bound for the eccentric connectivity index of graphs. This approach can
also be useful to determine extremal graphs for other topological indices and its
variants.
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