On Singular Holomorphic Foliations
with Projective Transverse Structure

Bruno Scardua

Abstract In this paper we study holomorphic foliations with singularities having
a homogeneous transverse structure of projective model (i.e., IPSL (2, C) model).
Our basic situation is the case of a foliation with singularities 7 on a complex
analytic space M of dimension two and the structure exists in the complement of
some analytic subset S C M of codimension one. The main case occurs, as we shall
see, when the analytic set is invariant by the foliation. We address both, the local
and the global cases. This means two basic situations: (i) M is a projective surface
(like M = CP(2) or C x C) and (ii)) M = (C2, 0) which means the case of germs of
foliations at the origin 0 € C?, having an isolated singularity at the origin. Our focus is
the extension of the structure in a suitable sense. After performing a characterization
of the existence of the structure in terms of suitable triples of differential forms, we
consider the problem of extension of such structures to the analytic invariant set for
germs of foliations and for foliations in complex projective spaces. Basic examples of
this situation are given by logarithmic foliations and Riccati foliations. We also study
the holonomy of such invariant sets, as a consequence of a strict link between this
holonomy and the monodromy of a projective structure. These holonomy groups
are proved to be solvable. Our final aim is the classification of such object under
some mild conditions on the singularities they exhibit. In this work we perform
this classification in the case where the singularities of the foliation are supposed
to be non-dicritical and non-degenerate (more precisely, generalized curves). This
case, we will see, corresponds to the transversely affine case and therefore to the
class of logarithmic foliations. The more general case, which has to do with Riccati
foliations, is dealt with by some extension results we prove and evoking results from
Loray-Touzet-Vitorio.

Keywords Holomorphic foliation * Projective transverse structure - Holonomy
group - Riccati foliation

B. Scéardua (<)

Instituto de Matematica, Universidade Federal do Rio de Janeiro, CP. 68530,
Rio de Janeiro-RJ 21945-970, Brazil

e-mail: scardua@im.uftj.br

© Springer International Publishing AG, part of Springer Nature 2018 181
R. N. Aradjo dos Santos et al. (eds.), Singularities and Foliations.

Geometry, Topology and Applications, Springer Proceedings in Mathematics

& Statistics 222, https://doi.org/10.1007/978-3-319-73639-6_6



182 B. Scardua

1 Foliations and Transverse Structure

The Riccati differential equation
p)dy — (a(x)y® +bx)y + c(x))dx = 0

where (x, y) € C? and p,a, b, c are complex polynomials is well-known to be a
basic model for complex foliations, on projective surfaces, with projective transverse
structure outside an invariant algebraic curve. Similarly the Bernoulli equation

px)dy — (a(x)y**' + b(x)y)dx =0

stands for a model with an affine structure outside of an algebraic invariant curve [8,
27]. In this work we develop the study and classification of transversely projective
holomorphic foliations. More precisely, we study codimension one holomorphic
foliations with singularities, under the hypothesis of the existence of a projective
transverse structure off some analytic codimension one subset.

Recall that a foliation (holomorphic of codimension one, with singularities) is
transversely projective if the corresponding non-singular foliation is given by an atlas
of local submersions with projective relations, i.e., two such submersions y: U — C
and j: U — C are related by j = Z; Is for some a, b, ¢, d € C locally constant and
satisfying ad — bc = 1. This is a particular case of foliation having a homogeneous
transverse structure (cf. [4]) and in the holomorphic framework it is natural to con-
sider the case where the foliation exhibits singularities and the transverse structure
is defined in the complement of some analytic subset of codimension one [27]. This
situation has two main examples given by the class of logarithmic foliations, i.e.,
foliations defined by simple poles closed meromorphic one-forms; and by the class
of Riccati foliations, i.e., foliations induced by Riccati differential equations.

1.1 Holomorphic Foliations

The basic concepts of differentiable manifolds (as tangent space, tangent bundle,
etc.) can be introduced in the complex holomorphic setting. This is also the case of
the concept of foliation:

Definition 1 (holomorphic foliation) A holomorphic foliation F of (complex)
dimension k on a complex manifold M is given by a holomorphic atlas {¢;: U; C
M — V; C C"};c; with the compatibility property: Given any intersection U; N
U; # § the change of coordinates ¢; o ¢; ' preserves the horizontal fibration on
C" ~ C* x €,

Examples of such foliations are, like in the “real” case, given by non-singular
holomorphic vector-fields, holomorphic submersions, holomorphic fibrations and
locally free holomorphic complex Lie group actions on complex manifolds.
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Remark 1 (i) As in the “real” case, the study of holomorphic foliations may be
very useful in the classification theory of complex manifolds.

(i) In a certain sense, the “holomorphic case” is closer to the “algebraic case” than
the case of real foliations.

1.2  Holomorphic Foliations with Singularities

One of the most common compactifications of the complex affine space C" is the
complex projective space CP (n). It is well-known that any foliation (holomorphic)
of codimension k > 1 on CP (n) must have some singularity (in other words, CP (n),
for n > 2, exhibits no holomorphic foliation in the sense we have considered up to
now, cf. [2].) Thus one may consider such objects: singular (holomorphic) foliations
as part of the zoology. Let us illustrate this concept through some examples:

Example 1 (Polynomial vector fields on C?) Given affine coordinates (x, y) € C?,let
X = P(x,y)(0/9x) + Q(x, y)(9/3dy) = (P, Q) be a polynomial vector field (with
isolated singularities) on C2. We have an ordinary differential equation:

{X = P(x,y)
y=0(,y)

The local solutions are given by Picard’s Theorem (the existence and uniqueness
theorem of ordinary differential equations):

0(z) = (x(2), y(2))

d
d—¢’ = 4(2) = X(p(2))
Z

Gluing the images of these unique local solutions, we can introduce the orbits of X
on (2. The orbits are immersed Riemann surfaces on C2, which are locally given by
the solutions of X.

Now we may be interested in what occurs these orbits in “a neighborhood of
the infinity”. We may for instance compactify C? as the projective plane CP (2) =
C?U Ly, Lo ZCP(1).

1. What happens to X in a neighborhood of L,?
2. Is it still possible to consider its orbits around L,?

We may rewrite X as the coordinate system (u,v) = (1/x,y/x): X(u,v) =
M%Y(u, v), m € IN U \O where Y is a polynomial vector field, also with isolated sin-
gularities. The exterior product of X and Y is zero in commondomain U : X A Y =
0. Thus, orbits of Y (or X) are orbits of X (or Y), respectively in U. Then the orbits
of X extend to the (u, v)-plane as the corresponding orbits of ¥ along L. In this
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same way, we may consider the extension of the orbits to the (r, s) = (x/y, 1/y)
coordinate system. These extensions are called leaves of a foliation induced by X
on CP(2). We obtain this way: A decomposition of CP(2) into immersed complex
curves which are locally arrayed, as the orbits (solutions) of a complex vector field.
This is a holomorphic foliation F with singularities of dimension one on CP (2).

Remark 2 (singularities are defined by differential forms) Assume that we have
a holomorphic non-singular foliation 5y on U \ {0}, 0 € C?, U N sing(F) = \0.
Choose local coordinates (x, y) centered at 0 and define a meromorphic function
f:U\{0} - C, p e U\ {0}, as f(p) = the inclination of the tangent to the leaf
L, of Fy. By Hartogs’ Extension Theorem [18, 34] f extends to a meromorphic
function f: U — C. We may write f(x, y) = 4“2 4 b € O(U) and define

b(x,y)’
dy _ _ b(x,y)
ax TN =aay

that is,
{)& =a(x,y) }
y =b(x,y).
Therefore, F is defined by a holomorphic 1-formw = a(x, y) dy — b(x,y) dxinU.
The above remark also motivates the following definition:

Definition 2 (holomorphic foliation with singularities) Let M be a complex mani-
fold. A singular holomorphic foliation of codimension one J on M is given by an
open cover M = | J jes Uj and holomorphic integrable 1-forms w; € /\1(U ;) such
that if Uj N Uj ;é ﬂ, then w; = gijw; in U,' N Uj, for some gij € O*(U, N Uj) We
put sing(F) NU; = {p € U;; w;(p) = 0} to obtain sing(F) C M, a well-defined
analytic subset of M, called singular set of . The open subset M \ sing(F) C M is
foliated by a holomorphic codimension one (non-singular) foliation . By definition
the leaves of F are the leaves of Fy.

Remark 3 We may always assume that sing(F) C M has codimension > 2.If (f; =
0) is an equation of codimension one component of sing(F) N U;, then we getw; =
fj@; where @; is a holomorphic 1-form and sing(w;) does not contain (f; = 0).

Remark 4 (Convention) Let M be a complex manifold. From now on, in the absence
of a specific mention, by foliation on M we shall mean a codimension one holo-
morphic foliation with singularities. We shall also assume that the singular set
sing(F) C M has codimension > 2. In particular, if M has dimension two then
sing(F) is a discrete set of points of M.

Example 2 Let f : M — C be ameromorphic function on the complex manifold M.
Then w = df defines a holomorphic foliation of codimension one with singularities
on M. The leaves are the connected components of the levels { f = ¢}, ¢ € C.



On Singular Holomorphic Foliations with Projective ... 185

Example 3 Let G be a complex Lie group and ¢ : G x M — M a holomorphic
action of G on M. The action is foliated if all its orbits have a same fixed dimension.
In this case there exists a holomorphic non-singular foliation 7 on M, whose leaves
are orbits of ¢. However, usually, actions are not foliated, though they may define
singular holomorphic foliations. For instance, an action ¢ of G = (C, +) on M,
¢ : Cx M — M is a holomorphic flows. We have a holomorphic complete vector
field X = % |(=0 on M. The singular set of X may be assumed to be of codimension
> 2 and we obtain a holomorphic singular foliation of dimension one F on M whose
leaves are orbits of X, or equivalently, of ¢.

Problem 1 Study and classify actions of complex Lie groups G on a given compact
complex M, in terms of the corresponding foliation.

The general problem above may be therefore regarded under the stand-point of
singular holomorphic foliations theory.

Example 4 (Darboux foliations) Let M be a complex manifold and let f;:

M — C be meromorphic functions and Aj € C* complex numbers, j =1,...,r.
The meromorphic integrable 1-formw = ([] f;) > A % defines a Darboux folia-
j=1 i=1 '

tion F = F(w) on M. The foliation F has f = [] f ;j as a logarithmic first integral.
j=1

Example 5 (Riccati foliations) A Riccati Foliation on C x C is given in some affine
chart (x, y) € C x C by a polynomial one-form w = p(x)dy — (y*c(x) — yb(x) —
a(x))dx. This will be thoroughly studied in the next section.

The concept of holonomy in the singular case Let now F be a holomorphic foli-
ation (with isolated singularities) on a complex manifold M. Given a leaf Ly of F
we choose any base point p € Lo C M \ sing(F) and a transverse disc X, C M
to F centered at p. Denote by Diff(X,, p) the group of germs of complex dif-
feomorphisms of X', with a fixed point at p. The holonomy group of the leaf L
with respect to the disc X, and to the base point p is the image of the representa-
tion Hol: mi(Lo, p) — Diff(X,, p) obtained by lifting closed paths in Ly with
base point p, to paths in the leaves of J, starting at points z € X,, by means of a
transverse fibration to F containing the disc X', [6, 17]. Given a point z € X, we
denote the leaf through z by L. Given a closed path y € m1(Ly, p) we denote by
y, its lift to the leaf L, and starting (the lifted path) at the point z. Then the image
of the corresponding holonomy map is Ay, j(z) = y;(1), i.e., the final point of the
lifted path y,. This defines a diffeomorphism germ map hp,1: (X, p) = (X), p)
and also a group homomorphism Hol: m1(Lo, p) — Diff(X,, p). The image
Hol(F, Lo, ¥,, p) C Diff(X,, p) of such homomorphism is called the holonomy
group of the leaf Lo with respect to X', and p. By considering any parametrization
z: (Xp, p) = (D, 0) we may identify (in a non-canonical way) the holonomy group
with a subgroup of Diff(C, 0). It is clear from the construction that the maps in the
holonomy group preserves the leaves of the foliation.



186 B. Scardua

Separatrices and local holonomies Fix now a germ F of holomorphic foliation with
a singularity at the origin 0 € C?. Choose a representative F(U) for F, defined in an
open neighborhood U of the origin. A leaf of 7 (U) accumulating only at 0 is closed
off 0, thus by Remmert—Stein extension theorem [19] it is contained in an irreducible
analytic curve through 0. Such a curve is called a local separatrix of F through 0.
A separatrix is therefore the union of a leaf of |y which is closed off the singular
point, and the singular point 0 € C2. By Newton—Puiseux parametrization theorem,
if U is small enough, there is an analytic injective map f: D — U from the unit disk
D c Cinto the separatrix, mapping the origin to 0 € C?, and non-singular outside the
origin(0 € D. Therefore the leaf contained in a separatrix, locally has the topology of a
punctured disk. In particular, given a separatrix I" we may choose aloop y € I'" \ {0}
generating the (local) fundamental group 71 (1" \ {0}). The corresponding holonomy
map h,, is defined in terms of a germ of complex diffeomorphism at the origin of a
local disc X' transverse to F and centered at a non-singular point ¢ € I" \ {0}. This
map is well-defined up to conjugacy by germs of holomorphic diffeomorphisms, and
is generically referred to as local holonomy of the separatrix I" with respect to the
singularity 0 € C2.

1.3 Irreducible Singularities, Separatrices and Reduction of
Singularities

Let w = a(x, y)dx + b(x, y)dy be a holomorphic one-form defined in a neighbor-
hood0 € U € C%. We say that0 € C%isa singular point of w if a(0, 0) = (0, 0) =
0, and a non-singular point otherwise. We say that 0 € C? is an irreducible singular
point of w if the eigenvalues A, A, of the linear part of the corresponding dual vector
field X = —b(x, y)a% +a(x, y)% at0 e 2 satisfy one of the following conditions:

(1) Apx2 #0Oand A1/22 ¢ Q4
(2) either Ay # 0 and A, = 0, or vice-versa.

In case (1) there are two invariant curves tangent to the eigenvectors corresponding to
A1 and A,. In case (2) there is an invariant curve tangent at 0 € C? to the eigenspace
corresponding to A;. These curves are called separatrices of the foliation.

Suppose that 0 € C? is either a non-singular point or an irreducible singularity of a
foliation F. Then in suitable local coordinates (x, y) in a neighborhood 0 € U € C?
of the origin, we have the following local normal forms for the one-forms defining
this foliation [7]:

(Reg) dy = 0, whenever 0 € C? is a non-singular point of F.
and whenever 0 € C? is an irreducible singularity of , then either

(Irr.1) xdy — Aydx + wy(x, y) = 0 where L € C\Q, w>(x, y) is a holomorphic
one-form with a zero of order > 2 at (0, 0). This is called non-degenerate
singularity. Such a singularity is resonant if .. € Q_ and hyperbolicif A ¢ R,
or
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(Irr.2) y™*ldx — [x(1 4+ Ay") + A(x, y)|dy=0,whereA € C, t € N={1,2,3,...}
and A(x, y) is a holomorphic function with a zero of order > ¢ + 2 at (0, 0).
This is called saddle-node singularity. The strong manifold or strong separa-
trix of the saddle-node is given by {y = 0}. If the singularity admits another
separatrix then it is necessarily smooth and transverse to the strong manifold,
it can be taken as the other coordinate axis and will be called central manifold
of the saddle-node. This class of irreducible singularity is thoroughly studied
in [22].

Therefore, for a suitable choice of the coordinates, we have {y = 0} C sep(F, U)
C {xy = 0}, where sep(F, U) denotes the union of separatrices of 7 through0 € C2.

An irreducible singularity xdy — Aydx + ... = 0 is in the Poincaré domain if
A ¢ R_ and it is in the Siegel domain otherwise. For singularities in the Poincaré
domain, the non-resonance condition (A ¢ Q) actually implies, by Poincaré lineariza-
tion theorem, that the singularity is analytically linearizable (cf. [16]). For singular-
ities in the Siegel domain, this question is quite more delicate [23]).

Given a foliation F of dimension one on a complex surface M with finite singular
setsing(F), the Theorem of reduction of singularities of Seidenberg reads as follows:

Theorem 1 ([31]) There is a proper holomorphic map 7 : M — M which is a finite
composition of quadratic blowing-up’s at the singular points of F in M such that
the pull-back foliation F = 7*F of F by m satisfies:

(a) sing(]:-) - n’l(sing(]:)),fmd
(b) Any singularity p € sing(F) is irreducible.

Indeed, we can say more:

We call F the desingularization or reduction of singularities of F. Moreover,
the exceptional divisor E = ' (sing(F)) C M of the reduction 7 can be written
as E=J" j=1 P, where each IP; is diffeomorphic to an embedded projective line
CP(1) introduced as a divisor of the successive blowing-up’s. The IP; are called
components of the divisor E. A singularity g € sing(F) is non-dicritical if 7~ (q)
is invariant by F. Any two components IP; and IP;, i # j, intersect (transversely) at
most one point, which is called a corner. Moreover, there are no triple intersection
points. Any non-invariant component of the exceptional divisor is transverse to the
lifted foliation F at every point. Given any analytic curve A C M we denote by
A =771 (A\ sing(F)) C M the strict transform of A.

As seen above, a separatrix of F at 0 € C? is the germ at 0 € C? of an irreducible
analytic curve, containing the singular point, which is invariant by . By the reduction
of singularities (Theorem 1) we conclude that a separatrix I" of ¥ is the projection
I' =n(I") of a curve I" invariant by F and transverse to the exceptional divisor

771(0). A singularity is called dicritical if it exhibits infinitely many separatrices.
We shall say that a separatrix I” is a dicritical separatrix if I" meets the exceptional
divisor only at non-singular points. Equivalently, I = (") is non-dicritical if I”
is a separatrix of some singularity of . A non-dicritical separatrix is geometrically
characterized by the fact that it is isolated in the set of separatrices. Indeed, notice that
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aneighborhood of some projective line in a finite sequence of blowing-ups starting at
the origin corresponds to what we call sector with vertex at the origin. Thus, from the
Resolution theorem (Theorem 1) a dicritical separatrix is always one which is con-
tained in the interior of a “sector of separatrices”. Given a representative for the germ
F in a neighborhood U of the singularity, we shall denote by N'D(sep(F, U)) C U
the analytic set which is the union of the non-dicritical separatrices of F in U.

Definition 3 (generalized curve - [10] p. 144) A germ of a foliation singularity at
the origin 0 € C? is a generalized curve if (i) it is non-dicritical and (ii) it exhibits
no saddle-node in its reduction by blow-ups.

Generalized curves play an important role in the zoology of the singularities of
holomorphic foliations. They are those whose desingularization/reduction of singu-
larities is like the one of a holomorphic function f: C?,0 — C,0[10]. In this work
we will consider a slightly more general concept which is the following:

Definition 4 ((non-resonant) extended generalized curve) A germ of a foliation
singularity at the origin 0 € C? will be called an extended generalized curve if the
singularity exhibits no saddle-node in its reduction by blow-ups. This includes the
case of dicritical singularities. An extended generalized curve singularity is called
non-resonant if each connected component of the invariant part of exceptional divisor
contains some non-resonant singularity.

2 Foliations with Projective Transverse Structure

2.1 Transversely Homogeneous Foliations

A (transversely) holomorphic foliation F on a smooth manifold M has a holo-
morphic homogeneous transverse strucutre if there are a complex Lie group G,
a connected closed subgroup H < G such that F admits an atlas of submer-
sions y;: U; C M — G/H satisfying y; = g;; o y; for some locally constant map
gij: UiNU; — G foreach U; N U; # @. In other words, the transversely holomor-
phic atlas of submersions for F has transiction maps given by left translations on
G and submersions taking values on the homogeneous space G/H. We shall say
that F is transversely homogeneous of model G/H. Some important properties of
transversely homogeneous holomorphic foliations are listed below:

1. Any transversely homogeneous holomorphic foliation is a transversely holomor-
phic foliation with a holomorphic homogeneous transverse structure.

2. Given a foliation F on M as in (1) with model G/H then any real submanifold
M C M transverse to F is equipped with a transversely holomorphic foliation
F1 = F|u with holomorphic homogeneous transverse structure of model G/H.

3. Let F = G/H be an homogeneous space of a complex Lie group G (H < G is a
closed Lie subgroup). Any homomorphism representation ¢ : w;(N) — Aut (F)
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gives rise to a transversely holomorphic foliation F, on (N x F) /¢ = M, which
is holomorphically transversely homogeneous of model G/H.

4. For the case G =PSL(2,C) and H C G is the affine group H = Aff(C)
(isotropy group of the point at infinity co € CP'), we have that the quotient
G/H ~ CP! is the Riemann sphere and the foliations with this transverse model
are called transversely projective.

More precisely we have, for the non-singular case:

Definition 5 (transversely projective foliation: non-singular) A codimension one
non-singular holomorphic foliation F on a manifold M is called transversely pro-
Jjective if there is an open cover | J U; = M such that in each U; the foliation is
jeJ

given by a submersion f;: U; — Cand if U; N U; # ¢ then we have f; = fi; o f;
in U; NU; where f;;: UiNU; — IPSL(2, O) is locally constant. Thus, on each
intersection U; N U; # @, we have f; = % for some locally constant functions
aij, b,‘j, Cij, dij with a,»jdij — bijcij = 1. Thedata P = {Uj, fj, fij, ] S J} is called
a projective transverse structure for F.

Basic references for transversely affine and transversely projective foliations (in
the non-singular case) are found in [17].

(5) Based on the Rieman-Koebe uniformization theorem we have:

Proposition 1 ([27] Theorem 6.1 p. 203).) Let F be a transversely homogeneous
holomorphic foliation of codimension one on M". Then F is transversely projective
foliation on M".

Proof We know that G/H is a simply-connected complex manifold of dimension
one. By the Riemann-Koebe Uniformization theorem we have a conformal equiva-
lence G/H = C, C or D the unitary disc. This implies that either G C Aut(C) =
PSL2,C),G C Aut(C) = Aff(C)or G C Aut(D) = PSL(2, R). The proposi-
tion follows.

Let F be a codimension ¢ foliation on a manifold M. If F admits a Lie group
transverse structure of model G, or a G-transverse structure for short, then we shall
call F a G-foliation or, simply, Lie foliation. The characterization of G-foliations

in terms of differential forms is given below. Let {wy, ..., w¢} be a basis of the Lie
algebra of G. Then we have dwy = ) cf-‘ja)i A w; for a family constants {cffj} called
i<j

the structure constants of the Lie algebra in the given basis.

Theorem 2 (Darboux-Lie, [17]) Let G be a complex Lie group of dimension £.
Let {wy, ..., we} be a basis of the Lie algebra of G with structure constants {cff/-}.
Suppose that a complex manifold V'™ of dimension m > € admits a system of one-
forms $2y, ..., §2¢ in M such that:

(1) {821,...,$2¢} is a rank £ integrable system which defines F.



190 B. Scardua

(i) d2 =3 cf;2i A R2;.

i<j
Then:

(iii) For each point p € M there is a neighborhood p € U,, € M equipped with a
submersion fp,: U, — G which defines F in U, suchthat f;(w;) = £2;inU,,
forall j €{l,...,q}.

(iv) IfU, NU, # O thenintheintersectionwe have f;, = L, (f,)forsome locally
constant left translation L, in G.

(v) If M is simply-connected we can take U, = M.

2.2 Transversely Projective Foliations with Singularities

Let M be a complex manifold. As already stated, if no specific mention is made,
by foliation on M we shall mean a codimension one holomorphic foliation with
singularities and dim¢ M > 2.

Definition 6 (transversely projective: singular) A foliation F on M is called trans-

versely projective if the underlying “non-singular” foliation Fy =: F | M\sing(F) is

transversely projective. This means that thereis anopencover | J U; = M \ sing(F)
jeJ

such that in each U; the foliation is given by a submersion f;: U; — C and if U; N

Uj # ¥ then we have f; = fij o f; in U; NU; where f;;: UiNU; — IPSL(2, 0)
is locally constant. Thus, on each intersection U; N U; # ¥, we have f; = 'Z”J{’—is”

for some locally constant functions a;;, b;;, ¢;;, d;j with a;;d;; — b;jc;j = 1.

As observed in [27] the singularities of a foliation admitting a projective trans-
verse structure are all of type df = 0 for some local meromorphic function (indeed,
if A C C" is a polydisc centered at the origin then A \ {0} is simply-connected for
n > 2). In this work we will be considering foliations which are transversely projec-
tive in the complement of codimension one invariant divisors. Such divisors may, a
priori, exhibit singularities which do not admit meromorphic first integrals.

2.3 Riccati Foliations

Example 6 (Riccati Foliations) The Riccati differential equation
px)dy — (a(x)y* + b(x)y + c(x))dx =0

where (x, y) € C? and p, a, b, c are complex polynomials has been proved to be an
important model for complex foliations, on projective surfaces. In the particular case
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when ¢ = 0, it as an important example of a foliation with affine transverse structure
outside an algebraic invariant set [8, 27].

Fix affine coordinates (x, y) € C? and consider a polynomial one-form £2 =
px)dy — (a()c)y2 +bx)y + c(x))dx on C?. Then 2 defines a Riccati foliation

R on C x C as follows: if we change coordinates via u = %, v = % then we

obtain £2(x, v) = p(x)dv + (a(x) +b(x)v + c(x)vz)dx. Similarly for £2(u, y) =

u"[pu)dy — (El(u)y2 +b(u)y + E(M))du] and 2 (u,v) = u"[pu)dv — (El(u) +

b(u)v + ¢(u)v*)du]. The similarity of these four expressions shows that £ defines a

holomorphic foliation R with isolated singularities on C x C and having a geometry

as follows (see Fig. 1): _

(i) R is transverse to the fibers {a} x C except for invariant fibers which are given

in C? by {p(x) = 0}.

@IS = Ula} x C is the set of invariant fibers then R is transversely projective
j=1

in (C x C)\S. Indeed, Rl @xe)\s 1s conjugate to the suspension of a representation

@: m (C\ O{a,}) — PSL(2, ).
j=1

(iii) For a generic choice of the coefficients a(x), b(x), c(x), p(x) € C[x] the sin-
gularities of R on C x C are hyperbolic, S is the only algebraic invariant set and
therefore for each singularity g € sing(R) C S there is a local separatrix of R trans-
verse to S passing through ¢.

Now we consider the canonical way of passing from € x C to CP(2) by a map
o: € x C — CP(2) obtained as a sequence of birational maps as follows: first blow-
up a point, for example the origin, of C> C C x C then blow-down two suitable
projective lines of self-intersection equals —1 as indicated in Fig. 1. Following this
process step by step we conclude that the foliation F = 0, (R) = (6 ~")*(R) induced
by R on CP(2) has the following characteristics:

(i’) F is transversely projective in CP(2)\S where S C CP(2) is the union of a

finite number of projective lines of the form | J {x = a;} C CP(2) in a suitable
J=1

affine chart (x, y) € C* C CP(2).

(ii’) For a generic choice of the coefficients of §2, the singularities of F in S are
hyperbolic except for one single dicritical singularity goo : (x = 00,y =0) € CP(2)
which after one blow-up gives a non-singular foliation transverse to the projective
line except for a single tangency point. This singularity will be called a radial type
singularity. The foliation F also has two other nonhyperbolic singularities, belong-
ing to the line at infinity L, = CP(2) \ C?, which is invariant, one linearizable with
holomorphic first integral and the other dicritical of radial type, admitting a mero-
morphic first integral. Also, in general, S U L is the only algebraic invariant set
and sing(F) C SU L.
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Fig. 1 A Riccati foliation from CxCtoCPQ2)

(iii’) Finally, we stress that on CP (2) the foliation F is transversely projective in a
neighborhood of Ly, \ (Lo N sing(F)).

In this work we shall focus on the problem of extension of the structure to the
analytic set, as well as on the consequences of this extension. The very basic result
relating transversely homogeneous foliations and suitable systems of differential
forms is the classic Darboux-Lie theorem [4, 17, 27].

Example 7 (pull-backs) Let F be a transversely projective foliation on M. Let
m: N — M be a holomorphic map transverse to JF, then the pull-back foliation
*(F) is transversely projective in N. This can be used to construct examples of
foliations on projective manifolds, which are transversely projective outside of some
algebraic invariant curve. Take for instance a rational map 7 : M — C x C where M
is a non-singular projective manifold. Given a Riccati foliation R on € x C the pull-
back F := w*(R) is then a foliation on M which is transversely projective outside
of some algebraic C C M of codimension > 1. As we will see, we can assume that
C is invariant by F, otherwise the projective structure extends to some component
of C.

Example 8 (suspensions of subgroups of IPSL(2,C)) A well known way of
constructing transversely homogeneous foliations on fibered spaces, having a pre-
scribed holonomy group is the suspension of a foliation by a group of biholo-
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morphisms. This construction is briefly described below: Let G C Diff(N) be
a finitely generated group of biholomorphisms of a complex manifold N. We
can regard G as the image of a representation h: (M) — Diff(N) of the
fundamental group of a complex (connected) manifold M. Considering the uni-
versal holomorphic covering of M, 7: M — M we have a natural free action

cm (M) x M — M ie., 7T1(M) C szf(M) in a natural way. Using this we
deﬁne an action H: 7 (M) x M x N — M x N in the natural way: H = (my, h).
The quotient manifold X ;N = M, is called the suspension manifold of the repre-
sentation h. The group G appears as the global holonomy of a natural foliation F,
on M, (see [17]), this foliation is called suspension foliation of G. When G is (iso-
morphic to) a finitely generated subgroup of PSL(2, C) the suspension foliation is
transversely projective in Mj,.

2.4 Development of a Transversely Projective Foliation

We recall the notion of development of a transversely projective foliation, first men-
tioned in the Introduction, already adapting it to our current framework. Let G be a
(non-singular) holomorphic foliation on a complex manifold N. Suppose that G
is transversely projective in N. There is a Galoisian (i.e., a transitive) covering
w: P — N where 7 is holomorphic, a homomorphism /4: 7 (N) — PSL(2, C)
and a holomorphic submersion @ : P — CP' such that:

(1) @ is h-equivariant. This means that for any homotopy class [y] € 7 (N), we
have

h(lyD(@(x) = @([y1(x)), Vx € M\S

where by [7]: P — P we denote the covering map induced by [y] in the
Galoisian covering p: P — N.
@) 7* (g | N) is the foliation defined by the submersion @.

In the above construction of the development, we may take P as the universal
covering m: N — N of N. We shall refer to the submersion ©®: N — CP' as a
multiform first integral of G given by the projective structure in N. Given a homotopy
class [y] € m (M\S), the corresponding monodromy map is the image h([y]) C
PSL(2, C).

Definition 7 The global monodromy of the foliation, with respect to this develop-
ment, is the image Mon(G) = h(r(N)) C PSL(2, C).

Remark 5 Some remarks about the above construction are: The construction of the
development in [17] requires the foliation to be non-singular. Assume now that
F is a foliation with singular set of codimension > 2 on a complex manifold M.
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Then N = M \ sing(F) is a complex manifold and G := F ] y 1s non-singular. By
definition F is transversely projective if and only if G is transversely projective.
Moreover, since sing(F) C M has real codimension > 4, we conclude that there is
a natural isomorphism 7| (N) = m;(M). In particular, we can assume in the above
construction that M = N, i.e., the notion of development above introduced can be
introduced for foliations with singularities. Finally, thanks to Hartogs’ extension
theorem [18], any holomorphic map from M\sing(F) to CP! extends uniquely to
a holomorphic map from M to CP!.

2.5 Holonomy Groups of Transversely Projective Foliations

In what follows we consider the following situation. Let F be a holomorphic foliation
onacomplex surface M, A C M aclosed analytic invariant subset of pure dimension
one (a curve) and assume that F is transversely projective in M\ A. We will follow
original ideas from [26] in the same vein as in [28].
Monodromy: Using the notion of development we can introduce the notion of mon-
odromy of the projective transverse structure of F | w4 as follows:

Fix a base point my € M\ A and a local determination f,,, of the submersion @
in a small ball B,,, centered at m (we have the following commutative diagram)

P D p_l(Bmg) ®|P71(Bm0)
p ‘L 17|[,71(Bm0) \L \l
fm
M\A D B, = CP)

Notice that p’l(BmO) = U U, p|U : Uy = By, is a biholomorphism for each

acA
a e A

By construction, the total space of the covering p: P — M\ A is obtained by
analytic continuation of f;,, along all the elements in 7r; (M\ A, my).

The fiber p~' (my) is the set of all local determinations S, at mo. We can, by the
general theory of transitive covering spaces, identify the group Aut (P, p) of deck
transformations of p: P — M\ A to the quotient m(M\A; mo)/p#m(P; Sno)-
This is the monodromy group of F ] A which will be denoted by Mon(F, A).

The monodromy map is the natural projection

p: T (M\A; mo) —> 701(M\A; mo) / pgmti (P; finy) =: Mon(F, A)

Our first remark is the following:
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Lemma 1 The monodromy group Mon(F, A) is naturally isomorphic to a subgroup
of PSL(2, O).

Proof This is clear since F } M\A is transversely projective on M\ A.

Holonomy In what follows we consider the following situation. Let F be a holomor-
phic foliation on a complex surface M, A C M aclosed analytic invariant subset of
pure dimension one (a curve) and assume that F is transversely projective in M\ A.
Let S C A be an irreducible component of A. We suppose that each singular point
in S is irreducible and exhibits at most one separatrix transverse to S.

Here we keep on following arguments originally in [26] and mimed in [28]. We
proceed to study the holonomy of each irreducible component of M. It is enough
to assume that M is the union of a smooth compact curve S and local analytic
separatrices sep(F, S) of F transverseto S; M = S U sep(F, §), all of them smooth
invariant and without triple points. We suppose that sing(F) N S # @, each singular
point in § is irreducible and, if it admits two separatrices then one is transverse
to S). In this case we can consider a C* retraction : W — § from some tubular
neighborhood W of S on M onto S such that, Vm € S the fiber r~!(m) is either a
disc transverse to F or a local branch of sep(F, S) at m € sing(F). We set V =
WA\(M N W) to obtain a C* fibration r}V: V — S\sing(F) by punctured discs
over S\sing(F). Since m,(S\sing(F)) = 0 the homotopy exact sequence of the
above fibration gives the exact sequence

0 — ZZ —> m(V, o) —> m1(S\sing(F); mg) —> 0

where m € V is a base point and mq € S\sing(F) is its projection and T = (r | e

Now we consider the restriction of the covering space P to V; indeed for our
purposes we may assume that W = M and V = M\ A so that we are just considering
the space P itself. Let p be the monodromy map

p: i (Viimg) —> w1 (Vi mo) [ pe(mi(p~' (V): fia,)) =: Mon(F, V)

Denote by Mon(F, S) the quotient of Mon(F, V) by the (normal) subgroup
Ker(t) = ZZ. Then there is a unique morphism [p] such that the diagram com-

mutes:
0— Z — m(V;mg) —> mi(S\sing(F); mg) — 0

N P o]
Mon(F, V) — Mon(F, S) — 0

The morphism [p] is the monodromy of F | , seen as follows:
given any element [y] € m;(S\sing(F); mo) the monodromy [p]([y]) is the analytic
continuation of the local firstintegral f,,, along y and its holonomy lifting. This gives:
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Lemma 2 There exists a surjective group homomorphism o : Hol(F, S) —> Mon
(F, S) such that the diagram commutes

1 (S\sing(F))
Hol N [o]

o

Hol(F.S) — Mon(F; S)

where Hol: w(S\sing(F)) —> Hol(F; S) is the holonomy morphism of the leaf
S\sing(F) of F, and [p]: 71 (S\sing(F)) —> Mon(F; S) is as above.

The kernel of « is the subgroup Ker(a) < Hol(F; S) of those diffeomorphisms
keeping fixed any element £(z) of the fiber of r|V: V — S\sing(F) over m, €
S\sing(F). The invariance group of £, Inv({, z), defined as follows Inv(¢, z) =
{h e Diff(C,0);Loh = E}, where Diff(C, 0) denotes the group of germs of
complex diffeomorphisms fixing the origin 0 € C. Therefore K er(«) is a subgroup
of the invariance group /nv(¢, z), in the sense that if p,: V, — D* is the covering
space of the punctured disc D* = D\ {0} associated to € then £ o h = £ means that
Ym € D*,¥ L, € p; (m), 3y € p; (h(m)), Lygmy o h = £y

In particular, to any element 7 € Inv (¢, 7) there is associated a pair (h, h) where
h is the lifting of A to the covering space V; defined by h: L = Lhim)-
Another lemma we need is:

Lemma3 Let0 - G — H — K — 0 be an exact sequence of groups. Then H is
solvable if, and only if, G and K are solvable.

From the above discussion we have an exact sequence
0 —> Ker(a) —> Hol(F, S) — Mon(F, ) — 0

We claim that Inv (¢, z) is solvable. Indeed, suppose the contrary. By Nakai’s Density
Lemma [25] the orbits of a non-solvable subgroup of Diff (C, 0) are locally dense in
aneighborhood I" of the origin. Let therefore m € I" beapointand I, C I" \ {0} be
a small sector with vertex at the origin, such that the orbit of m in I, is dense in I,.
Denote by £, alocal determination of £ in I7,. Then £, is constant along each orbit
of Inv(¢, z) in I, and the orbit of m is dense in I3, so that £, is constantin I5,. By
analytic continuation £ and the first integral @ are constant yielding a contradiction.
Thus the group Inv(¢, z) is solvable and therefore embeds in IPSL(2, C). Hence
Hol(F, S)/Ker(a) ~ Mon(F, S) embeds in IPSL(2, C) but Hol(F, S) embeds in
Diff(C,0),aswell as Ker(«) embedsin Inv(£) which is a subgroup of Di ff(C, 0)
and therefore Hol (F, S) / Ker(a) is isomorphic to a subgroup of PSL (2, C) with a
fixed point. This implies that indeed, Hol(F, §) / Ker(a) is solvable and conjugate
to a subgroup of Aff(C, 0). Therefore Mon(F, S) is solvable and by Lemma 3 the
holonomy group Hol(F, S) is solvable.
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Summarizing the above discussion we have:

Theorem 3 Let F be a holomorphic foliation on a complex surface M, A C M
a closed analytic invariant curve and assume that F is transversely projective in
M\A. Let S C A be an irreducible component of A. We suppose that each singular
point in S is irreducible and exhibits a single separatrix transverse to S. Then the
holonomy group Hol(F, S) of the leaf S\(sing(F) N S) of F is a solvable group.

2.6 Transversely Affine Foliations

A particular case of transversely projective foliations is described below. As above,
we consider a codimension-one holomorphic foliation F on a complex manifold
M", n > 2, with singular set sing(F) C M of codimension > 2. We say that F is
transversely affine in an open subset U C M if there exists an open cover {Uy }qea
of U\sing(F) such that there are holomorphic submersions y, : U, — C such that
}-|Ua is given by dy, = 0, and for each U, N Ug # ) we have yg = agg Yo + bap
for some affine map (z — aqp z + byp). Transversely affine foliations have been
studied by several authors, in the real case [17, 32] and in the holomorphic case [3,
14, 27]. Examples of such complex foliations are logarithmic foliations and Bernoulli
foliations as well as rational pull-backs of such foliations [8, 27]. For all of these, the
foliation is transversely affine outside of some algebraic invariant curve S C CP(2).
In [27] we find that a foliation 7 on M = C P (2) which is transversely affine outside
some algebraic invariant curve S C CP(2) is alogarithmic foliation under some mild
conditions on sing(F) N S.Relaxing slightly the hypothesis on sing(F) N S we may
prove that 7 admits a Liouvillian first integral as follows: Let @ be a polynomial one-
form which defines F in some affine space C> C C P (2), then  admits a one-form n
which is rational, with simple poles and such that dw = n A . We call the form 1 a
generalized integrating factor for w. The Liouvillian first integral for F is F = [ ﬁ
[8, 33]. Using [8] one may therefore conclude that, under some suitable hyperbolicity
hypotheses, either F is given by a closed rational one-form on C P (2), oritis arational
pull-back of a Bernoulli foliation as follows R: p(x)dy — (y>a(x) + yb(x))dx = 0.
We separate the following useful definition:

Definition 8 (generalized integrating factor) Let 2 be a meromorphic one-form on
a complex manifold M. A meromorphic one-form 7 in M is called a meromorphic
generalized integrating factor for §2 if we have: (1) dS2 = n A 2 and (2) dn = 0.
If this is the case then §2 is integrable and defines a foliation F (holomorphic, of
codimension one, with singularities) on M. We shall say that n is a generalized
integrating factor for the foliation F.
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3 Projective Structures and Differential Forms

3.1 Projective Triples

The very basic result relating transversely homogeneous foliations and suitable sys-
tems of differential forms is the classical Darboux-Lie theorem [4, 17, 27]. In the
case of projective transverse structure this can be stated as:

Proposition 2 ([27], Proposition 1.1 p. 190) Assume that F is given by an integrable
holomorphic one-form 2 on M and suppose that there exists a holomorphic one-form
non M suchthat (Proj.1)dS2 = n A §2. Then F is transversely projective on M if and
only if there exists a holomorphic one-form & on M such that (Proj.2)dn = 2 N &
and (Proj.3)d§ =& N .

The proof is found below.

3.2 Examples

Example 9 Let a be a closed meromorphic one-form on M and let f: M — C
be a meromorphic function. Define (£2, 1, &) by: 2 =df — f?a, n=2fa and
& =2a. Then (£2, n, ) is a projective triple and therefore §2 defines a holomorphic
foliation on M, transversely projective in the complement of the analytic invariant
codimension one set S C M, S = (@)oo U (f)oo. The same conclusion holds for
2, = £2 + Aa, where A € C. The foliation F(£2;) is also transversely affine in some
smaller open set of the form M\S" where S’ O S, §' = SU (f? — A = 0). (In fact

Z;?ik = f‘j{ 5 — a is closed and holomorphic in M\S").

Example 10 Let h: M — C* be holomorphic such that d§ = —% A & where & is
holomorphic (we can write this condition as d (\/ﬁ .£) =0). Let F be any holo-

morphic function and write (forA € C) 2 = F - (d?F — %%) — <F72 — %h) E,on=

%% + F - &. The triple (£2, n, &) satisfies the conditions of Proposition 2 and then
F = F(£2) is a transversely projective foliation on M.

3.3 Proof of Proposition 2

Let us now give a proof for Proposition 2. We start with a remark about its need.

Remark 6 Proposition 2 is stated (for the real non-singular case) with an idea of its
proof, in [17] (see Proposition 3.20, pp. 262). However, it seems that the suggested
proof uses some triviality hypothesis on principal fiber-bundles of structural group
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Aff(C), over the manifold M (see [17] Proposition 3.6 pp. 249-250). In our case
this is replaced by the existence of the form 7 in the statement. On the other hand,
since some of its elements will be useful later, we supply a proof for Proposition 2.

We will use the two following lemmas whose proofs are straightforward conse-
quences of Darboux-Lie theorem, Theorem 2, therefore left to the reader:

Lemmad4 Letx,y,X,5: U C C" — C be meromorphic functions satisfying:
(1) ydx —xdy = ydx — Xdy;
(i) L =ath (¢ b) e PSL(2, C).

cx+dy’ cd
Then X = ¢.(ax + by) and § = e.(cx + dy) for some ¢ € C, £2 = 1.

Lemma5 Let x,y,%,5: U C C" — C be meromorphic functions satisfying X =

ax + by, ¥ = cx + dy for some (Ccl Z) € PSL(2, C). Then xdy — ydx = xdy —

a3,

Proof (Proof of Proposition 2) Suppose F is transversely projective in M", say,
{fi: Ui — C} is a projective transverse structure for F in M\sing(F). In each
U; we have §2 = —g; df; for some holomorphic g; € @(U;)*. Ineach U; NU; # ¢
we have: g;df; = g;jdf; and (1) fi = M as in Definition 6. Since d§2 =

Ci fj
d(—g; df;) = dg’ A §2 we have n = — h; 82 for some holomorphic %; in U;. We
define x;, y;, u,, v;: U; — Cinthe followmg way: (2) yl =g, + =fi, hi= ﬁ

andx;v; — y;u; = 1. Thus we have: 2 = x;dy; — y; dx; and (3) n=2(v; dx, —
u; dy;). This motivates us to define local models (see [17] Sect.3.18 pp. 261): §; =
2(v;idu; —u;dv;) in U;. It is easy to check that we have d§;, =& An, dn=
2 NE in U;. We can assume that dx; and dy; are independent for all i € /. In
factdx; Ady; =0 = d.Q| =2dx; Ndy; =0 = dS§2 =0in M (we can assume
M to be connected) = we have 0=4d$2 =n A £2 so that n = h§2 for some holo-
morphic function 2: M — C = we can choose § = h2.Q + hn + dh which satisfies
the relations dn = 2 A& and dé =& A .

Claim (1) We have & = &; ineach U; N U; # ¢ and therefore the &;’s can be glued
into a holomorphic one-form & in M\sing(F) satisfying the conditions of the state-
ment.

Proof From (1) and (2) we obtain )y‘—‘ = % Therefore according to Lemma 4
we have (4)x; = &.(a;;jx; + bijx;), yi = €.(cijx;j —f-d,'jyj){;‘ = 1. Using (3) and
(4) we obtain: (d,’jl}i — c,-ju,-)dxj + (b,’jl}i — dijbti)dyj = 8.(Uj de —Uj dyj) and
therefore: (5) v; = €(a;j vi — ¢iju;), uj = e(—=b;; v; +d;ju;). It follows form (5)
and Lemma 5 that v; du; — u; dv; = v;du; — u; dv; which proves the claim.

Claim (2) We have § = & = h?$ + hyn + dh; in each U;.
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Proof We have h?Q2 = 2 (x, dy; = yidx;), hin = %5 (v dxi — u; dyy), dh; =
2d (y) Hence 52 4 1 4 dhu = ¥ gy, — % (v — Ddy; + 25,

On the otherhand a stralghtforward calculation shows that i =v;du; —u;dv; =
%’?dx,- — %(x,-v,- — Ddy; d”’ . And thus Claim 2 is proved.

Since codim sing(F) > 2 it follows that £ extends holomorphically to M. This
proves the first part. Now we assume that (£2, n, §) is holomorphic as in the statement
of the proposition:

Claim (3) Given any p € M\sing(F) there exist holomorphic x, y,u,v: U — C
defined in an open neighborhood U > p such that: 2 = xdy — ydx, n = 2(vdx —
udy) and &€ = 2(vdu — udv).

Proof This claim is a consequence of Darboux’s Theorem (see [17] pp. 230), but we
can give an alternative proof as follows: We write locally 2 = —gdf = xdy — ydx
and n = =2 — h§2 = 2(vdx — udy) as in the proof of the first part. Using Claim 2
above and the last part of Proposition 3 below we obtain locally &= ©e Q + hn +
dh + £.82; for some holomorphic function ¢ satisfying 4 SN2 = d.Q This last
equality implies that d(v/£.£2) = 0 and then £ = r(f ) for some holomorphlc func-
tion r(z) Now we look for holomorphlc funct1ons f g and h satisfying: 2 =
—gdf, n= d" —h2and & = Fa Q +hn +dh. Wetryf U (f) for some holo-

morphic non- vanlshlng U (2). Usmg 2 =gdf =—ygd f we get § = Using

U’(f)'
n_ —ds2 = h.Qwegeth—h— ”/.UsingézhzTQ+hn+dh+£.Q:

+ hn + dh we getd (Zf}{;) — r(f)df.
Therefore itis possible to write §2, n and § as in the statement of the claim: define

x=fy,y=Gv= 1” and u ”V_' as in the first part of the proof. This proves
Claim 3. ’

Using Claim 3 we prove that F is transversely projective in M\sing(F), thatisin M.
The last part of Proposition 2 can be proved using the relation stated above between
the projective structure and the local trivializations for §2,  and &. For instance we
prove the following.

Claim (4) The triples (2, 1,&) and (f$2,n + 4 7 L &) define the same projective
structure for F, for any holomorphic f: M — C/

Proof Using the notation of the first part we define £; = /7. x,, 3 =F.vi,
0 = f?u and 0; = f? v;. Then: f2 = % d3; —y,dx,, n+ L =2(0;d%; —
0 fifz,-) fmd %S = 2(0; dii; — ii; d?;). Furthermore we have - 7 = ;— = % =
%, and this proves the claim and finishes the holomorphic part of the proof.
LA r]

Now we only have to observe that if (£2, n) is a pair of meromorphic one-forms
and if F is transversely projective in M, then the same steps of the first part of the
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proof apply to construct a meromorphic one-form & satisfying the relations of the
statement.

Let F be a codimension one holomorphic foliation with singular set sing(F) of
codimension > 2 on a complex manifold M. As mentioned in the Introduction, the
existence of a projective transverse structure for F is equivalent to the existence of
suitable triples of differential forms (cf. Proposition 2, see also [27] Sect.3, page
193):

This motivates the following definition:

Definition 9 (projective triple) Given holomorphic one-forms (respectively, mero-
morphic one-forms) £2, n and & on M we shall say that (£2, n, &) is a holomorphic
projective triple (respectively, a meromorphic projective triple) if they satisfy rela-
tions (Proj.1), (Proj.2) and (Proj.3) above. The foliation F L defined by the one-form
& is called transverse foliation corresponding to the projective triple. If 5 is not iden-
tically zero then F is really a foliation on M which is transverse to F outside of a
proper analytic subset.

The following definition will play a fundamental role in the last section of this
work.

Definition 10 (moderate growth (transversely projective foliations)) A foliation F
on M will be called transversely projective of moderate growth if it admits a mero-
morphic projective triple (£2, n, &) defined in M. This means that F is transversely
projective in some the complementar of some analytic subset A C M of codimension
one.

The termonilogy foliation with moderate growth has already been introduced in [35].
With the above definitions, and the notation of Proposition 2, this last says that F
is transversely projective on M if and only if the holomorphic pair (£2, n) may
be completed to a holomorphic projective triple. Moreover, a foliation F which is
transversely projective of moderate growth exhibits a projective transverse structure
‘P in the complement of some codimension divisor D C M (D contained in the polar
set of the projective triple). One question then is whether the projective transverse
structure P extends to the divisor D. The other question, apparently simpler, is
whether the foliation F is actually projective of moderate growth. According to [27]
we may perform modifications in a projective triple as follows:

Proposition 3 ([27]) Let M be a connected complex manifold.

(1) Given a meromorphic projective triple (82, n, &) and meromorphic functions
g, h on M we can define a new meromorphic projective triple as follows:
(Mod.1) 2' = g$2
(Mod.2) 7' =n+% +hQ
(Mod.3) &' =1 (& —dh — hn — Q)

(i) Two holomorphic projective triples (2, n, &) and ($2', 1/, &) define the same
projective transverse structure for a given foliation F if and only if we have
(Mod.1), (Mod.2) and (Mod.3) for some holomorphic functions g, h with g
non-vanishing.
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(iii) Let (2,1, &) and (2,1, &") be meromorphic projective triples. Then & =

& + F $2 for some meromorphic function F in M withd §2 = —% dTF A 2.

This last proposition implies that suitable meromorphic projective triples also define
projective transverse structures. We can rewrite condition (iii) on F as d («/F £22)=0.
This implies that if the projective triples (§2, , §) and (§2, n, &’) are not identical
then the foliation defined by §2 is transversely affine outside the codimension one
analytical invariant subset S = {F = 0} U {F = oo} [27].

This approach is useful because of the following proposition:

Proposition 4 ([27] Theorem 4.1 p. 197) Let F be a foliation on M where M is
either an open polydisc M C C™ or a projective manifold over C of dimension
m > 2. Assume that F admits a meromorphic projective triple (§2, n, §) defined in
M. If & admits a meromorphic first integral in U then F is a meromorphic pull-back
of a Riccati foliation.

Proof By hypothesis, & defines a foliation which admits a meromorphic first integral.
Since we are either on a projective manifold or in a polydisc centered at the origin,
we can write £ = g d R for some meromorphic functions g and R (these functions are
rational in the case of a projective surface). Then we may replace the meromorphic
triple (£2, 1, &) by (£2', 1/, &’) where 2' = g2, ' =n+ d?g and &' = éé =dR.
The relations d2' =n' A&, dn' = Q' ANE', d&' =& An/ imply that n’ = HdR
for some meromorphic function H. Now we define w := HTZ & —Hn' +dH =
% H?dR + d H one-form such thatdw = —HdH A dR.Onthe otherhand n’ A w =
HdRANdH = —HdH NdR. Thusdw = n' A w. We also have dn’ = dH AdR =
(—% H?’dR +dH) AdR = o A £'. The meromorphic triple (w, 1’, £') satisfies the
projective relations dw = n' Aw, dn =w A&, d& =& An' and therefore by
Proposition 3 (iii) we conclude that 2" = w 4+ F.£' for some meromorphic function
F such thatd&’ = &' A 1 4L . This implies d F A dR = 0. By the classical Stein Fac-
torization theorem we may assume from the beginning that R has connected fibers
and therefore d F A dR = 0 implies F = ¢(R) for some one-variable meromorphic
function ¢(z) € C(2). In the case where M is a projective manifold all the meromor-
phic objects are rational and therefore ¢(z) is also a rational function. We obtain
therefore 2’ = —1 H?dR +dH + ¢(R)dR == dH — (3 H> — ¢(R))dR. If we
define a meromorphic mapo : M — CxC by o(p) = (R(p), H(p)) then clearly
Q' =o*dy — (% y% — @(x))dx) and therefore F is the pull-back F = o*(R) of the
Riccati foliation R given on C x C by the meromorphic (rational if M is a projective
manifold) one-form 2, := dy — ( y* — ¢(x))dx.

Definition 11 A meromorphic projective triple (£2', n’, &’) is geometric if it can
be written locally as in (Mod.1), (Mod.2) and (Mod.3) for some (locally defined)
holomorphic projective triple (§2, n, £) and some (locally defined) meromorphic
functions g, h.



On Singular Holomorphic Foliations with Projective ... 203

As an immediate consequence we obtain:

Proposition 5 A geometric projective triple (2, 1/, &') defines a transversely pro-
Jective foliation F given by §2' on M.

Example 11 (Riccati Foliations - revisited) Fix affine coordinates (x, y) € C? and
consider a polynomial one-form £2 = p(x)dy — (y?> c(x) — yb(x) — a(x))dx. Then
2 defines a Riccati foliation R on C x C as seen in Example 6 above. Now
we study the Lie Algebra associated to this example. Put n = 2% + # dx +

% dxand& = ‘}i"z dx. Then (£2,n, &) satisfies the projective relations stated in

Proposition 2. This shows that F is transversely projective in C x C minus the alge-
braic subset {x € C | p(x) =0} x CUC x {y = 0}. Butsinceinthe case a(x) # 0,
only the subset S = {p(x) =0} x C is F invariant it follows that the transverse
projective structure extends to C x C\S. Indeed according to Proposition 3 if

we define g = —=- then i = + 292 = E=22¢ dxand g’ = & — 2dg — 297 —

29°2 = % dx; define a triple (£2, 7', £’) holomorphic in (C x C) \ S which gives
a projective structure for F in this affine set. This projective structure coincides with
the one given in (CxC)\(SUC x {y =0} by (£2, n, ). The one-form 7 is closed
if and only if @ = 0. Therefore F is transversely affine inC x C\(SUC x {y =0))
if the projective line {y = 0} is invariant. The forms (£2, ', &’) define a rational pro-
jective triple and the projective transverse structure of the foliation F* defined by &
extends from C*\S to C x C. Indeed, F¢ admits a rational first integral. We will see
this is a general fact, under suitable hypothesis on the singularities of the foliation
F on C x C, admitting a projective transverse structure in the complementary of an
algebraic one dimensional invariant subset § ¢ C x C.

Remark 7 (Ricatti versus logarithmic) In general, Ricatti foliations are not given by
closed one-forms, hence are not logarithmic foliations.

3.4 Germs of Foliations and Foliations on Projective Surfaces

Let F be a holomorphic foliation aaa of codimension one on CP? having sin-
gular set sing(F) C CP2. As it is well-known we can assume that sing(F) is
of codimension > 2 and F is given in any affine space C> C CP? with coordi-
nates (x, y), by a polynomial one-form £2(x, y) = A(x, y)dx + B(x, y)dy with
sing(F) N C? = sing(£2). In particular sing(F) C CP? is a nonempty finite set
of points. Given any algebraic subset S C CP? of dimension one we can therefore
always obtain a meromorphic (rational) one-form £2 on C P such that £2 defines F,
(£2) is non-invariant and in general position (indeed, we can assume that (£2) is

A

any projective line in CP(2)). Also if we take 19 = % dx + = dy then we obtain a
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rational one-form such that d$2 = ny A §£2 and with polar set given by (19)e0 =
{(x,y) € C*: A(x,y) =0} U{(x,y) € C?: B(x,y) =0} U (2)s . In particular,
(70)se N C? has order one and the “residue” of 7o along any component 7" of (£2)
equals —k where k is the order of T as a set of poles of §2. Any rational one-form n
such that d2 = n A £2 writes n = ng + h$2 for some rational function . We obtain
in this way one-forms n with appropriately located set of poles, with respect to F,
and applying Propositions 2 and 3 we obtain:

Proposition 6 (foliations on projective spaces) Let F be a holomorphic foliation
on CP(2). Assume that F is transversely projective in CP (2)\S for some algebraic
subset S of dimension one. Then F has a projective triple (£2,1,&) on CP(2) \
S where 2 and n are rational one-forms and & is meromorphic on CP(2)\S. In
particular £ defines a transverse foliation F* to F on CP(2)\S having a projective
transverse structure.

The same holds, with a very similar proof, for germs of foliations at the origin
0 € C? where the curve S is replaced by a finite set of local branches of separatrices
of the foliation through the singularity. More precisely:

Proposition 7 (germs of foliations) Let F be a germ of a holomorphic foliation
with a singularity at the origin 0 € C*. Assume that F is transversely projective
in the complement of an analytic subset S C sep(F, Q) of the set of separatrices
through the origin. Then, for a sufficiently small bidisc 0 € M C C? the germ F has
a projective triple ($2, n, &) where §2 is a holomorphic one-form in M, the form n is
meromorphic in M and & is meromorphic in M\ S.

Remark 8 (Generalizations for algebraic projective manifolds) Let us consider M?
a non-singular algebraic projective surface. Let F be a foliation on M>. Since we
can define in a natural way, polynomial and rational functions on M? we can define
in a natural way algebraic leaves of F.Let S C M be an algebraic curve, i.e., a pure
codimension one analytic subset. The condition that M\S is affine is equivalent to
say that it is a Stein manifold. This does not hold in general, very much depending
on the curve S C M. Any meromorphic function on a projective surface is a rational
function. A foliation F on M is therefore given by a rational one-form £2 on M
admitting arational one-form n suchthatd$2 = n A £2. We have then natural versions
of Propositions 2, 3 and 6 to this situation.

4 Extension of Projective Triples

In this section we address the following basic problem. Let F be a foliation on a
complex manifold M with a projective transverse structure in M\ S for some codi-
mension one analytic subset S C M. Under which conditions does the projective
structure P extends to S?. A more appropriate question may be as follows: suppose
that the projective transverse structure P on M \ S is given by a projective triple
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(82, n, &) with (as it is natural to assume), £2 and n meromorphic in M. Under which
conditions does the one-form & admits a meromorphic extension to S ? We shall focus
on two main cases.

(1) The local case, where M is a neighborhood of the origin 0 € C?. In this case we
regard JF as a germ of a foliation at the origin 0 € C? and consider S as a subset
of its set of separatrices.

(2) The projective case, where M is a projective surface. In this case the objects are
rational once they are meromorphic in M and S C M is an algebraic curve.

4.1 Algebraic Leaves and Local Separatrices

Given a foliation F on a projective surface M, by an algebraic leaf of 7 we mean
a leaf L of the foliation which is contained in an algebraic curve in M. Thanks to
the Identity Principle and to Remmert—Stein extension theorem, a leaf L of F is
algebraic if and only if it accumulates only at singular points of F. In this case the
algebraic curve consists of the leaf and such accumulation points. The following
remark will be useful:

Lemma 6 ([30] Lemma 7.5 (iii)) Let F and F| be distinct foliations on a projective
surface M. If a leaf L of F is also a leaf of F| then this leaf is algebraic.

Proof We choose affine coordinates (x, y) € M and polynomial equations for F
and F; in these coordinates, say: F is given by % dy — SE)‘ 2 and F by = IQ)‘I((; ‘\))
where P, Q and Py, Q; are relatively prime polynomlals Suppose (x (z) y(z)) z€

V c C is a common solution of the foliations F and F; on M. Then we have

P(x(2), y(2) _ dy/dz _ Pi(x(2), y(2))
Q0(x(2),y(@) dx/dz  Q1(x(2),y(2))

so that (PQ; — P1Q)(x(2), y(z)) = 0. By hypothesis PQ; — P;Q # 0 so that L
satisfies the non-trivial algebraic equation PQ; — P;Q = 0. It follows that L is
algebraic.

The following statement is about transversely projective foliations with moderate
growth (cf. Definition 10). It is a compilation of some results above and a preparatory
step for the final conclusion:

Theorem 4 Let F be a foliation on a projective surface M, with a projective trans-
verse structure outside of an algebraic subset S C M of dimension one. Let (§2, 1, §)
be a rational projective triple defining the projective transverse structure outside of
the curve S. We have the following possibilities:



206 B. Scardua

1. S contains all the non-dicritical separatrices of F in S.

2. There is some singularity p € sing(F) N S and a (non-dicritical) separatrix I
of F through p, which is not contained in S. In this case we have the following
possibilities:

(a) The leaf containing I is not algebraic and F*-invariant. In this case F+
coincides with F, n is closed and F admits a rational generalized integrating
factor.

(b) The leaf containing I is not algebraic and is not F* invariant.

(c) The leaf containing I' is algebraic. In this case F is transversely affine in
M\ (S U A) for some algebraic invariant curve A C M not contained in S.

Proof We perform the resolution of singularities for F in S and obtain a projective
surface M and a resolution morphism o : M — M, adivisor E = o~ '(§) = DU §,
where D is the exceptional divisor and S is the strict transform of S, equipped with a
pull-back foliation F= o*(F) with irreducible singularities in E. The foliation F
is transversely projective in M\ E. By Lemma 10 the projective transverse structure
of F extends to the non-invariant part of D so that, for our purposes we may assume
that D is F-invariant, though not necessarily connected. If S contains all the non-
dicritical separatrices of F in S then we are in case (1).

Thus, from now on we suppose that there is a singular point § € S N sing(F)
such that  exhibits some local separatrix I through ¢ which is not contained in E.
Denote by FL = o*(F') the inverse image of 1+ = F; on M. Assume that the leaf
Aof F containing I is not algebraic. In this case its projection A = o (A) onto M is
not algebraic. We have two possibilities. If I is Fe-invariant then by, Lemma 6, F
coincides with F+ and we are in case (2)(a) in the statement. The second possibility
is that I is not F-invariant. This corresponds to case (2)(b) in the statement.

Assume now that A O I” is an algebraic leaf of F not contained in E. This
algebraic leaf projects onto an algebraic leaf A of 7, not contained in S. The projective
transverse structure of 7 has A as a set of fixed points and therefore F is transversely
affine in M \ (S U A) what corresponds to case (2) (c) in the statement.

Thought the above statement already gives some information, it remains to study
the last case, 2(c) above. We must explore the consequences of the existence of a
non-dicritical separatrix which is not contained in the curve S, in the final description
of the foliation. This is done in what follows. In few words, for the case of extended
generalized curves, this allows to extend the projective triple, more precisely, the
one-form & extends to the irreducible component of S that contains this separatrix.

4.2 Extension of Projective Triples (irreducible Case)

Our main extension result for projective triples is so far the following:
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Theorem 5 Let F be a holomorphic foliation (respectively a germ of a holomorphic
foliation) on a projective surface U (respectively at the origin of C?). Assume that F
is transversely projective in U \ S where S C U is an algebraic invariant curve in
the projective surface (respectively a finite union of local branches of non-dicritical
separatrices of F through the origin and U is a bidisc centered at the origin 0 € C?,
where F has a representative). Suppose that the singularities of F in S are non-
resonant extended generalized curves. Then F admits a meromorphic projective
triple (respectively a germ of a meromorphic projective triple) (§2, n, &) defined in
U (respectively at the origin), which defines the projective transverse structure in
U \ S (respectively in the complement of S).

In this section we pave the way to the proof of Theorem 5.
We recall the following fundamental result from [35]:

Theorem 6 (Touzet, [35] Theorem I1.3.1 p. 821) A non-degenerate non-resonant
singularity xdy — Aydx + §2,(x, y) =0, A € C\ Qu, is analytically linearizable if
and only if the corresponding foliation F is transversely projectivein U \ sep(F, U)
for some neighborhood U of the singularity.

One other tool is discussed below. Let F be a germ of an irreducible singularity at
the origin 0 € C?, assumed to be of resonant type or of saddle-node type. According
to [35], Theorem 11.4.2, the foliation admits a meromorphic projective triple in a
neighborhood U of the singularity if and only if in a neighborhood of the singularity
F is the pull-back of a Riccati foliation on C x C by a meromorphic map. The
proof of this theorem is based in the study and classification of the Martinet-Ramis
cocycles of the singularity expressed in terms of some classifying holonomy map of a
separatrix of the singularity. For a resonant singularity any of the two separatrices has
a classifying holonomy and for a saddle-node it is necessary to consider the strong
manifold holonomy map. Thus we conclude that the proof given in [35] actually
shows that:

Lemma 7 ([35], Theorem 11.4.2) Let F be a germ of an irreducible singularity at
the origin 0 € C?, assumed to be of resonant type or of saddle-node type. The germ
F is the pull-back of a Riccati foliation on C x C by a meromorphic map if and only
if there exists a meromorphic projective triple (£2', 1/, §') in a neighborhood Uy of
a separatrix S C sep(F, U) provided that S is the strong separatrix if the origin is
a saddle-node.

As a further motivation for our approach we mention two results which are proved
in [9]. Such results imply the existence of a globally defined projective triple, parting
from a geometric projective triple, in a situation similar to the one we are dealing
with:

Proposition 8 ([9]) Let F be a holomorphic foliation in a neighborhood V of the
origin 0 € C? given by the holomorphic one-form 2 admitting a meromorphic one-
form n in'V with d§2 = n A S2. Suppose that F has an irreducible non-degenerate
singularity at the origin and is transversely projective in U \ sep(F, U) for some



208 B. Scardua

neighborhood U C V of the origin where JF has an expression in irreducible normal
form. Let be given a holomorphic one-form & defined in U \ sep(F, U) such that
(82,1, &) is a geometric projective triple in U \ sep(F, U). Then & extends as a
meromorphic one-form to U. provided that, if the singularity is resonant, & extends
as a meromorphic one-form to S* = S — {0}, for some separatrix S C sep(F, U).

This proposition or the Globalization theorem in [9] give for the non-dicritical
case:

Proposition 9 (extension conditions) Let F be a holomorphic foliation defined in a
neighborhood V of 0 € C? with an isolated non-dicritical singularity at the origin.
Suppose that F is transversely projective in U \ sep(F, U) for some neighborhood
U C V of the origin where F is given by a holomorphic one-form 2 admitting a
meromorphic one-form n such thatd§2 = n A 2 in U. Let § be a meromorphic one-
form defined in U \ sep(F, U) such that (§2, 1, §) is a geometric projective triple.
Letw: U — U be the reduction morphism of the singularity and denote by (2, 7}, €)
the pull-back by 1 of the triple (2, n, &). Then the one-form & extends to U provided
that:

(Ext.1) At any non-resonant irreducible singularity of the foliation, the form &
admits a meromorphic extension (from a neighborhood of the singularity
minus its separatrices) to a neighborhood of the singularity.

(Ext.2) At any resonant irreducible singularity of the foliation, the one-form &
admits a meromorphic extension (from a neighborhood of an annulus con-
tained in one of the separatrices and around the singularity) to a neighbor-
hood of the singularity.

The (extension) conditions of the proposition above are satisfied in our current
situation, as we will see below (cf. Proposition 10).

We shall reprove and extend these results by considering meromorphic triples,
but which are not assumed to be geometric projective triples along the separatrices.

Remark 9 The above additional assumption (that & can be chosen holomorphic off
the set of separatrices) is not restrictive. Indeed, in the sequel (in the paper), the
foliation is assumed to be transversely projective off the set of local separatrices. Since
£2 is defined meromorphic in a neighborhood of the singularity, we can assume that
it is holomorphic otherwise we replace it conveniently (see also Lemma 11). Thus,
if we write the one-form 2 = A(x, y)dx + B(x, y)dy with A, B holomorphic with
an isolated common zero at the origin, then we can choose 1 = * dx + 2 =dy. The
polar set of 1 is contained in the curves {A = 0} and {B = 0}. So we can assume in
the case of a non-degenerate non-resonant singularity that the poles of  are contained
in the separatrices, which are the coordinate axes in suitable coordinates. Under this
hypothesis, the hypothesis of existence of a projective transverse structure off the
separatrices gives a holomorphic one-form & in the complement of the separatrices,
such that £2, n, £ is a (holomorphic) geometric projective triple off the axes.
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Next we show that the (extension) conditions in Proposition 9 are satisfied and
that we can apply some of these techniques also in the dicritical case. In order to do
this we remake the basic steps with the necessary changes. The starting point is the
non-resonant case considered below:

Proposition 10 (non-resonant case) Suppose that the origin is a nondegenerate non-
resonant singularity. Assume that F is transversely projective on U \ sep(F, U).
Let 1 be a meromorphic one-form on U and & be a meromorphic one-form on
U\ sep(F,U) such that on U \ sep(F, U) the one-forms §2, n, & define a projec-
tive triple. Then & extends as a meromorphic one-form to U.

Before going into the proof we state a lemma:

Lemma 8 (non-resonant case) Let £ be a meromorphic functioninU* = U \ {xy =
0} such that dS2 = —% % A 2 where 2 = g(xdy — Aydx) for some holomorphic
non-vanishing function g inU and ). € C \ Q. Then £ = ¢.(gxy)~2 for some constant
ceC.

Proof Fix a complex number a € C and introduce the one-form ny = dixyvgg) +
a(dy Adx) in U. Since g% = } — kd—x is closed it follows that d$2 = ng A £2.
Thus the one-form @ := —% 4€ _ po is closed meromorphic in U* and satisfies

O A2 =d2 —dS2 =0. This implies that ® A (dyy )L‘i") = 01in U* and there-
fore we have ® = h.(ﬂ — Ad—x) for some meromorphic function 4 in U*. Taking

exterior derivatives we conclude thatdh A (dV )»d%) = 0in U* and therefore i is a

meromorphic first integral for £2 in U*. Slnce A ¢ Q wemusthave i = ¢, aconstant:

indeed, writeh = ) B jxi y/ in Laurent series in a small bidisc around the ori gin.
i,jeZ

Then from dh A (% — )»‘i—") = Oweobtain (i +Aj)h;; =0, V(i, j) € Z x ZZ and

since A ¢ Q this implies that A;; = 0, Y(i, j) # (0, 0).

This already shows that the one-form ® always extends as a meromorphic one-
form with simple poles to U and therefore the function ¢ extends as a mero-
morphic function to U. The residue of ® along the axis {y = 0} is given by
Res;y—0)® = —Res(,—q) ; T — Respy—oyno = —%k — (1 +a) where k € IN is the
order of {y = 0} as a set of zeroes of £ or minus the order of {y = 0} as a set of

poles of £. Thus by a suitable ch01ce of a we can assume that Res(,—0;® = 0 and
therefore by the expression ® = (2 S —A dxx) we conclude that for such a choice of
a,wehave 0 = ®@ = — %dz—f—no and thus —%df = d" + 4 +d”+a(d—,y—k‘i—x)

and therefore, comparing residues along the axes {y = 0} and {x = 0} we obtain
that | +a € Q and 1 —ai € Q. Since A ¢ Q the only possibility is a = 0. This
proves that indeed —% ‘% = df + dTy + %g in U and integrating this last expression
we obtain £ = ¢(gxy)~? for some constant ¢ € C. This proves the lemma.

Now we can prove Proposition 10.



210 B. Scardua

Proof (Proof of Proposition 10) By hypothesis the foliation is given in suitable local
coordinates around the origin by xdy — Aydx + £2,(x, y) =0 where A € C\Q,
£25(x, y) is a holomorphic one-form of order > 2 at 0 € C2.

Claim The singularity is analytically linearizable.

Indeed, if 1 ¢ IR_ then the singularity is in the Poincaré domain with no resonance
and by Poincaré-Linearization Theorem the singularity is analytically linearizable.
Assume now that A € R_\Q_. In this case the singularity is in the Siegel domain
and, a priori, it is not clear that the singularity is linearizable. Nevertheless, by
hypothesis F is transversely projective in U* = U \ sep(F, U) and by Theorem 6
the singularity p € sing(F) is analytically linearizable. This proves the claim.

Therefore we can suppose that .{2|U = g(xdy — Aydx) for some holomorphic

non-vanishing function g in U. We define ny = dg + £ d)‘ + dy in U. Then ny is
meromorphic and satisfies d$2 = no A £2 so that n = 770 + hQ for some mero-
morphic function 7 in U. We also take & = 0 so that dny =0 = 2 A&, and
d&y =0 = &y A n. The triple (£2, no, &) is a meromorphic projective triple in U
so that according to Proposition 3 we can define a meromorphic projective triple
(£2,n,&)inU by setting & = & — dh — hng — '~ 2 = —dh — hno — ¥ 2. Then
we have by Proposition 3 (iii) that § = & 4 £.£2 for some meromorphic function ¢
in U* such that d$2 = —% b A 2.

By Lemma 8 above we have £ =¢&.(gxy)~%in U* and therefore £ extends to U
as & = & + ¢.(gxy)~2 in U*. This proves the lemma.

Now we deal with the second extension condition (Ext. 2) in Proposition 9. The
first step is:

Lemma 9 (resonantcase) Let F be a germ of a holomorphic foliation with a resonant
irreducible (non-degenerate) singularity at the origin 0 € C? and let 0 € U C C?
be a bidisc centered at the origin where F is defined by a holomorphic one-form S2.
Denote by sep(F, U) the set of local separatrices of F through the origin in U. Let
£ be a meromorphic function in U \ sep(F, U) such that d 2 = —% ‘% A $2. Then
L extends as a meromorphic function to U provided that £ admits a meromorphic
extension to (a neighborhood of) S* = S \ {0} for some separatrix S C sep(F, U).
Indeed, we have the following possibilities for F in suitable coordinates in a neigh-
borhood of the origin:

(1) F is analytically linearizable, i.e., analytically conjugate to the form xdy —
Aydx = 0 for some ) € C\ {0}.

(i) F is a non-linearizable resonance analytically conjugate to the normal form:
2y m=nydx +mx(1+ rx y™")dy = 0 where n,m € IN.

In all cases S is given by {y = 0} and the function £ extends as meromorphic
function to a neighborhood of the origin.

Proof We define the one-form n = —% dz—e Then n is a closed meromorphic one-

formin U \ [sep(F, U) \ S] such that d§2 = n A §2, moreover the polar set of 7 is
contained in § and has order at most one. If n is holomorphicin U \ [sep(F, U) \ S]
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then the foliation F is transversely affine in U \ [sep(F, U) \ S] and therefore the
holonomy map of the leaf Ly = S \ {0} is linearizable. Since the origin is irreducible
and S is not a central manifold the conjugacy class of this holonomy map classifies
the foliation up to analytic conjugation. Thus the singularity is itself linearizable.
Assume now that (1)« 7 @. In this case we have the residue of 5 along S given by
Ressn = —% k where k is either the order of S as zero of £ or minus the order of S
as pole of £. We have two possibilities:

(a) If —% k ¢ {2,3,...} then by [27], Lemma 3.1, the holonomy map of the leaf
L is analytically linearizable and the same holds for the singularity.

(b) If —% k=1t+ 1> 2forsomet € IN then by [27], Lemma 3.1, the holonomy

map of Ly is conjugate to a map of the form h(z) = —*—, i.e., this is a finite

(1+Bz1)7
ramified covering of an homography. Suppose that the singularity is nondegenerate

say 2 = xdy — Aydx + .... If » ¢ @ then the map h(z) is analytically linearizable
and therefore, again, the singularity is linearizable. Suppose now that the map &
is not analytically linearizable. Then we must have A = —7 for some n,m € N,
< n,m >= 1 and the holonomy # is analytically conjugate to the corresponding

holonomy of the germ of singularity $2,, ,, = ny dx +mx(1 + % x"y™)dy; such
a singularity is called a non-linearizable resonant saddle. As it is well-known, in the
Siegel domain and in particular in the class of resonant singularities, the analytical
classification of the holonomy implies the analytical classification of the singularity.
More precisely, by [23, 24] we may assume that F is of the form £2,, ,, = 0 in the
variables (x, y) € U. So far we have proved that the following are the possibilities
for the singularities:

(1) The singularity is analytically linearizable, this is the case if it is not a resonance.
(2) The singularity is analytically conjugated to £2, ,, if it is resonant and not ana-
lytically linearizable.

Let us now use these two models in order to conclude the extension of £ to U.
Case 1. In the linearizable case we can write S : {y = 0} and §2 = g(xdy — Aydx)
for some holomorphic non-vanishing function g in U. If we introduce 1y = d(+’;‘)
then we have d$2 = ny A 2 and therefore (n — n9) A £2 = 0 so that (n — ng) A
(% — )de—x) =(0andthenn =ny + F.(Q — )L“i—x) = 0 for some meromorphic func-
tion F in Uy := U \ [sep(F, U) \ S]. Since 5 and n are closed we conclude that
d(F.(d\—jV - )\‘i—x)) =0in Up. Writt now F = Y. F;;x'y/ in Laurent series in a

. i.jeZZ
small bidisc around the origin. We obtain from the last equation that (i + Aj) F;; =
0,Vi,jeZ. If » ¢ Q this implies that F = F is constant. Assume now that
A= —% € Q_. Then we have 2 A d(x"y™) = 0 and also F = ¢(x"y™) for some
function ¢(z) = ) ¢z’ defined in a punctured disc around the origin. Neverthe-

1eZZ
less, the function F' is meromorphic along the axis {y = 0} and therefore ¢ admits

a meromorphic extension to the origin 0 € C and thus F extends as a meromorphic
function F = ¢(x"y™) to a neighborhood of the origin.

Case 2. In the non-linearizable (resonant) case we can write S : {y = 0} and 2 =
g82,m = ghydx +mx(l 4+ % x"y™)dy) for some holomorphic non-vanishing
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n+1,m+1
function g on U. Define ny = % As above we conclude that n = ng +
F.(n x"+1 —|—mx,,\m+l + ’“F d‘) for some meromorphic function F in Uy such

thatdF A (n x”+' ot me v’”*l mF d") = 0. In other words, F is a meromorphic
first integral in Uy for the fohatlon .7-' ThlS implies that F is constant. In order to
see this it is enough to use Laurent series as above. Alternatively one can argue as
follows. If F is not constant then the holonomy map /4 of the leaf Ly C S leaves
invariant a nonconstant meromorphic map (the restriction of the first integral F to a
small transverse disc to §). This implies that /4 is a map with finite orbits and indeed &
is periodic. Nevertheless this is never the case of the holonomy map of the separatrix
{y = 0} of the foliation £2, ,,. Thus the only possibility is that F is constant.
Summarizing the above discussion, we have proved thatin all cases n = ng + F.@
for some meromorphic function F in U and some meromorphic closed one-form w
in U. Moreover, F is constant except in the resonant case. This shows that n =
— 14 3dmits a meromorphic extension to U and therefore also £ admits a extends

2¢
meromorphic extension to U. The lemma is proved.

The remaining step for the irreducible resonant case is the following:

Proposition 11 (resonant case) Let F be a germ of a holomorphic foliation with
a resonant (irreducible) singularity at the origin 0 € C*> and let 0 ¢ U C C? be a
bidisc centered at the origin where F is defined by a holomorphic one-form S2.
Fix a separatrix S C sep(F, U). Let n be a meromorphic one-form in U and & be a
meromorphic one-formin (U \ sep(F, U)) U S such thatin U \ sep(F, U) the one-
forms $2, n, & define a projective triple. Then & extends as a meromorphic one-form
toU.

Proof By hypothesis we are in the resonant case, i.e., £2 = g(xdy — Aydx +...)
withA = — % € Q-_. Suppose first that the singularity is not analytically linearizable.
As we have seen in Lemma 7, F is the pull-back of a Riccati foliation on CxC
by some meromorphic map ¢ : U — C x C provided that there is a meromorphic
projective triple (£2’, n’, §’) in a neighborhood W of a separatrix S C sep(F, U).
From our hypothesis such a projective triple is given by the restrictions of £2 and
n to U\ [sep(F,U)\ S] and by the one-form &. Thus we conclude that F is a
meromorphic pull-back of a Riccati foliation and in particular there is a one-form &’
defined in a neighborhood U of the origin such that (£2, n, §&') is a projective triple
in this neighborhood. This implies that & = &’ + £.£2 in U for some meromorphic
function £ in U such that d2 = — 1 ‘M in U. Now we have two possibilities. Either
£ =¢"inU or £ = 0. In the first case§ extends meromorphically to U as & = &’. In
the second case we apply Lemma 9 above in order to conclude that the singularity is
analytically normalizable and ¢ extends as a meromorphic function to U. Suppose
now that the singularity is resonant analytically linearizable and F is given in U by
2 = g(xdy +24 ydx) where n, m € IN and g is a meromorphic function in U. In
this case as above we define ny = dg + £ d" + L write n = no + h$2 and define &, =

0. & :go—dh—hn0—7.{2_—dh hno—gsz.NowwehavegzgmLm
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for some meromorphic function £ in U*. In this case we have from d¢ = —% % A
£2 that E(gxy)2 = [px" y’")]2 for some meromorphic function ¢(z) defined in a
punctured neighborhood of the origin 0 € C. In particular we conclude that since
& extends meromorphically to some separatrix {x = 0} or {y = 0} then it extends
meromorphically to U.

Thus & extends as a meromorphic one-form to U in all cases proving the desired

result.

Remark 10 Propositions 6, 10 and 11 already prove Theorem 5 in the case of a
germ of a foliation with an irreducible singularity at the origin.

4.3 Extension to Non-invariant Divisors

Since we are considering the possibility of existence of non-invariant components
in the exceptional divisor, we shall be able to extend the projective triple to such
components. This is done by means of the following lemma regarding the non-
invariant case:

Lemma 10 (non-invariant divisor, [9]) Let be given a holomorphic foliation F on
a complex surface M. Suppose that F is given by a meromorphic integrable one-
form $2 which admits a meromorphic one-form n on M such that d§2 =n A £2.
If F is transversely projective in M\ S for some non-invariant irreducible analytic
subset S C M of codimension one then F is transversely projective in M. Indeed, the
projective transverse structure for F in M\ S extends to M as a projective transverse
structure for F. In particular, if & is a meromorphic one-form in M \ U such that
(82, n, &) is a projective triple on M\ S, then & admits a meromorphic extension to
S.

Proof Our argumentation is local, i.e., we consider a small neighborhood U of a
generic point g € S where F is transverse to S. Thus, since S is not invariant by F,
performing changes as 2’ = ¢;2 and n’ = n + dg% we can assume that £2 and n
have poles in general position with respect to S in U. The existence of a projective
transverse structure for 7 in M\ S then gives a meromorphic one-form & in M \ S
such (£2, n, £) is a geometric projective triple in M \ S. For U small enough we can
assume that for suitable local coordinates (x, y) € U we have SN U = {x = 0} and
also

dg
9=gdy,n=?+hdy

for some holomorphic function g, h: U — C with 1/g also holomorphic in U. Then

we have 5

= —Llan+ ay)
__g > y
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where
d(tgdy) =0

Thus, v/£g = ¢(y) for some meromorphic function ¢(y) defined for x # 0 and
therefore for x = 0. This shows that & extends to U as a holomorphic one-form and
then the projective structure extends to U. This shows that the transverse structure
extends to S.

4.4 Extended Generalized Curves

Let us consider the general case, where we allow singularities which are not irre-
ducible, but belong to the the class of (non-resonant) generalized curve. For this type
of singularity we have the following extension result:

Proposition 12 (extension - generalized curve) Let F be a germ of a non-resonant
(and non-dicritical) generalized curve at the origin O € C2. Suppose that F is trans-
versely projective in U \ sep(F, U), for some bidisc U centered at the origin, and let
(82, n, &) be a meromorphic projective triple in U \ sep(F, U) with §2 holomorphic
in U, n meromorphic in U and & meromorphic inU \ sep(F, U). Then the one-form
& extends to U as a meromorphic one-form.

Proof Let m: U — U be the reduction morphism of the singularity and denote by
(2,7, €) the pull-back by 7 of the triple (£2, 1, £). Because the singularity is non-
r
dicritical, the exceptional divisor E = 7~!(0) = \J IP; in the reduction process is
=1
connected and invariant. By the non-resonance hypjothesis, this divisor contains some
non-resonant singularity say pg € IP;;. Thanks to Hartogs’ extension theorem, the
one-form £ also extends to the irreducible component IP;; minus the singularities of
the lifted foliation. Now according to Propositions 10 and 11, the form § also extends
to all the components IP; intersecting IP ;. The same argument and the connectedness
of E show that the projective triple (§2, 7, £) extends to a neighborhood of the
exceptional divisor.

We will prove a more general case in what follows. In a natural extension of the
arguments in the proof of Proposition 12 we obtain the following result which is
Theorem 5 in the local case.

Proposition 13 (extension - extended generalized curve) Let F be a germ of a
holomorphic foliation at the origin 0 € C?. Suppose that for some small bidisc U
centered at the origin, the representative of F is transversely projective in U \ S
where S C N'D(sep(F, U)) C sep(F, U) is a(finite) union of local branches, all of
them corresponding to non-dicritical separatrices. Assume that the singularity 0 € S
is a non-resonant extended generalized curve. Then F admits in U a meromorphic
projective triple. Indeed, let (§2, n, §) be ameromorphic triplein U \ sep(F, U) with
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§2 holomorphic in U, n meromorphic in U and & meromorphic in U \ sep(F, U).
Then the one-form & extends to U as a meromorphic one-form.

Proof (Proof of Theorem 5) The proof is similar to the one given for the case of
generalized curve (Proposition 12). The existence of a meromorphic projective triple
(82, n, &) with £2, n meromorphic in U and & in U \ S is granted by Proposition 6.
Notice that by hypothesis each branch §; in S is a non-dicritical separatrix and
therefore it meets the exceptional divisor in some singular point p; € sin g(F) of an
invariant component IP(S;). We have S; N IP(S;) = {p;}, where we still denote by
S; the strict transform of ;.

By the non-resonance hypothesis the component IP(S;) belongs to a connected
component E(S;) of the invariant part of E, which contains some non-resonant
singularity g; € E(S;) Nsin g(F). Therefore, by the same arguments in the proof of
Proposition 11 we conclude that third form of the pull-back projective triple (£2, 7, &)
extends as a meromorphic one-form to this component each connected component
of the invariant part of the exceptional divisor E obtained in the reduction of the
singularity. The extension of & to the non-invariant components of the exceptional
divisor is granted by Lemma 10. If a connected component E; of the invariant part of
E does not contain a singularity belonging to a branch of S, still it contains some non-
resonant singularity and the extension to E; is assured as above. Thus Theorem 5 is
proved in the local situation. The global case, i.e., the case of foliations on projective
surfaces, is proved in the same way.

For the case of projective surfaces we promptly have:

Theorem 7 Let F be a holomorphic foliation by curves on a projective manifold
M. Assume that F is transversely projective in M\S where S C M is an algebraic
curve. Suppose that the singularities of F in S are non-resonant extended general-
ized curves. Then F admits a rational projective triple (§2, n, &), which defines the
projective structure for F in M \ S.

4.5 Extension of Projective Structures P

In this section we investigate the extension not only of meromorphic projective triples
but, of projective transverse structures (generically denoted by P) to a codimension
one divisor. According to Lemma 10 we may assume that the divisor is invariant by
the foliation.

Proposition 14 (extension through a point) Let (£2, n, ) be a meromorphic pro-
jective triple on a complex surface M?, and S C M an irreducible analytic subset
of dimension one. Suppose that the triple defines a projective transverse structure
‘P outside S. If there is a point g € S and a neighborhood g € U C M to which the
projective structure P extends, then this projective structure extends to M.



216 B. Scardua

Proof According to the preceding lemma, we may assume that S is F-invariant. We
consider the local case where the foliation F is given by a holomorphic one-form
£2 in an open subset W C C" with isolated zeros and admitting a meromorphic one-
form n on W satisfying d§2 = n A §£2. We can assume that £2 and n have poles in
general position with respect to S.

For U C W small enough we can find a holomorphic submersion y: U — C and
meromorphic functions g, 4 in U such that

dg 1 h?
Q2 =gdy,n= " +hdy, £ = —;[dh + 7dy] + Lgdy
where
d(Vtgdy) = 0.
Thus, v/£g = ¢(y) for some meromorphic function ¢(z) and therefore £ = “’;(zy ),
Hence we have
d 1 h? 2
2 =gdy,n= ?g + hdy, & = _E[dh + ?dy] + (p_(y)dy
We investigate under which conditions we can write
o dg - .. 1o~ h*
R2=gdy,n=—+hdy, § = —=[dh + —dJ]
g g 2
for some suitable meromorphic functions §, &, .
Imposing the above equations we obtain
gdy =gdy
4 4 hdy = % + hd5 (1)

—Ldn + S dy] + £2dy = ~L[ah + £ a5]

We shall refer to equations in (1) as main equations. From gdy = gdy we obtain

g = r(y)g for some meromorphic function r (y). This implies dy = r(y)dy and then
d?g + hdy = % + %dy + hdy so that replacing in the second main equation we
obtain 4 + hd§ = 4 + "8 dy + hdy and then 2 dy + hdy = hd§ = hr(y)dy.
This last equation rewrites -

r'(y)

h=h 2
) + r(y) 2)

and the final form

Lro) )

=l
r(y)-r(y)
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Let us turn our attention to the third main equation. From this we obtain

2 72
1 [dh + (h— - <p2(y)> dy} = 1 [dﬁ + h—dj):|
g 2 7 2

72

Then 5
; h _
INan+ (= - () ) dy | = di + =d5
g 2 2

1 o, - R
1 I . h?
m [dh + <7 —@ (y)) dy:| =dh+ ?r(y)dy

h? 1 (r () )) 1 (r/(y) )2
dh+ | — — ¢? dy = d|l — h h d
+<2 ¢ m) g r(y)[ (r(y)(r(y) ) o Gy H) e
dh+(E - 9( ))d =r(y) al(L <r/(y) +h)) ML (r/(y) +h>2d
2 )= AG o) o) 2r() \r) Y

o, IRYORIAS Py (1) r'(y)
d“(*_"’ (y)>dy_5( > YT <r(y) +h>d’+d(r<y> ”’)

2 r(y)

This last equation is equivalent to

e __1<r'<y>)2 (;»(y))/ A
vO==500) o @
Let us put
'y
=70

Then equation (4) rewrites

/ 1 2 2
5
> &)

So, the original question is reduced to find conditions under which the equation

above has a holomorphic solution. This is the case, for instance if ¢ is holomorphic.

Now we need to return to equation ’r((vv)) = s(y) and study its solutions. It is clear

from integration that there is a holomorphic solution, which must be given by r(y) =
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e/ S04y _if and only if the given data s (y) is either holomorphic or meromorphic with
a simple pole and integral positive residue at y = 0.
First case. If s(y) has a simple pole at y = 0. We may assume for simplicity that
s(y) = a/y for some a € C*. In this case from the differential equation s’ — s2/2 =
—@?* we obtain ¢ = —‘z‘i_‘ﬂ Integrating r(y) = e/ 50y we obtain r(y) = y®. Since
r(y) = g/ we have that r(y) is holomorphic without zeros. In particular we cannot
have a # 0, contradiction.
Second case. If s(y) has a pole of order m 4+ 1 > 2 at y = 0. In this case we can
assume that s(y) = a/y™*! for some m > 1 and integration gives r(y) = e~ mm
which is not meromorphic at the origin, contradiction.
Third case. If s(y) is holomorphic at y = 0. In this case we write s(y) = ay™ for
some m > (. We obtain r(y) = en”"" which is holomorphic and non-vanishing.
Let us now finish the proof. Because the projective structure extends to U the
equation (1) has a holomorphic solution and this implies that ¢(y) is holomorphic
according to the above considerations. As a consequence the one-form & is also
holomorphic in U and therefore admits a holomorphic extension to S\ [(£2)c U
(7)oo]. Hence, the projective structure extends to S \ [(£2)s U (17)] and then to S.

The next lemma shows that once we have fixed the forms §2 and 75 associated
to a transverse projective structure, then we may replace the third form & without
changing the invariant set S to which we wish to extend the structure.

Lemma 11 Let (82, n, &) be a meromorphic projective triple in a complex surface
M. Assume that the triple defines a projective transverse structure for F in M\ S for
some invariant codimension one analytic subset S C M. Let &' be a meromorphic
one-form in M such that (2, n, §') is also a projective triple. Then S is &-invariant
if and only if it is & -invariant.

Proof We fix a local coordinate system (x, y) € U centered at a point p € M such
that F is given in these coordinates by £2 = gdy and S by {y = 0}. We may write
&' = £ + ££2 where d(v/€£2) = 0. Then we have £ = £ (y ) for some meromorphic
function ¢(z). Assume by contradiction that S is not &- 1nvar1ant but S is &’-invariant.
We may assume that the polar set of & has no irreducible component contained
in S and therefore ¢(y) and g have no poles on {y = 0}. Write £’ = Adx + Bdy
with holomorphic coefficients A(x, y), B(x, y). Since S is &’-invariant we have
A(x,y) =y A;(x, y) for some holomorphic function A (x, y). Then from &’ = E +
2 we get & = yAi(x, y)dx + (B(x,y) — £ (‘))dy Since A; and B(x, y) — £ ;y)
have no poles in {y = 0} we conclude from the above expression that S is & -invariant,
contradiction.
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5 Classification of Transversely Projective Foliations

5.1 Classification of Transversely Projective Foliations:
Non-dicritical Case

We consider now an application of the above study to the classification of foliations
with projective transverse structure. Nevertheless, because of the non-dicriticalness
hypothesis on the singularities, we will still be dealing with the affine case (see
Remark 11 (i)). The (dicritical) projective non-affine case will be dealt with later
on in this work. We point out that the non-dicriticity hypothesis excludes the “pure”
transversely projective case, i.e., the case where the structure is not transversely affine
in some other “affine” subset. We prove:

Theorem 8 Let F be a germ of a (non-dicritical) holomorphic foliation at the origin
0 € C2. Suppose that:

(1) F is a germ of a non-resonant generalized curve and can be reduced with a
single blow-up.

(1) F is transversely projective outside of the set sep(F, 0) of local separatrices of
F through 0.

Then F admits a generalized integrating factor. In particular, F is transversely affine
in some neighborhood of the origin minus its set of local separatrices sep(F, 0).

As for the global case we have:

Theorem 9 Let F be a foliation on a compact projective surface M. Assume that F
is transversely projective in the complement of an algebraic invariant curve S C M.
Suppose that for some smooth irreducible component Sy C S we have:

(1) The singularities of F in Sy are irreducible and non-degenerate, one of which
is non-resonant.
(i) M\Sy is a Stein manifold.

Then F admits a rational generalized integrating factor. In particular F is trans-
versely affine in an open subset M \ C for some algebraic curve C C M.

We point-out that, since the singularities in Sy are irreducible non-degenerate,
usually the non-resonance hypothesis appearing in Theorem 8 is automatic. Indeed,
for instance for the case of the projective plane M = CP (2) this is a consequence of
the Index theorem [7] and of the special geometry of CP(2). Actually, we can state:

Theorem 10 Let F be a foliation on the projective plane CP (2), which is trans-
versely projective in the complement of an algebraic curve S C CP(2). Suppose that
for some smooth irreducible component Sy C S the singularities of F in Sy are irre-
ducible and non-degenerate. Then F admits a rational generalized integrating factor.
In particular F is transversely affine in an open subset M \ C for some algebraic
curve S C C C CP(2).
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As we see from Examples 6 and 11 the general Riccati case appears when we
allow the curve S to have some dicritical singularities.

Let us pave the way to the proof of Theorems 8 and 9. Let G C Diff(C, 0) be a
solvable subgroup of germs of complex diffeomorphisms fixing the origin 0 € C. We
recall that [13] if the group of commutators [G, G] is not cyclic (in particular G is
solvable not abelian) then G is analytically conjugate to a subgroup of IH; = {z >
\k/litT’ aeC\{0},be C} for some k € IN. This is the case if G (is solvable and)
contains some non-resonant element. Using this we can state the following well-
known technical result.

Lemma 12 Let G < Diff(C,0) be a solvable subgroup of germs of holomor-
phic diffeomorphisms fixing the origin 0 € C containing some non-resonant element
f € G of the form f(z) = ¥z + ... with » € C\Q. We have the following pos-
sibilities:
(1) G is abelian. In this case G admits a formal meromorphic invariant one-form.
(i1) If G is not abelian then f is analytically linearizable in a coordinate that also
embeds G into some Hy.

Proof (i) is in [13]. Indeed, it is well-known that G admits a formal invariant holo-
morphic vector field say M with an isolated singularity at the origin 0 € C. Such
a vector field can be written M () = + Ey av for some k € IN and some A € C.
Moreover, according to [13] (see also [5, 28, 29]), because this group contains some
non-resonant element, this vector field is indeed analytic. Now we take the corre-
sponding dual one-form @ = ’\Vykk—flldy. Since M is invariant by the maps in G the
same holds for @. This proves (i).

Now we prove (ii). Since G contains a non-resonant element we can, as already
observed above, choose a holomorphic coordinate z € (C, 0) which embeds G as a
subgroup of the group IHk for some k € IN. Given then anon-resonant map f € G we
can write f (z) «/W for some k € IN, b € C. Since A € C\Q the homography

H(z) = 57 +bz is conjugate by another homography to its linear part z — e“*'* z and
therefore f is analytically linearizable in a coordinate that also embeds G into Hy.

Proof (Proof of Theorem 8) Let F be defined in an open bidisc 0 € U C C? by
the holomorphic one-form 2. Put F = 7*(F) inU = 7~ (U) where 7 : C3 — C?
is the blow-up of C? at 0 € C2. Let also Q2 = 7%(£2) be the lift of £ to U. The
exceptional divisor S =7 ~!(0) is a compact invariant curve (a projective line).
Each singularity of F in S is irreducible and exhibits a separatrix transverse to S.
This set of separatrlces (of]-'transverse to §S)is sep(]-' S)=m-1 (sep(]-' 0\{0}) =

7 (sep(F, O))\S inU. Now because of (11) the pull-back foliation F is transversely
pr0]ectlve inU \M where M = - SUsep (f S). According to Theorem 3 this implies
that the holonomy group H ol (.7-' S) of the leaf S\sing(F) of F is solvable. We have
two cases to consider:
Case 1. The group Hol(F, S) is abelian.

Because this holonomy group is analytically conjugate to an abelian subgroup of
Diff(C,0),itfollows from Lemma 12 (i) that there exists a meromorphic integrating

2mi
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factor h for §2, defined over the open curve Sy = S\sing(F). By this we mean a
meromorphic function h defined in a neighborhood of Sy such that the form 1
is closed. Moreover, according to [5, 28, 29], because of the hypothesis on 1the
singularities in S, this integrating factor extends as a meromorphic integrating factor
for £2 in a neighborhood of S. Therefore, the foliation F is defined by a closed
meromorphic one-form & = %Q in a neighborhood of S.

Case 2. The holonomy group Hol (]? , §) is solvable but not abelian. By the non-
resonance hypothesis this group contains some element of the form f(z) = €>™* 7 4

. with A € C\Q. By Lemma 12 this map f is analytically linearizable and in the
same analytic coordinate that embeds the holonomy group in the group

H, = {p(2) = < k,a;éO} for some k € IN.
z

a
V1+b
According to Sect. 5 in [27] (see also [8, 28]), this implies that the foliation is trans-
versely affine in the complement of its set of separatrices, admits a so called closed
logarithmic derivative which is a closed meromorphic one-form 7y, with simple
poles defined in a small neighborhood of the origin. The form 7 satisfies

d2 =g A £2.

Now we can “project” the one-form 7 via the blow-up map 7 : @(2) — C? onto a one-
form 7 defined in a punctured neighborhood of the origin. This one-form satisfies
no = m*(no) and, by classical Hartogs’ extension theorem [18] it extends (to the
origin) as a meromorphic one-form in a neighborhood of the origin. It is clear that
1o is closed and satisfies d$2 = g A §2. This proves Theorem 8.

In the same line of reasoning we can prove Theorem 10:

Proof (Proof of Theorem 10) We know that F is given by a rational one-form §2 on
CP(2). We shall prove that §2 admits a rational generalized integrating factor 1 on
CP(2). This is partially done as in the proof of Theorem 8. Nevertheless, in order to
mimic the proof of Theorem 8 we must prove:

Claim Some singularity in Sy is non-resonant.

Proof (Proof of Claim 5.1) Recall that an irreducible non-degenerate singularity can
be written in the form xdy — Aydx + h.o.t. = 0, where A € C\ Q. and {xy = 0}
is the set of local separatrices. If we fix the separatrix {y = 0} then the Index of the
singularity with respect to this separatrix is given by A. With respect to the other
separatrix the index is 1/A. By the Index theorem [7] the sum of all indexes of
singularities in Sy with respect to the local branches of S is equal to a (natural)
positive number, the self-intersection number of Sy in the projective plane CP(2).
This implies that not all indexes are rational negative. Since by definition the index of
an irreducible singularity is never a positive rational number, this implies that some
singularity has a non-rational index. This singularity is clearly non-resonant.
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By the above claim, the holonomy group of (the leaf contained in) Sy contains
some non-resonant germ. From the proof of Theorem 8 there is a meromorphic
generalized integrating factor » defined in some neighborhood V of Sy in CP(2).
Since CP(2) \ Sy is a Stein surface [34], by a theorem of Levi (see [11, 34]), we can
conclude that the one-form 7 extends as a meromorphic one-form to C P (2) (see [10]
for similar extension arguments). Finally, the extended one-form 7 must be rational
because we are on a projective manifold. As in [27] the existence of 1 implies the
final part of the statement.

Proof (Proof of Theorem 9) As for the proof of Theorem 9 very few remains to say.
Indeed, the proof of Theorem 10 gives all the steps. The hypotheses (i) and (ii) are
then necessary since we cannot prove a version of Claim 5.1 in this case.

Remark 11 (1) Theorems 8 and 10 above show that in order to capture the generic
foliations in the class of Riccati foliations it is necessary to allow dicritical
singularities or curves containing all of its separatrices.

(2) Theorem 8 completes an example given in [35] of a germ F satisfying (i) and (ii)
but which is not a meromorphic pull-back of a Riccati foliation on an algebraic
surface. Indeed, the construction given in [35] exhibits 7 having as projective
holonomy group G, i.e., the holonomy group G = Hol(F, D), where D is the
exceptional divisor of the blow-up, a non-abelian solvable group conjugate to
a subgroup of Hy = {z > 7.

(3) In[35]itis also given an example of a foliation H on a rational surface ¥ such
that H is transversely projective on Y\ M for some algebraic curve M C Y and
such that 7 is not birationally equivalent to a Riccati foliation on C x C.

5.2 Logarithmic Foliations, Separatrices and Invariant
Curves

Let us recall that a logarithmic foliation on a projective surface M is one given by
a closed rational one-form B with simple poles. If M = C x C or CP(2) then a
daf;

logarithmic foliation is given by a rational one-form g as follows: g = Y A; -

j=1
where the f; are rational functions on V and A; € C\ {0}.
In [20] the author gives the following nice characterization of logarithmic folia-

tions:

Theorem 11 (cf. [20], Theorem A) Let F be a holomorphic foliation on a compact
algebraic surface M and let S be a compact curve invariant by F. Assume that one
of the following conditions holds:

(i) Pic(M) is isomorphic to 7Z.
(i) Pic(M) is torsion free, H' (M, C) = 0, §* > 0 and > BB,(F) = 0.
pesing(F)—S
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Also assume that every local separatrix of F through any p C sing(F) N Sisalocal
branch of S and that every singularity of F in S is a generalized curve. Then F is a
logarithmic foliation.

Here, by BB, (F) we mean the Baum-Bott index associated to the Chern number
c% of the normal sheaf of the foliation [1]. Also, Pic(M) = H' (M, O3,) is the Picard
group of M, while S? denotes the self-intersection number of S. We point-out that
Pic(M) = ZZ for the case of projective spaces M = CP(m), m > 2. Regarding
condition (ii), the part H'(M, C) = 0, §? > 0 is verified for the case of projective
spaces.

As a particular case we have:

Corollary 1 Let F be a holomorphic foliation on CP(2) and let S C CP(2) be an
invariant algebraic curve by F. Assume that: (i) every local separatrix of F through
any p C sing(F) N S is a local branch of S and that (ii) every singularity of F in S
is a (non-dicritical) generalized curve. Then F is a logarithmic foliation.

As for the last inequality in Theorem 11 (ii) we have:
The condition » BB, (F) = 0 holds if each singularity of F in M \ § is
pesing(F)—S
linearly of Morse type (i.e. F is locally given by the holomorphic one-form d(xy) +
h.o.t.). This condition also holds when F a has local holomorphic first integral
around each point of M which is not in S. In particular we have:

Lemma 13 Let F be a holomorphic foliation on a compact algebraic surface M
and let S be an invariant compact curve by F. If F is transversely projective in M\ S

and the singularities in M\ S are all non-dicritical then > BB,(F) = 0.
pesing(F)—S

Proof Since F is transversely projective in M \ S, any singularity p € sing(F) N
M\ S admits a meromorphic first integral. Because this singularity is non-dicritical,
there is a holomorphic first integral. The conclusion follows from what we remarked
above.

From this lemma and Theorem 11 and also Theorem 5 we promptly obtain:

Corollary 2 Let F be a holomorphic foliation on a compact algebraic surface M
and let S be an invariant compact curve by F. Suppose that F is transversely pro-
Jective in M\ S and that every singularity of F in S is a generalized curve. Assume
that one of the following conditions hold:

(i) Pic(M) is isomorphic to ZZ.
(i) Pic(M) is torsion free, H' (M, C) = 0, $? > 0 and the singularities off S are
non-dicritical.

There are two possibilities:

(a) Every local separatrix of F through any p C sing(F) N S is a local branch of
S. In this case F is a logarithmic foliation.
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(b) There is a singular point p € S exhibiting a separatrix I',, not contained in S.
In this case F admits a rational projective triple (§2, 1, &), defined on M.

Let F be a holomorphic foliation on CP(2) of degree m,then Y  BB,(F) =
pesing(F)

(m + 2)? > 4. The author proves the following extension of the second part of The-

orem 1 in [12] to compact complex surfaces (cf. [20] Proposition 3.1):

Proposition 15 ([20] Proposition 3.1) Let F be a holomorphic foliation on a com-
pact algebraic surface M with H' (M, C) = Oand Pic(M) = ZZ. Let S be an invari-
ant compact curve with only nodal type singularities.

Ir > BB,(F) < S2, then F is logarithmic.
pesing(F)—S

By taking a look at the proof given in [20] we conclude that the conclusion of
Theorem 11 holds for a foliation F on the complex projective plane C P (2) having
an invariant algebraic curve S such that each singularity of F in § is an extended
generalized curve (cf. Definition 4) and if S contains each non-dicritical separatrix
of each singularity of F in S.

Corollary 3 ([20], Corollary 3.1) Let F be a holomorphic foliation on a com-
pact algebraic surface M with H' (M, C) = 0 and Pic(M) = ZZ. Let S C M be
an invariant compact curve with only nodal type singularities. If sing(F) NS =
sing(S) and the singularities of F in S are non-degenerated, then F is a logarithmic
foliation.

5.2.1 Logarithmic Case and Moderate Growth

Theorem 12 Let F be a foliation on a projective surface M such that Pic(M)
is isomorphic to ZZ. Assume that F is transversely projective in M\S for some
algebraic curve S C M and that the singularities of F in S are (non-dicritical) non-
resonant generalized curves. Then F is a logarithmic foliation or it is transversely
projective of moderate growth.

Proof (Proof of Theorem 12) We will follow the notation in the proof of Theorem 4.
Because the singularities of F are non-dicritical, the resolution divisor E = D U Sis
invariant by F. Moreover, each connected component S/ of S originates a connected
component of the resolution divisor. Therefore, for sake of simplicity of notation,
let us assume that the singularities of F are already irreducible in M, i.e., S and E
exhibit the same number of connected components. If we denote by o : M — M the

resolution morphism for the singularities of F in S, then o |m: M\S— M\ Sis

a diffeomorphism, in particular the fundamental groups (A//?\/S‘ ) and 7y (M\S) are
isomorphic.
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We have the following possibilities:

1. S contains all the separatrices of F in S.
2. There is a singularity of F, say g € S, exhibiting a separatrix I" which is not
contained in S.

In case (1), since the singularities are assumed to be generalized curves we may
apply Theorem 11 and conclude that F is a logarithmic foliation.

Assume that we are in case (2). Then by Theorem 5 and other results in Sect. 4.5
we conclude that the projective structure in M \ S defines a projective triple that
extends to S. We have therefore a rational projective triple for F in M, i.e., F is
transversely projective of moderate growth.

Clearly a logarithmic foliation is of moderate growth. Therefore we obtain:

Corollary 4 Let F be a foliation on M = CP(2). Assume that F is transversely
projective in CP(2) \ S for some algebraic curve S C CP(2) and that the singu-
larities of F in S are (non-dicritical) non-resonant generalized curves. Then F is
transversely projective of moderate growth.

5.3 Classification of Projective Foliations: Moderate Growth
On Projective Manifolds

In [21] we find the following definition of transversely projective foliation on a
smooth projective manifold. Let M be a smooth projective manifold over C.A (holo-
morphic singular) codimension one foliation F on M.The foliation is said to be
transversely projective if given a non zero rational 1-form w defining F (and there-
fore satistying the Frobenius integrability condition v A dw = 0) we have that there
are rational 1-forms « and 8 on M such that the sl,-connection on the rank 2 trivial

B

vector bundle defined by A = d + Z is flat.

Let us compare the above definition with the one we have been using so far in
this work. Indeed, compared to Definitions 6 and 6 there is a difference, quite easy
to explain. In the above definition, we already assume that the foliation admits a
rational projective triple, i.e., a projective triple meromorphic defined everywhere
in the manifold M. This is not necessarily the case if we just start with a foliation
which is (according to our definition Definition 6) transversely projective in M\ S for
some algebraic curve S C M. Nevertheless, often we cannot extend the projective
transverse structure to the curve S (for instance, in the case of Riccati foliations or
logarithmic foliations). Thus what is considered in [21] are what we have called
transversely projective foliations with moderate growth (cf. Definition 9). projective
structure in M\S.

The authors also introduce the following notion:
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Definition 12 ([21]) A Riccati foliation over a projective manifold M consists of
apair (r: P —-> M; H) = (P; H) where m: P — M is a locally trivial P! fiber
bundle in the Zariski topology, this means that P is the projectivization of the total
space of a rank two vector bundle E, and H is a codimension one foliation on P
which is transverse to a general fiber of &. In the case of a clear context, the P!-
bundle P is omitted from the notation. Then H is called a Riccati foliation. The
foliation H is defined by the projectivization of horizontal sections of a (non unique)
at meromorphic connection r on E. The connection r is uniquely determined by H
and its trace on det(E). We say that the Riccati foliation H is non-singular if it lifts to
a meromorphic connection » with at worst non-singular singularities (see [15]), and
irnon-singular if not. It is said that a Riccati foliation (P; H) over M factors through
a projective manifold M’ if there exists a Riccati foliation (z’: P’ — M’, H') over
M', and rational maps ¢p: M — M’ and ®: P — P’,suchthatn’ o ® = ¢ o 7, and
@ has degree one when restricted to a general fiber of P, and H = ®*H'.

Using the notion above, alternatively, in [21] the authors state that a foliation F
on M is transversely projective if there exists a triple P = (P; H; o) satisfying

1. (P; H) is a Riccati foliation over M; and
2. 0 : M — P isarational section generically transverse to H such that 7 = c*H.

After making the conversion between the notions of transversely projective folia-
tion in [21] and the one we consider in our work, we can state the main classification
result of [21] as follows:

Theorem 13 (cf. [21], Theorem D) Let F be a codimension one transversely pro-
Jective foliation of moderate growth on a projective manifold M. Then at least one
of the following assertions holds true.

1. There exists a generically finite Galois morphism f:Y — M such that f*F is
defined by a closed rational one-form.

2. Thereexists arationalmap f: M — Stoaruledsurface S, and a Riccatifoliation
R on S such that F = f*R.

3. The transverse projective structure for F has at worst non-singular singularities,
and the monodromy representation of F factors through one of the tautological
representations of a polydisk Shimura modular orbifold 'H.

Combining this result and Theorem 7 we promptly obtain:

Theorem 14 Let F be a holomorphic foliation by curves on a projective manifold
M. Assume that F is transversely projective in M\S where S C M is an algebraic
curve. Suppose that the singularities of F in S are non-resonant extended generalized
curves. Then at least one of the following assertions holds true.

1. There exists a generically finite Galois morphism f: Y — M such that f*F is
defined by a closed rational one-form.

2. Thereexistsarationalmap f: M — Stoaruledsurface S, and a Riccatifoliation
R on S such that F = f*R.
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3.

The transverse projective structure for F has at worst non-singular singularities,
and the monodromy representation of F factors through one of the tautological
representations of a polydisk Shimura modular orbifold H.
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