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Foreword

Fuzzy logic, based on fuzzy sets, was introduced by Lotfi A. Zadeh along the mid
1960s and 1970s, and meant one of the most important, creative, and fruitful
concepts introduced in science and technology during the second half of twentieth
century, as it is shown by the many theoretic results and applications that are based
on fuzzy sets. Its’ introduction has, indeed, all the typical characteristics of cre-
ativity since, and by the first time, it deals with the imprecision that permeates
natural language, and that logicians and scientists in general did left aside, and even
abhorred it from a long time by over valuating the precision that is necessary for
science. Nevertheless, if fuzzy logic tries to model the reasoning with imprecise
concepts, it is not imprecise in itself; fuzzy logic is not fuzzy.

A proper fuzzy set is nothing else than the collective generated in the language
by an imprecise word, and whose ‘meaning extent’ can be measured by its mem-
bership functions, each one being designed accordingly with the current
context-dependent and purpose-driven meaning of the corresponding word that
generates the fuzzy set. Linguistic collectives, or fuzzy sets, are cloudy entities
placed in natural language where they are well anchored, since people manage them
with ease and jointly with their linguistic labels; they are classical sets whenever the
word is precisely used in the universe of discourse. If all this corresponds with
philosophically viewing, a la Wittgenstein, the meaning of words as its contextual
use, for the scientific analysis, or domestication of language, imprecision cannot be
avoided, and advancing toward the mathematical modeling of natural language and
ordinary reasoning is necessary for reaching machines that can actually ‘think’ like
people, and for advancing into ‘Computing with Words and Perceptions’ as Zadeh
advocates since the last nineties.

In addition, and once Zadeh did prove that a membership function whose
maximum in the unit interval is 1 can be seen as a possibility distribution, this
theoretic fact opened a window for using these functions to also measure the
nonrandom uncertainty that exists in language, and for both precise and imprecise
words.

Zadeh’s trial to scientifically domesticating imprecision and nonrandom uncer-
tainty was actually a novelty that did not receive immediate adhesion by scientists
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viii Foreword

and that, without any doubt, aroused from the today disappeared field of cybernetics
which is the ascent of the successful current information technologies. As Zadeh
likes to say, fuzzy logic is a matter of degree, but it should not be forgotten that
applying fuzzy logic is also a matter of design; that all the intervening imprecise
terms should be carefully designed according with their conceptual use, and that for
this to count with mathematical models of relations, connectives, hedges, antonyms,
negations, etc., is very important.

Zadeh, a very creative engineer and scientist, not only introduced the basic ideas
of fuzzy sets and fuzzy logic, but pushed ahead with his own work its application to
many fields, ranging from expert systems and control engineering technology to
economy or medicine; as something not very usual, during his large life he is
contemplating the fertility of his ideas in fields different to those in which he did
initially expected its usefulness. Fertility, and mainly in other fields, is what Karl
Menger qualified as the success of a scientific concept.

As many creative new ideas, fuzzy logic was received with some content by
many scientists; for example, I remember how an important mathematician, by my
part a loved person and still in the first eighties, asked me if I was expecting to
‘resolve the world’ with just the unit interval! These scientists were closed in their
own world and forgot that before Zadeh, John von Neumann did ask for the
introduction of mathematical analysis into the study of ‘automata,” or that the great
geometer Karl Menger did introduce the probabilistic ‘hazy sets’ that can be seen as
a precedent of fuzzy sets. They even forgot that, in language and reasoning, too
much precision often conducts to a loosing of meaning.

The introduction of mathematical analysis in the study of language was done in
fuzzy logic after the first papers of Zadeh, and thanks to the work of some math-
ematicians. Indeed, and from the very beginning of fuzzy logic, several (then
young) mathematicians did enter into the new field and contributed to its theoretic
development with the study of some of its ideas like it was, for instance, the
analysis of the several ways of mathematically representing the basic ‘If/then’
conditionals that are relevant for the modeling of the important rule-based systems,
that experts established for linguistically describing the behavior of some dynamical
systems. This task was continued by mathematicians along the world, and today it
is easy to recognize their work in, for instance, the mathematic contributions made
in the study of t-norms, negations and antonyms, aggregation functions, implication
functions, indistinguishability (or fuzzy equivalence) relations, fuzzy integrals,
fuzzy graphs.

In my own case, after being mathematically educated in a strict ‘bourbakism,’
typical of the fifties and sixties of the twentieth Century, and coming from a
postdoctoral study of probabilistic metric spaces, my interest in fuzzy logic was a
partial consequence of feeling that mathematics, and at least its teaching, was going
too far from the real world problems when most of the knowledge fixed in its
corpus historically comes from questions posed in engineering, natural sciences,
financial sciences, social sciences, etc. That the secession between mathematics and
real world was not actually good neither for mathematics, nor for real world
problems; at the end, and as Galileo said, the book of nature is written in the
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language of mathematics, and at least from Newton, the scientific study of the world
cannot be made without mathematics. Natural language and ordinary reasoning are
also in the world, and rationality (the old Greek ‘Logos’) deserves to be scientifi-
cally studied.

Along the years, each time I am more convinced that if something called ‘fuzzy
mathematics’ has no sense, what is full of sense is to conduct studies on new
mathematical concepts that can, eventually, facilitate some new instruments for the
study of both linguistic imprecision and nonrandom uncertainty; instruments that
can help penetrating into the ‘logos.” This book is a nice example of this kind of
mathematical contributions that flourished around Zadeh’s initial ideas, namely,
fuzzy graphs, that were introduced by the late Prof. Azriel Rosenfeld as early as in
1975.

If directed graphs grounded on a classical set and with graduate arcs are not only
well known, but widely used in many applications, graphs defined on a fuzzy set in
its ground have interesting applications in the many cases in which elements in such
ground are affected by some imprecision allowing its graduation. Fuzzy graphs
translate into fuzzy sets the graduate relational concept of a numerically valued
graph and reduce them when the fuzzy set is but a crisp one; they still deserve more
applications than those that have been done and, for instance, in the mathematical
modeling of linguistic graded relationships between imprecise statements.

This book by Sunil Mathew, John N. Mordeson, and Devender S. Malik can
contribute to both help continuing the mathematical development of fuzzy graph
theory and to expand more its use in the applications; actually, the book comes to
complement what is currently available in the literature concerning fuzzy graphs,
like the two precedent books coauthored by John N. Mordeson.

Were only for this fact the book already deserves to be welcomed, but, in
addition, it not only contains most of all that has been published on fuzzy graphs,
including the important contributions made by its authors, but presents all in a
mathematically well organized and clearly understandable form.

The three authors should be congratulated by the excellent presentation of the
theory of fuzzy graphs they reached with this book that, I am sure, will receive
careful attention and will be appreciated by both the specialists, as well as by those
aiming at applying the big collection of ideas on fuzzy graphs it contains.

Oviedo (Asturias), Spain Enric Trillas



Preface

Lotfi Zadeh introduced the concept of a fuzzy subset of a set in 1965 as a way to
represent uncertainty. His ideas have motivated the interest of researchers world-
wide. One such researcher was Azriel Rosenfeld. He was one of the fathers of fuzzy
graph theory. His development of the concept of a fuzzy graph provides the
motivation of this book and the research it contains.

The book deals with current ideas in fuzzy graphs. It is not an attempt to provide
an exhaustive study. There are individual topics in fuzzy graphs that would provide
enough material for an entire book in them. Still it covers most of the major
developments in fuzzy graph theory during the period 1975-2017. The book should
be of interest to research mathematicians, computer scientists, and social scientists.
It is the first volume of a two volume set. The second volume focuses on the
application of fuzzy graph theory to the problem of human trafficking.

Some of the material in this book has appeared in [127]. We include it here since
the development of the book rests on it.

We provide in Chap. 1 only the very basics of fuzzy set theory needed to
understand the book. We assume the reader is familiar with basic notions of
mathematics including set theory. Since this book is designed primarily for
researchers with a knowledge of fuzzy set theory, we only provide a few concepts
from fuzzy sets and relations mainly to set forth our notation to be used in the book.

In Chap. 2, we present basic concepts of fuzzy graphs which are needed later in
the chapter and in the remainder of the book. For example, we introduce and
present basic results on paths, connectedness, forests, trees, and fuzzy cutsets. Other
basic concepts include bridges, cutsets, and blocks. We examine the connection
between cycles and fuzzy trees. We present deeper results on blocks and in fact give
a characterization of blocks in fuzzy graphs. We examine special types of cycles
such as strong cycles and locamin cycles. We then present results on important
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types of fuzzy graphs such as fuzzy line graphs and fuzzy interval graphs. The study
of fuzzy interval graphs includes the fuzzy analog of Marczewski’s theorem, the
Gilmore and Hoffman characterization, and the Fulkerson and Gross characteriza-
tion. The chapter is concluded with the development of certain operations on fuzzy
graphs such as the Cartesian cross product, the composition, union, and join of two
fuzzy graphs.

In Chap. 3, we focus on the connectivity of fuzzy graphs. We describe various
types of edges in fuzzy graphs with respect to connectivity properties and char-
acterize different fuzzy graph structures. We then consider vertex connectivity and
edge connectivity. We provide generalized versions of connectivity parameters
introduced by Yeh and Bang in 1975. Menger’s theorem is very celebrated result in
graph theory. We present a version of Menger’s theorem for fuzzy graphs.

Chapter 4 develops further results involving blocks. An application involving
undirected network of roads is given. Attention is then turned to critical blocks and
block graphs. Connectivity-transitive and cyclically transitive fuzzy graphs are
examined next.

Chapter 5 starts by considering connectedness and acyclic levels. A new mea-
sure of connectivity of fuzzy graphs, called cycle connectivity, and two different
types of bridges, called bonds and cutbonds, are discussed. Various metrics are also
examined. Attention is also given to detour distance in fuzzy graphs.

In Chap. 6, the notion of a sequence in fuzzy graphs is introduced. Most of the
fuzzy graph structures are characterized using different types of sequences. The
notion of saturation in fuzzy graphs is also introduced. The chapter concludes with
a study of strong intervals and strong gates in fuzzy graphs.

In Chap. 7, we present the work on interval-valued fuzzy graphs that is mostly
due to Akram. It includes results concerning the operations, Cartesian product,
composition, union, and join of fuzzy interval graphs. Other results deal with
isomorphisms, complete, and self-complementary interval-valued fuzzy graphs.
The important work of Craine on fuzzy interval graphs appears in Chap. 2.

In Chap. 8, we present the work on bipolar fuzzy graphs that is mostly due to
Akram. This work includes results on operations of bipolar fuzzy graphs similar to
the results in Chaps. 2 and 7. Results concerning isomorphisms of bipolar fuzzy
graphs as well as results concerning strong and regular bipolar fuzzy graphs are
provided. The chapter concludes with the work by Mathew and others on con-
nectivity concepts of bipolar fuzzy graphs.

The authors are thankful to everyone who supported this project. It is our hope
that this book will help students and researchers all over the globe to learn and to
apply fuzzy graph theory. We welcome all suggestions and comments from
everyone so that we can improve this book as a useful resource for students,
teachers, scientists, and engineers for addressing the challenges of today’s world.
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Chapter 1
Fuzzy Sets and Relations

The notion of a fuzzy graph was initially introduced by Kauffman in [91]. How-
ever, the development of fuzzy graph theory is due to the ground setting papers of
Rosenfeld [154] and Yeh and Bang [186]. In Rosenfeld’s paper, basic structural and
connectivity concepts were presented while Yeh and Bang introduced different con-
nectivity parameters and discussed their application. Rosenfeld obtained the fuzzy
analogs of several graph-theoretic concepts like bridges, paths, cycles, trees, and
connectedness. Most of the theoretical development of fuzzy graph theory is based
on Rosenfeld’s initial work.

Fuzzy graph theory is finding more and more applications. Applications can be
found in cluster analysis, pattern classification, data base theory, social sciences,
neural networks, decision analysis, group structure, portfolio management, and many
other areas [128].

1.1 Fuzzy Sets

Probability theory, considered as the only theory to deal with uncertainty till the
middle of the 20th century was based on the well known YES or NO logic, known
as the two valued logic of Aristotle. Aristotelian logic provides the information,
whether an element belongs to a set or not. Most of the human inventions like the
switch, computer, vehicles, and so on are based on this logic. In 1965, Lotfi A
Zadeh, [190] in his seminal paper introduced a new type of set called a fuzzy set
and a new logic later known as fuzzy logic. Zadeh’s line of thought was different.
Instead of YES or NO, regarding the existence of an element in a set, he used the
degree of membership, which allows an element to exist in a set with partial grades of
memberships. The applications of fuzzy logic are profound and widespread. Artificial
intelligence, electronics, transportation, robotics and pattern recognition are some of
the major areas that use fuzzy logic.

There are a large number of books available in both theory and applications of
fuzzy sets and logic. In the first chapter, we present only the basic concepts from

© Springer International Publishing AG 2018 1
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2 1 Fuzzy Sets and Relations

fuzzy set theory needed for this book. We assume that the reader is knowledgeable
on the basics of set theory. However, we first must set our notation.

Z denotes the integers

R denotes the set of all real numbers

N denotes the set of positive integers or natural numbers

We let A denote minimum or infimum and Vv denote maximum or supremum.

Let A and B be subsets of a universal set U. We write A C B if A is a subset of B
or equivalently B O A if B contains A. We write A C B if A C B and there exists
x € B such that x ¢ A. The intersection of A and B is denoted by A N B and the
union of A and B is denoted by A U B. We let B\ A denote the set difference of A in
B.Thus, B\A={x € B|x ¢ A}.If B = U, then we write A¢ for U\ A and call A¢
the complement of A.We let A x B denote the Cartesian cross product of A and B.

We let ¥ denote the empty set.

Definition 1.1.1 Let X be a set. A fuzzy subset of X is a function from X into the
closed interval [0, 1].

We can interpret a fuzzy subset p of a set X as giving the membership degree of
every element of X in some “subset” of X, i.e, given in some descriptive manner. For
example, A might be the set of all young people in a set of people X. Of course, A is
not been well-defined here but we might let p assign to every member of X a value
t from [0, 1] in such away that ¢ represents the membership degree of x in A, i.e., a
measure of “youngness.” We shall use the term fuzzy set, hereafter to denote fuzzy
subset of a set, if there is no confusion regarding the underlying set. We let $*B(X)
denote the set of all fuzzy subsets of X. We call §*B(X) the fuzzy power set of X.

A basic concept of fuzzy set theory is the 7-cut of a fuzzy subset u of a set X,
where t € [0, 1]. The z-cut or ¢-level set of a fuzzy subset i of X is defined to be
i ={x € X | u(x) > t}, where ¢ € [0, 1]. The strong ¢-cut of y is defined as
wt = {x € X | u(x) > t}. The support of y is defined to be Supp(u) = {x €
X | p(x) > 0}. We write u* for Supp(u) at times. Clearly a ¢-cut of a fuzzy set is a
crisp set and the support is indeed a strong 7-cut. The 1-cut is usually termed as the
core of the fuzzy set p. The height i (u) of fuzzy set u is the largest membership
value obtained by an element in the fuzzy set. A fuzzy set is said to be normal if
h(p) = 1 and subnormal if 4 (u) < 1. The height of » may be defined alternately
as the supremum of all ¢ such that p/ # @.

Example 1.1.2 Consider the fuzzy subset p of R given in Fig. 1.1. Here u* = (0, 3),
,ul = [1, 2]. Thus, the core of the fuzzy set i is [1, 2]. Also, h(x) = 1 and hence it
is a normal fuzzy set.

Example 1.1.3 Consider the set X = {1,2,3,...,10}. Define the fuzzy sub-
set o of X, representing ‘real numbers near to 5’ as {(1,0.1), (2,0.3), (3, 0.6),
(4,0.8), (5,1, (6,0.8), (7,0.6), (8,0.3), (9,0.1), (10, 0)}. Because u(5) = 1,
is a normal fuzzy subset of X. Also, note that 10 ¢ p*. Now p®° = p%5+ =
(3.4,5,6,7}, u*¢ ={3,4,5,6,7} and p*%* = (4,5, 6}.
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Fig. 1.1 A fuzzy subset of
the real line

Definition 1.1.4 A fuzzy subset u of a set X is said to be convex if p(Ax; + (1 —
A)x2) > p(xy) A p(xp) for all x1, x, € X and for all A € [0, 1].

Clearly a fuzzy set is convex if all its ¢-cuts are convex.

Definition 1.1.5 For a finite fuzzy subset i of X, the cardinality of . is defined as
|ul = > p(x). The relative cardinality of ;: is defined as 12|l = |u| / |X|.

xeX

We next define some set theoretical operations for fuzzy sets. Let © and v be
fuzzy subsets of a set X. We write 4 C v if for all x € X, pu(x) < v(x). If
1 € v and there exists x € X such that u(x) < v(x), we write 4 C v. We define
pNvbyforall x € X, (uNv)(x) = ulx) A v(x). We define 4 U v by for all
xeX, (pUr)(x) = pux) Vvux).

The notion of intersection for fuzzy sets can also be defined by use of a variety
of ¢t-norms.

Definition 1.1.6 A function i : [0, 1] x [0, 1] — [0, 1] is called a ¢t-norm if it
satisfies the following conditions:

(i) Forall x € [0, 1], i(1,x) = x.

(ii) Forallx,y € [0, 1], i(x,y) = i(y, x).

(@iii) Forall x,y,z € [0, 1], i(x,i(y,2) =i(i(x,y), 2).

(fv) Forall w, x,y,z € [0, 1], w < x and y < z implies i (w, y) < i(x, z).

Example 1.1.7 The following are examples of ¢-norms: for all x, y € [0, 1],
s _xAyifxvy=1,

@) ilx,y) = 0 otherwise

(@)ix,y)=0vx+y—1)

(z.zz).l(x,)’) = W))—xs)

@iv) i(x,y) =xy

(W) i(x,y) =xANy.

The t-norm in (v) is often called the standard intersection for fuzzy subsets.
The notion of union for fuzzy sets can be defined by a variety of #-conorms as
defined next.
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Definition 1.1.8 A function u : [0, 1] x [0, 1] — [0, 1] is called a f-conorm if it
satisfies the following conditions:
(i) Forall x € [0, 1], u(0, x) = x.
(ii) Forall x,y € [0, 1], u(x, y) = u(y, x).
(iii) Forall x, y,z € [0, 1], u(x, u(y, z)) = u(u(x, y), z).
(iv)Forallw,x,y,z €[0,1], w < xand y < z implies u(w, y) < u(x, z).

Example 1.1.9 The following are examples of #-conorms:
(i) Standard union: u(x,y) =x VvV y
(i7) Algebraic sum: u(x,y) =x +y —xy
(iii) Bounded sum: u(x,y) =1 A (x + y)
x ify =0,
(iv) Drastic union: u(x,y) = 3 y ifx =0,
1 otherwise.

Next we introduce the notion of a complement.

Definition 1.1.10 A function ¢ : [0, 1] — [0, 1] is called a fuzzy complement if
the following conditions hold:

(i) c(0) =1and c(1) =0.

(ii) Forall x, y € [0, 1], x < y implies c(x) > c(y).

A desirous property for a fuzzy complement ¢ to possess is continuity. Another
is that it be involutive, i.e., for all x € [0, 1], c(c(x)) = x. An example of a fuzzy
complement is the standard complement, i.e., c(x) = 1 — x for all x € [0, 1].

In classical set theory, the operations of intersection and union are dual with
respect to complement in the sense that they satisfy De Morgan’s laws,

(AN B)* = A°U B and (AU B)° = A° N B°

for subsets A and B of some universe.
For fuzzy subsets, De Morgan’s laws become

c(i(a, b)) = u(c(a), c(b)) and c(u(a, b)) = i(c(a), c(b)).

It can be easily shown that if ¢ is the standard complement, then the standard
intersection and the standard union are duals with respect to ¢ as are many other
pairs.

Example 1.1.11 Standard union and intersection are illustrated in this example. Con-
sider the fuzzy subsets o and p of {1, 2, 3,4, 5, 6,7, 8} defined as follows.

o ={(1,0.1), (2,0.5), (3,0.8), 4, 1), (5,0.8), (6,0.5), (7,0.1), (8, 0.0)}
and

n=1{(1,0.0), (2,0.0), (3,0.2), (4,0.4), (5,0.6), (6,0.8), (7, 1), (8, 1)}.
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Then
oUp=1{(1,0.1),(2,0.5), (3,0.8), (4, 1), (5,0.8), (6,0.8), (7, 1), (8, 1)}

and
ocNu=1{@3,0.2),4,0.4),(5,0.6), (6,0.5), (7,0.1)}.

1.2 Fuzzy Relations

As crisp relations represent the association between elements of two or more sets, a
fuzzy relation gives the extent of relationship between elements between two fuzzy
sets. Zadeh [190] introduced fuzzy relations in 1965. Later, Zadeh [192], Kaufman,
[91] and Rosenfeld [154] developed significant results. There are several applications
for fuzzy relations. We have only a theoretical discussion about fuzzy relations in this
section. We provide a formal definition below. Most of the contents of this section
are based on Rosenfeld’s work in 1975 [154].

If S represents a set, a fuzzy relation p on S is a fuzzy subset of S x S. In symbols,
w8 xS —[0,1]suchthat 0 < p(x,y) <1forall (x,y) € S x S. When u takes
the values 0 and 1 alone, it becomes the characteristic function of a relation on S. If
R is a subset of S and P is a relation on S, then P becomes a relation on R only if
(x,y) € Pimpliesx € R and y € R. If ( and 7 are the characteristic functions of R
and P respectively, then n7(x, y) = 1 implies ((x) = ((y) = 1 forall x, y € R. This
is equivalent to the expression n(x, y) < ((x) A ((y) for all x, y € R. Motivated by
this, we have the definition of a fuzzy relation on a fuzzy subset as follows.

Definition 1.2.1 Let o be a fuzzy subset of a set S and p a fuzzy relation on S. Then
w is called a fuzzy relation on o if u(x, y) < o(x) Ao(y) forallx,y € S.

Definition 1.2.2 If S and T are two sets and ¢ and 7 are fuzzy subsets of S and T,
respectively, then a fuzzy relation p from the fuzzy subset o into the fuzzy subset
7 is a fuzzy subset p of S x T such that u(x,y) < o(x) A 7(y) forall x € S and
yeT.

Itis interesting to see that for y to be a fuzzy relation, the degree of membership of
a pair of elements never exceeds the degree of membership of either of the elements.
Later, while defining a fuzzy graph, this inequality allows us to organize the flow
through an edge of a fuzzy graph in such a way that, it never exceeds the capacities
of its end vertices. Also, p“ is a relation from o® into 7 for all « € [0, 1] and as a
consequence, ;1* becomes a relation from o* into 7*.

In Definition 1.2.2, if o(x) = 1 forall x € S and 7(y) = 1 forall y € T, then
1 is called a fuzzy relation from S into 7'. Similarly, if o(x) = 1 forall x € S in
Definition 1.2.1, y is said to be a fuzzy relation on S.

Definition 1.2.3 If o is a fuzzy subset of a set S, the strongest fuzzy relation on o
is the fuzzy relation p, defined by p,(x, y) = o(x) Ao(y) forallx,y € S.
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Definition 1.2.4 For a fuzzy relation x4 on S, the weakest fuzzy subset of S, on
which i is a fuzzy relation is o, defined by o, (x) = Vyes(u(x, y) V u(y, x)) for
all x € §S.

Definition 1.2.5 Let p: S x T — [0, 1] be a fuzzy relation from a fuzzy subset o
of S into a fuzzy subset Tof T and v : T x U — [0, 1] is a fuzzy relation from the
fuzzy subset p of T into a fuzzy subset 1 of U. Define pov : § x U — [0, 1] by
(pov)(x,z) = V{ux,y) Av(y,z) | ye T}forallx € S,z € U. Then ppo v is
called the max—min composition of ¢ and 7.

The composition of any two fuzzy relations as in Definition 1.2.5 is always a
fuzzy relation. But in the next result, we only consider two fuzzy relations defined
on the same fuzzy set.

Proposition 1.2.6 If i and v are fuzzy relations on a fuzzy set o, then pov is a fuzzy
relation on o.

Proof Let S be asetand o be afuzzy subset of S. Because i and v are fuzzy relations
ono, ux,y) <ox)Aoc@)and v(y,z) < o(y) Ao(z) forall x,y,z € S. Thus,
ux, y) Av(y,z) <ox)Ao(y) ANo(z) < o(x) Ao(z) forall y € S and hence,
(Lov)(x,z) = Vyes(u(x, y) Av(y,2)) <o(x) Ao(z) forallx,ze S. B

Max—min composition is similar to matrix multiplication, where addition is
replaced by Vv and multiplication by A. We can easily show that the composition
of fuzzy relations is associative. So if we denote 1 o p by u?, higher powers of
the fuzzy relation p2, 1%, and so on, can be easily defined. Define ;™ (x,y) =
V{gk(x,y) |k =1,2,...)forall x,y € S. Also, define p°(x, y) = 0if x # y and
10(x, x) = pu(x, x) otherwise.

Proposition 1.2.7 If u and v are two fuzzy relations on a finite set S, then for all
t €10, 1], we have (uov)' = p'ov/'.

Proof Let (x, z) € (uov)'. Then (nov)(x, z) > r. By definition, u(x, y) Av(y, z) >
t for some y € S. Therefore, p1(x, y) > t and v(y, z) > ¢, which implies (x, y) € u'
and (y, z) € v/'. Thus, (x, z) € u o /' by the definition of composition of functions.
Hence, (n o v)" C p' o', Similarly, ' o v C (o v)'. Thus, (o v) = ' o',
[ |

Proposition 1.2.8 Suppose i, v, \, p are fuzzy relations defined on a fuzzy subset
cof S.If pu Cvand X\ C p, then oA C vop.

Proof Wehave (o) (x, 2) = Vyes(u(x, Y)AAY, 2)) < Vyes(W(x, Y)Ap(y, 2)) =
(vop)(x,z)forallx,ze S. A

Note that there are several types of composition of fuzzy relations that are available
in the literature [154]. Next we have a unary operation on a fuzzy relation.

Definition 1.2.9 Let i be a fuzzy relation defined on a fuzzy subset o of a set S.
Then the compliment ;€ of 1 is defined as p(x, y) =1 — p(x, y) forallx, y € S.
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Definition 1.2.10 Let i : S x T — [0, 1] be a fuzzy relation from a fuzzy subset o
of S into a fuzzy subset v of T. Then ="' : T x S — [0, 1], the inverse of z from
v into o is defined as p1~'(y, x) = p(x, y) forall (y,x) € T x S.

Some of the properties of fuzzy relations are given in the following result. Their
proofs are omitted as they are obvious.

Theorem 1.2.11 Let 7, 7, p and v be a fuzzy relations on a fuzzy subset o of a set
S. Then the following properties hold.
@)y tUm=nUT.
(h)ytNm=nmnUr.
@({ii) () =T.
vy TU(pUr)=(mUp)Ur.
WrTNpNv)y=(@ENp Nu.
(viymo(pov)=(mop)ov.
i) tN(pUv)=(mNp)U(mrNvr).
Wity tU(pNv)=(mUp) N(TrUv).
(ix) (UM =7m“Nrt°.
x) (tNm) =n°UT".
(xi) Foreveryt € [0,1], (tUm) =7 U~
(xii) Foreveryt € [0,1], (rNm) =7 N«
xiii)IftrCpandm C v, thentUm C pUUr.
xiv)IftrCpandm Cv, thentNT < pNu.

Definition 1.2.12 Let 1 be a fuzzy relation on o, where o is a fuzzy subset of a set
S. Then p is said to be reflexive if p(x, x) = o(x) forall x € S.

When g is a reflexive fuzzy relation on o, it is not hard to see that pu(x,y) <
o(x) = p(x,x) and p(y,x) < o(x) = u(x,x) for all x,y € S. In other words,
when we express a fuzzy relation in a matrix form, the elements of any row or any
column will be less than or equal to the diagonal element belonging to that row
or column. Sometimes we say p is reflexive on o. Next we have some interesting
properties of reflexive fuzzy relations.

Theorem 1.2.13 Let 11 and v be fuzzy relations on a fuzzy subset o of a set S. If i
is reflexive, thenv Cvopandv C pov.

Proof Letx,z € S. Then (uov)(x,z) = V{ux,y) Av(y,z) |y € S} = plx,x) A
v(x,z) = o) Av(x,z). Butv(x, z) < o(x) A o(z). Therefore, o(x) A v(x,z) =
v(x, z). Thus, v € p o v. Similarly, we can prove thaty Cvopu. W

Corollary 1.2.14 If 11 is reflexive, then pn .
Corollary 1.2.15 If p is reflexive, then ° € C p> C p? € -+ C ™.

The proofs of Corollaries 1.2.14 and 1.2.15 can be obtained by taking v as y, i,
and so on in the proof of Theorem 1.2.13.
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Theorem 1.2.16 Let y be a fuzzy relation on a fuzzy subset o of a set S. If i is
reflexive, ,uo(x,x) = pux,x) = ,uz(x,x) = u3(x,x) == u>®x,x) =ox) for
all x € §S.

Proof We have u(x,x) = o(x) for all x € S. Assume that the result is true for
k = n. That is, pu"(x,x) = o(x), for all x € S. Now, for all x € S, we have
e, x) = Vip, ) Apt(y.x) |y € S < V{ox) Aox) |y € S} = o(x).
Also, 1" (x, x) = V{u@x, y) A (v, x) | y € S} > ux, x) A p'(x, x) = o(x).
Thus, p"T'(x,x) = o(x) forallx € S. N

Theorem 1.2.17 If i1 and v reflexive fuzzy relation on o, then po v and v o p are
also reflexive.

Proof (pov)(x,x) = Vv{ux,y) Av(y,x) |y €St =Vv{ioc(x) Ao(x)|yeS}=
o(x) and (p o v)(x,x) = V{ulx,y) Av(y,x) | y € S} = plx,x) Av(x,x) =
o(x) A o(x) = o(x). The proof that v o y is reflexive is similar. W

Theorem 1.2.18 If 1 is reflexive on o, then o' is reflexive on o' for all t € [0, 1].

Proof Suppose p is reflexive. Let x € o'. Then p(x,x) = o(x) > ¢ and thus
(x,x)ey. N

Definition 1.2.19 Let x be a fuzzy relation on o, where o is a fuzzy subset of a set
S. Then p is said to be symmetric if p(x, y) = p(y, x) forall x, y € §.

From the definition, it follows that if 1 is symmetric, then the matrix representation
of 1 is symmetric.

Theorem 1.2.20 Let iv and v be fuzzy relations on a fuzzy subset o of a set S. Then
the following properties hold.
(@) If p and v are symmetric, then p o v is symmetric if and only if pov = v o p.
(i1) If p is symmetric, then every power of u also is symmetric.
(iii) If pu is symmetric, then u' is a symmetric relation on o' for all t € [0, 1].

Proof (i) (pov)(x,2) = (powv)(z,x) & V{ux,y) Av(y,2) | y € S} =
V{u(z, Y)Av(y, x) |y € S} & V{ulx, Av(y,z2) |y € S} = V{v(y, x)Auz, y) |
y € S} < pov =vopusince puand v are symmetric.

(ii) Assume that p”* is symmetric for n € N. Then u”“(x, 7) = V{ulx,y) A
Wy.z) |y eSt=v{uly,x) Ap'z,y) | yeSt=v{p" @y Apy,x)|yce
Sy = p"(z, x)

(iii) Let 0 < ¢ < 1. Suppose (x,z) € p'. Then u(x,z) > t. Because p is
symmetric, j(z, x) > t. Thus, (z,x) € p'. W

Definition 1.2.21 Let x be a fuzzy relation on o, where o is a fuzzy subset of a set
S. Then 4 is said to be transitive if ©> C .

From the definition, it is clear that for any fuzzy relation p, > is a transitive
fuzzy relation.
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Theorem 1.2.22 Let v, p, and T be fuzzy relations on a fuzzy subset o of a set S.
Then the following properties hold.

@) If w is transitive and v  p, 7 C p, thenv ot C .

(i1) If p is transitive, then so is every power of L.

(iii) If p is transitive, T is reflexive and T C p, then o7 =T o [t = 1.

(iv) If p is reflexive and transitive, then p> = yi.

(v) If pu is reflexive and transitive, then 1i° C = p> = p = - = pu>.

Proof (i) (voT)(x,2) =V{v(x, ) AT(y,2) | y € S} = V{u(x, y) Ap(y,2) |y €
S} = p?(x,z) < p(x, z). Hence, v o1 C pu.

(ii) Assume that " is transitive. Then p” o " € p" and p"+! o p ' = 22 =
Iu2n OMZ C Iun o= /’('H-H'

(iii) In (i), take v to be p. Then o7 C p. Also, (o 7)(x, z) = V{iulx,y) A
T(y,2) |y €S> ulx,2) A7(z,2) = p(x,z2) Ao(z) = p(x, z). Thatis, po7 D
and hence p o 7 = p. Similarly, we can prove that 7 o u = p.

(iv) Follows from (iii).

(v) By (iv), o = p?. Assume that " = "+t forn > 1. Then p" o pp = "' o pa.
Hence, ;"' = 12, W

Theorem 1.2.23 Let v, i, and T be fuzzy relations on a fuzzy subset o of a set S.
Then the following properties hold.

(i) If p and T are transitive and p.o T = T o u, then [ o T is transitive.

(i) If pis symmetric and transitive, then p(x, y) < u(x, x)and u(y, x) < p(x, x)
forallx,y € S.

(iii) If p is transitive, then for any t € [0, 1], ' is a transitive relation on o’.

Proof (i) (woT)o (o) =,uo(Toﬂ)o7’=po(uo7’)o7’=ﬂ2072 Cuor.
Thus, pt o 7 is transitive.

(i7) Because p is transitive, o u C p. Hence, (1 o u)(x, x) < u(x,x). That
is, V{u(x, y) A p(y,x) | y € S} < u(x, x). Because p is symmetric, V{u(x, y) A
wx,y) |y € S} < p(x,x). Thus, p(x,y) < wp(x,x). Because p is symmetric,
p(y, x) < plx, x).

(iii)Let0 <t < 1.Let (x,y), (y,2) € u'. Then p(x,y) >t and u(y,z) > t.
Therefore, pu(x, z) = V{u(x,2) A p(w, 2) | w e S} = pu(x, y) A pu(y, z) > t. Thus,
(x,z2)ep. N

Definition 1.2.24 A fuzzy relation x on a fuzzy subset o of a set S is said to be a
fuzzy equivalence relation if it is reflexive, symmetric and transitive.

Fuzzy equivalence relations have several applications including those in pattern
classification given in [ 128]. Next we discuss similarity relations introduced by Zadeh
in [192]. We present the work of Tamura, Higuchi and Tanaka [173].

Definition 1.2.25 Let u be a fuzzy relation on a set S. Then

(@) p is e-reflexive if for all x € S, u(x, x) > ¢, where € € [0, 1].

(ii) p is irreflexive if for all x € S, p(x, x) = 0.

(iii) p is weakly reflexive if for all x, y € S and for all € € [0, 1], u(x, y) =
€= u(x,x) > e
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Note that if ¢ = 1, then e-reflexive relation coincides with a reflexive relation.

Lemma 1.2.26 If 11 is a fuzzy relation from S into T, then the fuzzy relation po ="
is weakly reflexive and symmetric.

Proof Now, (po ") (x,x") = V{p(x, y) A p~ (v, x) | y € T} < Vip(x, y) A
px,y) |y € Th = vip, y) Ap~'(y,x) | y € T} = (o p")(x, x). Hence,
o p~"is weakly reflexive.

Also, (o p~)(x, x") = V{px, ) Ap ' (y.x) |y € T) = Vi '(y,x) A
pux' sy | yeTy=Vvip@, )Au ' (y,x) | yeT}) = (uopu")(x', x). Hence,
po ! is symmetric. W

If 1 is a weakly reflexive and symmetric fuzzy relation on a set S, we can define
a family of non fuzzy subsets F* as follows.

FFr={KCS|30<e<DVxeSxeK <& Vx ekK) [ukx,x)=>e€ll}

Thus, if welet F#* ={K € S| (Vx € S)[x € K & (Vx’ € K) [u(x, x") > €]]},
thene¢) < e = F E’; < Fjl‘ where < denotes a covering relation. That is, every
element in F/ is a subset of an element in F.

Definition 1.2.27 Let 1 be a weakly reflexive and symmetric fuzzy relation on a
set S. A subset J of S is called ¢- complete with respect to p if for all x, x" € J,
1(x, x") > e. A maximal e-complete set is one which is not properly contained in
any other e-complete set.

Lemma 1.2.28 F* is the family of all maximal € -complete sets with respect to
for0<e<l.

Proof Let K € F* and x,x” € K. Then there exists 0 < ¢ < 1 such that for all
x" € K, u(x, x") > €. Thus, u(x, x”) > €. Hence, K is e-complete. Let J be a subset
of S such that K C J and J is e-complete. Let x € J. Because J is e-complete,
for all x" € K, pu(x,x’") > e. Because K € F*, x € K. Thus, /J € K. Hence,
K is maximal. Now, let K be a maximal € -complete set. Let x € S. Then clearly
x € K & forallx’ € K, pu(x,x’) > €. Thus, K € F*. B

Lemma 1.2.29 Let 1 be a weakly reflexive and symmetric fuzzy relation on a set S.
If p(x, x") > 0, then there is some e-complete set K € F" such that {x, x'} C K.

Proof If x = x/, then {x} is clearly e-complete for ¢ = pu(x, x). Suppose x #
x'. Then because j(x, x") = pu(x’, x), by symmetry, and p(x,x) > p(x,x’) and
w(x’, x") > p(x, x") by weak reflexivity, we can see that {x, x’} is € -complete,
where € = u(x, x’). Denote by C., the family of all e-complete sets C which contain
{x, x’}. Then C, is not empty because {x, x'} € C.. It follows by Zorn’s lemma
that C, has a maximal element K. This element is also maximal in the family of
all e-complete sets because any set including K must also include {x, x}. Hence,
K € F'by Lemma 1.2.28. W

Lemma 1.2.30 If x4 represents the characteristic function of ¢ in S x S, and if

I 7# X is a weakly reflexive and symmetric fuzzy relation on S, then there exists a

set T and a fuzzy relation v from S into T such that = v ov~".
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Proof Let T denotes the set {K* | K € F"}. Define a fuzzy relation v from S to T
as follows

" [ t if x € K and ¢ is the largest number such that K € F/
v(ix, K*) = .
0 otherwise

If u(x, x’) =t > 0, then by Lemma 1.2.29, there is a ¢ -complete set K € F* such
that {x, x'} € K.Because (vor~!)(x, x') = Vg-[v(x, K)Av(x™)] > t = pu(x, x’),
we conclude that 4 C v o vl

Suppose now that (v o v~!)(x, x’) = s. Then there exists K* € F; such that
v(x, K*) = v(x*). This means that {x, x’} € K and hence pu(x,x’) > s. (s =
vor H(x,x) = Vg[v(x, K*) Av(K*, x)] = Vg-[v(x, K*) A v(x™)]. Thus,
there exists K* such that either v(x, K*) = s and v(x™*) > s or v(x, K*) > s and
v(x™) = s. Now, s is the largest such that K € F/'. Hence, v(x, K*) = s and
v(x™*) = s5.) Therefore, vov=' Cpu. W

Theorem 1.2.31 A fuzzy relation (v # x4 on a set S is weakly reflexive and sym-

metric if and only if there is a set T and a fuzzy relation v from S into T such that
~1

nw=vov .

The proof of Theorem 1.2.31 follows from Lemmas 1.2.26 and 1.2.30.
From here on we use the notation ¢, to denote the fuzzy relation in
Theorem 1.2.31.

Definition 1.2.32 A cover C on a set S is a family of subsets S;,i € I of S such

that | J,., S; = S, where [ is a nonempty index set.

Definition 1.2.33 Let u be a fuzzy relation from S into 7. For € € [0, 1], we have

(i) p is e-determinate if for each x € S, there exists at most one y € T such that
plx,y) = €

(i) w is e-productive if for each x € S, there exists at least one y € T such that
px, y) = €

(iii) p is an e-function if it is both e-determinate and e-productive.

Lemma 1.2.34 If 11 is an e-reflexive fuzzy relation on S, then ¢,, is e-productive and
for each € < e, F:f is a cover of S.

Proof Let 0 < € < e. Because for each x € , u(x,x) > €, and because {x} is
e-complete, there is some K in F, ' such that x € K. Hence, F, '!'is a cover of X. Also,
by definition of ¢, x € K 1mphes that ¢, (x, K*) > e, which implies that ¢, is €
-productive. H

When € = 1, we use the terms determinate, productive and function for e-
determinate, e-productive and e-function, respectively.

Corollary 1.2.35 If yu is reflexive, then ¢,, is productive and each F}', (0 < € < 1)
is a cover of S.
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Corollary 1.2.36 1 is a reflexive and symmetric relation on S if and only if there is
1

a set T and a productive fuzzy relation v from S into T such that jp = vov™".
The proof of Corollary 1.2.36 follows directly from Theorem 1.2.31 and Corollary
1.2.35.

Lemma 1.2.37 Let p be a weakly reflexive, symmetric and transitive fuzzy relation
on S and let ¢, denotes the relation ¢, whose range is restricted to F!. That is, ¢},
equals ¢, on S x {K* | K € F!'}. Then for each 0 < € < 1, ¢, is e-determinate and
the elements of F} are pairwise disjoint.

Proof Let K and K’ be two elements of F/ and assume that K N K’ # . For any
q1 € KN K', we have (g, q1) > eforall ¢ € K and 11(q1,q’) > eforall ¢’ € K'.
Because p is transitive, we have u(q, ¢') > eforall ¢ € K and ¢’ € K’. Because
is weakly reflexive and symmetric, we can conclude that K U K’ is e-complete. But
because K and K’ are maximal e-complete, we must conclude that K = K’. Hence,
K # K'implies KNK' = (. Suppose x € K, where K € F*.Then ¢, (x, K*) > ¢,
and because x cannot belong to any other sets in F*, ¢, is e-determinate. W

Definition 1.2.38 A similarity relation 1 on S is a fuzzy relation on S, which
is reflexive, symmetric and transitive. yu is called an e-similarity relation if it is e-
reflexive for some 0 < € < 1, symmetric and transitive.

Clearly, a similarity relation on a set S is a fuzzy equivalence relation on S.

Corollary 1.2.39 If i is a similarity relation on S, then for each 0 < € < 1, F! is
a partition of S.

The proof of Corollary 1.2.39 follows from the fact that reflexivity implies weak
reflexivity, Lemmas 1.2.34 and 1.2.37.

We conclude this section with the following theorem, which is a characterization
for similarity relations.

Theorem 1.2.40 A relation p is an e-similarity (0 < € < 1) relation on a set S
if and only if there is another set T and an e-function v from S into T such that

,u:yoy’l.

The proof of Theorem 1.2.40 follows from Theorem 1.2.31 and Corollary 1.2.39.



Chapter 2
Fuzzy Graphs

A graph represents a particular relationship between elements of a set V. It gives
an idea about the extent of the relationship between any two elements of V. We
can solve this problem by using a weighted graph if proper weights are known. But
in most of the situations, the weights may not be known, and the relationships are
‘fuzzy’ in a natural sense. Hence, a fuzzy relation can deal with the situation in a
better way. As an example, if V represents certain locations and a network of roads is
to be constructed between elements of V, then the costs of construction of the links
are fuzzy. But the costs can be compared, to some extent using the terrain and local
factors and can be modeled as fuzzy relations. Thus, fuzzy graph models are more
helpful and realistic in natural situations.

Kaufman [91] gave the first definition of a fuzzy graph. But it was Rosenfeld [154]
and Yeh and Bang [186] who laid the foundations for fuzzy graph theory. Rosenfeld
introduced fuzzy analogs of several basic graph-theoretic concepts, including sub-
graphs, paths, connectedness, cliques, bridges, cutvertices, forests, and trees. Yeh
and Bang independently introduced many connectivity concepts including vertex
and edge connectivity in fuzzy graphs and applied fuzzy graphs for the first time in
clustering of data.

In this chapter, we discuss fundamentals of fuzzy graph theory. We provide for-
mal definitions, basic concepts, and properties of fuzzy graphs. For simplicity, we
consider only undirected fuzzy graphs, unless otherwise specified. Thus, the edges
of the fuzzy graph are unordered pairs of vertices.

2.1 Definitions and Basic Properties

Let V be a nonempty set. Define the relation ~ on V x V by for all (x, y), (u, v) €
VxV,(x,y)~ (u,v)ifand only if x =u and y = v or x = v and y = u. Then
it is easily shown that ~ is an equivalence relation on V x V. For all x, y € V, let
© Springer International Publishing AG 2018 13
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[(x, ¥)] denote the equivalence class of (x, y) with respect to ~ . Then [(x, y)] =
{Cx, ), (v, x)}.LetEy = {[(x, y)] | x, ¥y € V, x # y}. Forsimplicity, we often write
& for &y when V is understood. Let E C £. A graph is a pair (V, E). The elements
of V are thought of as vertices of the graph and the elements of E as the edges.
For x,y € V, we let xy denote [(x, y)]. Then clearly xy = yx. We note that graph
(V, E) has no loops or parallel edges.

Definition 2.1.1 A fuzzy graph G = (V, o, ) is a triple consisting of a nonempty
set V together with a pair of functions o : V — [0, 1] and p : € — [0, 1] such that
forallx,y e V, u(xy) <o(x) Aa(y).

The fuzzy set o is called the fuzzy vertex set of G and p the fuzzy edge set of
G. Clearly y is a fuzzy relation on 0. We consider V as a finite set, unless otherwise
specified. For notational convenience, we use simply G or (o, ut) to represent the
fuzzy graph G = (V, o, p). Also, o* and p*, respectively, represent the supports of
o and p, also denoted by Supp(c) and Supp().

Example 2.1.2 LetV = {a, b, c}. Define the fuzzy setcon V aso(a) = 0.5, 0(b) =
1 and o(c) = 0.8. Define a fuzzy set p of £ such that u(ab) = 0.5, u(bc) = 0.7 and
w(ac) = 0.1. Then p(xy) < o(x) Ao(y) for all x,y € V. Thus, G = (o, u) is a
fuzzy graph. If we redefine ju(ab) = 0.6, then it is no longer a fuzzy graph.

It follows from the Definition 2.1.1 that any unweighted graph (V, E) is trivially
afuzzy graph with o(x) = 1forallx € V and pu(xy) = Oor 1forallx, y € V. Also,
we write (V, p) to denote a fuzzy graph with o(x) = 1 forallx € V.

Definition 2.1.3 Let G = (V, o, u) be a fuzzy graph. Then a fuzzy graph H =
(V, T, v) is called a partial fuzzy subgraph of G if 7 C ¢ and v C p. Similarly,
the fuzzy graph H = (P, 7, v) is called a fuzzy subgraph of G induced by P if
PCV,7(x) =0(x) for all x € P and v(xy) = pu(xy) for all x, y € P. We write
(P) to denote the fuzzy subgraph induced by P.

Example 2.1.4 LetG = (1, v),where " = {a, b, c} and p* = {ab, bc} withT(a) =
0.4, 7(h) =0.8,7(c) = 0.5, v(ab) = 0.3 and v(bc) = 0.2. Then clearly G is a par-
tial fuzzy subgraph of the fuzzy graph in Example 2.1.2. Also, if P = {a, b} and
H = (7,v), where 7(a) = 0.5, 7(b) = 1 and v(ab) = 0.5, then H is the induced
fuzzy subgraph of G in Example 2.1.2, induced by P.

Definition 2.1.5 Let G = (o, i) be a fuzzy graph. Then a partial fuzzy subgraph
(1, v) of G is said to span G if o = 7. In this case, we call (7, v) a spanning fuzzy
subgraph of (o, ).

In fact a fuzzy subgraph H = (7, v) of a fuzzy graph G = (o, p) induced by a
subset P of V is a particular partial fuzzy subgraph of G. Take 7(x) = o(x) for all
x € P and O for all x ¢ P. Similarly, take v(xy) = u(xy) if xy is in a set of edges
involving elements from P, and O otherwise.
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Definition 2.1.6 Let G = (V, 0, i) be a fuzzy graph. Let0 <t < 1.Leto’ = {x €
o*|o(x)>rt}and p' = {uv € p* | p(uv) > t}.

Clearly, ' C {xy | o(x) > t,0(y) >t} and hence H = (o', ') is a graph with
vertex set o' and edge set ' H is called the threshold graph of the fuzzy graph G,
corresponding to ¢.

Proposition 2.1.7 Let G = (o, ) be a fuzzy graph and 0 < s <t < 1. Then the
threshold graph (o', ') is a subgraph of the threshold graph (c*, i*). Also, if H =
(v, 7) is a partial fuzzy subgraph of G and t € [0, 1], then (V', T") is a subgraph of
(o', uh).

2.2 Connectivity in Fuzzy Graphs

We mainly discuss the concepts of fuzzy cutvertices and fuzzy bridges in this section.
Most of the results are due to Sunitha and Vijayakumar [167, 168]. Also, Theorem
2.2.1, by Rosenfeld gives a very strong characterization for a fuzzy bridge.

A path P in a fuzzy graph G = (o, ;1) is a sequence of distinct vertices
X0s X1, ..., Xy (except possibly xo and x,) such that p(x;—jx;) > 0,i =1,...,n.
Here n is called the length of the path. The consecutive pairs are called the edges of
the path. The diameter of x, y € V, written diam(x, y), is the length of the longest
path joining x to y. The strength of P is defined to be A7_, f1(x;—1x;). In words, the
strength of a path is defined to be the weight of the weakest edge. We denote the
strength of a path P by d(P) or s(P). The strength of connectedness between two
vertices x and y is defined as the maximum of the strengths of all paths between x
and y and is denoted by u*°(x, y) or CONN(x, y). A strongest path joining any two
vertices x, y has strength > (x, y). It can be shown that if (7, v/) is a partial fuzzy
subgraph of (o, ), then »*° C p*. We call P a cycle if xo = x, and n > 3. Two
vertices that are joined by a path are called connected. It follows that this notion of
connectedness is an equivalence relation. The equivalence classes of vertices under
this equivalence relation are called connected components of the given fuzzy graph.
They are just its maximal connected partial fuzzy subgraphs.

Let G = (o, p) be afuzzy graph, let x, y be two distinct vertices and let G’ be the
partial fuzzy subgraph of G obtained by deleting the edge xy. Thatis, G’ = (o, 1'),
where p/(xy) = 0 and y/ = p for all other pairs. We call xy a fuzzy bridge in G
if 1>, v) < pu® (u, v) for some u, v in o*. In words, the deletion of the edge xy
reduces the strength of connectedness between some pair of vertices in G. Thus, xy
is a fuzzy bridge if and only if there exists vertices u, v such that xy is an edge of
every strongest path from u to v.

Theorem 2.2.1 ([154]) Let G = (0, ) be a fuzzy graph. Then the following state-
ments are equivalent.
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(i) xy is afuzzy bridge.
(i) P> (x,y) < p(xy).
(iii) xy is not the weakest edge of any cycle.

Proof (ii) = (i) If xy is not a fuzzy bridge, then 1/ (x, y) = u™(x, y) > u(xy).
(i) = (iii) If xy is the weakest edge of a cycle, then any path P involving edge
xy can be converted into a path P’ not involving xy but at least as strong as P, by
using the rest of the cycle as a path from x to y. Thus, xy cannot be a fuzzy bridge.
(iii) = (ii) If /*°(x, y) > p(xy), then there is a path from x to y not involving
xy, that has strength > p(xy), and this path together with xy forms a cycle of G in
which xy is a weakest edge. W

Let w be any vertex and let G’ be the partial fuzzy subgraph of G obtained by
deleting the vertex w. That is, G’ = (¢’, 1) is the partial fuzzy subgraph of G such
thato’(w) = 0, o = o’ for all other vertices, i/ (wz) = 0forall vertices z,and p' = p
for all other edges. We call w a fuzzy cutvertex in G if /> (u, v) < > (u, v) for
some u, v in V such that u # w # v. In words, w is a fuzzy cutvertex if deleting the
vertex w reduces the strength of connectedness between some other pair of vertices.
Hence, w is a fuzzy cutvertex if and only if there exists u, v distinct from w such that
w is on every strongest path from u to v. G’ is called nonseparable or a block if it
has no fuzzy cutvertices. Although in a fuzzy graph, a block may have fuzzy bridges,
this cannot happen for crisp graphs. Sometimes we refer to a block in a fuzzy graph
as a fuzzy block.

A maximum spanning tree of a connected fuzzy graph (o, 1) is a fuzzy spanning
subgraph T = (o, v) of G, which is a tree, such that ©*(u, v) is the strength of
the unique strongest ¥ — v path in 7 for all u, v € G. We next characterize fuzzy
cutvertices and fuzzy bridges of fuzzy graphs using maximum spanning trees.

Theorem 2.2.2 ([168]) A vertex w of a fuzzy graph G = (o, 1) is a fuzzy cutvertex
if and only if w is an internal vertex of every maximum spanning tree of G.

Proof Let G = (o, ) be a fuzzy graph and w be a fuzzy cutvertex of G. Then there
exists u, v distinct from w such that w is on every strongest u — v path. Now, each
maximum spanning tree of G contains a unique strongest # — v path and hence w is
an internal vertex of every maximum spanning tree of G.

Conversely, let w be an internal vertex of every maximum spanning tree. Let 7' be
amaximum spanning tree and let uw and wv be edges in T'. Note that the path u, w, v
is a strongest u — v path in 7. If possible assume that w is not a fuzzy cutvertex.
Then between every pair of vertices u, v, there exists at least one strongest u — v
path not containing w. Consider one such # — v path P which clearly contains edges
not in 7'. Now, without loss of generality, let 4*°(u, v) = p(uw) in 7. Then edges in
P have strength > p(uw). Removal of uw and adding P in T will result in another
maximum spanning tree of G, of which w is an end vertex, which contradicts our
assumption. W

From Theorem 2.2.2, it can be seen that the end vertices of a maximum spanning
tree T of G cannot be fuzzy cutvertices of G. Thus, we have the following corollary.



2.2 Connectivity in Fuzzy Graphs 17

Fig. 2.1 A noncomplete 05 (b,1)
fuzzy graph satisfying (a,0.7)

o0 .
nwx=pu
0.5 0.7 | 1

(d, 1) 0.7 (c,1)

Corollary 2.2.3 Every fuzzy graph G has at least two vertices which are not fuzzy
cutvertices.

Corollary 2.2.4 An edge uv of a fuzzy graph G = (o, ) is a fuzzy bridge if and
only if uv is in every maximum spanning tree of G.

Proof Letuv be afuzzy bridge of G. Then the edge uv is the unique strongest u — v
path and hence is in every maximum spanning tree of G.

Conversely, let uv be in every maximum spanning tree of G and assume that
uv is not a fuzzy bridge. Then uv is the weakest edge of some cycle in G and
1> (u, v) > p(uv), which implies that there is at least one maximum spanning tree
of G not containing uv. W

In 1989, Bhutani [40] introduced the concept of a complete fuzzy graph as follows.

A complete fuzzy graph (CFG) is a fuzzy graph G = (o, ) such that p(uv) =
o) Ao()forallu,v € o*. If G = (o, p) is a complete fuzzy graph, then ;> = p
and G has no fuzzy cutvertices.

Example 2.2.5 LetV ={a,b,c,d} and X = {ab, bc, cd, da, ac, bd}. Let o(a) =
0.7and o (b) = o(c) = o(d) = 1. Let p be the fuzzy subset of X defined by p(ab) =
w(da) = plac) = 0.5, u(bc) = 1 and pu(ed) = pu(bd) = 0.7, Then u*™° = p, and G
has no fuzzy cutvertices, but G is not complete (Fig.2.1).

Example 2.2.6 We show that a complete fuzzy graph may have a bridge. Let V =
{a,b,c,d}and X = {ab, bc, cd, da, ac, bd}.Leto(a) =0.7,0(b) =0.8,0(c) =1
and o(d) = 0.6. Let u be the fuzzy subset of X defined by p(ab) = p(ac) = 0.7,
w(bd) = p(cd) = p(ad) = 0.6 and p(bc) = 0.8. Clearly, (o, p) is complete and be
is a fuzzy bridge (Fig.2.2).

Theorem 2.2.7 If G = (o, p) is a complete fuzzy graph, then for any edge uv € u*,
uxw, v) = p(uv).

Proof By definition, 11> (1, v) = V,eo+ {(uz) A p(zv)} = Viow) A o) Ao (z)} =
o) A o) = u(uv).

Similarly, 1* (u, v) = p(uv) and in the same way one can show that pf(u, v) =
wu(uv) for all positive integers k. Thus,

1> (u, v) = sup{pX(u, v) | for all integers k > 1} = p(uv). W
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Fig. 2.2 A complete fuzzy (a,0.7) 0.7 (b,0.8)
graph with a fuzzy bridge / i
0.6
0.6 0.8
0.7
(,0.6) g5 (1)

Corollary 2.2.8 A complete fuzzy graph has no fuzzy cutvertices.

Theorem 2.2.7 says that every edge uv in a CFG is a strongest u — v path. Also,
a CFG can have at most one fuzzy bridge (Theorem 4, [168]), even though it has
no fuzzy cutvertices. This bridge can be easily located as seen from the following
theorem.

Theorem 2.2.9 Let G = (o, i) be a CFG with |0*| = n. Then G has a fuzzy bridge

if and only if there exists an increasing sequence {ti,t,, ..., t,} such that t,_, <
ti—1 < t,, where t; = o(u;) fori =1,2,...,n. Also, the edge u,_1u, is the fuzzy
bridge of G.

Proof Assume that G = (o, p) is a complete fuzzy graph and that G has a fuzzy
bridge uv. Now, u(uv) = o(u) A o(v). Without loss of generality let, o(u) < o(v),
so that p(uv) = o(u). Note that uv is not a weakest edge of any cycle in G. It is
required to prove that o(u) > o(w) for all w # v. On the contrary, assume that
there is at least one vertex w # v such that o(u) < o(w). Now, consider the cycle
C:u,v,w,u. Then pu(uv) = p(uw) = o(u) and p(vw) = o(v) if c(u) = o(v) or
o(u) <o) <o(w)and p(vw) = o(w) ifo(u) < o(w) < o(v). In either case, the
edge uv becomes the weakest edge of a cycle and by Theorem 2.2.1, uv cannot be
a fuzzy bridge, a contradiction.

Conversely, lett) <t, <--- <t, o <t,_) <t,and t; = o(u;) for all i.

Claim. Edge u,_u, is the fuzzy bridge of G.

We have, p(u,—1u,) = o(u,—1) A o(u,) = o(u,—1) and by hypothesis, all other
edges of G will have strength strictly less than that of o («,,—;). Thus, the edge u,,—u,
is not the weakest edge of any cycle in G and by Theorem 2.2.1, is afuzzy bridge. W

We next present more connectivity properties of fuzzy cutvertices and fuzzy
bridges.

Theorem 2.2.10 Let G = (o, i) be a fuzzy graph such that (o*, 1) is a cycle. Then
a vertex of G is a fuzzy cutvertex if and only if it is a common vertex of two fuzzy
bridges.

Proof Let w be a fuzzy cutvertex of G. Then there exists # and v, other than w such
that w is on every strongest u-v path. Because G* = (¢*, u*) is a cycle, there exists



2.2 Connectivity in Fuzzy Graphs 19

only one strongest u-v path containing w and all its edges are fuzzy bridges. Thus,
w is a common vertex of two fuzzy bridges.

Conversely, let w be a common vertex of two fuzzy bridges uw and wv. Then both
uw and wo are not weakest edges of G. Also, the path from u to v not containing edges
uw and wv has strength less than p(uw) A p(wv). Hence, the strongest u-v path is
the path u, w, v and pu*(u, v) = p(uw) A p(wv). Thus, w is a fuzzy cutvertex. W

Theorem 2.2.11 If w is a common vertex of at least two fuzzy bridges, then w is a
fuzzy cutvertex.

Proof Let u;w and wu, be two fuzzy bridges. Then there exists u, v such that u;w
is on every strongest #-v path. If w is distinct from u and v, then it follows that w
is a fuzzy cutvertex. Next suppose one of v, u is w so that u;w is on every strongest
u-w path or wu, is on every strongest w-v path. Suppose that w is not a fuzzy
cutvertex. Then between every two vertices there exists at least one strongest path
not containing w. In particular, there exists at least one strongest path P joining u
and u,, not containing w. This path together with u;w and wu, forms a cycle.

We now consider two cases. First, suppose that u;, w, u; is not a strongest path.
Then clearly one of u;w, wu, or both become weakest edges of a cycle, which
contradicts that #;w and wu, are fuzzy bridges.

Second, suppose that u;, w, u, is also a strongest path joining u#; to u,. Then
uy, uz) = p(uiw) A p(wuy), the strength of P. Thus, edges of P are at least as
strong as p(ujw) and p(wu,), which implies that uw, wu, are both weakest edges
of a cycle, which again is a contradiction. M

Example 2.2.12 This example shows that the condition in Theorem 2.2.11 is not nec-
essary. Let V = {a, b, c,d} and X = {ab, bc, cd, da, ac, db}. Let o(x) = 1 for all
x € V and let i be the fuzzy subset of X defined by p(ac) = pu(bd) = 0.9, u(da) =
u(ed) = 0.3 and p(ab) = p(bc) = 0.8. Clearly, b is a fuzzy cutvertex. However, ac
and db are the only fuzzy bridges.

Example 2.2.13 Consider the fuzzy graph G = (V, X), where V = {a, b, c, d}. Let
X ={ab, bc,cd,ad}. Leto(s) = 1 forall s € V and let i be the fuzzy subset of X
defined by p(ab) = pu(cd) = 0.2, and p(bc) = p(ad) = 0.1. Note that ab and cd
are fuzzy bridges and no vertex is a fuzzy cutvertex. This is a significant difference
from the crisp graph theory.

The fuzzy graphs in Examples 2.2.12 and 2.2.13 are given in Fig.2.3.
Theorem 2.2.14 If uv is a fuzzy bridge, then u*>(u, v) = u(uv).

Proof Suppose that uv is a fuzzy bridge and that p*°(u, v) > p(uv). Then there
exists a strongest u—v path with strength greater than p(uv) and all edges of this
strongest path have strength greater than p(uv). Now, this path together with the
edge uv forms a cycle in which uv is the weakest edge, contradicting that uv is a
fuzzy bridge. W
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Fig. 2.3 Fuzzy graphs given u 0.8 b o 0.2 b
in Examples 2.2.12 and )
2.2.13 0.9
0.8 0.1 0.1
0.3 0.9
d
0.3 ¢ d 0.2 ¢

2.3 Forests and Trees

Rosenfeld first studied the concepts of fuzzy forests and fuzzy trees in [154]. The
results in this section are by Rosenfeld [154], Mordeson and Nair [127] and Sunitha
and Vijayakumar [167, 168]. The structure of fuzzy trees is significantly different
from that of trees. In fact, a fuzzy tree can contain cycles in the classical sense. There
are several characterizations for fuzzy trees in this book.

A crisp graph that has no cycles is called acyclic or a forest. A connected forest
is a tree. A fuzzy graph is called a forest if the graph consisting of its nonzero edges
is a forest, and a tree if this graph is also connected. If G = (o, p) is a fuzzy graph,
we call G a fuzzy forest if it has a partial fuzzy spanning subgraph F = (o, v),
which is a forest, where for all edges xy not in F, i.e., such that v(xy) = 0, we
have p(xy) < v*(x, y). In words, if xy is in G, but is not in F, there is a path in
F between x and y whose strength is greater than p(xy). Clearly, a forest is a fuzzy
forest.

Theorem 2.3.1 A fuzzy graph G is a fuzzy forest if and only if in any cycle of G
there is an edge xy such that ji(xy) < /> (x, y), where G' = (o, i) is the partial
fuzzy subgraph obtained by deleting the edge xy from G.

Proof Suppose xy is an edge, belonging to a cycle which has the property of the
theorem and for which xy is the smallest. (If there are no cycles, G is a forest and
we are done.) If we delete xy, the resulting partial fuzzy subgraph satisfies the path
property of a fuzzy forest. If there are still cycles in this graph, we can repeat the
process. Now, at each stage, no previously deleted edge is stronger than the edge
being currently deleted. Thus, the path guaranteed by the property of the theorem
involves only edges that have not yet been deleted. When no cycles remain, the
resulting partial fuzzy subgraph is a forest F. Let xy not be an edge of F. Then xy is
one of the edges that we deleted in the process of constructing F, and there is a path
from x to y that is stronger than x(xy) and that does not involve xy nor any of the
edges deleted prior to it. If this path involves edges that were deleted later, it can be
diverted around them using a path of still stronger edges; if any of these were deleted
later, the path can be further diverted; and so on. This process eventually stabilizes
with a path consisting entirely of edges of F. Thus, G is a fuzzy forest.
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Fig. 2.4 A fuzzy tree G and
its spanning tree F

Conversely, if G is a fuzzy forest and P is any cycle, then some edge xy of
P is not in F. Thus, by definition of a fuzzy forest, we have u(xy) < v*°(x, y) <

w>(x,y). N

We see that if G is connected, then so is F as determined by the construction in
the first part of the proof. The tree F' thus constructed plays a very important role in
the study of fuzzy trees. Also, Theorem 2.3.1 allows fuzzy forests to have cycles, as
mentioned before.

Proposition 2.3.2 [fthere is at most one strongest path between any two vertices of
G, then G is a fuzzy forest.

Proof Suppose G is not a fuzzy forest. Then by the previous theorem, there is a cycle
P in G such that pu(xy) > i/ (xy) for all edges xy of P. Thus, xy is a strongest path
from x to y. If we choose xy to be a weakest edge of P, it follows that the rest of P
also is a strongest path from x to y, a contradiction. W

We note that the converse of the previous proposition does not hold.

Example 2.3.3 Consider the fuzzy graphs G = (o, ) and F = (7,v) given in
Fig.2.4 with V = {x, y, u, v, w}. Defineo,7: V — [0, 1]byforallz € V,0(z) =
1 =17(z). Define p,v: V x V — [0, 1] as p(xy) = 0.5, p(yw) =0.9, p(wv) =
0.8, u(vu) = 0.7, u(yu) = 0.6, v(xy) = 0.5, v(yw) = 0.9, v(wv) = 0.8, v(uv) =
0.7. Itis clear that G is a fuzzy forest. F is the spanning tree of G. But note that both
X,Xy,y, yu,u,uv,v and x, xy, y, yw, w, wv, v are strongest x — v paths in G.

Proposition 2.3.4 If G = (o, w) is a fuzzy forest, then the edges of F = (7, v) are
precisely the bridges of G.

Proof An edge xy not in F cannot be a bridge because pu(xy) < v*®°(x,y) <
1% (x, y). Suppose that xy is an edge in F. If it were not a bridge, we would have a
path P from x to y, not involving xy, of strength greater than or equal to p+(xy). This
path must involve edges not in F' because F is a forest and has no cycles. However,
by definition, any such edge u; v; can be replaced by a path P; in F of strength greater
than p(u;v;). Now, P; cannot involve xy because all its edges are strictly stronger
than p(u;v;) > p(xy). Thus, by replacing each u;v; by P;, we can construct a path
in F from x to y that does not involve xy, giving a cycle in F, a contradiction. H
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Fig. 2.5 A fuzzy tree and a d 0.3 c d 0.2 c
fuzzy cycle
0.3
0.2 0.4
0.3
“ 0.1 b 0.2 b

Definition 2.3.5 Let G = (o, ) be a fuzzy graph. Then

(i) G iscalled a tree if (Supp(c), Supp()) is a tree.

(ii) G is called a fuzzy tree if G has a fuzzy spanning subgraph F = (o, v), which
is a tree, such that for all uv € Supp(u)\Supp(v), p(wv) < v>*(u, v). That is,
there exists a path in (o, v) between u# and v whose strength is greater than

p(uv).
Definition 2.3.6 Let G = (o, p) be a fuzzy graph. Then

(i) G iscalled a cycle if (Supp(o), Supp(w)) is a cycle.
(ii) G is called a fuzzy cycle if (Supp(c), Supp(w)) is a cycle and 3 unique xy €
Supp(x) such that p(xy) = A{p(uv) | uv € Supp(p)}.

Example 2.3.7 Let V ={a, b, c,d} and X = {ab, ac, ad, bc, cd, db}. Let o(x) =
1 for all x € V and let i be the fuzzy subset of X defined by p(ab) = 0.9, u(bc) =
uled) = 0.7, u(bd) = 0.3. Then (o, ) is neither a fuzzy cycle nor a fuzzy tree.

Example 2.3.8 Let V ={a, b, c,d} and X = {ab, ac,ad, bc, bd, cd}. Let 0(x) =
1 forallx € V and p, 1’ be fuzzy subsets of X defined by p(ab) = 0.1, u(bc) = 0.4,
u(ed) = 0.3, plad) = 0.2and i’ (ab) = 0.2, ' (be) = 0.3, (' (cd) = 0.2, i (ad) =
0.3. Then (o, 1) is a fuzzy tree, but not a tree and not a fuzzy cycle while (o, 1) is
a fuzzy cycle, but not a fuzzy tree (Fig.2.5).

Theorem 2.3.9 ([127]) Let G = (o, p) be a cycle. Then G is a fuzzy cycle if and
only if G is not a fuzzy tree.

Proof Suppose that G is a fuzzy cycle. Then there exists edges x; y;, x2y2 € Supp(it)
such that p1(x;y1) = p(x2y2) = A{u(mv) | uv € Supp(p)}. If (o, v) is any spanning
tree of (o, w), then Supp(u)\ Supp(v) = {uv} for some u, v € V because (o, i) is
a cycle. Hence, 7 a path in (o, v) between u and v of greater strength than yu(uv).
Thus, (o, @) is not a fuzzy tree.

Conversely, suppose that (o, 1) is not a fuzzy tree. Because (o, u) is a cycle, we
have for all uv € Supp(p), (o, v) is a fuzzy spanning subgraph of (o, p), which
is a tree, and v*°(u, v) < p(uv), where v(uv) = 0 and v(xy) = u(xy) forall xy €
Supp()\{uv}. Hence, i does not attain A{u(xy) | xy € Supp(u)} uniquely. Thus,
(o, p) is a fuzzy cycle. W
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Fig. 2.6 Fuzzy tree in
Example 2.3.11

Theorem 2.3.10 Let G = (o, u) be a fuzzy graph. If there exists t € (0, 1] such that
(Supp(0), ') is a tree, then G is a fuzzy tree. Conversely, if G is a cycle and G is a
fuzzy tree, then there exists t € (0, 1] such that (Supp(c), p') is a tree.

Proof Suppose that there exists ¢ € (0, 1] such that (Supp(o), u') is a tree. Let v
be the fuzzy subset of V x V such that v = pon p' and v(xy) = 0if xy € E\p'.
Then (o, v) is a spanning fuzzy subgraph of (o, p) such that (o, v) is a fuzzy tree
because (Supp(o),Supp(v)) is a tree. Suppose that uv € E and uv ¢ p'. Then 3 a
path between u and v of strength > ¢ > p(uv). Thus, (o, ) is a fuzzy tree. For the
converse, we note that because (o, u) is a cycle and a fuzzy tree, 3 unique xy €
Supp () such that pu(xy) = A{u(uv) | uv € Supp(w)}. Let ¢ be such that p(xy) <
t < A{p(uv) | uv € Supp(u)\{xy}}. Then (Supp(o), i) is atrec. H

Example 2.3.11 Let V ={a,b,c,d,e} and X = {ab, bc,ac,cd,de,ec}. Let
o(x) =1 for all x € V and let i be the fuzzy subset of X defined by p(ab) =
0.3, pu(be) = plac) = 0.5, p(ec) = p(ed) = 1, p(de) = 0.9. Then At € (0, 1] such
that (Supp(o), p') is a tree. However, (o, p) is a fuzzy tree (see Fig.2.6).

Theorem 2.3.12 If G = (o, u) is a fuzzy tree and (o™, p*) is not a tree, then there
exists at least one edge uv in Supp(u) for which p(uv) < p>(u, v).

Proof If G is a fuzzy tree, then by definition there exists a fuzzy spanning subgraph
F = (0, v), which is a tree and p(uv) < v*°(u, v) for all edges uv not in F. Also,
v®(u, v) < p*®(u, v). Thus, p(uv) < > (u, v) for all uv notin F and by hypothesis
there exists at least one edge uv notin F. W

The rest of the results in this section are from [167, 168].

Theorem 2.3.13 Let G = (o, ) be a connected fuzzy graph with no fuzzy cycle.
Then G is a fuzzy tree.

Proof If G* has no cycles, then G* is a tree and G is a fuzzy tree. So assume that G
has cycles and by hypothesis no cycle is a fuzzy cycle. That is, every cycle in G will
have exactly one weakest edge in it. Remove the weakest edge say e in a cycle C
of G. If there are still cycles in the resulting fuzzy graph, repeat the process, which
will eventually results in a fuzzy subgraph, which is a tree, and which is the required
spanning subgraph F. H
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When we delete a bridge, different fuzzy graph structures behave differently.
Consider the case of fuzzy trees in the following theorem.

Theorem 2.3.14 If G is a fuzzy tree, then the removal of any fuzzy bridge reduces
the strength of connectedness between its end vertices and also between some other
pair of vertices.

Proof Let G = (o, i) be a fuzzy tree and let uv be a fuzzy bridge of G. Then
by Proposition 2.3.4 uv is an edge of the maximum spanning tree 7 of G and T
contains unique strongest paths joining every pair of vertices. So removal of uv
reduces the strength of connectedness between some other pair of vertices x, y,
where x is adjacent to u# and y is adjacent to v if uv is an internal edge of T, and
u =x orv =y otherwise. H

Note that when G* is K5, its unique edge is a fuzzy bridge and its removal reduces
the strength of connectedness between its end vertices alone.

Theorem 2.3.15 If G = (o, p) is a fuzzy tree, then G is not complete.

Proof 1f possible, let G be a complete fuzzy graph. Then u*>(u, v) = pu(uv) for all
u, v. Now, G being atree, u(uv) < v>(u, v) forall u, vnotin F. Thus, > (u, v) <
v*°(u, v), which is impossible. H

Theorem 2.3.16 If G is a fuzzy tree, then the internal vertices of F are fuzzy cutver-
tices of G.

Proof Let w be any vertex in G, which is not an end vertex of F. Then w is the
common vertex of at least two edges in F, which are fuzzy bridges of G and by
Theorem 2.2.11, w is a fuzzy cutvertex. Also, if w is an end vertex of F, then w is
not a fuzzy cutvertex; else there would exist u, v distinct from w such that w is on
every u-v path and one such path certainly lies in F. But because w is an end vertex
of F, this is not possible. W

Corollary 2.3.17 A fuzzy cutvertex of a fuzzy tree is the common vertex of at least
two fuzzy bridges.

Theorem 2.3.18 ([167]) Let G = (o, ) be a fuzzy graph. Then G is a fuzzy tree if
and only if the following conditions are equivalent for allu,v € V.

(i) wv is a fuzzy bridge.
(il) 1™, v) = p(uv),

Proof Let G = (o, i) be a fuzzy tree and suppose that uv is a fuzzy bridge. Then
u®(u, v) = p(uv) by Theorem 2.2.14. Now, let uv be an edge in G such that
u®w, v) = p(uv). If G* is a tree, then clearly uv is a fuzzy bridge; otherwise,
it follows from Theorem 2.3.12 that v is in F and uv is a bridge.
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Conversely, assume that (i) and (ii) are equivalent. Construct a maximum
spanning tree 7 = (o,v) for G [38]. If uv is in T, by an algorithm in [38],
1> (u, v) = p(uv) and hence uv is a fuzzy bridge. Now, these are the only fuzzy
bridges for G; for, if possible, let u’v" be a fuzzy bridge of G, which is not in 7.
Consider a cycle C consisting of «’v’ and the unique u’-v’ path in 7. Now, edges of
this u’-v’ path are fuzzy bridges and so they are not weakest edges of C and thus u'v’
must be the weakest edge of C and cannot be a fuzzy bridge.

Moreover, for all edges u’v’ not in 7', we have ' (u'v") < v/(u'v"); for if possible
let p(u'v') > v>®W', v'). But v>®° @', v') < u>* @', v'), were strict inequality holds
because u’'v’ is not a fuzzy bridge. Hence, v*°(u’, v') < p®(u’, v'), which gives a
contradiction because v*°(u’, v') is the strength of the unique u’-v’ path in T and
by the algorithm in [36], u®° (', v') = v*>°(’, v"). Thus, T is the required spanning
subgraph F, which is a tree and hence G is a fuzzy tree. W

From the previous theorem, it follows that the spanning fuzzy subgraph of a fuzzy
tree is unique. Also, it follows that F is nothing but the maximum fuzzy spanning
tree of G. Thus, we have the following theorem.

Theorem 2.3.19 A fuzzy graph is a fuzzy tree if and only if it has a unique maximum
fuzzy spanning tree.

If G is a fuzzy graph such that G* is not a tree and T is the maximum fuzzy
spanning tree of G, then there is at least one edge in G which is not a fuzzy bridge.
Also, edges not in T are not fuzzy bridges of G. So we have the following result.

Theorem 2.3.20 If G = (o, p) is a fuzzy graph with Supp(c) =V and |V| = p,
then G has at most p — 1 fuzzy bridges.

If G is a fuzzy graph with T as its unique maximum fuzzy spanning tree, then
end vertices of T are not fuzzy cutvertices G. Thus, every fuzzy graph will have at
least two vertices which are not fuzzy cutvertices.

2.4 Fuzzy Cut Sets

This section is based on [127], a work by Mordeson and Nair in 1996. We begin
by some topics in graph theory, which can be found in [83]. When G is a graph,
one can associate G with two vector spaces over the field of scalars Z, = {0, 1},
where addition and multiplication are modulo 2. Note that for 1 € Z,, 1 + 1 = 0.
Let V(G) = {vy, v2, ..., v,} and edge set E(G) = {ej, ez, ..., en}. A O-chain of G
is a formal linear combination ) €;v; of vertices and a 1-chain is a formal linear
combination of edges > €;¢;, where ¢; € Z,. The boundary operator 0 is a linear
function which maps 1-chains to 0-chains such that if e = xy, then d(e) = x + y.
The coboundary operator ¢ is a linear function which maps 0-chains to 1-chains
such that 6(v) = D> €;¢; whenever ¢; is incident with v.
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Example 2.4.1 Let G = (V, E), where V = {v1, 12, ..., v6} and E(G) = {ej, €2,
ey 69}, where €] = V1V, €2 = V1V3, €3 = VU3, €4 = VaV4, €5 = VUpV5, €6 = V3V5,
€7 = V3V, €3 = V4Us and eg = vs5Vg. The 1-chainy;=e; + e + e4 + €9 has boundary

O(11) = (v1 +v2) + (V1 +v3) + (V2 + v4) + (V5 + V)
= v3 + v4 + V5 + vg.

The 0-chain vy = v3 + v4 + vs + vg has coboundary

0(y0) = (e2+ €3+ es + e7) + (es + e3) + (es + es + eg + €9) + (€7 + €o)

ey +e3 + eq + es.

A 1-chain with boundary 0 is called a cycle vector of G which can be visualized
as a set of edge disjoint cycles. The collection of all cycle vectors is called the cycle
space of G and it is clearly a vector space over Z,. A cut set of a connected graph
is a collection of edges whose removal results in a disconnected graph. A cocycle
is a minimal cutset. A coboundary of G is the coboundary of some O-chain in
G. The coboundary of a subset of V is the set of all edges joining a point in this
subset to a point not in the subset. Hence, every coboundary is a cutset. Because
any minimal cutset is a coboundary, a cocycle is just a minimal nonzero coboundary.
The collection of all coboundaries of G is a vector space over Z, and is called the
cocycle space of G. A basis of this space which consists entirely of cocycles is called
a cocycle basis for G.

Let G be a connected graph. A chord of a spanning tree 7 of G is an edge of
G which is not in T. The subgraph of G consisting of 7 and any chord of T has
only one cycle. The set C(T) of cycles obtained in this way is independent. Every
cycle C depends on the set C(T) because C is the symmetric difference of the cycles
determined by the chords of 7" which lie in C. The cycle rank m (G) is defined to be
the number of cycles in a basis for the cycle space of G. Thus, we have the following
result.

Theorem 2.4.2 The cycle rank of a connected graph G is equal to the number of
chords of any spanning tree in G.

Similar results can be derived for the cocycle space. Assume that G is a connected
graph. The cotree 7' of a spanning tree T of G is the spanning subgraph of G
containing exactly those edges which are not in 7. A cotree of G is the cotree of
some spanning tree 7. The edges of G which are not in 7" are called its twigs. The
subgraph of G consisting of 7" and any one of its twigs contains exactly one cocycle.
The collection of cocycles obtained by adding twigs to T, one at a time is a basis
for the cocycle space of G. The cocycle rank m (G) is the number of cocycles in a
basis for the cocycle space of G.

Theorem 2.4.3 The cocycle rank of a connected graph G is the number of twigs in
any spanning tree T of G.
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Fig. 2.7 Fuzzy graph having a 0.5 b
no fuzzy bridges
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Definition 2.4.4 Let G = (o, i) be a fuzzy graph. Let x € V and let ¢ € [0, 1].
Define the fuzzy subset x, of V by forall y € V, x,(y) =0if y # x and x,(y) = ¢
if y = x. Then x, is called a fuzzy singleton in V. If xy € E, then xy,,) denotes
a fuzzy singleton in E.

Definition 2.4.5 Let G = (o, i) be a fuzzy graph and let S be a subset of Supp(u).
Then

(1) {xyucy) | xy € S} is called a cut set of (o, p) if S is a cut set of (Supp(c),
Supp(4)).

(i) {xYyuey) | xy € S} is called a fuzzy cut set of (o, p1) if 3 u, v € Supp(o) such
that 1/ (u, v) < p®(u, v), where 1 is the fuzzy subset of E defined by p/ =
on Supp(p) and p/(xy) = 0 forall xy € S.

When S is a singleton set, a cut set is called a bridge and a fuzzy cut set is a fuzzy
bridge.

Example 2.4.6 In this example, we show there is a fuzzy graph (o, u) that has
no fuzzy bridges and p is not a constant function. Let V = {a, b, c,d} and x =
{ab, bc, cd,da,bd}. Let o(x) =1 for all x € V, pu(ab) = p(bc) = p(cd) =
u(da) =1 and p(bd) = 0.25. Then p is not a constant, but (o, 1) does not have
a fuzzy bridge because the strength of connectedness between any pair of vertices
of (o, u) remains 0.5 even after the removal of an edge as seen from Fig.2.7.

Theorem 2.4.7 Let G = (o, p) be a fuzzy graph. Let V = {vy, ..., v,} and C =
{viva, V203, ..o, Vu—1 U, VUL 1> 3.

(i) Suppose that C C Supp(u) and that for all vjvr € Supp(\C, p(v;vr) <
V{p(iviy1) | i =1,...,n}, where v, = vy. Then either y is a constant func-
tion on C or G has a fuzzy bridge.

(ii) If ¥ # Supp(n) C C, then G has a fuzzy bridge.

Proof (i) Suppose p is not constant on C. Let v,v;4; € C be such that pu(vyvp41) =
v{u(viviy1) | i =1, ..., n}. Because p is not constant on C, the strength of the path
C\{vyvp1} between v, and vy, is strictly less than p(vj,vp41). The strength of any
other path P between vy, and vy, is also strictly less than p(v,vy41) because P must
contain an edge from Supp(p)\C. Thus, v;, V414, v,,) 1S @ fuzzy bridge.

(ii) The result here is immediate. W
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Theorem 2.4.8 Let G = (o, ) be a fuzzy graph. Suppose that the dimension of the
cycle space of (Supp(o), Supp(w)) is 1. Then G does not have a fuzzy bridge if and
only if G is a cycle and (i is a constant function.

Proof Suppose it is not the case that (o, ) is a cycle and p is a constant function.
If (o, 1) is not a cycle, then there exists xy € Supp(x) which is not part of a cycle.
Then xy,,(xy) is a bridge and hence a fuzzy bridge. Suppose that (o, ) is a cycle, but
1 is not a constant function. Let xy € Supp(u) be such that p(xy) is maximal. Then
XYu(xy) s a fuzzy bridge.

Conversely, suppose that (o, () is a cycle and p is not a constant function. Then
the deletion of an edge v;v;4 yields a unique path between v; and v; 4 of strength

equal to f1(v;vi41). Thus, v;vi41 4,0, 18 DOt a fuzzy bridge. W

Several other concepts like fuzzy chords, fuzzy cotrees, and fuzzy twigs can also
be found in [127].

2.5 Bridges, Cutsets, and Blocks

In 1985, Delgado, Verdegay, and Vila [62], defined the notions of connectedness,
fuzzy cycles, and fuzzy trees differently than Rosenfeld. They used the notion of
level sets to define these terms. They pointed out some valid reasons for their def-
initions. For example, they noted that a fuzzy graph may have different degrees of
connectedness and that two fuzzy graphs may share the property that neither is con-
nected, but there is a 7-cut of one which is connected while no 7-cut of the other is
connected.

Later in 2002, Mordeson and Yao [131] studied this further and obtained sev-
eral new results on connectedness by levels. The work in this section is from [131].
Connectivity analysis by levels is important in any interconnection network. The
structural properties of finite fuzzy graphs provide tools for the solutions of Opera-
tions Research problems. In this section, several connectedness properties of various
types of fuzzy graph structures are discussed. Level graphs are used to define different
variants.

Definition 2.5.1 Let d(u) = A{u(xy) | xy € p*} and h(p) = V{u(xy) | xy € u*}.
Then d () is called the depth of 1 and k() is called the height of .

Note that d(u) and h(u) are undefined in Definition 2.5.1 if p* = @.

Definition 2.5.2 Let xy € p*. Then

(1) xy is called a bridge if xy is a bridge of (¢*, u*).
(ii) xy is called a fuzzy bridge if 1> (1, v) < pu®™(u, v) for some uv € p*, where
i is p restricted to E \ {xy}.
(iii) xy is called a weak fuzzy bridge if 3¢ € (0, 2(u)] such that xy is a bridge for
G'.
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Fig. 2.8 Different types of bridges in a fuzzy graph

(iv) xy is called a partial fuzzy bridge if xy is a bridge for G’ for all ¢ €

d (), k()1 U {h(p)}.
(v) xy is called a full fuzzy bridge if xy is a bridge for G' for all ¢ € (0, h(u)].

We note that in (iv) of Definition 2.5.2, (d(u), h(p)] = D if d(u) = h(w).

Example 2.5.3 Let V = {a, b, c}. Define the fuzzy subsets ¢ of V and p of E =
{ab, bc} as follows: o(a) = o(b) = o(c) = 1 and p(ab) = 0.5, u(bc) = 0.6. Then
d(u) = 0.5 and h(u) = 0.6. For 0 < ¢ < 0.5, G' = (V, {ab, bc}) and for 0.5 < ¢
< 0.6, G' = (V, {bc}). Hence, bc is a full fuzzy bridge and ab is a weak fuzzy
bridge, but not a partial fuzzy bridge. Both ab and bc are bridges and fuzzy bridges.

Example 2.54 Let V = {a, b, c}. Define the fuzzy sets o of V and p of E =
{ab, bc, ac} as follows: o(a) = o(b) = o(c) = 1, u(ab) = 0.5, p(ac) = 0.6, and
w(bc) =0.2. Then d(p) = 0.2 and h(p) = 0.6. For0 <t < 0.2, G' = (V, {ab, bc,
ac}), for0.2 <t <0.5, G' = (V, {ab, ac}), and for 0.5 <t < 0.6, G' = (V, {ac}).
Then ac is a fuzzy bridge and a partial fuzzy bridge, but not a full fuzzy bridge and
not a bridge. The edge bc is not any of the five types of bridges.

Example 2.5.5 Let V = {a, b, c}. Define the fuzzy subsets o of V and p of E =
{ab, bc, ac} as follows: o(a) = o(b) = 0(c) =1 and pu(ab) = pu(bc) = p(ac) =0.5.
Then G has no bridges of any of the five types.

The fuzzy graphs of Examples 2.5.3-2.5.5 are given in Fig.2.8.

Example 2.5.6 Let V = {a, b, c, d}. Define the fuzzy subsets o of Vand p of E =
{ab, bc, cd, ac} as follows: o(a) = o(b) = o(c) =o0(d) = 1 and p(ab) =0.3 =
w(be), plac) =0.9 = pu(ed). Then d(p) = 0.3 and h(p) = 0.8. For 0 < ¢t < 0.3,
G' = (V, {ab, bc, cd, ac}) and for 0.3 < < 0.8, G' = (V, {ac, cd}). Hence, cd
is a full fuzzy bridge and ac is a partial fuzzy bridge, but not a full fuzzy bridge
(Fig.2.9).

Proposition 2.5.7 xy is a full fuzzy bridge if and only if xy is a bridge for G* and
p(xy) = h(p).
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Fig. 2.9 Fuzzy graph with a a 0.3 b
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Proof Suppose xy is a full fuzzy bridge. Then xy is a bridge for G’ for all 7 €
(0, h(1)]. Hence, xy € /"® and so ju(xy) = h(u). Because xy is a bridge for G’ for
all t € (0, h(u)], it follows that xy is a bridge for G* because o* = ¢ and p* =
ud™  Conversely, suppose that xy is a bridge for G* and u(xy) = h(u). Then xy €
u' forall t € (0, h(u)]. Thus, because xy is also a bridge for G*, xy is a bridge for
G' for all t € (0, h()], because each G’ is a subgraph of G*. Hence, xy is a full
fuzzy bridge. W

Proposition 2.5.8 Suppose that xy is not contained in a cycle of G*. Then the
Jfollowing conditions are equivalent.

(i) p(xy) = h(p).
(ii) xy is a partial fuzzy bridge.
(iii) xy is a full fuzzy bridge.

Proof Because xy is not contained in a cycle of G*, xy is a bridge of G*. Hence, by
Proposition 2.5.7, (i) < (iii). Clearly, (iii) = (ii). Suppose that (ii) holds. Then xy
is a bridge for G’ for all t € (d (i), h(1)] and so xy € p"*-. Hence, pu(xy) = h(u),
i.e., (i) holds. W

Example 2.5.9 Consider the fuzzy graph G = (o, ) with ¢* = {x, y, z, w} and
= {xz, xw, wy, yz} (Fig.2.10). Define the fuzzy subsets ¢ and p as follows:
o) =0(y) = 0(2) = o(w) = 1, p(xy) = L, p(x2) = 0.4, p(xw) = 0.7, u(wy) =
0.7, and p(yz) = 0.3. Then d(u) = 0.3 and h(p) = 1. For 0 < ¢ < 0.3, G' = (V,
{xy, xz, xw, wy, yz}). For 0.3 <t < 0.4, G' = (V, {xy, xz, xw, wy}), for 0.4 <
t <07,G =V, {xy,xw, yz}), and for 0.7 < ¢t < 1, G' = (V, {xy}). Then xy is
in a cycle of G*, xy is not a partial fuzzy bridge, and p(xy) = h(u). Also, xy is a
weak fuzzy bridge and a fuzzy bridge, but not a bridge (Fig.2.10).



2.5 Bridges, Cutsets, and Blocks 31

Proposition 2.5.10 If xy is a bridge, then xy is a weak fuzzy bridge and a fuzzy
bridge.

Proof xy is a bridge < xy is a bridge for G* < xy is a bridge for G/, because
G* = G'W = xy is a weak fuzzy bridge. xy is a bridge implies that its removal
disconnects G* and so xy is a fuzzy bridge. W

Theorem 2.5.11 xy is a fuzzy bridge if and only if xy is a weak fuzzy bridge.

Proof Suppose xy is a weak fuzzy bridge. Then 3 ¢ € (0, 2()] such that xy is a
bridge for G'. Hence, the removal of xy disconnects G’. Thus, any path from x to y
in G has an edge uv with p(uv) < t. Hence, the removal of xy results in /> (x, y) <
t < u*(x,y). Thus, xy is a fuzzy bridge. Conversely, suppose xy is a fuzzy bridge.
Then 3 u, v such that removal of xy results 1/ (u, v) < > (u, v). Hence, xy is on
every strongest path connecting # and v and in fact, u(xy) is greater than or equal
to this value. Thus, there does not exist a path (other than xy) connecting x and y
in G#*Y) | else this other path without xy would be of strength > 1 (xy) and would
be part of a strongest path connecting u and v, contrary to the fact xy is on every
such path. Hence, xy is a bridge of G**¥) and 0 < p(xy) < h(p). Thus, p(xy) is a
desiredr. H

Definition 2.5.12 Letx € V.

(i) x is called a cutvertex if x is a cutvertex of G*.
(ii) xiscalled a fuzzy cutvertexifIu, v e V \{x}suchthat 1/ (u, v) < pu*>(u, v),
where p/ is p restricted to E \ {xz,zx} |z € V}.
(iii) x is called a weak fuzzy cutvertex if 3¢ € (0, 2(u)] such that x is a cutvertex
for G'.
(iv) x is called a partial fuzzy cutvertex if x is a cutvertex for G’ for all ¢ €

(d(p), h(p) 1 U {h(p)}.
(v) x is called a full fuzzy cutvertex if x is a cutvertex for G forall 7 € (0, h(u)].

Example 2.5.13 Consider the fuzzy graph G = (o, p) witho* = {x, y, z} and p* =
{xy, xz, yz}. Let the fuzzy subsets ¢ and p be defined as o(x) = o(y) = 0(z) =
1, u(xy) = 0.5, p(xz) = 0.4, and p(yz) = 0.3. Then d(p) = 0.3 and k() = 0.5.
For 0 <t <03, G'= (V, {xy,xz,yz}), for 0.3 <t <04, G' = (V, {xy, xz}),
andfor0.4 <t <0.5,G" = (V, {xy}). Thus, x is a fuzzy cutvertex and a weak fuzzy
cutvertex, but neither a cutvertex nor a partial cutvertex.

Example 2.5.14 Consider the fuzzy graph G = (V, o, ) with V = {x, y, z}. Define
the fuzzy subsets o of V and p of E = {xy, xz, yz} as follows: o(x) = o(y) =
0(z) = land pu(xy) = p(xz) = 0.7 and p(yz) = 0.1. Then d () = 0.1 and h(w) =
0.7. For 0 <1 <0.1, G' = (V, {xy,xz,yz}) and for 0.1 <t <0.7, G' = (V,
{xy, xz}). Thus, x is a fuzzy cutvertex and a partial fuzzy cutvertex, but neither
a cutvertex nor a full fuzzy cutvertex.
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Fig. 2.11 Fuzzy Graphs in Examples 2.5.13-2.5.16

Example 2.5.15 Let V = {x,y, z}. Define the fuzzy subsets o of V and p of
E = {xy, xz}asfollows: o(x) = 0(y) = 0(z) = l and pu(xy) = p(xz) = 0.5. Then
d(p) =h(u) =0.5.For 0 <t <0.5, G' = (V, {xy, xz}). Thus, x is a full fuzzy
cutvertex, a fuzzy cutvertex, and a cutvertex.

Example 2.5.16 Let V = {x, y, z}. Define the fuzzy subsets o of V and p of E =
{xy, xz} as follows: o(x) = og(y) = o(z) = 1 and p(xy) = 0.4 and pu(xz) = 0.3.
Then d(x) = 0.3 and h(u) =0.4. For 0 <t <0.3, G' = (V, {xy, xz}) and for
0.3 <t <04, G"=(V,{xy}). Thus, x is a cutvertex, a fuzzy cutvertex, and a weak
fuzzy cutvertex, but not a partial fuzzy cutvertex.

The fuzzy graphs in Examples 2.5.13-2.5.16 are given in Fig.2.11.

Definition 2.5.17 (i) G is called a block if G* is a block.
(i1) G is called a fuzzy block if it has no fuzzy cutvertices.
(iii) G is called a weak fuzzy block if 3 ¢ € (0, 2(u)] such that G’ is a block.
(iv) G is called a partial fuzzy block if G’ is a block for all ¢ € (d(u), h(u)]
Ufh(w)}.
(v) G is called a full fuzzy block if G’ is a block for all 7 € (0, h(u)].

Example 2.5.18 Consider the fuzzy graph G = (o, p) witho* = {x, y, z} and p* =
{xy, vz, xz}. The fuzzy subsets o and p are defined as follows: o(x) = o(y) =
o(z) = 1 and p(xy) = p(yz) = 0.6, and p(xz) = 0.7. Then d(u) = 0.6 and h(w)
=0.7.For0 <7 <0.6, G'=(V, {xy,yz,xz})and for 0.6 <t < 0.7, G' = (V,
{xz}). Thus, G is a block, a fuzzy block, and a weak fuzzy block. G is not a partial
fuzzy block because G’ is not a block for 0.5 < ¢ < 0.9; it is not connected.

Example 2.5.19 Consider the fuzzy graph G = (o, p) witho* = {x, y, z} and pu* =
{xy, yz, xz}. The fuzzy subsets o and p are defined as follows: o(x) = o (y) =
0(z) =1 and p(xy) = p(xz) = 0.8 and p(yz) = 0.7. Then d(p) = 0.7 and h(u)
=0.8.For0 <t <07, G = (V, {xy,xz, yz}) and for 0.7 <t < 0.8, G' = (V,
{xy, xz}). Thus, G is a block and a weak fuzzy block because G is a block for
0 <t < 0.7. However, G is not a fuzzy block because x is a fuzzy cutvertex of G.
Also, G is not a partial fuzzy block because x is a cutvertex for G* for 0.7 < ¢ < 0.8.
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Example 2.5.20 Consider the fuzzy graph G = (o, p) witho* = {x, y, z} and p* =
{xy, yz, xz}. The fuzzy subsets ¢ and p are defined as follows: o(x) = o(y) =
0(z) =1 and p(xy) = p(xz) = p(yz) = 0.5. Then d(u) = h(u) = 0.5. For 0 <
t <05, G' = (V, {xy, xz, yz}). Thus, G is a block, a fuzzy block and a full fuzzy
block.

The fuzzy graphs of Examples 2.5.18-2.5.20 are given in Fig.2.12.
Definition 2.5.21 G is said to be firm if A{o(x) | x € V} > v(u(xy) | xy € pu*}.

To this point all examples of fuzzy graphs except Fig.2.2 in Example 2.2.6 have
been firm.

Example 2.5.22 Consider the fuzzy graph G = (o, p) with o™ = {x, y, z} and p* =
{xy, yz, xz}. The fuzzy subsets o and p are defined as follows: o(x) = 0.6, o(y) =
0.7,0(z) = 0.8, and pu(xy) = u(xz) = 0.6, and pu(yz) = 0.7. Then d(u) = 0.6 and
h(p) =0.7.For0 <t <0.6, G' = (V, {xy, xz, yz}) and for 0.6 < t < 0.7, G' =
(V,{y2)}). Thus, G is a block, a fuzzy block, and a full fuzzy block. We note that G
is not firm (Fig.2.13).

2.6 Cycles and Trees

In this section, we discuss the connectedness properties of cycles and trees in fuzzy
graphs by levels. This is a continuation of results from [131].
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Definition 2.6.1 (i) G is called a cycle if G* is a cycle.
(i) G is called a fuzzy cycle if G* is a cycle and there does not exist unique xy
€ p* such that p(xy) = A{u(uv) | uv € p*}.
(iii) G is called a weak fuzzy cycle if 37 € (0, h(u)] such that G' is a cycle.
(iv) G is called a partial fuzzy cycle if G’ is a cycle for all r € (d(u), h(p)] U
{h(1)}.
(v) G is called a full fuzzy cycle if G’ is a cycle for all ¢t € (0, h(w)].

Example 2.6.2 Consider V = {x, y, z, w}. Let o be the fuzzy subset of V and p the
fuzzy subset of E = {xy, wz, xw, yz} defined as follows: o(x) = o(y) = 0(z) =
o(w) =1, u(xy) = p(wz) = 0.7 and p(xw) = pu(yz) = 0.6. Then d () = 0.6 and
h(p)=0.7.For0 <t < 0.6, G' = (V, {xy, xw, yz, wz}) and for 0.6 < r <0.7, G'
= (V, {xy, wz}). Thus, G is a fuzzy cycle and a weak fuzzy cycle, but G is not a
partial fuzzy cycle.

Example 2.6.3 LetV = {x, y, z, w}. Let o be the fuzzy subset of V and p the fuzzy
subset of £ = {xy, yz, zw, wx} defined as follows: o(x) = o(y) = 0(2) = o(w) =
L, p(xy) = pu(yz) = p(zw) = p(wx) = 0.5, and p(x, z) =0.2. Then G isnot a cycle.
Now, d(1) = 0.2 and h(p) =0.5.For 0 <t < 0.2, G' = (V, {xy, yz, zw, wx, xz})
which is not a cycle and for 0.2 < r < 0.5, G' = (V, {xy, yz, zw, wx}) which is a
cycle. Thus, G is a partial fuzzy cycle, but not a full fuzzy cycle.

Fuzzy graphs in Examples 2.6.2 and 2.6.3 are given in Fig.2.14.

Proposition 2.6.4 Suppose G is a cycle. Then G is a partial fuzzy cycle if and only
if G is a full fuzzy cycle.

Proof Suppose G is a partial fuzzy cycle. Let t € (0, d()]. Then G' = G* and G*
is given to be a cycle. Hence, G is a full fuzzy cycle. W

Proposition 2.6.5 G is a full fuzzy cycle if and only if G is a cycle and p is constant
on u*.

Proof Suppose G is a full fuzzy cycle. Then G* = G4 is a cycle. Suppose 3 ¢, and
t, € Im(u) with0 < #; < t,. Then 3 xy € p* such that u(xy) =1,. Hence, xy ¢ u”.
Thus, G is not a cycle, a contradiction. Hence, p is constant on p*. The converse is
immediate. H
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Corollary 2.6.6 If G is a full fuzzy cycle, then G is a fuzzy cycle.

Proposition 2.6.7 G is a partial fuzzy cycle if and only if G""™ is a cycle and
Im(u\{0}| = 2.

Proof Suppose G is a partial fuzzy cycle. Then clearly G"* is a cycle and in fact G
isacycle forall t € (d(u), h(p)] U {h(w)}. Suppose |Im(u)\{0}| > 2. Then 3 7 such
that 0 < d(u) <t < h(u). Hence, 3 xy € p* such that pu(xy) = ¢. Thus, xy ¢ p®
and so G"™ is not a cycle, a contradiction. Conversely, suppose G"* is a cycle
and [Im(p)\{0}| < 2. If [Im(u)\{O}| = 1, then G is a full fuzzy cycle by Proposition
2.6.5. Suppose |Im(u)\{0}| = 2. Then Im(u)\{0} = {d(u), h(u)}. Because G' =
G" W for d(p) <t < h(p), it follows that G is a partial fuzzy tree. W

Definition 2.6.8 (i) G is called a forest (tree) if G* is a forest (tree).

(ii) G is called a fuzzy forest (tree) if G has a fuzzy spanning subgraph (o, v)
which is a forest (tree) such that for all uv € p* \ v*, p(uv) < v>°(uv).

(iii) G is called a weak fuzzy forest (tree) if 3¢ € (0, 2(u)] such that G’ is a forest
(tree).

(iv) G is called a partial fuzzy forest (tree) if G’ is a forest (tree) for all ¢ €
(). h(1] U {h(p)).

(v) G is called a full fuzzy forest (tree) if G’ is a forest (tree) forall ¢ € (0, h(u)].

The definition of a weak fuzzy forest in Definition 2.6.8(iii) is equivalent to the
definition of a fuzzy graph being acyclic by 7-cuts in Chap. 5. We will show that the
definition of a full fuzzy forest here and the one in Chap.5 are equivalent, but that
this is not the case for the notion of a full fuzzy tree.

Example 2.6.9 Consider the fuzzy graph G = (o, ) with o* = {x, y, z, w} and
w* = {xw, yz, xy, wz}. The fuzzy subsets o and p are defined as follows: o(x) =
oc(y) =0(z) =c(w) =1and p(xw) = u(yz) = 0.4, u(xy) = p(wz) = 0.8. Then
d(u) = 0.4 and h(pu) = 0.8. For0 < ¢ < 0.4, G' = (V, {xw, yz, xy, wz}) and for
04 <1r=<0.8,G" = (V,{xy, wz}). Hence, G is a partial fuzzy forest, but is neither
a fuzzy forest nor a full fuzzy forest (Fig.2.15).

Proposition 2.6.10 G is a full fuzzy forest if and only if G is a forest.
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Fig. 2.16 A full fuzzy forest x

Proof Suppose G is a full fuzzy forest. Then G* = G¢™ is a forest. Conversely,
suppose G is a forest. Then G* is a forest and hence so must be G forall ¢ € (0, h(u)]
because each such G’ is a subgraph of G*. W

Example 2.6.11 Consider the fuzzy graph G = (o, p) witho* = {x, y, z} and p* =
{xy, yz}. The fuzzy subsets o and p are defined as follows: o(x) = o (y) = 0(2) =
1, p(xy) = 0.7 and pu(yz) =0.3. Thend(p) = 0.3 and () =0.7.For0 < ¢t < 0.3,
G'=(V,{xy,yz})and for 0.3 < r <0.7, G' = (V, {xy}). Hence, G is a forest (and
a full fuzzy forest) without being a constant on z* (Fig.2.16). Note that G"* has
more connected components than G*.

Proposition 2.6.12 G is a weak fuzzy forest if and only if G does not contain a cycle
whose edges are of strength h(i).

Proof Suppose G contains a cycle whose edges are of strength A(u). Then G/,
t € (0, h(w)], contains this cycle and so is not a forest. Thus, G is not a weak fuzzy
forest. Conversely, suppose G does not contain a cycle all of whose edges are of
strength A (;z). Then G"* does not contain a cycle and so is a forest. W

Corollary 2.6.13 If G is a fuzzy forest, then G is a weak fuzzy forest.

Proof G cannot have a cycle all of whose edges are of strength 2 (u), else it could
not have a fuzzy spanning forest with the property that for all uv € p* \ v*, u(uv) <
v*®u,v). Nl

Theorem 2.6.14 G is a forest and p is a constant on u* if and only if G is a full
fuzzy forest, G* and G"™ have the same number of connected components, and G
is firm.

Proof Suppose that G is aforestand 1 is constanton p*. Then forallz € (0, h(u)], G*
= G* and so G is a full fuzzy forest and G* and G"* have the same number of
connected components. Clearly, G is firm because ( is a constant on p*. Conversely,
suppose G is a full fuzzy forest, G* and G have the same number of connected
components, and G is firm. Suppose 3 ¢, 1, € Im(u) such that0 < #; < f,. ThenI xy
€ p* such that u(xy) = #;. Now, xy € u't, xy ¢ u”>. Hence, G has more connected
components than G" because G is firm, i.e., no vertices were lost. Thus, G") has
more connected components than G*, a contradiction. W
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Example 2.6.15 Consider V = {x, y, z, w}. Define the fuzzy subsets o of V and
pof E = {xy, zw} as follows: o(x) = o(y) = 0(z) = 1, c(w) = 0.4 and pu(xy) =
0.8, p(zw) = 0.4. Then d(u) = 0.4 and h() =0.8. For 0 <t < 0.4, G' = (V,
{xy, zw}) and for 0.4 <t < 0.8, G' = ({x, y, w}, {xy}). Thus, G* and G"® are
forests with the same number of connected components. G is a full fuzzy forest
(Fig.2.17), p is not constant on p*, and G is not firm.

Corollary 2.6.16 G is a tree and p is constant on p* if and only if G is a full fuzzy
tree and G is firm.

Proof Suppose G is a full fuzzy tree and G is firm. Because G’ is a tree for all
t € (0, h(w)], G* is a tree and so G"™ and G* have the same number of connected
components. The desired result now follows from Theorem 2.6.14. W

Example 2.6.17 Consider the fuzzy graph G = (o, p) witho* = {x, y, z} and p*
{xy, yz}. The fuzzy subsets o and p are defined as follows: 0 (x) = o (y) = 1, 0(2) =
0.6 and p(xy) = 0.8, p(yz) = 0.6. Then d(p) = 0.6 and A(p) = 0.8. For 0 <t <
0.6, G' = (V,{(x,y), (y,2)}) and for 0.6 < r < 0.8, G' = ({x, y}, {xy}). Thus, G
isatree, G is a full fuzzy tree, and G* and G have the same number of connected
components. However, G is not firm and p is not constant on p*.

Example 2.6.18 Let V = {x, y, z}. Define the fuzzy subsets o of V and p of E =
{xy, xz, yz} as follows: o(x) = o(y) = 1,0(z) = 0.7 and p(xy) = 0.8, u(xz) =
w(yz) =0.7. Then d(u) = 0.7 and h(u) = 0.8. For 0 <t <0.7, G' = (V,
{xy, xz, yz}) and for 0.7 < r < 0.8, G' = ({x, y}, {xy}). Thus, G is a partial fuzzy
tree, but not a full fuzzy tree. G is not a fuzzy tree. Hence, it is not the case that if G
is a weak fuzzy tree, then G is a fuzzy tree. G is not firm.

The fuzzy graphs in Examples 2.6.17 and 2.6.18 are given in Fig.2.18.

Definition 2.6.19 For all ¢ € (0, 1] define o : o' — [0, 1] and @ : ' — [0, 1]
by 0¥ (x) = o(x) for all x € o'; 0 (x) = 0 otherwise, and p” (xy) = p(xy) for
all xy € p' and ' (xy) = 0 otherwise. Let G® = (¢, u®) for all t € (0, 1].

Proposition 2.6.20 Suppose that G is firm. If G is a weak fuzzy tree, then G is a
fuzzy tree.
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Fig. 2.18 Fuzzy graphs in (z,1) (z,1)
Examples 2.6.17 and 2.6.18 ’
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Proof There exist t € (0, h(1)] such that G' is a tree. Because G is firm, G is a
fuzzy spanning subgraph of G which is a tree. If uv is in p* \ g, then p(uv) < ¢
and so it follows that G is a fuzzy tree. W

Example 2.6.21 Consider the fuzzy graph G = (o, p) with o* = {x, y, z, w} and
w* = {xy, yz, xz, zw, xw}. The fuzzy subsets o and . are defined as follows: o(x) =
oy)=o0(@)=0cw)=1 and plxy)=p(yz) =038, uxz)=pizw)=20.5,
w(xw) = 0.2. Thend(u) = 0.2and h(u) = 0.8.For0 <t < 0.2, G' = (V, {xy, yz,
zw,wx,xz}), for0.2 <t <0.5,G'=(V,{xy, yz,zw,xz)}), and for 0.5 < t < 0.8,
G' = (V, {xy, yz}). We see that G is not a weak fuzzy tree. However, it is a fuzzy
tree because (o, ) is a fuzzy spanning subgraph of G, which is a tree, where
v(xy) = v(yz) = 0.8 and v(zw) = 0.5.

Example 2.6.22 Consider V = {x, y, z, w}. Let ¢ be the fuzzy subset of V and u
the fuzzy subset of E = {xy, yz, zw} defined as follows: o(x) = o (y) = 0(2) =
o(w) = 1and p(xy) = p(yz) = 0.8, p(zw) = 0.6. Then G is a tree, a fuzzy tree, a
weak fuzzy tree, but not a partial fuzzy tree (if we were to define, u(w) = 0.6, then
G would be a full fuzzy tree, but not firm).

Example 2.6.23 Let V = {x,y, z}. Let o be the fuzzy subset of V and p the
fuzzy subset of E = {xy, yz, yz} defined as follows: o(x) = o(y) = o(z) = 1 and
w(xy) = u(xz) = 0.8, u(yz) = 0.2. Then G is a fuzzy tree, but not a tree. G is a
partial fuzzy tree, but not a full fuzzy tree.

The fuzzy graphs in Examples 2.6.21-2.6.23 are given in Fig. 2.19.

Definition 2.6.24 (i) G is called connected if G* is connected.
(i1) G is called fuzzy connected if G is a fuzzy block.
(iii) G is called weakly connected if 3 ¢ € (0, 2(u)] such that G is connected.
(iv) G is called partially connected if G is connected for all r € (d(u), hu)] U
{h(w).
(v) G is called fully connected if G’ is connected for all ¢ € (0, 2(1)].

Example 2.6.25 Consider the fuzzy graph G = (o, p) with o* = {x, y, z, w} and
w* = {xy, zw}. The fuzzy subsets ¢ and y are defined as follows: o (x) = o(y) = 1,
0(z) = o(w) = 0.6 and p(xy) = 0.8 and pu(zw) = 0.6. Then G is not connected. G
is partially connected, but not fully connected. We see that G is not firm (Fig.2.20).
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Example 2.6.26 Consider V = {x, y, z}. Let o be the fuzzy subset of V and p
be the fuzzy subset of £ = {xy} defined as follows: o(x) = o(y) = 1,0(z) = 0.6
and p(xy) = 0.8. Then G is not connected. G is partially connected, but not fully
connected. Note that G is not firm (Fig.2.21).

Proposition 2.6.27 If G is connected, then G is weakly connected. Conversely, if G
is firm and weakly connected, then G is connected.

Proof G connected implies G* is connected. Now, G* = G and so G is weakly
connected. Conversely, if G’ is connected for some ¢ € (0, 2(p)], then G* is con-
nected because G is firm. W
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Fig. 2.22 Fuzzy graphs in Examples 2.6.28-2.6.30

Example 2.6.28 Consider the fuzzy graph G = (o, p) witho* = {x, y, z} and p* =
{xy, yz, xz}. The fuzzy subsets ¢ and p are defined as follows: o(x) = o(y) =
0(z) = land p(xy) = p(xz) = 0.8, u(yz) = 0.6. Then G is fully connected, but
is not constant on y*.

Example 2.6.29 Consider the fuzzy graph G = (o, p) with o* = {x, y, z, w} and
w* = {xy, yz, zw}. The fuzzy subsets o and 1 are defined as follows: o (x) = o(y) =
1, 0(z) = o(w) = 0.7 and p(xy) = 0.8, u(yz) = 0.7, u(zw) = 0.6. Then d(u) =
0.6 and () = 0.8. For 0 <t < 0.6, G' = (V, {xy, yz, zw}), for 0.6 < < 0.7,
G' = (V,{xy, yz}), and for 0.7 < r < 0.8, G' = ({x, y}, {xy}). Thus, G is weakly
connected, but not partially connected. G is connected but G is not firm.

Example 2.6.30 Consider V = {x, y, z}. Let o be the fuzzy subset of V and p be
the fuzzy subset of £ = {xy, yz, xz} be defined as: o(x) = o(y) =0(z) =1 and
u(xy) = 0.7, u(yz) = p(xz) = 0.3. Then G is weakly fuzzy connected because G’
is connected for 0 < ¢t < 0.3. G is a weak fuzzy forest because G’ is a forest for
0.3 <t <0.7. However G is not a weak fuzzy tree because G’ is not a tree for any
t suchthat 0 <t <0.7.

The fuzzy graphs in Examples 2.6.28-2.6.30 are given in Fig.2.22.

Proposition 2.6.31 (i) If G is a weak fuzzy tree, then G is weakly connected and
G is a weak fuzzy forest. Conversely, if 3 t1, t, € (0, h(u)] with t; < t such
that G" is a forest and G" is connected, then G is a weak fuzzy tree.

(ii) G is a tree if and only if G is a forest and G is connected.

(iii) G is a partial fuzzy tree if and only if G is a partial fuzzy forest and G is
partially connected.

(iv) G isafull fuzzy tree if and only if G is a full fuzzy forest and G is fully connected.

Proof (i) If G' is a tree for some 7 € (0, 2(u)], then G' is connected and is a forest.
For the converse, we note that G2 must also be a forest. Because also G” is connected,
G" is a tree.

(i), (iii), (iv): Immediate. W

Proposition 2.6.32 G is firm if and only if G is firm for all t € (0, h(u)].
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Proof Suppose G is firm. Let ¢t € (0, h(p)]. Let xy € p'. Then t < p(xy) < A
{o(x) | x € 0*} < Alo(x) | x € ¢'}. Hence, V{u(xy) | x,y € p'} < A(c(x) | x €
o'}. Thus, if we note that ¢* =y and 0* = o', we see that G is firm. Con-
versely, suppose G is firm for all £ € (0, h(p)]. Let A{o(x) | x € 0%} =1y. Then 1y
> 0. Now, V(u(xy) | xy € u} <ty because G is firm and 0* = o' = ¢@* Let
xy € p*\ p. Then pu(xy) < to. Thus, V{u(xy) | xy € p*} <to=nA{o(x) | x € o*}.
Hence, G is firm. W

2.7 Blocks in Fuzzy Graphs

The definition of a nonseparable fuzzy graph first appeared in Rosenfeld’s classic
paper in 1975 [154]. But a formal study of blocks in fuzzy graphs was made by
Sunitha and Vijayakumar in 2005 [168]. Later Mathew and Sunitha [110] studied
blocks further in 2010 and characterized a class of blocks in fuzzy graphs. In graph
theory, a graph without cutvertices is called a block (or nonseparable). This concept
is generalized to fuzzy graph theory. A fuzzy graph is said to be a block if it has
no fuzzy cutvertices. It is clear that a block in fuzzy graphs has no cutvertices.
Thus, a fuzzy block is trivially a block in the classical sense, but the converse is
not true. In contrast to the conventional concept of a block in graphs, the study of
blocks in fuzzy graphs is challenging due to the complexity of its cutvertices. Note
that the cutvertices of a fuzzy graph are those vertices which reduce the strength of
connectedness between some pair of vertices rather than the total disconnection of
the fuzzy graph on its removal from the fuzzy graph.

Rosenfeld [154] observed that a block may have a fuzzy bridge. Sunitha and
Vijayakumar [168] identified that a fuzzy graph can have more than one fuzzy bridge
as seen from the example below.

Example 2.7.1 Let V ={u,v, w, x, y}. Let o be the fuzzy subset of V and u
be the fuzzy subset of V x V defined as follows. () = oc(v) = o(w) = 0(x) =
o(y) =1 and p(uv) = p(xy) = 0.9, p(vy) = p(uy) = p(ux) = 0.5 and p(wx) =
w(wy) = 0.3. It can be verified easily that G = (o, w) is a block. But note that both
uv and xy are fuzzy bridges (Fig.2.23).

Fig. 2.23 A block with two u 0.9 v
fuzzy bridges
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TN
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Fig. 2.24 A non fuzzy block z
having two fuzzy bridges

It is obvious from the definition that no two fuzzy bridges in a block can have
a common vertex. A complete fuzzy graph is clearly a block. As pointed out in
Theorem 2.3.14, the removal of a fuzzy bridge from a fuzzy tree reduces the strength
of connectedness between some pair of vertices other than its end vertices. But, the
situation is different in blocks as seen from the following theorem.

Theorem 2.7.2 If G = (o, p) is a block with at least one fuzzy bridge, then removal
of any fuzzy bridge reduces the strength of connectedness between its end vertices
alone.

Proof Let G = (o, v) be a block and uv be a fuzzy bridge of G. Assume on the
contrary that removal of uv reduces the strength of connectedness between some
other pair of vertices u; and v;.

Case 1: Both u; and v; are distinct from u and v.

Without loss of generality let #; # u and v; # v. By assumption, every strongest
u; — v; path contains the edge uv. Thus, clearly removal of either u# or v reduces the
strength of connectedness between u; and v;, which shows that # and v are fuzzy
cutvertices of G, contradicting that G is a block.

Case 2: One of u or v is u; or v;.

Let v; = v and u; # u. Then as before removal of v reduces the strength of
connectedness between u; and v; showing that v is a fuzzy cutvertex of G and
similarly if u; = u and v; # v, then u becomes a fuzzy cutvertex, both contradict the
hypothesis that G is a block. Thus, the only possibility is that u; = u and v; = v and
hence the theorem. W

The condition in Theorem 2.7.2 is not sufficient as seen from Example 2.7.3.

Example 2.7.3 Let V = {u, v, w, x, y, z}. Let o be a fuzzy subset of V and u be
a fuzzy subset of £ defined as o(s) =1 for all s € V and pu(uv) = u(xy) = 0.9,
plvw) = pyw) = p(uw) = pxw) = 0.5, p(xz) = p(uz) = 0.2. In G, uv and xy
are fuzzy bridges, but their removal does not reduce the strength of connectedness
between any pair of vertices other than their endvertices. Clearly, G is not a block as
w is a fuzzy cutvertex of G (See Fig.2.24).

In [154], it is proposed that if every pair of vertices in a fuzzy graph G are joined
by strongest paths, then G is a block and the converse is not true. Also, if an edge uv
of a fuzzy graph is a bridge, then it is the unique strongest u — v path. Sunitha and
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Fig. 2.25 Case I of Theorem
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Vijayakumar [168] proved that the converse of Rosenfeld’s observation is true only
for blocks having no fuzzy bridges. Hence, we have the following result.

Theorem 2.7.4 ([168]) The following statements are equivalent for a fuzzy graph
G = (o, .

(i) G is a block.
(ii) Any two vertices u and v such that uv is not a fuzzy bridge are joined by two
internally disjoint strongest paths.
(iii) For every three distinct vertices of G, there is a strongest path joining any two
of them not containing the third.

Proof (i) = (ii) Let G = (o, p) be a block. Let # and v be any two vertices such
that p(uv) > 0 and uv is not a fuzzy bridge. If there exists a unique strongest u — v
path of length greater than or equal to 2, then the vertices on this path other than u
and v are fuzzy cutvertices of G. Hence, there exist more than one strongest u — v
paths. If these strongest u — v paths are internally disjoint, then we are done. Note
that all strongest # — v paths do not have a common vertex, if so, that vertex becomes
a fuzzy cutvertex. So consider the following cases.

Case 1:

Let Py :u—wr — w3 —u; —v,Pr:u—ug—w; —wy—ur, —vand P3:u—
wi — w3 — u3 — v be strongest u — v paths. Let w; be the last common vertex of P,
and P, (Fig.2.25). Then u — w, subpath in P; together with w, — u, — v subpath
in P, is a path (say) P disjoint from Ps.

Claim: P is a strongest # — v path.

Let ej,e; and e3 be weakest edges in Py, P, and Pj3, respectively, and let
wiey) = plez) = ples) = p®™(u, v). Then e; should be in u — w, subpath of P; or
e; should be in wy — uy — v subpath of P»; for if not, then strength of P > 1*°(u, v),
contradiction. Hence, P is a strongest u — v path.

Case 2:

Let Py:u—uy—wy—wr—v,Ph:u—w; —w3z—u,—vand P3:u —wy —
w3 — v be strongest u — v paths. Let w, be the first common vertex of P; and Ps.
Then u — w, subpath in P; together with w, — v subpath in P; is a path disjoint
from P, (Fig.2.26). As in Case 1, it can be proved that P is a strongest u — v path.
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Case 3:

LetPl U — Uy — W —wz—u3—u4—v,P2:u—u1 —uz—w3—u3—vand
P :u — w; — ws — wy — v be strongest u — v paths. Let w; and w; be the first and
last common vertices of P and P3, respectively (Fig.2.27). Then u — w,; subpath
in P; and w; — w; subpath in P; together with w, — v subpath in P; will give a
strongest u — v path disjoint from P5.

(ii) = (iii)

Letu # v # w be any three vertices of G. Choose any two (say) # and v. If edge
uv is a fuzzy bridge, then it is the strongest # — v path and (iii) holds. So assume
uv is not a fuzzy bridge. Now, by (ii), there exist two internally disjoint strongest
u — v paths and hence w cannot be in both.

(iii) = (i) If possible let w be a fuzzy cutvertex of G. Then by definition there
exist u, v different from w such that w is on every strongest u — v path. But this
contradicts (iii). W

A fuzzy analogue of the characterization of blocks in graphs given in [83] with
all six conditions is not possible. But in any fuzzy graph there exists a strongest path
between every pair of vertices. We will discuss a characterization using strongest
strong paths in this section.

An edge xy is said to be a strong if its membership value is at least as great as
the connectedness of its end vertices when the edge is deleted. That is, if p(xy) >
,L/OO(x, y)or pu(xy) = CONNg_,,(x,y). A detailed discussion of strong edges will
be made in Chap.3. From the following example, it can be seen that a block can
contain edges which are even not strong.

Example 2.7.5 Let G = (o, p) with 0* = {u, v, w, x}, o(s) = 1 forall s € o* and
p(uv) = plxu) = plvw) = pw(wx) = 0.9, u(vx) = 0.2. Then G is ablock. Here vx
is the unique weakest edge of the cycle uvxu which is not strong (Fig.2.28).
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Fig. 2.28 A block with a 0.9
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A path in a fuzzy graph G is strong if all its edges are strong. Recall that an
x —y path P in a fuzzy graph G is said to be a strongest x — y path if d(P) =
CONNg(x,y). In a block, a strongest path need not be strong and a strong path
need not be strongest. But there exists a strongest strong path between any two
vertices of G.

Example 2.7.6 Let G = (o, p) with 0* = {u, v, w, x}, o(s) = 1 forall s € o* and
p(uv) = 0.3 = p(xu), p(vw) = p(wx) = 1, p(vx) = 0.6. Edge xv is not strong
because 0.6 = p(xv) < CONNgG_,,(x,v) = 1. Thus, P : uxv is not a strong path
even though it is a strongest u — v path. d(P) = 0.3 = CON Ng(u, v). Also, the
x — v path Q : xuv is not a strongest x — v path even if it is a strong x — v path
(Fig.2.29).

Definition 2.7.7 A cycle in a fuzzy graph G is called a strong cycle if all its edges
are strong.

Example 2.7.8 Consider the fuzzy graph in Example 2.7.6. The cycle uvwxu is a
strong cycle whereas vwxv is not.

Next we have a characterization of blocks having no fuzzy bridges.
Theorem 2.7.9 ([110]) Let G = (o, ) be a fuzzy graph with at least three vertices
and having no fuzzy bridges. Then the following statements are equivalent.

(i) G is ablock.
(ii) For any two vertices x, y of G, there exists a cycle containing the vertices x
and y which is formed by two strongest strong x — y paths.
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(iii) For each vertex u and each strong edge vw of G, there exists a cycle containing
the vertex u and the edge vw which is formed by two strongest strong u — v
paths or u — w paths.

(iv) For each pair of strong edges xy and uv of G, there exists a cycle containing
the edges xy and uv which is formed by two strongest strong X —u ory — u
paths.

(v) Forevery three distinct vertices of G there exists a strongest strong path joining
any two of them not containing the third.

Proof (i) = (ii) Suppose G is a block. Consider a maximum spanning tree 7 of G.
Clearly, every edge in a maximum spanning tree is strong. Also, every x — y path in
T is a strongest x — y path in G. Thus, between any two vertices of G there exists
a strongest strong path. Let P be a strongest strong x — y path in G. Assume that
P is a unique x — y path in G. Then P should belong to all maximum spanning
trees. Also, note that the length of P is at least two because G has no fuzzy bridges.
Thus, all internal vertices of P are internal vertices of every maximum spanning tree
and by Theorem 2.2.2, they are all fuzzy cutvertices contradicting the fact that G
is a block. Thus, it follows that the strongest strong x — y path P does not belong
to all maximum spanning trees. Hence, there exists a maximum spanning tree say
T not containing P. Let P; be a strongest strong x — y path in 7}. This strongest
strong path P; together with P gives a cycle in G containing the vertices x and y
as required. Note that P and P, should be internally disjoint because otherwise the
common vertices of P and P become fuzzy cutvertices of G.

(i) = (iii)

Let u be a vertex and vw, a strong edge of G. Let C; be the cycle containing « and
v satisfying the conditions in (ii) and C, be the cycle containing u and w satisfying
the conditions in (i7). If w is a neighbor of v in C; or v is a neighbor of w in C; then
we are done.

So suppose that vw is neither in C; nor in C,. Let P; and P, be the strongest
strong u — v paths in C; and Q be a strongest strong u — w path in C,. Let z be the
vertex in Q before w and nearest to it at which Q meets P; or P, (note that z can
be the vertex u itself). Without loss of generality suppose that P; is the u — v path
which meets Q at z. Let P be the union of w — z sub path of Q and z — u sub path
of P,. Thenlet C = Py Uvw U P.

Claim: C is the required cycle.

Let xy be an edge in P; such that s(P;) = s(P>) = p(xy). Then three cases arise.

Case 1: p(vw) > u(xy).

Sub Claim 1: s(P) = u(xy).

We have, s(P) cannot exceed (xy), for otherwise P U vw will become a strong
u — v path having strength more than the strongest # — v path Pj, a contradiction.
Therefore, s(P) < u(xy).Because s(P>) = u(xy), the strength of the u — z sub path
of P, is greater than or equal to pu(xy). Hence, if s(P) < p(xy), then the strength of
z — w sub path of O < p(xy) and thus s(Q) < p(xy). Thus, we have P Uvw is a
strong u — w path which is stronger than the strongest # — w path Q, a contradiction.
Hence, the only possibility is that s(P) = u(xy).
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Now, we have two strongest strong paths between « and v namely P; and P U vw
whose union gives the required cycle containing the vertex u and the edge vw.

Case 2: pu(vw) = p(xy).

Ifs(P) < p(xy), thenasin Case-1,s(Q) < p(xy) and hence P; U vw becomes a
strong u — w path which is stronger than the strongest # — w path Q, a contradiction.
Thus, s(P) > p(xy) and hence we have two strongest strong u — v paths namely P;
and P U vw whose union gives the required cycle.

Case 3: p(vw) < p(xy).

Sub Claim 2: s(P) = p(vw).

If s(P) > p(vw), then all edges in P and P, have strength more than p(vw) and
thus vw becomes the unique weakest edge of the cycle P; U vw U P, contradicting
our assumption that vw is a strong edge. If s(P) < p(vw), then the strength of z — w
sub path of O < p(vw) because the strength of the u — z sub path of P, > u(xy) >
p(vw). Therefore, s(Q) < pu(vw) < p(xy) = s(P;) and hence P; U vw is a strong
path having strength more than that of Q, which is a contradiction to the fact that Q
is a strongest strong u — w path. Thus, s(P) = pu(vw).

Sub Claim 3: P is a strongest u — w path.

To prove Sub Claim 3, it is sufficient to prove that s(Q) = u(vw) because Q
is a strongest u — w path. Clearly, s(Q) > p(vw). If s(Q) < p(vw), then P will
become a strong ¥ — w path which is stronger than the strongest # — w path Q, a
contradiction. If s(Q) > pu(vw) because p(vw) < p(xy), all edges in P} U Q have
strength more than p(vw) and hence vw becomes the unique weakest edge of the
cycle Py Uvw U Q contradicting that vw is a strong edge. Thus, s(Q) = p(vw) and
the sub Claim 3 is proved.

Now, we have two strongest strong # — w paths namely P and P; U vw whose
union gives the required cycle containing the vertex # and edge vw. Thus, in all the
three cases the claim is proved.

(iii) = (iv)

Let xy and uv be any two given strong edges of G. Let C; be a cycle containing
the vertex x and the strong edge uv and let C; be a cycle containing the vertex u and
the edge xy. If y is a neighbor of x in C; or v is a neighbor of « in C;, we are done.
Suppose not. That is, xy is not in C; and uv is not in C,. Without loss of generality
suppose that C; is the union of two strongest strong x — u paths P; and P, with
P, containing the strong edge uv and C, is the union of two strongest strong u — y
paths. Let Q be the strongest strong # — y path in C, not containing the edge xy. Let
z be the vertex nearest to u at which Q meets P, or P,. Without loss of generality
let Q meets P, at z. Now, let P be the union of y — z sub path of Q and z — u sub
path (containing the strong edge vu) of Ps.

Claim: P; U P U xy is the required cycle.

Let x'y" be an edge in Py such that s(P;) = p(x’y’). Then three cases arise.

Case 1: pu(xy > p(x'y’).

Sub Claim 1: s(Q) = u(x'y’).

Ifs(Q) < u(x’y’), then Py U xy is a strong u — y path having strength more than
the strength of Q, a contradiction to the assumption that Q is a strongest strong
u — y path. If s(Q) > u(x’y’), then the u — x path Q U yx has strength greater than
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w(x'y’) because, p(xy) > p(x’y"), which contradicts the fact that P; is a strongest
strong # — x path. Therefore, only possibility is that s(Q) = p(x'y’) and hence Sub
Claim 1 is proved.

Thus, we have strength of the y — z sub path of Q > u(x’y’). Also, the strength
of z — u sub path of P, > p(x'y’), because s(P2) = u(x’y’). Now, if both these sub
paths are of strength greater than u(x’y’), then s(P) is greater than p(x’y’), which
contradicts the fact that Q is a strongest strong u — y path. Thus, at least one of this
sub paths should have strength equal to p(x"y’) and s(P) is equal to p(x"y’). Hence,
we have two strongest strong x — u paths namely P; and P U xy whose union gives
the required cycle containing the edges xy and uv.

Case 2: pu(xy) = pu(x'y’).

Because the strength of the y — u path passing through x and P; is u(xy), we
have the strength of Q is at least u(xy). Also, because s(P,) being pu(xy), the z — u
sub path of P, has strength at least p(xy). Thus, s(P) is at least p(xy) and hence we
have two strongest strong x — u paths namely P; and P U xy whose union gives the
required cycle containing the edges xy and uwv.

Case 3: u(xy) < p(x'y’).

Sub Claim 2: s(Q) = u(xy).

Clearly, s(Q) < u(xy), for otherwise all edges in P; U Q have strength more than
w(xy) and hence xy becomes the unique weakest edge of the cycle P U Q U xy,
contradicting our assumption that xy is a strong edge. Now, if s(Q) < u(xy) we
have a strong path from x to u namely xy U P; which is stronger than the strongest
y — u path Q, a contradiction. Thus, s(Q) = u(xy).

Sub Claim 3: The strength of y — z sub path of Q is precisely p(xy).

Because s(Q) = pu(xy), the strength of y — z sub path of Q is at least u(xy), but
if the strength of the y — z sub path of Q is greater than p(xy), then the x — z sub
path of P, has strength > u(x’y’) > u(xy) and so we have all the edges in the two
sub paths have strength greater than p(xy) and xy becomes the unique weakest edge
of the cycle formed by the edge xy, the x — z sub path of P, and the y — z sub path
of Q, which contradicts the assumption that xy is a strong edge.

Also, because P, is a strongest strong x — u path, s(P,) = p(x'y’). Therefore, the
strength of z — u sub path of P, > u(x’y’) > u(xy). Thus, the strength of the y — u
path P is u(xy) and hence it is a strongest strong y — u path in G. Also, note that
the strength of the y — u path P; U xy is p(xy) because p(x’y’) > pu(xy). Hence, it
follows that P U P; U xy is a cycle containing the edges xy and uv formed by the
union of two strongest strong y — u paths as required.

(iv) = (v)

Let x, u and w be any three distinct vertices of G. Let P be a strongest strong
x — u path in G with strength « (say). Let y be a strong neighbor of x and v a strong
neighbor of # in P. Then xy and uv are strong edges of G. By (iv), there exists a
cycle C containing the edges xy and v formed by two strongest strong x — u paths
or y — u paths.

Case 1: C is the union of two strongest strong x — u paths.

In this case, because there exist two internally disjoint strongest strong x — u
paths, at least one of them will not contain w.
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Case 2: C is the union of two strongest strong y — u paths.

Let P, be the y — u strongest strong path containing the edge uv and let C — P,
be the other path containing edge xy. Because P is a strongest strong x — u path,
containing y with strength «, we have pu(xy) > «a. Also, we have s(P;) > « for
otherwise the y —u sub path of P will become a strong path stronger than the
strongest. But s(P;) cannot exceed o because C — P; is also a strongest strong
y — u path which passes through the edge xy with pi(xy) = c. Thus, only possibility
is that s(P;) = «. In this case, s(P; U xy) is also a and hence P; U xy becomes a
strongest strong x — u path. Also, the strength of C — {P; U xy} cannot exceed «
for otherwise it is a contradiction to the fact that P is a strongest strong x — u path.
That is,

s(C—{PUxy}) =a 2.1

Also, because C — P is a strongest strong y — u path, it follows that
s(C —{P Uxy}) > a. 2.2)

From (2.1) and (2.2), s(C — {P; U xy}) = «. Thus, we have two internally disjoint
strongest strong x — u paths namely P; U xy and C — {P; U xy} with at least one of
them not containing the vertex w.

() = (@)

Assume (v). Let w be a vertex in G. By (v), between any two vertices u# and v
other than w there exists a strongest strong # — v path not containing w. Thus, w
is not in all strongest paths between any pair of vertices and hence is not a fuzzy
cutvertex. Hence, G is ablock. W

The remaining statements of the characterization of blocks in graphs given in
Harary [83] cannot be extended to fuzzy graphs as seen from the following example.

Example 2.7.10 Let G = (o,pn) with o* ={u,v,w,x,y,z} and p(uv) =
plvw) = p(wz) = p(zu) = 0.8, plux) = pxw) = p(uy) = p(yw) =0.1. Gis a
block. But there is no strongest strong v — w path containing the vertex x and no
strongest strong v — w path containing the strong edge ux (Fig.2.30).

Fig. 2.30 A fuzzy block w
different from block
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Fig. 2.31 Strongest strong b
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2.8 Strongest Strong Cycles and 8-Fuzzy Graphs

In the previous section, we observed that blocks in fuzzy graphs cannot be fully char-
acterized even by cycles formed by two strongest strong paths. When the underlying
structure of a fuzzy graph is a cycle, we can see that it is a block only when it is
strong and is the union of two different strongest paths. A cycle is called a locamin
cycle if every vertex of the cycle lies on a weakest edge.

Definition 2.8.1 The strength of a cycle C in a fuzzy graph G is defined as the
weight of a weakest edge in C.

Definition 2.8.2 A cycle C in a fuzzy graph G is said to be a strongest strong cycle
(SSC) if C is the union of two strongest strong u — v paths for every pair of vertices
u and v in C except when uv is a fuzzy bridge of G in C.

Note that in Definition 2.8.2, it is possible that edge uv can be a fuzzy bridge of
G. But the condition that C is the union of two strongest strong u# — v paths can be
relaxed for those vertices which are the end vertices of fuzzy bridges of G which are
in C. Also, CONNg(x,y) = CON N¢(x, y) for all vertices x, y in C. The concept
of SSC is illustrated below.

Example 2.8.3 Let G = (o, p) with 0* ={a, b, c,d, e}, oc(x) =1 for all x € o*,
ulab)y=pu(ce) = 0.6, u(ae)=wu(bc) =0.4 and p(cd) = pu(de)=0.3 (Fig.2.31).
Here ab and ce are the fuzzy bridges of G. C; = a,b,c,e,a and C; =e,c,d, e
are strongest strong cycles while C3 = a, b, ¢, d, e, a is not, because Cj3 is not a
union of two strongest strong ¢ — e paths. Here, CON N (c, e) = 0.6. But none of
the ¢ — e paths in Cj is strongest. Also, note that ce is a fuzzy bridge of G which is
not in Cs.

If the underlying graph is a cycle, then the concepts of strongest strong cycle and
locamin cycle coincide and is equal to a block as seen from the next theorem.

Theorem 2.8.4 Let G = (o, 1) a fuzzy graph such that G* is a cycle. Then the
following are equivalent.
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Fig. 2.32 A fuzzy graph a 0.4 b
with a locamin cycle

(i) G is a block.
(ii) G isan SSC.
(iii) G is a locamin cycle.

Proof (i) = (ii) Suppose that G is a block, where G* is a cycle. Then by Theorem
2.7.4, any two vertices u and v such that #v is not a fuzzy bridge are joined by two
internally disjoint strongest paths. Clearly every edge in G is strong, otherwise G
will have exactly one non strong edge, whose removal from G results in a tree, with
all internal vertices fuzzy cutvertices, contradicting the assumption that G is a fuzzy
block. Thus, G is the union of two strongest strong u — v paths for every pair of
vertices u and v in G except when uv is a fuzzy bridge of G. Thus, G is an SSC.

(ii) = (iii) Suppose that G is an SSC. If possible suppose that G is not locamin.
Then there exists some vertex w such that w is not on a weakest edge of G. Let
uw and wv be the two edges incident on w, which are not weakest edges. This
implies that the path uwv is the unique strongest u — v path in G, contradiction to
the assumption that G is an SSC.

(iii) = (i) Because we consider only simple fuzzy graphs, G will have at least
three edges and the proof follows from Theorem 2.7.4. W

Generally in a fuzzy graph, a locamin cycle need not be an SSC and an SSC need
not be a locamin cycle. (See Examples 2.8.5 and 2.8.6).

Example 2.8.5 LetG = (o, p) witho™ = {a, b, c,d, e, f},o(x) = 1forallx € o*
and pu(ab) = 0.4, u(bc) = p(da) = 0.3, pu(ed) = 0.5, pu(de) = plef) = u(fb) =
0.9 (Fig.2.32). Here, Cy = a, b, ¢, d, ais alocamin cycle butitis not an SSC because
there do not exist two strongest b — d paths in C;. Note that CONNg(b,d) =1
(strength of the path b, f, e, d).

Example 2.8.6 LetG = (o, p) witho* = {a, b, c,d, e, f},0(x) = 1forallx € o*
and p(ab) = p(be) = p(ca) = pled) = plde) = plef) = p(fb) = 0.8, p(da) =
0.5 (See Fig.2.33). Here G contains no locamin cycles but there are several strongest
strong cycles. Note that in G, any cycle not containing the weakest edge da is a
strongest strong cycle.
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Next we discuss a sufficient condition for a fuzzy graph to be a block.

Theorem 2.8.7 If any two vertices of a fuzzy graph G lie on a common SSC, then
G is a block.

Proof Let G = (o, ) be a fuzzy graph satisfying the condition of the theorem.
Clearly G is connected. Let w be a vertex in G. For any two vertices x and y such
that x # w # y, there exists an SSC containing x and y. That is, there exist two
internally disjoint strongest x — y paths in G. At most one of these paths can contain
the vertex w and hence w cannot be a fuzzy cutvertex of G. Because w is arbitrary,
it follows that G is a block. W

The converse of the above result is not true in general as seen from the next
example, but is true for a sub family of fuzzy graphs which will be discussed soon.

Example 2.8.8 Let G = (o, n) with 0* ={a, b, c,d,e, f},o(x) =1 for all x €
o* and p(ab) = p(bc) = pled) = p(da) = 0.6, p(ae) = plec) = p(cf) = p(fa)
= 0.2 (Fig.2.34). Here the vertices b and e do not belong to a common SSC, but G
is a block.

A fuzzy graph is said to be edge disjoint when no two cycles share a common
edge. When the fuzzy graph is edge disjoint, the blocks can be easily characterized
as in the following theorem.

Theorem 2.8.9 Let G = (o, ) be an edge disjoint fuzzy graph with at least three
vertices. Then the following are equivalent.
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(i) G is a block.
(ii) G isan SSC.
(iii) G is a locamin cycle.

Proof (i) = (ii) Suppose G is a block. In view of Theorem 2.8.4, it is sufficient
to prove that G* is a cycle. Suppose G* is not a cycle. Because G is a block, each
vertex must be on a cycle. Thus, G is a union of more than one cycle with a unique
vertex in common. Let w be this common vertex of intersection. Then clearly w is
a cutvertex, a contradiction to (i).

(i) = (iii) Let G be an edge disjoint fuzzy graph such that G is an SSC. To
prove G is locamin. Because G is an SSC, G* is a cycle and hence by Theorem 2.8 .4,
G is a locamin cycle.

(iii) = (i) Let G be a locamin cycle. Then G* is a cycle and hence by Theorem
2.84,Gisablock. W

The relevance of the above theorem is that any connected edge disjoint fuzzy
graph with more than one cycle will always have a fuzzy cutvertex. The following
are a set of necessary conditions for a fuzzy graph to be a block.

Theorem 2.8.10 If G = (o, p) is a block, then the following conditions hold and
are equivalent.

(i) Every two vertices of G lie on a common strong cycle.
(ii) Each vertex and a strong edge of G lie on a common strong cycle.
(iii) Any two strong edges of G lie on a common strong cycle.
(iv) For any two given vertices and a strong edge in G, there exists a strong path
Jjoining the vertices containing the edge.
(v) For every three distinct vertices of G, there exist strong paths joining any two
of them containing the third.
(vi) For every three vertices of G, there exist strong paths joining any two of them
which does not contain the third.

Proof (i) Suppose that G is a block. Let # and v be any two vertices in G such that
there exists a unique strong path between u and v. Now, two cases arise. (1) uv is a
strong edge. (2) uv is either weakest edge of a cycle or there exists a u — v path of
length more than one in G.

Case 1: uv is a strong edge.

Because uv is not on any strong cycle, uv is an edge in every maximum spanning
tree of G and hence itis a fuzzy bridge. If u is an end vertex in all maximum spanning
trees, then clearly u is a fuzzy end vertex of G and hence v is a fuzzy cutvertex of G
or vice versa, contradicting our assumption that G is a block.

Now, suppose that u is an end vertex in some maximal spanning tree 7} and v is
an end vertex in some maximal spanning tree 75. Let u’ be a strong neighbor of u in
T,. Because u is an end vertex and v is an internal vertex in 7}, there exists a strong
path P in Ty from u to u’ passing through v. The path P together with the strong
edge uu’ forms a strong cycle in G, a contradiction.
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Case 2: Either uv is the weakest edge of a cycle or there exists a strong u — v
path of length more than one in G.

If uv is a weakest edge of a cycle, then there exists a strong path between u
and v. Because there is a unique strong uv path P in G, P belongs to all maximum
spanning trees. Thus, all internal vertices in P are internal vertices in all the maximum
spanning trees and hence all of them are fuzzy cutvertices in G, contradiction to the
assumption that G is a block. Thus, condition (i) holds. Next we show that each of
the given conditions are equivalent.

(i) = (ii) Suppose that every two vertices of G lie on a common strong cycle.
To prove that a given vertex and a strong edge lie on a common strong cycle. Let u
be a vertex and vw be an edge in G. Let C be a strong cycle containing u and v. If
w is a neighbor of v in C, then there is nothing to prove. Now, suppose that w is not
aneighbor of v in C. Let C; be a strong cycle containing u and w. Let P, and P be
the strong u — v paths in C and P and P, the strong u — w paths in C. Let x; be the
vertex at which P/ leaves P;. Thenclearly u...(P;)...x;...(P])...wv...(P)u
is a strong cycle containing ¥ and vw. If x =u then u ... (P))) ... wv...(P)u is
the required cycle. If x; = v, then let x, be the vertex at which P, leaves P,. Then
u...(P1)...vw...(Py)...xp...(P)uisthe required strong cycle. If x, = u, then
u...(Py)...wv...(Py)...u is the required strong cycle. Because P; and P, are
internally disjoint, both x; and x, cannot be the same as v.

(ii) = (iii) Suppose that each vertex and strong edge lie on a common strong
cycle. To prove any two strong edges lie on a common strong cycle. Let uv and xy be
two strong edges of G. Let P; and P, be two internally disjoint strong paths between
vand x and Q; and Q, be two internally disjoint strong paths between u and y. If Py,
P>, Oy and Q5 are internally disjoint, thenuv ... (P)...xy...(Q>2)...uisastrong
cycle containing uv and xy. If Q; and Q; intersect P; or P, then a strong cycle
containing uv and xy can be extracted from the parts of the four cycles P, P,, O
and Q,.

(iii) = (iv) Let x and y be two vertices and let uv be a strong edge in G. Let x’
be a strong neighbor of x and y’ be a strong neighbor of y. Now, there exists a strong
cycle C; containing xx’ and uv and a strong cycle C, containing yy’ and uv. Now,
xx"...(Cy)...uv...(Cy)...y'yis astrong x — y path containing the edge uv.

(iv) = (v) Let G be a block and u, v, w be three distinct vertices of G. Let v’ be
a strong neighbor of v. Then # and w are distinct vertices and vv’ is a strong edge of
G. By (iv), there exists a strong path from u to w containing the edge uv’ (Even if
v = u or w). Thus, we have a strong path between the two given vertices containing
the third.

(v) = (vi) Let u, v, w be three distinct vertices of G. Let P be a strong path
between u and w containing v. Then clearly the u — v strong sub path say P’ does
not contain w.

(vi) = (i) Let u and v be two given vertices. Let w be a third vertex in G. Let
P, be the strong path joining # and v not containing w. Let P, be the strong path
joining # and w not containing v and let P3 be the strong path joining v and w not
containing u. Then P; U P, U P5 will contain a strong cycle containing ¥ and v. W
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So far, we have been trying to characterize fuzzy blocks as in classical graph theory.
But, in a graph, the strength of every cycle is 1 whereas in fuzzy graphs, cycles of
different strengths can pass through pairs of vertices. So a similar generalization is
impossible. But we can find a subfamily where all the characterizations are valid.
In this section, two new connectivity concepts in fuzzy graphs, namely -evaluation
and cycle connectivity and a new subfamily of fuzzy graphs called 6-fuzzy graphs
are discussed. Blocks in 8-fuzzy graphs are fully characterized.

Consider the following definition of f-evaluation of a pair of vertices in a fuzzy
graph.

Definition 2.8.11 Let G = (o, u) be a fuzzy graph. Then for any two vertices u and
v of G, there associated a set say 6(u, v) called the #-evaluation of # and v and
is defined as (u, v) = {a | a € (0, 1]}, where « is the strength of a strong cycle
passing through both u and v.

Note that if there are no strong cycles passing both u and v, then 6(u, v) = @.
Using #-evaluation, a new measure of connectivity in graphs, namely cycle con-
nectivity can be introduced.

Definition 2.8.12 Let G = (o, i) be a fuzzy graph. Then V{a | @ € O(u, v), u, v €
0*} is defined as the cycle connectivity between u and v in G and denoted by C MG - 1t
O(u, v) = ¢ for some pair of vertices u and v, define the cycle connectivity between
u and v to be 0.

f-evaluation and cycle connectivity are illustrated in the following example.

Example 2.8.13 Let G = (o, pu) with o* = {a, b, ¢, d} with o(a) =0.9, o(b) =
0.8, o(c) =0.7, o(d) =0.6 and pu(ab) =0.8, ulbc) = ulac) =0.7, pu(bd) =
w(cd) = p(da) = 0.6 (Fig.2.35). Here G is a complete fuzzy graph. 6{a, c} =
{0.6, 0.7} and hence Cg(, =0.7

Cycle connectivity is a measure of connectedness in a fuzzy graph and it is always
less than or equal to the strength of connectedness between any two vertices u and
v. In a crisp graph the cycle connectivity between two vertices « and v is 1 if # and
v belong to a common cycle and 0 otherwise.
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A new subclass of fuzzy graphs called 6-fuzzy graphs, with the property that
every cycle passing through a particular pair of vertices have the same strength, is
discussed below.

Definition 2.8.14 Let G = (o, u) be a fuzzy graph. G is said to be a #-fuzzy graph
if #- evaluation of each pair of vertices in G is either empty or a singleton set. In
other words G is called a 0-fuzzy graph if for each pair of vertices u and v, either
there is no strong cycle passing through # and v or all strong cycles passing through
u and v have the same strength.

Consider the following example.

Example 2.8.15 Let G = (o, p) with o* ={a, b,c,d, e, f}, o(x) =1 for all x €
o* and p(ab) = p(de) = 0.5, p(be) = pled) = plef) = p(fa) = 0.2, u(cf) =
0.9 (Fig.2.36). G is clearly a 6-fuzzy graph because all strong cycles in this graph
have strength 0.1 and hence 6(u, v) = {0.1} for any two vertices u and v.

Proposition 2.8.16 Edge disjoint fuzzy graphs are 0-fuzzy graphs.

Proof Let G be an edge disjoint fuzzy graph. First we show that two distinct vertices
cannot be in two different cycles of G. Because C; and C; share no edge in common,
C, and C; intersect at u and v (say). Let P; and P, be the two u — v paths in C,;
and Q; and Q; be the two u — v paths in C,. Then clearly P, U Oy, Py U Q», P, U
01, P, U QO are all cycles and some of them will definitely share edges with C; or
C, which is not possible. Thus, between any pair of vertices u and v of G there exists
at most one strong cycle and hence it follows that §- evaluation of any two vertices
in G is either empty set or a singleton. Thus, G is a §-fuzzy graph. W

In a CFG, the cycle connectivity between vertices can be easily evaluated using
the following result.

Theorem 2.8.17 Let G = (o, 1) be a complete fuzzy graph. Then for any two ver-
ticesu and v in G, Cfv = V{r{ocu), c(v),c(w)} | w € c*}.
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Proof Let G = (o, u) be a CFG. By Theorem 2.2.7, all edges of G are strong and
hence all cycles in G are strong cycles. Now, let u, v € ¢* and consider a strong
cycle C : u = ujupusz ... u, = vu.

Then s(C) = Afp(uyiea), puaus), . ., (1tn—1ttn), p(uv)}.

Because G is complete, pu(xy) = o(x) A o(y) for all x and y and hence s(C) =
NMoy), o(ua), ..., o(u,)} = o) forsomel € {1,2,...,n}. Thus, the strength
of C = A{o(u), o(v), o(w)} for some vertex w € o*, and hence for any two vertices
u and v in G, Cgv =Vv{Alocw), c(w),c(w)} |wec*}. A

In other words, the cycle connectivity between u and v in a complete fuzzy graph
is the maximum of strengths of all triangles passing through u and v.

The next lemma is the key for the characterization of blocks in #-fuzzy graphs.
It gives the relationship between strong paths and strongest paths in 6-fuzzy graphs
which are blocks.

Lemma 2.8.18 Let G be a 0-fuzzy graph which is a block. Then any strong u — v
path such that uv is not a fuzzy bridge is a strongest u — v path and hence any strong
cycle in G is a strongest strong cycle.

Proof Let G = (o0, ) be a -fuzzy graph which is a block. Let u, v € o* be such
that v is not a fuzzy bridge. Let P be a strong u — v pathin G. If P is not a strongest
u — v path, then because G is a block, there exist two internally disjoint strongest
strong u — v paths say P; and P,. Then P; U P is a strong cycle with strength less
than that of the cycle P; U P,. Both these cycles pass through # and v and hence
0(u, v) is not a singleton or empty which is a contradiction to the fact that G is a
0-fuzzy graph. Thus, P must be a strongest strong # — v path.

To prove the second assertion of the lemma, let C be a strong cycle in G. Let u, v
be two vertices in C such that uv is not a fuzzy bridge. Then by first part both these
u — v paths in C are strongest u — v paths. Thus, G is a strongest strong cycle. H

Thus, in a #-fuzzy graph which is a block, the concepts of strong path and strongest
path coincide and as a result, the concepts of strong cycle and SSC also coincide.
Thus, all the six necessary and sufficient conditions for blocks in graphs can be
generalized to blocks in 6- fuzzy graphs.

Next we have the awaited characterization for blocks in -fuzzy graphs.

Theorem 2.8.19 Let G = (0, p) be a 0-fuzzy graph. Then the following statements
are equivalent.

(i) G is a block.
(ii) Every pair of vertices of G lie on a common strongest strong cycle.
(iii) Each vertex and a strong edge of G lie on a common strongest strong cycle.
(iv) Any two strong edges of G lie on a common strongest strong cycle.
(v) For any two given vertices u and v such that uv is not a fuzzy bridge and a
strong edge xy in G, there exists a strongest strong u — v path containing the
edge xy.
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(vi) For every three distinct vertices u;,i = 1,2,3 of G such that u;u;,i # j is
not a fuzzy bridge, there exist strongest strong paths joining any two of them
containing the third.

(vii) For every three distinct vertices u;,i = 1,2,3 of G suchthatu;u;,i # jis not
a fuzzy bridge, there exist strongest strong paths joining any two of them not
containing the third.

Proof Theorem 2.8.10 and Lemma 2.8.18 together give all the required implications
except (vii) = (i)

To prove (vii) = (i), note that for any vertex w of G and for every pair of vertices
X, y, other than w, there exists a strongest x — y path not containing the vertex w.
That is, w is not on every strongest x — y path for any x and y and hence w is not a
fuzzy cutvertex. Because w is arbitrary, it follows that G is a block. W

2.9 Fuzzy Line Graphs

The contents of this section are from [125]. The study of fuzzy line graphs was
carried out by Mordeson in 1993. It was one of the first theoretical topics studied in
fuzzy graphs after Rosenfeld’s introductory paper.

The line graph, L(G), of a (crisp) graph G is the intersection graph of the set of
edges of G. Hence, the vertices of L(G) are the edges of G with two vertices of
L(G) adjacent whenever the corresponding edges of G are. We present the notion
of a fuzzy line graph. Let G = (V, X) and G’ = (V’, X’) be graphs.

Definition 2.9.1 Let (o, ) and (0, i) be partial fuzzy subgraphs of G and G/,
respectively. Let f be a one-to-one function of V onto V'. Then
(i) f is called a (weak) vertex-isomorphism of (o, 1) onto (¢’, ') if and only
if forall v € V, (0(v) < o’(f(v)) and Supp(a’) = f(Supp(e), o(v) = o' (f (v));
(ii) f is called a (weak) line-isomorphism of (o, ) onto (¢/, i) if and only
if for all u,v € V, p(uv) < p'(f(u) f(v)) and Supp(p') = {(f ) f()) | u,v €
Supp()}, p(uv) = p'(f () f (v)).

If f is a (weak) vertex-isomorphism and a (weak) line-isomorphism of (o, 1) onto
(o', 1), then f is called a (weak) isomorphism of (o, 1) onto (o', /). If (o, p) is
isomorphic to (¢, i), then we write (o, u) >~ (o/, p').

Let G = (V, X) be a graph, where V = {vy,...,v,}. Let S; = {v;, x;1, ...,
Xig; ), where x;; € X and x;; hasv; asavertex, j =1,...,¢g;;i =1,...,n.Let§S =
{S], ey Sn} LetT = {S,S, | S,‘, Sj (S] S, S,‘ N Sj ;é @,i # ]} ThenI(S) = (S, T)
is an intersection graph and G ~ Z(S). Any partial fuzzy subgraph (¢, ) of Z(S)
with Supp(y) = T is called a fuzzy intersection graph.

Let (o, ) be a partial fuzzy subgraph of G. Let (S) be the intersection graph
described above. Define the fuzzy subsets ¢, v of S and T, respectively as follows:

Forall S; € S, «(S;) = o(v;);

Forall §;S; € T, v(S;S;) = p(v;v;).
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Proposition 2.9.2 Let (0, i) be a partial fuzzy subgraph of G. Then
(@) (¢, ) is a partial fuzzy subgraph of L(S);
(i) (o, p) = (¢, 7).

Proof (i) v(SiS;) = p(viv;) < o(vi) Ao(v;) = u(Si) A u(S)).

(ii) Define f : V. — Sby f(v;) =S;,i =1,...,n.Clearly f is a one-to-one func-
tion of V onto S. Now, v;v; € X if and only if §;S; € T andso T = {f(v;) f(v;) |
viv; € X} Also, o(f(v)) =u(S) =o(v;) and y(f(v) f(v)) =7(SS)) =
p(v;v;). Thus, f is anisomorphism of (o, u) onto (¢,~y). MW

Let Z(S) be the intersection graph of (V, X). Let (i, y) be the fuzzy intersec-
tion graph of Z(S) as defined above. We call (¢, ) the fuzzy intersection graph of
(o, ). The previous proposition shows that any fuzzy graph is isomorphic to a fuzzy
intersection graph.

The line graph of G, L(G), is by definition the intersection graph Z(X). That
is, L(G) = (Z, W), where Z = {{x} U {u,, v} | x € X, u,,v, € V,x =u,v,}and
W={8S185NS,#0, x,y € X, x #y} and where S, = {x} U {u,, v}, x €
X. Let (o, u) be a partial fuzzy subgraph of G. Define the fuzzy subsets A, w of
Z, W, respectively, as follows:

Forall S, € Z, A\(S;) = p(x);

For all 5,8, € W, w(S:S,) = p(x) A p(y).

Proposition 2.9.3 (A, w) is a fuzzy subgraph of L(G) and is called the fuzzy line
graph corresponding to (o, |1).

Proof w(SySy) = p(x) A pu(y) = A(Sy) AA(Sy). N

Every cutpoint of L(G) is a bridge of G which is not a pendent edge, and con-
versely [83]. It is shown in [125] that the relationship between cutpoints in L(G) and
bridges in G does not carry over to the fuzzy case.

Let (o, p) and (o', i) be partial fuzzy subgraphs of G and G’, respectively. If
f is a weak isomorphism of (o, 1) onto (¢/, i1'), then it can be shown that f is
an isomorphism of (Supp(c), Supp(w)) onto (Supp(c”),Supp(i)). If (A, w) is the
fuzzy line graph of (o, ), then it can also be shown that (Supp(\), Supp(w)) is the
fuzzy line graph of (Supp(co), Supp(n)).

Example 2.9.4 Let G = (V, X), where V = {v, va, v3, v4} and X = {x; = vjvs,
Xy = V1V3, X3 = VU3, X4 = Valg). Leto(v) = 1,i = 1,2,3,4, pu(xy) = p(xz) =1
and p(xp) = p(xg) = 1/2. Then A(Sy,) = A(Sy,) = 1, A(Sy,) = A(Sy,) = 1/2 and
w(Sy, Sx,) =1, w(Sy, Sx,) = w(Sy,Sy,) = w(Sy,Sy,) = 1/2. If we delete x; from G,
then the strength of connectedness between v; and v, before the deletion of x; is
1 = p(xy). Thus, x| is abridge of (o, 1) (not an endline of G). However, the strength
of connectedness between any pair of vertices Sy,, Sy, Sy, is 1/2 before and after
the deletion of S,,. Thus, S, is not a cutvertex of (o, p).

Proposition 2.9.5 Let (o, 1) and (o', 1') be partial fuzzy subgraphs of G and G’,
respectively. If f is a weak isomorphism of (o, 1) onto (o', 1), then f is an isomor-
phism of (Supp(c), Supp(u)) onto (Supp(c”), Supp(i1')).
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Proof v e Supp(c) <& f(v) € Supp(c’) and wuv € Supp(u) & f(u)f(v) €
Supp(y/). W

Proposition 2.9.6 If (\, w) is the fuzzy line graph of the fuzzy graph (o, u), then
(Supp(N), Supp(w)) is the line graph of (Supp (o), Supp(L)).

Proof (o, i) is a partial fuzzy subgraph of G and (), w) is a partial fuzzy subgraph of
L(G).Now, A(S,) = p(x) forallx € X andso S, € Supp(\) < x € Supp(u). Also,
w(S¢Sy) = p(x) A pu(y) for all S8, € W and so Supp(w) = {S:S, | Sx N Sy # ¥,
x,y € Supp(p), x #y}. W

Theorem 2.9.7 ([125]) Let (A, w) be the fuzzy line graph corresponding to (o, ).
Suppose that (Supp(o), Supp()) is connected. Then the following properties hold.

(i) There exists a weak isomorphism of (o, i) onto (\, w) if and only if (Supp(o),
Supp (1)) is a cycle and o and 1 are constant functions on Supp (o) and Supp (1),
respectively, taking on the same value;

(ii) If f is a weak isomorphism of (o, i) onto (\, w), then f is an isomorphism.

Proof Suppose that f is a weak isomorphism of (o, i) onto (A, w). By Proposition
2.9.5, we can see that f is an isomorphism of (Supp(c), Supp(x)) onto (Supp(N),
Supp(w)). By Proposition 2.9.6, (Supp(c), Supp()) is a cycle. Let Supp(c) =
{vi,v2,...,v,} and Supp(p) = {viv2, Vo3, ..., vV}, Where vivy...v,v) 1S a
cycle. Let o(v;) = s; and p(v;viy; =r;, i = 1,2,...,n, where v, = v;. Then
Sp+1 = 81 and

v <8 ASiql, i=1,2,...,n. (2.3)

Now, we have Supp(A\) = {Sq, vy |71 =1,2,...,n}and Supp(w) = {(Sw,,v.1)>
S(Ui+]vvi+2)) | i = 1, 2, ey (l’l — 1)}.AISO, forrnﬂ =r, )\(S(U,.'UHI)) =,U,(U,', Ui+1) =
rioand  w(Swiv.),  Swpui) = L Vi) A pUigt, Vig2) =1 AT,
i=1,2,...,n, where v,;» = vp. Because f is an isomorphism of (Supp(o),

Supp(p)) onto (Supp(A), Supp(w)), f maps Supp(c) onto Supp(A) = {Sw,.v,)s - -»
Sw,.v}- Also, f preserves adjacency. Hence, f induces a permutation 7 of
{1,2,...,n}such that f(v;) = Sq,g.v.0.) and

(Wi, vig1) = (F iy f0id1)) = Soniyvmiren) s Ssiany vnganin))
fori =1,2,...,(n—1). Now,
si=0;) < Af() = ASw,0.0:00)) = Frli)
and

ri = p(i, vig1) S w(f ), fiq))
= w(S(U—,r(i)sUW(iHI)’ S(vﬂ(,+|),v,~.<i+n+1)) = p(VrG),
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Ur(iy+1) A (Ur( 1) Vit D1) = Feiy A sy, i = 1,2, 0.0, 1.

That is,
Si = I'n(i) and r; < Ir(iy N rﬂ(i+1),i =1,2,...,n. 2.4)
By the second part of (2.4), we have thatr; < r.u,i =1,2,...,n,andso ryi) <
Irxys | = 1,2,...,n. Continuing we have thatr;, <ry; <--- <ry <r; and so
ri =rri),1 =1,2,...,n, where m/ ! is the identity map. By (2.4) again, we have
ri < regst) =rig1,1 =1,2,...,n, wherer,; = ri.Hence,by (2.3)and (2.4),r| =
rp=---=r, =5 =S5, =---=s,. Thus, we have not only proved the conclusion

about ¢ and p being constant functions, but we have also shown that (i7) holds.

Conversely, suppose that (Supp(c), Supp(w)) is a cycle and for all v € Supp(o)
and x € Supp(u), o0(v) = u(x). By Proposition 2.9.6, (Supp(\), Supp(w)) is the line
graph of (Supp(o), Supp(w)). Because (Supp(o), Supp(w)) is a cycle, (Supp(o),
Supp(w)) = (Supp(A), Supp(w)) by Theorem 8.2 of [83]. This isomorphism induces
an isomorphism of (o, ) onto (A, w), because o(v) = pu(x) forallv € Vandx € X
and so ¢ = u© = A = w on their respective domains. W

Theorem 2.9.8 Let (o, 1) and (o', i) be partial fuzzy subgraphs of G and G,
respectively, such that (Supp(c), Supp(u)) and (Supp(c’), Supp (1)) are connected.
Let (\,w) and (N,w') be the line graphs corresponding to (o, i) and (o', i),
respectively. Suppose that it is not the case that one of (Supp(o), Supp(n)) and
(Supp(c’), Supp(u)) is K5 and the other is Ky 3. If (\, w) =~ (XN, w'), then (o, u)
and (o', i) are line isomorphic.

Proof Because (A, w) >~ (N, '), (Supp(N), Supp(w)) =~ (Supp(\'), Supp(w’)) by
Proposition 2.9.5. Because (Supp(\), Supp(w)) and (Supp()'), Supp(w’)) are line
graphs of (Supp(c), Supp(w)) and (Supp(c’), Supp(u')), respectively, by Propo-
sition 2.9.6, we have that (Supp(o), Supp()) >~ (Supp (¢”), Supp(x')) by Theo-
rem 8.3 of [83]. Let g denote the isomorphism of (A, w) onto (\,w’) and f the
isomorphism of (Supp(c), Supp(u)) onto (Supp(c’), Supp(r)). Then A(S,,) =
N(g(Suv) = N(g(Srw fw), where the latter equality holds by the proof of Theo-
rem 8.3 in [83] and so u(uv) = 1/ (f(u) f(v)). Hence, (o, 1) and (¢’ p') are line
isomorphic. W

Proposition 2.9.9 Let (1, v) be a partial fuzzy subgraph of L(G). Then (T,v) is a
fuzzy line graph of some partial fuzzy subgraph of G if and only if for all S, S, €
W,v(8:S)) = 7(x) AT(y).

Proof Suppose that v(S,S,) = 7(Sy) A 7(S,) for all §,S, € W. For all x € X,
define o(x) = 7(Sy). Then v(S,S,) = 7(Sy) A T(S,) = pu(x) A p(y). Any o that
yields the property p(uv) < o(x) A o(y) will suffice, i.e., o(v) = 1 forall v e V.
The converse is immediate. W
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Theorem 2.9.10 (o, ) is a fuzzy line graph if and only if (Supp (o), Supp(w)) is a
line graph and for all uv € Supp(p), p(uv) = o(u) A o(v).

Proof Suppose that (o, 1) is a fuzzy line graph. Then the conclusion holds by Propo-
sitions 2.9.6 and 2.9.9. Conversely, suppose that (Supp(o), Supp(x)) is a line graph
and for all uv € Supp(u), u(uv) = o(u) A o(v). Then the conclusion holds from
Proposition 2.9.9. W

2.10 Fuzzy Interval Graphs

The results in this section are due to the important work of Craine in [61]. In [61], it
was shown that a fuzzy graph without loops is the intersection graph of some family
of fuzzy sets. It was shown that the characterization of interval graphs by Gilmore
and Hoffman naturally extends to fuzzy interval graphs while that of Fulkerson and
Gross does not. We present these results here.

As stated in [61], Roberts [153] cites applications of interval graphs in archaeol-
ogy, developmental psychology, ecological modeling, mathematical sociology and
organization theory. These disciplines all have components that are ambiguously
defined, require subjective evaluation, or are satisfied to differing degrees. These are
extremely active areas of application of fuzzy methods. It is therefore valuable to
explore the extent that intersection graph results can be extended using fuzzy set
theory.

The intersection graph of a family (perhaps with repeated members) of sets is a
graph with a vertex representing each member of the family and an edge connect-
ing two vertices if and only if the two sets have nonempty intersection. Generally
loops are suppressed. If the family is composed of intervals or is the edge set of a
hypergraph, then the intersection graph is called an interval graph or a line graph,
respectively.

McAllister [119] used a different approach in defining a fuzzy intersection graph.
However, his approach did not yield the usual definition of an intersection graph
when applied to families of crisp sets. A different approach is taken in [61]. Each
definition and theorem is a natural generalization of the crisp theory.

The -norm minimum is used to define the fuzzy intersection graph of a family of
fuzzy sets. We present a proof of a fuzzy analog of Marczewski’s theorem, [61]. The
proof shows that every fuzzy graph without loops is the intersection graph of some
family of fuzzy sets. We also show that the natural generalization of the Fulkerson
and Gross characterization of interval graphs fails, [61]. We then present a natural
generalization of the Gilmore and Hoffman characterization.

Results characterizing a fuzzy property in terms of cut level set properties are
significant, in that such theorems demonstrate the extent to which the crisp theory
can be generalized. To accomplish this here, we provide the sequence of crisp cut level
graphs given in [26]. Define the fundamental sequence of a fuzzy graph G = (o, W)
to be the ordered set
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fg(G) ={o(x) > 0] x € X} Ufulxy) > 0] (x,y) € X x X},

where the decreasing order inherited from the real interval [0, 1] is used.
The first element listed in fg(G) is the maximal vertex strength while the last
element listed is the minimal nonzero edge strength.

2.10.1 Fuzzy Intersection Graphs

We now define a fuzzy intersection graph and prove some basic results. Let X be a set.
Define the function & : FP(X) — [0, 1] by for all « € FP(X), h(a) = V{a(x) |
x € X}. Then h(«) is called the height of «.

Definition 2.10.1 Let 7 = {ay, ..., o} be a finite family of fuzzy sets defined on
a set X and consider F a crisp vertex set. The fuzzy intersection graph of F is
the fuzzy graph Int(F) = (o, ), where o : F — [0, 1]is defined by o (oy;) = h ()
and i : Ex — [0, 1] is defined by

N h(a,-/\aj) lfl#‘]
plaia) =1 ifi = j,

where we recall that £ = {[(oy, aj)] | (a;, ;) € F x F}.

The purpose of requiring p1(cv;, oj) = 0 fori = j, is to preclude loops. We note
that an edge «;«r; has zero strength if and only if o; A «; is the zero function or
i=j.

Let F be a family of sets and ¢ € [0, 1]. Define ¢ = {a¢ | « € F}, where af is
the c-level set of o.. Let G = (o, p) be a fuzzy graph. Let G¢ denote (o, ).

If F={aij,...,q,} is a family of fuzzy sets and c € [0, 1], then Int(F*) =
(Int(F))¢. The graph Int(F*) has a vertex representing «; € F if and only if h(c;) >
c¢. The pair {(a;)¢, (cr;)°} is an edge of Int(F¢) ifand only if i # jand h(oy A o)) >
c. These conditions also characterize the graph (Int(F))“. In particular, if F is a family
of crisp subsets of X, then the fuzzy intersection graph and crisp intersection graph
definitions coincide.

Theorem 2.10.2 [61] (Fuzzy analog of Marczewski’s theorem [105]) If G = (o, 1)
is a fuzzy graph without loops, then for some family of fuzzy sets F, G = Int(F°).

Proof Let G = (o, i) be a fuzzy graph on V. For each x € V define the anti-
reflexive, symmetric fuzzy subset v, : &y — [0, 1] by forall y,z € V,

o(x) ify=xandz=x
wxz) ify=xandz#x
u(yx) ify#xandz=x
0 if y #xand z # x.

ax(yz) =
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We show that G is the fuzzy intersection graph of F' = {«, | x € V}. By definition,
ay(x,x) =o0(x) > u(xy) and so h(a,) = o(x) as required. For x # y a nonzero
value of (o, Nay)(zw) = ay(zw) A o, (zw) occurs only if x =z and y = w(or
y =z and x = w). Thus, Ao, Nay) = (e Nay)(xy) = p(xy) and the desired
result holds. W

2.10.2 Fuzzy Interval Graphs

The families of sets most often considered in connection with intersection graphs are
families of intervals of a linearly ordered set. This class of interval graphs is central
to many applications. In this section, we define fuzzy interval graphs and examine
some of their basic properties.

In both the crisp and fuzzy cases, distinct families of sets can have the same
intersection graph. In particular, the intersection properties of a finite family of real
intervals (fuzzy numbers) can be characterized by a family of intervals (fuzzy inter-
vals) defined on a finite set. Therefore, as is common in interval graph theory [120],
we restrict our attention to intervals (fuzzy intervals) with finite support.

We generalize two characterizations of (crisp) interval graphs. Theorem 2.10.8
gives the Fulkerson and Gross characterization [74] and Theorem 2.10.16 provides
the Gilmore and Hoffman characterization [78]. Both theorems make use of relation-
ships between the finite number of points which define the intervals and the cliques
of the corresponding interval graph.

Recall a clique is a maximal (with respect to set inclusion) complete subgraph.
‘We adopt the convention of naming a clique by its vertex set. Clearly, if a vertex z is
not a member of a clique K, then there exists an x € K such that xz is not an edge
of G. We generalize this concept in Definition 2.10.7.

Definition 2.10.3 Let X be a linearly ordered set. A. fuzzy interval Z on X is a
normal, convex fuzzy subset of X. That is, there exists an x € X with Z(x) = 1 and
the ordering w < y < zimplies that Z(y) > Z(w) A Z(z). A fuzzy number is a real
fuzzy interval. A fuzzy interval graph is the fuzzy intersection graph of a finite
family of fuzzy intervals.

By normality of the fuzzy intervals, the vertex set of a fuzzy interval graph is
crisp.

Theorem 2.10.4 ([61]) Let G = Int(F) be a fuzzy interval graph. Then for all ¢ €
(0, 11, the level graph G€ is an interval graph.

Proof Let G = Int(F) for a family of fuzzy intervals F = {«y, ..., a,}. For all
c € (0, 1], convexity implies that each (o;)“ € F€ is a crisp interval. Now, G =
(Int(F))¢ = Int(F¢) and G€ is an interval graph. W
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Fig. 2.37 A fuzzy graph which is not a fuzzy interval graph
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Fig. 2.39 Interval representation of the fuzzy graph in Fig.2.37

Example 2.10.5 The converse of the above result is not true. Consider the fuzzy
graph given in Fig.2.37.

The level graphs of G are given in Fig.2.38 and its interval representation in
Fig.2.39. G is not a fuzzy interval graph.

Consider G7 in Fig.2.38c. It has an interval representation. Let S, = {a} U
{af, ae,ad, ac}, S, = {b}, S. = {c}U{ac,cd}, Sq ={d}U{cd, ad}, S, = {e}U
{ef,ae} and Sy = {f} U {af, ef}. Let {S4, Sp, S¢, Sa, Se, Sy} be the vertex set.
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We can see that the intervals in Fig. 2.39¢ gives an approximate representation. Simi-
larly, Fig. 2.39b is an approximate representation of G* and Fig. 2.39a is that of G,
Suppose that G = Int(F), where the fuzzy interval v € Int(F) corresponds to vertex
v of G. Because h(c N e) = 0, we can assume that Supp(c) lies strictly to the left of
Supp(e). By Interval Graph Theorem, there exists x; such that x; € a®7 N ¢%7 N d%7
because {a, c, d} defines a clique of G™'. Therefore, a(x;) A c(x1) Ad(x1) > 0.7.
Similarly, there exists an x5 such thata(xs) A e(xs) A f(xs) > 0.7.Now,h(bNd) =
0.3 and h(b N f) = 0.3 implies b(x;) < 0.3 and b(xs) < 0.3, respectively.

Continuing h(b N¢) = 0.5 and h(b Ne) = 0.5 imply there exist x, and x4 with
b(x) > 0.5 and b(x4) > 0.5. By the normality of b there exists x3 such that b(x3) =
1. By the convexity of the fuzzy intervals and the assumption that Supp(c) lies strictly
to the left of Supp(e), the ordering of these points must be x; < x; < x3 < x4 < X5,
with xo < x4.

Because a(x;) > 0.7, a(xs) > 0.7 and a is convex, it follows that a(x3) > 0.7.
Hence, h(a Nb) > 0.7. This contradicts (a N b) = 0.6. Hence, G is not a fuzzy
interval graph.

2.10.3 The Fulkerson and Gross Characterization

The Fulkerson and Gross characterization makes use of a correspondence between
the set of points on which the family of intervals is defined and the set of cliques of
the corresponding interval graph. We provide natural generalizations of the (crisp)
definitions and then show that for fuzzy graphs this relationship holds only in one
direction.

The proof of the Fulkerson and Gross theorem rests on the following ideas for
a crisp graph G*. Suppose G* is an interval graph. Any set of intervals defining a
clique will have a common point. If one such point is associated with each clique,
the linear ordering of these points induces a linear ordering on the cliques of G*.
Using this ordering the resulting vertex clique incidence matrix has convex rows.

Suppose there exists a linear ordering of the cliques of G* for which the vertex
clique incidence matrix has convex rows. Then each convex row naturally defines
the characteristic function of a subinterval of the linearly ordered set of cliques. The
graph G* is the intersection graph of this family of intervals.

Theorem 2.10.6 [74] (Fulkerson and Gross) A graph G is an interval graph if and
only if there exists a linear ordering of the cliques of G for which the vertex clique
incidence matrix has convex rows.

Definition 2.10.7 Let G = (o0, p) be a fuzzy graph. We say that a fuzzy subgraph
KC defines a fuzzy clique of G if for each ¢ € (0, 1], K" induces a clique of G'. We
associate with G a vertex clique incidence matrix, where the rows are indexed by
the domain of o, the column are indexed by the family of all cliques of G, and the
x, KCentry is IC(x).
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Suppose that G is a fuzzy graph with fs(G) = {r, ..., r,} and let K be a fuzzy
clique of G. The level sets of X define a sequence £ C --- C ', where each K’
is a clique of G"i. Conversely, any sequence K; C --- € K,,, where each K; is a
clique of G" defines a fuzzy clique I, where K(x) = V{r; | x € K;} Therefore, K
is a clique of the ¢-level graph G’ if and only if K = K' for some fuzzy clique K.

Theorem 2.10.8 [61] (Fuzzy analog of Fulkerson and Gross) Let G = (V, u) be a
fuzzy graph. Then the row of any vertex clique incidence matrix of G defines a family
of fuzzy subsets F for which G = Int(F). Further, if there exists an ordering of the
fuzzy cliques of G such that each row of the vertex clique incidence matrix is convex,
then G is a fuzzy interval graph.

Proof Let I = {K;, ..., K,} be an ordered family of the fuzzy cliques of G and let
M be the vertex clique incidence matrix where the columns are given in this ordering.
For each x € V, define the fuzzy subset Z, : I — [0, 1] by Z,(K;) = K;(x) and let
F ={Z, | x € V}.Because each vertex x has strength 1, x is contained in the 1-level
cut of some fuzzy clique K; in I. Therefore, Z, (KC;) = K;(x) = 1 and Z, is normal.

We must now show forx # y € V that h(Z, NZ,) = p(xy). Also, assuming that
each row is convex implies that each Z, is a fuzzy interval and that G is a fuzzy
interval graph. By definition, if x # y, then

h(Z, NZy) = V{(Z: NL)(K:) | Ki € 1}h(Z, NZy)
=V{Z.NZ)(Ky) | Ki € I}
=VIKAK ) |Kiel}=Vv{tel0,1}| K el
and xy is an edge of (KC;)'}.

The edge strength p(xy) = ¢ is the maximal value where xy is an edge of G’ so
is contained in a clique of G'. Thus, (I, N I,) = pu(xy) as required. MW

Example 2.10.9 The fuzzy graph G given in Fig.2.40 shows that the converse of
Theorem 2.10.8 does not hold.

Fig. 2.40 A fuzzy interval a 0.5 b
graph
1
0.5 05
d c
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Let the set F of fuzzy intervals be defined by the rows of the matrix F' given by

12 3 4

Ll 1050 0

] 050505 1
1 1 105

L 0 0 105

Then G = Int(F). A vertex clique incidence matrix M is given below.

K K Ky Ky

J 1050 0
b 051 05 1
M= 17105105
Jd o 0 105

We can verify by exhaustion that no ordering of the fuzzy cliques produces a
vertex clique incidence matrix M with convex rows.

2.10.4 The Gilmore and Hoffman Characterization

We begin with several graph theory definitions and state the Gilmore and Hoffman
characterization. We then give corresponding fuzzy definitions, and conclude with
the result that the Gilmore and Hoffman characterization generalizes exactly for
fuzzy interval graphs.

Let G = (X, E) be a connected graph. Recall that a chord of a spanning tree 7
is an edge of G which is not in 7', and recall that a cycle of length n in G = (X, E)
is a sequence Xy, . . ., X, of distinct vertices, where xox, € E and 1 < i < n implies
Xx;—1Xx; € E. A graph is chordal (triangulated) if each cycle with n > 4 has a chord.
Formally, if there existintegers j # Oork #nwith0 < j <k —1<nandx;x; €
E.

An orientation of a graph G = (X, E) is a directed graph G4 = (X, A) that has
G as its underlying graph. We use the notation xy for an edge of G, and (x, y)
for a directed edge of the corresponding orientation. That is, xy € E implies that
(x,y) € Aor (y, x) € Abutnot both. A graph G is transitively orientable if there
exists an orientation of G for which (u, v) € A and (v, w) € A implies (1, w) € A.

The proof of the following theorem can be found in [153].

Theorem 2.10.10 [78] (Gilmore and Hoffman) A graph G = (V, X) is an interval
graph if and only if it satisfies the following two conditions.

(i) Each subgraph of G induced by four vertices is chordal,
(ii) G€ is transitively orientable.
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We now show that fuzzy interval graphs are chordal and have transitively ori-
entable compliments.

Definition 2.10.11 A cycle of length » in a fuzzy graph is a sequence of distinct
vertices Xo, X, ..., X, such that u(xox,) > 0 and if 1 <i <n, then pu(x;—1x;) >
0. A fuzzy graph G = (o, p) is chordal if for each cycle with n > 4, there exist
integers j #0ork #nsuchthat0 < j <k —1=<nand pu(x;x;) > AM{pu(x_x;) |
i=1,2,...,n} A pu(xox,).

It is easily shown that a fuzzy graph G = (o, ) is chordal if and only if for each
t € (0, 1] the ¢-level graph of G is chordal.

Theorem 2.10.12 ([61]) If G is a fuzzy interval graph, then G is chordal.

Proof By Theorem 2.10.4, each cut level graph G’ is an interval graph. As in the
proof of Theorem 2.10.10, any interval graph is chordal. The result then follows from
Definition 2.10.11. W

To avoid confusion when dealing with cut level graphs, we base an orientation of
a fuzzy graph on an orientation of its underlying graph.

Definition 2.10.13 Let G = (o, u) be a fuzzy graph with fs(G) = {ry, ..., r,} and
let A be an orientation of G". Then the orientation of G by A is the fuzzy digraph
G4 = (0, 1a), where

_ [ uxy) if(xy) € A,
pal(x, ) =1 if (x,y) ¢ A.

The fuzzy graph G is called transitively orientable if there exists an orientation
which is transitive, i.e., s ((x, y)) A pa((y,2)) < pa((x,z)) forall x, y,z € V.

The c level graph of G4 has edge set {(x,y) | ua((x, y)) > c}. Therefore, an
orientation of a fuzzy graph induces consistent orientations on each member of the
fundamental sequence of cut level graphs. Conversely, it is possible to have a sequence
of transitively oriented subgraphs G; € G, C G3, where the transitive orientation
of G, does not induce a transitive orientation of G, and the transitive orientation of
G, cannot be extended to a transitive orientation of Gs.

Lemma 2.10.14 Suppose that G = Int(F) is a fuzzy interval graph. Then there
exists an orientation A that induces a transitive orientation of G°.

Proof Suppose (a, [3) is a nontrivial edge of G¢. Then h(aN () < r; = 1 and o
and 8" are disjoint. We let («, §) € A if and only if o lies strictly to the left of 3.
Clearly A is a well-defined and transitive orientation of C¢. W

Example 2.10.15 The fuzzy graph in Example 2.10.5 (Fig. 2.37) is not a fuzzy inter-
val graph because any orientation of (d, e) shows that there is no transitive orienta-
tion of G¢. Figure2.41 shows the cut level graphs of G¢ with (d, ¢) € A. Note that
(GHE = (G2, (G™)° = (G°)'" and (G™)¢ = (G°)! where r; = 1 here.
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Theorem 2.10.16 [61] (Fuzzy analog of Gilmore and Hoffman characterization) A
fuzzy graph G = (o, ) is a fuzzy interval graph if and only if the following conditions
hold:

(i) Forall x € Supp(c) =V, o(x) =1 (o is a crisp set);
(ii) Each fuzzy subgraph of G induced by four vertices is chordal;
(iii) G°€ is transitively orientable.

If G is a fuzzy interval graph, the three conditions follow from Definitions 2.10.1,
2.10.3, Theorem 2.10.12 and Lemma 2.10.14, respectively.

The following discussion is from [61]. For the remainder of the section, we assume
that each fuzzy subgraph of G = (V, 1) induced by four vertices is chordal and that
A is a transitive orientation of G¢. Because the proof that G is a fuzzy interval graph
is quite involved we first outline the proof. Details are given in Definition 2.10.17
through Lemma 2.10.23; the algorithm is applied in Example 2.10.24. For notational
convenience we let K;; denote the r; cut level set of the fuzzy set ;.

Definition 2.10.17 Define the relation < on the family of all fuzzy cliques of G as
follows. Suppose K < L if and only if K’ <, L', where  is the smallest element of
fs(G) such that K" # L'.

The lexicographic ordering < in the previous definition is clearly well defined,
complete, and transitive. Therefore, < defines a linear ordering on the family of all
fuzzy cliques of G.

Definition 2.10.18 Let G satisfy the conditions of Theorem 2.10.16 and let < be
the relation of Definition 2.10.17. Let t € fs(G) and let K # L be fuzzy cliques of
G. We say K and L are consistently ordered by < at level ¢ provided K' <, £' if
and only if £ < L. We say the linear ordering < is cut level consistent if for each
pair of distinct fuzzy cliques of G and for each ¢t € fs(G) the pair is consistently
ordered by < at level 7.

By Theorem 2.10.8, the rows of any vertex clique incidence matrix of G define a
family of fuzzy subsets that has G as its fuzzy intersection graph. If < of Definition
2.10.17 is cut level consistent, then the rows of the vertex clique incidence matrix
will be convex and the result follows from Theorem 2.10.8.
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If < is not level consistent, then some row is not convex. We modify this matrix
in a “bottom up” construction using the notion of cut level consistent to determine
which columns are modified or deleted from the vertex clique incidence matrix. We
complete the proof by showing that in the modified matrix each row is normal and
convex and that G is the fuzzy intersection graph of the family of fuzzy intervals
defined by the rows.

By the discussion following Definitions 2.10.11 and 2.10.13 each level graph G’
is chordal and has a transitively orientable complement. Thus, each G’ is an interval
graph and there exists a linear ordering <; on the family of all cliques of G'. We
now establish definitions that will be used extensively in the discussion to follow.

If the linear ordering < is cut level consistent then each row of the vertex clique
incidence matrix is convex (and G is a fuzzy interval graph by Theorem 2.10.8).
We prove this statement by contrapositive. Assume there exists a row that is not
convex. Suppose that there exists a vertex x € V and a sequence of fuzzy cliques
K < L < M such that L(x) < K(x) AM((x)=t.Then x € K', x ¢ L and x €
M. As in Theorem 2.10.10 there exists y € £’ such that (x, y) ¢ £".If (x, y) € A,
then M" <, L' with £ < M. If (y,x) € A then L' <; K" with K < L. In either
case the ordering < is not cut level consistent.

By Example 2.10.9, there exist fuzzy interval graphs where no ordering of the
fuzzy cliques is cut level consistent. We formalize a process that modifies or deletes
“inconsistent” fuzzy cliques (matrix columns). The proof of the following lemma
shows the “local” structure of noncut level consistent orderings. The lemma is also
used to show the construction in Definition 2.10.20 is well defined.

Lemma 2.10.19 Suppose that K and L are fuzzy cliques of G and that s > t. If
KS <5 LS and L' <, K', then there exists a clique M of G' such that either

(i) K CMand M <; K' or
(ii) LC Mand L' <, M.

Proof We check all possible edge configurations. Recall the edge set of the graph
G’ is denoted by £°. Each case shares the general conditions shown in Fig.2.42.
By definition of <,, there exist x € K’ and y € £, with xy ¢ £ and (x, y) € A.
Similarly, there exist x" € K* and y’ € £* with x’y’ ¢ £° and (y’,x’) € A. Then

(a) (b) (c) (d)

Y vy oy y oy y oy Y
° ° o

° ° °
T x w x’ T T x/

Fig. 2.42 Basic conditions for inconsistent cut level orderings
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s >t implies xy ¢ &%, xx’ € £ (or x = x’) and yy’ € £ (or y = y’). Because <,
is well defined, x'y" € £ and either xx" ¢ £ or yy' ¢ &°.

If y'x ¢ &', then y'x ¢ £* and transitivity requires (y’,x) € A and xx' ¢ &*
(sox ¢ K*). We claim for each x” € k¥ C K’ that y'x” € £'. For (', x”) ¢ £ with
L <, K'implies (¥, x”") € A.However,&* C & and K* <; L imply (x”, y') € A;
a contradiction. Therefore, {y’} U K* is a complete subgraph of G and is contained
in a clique M of G'. Because x ¢ M and (y',x) € A, we have M <, K'. Thus,
property (i) holds.

Similarly, if yx’ ¢ &', we have that (y, x") € A and yx’ ¢ £°. By transitivity,
{x'} U L’ is a complete subgraph of G and hence is contained in a clique M of G'.
Then (y, x’) € A implies £' <, M and property (ii) holds.

If yx €& and yx’' € £, then we show that K* U £L* is a complete subgraph
of G'. We need only to show for each x” € K and y” € L* that y"x" € £'. Again
x"y" ¢ & and L' <, K" implies (y”,x") € Aand y'x" ¢ &£°. However, K' <; L*
implies (x”, y”) € A; a contradiction.

Therefore, K* U £L* induces a complete subgraph of G’ that is contained in some
clique M of G'. If M <, L' <; K', property (i) holds. If L <, M property (ii)
holds. W

We now construct a directed graph F and in turn a linearly ordered family of fuzzy
subsets that define columns of an incidence matrix. These fuzzy subsets will either
be fuzzy cliques of G or modifications of fuzzy cliques. The graph theory analogy
of a forest with trees allows a good visualization of “vertically growing” cut level
sets which define the required fuzzy sets.

We use the fuzzy clique ordering < to recursively construct a forest F whose
vertex set is the set of all cut level cliques of G and whose edges connect cut levels
of fuzzy sets. We recursively build the forest by “vertically” adding cut level cliques
as vertices of F and defining a set of edges between cut levels. In the recursion let i
range from 1 ton — 1.

Definition 2.10.20 ([61]) Let G = (V,u) with fs(G)={ri,r,...,r,} be a
chordal fuzzy graph and let G¢ be transitively oriented by A.

Level r,,: Linearly order the set of all cliques of G by the relation <,, of Definition
2.10.18. Each of these cliques of G™ (vertices of F) represent the root of a tree in
the forest.

Level r,_;: Lets = r,_; and t = r,_; 1. Linearly order the set of all cliques of
G’ by the relation <;. Let X* be any set of edges that satisfy:

1. Each clique K* of G* is a vertex of exactly one edge of X*.

2. If (K', K%) € X* then K; is a clique of G', K* is a clique of G*, and K* C K".
Thus, an edge joins two level sets of (some) fuzzy clique.

3. For each pair of edges (K', K*) € X* and (L', L*) € X* we have K* <, £* if
and only if X' <; L or K" = L'.

Thus, when viewed as cut levels of a family of fuzzy cliques, the s level ordering
is level consistent with the next “lower” level.
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We continue with the discussion in [61]. We use Lemma 2.10.19 to demonstrate
the existence of at least one such forest, and show in the last paragraph of this section
that there may be a number of edge sets that satisfy these conditions. Let ° be
the minimal (with respect to <y) clique of G°. Clearly there exists a minimal (with
respect to <;) clique K’ of G' where K* € K'. Let < K, K* > € X*.

Next let £* be the successor of * (with respect to <) and let £’ be minimal (with
respect to <,) such that £* C £ and K' <, £" or K' = L'. If L' does not exist, let
L be maximal (with respect to <,) with £* C L. Now, K* <; £* and L <, K are
the conditions of Lemma 2.10.19. However, property (1) contradicts the minimality
of K" and property (2) contradicts the maximality of L. Therefore, £’ exists and
(L', L% e X* is well defined.

We continue recursively to construct one edge for each clique of G*. It may be
that for some clique M, of G', there is no edge from M,. We call such a clique a dead
branch of F.

Combining the edge sets F™»~ fori € {1, ..., r — 1} defines a forest with edge set
U:.’;ll F=i. As in Definition 2.10.18, we lexicographically order the set of paths from
a root to a dead branch or a r; level clique. For notational convenience, we denote
the ¢ level vertex of path P; by P;;. To ensure convex rows in our (still undefined)
incidence matrix, we add nonempty vertices “above” dead branches if “adjacent”
cliques have nonempty intersection.

Suppose the path P; ends with a dead branch at the ¢ level. For each s € fs(G)
with s > ¢, we continue the path P; through the new vertex Pjs, where x € Pj; if
and only if there existi < j < k withx € P;; N Py;. We call this final forest F. Each
path in F has length n, and it is possible for a vertex Pj, to be the empty set.

We complete the construction by letting paths in F define a linearly ordered
family of fuzzy sets, say /. The fuzzy sets define columns of the vertex forest matrix
of (G, <); G is the interval graph of the family of rows.

Definition 2.10.21 Let G satisfy the conditions of Theorem 2.10.16. F be a forest for
G as defined in Definition 2.10.20, and P; be a pathin F of length n. Associated with
P; define the fuzzy set ;1; € I on the vertex set of G by p1;(x) = V{s € fs(G) | x
is an element of the s level vertex of P;}.

We construct the vertex forest matrix of (G, <) indexing rows by the vertex set
of G, columns by the (ordered) fuzzy sets of I and defining the x, p; entry as f; (x).
By construction each y; is either a fuzzy clique of G, or has a cut level set that is the
intersection of two cut level cliques.

Let F denote the family of fuzzy sets defined by the rows of the vertex forest
matrix. We now complete the proof of Theorem 2.10.16 by showing that each member
of F is normal and convex (a fuzzy interval) and that G = Int F.

Lemma 2.10.22 We assume the conditions and notation above. For each vertex x
of G, define J, is a fuzzy interval.

Proof Let x be a vertex of G. Then x is a vertex in some clique of G™, say K. By
Definitions 2.10.20 and 2.10.21, K is the r; = 1 level cut of some fuzzy set 1 in 1.
Therefore, J, (1) = p(x) = 1 and J, is normal.
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Fig. 2.43 Level graphs G*?, G%7, G4

Each J; is convex if i < j < k implies J, (1) A Ty (x) < Jx(u;), or equiva-
lently, if 4; (x) A px(x) < pj(x). However, Definition 2.10.20 clearly provides these
conditions. If yi;, ;¢ ; and py are all fuzzy cliques, the result follows immediately from
the discussion after Definition 2.10.18. Otherwise, the result follows by definition of
the fuzzy sets ji;, o1 and . W

Now, we conclude proof of Theorem 2.10.16, by next lemma.

Lemma 2.10.23 Given the definitions and conditions of Theorem 2.10.16 through
Lemma 2.10.22, G = Int(F).

Proof There is a correspondence between the crisp vertex set V and the fam-
ily of fuzzy intervals F. Let x,y be distinct elements of V. We must show
that p(xy) = h(J, N Jy). By definition, h(J, N Jy) = V{T: (1) A Ty (i) | pj €
Iy =) Ap;() | pj el =Vvis e fs(G)| {x,y} S puj}

Because p(xy) = t is the maximal value where xy is an edge of G', p(xy) is the
maximal value where xy is in a clique of G'. By definition each clique of G’ is the
t level set of some fuzzy set i1; € I. Hence, pu(xy) = h(J, N Jy) as required. W

We provide an illustration for Theorem 2.10.16 in Example 2.10.24

Example 2.10.24 Consider the fuzzy graph G defined by the incidence matrix G
below, where fs(G) = {s,t,u} = {0.9,0.7,0.4}. Figure2.43 shows the cut level
graphs of G and Fig.2.44 shows transitive orientation A of G€.

a b c d e
0 0.70.7040.7
0.7 0 09 0 04
G= 0709 0 090.7
04 0 090.90.7
e[ 07040707 0

IS NY

QU
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Fig. 2.44 Transitive orientations of the complements

Using Definition 2.10.18, we linearly order the cut level cliques by: s = 0.9,
{a} <5 {b, ¢} < {c,d} <5 {e}, t =0.7, {a,b,c} <; {a,c,e} <, {c,d, e}, u =04,
{a,b,c,e} <, {a,c,d,e}.

There are eight fuzzy cliques of G; subscripts indicate the order induced by
Definition 2.10.18. The vertex clique incidence matrix M for G is given below. The
only convex row is indexed by d. Thus, the fuzzy clique ordering is not cut level
consistent.

Ki Ky K3 Kye Ks K¢ K7 Ks

al 090.7090.7090.704 0.4

»[ 07090404 0 0 0 O

M= ¢07090.70.70.70.70.9 0.7

0 0 0 0 0040907
¢| 0.4040.7090.7090.70.9

QU

Following Definition 2.10.20, gives the forest F' of Fig.2.45 with the incidence
matrix V, given below.

P P P3Py Ps
090.70.70.404
070904 0 O
V=2¢070909090.7
aql 0 0 0 090.7
el 0.40.40.70.709

ISR NY

The paths Py, P,, P53, P4 and Ps correspond, respectively, to the fuzzy cliques Ky,
Ko, K4, K7 and KCg. The clique {a, ¢, e} is a dead branch; so P3; = Py; N Py = {c}.
The path P; is a modification of /C4, the fuzzy cliques K3, s, and K¢ are deleted.

The interval representation of a fuzzy graph G is not in general unique. The
construction heavily depends on the orientation of G°. Different orientations can
give different vertex interval matrices. Slight modifications in Definition 2.10.20 can
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{a} {b, ¢} {¢¢ Aedy He}

b} ace tedel
{a,b,c, e} {a,c,d, e}
Fig. 2.45 A fuzzy interval representation for Example 2.10.24
{a} {b,c} {c} {c} {c,d} {e}

{a,b,c} {a,c e} {a,c,e} {c.d e}

{a,b,c} {a,c,d, e}

Fig. 2.46 Alternate fuzzy interval representation for Example 2.10.24

produce different vertex interval matrices. A left right construction was followed in
the example given, while a right to left also will work nicely. Also, in the example,
it is specified that each cut level clique will be the terminal vertex of only one
edge. One can relax this condition as long as cut level consistency is maintained.
Figure2.46 gives an alternate interval representation for the fuzzy graph given in
Example 2.10.24.

2.11 Operations on Fuzzy Graphs

Fuzzy graph operations were first studied in [130] by Mordeson and Peng in 1994.
Later Sunitha and Vijayakumar [169] investigated the properties of compliments of
fuzzy graphs with respect to these operations in 2002. By a partial fuzzy subgraph
of a graph G = (V, X), we mean a partial fuzzy subgraph of (xv, xx), where xvy
and xx denote the characteristic functions of V and X, respectively. Let (o, y;)
be a partial fuzzy subgraph of the graph G; = (V;, X;),i = 1, 2. The operations of
Cartesian product, composition, union, and join on (o, u;) and (o7, pp) are given
in [130]. If the graph G is formed from G| and G, by one of the these operations,
necessary and sufficient conditions are given in [130] for an arbitrary partial fuzzy
subgraph of G to also be formed by the same operation from partial fuzzy subgraphs
of G| and G,. Recall that the Cartesian product G = G| x G, of graphs G| =
(Vi, X)) and G, = (V,, Xp)isgivenby V = V) x Vo and X = {(u, up)(u, v2) | u €
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Vi, uavp € Xo} U {(uy, w)(vyw) | w € Vo, ujv; € X1}. Let 0; be a fuzzy subset of
Vi and p; be afuzzy subset of X;, i = 1, 2. Define the fuzzy subsets oy x o, of Vand
1o of X as follows:

For all (u1, uz) € V, (01 X 02)(u1, uz) = o1(u1) A oa2(ua),

For all u € Vi, for all upvy € Xo, pipa((u, uz)(u, v2)) = o1(u) A uz(uzvz),

For all w € V5, for all ujv; € Xy, pypa((uy, w)(vy, w)) = oa(w) A py(uvy).

Proposition 2.11.1 Let G be the Cartesian product of graphs G and G,. Let (0, ji;)
is apartial fuzzy subgraphof G;,i = 1,2.Then (o1 X 03, p1p2) is a partial subgraph
of G.

Proof We have

ppo (e, u2)(w, uz)) = o1(u) A oa(uv2) < o1(u) A (02(u2) A o2(v2))
= (o1(u) AN oa(u2)) A (o1 (1) A o2(u2))

= (01 X 02) (U, uz) A (01 X 02)(u, v2).

Similarly, fo 102 ((1, w)(vi, w)) < (01 X 02) (U1, w) A (o1 x 02) (v, w). MW

Theorem 2.11.2 Suppose that G is a Cartesian product of two graphs G| and G,.
Let (o, p) be a partial fuzzy subgraph of G. Then (o, 1) is a Cartesian product of
a partial fuzzy subgraph of G and a partial fuzzy subgraph of G, if and only if
the following three equations have solutions for x;, y;, Zjx, and w;y, where V| =

{vir, vi2, ..., Vi) and Vo = {v21, V22, . .., V2 s

(i) xi nyj =0, v)),i=1,...,n; j=1,...,m;

(ii) x; AN Zjk = p((vi, v2;) (1, var)), i = 1,...,n; j, k such that vajva € Xo;
(iii) y; A wix = p((v1i, v2;)(Vin, v27)), j =1, ..., m; i, h such that vi;vy, € X1.

Proof Suppose that a solution exists. Consider an arbitrary, but fixed j, k in equations
(ii) and 7, h in equations (iii). Let

Zjk = V (i, v2) (v, o) i =1,...,n},
Wi = V{p((vii, v2))(ip, v2) | j=1,...,m}.

Set J ={(j, k) | j, k are such that vo;vo; € X5} and I = {(i, h) | i, h are such that
V1;V1p € Xl}. Now, if {xl, Ce ,x,l} @] {ij | (], k) (S J} U {w,-h | (l,]’l) (S I} is any
solution to (i), (ii),and (iii),then{xy, ..., x,} U{Zj | (j, k) € JYU{w, | (i, h) €
1} is also a solution and in fact/z\jk is a smallest possible z j; and W;;, is a smallest w;y,.
Fix such a solution and define the fuzzy subsets o, 03, 11, and py of Vi, Vo, X1,
and X», respectively, as follows:

oy(v) =x;fori =1,...,n;

o) =yjforj=1,...,m;
pa(v2jvar) = Zji for j, k such that vy;vy € X»;
w1 (vi;v1,) = Wiy, for i, h such that vy;vy, € X|.
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For any fixed j, k,

p((vii, v2;) (W1, k) < o (vii, v2;) A o (vii, V)
= (o1(v1;) A 02(v2j) A (1 (V1) A 02(V2r))

O'Q(UQJ') ANoy(vy),i=1,...,n.

IA

Thus, Zjx = V{p((ii, v2j iz, vw)) | i =1, ..., n} < 02(v2)) A 02(var). Hence,
H2(V2jvk) < 02(v2;) A o2(var). Thus, (02, p12) is a partial fuzzy subgraph of G».
Similarly, (o, 1) is a partial fuzzy subgraph of G;. Clearly, 0 = o) X 0, and
M= 1.

Conversely, suppose that (o, 1) is the Cartesian product of partial fuzzy subgraphs
G and G,. Then solutions to equations (i), (i), and (iii) exist by definition of
Cartesian product. H

Remark 2.11.3 Consider an arbitrary fixed solution to the equations (i), (ii) and
(ii7) in the proof of Theorem 2.11.2 (i f one exists). Then

(i) Let (j,k) e Jandlet I"={ijy € I | Zjx = p((v1i,,, v2;)(V1i,. v2x))} in Theo-
rem2.11.2.If x;;, > Zj forsome i, € I', then z j; is unique for these particular
X1, X2, ..., X, and equals Zj;; if x;, = Zj; forallij; € I'. Then Zj; < zjx <1
for these particular xy, x2, ..., X,.

(i) Let(i,h) € Iandlet J' = {ji, € J | Win = p((vii, v25,) (Win, v2,))} in Theo-
rem 2.11.2. If y;, > W;;, for some j;; € J', then w;;, is unique for these par-
ticular yi, y2, ..., ¥ and equals with W;p; if yj;, = W;; for all j;, € J', then
Wip < w;;, < 1 for these particular yy, y2, ..., yu.

Example 2.11.4 Consider V1 = {U11, U12}, V2 = {U21, Uzz}, Xl = {vllvlz}andXz =
{va1vae). If o((vi1, v21)) = 0.25, o((vi1, v22)) = 0.5, o((vi2,v21)) =0.1 and
o((v12, v22)) = 0.6, then (o, p) is not a Cartesian product of partial fuzzy subgraphs
of G and G for any choice of y, because equation (i) in Theorem 2.11.2 is incon-
sistent; x; A y; = o((v11, v21)) = 0.25, x1 A y2 = o((v11, v2)) = 0.5, X Ay =
o((via, v121)) = 0.1, xo A Y2 = o((vi2, v22)) = 0.6, is impossible.

Note that examples satisfying Theorem 2.11.2(i) can be easily constructed, but
either Theorem 2.11.2(ii) or Theorem 2.11.2(iii) may be inconsistent.

We now consider the composition of two fuzzy graphs. Let G{[G,] denote the
composition of graph G; = (Vi, X;) with graph G, = (V», X3). Then G[G,] =
(V, x Vo, X©), where

X0 = {(u, u2)(u, v2) | u € Vi, urvs € Xo}
Uy, w)(vy, w) | w € Vo, ujv; € X1}
Uy, ua)(vi, v2) | uivy € Xy, up # v}

Let 0; be a fuzzy subset of V; and p; a fuzzy subset of X;, i = 1, 2. Define the fuzzy
subsets 01 o g and py o pp of Vi x V, and X 0 respectively, as follows:
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(01 0 02)(uy, uz) = o1(uy) A oa(uz) forall (uy, uz) € Vi x V2,
(p1 0 ) ((u, uz)(u, v2)) = o1 (u) A po(urvy) for allu € Vi, for all uyv; € Xo,
(1 0 ) ((uy, wy(vy, w)) = o2(w) A py(uyvy) forall w € V,, forall ujv; € X,

(1 0 ) ((uy, v2)(V1, v2)) = o2 (U2) A T2(V2) A g (uvy)
for all (u;, v2)(vy, v2) € XO\X,

where
X = {(u,uz)(w, v2) | u € Vi, usv; € XU
{1, w)(vi, w) | w € Vo, ujuy € X1}

We see that 01 0 0y = 01 X 0y and p; o iy = i on X.

Proposition 2.11.5 Let G be the composition G[G,] of graph G| with graph G,.
Let (0;, ;) be apartial subgraph of G;,i = 1,2. Then (o1 0 03, |41 © Uy) is a partial
fuzzy subgraph of G1[G>].

Proof We have already seen in the proof of Proposition 2.11.1 that
(k1 0 p2) ((uy, uz)(vi, v2)) < (01 0 02) (U1, u2)) A (01 0 2)((v1, v2))

forall (uy, u»)(v1, v2) € X. Suppose that (u1, u»)(vi, v2) € X°\X andsou;v; € X,
and u, # v,. Then

(1 0 ) ((uy, uz) (v, v2)) = 02(u2) A 02(v2) A pur(uvy)
< o2(uz) A oa(v2) Aoy(ur) Ao (vr)
=o1(u) ANoa(uz) Ao(ur) Aoz(v)

(o1 002)((u1, u2)) A (01 0 02)((v1, v2)).

A

The fuzzy graph (o} o 2, 1 o i) of the previous proposition is called the com-
position of (o, p1) with (02, o).

Theorem 2.11.6 Let G be the composition G1[G2] of graph G with graph G,. Let
(o, 1) be a partial subgraph of G. Consider the following equations:

(i) Xi NYj =0(v1,»,v2j),i =1,...,; j= 1,...,m;
(ii) x; AN Zjk = p(vii, v2;) (i, vr)), i =1, ..., n; J, k such that vyjvy € Xo;
(iii) y;j Awip = p((iv2;)(Win, v25)), j =1, ..., m; i, h such that vi; vy, € X;
(iv) i A ye Awip = (V17 v2;) (Vig, Vr)), where (vi;, v2;) (Vin, vak) € XO\X for
X defined as above.

Suppose that a solution to equations (i)—(iv) exists. If
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Wi = p(((vig, v2;) Wik, vox)) forall (i, h) € 1

such that (vi;, v2;)(Vip, V2j) € XO\X, then (o, p) is a composition of partial fuzzy
subgraphs of G and G,.

Proof The necessary part of the theorem is clear. Suppose that a solution to equations
(i)—(iv) exists. Then there exists a solution to equations (i)—(iv) as determined in
the proof of Theorem 2.11.2 for equations (i)—(iii) because every w;; > w,; and by
the hypothesis concerning the w;j,. Thus, if y1;, i = 1,2, are defined as in the proof
of Theorem 2.11.2, we have that (o, ;) is a partial fuzzy subgraph of G;,i =1, 2,
ando =cjo0pandyu=popu,. A

Example 2.11.7 Let G; = (V1, X1) and G, = (V3, X») be graphs and let oy, 07,
w1, pp befuzzy subsetsof Vi, Vo, X1, X», respectively. Then (o) X 07, 11 12) is a par-
tial fuzzy subgraph of G| x G5, but (o}, 1;) is not a partial fuzzy subgraphof G;, i =
1,2 : Let Vi = {uy, vi}, Vo = {uy, vo}, X1 = {uv1}, and X, = {u,v,}. Define the
fuzzy subsets o1, 02, 111, and p, as follows: o1 (u;) = o1(v1) = 02(uz) = 02(v2) =
1/2 and py (u1v1) = pp(urvy) = 3/4. Then (o, p;) is not a partial fuzzy subgraph of
Gi,i=1,2.Now,x € Viandy € Vo, ujpa((x, uz)(x, v2)) = 01(x) A pa(uavp) =
1/2 = 01(x) A 02(uz) A 02(v2) = (01 X 02)(x, u2)) A (01 X 02)(x, v2)) and sim-
ilarly, pipa((uy, y)(v1, y)) = (01 X 02)(u1, ¥)) A (01 X 02)(v1, y)). Thus, (o7 x
02, 41 2) 1s a partial fuzzy subgraph of G; x G,. Note thatforx;y; € X;and x,y; €
Xo, (p1 0 p)((x1, X2) (1, ¥2)) = 02(x2) A o2 (y2) A i (xiy) = 1/2 = (01 X 02)
((x1,x2)) A (o1 X 02)((y1, ¥2)). Thus, (o1 0 02, 11 o pp) is a partial fuzzy subgraph
of G1[G;].

In the previous example, (0 X o2, p1pt2) satisfies the conditions in Theorem
2.11.2. Hence, (o) X 02, 1 42) is the Cartesian product of partial fuzzy subgraphs
(1i,v;)) of G;,i = 1,2. Infact, ; and v;, i = 1, 2, are constant functions with value
1/2.

Consider the union G = G; U G, of two graphs G; = (V}, X;) and G, =
(Va, X»). Let u; be a fuzzy subset of v; and p; a fuzzy subset of X;, i =1, 2.
Define the fuzzy subsets oy U 0, of V; U V, and ) U pp of X U X5 as follows:

Ul(u) ifu e Vl\Vz,
(a1 Uo2)(w) = 1 02(u) ifu € V2\Vi,
or(w)Vvor(u) ifueViNV,,

w1 (mv) if uv € X\ Xo,

(1 Y ) (mv) = § pa(uv) if uv € Xp\ X,
wi(@v) vV pup(mv) ifuv e X1 N Xo,.

Proposition 2.11.8 Let G be the union of the graphs G| and G,. Let (o;, ;) be
a partial fuzzy subgraph of G;, i = 1,2. Then (o1 U 02, u1 U o) is a partial fuzzy
subgraph of G.
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Proof Suppose that uv € X;\ X,. We have three different cases to consider.
(i) Suppose u,v € Vi\V,. Then (i o pp)(uv) = pi(uv) < oy(u) Aoy(v) =
(o1 Uaa)w) A (o1 U a2)(v).
(i1) Suppose u € Vi\V, and v € V; N V,. Then (p; U pp)(uv) < (o1 Uop)(u) A
(01(v) V 02(v) = (o1 Ua)(u) A (01 U 02)(v).
(iii)) Suppose u, v € V; N V,. Then

(1 U ) (uv) < (o1(u) vV or(u)) A (01(v) V 02(v))
= (o1 Uo)(w) A (o1 U0oz)(v).

Similarly, if uv € X5\ X . Then () U pp)(uv) < (01 Uoz)(u) A (o1 U o) (v). Sup-
pose that uv € X; N X,. Then

(1 U p2) () = pr(uv) v po(uv)
< (o1(u) Ao (v)) V o2 (u) A oa(v)
< (o1(w) vV or(u)) A o1(v) V o (v)
= (01 U02)(u) A (01 U0a2)(v).

The fuzzy subgraph (o U 0,, p11 U pp) of Proposition 2.11.8 is called the union
of (o1, p1) and (o1, p12).

Theorem 2.11.9 If G is a union of two fuzzy subgraphs G, and G,, then every
partial fuzzy subgraph (o, 1) is a union of a partial fuzzy subgraph of G| and a
partial fuzzy subgraph of G.

Proof Define the fuzzy subsets o1, 02, 1, and p, of Vi, V,, X and X,, respectively,
as follows:

oi(u) =o0()ifu € V; and p; (uv) = p(uv) ifuv € X;,i =1, 2.

Then p; (uv) = p(wv) <o) Ao@) =o;(w) Ao;(v) if uv € X;,i =1, 2. Thus,
(o7, i) 1s a partial fuzzy subgraph of G;,i = 1,2. Clearly, 0 = oy U0, and p =
j2a1 @] 2. |

Consider the join G =G+ G, = (ViU V,, X1 U X, U X') of graphs G| =
(V1, X») and G, = (V,, X;), where X' is the set of all edges joining the vertices
of V| and V, and where we assume V| NV, = . Let o; be a fuzzy subset of V;
a fuzzy subset of X;, i = 1, 2. Define the fuzzy subsets o; + o, of V; UV, and
11+ pp of X1 U X, U X' as follows:

(o1 +02)(m) = (0 Uoy)(u) forallu € VU V,,
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[ 0 U ) @o) ifuv € X4 U Xa,
(i + p2) (wv) = o) Aoy(v) ifuv e X', u e Vi,v e V,.
Proposition 2.11.10 Let G be the join of two graphs G| and G,. Let (0, 11;) be
a partial fuzzy subgraph of G;, i = 1,2. Then (0 + 02, 1 + w2) is a partial fuzzy
subgraph of G.

Proof Suppose that uv € X| U X,. Then the desired result follows from Proposition
2.11.8. Suppose that uv € X’. Then

(11 + p2)(uv) = o1(u) A o2(v)
= (o1 U))@)) A (01U o) (v)
= (o1 +02) (W) A (01 + 02) ().

The fuzzy subgraph (o) + o2, 141 + p2) of Proposition 2.11.10 is called the join
of (o1, p1) and (o2, f12).

Definition 2.11.11 Let (o, 1) be a partial fuzzy subgraph of a graph G = (V, X).
Then (o, p) is called a strong partial fuzzy subgraph of G if p(uv) = o(u) A o(v)
for all uv € X.

Theorem 2.11.12 If G is the join of two subgraphs G| and G,, then every strong
partial fuzzy subgraph (o, p) of G is a join of a strong partial fuzzy subgraph of G
and a strong partial fuzzy subgraph of G,.

Proof Define the fuzzy subsets o, 02, 1, and u, of Vi, V,, X and X,, respectively,
as follows: o; (1) = o(u) if u € V; and p; (uv) = p(uv) if uv € X;,i = 1,2. Then
(o, ;) is a fuzzy partial subgraph of G;, i = 1, 2, and 0 = 0| + 03 as in the proof
of Theorem 2.11.9. If uv € X; U X, then p(uv) = (u; + p2)(uv) as in the proof
of Theorem 2.11.9. Suppose that uv € X’, where u € V| and v € V,. Then (u; +
w2)(wmv) = o1(u) A oz(v) = o(u) A o(v) = u(uv), where the latter equality holds
because (o, ) is strong. W

Example 2.11.13 Let G; = (V1, X1) and G, = (V,, X,) be graphs and let g1, 07,
w1, pp be fuzzy subsets of Vi, Vo, X1, X», respectively. Then (o U o2, pp U 1) is

a partial fuzzy subgraph of G; U G,, but (o;, 1;) is not a partial fuzzy subgraph
of G;, i =1,2: Let Vi =V, ={u,v} and X; = X, = {uv}. Define the fuzzy
subsets oy, 02, 141, 12 be fuzzy subsets of Vi, Vo, X, X», respectively, as follows:
o1(u) =1=02(v),01(v) = 1/4 = 02(u), pt1(uv) = 1/2 = pp(uv). Then (o;, ;)

is not a partial fuzzy subgraph of G;,i = 1,2. Now, (u; U po)(uv) = py(uv) v
2 (uv)=1/2 <1 = (o1(u) V o2(u)) A (01(v) V 02(v))=(01 U 02) () A (01 U02)(v).
Thus, (o1 U o2, p1 U up) is a partial fuzzy subgraph of G| U G,.

The above example can be extended to the case where V; € Vo, Vo, € Viand X €
Xa, X» € X, as follows: Let V; = {u, v, w}, Vo = {u, v, z} and X; = {uv, uw},
Xy = {uv, vz} and o1 (w) = 02(2) = | = py(ww) = pr(uz).
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Theorem 2.11.14 Let G = (Vi, X1) and G, = (V,, X 1) be graphs. Suppose that
ViNnV, =@. Let 0y, 02, j41, and py be fuzzy subsets of Vy, Vo, X| and X,, respec-
tively. Then (o1 U 03, 1 U o) is a partial fuzzy subgraph of G| U G, if and only if
(o1, p1) and (02, o) are partial fuzzy subgraphs of G| and G,, respectively.

Proof Suppose that (o7 U 07, 1 U 1p) is a partial fuzzy subgraph of G| U G,. Let
uv € X;.Thenuv ¢ X, andu, v € V|\V,. Hence, p (uv) = (1 U pp) (mv) < (o U
o)) A (o1 Uop)(v) = o1(u) Aoy(v). Thus, (oy, pp) is partial fuzzy subgraph of
G 1. Similarly, (03, p,) is partial fuzzy subgraph of G,. The converse is Proposition
2.11.8. W

The following result follows from the proof of Theorem 2.11.12 and Proposition
2.11.10.

Theorem 2.11.15 Let G = (Vi, X1) and G, = (V,, X1) be graphs. Suppose that
ViNnV, =@. Let 0y, 02, j41, and py be fuzzy subsets of Vy, Vo, X and X,, respec-
tively. Then (o1 + 02, p1 + o) is a partial fuzzy subgraph of G| + G, if and only
if (o1, 1) and (o2, o) are partial fuzzy subgraphs of G| and G,, respectively.

Definition 2.11.16 Let (o, ;1) be a partial fuzzy subgraph of (V, T'), where T C V.
Define the fuzzy subsets ¢’ of V and p' of T as follows: ¢/ = ¢ and for all uv €
T, i/ (uv) = 0if p(uv) > 0 and 1/ (uv) = o(u) A o(v) if u(uv) = 0.

Clearly, G’ = (¢', ') is a fuzzy graph.

Definition 2.11.17 Let (o, i) be a partial fuzzy subgraph of G = (V, X), Then
(o, p) is said to be complete if X = T and for all uv € X, p(uv) = o(u) A o(v).

We use the notation C,, (o, 1) for a complete fuzzy graph, where |V | = m.

Definition 2.11.18 (o, ) is called a fuzzy bigraph if and only if there exist
partial fuzzy subgraphs (o;, ;),i = 1,2, of (o, ) such that (o, p) is the join
(o1, p1) + (02, p2), where Vi NV, = @ and X; N X, = @. A fuzzy bigraph is said
to be complete if p(uv) > 0 for all uv € X'.

We use the notation C,, , (o, ) for a complete fuzzy bigraph, where |V | = m and
[Va| = n.

Proposition 2.11.19 C,, (o, 1) = Cp (o, ) + Cy (o, ).



Chapter 3
Connectivity in Fuzzy Graphs

In graph theory, edge analysis is not very necessary because all edges have the same
weight one. But in fuzzy graphs, the strength of an edge is a real number in [0, 1] and
hence the properties of edges and paths may vary significantly from that of graphs.
Soitis important to identify and study the nature of edges of fuzzy graphs. In Chap. 2,
we have discussed the strength of connectedness between two vertices x and y in a
fuzzy graph G. In this chapter, a detailed analysis of the structure of fuzzy graphs
based on the strength of connectedness will be made.

3.1 Strong Edges in Fuzzy Graphs

In 2002, Bhutani and Rosenfeld introduced the concept of strong edges in fuzzy
graphs. In a series of papers, they have discussed strong edges, fuzzy end vertices
and geodesics in fuzzy graphs. The discussions in this section are from [42-44]. We
shall use the notation CONNg; (x, y) for the strength of connectedness 1> (x, y). Note
that a fuzzy graph G = (o, p) is connected if CONNg (x, y) > 0 for every pair of
vertices x, y € o*. In the following definitions, G — xy is the fuzzy graph obtained
from G by replacing p(xy) by O.

Definition 3.1.1 Let G = (o, ) be a fuzzy graph. An edge xy is said to be strong
in G if pu(xy) > 0 and p(xy) > CONNG_,y(x,y). Apath p 1 x =x0, X1, ..., X, =y
from x to y is called a strong path if x;_x; is strong forall 1 <i <n.

In any fuzzy graph, an edge of maximum weight is always strong. But the con-
verse is not true. For example, consider a fuzzy graph G = (o, p) with G* is Kj.
Leto* ={a,b,c} and o(a) = o(b) = o(c) =1, 0 < plab) = plac) < p(bc) < 1.
Then every edge of G is strong, including the weakest ones.
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Fig. 3.1 A strong cycle T
without fuzzy bridges
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Proposition 3.1.2 In a fuzzy graph G, every fuzzy bridge is strong.

Proof Let G = (o, p) be a fuzzy graph and xy be a fuzzy bridge of G. Suppose xy is
not strong. Then p(xy) < CONNg_,,(x,y). Let p be a strongest path from x to y in
G — xy. The strength of this path is CONN¢_,,(x, y). If we adjoin xy to p to obtain
a cycle, xy becomes the weakest edge of this cycle. Hence, by Theorem 2.2.1, xy is
not a fuzzy bridge of G. This proves that a fuzzy bridge must be strong. W

The converse of Proposition 3.1.2 is not generally true, as seen from the example
of a triangle in which all the edges have the same weight (Fig.3.1).

Proposition 3.1.3 An edge xy in a fuzzy graph G is strong if and only if u(xy) =
CONNg (x, y).

Proof Assumexyisstrong. Then CONNg (x, y) > p(xy). Ifapath fromx toy contains
Xy, its strength is less than or equal to p(xy). If it doesn’t contain xy, it is in G — xy,
so its strength is less than or equal to CONNG_,(x, y), which is less than or equal
to p(xy) because xy is strong. Hence, in either case, the strength of a path from x to
y is at most p(xy), so that CONNg(x, y) < p(xy).

Conversely, suppose that for xy € p*, u(xy) = CONNg(x, y), then we must have
p(xy) = CONNG_.y(x,y). So xy is strong. W

Proposition 3.1.4 Let G = (o, ) be connected, and let x, y be any two vertices in
o*. Then there exists a strong path from x to y.

Proof Because G is connected, there exists a path p : x = xp, x1, ..., x, =y from
x to y such that p(x;_1x;) > 0 for all 1 <i < n. If x;_,x; is not strong, we must
have p(xj—1x;) < CONNG_,,_,x (Xj—1, x;). Hence, there exists a path p; from x;_; to
x; whose strength is greater than y(x;_x;), so that all its edges have weights greater
than y(x;_1x;). If some edge on p; is not strong, then this argument can be repeated.
Evidently, the argument cannot be repeated arbitrarily often. Hence, eventually we
can find a path from x to y on which all the edges are strong. W

Now, consider a fuzzy tree G = (o, 1t). By definition of a fuzzy tree, there exists
a unique maximum spanning tree F' = (o, ) such that for all edges xy not in F,
u(xy) < CONNg(x,y). The strong edges of G are precisely the strong edges of F as
seen from the following theorem.
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Proposition 3.1.5 If G is a fuzzy tree, an edge of G is strong if and only if it is an
edge of its unique maximum spanning tree.

Proof Let G = (o, 1) be a fuzzy tree with F its unique maximum spanning tree. If
xy is not an edge of F, we must have p(xy) < CONNFg(x,y). Because xy is strong
we have f1(xy) > CONNG_y(x,y) = CONNEg(x,y). Because xy is not an edge of F,
we get a contradiction.

Conversely, suppose that xy is an edge of F, but not a strong edge of G. Then
p(xy) < CONNG_yy(x,y). Let pbe apath of maximum strength fromx toyin G — xy.
The strength of p is CONNg_,(x, y). So xy is the weakest edge of the cycle formed
by adjoining xy to p. Clearly, xy is a bridge of G. So by Theorem 2.2.1, xy cannot be
the weakest edge of a cycle; a contradiction. H

Corollary 3.1.6 If G is a fuzzy tree, F is uniquely determined.
Proof The edges of F are just the strong edgesof G. W
Corollary 3.1.7 An edge of a fuzzy tree is strong if and only if it is a fuzzy bridge.

Proof A strong edge of G must be an edge of F and hence must be a fuzzy bridge
of G. W

The converse is true even if G is not a fuzzy tree.

Proposition 3.1.8 G is a fuzzy tree if and only if there is a unique strong path in G
between any two vertices of G.

Proof By Proposition 3.1.4, there exists a strong path p in G between any two vertices
x and y. By Corollary 3.1.6, p lies entirely in F, where F is the unique spanning tree
associated with G. Because F* is a tree, there is a unique path in F from x to y;
hence p is unique. To prove the converse, note first that a connected fuzzy graph
G is a fuzzy tree if and only if, in any cycle of G, there is an edge xy such that
p(xy) < CONNg_,y(x,y) (Theorem 2.3.1). Hence, if G is not a fuzzy tree, there is
acycle p in G such that ;i(xy) > CONNg_,,(x,y) for every edge xy of p, such that
every edge of p is strong. Thus, for any two vertices # and v on p, there are two
strong paths between « and v, a contradiction. W

Proposition 3.1.9 In a fuzzy tree G, a strong path between any two vertices u, v is
a path of maximum strength between u and v.

Proof Let p be the unique strong path between u an v. Because every edge of p
is strong, it is in the unique maximum spanning tree F' of G. Suppose p is not a
path of maximum strength from u to v. Let p’ be such a path; then p’ is not same
as p, so p and the reversal of p’ form a cycle. Because F* is a tree, it cannot have a
cycle; hence some edge u'v' of p’ must fail to be in F. By definition of F, we have
w(@'v') < CONNg (1, v'). Hence, there is a path from u’ to v” in F, so we can replace
every edge u'v’ of p’ that fail to be in F by a path in F. This yields a path p* in F from
u to v. Because it was constructed by replacing edge 1'v’ of p’ by paths stronger than
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these edges, p* is at least as strong as p'. Thus, p* too can’t be the same as p, so p and

the reversal of p* form a cycle, and thus we have a cycle in F, which is impossible.
|

If xy is a strong edge, we say that x and y are strong neighbors. Hence, we have
the following proposition.

Proposition 3.1.10 [fG = (o, p) is a connected fuzzy graph and o* is not a single-
ton, then every vertex of G has at least one strong neighbor.

The proof of Proposition 3.1.10 follows directly from Proposition 3.1.4.

A vertex x in a fuzzy graph G is called a fuzzy end vertex if x has exactly one
strong neighbor. Evidently an end vertex (a vertex that has only one neighbor in the
support) is a fuzzy end vertex.

Theorem 3.1.11 A fuzzy cutvertex has at least two strong neighbors.

Proof Let G = (o, 1) be a fuzzy graph and let z be a fuzzy cutvertex of G. Deleting
zreduces CONNg (x, y) for some x, y € o*. Thus, there was a strongest path 7 from
x to y that passed through z, say x, ..., u, z,v,...,y. If uz is not strong, we have
w(uz) < CONNg(u, z), when uz is deleted. Thus, there is a path p from u to z, not
involving uz, which is stronger than p(uz). Let u’ be the vertex just preceding z on
p. Because the strength of p is at most p(#'z), we must have p(u'z) > p(uz). If u'z
is not strong, we can repeat this argument. Because it cannot be repeated infinitely,
we eventually find a u* such that u*z is strong. Similarly, we eventually find a v*
such that zv* is strong. If u* = v*, we would have a path from x to u* = v* to y that
is stronger than 7, so that deleting z would not reduce CONNg (x, y), contradiction.
Hence, 7 has at least two strong neighbors. W

Corollary 3.1.12 No vertex can be both a fuzzy cutvertex and a fuzzy end vertex.

Definition 3.1.13 A fuzzy graph G such that G* is a cycle is called multimin if G
has more than one weakest edge. Recall that G is called locamin if every vertex of
G lies on a weakest edge.

Because a cycle has at least three vertices, locamin implies multimin. We shall
call a fuzzy graph whose support is a cycle as an F-cycle.

Theorem 3.1.14 A fuzzy cycle is multimin if and only if it is not a fuzzy tree.
Theorem 3.1.15 A fuzzy cycle is multimin if and only if it has no fuzzy end vertices.

Proof In a multimin fuzzy cycle, every edge is strong. Thus, for any vertex z, both of
the edges on which z lies are strong, so z cannot be a fuzzy end vertex. Conversely, if
a fuzzy cycle has only one weakest edge xy, it is not hard to see that y is not a strong
neighbor of x or vice versa. Hence, only the other neighbors of x and y are strong,
so that x and y are fuzzy end vertices. W

Theorem 3.1.16 A multimin fuzzy cycle is locamin if and only if it has no fuzzy
cutvertices.
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Proof 1t is not hard to see that if xy is a weakest edge of a fuzzy cycle G, then x
and y cannot be cutvertices of G. Hence, if G is locamin, so that every vertex of G
lies on a weakest edge, no vertex of G can be a cutvertex. Conversely, if G is not
locamin, then let x, y, z be three consecutive vertices of G such that neither xy nor
yz is a weakest edge. It follows easily that deleting y reduces CONNg (x, z), so that
yis a fuzzy cutvertex. H

Theorem 3.1.17 A nontrivial fuzzy tree G has at least two fuzzy end vertices.

Proof Let F be the unique maximum spanning tree of G. Because the support of '
is a nontrivial tree, it has at least two end vertices. We will prove that these vertices
are fuzzy end vertices of G. Indeed, suppose z is an end vertex of F and not a
fuzzy end vertex of G. Then z has at least two strong neighbors x, y so that (zx) >
CONNG_(z, x) and pu(zy) = CONNgG_,(z,y). Because z is an end vertex of F, at
most one of zx and zy can be edges in F. Suppose zx is not an edge of F'. By definition
of a fuzzy tree, this implies that ;i (zx) < CONNp(z, x). Hence, CONNy_.(z, x) <
u(zx) < CONNEg(z, x). But F is a fuzzy subgraph of G, and because zx is not an
edge of F, F is also a fuzzy subgraph of H — zx. This implies that CONNp(z, x) <
CONNy_.(z, x), contradiction. W

Theorem 3.1.18 A fuzzy cycle G is multimin if and only if it has at least one vertex
which is neither a fuzzy cutvertex nor a fuzzy end vertex.

Proof By Theorem 3.1.15, if G is multimin, it has no fuzzy end vertices, and it
follows that a vertex that lies on a weakest edge of G, cannot be a fuzzy cutvertex.
This proves ‘only if”. Conversely, if G is not multimin it has a unique weakest edge.
We have seen that the vertices that lie on this edge must be fuzzy end vertices. Thus,
all the other vertices of G must be fuzzy cutvertices. Hence, every vertex of G is
either a fuzzy end vertex or a fuzzy cutvertex, which proves ‘if’. H

Corollary 3.1.19 A fuzzy cycle G is a fuzzy tree if and only if every vertex of G is
either a fuzzy cutvertex or a fuzzy end vertex.

Proof The proof follows from Theorems 3.1.14 and 3.1.18. W

In any fuzzy tree G, every vertex is either a fuzzy cutvertex or a fuzzy end vertex;
indeed, the end vertices of the spanning tree F' of G must be fuzzy end vertices, and
the other vertices must be fuzzy cutvertices. The converse is not true, i.e., even if
every vertex of G is either a fuzzy cutvertex or a fuzzy endvertex, G need not be a
fuzzy tree. Consider the following example.

Example 3.1.20 Let G = (o, i) be the triangle xyz with branches xu, yv and zw
attached to its vertices. Assign unit weight to all edges and vertices (Fig.3.2). Evi-
dently x, y, z are cutvertices and hence fuzzy cutvertices. Also, u, v and w are end
vertices, but G is not a fuzzy tree.

Proposition 3.1.21 [f G is a fuzzy tree, every vertex of G is either a fuzzy cutvertex
or a fuzzy end vertex.
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Fig. 3.2 Fuzzy graph with 3 z
cutvertices and 3 end vertices

Fig. 3.3 A fuzzy graph with (z,1)
all edges strong
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Proposition 3.1.22 If p(uv) = o(u) A o(v), then uv is strong.

Proof Any path p from u to v in G —uv must contain edges ux and yv for
some x # v and y # u. Hence, the strength of p is at most p(ux) A p(yv) <
NMo@), o(x),0(y), o)} = o) Ao() = pu,v). B

The converse of Proposition 3.1.22 is not true. Consider the following example.

Example 3.1.23 Suppose G has three vertices x,y,z such that o(x) = o(y) =
o(z) =1 and p(xy) = pu(yz) = p(zx) = 0.9. Then all the edges of G are strong,
but the p values are less than the minimum of corresponding ¢ values (Fig. 3.3).

It was shown in Proposition 3.1.4 that if G is connected, there is a strong path
between any two vertices of G. Hence, we have the following definition.

Definition 3.1.24 A strong path p from x to y is called a geodesic if there is no
shorter strong path from x to y. The length of a geodesic from x to y will be called
the geodesic distance from x to y, denoted by d(x, y).

It is not hard to see that geodesic distance is a metric.

Definition 3.1.25 Let G = (o, u) be a connected fuzzy graph and S be a subset of
o*. The geodesic closure (S) of S is defined as the set of all vertices that lie on
geodesics between vertices of S. S is said to be a geodesic cover of G if (S) = o*.
A minimal cover of G will be called a geodesic basis for G.

Evidently, G has a basis consisting of a single vertex if and only if G is a singleton.
If G has a basis consisting of two vertices u, v, then every vertex of G must lie
on a geodesic between u and v. Hence, for any two vertices x,y of G, we have
dy(x,y) < dy(u, v). We have an easy proposition.
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Proposition 3.1.26 A fuzzy end vertex cannot be on a strong path between any two
other vertices.

Corollary 3.1.27 If G is connected, it remains connected when any end vertex is
removed from it.

Proposition 3.1.28 A cover of afuzzy graph G must contain all the fuzzy end vertices
of G.

Proof If the end vertex x was not in the cover S, it would have to be on a geodesic
between two vertices of S, contradicting Proposition 3.1.26. W

Theorem 3.1.29 If G is a fuzzy tree, it has a unique basis consisting of its end
vertices.

Proof Let z be a non fuzzy end vertex of a fuzzy graph G. Then z has at least two
strong neighbors xy and yg. If x( is not an end vertex, then it has another strong
neighbor x; (different from z). If x; is not an end vertex, then it has another strong
neighbor x, (different from x;), and so on. Because G has no cycles, the x;’s must
be distinct and because G is finite, this process must stop, so that some x; must be
an end vertex. Similarly, some y; must be an end vertex. Thus, z is on a geodesic
between the end vertices x; and y;. Hence, the end vertices form a cover of G, so that
by Proposition 3.1.28, they must form a unique basisof G. W

The converse of Theorem 3.1.29 is false; G need not be a fuzzy tree even if its
end vertices cover it. See the example given below.

Example 3.1.30 Let G = (o, ) be the fuzzy graph with ¢* ={a, b, c,d, e, f},
o(s) =1 for all s € o*. Let u(ab) = pu(bc) = pu(cd) = p(da) = 0.9 and p(ae) =
u(cf) = 1 (Fig.3.4). Clearly, {e, f} is a basis for G, because all edges are strong. But
G is not a fuzzy tree.

Fig. 3.4 A non fuzzy tree €
with a basis of end vertices
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0.9

0.9 ¢
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Fig. 3.5 Fuzzy graph with 4 I5)
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3.2 Types of Edges in Fuzzy Graphs

This section is based on the work by Mathew and Sunitha [116] in 2009. Based
on the strength of connectedness between the end vertices of edges in a fuzzy
graph G = (o, ), the edges of G are divided into three different classes. Note
that CONNg_,(x, y) is the strength of connectedness between x and y in the fuzzy
graph obtained from G by deleting the edge xy.

Definition 3.2.1 An edge xy in a fuzzy graph G = (o, p) is called a-strong if
p(xy) > CONNG_,y(x,y), B-strong if p(xy) = CONNG_yy(x,y) and a J-edge if
p(xy) < CONNG_y(x. y).

Remark 3.2.2 The nature of strong edges varies from fuzzy graph to fuzzy graph.
For example, a fuzzy tree consists only a-strong edges, whereas most of the edges in
a complete fuzzy graph are (-strong. Thus, the division of strong edges into « and
[ will help in understanding the structure of a fuzzy graph properly.

Definition 3.2.3 A dJ-edge xy is called a *-edge if p(xy) > p(uv), where uv is a
weakest edge of G.

Definition 3.2.4 A path in a fuzzy graph G = (o, ) is called an a-strong path if
all its edges are a-strong and is called a 3-strong path if all its edges are 3-strong.

Example 3.2.5 Let G = (o, p) with o* ={u, v, w,x},o(s) =1 for all s € o*,
p(v) = 0.4 = pxw), p(vw) = 0.9 = p(wx) and p(vx) = 0.5. Here, vw and wx
are «-strong edges, uv and xu are (3-strong edges and vx is a d-edge. Also, vx is a
0*-edge because p(vx) > p(uv), where uv is a weakest edge of G. Here Py : x, w, v
is an a-strong x — v path whereas P; : x, u, v is a 3-strong x — v path (Fig.3.5.)

It is interesting to see that, the types of edges cannot be determined by simply
examining the edge weights in a fuzzy graph; for, the membership value of a §-edge
can exceed membership values of a-strong and [3-strong edges. Also, membership
value of a (3-strong edge can exceed that of an a-strong edge as can be seen from the
following examples.

(a) The membership value of a j-edge exceeds the membership value of a 3-strong
edge.
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Consider the fuzzy graph in Example 3.2.5. p(vx) = 0.5 > 0.4 = pu(uv). Here,
vx is a 6-edge whereas uv is §-strong.
(b) The membership value of a d-edge exceeds the membership value of an a-strong
edge. See Example 3.2.6.

Example 3.2.6 Let G = (o, p) with o* = {u, v, w,x},0(s) =1 for all s € o,
pwv) = 0.8 = p(vw), p(uw) = 0.6, p(wx) = 0.4 and p(xu) =0.2 (Fig. 3.6). Here,
uv, vw and wx are a-strong edges, whereas uw and xu are J-edges with p(uw) =
0.6 > 0.4 = p(wx).

(c) Membership value of a 3-edge exceeds membership value of an a-strong edge.

Example 3.2.7 Let G = (o, ) be such that ¢* = {u, v, w, x}, o(s) =1 for all
s € 0", puv) = puw) = plvw) = 0.9, p(wx) = 0.6 and p(xu) = 0.3 (Fig.3.7).
Here, uv,yw, uw are 3-strong edges, whereas wx is a-strong and xu is a §-edge
with p(uw) = p(uv) = p(vw) = 0.9 > 0.6 = p(wx).

In a connected graph G, CONNg (x, y) = 1 for all pairs of vertices x and y. Also,
each x — y path in G is strong as well as strongest. In this section, the type of edges
in strongest paths of fuzzy graphs are studied and conditions under which a strong
path becomes a strongest path are discussed.

Clearly a strongest path may contain all types of edges. In Example 3.2.5, the
strength of the path P : u, v, x, wis 0.4, which is a strongest path from u to w and it
contains all types of edges, namely uv is 3-strong, xw is a-strong and vx is a d-edge.

In a graph G, each path is strong as well as strongest. But in a fuzzy graph a
strongest path need not be a strong path and a strong path need not be a strongest
path. In Example 3.2.5, Py : u, v, x, w is a strongest u — w path, but not a strong
u — w path. Note that P; : u, v, w and P3 : u, x, w are strong u — w paths.
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Conversely, P4 : v, u, x is a strong v — x path which is not a strongest v — x path
and Ps : v, w, x is the strongest v — x path.

A strongest path without d-edges is a strong path; for, it contains only a-strong
and (-strong edges.

Proposition 3.2.8 ([116]) A strong path P from x to y is a strongest x — y path in
the following cases.

(i) P contains only a-strong edges.
(ii) P is the unique strong x — y path.
(iii) All x — y paths in G are of equal strength.

Proof (i) Let G = (o, u) be a fuzzy graph. Let P be a strong x — y path in G
containing only a-strong edges. Suppose that P is not a strongest x — y path. Let O
be a strongest x — y pathin G. Then P U Q will contain at least one cycle C, in which
every edge of C — P will have strength greater than strength of P. Thus, a weakest
edge of C is an edge of P. Let uv be such an edge of C. Let C’ be the u — v path
in C, not containing the edge uv. Then p(uv) < strength of C’ < CONNg_,,, (4, v),
which implies that uv is not a-strong, a contradiction. Thus, P is a strongest x — y
path.

(ii) Let G = (o, ) be a fuzzy graph. Let P be the unique strong x — y path in G.
Suppose that P is not a strongest x — y path. Let Q be a strongest x — y path in G.
Then strength of Q > strength of P. That is, for every edge uv in Q, p(uv) > p(x'y’),
where x'y’ is a weakest edge of P.

Claim: Q is a strong x — y path.

For otherwise, if there exists an edge uv in Q which is a J-edge, then

p(uv) < CONNG_y (1, v) = CONNg (u, v)

and hence p(uv) < CONNg (u, v). Thus, there exists a path from u to v in G whose
strength is greater than u(uv). Let it be P’. Let w be the last vertex after u, common
to Q and P’ in the u — w sub path of P’ and w’ be the first vertex before v, common to
Q and P’ in the w’ — v sub path of P’ (If P’ and Q are disjoint u — v paths then w = u
and w’ = v). Then the path P” consisting of the x — w path of Q, the w — w’ path of
P’, and the w’ — y path of Q is an x — y path in G such that Strength of P” > Strength
of Q, contradiction to the assumption that Q is a strongest x — y path in G. Thus, uv
cannot be a J-edge and hence Q is a strong x — y path in G. Thus, we have another
strong path from x to y, other than P, which is a contradiction to the assumption that
P is the unique strong x — y path in G. Hence, P should be a strongest x — y path in
G.

(iii) If every path from x to y have the same strength, then each such path is a
strongest x — y path. In particular, a strong x — y path is a strongest x — y path. W

We observe that if all edges of a fuzzy graph G are [3-strong, as in graphs without
bridges, then each strongest path is a strong path but the converse need not be true.
For consider the fuzzy graph G = (o, p) with ¢* = {u, v, w, x, y}, o(s) = 1 for all
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Fig. 3.8 Fuzzy graph with m 0.9 v
all strong edges
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s €0 and p(uv) = pvw) = pw(wx) = plu) = 0.9, pu(uy) = p(yw) = 0.5. Here
all edges are 3-strong and P = u, y, w is a strong u — w path but it is not a strongest
u — w path (Fig.3.8.)

Next we characterize fuzzy bridges of a fuzzy graph using the concept of a-
strong edges. Note that in a fuzzy graph, a fuzzy bridge is strong but not conversely
(Proposition 3.1.2).

Theorem 3.2.9 (Characterization of fuzzy bridges in a fuzzy graph) Let G = (o, )
be a fuzzy graph. Then an edge xy of G is a fuzzy bridge if and only if it is a-strong.

Proof Let G = (o, i) be a fuzzy graph. Let xy be a fuzzy bridge in G. Then by
Theorem 2.2.1, p1(xy) > CONNg_,,(x, y), which shows that xy is c-strong.

Conversely, suppose that xy is a-strong. Then by definition, it follows that xy is
the unique strongest path from x to y and the removal of xy will reduce the strength
of connectedness between x and y. Thus, xy is a fuzzy bridge. W

Recall that if an edge xy of G is a fuzzy bridge, then CONNg (x,y) = pu(xy)
(Theorem 2.2.14). The converse need not be true. In Example 3.2.5, edges uv and
xu are 3-strong and are not fuzzy bridges.

One of the characterizations for a fuzzy bridge is that it is in every maximum
spanning tree (MST) of G (Corollary 2.2.4). So we have the following corollary.

Corollary 3.2.10 An edge xy of a connected fuzzy graph G is a-strong if and only
if xy is in every MST of G.

Corollary 3.2.11 Let G = (o, ) be a fuzzy graph with |0*| = n, then the number
of a-strong edges in G is at mostn — 1.

If G is a fuzzy tree, then the removal of an a-strong edge reduces the strength of
connectedness between its end vertices and also between some other pair of vertices.
Also, note that the internal vertices of F are the fuzzy cutvertices of G and hence
w is a fuzzy cutvertex if and only if w is a common vertex of at least two a-strong
edges.

Also, if w is a common vertex of at least two fuzzy bridges, then w is a fuzzy
cutvertex. Hence, it follows that, if w is a common vertex of at least two a-strong
edges in a fuzzy graph G, then w is a fuzzy cutvertex. But the converse is not true.
See Examples 3.2.12 and 3.2.13.
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Example 3.2.12 Let G = (o, p) with o* = {u, v, w, x}, o(s) = 1 forall s € 0* and
p(uv) = plvw) = p(uw) = 0.5, pu(xu) = 0.4and p(wx) = 0.9. Then wx is the only
a-strong edge, xu is a J-edge, uv, vw and uw are [3-strong edges. Also, w is a fuzzy
cutvertex, but it is not a common vertex of two or more a-strong edges (Fig.3.9).

Example 3.2.13 Let G = (o, ) with ¢* = {u, v, w, x, y}, o(s) = 1 for all s € o*
and  p(uv) =05 = plxy), pux) = py) = plvw) = pw) = plw) =
n(yw) = 0.8. Here G has no a-strong edges. xy and uv are -edges and all other
edges are 3-strong. w is a fuzzy cutvertex and there are no a-strong edges incident
on w (Fig.3.10)

Now, we present a condition under which an edge of a fuzzy tree becomes -
strong. In a fuzzy tree G, an edge of G is strong if and only if it is an edge of F,
where F is the associated unique maximum spanning tree of G (Proposition 3.1.5).
Actually these strong edges are a-strong and there are no (3-strong edges in a fuzzy
tree. The characterization of fuzzy trees using 3-strong edges is given. We know that
a loop less graph is a tree if and only if there exists a unique path between any two
vertices in it. Analogues to this, it is shown that G is a fuzzy tree if and only if there
exists a unique a-strong path between any two vertices in G.

Theorem 3.2.14 A connected fuzzy graph G is a fuzzy tree if and only if it has no
(B-strong edges.

Proof Let G = (o, p) be a fuzzy tree and let F' = (o, v) be its maximum spanning
tree. Now, all edges in F' are a-strong (Proposition 2.3.4 and Theorem 3.2.9). Suppose
xy is a §-strong edge in G. Then xy is not in F and by definition of a fuzzy tree,

pi(xy) < CONNE(x,y) (3.1
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Also, because F is a subgraph of G,
CONNFr(x,y) < CONNgG_,,(x,y). (3.2)

From (3.1) and (3.2), p(xy) < CONNG_y(x, y), which implies thatxy is a §-edge,
which is a contradiction. Thus, G contains no -strong edges.

Conversely, suppose that G is connected and has no §-strong edges. If G has no
cycles, then G is a fuzzy tree. Now, assume that G has cycles. Let C be a cycle in G.
Then C will contain only a-strong edges and §-edges. Also, all edges of C cannot be
a-strong because otherwise it will contradict the definition of a-strong edges. Thus,
there exists at least one §-edge in C. Then by Theorem 2.3.1, it follows that G is a
fuzzy tree. W

Thus, all strong edges of a fuzzy tree are a-strong and hence Proposition 3.1.5
can be restated as follows.

Theorem 3.2.15 An edge xy in a fuzzy tree G = (o, ) is a-strong if and only if xy
is an edge of the spanning tree F = (o, v) of G.

A fuzzy tree can have 6*-edges as seen from the following example.

Example 3.2.16 Let G = (o, p) with 0™ = {u, v, w, x}, o(s) = 1 forall s € o* and
p(uv) = 0.2, pulu) = 0.7, p(vw) = 0.9 = p(wx), pw(vx) = 0.5. Then G is a fuzzy
tree with vw, wx and xu as a-strong and vx and uv as J-edges. Also, vx is a 0*-edge
because p(vx) > p(uv), where uv is a weakest edge of G (Fig.3.11.)

Theorem 3.2.17 G is a fuzzy tree if and only if there exists a unique a-strong path
between any two vertices in G.

Proof The proof follows from Proposition 3.1.8 and Theorem 3.2.14. W

G is a fuzzy tree if and only if G has a unique MST and all edges in the MST are
a-strong edges. In general, we have the following theorem.

Theorem 3.2.18 Let T be any spanning tree of a fuzzy graph G. Then T is an MST
of G if and only if T contains no §-edges. Further, an MST T is unique for G if and
only if T contains no (3-strong edges.
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Proof The first part follows from the definitions of § edge and MST and the sec-
ond part follows from the definition of 3-strong edge, Theorem 3.2.15 above and
Theorem 2.3.19. W

Note that the strength of the unique x-y path in any MST of G gives CONNg (x, y)
and it follows from Theorem 3.2.18 that there exists strong x-y path between any two
vertices x and y of G.

Next the types of edges in fuzzy cycles are discussed. It is observed that there
are no J-edges in a fuzzy cycle G. For, if uv is a J-edge in G, then it becomes the
unique weakest edge of G, which contradicts that G is a fuzzy cycle. Also, a fuzzy
cycle cannot have all its edges a-strong because the weakest edges in the fuzzy cycle
cannot be a-strong and note that these weakest edges are §-strong edges and all other
edges are a-strong. This leads to the following theorem.

Theorem 3.2.19 Let G be a fuzzy graph such that G* is a cycle. Then G is a fuzzy
cycle if and only if G has at least two (3-strong edges.

Note that in a fuzzy graph G such that G* is a cycle, w is a fuzzy cutvertex if and
only if it is a common vertex of at least two fuzzy bridges and using Theorem 3.2.9
we have the following theorem.

Theorem 3.2.20 Let G be a fuzzy graph such that G* is a cycle. If G contains at
most one a-strong edge, then G has no fuzzy cutvertices.

Converse of Theorem 3.2.20 is not true. The condition for the converse to be true
is given in the following theorem whose proof is obvious.

Theorem 3.2.21 If there exists a unique strongest path between any two vertices X,
and y in a fuzzy graph G, then it is a strong x — y path.

Now, we discuss types of edges in a complete fuzzy graph (CFG). In the following
results, the number of [3-strong edges in a CFG is calculated and the existence of a
(-strong path between any two vertices of a CFG is proved. In a complete graph,
there are no bridges, but a CFG may contain fuzzy bridges. Hence, we have the
following two lemmas.

Lemma 3.2.22 A complete fuzzy graph has no §-edges.

Proof Let G be a complete fuzzy graph. If possible assume that G contains a d-edge
uv (say). Then
p(uv) < CONNG_,(u, v).

That is, there exists a stronger path P other than the edge uv from u to v in G. Let
w(uv) = p and the strength of the path P be ¢g. Then p < ¢. Let w be the first vertex
in P after u. Then

p(uw) > p. (3.3)
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Similarly, let x be the last vertex in P before v. Then

w(xv) > p. 3.4

Because p(uv) = p, at least one of o (u) or o(v) should be p. Now, G being a CFG,
(3.3) gives a contradiction if o(u) = p and (3.4) gives a contradiction if o(v) = p;
which completes the proof. W

The following result is obvious.
Lemma 3.2.23 There exists at most one a-strong edge in a CFG.
Using Lemmas 3.2.22 and 3.2.23 we have the following two theorems.

Theorem 3.2.24 Let G = (0, p) be a CFG with |o*| = n. Then the number of [3-
strong edges in G is "C, or"Cy — 1, where "C, denotes the number of combinations

of n things taken two at a time given by the formula"C, = #Lz)'

Theorem 3.2.25 Let G = (o, ) be a CFG. Then there exists a (3-strong path
between any two vertices of G.

3.3 Vertex Connectivity and Edge Connectivity of Fuzzy
Graphs

As mentioned before, along with Rosenfeld [154], Yeh and Bang [186] also intro-
duced fuzzy graphs independently in 1975. They emphasized on the connectivity of
fuzzy graphs and provided several results related to it. There are a large number of
papers on connectivity of fuzzy graphs, available in the literature. But, this section
is based on [114], which generalizes the Yeh and Bang parameters of connectivity.

Definition 3.3.1 Let G = (o, ) be a fuzzy graph. The strong degree of a vertex
v € o* is defined as the sum of membership values of all strong edges incident at
v. It is denoted by d;(v). Also, if Ny(v) denotes the set of all strong neighbors of v,
then dy;(v) = Z w(uv).

ueN;(v)

Example 3.3.2 Let G = (o, p) be a fuzzy graph with * = {u, v, w}, o(s) = 1 for
all s € o*, p(uv) = 0.4, u(vw) = 0.5 and p(wu) = 0.6 (Fig.3.12). Here, d;(1) =
0.6, dy(v) = 0.5, dy(w) = 1.1.

The existence of a strong path between any two vertices of a fuzzy graph was
shown in Proposition 3.1.4. As a consequence, we can find at least one strong edge
incident at each vertex of a nontrivial connected fuzzy graph.

Proposition 3.3.3 In a non trivial connected fuzzy graph G = (o, i), 0 < dy(v) <
d(v) for all vertices v € o*.
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Fig. 3.12 Fuzzy graph in u
Example 3.3.2
0.4 0.6
w v w
! 0.5
Fig. 3.13 Fuzzy graph in w 0.2 "
Example 3.3.5
0.8
0.2 0.8
x 0.6 w

As in graphs, we can define minimum and maximum strong degree of a fuzzy
graph as given below.

Definition 3.3.4 The minimum strong degree of G is 6,(G) = A{ds(v) | v € o™}
and maximum strong degree of G is A (G) = Vv{d;(v), v € c*}.

Example 3.3.5 Let G = (o, p) with 0* = {u, v, w, x}, 0(s) = 1 for all s € ¢* and
p(uv) = 0.2 = pxw), plvw) = 0.8 = p(uw), p(wx) = 0.6. In G (Fig.3.13), all
edges except uv and ux are strong. Thus, d,(u) = 0.8 = d;(v), ds(w) = 2.2 and
dy(x) = 0.6. Hence, 6,(G) = 0.6 and A,(G) = 2.2.

As in the case of graphs, §,(G) < d;(v) < Ay(G), for all v € o*. Also, d(v) =
ds(v) for every vertex v in a graph. The next result, similar to the handshaking lemma
in graphs is trivial.

Proposition 3.3.6 The sum of strong degrees of all vertices in an fuzzy graph is
equal to twice the sum of membership values of all strong edges in G.

In a complete fuzzy graph, all edges are strong and hence d;(v) = d(v) forallv €
o*. Also, strong degree of a vertex v in a CFG is given by d,(v) = Z NMo), o(v)},

u#v
where u € o*.

Proposition 3.3.7 In a CFG there exists at least one pair of vertices u and v such
that d,(u) = d;(v).

The next lemma is related to the minimum and maximum degrees of a CFG.
Because p(uv) = o(u) A o(v) for every edge uv in a CFG G, the minimum and
maximum degrees of vertices of G can be evaluated in terms of the membership
values of its vertices.
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Lemma 3.3.8 Let G = (0, ) be a CFG with o* = {u, up, ..., u,} such that
o) <o) <o) <--- < o(u,). Then uyu; is an edge of minimum weight
at u;j for 2 < j < n and wu, is an edge of maximum weight at u; for1 <i <n— 1.
Also,

d(u) = 65(G) = (n — Do(uy)

and

n—1
d(u) = AJ(G) = D o(w).
i=1

Proof Throughout the proof, we suppose that o(u;) < o(up) <o(uz) <--- <
o (uy—1) < o(uy). If there are more than one vertex with minimum vertex strength
or maximum vertex strength, the proof will be similar. First we prove that for
2 <j < n, uju;is anedge of minimum weight at ;. If possible, suppose that u; u;, 2 <
[ < n is not an edge of minimum weight at u;. Also, let upu;,2 <k <n,k #1
be an edge of minimum weight at ;. Being a CFG, p(u u;) = o(u;) A o(yy) and
p(uguy) = o(ug) A o(up).

Because p(ugu;) < p(uiug), we have, o(ux) A o(uy) < o(uy) A o(uy) = o(uy).
That is, either o (1) < o(uy) or o(u;) < o(uy). Because [, k # 1, this is a contra-
diction to our assumption that o (i) is the unique minimum vertex degree. Thus, for
2 <j < n, uyu; is an edge of minimum weight at ;.

Next we prove that u;u, is an edge of maximum weight at u; for 1 <i <n —
1. On the contrary suppose that u;u,, 1 <k <n—1 is not an edge of maximum
weight at u; and let wyu,, 1 <r <n-—1, k # r be an edge of maximum weight
at ug. Then p(ugu,) > p(ugu,) and hence o(ug) A o(u,) > o(ug) A o(u,) = o(uy),
which implies that o (u,) > o(u;). Therefore, p(uzu,) = o(uy) = p(ugu,), which is
a contradiction to our assumption. Thus, uu, is an edge of maximum weight at uy.

Now, we have,

dy(uy) = D plwu) = D (o) A o)) = D o) = (n— o).
i=2 i=2 i=2

If possible suppose that d,(u;) # d,(G) and let uy, k # 1 be a vertex in G with
minimum strong degree.

Now, dy(u1) > di(u) implies > p(uu) > > plw).

i=2 k#1,j#k
That is, Z(J(ul) A o)) > Z (o () A o ().
i=2 k1, j#k
Because o(uy) Ao(u;)) = o(uy) fori =2,3,...,n, c(ug) A o(uy) = o(uy) and

for all other indices j, o (ux) A o(u;) > o (uy), it follows that

(n—Do(ur) > Z (o) AN o)) > (n— Do(uy).
k#1,j£k
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That is, d;(u1) > d,(uy), a contradiction. Thus, d;(1;) = 6,(G) = (n — 1)o(uy).

n—1

Finally we show that d;(u,) = A(G) = ZU(M5)~ Because o(u,) > o(u;) for

i=1
i=1,2,...,n—1and G is a CFG, p(u,u;) = o(u,) A o(u;) = o(u;).

n—1 n—1

Therefore, dy(u,) = Zu(unui) = Za(u,-).

i=1 i=1
If possible suppose that d;(u,) # As(G). Letu;, 1 <1 <n—1beavertex in G
such that dy(1;) = A¢(G) and d,(u,,) < dy(uy).
Now,

-1 n—1
dy(uy) = D pug) + D plustr) + pa(iniay)
i=1 i=l+1
-1 n—1
<D o)+ —Dow) + o) < D o) = dy(u,).

i=1 i=1

That is, dy(u;) < ds(u,), a contradiction to our assumption. Thus, the proposition
is proved. W

In graphs, all vertices are assumed to have the same membership value 1, whereas
in fuzzy graphs the membership value of a vertex is always a real number in (0, 1]. So
to each fuzzy graph, we can associate a sequence of real numbers namely the vertex
strength sequence or node strength sequence abbreviated as n-s sequence which is
given below.

Definition 3.3.9 Let G = (o, u) be a fuzzy graph with |0*| = n. Then the vertex-
strength sequence or node-strength sequence (n-s sequence) of G is defined to
be (p1,p2, ..., pn) With p; <py <--- <p,, where p;, 0 < p; < 1 is the strength
of vertex i when vertices are arranged so that their strengths are non decreasing. In
particular, p; is the smallest vertex strength and p,, is the largest vertex strength.

Example 3.3.10 illustrates Definition 3.3.9.

Example 3.3.10 Let G = (o,pu) with o* ={a,b,c,d} and o(a) =0(c) =
o(d) = 0.3, 0(b) = 0.4. Then the vertex-strength sequence of G is (0.3, 0.3, 0.3,
0.4) or (0.33, 0.4).

By observing the n-s sequence, one can determine the number of vertices of mini-
mum strong degree and maximum strong degree in a CFG as in the next proposition.

Proposition 3.3.11 Let G = (0, 1) be a CFG with |c*| = n. Then the following
conditions hold.

(i) If the n-s sequence of G is of the form (p}~", pa), then 0,(G) = A(G) =
nm—Dp=d;(u;), i=1,2,....,n
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(it) If the n-s sequence of G is of the form (p}', p5 ") with0 < ry <n — 2, then
there exist exactly ry vertices with degree 6,(G) and n — ry vertices with degree
As(G).

(iti) If the n-s sequence of G is of the form (p',p5.,....p}") with ry > 1 and
k > 2, then there exist exactly ry vertices with degree 0,(G) and exactly ry vertices
with degree Ay (G).

(iv) If the n-s sequence of G is of the form (p\',p%....,p."\, pr) with k > 2,
then there exist exactly 1 + ri_1 vertices with degree /\(G).

Proof The proofs of (i) and (i7) are obvious. We present proofs for (iii) and (iv). (iii)
Let vl ,j=1,2,...,r1 bethe set of vertices in G with d, (v ) =p;, 1 <i<k.By
Lemma 3.3.8, we have, d, (v1 ) =0,(G) = (n—Dp forj=1,2,...,r.Novertex
with strength more than p; can have degree 0s(G) because u(v(’) (l) D= a(v(’)) >
prfor2<i<k,j=1,2,...,r,1=1,2,..., 1. Thus, there ex1sts exactly r
vertices with strong degree 5S(G).

Next we prove that ds(v}) = A(G),t=1,2,..., 1%

Because o(vp) is the maximum vertex strength, we have ,u(v,’(vi) =pr, t £ J;
t,j=1,2,...,r and pv) = o) Ao@) =oc@]) for t=1,2,...,r; j=
1,2,...,r;i=1,2,...,k—1.Thus,fort=1,2,..., 1,

k—1 r;

d(vp) = D D o) + (e — Dps
i=1 j=I
n—1

= > o(u) = A,(G), by Lemma 3.3.8
i=1

Now, if u is a vertex such that o(u) = px_;, we have,

k=2 ri

dy(u) = D" pv]) + ey — 1+ ropec

i=1 j=I

k=2 1 Fr—1
=ZZJ(M)+Zo(vk D+ (= Dpecy

i=1 j=1

k=2 1 Fi—1

< Zzo(v’)szo(vi D+ (e = Dpe = AL(G).

i=1 j=1

Thus, there exists exactly r; vertices with degree A (G).
(iv) Let v,ﬁl) = vy be the vertex in G such that d;(v;) = pi. Then by Lemma 3.3.8,
n—1
dy(ve) = Ay(G) = D o (u;). Now, let vj_,, t = 1,2, ..., r,_; be the vertices in G
i=1
with dy(v;_,) = pr—1. Thenfort =1,2,..., 1y,
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k=2 r

Ao = D7 D" pWlvp_) + D ph v ) + p(vh_ o).

i=1 j=1 I#m
But, pu(vjvl_) = o)) fori=1,2,...,k—2andj=1,2,...,r.

'U(Ullc—lvlrcn—l) = p—1 and u(v,i_,vk) = Pk—1-
Thus,

k=2 1

dy(i_) =D D o)+ (i1 — Dpeot +pec
i=1 j=1
k=2 1

= Z z U(Uf) + re—1Pi—1

i=1 j=I

n—1
=D o) = A(G).

i=1

Thus, there exist ry_; + 1 vertices with strong degree A (G).

Now, if u is a vertex such that o(#) < pi_1, as in the proof of (iii), we can show
that d;(u) < As(G). Thus, there exist exactly r,_; 4 1 vertices with strong degree
A(G) and the proof is complete. H

Yeh and Bang [186] introduced two connectivity parameters for fuzzy graphs
namely vertex connectivity and edge connectivity. In this section, we generalize
these definitions using the concepts of strong edges. Both vertex connectivity and
edge connectivity are related with sets disconnecting the fuzzy graph. But in a fuzzy
set up, we need only the reduction of strength of connectedness between some pair
of vertices. The definitions of disconnection and vertex connectivity are given below.

Definition 3.3.12 A disconnection of a fuzzy graph G = (o, p) is a vertex set D
whose removal results in a disconnected or a single vertex fuzzy graph. The weight
of D is defined to be Z ANMp(vu) | p(vu) # 0}.

veD

Definition 3.3.13 The vertex connectivity of a fuzzy graph G, denoted by Q(G),
is defined to be the minimum weight of a disconnection in G.



3.3 Vertex Connectivity and Edge Connectivity of Fuzzy Graphs 105
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The generalized definitions from [114] are given below.

Definition 3.3.14 Let G = (o, 1) be a connected fuzzy graph. A set of vertices
X ={v1,v2,...,v,} C o*issaid to be a fuzzy vertex cut or fuzzy node cut (FNC)
if either, CONNg_x (x,y) < CONNg (x,y) for some pair of vertices x, y € o* such
that both x,y #v; fori =1,2,...,mor G — X is trivial.

If there are n vertices in X, then X is called an n-FNC. Clearly a 1-FNC is a
singleton set X = {u}, where u is a fuzzy cutvertex.

Example 3.3.15 Let G = (o, ) with 0* = {a, b, c,d}, o(s) = 1 for all s € o* and
wlab) = p(ed) = 0.5, plad) = p(bc) = 0.4, u(ac) = 0.2. Then S = {b, d} is a 2-
FNC for, CONNg_s(a, c) = 0.2 < 0.4 = CONNg(a, c) (Fig.3.14).

Example 3.3.16 Let G = (o, u) with 0* = {a, b, ¢}, o(s) = 1 for all s € o* with
wla, b) = p(ca) = 0.2, u(bc) = 0.3. G has no fuzzy cutvertices, but all the three
pairs of vertices are fuzzy vertex cuts because the removal of any pair of vertices
results in a trivial fuzzy graph.

By Proposition 3.1.4, there exists at least one strong edge incident on every vertex
of anontrivial connected fuzzy graph. The following definition is based on this result.

Definition 3.3.17 Let X be a fuzzy vertex cutin G. The strong weight of X, denoted
by s(X) is defined as s(X) = Z w(xy), where pi(xy) is the minimum of the weights

L xeX
of strong edges incident at x.

Definition 3.3.18 The fuzzy vertex connectivity of a connected fuzzy graph G is
defined as the minimum strong weight of fuzzy vertex cuts of G. It is denoted by
k(G).

Example 3.3.19 Let G = (o,p) with o* ={a,b,c,d} and p(ab) =0.2,
u(be) = 0.5, u(ed) = 0.4, u(da) = p(ac) = 0.3 (Fig.3.15). Then X| = {c} is the
only 1-FNC (i.e., ¢ is a fuzzy cutvertex) with s(X;) = 0.3. The only 2-FNC in G
is Xo = {a, c} and s(X,) = 0.6. Also, any three vertices of G form a 3-FNC with
s({a, b, c}) =s{a, b,d}) = s({b, c,d}) = 1.1and s({a, ¢, d}) = 0.9. Thus, k(G) =
0.3.
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Fig. 3.15 Fuzzy graph with a 0.2 b
different FNCs
0.3
0.3 05
d c
0.4

In [186], the notion of edge connectivity of a fuzzy graph is defined. As mentioned
before, this definition is more close to a graph rather than a fuzzy graph. But in a
fuzzy graph the reduction of flow is more important than the total disruption of the
flow.

The following definitions of a cut-set and edge connectivity are due to Yeh and
Bang [186].

Definition 3.3.20 Let G be a fuzzy graph and {V}, V,} be a partition of its vertex
set. The set of edges joining vertices of V| and vertices of V, is called a cut-set of
G, denoted by (V;, V») relative to the partition {V;, V,}. The weight of the cut-set
(Vi, Vo) is defined as >~ pu(uv).

ueVy,veVs

Definition 3.3.21 Let G be a fuzzy graph. The edge connectivity of G denoted by
A(G) is defined to be the minimum weight of cut-sets of G.

A generalized definition of fuzzy edge cuts is given below. The edges which are
not strong need not be considered because such edges do not contribute towards the
strength of connectedness between any pair of vertices.

Definition 3.3.22 Let G = (o, 1) be a fuzzy graph. A set of strong edges E =
{er,ea, ..., e,y withe; = u;v;, i = 1,2, ..., nissaid to be a fuzzy edge cut or fuzzy
arc cut (FAC) if either CONNg_g(x,y) < CONNg(x,y) for some pair of vertices
X,y € o* with at least one of x or y different from both u; and v;, i = 1,2, ...,n, or
G — E is disconnected.

If there are n edges in E of Definition 3.3.22, then it is called an n-FAC. Among
all fuzzy edge cuts, an edge cut with one edge (1-FAC) is a special type of fuzzy
bridge and we have the following definition.

Definition 3.3.23 A 1-FAC is called a fuzzy bond (f-bond).

Note that f-bonds are special type of fuzzy bridges. Not all fuzzy bridges are
f-bonds. For example, by Theorem 2.3.19, fuzzy bridges of a fuzzy tree are f-bonds.
Also, all bridges in a graph different from K, are bonds.

Example 3.3.24 Let G = (o, p) with * = {a, b, c,d, e}, 0(x) = 1 for all x € o*
with  p(ab) = 0.5, p(ac) =0.2, pulbc) =0.6, pled)=0.9, pu(da)=1,
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Fig. 3.16 Fuzzy tree with 4 b 0.6 c
bonds
0.9
0.2
e 0.9
0.9
d
a 1
Fig. 3.17 A non fuzzy tree a 0.9 b
with all bridges being bonds
0.6
0.6 0.8
0.6
0.6 ¢

u(ae) = p(be) = 0.9 (Fig.3.16). There are 4 fuzzy bonds (1-FAC) in this fuzzy
graph namely edges ad, ae,dc and eb. Also, E = {ab, dc} is a 2-FAC because
0.6 = CONNg_g(e,c) < CONNg(e,c) =0.9.

Asnoted, all fuzzy bridges of a fuzzy tree are f-bonds. But there are other examples
of non fuzzy trees with this property as seen from the following example.

Example 3.3.25 Let G = (0, ) with ¢* ={a,b,c,d,},o(x) =1 for all x € o*
with  p(ab) =0.9, ulbc) =0.0.8, pled) = p(da) = p(ac) = pu(bd) = 0.6
(Fig.3.17). Here G is not a fuzzy tree and there are two fuzzy bridges namely edge
ab and edge bc which are f-bonds because deletion of each of these edges from G
reduces the strength of connectedness between a and ¢ from 0.8 to 0.6.

In graphs, if uv is a bridge, then at least one of u or v must be a cutvertex. But in
fuzzy graphs, if uv is a fuzzy bridge, it is not necessary that at least one of u or v is a
fuzzy cutvertex. Note that blocks in fuzzy graphs and CFG can contain fuzzy bridges
but no fuzzy cutvertices. But for a fuzzy bond, we have the following proposition.

Proposition 3.3.26 At least one of the end vertices of a fuzzy bond is a fuzzy cutver-
tex.

Proof Let G = (o, i) be a fuzzy graph and e = uv be an f-bond in G. Being an
f-bond, the deletion of e from G reduces the strength of connectedness between x
and y with at least one of them different from u and v. If both x and y are different
from u and v, then u as well as v will be fuzzy cutvertices. If one of x or y coincides
with u or v, then u or v which is neither x nor y will be a fuzzy cutvertex. H

Because blocks and complete fuzzy graphs contain no fuzzy cutvertices, from
Proposition 3.3.26, it follows that no fuzzy bridge in a CFG or in a block can be a
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Fig. 3.18 Fuzzy graph G a 0.2 b
with k(G) = 0.4 and
K (G) = 0.8
0.4
0.4 0.9
d 0.8 ¢

fuzzy bond. Also, in a fuzzy tree, if a fuzzy bond has exactly one of its end vertices
as a fuzzy cutvertex, then the other end vertex must be a fuzzy end vertex.

Strong weight of a FAC and the fuzzy edge connectivity of a fuzzy graph are given
in the following definitions.

Definition 3.3.27 The strong weight of a fuzzy edge cut E is defined as s'(E) =

D).

e,k

Definition 3.3.28 The fuzzy edge connectivity «'(G) of a connected fuzzy graph
G is defined to be the minimum strong weight of fuzzy edge cuts of G.

Example 3.3.29 Let G = (o, ) with ¢* ={a,b,c,d}, o(x) =1 for all x € o*
with p(ab) = 0.2, u(bc) = 0.9, u(cd) = 0.8, pu(da) = 0.4, p(ac) = 0.4 (Fig.3.18).
Then E; = {bc} and E, = {cd} are the only 1-FACs (fuzzy bonds)of G with s'(E}) =
0.9 and s'(E;) = 0.8. But E3 = {ad, ac} is a 2-FAC in G with weight s'(E3) = 0.8.
Among all fuzzy edge cuts of G, E; has the minimum strong weight and hence
k' (G) = 0.8. Also, note that x(G) = 0.4.

In a tree with at least three vertices, K(G) = x'(G) = 1. This is due to the fact that
all edges in a tree are strong with strength one and so we have the fuzzy analogue
given by the following theorem.

Theorem 3.3.30 In a fuzzy tree G = (0, ), K(G) = K'(G) = AM{p(xy) | xy is a
strong edge in G.

Proof Let G = (o, p) be a fuzzy tree. Consider the unique maximum spanning tree
F of G. Anedge xyin G = (o, ) is a fuzzy bridge if and only if xy is an edge of the
maximum spanning tree F' = (o, v) of G. All these fuzzy bridges are fuzzy bonds.
Also, all edges in F are strong. Thus, each strong edge in F is a 1-FAC of G. Clearly
the strong weight of each such 1-FAC is 1 (xy). Hence, fuzzy edge connectivity <'(G)
of G is the minimum weight of all edges in F and hence the minimum weight of all
strong edges in G.

Now, every internal vertex of F is a fuzzy cutvertex of G and hence are 1-fuzzy
vertex cuts of G. Hence, fuzzy vertex connectivity x(G) of G is the minimum weight
of all edges in F' and hence the minimum weight of all strong edgesin G. W

The next example shows that, Theorem 3.3.30 does not hold in a fuzzy graph
generally.
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Fig. 3.19 Fuzzy graph in a 0.9 b
Example 3.3.31
0.2
0.25 0.8
0.25
d 0.15 ¢

Example 3.3.31 Let G = (o, p) with ¢* = {a, b, ¢, d} with pu(ab) = 0.9, u(bc) =
0.8, p(ed) = 0.15, p(da) = 0.25, p(ac) = 0.2, u(bd) = 0.25 (Fig.3.19). Here G
is not a fuzzy tree. Edges ab and bc are the only fuzzy bridges in G. Clearly these
are f-bonds (1-FACs). Now, s'({ab}) = 1 and s'({bc}) = 0.6. But the fuzzy edge
connectivity of G is 0.5 as E = {da, db} is a 2-FAC with minimum strong weight.
Note that removal of E from G reduces the strength of connectedness between d and
¢ from 0.25 to 0.15.

Next we present the fuzzy analogue of a famous result regarding vertex connec-
tivity, edge connectivity and minimum degree of a graph due to Hassler Whitney.

Theorem 3.3.32 ([114]) In a connected fuzzy graph G = (o, i), k(G) < K'(G) <
65(G).

Proof First we prove the second inequality. Let G = (o, i) be a connected fuzzy
graph. Let v be a vertex in G such that d;(v) = 6;(G). Let E be the set of strong edges
incident at v. If these are the only edges incident at v, then G — E is disconnected. If
not, let vu be a edge which is not strong incident at v. Then u is a vertex different from
the end vertices of edges in E. By definition of a strong edge, j1(uv) < CONNg (u, v),
which implies that there exists a strongest # — v path say P in G which should
definitely pass through one of the strong edges at v. Thus, the removal of E from G
will reduce the strength of connectedness between v and u. Thus, in both cases, E
is a fuzzy edge cut. The strong weight of this FAC is d,(G). Hence, it follows that
K'(G) < 05(G).

Next we prove k(G) < k/(G). Let E be a FAC with strong weight «’. We have
the following cases.

Case 1: Every edge in E has one vertex in common v (say).

Inthiscase,E = {¢; = vv;,i = 1,2,...,n}.LetX = {v, v, ..., v,}. Thenclearly
X is a fuzzy vertex cut. Now, A, t(v;u) < p(vv;). Therefore,

Z(MQ, p(vin)) < p(viv) + p(vav) + - - + p(v,v).

That is, x(G) < k' (G).
Case 2: Not all edges in E have a vertex in common.
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Let E={e;=uv; |i=1,2,...,n} for some n. Let X1 = {u;, us, ..., u,} and
X> = {vy, va, ..., v,}. By assumption,

CONNg_g(x,y) < CONNg(x,y)

for some pair of vertices x, y € ¢* with at least one of x or y different from both u;
and v, fori =1,2,...,n.

Sub Case 1: x and y are not members of X; U X,

In this case, take X = X; or X = X,. Then clearly, X is a fuzzy vertex cut because
its deletion from G reduces the strength of connectedness between x and y and,

k(G) < strong weight of X < strong weight of E = £'(G).

Sub Case 2: Either x or y is in X; U X,

Without loss of generality suppose that x is in X; U X,. Let x € X;. Then take
X = X;. Clearly X is a fuzzy vertex cut, for; the deletion of X from G will reduce
the strength of connectedness between x and y. Thus,

k(G) < strong weight of X < strong weight of E = «/(G).

Thus, in all cases, k(G) < k' (G) < 6,(G). R

The generalized parameters coincide with Yeh and Bang parameters in a CFG
and their values are equal to the minimum strong degree of the fuzzy graph as given
in the next corollary.

Corollary 3.3.33 Ina CFG, G = (0, j1), K(G) = /(G) = 5,(G).

Proof Let G = (o, ) be a CFG such that |0*| = n. Because G is complete, the
deletion of any set E of n — 2 edges from G will not reduce the strength of con-
nectedness between any pair of vertices in G different from the vertices adjacent to
the edges in E. Any set of n — 1 edges incident at a vertex u in G is a FAC with
strong weight d;(u) = d(u). Let v be a vertex in G such that d;(v) = 6,(G). Clearly
the set of edges incident at v is a FAC with minimum strong weight. Therefore,
K'(G) = ds(v) = 65(G).

Now, we prove that K(G) = §,(G).

If possible suppose that k(G) # d;,(G). By Theorem 3.3.32, k(G) < k'(G) <
65,(G). Hence, k(G) < 6,(G).

But because the deletion of i vertices 1 < i < n — 2 results again in a nontrivial
CFG, any FNC should contain at least n — 1 vertices. Among such fuzzy vertex cuts,
the one which does not contain a vertex v such that d;(v) = §,(G) say S; will have
the minimum strong weight because the set of edges adjacent with vertices in )
with one of its end at v are the edges with minimum weights at vertices of S;. Thus,
k(G) = s(S1) < 0;(G). Now, let E| be the set of all edges incident with the vertex v.
Then E; is a FAC such that s'(E}) = s(S;) < d,(G), which contradicts the fact that
k' (G) = 65(G). Hence, x(G) = £'(G) = §,(G). N
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Even if the values of these parameters coincide on a fuzzy graph, it is not necessary
that the given fuzzy graph is a CFG as seen from the following example.

Example 3.3.34 Let G = (o, p) be a fuzzy graph with o* = {a, b, ¢} with o(a) =
09,00) =1, 0(c) =0.8, pu(a,b) = 0.2, u(bc) = 0.1, p(ac) = 0.1. Then (G) =
K'(G) = 0,(G) = 0.2, but G is not a CFG.

Now, we discuss relationships between strong connectivity parameters and Yeh
and Bang parameters. The strong parameters always produce smaller values than
Yeh and Bang parameters as seen from Theorem 3.3.37.

Theorem 3.3.35 ([186]) Let G be a fuzzy graph, then Q(G) < A(G) < 6(G).

For given real numbers a,b and c, there exists a fuzzy graph with vertex connec-
tivity a, edge connectivity b and the minimum degree c.

Theorem 3.3.36 ([186]) For any real numbers a, b and ¢ such that0 < a < b <,
there exists a fuzzy graph G with Q(G) = a, A(G) = b and §(G) = c.

Theorem 3.3.37 Let G = (o, 1) be a connected fuzzy graph. Then k' (G) < A(G).

Proof Let G = (o, u) be a connected fuzzy graph with edge connectivity A\(G).
Let E = (Vi, V,) be a cut-set in G with minimum weight. That is, the weight of
E = A\(G). Because E partitions the vertex set into two sets namely V; and V,, the
removal of E from G disconnects G. Let G| = (o, p1) and G, = (02, i2) be the
fuzzy subgraphs of G induced by V; and V, respectively. Let x € o and y € o3.
Then CONNg_g(x,y) = 0 < CONNg(x,y). Hence, E is a FAC in G. Now, <’ being
the minimum strong weight of all FACs, it follows that k' (G) < weight(E) = A(G),
which completes the proof. W

In a fuzzy tree, edge connectivity and minimum degree are upper bounds for both
k(G) and «/(G) as seen from the following theorem.

Theorem 3.3.38 Let G = (0, u) be a fuzzy tree. Then k(G) = K'(G) < AM(G) <
0(G).

The proof of Theorem 3.3.38 follows from the above theorems. Note that when
the fuzzy graph is complete, all these four parameters coincide with value equal to
minimum strong degree of the fuzzy graph.

Theorem 3.3.39 Let G = (o,) be a CFG. Then k(G)=r'(G) =Q(G) =
AMG) = 6,(G).

Proof First we prove that in a CFG, A\(G) = §;(G). Let G = (o, u) be a CFG with
|o*| = n. Because G is complete the deletion of n — 2 edges will not disconnect the
graph. So any cut-set in G will contain at least n — 1 edges. Let v be a vertex in G
such that d;(v) = d;(G). Then because uv, u € o*, u # v is an edge with minimum
weight at u, the cut-set (V|, V,) with V| = {v} and V, = o* — {v} will have the
minimum weight and by Lemma 3.3.8, it is equal to d;(v) = §,(G). So
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AG) = 6,(G). (3.5)

Next we prove that Q(G) = §,(G). Because G is complete, the deletion of i
vertices, | < i < n — 2 results again in a CFG. Therefore, any disconnection D will
contain at least n — 1 vertices and the removal of D will results in a trivial fuzzy
graph. Among such disconnections D, the one, not containing the vertex v will have
the minimum weight. Thus,

Q(G) = 6,(G). (3.6)

By Corollary 3.3.33,
k(G) = K'(G) = §(G). (3.7)

Now, from (3.5)-(3.7), k(G) = k'(G) = Q(G) = AM(G) = 6,(G). A

The condition in Theorem 3.3.39 is not sufficient for a fuzzy graph to be a CFG as
seen from Example 3.3.34 above. G is not a CFG even if x(G) = £'(G) = Q(G) =
AMG) = 6,(G) =0.2.

The word clustering means the classification of observations into groups such
that the degree of ‘association’ is high among the members of a group and is less
among the members of different groups. Graph theoretically clustering is a parti-
tioning of the graph based on qualitative aspects. Both the introductory articles on
fuzzy graph theory by Rosenfeld and Yeh and Bang were intended to present clus-
tering techniques. Rosenfeld introduced distance based clustering while Yeh and
Bang introduced connectivity based clustering. Yeh and Bang presented a series of
processes like single linkage, k-linkage, k-edge connectivity, k-vertex connectivity
and complete linkage to extract fuzzy graph clusters. In [114], k-edge connectivity
procedure is modified using the newly defined parameters of connectivity.

If A(G) denotes the edge connectivity of a fuzzy graph G, then G is called 7-
edge connected if G is connected and A(G) > 7 and a 7-edge component of G is a
maximal 7-edge connected subgraph of G. Analogues to this using the concept of
fuzzy edge connectivity ', we have the following definitions.

Definition 3.3.40 A fuzzy graph G = (o, p) is called t-fuzzy edge connected if G
is connected and «'(G) > t for some ¢ € (0, 00).

Thus, if '(G) = ¢, then G is t-fuzzy edge connected for all ¢ such thatr < ¢'.

Definition 3.3.41 A ¢-fuzzy edge component of G = (o, 1) is a maximal 7-fuzzy
edge connected fuzzy subgraph of G = (o, p).

Note that by a maximal 7-fuzzy edge connected subgraph, we mean a fuzzy sub-
graph H of G, induced by a set of vertices in G such that x'(H) = t. The above
concepts are illustrated in the following example.

Example 3.3.42 LetG = (o, u) be afuzzy graph with o™ = {a, b, ¢, d} witho(a) =
o(b) = o(c) = o(d) = land u(ab) = p(ac) = 0.2, u(bc) = 0.3, u(bd) = 0.1, p(cd)
=0.4.
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Here «'(G) = 0.3. Hence, G is t-fuzzy edge connected for all ¢ such that 7 < 0.3.
Thus, G itself is a t-fuzzy edge component for all ¢ such that 0 < r < 0.3. Next let
t = 0.4. Then the 0.4-fuzzy edge components of G are H| = ({a, b, c}) and H, =
({d}). Here k' (H;) = 0.4.

Now, using the definition of 7-fuzzy edge components, we have the definition of
a fuzzy cluster of level ¢ as follows.

Definition 3.3.43 Let G = (o, ) be a fuzzy graph. A collection C of vertices in
G is called a fuzzy cluster of level ¢ if the fuzzy subgraph of G induced by C is a
t-fuzzy edge component of G.

We use cohesive matrix M [186] to find the maximal 7-edge connected components
of a fuzzy graph G.

Definition 3.3.44 ([186]) Let G = (o, ) be a fuzzy graph. An element of G is
defined to be either a vertex or an edge. The cohesiveness of an element denoted by
h(e), is the maximum value of edge connectivity of the subgraphs of G containing e.

Definition 3.3.45 ([186]) Let G = (o, ) be a fuzzy graph. The cohesive matrix
M of G is defined as M = (m; j), where m; ; = the cohesiveness of the edge v;v; if
i # j and the cohesiveness of the vertex v; if i = j.

Note that a vertex v € ¢* is said to be in a cluster of level 7 if v belongs to a -fuzzy
edge component of G. Thus, finding the #-fuzzy edge components of G is equivalent
to the extraction of clusters from G. This process of finding 7-fuzzy edge components
and thus finding the fuzzy clusters in G based on fuzzy edge connectivity «’ is termed
t-fuzzy edge connectivity procedure.

t-fuzzy edge connectivity procedure:

Step-1: Obtain the Cohesive matrix M of the fuzzy graph G = (o, ).
Step-2: Obtain the t-threshold graph G, of M.
Step-3: The maximal complete subgraphs of G, are the t-fuzzy edge components.

Ilustration: Cancer detection problem

Based on the location of the cells in the low magnification image of a tissue sample,
surgically removed from a human patient, it is possible to construct a graph G with
vertices as cells, called cell graph [187]. By analyzing the physical features of the
cells, for example color and size, we can assign a membership value to the vertices
of G. This value will range over (0, 1] depending on the nature of the cell; that
is healthy, inflammatory or cancerous. Also, edges of G can assign a membership
value based on the distance between the cells. Thus, the cell graph can be converted
to a fuzzy graph in this manner. By applying the above clustering procedure to such
a fuzzy graph, the cancerous cell clusters can be detected at the cellular level in
principle. This process classifies cell clusters in a tissue into different phases of
cancer depending on the distribution, density and the fuzzy connectivity of the cell
clusters within the tissue. Moreover, this process helps in examining the dynamics
and progress of cancer qualitatively.
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Consider the fuzzy graph G given by the following fuzzy matrix representing
a fuzzy cell graph consisting of ten cells. Assume that the vertices with weights
more than 0.5 represent cancerous cells, vertices with weights between 0.2 and 0.5
inflammatory cells and between 0 and 0.2, healthy cells. Let the vertices of G be

{a,b,c,d,e,f,g,h,i,j}andlet,

[0.00 0.13
0.13 0.00
0.00 0.30
0.00 0.0
0.00 0.00
0.10 0.00
0.00 0.15
0.00 0.00
0.00 0.00
| 0.00 0.00

0.00
0.30
0.00
0.50
0.00
0.00
0.00
0.40
0.00
0.00

0.00
0.00
0.50
0.00
0.90
0.00
0.00
0.00
0.70
0.00

0.00
0.00
0.00
0.90
0.00
0.00
0.00
0.00
0.00
1.00

0.10
0.00
0.00
0.00
0.00
0.00
0.14
0.00
0.00
0.00

The cohesive matrix M of G is given below.

[0.00 0.13
0.13 0.00
0.13 030
0.13 030
0.13 030
0.13 0.14
0.13 0.20
0.13 030
0.13 030
| 0.13 030

For any value ¢ € (0, 0o), we can find the threshold graph G, from M. The ¢-fuzzy
edge components are the maximal complete subgraphs of G;. The corresponding
vertices in these components form clusters of level ¢. For example, the threshold

0.13
0.30
0.00
0.50
0.50
0.14
0.20
0.50
0.50
0.50

0.13
0.30
0.50
0.00
0.90
0.14
0.20
0.60
0.80
0.90

graph for = 0.5 is given below.

Gos =

eleoleBoNoloNol=Ro ]

eNeololoBoNoBolelele]

0.13
0.30
0.50
0.90
0.00
0.14
0.20
0.60
0.80
1.00

—_—— = O O = O = OO0
—_—— = O OO == OO0

0.13
0.14
0.14
0.14
0.14
0.00
0.14
0.14
0.14
0.14

ecNeoNoloBoNoBoBolole]

[eNoNeoBoNoNoNoReloNe]
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0.00
0.15
0.00
0.00
0.00
0.14
0.00
0.20
0.00
0.00

0.13
0.20
0.20
0.20
0.20
0.14
0.00
0.20
0.20
0.20

—_—— O OO === OO

— O = OO =k~ OO

0.00
0.00
0.40
0.00
0.00
0.00
0.20
0.00
0.60
0.00

0.13
0.30
0.50
0.60
0.60
0.14
0.20
0.00
0.60
0.60

O == OO = == OO

0.00
0.00
0.00
0.70
0.00
0.00
0.00
0.60
0.00
0.80
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The different fuzzy clusters of level 0.5 obtained from G5 are {c, d, e, h, i, j},

{a}, {b}, {f} and {g}.

The fuzzy clusters of all levels are given below.

Level Fuzzy Clusters

(1, 00) {a}. (D}, {c}. {d}, {e}. {f}. {g}. {n}, (i}, (j}
0.9.11  {e,j}. {a}. {0}, {c}. {d}. {f}. {g}. {h}, {3}
(0.8,0.9]1  {d,e.j}. {a}, {b}. {c}. {f}. {9}, (A}, (i}
0.6,0.8] {d,e,i,j} {a}. {b}. {c}. {f}, {g}. {h}
(0.5,0.6]  {d,e, h,i,j} {a}, {b}, {c}. {f}. {9}
(0.3,0.5]  {c.d,e, h,i,j} {a}, (b}, {f}. {g}
0.2,0.3] {b,c,d, e, h,i,j}, {a}, {f}. {9}
(0.14,0.2] {b,c,d,e, g, h,i,j}, {a}, {f}
(0.13,0.14] {b, c,d, e, f, g, h, 1, j}, {a}

(0,0.13]  {a,b,c.d,e.f,qg,h,ij}

From the above fuzzy clusters corresponding to # = 0.5 (which is the threshold
for cancerous cells), it is observed that {d, e, h, i, j} is a cell cluster which is affected
seriously by cancer whereas its neighboring area containing the cells b, ¢ and g can
be found inflammatory. Note that the cells a and f are healthy.

Comparison Between New and Old Methods:

As mentioned above, the t-fuzzy edge connectivity procedure is more powerful than
the 7-edge connectivity procedure. It can be seen from the following example.

Consider the fuzzy graph in Example 3.3.42. The clusters using 7-edge connec-
tivity procedure and fuzzy clusters using 7-fuzzy edge connectivity procedure are as
follows.

7-Edge Connectivity Procedure:

The edge connectivity of the fuzzy graph G in Example 3.3.42 is A = 0.4.
Using the Yeh and Bang procedure, we obtain the 7-edge components of G as
given below.

Level Maximal 7-e.c subgraphs Clusters

(0,0.4] ({a, b, c, d}) Ci={a,b,c, d}
0.4, 1] {a}), ({B}), ({ch), ({d})  Cy ={a}, C3 = {b}, C4 = {c},
Cs = {d}

By this, we get only two types of clusters corresponding to all possible levels
namely the full set of vertices and the clusters of singletons. We will find more
clusters if we apply the -fuzzy edge connectivity procedure as seen below.

t-Fuzzy Edge Connectivity Procedure:

The fuzzy edge connectivity ' of the fuzzy graph G in Example 3.3.42 is 0.3. The
clusters of level ¢ are obtained as follows.
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Level Maximal ¢-f.e.c. subgraphs Fuzzy Clusters

0,0.3] {a,b,c,d}) C,={a,b,c, d}

0.3,0.4] {a, b, c}), {{d}) C,={a,b,c,},Cs={d}

0.4,11  ({a}), (b)), {{ch, ({d})  Ca={a}, Cs = {b}, Cs = {c},
C; = {d}

Thus, we get three types of clusters corresponding to different levels. When we
deal with qualitative data, this will definitely produce more clusters. If the parameter
in the above procedure represents the degree of interaction among four research
students, Then by the existing method we may observe that there is a minimum
interaction between all the students and there are no groups of high interaction. But
using the proposed method, we can find a group with more positive interaction and
can identify that there is a student who is less active in the whole group.

3.4 Menger’s Theorem for Fuzzy Graphs

Menger’s Theorem is one of the important results in graph theory. It finds the number
of internally disjoint paths between a pair of vertices of a graph, in terms of connec-
tivity. The concept of an internally disjoint path in graphs can be replaced by that
of a strongest path in fuzzy graphs, as every path in a graph has strength one and
is strongest. Mathew and Sunitha [113] generalized Menger’s theorem in 2013 and
introduced ¢-connected fuzzy graphs. The contents of this section are from [113].

Strength Reducing Sets

In graph theory, a u — v separating set S of vertices is a collection of vertices
in G whose removal disconnects the graph G and, u and v belonging to different
components of G — S [83]. Similarly, a u — v separating set of edges is defined.
Because the reduction in strength is more important and frequent in graph networks,
strength reducing sets of vertices and edges are defined as follows.

Definition 3.4.1 Let « and v be any two vertices in a fuzzy graph G = (o, p) such
that the edge uv is not strong. A set S C ¢ of vertices is said to be a u — v strength
reducing set (srs) of vertices if CONN;_s(u, v) < CONNg(u, v), where G — S is
the fuzzy subgraph of G obtained by removing all vertices in S.

Definition 3.4.2 A set of edges £ C p* is said to be a u — v strength reducing set
of edges if CONNg_g(u, v) < CONNg(u, v), where G — E is the fuzzy subgraph
of G obtained by removing all edges in E.

Definition 3.4.3 A u — v strength reducing set of vertices(edges) with n elements
is said to be a minimum u — v strength reducing set of vertices (edges) if there
exist no u — v strength reducing set of vertices(edges) with less than n elements.
A minimum u — v strength reducing set of vertices is denoted by S¢(u, v) and a
minimum u — v strength reducing set of edges is denoted by E¢ (u, v).
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Fig. 3.20 Strength reducing Y 0.4 u
sets of vertices and edges
£ 0.9
0.5 v
1
0.2 v
Fig. 3.21 Srs S of vertices. S
All strongest paths pass
through S

Example 3.4.4 (Figure3.20) Let G = (o, 1) be a fuzzy graph with o* = {u, v, w,
x,y}, o(s) =1 for all s € o*, p(uv) = 0.8, p(vw) = 0.9, pu(uy) =0.3, pulx) =
0.4, p(w) =0.1, p(uw) = 1. Because edge uw is strong, there are no u — w
strength reducing set of vertices in G. E = {uw} is a u — w strength reducing set of
edges. S = {w} is a u — v strength reducing set of vertices and £ = {uw}isau — v
strength reducing set of edges.

Note that any # — v separating set of vertices or edges in the underlying graph
G* = (o*, u*) is a strength reducing set. The following are the characterizations for
vertex and edge strength reducing sets.

Theorem 3.4.5 Let G = (0, i) be a connected fuzzy graph and u, v be any two
vertices in G such that uv is not strong. Then a set S of vertices in G is au —v
strength reducing set if and only if every strongest path from u to v contains at least
one vertex of S.

Proof Suppose that S is a u — v strength reducing set of vertices in G and let P be
a strongest u — v path in G. If P contains no vertex of S, the removal of S keeps P
intact and hence G — § contains P. Thus, CONNg_s(u, v) = CONNg (u, v), which
contradicts the fact that S is a u — v strength reducing set of vertices. Thus, P must
contains at least one member of S. It is obvious that this result is not true when edge
uv is strong. Any strong edge uv is a strongest u — v path containing no vertex from
S.

Conversely, suppose that every strongest path from u to v contains at least one
vertex of §, where S € o* and u, v notin S (see Fig. 3.21). The dashed lines represent
paths which are not strongest). Then the removal of § destroys all strongest u — v
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paths in G and hence CONNg_s(u, v) < CONNg (u, v). Hence, it follows that S is
a u — v strength reducing set of verticesin G. W

Theorem 3.4.6 Let G = (0, i) be a connected fuzzy graph and u,v any two vertices
in G. Then a set E of edges in G is a u-v strength reducing set if and only if every
strongest path from u to v contains at least one edge of E.

The proof is similar to that of Theorem 3.4.5.
Next we present a generalization of one of the celebrated results in Graph theory
due to Karl. Menger (1927).

Theorem 3.4.7 [113] (Generalization of the vertex version of Menger’s Theorem)
Let G = (o, u) be a fuzzy graph. For any two vertices u, v € o* such that uv is not
strong, the maximum number of internally disjoint strongest u-v paths in G is equal
to the number of vertices in a minimal u-v strength reducing set.

Proof We shall prove the result by induction on the strong size ss(G) (number of
strong edges) of G. When ss(G) = 0, G = (o, ) is such that * = ¢ and the result
is trivially true for any pair of vertices u, v € o*.

Assume that the theorem is true for all fuzzy graphs G = (o, 1) with strong size
less than m, where m > 1. Let G be a fuzzy graph of strong size m. Let u, v € ¢*
such that uv is not strong. If  and v are in different components of G = (o, 1), the
theorem is obviously true. So assume that # and v belongs to the same component
of G = (o, p). Then either uv is not in p* or uv is a d-edge. In both cases, u — v
strength reducing sets of vertices exist in G. (If uv is strong, then reduction of any
number of vertices will not reduce the strength of connectivity between u and v and
hence no strength reducing set of vertices exists.)

Now, suppose that S¢ (#, v) is a minimum strength reducing set of vertices in G
with [S¢ (u, v)| = k > 1. By Theorem 3.4.5, each strongest u — v path must contain
at least one member from S¢ (u, v). Hence, any u — v strength reducing set must
contain at least as many vertices as the number of internally disjoint strongest u — v
paths. In other words, there exists at most k internally disjoint strongest # — v paths.
We show that G contains exactly k internally disjoint strongest u — v paths.

If k=1, then [Sg(u, v)| = 1. Let Sg(u, v) = {w}. Then CONNG_(w(u, v) <
CONNg(u, v). That is, w is a fuzzy cutvertex of G. So every strongest u — v path
must pass through w. Hence, the number of internally disjoint # — v paths is one and
the result is true. So assume that k > 2.

Case 1: (Figure3.22) G has a minimum u — v strength reducing set of vertices
containing a vertex x such that both ux and xv are a-strong edges.

Let S¢ (¢, v) be the minimum u — v strength reducing set of vertices with the above
mentioned property. Then S¢ (¢, v) — {x} is a minimum u — v strength reducing set
in G — {x} having k — 1 vertices. Because both ux and xv are a-strong edges, they are
clearly strong and hence ss(G — {x}) < ss(G). By induction, it follows that G — {x}
contains k — 1 internally disjoint strongest # — v paths. Because ux and xv are o-
strong, P is a strongest u — v path. Thus, we have k internally disjoint strongestu — v
paths in G.
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Fig. 3.22 Case I of the proof

Fig. 3.23 Case 2 of the
proof

Case 2: (Figure 3.23) For every minimum u — v strength reducing set Sg (1, v) in
G, either every vertex in Sg (u, v) is an a-strong neighbor of u (i.e., if w is a vertex
in S¢ (u, v), then uw is an edge which is the unique strongest # — w path.) but not of
v or every vertex in Sg (1, v) is an a-strong neighbor of v but not of u.

Suppose that every vertex in S¢ (¢, v) is an a-strong neighbor of u, but not of v.
Consider a strongest u — v path P in G. Let x be the first vertex of P which is in
S (u, v). Then ux is a-strong and because xv is not a-strong, there exist at least one
vertex say y other than u and v such that xy is 3-strong. Denote the edge xy by e.

Claim: Every u — v strength reducing set in G — {e} has exactly k vertices.

On the contrary assume that there exist a minimum u« — v strength reducing set in
G — {e} with k — 1 vertices say Z = {z1, 22, ..., Zx—1}. Then Z U {x} is a minimum
u — v strength reducing set in G. Note thatevery z;, i = 1,2, ...,k — 1 and x are a-
strong neighbors of u. Because Z U {y} also is a minimum u — v strength reducing set
in G, itfollows thaty is an a-strong neighbor of u contradicting the fact that edge xy is
(-strong (The edges ux, uy and xy forms a triangle with edge xy as the weakest edge.
The unique weakest edge of a cycle is a §-edge). Thus, k is the minimum number of
vertices in a u — v strength reducing set in G — {e}. Because ss(G — {e}) < ss(G),
it follows by induction that there are k internally disjoint u — v paths in G — {e} and
hence in G.



120 3 Connectivity in Fuzzy Graphs

Fig. 3.24 Strongest paths
passing through an srs of
vertices

Fig. 3.25 Construction of
G/
u

Case 3: (Figure 3.24) There exist a u — v strength reducing set W in G such that
no member of W is an a-strong neighbor of both u and v and W contains at least
one vertex which is not an a-strong neighbor of u and at least one vertex which is
not an a-strong neighbor of v.

Let W be a minimum u — v strength reducing set with k elements having the
above properties. Let W = {wy, wo, ..., wi}. Consider all strongest paths from u to
v. Then because W is minimum, w;, i = 1, 2, ..., k must belong to at least one such
path. Let G, be the fuzzy subgraph of G consisting of all u — w; sub paths of all
strongest u — v paths in which w; € W is the only vertex of the path belonging to
W. Note that if CONNg (u, v) = t, then p(xy) > ¢ for all edge xy in these paths.

Let G/, be the fuzzy graph constructed from G, by adding a new vertex v" and
joining v’ to each vertex w; fori = 1,2, ..., k (see Fig.3.25). Let 0(v') = 1 and
p(wv') = o(w;) forall i =1,2, ..., k. The fuzzy graphs G, and G/, are defined
similarly (see Fig.3.26).

Because W contains a vertex that is not an c-strong neighbor of « and a vertex that
is not an a-strong neighbor of v (Note that all newly introduced edges are strong),
we have ss(G/,) < ss(G) and ss(G’)) < ss(G).
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Fig. 3.26 Construction of
Gy
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o(w2)

o(wy)

Fig. 3.27 Illustration to
generalization of Menger’s
theorem

Clearly Sg: (u, v') = k and Sg; («', v) = k. So by induction G,, contains k inter-
nally disjoint u — v’ paths say A;,i = 1,2, ..., k, where A; contains w;. Also, G,
contains k internally disjoint «’ — v paths say B;,i = 1, 2, ..., k, where B; contains
w;. Let A be the u — w; sub paths of A; and B; be the w; — v sub path of B; for
1 <i < k. Now, k internally disjoint strongest # — v paths can be formed by joining
A;and B; fori = 1,2, ..., k and the theorem is proved by induction. H

Next we state the edge version of Theorem 3.4.7. The proof is very similar.

Theorem 3.4.8 [113] (Generalization of the edge version of Menger’s Theorem)
Let G = (o, p)be a connected fuzzy graph and let u, v € o*. Then the maximum
number of edge disjoint strongest u—v paths in G is equal to the number of edges in
a minimum (with respect to the number of edges) u—v strength reducing set.

Ilustration to Theorems 3.4.7 and 3.4.8 Consider the following fuzzy graph G on
7 vertices (Fig.3.27).

Consider the vertices u and x in the fuzzy graph G = (o, p). The edge ux is not
strong because CONNg (1, x) > p(ux). Hence, the statement of the theorem can be
checked for u and x. Note that for a pair {x, y} such that edge xy is strong, there
do not exist an x — y srs of vertices. In G, there are 3 u — x strongest paths with
strength equal to 0.6 (which are shown in thick lines). According to Theorem 3.4.7,
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Fig. 3.28 A 0.3-connected u
fuzzy graph

any minimum srs of vertices must contain 3 vertices. It can be easily verified. {w, ¢, z}
is a minimum u — x srs of vertices (shown in circles).

Also, the number of edges in any minimum « — x srs of edges is 3, which is same
as the number of edge disjoint strongest # — x paths.

Definition 3.4.9 Let G be a connected fuzzy graph and 7 € (0, 00). G is called
t-connected if x(G) > r and G is called t-edge connected if x'(G) > t.

In other words a fuzzy graph G is f-connected if there exist no fuzzy vertex cut
with strong weight less than 7 and is t-edge connected if there exist no fuzzy edge
cut with strong weight less than z.

Example 3.4.10 (Figure3.28) Let G = (o, u) be a fuzzy graph with ¢* = {u, v, w,
Xy} pv) = ptw) =1, pOw) =038, phw) = plxy) = pluy) = plyv) =
p(vw) = 0.4. There are many fuzzy vertex cuts in G. Vertex w is a fuzzy vertex
cut with strong weight 0.4. {w, x} and {w, v} are 2-FNCs with strong weight 0.8
each. {u, v, w}is a 3-FNC with strong weight 1.2. {u, v, w, y} is a4-FNC with strong
weight 1.6. The minimum strong weight of all fuzzy vertex cuts in G is 0.4 and hence
k(G) = 0.4. Thus, G is t-connected for all ¢ such that ¢ € (0, 0.4]. Also, xw, xy and
uv are fuzzy bridges and hence are fuzzy edge cuts with strong weights 1, 0.8, and
1 respectively. There are many fuzzy edge cuts in G with strong weight more than
1. Thus, k (G) = 0.8 and G is t-edge connected for all ¢ such that € (0, 0.8].

The concept of 2-connected graphs have been generalized in fuzzy graph theory
in a different form. A graph is 2-connected if and only if it has no cutvertices. That is,
if and only if it is a block. According to Whitney’s theorem, a graph is 2-connected
if and only if any two vertices of G are connected by at least two internally disjoint
paths. This is true in fuzzy graphs also. As a consequence of Theorem 2.7.4, we have
the following result.
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Fig. 3.29 Internally disjoint S
strongest paths

Theorem 3.4.11 Let G be a connected fuzzy graph. G is a block if and only if sum
of strengths of all internally disjoint strongest paths is at least 2CONNg (u, v) for
every pair of vertices u, v € G.

Now, we give characterizations of 7-connected fuzzy graphs and ¢-edge connected
fuzzy graphs as follows.

Theorem 3.4.12 Let G be a connected fuzzy graph. Then G is t-connected if and
only if mCONNg (u, v) > t for every pair of vertices u and v in G, where m is the
number of internally disjoint strongest u — v paths in G.

Proof First assume that G is t-connected. Then x(G) > t. We prove that for every
pair of vertices u, v € o, the sum of strengths of all internally disjoint strongest
paths is at least #. On the contrary assume that there exists a pair of vertices u, v € o*
such that mCONNg (u, v) < t, where m is the number of internally disjoint strongest
u — v paths.

Let S be a minimal # — v strength reducing set of vertices in G with minimum
strong weight (See Fig.3.29). By Menger’s theorem, |S| =m. If P, P5, ..., Py,
denote the internally disjoint u — v paths, each P; must contain at least one of the
vertices from S (by Theorem 3.4.5) and no vertex can appear in more than one P;,
i=1,2,...,m. Thus, each path P; contains exactly one vertex v;(say) from S. Also,
if there exists a strongest u — v path Q otherthan P;,i = 1,2, ..., m, Q hasto share a
vertex of S with P; for some i. Because S is a u — v strength reducing set, it is a fuzzy
vertex cut. Also, because S is a strength reducing set of minimum strong weight, one
of the edges incident at v; in P; must have strength equal to CONNg (u, v). Therefore,
strong weight of S = |S| CONNg(u, v) = mCONNg (u, v) < t. Thus, there exist a
fuzzy vertex cut with strong weight less than ¢ and hence x(G) < ¢, a contradiction
to our assumption. Thus, the sum of strengths of all internally disjoint strongest u — v
paths is at least 7.

Conversely, suppose that the sum of strengths of all internally disjoint strongest
paths is at least 7. To show that «(G) > ¢. If possible suppose that x(G) < t. Then
there exist a fuzzy vertex cut S such that strong weight of S is less than ¢. Also,
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Fig. 3.30 Illustration to a
Theorem 3.4.12

0.4 0.4

for some pair of vertices u, v € G, CONNg_s(u, v) < CONNg(u, v) and hence S
is a u — v strength reducing set of vertices. By Menger’s theorem, m = number
of vertices in a minimal strength reducing set < |S|. Therefore, mCONNg (u, v) <
|S| CONNg (u, v) < strong weight of § < ¢. That is, the sum of strengths of all inter-
nally disjoint strongest u — v paths is less than #, which is a contradiction. W

Ilustration to Theorem 3.4.12. Consider the following fuzzy graph G = (o, 1) on
3 vertices (Fig.3.30).

G has no fuzzy cutvertices. All pairs of vertices in G are 2-FNCs with strong
weight 0.8. Thus, k(G) = 0.8. There are two internally disjoint strongest paths each,
between a and b and between a and c. Thus, by Theorem 3.4.11, 2CONNg (a, b) =
2(0.4) = 0.8 = kK(G) and the result holds. Also, we have a unique strongest path
between b and ¢ with strength 1. Hence, CONNg (b, c) = 1 > ¢, where t € (0, 0.8]
and the result holds.

Theorem 3.4.13 Let G be a connected fuzzy graph. Then G is t-edge connected if
and only if mCONNg (u, v) > t for every pair of vertices u and v in G, where m is
the number of edge disjoint strongest u — v paths in G.

Proof First assume that G is f-edge connected. Then x'(G) > t. To prove that for
every pair of vertices u, v € o*, the sum of strengths of all edge disjoint strongest
paths is at least z. On the contrary assume that there exists a pair of vertices u, v € o*
such that mCONNg (u, v) < t, where m is the number of edge disjoint strongest
u — v paths.

Let E be a minimum u — v strength reducing set of edges in G with mini-
mum strong weight (This is when any edge xy in E has strength CONNg (x, y)).
By Menger’s theorem, |E| = m. If Py, P,, ..., P, denote the edge disjoint u — v
paths, each P; must contain at least one of the edges from E and no edge can appear
in more than one path. Thus, each path P; contains exactly one edge from E. Also, if
there exists a strongest u — v path Q other than P;,i = 1, 2, ..., m, it has to share an
edge of E with P; for some i. Because E is a u — v strength reducing set of edges, it
is fuzzy edge cut of G and hence strong weight of E = mCONNg (u, v) < t and thus
there exist a FAC with strong weight less than ¢ and hence x'(G) < ¢, a contradiction
to our assumption (Fig.3.31).
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Fig. 3.31 Edge disjoint
paths in Theorem 3.4.13

Conversely, suppose that the sum of strengths of all edge disjoint strongest paths
is at least ¢ for every pair of vertices u and v in G. To show that ' (G) > r. If
k'(G) < t, then there exist a fuzzy edge cut say E with strong weight less than z.
Also, by definition of a FAC, CONN¢_g(u, v) < CONNg(u, v) for some pair of
vertices # and v in G. Thus, E is a u — v strength reducing set of edges. By Menger’s
theorem, m = number of edges in a minimal # — v strength reducing set of edges.
Hence,m < |E|. Therefore, nCONNg (u, v) < |E| CONNg (u, v) < strong weight of
E < t, which is a contradiction to our assumption. W



Chapter 4
More on Blocks in Fuzzy Graphs

As defined in Chap.2, a fuzzy graph without fuzzy cutvertices is called a block
(nonseparable). Rosenfeld introduced this conceptin 1975. In contrast to the classical
concept of blocks in graphs, the study of blocks in fuzzy graphs is challenging due
to the complexity of cutvertices. Note that cutvertices of a fuzzy graph are those
vertices which reduce the strength of connectedness between some pair of vertices
on its removal from the fuzzy graph rather than the total disconnection of the fuzzy
graph. In this chapter, we concentrate on blocks of fuzzy graphs. This work is from
[28-30].

4.1 Blocks of a Fuzzy Graph

Blocks of a graph are maximal connected induced subgraphs without cutvertices.
Hence, a maximal connected fuzzy subgraph without fuzzy cutvertices induced by a
subset of vertices is the natural definition for a block of a fuzzy graph. The properties
of blocks of a fuzzy graph are very much different from that of blocks of a graph.
Two blocks of a graph share at most one vertex, and it is a cutvertex of the graph.
But, two blocks of a fuzzy graph may share one or more vertices and they need not
be fuzzy cutvertices of the fuzzy graph. For the fuzzy graph in Fig.4.1, blocks B
and B, (Fig.4.2a, b) share two vertices, v and w. v is a fuzzy cutvertex of G while
w is not. In the examples, o may be chosen in any way satisfying the definition of a
fuzzy graph.

Definition 4.1.1 A maximal connected fuzzy subgraph of G = (o, p), which is a
block and induced by a subset of V is called a block of G.If G is a block, then G
itself is a block of G.

Example 4.1.2 Consider the fuzzy graph G = (o, ) with ¢* = {u, v, w, x, y},
o(s) = lforalls € o*, p(uv) = 0.6, u(vy) =1, pu(vx) = 0.7, p(xw) = p(uw) =
0.5 and p(vw) = 0.5 (Fig.4.1). G is not a block because v is a fuzzy cutvertex. The
blocks of G are By, B, and Bj (Fig.4.2a—c).
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The support of a block G = (o, i) is always a block because a cutvertex in G*
is always a fuzzy cutvertex of G, independent of ¢ and p. In certain fuzzy graphs,
support of every block will be K,. Such fuzzy graphs have some common properties
and we discuss them separately.

Definition 4.1.3 A fuzzy graph G = (o, p) is a K, block graph if the support of
every block of G is K».

A fuzzy graph whose support is a tree is always a K, block graph.

Example 4.1.4 Let G = (o, i) be the fuzzy graph given in Fig.4.3, with o* =
{u,v, w, x},o(s) = lforalls € o*, u(wx) = 0.5, p(uv) = p(uw) = 0.8, p(ux) =
u(vx) = 0.9. G is a K, block graph.

Stars are a special type of trees in graphs. A star has exactly one internal vertex.
We denote a star by S,,, where n is the number of leaves. Analogous to star graphs,
a fuzzy star is defined as follows.
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Definition 4.1.5 A fuzzy star is a fuzzy tree whose unique maximum spanning tree
is a star. A fuzzy star G = (o, p) with |0*| = n + 1 is denoted by F'S),.

Example 4.1.6 A fuzzy star F'Ss and its maximum spanning tree are given in Fig. 4.4.
The following are some results on strongest strong cycles, blocks and fuzzy stars.
Lemma 4.1.7 A strongest strong cycle C in G = (o, 1) is locamin.

Proof Suppose C is not locamin. Then there exists a vertex u in C such that weights
of both the edges (say, wiu and w,u) incident with it are greater than the weight of a
weakest edge in C. Thus, the strength of w; — u — w, path is greater than the other
w; — wy path in C, which is not possible. W

But, the converse of Lemma 4.1.7 is not true. A locamin cycle need not be a
strongest strong cycle as seen from Fig.4.5.
In Fig.4.5, the cycle C : w, u, v, x, w is locamin but not strongest strong.

Lemma 4.1.8 Let G = (o, 1) be a fuzzy graph. If C is a strongest strong cycle in
G, then there exists a block of G containing C.

Proof Let C be a strongest strong cycle in G = (o, ). Let H = (P), where P is
the set of vertices constituting C. Every pair of vertices in H except those joined by
a-strong edges are joined by two internally disjoint strongest paths. Hence, H is a
block according to Theorem 2.7.4. Therefore, either H itself is a block of G or it is
properly contained in a block of G. W

In Fig.4.1, two cycles C; : w,u,v,w and C, : w, x, v, w are both strongest
strong cycles in G. Each of them constitutes a block of G.


http://dx.doi.org/10.1007/978-3-319-71407-3_2
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Fig. 4.6 Blocks of the fuzzy

T )
graph in Fig.4.4 0.5 0.6
02 Y
p
u
0.2 0.2
ﬁs o..N. E:
w , v 0.2

Corollary 4.1.9 A connected fuzzy graph G = (o, i) without fuzzy bridges has a
nontrivial block whose support is different from K.

Proof G is not a fuzzy tree because all the edges in the maximum spanning tree of
a fuzzy tree are fuzzy bridges by Proposition 2.3.4. The maximum weight edge in
G (say, uv) is B-strong. Hence, there exists a strongest u — v path P different from
uv in G whose strength is p(1v). Because uv is the maximum weight edge in G, all
the edges in P have weight p(uv). Thus, uv U P forms a strongest strong cycle. By
Lemma 4.1.8, G has a nontrivial block whose support is different from K,. W

Proposition 4.1.10 A fuzzy star F S,_ has at least n — 1 blocks.

Proof FS,_; is a fuzzy star with n vertices. Its maximum spanning tree is a star,
say F. Let u be the vertex of degreen — 1in F* and u;,i = 1,2,...,n — 1 be the
remaining n—1 vertices. Let B be ablock containing uu; forsomei = 1,2, ..., n—1.
Suppose B contains a vertex u ;, j # i.Because u isincident with two -strong edges
uu; and uu j, it is a fuzzy cutvertex of B according to Theorem 2.2.11. This is not
possible because B is a block. Therefore, uu; is a block of F'S,,_;. Hence, F'S,_; has
at leastn — 1 blocks. W

The blocks of the fuzzy graph in Fig.4.4 are given in Fig.4.6. G is a fuzzy star
with five vertices and has five blocks.

Proposition 4.1.11 Let G = (o, u) be a fuzzy graph. If all the edges incident with
a vertex u in G are o-strong, then each of these edges forms a block of G.

Proof Let degg+(u) = k. Suppose u;, i = 1,2, ...,k are the neighbors of u and
B is a block to which uu; belongs. degp-(u) = 1, otherwise u becomes a common
vertex of at least two a-strong edges and by Theorems 2.2.11 and 3.2.9, becomes a
fuzzy cutvertex of B, which is not possible. We prove degp-(1;) = 1. Assume u; is
adjacent to a vertex v different from u in B*. Then u — u; — v is the only u — v path
in B making u;, a fuzzy cutvertex of B which is not possible. That is, B does not
contain any vertex other than u and u;. Hence, uu;, i = 1,2, ..., k form k blocks
of G. W

In Fig.4.4, all the edges xu, yu, zu and wu incident with u are a-strong. Each
of them forms a block as seen in Fig.4.6.
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According to Lemma 4.1.8, associated with a strongest strong cycle, there is a
nontrivial block whose support is different from K,. The following lemma proves
the existence of a strongest strong cycle in every nontrivial block with at least three
vertices. This lemma is then used to characterize a K, block graph.

Lemma 4.1.12 ([29]) A nontrivial block G = (o, p) with |c*| > 3 contains a
strongest strong cycle.

Proof Let G = (o, ) be a nontrivial block with |0*| > 3. Let a, b be two vertices
in G not joined by an a-strong edge such that CONN¢(a, b) = V{CONNg(x,y) |
X,y € o* notjoined by an a-strong edge}. In other words, if x and y are two vertices
in o* not joined by an a-strong edge and P is an x — y path, then

s(P) < CONNg(x,y) < CONNg(a,b). 4.1)

Because G is a block, there are two internally-disjoint strongest a — b paths say,
Py and P;. Let C = P; U P,. A weakest edge in C has weight, CONNg(a, b).

Claim: C is a strongest strong cycle.

Let x and y be two vertices in C not joined by an a-strong edge. Because strength
of an x — y path cannot exceed CONN(a, b), an x — y path whose strength is
CONN(a, b) is a strongest x — y path. We prove the strength of the two x — y paths
in C is CONNg(a, b).

Case 1: x and y are adjacent in C.

This implies, u(xy) = CONNg(a, b). The path C — xy also has strength,
CONN(a, b). Thus, it follows that xy is 3-strong.

Case 2: x and y are not adjacent in C.

Let P and P’ be the two x — y paths in C. Suppose the weights of all the edges
in one path, say P is greater than CONN (a, b). Then the strength of P is greater
than CONN ¢ (a, b) which is not possible according to Eq. (4.1). Therefore, both P;
and P, contain an edge whose weight is CONN ¢ (a, b). It follows that both P; and
P, are strongest x — y paths.

The weakest edges in C are 3-strong as proved in Case 1 and the remaining edges
are a-strong. Therefore, C is a strongest strong cyclein G. W

In Fig.4.7, G isablock. C : w, u, v, w is a strongest strong cycle in G.

Fig. 4.7 A block and its w 0.3
strongest strong cycle

0.6 0-4 0.3

0.4 v
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Theorem 4.1.13 Let G = (o, ) be a fuzzy graph on n vertices without isolated
vertices. Then G is a K, block graph if and only if no fuzzy subgraph of G induced
by a subset of V has a strongest strong cycle.

Proof Suppose a fuzzy subgraph, say H of G induced by a subset of V, has a
strongest strong cycle C : uy, uy, ..., ug, u1, k < n.Then H = ({uy, us, ..., ug})
is a block. Because H’ is a fuzzy subgraph of G induced by {u, us, ..., ui}, either
H' itself is a block of G or there is a block of G properly containing it. It follows
that G has a nontrivial block whose support is different from K5.

Assume no fuzzy subgraph of G induced by a subset of V has a strongest strong
cycle. By Lemma 4.1.12, the support of every block of G is K,. This implies that G
is a K; block graph. W

In Example 4.1.4 (Fig.4.3), G is a K, block graph. Its fuzzy subgraphs induced
by three vertices whose supports are not trees are namely H; = < {w, u, x} > and
H, = < {u, x, v} >. H; and H, are not strongest strong because wx is a -edge in
H; and uv is a -edge in H,.

Corollary 4.1.14 If G is a fuzzy graph without isolated vertices and has no locamin
cycles, then G is a K, block graph.

Corollary 4.1.15 Let G = (o, i) be an edge-disjoint fuzzy graph without isolated
vertices. G is a K, block graph if and only if no cycle is strongest strong in G.

Proof Cycles in G are fuzzy subgraphs induced by the vertices constituting the
cycle because G is edge-disjoint. Suppose G = (o, p) is a K, block graph. From
Theorem 4.1.13, no cycle in G is strongest strong as a fuzzy subgraph induced by the
vertices constituting the cycle and the same holds in G. Out of the fuzzy subgraphs
induced by subsets of V different from K, the supports of cycles alone do not
contain cutvertices. If the cycles are not strongest strong in G, then they are not
strongest strong in any fuzzy subgraph induced by a subset of V. It follows from
Theorem 4.1.13 that G is a K, block graph. Therefore, the number of nontrivial
blocks whose supports are different from K, for an edge-disjoint fuzzy graph is
equal to the number of strongest strong cycles. W

Corollary 4.1.16 Let G = (o, p) be an edge-disjoint connected fuzzy graph. If G
is a fuzzy tree, then G is a K, block graph.

Proof For atree G, the corollary is true. Suppose G = (o, 1) is a fuzzy tree which is
not a tree. Let C be a cycle in G. For a pair of vertices x, y in C the two x — y paths
in C are the only x — y paths in G. If C has more than one weakest edge, then G has
at least two maximum spanning trees which is a contradiction to Theorem 2.3.19.
Therefore, C has aunique weakest edge and is not strongest strong from Lemma 4.1.7.
By Corollary 4.1.15, G is a K, block graph. W

The converse of Corollary 4.1.15 is not true. An edge-disjoint fuzzy graph which
is a K, block graph need not be a fuzzy tree. The fuzzy graph G in Fig.4.8 is an
edge-disjoint K, block graph, but it is not a fuzzy tree.
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An Application: Consider an undirected network of roads connecting certain cities.
It can be represented by a weighted graph, where vertices, edges and weights of
edges denote the cities, roads and capacities respectively. By the capacity of a road,
we refer to the maximum number of vehicles that can pass through it per hour. On
normalization, we obtain a fuzzy graph. For simplicity, consider a network of four
cities given in Fig.4.9.

Assume that the flow through an edge is equal to its capacity. Consider traffic flow
from b tod in G. The maximum flow is 0.8 and it occurs through the path bad. During
certain occasions like festivals, traffic flow may be restricted through a. This reduces
the traffic flow from b to d to a great extent. A similar problem cannot occur in case
of the flow between a and ¢ because not all of the maximum flow paths pass through
a common city. So, it is always desirable to have two independent maximum flow
paths between every pair of cities. In graph-theoretic terms, G should be a block. The
model of a large road network need not be a block. There may be instances when no
flow or two independent paths of same flow (even if, low) is better than a higher flow
through two intersecting paths. Blocks of a fuzzy graph are small networks-satisfying
the above mentioned property-contained in a large network modelled using a fuzzy
graph. For example, G is not a block and the blocks of G are given in Fig.4.10. In
the blocks of G, there is no flow between b and d in comparison, with the single
maximum flow path in G.
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4.2 Critical Blocks and Block Graph of a Fuzzy Graph

Critical graphs have been extensively studied in graph literature in different contexts
like coloring, connectivity, etc. In this section, we discuss critical blocks in fuzzy
graphs. This work is based on [28]

Definition 4.2.1 A fuzzy graph G = (o, p) is called a critical block if G is a block
and G — v is not a block for all v € o*. Otherwise, G is noncritical.

In this section, a block refers to a block in fuzzy graph. In the examples, we
assume o(x) = 1, for all x € V for convenience. Clearly, blocks on two and three
vertices are not critical. Some critical blocks are given in Example 4.2.2.

Example 4.2.2 Both fuzzy graphs in Fig.4.11 are critical blocks.

According to Lemma 4.1.12, every block G = (o, i) on at least three vertices
contains a strongest strong cycle, C. Let

¢ = V{CONNg(x,y) | x,y € c*, x and y are not

joined by an a-strong edge.}

C is formed by the union of two internally-disjoint paths of strength c. Also, the
strength of connectedness between every pair of vertices lying on C and not joined
by an a-strong edge is ¢. In C, an edge with weight ¢ is G-strong and an edge with
weight greater than c is a-strong.

Proposition 4.2.3 Let G = (o, p) be a block on at least four vertices. Let C be a
strongest strong cycle in G. If C is spanning and the only strongest strong cycle in
G, then G is critical.

Proof Let x, y be two vertices in G, not joined by an a-strong edge. Let QO and O,
be the two x — y strongest paths in C. Because C is unique, there is no other pair of
internally-disjoint x — y strongest paths. Hence, x and y are joined by exactly two
internally disjoint strongest paths in G.

We next prove that G — v is not a block, v € o*.

Fig. 4.11 G| and
G,-Examples of critical
blocks




4.2 Critical Blocks and Block Graph of a Fuzzy Graph 135

Suppose v is different from both x and y. Removal of v results in exactly one
internally disjoint strongest path between x and y. According to Theorem 2.7.4,
G — v is not a block. Suppose, v = x. Let v; and v, be the neighbors of x in C.

Claim: v and v, are not joined by an a-strong edge.
Assume on the contrary that v; and v, are joined by an a-strong edge.

Case 1: Both v x and xv, are § -strong
The triangle x, vy, vy, x is a strongest strong cycle, which is a contradiction to the
uniqueness of C.

Case 2: Exactly one of v;x and xv; is a-strong

Suppose xv; is a-strong. If so, vy is incident with two a-strong edges which is
not possible according to Theorems 2.2.11 and 3.2.9. Thus, it follows that v; and v,
are not joined by an a-strong edge. So, removal of x results in exactly one internally
disjoint strongest v; — v, path. According to Theorem 2.7.4, G — x is not a block.
The same argument holds for v = y. Therefore, G is a critical block. W

In graphs, all cycles are critical blocks. Proposition 4.2.3 is a generalization of
this result. G| in Fig.4.11 has a unique and spanning strongest strong cycle. It is a
critical block. But, the converse is not true as seen from G,. G, is a critical block,
but all the three cycles are strongest strong. The uniqueness as well as the spanning
property of C are required for a block to be critical. Consider the fuzzy graphs G
and G, in Fig.4.12. G has a spanning strongest strong cycle satisfying conditions in
Lemma 4.1.12. It is spanning but not unique while G, has a unique strongest strong
cycle satisfying the conditions in Lemma 4.1.12 but it is not spanning. Neither G,
nor G, is critical.

Lemma4.24 Let G = (o, u) be a connected fuzzy graph. If uv is an a-strong
edge in G which is not a fuzzy bond, then CONN ¢ (u, x) = CONNg (v, x) for all
X #u,v.

Proof Assume, there exists a vertex y # u, v such that CONNg(u, y) # CONNg
(v, ¥). Without loss of generality, let CONN(u, y) > CONNg(v, y). Because uv
is not a fuzzy bond, removal of uv does not reduce the strength of connectedness
between any pair of vertices other than u and v. That is, for every pair of vertices
exceptu, v, thereis a strongest path not containing uv. Let P; and P be strongestu—y
and v—y paths, respectively which do not contain uv. By assumption, s (P;) > s(P»).
So, P; cannot contain v. The following argument assumes that P, does not contain u.

Fig. 4.12 Non critical fuzzy a 0.5 b a 0.2 b
blocks 0.6
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Fig. 4.13 Graph in
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Let w be the first common vertex of P; and P,, as one moves along P; starting
from u. Therefore, u — w subpath of P, (P), w — v subpath of P, (P;) and uv
constitute a cycle (Fig.4.13). Because uv is not a weakest edge in this cycle,

pv) > s(P)) As(Py) > s(P) As(Py) = s(P).

If P, contains u, then w coincides with « and P| vanishes. uv together with P, form
a cycle. Hence, p1(uv) > s(P,). Therefore, the strength of the v — y path P; U uv
is greater than s(P). This is not possible because P, is a strongest v — y path.
Therefore, CONN(u, x) = CONNg(v, x) forall x Zu,v. B

Proposition 4.2.5 Let G = (o, ) be ablockwith at least four vertices. If C = (7, v)
is a strongest strong cycle in G as mentioned in Lemma 4.1.12 and x € o*, then
CONNg(x,y1) = CONNg(x, y2), where y|, y, € 7" not joined to x by an a-strong
edge and are different from x.

Proof Letx € o and y;, y» € 7" not joined to x by an a-strong edge and different
from x. For x € 7%, clearly CONN (x, y1) = CONNg(x, y2). Suppose x ¢ 7*.

Case 1: x is joined to C by an a-strong edge, xy (say).

Because a block does not contain fuzzy bonds, xy is not a fuzzy bond. Accord-
ing to Lemma 4.2.4, CONNg(x,y;) = CONNg(y,y1) and CONNg(x, y;) =
CONNg(y, y2). Because xy is a-strong, neither y, y; nor y, y, is joined by an
a-strong edge. Hence, CONN(y, y1) = CONNg(y, y2). So, CONNg(x,y)) =
CONNg(x, y2).

Case 2: x is not joined to C by an a-strong edge.

Assume for some y;, y; not joined to x by a-strong edge, CONNg(x, y;) <
CONN g (x, y»). Let P be an x — y, strongest path and Q be a y, — y; strongest path
in C. P U Q gives an x — y; walk.

s(P) > CONNg(x, y1). 4.2)

Subcase 1: y; and y, are not joined by an a-strong edge.

s(Q) =c > CONNg(x,y) > CONNg(x, y1). 4.3)
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Subcase 2: y; and y, are joined by an «-strong edge. Then Q = y; y,.
s(Q) > ¢ > CONNg(x,y;) > CONNg(x, y1). 4.4)

From (4.2)—(4.4), it can be seen that the strength of every edge in P U Q is strictly
greater than CONN (x, y1), which is not possible.

Therefore, CONNg(x, y;) = CONN (x, y»), for all y;, y, € 7* not joined to x
by an a-strong edge for all x # y;, y, € o*. W

Lemma 4.2.6 In a critical block, G = (o, 1) the following conditions hold.

(i) Every vertex z € o* is an internal vertex of an x — y strongest path.

(ii) There exists a pair of vertices, not joined by an a-strong edge which is joined
by at most two internally-disjoint strongest paths.

Proof (i) Suppose there exists a vertex z € o* which is not an internal vertex of
any x — y strongest path. So, the removal of z does not remove any x — y strongest
path. In G — z, every pair of vertices except those joined by a-strong edges are still
joined by two internally- disjoint strongest paths and hence, G — z is also a block,
which is not possible. Therefore, every vertex z € o™ is an internal vertex of an x —y
strongest path.

(i7) Suppose every pair of vertices in G except those joined by a-strong edges are
joined by at least three internally-disjoint strongest paths. Let z € o*. Removal of z
removes at most one internally-disjoint strongest path between x and y, x,y # z.
This implies, G — z is still a block which is not possible. Hence, there exists a pair of
vertices, not joined by an a-strong edge which is joined by at most two internally-
disjoint strongest paths. W

The converse is not true as seen from G, in Fig.4.12. a and d are joined by only
two internally-disjoint strongest paths. But, G, is noncritical. Also, every vertex in
G, is an internal vertex of some strongest path.

The block-graph of a graph G = (V, E) is a graph whose vertex set is the set of
blocks of G and two vertices are adjacent if the corresponding blocks of G share a
vertex [83]. The block-graph of a fuzzy graph is defined below.

Definition 4.2.7 Let G = (o, p) be a fuzzy graph. The block-graph of G is a fuzzy
graph B¢(G) = (V', o, i), where V" is the set of blocks of G. ¢’ and 1’ are defined
as follows. Let b, by, by € V' :

'(b) = o(u) if b is a trivial block, {u}
7 ~ | V{CONN,(x, y) | x, y € V(b)} if b is a nontrivial block

0  if by and b, do not share a vertex of G.
V{CONNy, (a;, x) A CONNy,(x, az) | a; € V(O)\V (D3),
a € VIOH\V (b)), x € V(b)) NV (b3)}

if by and b, share a vertex of G.

W (biby) =
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A complete fuzzy graph G is a block, and so its block-graph is an isolated vertex
whose weight is the maximum weight of edges in G. From the definition, it is clear
that if b is a nontrivial block, there exists a path of strength ¢’ (b) in b and the strength
of every path in b is less than or equal to o’ (b). There exists a path in G with strength
1/ (b1by) joining a vertex b; to a vertex by. The strength of every path in G which
is a union of a path in b; and a path in b, is less than or equal to ' (b1b;). The
block-graph should satisfy two conditions.

(i) By (G) should give maximum information about G.

(ii) By(G) must be a fuzzy graph.

Example 4.2.8 Let the fuzzy graph G = (o, p) with 0* = {a, b, c, d, e} be given
by o(a) = o(b) = o(c) = o(d) = o(e) = 1, ulab) = plad) = plac) =
0.1, u(ed) = 0.2, u(bd) = 0.3 and p(xy) = O for all other x, y € o*. G and its
blocks are given in Fig.4.14 and its block graph is given in Fig.4.15.

For graphs, if H is a block-graph, then the blocks of H are complete [83]. But,
this is not true for fuzzy graphs. Consider the fuzzy graph in Fig.4.16.

The blocks and block graph of the fuzzy graph in Fig.4.16 are given in Fig.4.17.
The cycle by, by, b3, by, by is a block of B;(G) and is not complete.

But, the result holds for trees as seen from the following lemma.

Lemma 4.2.9 If G = (o, u) is a tree, then the blocks of By (G) are complete.

Proof Let B be ablock of B;(G). G is K5 block-graph. By definition of B/ (G), the
weight of an edge in B;(G) is the minimum of the weights of the vertices incident
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Fig. 4.18 A fuzzy tree and its block graph

with it. This is true for every edge in B. In order to prove B is complete, it is enough
to prove B* is complete. It is true for blocks on two and three vertices. Suppose B
has at least four vertices and assume, B* is not complete. Then there exists a pair
of vertices u and v which are not adjacent. Because B* is a block, u and v lie on a
cycle of length at least four [83]. u and v correspond to edges in G. It follows that
there are two paths joining a vertex incident with # and a vertex incident with v, in
G. This is not possible because G is a tree. Therefore, our assumption is wrong and
B* is complete. W

A fuzzy tree G and its block graph B¢(G) are shown in Fig.4.18.

4.3 More on Blocks in Fuzzy Graphs

In [110], four conditions which are true and equivalent in blocks on at least three
vertices without fuzzy bridges, has been given. But, it is observed that the result
is correct for all fuzzy blocks on at least three vertices, leading to the following
characterization.

Theorem 4.3.1 ([109]) In a fuzzy graph G = (o, p) with |o*| > 3, the following
conditions are equivalent.

(i) G is a block.

(ii) Every pair of vertices except those joined by a-strong edges are joined by
two internally-disjoint strongest strong paths.

(iii) There is a cycle containing a vertex u and a strong edge xy formed by two
strongest strong u — x or u — y paths for every vertex-strong edge pair except for
the pairs where the strong edge is a-strong and is incident with the vertex.
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(iv) There is a cycle containing two strong edges uv and xy formed by two
strongest strong u — x paths or u — y paths for every pair of strong edges uv and
Xy.

(v) There is a strongest strong path joining two vertices, not containing the third
for every three distinct vertices x, y and z.

Proof (i) = (ii): Outline- Let G’ be the fuzzy graph obtained from G by removing
all 0-edges. G’ consists of only the strong edges in G. Instead of proving that every
pair of vertices except those joined by an a-strong edge is joined by two internally-
disjoint strongest strong paths in G, it is enough to prove the following for G'.

(1) CONNg/(x,y) = CONNg(x, y) for all distinct x, y in G. (2) G’ is a block.

Because every pair of vertices in a fuzzy graph is joined by a strongest strong
path, CONNg (x,y) = CONNg(x, y) for all distinct x, y in G. Let w be a vertex
in G'. Next we prove that w is not a fuzzy cutvertex of G’. Suppose that x and y
are two distinct vertices in G’ different from w. If xy is strong, then the removal of
w cannot reduce the strength of connectedness between x and y. If x and y are not
joined by an a-strong edge, then there is a strongest strong x — y path in G’ not
containing w. Suppose not. Then every strongest strong x — y path in G’ contains
w. Therefore, every strongest strong x — y path in G contains w. So, w is an internal
vertex of every maximum spanning tree of G and hence an f-cutvertex of G. This is
not possible. Therefore, there is an x — y strongest path in G’ which does not contain
w. Because w is arbitrary, G’ is a block. So, every pair of vertices in G’ not joined by
an «a-strong edge is joined by two internally disjoint strongest paths in G” and hence
joined by two internally disjoint strongest strong paths in G.

(ii) = (iii): A fuzzy graph satisfying condition (i7) is a block. It does not contain
a-strong paths of length greater than or equal to two because a common vertex of
two a-strong edges is a fuzzy cutvertex (Theorem 2.2.11).

Case 1: xy is a 3-strong edge.

In any fuzzy graph, for a §-strong edge xy there exists a strongest strong path P
joining x and y, different from xy. So, xy together with P constitute the required
cycle.

Case 2: u is not incident with xy.

Subcase 1: Exactly one of u, x and u, y is joined by an a-strong edge.

Let ux be an a-strong edge. Because 1y is not a-strong, there exists two internally-
disjoint strongest strong u — y paths and at least one of them, say P does not intersect
with the u — x — y path. pu(ux) > p(xy) A CONNg(u, y) because an -strong edge
cannot be a weakest edge in any cycle (Fig.4.19).

Claim: ;(xy) = CONNg(u, y)

Suppose that p(xy) 7= CONNg(u, y). If u(xy) < CONNg(u, y), then the x — y
path given by xu U P has strength greater than p(xy), which is not possible because
xy is strong. If u(xy) > CONN g (u, y), then the path u — x — y has strength greater
than CONN ¢ (u, y), which is not possible. So, ;(xy) = CONNg(u, y).
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Fig. 4.19 Theorem 4.3.1
((i1) = (iii)) - Case 2,
Subcase 1

Fig. 4.20 Theorem 4.3.1
((ii) = (iii)) - Case 2,
Subcase 2

Because the strength of the path u — x — y is u(xy), path u — x — y is a strongest
u — y path. Hence, P together with u — x — y path, gives the required cycle.

Subcase 2: Neither ux nor uy is a-strong.

Both u, x and u, y are joined by two internally disjoint strongest strong paths.
Suppose that CONN g (u, x) < CONN¢g(u, y).Let P and Q be two internally disjoint
strongest strong u — x paths and R be a strongest strong u — y path. Let w be the
last vertex in R which either lies on P or Q, moving from u to y. Let w lies on Q.
u — w subpath of O, w — y subpath of R together with edge yx gives a strong u — x
path, say S internally-disjoint with P (Fig.4.20).

Claim: S is a strongest # — x path.

The strengths of u — w subpath of Q and w — y subpath of R are greater than or
equal to CONN ¢ (u, x). The strength of an x — y path, in particular, x — w subpath
of Q together with w — y subpath of R is greater than or equal to CONNg (u, x).
Because xy is strong, u(xy) > CONNg(u, x). The strength of each of the three
subpaths, constituting S is greater than or equal to CONN(u, x). Hence, S is a
strongest u — x path. P U § is the required cycle.

(iii) = (iv)

Case 1: uv and xy are adjacent, Fig.4.21.

Let u be different from both x and y. There exists a cycle C containing # and xy,
formed by two strongest strong u — x paths or u — y paths. If u is adjacent to x in
C, C is the required cycle. If not, remove the # — x path in C not containing y and
add ux to obtain a new cycle, C’. Replacing subpath of a path by another path whose
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Fig. 4.21 Theorem 4.3.1
((iii) = (iv)) - Case 1

Fig. 4.22 Theorem 4.3.1
((ii) = (v)) - Case 2

strength is greater than or equal to the original subpath, gives a new path whose
strength is greater than or equal to the original path. Hence, C’ is the required cycle.

Case 2: uv and xy are not adjacent.

Let C, be a cycle mentioned in (ii7), containing u and xy and C, be one con-
taining v and xy. If either C,, contains v or C, contains u, there is nothing to prove.
Suppose not. Let ¢, and ¢, be the strengths of the strongest strong paths in C,, and
C, respectively. Assume that ¢, < c¢,. Let C, be formed by two strongest strong
u — x paths, P; and P,. Let P be the v — y path in C,, not containing xy. Assume
that w is the last vertex at which P intersects C,,, moving from y to v and let it lie on
P;. Strength of every path in C,, and every subpath of P is greater than or equal to
CONN (u, x). A cycle containing uv and xy is constructed using paths in C,, and
subpaths of P. Strengths of both the u — x paths in this cycle are greater than or
equal to CONN¢(u, x). Hence, the cycle is formed by two strongest strong u — x
paths (Fig.4.22).

The paths P, edge xy, y — w subpath of P,, w — v subpath of P and edge vu
together give the required cycle. uv does not lie on C, or C,. But, thereisau — v
path with strength greater than or equal to CONN ¢ (u, x), namely, the union of u — w
subpath of P, and w — v subpath of P. Hence, p(uv) > CONNg(u, x).

(iv) = (v)

Suppose that (iv) is true and (v) is not true.

In this case, there exists three distinct vertices wi, w, and x such that x lies on
every w; — w, strongest strong path. Let P be a strongest strong w; — w, path
and u and y be the two neighbors of x in P. Let C be the cycle mentioned in (iv),
containing ux and xy and Q be the u — y path in it, which is different from u —x — y.
Let a be the last vertex at which Q intersects y — w; subpath of P and b, the first
vertex at which Q intersects u — w; subpath of P moving from y to u, along Q.
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Fig. 4.23 Theorem 4.3.1 ((iv) = (v))

Consider the w; — w, path S given by the union of w; — a subpath of P, a — b
subpath of Q and b — w, subpath of P. The strengths of w; —a subpath and (b — w;)
subpath of P are clearly greater than or equal to CONN g (w;, w,) because P is a
strongest strong path. The strengths of the two strongest strong paths constituting C
is p(ux) A p(xy). Because the membership values of both the edges are greater than
or equal to CONN g (w1, w7), s(Q) = CONN (w1, wy) and so is the strength of the
a — b subpath of Q. Hence, s(S) > CONNg(w;, wy). So, S is a strongest strong
w] — w, path, a contradiction as it does not contain x. It follows that our assumption
is wrong. Therefore, for any three distinct vertices w;, w, and x there is a strongest
strong w; — w, path which does not contain x (Fig.4.23).

(v) = (i)

Let x be a vertex in G. Because there is a strongest w; — w, path which does
not contain x for all wy, w, € G, x is not a fuzzy cutvertex. It follows that G is a
block. H

In graph theory, there are six equivalent conditions for blocks [83] which are given
in the following theorem.

Theorem 4.3.2 Let G be a connected graph of order at least three. The following
conditions are equivalent.

(i) G is a block.

(ii) Every two vertices lie on a common cycle.

(iii) Every vertex and edge lie on a common cycle.

(iv) Every two edges lie on a common cycle.

(v) For any two vertices and an edge, there is a path joining the two vertices
containing the edge.

(vi) For any three distinct vertices, there is a path joining any two vertices con-
taining the third.

(vii) For three distinct vertices, there is a path joining any two vertices not
containing the third.

Of these six characterizations for blocks, four of them namely, (ii), (iii), (iv),
and (vii) are generalized by Theorem 4.3.1. The remaining two does not hold for all
blocks in fuzzy graphs. All paths in graphs are strongest strong. Now, consider the
following theorem.
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Theorem 4.3.3 Let G = (o, p) be a fuzzy graph on at least three vertices. G is a
block if and only if for any three distinct vertices x, y and z in o, the following
properties are equivalent.

(i) There is an x — y strongest path containing z.

(ii) CONNg(x,y) = CONNg(x,z) A CONNg(z, y).

Proof First suppose that G = (o, p) is a block. We prove that the given conditions
are equivalent.
(@) = (ii)

For three distinct vertices x, y and z in o™,
CONNg(x,y) > CONNg(x,z) A CONNgG(z, y).

If there exists a strongest x — y path containing z (clearly, x and y are not joined by
an a-strong edge), then

CONNg(x,y) < CONNg(x,z) ACONNg(z,y).
It follows that,
CONNg(x,y) = CONNg(x,z) AN CONNG(z, y).

Thus, if (i) is true, then (ii) also is true in G.
(ii) = (i)

In a block, (ii) does not hold for any a-strong edge. If x and y are joined by an
a-strong edge in a block, then CONN (x, y) > CONNg(x, z) A CONNg(z, y) for
all z # x, y. Hence, if (i) is true for a pair of vertices x and y, then x and y are not
joined by an a-strong edge.

Case 1: One of x, z or z, y is joined by an a-strong edge.
Suppose that xz is a-strong. So,

CONNg(x,z) > CONNg(x,y) ACONNg(y, 2),

which is equal to CONNg(x, y). It follows that CONNg(x,y) = CONNg(z, y).
Because z and y are not joined by an a-strong edge, z and y are joined by two
internally disjoint strongest paths, say P; and P;. At least one of P; and P (say, P;)
does not contain xz. xz U P; constitute an x — y strongest path containing z.

Case 2: Neither x, z nor z, y is joined by an a-strong edge.

Let CONNg(x,y) = CONNg(x, 7). Let P be a strongest x — z path. If at least
one of P and P; (say, P;) does not intersect P, then P U P; form an x — y path with
strength, CONN ¢ (x, z) and hence, a strongest x — y path containing z.

Suppose that both P; and P; intersect P. Let w be the first vertex in P which is
common to either P; or P, (say, P;). The x — w subpath of P (vertices except w are
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Fig. 4.24 Theorem 4.3.3 -

Case 2 - Py and P>

. . @] /\ z

intersecting P Y e ﬂ P, y

~~ -

neither in P; nor in P,)—(w — z) subpath of P;—P, constitute an x — y path, Q con-
taining z and all of whose edges have weight, greater than or equal to CONN ¢ (x, 2)
and hence, is a strongest x — y path containing z. Figure 4.24.

To prove the converse, assume that G is not a block. Let w be a fuzzy cutvertex
in G and let it lie on every strongest path between vertices u and v. Clearly,

CONNg(u,v) = CONNg(u, w) A CONNg(w, v). 4.5)
Assume,
CONNg(w, v) = CONNg(w, u) A CONNg(u, v). (4.6)

We prove that (i) is not true, i.e., no w — v strongest path contains u.
From (4.5) and (4.6), it follows that

CONNg(w,v) = CONNg(u, v). 4.7)

If w and v are joined by an a-strong edge, there is nothing to prove. Suppose that
w and v are not joined by an a-strong edge. If there is no w — v path containing u,
there is nothing to prove. Suppose that Q is a w — v path containing u. We prove
that Q is not a strongest w — v path. The u — v subpath of Q, say Q' does not
contain w. Hence, Q' is not a strongest u — v path. So, the strength of Q’ is less than
CONN G(u, v) and so, is the strength of Q. From (4.7), Q is not a strongest w — v
path. Because Q is an arbitrary w — v path containing #, no w — v strongest path
contains u. Hence, the proof. H

‘Strongest strong’ path, in place of ‘strongest’ path in Theorem 4.3.3 gives a
stronger characterization.

Theorem 4.3.4 Let G = (o0, i) be a fuzzy graph on at least three vertices. G is
a block if and only if for any three distinct vertices x, y and z in G, the following
properties are equivalent.

(i) There is an x — y strongest strong path containing z.

(i1) CONNg(x,y) = CONNg(x,z) A CONNg(z, y).

Let G be a block on at least three vertices. Then G contains a strongest strong
cycle C. For every three distinct vertices x, y and z in C, where x and y are not
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Fig. 4.25 Connectivity d 0.3 c
transitive
0.2
0.5 0.6
a b
0.3
Fig. 4.26 Non connectivity e
transitive 0.3 0.3
d c
0.4
0.3 0.2
a b
0.2

joined by an a-strong edge, either (i) or (i7) is true. So, in every block on at least
three vertices, there exists at least three distinct vertices x, y and z, for which (i) or
(ii) is true. Hence, one can think of blocks in which for all x, y and z, where x and
y are not joined by an a-strong edge, condition (i) or (ii) is true. Such blocks are
termed as connectivity-transitive blocks.

Example 4.3.5 The block in Fig.4.25 is a connectivity-transitive block while the
block in Fig.4.26 is not connectivity-transitive because CONN(c, e) = 0.3 while
CONNg(c,b) =0.2.

Similarly, cyclically-transitive blocks can be defined using cycle-connectivity.
To have a better understanding of connectivity (cyclically)-transitive blocks, we first
discuss connectivity (cyclically)-transitive graphs and study some of their properties.

4.4 Connectivity-Transitive and Cyclically-Transitive
Fuzzy Graphs

In this section, two important subcategories of blocks in fuzzy graphs are discussed.
We start with a lemma.

Lemma 4.4.1 Let G = (o, ) be a fuzzy graph with |c*| > 3. The following condi-
tions are equivalent.

(1) CONNgG(x,y) = CONNgG(x,z) ACONNG(z,y) forall x, y, z € o* such that
XYy is not a-strong.

(ii) CONNg(x, y) is equal for every distinct pair x,y € o* such that x and y
are not joined by an a-strong edge.
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Proof Suppose that (i) is true. Let CONN (x, y) = a for some x and y, not joined
by an a-strong edge. We prove that the strength of connectedness between every pair
of vertices except those joined by an a-strong edge is a. If z is a vertex not joined
by an a-strong edge to x, then

CONNg(x,z) = CONNg(x,y) ACONNg(y, z).

Therefore, CONN (x, z) < a.
If CONNg(x, z) < a,then CONNg(x, y) < a from the relation

CONNg(x,y) = CONNgG(x,z) A CONNG(z, V),
which is not possible. Hence,
CONNgG(x,z) =a = CONNg(x,y). (4.8)

Similarly, CONN(y, ') = a, where 7’ is a vertex not joined to y by an a-strong
edge.

Let u and v be two distinct vertices, not joined by an a-strong edge and both
different from x and y.

Scenario in Fig.4.27 is not possible because the weakest edge of a cycle cannot
be a-strong. So, at least one of the pairs of vertices joined by an a-strong edge in
Fig.4.27 is not a-strong. Without loss of generality, let x and u be not joined by an
a-strong edge.

Therefore, CONN ; (u, v) = CONNg(u, x) = a from (4.8).

Now, assume that (i7) is true. That is, CONN(x, y) = a for every distinct pair
of vertices x and y, not joined by an a-strong edge.

To prove: CONN ¢ (u, v) = CONN(u, w) A CONN g (w, v) for all distinct u, v
not joined by an a-strong edge and w, is any vertex different from u and v.

Case 1: Neither uw nor vw is a-strong.
CONNg(u,v) = CONNgG(u, w) = CONNg(w, v) = a. Clearly,

CONNg(u,v) = CONNg(u, w) A CONNg(w, v).

Fig. 4.27 An impossible
situation
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Case 2: Both uw and vw are a-strong.
u — w — v is strongest u — v path and hence,

CONNg(u, v) = CONNG(u, w) A CONNg(w, v).

Case 3: Exactly one of #, w and v, w is joined by an a-strong edge.

Let uw be an a-strong edge. Because CONN(u, v) = CONNg(v, w) = a, it
is enough to prove CONN (u, w) > a. For any three distinct vertices x, y, z in a
fuzzy graph G,

CONNg(x,y) = CONNg(x,z) ACONNg(z, ).
So, CONN g (u, w) > CONNg(u, v) A CONNg(v, w) = a. Hence,
CONNg(u, v) = CONNg(u, w) A CONNg(w, v).

|
Definition 4.4.2 A fuzzy graph G in which

CONNg(x,y) = CONNgG(x,z) ANCONNg(z,y)

for every three distinct vertices x, y and z, where x and y are not joined by an a-
strong edge is called a connectivity-transitive fuzzy graph. Equivalently, a fuzzy
graph G in which CONN (x, y) is same for every pair of vertices except for those
joined by an a-strong edge is called a connectivity-transitive fuzzy graph (Fig. 4.28).

If aconnectivity-transitive fuzzy graph is disconnected, then it is totally disconnected.
Also, in a connectivity-transitive fuzzy graph, all the 3-strong edges have the same
weight. The converse is not true as seen from Fig.4.31.

Lemma 4.4.3 A connected fuzzy graph G is connectivity-transitive if and only if all
the strong paths, except a-strong edges have the same strength.

Fig. 4.28 A connectivity 0.3

transitive fuzzy graph ¢ d
0.3 0.3
e 0.3
b S
0.5
0.3
0.1 0.3
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Proof In any fuzzy graph G, every pair of vertices is joined by a strongest strong
path. If all strong paths except a-strong edges in G have the same strength, then
clearly G is connectivity-transitive.

Conversely, assume that G is a connectivity-transitive fuzzy graph with CONN g
(x,y) = a for all distinct x, y, not joined by an a-strong edge. Suppose that P is
a strong path in G. If G has only two vertices, then there is nothing to prove. So,
assume it has at least three vertices. If P is 3-strong, s(P) = a. If P is an a-strong
path of length at least two, then P is a strongest path and hence, s(P) = a. Let xy
be an a-strong edge in G. Then there exists a vertex # which is not joined by an
a-strong edge to at least one of x and y. Let # and y be not joined by an a-strong
edge. Then

CONNg(u,y) = CONNg(u,x) A CONNg(x,y).

Because CONNg(u,y) = a, CONNg(x,y) > a.If P of length greater than or
equal to two is not an «a-strong path, then 3-strong edges are weakest edges in P.
So,s(P)=a. N

Corollary 4.4.4 A connectivity-transitive fuzzy graph is a 0-fuzzy graph.

Lemma 4.4.5 [n any fuzzy graph on at least three vertices, the following conditions
are equivalent.
NG _ G G
)€y, =C7, ACY,.
@ii) CXGv is equal for every three distinct vertices x, y and z, where x and y are

not joined by an «o-strong edge and C xG y 18 the cycle connectivity between x and y
in G.

Proof (i) = (ii) can be proved using the technique used in Lemma 4.4.1.
To prove: (ii) = (i)
Let C)f’:), = c for all x # y not joined by an a-strong edge. If uv is an a-strong
edge, then
cl, <c. (4.9)
Case 1: ¢ =0.

CE y= 0 for every pair of distinct vertices in G and hence (i) is true.

Case2: ¢ > 0.

Subcase 1: Neither x, z nor z, y is joined by an a-strong edge. CXG’y =c= CXG =
ce..
2.y

Subcase 2: Both xz and zy are a-strong.

Clearly, x and y are not joined by an a-strong edge. Hence, x and y lie on a
common strong cycle, C of strength c. At least one of the x — y paths, say P in C,
does not intersect the a-strong x — y path, x —z — y. P U (x — z — y) constitute a
strong cycle containing xz whose strength is greater than or equal to c. Therefore,
CZ. > c.From (4.9), C¢. = c. Similarly, C¢| = ¢ (Figs.4.29 and 4.30).

Hence, CJ =c=C¢, =C?,.
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Fig. 4.29 Lemma4.4.5— T
Case 2, Subcase 2

Fig. 4.30 Lemma
4.4.5-Case 2, Subcase 3

Subcase 3: Exactly one of x, z or z, y is joined by an «-strong edge.

Let xz be an a-strong edge. xy lies on a strong cycle C of strength c¢. At most
one of the two x — y paths in C contains xz. Let P; be the x — y path which does
not contain xz. Similarly, let P, be a y — z path which does not contain xz. Let
w be the first common vertex of P; and P,, as one moves from z to y along Ps.
Therefore, 7 — w subpath of P,, w — x subpath of P; together with xz constitute an
x — z strong cycle with strength greater than or equal to c. Therefore, Cf . > c.From
(4.9), CY_ = c. Hence, ny =c=Cl = ny. Therefore, C)f’:y =Cl. A ny for
all distinct x, y not joined by an a-strong edge and any vertex z different from both

xandy. W

Lemma 4.4.6 [nany fuzzy graphwith at least three vertices, the following conditions
are equivalent.
NG _ G G
)€Y, =CZ, ACY,.
(ii) CS y is equal for every three distinct vertices x, y and z.

The proof of Lemma 4.4.6 is trivial.

Condition (i7) in Lemma 4.4.5 and condition (ii) in Lemma 4.4.6 are equivalent.
An outline of the proof is as follows.

Let Cg , = c for all distinct x and y not joined by an «-strong edge. In the proof
of Lemma 4.4.5, C,f , = ¢, where uv is an a-strong edge incident with at least one
of x and y. Now, it is enough to prove, C, ,f , = ¢, where uv is an a-strong edge with
both u and v different from x and y. Clearly, both the pairs «, x and v, x cannot be
joined by an a-strong edge. Suppose that # and x are not joined by an a-strong edge.



4.4 Connectivity-Transitive and Cyclically-Transitive Fuzzy Graphs 151

Fig. 4.31 A cyclically c 0.3 d
transitive fuzzy graph

0.2 0.5

0.2

Then
G _ G G
Cu,x - Cu,v A Cv,x'

Because C{, = ¢, CY, > c. Using (4.9), CZ, =c.

So, ng = ¢, for all distinct x and y. Hence, the collections of fuzzy graphs
satisfying the conditions in Lemmas 4.4.5 and 4.4.6, respectively, are the same.

Definition 4.4.7 A fuzzy graph G in which C¢ = CZ. A C{, for every three
distinct vertices x, y and z is called a cyclically-transitive fuzzy graph.

A connectivity-transitive fuzzy graph need not be cyclically-transitive (Fig.4.28)
and vice versa (Fig.4.31).

Lemma 4.4.8 A fuzzy graph G is cyclically-transitive if and only if all the strong
cycles in G have the same strength.

Proof If all strong cycles in G have the same strength, then G is cyclically-transitive.

Conversely, to prove that all the strong cycles will have same strength in a
cyclically-transitive graph, consider a 3-strong edge e in G. By definition, u(e) =
CONNg(x,y) = ny. So, in a cyclically-transitive fuzzy graph G, all 3-strong
edges have the same weight. Because the strength of a strong cycle is the weight of
some (-strong edge, all strong cycles will have the same strength. W

Corollary 4.4.9 All cyclically-transitive fuzzy graphs are 0-fuzzy graphs.

Even though, both connectivity-transitive fuzzy graphs and cyclically-transitive
graphs are §-fuzzy graphs, a 6-fuzzy graph need not be connectivity-transitive or
cyclically-transitive.

Theorem 4.4.10 In blocks, connectivity-transitive, cyclically-transitive and 0-fuzzy
graphs are equivalent.

Proof Inblocks with less than three vertices, there are either no edges or exactly one
edge and hence the theorem is trivial. Let G be a connectivity-transitive block on
at least three vertices. In a connectivity-transitive fuzzy graph, all strong paths have
the same strength. Because every two vertices in a block on at least three vertices lie
on a common strong cycle, all the strong cycles have the same strength. Hence, G is
cyclically-transitive.
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Fig. 4.32 Theorem
4.4.10-Case 1

If G is cyclically-transitive, then all the strong cycles have the same strength and
so G is a O-fuzzy graph. Assume that G is a 6-fuzzy block. We prove, G is cyclically-
transitive. If x, y and z are three distinct vertices in G, we prove they either lie on a
common cycle or there are at least two vertices which lie on a common x —y, y — z
and z — x strong cycle.

Let C be an x — y strong cycle and C’ be a y — z strong cycle constituted by two
y — z paths, P/ and P;. C’ intersects C at y. C' may or may not intersect C at any
other vertex. Cases 1 and 2 give all the different cases when C’ intersects C, at a
point different from y while case 3 is the case where C’ intersects C only at y.

Case 1: Exactly one of P| and P, intersects C.

Suppose that P; intersects C and w is the first vertex common to both P| and C,
moving from z to y along P| (Fig.4.32). The z — w subpath of P/—(w — y) path in
C containing x—P,, form a strong cycle C” containing x, y and z. Hence,

Cf’:y = CEZ = CxG = s(C").

Case 2: Both P| and P, intersects C.
Let w; be the first vertex common to P/ and C, moving from z to y along P/,
i=1,2.

Subcase 1: w; and w; lie on the same x — y path in C (Fig.4.33).

Suppose that wy is closer to x than w,. The z — w; subpath of P, w; — y path
of C containing x, y — w; path of C not containing x and w, — z subpath of P,
constitute a strong cycle C” containing x, y and z. So, ng = CyG,z = ng =s(C").

Subcase 2: w; and w, lie on different x — y paths in C.

Clearly, w; and w; lie on C and C’. z — w; subpath of P|, w; — w, path of C
containing x and w, — z subpath of P; form a common strong cycle containing w;
and w,. Therefore,

G _ G _ ~G _ G
Cx.,y - Cy,z - Cx,z - Cwl,wz'
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Fig. 4.33 Theorem
4.4.10-Case2, Subcasel

Case 3: C' intersects C only at y.

There exists an x — z strong path P which does not contain y. Let w; be the last
vertex in P intersecting C and w, be the first vertex in P, intersecting C’, moving
from x to z along P. Assume that w; precedes w, moving from x to z along P.
x — w; path of C not containing y, w; — w, subpath of P, w, — z path of C’ not
containing y, z — y path of C’ not containing w; and y — x path of C not containing
wy, together constitute a strong cycle say C” containing x, y and z. It follows that

ng = ng = Cf,z = s(C”)_

Because x, y and z are distinct arbitrary vertices in G, C XG , 1s same for all distinct
vertices x, y in G. Hence, G is cyclically-transitive. )

In a block with at least three vertices, Cg y = CONN(x, y) for all x, y not
joined by an a-strong edge. Therefore, a cyclically-transitive block is connectivity-
transitive. W



Chapter 5
More on Connectivity and Distances

In this chapter, we discuss more connectivity concepts and distances in fuzzy graphs.
The first three sections deal with connectivity and the rest distances. Starting with the
first paper of Rosenfeld [154], connectivity was an intense area of research in fuzzy
graph theory. Several other authors including Bhattacharya [37], Mordeson [125—
128], Bhutani [42—44], Sunitha and Vijayakumar [166—169], Mathew and Sunitha
[110-117] also have contributed much to the study of connectivity in fuzzy graphs.
A variety of distances also has been considered in fuzzy graphs in recent years [101,
102, 106, 171].

5.1 Connectedness and Acyclic Level of Fuzzy Graphs

The concepts of connectivity and acyclicity are considered in this section. This work
is from [62]. Connectedness of different fuzzy graph structures by levels were dis-
cussed in Sect. 2.6. This is a continuation of Sect. 2.6.

Definition 5.1.1 Let G = (o, u) be a fuzzy graph. Then the connectedness level of
G is the value C(G) = A{p™(x,y) | x,y €V, x # y}

Obviously, G is connected if and only if C(G) > 0. Moreover, if C(G) > 0, then
forall € (0, 1] such that t < C(G), G' is connected.

Remark 5.1.2 From Definition 2.6.24, a fuzzy graph G is weakly connected if there
is some ¢-cut of G which is connected. Also, we see that a fuzzy graph is weakly
connected if and only if 3¢ € [0, 1] such that A{u™®(x,y) | x,y € o'} > .

By Proposition 2.6.27, connectedness implies weak connectedness, but not con-
versely. We see that weak connectedness is meaningful only if o(x) < 1 for some
x € V because in this situation the set of vertices changes with the variations of
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0.9

Y

Fig. 5.1 Fuzzy tree given in Example 5.1.3

membership degree. A fuzzy graph G = (o, ) is called an acyclic fuzzy graph if
there is a fuzzy subgraph F = (o, 7) of G such that F is a forest and for all x, y € o*,
w(xy) > 0 and 7(xy) = 0 implies 7%°(x, y) > p(xy).

The concept of an acyclic fuzzy graph plays a vital role in general fuzzy graph
theory, as it is related to connectedness problems. Further, it is closely related to
the concept of a tree. For example, one may define a fuzzy tree as an acyclic and
connected fuzzy graph. The following example will lead us to a new notion of an
acyclic graph.

Example 5.1.3 Let G = (o, p) be the fuzzy graph given by o* = {x, y, z, t}, o(s) =
1 for all s € 0%, pu(xy) = p(yz) = 0.9, p(xz) = 0.7 and p(zt) = 0.1. Then G is a
fuzzy tree. Both G and its maximum spanning tree are given in Fig.5.1 The impor-
tance of this fuzzy tree is that there is no #-cut of G, which is connected in the classical
sense.

Given a graph G, the cyclomatic number of G is defined as m — n + p, where
n, m and p denote the number of vertices, edges and connected components of G,
respectively.

Definition 5.1.4 Let G = (o, p) be a fuzzy graph with |o*| = n. We call h(G, .) :
[0, 1] —> N U {0} defined by h(G, t) = the cyclomatic number of G’, the cyclo-
matic function of G.

If G is a fuzzy graph and 7 € [0, 1], we let n’, m' and p' denote the number
of vertices, edges and connected components of G’, respectively. Then h(G, t) =
m' —n' +p'.

The following properties of 2(G, .) are important for further definitions and devel-
opments.

Proposition 5.1.5 For everyt € [0, 1], h(G, t) > 0.

Proposition 5.1.6 /(G, .) is a piecewise constant function with finite jumps.

These two propositions follow directly from the definition of i(G, .).

Let G = (o, ) be a fuzzy graph. If we remove an edge from G to obtain a
fuzzy graph G’, then m' =m — 1, n’ = n and p’ <p + 1, where n’, m’ and p’ are
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the number of vertices, edges and connected components of G’, respectively. Hence,
WG, )=m—n+p <m—-1)—n+ (p+1)=h(G,.). Now, suppose a vertex
v and edges connected to v are removed from G. Suppose the number of such
edges is k. If we remove the edges one at a time, but not v, then the resulting
graph has less than or equal to p 4+ k connected components. Finally, removing v,
the resulting graph G’ has less than or equal to p + k — 1 connected components.
Hence, W(G',.) =m' —n' +p' < (m—k) — (n— 1) + (p + k — 1). This reasoning
leads to the following.

Proposition 5.1.7 ([62]) h(G, .) is non increasing in t, i.e., for all t, t' € [0, 1],
t <t = h(G,t) <h(G,17).

Proof By the properties of t-cuts, m' < n' => m' —ky, k; € Z, ky > 0 and n' <
n''=n'=n" —ky, ky € Z, ko > 0.

We cannot conclude anything about the variation of p’ with ¢, because the number
of connected components of G’ may increase, decrease or remain the same as ¢ ranges
in [0, 1]. Thus, for ¢ > ¢/, p' = pt’ — k3 for some k3 € Z. In this situation,

WG, 0 = —k) = — k) + (¢ — k)
=G, 1)+ (ka — ki — k3)
= h(G,1).

We will prove that £ > 0 is impossible. Two possibilities must be considered:

(i) ky = 0. This assumption implies that the vertex set does not change from G*
to G'. Thus, k3 < 0, because connected components cannot decrease by a possible
edge suppression. Moreover, because a new connected component appears only by
edge suppression, —k3 < kj = k < 0.

(if) ky > 0. If we denote & to be the number of eliminated connected components
of G, obviously k3 < hand ky > h. Letus write h = k; — 57 s € {0, ..., kp}. From
the definition of s, we can derive k; > sandthusk =k, — ks —k; <k, —kr +5 —
kh—=—=k<s—k <0. N

LetH = {t € [0, 1] | h(G, 1) = 0}. By Propositions 5.1.6 and 5.1.7, we can assure
only two possibilities for H: (i) H = @ (ii) H = (0, 1]. So we have the following
definition.

Definition 5.1.8 The acyclic level of a fuzzy graph G is S(G) = A{t |t € H} and
S(G) =o0ifH =0.

The following result can be easily proved from the definition and properties of
cyclomatic function.

Proposition 5.1.9 There are no cycles in G' ifand only if S(G) < oo andt > S(G).

Two variants of acyclic fuzzy graphs can be formulated by means of S(G).
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Definition 5.1.10 The fuzzy graph G = (o, p) is said to be fully acyclic if
S(G) =0.

A fully acyclic fuzzy graph is a forest and conversely. Because S(G) = 0, it is
equivalent to say the graph formed by the edges with nonzero membership degree
must be acyclic. However, this nomenclature emphasizes the acyclic situation under-
lying in such a fuzzy graph.

Definition 5.1.11 A fuzzy graph G = (o, p) is said to be acyclic by 7-cuts if there
exists az € [0, 1] such that G has no cycles.

Obviously, G will be acyclic by #-cuts if and only if S(G) # oo.
Proposition 5.1.12 Every acyclic fuzzy graph is acyclic by t-cuts.

Proof Let us assume that G is an acyclic fuzzy graph such that S(G) = oo. This
implies there is a cycle L in G such that p(xy) = 1 for every edge xy belonging to
L. Let xy be an edge of L. Let ¢ denotes the membership function of the fuzzy set
of edges in the fuzzy subgraph of G which appears when Xy is suppressed. Then
(*(xy) = 1 = (*(xy) = pu(xy). Hence, G cannot be an acyclic fuzzy graph and
thus we conclude that S(G) £ oco. N

The converse of Proposition 5.1.12 does not hold. Consider the fuzzy graph G in
Example 5.1.13.

Example 5.1.13 Let G = (o, pn) be the fuzzy graph defined by o* = {a, b, c, d},
o(x) =1 for all x € ¢*, pu(ab) = pled) = 0.9, p(ad) = p(bc) = 0.6. Obviously,
G"7 is an acyclic graph, but the definition of an acyclic fuzzy graph never holds for
the edges ad and bc.

We now consider several definitions for a fuzzy tree. By using the concepts of
connectedness and acyclicity, some fuzzy tree definitions can be introduced. Recall
the definitions of Sect.2.6, we shall make a comparison of results in these sections
very soon (Fig.5.2).

Definition 5.1.14 The fuzzy graph G = (o, ) is called a full fuzzy tree if it satisfies
the conditions C(G) > 0 and S(G) = 0.

Definition 5.1.15 The fuzzy graph G = (o, 1) is a complete fuzzy tree if there
exits ¢ € [0, 1] such that G' isa tree and o' = V.

Fig. 5.2 A fuzzy graph a 0.9
which is acyclic by #-cuts

0.6 0.6
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Lemma 5.1.16 G = (o, u) is a complete fuzzy tree if and only if it satisfies the
conditions C(G) > 0 and S(G) < C(G).

Proof Let G be the tree which appears in Definition 5.1.15. It is a connected acyclic
graph so that C(G) > t and S(G) < 1. Therefore, S(G) <t < C(G). Let us assume
the above conditions hold for G. Forevery f € (S(G), C(G)], G' is atree. Therefore,
to prove it is a complete fuzzy tree, it suffices to prove ol = V, that is, o(x) > 1,
for all x € V. Let x € V. By the definition of C(G), we have for all y e V, x #
y = u*>(x,y) > C(G). Because u*(x,y) is the strength of the strongest chain
joining x and y, we can assure that 3z € V such that p(xz) > p*(x, y). Moreover,
p(2) < 0(x) Ao(2) and thus 0(x) = p(x2) = p¥(x,y) = C(G) = 7. M

Proposition 5.1.17 If G is a complete fuzzy tree, then for all t, t' € (S(G), C(G)],
G'=G".

Proof By Lemma 5.1.16, o' = ¢ = V. Therefore, n = n' = |o*|. Moreover, G’
and G are trees and so |t/ | = |p’/| = |o*| — 1,i.e., both trees have the same number
of edges. Now, if r < ¢/, then o' D ¢” and u! D p’'. Hence, o' = ¢' and p' D '
Thus, G' =G'. N

By Definition 2.6.8(iii), G = (o, p) is called a weak fuzzy tree if there is ¢’ €
(0, 1] such that G is a tree.

Theorem 5.1.18 G is a week fuzzy tree if and only (i) G is weekly connected and
(ii) S(G) < t, t being some level such that G' is connected.

The proof of this theorem is similar to that of Lemma 5.1.16. Obviously all these
definitions are related as seen in the next proposition.

Proposition 5.1.19 The following implications hold.
() If G is a full fuzzy tree, then G is a complete fuzzy tree.

(i) If G is a complete fuzzy tree, then G is a fuzzy tree and in fact, G is a weak
fuzzy tree.

Proof (i) This statement follows from Definition 5.1.14 and Lemma 5.1.16.

(i1) Let G be a complete fuzzy tree. From Lemma 5.1.16, C(G) > 0 and S(G) <
C(G). For every t € (S(G), C(G)] we can define the fuzzy subgraph of G, F =
(o, v), where

_frifxy e
vxy) = [ 0 otherwise
Because G’ is a tree, obviously F is a full fuzzy tree. Moreover, v*°(x, y) = t if
x # y. Thus, F is acyclic and G is connected. Therefore, G is a fuzzy tree. Thus, G
is a complete fuzzy tree implies G is a weak fuzzy tree follows from Lemma 5.1.16
and Definition 2.6.8 with7 = C(G). N
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The converse of (i) in Proposition 5.1.19 is not true as seen from the fuzzy graph
given in Fig.5.3.

InFig.5.3,5(G) = 0.4, C(G) = 0.5and V> = V.Hence, G is a complete fuzzy
tree, but not a full fuzzy tree. Also, the fuzzy graph in Example 5.1.3 shows that a
fuzzy tree need not be complete.

A crisp graph is acyclic if and only if it’s cyclomatic number is 0. Hence, it follows
easily that the definitions of a full fuzzy forest given in this section and in Sect.2.6
agree. However, the following example shows that this is not the case for full fuzzy
trees.

Example 5.1.20 LetV = {x, y, z}. Let o be the fuzzy subset of V and p be the fuzzy
subset of £ = {xy, yz} defined as follows: o(x) = o0(y) = 0(z) = 1 and pu(xy) = 0.9
and p1(yz) =0.5. Then C(G) > 0and S(G) = 0. So G is a full fuzzy tree as per the
definition in this section. However, G is not a full fuzzy tree in the sense of Sect.2.6
because G' is not a tree for 0.5 < ¢ < 0.9, and in fact G is not a partial fuzzy tree;
it is a full fuzzy forest.

If a fuzzy graph G is a full fuzzy tree as per this section, then G is a weak fuzzy
tree in the sense of Definition 2.6.8, but the converse does not hold. Let G be the
second fuzzy graph given in Fig. 5.4. Then G is not a full fuzzy tree as per this section
because S(G) # 0. However, G is a weak fuzzy tree in the sense of Definition 2.6.8
because G' is a tree for 0.4 <t < 0.5. In fact, G is a fuzzy tree in the sense of
Definition 2.6.8.
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5.2 Cycle Connectivity of Fuzzy Graphs

The contents of this section are from [112]. Recall the definition of cycle connectivity
(Definition 2.8.12) between a pair of vertices in a fuzzy graph discussed in Chap. 2.
Cycle connectivity is a measure of connectedness of a fuzzy graph and it is always
less than or equal to the strength of connectedness between any two vertices u and v.
In a graph, the cycle connectivity of any two vertices u and v is 1 if # and v belongs
to a common cycle and 0, otherwise. We define cycle connectivity of a fuzzy graph
as follows.

Definition 5.2.1 Let G = (o, 1) be a fuzzy graph. The cycle connectivity of G is
defined as CC(G) = \/{Cfv | u, v € o*}. That is, the cycle connectivity of a fuzzy
graph G is defined as the maximum cycle connectivity of different pairs of vertices
in G.

Note that for a graph G, CC(G) = 1 if G is cyclic and CC(G) = 0if G is a tree.

Example 5.2.2 Let G = (o, p) be such that * = {a, b, c,d}, o(x) = 1 for all x €
o* and p(ab) = p(be) = 0.1, u(db) = 0.3, plac) =1, pu(ed) = 0.3, p(ad) = 0.4.
Then C(fb =0.1, CgC =0.3, CGd =0.3, C}fL, =0.1= ng. Thus, CC(G) = 0.3.

a,

In fact, the cycle connectivity of a fuzzy graph is the maximum of strengths of
the cycles in G. We have two results whose proofs are obvious.

Theorem 5.2.3 A fuzzy graph G is a fuzzy tree if and only if CC(G) = 0.
Proposition 5.2.4 The cycle connectivity of a fuzzy cycle G is the strength of G.

Thus, all locamine cycles and multimin cycles have cycle connectivity equal to
their strength. Now, we shall find the cyclic connectivity of a complete fuzzy graph.

Theorem 5.2.5 Let G be a complete fuzzy graph with vertices vy, va, ..., v, such
that o(v;)) =tiandty <ty <--- <ty <t,_1 <t,. Then CC(G) = t,_».

Proof Assume the conditions of the Theorem. Because any three vertices of G are
adjacent, any three vertices are on a 3-cycle. Also, all edges in a CFG are strong.
Thus, to find the strength of all cycles in G, it is sufficient to find the strength of
all 3-cycles of G. Among all such 3-cycles, the 3-cycle formed by the vertices of
largest vertex strengths will have the maximum strength. Clearly, the cycle C =
Vp—2Uy—1V,V,—2 is of maximum strength in G with strength #,_» A t,_) A, = 1,_5.
Thus, CC(G) =t,—,. 1

Now, we discuss the concepts of cyclic cutvertices and cyclic bridges. As cutver-
tices and bridges affect the connectivity of a fuzzy graph on their removal from the
graph, cyclic cutvertices and cyclic bridges affect the cycle connectivity of a fuzzy
graph on their removal from the fuzzy graph.
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Definition 5.2.6 A vertex w in a fuzzy graph is called a cyclic cutvertex if CC(G —
w) < CC(G) and an edge uv of a fuzzy graph is called a cyclic bridge if CC[G —
uv] < CC(G).

Example 5.2.7 Let G = (o, ) with ¢* = {u, v, w, x} and p(uv) = p(vw) = 0.2,
p(wx) = plxu) = 0.9, p(uw) = 0.6 (Fig.5.5).In G, w, x and u are cyclic cutvertices
and edges uw, wx and ux are cyclic bridges.

Definition 5.2.8 A fuzzy graph G is said to be cyclically balanced if G has no
cyclic cutvertices and cyclic bridges.

For example, a fuzzy graph containing two disjoint cycles with the same strength
is cyclically balanced. Even edge disjoint graphs are not cyclically balanced as it
always contains a cyclic cutvertex (vertex common to the cycles). We have an obvious
proposition.

Proposition 5.2.9 In a fuzzy graph G, if an edge uv is a cyclic bridge, then both u
and v are cyclic cutvertices.

Proposition 5.2.10 Ler G be a fuzzy graph such that G* is a cycle. Then
(i) G has neither cyclic cutvertices nor cyclic bridges if G is a fuzzy tree.

(ii) All edges in G are cyclic bridges and all vertices in G are cyclic cutvertices
if G is a strong cycle.

Proof (i) follows from the fact that a fuzzy tree has no strong cycles.

(ii) If G is a strong cycle, then CC(G) = strength of G. The removal of any edge
or vertex will reduce its cycle connectivity to 0. W

From Proposition 5.2.10(ii), it follows that every fuzzy bridge of a fuzzy cycle is
a cyclic bridge and every fuzzy cutvertex of a fuzzy cycle is a cyclic cutvertex. This
result can be generalized as follows.

Proposition 5.2.11 Let G be a fuzzy graph containing at most one fuzzy cycle. Then
every fuzzy bridge of G is a cyclic bridge and every fuzzy cutvertex of G is a cyclic
cutvertex.
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Proposition 5.2.12 Let G be a fuzzy graph such that G has a unique fuzzy cycle C
such that strength of C = CC(G). Then every fuzzy bridge in C is a cyclic bridge
and every fuzzy cutvertex in C is a cyclic cutvertex.

From Proposition 5.2.10(ii) it follows that every edge of a CFG with exactly three
vertices are cyclic cutvertices and all its edges are cyclic bridges. But when a CFG
contains more number of vertices it is not true as seen from the following theorem.

Theorem 5.2.13 Let G = (o, ) be a CFG with |c*| > 4. Let v, vy, ...,0, €
c*,ow) =cifori=1,2,...,nand ¢y <c; <---<c, Then G has a cyclic
cutvertex (or cyclic bridge) if and only if ¢,_3 < c,—o. Further, there will be exactly
three cyclic cutvertices (or cyclic bridges) in a CFG (if they exist).

Proof Let vy, vy, ..., v, €0, 0(w)=cifori=1,2,...,nandc; <cp <--- <
c,. Suppose that G has a cyclic cutvertex u (say). Then CC(G —u) < CC(G). That
is, u belongs to a unique cycle C with o = strength of C > strength of C’ for any
other cycle C’ in G. Because ¢; < ¢; < -+ < ¢, it follows that the strength of the
cycle v,_ov,-1v, is .. Hence,

uec {Un—Zv Un—1, Un}~ (51)

To prove ¢,—3 < ¢,—». Suppose not, i.e., ¢,—3 = ¢,—3. Then C; = v,v,—1v,—> and
C, = v,v,_1v,-3 have the same strength and hence the removal of v,_», v,—; or v,
will not reduce CC(G), which is a contradiction to (5.1). Hence, ¢,_3 < ¢,_».

Conversely, suppose that ¢,_3 < ¢,—». To prove G has a cyclic cutvertex. Because
Cn > Cp—1 = cppandc,_y > c,—3, allcycles of G have strength less than the strength
of v,v,_1v,_5. Thus, the deletion of any vertex in {v,, v,_i, v,—»} will reduce the
cycle connectivity of G. Hence, v,, v,— and v,_, are cyclic cutvertices of G. Also,
from the proof, it follows that there is three cyclic cutvertices if they exist.

The case of cyclic bridges is similar. W
Now, we have a theorem whose proof is obvious.

Theorem 5.2.14 Let G be an edge disjoint fuzzy graph whichis not a tree. A cutvertex
of G is a cyclic cutvertex if it is the common vertex of all cycles of G or it is a vertex
of a unique cycle having maximum strength.

Definition 5.2.15 Let G = (o, 1) be a fuzzy graph. A cyclic vertex cut or a cyclic
node cut (CNC) of G is a set of vertices X C ¢* such that CC(G — X) < CC(G),
provided CC(G) > 0, where CC(G) is the cycle connectivity of G.

Example 5.2.16 Let G = (o, ) be a fuzzy graph (Fig.5.6) with o* = {a, b, ¢, d},
o(s) =1 for all s € o* and p(ab) = plad) = 0.9 and p(bc) = u(ed) = p(da) =
p(ca) = p(bd) = 0.5. Here, abcda and acda are cycles of strength 0.5. Also,
CC(G)=0.5.SetX ={{a,c}}isa2 — CNC of G.
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Fig. 5.6 CNCand CACina
fuzzy graph

Definition 5.2.17 Let X be a cyclic vertex cut of G. The strong weight of X is

defined as S.(X) = > u(xy), where p(xy) is the minimum of weights of strong
xeX
edges incident on x. Cyclic vertex connectivity of a fuzzy graph G, denoted by

kc(G), is the minimum of strong weights of cyclic vertex cuts in G.

In Example 5.2.16, C; = {{a, c}}, C; = {{a, d}}, C3 = {{b, c}}, C4 = {{b, d}},
Cs = {{a, b}} and C¢ = {{c, d}} are2-CNCs withS(C;) = 1,5(C,) = 1,5(C3) =1,
S(Cys) =1, S(Cs) =1, S(Cg) = 1. Thus, the cyclic vertex connectivity is 1.

Definition 5.2.18 Let G = (o, i) be afuzzy graph. A cyclic edge cut or a cyclic arc
cut (CAC) of G isasetofedges Y C p* such that CC(G — Y) < CC(G), provided
CC(G) > 0, where CC(G) is the cyclic connectivity of G.

Example 5.2.19 InFig.5.6, all cycles are of strength 0.5. Also, CC(G) = 0.5. Thus,
Y = {ab, cd, ad} is a 3-CAC of G.

Definition 5.2.20 Let G = (o, p) be a fuzzy graph. The strong weight of a cyclic
edge cut Y of G is defined as S;(Y) = > ple;), where e; is a strong edge of Y. The

e;ep*
cyclic edge connectivity of G, denoted by x..(G), is the minimum of strong weights
of cyclic edge cuts in G.

For the fuzzy graph in Fig.5.6, cyclic edge connectivity is p(ab) + u(cd) +
plad) =0.64+0.6+0.5=1.7.

Next we discuss relationship between cyclic vertex connectivity and vertex con-
nectivity of a complete fuzzy graph.

Theorem 5.2.21 For a complete fuzzy graph G, k.(G) < k(G).

Proof Let G be a complete fuzzy graph and let the vertices of G be labeled as
V1, V2, ..., U, such that d(v) < d(vy) <--- <d(v,). Let v; be a vertex such that
d(vy) = 6,(G) (Fig.5.7).
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Fig. 5.7 Minimum strong
degree of a vertex

ug

DU

Case 1: v; is a cyclic cutvertex.

In this case, {v;} is a cyclic cutset and therefore,

Sefory = A pip, fori=(2,....n} = 3 plvrv) = 6,(G).

PRSI

Now, because r.(G) = V{S.(V)}, where V is a cyclic cutset of G, we have,
ke(G) = Sc{ui} = 0,(G) = k(G).

Case 2: {v,} is not a cyclic cutvertex.

Let F ={uj,up,...,u;} be a cyclic cutset such that S.(F) = k.(G). Now,

t
ke(G) =S.(F) = MpQuw) | wu; € p*, j#i, j=1,2,...,n}. Clearly,

Ke(G) = 2 puivy) < d(vr) = 6,(G) = (G). A

i=1
Corollary 5.2.22 For a fuzzy tree G = (0, p), k.(G) < k(G).

Proof follows from the fact that there are no strong cycles in a fuzzy tree and
hence k.(G) = 0.

Theorem 5.2.23 A vertex in a fuzzy graph is a cyclic cutvertex if and only if it is a
common vertex of all strong cycles with maximum strength.

Proof Let G be a fuzzy graph. Let w be a cyclic cutvertex of G. Then CC(G — w) <
CC(G). Thatis, V{s(C), where C is a strong cycle in G — w} < V{S.(C"), where C’
is a strong cycle in G}. Therefore, all strong cycles in G having maximum strength
will be removed by the deletion of w. Hence, w is a common vertex of all strong
cycles with maximum strength.

Conversely, let w be acommon vertex of all strong cycles with maximum strength.
Then the removal of w results in the deletion of all strong cycles with maximum
strength. Hence, it will results in the reduction of cycle connectivity of G. Thus, w
is a cyclic cutvertex of G. W
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Fig. 5.8 Cyclic endvertex of
a graph

Definition 5.2.24 A vertex w € o* of a fuzzy graph G is said to be a cyclic fuzzy
endvertex, if it lies on a strong cycle, but which is not a cyclic cutvertex.

Example 5.2.25 Let G = (o, pu) with c* = {a, b, c,d}, o(s) = 1 for all s € o* and
ulab) = p(ad) = 0.3, u(bc) = pl(ed) = 0.5and pu(bd) = 0.4 (Fig.5.8). Here, abcda
is a strong cycle. Also, CC(G) = 0.4. a is a cyclic fuzzy endvertex of G.

Theorem 5.2.26 Let G = (o, i) be a fuzzy graph. Then no cyclic cutvertex is a
fuzzy endvertex of G.

Proof Let G = (o, i) be a fuzzy graph. Let w be a cyclic cutvertex of G, then w
lies on a strong cycle with maximum strength in G. Clearly, w has at least two strong
neighbors in G. Hence, w cannot be a fuzzy endvertex of G.

Conversely, if w is a fuzzy endvertex of G with [N;(w)| = 1, then w cannot lie
on a strong cycle in G, which implies that w is not a cyclic cutvertex. W

Corollary 5.2.27 No cyclic cutvertex is a cyclic fuzzy endvertex of G.

Theorem 5.2.28 Let G = (o, u) be a complete fuzzy graph with |0*| > 4. Let
Vi, V2, ..., 0, €E0ando(v)) =cifori=1,2,...,nandcy <cy; < --- <c,. Then
G is cyclically balanced if and only if ¢, _3 = ¢, _».

Proof Letvy, vy, ...,v, € c*ando(v;) = ¢;fori=1,2,...,nandc; <¢; <--- <
cy. If possible suppose that G is cyclically balanced. To prove that ¢,—3 = ¢,—».
Suppose not, that is ¢,—3 < ¢,—. Because ¢,—» < c¢,—1 < ¢, and ¢,_3 < ¢,_2, all
cycles of G have strengths less than that of strength of v,v,_;v,—>v,. Hence, the
deletion of any of the vertices in {v,, v,—1, v,—2} reduce the cycle connectivity of G.
Hence, v, v,— and v,_, are cyclic cutvertices of G, which is a contradiction to the
fact that G is cyclically balanced.

Conversely, suppose that ¢,_3 = ¢,—». Then C; = v,v,_1v,—2 and C; = v,v,_;
v,—3 have the same strength and hence the removal of v,_», v,—; or v, will not reduce
the cyclic connectivity of G. That is, there does not exist any cyclic cutvertex in G.
Hence, the fuzzy graph G = (o, p) is cyclically balanced. W
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Theorem 5.2.29 Let G be a complete fuzzy graph. G is cyclically balanced if there
exists a Ky as a sub graph of G in which every cycle is of equal maximum strength.

Proof Let G be a complete fuzzy graph with |0*| > 4. Let v, v, ..., v, € 0%,
o)) =cifori=1,2,...,nandc; <c¢; <--- <c¢,.Let K4 be afuzzy subgraph of
G* with vertex set {v,_3, v,—2, Uy—1, Uy} suchthatc, 3 < ¢,—» < c¢,—1 < c¢,.Suppose
all the strong cycles in the fuzzy graph induced by the vertices of this K4 are of equal
maximum strength. This happens only when ¢,,_3 = ¢,,—,. Thus, by Theorem 5.2.28,
G is cyclically balanced. W

Theorem 5.2.30 Let G = (o0, i) be a complete fuzzy graph and v € o* such that
d;(v) = A(G). Then v lies on a strong cycle C such that CC(G) is the strength of
C.

Proof Let G = (o, u) be a complete fuzzy graph and v € ¢* be a vertex such
that d;(v) = A(G).Letvy, vp,...,v, € 0%, 0(;) =c;fori=1,2,...,nandc; <
¢y < -+ <c¢,. Because ¢,—» <c,—1 <c¢, and ¢,_3 < ¢,—2, all cycles of G have
strength less than that of the strength of v,v,_v,—2v,. First to prove that for all
v, d(v;) < d(vy).

n—1

d(v;) = Z (cing)=citert +n—ic, < Zc,- =d(v,).
J=1j#i
Also,
n—2 n—2
d(Wa) = (ca Aca) + D (ea ACi) = (Cat Aca) + D _(Cnt Aci)
j=1 j=1

n—1

=dW,-1) = D ci = A(G).

i=1

Therefore, v, belongs to the strong cycle C : ¢,_2c¢,—1¢yCn—2, Where strength of
this cycle C is equal to the cycle connectivity of the fuzzy graph G. W

Next we give a result analogous to the Whitney’s theorem in fuzzy graphs.
Theorem 5.2.31 For a complete fuzzy graph, k.(G) < m;(G) < A(G).

Proof Consider all cycles, Cy, Cs, ..., C, having strengths equal to cycle connec-
tivity of G = (o, ). Let X = {ej, ea, ..., e,}, where ¢; = u;v; be one of the edges
from each C;. Then X form a cyclic edge cut of G. Let S.(X) be the strong weight
of X. Then by the definition of cyclic edge connectivity,

K, (G) < Se(X). (5.2)
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Let Y = {vy, va, ..., v,} be the collection of one of the endvertices of each edge
in the cyclic edge cut X of G. Then Y form a cyclic vertex cut of G. Let S.(Y) be the
strong weight of Y. Then

S.(¥) < #.(G), (5.3)

by the definition of cyclic vertex connectivity of G. Hence,
ke(G) < Se(Y). (5.4)

From Egs. (5.3) and (5.4), £¢(G) < S.(Y) < £.(G) < A{(G). W

Theorem 5.2.32 A fuzzy graph G = (o, p) withn > 6 is cyclically balanced if there
exist two disjoint cycles Ci; and C, such that Strength of Ci = Strength of C, =
CC(G).

Proof Let G = (o, p) be a fuzzy graph with n > 6 and cycle connectivity of G is
equal to CC(G). Let C; and C, be two disjoint cycles in G such that Strength of
C, = Strength of C; = CC(G).

Suppose u is a vertex not in (C; U C;). Then the cycle connectivity of G — {u}
remains the same. If the vertex u is in C; and if # is deleted, then the cycle connectivity
remains the same, because there exists another cycle C,, with strength equal to the
cycle connectivity of the fuzzy graph. (The proof is similar if « is in C5). Thus, u is
not a cyclic cutvertex.

Suppose uv € E, but uv is notin C; U C;. Then the deletion of uv will not reduce
the cycle connectivity of the fuzzy graph. If uv is an edge either on C; or on Cy,
then also, the removal of uv from any one of these cycles will not affect the cycle
connectivity of G. Hence, uv is not a cyclic bridge. W

A fuzzy graph with n = 4,5 is cyclically balanced if and only if there exist at
least 4 cycles having equal maximum strength as seen from Fig.5.9.
Next we will construct cyclically balanced fuzzy graphs on more than 5 vertices.

Theorem 5.2.33 Foranyn > 4, there is a connected cyclically balanced fuzzy graph
G = (o, p) with |o*| = n.

Fig. 5.9 Cyclically balanced 03 a
fuzzy graphs on 4 and 5 a - b
vertices 03 0.2 0.2
0.N_ e 0.1 b
0.2 0.2 02
0.3 0.2
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Proof For |0*| = 4 and 5, we have the examples in Fig.5.9. For n > 6, we obtain the
fuzzy graphs by induction. For |c*| = 6, letvy, vy, . .., vg be the 6 vertices. Construct
two disjoint cycles (say) C; = vjvav3v; and C; = v4v5v6V4 With maximum strength.

Join each pair of vertices from the two cycles and make the graph complete. Then
the removal of an edge or a vertex will not reduce the cycle connectivity of G. So,
the newly obtained fuzzy graph is cyclically balanced.

Assume that the result is true for |[0*| = k. Let Gy be a cyclically balanced fuzzy
graph with k vertices. Then there exist two disjoint cycles of maximum strength in
Gy.

Let Gy be the fuzzy graph obtained from G; by adding one more vertex u.
Make the fuzzy graph complete by connecting all vertices of G with u. Also, assign
amembership value to all newly joined edges, which is less than or equal to the cycle
connectivity of Gy.

In this case, if we remove the vertex u, then the cycle connectivity of G, remains
the same. In a similar way the removal of any edge incident on k + 1th vertex u will
not change the cycle connectivity of G. Therefore, the cycle connectivity of Gy
remains the same. Hence, G4 is cyclically balanced. W

5.3 Bonds and Cutbonds in Fuzzy Graphs

In this section, two different types of bridges, namely bonds and cutbonds in fuzzy
graphs are discussed. Bonds in fuzzy graphs were introduced in [114]. As noted
before, the behavior of fuzzy bridges is different in various fuzzy graph structures.
Thus, a detailed discussion on special bridges is made in this section. The concept of
critical cutvertices in fuzzy graphs are also discussed, and their relations with fuzzy
bonds and fuzzy cutbonds are provided. This section is based on [111].

According to Definition 3.3.23, an edge xy in a fuzzy graph G is said to be a fuzzy
bond if CONNG_.,(u, v) < CONNg(u, v) for some pair of vertices # and v with at
least one of them different from x and y.

Example 5.3.1 Let G = (o, p) with o* ={a, b, c,d, e}, o(s) =1 for all s € o*
and p(ab) = 0.3, p(ac) = 0.1, pu(bc) =04, u(cd) = 0.5, p(da) = 0.6, p(ae) =
u(be) = 0.5. There are 4 fuzzy bonds (1-FAC) in this fuzzy graph namely edges
az, ae, dc and eb. Also, E = {ab, dc} is a 2-FAC because 0.4 = CONNg_g(e, c) <
CONNg (e, c) =0.5.

In graph theory, a minimal cut is a bond. Hence, all bridges are bonds. But in
fuzzy graphs this is not true. For example, a complete fuzzy graph can contain a
fuzzy bridge and because it has no fuzzy cutvertices, this fuzzy bridge, cannot be a
fuzzy bond.

As stated in Proposition 3.3.26, at least one of the end vertices of a fuzzy bond is
a fuzzy cutvertex.


http://dx.doi.org/10.1007/978-3-319-71407-3_3
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Fig. 5.10 Fuzzy graph with a 0.3 g
bond and cutbond ’
03 0.3
0.8
) 0.3 f .
0.2 0.8
0.2
d
¢ 0.2

Definition 5.3.2 An edge uv in a fuzzy graph G is called a fuzzy cutbond (f-
cutbond) if CONNg_,,(x,y) < CONNg(x,y) for some pair of vertices x,y in G
such that x # u # v # y.

Consequently, we can define cutbonds in a graph. Let G be a graph. Then an edge
uv is said to be a cutbond if G — uv has at least two nontrivial components.

All fuzzy cutbonds are fuzzy bonds and hence are fuzzy bridges. An edge is a
fuzzy bridge if and only if it is a-strong. Thus, both fuzzy bonds and fuzzy cutbonds
are special type of a-strong edges and we some times refer them by «o*-edges and
o -edges, respectively.

Example 5.3.3 LetG = (o, p) besuchthato™ = {a, b, c,d, e, f, g}, o(s) = 1forall
s € o*and p(ab) = p(ag) = p(bf) = ulgf) = 0.3, ubc) = p(ed) = p(ce) = 0.2,
u(de) = p(ef) = 0.8 (Fig.5.10). In this fuzzy graph, de is a fuzzy bond as 0.2 =
CONNg_4.(9,d) < CONNg(g,d) = 0.3. Also, the bridge ef is a fuzzy cutbond
because 0.2 = CONNg_s(g,d) < CONNg(g,d) = 0.3. g and d are different from
both e and f.

Now, we shall discuss about bonds and cutbonds in fuzzy trees. The bonds of a
fuzzy tree can be identified from the following theorem.

Theorem 5.3.4 ([111]) Let G = (o, p) be a fuzzy tree with |c*| > 3. An edge xy in
G is a fuzzy bond if and only if xy is an edge of the unique maximum spanning tree

F = (o,v)of G.

Proof Let G = (o, p) be a fuzzy tree with |[0*| > 3 and having its unique maxi-
mum spanning tree F = (o, v). First suppose that xy is a fuzzy bond in G. Then
CONNG _xy(u, v) < CONNg (u, v), for two vertices u and v such that at least one of
u or v is different from both x and y. Thus, all strongest # — v paths in G passes
through xy. Because G is a fuzzy tree, there exists a unique strongest path between
each pair of vertices in G. Precisely it is the unique path in F. Hence, all strongest
u — v paths in G are in F. Because all such paths contain xy, it follows that xy is an
edge in F.

Conversely suppose that xy € F. Because [0*| > 3, both x and y cannot be fuzzy
end vertices of G. Thus, one of them say x is a fuzzy cutvertex. Being a fuzzy tree,
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there exists a unique strongest path between any two vertices of G and it belongs to
F.Let w be a strong neighbor of x other than y. Then there exists a unique strongest
path between y and w in F and hence in G. Clearly, this path passes through the edge
xy and hence it follows that CONNG_,,(y, w) < CONNg(y, w). Thus, xy is a fuzzy
bondof G. W

From the last theorem, it follows that every strong edge of a fuzzy tree are fuzzy
bonds as all strong edges of G belongs to its unique maximum spanning tree (MST)
F. Also, an edge in a fuzzy graph is a fuzzy bridge if and only if it is an edge in
every MST of G. But this result is not true in the case of fuzzy bonds. That is, an
edge which is in every maximum spanning tree need not be a fuzzy bond. For, if a
complete fuzzy graph contains a fuzzy bridge, then it belongs to all MST’s, but a
CFG has no fuzzy cutvertices. Thus, it follows that a CFG has no fuzzy bonds.

In view of the above, we have the following result.

Theorem 5.3.5 Let G be a fuzzy graph. Then G is a fuzzy tree if and only if every
strong edge of G is a fuzzy bond of G.

Next we characterize cutbonds in a fuzzy tree.

Theorem 5.3.6 (Characterization of cutbonds in a fuzzy tree) Let G = (o, ) be
a fuzzy tree. An edge uv of G is a fuzzy cutbond if and only if u and v are fuzzy
cutvertices of G.

Proof Let G = (o, ) be a fuzzy tree and uv be a fuzzy cutbond of G. Then
CONNgG_,y(x,y¥) < CONNg(x,y), for some x,y € ¢* such that x #u # v # y.
Thus, every strongest x — y path in G passes through uv. Because the deletion of u
or v annihilates all such paths, it follows that both u and v are fuzzy cutvertices of
G.

Conversely suppose that uv is an edge of G such that u and v are fuzzy cutver-
tices of G. We have to show that uv is a fuzzy cutbond. Clearly, uv is an inter-
nal edge. (An edge such that d(u) > 1 and d(v) > 1) of F, the unique maximum
spanning tree of G. Also, uv is the unique strongest u — v path in F and hence
in G with strength p(uv). Now, let xi, x2, y1, y2 € o be vertices of G such that
CONNG,u(xl s )CZ) < CONNG (X] , )Cz) and CONNG,U (yl, yz) < CONNG (yl, yz). Let
P, be the unique strongest x; — x, path passing through u# and P, be the unique
strongest y; — y, path passing through v. Let «’ be a vertex in P; adjacent to u and
v/ be a vertex in P, adjacent to v. Then CONNg_,, (X', ¥') < CONNg (X', y"), where
u # x' #y # v. Thus, it follows that uv is a fuzzy cutbond of G. B

Corollary 5.3.7 A CFG has no fuzzy cutbonds.
The proof follows from the fact that a CFG has no fuzzy bonds.
Corollary 5.3.8 If G be a block, then no fuzzy bridge of G is a fuzzy bond of G.

The converse of Corollary 5.3.8 is not true.
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Fig. 5.11 Fuzzy Graph in
Example 5.3.9

Fig. 5.12 Counter example u
for the general case of
Theorem 5.3.10

Example 5.3.9 Let G = (o, p) be afuzzy graph with o™ = {u, v, w, x, y}, o(s) = 1
for all s € o* with pu(uv) = 0.9 = p(xw), puy) = py) = p(wy) = pxy) = 0.2
(Fig.5.11). In this fuzzy graph, edges uv and wx are fuzzy bridges, which are not
fuzzy bonds. But vertex y is a fuzzy cutvertex of G.

Using the property of fuzzy cutvertices in a fuzzy tree, we have another easy
result.

Theorem 5.3.10 Let G be a fuzzy tree. Then an edge xy of G is a fuzzy cutbond if
and only if d;(u) > 1 and dy(v) > 1.

The above theorem is not true in general as seen from the following example.

Example 5.3.11 Let G = (o, p) be a fuzzy graph with o* = {u, v, w, x, y}, o(s) =
1 for all s € o® with p(uv) =0.2, p(uy) = pluw) = p(vw) = p(vx) = 0.3,
pw(wx) = p(xy) = 1.0 (Fig.5.12). Clearly, u and v are vertices with the property,
ds;(u) > 1 and ds(v) > 1. But the edge uv is not even a strong edge.

Corollary 5.3.12 Let G be a fuzzy tree and F its unique MST. An edge uv is a fuzzy
cutbond of G if and only if xy is a cutbond of F.

Proof Let G be a fuzzy tree and let uv be a fuzzy cutbond of G. Then by Theorem
5.3.10, u and v are vertices in G such that d;(1) > 1 and d;(v) > 1. Thus, it follows
that uv is an internal edge of F and that it is a cutbond of F. W

Let G = (V,E) be a graph and uv be an edge in G. Then wuv is said to be a
pendant edge if either deg; (1) = 1 or deg; (v) = 1.

Corollary 5.3.13 Let G = (o, i) be a fuzzy tree with |0*| = n and F its unique
MST. Then the number of fuzzy cutbonds of G is (n — 1) — I, where [ is the number
of pendent edges of F.
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When the given fuzzy graph G is a fuzzy cycle, we can determine the upper
bounds for the number of fuzzy bonds and fuzzy cutbonds in G. Note that any fuzzy
cycle contain at least two (3-strong edges. Thus, a 3-fuzzy cycle will not have fuzzy
bonds or cutbonds. The maximum number of fuzzy bonds occurs when all 3-strong
edges of G form a path. If there are s, 3-strong edges which form a [-strong path
of length s, the remaining n — s edges are a-strong and clearly they are all fuzzy
bonds. Excluding the pendent edges from the a-strong path formed by these n — s
fuzzy bonds, we get n — s — 2 fuzzy cutbonds. These idea can be summarized in the
following theorem.

Theorem 5.3.14 Let G = (o0, p) be a fuzzy cycle with |c*| = n, where n > 4. Then
G has at most n — s fuzzy bonds and n — s — 2 fuzzy cutbonds, where s is the number
of B-strong edges of G.

It is known that the common vertex of two a-strong edges is a fuzzy cutvertex.
Thus, the common vertex of two bonds also is a fuzzy cutvertex. Further when these
bonds are cutbonds, we will have fuzzy cutvertices with a nice property.

Definition 5.3.15 In a fuzzy graph, a vertex common to two or more fuzzy cutbonds
is defined to a critical fuzzy cutvertex (c-fuzzy cutvertex).

Clearly any c-fuzzy cutvertex is a fuzzy cutvertex.

Definition 5.3.16 Let G be a fuzzy graph. Let x be a vertex in G. The strong
components of G — x are the maximal strong edge (in G) induced subgraphs of
G —x.

Example 5.3.17 Let G = (o, p) be a fuzzy graph such that o* = {u, v, w, x, y, 7}
with p(uv) =1, p(vw) = 0.5, pu(wx) = 0.3, uxy) = 0.2, pulz) =0.1, pu(zu) =
0.6, p(wz) =0.4. The strong components of G — w are the fuzzy subgraph
({u, v, z}) and edge xy (Fig.5.13).

Theorem 5.3.18 Let G = (o, p) be afuzzy tree and let w be a critical fuzzy cutvertex
of G. Then G — w will have at least two strong components.

u 06 ~ 0.1 y u 06 ?

Yy
1 0.4 0.2 1 0.2
v 0.5 w 0.3 T v *

Fig. 5.13 A fuzzy graph G and strong components of G — w
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Proof Because w is a c-fuzzy cutvertex, it must be a common vertex of at least two
fuzzy cutbonds of G. By Corollary 5.3.12, ¢ must be the common vertex of at least
two cutbonds of F, the unique MST of G. Hence, w is a c-cutvertex of F. Thus,
F — w will have at least two non trivial components. Note that all edges in F are
strong. Also, edges which are not in F' are not strong. Hence, the non trivial compo-
nents of F — w are precisely the strong components of G — w and the conclusion
follows. H

5.4 Metrics in Fuzzy Graphs

Rosenfeld [154] introduced the first metric in fuzzy graphs as given in the following
definition.

Definition 5.4.1 The p-distance 6 (i, v) is the smallest p length of any u — v path,
where the y length of a path p : ug, uy, ..., u,is

OEDS 1

— p(ui—qu)
If n = 0, then define I(p) = 0.
If n > 1, then clearly /(p) > 1.
Theorem 5.4.2 In a connected fuzzy graph G, §(u, v) is a metric.

Proof (i) (x,y) = Oif and only if x = y because /(p) = 0 if and only if p has length
0.

(i) 6(x, y) = 6(y, x) because the reversal of a path is a path and p is symmetric.

(iii) 4(x,z) < 6(x,y) + d(y, z) because the concatenation of a path from x to y
and a path from y to z is a path from x to z and, / is additive for concatenation of
paths. W

Based on this metric, Bhattacharya [37] introduced the concepts of eccen-
tricity and center in fuzzy graphs. The eccentricity of a vertex v is defined as
e(v) = V,0(u, v). A central vertex of a connected fuzzy graph is a vertex whose
eccentricity is the minimum. The result in graphs 7(G) < d(G) < 2r(G) can be
easily extended to fuzzy graphs, where radius r(G) = Afe(v) | v € ¢} and diam-
eter d(G) = V{e(v) | v € o*}. The center of a fuzzy graph G = (o, p) is the fuzzy
subgraph (C(G)) = (7, v), induced by the central vertices of G. Also, a connected
fuzzy graph is said to be self centered if each vertex is a central vertex.

Sunitha and Vijayakumar studied this metric furtherin [171]. The following results
in this section are from [171].
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Theorem 5.4.3 A connected fuzzy graph G = (o, i) is self centered if
CONNg (u, v) = p(uv)

forallu,v € 0" and r(G) = where p(uv) is the least.

1
p(uv)?

Proof CONNg (u, v) = p(uv) for all u, v € o* implies that G* = (¢*, u*) is com-
plete. Also, each edge uv is a strongest u — v path. It follows that weight of the
weakest edge in any other strongest u — v path is p(uv) and hence p-length of a
strongest u — v path is at least @ Now, let p: u = ug, uy, ..., u, =v be any
u — v path which is not strongest. Then strength of p is strictly less than p(uv).

Thus, p-length of p is strictly greater than m and hence d(u, v) = H(Ilw). Now,
— _ 1 _ 1
e(w) = Vyou, v) = Voo = o
Claim: e(v;) = e(v)) for all v; # v;
If not, let
e(vy) < e(v) (5.5)

and let u; and u; be such that e(v;) = u(v ) and e(v)) = /l(v ot (Note that #; may or
may not be equal to u;.) Consider the path p : v}, v;, ;. Then () > p(viy;) and
p(ving) > p(vin;). Thus, p(vjv) A p(viy;) > p(vug) by (5.5). That is, strength of
p > ((vju;). Thus, the strength of a v; — u; path exceeds j(vju;), which contradicts
our assumption that every edge is a strongest path. Interchanging i and j, a similar
argument holds and thus e(v;) = e(v;) for all v; # v;. Hence, G is self centered. W

Corollary 5.4.4 A complete fuzzy graph is self centered and r(G) = where

o(u) is least.

1
o(u)’

The condition in Theorem 5.4.3 is not necessary for a fuzzy graph to be self
centered as seen from the following example.

Example 5.4.5 LetG = (o, ) be the fuzzy graph givenby o* = {a, b, ¢, d}, o(s) =
1 forall s € o*, u(ab) = 1, p(bc) = 0.2, pu(ed) =1 and p(ad) = 0.2 (Fig.5.14).
The eccentricity of each vertex is 6. Hence, it is self centered. But, CONNg (a, ¢) =
CONNg(b,d) = 0.2 and p(ac) = pu(bd) = 0.

For any real number ¢ > 0, there exist self centered fuzzy graphs of diameter c.
Also, for any two real numbers a, b such that a < b < 2a, there exists a fuzzy graph

Fig. 5.14 A self centered 1
fuzzy graph




176 5 More on Connectivity and Distances

Fig. 5.15 Fuzzy graph in 1 b
Example 5.4.7 a
1 0.2
d 0.2 c

G such that r(G) = 1 and d(G) = b. Also, an obvious necessary condition for a
fuzzy graph to be self centered can be obtained in terms of eccentric vertices. Note
that an eccentric vertex of a vertex v is a vertex v* such that e(v) = d(v, v*).

Theorem 5.4.6 If G = (o, p) is a self centered fuzzy graph, then each vertex of G
is eccentric.

The condition in Theorem 5.4.6 is not sufficient as seen from the following
example.

Example 5.4.7 LetG = (o, p) bethe fuzzy graph givenby o* = {a, b, ¢, d}, o(s) =
1 for all s € 0%, p(ab) = p(ad) =1 and p(bc) = p(cd) = 0.2 (Fig.5.15). Then
clearly, e(a) = e(c) =6, e(b) =e(d)=2,a*=c, b*=d,c, ¢c*=a,d =Db,c.
Each vertex is eccentric, but G is not self centered.

Itis well known that for a given connected graph H, there exists a connected super
subgraph of G such that (C(G)) = H (Embedding Theorem). A generalization of
this result to a fuzzy set up is given in the following theorem.

Theorem 5.4.8 [171] (Embedding Theorem) Let H = (0’ i) be a connected fuzzy
graph with diameter d. Then there exists a connected fuzzy graph G = (o, p) such
that (C(G)) E H. Also, r(G) =d and d(G) = 2d.

Proof Construct G = (o, i) from H as follows. Take two vertices u and v such that
o) =o() = 5 and join all vertices of H to both u and v with pu(uw) = p(vw) = 5

for all w in H. Put o = ¢ for all vertices in H and ;. = 4 for all edges in H.
Claim: G = (o, p) is a fuzzy graph.

First note that o(u) < o(w) for all w € H. If possible let o(u) > o(w) for at
least one vertex w in H. Then Cli > o(w), Thatis, d < ﬁ < m, where the last
inequality holds for all w’ € H because H is a fuzzy graph. That is, m > d for
all w’ € H, which contradicts that d(H) = d. Therefore, o(u) < o(w) forallw € H
and p(uw) = o(u) A o(w) = o(u) = 1. Similarly, p(vw) = o(v) A o(w) = 1 for

all w € H. Thus, G = (o, p) is a fuzzy graph.

Also, e(w) =d for al we H and e(u) =e(v) = m + }m = 2d. Thus,
r(G)=d,d(G)=2dand (C(G))=H. N
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Fig. 5.16 A fuzzy tree G
and its center (C(G))

Fig. 5.17 A self centered
fuzzy tree

We know that the center of a tree is either K; or K,. But this is not true for fuzzy
trees as seen from the following example.

Example 5.4.9 Let G = (o, i) be the fuzzy graph given by o* ={a, b, c, d,
e}, o(s) =1 forall s € o*, p(ab) = 1/3, plac) = 1/2, p(ad) =1, p(ae) = 1/4,
wbe) =172, p(bd) = 1/2, p(be) =1, pu(cd) =1, pu(de) = 1. Then G is a fuzzy
tree, but its center is different from K; and K, (See Fig.5.16).

Next examples shows a self centered fuzzy tree.

Example 5.4.10 Let G = (o, p) be the fuzzy graph with o* = {a, b, ¢, d}, o(s) = 1
foralls € o*, u(ab) = u(bc) = 1/5, pu(ac) = p(bd) = 1/3, u(cd) = 1/6, pu(ad) =
1/2 (Fig.5.17). This fuzzy graph is a fuzzy tree and is self centered. Note that
e(a) = e(b) =e(c) =e(d) =5.

Next we have a result concerning the center of fuzzy trees.

Theorem 5.4.11 Let H = (¢/, i) be a fuzzy tree with diameter d. Then there exists
a fuzzy tree G = (o, 1) such that (C(G)) is isomorphic to H.

Proof Putt = V{o'(w) | w € ¢”*}. Construct G = (o, u) from H = (¢’, i) as fol-
lows.

Take two vertices u and v with o (4) = o (v) = L

5 and join all vertices in H to both
uand v. Let w and w’ be any two vertices in H. Put p1(uw) = é; w(wv) = 1/d +1;
pww’) =1/d + %; w(w'v) = 5 andput 1/d + % as the strength of all the other new
edges. Also, put 0 = ¢’ for all new vertices in H and ; = p/ for all edges in H.
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1/2 1/3

1/4 [

Fig. 5.18 Fuzzy trees H and G with H as the center of G

Claim 1. G = (o, p) is a fuzzy graph.

As in the proof of Theorem 5.4.8, o (1) < o(w) and o(v) < o(w) for all vertices
w € H.So u(uw) = o) A o(w) and u(w'v) = o(w’) A o(v). Also,because 1/d +
% < éu(wv) < o(w) Ao(), pluw’) < o(u) A o(w’) and the inequality holds for
all the other new edges. Hence, G = (o, 1) is a fuzzy graph.

Claim 2. C(G) is isomorphic to H.

Note that p(w;w;) < t for every edge w;w; in H. That is,

(5.6)

Now, u* = v,v* =uande(v) =e(w) =1/5 +1/1/d + 1 =2d + 1.

Also, w* = v and w™* =u, e(w) =e(w') =1/1/d + % =d+ % and all other
vertices in H have eccentricity equal to d + % by Eq.(5.6), with u and v as their
eccentric vertices. Thus, each vertex in H is a central vertex of G withr(G) = d + %,
d(G) =2d + 1 and C(G) = H.

Finally, we claim that G = (o, p) is a fuzzy tree; for H being a fuzzy tree, it
has a spanning subgraph Fy, which is a tree, satisfying the requirements. Now, Fy
together with the edges uw and w’v is the required spanning subgraph of G. W

A fuzzy graph H on three vertices and the graph G whose center is isomorphic to
H are given in Fig.5.18.

In Fig.5.18, d(H) =4, t =1/2, e(u) = e(v) = 10, e(a) = e(b) = e(c) =6. It
is not hard to see that the center of a fuzzy tree need not be a fuzzy tree.

Other than the p distance of Rosenfeld, several other distances in fuzzy graphs
were proposed by different authors in the past. They include geodesic distance of
Bhutani and Rosenfeld (Definition 3.1.24), strong sum distance [175], d-distance,
detour distance [101, 102], detour p-distance [136], and so on. The strong geodesic
distance, known as g-distance is a direct generalization of distance in graphs. Mathew
and Mathew introduced a-strong distance as follows.
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Definition 5.4.12 Let G = (o, ) be a fuzzy graph. Let « and v be any two vertices
in o*. Then the a-distance between u and v is defined and denoted by d,, (u, v) =
Ap Z w(e), where P is an a-strong path between u and v, 0 if u = v, oo if there

eeP
exists no a-strong u — v path.

d,, satisfies the properties of a metric and hence (¢*, d,,) qualifies as metric space.
Using this distance in fuzzy graphs, a-eccentricity, a-center, a-diametral vertices,
a-periphery, and so on, can be similarly defined as in crisp graphs. A vertex u € o*
is called a-isolated if there is no a-strong edge incident on u. An « strong edge
e = uv is called a-isolated, if there exists no other « strong edge adjacent with e.
Note that this function is not a metric if a-strong edges are replaced by [ strong or
simply strong edges.

Proposition 5.4.13 Let (G = o, i) be afuzzy graph. If e = uv is an a-isolated edge
of G, then e, (u) — e, (v) =0

Proof Because e = uv is a-isolated, e is adjacent with no a-strong edges. That is,
e is the only a-strong edge, which is incident at u and v. By calculating the a-
eccentricity of u, we see that the farthest vertex from u is v and vice-versa. Thus,
eo(u) = e, (v) = u(e) and hence e, (1) — e, (v) =0. W

If G = (o, p) is a connected fuzzy graph, then the result 7,(G) < d,(G) <
2r,(G) is trivial as in case of any distance. Recall that a fuzzy graph G is called
a-self centered if G is isomorphic with its a-center. Thus, we have the following
result.

Proposition 5.4.14 Let G = (o, i) be a connected fuzzy graph such that there exists
exactly one a-strong edge incident at every vertex and that all the a-strong edges
are of equal weight. Then G is a-self centered.

Proof Given that all vertices of G are incident with exactly one a-strong edge each,
and all the a-strong edges are of equal weight. This means if e = uv is a-strong, then
there will be no other a-strong edges incident at u or v. Hence, e, (1) = p(e) = ey (v).
Thus, e, (u) = p(e) forevery vertex uin o*. This proves that G is a-self centered. W

Proposition 5.4.15 A connected fuzzy graph G = (o, p) is a-self centered if for any
two vertices u and v such that u is an a-eccentric vertex of v, v should be one of the
a-eccentric vertices of u.

Proof First assume that G is a-self centered. Also, assume that u is an a-eccentric
vertex of v. That is, ¢, (v) = d, (v, u). Because G is «-self centered, all vertices
will have the same a-eccentricity. Therefore, e, (v) = e, (u). Thus, we get, e, (1) =
d,(v,u) =d,(u, v). Thus, e, (u) = d,(u, v). That is, v is an a-eccentric vertex of u.
Next assume that u is an a-eccentric vertex of v. Then v is an a-eccentric vertex of u.
Thus, e, (1) = d,(u, v), and e, (v) = d, (v, u). But d,(u, v) = d, (v, u). Therefore,
e.(v) = e, (u), where u and v are two arbitrary vertices of G. Thus, all vertices of
G have the same «a-eccentricity, and hence G is a-self centered. W
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Fig. 5.19 a-distance 0.9 L
matrix-example “ ’
0.8
0.5 0.4
d 04 C

We have an easy check for a fuzzy graph G to find whether it is a-self centered
or not. Consider the following definition.

Definition 5.4.16 Let G = (o, 1) be a connected fuzzy graph with |0*| = n. The
a-distance matrix D, = (d;;) is a square matrix of order n and is defined by (d; ;) =
d,(v;, vj). Note that the o-distance matrix is a symmetric matrix.

Consider the following example.

Example 5.4.17 Let G = (o, i) be the fuzzy graph given in Fig.5.19, with o* =
{a,b,c,d}, o(s)=1 for all s€o* and p(ab) =0.9, pu(bc) = p(cd) = 0.4,
u(da) = 0.5, u(bd) = 0.8.

The «a-distance matrix of the fuzzy graph in Fig.5.19, is given by,

0 09 oo 1.7

D, = 09 0
o oo 0 o
1.7 08 oo O

Next we have a theorem for finding the eccentricities of vertices using the max-
max composition of the distance matrix.

Theorem 5.4.18 Let G = (o, ) be a connected fuzzy graph. The diagonal elements
of the max-max composition of the a-distance matrix of G with itself are the -
eccentricities of the vertices.

Proof Let D, = (d;;) be the a-distance matrix of G. Then (d; ;) = d.(v;, vj). In the
max-max composition, D, o D, the ith diagonal entry,

dij=V{diyVvdi, diaVdy, dizVdsi ..., di,Vdy}
=V{di1, dip, di3, ..., din}
= V{da(vi, v1), do(vi, v2), do(Vi, v3), ..., do(Vi, Uy)}
= eq(v).



5.4 Metrics in Fuzzy Graphs

Fig. 5.20 Max—Max
composition

Fig. 5.21 Max-Max
composition 2
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a 0.4 b
0.5 0.5
d 0.4 ¢
0.2 0.2
0.5

Theorem 5.4.19 A connected fuzzy graph G = (o, w) is a-self centered if and only if
all the entries in the principal diagonal of the max-max composition of the a-distance

matrix with itself are the same.

Proof As proved in Theorem 5.4.18, the principal diagonal entries in the max-max
composition of the a-distance matrix with itself are the a-eccentricities of the ver-
tices. If they are the same, then e, (u) is the same for all # in G. Then G is a-self

centered. W

We illustrate the above theorem in the following examples.

Example 5.4.20 Consider the fuzzy graph G = (o, p) given in Fig.5.20.
The a-distance matrix and the max-max composition are given below.

0
(0.¢]
(0.¢]
0.5

[0.5
00
00

0.5

The fuzzy graph is a-self centered.

Now, consider another example.

00
0
0.5
00

00
0.5
0.5

00

00
0.5
0
00
00
0.5
0.5
00

0.5
00
00
O -

0.57]

3 3

Example 5.4.21 Consider the fuzzy graph shown in Fig.5.21.
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The a-distance matrix and the max-max composition are given below.

0 oo o 00 00
D,=|oc 0 05]|,D,oD,=]00 05 0.5
co 05 0 oo 0.5 0.5

Clearly, all diagonal elements in the composition are not the same and hence the
fuzzy graph is not a-self centered.

From the above two examples, it is clear that a block may or may not be a-self
centered.

Now, we discuss about the central vertices of fuzzy trees and blocks. In the fol-
lowing theorem, a-central vertices of fuzzy trees are characterized.

Theorem 5.4.22 ([106]) If a vertex of a fuzzy tree is a-central, then it is a common
vertex of at least two a-strong edges.

Proof Let G = (o, p) be a fuzzy tree. Then G has no 3-strong edges. We know that
between any two vertices of a connected fuzzy graph G, there exists a strong path. As
G is independent of (3-strong edges, there exists an «-strong path between any two
vertices of G. Let u be an a-central vertex of G. We want to prove that two or more
a-strong edges are incident at u. If possible suppose the contrary. Let there be exactly
one a-strong edge, namely e incident at u. Therefore, any a-strong path between u
and any other vertex of G will contain the edge e. This proves that e, (1) > r,(G),
which is a contradiction to the fact that u is a-central. Therefore, our assumption is
wrong. Thus, the proof of the theorem is completed. W

If u is a common vertex of at least two a-strong edges, then u is a fuzzy cutvertex
of G. So from the above theorem it is clear that, if a vertex u of a fuzzy tree G is
a-central, then it is a fuzzy cutvertex of G.

Theorem 5.4.23 The a-center of a block G contains all a-strong edges with mini-
mum weight.

Proof Suppose that G = (o, ) is a block. Then G has no fuzzy cutvertices. We
know that, if a vertex u in a connected fuzzy graph is common to more than one
a-strong edge, then it is a fuzzy cutvertex. As G is free from fuzzy cutvertices, at
most one a-strong edge can be incident at every vertex of G. Thus, the a-eccentricity,
e, of a vertex u is the weight of the a-strong edge incident at u.

So the a-radius of G, r,(G) is the weight of the smallest a-strong edge. Hence,
the a-center of G, (C,(G)) contains all a-strong edges of G with minimum weight.
This completes the proof of the theorem. W

The next theorem helps us to find the number of connected components in the
a-center of a block.

Theorem 5.4.24 Let G = (o, i) be a block. If there exists a path containing all
a-strong edges of G with minimum weight alternatively, then (C,(G)) is connected.
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Proof By the previous theorem, (C,(G)) consists of all a-strong edges of G with
minimum weight. Also, in a block, not more than one a-strong edge can be incident
at any vertex. So if there are kK number of a-strong edges present in G with minimum
weight, then all these edges will be in (C, (G)) . Moreover, they are not adjacent also.
Hence, if we can find a path containing all a-strong edges with minimum weight
alternatively, then it follows that (C,(G)) is connected. W

Theorem 5.4.25 If a connected fuzzy graph G = (o, ) is a block with k a-strong
edges, then k < (|o*|)/2.

Proof Suppose that G = (o, i) is ablock. Then G has no fuzzy cutvertices. Let k be
the number of a-strong edges in G. We have to prove that k < (Jo*|)/2. If possible
suppose the contrary. Let kK > (|]o*|)/2. Then there will be at least [k — (|o*|)/2]
vertices with more than one a-strong edge incident on them. Clearly, these vertices
are fuzzy cutvertices of G, a contradiction to the fact that G is free from fuzzy
cutvertices. So our assumption is wrong and the proof is complete. W

5.5 Detour Distance in Fuzzy Graphs

The detour distance between two vertices # and v in a connected graph G is the
length of the longest # — v path in G [83]. The detour g-distance in fuzzy graphs
was studied by Linda and Sunitha [101]. The detour p-distance in fuzzy graphs is
discussed in [136]. We discuss some detour g-distance parameters in this section.

Definition 5.5.1 The length of the longest strong u — v path between two vertices
u and v in a connected fuzzy graph G is called the fuzzy detour g-distance from
u to v, denoted by Dy (u, v). Any u — v strong path of length D, (u, v) is called a
u — v fuzzy g-detour. A fuzzy graph G = (o, p) is called a fuzzy g-detour graph
if Dy(u, v) = dy(u, v) for every pair u and v of vertices of G.

A fuzzy graph is said to be a fuzzy g-detour graph if the standard g-distance and
fuzzy detour g-distance coincide.

Example 5.5.2 Let G = (o, n) be the fuzzy graph with ¢* = {a, b, c}, o(a) =
o) =o0(c)=1, plab) =0.6, wplbc)=0.7, wp(ac) =0.8 (Fig.5.22). In G,

Fig. 5.22 A fuzzy g-detour a
graph

0.6 0.8

0.7
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dy(ur, uz) =2 = Dy(ur, uz), dg(uy,u3) =1=Dy(ur,u3), dy(uz,uz) =1=D
(12, uz). Here, D,y (u, v) = dy(u, v) for every pair u and v of vertices of G. Hence,
G is a fuzzy g-detour graph.

We have two easy propositions.

Proposition 5.5.3 [f u and v are any two vertices in a connected fuzzy graph G =
(o, p), then 0 < dy(x,y) < Dy(u,v) < oo.

Proposition 5.5.4 If u and v are any two vertices in a connected fuzzy graph G =
(o, i), then Dy(u, v) = 0 if and only if d,(u, v) = 0.

Theorem 5.5.5 The fuzzy detour g-distance is a metric on the vertex set of every
connected fuzzy graph.

Proof Let G = (o, 11) be a connected fuzzy graph. Note that (i) D, (u, v) > 0, (ii)
Dy(u, v) = 0if and only if u = v and (iii) D, (u, v) = Dy(v, u) for every pair u, v of
vertices of G. It remains only to show that the fuzzy detour g-distance satisfies the
triangle inequality. Let u, v and w be any three vertices of G. Because the inequality
Dy(u, w) < Dy(u, v) + Dy(v, w) holds if any two of the three vertices are the same,
we assume that u#, v and w are distinct. Let P be a u — w fuzzy g-detour in G of
length D, (u, w) = k. Then there exists two cases.

Case 1. v lies on P.

Let P, be the u — v sub path of P and P, be the v — w sub path of P. Suppose that
the length of Py is s and the length of P, is t. Then s + t = k. Therefore, Dy (u, w) =
k=s+1t<Dyu,v)+ Dy(v, w).

Case 2. v does not lie on P.

Because there exists a strong path between every pair of vertices, there is a shortest
strong path Q from v to a vertex of P. Let x be any vertex on P and Q be the v — x
geodesic such that no other vertex of Q lies on P. Let r be the length of Q. Thenr > 0.
Let the u — x sub path P’ of P has length a and the x — w sub path P” of P has length
b. Thena > 0 and b > 0. Therefore, D,y (1, v) > a+r and D,(v, w) > b + r. Thus,
Dyu,w)y=k=a+b<(a+r)+ (b+r)<Dyu,v)+ Dy(v, w). So the triangle
inequality holds. W

The fuzzy detour g-eccentricity, ep, (1) of a vertex u is the fuzzy detour g-distance
from u to a vertex farthest from u. Let uD denote set of all fuzzy detour g-eccentric
vertices of u. The fuzzy detour g- -radius of G, radp,(G) is the minimum fuzzy
detour g-eccentricity among the vertices of G. A vertex u in G is a fuzzy detour g-
central vertex if, ep, (u) = radp, (G). The fuzzy detour g-diameter of G, diamp (G)
is the maximum fuzzy detour g-eccentricity among the vertices of G. A vertex u in
a connected fuzzy graph G is called fuzzy detour g-peripheral vertex if ep (u) =
diamp, (G).

Definition 5.5.6 The fuzzy subgraph of G induced by the fuzzy detour g-central
vertices is called the fuzzy detour g-centre of G, denoted by Cp (G). If every
vertex of G is fuzzy detour g-central vertex, then Cp (G) = G, and G is called
fuzzy detour g-self centered.
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Fig. 5.23 A fuzzy detour 05 J
g-self centered fuzzy graph a
0.5 0.6 0.6
b 07 c

Note that if G is a fuzzy detour g-self centered graph, then radp, (G) =
diamp (G).

Example 5.5.7 Let G = (o, p) be the fuzzy graph with o* = {a, b, ¢, d}, o(a) =
o) =0(c) =1, wplab)=0.5, wubc)=0.6, puled)=0.7, plad) =0.5, and
u(bd) = 0.6 (Fig.5.23).

Note that all edges in G are strong and the fuzzy detour g-distance between two
vertices are as follows.

Dy(ur, u2) = 3,Dy(uy, u3) = 3,Dg(ur, us) = 3,Dy(uz, u3) = 3,Dy(uz, uyg) = 2,
Dy(u3, us) = 3. ep,(u1) = 3, ep,(u2) = 3, ep,(u3) = 3, ep, (ug) = 3.

Thus, radp, (G) = diamp,(G) = 3. Therefore, Cp,(G) = G, and G is a fuzzy
detour g-self centered fuzzy graph. '

Theorem 5.5.8 For every non-trivial connected fuzzy graph G = (o, ), radp,(G)
< diamp,(G) < 2radDg (G).

Proof The inequality radp, (G) < diamp,(G) follows from definition. Let u, v be two
vertices such that Dy(u, v) = diamp,(G). Let w be a fuzzy detour g-central vertex
of G. Then the fuzzy detour g-distance between w and any other vertex of G is at
most fuzzy detour g-radius of G. By the triangle inequality, diamp, (G) = Dy(u, v)
< Dy(u, w) + Dy(w, v) < radp,(G) + radp, (G) = 2radp, (G). [

Theorem 5.5.9 The fuzzy detour g-centre, Cp, (G) of every connected fuzzy graph
G = (o, p) lies in a single block of G*.

Proof Assume to the contrary, that G = (o, p) is a connected fuzzy graph whose
fuzzy detour g-centre Cp, (G) is not a subgraph of a single block of G. Then there is
a cutvertex v of G* such that G* — v contains two components G| and G, each of
which contains vertices of Cp, (G). Letu be a vertex of G such that D (u, v) = ep, (v)
and let P; be au — v fuzzy g-detour in G. Atleast one of G| or G, contains no vertex
of Py, say G, contains no vertex of P;. Let w be a fuzzy detour g-central vertex of
G that belong to G, and let P, be a v — w fuzzy g-detour. Then P; followed by
P, produces a u — w fuzzy g-detour whose length is greater than that of P;. Hence,
ep,(w) > ep, (v), which contradicts the fact that w is a fuzzy detour g-central vertex
of G. M
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Theorem 5.5.10 Every fuzzy graph is the fuzzy detour g-centre of some fuzzy graph.

Proof Let G = (V, o, ) be a fuzzy graph with n vertices, where 0* = {uy, up, ...,
u,}, and let H = (V’, o/, i//) be the fuzzy graph obtained by adding n + 1 vertices

{wy, ..., Wy, wys1} to G as follows. V' =V U{wy, ..., w,, w,y1}. o' = o for all
w€G,i=1,....,np = pforalluu; € G.Letc = Ao(u;),i=1,...,n.0 (w;) =
t,0<t<c j=1,...,n+1. Then p'(wju;) =t for all u; and w;, i=1,...,n
Jj=1,...,n+ 1. Thus, all edges wju; are strong. Here, for all u; € G, ep,(u;) =

2n — 1 and for all wj, ep,(w;) = 2n. Therefore, radp, (G) = 2n — 1. Hence, H =
(V’', o', i) is a fuzzy graph with G = (V, o, p) as its fuzzy detour g-centre. W

Theorem 5.5.11 For each pair a, b of positive real numbers with a < b < 2a, there
exists a connected fuzzy graph G with radp (G) = a and diamp (G) = b.

Proof Fora = b = k > 1 the complete fuzzy graph on k + 1 vertices has the desired
property. For a < b < 2a, let H; and H, be any two fuzzy graphs such that H; is of
order a 4+ 1 and H, is of order b — a + 1 and also such that H} and H} are complete
and all edges in H, and H, are strong. Now, G be a fuzzy graph of order b 4 1 obtained
by identifying a vertex v of H; and a vertex of H,. Because b < 2a, it follows that
b—a+1<a+ 1. Thus, ep,(v) = a. Because there is a strong path in G which
passes through every other vertices of G with initial vertex x, where x € G — v, it
follows that ep, (x) = b. Hence, radp, (G) = a and diamp (G) =b. A

With respect to standard g-distance note that a necessary condition for a g-self
centered fuzzy graph is that each vertex is g-eccentric, but it is not sufficient. But
with respect to fuzzy detour g-distance it is sufficient also, as discussed in the next
theorem.

Theorem 5.5.12 ([101]) A fuzzy graph G = (o, p) is fuzzy detour g-self centered if
and only if each vertex of G is fuzzy detour g-eccentric.

Proof Assume G = (o, u) is a fuzzy detour g-self centered fuzzy graph and let v
be any vertex of G. Letu € vD Then ep, (v) = Dy(u, v) and G being fuzzy detour
g-self centered fuzzy graph ep, (u) = ep, (v) D (u, v), which shows that v € ”1*),,’
and v is fuzzy detour g-eccentric.

Conversely, assume that each vertex of G is fuzzy detour g-eccentric. To prove G
is fuzzy detour g-self centered. Assume to the contrary, that G is not fuzzy detour g-

self centered, i.e., radp,(G) # diamp, (G). Lety be a vertex in G such thatep, (y) =

diamp,(G) and let z € yD Let P be a y — z fuzzy g-detour in G. Then there must
exists a vertex w on P such that w is not fuzzy detour g-eccentric vertex of any vertex
of P. Also, w is not a fuzzy detour g-eccentric vertex of any other vertex. Otherwise
if w is a fuzzy detour g-eccentric vertex of a vertex u (say), i.e., w € uD , then we
canextend u — w fuzzy g-detour to a longer path (to y or to z or to both), which is a
contradiction to w € u} Dy Therefore, radp, (G) = diamp, (G) and G is fuzzy detour
g-self centered. M

Proposition 5.5.13 For a fuzzy detour g-self centered fuzzy graph G = (o, ),
radp(G) = diamp(G) =n — 1.
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Fig. 5.24 Counter example a 0.5 b
for the converse of Theorem
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0.5
0.6
0.6
d 0.7 ¢

Proof Assume G = (o, p) is fuzzy detour g-self centered. To prove diamp (G)
= n — 1. Assume to the contrary that diamp(G) =k <n — 1.

Claim: There exists a vertex x in G which is common to all fuzzy detour peripheral
paths.

If not let P, and P, be two fuzzy detour peripheral paths such that P; and P, share
no common vertices. Let y € P; and z € P,. Because G is connected, there exists
a strong path from z to y. Thus, there exist vertices on P; and P, with eccentricity
greater than k, which is not possible. Hence, the claim.

Because x is on every fuzzy detour peripheral path, ep, (x) < k, which is a con-
tradiction to our assumption that G is fuzzy detour g-self centered. W

Theorem 5.5.14 A connected fuzzy graph G = (o, p) with |c*| = n such that G*
is complete is fuzzy detour g-self centered if each edge is strong. Furthermore,
radp, (G) =n — 1.

Proof Let o™ = {vy, v2, v3, ..., v,}. Because G* is complete, each vertex v; is inci-
dent with exactly n — 1 edges and all edges are strong. Hence, ep, (v;)) =n — 1,
forall i=1,2,...,n and G is a fuzzy detour g-self centered fuzzy graph with
radp (G)=n—1. R

The condition in Theorem 5.5.14 is not necessary as seen from next example.

Example 5.5.15 Let G = (o, 1) be the fuzzy graph with c* = {a, b, ¢, d}, o(x) =
1 for all x € o, p(ab) = 0.5, u(bc) = 0.6, p(ed) = 0.7, plad) = 0.5, plac) =
0.4, n (bd) = 0.6, (Fig.5.24). Here, eDg(ul) =3, eDg(uz) =3, eDg(u3) =3, ep,
(us) = 3 and G is a fuzzy detour g-self centered fuzzy graph with G* complete, but
the edge ac is not strong.

Corollary 5.5.16 A complete fuzzy graph onnvertices is fuzzy detour g-self centered
and radp (G) =n — 1.

Theorem 5.5.17 Let G = (o, ) be a fuzzy graph and let u € v,*)U. Then G is fuzzy
detour g-self centered if and only if v € uf)q. '

Proof Let G = (o, p) be a fuzzy graph and u and v be any two vertices of G. Let
ue v}_‘,q. Assume G is fuzzy detour g-self centered. We need to prove that v € u};q.
Now, ep, (1) = ep, (v),
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u#v 5.7

and
Dy(v, u) = ep,(v). (5.8)

From (5.7) and (5.8), ep, (1) = Dy(v, u) and thus v € uj, .

Conversely, let G be a fuzzy graph and u, v be any two vertices of G such that
u e vgq and by assumption v € ul*)q. Then ep, (u) = ep,(v), u # v. Therefore, G is
fuzzy detour g-self centered. W

Because there exists a unique strong path between every pair of vertices in a fuzzy
tree, we can see that g-distance and fuzzy detour g-distance coincide in a fuzzy tree
as seen from the following theorem.

Theorem 5.5.18 A connected fuzzy graph G = (o, ) is a fuzzy g-detour graph if
and only if G is a fuzzy tree.

Proof Assume G is a fuzzy tree. Then there exists unique strong path between every
pair of vertices in G. Hence, D, (u, v) = d,y(u, v) for every pair u and v of vertices
of G. Therefore, G is a fuzzy g-detour graph.

Conversely, assume G is a fuzzy g-detour graph on n vertices. That is, D, (u, v) =
dgy(u, v) for every pair of vertices u and v of G. When n = 2, the result is trivial and
G is a fuzzy tree. So let n > 3. Assume on the contrary that G is not a fuzzy tree.
Then there exists at least one pair of vertices u;, v; having more than one strong path
from u; to v;. Let P and P, be two u; — v; strong paths. Then union of P; and P,
contains at least one cycle (say) C in G. Let u and v be two adjacent vertices in C.
Then d,;(u, v) = 1 and Dy(u, v) > 1, which is a contradiction to the assumption that
Dgy(u, v) =dy(u, v), and hence, G is a fuzzy tree. W

Definition 5.5.19 The fuzzy subgraph of G = (o, 1) induced by the fuzzy detour
g-peripheral vertices is called the fuzzy detour g-periphery of G, denoted by
Perp, (G).

Definition 5.5.20 A connected fuzzy graph G = (o, p) is called a fuzzy detour
g-eccentric if every vertex of G is fuzzy detour g-eccentric. The fuzzy subgraph of
G induced by the set of fuzzy detour g-eccentric vertices is called the fuzzy detour
g-eccentric fuzzy graph of G, denoted by Eccp, (G).

Let G be a non trivial fuzzy graph on n vertices. Then Perp, (G) = G if and only
if every vertex of G has fuzzy detour g-eccentricity n — 1. With respect to standard
geodesic distance every peripheral vertex is an eccentric vertex, but not conversely.
But in fuzzy detour g-distance, we observe that the converse is also true.

Theorem 5.5.21 Let G = (0, ) be a connected fuzzy graph. Then v is a fuzzy
detour g-eccentric vertex if and only if v is a fuzzy detour g-peripheral vertex.
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Proof Let v be a fuzzy detour g-eccentric vertex of G = (o, ) andletv € uj, . Lety
and z be two fuzzy detour g-peripheral vertices. Thatis, Dy(y,z) =k = diangg (G).
Let P be ay — z fuzzy g-detour and Q be a u — v fuzzy g-detour in G. We prove that
ep,(u) = diamp (G). Assume on the contrary that ep, (u) = I < diamp, (G). Then
we have two cases. ' ‘

Case 1. v is an internal vertex (deg(v) > 1) of G.

Because G is connected, there exists at least one path between every pair of
vertices. Therefore, there exists connection between v to y and v to z also. So we
can extend u — v fuzzy g-detour to y or z, which contradicts that v is a fuzzy detour
g-eccentric vertex of u. Hence, ep (1) = diamp, (G). Thus, v is a fuzzy detour g-
peripheral vertex.

Case 2. v is not an internal vertex of G.

Let w be the only vertex adjacent to v. Then w should belong to Q. Now, G
being connected, let w be connected to some vertex, say w’ of P. Then either w’ is
not in Q or w’ is a common vertex of both P and Q. In both cases the path from u
to z or to y through w and w’ is longer than Q, which contradicts that v is a fuzzy
detour g-eccentric vertex of u. Hence, ep, (u) = diamp,(G). Thus, v is a fuzzy detour
g-peripheral vertex.

Conversely, assume v is a fuzzy detour g-peripheral vertex of G. Then there exists
at least one more fuzzy detour g-peripheral vertex say u. Thus, v is a fuzzy detour
g-eccentric vertex of u. W

Definition 5.5.22 A vertex v of a connected fuzzy graph G = (o, p) is called a
fuzzy detour g-boundary vertex of a vertex u if Dy(u, v) > D,(u, w) for each
neighbor w of v, while a vertex is a fuzzy detour g-boundary vertex of a fuzzy graph
G if v is a fuzzy detour g-boundary vertex of some vertex of G. We denote by uf)q
the set of all fuzzy detour g-boundary vertices of u. ‘

Example 5.5.23 Consider the fuzzy graph G in Fig.5.25. Here, ué’)q ={t,z, v, x},

ygq ={t,v,z}, w/%,, = {t, z, v}, xgq = {t, v, z}. Hence, the fuzzy detour g-boundary
verticesof G are t, z, x and v.

Fig. 5.25 Fuzzy detour t
g-boundary vertices of G PY
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Definition 5.5.24 A vertex v in a fuzzy graph G = (o, ) is called a complete
vertex if the fuzzy subgraph induced by its strong neighbors form a complete fuzzy
graph [172].

Theorem 5.5.25 Let G = (V, o, i) be a complete fuzzy graph. A vertex v of G is
a fuzzy detour g-boundary vertex of a vertex distinct from v if and only if v is a
complete vertex of G.

Proof First, let v be a complete vertex of a connected fuzzy graph G = (V, o, p).
Then by Definition 5.5.24, the fuzzy subgraph induced by its strong neighbors form
a complete fuzzy graph. Let u be a vertex different from v. Because G is complete,
all edges in G are strong and hence Dy (1, v) =n — 1 = D,(u, w) for all w € N(v).
Hence, v is a fuzzy detour g-boundary vertex of u.

Conversely, assume that v is a fuzzy detour g-boundary vertex of each vertex
distinct from v. Because G is complete, all edges in G are strong and D, (u, v) =
n — 1 for all u, v € o*. Hence, the fuzzy subgraph induced by its strong neighbors
form a complete fuzzy graph. Therefore, v is a complete vertex. W

In general, only one implication holds as seen from the result below.

Theorem 5.5.26 Let G = (V, o, u) be a connected fuzzy graph on n vertices and v
be a complete vertex of G. Then v is a fuzzy detour g-boundary vertex of each vertex
distinct from v.

Proof First let v be a complete vertex of a connected fuzzy graph G = (o, )
and let u be a vertex distinct from v. Also, let u = vg, vy, ..., vy =vbeau—v
fuzzy g-detour and let w be a strong neighbor of v. Then we have two cases. If
w = vg_1, then Dy(u, w) < Dy(u, v). Therefore, v is a fuzzy detour g-boundary
vertex of u. If w # vi_1, then because u = vy, vy, ..., v = v is a u-v fuzzy g-
detour, w is a strong neighbor of v, the edge wuv_, is strong and w # vi_;. So,
u=vy,v,..., V1, W, V = visalonger strong path than u = vy, vy, ..., vx = v.
Therefore, Dy (4, w) < Dg4(u, v). Hence, v is a fuzzy detour g-boundary vertex of u.
|

The converse of above theorem need not be true. That is, if v is a fuzzy detour g-
boundary vertex of all other vertices in a fuzzy graph G, then v need not be complete.
Consider fuzzy graph in Fig. 5.26. v is a fuzzy detour g-boundary vertex of all other
vertices. But v is not complete.

Theorem 5.5.27 A connected fuzzy graph G = (o, i) is a fuzzy g-detour graph if
and only if G is a fuzzy tree.

Proof Assume G = (o, u) is a fuzzy tree. Then there exists a unique strong path
between every pair of vertices in G. Hence, Dy(u, v) = d,(u, v) for every pair of
vertices u# and v of G. Therefore, G is a fuzzy g-detour graph.

Conversely, assume G is a fuzzy g-detour graph on n vertices. That is, D, (u, v) =
dgy(u, v) for every pair u and v of vertices of G. When n = 2, the result is trivial and
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Fig. 5.26 Counter example u(l) w(0.9)
for the converse of Theorem
5.5.26

(1) x(0.9)

G is a fuzzy tree. So let n > 3. Assume on the contrary that G is not a fuzzy tree.
Then there exists at least one pair of vertices u; and v; such that there exists more
than one strong path from u; to v;. Let P; and P, be two u;-v; strong paths. Then
union of P; and P, contains at least one cycle (say) C in G. Let u and v be two
adjacent vertices in C. Then d, (1, v) = 1 and D, (u, v) > 1, which is a contradiction
to the assumption that D, (u, v) = d,(u, v), and hence G is a fuzzy tree. W

Theorem 5.5.28 A vertex v in a fuzzy tree G = (o, p) is a fuzzy detour g-boundary
vertex if and only if v is not a fuzzy cutvertex of G.

Proof Assume, to the contrary, that there exists a fuzzy tree G = (o, 1) and a fuzzy
cutvertex v of G such that v is a fuzzy detour g-boundary vertex of some vertex
u in G. Let F be the unique maximum spanning tree of G. Because v is a fuzzy
cutvertex, it is an internal vertex of F. Then let w € Ng(v) be such that it is not on
the u — v fuzzy detour in F. Because G is a fuzzy tree, G is a fuzzy g-detour graph
and hence fuzzy detour g-distance between any two vertices in G is same as the
fuzzy detour g-distance between any two vertices in F'. Hence, we have Dy (u, w) =
Dy(u, v) + Dy(v, w) > Dy(u, v), which is a contradiction to our assumption that v
is a fuzzy detour g-boundary vertex of u. Hence, v is not a fuzzy cutvertex.

Conversely, let v be any vertex which is not a fuzzy cutvertex. Then v is an end
vertex of unique maximum spanning tree. This means v is fuzzy endvertex and has
unique strong neighbor. So any fuzzy g-detour from a vertex to v cannot be extended
beyond v. Hence, v is a fuzzy detour g-boundary vertex. H

Theorem 5.5.29 A vertex is a fuzzy detour g-boundary vertex of a fuzzy tree if and
only if it is a fuzzy endvertex.

Proof Let G = (o, ) be a fuzzy tree and v is a fuzzy detour g-boundary vertex of
some vertex u in G. Let F be the unique maximum spanning tree of G. Because
in fuzzy trees every vertex is either a fuzzy cutvertex or a fuzzy endvertex and no
fuzzy cutvertex is a fuzzy detour g-boundary vertex, by Theorem 5.5.28, v is a fuzzy
endvertex of G.

Conversely, assume that v is a fuzzy end vertex of G. We prove that v is a fuzzy
detour g-boundary vertex of G. Let F be the unique maximum spanning tree of G.
Then v is an endvertex of F' and v cannot be a fuzzy cutvertex of G. Therefore, by
Theorem 5.5.28, v is a fuzzy detour g-boundary vertex. W
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Fig. 5.27 Intp,(G) of u
Example 5.5.23

0.7 0.6

Definition 5.5.30 Any vertex y in a connected fuzzy graph G = (o, p) is said to lie
between two other vertices say x and z (both different from y) with respect to fuzzy
detour g-distance if D, (x, z) = Dy(x,y) + Dy(y, 2)

Definition 5.5.31 A vertex v is a fuzzy detour g-interior vertex of a connected
fuzzy graph G = (o, p) if for every vertex u distinct from v, there exists a vertex w
such that v lies between u and w.

Definition 5.5.32 The fuzzy detour g-interior of G = (o, p1), Intp, (G) is the fuzzy
subgraph of G induced by its fuzzy detour g-interior vertices.

For the fuzzy graph in Example 5.5.23, the g-interior vertices are u,w and y. The
Intp (G) is given in Fig.5.27.

Theorem 5.5.33 Let G = (o, p) be a connected fuzzy graph. A vertex v is a fuzzy
detour g-boundary vertex of G if and only if v is not a fuzzy detour g-interior vertex
of G.

Proof Let v be a fuzzy detour g-boundary vertex of a connected fuzzy graph G, and
let v is a fuzzy detour g-boundary vertex of some vertex u. Assume to the contrary
that v is a fuzzy detour g-interior vertex of G. Because v is a fuzzy detour g-interior
vertex of G, there exists a vertex w distinct from u and v such that v lies between
wand w. Let P:u = v, v2,03,...,V =1}, Vjq1,..., 0 = w be au— w fuzzy g-
detour, where 1 < j < k. However, vj;1 € Ng(v) and D (u, vjiy1) > D,(u, v), which
contradicts that v is a fuzzy detour g-boundary vertex of u.

For the converse, let v be a vertex that is not a fuzzy detour g-interior vertex of G.
Hence, there exists at least one vertex u such that for every vertex w distinct from « and
v, the vertex v does not lie between uand w. Letx € N(v). Then Dy (u, x) < D,(u, v).
That is, v is a fuzzy detour g-boundary vertex of u. H

Theorem 5.5.34 Let G = (0, ) be a connected fuzzy graph. If v is a fuzzy end
vertex of G, then v is not a fuzzy detour g-interior vertex.

Proof Suppose v is fuzzy end vertex of a fuzzy graph G = (o, p). Then v has exactly
one strong neighbor. Then there does not exist a strong fuzzy g-detour such that v lies
between two other vertices. Hence, v cannot be fuzzy detour g-interior vertex. W
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Fig. 5.28 Fuzzy graph in 0.8
Example 5.5.35 r v
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The converse of Theorem 5.5.34 need not be true as seen from Example 5.5.35.

Example 5.5.35 Let G = (o, ) be the fuzzy graph with o* = {x, u, v, w}, o(s) =
1 for all s € o* and p(xu) = p(uv) = 0.8, p(vw) = p(wx) =0.9, puw) =04
(Fig.5.28). Then w is neither fuzzy detour g-interior vertex nor fuzzy endvertex.
Also, note that w is a fuzzy detour g-boundary vertex of v and x. Also, w is a fuzzy
cutvertex.

Theorem 5.5.36 If u is a fuzzy detour g-interior vertex of a connected fuzzy graph
G = (0, 1), then u is an internal vertex of every maximum spanning tree of G.

Proof Assume that v is fuzzy detour g-interior vertex of a connected fuzzy graph
G = (o, p). Then for every vertex u distinct from v, there exists a vertex w such that
v lies between u and w. Thus, the u — w fuzzy g-detour contains v and this strong
path will be in every maximum spanning tree of G. W

The converse of Theorem 5.5.36 need not be true. For the fuzzy graph in Example
5.5.35, w is an internal vertex of every maximum spanning tree of G. But w is not a
fuzzy detour g-interior vertex of G.

Theorem 5.5.37 A vertex u is a fuzzy detour g-interior vertex of a fuzzy tree G =
(o, ) if and only if u is an internal vertex of the unique maximum spanning tree of
G.

Proof First part follows from Theorem 5.5.36. Conversely assume u is an internal
vertex of the unique maximum spanning tree of G = (o, p). Then u is fuzzy cutver-
tex of G. Hence, u is not fuzzy detour g-boundary vertex of G (Theorem 5.5.28).
Therefore, u is fuzzy detour g-interior vertex of G. W

Theorem 5.5.38 If u is an endvertex of at least one maximum spanning tree of a
connected fuzzy graph G = (o, ), then u is fuzzy detour g-boundary vertex of G.

Proof Suppose u is an endvertex of at least one maximum spanning tree of a con-
nected fuzzy graph G = (o, pt). Then u cannot be an internal vertex of every max-
imum spanning tree of G. Therefore, u is not fuzzy detour g-interior vertex of G
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(Theorem 5.5.36). Thus, by Theorem 5.5.33, u is a fuzzy detour g-boundary vertex
of G. A

Generally, the converse of Theorem 5.5.38 need not be true. But it is true for fuzzy
trees. For the fuzzy graph in Example 5.5.35, w is a fuzzy detour g-boundary vertex
of G. But there does not exist a maximum spanning tree with w as an endvertex.



Chapter 6
Sequences, Saturation, Intervals and Gates
in Fuzzy Graphs

In this chapter, we discuss three different concepts in fuzzy graphs. The first concept
is that of sequences of fuzzy graphs, which allow us to connect a fuzzy graph to a
sequence space. Most of the fuzzy graph structures are characterized using different
types of sequences. In the second part of this chapter, we discuss saturation in fuzzy
graphs and the third part deals with strong intervals and strong gates in fuzzy graphs.

6.1 Special Sequences in Fuzzy Graphs

The problem of determining the structure of a fuzzy graph is a challenging one. In
[116], an algorithm for the identification of different types of edges of a fuzzy graph is
provided. This algorithm is very useful even for fuzzy graphs with a large number of
vertices. It divides the edges to the three different types discussed in Chap. 3, namely
«, [ and § edges. The contents of this section are from [107], in which Mathew and
Mathew introduced three different sequences based on the categorization of edges,
which will very effectively determine the nature and structure of certain types of
fuzzy graphs. We only consider undirected fuzzy graphs without loops and multiple
edges in this section.

Definition 6.1.1 Let G = (o, u) be a fuzzy graph with ¢* = {v;, v2,..., v} in
some order. Then a finite sequence o (G) = (ny, nz, n3, ..., np,) is called the -
sequence of G if n; represents the number of a-strong edges incident at v;. n; is
equal to zero if there are no a-strong edges incident at v;.

Remark 6.1.2 Similar to Definition 6.1.1, we can have the definition of a 3-sequence.
If G = (0, p) isafuzzy graph with vertex set o™ = {vy, v2, ..., v,}, afinite sequence
B(G) = (n1, na, n3, ..., ny) is called the 3-sequence of G if n; is the number of 3-
strong edges incident at v; and equals to zero, if there are no 3-strong edges incident
at v;.
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Fig. 6.1 Fuzzy graph G 0.9
with all types of edges a b
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Definition 6.1.3 Let G = (o, u) be a fuzzy graph with o* = {v;, v2, ..., v,}. Then
a finite sequence S, = (11, n2, n3, ..., np) is called the strong sequence of G if n;
is the number of « and (3 strong edges incident at v; and equals to zero, if there are
no « or [3 strong edges incident at v;.

If there is no confusion regarding the fuzzy graph G, we use the notation «y, [
and S instead of a,(G), GB,(G) and S;(G). In the following example (Fig.6.1), we
find these sequences.

Example 6.1.4 LetG = (o, p)witho™ = {a, b, c,d},o(a) = o(b) = 0(c) =o0(d) =
1, w@b)=0.9, jwubc)=pld) =04, p(da)=05 and wu(bd)=0.8
(Fig.6.1). Clearly, G contains all types of edges. In G, «, 3 and strong sequences
are oy = (1,2,0, 1), B, = (0, 1,2, 1) and s, = (1, 3, 2, 2), respectively.

As discussed before, blocks of graphs and fuzzy graphs play important roles in
several structural problems in chemistry [182]. Characterization of blocks of fuzzy
graphs is a challenging problem. In this section, we present a necessary condition,
which must be satisfied by a block and two necessary and sufficient conditions for a
block. In the second characterization, we use the notion of strong sequences. These
characterizations are comparatively less time consuming than other methods in the
literature.

Definition 6.1.5 A sequence of integers is called a binary sequence if it contains
only 0’s and 1°s.

Theorem 6.1.6 Let G = (o, i) be a connected fuzzy graph. If G is a block, then
a5 (G) is a binary sequence.

Proof Suppose that G = (o, ) is a block. We have to prove that a,(G) is binary.
That is, we need to prove that a,;(G) contains only 0’s and 1’s. If possible, suppose
the contrary. Suppose that there exists an entry which is at least 2 in a,(G). Let
n; = 2. That is, there are 2 different a-strong edges incident at the vertex v;. Now, an
edge in p* of G is a fuzzy bridge if and only if itis an a-strong edge (Theorem 3.2.9).
Also, if a vertex is common to more than one fuzzy bridge, then it is a fuzzy cutvertex
(Theorem 2.2.11). Therefore, we see that v; is a fuzzy cutvertex of G, which is a
contradiction to our assumption that the fuzzy graph G is free from fuzzy cutvertices
because it is a block. So our assumption is wrong. Hence, n; < 2. Thatis, n; = 0 or
1. Thus, a,(G) is binary. H
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Fig. 6.2 A fuzzy graph with a b
a cutvertex
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Note that the above condition is only necessary. It is not sufficient as seen from
the following example.

Example 6.1.7 Let G = (o, ) be the fuzzy graph given in Fig.6.2. Here, 0* =

{a,b,c,d,e},o(s) = 1foralls € oc*and u(ae) = p(ad) = 0.2and pu(bd) = pu(bc) =
uled) = p(de) = 0.4. Note that the a-sequence of G is, «a,(G) = (1,0,0,

0, 1). It is a binary sequence. But the fuzzy graph is not a block because the vertex

d is a cutvertex and hence is a fuzzy cutvertex.

The converse of Theorem 6.1.6 is true for a subcategory of fuzzy graphs only. In
the next characterization, the underlying graph G* of G is restricted to be a block.
This means that G* has no cutvertices.

Theorem 6.1.8 Let G = (o, i) be a connected fuzzy graph such that the underlying
graph G* has no cutvertices. Then G is a block if and only if a(G) is a binary.

Proof Let G = (o, ) be a connected fuzzy graph such that the underlying graph
G* is a block. If G is also a block, then by Theorem 6.1.6, a,;(G) is binary.

Conversely, suppose that, o, (G) is a binary sequence. We have to prove that G
is a block. That is, we have to prove that G has no fuzzy cutvertices. If possible, let
G has a fuzzy cutvertex, say, v;. Then there exists two vertices # and w in G such
that u # v; # w and CONNg_,,(u, w) < CONNg(u, w). Because G* is a block,
it has no cutvertices, and hence v; is not a cutvertex. Therefore, we can consider
many possible # — w paths not passing through the vertex v;. Now, from the above
inequality, clearly the weights of all edges in the u — v; — w path are strictly greater
than weights of all edges in the possible u — w paths, which are not passing through
the vertex v;. This means, all edges in the u — v; — w path are a-strong, and hence v;
is incident with at least 2 different a-strong edges. Therefore, n; = 2, which shows
that a,(G) is not binary. This is a contradiction. So our assumption is wrong. Hence,
Gisablock. H

Next we have a characterization of blocks using « strong sequences.

Theorem 6.1.9 ([107]) Let G = (o, ) be a connected fuzzy graph. Then G is a
block if and only if the following conditions are satisfied.

(i) as(G) is a binary sequence.

(ii) For any given pair of vertices u v in o*, there exists a cycle C, containing u
and v such that S;(C) contains only entries which are at the least 2.
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Proof Let G = (o, u) be a connected fuzzy graph. First suppose that G is a block.
We have to prove conditions (i) and (ii). The proof of condition (i) is the same as that
of Theorem 6.1.6. Now, we prove condition (ii) as follows. Let u and v be any two
vertices of G. We have to prove that # and v lie on a common cycle C such that all
entries in S;(C) are at least 2. That is, we need to prove that « and v lie on a common
strong cycle C. If possible, suppose the contrary. Let there be no common strong
cycles containing both u# and v. There are two cases arise.

Case 1: uv is a strong edge.

Because # and v are not on any strong cycle and edge uv is strong, the edge uv
lies on every MST of G. Now, by Corollary 2.2.4 an edge belonging to every MST
is a fuzzy bridge. Hence, uv is a fuzzy bridge.

If u is an end vertex of all maximum spanning trees, then clearly v is the common
vertex of at least 2 fuzzy bridges, and hence it will be a fuzzy cutvertex of G, which
is a contradiction to our assumption that G is free from fuzzy cutvertices as it is a
block. On the other hand, if v is an end vertex of all MST's, then u will be a fuzzy
cutvertex of G, contradiction to our assumption.

Now, suppose that u is an end vertex of MST, T} and v is an end vertex of MST,
T,. Because T is a spanning tree, v will be an internal vertex of T;. Let w be a strong
neighbor of u in T5. Clearly, there appears a strong path P in 7 from u to w through
v. This path P together with the strong edge uw forms a strong cycle C in G, which
is also a contradiction.

Case 2: uv is a J-edge.

If uv is a §-edge, then there exists a strong path between u and v. Because there
is a unique strong # — v path P in G, it belongs to all MST"s and all internal vertices
of P are fuzzy cutvertices of G, which is a contradiction.

So in all cases, our assumption is wrong. Hence, there exists a common strong
cycle C, containing any given pair of vertices u and v. Because C is strong, S;(C)
contains entries which are at least 2 only.

Conversely, suppose conditions (i) and (ii) hold. We have to prove that G is a
block. That is, we need to prove that G has no fuzzy cutvertices. By condition (i), it
is clear that at most one a-strong edge is incident at every vertex. By condition (ii),
any given pair of vertices # and v lies on a common strong cycle. So if we delete
a vertex from G, then the strength of connectedness between every pair of vertices
remains the same. Thus, no vertex of G can be a fuzzy cutvertex and hence G is a
block. W

There are several methods and algorithms for the identification of a fuzzy tree in
the literature. In this section, we provide different characterizations for fuzzy trees.
We use the concepts of sequences, maximum spanning trees, and sequence sums in
these results. As explained before, these results can be used to determine the complete
structure of certain types of fuzzy graphs. Also, these results link fuzzy graphs to
sequence spaces and hence to functional analysis.

Theorem 6.1.10 If G = (o, ) is a fuzzy tree and |0*| = p, then a,(G) € (Z1)P.
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Fig. 6.3 A fuzzy graph with
2 cutvertices

Proof By the definition of «,(G), it is trivial that all of its elements are greater
than or equal to zero. Here, we want to prove that all elements in a,(G) are at least
unity. Suppose the contrary. Let the ith element in o, (G), say, n; be zero. Because
n; = 0, the corresponding vertex v; will not be incident with any a-strong edge.
This will result in the disconnection of the maximum spanning tree F of G, which
is a contradiction to the definition of F. So our assumption is wrong and hence all
elements of o (G) are at least unity. W

The condition in Theorem 6.1.10 is not sufficient as seen from the following
example.

Example 6.1.11 Consider the fuzzy graph G = (o, p) with ¢* = {a, b, ¢, d, e, f},
wlab) = p(cf) = p(de) = 0.4 and p(bc) = p(cd) = p(ad) = 0.3 (Fig.6.3). In this
fuzzy graph, a,(G) = (1, 1, 1, 1, 1, 1). But the fuzzy graph is not a fuzzy tree. Here
vertices ¢ and d are cutvertices of the fuzzy graph.

The next result helps us to obtain the number of fuzzy cutvertices of a fuzzy tree
by looking at the a-sequence of G.

Theorem 6.1.12 Let G = (o, p) be a connected fuzzy graph such that |c*| = p. Let
t be a positive integer such thatt < p. If a;(G) contains t elements which are at least
2, then G has exactly t fuzzy cutvertices.

Proof Let G = (o, p) be a fuzzy tree. Let F be the spanning tree of G with the
property given in the definition of a fuzzy tree. Then by Theorem 2.3.16, the internal
vertices of F' are the fuzzy cutvertices of G. Also, we know that, if a vertex is common
to more than one a-strong edges, then it is a fuzzy cutvertex (Theorems 2.2.11 and
3.2.9). So the vertex of G corresponding to an entry in o, (G) which is at least 2 must
be a fuzzy cutvertex. W

If the condition in the above theorem were also sufficient, then we would be able
to identify the fuzzy cutvertices of G with the information about the a-sequence of
G. But due to its nonsufficiency, we can get the number of fuzzy cutvertices of G
only. We illustrate this fact in the following example.
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Example 6.1.13 Consider the fuzzy graph given in Example 6.1.7 (Fig.6.2). Here,
the vertex d is a cutvertex and hence a fuzzy cutvertex. But the entry in the a-sequence
corresponding to vertex d is 0.

If we restrict the underlying graph G* of G to be a block, then the non sufficiency
of Theorem 6.1.12 can be avoided.

Theorem 6.1.14 Let G = (o, 1) be a connected fuzzy graph such that |V | = p and
the underlying graph G* is a block. Then the fuzzy cutvertices of G are exactly those
vertices whose entry in a,(G) is at least 2.

Definition 6.1.15 A zero sequence is a real sequence having all entries 0. It is
denoted by (0).

The following theorem is a characterization of fuzzy trees, using the concept of
(3-sequence of a fuzzy graph.

Theorem 6.1.16 A connected fuzzy graph G is afuzzy tree if and only if 5,(G) = (0).

Proof Let G = (o, i) be a connected fuzzy graph. Suppose that G is a fuzzy tree.
Then all the strong edges of G are fuzzy bridges. Now, an edge ¢ = uv in G is a
fuzzy bridge if and only if it is a-strong (Theorem 3.2.9). Thus, all the strong edges
of G are a-strong. Therefore, G has no 3 strong edges and hence 3,(G) = (0).

If G is a tree, there is nothing to prove. If G is not a tree, then G has a cycle,
say, C. Because G is a fuzzy tree, by Theorem 2.3.1, there exists an edge e = uv
such that w(e) < CONNg_.(u, v), where G — e is the subgraph of G obtained by
deleting the edge e from G. This means that e is a d-edge. If G — e is a fuzzy spanning
tree of G, then all the edges in G — e are a.. Hence, 5,(G) = (0). If G — ¢ is not
a fuzzy spanning tree of G, then continue the above procedure of deleting § edges
from G — e until we get spanning tree.

Conversely, suppose that 3,(G) = (0). We have to prove that G is a fuzzy tree.
If G has no fuzzy cycles, then G is a tree and hence a fuzzy tree. Suppose that G
has a cycle, say, C. Then C contains only «a-strong and §-edges. Also, note that all
the edges of C cannot be a-strong because otherwise it will contradict the definition
of a-strong edges. Thus, there exists at least one d-edge say e in C. If we delete ¢
from C, we get a maximum spanning tree of G. Similarly, remove one § edge each
from the existing cycles of G. Finally, we get a unique maximum spanning tree of
G. Thus, it follows that G is a fuzzy tree. W

We know that, if G is a fuzzy tree and F, the spanning tree in the definition, then
the edges of F' are the fuzzy bridges of G. That is, edges of F are the a-strong edges
of G. Thus, F has no [ strong edges and hence (G,(F) contains only zeros. Also,
because F is a spanning tree of G, 3,(G) = G,(F).
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In the following theorem, we present another necessary and sufficient condition
for a fuzzy graph G to be a fuzzy tree.

Theorem 6.1.17 A connected fuzzy graph G = (o, ) is a fuzzy tree if and only if
a5 (G) = o, (F), where F is a maximum spanning tree of G.

Proof Suppose that G = (o, ) is a fuzzy tree. If G itself is a tree, then F and
G are isomorphic and hence a,(G) = ax(F). If G is not a tree, then G contains
a cycle C. Because G is a fuzzy tree, there exists an edge e = uv in C such that
w(e) < CONNg_.(u, v), where G — e is the fuzzy subgraph obtained by deleting
the edge e from G. If G — e is a fuzzy tree, then G — e and F are isomorphic
and because e is a J-edge, we get a,(G) = «,(F.) If not, then continue the above
procedure of deleting d-edges from cyclesin G — e until we get a maximum spanning
tree F of G such that o, (G) = ai(F).

Conversely, assume that a,(G) = «,(F), where F is a maximum spanning tree of
G. We want to prove that G is a fuzzy tree. If possible, let G be not a fuzzy tree. Then
there exists at least one (3-strong edge in G. Let uv be a B-strong edge in G. Then
there exists at least one another u — v path, say, P in G such that u(xy) > pu(uv) for
every edge xy in P. Now, the union of P and edge uv is a cycle in G. Suppose that the
number of a-strong edges incident at # in G is ¢. Now, to get F, delete the edge uv
from G, which has the least weight in C. Then the number of a-strong edges incident
at u in F is ¢ + 1, which is a contradiction to our assumption that a,(G) = a(F).
Hence, our assumption is wrong. Thus, G is a fuzzy tree. W

If a connected fuzzy graph G is a tree (not a fuzzy tree), then G has no cycles and
every edge in it is an a-strong edge. Therefore, the sum of the elements in o, (G) is
equal to twice the number of edges of G. The next theorem is another necessary and
sufficient condition for a connected fuzzy graph G to be a fuzzy tree. The uniqueness
of the maximum spanning tree F' of G is used in the proof.

Theorem 6.1.18 A connected fuzzy graph G = (o, p) is a fuzzy tree if and only if
oy (F) is the same for all maximum spanning trees F of G.

Proof We know by Theorem 2.3.19 that a connected fuzzy graph is a fuzzy tree if
and only if it has a unique maximum spanning tree. Moreover the spanning tree F in
the definition of fuzzy tree, is a maximum spanning tree. W

In the next theorem, we characterize fuzzy trees by using a-sequences and number
of disjoint cycles.

Theorem 6.1.19 Let G = (o, ) be a connected fuzzy graph with exactly k-edge
disjoint cycles. Then G is a fuzzy tree if and only if an_ cayG) i = 2(e — k), where
e is the total number of edges of G.

Proof LetG = (o, 1) be aconnected fuzzy graph with exactly k-edge disjoint cycles.
Suppose that G is a fuzzy tree. Then it has no §-strong edges. This means all edges
present in G are either a-strong or § edges. Now, given that G has k-edge disjoint
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cycles. Consider an arbitrary cycle, say, C. Let the minimum of the weights of all
edges in C be w and let it be assigned to the edge uv. That is, p1(uv) = w. Now, all
the edges of C have weights strictly greater than w. For if, let there be another edge
ab in C with membership w. Then CONNg_,,, (4, v) = w = p(uv), which implies
that uv is a §-strong edge. Hence, our assumption is wrong. So the minimum weight
in a cycle is assigned to exactly one edge in C. So the edge uv is the only d-edge
in C and all other edges are a-strong. This situation is same in all the k cycles in
G, which are disjoint. Thus, the total number of d-edges of G = k, and hence total
number of a-strong edges of G = e — k. Therefore, >, _, ) ni = 2(e — k).

Conversely, assume that 3", _ )% = 2(e — k), where e is the total number of
edges of G. We have to prove that G is a fuzzy tree. It is enough if we prove that
G has no -strong edges. Suppose the contrary. Let there be a 3-strong edge, say,
e exists in G. Then clearly e lies on a cycle, say, C. Then there will be at least one
edge, say ¢ in C, which is different from e such that u(e) = p(e’). This means that
¢’ is also a 3-strong edge. Thus, there will be at most e — k — 1 number of a-strong
edges in G. It is a contradiction to our assumption >, ., 7 = 2(e — k). So G is
afuzzy tree. W

If G = (o, p) is a simple connected fuzzy graph such that the number of edges
is at most number of vertices, then all cycles of G will be edge disjoint. So we have
the following results.

Corollary 6.1.20 Let G = (o, p) be asimple connected fuzzy graph such that |p*| <
|o*| and have exactly k-cycles. Then G is a fuzzy tree if and only if Zn,»eaJ(G) n; =
2(e — k), where e is the total number of edges of G.

Corollary 6.1.21 A connected fuzzy graph G = (o, p) is a tree, not a fuzzy tree if
and only ion,»eax(G) n; = 2e, where e = |u*| .

6.2 Saturation in Fuzzy Graphs

This section is based on [108]. Here, we discuss the concepts of vertex and edge
saturation counts of fuzzy graphs. The vertex saturation count of a fuzzy graph gives
a measure of the average strong degree of the fuzzy graph and the edge saturation
count, the percentage of strong edges in the fuzzy graph. The following definitions
are valid for different unweighted graph structures also. We consider fuzzy graphs
G = (0, p) witho(u) = 1 forall u € o* for convenience, unless otherwise specified.

Definition 6.2.1 LetG = (o, i) be aconnected fuzzy graph. Then the strong vertex
count of G is defined and denoted by

number of strong edges of G
Sy (G) = f strong edges of

number of vertices of G
number of « or [3 strong edges

3

o]
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Fig. 6.4 A graph with 0.4
strong saturation count a ( ’ O‘) b
(0.2, )
(0.3,0) (0.5, )
d (0.4, ) ¢

and the strong edge count of G is defined and denoted by

number of strong edges of G
number of edges of G
number of « or (3 strong edges

[ %]

Se(G) =

Remark 6.2.2 If we restrict the numerator in Definition 6.2.1 to the number of -
strong edges only, then we get a-vertex count ay (G) and a-edge count ag(G),
respectively. Similarly, replacing the numerator by 3 strong edges, we get the (-
vertex count Jy (G) and the §-edge count B¢ (G), respectively.

Example 6.2.3 Let G = (o, u) be the fuzzy graph with o* = {a, b, c, d}, pu(ab) =
uled) = 0.4, ubc) = 0.5 and p(ad) = 0.3 (Fig.6.4). Note that o(x) = 1 for all
x € o*. The vertex counts and edge counts of G, are given in the following table.

av(G) =3, |ae(G) = g,
By(G)=9=0,|8:(G)=2 =
Sy(G) =3, SE(G) = 3.

Example 6.2.4 Let G = (o, ) be the fuzzy graph whose underlying graph is com-
pletewitho™® = {a, b, ¢, d, e}, u(ab) = plac) = pu(ad) = p(be) = uled) = 0.5, p(ae) =
w(bd) = 0.6, p(cd) = pu(ce) = 0.8 and p(bc) = 0.9 (Fig.6.5). The edge classifica-
tion of G is given in the following table.

ab|ac|ad|ae|bc|bd|be|cd |ce|de
dld|flalald|d|alald

The saturation counts in G are given below.

av(G) =%, |ap(G) = 15,
Bv(G) =35, |Be(G) =15
Sv(G) =5 =1,|Sp(G) = = 3.
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Fig. 6.5 A graph with a
nonzero beta saturation count

0.5 0.6
0.5
0.5
b 05 ¢
0.9 05
08 0.6
c d
0.8
As all the strong edges of a fuzzy tree G are a-strong, ay(G) = % and
ap(G) = % = 1. For any simple fuzzy graph structure, the number of a-strong

edges never exceed the number of vertices. In a complete fuzzy graph, by assigning
equal membership values to all the vertices, we can make all the edges 3-strong. For
such a fuzzy graph G, By (G) = % and Og(G) = ng; =1.

Based on all these observations, we have the following proposition.

Proposition 6.2.5 Let G = (o, p) be a connected fuzzy graph with |c*| = n. Then
we have the following inequalities.
(1) 0 < ay(G) < =1,
(ii) 0 < Bv(G) < &,
(iii) 0 < Sy (G) < =2,
(iv) 0 < ap(G) < 1,
() 0 < Be(G) =1,
(vi) 0 < Sg(G) < 1.

As the strong saturation count is simply the sum of « and 3 saturation counts, the
proofs of all the above inequalities are immediate and omitted.

In the following proposition, we make a comparison between the edge count and
vertex count of a fuzzy graph.

Proposition 6.2.6 Let G = (o, 1) be a connected fuzzy graph with |c*| = n. Then
we have the following inequalities.

(1) 0 = Be(G) = By (G).

(i) 0 < Sp(G) = Sy (G).

Furthermore, if G is any fuzzy graph other than a fuzzy tree, then

(iti) 0 < ap(G) = ay(G).

Proposition 6.2.7 Let G = (o, ) be a fuzzy tree, then 0 < ay (G) < ag(G).
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For a fuzzy tree, it is obvious that, ay (G) = ”n;' and o (G) = % =1.

In this section, saturation counts of fuzzy structures like fuzzy trees, cycles and
blocks are discussed. Some useful characterizations for these structures are also
provided. In the following theorem, a characterization for fuzzy trees whose support

are trees is given in terms of its a-vertex and a-edge counts.

Theorem 6.2.8 Let G = (o, p) be a connected fuzzy graph with |c*| = n, where
n > 2. Then the following statements are equivalent.

(i) G is a tree.

(ii) oy (G) = =L and ag(G) = 1.

n

@@Mi) n ay(G) = (n — 1) ap(G).

Proof ()= (ii).

Suppose that G = (o, p) is a fuzzy tree with [0*| = n, where n > 2. If G is a
tree, then the unique maximum spanning tree F' of G is itself. Then G is connected
and has exactly (n — 1) strong edges. Note that any edge e = uv in G is the unique
strong path between « and v in G. Hence, e is a-strong. Thus, all the (n — 1) edges
of G are a-strong. Hence, ay (G) = ”n;l and o (G) = 1.

(i)= (iii).

Suppose that ay (G) = % and ag(G) = 1. Then nay(G) = (n—1) = (n —
1 = — 1)ag(G) because ag(G) = 1.

(iii)= (1).

Suppose that nay (G) = (n — 1) ag(G), ie., ay(G) = ”n;l agp(G). We have to
prove that G is a tree. We have, % = (”;1) = ay (G), which implies ag(G) = 1.
Thus, all edges in G are a-strong edges, which is possible only if G is connected
and acyclic and hence G is atree. W

In the following theorem, we present another characterization for fuzzy trees.

Theorem 6.2.9 Let G = (o, u) be a connected fuzzy graph. Then G is a fuzzy tree
if and only if ay (G) = Sy (G) and ap(G) = Sg(G).

Proof Let G = (o, ) be a connected fuzzy graph. Suppose that G is a fuzzy tree.

Then by Proposition 2.3.4 and Theorem 3.2.15, it follows that all the edges of G

which are in F are a-strong. Other edges of G will be §-edges by definition of a
0

fuzzy tree. Therefore, G has no 3 strong edges and hence By (G) = v = 0 and

Be(G) = % = 0. Consequently, ay (G) = Sy (G) and ag(G) = Sg(G).

Conversely, suppose that ay (G) = Sy (G) and ag(G) = Sg(G). We have to prove
that G is a fuzzy tree. If G has no cycles, then G is a tree and hence is a fuzzy tree.
Suppose that G has a cycle, say, C. Then C contains only a-strong and d-edges. Also,
note that all the edges of C cannot be a-strong because otherwise it will contradict
the definition of a-strong edges. Thus, there exists at least one §-edge in C. When
we delete e from C, if we get a unique maximum spanning tree of G, we are done. If
not, remove ¢ edges from the existing cycles of G one by one until we get a unique
maximum spanning tree of G proving that G is a fuzzy tree. W
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Next result shows that the o vertex counts of a fuzzy tree and its corresponding
maximum spanning tree are the same.

Theorem 6.2.10 A connected fuzzy graph G = (o, ) is a fuzzy tree if and only
if ay(G) = ay(F), where F is the corresponding unique maximum spanning tree

of G.

Proof Suppose that G = (o, 1) is a fuzzy tree. If G is itself a tree, then F and G are
isomorphic and,

number of « strong edges in G
VI
number of o strong edges in F

ay(G) =

If G is not a tree, then G contains a cycle C. Because G is a fuzzy tree, there exists
an edge e = uv in C such that w(e) < CONNg_.(u, v), where G — e is the fuzzy
subgraph obtained by deleting the edge e from G. If G — e is a tree, then G — e
and F are isomorphic and because e is a § edge, we get ay (G) = ay (F). If not,
continue the above procedure of deleting § edges from cycles in G — e until we get
a maximum spanning tree F of G such that ay (G) = ay (F).

Conversely, assume that ay (G) = ary (F), where F is the corresponding maxi-
mum spanning tree of G. We want to prove G is a fuzzy tree. If possible, suppose
G is not a fuzzy tree. Then there exists at least one 3-strong edge in G. Let uv be
a -strong edge in G. Then there exists at least one another u — v path, say, P in G
such that p(xy) > p(uv) for every edge xy in P. Now, the union of P and edge uv
is a cycle in G. Suppose that the number of a-strong edges incident at « in G is t.
Now, to get F, delete the edge uv from G, which has the least weight in C. Then
the number of a-strong edges incident at u in F is ¢t + 1. Let ¢’ be the remaining
number of a-strong edges of G. Then ay (G) = t|+7[\ and ay (F) = % which
is a contradiction to our assumption that ary (G) = vy (F). Thus, our assumption is
wrong. Hence, G is a fuzzy tree. W

Next theorem also is a characterization of fuzzy trees.

Theorem 6.2.11 ([108]) Let G = (o, p) be a connected fuzzy graph with |o*| =
n, (n > 2) and |p*| = q. Then the following statements are equivalent.

(i) G is a fuzzy tree.

(if) nay (G) = qag(G).

Proof (i) = (ii).
Suppose G is a fuzzy tree. Then

number of « strong edges n — 1
ay(G) = V] =
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and
number of « strong edges n — 1
ap(G) = E| = P

(i) = ().

Suppose that n ay (G) = g ag(G). We have to prove that G is a fuzzy tree. If
possible suppose the contrary. Let G be not a fuzzy tree. We know that a fuzzy graph
G is afuzzy tree if and only if it has no 3-strong edges. Now, because G is not a fuzzy
tree, there exists at least one 3-strong edge in G. Let uv be a 3-strong edge in G.
Then there exists at least one another # — v path, say, P in G such that p(xy) > p(uv)
for every edge xy in P. Now, the union of P and edge uv is a cycle in G. Suppose
that the number of a-strong edges incident at u in G is t. Now, to get F' (the MST in
the definition of fuzzy trees), delete the edge uv from G, which has the least weight
in C. Then the number of a-strong edges incident at u in F is ¢ 4+ 1. Let ¢’ be the

1+t 4141

remaining number of a-strong edges of G. Then ay (G) = T and ay (F) = i

Also, a(G) = £ and g (F) = %51 Now, the assumption, n ay (G) = g ax(G)
becomes n(ag(F) — 1) = (n — D) (ag(F) — 1), where ay (F) = "1 and ap (F) =
1. Therefore, we get n = 2, a contradiction to the given condition. So our assumption
is wrong. Hence, G is a fuzzy tree. W

We know that the strong degree of a vertex in a fuzzy graph is greater than or equal
to one. Because the strong edges are further classified into two, we can consider for
further investigation how dense is the distribution of different types of strong edges
in a fuzzy graph.

Definition 6.2.12 Let G = (o, i) be a fuzzy graph. G is said to be a-saturated, if=
at least one -strong edge is incident at every vertex v € o*. G is called 3-saturated,
if at least one 3-strong edge is incident at every vertex.

As noted above, all fuzzy graphs are trivially strong saturated.

Definition 6.2.13 Let G = (o, p) be a fuzzy graph. Then G is called saturated if
it is both «-saturated and (-saturated. That is, at least one a-strong edge and one
(-strong edge is incident on every vertex v € o*. Also, a fuzzy graph which is not
saturated is called unsaturated.

Example 6.2.14 Consider the fuzzy graph G = (o, p) such that ¢* = {a, b, c, d},
o(a) =0b) =0o(c) =0(d) =1, ulab) = u(cd) = 0.4, u(ad) = p(bc) = 0.3 and
w(ac) = 0.2 (Fig.6.6). Now, G is both a-saturated and (3-saturated, and hence it is
saturated.

Example 6.2.15 Consider the fuzzy graph G = (o, p) given in Fig. 6.7 with 8 ver-
tices and 12 edges. Even though the fuzzy graph is a-saturated, it is unsaturated.
Every vertex except a is incident with both o and /3 strong edges.
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Fig. 6.6 A saturated fuzzy 0.4 () b
graph g ®

0.3 (8) 0.2 (8) .

Fig. 6.7 An unsaturated
fuzzy graph

In the previous section, we have seen that a finite sequence of real numbers
og(G) = (ny, na, n3, . .., np) is called the a-sequence of G = (o, 1) if n; = number
of « strong edges incident on v; and 0, if no a-strong edges are incident at v;, where
G is a fuzzy graph with |o*| = p. Similarly, 5 sequences were also defined. Note

that
Z n; + Z n; = Z n;.

nicas(G) ni€fs(G) n;€8s(G)

In the next theorem, we discuss relationships between the sequences and saturation
of a fuzzy graph.

Theorem 6.2.16 Let G = (o, p) be a fuzzy graph with |c*| = p vertices. Then G is

(i) a-saturated if and only if the least entry in as(G) is unity. That is, Znieas(G) n;
is at the least p;

(it) B-saturated if and only if the least entry in Bs(G) is unity. That is, zniEﬂs(G) n;
is at the least p;

(iii) Saturated, only if the least entry in Ss(G) is two. That is, ion,-eSs(G) n; is at
the least 2p.
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Fig. 6.8 An unsaturated 04 (o
fuzzy graph a ( ) b
0.4 (a) 0.3 (8)
d 0.3 () ¢

Proof Let G = (o, ) be a fuzzy graph with order |o*| = p. Let as(G), 8s(G) and
Ss(G) be the «, § and strong sequences of G, respectively.

Suppose that G is a-saturated. Then all the vertices are incident with at least one
a-strong edge. This means unity is the least entry in ag(G). Thus,

S omzltl+l+-+1=p

nicas(G) p times

Conversely, assume that the least entry in ag(G) is unity. This means all the p
vertices of G are incident with at least one « strong edge and hence G is a-saturated.

In a similar manner, we can prove the result for 3-saturated fuzzy graphs.

Now, we have to prove the result for saturated fuzzy graphs. Suppose that G is
saturated. That is, G is both a-saturated and (3-saturated. That is, each vertex of G is
incident with at least one a-strong edge and with at least one 3-strong edge. Thus,
the least entry in Sg(G) is at least two. H

Note that the condition for saturated graphs is only necessary. There can be a
situation in which a given vertex can be incident with 2 or more a-strong edges only
(no (3-strong edges). In that case also, the least entry in Sg(G) will be at least two,
but the graph need not be saturated. This is clear from the following example.

Example 6.2.17 Consider the fuzzy graph G = (o, 1) in Fig. 6.8, whose underlying
graphis Cy. 0* = {a, b, ¢, d}, pu(ab) = p(ad) = 0.6 and p(bc) = pu(ed) = 0.5. The
strong sequence of G is S;(G) = (2, 2, 2, 2), but G is unsaturated.

In the following theorem, upper bounds for saturation counts are provided.

Theorem 6.2.18 Let G = (o, ) be a fuzzy graph with |c*| = n. If G is
(i) a-saturated, then ay (G) > 0.5;
(ii) B-saturated, then By (G) > 0.5;
(iii) Saturated, then Sy (G) > 1.

Proof Suppose that G is a-saturated. Then each vertex is incident with at least one

a-strong edge. This means G contains at least 5, a-strong edges. Hence, ay (G)
> % = 0.5. In the same manner, we can prove the result for J saturated graphs.

Now, we have to prove the result for saturated graphs. Suppose that G is a saturated
fuzzy graph. Then G is both a-saturated and (3-saturated. That is, each vertex of G
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is incident with at least one a-strong edge and with at least one (3-strong edge. Thus,
the number of strong edges of G = (number of a-strong edges of G 4+ number of
(-strong edges of G) > % + % = n. Hence, Sy (G) > % =1. N

Note that condition (i) in Theorem 6.2.18 is not sufficient, as it is clear from
Example 6.2.17.

In the following theorem, we characterize saturated fuzzy cycles. We denote by
C,, afuzzy cycle C = (7, v) with |[7*| = n.

Theorem 6.2.19 Let C, be a fuzzy cycle. Then it is saturated if and only if the
following two conditions are satisfied.

(i) n = 2k, where k is an integer;

(it) a-strong and (-strong edges appears alternatively on C,,.

Proof Let C, be afuzzy cycle. Then it has no ¢ edges. That is, all the edges appearing
on C, are either « strong or /3 strong. Suppose that C, is saturated. Then it is both
a-saturated and (3-saturated. That is, each of its vertices are incident with at least one
a-strong edge and with at least one [3-strong edge. This implies that the number of
a-strong edges = the number of §-strong edges = k, where k is a positive integer
and k + k = n. Thus, n = 2k. Also, each vertex is incident with both a-strong and
(B-strong edges, which happens only when they appear alternatively on C,,.

Conversely, suppose that C, is an even cycle and a-strong and (-strong edges
appear alternatively in C,. This means all the vertices are incident with exactly one
a-strong and exactly with one [3-strong edges. Then C, is both a-saturated and
(3-saturated. Hence, C, is saturated. H

Example 6.2.20 Consider fuzzy graphs G; in Fig.6.9 and G, in Fig.6.10. All the
edges with membership value 0.5 are a-strong, and edges with value 0.2 are 3-strong.
In Fig. 6.9, the fuzzy cycle is a saturated cycle. Note that the number of vertices is
even. In Fig. 6.10, there are odd number of vertices, and hence one vertex is incident
with two a-strong edges and no (3-strong edges. Thus, the fuzzy cycle is a-saturated,
but not (3-saturated. Hence, it is not saturated.

Fig. 6.9 F-cycle on 10
vertices
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Fig. 6.10 F-cycle on 11
vertices

Recall the definitions of strongest strong cycle and locamin cycle. In the following
theorem, we present another characterization for saturated fuzzy cycles.

Theorem 6.2.21 Let G = (o, ) be a fuzzy cycle. Then the following are equivalent.
(i) G is either saturated or [3-saturated.
(i) G is a block.
(iii) G is a strongest strong cycle (SSC).
(iv) G is a locamin cycle.

Proof The equivalence of conditions (ii), (iii) and (iv) are proved in Theorem 2.8.4.
Now, we give only the equivalence between (i) and (ii).

(i) = (ii).

Suppose that the fuzzy cycle G is saturated. Then it is both «-saturated and (-
saturated. That is, each vertex of G is incident with at least one a-strong edge and at
least one (-strong edge. Because G is a cycle, each vertex is incident with exactly
two edges. Thus, exactly one a-strong edge and exactly one (-strong edge is incident
on every vertex. Hence, removal of any vertex from G will not reduce the strength
of connectedness between any other vertices. This implies that no vertex of G is a
fuzzy cutvertex, and hence G is a block.

Also, suppose that the fuzzy cycle G is (-saturated. That is, each vertex of G is
incident with at least one (3-strong edge. We prove that G is a block. We claim that
G has no fuzzy cutvertices. Suppose the contrary. Let x be a fuzzy cutvertex of G.
Then there exists two vertices u and v where u # x % v such that u — x — v path
has more strength than x — v path. This means all the edges in the u — x — v path
have weights more than the strength of the x — y path. That is, all the edges in the
u — x — y path are a-strong. Thus, both the edges, which are incident on x will be
a-strong. It is a contradiction to our assumption that G is §-saturated. Hence, our
assumption is wrong and the claim is true. G has no fuzzy cutvertices and G is a
block.

@) = ().

Suppose that the fuzzy cycle G is a block. We claim that G has no J-edges.

Suppose the contrary. Let ¢ = uv be a J-edge in G. Then all other edges in G will
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be a-strong and thereby G will have exactly n — 2 fuzzy cutvertices, which is a
contradiction to our assumption that G is a block. So our assumption is wrong and
the claim is true. Thus, only a-strong and 3-strong edges are in G.

If G contains both a-strong and (§-strong edges, then they must be appeared
alternatively; otherwise the block structure will be lost. If the number of a-strong
edges = number of 3-strong edges = 7, then G is both a-saturated and [3-saturated,
and hence saturated. If the number of a-strong edges < the number of 3-strong edges,
then G will be 3-saturated only. The case where the number of «a-strong edges >
the number of 3-strong edges, will not happen, as it looses the block structure. If all
the edges in G are (-strong, then it is G-saturated. Thus, in all the cases, G is either
saturated or J-saturated. W

LetG = (o, ) be asaturated cycle or a -saturated cycle. Then we have ay (G) =
0.5and By (G) = 0.50r 0.5 < By (G) < 1. Thus, Theorem 6.2.21 may be rewritten
as follows.

Theorem 6.2.22 Let G = (0, ) be fuzzy cycle. Then the following are equivalent.
@) ay(G) =0.5and By(G) =0.50r0.5 < By(G) < 1.
(it) G is either saturated or (3-saturated.
(iii) G is a block.
(iv) G is a strongest strong cycle (SSC).
(v) G is a locamin cycle.

In the following example, it is shown that all blocks in fuzzy graphs are not
saturated and all saturated graphs are not blocks.

Example 6.2.23 The fuzzy graph G = (o, p) given in Fig.6.11 is an unsaturated
fuzzy graph which is a block. Here o(s) = 1 forall s € o* and pu(xy) = 0.5 for every
edge other than two edges of w value 0.1. In G, edges with membership value 0.1
are ¢, and with 0.5 are §-strong. The graph is unsaturated and it is a block.

Now, we compute the vertex and edge saturation counts for a complete fuzzy
graph (CFG).

Fig. 6.11 Unsaturated block




6.2 Saturation in Fuzzy Graphs 213

By Lemma 3.2.22, a CFG has no ¢ edges and at most one a-strong edge. All
CFG’s are blocks in fuzzy graphs. Based on these observations, we have the following
theorem.

Theorem 6.2.24 Let G = (o, i) be a CFG with |c*| = n. Then we have the follow-
ing inequalities.

(10 < ay(G) < L.

(if) “5=2 < By(G) < 5.
Proof Let G = (0, ) be a CFG with |0*| = n. Then G has at most one «a-strong

edge. Hence, 0 < ay (G) < % Because G has no J edges, the minimum number of
(B-strong edges in G is

"Cy— 1= M -1.
2
Thus,
D ] p2—n-2
G > 2 =
Bv(G) > " o

2
Hence, % < Bv(G) < % [ |

From the definition of CFG’s, it is clear that all CFG’s are unsaturated.
In the following theorem, an upper bound for a-vertex count of a block is given.

Theorem 6.2.25 Let G = (o, ) be a block, then ay (G) < %
Proof Let G = (o, u) be a block on n vertices. We also know that if a vertex w is
common for more than one a-strong edges, then w is a fuzzy cutvertex, and hence

G cannot be a block. Now,

number of a-strong edgesin G~ n/2 1
awier= V] = T

[ |
As a consequence of the above theorem, we have the following two corollaries.
Corollary 6.2.26 A block is a-saturated if and only if oy (G) = 0.5.

Proof Let G = (o, ) be a block. Let G be a-saturated. Then each vertex of G is
incident with at least one a-strong edge. Also, as blocks in fuzzy graphs are free from

fuzzy cutvertices, exactly one a-strong edge is incident with each vertex. Therefore,
ay(G)="2=05 N

Corollary 6.2.27 There exists no a-saturated blocks of odd order.

From the following example, one can see that only blocks with even order can be
a-saturated. Only the underlying graphs are given.

Example 6.2.28 See Fig.6.12.
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Fig. 6.12 Saturated and unsaturated blocks in fuzzy graphs

6.3 Intervals in Fuzzy Graphs

The concept of distance and convexity are important in almost all branches of math-
ematics. We can view a fuzzy graph together with a metric as a metric space, and
hence the concepts like convexity can be easily extended to fuzzy graphs. It was
Mulder [132] who introduced the concept of an interval in graph theory. Several
concepts like transit functions [55, 56] and median graphs were brought into the
literature after that. These concepts have applications in the architecture and design
of interconnection networks. Because these systems are fuzzy to some degree, it is
necessary to extend these ideas to fuzzy graphs. The contents of this section are from
[67]. We have the definition of interval by Mulder as follows.

Let G(V, E) be afinite, connected, simple, loop less graph with a distance function
d, where d(u, v) is the length of the shortest # — v path. The interval function I on
G is defined as

T(u,v) ={w | du,v) =du, w) +d(w, v)},

for all u, v € V. The set I(u, v) is the interval between u and v.

In a fuzzy graph there exists a strong path between any two vertices. Recall
Definition 3.1.24. The geodesic distance or g-distance between vertices u, v € o*,
denoted by d,(u, v), is defined as the length of the shortest # — v strong path. If u
and v are not connected by a path, then d, (u, v) = co. Hence, we have the following
definition.

Definition 6.3.1 Let G = (o, i) be a fuzzy graph. The interval between « and v
with respect to the geodesic distance d, is defined as
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Fig. 6.13 Intervals in a (a,0.9) 0.6 (b,0.7)
fuzzy graph G 7

0.8 0.7

(e,0.9) 07 (¢,0.8)

Ly(u, v) = {(x, 0(x)) € 0™ x [0, 1] | dy(u, v) = dy(u, x) + dy(x, v)}.
The support of the interval /,(u, v) is defined as
I;‘(u, v)={xeoc"|(x o) el(uv),okx) >0}

Example 6.3.2 Consider the fuzzy graph G = (o, p) inFig.6.13.0* ={a, b, ¢, d, €},
o(@)=o0() =09, od)=o0()=0.8, ob)=09, plab)=0.6, ulbc)=
w(ce) =0.7, pu(ae) = 0.8, p(ad) = p(dc) = 0.6. Here, all edges except ab are
strong, because p(ab) < CONNg_qp(a, b) and for all other edges uv, p(uv) >
CONNG_ (1, v).Sol,(a, b) = {(a,0.9), (b,0.7),(c, 0.8),(d, 0.8), (e, 0.9)},1,(a,c) =
{@0.9), (c038), (,08), (e,0.9)}, Iya,d) ={@a09), (d60.8)},
Iy(a, e) = {(a,0.9), (¢,0.9)}.

If H = (7, v) is a partial fuzzy subgraph of G = (o, p), then for all a, b € 7%,
Ly (a, b) € Iy (a, b). Here, 1, (a, b) and 1yg)(a, b) denote intervals in H and
G, respectively.

Consider a cycle G = (o, p). If G is a fuzzy tree, then for all x,y € o* there
exists a unique strong path in G. So I (u, v) is the set of all vertices in the unique
strong u — v path. Moreover /;(u, v) = o™ if and only if uv is the unique weakest
edge in G. If G is a fuzzy cycle with n vertices in o*, then for all x, y € o*, I;‘ (x,y)
is the set of all vertices on shortest x — y paths. If n is even, then there exist 5 pairs
of diametrically opposite vertices x, y in o™ such that /7'(x, y) = o™ and for all other
pair of vertices u, v, I;‘ (u, v) C o*. If n is odd, then there does not exist any pair of
vertices x, y in o* such that I7(x, y) = o*. If the edge xy € p* is either a-strong or
(3-strong, then 1;‘ (x,¥) = {x, y}. Otherwise, i.e., if xy is a d-edge, then 1; (x,y) =o".

Some of the properties of intervals in fuzzy graphs are given in the following
theorem.

Theorem 6.3.3 Let G = (o, p) be afuzzy graph. Then the following properties hold.
Letu,v,w,x € o*.

(@) I4(u, v) = {(u, c(w)), (v, o(v))} if and only if uv is a strong edge.

@@i) Iy(u, v) = I1,(v, u).

@) If (w, o(w)) € Iy(u, v), then 1,(u, w) < I,(u, v) and I,(w, v) € I,(u, v).

@) If (w,o(w)) € I,(u,v) and (x, 0(x)) € I,(w, v), then (x,o(x)) € I,(u, v)
and (w, o(w)) € I,(u, x).
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Fig. 6.14 Fuzzy graph in (a 0_7) 0.5 (b 0.8)
Example 6.3.4 ’ ’

(c,1) 94 (d,0.9)

W) If (x,0(x)) € ly(u,v), then Iy(u,x) NI (x,v) ={(x,0(x))} and hence
|I,(u, ) NI, (x, v)| = L.

(i) If (x, o(x)) € I,(u, v), then I,(u,x) Ul,(x,v) C I,(u, v).

i) If |1y (u, v)| = 2 = |Iy(x, y)|, v € I (u, x) andu € I} (v, y), thenx € I} (v, y).

Proof The proof of (i) to (v) are obvious.

(vi) Let (x, 0(x)) € I,(u, v). Then x is on a geodesic joining « and v. Thus, every
geodesic P joining u to x followed by a geodesic Q joining x to v is again a geodesic
joining u to v. So every vertex on P U Q is in I;‘ (u, v). Therefore, I, (u, x) U I,(x, v) C
Iy(u, v).

(viii) Let the assumption holds. Then d,(v,y) <d,(v,x)+d,(x,y) =
dy(v,x) + 1 because ]Ig(x,y)‘ =2. Thus, dy(v,y) =d,(v,x) (because v € I,
(U, x)) <dy(u,y)+dy(y,x) =dy(u,y) + 1 (because |I,(x,y)|=2)=d,(v,y)
(because u € I,(v, y)) and hence |Ig(u, v)| = 2. Thus,x € I;(v,y). W

Equality does not hold always in Theorem 6.3.3(vi). For consider the fuzzy graph
G in Fig.6.14.

Example 6.3.4 Consider the fuzzy cycle G, given in Fig.6.14. In G, I,(u,v) =
{(x, 0(x)) | for all x € o*}. So (a, 0.6) € I4(u, v). But I,(u, a) U l,(a, v) = {(u, 1),
(Cl, 06)’ (b9 07)’ (U, 1)} # Ig(M, U)~

If u and v are joined by a unique strong path, then for any (a, o(a)) € I,(u, v),
I4(u, a) Uly(a, v) = I,(u, v). Because there exists a unique strong path between any
two vertices in a fuzzy tree, we have the following theorem.

Theorem 6.3.5 In a fuzzy tree G = (o, ), 1,(u, v) = 1,(u, x) U l;(x, v) for all
X, u,v € 0" such that (x, o(x)) € I,(u, v).

Proof In a fuzzy tree G = (o, p), there exists a unique strong u — v path between
any two vertices u, v € o*. Thus, (x, o(x)) € I,(u, v), which implies I,(u, v) =
I,(](uvx)ulg(x, U). .

Theorem 6.3.6 [fx is a cutvertex, then there exists a pair of vertices u, v in c* such
that 1,(u, v) = I1,(u, x) U, (x, v).
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Fig. 6.15 Fuzzy graph with (u,0.5) 0.4 (y,0.6)
a unique weak edge

0.4 0.3

(€,04) 04 0.4

Fig. 6.16 A fuzzy graph 0.5
with unique fuzzy cutvertex (u, 0'5) ({L’, 0.6)
0.4 0.5
0.4 (v,0.5)
(y,04) 0l

Proof Because x is a cutvertex, there exists a pair of vertices u, v in ¢* such that
removal of x from G deletes all u — v paths. This is because every u — v path contains
x. So every strong u — v path contains x. Therefore, vertices on u — v paths can be
partitioned into two sets such that vertices before x and after x. This gives I,(u, v) =
Iy(u, x) Ul (x,v). A

The converse of Theorem 6.3.6 is not true. That is, the equation I (u, v) =
I4(u, x) Ul (x, v) does notimply thatx is a cutvertex of G, as seen from the following
example.

Example 6.3.7 Consider the fuzzy graph G = (o, p), 0" = {u, v, x,y}, o(x) =
oc(w) =04, o) =0.5, o(y) = 0.6, p(uy) = pu(ux) = pu(xv) = 0.4 and p(vy) =
0.3 (Fig.6.15). Clearly, vy is the unique weak edge of G. Also, I,(u, v) = I,(u, x) U
I,(x, v). However, x is not a cutvertex of G.

If x is a fuzzy cutvertex, then Theorem 6.3.6 need not be true. For example,
consider the fuzzy graph in Fig. 6.16.

Example 6.3.8 Consider the fuzzy graph G = (o, ), 0* = {u, v, x, y}, o (x) = 0.6,
o) =oc)=0.5, c@y) =04, puux) =0.5= pxv) and p(vy) = pu(uy) = 0.4
(Fig.6.16). Clearly, x is a fuzzy cutvertex of G. Now, x is a fuzzy cutvertex, but
there does not exist any pair u, v in o* such that /,(u, v) = I,(u, x) U I,(x, v). This
is because every edge of G is strong.

Theorem 6.3.9 In a complete fuzzy graph G, I;(u, v) = {u, v} for all u,v € o*.

Proof In a complete fuzzy graph, by Lemma 3.2.22, there are no § edges and
hence every two vertices are joined by a strong edge. So I (u, v) = {u, v} for all u,
veo*. N
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Fig. 6.17 A non complete (w,0.8)
cycle
0.5 0.5
,0.6) ¢ » (v,0.7
(1.0:6) (0,0.7)
Fig. 6.18 A fuzzy tree (u’()_5) 0.6 ('U,O.G)
0.4
0.7
0.5
(,0.8) 0.8 (w,0.7)

Converse of the Theorem 6.3.9 is not true. Consider the following example.

Example 6.3.10 Consideracycle G = (o, u) with three vertices. o (1) = 0.6, o(v) =
0.7, o(w) = 0.8 and p(uv) = p(vw) = p(uw) = 0.5 (Fig.6.17). In G, every edge
is strong. So I (a, b) = {a, b}, foralla, b € o*. But G is not a complete fuzzy graph.

Theorem 6.3.11 If a fuzzy tree G = (o, 1) is a path or cycle, then there exists two
vertices u and v such that I; (u, v) = o*.

Proof Consider the fuzzy tree G. If G* is a path. Then take u and v as the end vertices
of G. Then I;‘(u, v) = o*. If G* is a cycle, then because G is a fuzzy tree, G has
exactly one weak edge (say) uv. Then I; (u,v)y =0*. N

The converse of Theorem 6.3.11 is not true as seen from Example 6.3.12.

Example 6.3.12 Consider the fuzzy graph G = (o, u) with ¢* = {u, v, w, x},
o) =05, ocw)=0.6, c(w)=0.7, ox)=0.8 puv)=0.6,u(vw) =0.7,
w(wx) = 0.8, p(vx) = 0.5 and p(uw) = 0.4 (Fig.6.18). It is easy to see that G
is a fuzzy tree and I (u, x) = o*. However, it is neither a path nor a cycle.

Theorem 6.3.13 Let G be a connected fuzzy graph and u,v,x,y € o*. Then
I;‘(u, x)U I;(x, V) = I;(u, v) if and only if x is on every u — v geodesic.

Proof If x is on every u — v geodesic, then every u — v geodesic can be considered
as the union of a u — x strong geodesic and a strong x — v geodesic. Thus,

Ig(u,x)UI;(x, v) :I;(u, v). (6.1)
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Now, consider the converse. Assume that equation in the statement of the theorem
is true. We want to prove that x is on every u — v geodesic. Suppose this is not true.
Then there exists at least one u — v geodesic P which does not contain x. Let P be
YoY1Y2 * * - Yn_1Yn, Where yo = u and y, = v. Because u € I;(u, x)and v € Ig(x, v),
there exist i € {1,2,3,...,n — 1} such that y; € I;‘(u,x) and y;y; € I;‘(x, v) and
yiyi+1 1s a strong edge (because it is an edge of the strong path P). Now, y; € I7(u, x)
implies

dy(u,yi) + dy(yi, x) = dy(u, x). So we get dy(u, y;) + 1 < dy(u, x). (6.2)
Also, y;11 € I;]“(x, v) gives,
dy(%, yi41) + dy (i1, v) = dy(x, v). So e get 1 +dy (i1, v) < dy(x, v). (63)
Equation (6.1) and x € I (u, v) together gives
dy(u, x) +dy(x,v) =dy(u, v). 6.4)

Let P, be the u — x geodesic containing y; and P,, the x — v geodesic containing y; .
Now, consider the strong u — v path; u — y; part of P followed by the strong edge
Yivit1 along with y;.; — v part of P,, which has length d,(u, y;) + dy(vi, yit1) +
dg(yH—lv U) = dg(uy x) —-1+1 +dg(x» U) —-1= dg(uv U) - 1:

From (6.2)-(6.4), we get a contradiction. That is, x is on every strong u — v
geodesic. H

Because intervals and their supports in a fuzzy graph G = (o, ) are subsets
of o* x [0, 1] and o* respectively, their unions and intersections can be defined in
terms of the usual union and usual intersection. Let [, (u, v) and I, (x, y) be two strong
intervals in a fuzzy graph G. Then their union is defined as

Iy(u, v) Ul (x,y) = {(a, 0(a)) | (a,0(a)) € 1,(u,v) or (a,0(a)) € I,(x,y)}.

Similarly, their intersection is defined as

I,(u,v) N1,(x,y) = {(a, 0(a)) | (a,c(a)) € I,(u,v) and (a, 0(a)) € I,(x,y)}.

The union of two or more strong intervals need not be a strong interval as seen
from the following example.

Example 6.3.14 Consider the fuzzy graph G in Fig.6.19. Here, o(a) =1, for
all a € {u, x, v, y} and p(ux) = p(xv) = p(xy) = 1. Also, I;(u, v) = {u, x, v} and
I;‘(u, y) = {u,y, x}. But I;‘(u, V) UI;‘(u,y) = {u,x,v}U{u,y,x} = {u,v,x,y} #
I;‘(a, b),foralla, b € o*.

Theorem 6.3.15 Ifx,y € I;‘(u, v), then I;(u, v) U I;‘(x, y) = I;(u, V).
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Fig. 6.19 A fuzzy graph T

which is a tree U I
Yy

Fig. 6.20 Fuzzy graph G , 1)

(v,0.9)
(u, 1)>—_{ (2,0.8)
x,0.9)

Proof x,y € I;(u, v) implies I;‘(x, y) C I;(u, v). So I;(x, y)U I;‘(u, v) =
I;(u, v). B

e U

But IfI;‘ (u,v) N I;‘ (x,y) = ¥, then I, (u, v) U I,(x, y) need not be a strong interval
as is clear from the following example.

Example 6.3.16 Consider the fuzzy graph G = (o, p) such that [o*| =5, given
in Fig.6.20. Here because G* is a tree, G is a fuzzy tree irrespective of the p
values. Here, I;(u, v) = {u, v}, I;‘(x, y) = {x, z,y} and I;(u, v) N I;‘(x, y) = ¢. But
I,(u, v) Uly(x,y) is not a strong interval.

Theorem 6.3.17 Every nonempty intersection of intervals is again an interval.

Proof Consider two intervals I,(u, v) and I,(x, y) such that I, (u, v) N I, (x,y) # ¥.
We want to prove that /,(u, v) N 1, (x, y) is again an interval. There are two cases.

Case 1: I;(u, v) N I;(x, y) = {a} for some a € o*.

Because I;‘(a, a) = {a} for any vertex a € o™, we get I;‘(u, v) N I;(x, y) = {a} =
I;(a, a). Thus, I,(u, v) N 1,(x, y) is again a strong interval.

Case 2: I ;“ (u,v) N I ;“ (x, y) contains at least 2 vertices.

In this case, for any two vertices a, b € I;'(u, v) N[} (x,y), I (a, b) C I;(u,v) N
I;(x, v). Now, choose m, n € I;(u, v) N I;(x, y) such that

dy(m, n) = p,qd;(u’\l{)m;(w)dg(p, q). We have I; (u,v)N I; (x,y) = I;‘(m, n). That

is,I,(u, v) N I;(x,y) = I,(m, n). Hence, I, (u, v) N I,(x, y) is again an interval. Thus,
every nonempty intersection of strong intervals is again a strong
interval. W

Theorem 6.3.18 In a fuzzy tree G = (o, 1), if the union of two disjoint intervals
I4(u, v) and 1,(x,y) is again an interval, then all the four vertices u, v, x,y lie on a
geodesic.
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Fig. 6.21 Uniqueness in z.0.9 0.6 0.8
Conjecture 6.3.19 (,0.9 (y,0.8)

0.6
0.6

(u7 1) 0.6 (’U, 0.9)

Proof Given that I,(u, v) Ul,(x,y) is an interval. Let I,(u, v) U I,(x,y) =14(a, b).
Then clearly u, v, x,y € I;(a, b). If possible assume that the vertices u, v, x,y do
not lie together on any a — b geodesic. Consider two vertices m, n € {u, v, x, y} such
that m and n lie on different @ — b geodesics, say P; and P, respectively. Then P,

and P, together gives a fuzzy cycle. This is a contradiction because G is a fuzzy tree.
|

Next we have a conjecture.

Conjecture 6.3.19 If I,(u, v) N1 (x,y) =¥ and I,(u, v) Ul,(x,y) is an interval,
then I,(u,v)Ul,(x,y) =1,(a,b), where a,b € {u,v,x,y} such that d,(a, b) =

m’ne{z/’vqx,y}dg(m, n). Moreover, if pair a, b is unique, then vertexm € {u, v, x, y} such

that m # a and m # b is on every a — b geodesic.

In Conjecture 6.3.19, if a, b is not unique, then vertex m € {u, v, x, y} such that
m # a and m # b need not be on every a — b geodesic.
This is clear from the following example.

Example 6.3.20 Consider the fuzzy graph H given in Fig.6.21. Clearly, in H,
Iy(u,v) Ul (x,y) =14(u, x) = I,(v,y). But none of the vertices in H is a fuzzy
cutvertex.

6.4 Gates and Gated Sets in Fuzzy Graphs

This section is based on the work by Dhanymol and Mathew [66]. Interval functions
are useful to study the properties of graphs which depend only on distances between
vertices. Goldman and Witzgall first introduced the idea of gated sets in [80].

Definition 6.4.1 For a subset W of vertex set V of a graph G and a vertex z € V,
a vertex x € W is an R-gate for z if x lies in R(z, w) for any w in W. The set W is
called R-gated, if every vertex z € V has a unique R-gate in W.
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Recall that the length of a geodesic between u and v is called the g-distance
dy(u,v) and a geodesic is a shortest strong path between u and v. In graphs, g-
distance coincides with usual distance. So in graphs, I, (u, v) is the collection of all
u — v interior vertices.

Definition 6.4.2 An induced fuzzy subgraph H = (7, v) of G = (o, p) is said to be
gated with respect to a metric d, if for all v € ¢* \ 7" and for all u € 7%, 3 a vertex
x € 7" such that d(u, v) = d(u, x) + d(x, v). Also, x is known as a gate of H in G
and 7* is known as a gated set in o*.

Here, by an induced fuzzy subgraph H = (7, v) of G = (o, i), we mean maximal
fuzzy subgraph induced by 7*. Thatis, 7(x) = o(x), forallx € 7" and v(xy) = p(xy),
forallx, y € 7*. Moreover, a fuzzy subgraph of G = (o, ) is called an induced fuzzy
subgraph of G if it is a maximal fuzzy subgraph induced by some subsets of o*.

Definition 6.4.3 A nontrivial induced fuzzy subgraph H = (7, v) of G = (o, p) is
said to be gated with respect to an interval function /, if for all v € o* \ 7* and for
allu € 7*,Javertex x € 7% such that x € I(u, v). Also, x € H is called a gate of H
in G if and only if x € Nyer+I(u, v), forall v € o™ \ 7*.

If a nontrivial induced fuzzy subgraph H of G is gated with respect to the g-
distance d, (or strong interval function /,), then H is known as strongly gated and
if x is a gate of H in G with respect to the g-distance d,, (or strong interval function
I,), then x is known as a strong gate of H in G.

All internal vertices of a path are strong gates for a path P: ug, uy, ..., u,, where
each vertex and each edge has membership value 1. Let, u;, us, ..., u,_; be the inter-
nal vertices of P. Then for the fuzzy subgraph P induced by {ug, uy, w2, . . ., u;}, u;
is a strong gate, where i € {1,2,3,...,n— 1}.

Definition 6.4.4 A vertex x is known as a gate of a fuzzy graph G if it is a gate of
some nontrivial induced fuzzy subgraph H of G. Also, it is clear that only connected
graphs can have strong gates.

Proposition 6.4.5 A nontrivial induced fuzzy subgraph H of a fuzzy graph G has at
most one strong gate in G.

Proof Suppose x and y are strong gates of an induced fuzzy subgraph H = (1, v)
in G = (o, ). Then x is a strong gate of H implies x € I,(y, v) forall v € o* \ 7.
This gives,

dy(y,v) =dy(y, x) +dy(x, v). (6.5)

Similarly, y is a strong gate of H implies, y € I,(x, v) for all v € o* \ 7*. Therefore,

dy(x, v) = dy(x, y) + dy(y, v). (6.6)
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Fig. 6.22 A cycle with two (a,1) 0.4 (b,0.9)
strong gates :

0.5 0.5
(d, 0.9) 07 ° (c,0.8)
Fig. 6.23 A fuzzy graph (b, 0_9) 0.4 (C, 0_7)

with a strong gate

(a,0.8) (d,0.9)

Equations (6.5) and (6.6) together gives d,(x, y) = 0, which implies x =y, because
dgis ametric. W

Example 6.4.6 Consider the fuzzy graph G = (o, p) witho* = {a, b, ¢, d}, o(a) =
1,0(b) =0.9,0(c) =0.8,0(d) =0.9, pu(ab) = 0.4, u(bc) = 0.5, pu(cd) = 0.7 and
ulad) = 0.4. ¢ and d are strong gates. Here, ab is the only weak edge. For the
subgraph induced by {a, d}, d is a strong gate in G and for the subgraph induced by
{b, c}, c is a strong gate in G (Fig.6.22).

Theorem 6.4.7 Let G be a connected fuzzy graph and H = (7, v) be a nontrivial
induced fuzzy subgraph of G = (o, ). Then x is a strong gate of H in G if and only
if every strong path from 7* to o* \ " passes through x.

The proof is obvious. It can be obtained by contradiction.
x is a strong gate of H in G does not imply that, all strongest paths from 7 to
o* \ 7" pass through x. Consider the following example.

Example 6.4.8 Consider the fuzzy graph given in Fig. 6.23.

InFig. 6.23, bcis the only d-edge of G andf is a strong gate of the subgraph induced
by {a, b, f} in G because (Nyeia,b.f} Nvefe,d,e) 1g(u, v)) N {a, b, f} = {f}. Here, abcd
is a strongest a — d path not containing f. The same case for e also. e is a strong gate
of the fuzzy subgraph induced by {c, d, e} because (Nve(a,p.r} Nueic,d,e} 19, v)) N
{c,d, e} = {e}. But, dcba is a strongest path from d to a and it does not pass through
e.

Next theorem is about the number of strong gates of a fuzzy graph whose support
is a cycle.
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Theorem 6.4.9 Let G be a fuzzy graph such that G* is a cycle with |c*| = n. Then

0 if G is a fuzzy cycle
n—2 otherwise,

C(G)=H

where ((G) denotes number of strong gates in G.

Proof Disconnected subgraphs of G have no strong gates. So, itis enough to consider
connected subgraphs. Consider a fuzzy cycle G = (o, 1) and a nontrivial connected
induced subgraph H = (7, v) of G. Then H* has at least two vertices. Clearly, no
interior vertex of H* can be a strong gate of H in G. Let u and v be pendent vertices
of H* and let w be the vertex in o \ 7* which is adjacent to u. Then v ¢ I,(u, w;)
and /,(u, wy) = {u, w;}. Also, let w be the vertex in o* \ 7% which is adjacent to v.
Thenu ¢ I,(v, wy) and I, (v, wy) = {v, wa}. So H has no strong gates in G. Because
H is arbitrary, it leads to the conclusion that G has no strong gates.

Now, consider the case where G is not a fuzzy cycle. Then G has exactly one
weakest edge. Let it be xy. Then any nontrivial connected induced fuzzy subgraph
H of G containing xy has no strong gates. Also, any nontrivial connected induced
fuzzy subgraph, not containing both x and y, has no strong gates. Now, consider a
nontrivial connected fuzzy subgraph H in G containing either x or y (not both). Then
that vertex will be one of the pendent vertices of H*. Let w be the other pendent
vertex of H*, different from x and y. Then w is a strong gate of H in G. Also, x and
y cannot be strong gates. That is, all vertices of G*, except x and y, are strong gates
of G. Therefore, ((G) =n—2. R

Corollary 6.4.10 No endvertex of a fuzzy tree is a strong gate.

Definition 6.4.11 A fuzzy subgraph is called /-gate free (d-gate free) if it has no
I-gates (d-gates). Here /-gates means gates with respect to the interval function /.
Similarly, d-gates means gates with respect to the metric d.

Definition 6.4.12 A fuzzy graph G is said to be partially strong gated if some
connected induced fuzzy subgraphs of G are gated. G is said to be fully strong
gated if every nontrivial connected induced fuzzy subgraphs of G has a gate. G is
said to be strongly restricted if no connected induced fuzzy subgraph of G is gated.

Every complete fuzzy graph is strongly restricted.

Theorem 6.4.13 Let G = (o, p) be any fuzzy graph and H = (7, v) an induced
connected fuzzy subgraph of G, which is strongly gated in G. Then the following
properties hold.

(i) If x is a strong gate of H in G, then for any nontrivial connected induced fuzzy
subgraph K = (7', V') of H containing x, having a strong gate in G, x is a strong
gate of K in G.

(ii) If x € T is not a strong gate of H in G, then there does not exist any nontrivial
induced fuzzy subgraph M of G such that H is a fuzzy subgraph of M and x is a strong
gate of M in G.
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Proof (i) Assume that y is a strong gate of K. Consider the vertices u and v such that
ue (r) andv e o*\ 7% Then

dy(u, v) = dy(u, x) + dy(x, v), because x is the strong gate of H. (6.7)
dy(u,v) =d,(u,y) +d,(y, v), because y is the strong gate of K. (6.8)

Equation (6.7) implies
dy(u, v) = dy(u, x) +dy(x,y) +dy(y, v). (6.9)

This is because y is a strong gate of K and x € K. Thus,
dg(u,v) =dy(u,y) +dy(y, x) + dy(x, v), by Eq. (6.8). (6.10)
Equations (6.9) and (6.10)
dy(u, x) +dg(y,v) =dy(u,y) +dgy(x, v). (6.11)
By Egs. (6.7) and (6.8)
dy(u, x) +dy(x,v) =dy(u,y) +dy(y, v). (6.12)
Equations (6.11) and (6.12) imply
dy(u, x) = dy(u,y) and d,(y, v) = dy(x, v). (6.13)

Let u be any vertex in K*. Also, x € 7*. So put u = x in (6.13). Then x = y because
d, is a metric.
(if) This is clear from the first part. W

x € H* is necessary in Theorem 6.4.13 as seen from Example 6.4.14.

Example 6.4.14 Let G be the fuzzy graph in Fig.6.24. Then b is a strong gate of
the subgraph H induced by {u, a, b} and the subgraph K induced by {u, a} is also
strongly gated. But, b is not a strong gate of K.

For the second part of Theorem 6.4.13 to be valid, H should be strongly gated in
G. That is, even if x € H is not a strong gate of H, there exist subgraphs M of G
such that M contains H and x is a strong gate of M. It is clear from Fig. 6.25.

(a,0.9) (b,0.7)

u, 1 ,0.6
( ) o 04 O 06 o 07 ® (71 )

Fig. 6.24 A gated path
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c c
b b d

H M

Fig. 6.25 Fuzzy graph G and its subgraphs H and M

Example 6.4.15 Let G be the fuzzy graph, in Fig.6.25, such that each edge and
each vertex have membership value 1. Let H and M be fuzzy subgraphs of G. Then
x € V(H") is not a strong gate of H. But x is a strong gate of M and M contains H
as a subgraph.

Theorem 6.4.16 Every strong internal vertex (vertex whose strong degree greater
than or equal to 2) of a fuzzy tree is a strong gate.

Proof Between any two vertices, there exists a unique strong path and every interior
vertex lies in the strong path joining any pair of its strong neighbors. So every strong
interior vertex is a strong gate. W

Theorem 6.4.17 Every strong gate in a fuzzy graph G is a fuzzy cutvertex.

Proof Assume that x is a strong gate in G. We want to prove that x is a fuzzy
cutvertex. Consider that H is a nontrivial connected induced fuzzy subgraph of G for
which x is a strong gate in G. Also, consider u € V(H*) and v € V(G*) \ V(H)
such that u, v has the maximum strength of connectedness among all pair of vertices
m,n € V(H*) x (V(G*)\ V(H")). Assume that CONNg (u, v) = m. Suppose there
exists a strongest u — v path P which does not pass through x. Then strength of P,
s(P) = m.

Claim: P is not a strong path.

Assume, P : ajayas - - - ay is a strong path, where a; = u and a; = v. Because
ueV(H*) andv € V(G*) \ V(H"), there exists i € {1,2,3,...,k — 1} such that
a; € V(H*) and a; ) € V(G*) \ V(H"). Because g;a;; is an edge in the strong path
P,a;a; is astrong edge. Therefore, Is(a;, a;+1) = {a;, a;+1}. Thatis,x ¢ I;(a;, ajy1).
This is a contradiction to the assumption that x is a strong gate of H in G. Therefore,
P is not a strong path.

Because a;a;1 is a weak edge, CONNg (a;, aiv1) > p(a;a;+1). Because a;a;+1 €
P, we getm < p(a;a;+1). Both these equations together gives, CONNg (u, v) = m <
CONNGg (a;, ai+1). This is a contradiction to the assumption that u, v has the maxi-
mum strength of connectivity among all pair of vertices m, n € V(H*) x (V(G*) \
V(H*)). That is, every strongest u — v path is passing through x. So, the deletion of
x makes a reduction in the strength of connectedness between u and v. Therefore, x
is a fuzzy cutvertex. W
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Fig. 6.26 A strong cycle (a,1) 0.5 (b, 0.6)
with a fuzzy cutvertex :

0.5 0.6

(d,0.9) 0.7 (c,0.8)

Example 6.4.18 Let G be the fuzzy graph in Fig. 6.26. Now, c is a partial cutvertex,
but it is not a strong gate. Hence, the converse of Theorem 6.4.17 is not true.

Because fuzzy blocks have no fuzzy cutvertices, we have the following corollary.
Corollary 6.4.19 Every fuzzy block is strong gate free.
Next we discuss sufficient conditions for a partial cutvertex to be a strong gate.

Theorem 6.4.20 Let G be a fuzzy graph. A fuzzy cutvertex w of G is a strong gate
if either one of the following statement is true.

(i) w is a cutvertex of G

(i) w do not lie on any strong cycle.

Proof (i) Consider a fuzzy cutvertex w of G. Consider the case where w is a cutver-
tex. w is a cutvertex of G implies G — w is disconnected. Let H be any component
of G — w. Then w is a strong gate of the fuzzy subgraph induced by (H*) U {w}
in G.

(i) Assume that w do not lie on any strong cycle. Because w is a fuzzy cutvertex,
we can find two vertices u and v such that, # and v are strongly adjacent to w and
CONNgG—y(u, v) < CONNg(u, v). Also, G does not have a strong uv edge. So, w
do not lie on any strong cycle. Now, consider two sets G, and G, such that

G, = {x € V(G") | x is strongly connected to u in G — w}

and
G, ={y € V(G*) | yis strongly connected to v in G — w}.

Here, two vertices are strongly connected means, there exists a strong path between
them.

Then clearly G, N G, = @. If not; that is, if a € G, N G, there exists a strong
u — a path P; (say) and a strong a — v path P, (say). Then the strong walk P,
followed by P, contains a strong u# — v path P (say) which does not contain the
vertex w. P followed by the strong path vwu is a strong cycle which contains w.
This gives a contradiction to our assumption that w do not lie on any strong cycle.
So, G, N G, = . That is, every strong path from G, to G \ G, passes through w.
Sowisastrong gatein G. W
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Fig. 6.27 Fuzzy graph G a1
(a1, 1) (x, 0.8)

0.3 0.4

(213, 1) (» 0.7)

Definition 6.4.21 A fuzzy graph G = (o, p) is said to be strongly connected if
there is a strong path between any two vertices in ¢*. Maximal strongly connected
fuzzy subgraphs of G are called strong components of G. A fuzzy graph is known
as strongly disconnected if it has at least two strong components. w;(G) denotes
the number of strong components of G.

Theorem 6.4.22 In a connected fuzzy graph G, a vertex x is a strong gate in G if
and only if G — x is strongly disconnected.

Proof Let x be a strong gate of H in G. This implies every strong path from H to
G \ H passes through x. Thus, G \ H is strongly disconnected.

Now, consider the case where G is strongly connected and G — x is strongly
disconnected. Let H be any strong component of G — x and let K be the fuzzy
subgraph of G induced by H* and x. Then x is a strong gateof K in G. W

In a fuzzy tree all vertices of strong degree more than 1 are strong gates. However,
this is not the case in a general fuzzy graph. That is, vertices of strong degree more
than 1 cannot be strong gates.

Example 6.4.23 Consider the fuzzy graph G in Fig.6.27. In G, both x and y have
strong degree 2, but they are not strong gates in G. If we take H as the fuzzy subgraph
induced by {x, y}, then ay € Nyecv (G )\v@E*) Nvev@E+) L;(u, v). However, a, is not a
strong gate of H because a, ¢ V(H*).

Let G = (V,E) be a graph. A vertex u of G is said to be a pendant vertex
if deg; (1) = 1. A vertex u of a fuzzy graph is called a strong pendant vertex if
dg(u) = 1.

Theorem 6.4.24 ([66]) A nonempty connected fuzzy graph is strongly restricted if
and only if any two vertices lie on a strong cycle.

Proof Consider a nonempty connected fuzzy graph G = (o, i) such that G is
strongly restricted. Now, we want to prove that any 2 vertices lie on a strong cycle. We
will prove this result by mathematical induction on d,(u, v), where u and v are any
two vertices in V(G*). Let dy(u, v) = 1. That is, uv is a strong edge in G. Because
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G is strongly restricted it has no strong gates. Thus, it has no strong pendent vertices.
Therefore, strong degree of u as well as v, greater than or equal to 2. So, consider a
vertex w 7 u such that w is strongly adjacent to v. Then uvw is a strong u — w path.
Claim: There exists a strong # — w path P such that P is internally disjoint from
uvw.
Assume that all strong u — w paths pass through v. Then G — v is strongly dis-
connected. Let {V,, V,, V’} be a partition of V ((G — v)*), defined as follows.

Vi, =1{x € V(G — v)*) | x is strongly connected to u},
Vp = {x € V((G —v)*) | xis strongly connected to w}

and
Vi = V(G —v)*)\ (V, U V).

Then u € V, and w € V,,. From the construction, it is clear that V,, V,, and V' are
pairwise disjoint and their union is V ((G — v)*). Now, consider the fuzzy subgraph
H of G, induced by V,, U v. Then v is a strong gate of H in G. It is a contradiction,
because G is strongly restricted. So, there exists a strong # — w path P such that P
is internally disjoint to uvw. Then P followed by wvu is a strong cycle containing u
and v.

Now, assume that for all u, v with d, (4, v) < n, uand v lie onastrong cycle, where
n > 2. Now, consider two vertices x, y of G such thatd,(x, y) = n + 1. Consider any
x — y strong geodesic. Let it be ug, uy, us, ..., Uy, Upt1, where up = x and u,| =
y. Because d,(x, u,) = n, by assumption there exist two internally disjoint x — u,
strong paths, say P; and P,. Let w be the last vertex in P, strongly adjacent to u,.
Clearly dy(w,y) < 2. Because u, is not a strong gate, there exists a strong w —y
path internally disjoint from wu,y. Let it be P3. P3 can have common vertices with
P, and P;. Let a be the last such vertex in P3. Then there are two cases.

Case 1: a lies on Py. x — a part of P, followed by a — y part of P53 is astrongx — y
path. This is internally disjoint from the strong x — y path formed by P, followed
by the strong edge u,y. Now, we get two internally disjoint x — y strong paths. They
together form a strong cycle containing x and y.

Case 2: a lies on P;. P; followed by the strong edge u,y is a strong x — y path.
Another x — y strong path can be constructed as x — a part of P, followed by a — y
part of P3. These two strong paths are internally disjoint and they together form a
strong cycle containing x and y. By mathematical induction, we proved that any two
vertices lie on a strong cycle if the graph is strongly restricted. Now, consider the
converse. That is, we want to prove that G is strongly restricted, if any two vertices
lie on a strong cycle. Now, consider a graph G, which has the property that any two
vertices lie on a strong cycle. To prove that G is strongly restricted, it is enough to
prove that G has no strong gates. Because any two vertices lie on a strong cycle, for
any vertex x and for any pair of vertices u, v, there is a strong # — v path not passing
through x. So x can not be a strong gate of G. Because x is arbitrary vertex of G*, it
cannot have any strong gates. Hence, G is strongly restricted. W
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Fig. 6.28 A fuzzy cycle (a1, 1)
with a unique weak edge

(a59 08) (a27 09)
0.2 02
(s, 0.7) (a3, 0.8)

0.2

Let G be a connected fuzzy graph and x be a strong pendant vertex of G. Then
the vertex y, which is strongly adjacent to x is a strong gate of H in G, where H is
the fuzzy subgraph of G, induced by x and y.

Now, we check whether all strong gates are cutvertices in a fuzzy graphs. The
answer is no. Consider the following example.

Example 6.4.25 Consider the fuzzy graph in Fig. 6.28. In Fig. 6.28, a;, a3 and a4 are
strong gates, but they are not cutvertices. Thus, in a fuzzy graph G, set of cutvertices
of G C set of strong gates of G C set of fuzzy cutvertices of G.

A fuzzy cycle has no strong gates. Thus, the minimum number of strong gates in
a fuzzy graph is zero. Also, in any fuzzy graph, there exists at least 2 vertices which
are not partial cutvertices. Moreover, in a path all internal vertices are strong gates.
So, we have the following result.

Proposition 6.4.26 If ((G) represents the number of strong gates in a graph G,
then 0 < ((G) <n—2.



Chapter 7
Interval-Valued Fuzzy Graphs

The results in this chapter are based mostly on the works in [5, 14, 19, 23]. In 1975,
Zadeh [194] introduced the notion of interval-valued fuzzy sets as an extension
of fuzzy sets [190] in which the values of the memberships degrees are intervals
in [0, 1] instead of elements in [0, 1]. Interval-valued fuzzy sets provide a more
adequate description of uncertainty than traditional fuzzy sets in some cases. It can
therefore be important to use interval-valued fuzzy sets in applications, e.g., in fuzzy
control. One of the most intensive parts of fuzzy control is defuzzification [121].
Interval-valued fuzzy sets have been widely studied and used, for example, in the
work of Gorzalczany on approximate reasoning [81, 82], Roy and Biswas on medical
diagnosis [155], Turksen on multivalued logic [177], and Mendel in intelligent control
[121].

We define the operations of Cartesian product, composition, union, and join on
interval-valued fuzzy graphs and investigate some of their properties. The work is
based on [130]. We study isomorphisms (resp. weak isomorphism) between interval-
valued fuzzy graphs in an equivalence relation (resp. partial order). We introduce
the notion of interval-valued fuzzy complete graphs and present some properties of
self-complementary and self-weak complementary interval-valued fuzzy complete
graphs.

Other results and applications can be found in [1, 5, 8, 14, 18, 24, 26, 34, 37,
40, 41, 44, 50, 57, 76, 77, 83, 86, 103, 114, 122, 125, 128, 146, 151, 157, 164,
167, 186].

7.1 Interval-Valued Fuzzy Sets

Recall that a simple graph is a graph that has no loops and no more than one edge
between two different vertices. A complete graph is a simple graph in which every
pair of distinct vertices is connected by an edge. The complete graph on n vertices
has n(n — 1)/2 edges. We consider only simple graphs.
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Let G* = (V, E) denote a graph. By a complementary graph G* of a simple
graph, we mean a graph having the same vertices as G* and such that two vertices
are adjacent in G* if and only if they are not adjacent in G*.

Recall an isomorphism of the graphs G} and G is a bijection f between the
vertex sets of G7 and G such that any two vertices v; and v, of G} are adjacent if
and only if f(v;) and f(v,) are adjacent in G3. Isomorphic graphs are denoted by
G ~ G3. An automorphism of a graph is a graph isomorphism with itself.

Let G} = (Vi, E1) and G5 = (V,, E») be two simple graphs. We can construct
several new graphs. The Cartesian product of G} and G3 is the graph G x G} =
(V,E)withV = V| x V, and

E={(x, %)@, y)|xeV,xy € ElU{x,2)(,2)|zeV, xiy € Ei}.
The composition of graphs G7 with G7 is the graph G7[G3] = (Vi x V5, E 0y, where
E® = EU{(x1,x2)(y1, y2) | X131 € Ep,x2 # ya).

Note that G{[G5] # G5[G7].

The union of graphs G} and G is defined as G7 U G5 = (V, U V,, E| U E»).

The join of graphs G} and G7 is the simple graph G|+ G5 = (ViU V,, E{UE,U
E’), where E’ is the set of all edges joining the nodes of V; and V5; it is assumed
that ViN'V, = 0.

An interval number D is an interval [a~, aT] with 0 < a= < a™ < 1. The
interval [a, a] is identified with the number a € [0, 1]. D[0, 1] denotes the set of all
interval numbers.

For interval numbers Dy =[a; , b{'] and D, =[a; , by ], we define

Dy A Dy =la; Aaj, b AbT],

DV Dy =a; Vay, b, Vvbyl,

Dy + Dy =[a; +a, —ay -a,, b]"+b3‘—b?‘-b;‘],

D) < D) < ay gaz_ande §b;,

Dy = D, <= a; =a; and b} = b7,

Dy < Dy <= D, < D; and D; # D,

kDy = kla;, b{]1 = [kay, kb{], where 0 < k < 1.

It follows that (D[0, 1], <, Vv, A) is a complete lattice with [0, 0] as the least
element and [1, 1] as the greatest.

The interval-valued fuzzy set A in V is defined by

A= {(x, py(x), i) | x € V},

where 1, and NX are fuzzy subsets of V' such that 1, (x) < uj; (x) forallx € V. For
any two interval-valued fuzzy sets A = [, (x), ,uX (x)]and B = [p5(x), ME (x)]in
V we define:

AUB = {(x, pi (X) V g (), ph(x) Vb)) | x € V],

AN B = {(x. iy (1) A g (), i (1) A () | x € V)
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If G* = (V, E) is a graph, then by an interval-valued fuzzy relation B on a set
E, we mean an interval-valued fuzzy set such that

pg(xy) < py () A g (),

pg(xy) < ko) Ak (y)

forallxy € E.

7.2 Operations on Interval-Valued Fuzzy Graphs

Throughout this section, G* is a crisp graph and G is an interval-valued fuzzy graph.

Definition 7.2.1 By an interval-valued fuzzy graph of a graph G* = (V, E), we
mean a pair G = (A, B), where A = [u,, uj] is an interval-valued fuzzy set on V
and B = [y, ] 1s an interval-valued fuzzy relation on E.

Let i be a fuzzy subset of a set X. Suppose that p(x) = a. We sometimes write
= for pu(x) = a when p is understood.

Example 7.2.2 Consider a graph G* = (V, E) suchthat V = {x,y,z} and E =
{xy, vz, zx}. Let A be an interval-valued fuzzy set of V and let B be an interval-
valued fuzzy set of E C V x V defined by

A_<(L > i) (i R i>
~\W0.170370.5/°\0470.6" 05/
B (R 25 2 (R 22 ),
0.1 0.2° 0.1 03 04 04
It is follows easily that G = (A, B) is an interval-valued fuzzy graph of G*.

Definition 7.2.3 The Cartesian product G; x G, of two interval-valued fuzzy
graphs G| = (A, By) and G, = (A,, B,) of the graphs G} = (Vy, E;) and G} =
(Va, E») is defined to be the pair (A} x Ay, By X B;) such that

(g, X g, ) (xn, x2) = iy (1) A iy, (X2),

(i X k) (ers x2) = i (x) A g (x2),
for all (x1, x,) € V,

(g, X pg,)(x, x2)(x, y2) = puy (x) A pug, (x232),
(g, % pg) (6, x2)(x, y2) = puh (%) A iy (x2y2),
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forall x € V; and xoy, € Es,

(g, X pp,) (X1, (Y1, 2) = pg (X1y1) A fiyg, (2),

(g > ) (xr, 2) (1, 2) = o, (xayn) A pf (2),
forall z € V, and x,y, € E.

Example 7.2.4 Let G} = (Vi, E1) and G5 = (V,, E») be graphs such that V|, =
{a,b}, Vo = {c,d}, E\ = {ab}, E; = {cd}. Consider two interval-valued fuzzy
graphs G| = (A, By) and G, = (A;, By), where

Then it follows that

(g, % pg)a,c)a,d)=0.1, (uf x pf)a, c)a,d) =03,
(g, x py,)(a,c)(b,c) =0.1, (,uj,fl X ugz)(a, c)(b,c) =0.2,
(g, X pg)@, d)(b,d) =0.1, (ug x pg )@, d)(b,d) =02,
(g, x pp,) (b, c)(b,d) =0.1, (,Lflgl X ugz)(b, c)(b,d) =0.3.

It follows that G| x G is an interval-valued fuzzy graph of G} x G3.

Proposition 7.2.5 The Cartesian product G| x G, = (A} X Ay, By X By) of two
interval-valued fuzzy graph of G} and G} is an interval-valued fuzzy graph of G| x
G3.

Proof Let xy,xy € V. Then (py X puy ) (X1, X2) = puy (X1) A iy, (x2) < ,qu (xp) A
1, (2) = (g, X piy,) (x1, X2).

Letx € Vi and x,y, € E;. Then
(g, X pp,) (X, X2) (X, y2) = iy, (X) A pig, (X2)2)
= g, () A (g, (62) A pig, (32))
= (py, (0) A g, (02)) A (g, (X)) A g, (302)
= (g, X g, ) (X, X2) A (py, X pig) (X, ¥2),
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(g, % 1) (6, x2) (x, y2) = iy () A g (x272)
< o, (0 A (i, (02) A g, (32))
= (il (x) Al (x2) A (i (6) A g (72))
= (uf, X ), x2) A (i) (x, o).

Similarly, for z € V, and x;y; € E;, we have

(g, % pp) (X1, 2) (Y1, 2) = pig, (X1 Y1) A g, (2)
< (g, () A g, (90)) A iy, (2)
= (ti, (x1) A i, () A (g, 0 A iy (2))
= (g, X pa,) (X1, 2) A (py, X pg) (V15 2),

(i, > 1) (1, D1, 2) = iy, 1) A 1, @)
< (i, oD A, D) A ik (2)
= (g, (o) A 15, () A Gy, ) A 4, @)
= (uf, x )G DA () X ), 2).

Definition 7.2.6 The composition G,[G,] = (A o A;, By o B;) of two interval-
valued fuzzy graphs G| and G, of the graphs G and G7 is defined as follows:

(ta, © pa,) (X1, x2) = iy (X1) A prg, (X2),
(g, o ph ) (xr, x2) = pf (k1) A ik (x2),

for all (x1, xp) € V,

(1, © 1p,) (. X2) (X, y2) = iy (X) A i (X2)2),
(g, 0 g ) (x, x2)(x, y2) = pif (X) A il (x232),

forall x € V; and x,y, € Es,

(pp, o pp,) (X1, 2) (Y1, 2) = pug, (X1 y1) A pg, (2),
(1, © 1g) (1, 2) (1. 2) = pif, (eryn) A g, (2),
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forallz € V, and x1y; € Ey,

(g, © tig,) (X1, X2) (Y15 ¥2) = fa, (X2) A fiy, (v2) A pig (x131),
(1, © 15, (X1, X2) (V15 ¥2) = puiy, (x2) A iy (32) A iy, (X131,

for all (x, x2)(y1, y2) € E° — E.

Example 7.2.7 Let G} and G be as in Example 7.2.4. Consider two interval-valued
fuzzy graphs G| = (A, B;) and G, = (A,, B,), where

It follows that

(5, 0 )@, )@, d) = 0.1, (uf, o jif) (@, ¢)(a, d) = 0.3,
(5, 0 1) (b, )b, d) = 0.1, (uuf 041§ ) (b, €)(b,d) =03,
(5, 0 13 (@, )b, 0) = 0.1, (uf, o i} (@, )b, c) = 0.4,
(15, 0 pp) (@ d)(b,d) =02, (uf, o up )@, d)(b,d) = 0.4,
(5, 0 3@, )b, d) = 0.1, (uf, o jif) (@, ¢)(b, d) =04,
(5, © i) (b, )a, d) = 0.1, (uf o i4) (b, c)(a,d) = 0.4.

It follows easily that G1[G,] = (A o A, B; o By) is an interval-valued fuzzy graph
of G1[G3].

Proposition 7.2.8 The composition G1[G,] of two interval-valued fuzzy graphs G
and G, of the graphs G and G is an interval-valued fuzzy graph of G7[G}].

Proof We verify the result only for B; o B,. For x € V| and x,y, € E,, we have
from Definition 7.2.6 that
(105, © Hp,) (0, X2)(x, y2) = pig (¥) A i, (x2y2)
< g, () A (g, (02) A iy, (2))
= (pg, () A iy, (x2)) A (py, (X) A pg, (32)

= fy, © fha, (Xs X2) A fiy 0 piy, (X, ¥2),
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(1h, 0 g (x, X2)(x, y2) = piy (X) A pif (x2y2)
< o, (0 A (i, (02) A g, (32))
= () A i () A (uif, () A pif (32))
= (uf, o ph ) (x, x2) A (uf o pi ) (x, o).
The proof is similar for the case, z € V, and x1y; € E;.
Suppose (x1, x2)(y1, y2) € EO\E. Then
(g, © pig,) (X1, X2) (V15 ¥2) = fiy, (X2) A pig, (32) A pig, (X1y1)
< iy, (02) A g, (v2) A g (X1) A gy, (1)
= (fog, (e0) A g, (02)) A (pg, (V1) A iy, (32))
= (g, © Hg,) (X1, X2) A (kg 0 pig, ) (Y1, ¥2)s

(1h, 0 pif (e x2) (Vi y2) = il (x2) A i (v2) A i Geryn)
< uip, (62) A g, () A ik, () A i ()
= (g, () A i, (2)) A (i (v) A ik, (32)

= (uf, o i) (x1, x2) A (uif, o ik Y(vis y2).
|

Definition 7.2.9 The union G, U G, = (A; U A,, B; U By) of two interval-valued
fuzzy graphs G| and G, of the graphs G} and G7 is defined as follows:

(o, Y g (x) = piy (x), ifx € Vi and x ¢ V3,
(g, Uy, )(x) = py, (x), ifx € Vaand x ¢ V1,
(pg, U pg, ) () = iy (X)) V iy, (x), ifx € ViNVy,

(g, U )(x) = ph (x), if x € Viand x ¢ V3,
(uj{l qu{z)(x) = uj{l (x), ifx € Vandx ¢ Vi,
(px, U i) () = i () V iy, (6), if x € Vi Vs,

(pp, Y pp)(xy) = pp (xy), ifxy € Ey and xy ¢ Es,
(g, YU ppg)(xy) = pp, (xy), if xy € E; and xy ¢ Ej,
(g, Y pp)(xy) = pp (xy) V pg, (xy) , if xy € Ey N E,
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(i, U i) (xy) = i, (xy), if xy € Ey and xy ¢ Ey,
(f, U g ) (xy) = pif (xy), if xy € E;and xy ¢ E),
(5, U pg)(xy) = pg (xy) V pg (xy) , if xy € Ey N Ey.

Example 7.2.10 Let G7 = (Vi, Ey) and G5 = (V,, E;) be graphs such that
Vi = {a,b,c,d,e}, E; = {ab, bc,be,ce,ad,ed}, Vo = {a,b,c,d, f}, E, =
{ab, bc, cf, bf, bd}. Consider two interval-valued fuzzy graphs G| = (A, B;) and
G, = (A,, By), where

A= a b ¢ d e a b ¢ d e
= 0.2°04°03°03°02)°\04°050.6°0.7°0.6)/
ab bc ce be ad de ) (ab bc ce be ad de )>

Bi={(—, — —, —, — — ), (= = = =, = =
: <(O.1’ 0.270.170.2°0.1° 0.1 0370470570503 0.6

A2:<(1 b e d i) (iii 4 i)>
0270.2703°02704)7\04°05060.6"0.6//"
Bz=<(% be iﬁﬁ) (ﬂﬁ of bf ﬁ)>
0.1°0.270.1°0.1°0.2)°\0.2°04°05 0205/

Then according to the above definition:

(i, U g, @) =02, (uf Uph)a) =04,
(bip, Uiy (b) = 0.4, (ux Upy)(b) =0.5,
(1a, Upyg )(©) =03, (uf Upi)e) =0.6,
(Hia, Uiy ) d) =03, (uf Upy)d) =07,
(y, Upy)(e) =02, (uf Ul )e)=0.6,
(tz, U ) () = 0.4, (U iz )(f) = 0.6,

(g, U pg)(ab) = 0.1, (ug Upf)(ab) = 0.3,
(g, Upg)(be) =02, (up Upg)(be) = 0.4,
(g, U pig)(ce) = 0.1, (uf Upg)(ce) =025,
(g, Y pg,)(be) = 0.2, (,ugl U u;fz)(be) =0.5,
(g, Upp)ad) = 0.1, (uj Upf)(ad) =0.3,
(pp, Y pp,)(de) =0.1, (,ugl u u;,fz)(de) = 0.6,
(g, U g, (bd) = 0.2, (uf U pig )(bd) = 0.5,
(g, U pg)(bf) = 0.1, (ug Upg)(bf)=0.2.

Clearly, G| U G, = (A1 U A,, B U By) is interval-valued fuzzy graph of the graph
G UGH.
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Proposition 7.2.11 The union of two interval-valued fuzzy graphs is an interval-
valued fuzzy graph.

Proof Let G; = (Ay, By) and G, = (A», By) be interval-valued fuzzy graphs of
G7 and G3, respectively. We prove that G| U G, = (A} U Ay, By U By) is interval-
valued fuzzy graphs of the graphs G} U G. Because all conditions of A U A, are
automatically satisfied, we verify only the conditions of B} U B,.
Suppose that xy € E; N E5. Then
(g, YU g )(xy) = pg (xy) V pig (xy)
< (g, () A g, (D)) V (pg, () A g, (3))
= (pg, )V g, ) A (g, (V) V iy, ()

= (3, U )0 A iz, Ui )0,

(uh, U pp)(xy) = pig (xy) V g, (xy)
< (g, () Ak (D) A (g, (0) A ik, (7))
= (g, (X) Vg, () A (i, () V iy, ()
= (uf, Uil ) A (uh U)o

Ifxy € Ey and xy ¢ E;, then

(pp, Y pp)(xy) = pp (xy) < puy, (X) A pig (v)
= (g, Y ) () A (g, U g, ) ()
and similarly

(g, U pg) () < (g U g )(0) A (i, U g ) ().

Ifxy € E; and xy ¢ E|, then

(g, YU pp)(xy) = pg, (xy) < py, (X) A prg, ()
< (g, Y g )0 A (g, U g )(0)

and similarly
(g, U ) (xy) < (e, U )00 A (g, U g ) ().
|

Definition 7.2.12 The join G| + G, = (A + A,, By + B;) of two interval-valued
fuzzy graphs G and G of the graphs G} and Gj is defined as follows:
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(g, F pa) () = (py, Uiy, ) (x)

ifx e ViuV,,
h 4 k) = (uf, Ul ) )

S o U
(ﬂf;, ,UJ%)(X)’) (,Ui] ,Miz)(xy) ifxy € By A Es.
(g, + 1) (xy) = (g, U pa, ) (xy)

(g, + 1p,)(xy) =y (X) A iy, (¥) ,
+ 4 T n ifxy e E',
(g, + 1p,)(xy) = py (X) A g, (¥)
where E’ is the set of all edges joining the nodes of V; and V,.

Proposition 7.2.13 The join of two interval-valued fuzzy graphs is an interval-
valued fuzzy graphs.

Proof Let G; = (A4, By) and G, = (A», By) be interval-valued fuzzy graphs of
G7 and G3, respectively. We prove that G| + G, = (A| + Ay, By + By) is an
interval-valued fuzzy graph of the graph G| + G3. In view of Proposition 7.2.11, it
is sufficient to verify the case when xy € E’. In this case, we have
(g, + kp,)(xXy) = g (X) A iy, (¥)
< (g, U g, () A (i, U g ) ()
= (g, + 1a,) ) A (g, + 14, (),

(1h, + pg,) (xy) = pig, () A k()
< (uf, Vi) A (il U)o
= (uh, + up) @) Ak +ui)O).

Proposition 7.2.14 Let G| = (Vy, Ey) and G5 = (V,, E,) be crisp graphs such that
ViNnV, =0. Let Ay, Ay, By, By be interval-valued fuzzy subsets of V, Vo, Ey, E,
respectively. Then G1 U G, = (A1 U Ay, B1 U By) is an interval-valued fuzzy graph
of G7 U G} if and only if G| = (Ay, By) and G, = (Az, By) are interval-valued
fuzzy graphs of G and G3, respectively.

Proof Suppose that G| UG, = (A; U A,, B; U By) is an interval-valued fuzzy graph
of GTUG;. Letxy € E. Thenxy ¢ E; and x, y € Vi\V,. Thus,
pog, (xy) = (pp, U pp ) (xy)
< (g, U g, () A (i, U g ) (v)

=y, (X) A pig, (),
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fi, (xy) = (pg, U ) (xy)
< (g, Uk )@) A (il Uk ) ()
= () Ak ().

This shows that G| = (A, B)) is an interval-valued fuzzy graph. Similarly, we can
show that G, = (A,, B,) is an interval-valued fuzzy graph.
The converse statement is given by Proposition 7.2.11. |

As a consequence of Propositions 7.2.13 and 7.2.14, we obtain the following
proposition.

Proposition 7.2.15 Let G = (V\, E}) and G5 = (V,, E,) be crisp graphs and let
ViNnV,=0@. Let Ay, Ay, By, By be interval-valued fuzzy subsets of V\, V2, Ey, E,,
respectively. Then G| + G, = (A + Ay, By + B») is an interval-valued fuzzy graph
of G7 U G} if and only if G| = (Ay, By) and G, = (Az, By) are interval-valued
fuzzy graphs of G and G3, respectively.

7.3 Isomorphisms of Interval-Valued Fuzzy Graphs

In this section, we consider various types of (weak) isomorphisms of interval-valued
fuzzy graphs.

Definition 7.3.1 Let G; = (A, By) and G, = (A,, B,) be two interval-valued
fuzzy graphs. A homomorphism f : G; — G, is a mapping f : Vi — V; such
that for all x; € Vi, x1y; € E,

(@) piy, (1) < g, (F ), i (e) < i, (0o,

(ii) pug, (x1y1) < g, (f 1) f (90, pig, (xay1) < g, (f (1) f (1))
A bijective homomorphism with the property

(idi) iy, o) = iy, (F o), i, (1) = g, (F ()
is called a weak isomorphism and a weak co-isomorphism if

(iv) pp oy = pg, (FEDFOD), pg iy = ph, (f) f() for all
X1, )1 € Vi.

A bijective mapping f : G| — G satisfying (iii) and (iv) is called an isomor-
phism.

Example 7.3.2 Let G} = (Vi, E) and G; = (V,, E;) be graphs such that V| =
(a1, b1}, Vo = {as, b2}, Ey = {a1b1}, E; = {axby}. Let A, A, By, and B, be
interval-valued fuzzy subsets defined by

aq b] aq b] a1b1 a1b1
Al = 9 9 K b Bl = 9 9
0.2°03 0.5 0.6 0.1 03

ay b2 an bz a2b2 a2b2
A== =)\ =)) Bo={(—"—")
0.3 0.2 0.6" 0.5 0.1 04




242 7 Interval-Valued Fuzzy Graphs

Then it follows that G; = (A, By) and G, = (A,, B) are interval-valued fuzzy
graphs of G} and G5, respectively. The map f : Vi — V, defined by f(a;) = b
and f (b)) = a, is a weak isomorphism, but it is not an isomorphism.

Example 7.3.3 Let G} and G5 be as in Example 7.3.2 and let A, A, By, and B, be
interval-valued fuzzy subsets defined by

Al _ (ﬂ) ) a1 b] Bl _ a1b1 ’ albl ’
0.2 0405 0.1 03
as bz ay b2 (lzbz azbz
A2= R K P 7BQ= N1 AN
04 03 0.5 0.6 0.1 0.3
Then G| = (A1, By) and G, = (A,, B,) are interval-valued fuzzy graphs of G} and

G, respectively. The map f : V| — V, defined by f(a;) = b, and f(b)) = ayisa
weak co-isomorphism, but it is not an isomorphism.

7.4 Strong Interval-Valued Fuzzy Graphs

In this section, we consider strong interval-valued fuzzy graphs.

Definition 7.4.1 An interval-valued fuzzy graph G = (A, B) is called strong if

[, (xy) = pg, () A g, (), i (xy) = g (6) Ak, (9)
forall xy € E.

Example 7.4.2 Consider a graph G* = (V, E) such that V = {x,y,z} and E =
{xy, vz, zx}. If A and B are interval-valued fuzzy subsets defined by

A_<(L R i) (i R L)>

~\W\0.2°03704/°\04° 0.5 0.5/
~\W\0.270370.2/°\04° 057 04/1”

then G = (A, B) is a interval-valued complete fuzzy graph of G*.

Definition 7.4.3 The complement of an interval-valued fuzzy graph G = (A, B)
of G* = (V, E) is an interval-valued fuzzy graph G = (A, Byon G* = (V, E),

where A = A = [}, pj]and B = [u 2 /FB] is defined by

_ B if pg(xy) > 0,
popxy) = [,u;(x) A g () if pug (xy) = 0.
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if /fg(xy) > 0,

N_JFB(X)’)= O+ + e+
pg () A iy (v) if g (xy) = 0.

Definition 7.4.4 An interval-valued fuzzy graph G = (A, B) is called self-
complementary if G >~ G.

Example 7.4.5 Consider a graph G* = (V, E) such that V = {a,b,c,d} and E =
{ab, bc, cd}. Let G = (A, B) be the interval-valued fuzzy graph such that

4o a b c d a b c d
“\\0270270.170.1/°\04704°03°03)/"
a bc ¢ bc ¢

It follows that the function f : V — V deﬁne_d by f(a) =c, f(b) =a, f(c) =
d, f(d) = b yields an isomorphism of G onto G.

Proposition 7.4.6 Suppose G = (A, B) is a strong self-complementary interval-
valued fuzzy graph. Then the following properties hold.

(D) Dy HpY) = X 13 (0) A i (0),
Proof Let G = (A, B) be a strong self-complementary interval-valued fuzzy graph.
Then there exists an isomorphism f : V — V such that p, (f(x)) = p,(x),

PH(F () = i@, p(FEFG) = ppey) and i (F@) F() = ph(xy) for
all x, y € V. Thus, for all x, y € V, we have that

ppxy) = E(f(X)f(y)) = pa (F ) A g (F () = by (X) A g ().
Thus, (i) holds. The proof of (ii) follows in a similar manner. |

Proposition 7.4.7 Let G|, = (A, B;) and G_z = (A;z, B») be interval-valued fuzzy
strong graphs. Then G| ~ G, if and only if G| =~ G,.

Proof Assume that G| and G, are isomorphic. Then there exists a bijective map
f Vi — V; satisfying
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fy, () = g (f (%)), pf (x) = pf, (f(x)) forall x € Vi,

1, () = 1, (F Q) F ). 1 (ey) = piy (f () £ () for all xy € E.

By the definition of complement, we have
1 g, (y) = gy () A iy (0) = iy, (FOO) A iy, (F (1) = = 5, (f () f (),
g, (ey) = ik () Ay (0) = i, (F ) A g, (F ) = it 5, (f () f (1)

for all xy ¢ E;. Hence, G| ~ G,. o o
The proof of the converse follows immediately because G| and G, are strong.
|

7.5 Interval-Valued Fuzzy Line Graphs

In this section, we present the work of [9]. The work is based on [125]. We prove a
necessary and sufficient condition for an interval-valued fuzzy graph to be isomorphic
to its corresponding interval-valued fuzzy line graph. We determine when an isomor-
phism between two interval-valued fuzzy graphs follows from an isomorphism of
their corresponding fuzzy line graphs.

Recall isomorphic graphs are denoted by G} ~ G3. In graph theory, the line
graph L(G*) of a simple graph is a graph that represents the adjacencies between
edges of G*. Given a graph G*, its line graph L(G¥) is a graph such that each vertex
of L(G*) represents and edge of G*; and two vertices of L(G*) are adjacent if and
only if there corresponding edges share a common endpoint in G*.

Let G* = (V, E) be an undirected graph, where V = {v, vs, ..., v,}. Let
S; = {vi, xi1, Xi2, ..., Xig, }, where x;; € E has vertex v;, i = 1,2,...,n, j =1,
2,...,6],’. Let § = {Sl,Sz,...,Sn}. Let T = {S,'Sj | S,', Sj € S, S,’ N Sj ;é (/],
i # j}. Then P(S) = (S, T) is an intersection graph and P(S) >~ G*. The line
graph L(G*) of a simple graph G* is by definition the intersection graph P (E). That
is, L(G*) = (Z, W), where Z = {{x} U{u,, v} | x € E, uy, vy € V, x = u,v,}
and W = {8,S, | S;NSy #0, x,y € E, x #y}, and Sy = {{x}U{u,, v,}},x € E.

Throughout this section, G* is a crisp simple graph, and G is an interval-valued
fuzzy graph.

Definition 7.5.1 Let P(S) = (S, T) be an intersection graph of a simple graph
G* = (V,E).Let G = (A, By) be an interval-valued fuzzy graph of G*. We define
an interval-valued fuzzy intersection graph P(G) = (A;, B;) of P(S) as follows:

(i) A,, B; are interval-valued fuzzy subsets of S and T, respectively,

(i) piy,(Si) = pg, (V). pif (Si) = pgy (Vi)

(i) pug,(SiS;) = pg, (Vivy), u};z(sisj) = MEI (vivj)
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forall S;, S; € §, §;S; € T. That is, any interval-valued fuzzy graph of P(S) is
called an interval-valued fuzzy intersection graph.

The following proposition is clear.

Proposition 7.5.2 Let G = (A1, By) be an interval-valued fuzzy graph of G*. Then
P(G) = (A, By) is an interval-valued fuzzy graph of P(S) and G >~ P(G).

This proposition shows that any interval-valued fuzzy graph is isomorphic to an
interval-valued fuzzy intersection graph.

Definition 7.5.3 Let L(G*) = (Z, W) be a line graph of a simple graph G* =
(V,E). Let G = (A}, B)) be an interval-valued fuzzy graph of G*. We define an
interval-valued fuzzy line graph L(G) = (A,, By) of G as follows:

(i) A, and B, are interval-valued fuzzy subsets of Z and W, respectively,
(1) g, (Sx) = pg, (¥) = pg (urvy),

(i) piy, (Se) = g, (x) = i (),

(i0) 1, (5:8,) = g, () A pig, (1)),

(v) 5, (S Sy) = puig, (X) A g, (),

forall Sy, S, € Z, 5,8, € W.

Example 7.5.4 Consider a graph G* = (V, E) such that V = {v;, v, v3, v4} and
E = {x| = vjvy, X = vv3, X3 = V3V4, X4 = V40;1}. Let A; be an interval-valued
fuzzy subset of V and let B; be an interval-valued fuzzy subset of E defined by

V1 1%) U3 V4 ViV VU3 UVU3VU4 V4V
P4 (02 03 04 02 pp 0.1 02 0.1 0.1
(5105 04 05 0.3 [y |02 03 02 02

It is easily shown that G is an interval-valued fuzzy graph. Consider a line graph
L(G*) = (Z, W) such that

Z = {le ) sz’ Sx:w SX4}

and
W = {le sza sz Sx;v SX3 qu SX4 le }

Let Ay = [y, piy, ] and By = [ g, puz, ] be interval-valued fuzzy sets of Z and W,
respectively. Then it follows that
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g, (Se) = 0.1 pp (Se) =02
f,(Se) =02 i (S,) =03
fg,(Se) = 0.1 pi (Se,) =02
i, (Se) =01 p (Sg,) =02
15, (S, Se,) = 0.1 puf (Sy, Sx,) = 0.2
115, (S5, Se) = 0.1 puf (Sy,Sx,) = 0.2
1, (Sk;Sey) = 0.1 puf (Sy,Sy,) = 0.2
115, (S, Sx) = 0.1 pif (S, Sy) =0.2.

Clearly, L(G) is an interval-valued fuzzy line graph.

The following proposition is immediate.

Proposition 7.5.5 L(G) is an interval-valued fuzzy line graph corresponding to an
interval-valued fuzzy graph.

Proposition 7.5.6 If L(G) is an interval-valued fuzzy line graph of an interval-
valued fuzzy graph, then L(G™) is the line graph of G*.

Proof Because G = (A}, B)) is an interval-valued fuzzy graph of G* and L(G) =
(A, By) is an interval-valued fuzzy line graph of L(G™).

fig, (Sx) = pg, (x), pix (Sx) = iy (x) forall x € E,

Thus, S, € Z & x € E. Also,

11p, (SeSy) = pg (X) A g, ()
(g (ScSy) = 1 (X) A g (v)

for all S,S, € W. Hence,
W={5S8 18NS, #0, x,ye€ E,x #y}.
[ |

Proposition 7.5.7 Let L(G) = (A,, By) is an interval-valued fuzzy line graph of
L(G™*). Then L(G) is an interval-valued fuzzy line graph of some interval-valued
fuzzy line graph G if and only if
MEZ(SxSy) = :LLXZ(SX) A MZZ(S}')for all SxSy ew,
+ _ +
Wg, (SxSy) = iy, (Sx) A iy, (Sy) forall S Sy € W.

Proof Suppose thatuEZ(SxSy) = uZZ(SX)/\uXZ(Sy)forall S¢Sy € W.Forallx € E,
define 1, (x) = py, (Sy). Then
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1, (S:8y) = 1z, (S0 A i, (Sy) = piy, (X) A iy, (),
1, (SeSy) = 114, (S) A iy, (Sy) = gy, (0) A gy (9).
An interval-valued fuzzy set Ay = [py . /11'1] that yields the property
fog, (XY) = iy, () A gy (),

fig, (xY) < g, () A iy ()

will suffice.
The converse follows easily. |

Proposition 7.5.8 L(G) is an interval-valued fuzzy line graph if and only if L(G™*)
is a line graph and
g, @V) = gy, () A iy, (v),

pg, V) < pk () A p, (v)
foralluv e W.

Proof The proof follows from Propositions 7.5.6 and 7.5.7. |

Proposition 7.5.9 Let G| and G, be interval-valued fuzzy graphs. If f is a weak
isomorphism of G| onto G, then f is an isomorphism of G7 onto G}.

Proof ve Vi & f(v) e Vaanduv € E| & f(u) f(v) € Es. |

Theorem 7.5.10 ([9]) Let L(G) = (A,, B,) be the interval-valued fuzzy line graph
corresponding to interval-valued fuzzy graph G = (A, By). Suppose that G* =
(V, E) is connected. Then the following properties hold.

(i) There exists a weak isomorphism of G onto L(G) if and only if G* is a cycle
andforallve V,x € E, o, (v) = g, (x), UI] (v) = u‘gl (x), ie, A; = [u;l , ,ujl]
and By = [:“1_31 , ’LLEI] are constant functions on 'V and E, respectively, taking on the
same value.

@ii) If f is a weak isomorphism of G onto L(G), then f is an isomorphism.

Proof Assume that f is a weak isomorphism of L(G) onto G. From Proposition
7.5.8, it follows that G* = (V, E) is a cycle.

Let V. = {v, vp,...,v,} and E = {x|; = vjv2, Xo = VU3, ...,X, = V,V1},
where vjvyv3 - - - v, is a cycle. Define interval-valued fuzzy sets

fy, (xi) = i, py, (xi) = 5]

and
_ + ;.
pp, Wivip1) =iy pg Wivi) =1 L =1,2,000,0, Vpq1 =01



248 7 Interval-Valued Fuzzy Graphs
Then 5,41 = 51,5, = 5].

ri < 8i A Sitl

/ / / .
rPESsiAS, =12,

(7.1)

Now, Z = {8y, Sy, ..., Sy, } and W = {S;,Sx,, Sx,Sxss - - -5 Sy, Sy, }. Also, for
oyt =71
Poa, (Sx;) = iy, (Xi) = iy, (Vivig1) =14,
1, (Se) = iy, () = iy, (i) =1/,
1, (S Sa) = g, () A pig, (Kig1) =
pp, (Vivig1) A pig (Vig1Vig2) =1i ATigr,
105, (Sx, Sxip) = pig, (xi) A g (xign) =
(g, Vivi) A gy (Vig1vign) =1l AT,
fori =1,2,...,n, vy41 = vy, V42 = V. Because f is an isomorphism of G* onto

L(G™*), f maps V one-to-one and onto Z. Also, f preserves adjacency. Hence, f
induces a permutation 7 of {1, 2, ..., n} such that

f(vi) =S i) wa([) SXW’H)

and

Xi = Vv = f ) fit1) = S, Svniin Svngan i = 1,2, ..., n = 1.

Now,

i =y, () = py, (F (i) = g, (S, Svsin) = Tty
si = gk, ) < pip, (F W) = ik, (Susy Surn) = Triiys

ri = g, (Vivigr) < pp, (f (i) f(Vit1)) = pg, (Sui Svi Svminn)
= Tz@i) N\ Tr(i+1)»

i = pg Wivign) < pg (F ) f i) = 15, (So, Svmern Sosiansr)
= r7/r(i) A ”;r(i+1)

fori =1,2,...,n. Thatis,

’ /
Si < rﬂ'(i)a S,’ =< r‘,r(,')

and

Ir(i /\r/ A-‘r]

o ey (7.2)
(i) m(i+1)"

e e,
L3
IATA
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By (7.2) we have r; < rq), r{ < r;(i) fori = 1,2,...,n and 50 rri) < Fr())s
, , S ..
Tty = Trir) fori =1,2,...,n. Continuing, we have
i < Triy S ey =0 S Trigy = Ti,
! ’ ! 7 ’
Fi STy S Ta@any = STagy =T
and 5o r; = rry, 1} = 1l fori = 1,2,...,n, where 7! is the identity map.
Again, by (7.2), we have
i S Iren =Tigl, L =12,...,0, ryp =11,
ri < '"7/r(i+1) =1, i=12,....n ryg =r.
Hence, by (7.1) and (7.2),
rl =...=rn=s1=-~'=sn,

ri ...:r;:s{='~-=S.
Thus, we have not only proved the conclusion about A; and B; being constant
functions, but we have also shown that (ii) holds.

The converse follows easily. |

We state the following theorem without proof.

Theorem 7.5.11 Let G and H be interval-valued fuzzy graphs of G* and H*, respec-
tively, such that G* and H* are connected. Let L(G) and L(H) be the interval-valued
fuzzy line graphs corresponding to G and H, respectively. Suppose that it is not the
case that one of G* and H* is complete graph K5 and the other is bipartite complete
graph Ky 3. If L(G) and L(H) are isomorphic, then G and H are line-isomorphic.

Example 7.5.12 Consider aninterval-valued fuzzy line graph given in Example 7.5.4.
By routine calculations, it is easy to see that L(G) is a strong interval-valued fuzzy
graph.

The proof of the following proposition follows easily.

Proposition 7.5.13 An interval-valued fuzzy line graph is a strong interval-valued
fuzzy graph.

7.6 Balanced Interval-Valued Fuzzy Graphs

We next consider certain types of interval-valued fuzzy graphs including balanced
interval-valued fuzzy graphs, neighborly irregular interval-valued fuzzy graphs,
neighborly total irregular interval-valued fuzzy graphs, highly irregular interval-
valued fuzzy graphs, and highly total irregular interval-valued fuzzy graphs. The
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work is due to [19]. We present necessary and sufficient conditions under which
neighborly irregular and highly irregular interval-valued fuzzy graphs are equiva-
lent.

In [169], the definition of complement of a fuzzy graph was modified so that the
complement of the complement is the original fuzzy graph, which agrees with the
crisp graph case. Ju and Wang gave the definition of interval-valued fuzzy graph in
[88]. Akram et al. [5, 6, 9, 13, 14] introduced many new concepts including bipolar
fuzzy graphs, interval-valued fuzzy line graphs, strong intuitionistic fuzzy graphs.
We propose certain types of interval-valued fuzzy graphs including balanced interval-
valued fuzzy graphs, neighborly irregular interval-valued fuzzy graphs, neighborly
total irregular interval-valued fuzzy graphs, highly irregular interval-valued fuzzy
graphs, and highly total irregular interval-valued fuzzy graphs. Some properties
associated with these new interval-valued fuzzy graphs are investigated, and nec-
essary and sufficient conditions under which neighborly irregular and highly irreg-
ular interval-valued fuzzy graphs are equivalent are obtained. We also describe the
relationship between intuitionistic fuzzy graphs and interval-valued fuzzy graphs.

Recall that a regular graph is a graph where each vertex has the same number
of neighbors, that is, all the vertices have the same closed neighborhood degree. A
connected graph is highly irregular if each of its vertices is adjacent only to vertices
with distinct degrees. Equivalently, a graph G* is highly irregular if every two vertices
of G* connected by a path of length 2 have distinct degrees. A connected graph is
said to be neighborly irregular if no two adjacent vertices of G* have the same
degree. Equivalently, a connected graph G* is called neighborly irregular if every
two adjacent vertices of G* have distinct degree.

One of the best known classes of graphs is the class of regular graphs. These
graphs have been studied extensively in various contexts. Regular graphs of degree r
and order n exist with only limited, but natural, restrictions. Indeed, for integers r and
nwith 0 <r <n — 1, an r -regular graph of order n exists if and only if nr is even.
A graph that is not regular is called irregular. It is well known that all nontrivial
graphs, regular or irregular, must contain at least vertices of the same degree [90].
In a regular graph, every vertex is adjacent only to vertices having the same degree.
On the other hand, it is possible for a vertex in an irregular graph to be adjacent only
to vertices with distinct degrees. We consider graphs that are opposite, in a certain
sense, to regular graphs.

Definition 7.6.1 Let G be an interval-valued fuzzy graph. The neighborhood
degree of a vertex x in G is defined by deg(x) = [deglf (x), degw (x)], where

degﬂ’ ('x) = Z)’EN(X) ,UZ (y) and degu+ ('x) = ZyeN(x) qu_(y)~

In Definition 7.6.1, pp(xy) > 0 and /ﬁ,f(xy) > 0forxy € E, and puz(xy) =
wh(xy) =0forxy ¢ E.

Definition 7.6.2 Let G = (A, B) be an interval-valued fuzzy graph on G*. If all
the vertices have the same open neighborhood degree n, then G is called an n-
regular interval-valued fuzzy graph. The open neighborhood degree of x in G is
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defined by deg(x) = [degu_ (%), degm (x)], where degu_ (x) = ZyeN(x) 1, (y) and
deg/ﬁ (x) = ZyeN(x) /i;;r(y)'

Definition 7.6.3 Let G be aninterval-valued fuzzy graph. The closed neighborhood
degree of x in G is defined by deg[x] = [deg}r [x], degu+ [x]], where

deg,-[x] = deg, (x) + p, (x)
deg,+ [x] = deg,,+ (x) + i} (x).

If all the vertices have the same closed neighborhood degree m, then m is called
a m-totally regular interval-valued fuzzy graph.

Example 7.6.4 Consider a graph G* such that V = {a, b, c,d}, E = {ab, bc, cd,
ad}, and

a b c d ab bc c¢d ad
14103 03 03 03 Hgl0.1 0.1 0.1 0.1
,uj 05 05 05 0.5 u;_g 02 04 02 04

It is easily shown that the interval-valued fuzzy graph G is both regular and totally
regular.

Example 7.6.5 Consider a graph G* such that V = {vy, va, v3}, E = {v1v,, vivs}.
Let A be an interval-valued fuzzy subset of V and let B be an interval-valued fuzzy
subset of E defined by

vy U2 U3 V1V2 VU3
N 04 0.7 0.6 g 0.2 0.2
,uX 04 0.8 0.7 ME 0.3 04

It is easily shown that the interval-valued fuzzy graph G is neither regular nor totally
regular.

Definition 7.6.6 We define the order O(G) and the size of S(G) of an interval-
valued fuzzy graph G = (A, B) by

L () —py ()
0(G) =X oy —H57=

142 (9) —pip (x)
Z(G)ZZX}*EE £ 2 £

Example 7.6.7 Consider a graph G* such that V = {x, y, z}, E = {xy, yz, zx}.
Let A be an interval-valued fuzzy subset of V and let B be an interval-valued fuzzy
subset of E defined by

X )y z Xy yz X
1,410.30.40.5 1510.30.40.3
/fg 0.50.70.6 M;g 0.50.60.5
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It is easy to show that G is both strong and totally regular interval-valued fuzzy
graph, but G is not regular because deg(x) # deg(z) # deg(y).

Theorem 7.6.8 Every complete interval-valued fuzzy graph is totally regular.

Theorem 7.6.9 Let G = (A, B) be an interval-valued fuzzy graph of a graph G*.
Then A = [, p}1is a constant function if and only if the following statements are
equivalent.

(i) G is a regular interval-valued fuzzy graph.

(i1) G is a totally regular interval-valued fuzzy graph.

Proof Suppose that A = [p;, u}] is a constant function. Let p, (x) = ¢; and
,uX(x) =cyforallx € V.

(i) = (ii) : Assume that G is an n-regular interval-valued fuzzy graph. Then
degu, (x) =n; and degw (x) =n,forallx € V. So

deg,-[x] = deg, (x) + 1, (x)
degu‘*’ [x] = degp,‘*' (x) + Mj(x)

for all x € V. Thus,

deg,-[x] = deg,- (x) + p1,(x) = ny +c;
deg/ﬁ [X] = deg;ﬁ (X) + /J,X(X) =ny+c

for all x € V. Hence, G is a totally regular interval-valued fuzzy graph.
(ii) = (i) : Suppose that G is a totally regular interval-valued fuzzy graph. Then

deg, [x] = ki and deg,.[x] =k, forallx € V,

or
deg, () + 11, (x) = ky
deg,. (x) + 11 (x) = ks

forall x € V, or
deg/, xX)4+c1 =k
degw X))+ =k

forall x € V, or
degl,(x) = kl — (1
degw ()C) = k2 —C2

for all x € V. Thus, G is a regular interval-valued fuzzy graph. Hence, (i) and (ii)
are equivalent.
The converse follows easily. |

Theorem 7.6.10 ([19]) Let G be an interval-valued fuzzy graph, where the crisp
graph G* is an odd cycle. Then G is a regular interval-valued fuzzy graph if and
only if B is a constant function.
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Proof If B = [pj, ] is a constant function, say 5 (xy) = ¢; and pj(xy) = ¢
for all xy € E, then deg;, (x) = 2¢; and deglﬁ (x) = 2¢;, for all x € V. Hence, G
is a regular interval-valued fuzzy graph.

Conversely, suppose that G is a (k;, k»)-regular interval-valued fuzzy graph. Let
e, e, ..., ey bethe edges of G in that order. Let puy(e1) = ¢, puyz(er) = ki —cy,
ug(e3) = k1 — (kl - Cl) =y, /.LE(€4) = kl —Cq, and so on. Then

_ c1 if i 1s odd
pplei) = ki — c; if i is even.
Thus, p15(e1) = pyz(e241) = c¢1. Soif ey and ey, are incident at a vertex vy, then
deglf (v1) = ky, deg/f (e1) + deg}, (eant1) = ki, c1 +¢1 = ky, i.e.,2c; = ki, and
so ¢; = k1/2. This shows that 11, is a constant function.

Similarly, let 1} (e1) = c2, ph(e2) = ko — 2, pj(e3) = ko — (k» — ) = c2,
w4 (es) = ky — 3, and so on. Therefore,

4 o if i is odd
pple) = [kz — ¢y if i is even.
Hence, 1} (e1) = ph(eant1) = c2. Soif ey and ey, are incident at a vertex vy, then
degm(v]) = ki, degw(el) + deg#+(€2n+1) =ky, co + ¢ =k, 1e.,2c; = ko, and
S0 ¢p = kp/2. This shows that u;; is a constant function. Thus, B = [, ,u;] is a
constant function. [ |

The following result also holds.

Theorem 7.6.11 Let G be an interval-valued fuzzy graph, where the crisp graph
G* is an even cycle. Then G is a regular interval-valued fuzzy graph if and only if
either B = [py, ug) is a constant function or the alternate edges have the same
membership values. |

Definition 7.6.12 The density of an interval-valued fuzzy graph D is D(G) =
(D~ (G), D™(G)), where

2 Zx,yev /LE (Xy)
D ey (g () A iy (1))

D™ (G) =

for x, y € V and
2Zx,er u}?(xy)
2vev (HAC) A p{ ()

DT (G) =

An interval-valued fuzzy graph G is balanced if D(H) < D(G), i.e., D™ (H) <
D~ (G) and D" (H) < D' (G) for all subgraphs H of G. An interval-valued fuzzy
graph is strictly balanced if for all x,y € V, D(H) = D(G) for all nonempty
subgraphs H.
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Example 7.6.13 Consider the regular interval-valued fuzzy graph G given in
Example 7.6.4. It follows that D~ (G) = 0.67 and D" (G) = 1.2. Thus, D(G) =
(0.67, 1.2). Consider that H; = {a, b, ¢}, H, = {a, ¢}, H3 = {a, d} and Hy = {b, ¢}
are nonempty subgraphs of G. Then D(H;) = (0.67,1.2), D(H,) = (0,0),
D(H;3) = (0.67,1.6), D(Hy) = (0.67, 1.6). It is easy to see that regular interval-
valued fuzzy graph is not balanced.

It’s worth noting that every regular interval-valued graph may not be balanced.

Example 7.6.14 Consider the regular interval-valued fuzzy graph G given in Exam-
ple 7.6.7. It follows that D~ (G) = 2 and D*(G) = 2. Thus, D(G) = (2,2).
Consider that H; = {x, y}, H, = {x, z} and H3 = {y, z} are nonempty subgraphs
of G. Then D(H,) = (2,2), D(Hy) = (2,2), and D(H3) = (2, 2). It is easy to see
that regular interval-valued fuzzy graph is balanced and also strictly balanced.

Proposition 7.6.15 Any strong interval-valued fuzzy graph is balanced.

Proposition 7.6.16 Let G be a self-complementary interval-valued fuzzy graph.
Then D(G) = (1, 1).

Proposition 7.6.17 Let G| and G, be two balanced interval-valued fuzzy graphs.
Then G| x G, is balanced if and only if D(G) = D(G,) = D(G; x G»).

Theorem 7.6.18 Let G be a strictly balanced interval-valued fuzzy graph and let G
be its complement. Then D(G) + D(G) = (2n?, 2n?), where |V| = n.

Proof Let G be a strictly balanced interval-valued fuzzy graph and G be its com-
plement. Let H be a nonempty subgraph of G. Because G is strictly balanced,
D(G)=D(H)forall H C Gandx,y € V.InG,

pg(xy) = p () A p, (v) — pp(xy). (7.3)

g (xy) = k() A ph () — g (xy). (7.4)

for all x, y € V. Dividing (7.3) by ;i (x) A p4 (y), we get

ps(xy) | — frg (xy)
fog () A iy () fia () A iy ()

for all x, y € V. Dividing (7.4) by p} (x) A p (), we get

POy o ppay)
JA () A g (v) 15 (X) A ik ()
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for all x, y € V. Thus,

Z pg(xy) - Z ﬂB(x)’)

x,yeV MA(X)/\MA(y) x,yeV NJA(X)/\,U,A(y)

and
T +
pp(xy) > pg(xy)
D o= X

S A A g () o pa O A ()’

Multiplying both sides of (7.5) and (7.6) by 2, we obtain

2y Y e, - pog (Xy)

oy HAG) Ay () oy HAG) A iy ()

RN +
) z . NB(xyi. —on2_2 Z NB(X)’)

x,yev Ha) A g () x,yeV m

Hence, D~ (G) = 2n% — D (G) and D" (G) = 2n* — DH(G).
Now,

D(G) + D(G) = (D™ (G), D*(G)) + (D™ (G), DT (G))
= (D" (G)+ D™ (G), D*(G) + D*(G))
= (2n2, 2n%).
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(7.5)

(7.6)

Corollary 7.6.19 The complement of a strictly balanced interval-valued fuzzy graph

is strictly balanced.

Theorem 7.6.20 Let G| and G, be isomorphic interval-valued fuzzy graphs. If G,

is balanced, the G is balanced.

7.7 Irregularity in Interval-Valued Fuzzy Graphs

Definition 7.7.1 Let G be an interval-valued fuzzy graph on G*. If there is a vertex
which is adjacent to vertices with distinct neighborhood degrees, then G is called an

irregular interval-valued fuzzy graph.

Example 7.7.2 Consider a graph G* such that

V ={vi, 12, 13}, E = {v102, 1203, 103},
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Let A be an interval-valued fuzzy subset of V and let B be an interval-valued fuzzy
subset of E C V x V defined by

v Uy U3 V1U2 VU3 V2U3
1410.20.20.3 ny0.1 0.1 0.2
uJAT 0.60.704 ,ug 0.2 02 0.3

It is easily shown that deg(v;) = [0.5, 1.1], deg(v,) = [0.5, 1.0], and deg(vs;) =
[0.4, 1.3]. Clearly G is an irregular interval-valued fuzzy graph.

Definition 7.7.3 Let G be an interval-valued fuzzy graph. If there is a vertex which
is adjacent to vertices with distinct closed neighborhood degrees, then G is called a
totally irregular interval-valued fuzzy graph.

Example 7.7.4 Let G be an interval-valued fuzzy graph G such that
V = {v1, v2, v3, v4, U5}, E = {v1v2, 0203, V2V4, V3V1, V304, V4V1, V4Vs}.

and

Vy Uy VU3 Vg Vs
1,104030.30.40.2
©410.6 0.5 0.7 0.6 0.2

V1V VU3 VU4 V3V] U3V4 V4V] V4VUs5
1y 02 02 02 0.1 03 0.1 0.1
py03 02 04 04 05 03 0.2

Clearly, deg[v;] = [1.4, 2.4], deg[v,] = [1.4, 2.4], deg[v3] = [1.4, 2.4], deg[v4] =
[1.6,2.6], deg[vs] = [0.6, 0.8]. It is also clear that G is a totally irregular interval-
valued fuzzy graph.

Definition 7.7.5 A connected interval-valued fuzzy graph G is said to be neighborly
irregular if every two adjacent vertices of G have distinct open neighborhood degree.

Example 7.7.6 Let G be an interval-valued fuzzy graph G such that
V = {v1, v2,v3, v4}, E = {v102, 0203, V304, 401}

and

V1 Uy U3 U4 V1V2 VU3 U3V4 V4Vq
1,410.20.30.4 0.5 1y 0.1 0.1 0.1 0.1
15]0.60.70405 |up02 04 02 04

It follows that deg(v;) = [0.8, 1.2], deg(v,) = [0.6, 1.0], deg(v3) = [0.8, 1.2], and
deg(vs4) = [0.6, 1.0]. Hence, G is neighborly irregular.
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Definition 7.7.7 A connected interval-valued fuzzy graph G is said to be neigh-

borly totally irregular if every two adjacent vertices of G have distinct closed
neighborhood degree.

Example 7.7.8 Let G be an interval-valued fuzzy graph G such that
V = {vi, v, v3, 04}, E = {v1v2, 0203, V304, v401}

and

V1 Uy U3z Ug V1VU2 VU3 U3V4 V4V
15103040204 [uz/01 0.1 0.1 0.1
©}10.6 0.5 0.7 0.5 py02 04 02 04

It is easily shown that deg[v;] = [1.1, 1.6], deg[v,] = [0.9, 1.8], deg[v;] =
[1.0, 1.7], and deg[v4] = [0.9, 1.8]. Hence, G is neighborly totally irregular.

Definition 7.7.9 Let G be a connected interval-valued fuzzy graph. G is called
highly irregular if every vertex of G is adjacent to vertices with distinct neighbor-
hood degrees.

Example 7.7.10 Let G be an interval-valued fuzzy graph G such that

V = {v1, va, v3, v4, Vs, V6},

E = {vi1vy, 1203, V2V, U304, V3Vs5, V405, UsV1 }

and

Vi Uy VU3 Vg Vs Vg
1,10.20.10.30.50.30.1
©}10.6 0.4 0.70.50.4 0.4

V1VU2 VU3 VaVg V3V4 U3V5 V4VUs5 V5V
1z 02 02 01 02 02 02 0.1
py02 02 04 04 03 04 03

It follows that deg(v;) = [0.4, 0.8], deg(v,) = [0.6, 1.7], deg(vs) = [0.9, 1.3],
deg(vq) = [0.6, 1.1], deg(vs) = [1.0, 1.8] and deg(vg) = [0.1, 0.4]. Clearly, G is a
highly irregular.

Example 7.7.11 Let G be an interval-valued fuzzy graph G such that

V =A{v1, v2,v3, s}, E = {v1v2, 1203, V304, V401 }

and

V1 V2 VU3 W4 V1V VU3 U3V4 V4V
1410.30.20.50.4 1y 0.1 0.1 0.1 0.1
15104050505 |up02 04 02 04
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By routine computations, we have deg(v;) = [0.6, 1.0], deg(v,) = [0.8,0.9],
deg(v3) = [0.6, 1.0], and deg(v4) = [0.8,0.9]. Clearly, G is a neighborly irreg-
ular, but not highly irregular.

We note that a neighborly irregular interval-valued fuzzy graph may not be highly
irregular.

Theorem 7.7.12 An interval-valued fuzzy graph G is highly irregular and neigh-
borly irregular interval-valued fuzzy graph if and only if the neighborhood degrees
of all the vertices of G are distinct.

Proof Let G be an interval-valued fuzzy graph with n vertices vy, vz, ..., v,.
Assume that G is highly irregular and neighborly irregular. Let deg(v;) = [k;, [;],
i =1,2,...,n. Let the adjacent vertices of v; be vy, vs3, ..., v, with neighborhood

degrees [k», [2], [k3, 03], ..., [kn,l,], respectively. Then k, # k3 # --- # k, and
Iy # 13 # --- # I, because G is highly irregular. Also, k; # ky # k3 # - - - # k, and
Iy #1, #13 # --- # [, because G is neighborly irregular. Hence, the neighborhood
degree of all the vertices of G is distinct.

Conversely, assume that the neighborhood degree of all the vertices of G is distinct.
Let deg(v;) = [k;i, ;1,1 = 1,2,...,n. Given that ky # k, # k3 # -+ # k, and
L # 1, # 13 # --- # [,, which implies that every two adjacent vertices have
distinct neighborhood degrees and to every vertex, the adjacent vertices have distinct
neighborhood degrees. Thus, G is highly irregular and neighborly irregular interval-
valued fuzzy graph. |

Theorem 7.7.13 An interval-valued fuzzy graph G of G*, where G* is a cycle with
3 vertices that is neighborly irregular and highly irregular if and only if the lower
and upper membership values of the vertices between every pair of vertices are all
distinct.

Proof Assume that the lower and upper membership values of the vertices are all
distinct.

Let v;,v;, v € V. Given that p, (v;) # p,(v;) # p,(v) and pX(vi) *
wh(;) # wh(ve), which implies that DoenNe HaW) #F D ene Ba V) #
Dceneo Ha ) and Xy iAW) # 2y iAW) # 2 iene Ha (e)- That
is, deg(v;) # deg(v;) # deg(vy). Hence, G is neighborly irregular and highly irreg-
ular.

Conversely, assume that G is neighborly irregular and highly irregular. Let
deg(v;) = [k;,[;1, i = 1,2,...,n. Suppose that lower and upper membership
values of any two vertices are the same. Let vy, v, € V. Let i, (v1) = p, (v2) and
wh(v1) = p (v2). Then deg(vy) = deg(vy) because G* is a cycle, which is a contra-
diction to the fact that G is neighborly irregular and highly irregular interval-valued
fuzzy graphs Hence, the lower and upper membership values of the vertices are all
distinct. |
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Example 7.7.14 Consider an interval-valued fuzzy graph G such that
V = {vi, v2, v3}, E = {v1v2, v203, vjv3}.

Let A be an interval-valued fuzzy subset of V and let B be an interval-valued fuzzy
subset of £ C V x V defined by

vy V2 U3 V1V2 VU3 VU3
151040402 [u;]04 02 02
[LX 0.6 0.6 0.7 ,ug 0.6 0.6 0.6

It follows that deg(v;) = [0.6, 1.3], deg(v,) = [0.6, 1.3], and deg(v3) = [0.8, 1.2].
We see that neighborhood degree of v; and v, are not distinct. Hence, G is not
neighborly irregular, but it is complete.

Note that a neighborly total irregular interval-valued fuzzy graph may not be
neighborly irregular.

Example 7.7.15 Let G be an interval-valued fuzzy graph G such that
V = {v1, 12, v3, 4}, E = {v1v2, 1203, V304, V401 }

and

V1 Uy U3z Ug V1VU2 VU3 U3V4 V4Vq
1,104030404 1y 0.1 0.1 0.1 0.1
p}10.6 0.4 0.50.5 pp02 04 02 04

We have that deg(v;) = [0.7,0.9], deg(v,) = [0.8, 1.1], deg(vs) = [0.7,0.9],
deg(vy) = [0.8,1.1], deg[v;] = [1.1,1.5], deg[vo] = [1.1,1.5], deglvs] =
[1.1, 1.4], and deg[v4] = [1.2, 1.6]. We see that deg[v;] = deg[v,]. Thus, G is
neighborly irregular, but not neighborly total irregular.

Proposition 7.7.16 [f an interval-valued fuzzy graph G is neighborly irregular and
A=y, ,ujg] is a constant function, then it is neighborly totally irregular.

Proof Assume that G is a neighborly irregular interval-valued fuzzy graph. Then
the open neighborhood degrees of every two adjacent vertices are distinct. Let
v;, v; € V be adjacent vertices with distinct open neighborhood degrees deg(v;) =
[ki, 1] and deg(vj) = [k, [»], where ki # ko and [; # [,. Let us assume
that (p1(v;), vi(v)) = (ui(v;), vi(v;)) = [ci, c2l, where ¢; and ¢, are con-
stants and ¢y, ¢c; € [0, 1]. Therefore, deg#, [vi] = deg#,(v,-) + w1 (vi) = ki + ¢y,
deg,:[v;] = deg,+ (vi))+v1(v;) = l1+c2, deg,-[v;] = deg,,- (vj)+11 (v)) = ka+c,
deglﬁ[vj] = degm(vj) +v1(vj) =b + .

We show that deguf[v,-] * deguf[vj] and degw[vi] * degw[vj]. Suppose that
deglr[v,-] = deglr[vj] and degw[vi] = deg/l+[vj]. Suppose that
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deg,-[v;] = deg,-[v;] so
k] +c = k2 +
ky —ky=¢c1—c1 =0,

Then k; = ky, which contradicts that k; # k;. Therefore, degﬂf [vi] # deg;,[v il
Suppose that
degm[vi] = degw[vj] SO
L4+co=0L+c
h=—h=c—-c=0.

Then [; = [, which contradicts /| # [,. Therefore, degu+[v,~] #* degw[v‘j].
Hence, G is a neighborly totally irregular interval-valued fuzzy graph. |

Theorem 7.7.17 If an interval-valued fuzzy graph G is neighborly totally irregular
and A = [y, ,uj;] is a constant function, then it is a neighborly irregular interval-
valued fuzzy graph.

Proof Assume that G is a neighborly totally irregular interval-valued fuzzy graph.
Then the closed neighborhood degree of every two adjacent vertices is distinct. Let
v;, v; € V and deg(v;) = [ky, [1] and deg(v;) = [ka, 1], where k| # krand [} # [.
Assume that (41 (v;), v1(v;)) = (ui(v;), vi(v;)) = [ci, c2], where ¢; and ¢, are
constants and ¢y, ¢; € [0, 1] and deg[v;] # deg[v;].

Suppose that deg(v;) # deg(v;). Then deg[v;] # deg[v;]. Thus, degu_[vi] #*
degﬂf [v;] and degu+[v,-] =~ degH+[vj]. Now,

deg,[v;] # deg,-[v;]
ki +c1 #Fka+c
ki # kz

and
deg,[v;] # deg,+ [v;]
h+co#h+ao
I # D

That is, the neighborhood degrees of adjacent vertices of G are distinct. Hence,
neighborhood degree of every pair of adjacent vertices is distinct in G. |

Proposition 7.7.18 If an interval-valued fuzzy graph G is neighborly irregular and
neighborly totally irregular, then [, ,ujg] need not be a constant function. |

Note that if G is a neighborly irregular interval-valued fuzzy graph, then interval-
valued subgraph H = (A’, B’) if G may not be neighborly irregular.

Note also that if G is totally irregular interval-valued fuzzy graph, then interval-
valued fuzzy subgraph H = (A’, B’) of G may not be totally irregular.
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7.8 Self-centered Interval-Valued Fuzzy Graphs

The work in this section is due to [23]. We present some metric-aspects of interval-
valued graphs. We also discuss some properties of self centered interval-valued fuzzy
graphs.

A complete graph is a simple graph in which every pair of distinct vertices is
connected by an edge. The complete graph on n vertices has n vertices and n(n—1) /2
edges. For a pair of vertices u, v in a connected graph G*, the distance d(u, v)
between u and v is the length of a shortest path connecting # and v. The eccentricity
e(v) if a vertex v in a graph G* is the distance from v to a vertex furthest from v,
that is e(v) = Vv{d(u,v) | u € V}. The radius of a connected graph (or weighted
graph) G* is defined as rad(G*) = A{e(v) | v € V}. The diameter of a connected
graph (or weighted graph) G* is defined as diam(G*) = Vv{e(v) | v € V}. The
eccentric set S of a graph is the set of eccentricities. The center C(G*) of a graph
G* is the set of vertices with minimum eccentricity. A graph is self-centered if all
its vertices lie in the center. Thus, the eccentricity of a self-centered graph contains
only one element, that is, all the vertices have the same eccentricity. Equivalently, a
self-centered graph is a graph whose diameter equals its radius.

Definition 7.8.1 An interval-valued graph G is called complete if

py (xy) = py (x) Ay (v) and 3 (xy) = pf (0) A i ()
foreachx,y e V.

Definition 7.8.2 A path P in an interval-valued fuzzy graph G is a sequence of
distinct vertices vy, va, ..., v, such that either one of the following conditions is
satisfied:

(i) pi;; > 0 and pi3;; = 0 for some i, j.
(ii) pip;; = O and u;j > 0 for some i, j.
A path P : vjvy -+ - v,y in G is called a cycle if v; = v, and n > 3.

Definition 7.8.3 Let P : vy, vy, va, ..., v, be a path in an interval-valued fuzzy
graph G. The 11~ -strength of the paths connecting two vertices v; and v; is defined as
V(u; (vi, v;)) and is denoted by (15, j)°°. The 1 -strength of the paths connecting
two vertices v; and v; is defined as \/(,u;’(vi, v;)) and is denoted by (,u;j)oo. If
some edge possesses both the p~-strength and p*-strength values, then it is the
strength of the strongest path P and it is denoted by Sp = [(11;;), (13 ;)] for all
i,j=12,...,n.

Definition 7.8.4 An interval-valued fuzzy graph G is connected if any two vertices
are joined by a path. That is, an interval-valued fuzzy graph is connected if (415;;)* >

0 and (u;ij)oo > 0.
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Example 7.8.5 Consider an interval-valued fuzzy connected graph such that V =
{a,b,c,d}, E ={(a,b), (a,d), (b,d), (b, c), (c,d)}.

a b ¢ d
0.10.30.20.1
04050504

(a,b) (a,d) (b,d) (b,c) (c,d)
5, 01 01 01 02 02
pi| 03 04 04 04 03

I
L

kel

It follows easily that ad is a path of length 1 and the strength is [0.1, 0.4], abd is a
path of length 2 and the strength is [0.1, 0.4], and abcd is a path of length 3 and the
strength is [0.2, 0.4].

Definition 7.8.6 Let G be a connected interval-valued fuzzy graph. The 1~ -length
of apath P : vivy---v,in G, [,- (P), is defined as

n—1
Li-(P) =" 3 (i, vip).
i=1
The pt-length of apath P : vivy---v, in G, 1+ (P), is defined as

n—1
L+ (P) = ZN;(W, Vit1).
i=1

The 4~ p*-length of a path P : vjv, - - v, in G, [, ,+ (P), is defined as
lu’p*(P) = [I;F(P)’ lp*(P)]

Definition 7.8.7 Let G be aconnected interval-valued fuzzy graph. The 1, -distance,
0~ (vi, vj), is the smallest 1~ -length of any v; — v; path P in G, where v;, v; € V.
That is, 6, (v;, v;) = A(l,-(P)). The pt-distance, d,+ (v;, v;), is the largest ;1*-
length of any v; —v; path P in G, where v;, v; € V. Thatis, 0+ (vi, v;) = V([,+(P)).
The distance d(v;, v;), is defined as d(v;, v;) = [0,- (v;, v}), 6, (v, ;)]

Definition 7.8.8 Let G be a connected interval-valued fuzzy graph. Foreachv; € V,
the 1~ -eccentricity of v;, denoted by e,,- (v;), isdefined as, e,,- (v;) = V{J,- (vi, v;) |
v; € V, v; # v;}. Foreach v; € V, the 1 -eccentricity of v;, denoted by e+ (vp),
is defined as, e+ (v;) = V{d,+(vi,v;) | v; € V, v; # v;}. Foreach v; € V, the
eccentricity of v;, denoted by e(v;), is defined as e(v;) = [e,- (v;), e+ (vi)].
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Definition 7.8.9 Let G be a connected interval-valued fuzzy graph. The p~-radius
of G, denoted by r,-(G), is defined as, r,-(G) = Ale,~(v;) | v; € V}. The -
radius of G, denoted by r,,+(G), is defined as, r,+ (G) = Ale,+(v;) | v; € V}. The
radius of G, denoted by r(G), is defined as 7 (G) = [r,- (G), r,+ (G)].

Definition 7.8.10 Let G be a connected interval-valued fuzzy graph. The p~-
diameter of G, denoted by d,- (G), is defined as, d,,- (G) = Vi{e,-(v;) | v; € V}.
The pt-diameter of G, denoted by d,+(G), is defined as, d,+(G) = V{e,+(v;) |
v; € V}. The diameter of G, denoted by d(G), is defined as d(G) = [d,-(G),
d+(G)].

Example 7.8.11 Consider the interval-valued fuzzy connected graph such that V =
{a,b,c,d}, E={(a,b),(a,c),(a,d), (b, c), (c,d)}.

a b ¢ d
0.10.30.20.1
0.30.50.50.3

(a,b) (a,c) (a,d) (b,c) (c,d)
uy| 0.1 0.1 01 0.1 0.1
pyl 02 02 02 02 02

I

kel

+

It follows easily that

(@)
0u-(a,b) =0.1, 6,-(a,c) =0.1, J,-(a,d) =0.1,
0u-(b,¢) =0.1, §,-(b,d) =0.19, §,-(c,d) = 0.1,

Our(a,b) =0.2, dy+(a,c) =02, du+(a,d) =0.2,
0u+(b,c) =0.2, 6,+(b,d) =0.36, 6,+(c,d) =0.2.

The distance 6(v;, v;) is

§(a,b) =[0.1,0.2], 6(a, ¢) = [0.1,0.2], &(a,d) = [0.1,0.2].
5(b, ¢) = [0.1,0.2], 6(b, d) = [0.19, 0.36]. §(c, d) = [0.1,0.2].

(ii) The t-eccentricity and f-eccentricity of each vertex is

e, (@) =0.1, ¢, (b) =0.19, ¢, (c) = 0.1, e, (d) = 0.1,
ey (@) =0.2, e, (b) = 0.36, e, (c) = 0.2, e, (d) = 0.2.

The eccentricity of each vertex is
e(a) =[0.1,0.2], e(b) =[0.19,0.36], e(c) =[0.1,0.2], e(d) = [0.1, 0.2].

(iii) The radius of G is [0.1, 0.2] and the diameter of G is [0.19, 0.36].
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Definition 7.8.12 A vertex v; € V iscalled a central vertex of a connected interval-
valued fuzzy graph G if r,- (G) = e,-(v;) and r,,+(G) = e,+(v;) and the set of all
central vertices of an interval-valued fuzzy graph is denoted by C(G).

Definition 7.8.13 A connected interval-valued fuzzy graph G is self-centered, if
every vertex of G is a central vertex, thatis, r,- (G) = e,-(v;) and 7+ (G) = e+ (v;)
forallv; e V.

Example 7.8.14 Consider a connected interval-valued fuzzy graph G such that V =
{a,b,c} and E = {ab, bc, ca}.

a b ¢ (a,b) (b,c) (c,a)
110304 02| [m] 01 01 01
110507076 |uf| 05 05 05

By routine computations, it is easy to see that the following properties hold.
(i) The distance is

0(a, b) =10.1,0.5], é(a,c) =1[0.1,0.5], 6(b,c) =[0.1,0.5].

(i7) The eccentricity of each vertex is [0.1, 0.5].
(iii) The radius of G is [0.1, 0.5]. Hence, G is a self-centered interval-valued
fuzzy graph.

Definition 7.8.15 A path cover of an interval-valued fuzzy graph G is a set P of
paths such that every vertex G is incident with some path in P.

Definition 7.8.16 An edge cover of an interval-valued fuzzy graph G is a set L of
edges such that every vertex G is incident to some edge in L.

Definition 7.8.17 An interval-valued fuzzy graph G is said to be bipartite if the
vertex set V can be partitioned into two nonempty subsets V; and V; such that the
following properties hold.

(@) py (vi, vj) = 0and ,u;(v,-, vj) =0ifv;,v; € Viorv,v; € Vo

(i) py (vi, vj) > 0 and ,u2+(v,<, v;) > 0ifv; € Vi orv; € V, for some i and j,
(or)

s (vi, v;) = 0and p3 (v, v;) > 0if v; € Vj orv; € V; for some i and j,

(or)

Hy (v, v)) > Oand,u;(v,-, vj) =0ifv; € Viorv; € V, forsomei and j.

Theorem 7.8.18 In an interval-valued fuzzy graph G for which A = [y, i3] :
V x V. — DI0, 1] is not constant map, an edge (v;, v;) for which Mz_ij is minimum

and 15, ; is maximum. Therefore, it is a bridge of G.

Theorem 7.8.19 If G is aninterval-valued fuzzy bipartite graph then it has no strong
cycle of odd length.
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Proof Let G be an interval-valued fuzzy bipartite graph with interval-valued fuzzy
bipartition V| and V,. Suppose that is contains a string cycle of length, say
V1, V2, ..., Uy, v for some odd n. Without loss of generality, let v; € V. Because
(vi, viyp) is strong fori = 1,2, ..., n — 1 and the nodes appear alternatively in V;
and V;, we have v,, v; € V). But this implies that (v,, v) is an edge in V;, which
contradicts the assumption that G is an interval-valued fuzzy bipartite graph. Hence,
an interval-valued fuzzy bipartite graph has no strong cycle of odd length. |

Theorem 7.8.20 ([23]) Every complete interval-valued fuzzy graph G is a self cen-

tered interval-valued fuzzy graph and r,- (G) = /L, and r,+(G) = /L*’ where is the
Ly

i

wy; least and i is the greatest.

Proof Let G be acomplete interval-valued fuzzy graph. To prove G is a self centered
interval-valued fuzzy graph, we have to show that every vertex is a central vertex. First

we claim that G is a p~-self centered interval-valued fuzzy graph and r,- (G) = ;L’
ot

is the least. Now, fix a vertex v; € V such that p;is the least vertex membership
of G.

Case 1: Consider all the v; — v; paths P of length n in G, forall v; € V.
(i) Ifn = 1, then p~-length of P =1,-(P) = -

g
(ii) If n > 1, then one of edges of P possesses the p~-strength x; and hence,
1~ -length of a v; — v; path will exceed % Thatis 1~ -lengthof P =1[,-(P) > ;%
Ly i
Hence,
1

, forallv; e V. (7.7)
Ky

6, i v)) = A~ (P) =

Case 2: Let vy # v; € V. Consider all vy —v; path Q oflengthnin G forallv; € V.

() Ifn =1, then p; (vk, v;) = py A piy; = py; because py; is the least. Hence,
_ _ _ 1 1
then p1~-lengthof Q =1,-(Q) = uz'l(vk,vj) < P .1 2
@i)Ifn =2, thenl,-(Q) = PROR) + P < pre because p; is the least.

@ii)Ifn > 2, then[,-(Q) < /i, because p; is the least. Thus,
Ly

5 (v, v)) = Al-(Q)) < é for all v, v; € V. (7.8)

Hy;

From Egs. (7.7) and (7.8), we have

1
e, (v;) = /\(5;(1),-, v;)) = — forallv; e V. (7.9)
Hoyi

Hence, G is p~-self centered interval-valued fuzzy graph.
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Now, 7,-(G) = A(e,-(v;)) = /L because by (7.9) r,- (G) = % p1y; is the least.

Next we claim that G is a p*-self centered interval-valued fuzzy graph and

r+(G) = # is the greatest. Choose some vertex v; € V such that uf:. is the
1i

greatest vertex membership of G.
First, consider all the v; — v; paths P of length n in G, forall v; € V.
(i) Ifn = 1, then yui5;; = iy Apif; = pif;. Therefore, p*-length of P = 1,+(P) =

|~

I

' (ii) Ifn > 1, then one of the edges of P possesses the u* -strength uf:. and hence,

©=-length of P will exceed u% That is, p*-length of P =1, (P) > # Thus,
1i 1i

1
6:[(v,-, vj) = Al (P)) = — forallv; € V. (7.10)
li

Second, let vy # v; € V. Consider all vy — v; path Q of length n in G for all

v € V.
(i) If n = 1, then p3 (v, v;) = pjp A ,urj < u}; because uf; is the greatest.

+_ — — ; > L
Hence, then p"-length of Q =1,+(Q) T 2 T
.. 1 1 2 +
— — > = .
(i) Ifn 2, then [,+(Q) T oD + Fonon 2 because 1i; is the
greatest.

@ii)If n > 2, then [+ (Q) > ;% because /ﬁi is the greatest. Hence,
Ly
T 1
5# (v, vj) = A+ (Q)) = ,U_ for all v, vj € V. (7.11)
li
From Egs. (7.10) and (7.11), we have
n 1
e+ (v;) = /\(5“ (i, v))) = - forall v; € V. (7.12)
li

Hence, G is " -self centered interval-valued fuzzy graph.

Now, r,+(G) = Ale,+(v;)) = f* because by (7.10) r,+(G) = ﬁ u; is the
greatest.

From Eqs. (7.9) and (7.12), every vertex of G is a central vertex. Thus, G is a self
centered interval-valued fuzzy graph. |

Lemma 7.8.21 An interval-valued fuzzy graph G is a self centered interval-valued
fuzzy graph if and only if r,- (G) = D, (G) and r,+ (G) = d,+(G).

Theorem 7.8.22 If G is a complete interval-valued fuzzy graph, then for at least
one edge (11 )™ (vi, v;) = py (vi, v;) and (u3)® Vi, v;) = py (Vi v;).

Proof Let G be a complete interval-valued fuzzy graph. Consider a vertex v;, whose
membership value is ;; and non-membership value is p17;.
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Let 41; be the least and 11, be the greatest in the vertex v; € V. Let v;,v; € V.
Then (11,7, 413:,) = iy 11f7) and ((ti3;)%. (13)™) = (g ;). The strength of
all the edges which are incident on the vertex v; is (17;, 41;) because G is a complete
interval-valued fuzzy graph.

Now, let i ; be the leastand pi, be the greatest, where v; # vg. Then (15, fi3;) =
(1 uf’k). Because it is a complete interval-valued fuzzy graph, there will be an edge
between v; and vi. Therefore, (uy;;,)> = uy; and (13;,)> = p;. |

Theorem 7.8.23 Let G be a complete interval-valued fuzzy graph with path covers
Py and P, of G. Then a necessary and sufficient condition for an interval-valued
fuzzy graph to be self centered interval-valued fuzzy graph is

6, (i, vj) = dy-(G) for all (vi,v;) € Py and (7.13)
5:(1)[, vj) = ru+(G) for all (vi, vj) € P,. (7.14)

Proof Assume that G is a self-centered interval-valued fuzzy graph. Then we must
prove that Eqgs. (7.13) and (7.14) hold. Suppose Eqgs. (7.13) and (7.14) do not hold.
Then we have 5;(vi, v;) # d,-(G) for some (v;, v;) € P and 5:(1),', vj) # - (G)
for some (v, v;) € Ps.

By Lemma 7.8.21, the above inequality becomes ¢, (v, v;) # r,,- (G) for some
(vi,vj) € Py and (5/]“(11,-, v;) # ru+(G) for some (v;, v;) € P». Thus, e, (v;) #
ru-(G), e,+(v;) # r,+(G) for some v; € V, which implies that G is not a self-
centered interval-valued fuzzy graph, a contradiction. Hence, 5; (i, v;) =d,-(G)
for all (v;, v;) € Py and 6:(1);, vj) = r,+(G) for all (v;, v;) € P.

Conversely, assume that Eqs. (7.13) and (7.14) hold. Then we must prove that G
is a self-centered interval-valued fuzzy graph. By Egs. (7.13) and (7.14), we have
that e,- (v;) = (5;(v,~, v;) for all (v;,v;) € P; and e,+(v;) = 5:(11,», v;) for all
(vi, vj) € P,. Thus, e~ (v;) = r,-(G), e,+(v;) = r,+(G) for all v; € V. Hence, is
a self-centered interval-valued fuzzy graph. |

Corollary 7.8.24 If G is connected complete interval-valued fuzzy graph with an
edge cover L of G, then a necessary and sufficient condition for an interval-valued
fuzzy graph to be self-centered is

0y~ (vi, v;) = d,-(G) for all (vi, v;) € L and
Ou+ (vi, v;) = 1+ (G) for all (vi, v;) € L.

Theorem 7.8.25 Let H be a connected ;= p*-self centered interval-valued fuzzy
graph. Then there exists a connected interval-valued fuzzy graph G such that (C(G))
is isomorphic to H. Also, d,- (G) = 2r,-(G) and d,;+ (G) = 2r,+(G).

Proof Letd,-(H) =1and d,+(H) = m. We construct G from H as follows:
Take two vertices v;, v; € V with uy (v;) = py (v;) = % i) = pf ) = ﬁ
and join all the vertices of H to both v; and v; with p, (v;, ) = p; (Vj, Vi) = %,
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13 (v, vg) = p3 (vj, vp) = 5= forall v € V. Put pi; = (u7); and pf = (uh)] for
all vertices in H and p1; = (™), and p5 = (uh)), for all edges in H.

We first show that G is an interval-valued fuzzy graph. First note that p) (v;) <
1y (vi) forall vy € H. If possible, let 1) (v;) > p (vy) foratleast one vertex vy € H.

1 — . 1 . .
Then 7> g (v), ie., I < oo S me where the last inequality holds for

all v; € V' because H is an interval-valued fuzzy graph. That is,

—L__ > [forall
g (Vg,v;)

vx € H, which is a contradicts that d,,- (H) = [. Therefore, p (v;) < p; (v¢) forall
ve € VVand py (vi, i) < py; A gy = % Similarly, i, (vj, ve) < py; V py = % for
all v € V'. Note that i (v;) < pi (ve), pi (v;) < pf (vg) for all v, € V’ because
dy+ (H) = m. Therefore, 1if (vi, vi) < pf; A pf = 5. Similarly, p3 (vj, v) <
{tf; A pj, = 5. Hence, G is an interval-valued fuzzy graph.

Also, e, (vy) = I forall vy € V' and e,,- (v;) = e,- (v}) = @(U{_,vk) + ﬂ;wﬂ,v,-) =
21, r,-(G) =1, dy-(G) = 2l. Next e+ (vy) = m for all v € V' and e+ (v;) =
e+ (vj) = T = 2m for all v € V'. Therefore, r,+(G) = m, d+(G) = 2m.

Hence, (C(G)) is isomorphic to H. [ |

Theorem 7.8.26 An interval-valued fuzzy graph G is self-centered if and only if
Ou- (Wi, vj) < 1y (G), O+ (v, vj) = 1y (G) forall v, v; € G.

Proof Assume that G is a self-centered interval-valued fuzzy graph. That is,
e~ (V) = e,-(v;) and ey (v;) = ey+(v)) for all v;,v; € V, 1,-(G) = e, (vi),
1+ (G) = e+ (v;) for all v; € V. Now, we wish to show that §,- (v;, v;) < r,-(G)
and §,+(v;, vj) > r,+(G) for all v;, v; € V. By the definition of the eccentricity, we
obtain §,- (v;, v;) < e, (v;), 0+ (vj, v;) = e, (v;) for all v;, v; € V. This is possi-
ble only when e,- (v;) = e, (v;) and e+ (v;) = e,+(v;) for all v;, v; € V. Because
G is a self-centered interval-valued fuzzy graph, the above inequality becomes
0u- (Wi, vj) < ru-(G), 0+ (i, vj) = ry-(G) forall v, v; € G.

Conversely, suppose that §,- (v;, v;) < r,-(G), 6+ (v, vj) = r,-(G) for all
v;, v; € G.Then we must prove that G is a self-centered interval-valued fuzzy graph.
Suppose that G is not a self-centered interval-valued fuzzy graph. Then e¢,- (v;) #
7y~ (G) and e+ (v;) # r,,+ (G) for some v; € V. Assume that e,,- (v;) and e+ (v;) are
the least values among all other eccentricities. That is,

ry-(G) = ey~ (v;) and 1+ (G) = e+ (v)), (7.15)
where e,- (v;) < e,-(v;) and e+ (v;) < e,+(v;) for some v;, v; € V and

Ou- (i, v)) = ey~ (vj) > ey (vi), (7.16)
Our (Vi, v)) = eyt (V) > e (vp), (7.17)

for some v;, v; € V.
Hence, from Egs. (7.15)—(7.17), we have §,-(v;, v;) > r,-(G), 0+ (v, vj) <
r,+(G) for some v;, v; € V, which is a contradiction to the fact that J,,- (v;, v;) <
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ry-(G), 0+ (v, vj) = r+(G) forallv;, v; € V. Hence, G is a self-centered interval-
valued fuzzy graph. |

Theorem 7.8.27 Let G be an interval-valued fuzzy graph. If the graph G is a com-
plete bipartite interval-valued fuzzy graph, then the complement of G is a self-
centered interval-valued fuzzy graph.

Proof A bipartite interval-valued fuzzy graph G is said to be complete if
ty (Ui, v;) = py (V) A py (V)
1y (Vi vy) = i (v) A py (v))
forall v; € Vy and v; € V5, and
py Wi v) =0, 13 (v, v)) =0 (7.18)

forall v;, v; € Vi orv;, v; € V5.
Now,
to (Wi vj) = puy (Vi) A iy (V) = [
1 i vy) = pif i) A () = -

By (7.18), we have that
ty (Ui, v;) = py (V) A py (v)) (7.19)
1y (Vi vy) = pf (V) A (v)) (7.20)

forall v;, v; € Vi orv;, v; € V.

Thus, from Egs. (7.18)—(7.20), the complement of G has two components and each
component is a complete interval-valued fuzzy graph and is clearly a self-centered
interval-valued fuzzy graph. |

An interval-valued fuzzy set is a generalization of the notion of a fuzzy set.
Because interval-valued fuzzy models give more precision, flexibility and compati-
bility to the system as compared to the fuzzy models, we have introduced the concept
of self centered interval-valued fuzzy graphs in this paper. The concept of interval-
valued graph can be applied in various domains of engineering and computer science.



Chapter 8
Bipolar Fuzzy Graphs

8.1 Bipolar Fuzzy Sets

In 1994, Zhang [195, 196] introduced the concept of bipolar fuzzy sets as a gener-
alization of the notion of Zadeh’s fuzzy sets. A bipolar fuzzy subset of a set is a pair
of functions one from the set into the interval [0, 1] and the other into the interval
[—1, 0]. In a bipolar fuzzy set, the membership degree O of an element can be inter-
preted that the element is irrelevant to the corresponding property, the membership
degree in (0, 1] of an element indicates the intensity that the element satisfies the
property, and the membership degree in [—1, 0) of an element indicates the element
does not satisfy the property. Fuzzy and possibilistic formalisms for bipolar informa-
tion have been proposed in [71] because bipolarity exists when dealing with spatial
information in image processing or in spatial reasoning applications.

The positive degree membership 1% is used to denote the satisfaction degree of
an element x to the property corresponding to a bipolar fuzzy set B, and the negative
degree membership 4y is used to denote the satisfaction degree of an element x to
some implicit counter-property corresponding to a bipolar fuzzy set B. If 4 (x) # 0
and ,ug (x) = 0, itis the situation that x is regarded as having only positive satisfaction
for B. If ug (x) = 0 and /ﬂg (x) # 0, it is the situation that x does not satisfy the
property of B, but somewhat satisfies the counter-property of B. If u£(x) # 0 and
ph (x) # 0, then there is both a positive intensity for which x satisfies the property
and negative intensity with which it doesn’t.

‘We note that results involving ,ug are analogous to those of 114 . Define the function
f:[—1,0] - [0, 1] by for all x € [—1,0], f(x) = —x. Then clearly f is a one-
to-one function of [—1, 0] onto [0, 1]. Now, for all x,y € [—1,0], f(x A y) =
—(xAy)=—xV-y=fx)V f(yad f(xVy)=—-(xVy =—xA-y=
f(x) A f(y). Thus, the algebraic structures ([—1, 0], A, V) and ([0, 1], v, A) are
isomorphic. However, we supply full proofs at times for the sake of completeness
and due to the fact that applications involve different interpretations of pk and pf
at times.
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Definition 8.1.1 Let X be a non-empty set. A bipolar fuzzy set B in X is a set of
triples

B = {(x, pp(x), py (x)) | x € X},

where pf : X — [0, 1]and pfy : X — [—1,0].

We often write B = (uk, %) for the bipolar fuzzy set B = {(x, puh (x), uh (x)) |
x € X}. We also use the notation B = {(x, m*(x), m~(x)) | x € X}or B = (m™,
m~) for a bipolar fuzzy set.

Definition 8.1.2 Let B = {(x, m™(x), m~(x) | x € X} be a bipolar set on a non-
empty set X. The height of B, written (B), is defined by h(B) = V{m™(x) | x € X}
and the depth of B, written d(B), is defined as d(B) = A{m~ (x) | x € X}.

Definition 8.1.3 Let B; = {(x, mT(x), my(x) | x € X} and B, = {(x, m;(x),
m, (x) | x € X} be bipolar fuzzy sets in X. Then B} C B, if mf(x) < m;(x) for
allx € X and m| (x) > m; (x) forall x € X.

Definition 8.1.4 Let B = {(x,m"(x),m~(x) | x € X} be a bipolar set on a non-
empty set X. The support of B, written Supp(B), is defined by Supp(B) = {x €
X | mT(x) # 0 orm™(x) # 0}. The upper core of B, written ¢(B), is defined by
¢(B) = {x € X | m*(x) = 1} and the lower core of B, written c(B), is defined by
cB) ={xeX|m(x)=—1}.

Definition 8.1.5 Let B = (m™*,m™) be a bipolar fuzzy set. Let r; € (0, 1] and
t, € [—1,0). Define the {#1, #,} cut level set of B to be the set B,’l = {x € Supp(B) |
mt(x) >t and m™(x) < tr}.

Theorem 8.1.6 Let A and B be bipolar fuzzy sets. Then A C B if and only if
A} C By forallt € (0, 1],k € [-1,0).

Proof Let A = (mT, m;) and B = (m;', m5 ). Suppose A € B. Then mT(x) <
m3 (x) forall x € X and m; (x) > m; (x) for all x € X. Thus, m} (x) > t implies
mj(x) > tand m| (x) < k implies m, (x) < k forall x € X and for all # € (0, 1]
and for all k € [—1, 0). Hence, A}, € B} forallt € (0, 1], k € [—1,0).

Conversely, suppose A; € Bj for all r € (0,1],k € [—1,0). Then to show
A C B, it suffices to show mT(x) < m;(x) for all x € X and m| (x) > m; (x) for
all x € X. If x € X is such that mf(x) =t and m; (x) = k, then x € A} and so
x € Bj. Hence, my (x) > tand m; (x) < k. W

Definition 8.1.7 Let A = (1%, u) and B = (u}, 1) be bipolar fuzzy sets in X.
We define the bipolar fuzzy sets A N B and A U B as follows: for all x € X,

(ANB)(x) = (uh () A ph (), 1 (1) v 1y (),
(AU B)(x) = (uh (X) V pup (x), iy (x) A iy (x)).
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Theorem 8.1.8 Let By and B, be bipolar fuzzy sets. Then (B N Bz)g = (Bl)g N
(Bg)g forallty € (0, 1] and forall t, € [—1,0).

Proof Let By = (mf, m)) and B, = (m;, m5 ). Then By N B, is a bipolar fuzzy
seton X. Let By N By = (m*,m™), where m™ = m| Nm3 andm~ = m; Um,.
Then x € (B N Bz)g emt@x)>tnandm™ (x) <h & (m?r N m;)(x) >t and
(my Umy)(x) < 1, & (m{)(x) > 1 and (m3)(x) > t; and (m])(x) < 1, and

(my)(x) <t & x € (B N(By;.. W

Example 8.1.9 Let X = {x}. Let By = (m{,m}) and By = (m3, m5) be bipolar
sets defined on X as follows:

mi"(x) =3/4,m (x) =—1/4, m;'(x) =1/4,m; (x) = -3/4.

Let#; = 1/2 and t, = —1/2. Then m{ (x) % 1/2 and m; (x) # —1/2. Thus,
(31)1_/12/2 = ¢ and (32)1_/12/2 = (). However, mT(x) > 1/2 or m;(x) > 1/2 and
my (x) < —1/2orm;, (x) < —1/2. That is, mT(x) \% m;(x) > 1/2and m| (x) A
mj (x) < —1/2. Thus, (B; U B)!'},, = {x}. Hence, (B}, U (B}, (B U

1/2
B)'L,.

Theorem 8.1.10 Let By and B, be bipolar fuzzy sets. Then (Bl)g U (Bz)g C (B U
By);! forall t, € (0, 1] and for all t, € [—1, 0).

Proof The result is immediate from the fact that B; € By U B,,i = 1,2. W

8.2 Bipolar Fuzzy Graphs

In this section, we introduce the notion of bipolar fuzzy graphs. Most of the results
in the next few sections are due to Akram [5]. We also include the work of [184].
We describe various methods of their constructions and introduce the concept of
isomorphism of bipolar fuzzy graphs. We introduce the notion of strong bipolar
fuzzy graphs. We also examine the notions of self-complimentary and self weak
complementary strong bipolar fuzzy graphs.

Results and applications not mentioned here can be found in [1, 7, 10, 14, 24,
33,71, 98, 125].

Definition 8.2.1 A bipolar fuzzy graph with an underlying set V is defined to be
apair G = (A, B), where A = (), %)) is a bipolar fuzzy setin V and B = (u},
ug ) is a bipolar fuzzy set in E such that

fh (xy) < puh () Ay (p) and g (xy) > p (x) Vv ) (v) forall xy € E,
ul(xy) = ,u%/(xy) =0forallxy € E\E.
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We call A the bipolar fuzzy vertex set of V and B the bipolar fuzzy edge set of
E, respectively.

The requirement that ;* (xy) = ,ug (xy) = Oforall xy € £\E in Definition 8.2.1
is needed when we introduce the notion of the complement of G.

Example 8.2.2 Consider a graph G* = (V,E), where V = {a,b,c}, E =
{ab, be, ca}. Let A = (uf, i) is a bipolar fuzzy subset of V and B = (uk, ) is
a bipolar fuzzy subset of E defined by

a b c ab bc ca
,ui 05 06 04 ug 04 03 0.3
,u% -0.7 —-0.5 —-0.7 ,ug -0.3 —-0.2 —-0.1

It follows easily that G = (A, B) is a bipolar fuzzy graph of G*.

We next define certain operations of bipolar fuzzy graphs. Let G = (V), E;) and
G5 = (Va, E») be graphs in this section.

Definition 8.2.3 Let A, = (uf , 1} ) and Ay = (uf] , p}f) ) be bipolar fuzzy subsets
of Vi and V, and By = (uy ., puy) and By = (ug , puyy,) be bipolar fuzzy subsets
of E;| and E,, respectively. Then we denote the Cartesian product of two bipolar
fuzzy graphs G and G, of the graphs G} and G by G| x G, = (A| X Ay, B| X By)
and defined by

()

(h, % ph ) (x1,x2) = pf (k1) A phy ()

and
WA x i ) x) = il (o) v e, ()

for all (x1,x;) € V x V.
(if)
(nf, % pp)((r, x2)(x, y2)) = ph () A iy, (x2y2)

and
(g, X ) ((x, x2) (X, ¥2)) = py (%) V prly, (x272)

for all x € Vi, forall x,y, € E>.
(ii7)
(g, x e ) ((x1, 2 (31, 2) = pg (xry) A ph (2)

and
(X ) (1, 20 2) = il Gy v el @)

forall z € V,, forall x;y, € E;.
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In the previous definition, the set of edges of G| x G, isthe set E = {(x, x2)(x, y2)
| x € Vi,x2y0 € Ex}U{(x1,2)(y1,2) | z € Vo, x1y1 € Eq}.

Proposition 8.2.4 If G, and G, are bipolar fuzzy graphs, then G| x G, is a bipolar
fuzzy graph.

Proof Letx € Vi and x;y, € E,. Then

[k, (X) A g, (x232)

A, (), iy, (x2) A gy, (32))

= A{(ph, () A ply, (602)), iy () A iy (92))
(i, X pi )Or, x2) A (uly, X iy )(x, y2),

(g, x 1) ((x, x2)(x, ¥2))

IA

iy (%) Vg (x2y2)
VARY (), (i, (02) V iy, (32)}
vl () Vvl (), i o) vl (02)}

(X i) (8, x2) V() X py) (x, y2).

(i, % p)((x, x2)(x, y2))

v

Letz € V,, and x,y; € E;. Then

(g, x pp)((x1, 2) (31, 2))

g, (x1yn) A ik (2)

Ay, ) A i, (v), oy, (2))

Aph ) A ph @),k ) A e (2)}
(uh, > ph) 1, 2) A (b, x iy, (01, 2)),

1A

(iip, % g ) ((x1, 2) (91, 2)) = iy, (1) V ) (2)

> Vi () Vo ). i) @)}

= Vi () v i, @, ) v (@)
(i, X i) 2) Vv (el > il (s 2).

Let £ = {(x,x2)(x,y2) | x € Vi, x0)2 € E2} U{(x1,2)(y1,2) | z € Vo, 1)1 €
Ej}andlet EQ = E U (x1, x2)(y1, y2) | x1y1 € Ej and x2, y2 € Va, x2 # o).

Let E be defined as following Definition 8.2.3 and let E© = EU{(x1, x2) (1, y2) |
xiy1 € Ep, x2 # o}

Definition 8.2.5 Let A} = (u} , p} ) and Ay = (ufy, p}f)) be bipolar fuzzy subsets
of Vy and Vs and B, = (uf , ) and By = (uf; , puy) be bipolar fuzzy subsets of
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E| and E,, respectively. We denote the composition of two bipolar fuzzy graphs G,
and G of the graphs G} and G; by G[G2] = (A o Ay, B| o By) and defined by
(@)
(1, © pu,)(x1, X2) = iy (¥1) A iy, (x2)
and
(i, 0 ) (1, x2) = paly (o) v i, (x2)
for all (x1, x,) € V.
(i)
(1, © ) (¥, X2) (¥, y2)) = puy, () A o, (x272)
and
(/’[’Il\i‘[] © :ull\;’,z)((xv xz)(x, )’2)) = ,U%l (x) \ /J,Il\;lz (nyz)
for all x € Vi, forall x,y, € E>.
(iii)
(g, © ) (X1, D1, 2)) = py (X1y1) A iy (2)
and
(i, © ip,) (1, D) (1, 2)) = gy, (eryn) Vel (2)
forall z € V,, for all x;y; € E;.
(iv)
(1, © ) (1, x2) (V1 32)) = Mgy, (x2), i, (3), g, (K1 v}

and
(1, 0 i) (Cr, x2) (1, y2) = VA, (x2), 1, (32), s (i)

for all (x1, x2)(y1, y2) € E°\E.

Proposition 8.2.6 If G, and G, are bipolar fuzzy graphs, then G1[G;] is a bipolar
fuzzy graph.

Proof Letx € V) and x,y, € E,. Then

(1, © b)) (X, x2)(x, ¥2))

ph () A g (x232)

Ay, (), iy, (62) A iy, (72))

= Alph, (X) A ply (), i () A (92))

(/1'11:1 ouiz)(x’XZ) A (,uf;] O:uﬁz(xv ¥2)),

IA
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(0 py) (e, x2)(x, y2)) = pf () V pily (x2y2)
> VAl (), i, () Vo, (72)}
= V{u), () v (o). ) () Vol ()}

= (b, o ph ) (x, x2) v (U, o i ) (x, ).
Letz € V,, and x;y; € E;. Then

(g, o 1p)((x1, (1. 2))
= pp, (X1y1) A iy (2)
< Ay, o)y, ), iy, (2}
Aph ) A plh @),k ) A ph (@)
= (uh, o ph (x1.2) A (uh, o (1. 2)),

A

(i, 0 ) (1. 2) (¥ 2)) = gy, (xiyn) V ), (2)
> VA, (), w0, il (2)}
= Vil ) Vv, @), () v i, (2)

= (p, 0 ph,) (1, 2) V (1, © ) (31, 2)-
Let (xg, X2)(y1, yz) [S EO\E. Then x1y1 € E1, xo ;ﬁ V2. Thus,

(g, © ) (X1, x2) (V1. ¥2))
= Mk, (x2), iy, (v2), s, K1y}
< Alph (), ph (n2), ph (o)) A ()}
= Alph (x) A ply, (), iy (v) Ay, (7))
= (uh, o ph )1, x2) A (U o ) (1, ).

Definition 8.2.7 Let A, = (u} , p} ) and Ay = (uf, p}f) be bipolar fuzzy subsets
of V; and V5, respectively, and let By = (uf; , puy) and By = (uf; , pujy)) be bipolar
fuzzy subsets of E; and E», respectively. Then we denote the union of two bipolar
fuzzy graphs G and G, of the graphs G} and G5 by G UG, = (A; U A,, BiUBy)
and defined as follows:

py, (x) ifxeVvinNy,
(i, U ) (x) = § ph () ifxeV,NV,
ph )V oph () ifx e Viny,
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'“X] (x) ifxevinv,
(Ul () = ply, (x) ifxeV,nV,
NX, x) A uxz(x) ifxeVinv,

M}I;I (xy) ifxy € E; NE,
(g, U ) (xy) = 1 g, (xy) ifay € BN E
| 115, (xy) V g, (xy) if xy € Ei N E>

i, (xXy) ifxy € E1 N Ey
(//l\;/] U,ugz)(xy) = 1 ,ugz(xy) ifxy e E,NE,

fy, (xy) A py (xy) if xy € Ey N Ey.

Example 8.2.8 Consider the bipolar fuzzy graphs G| and G,, where V| = {a, b, c},
E, ={ab,ac,bd} and V, = {a, b, d}, E, = {ab, ad, bd} such that

a b c a b d
;ﬂ;l 03 05 04 ,ufz 04 04 0.3
MXI —-0.4 —-0.6 —0.5 u% —-0.5 -0.3 -0.2

and
ab ac bc ab ad bd

ph 02 03 04 uh 04 03 03
py —0.4 —0.4 —0.5 p —0.3 0.2 —0.2

Then the following tables yield G; U G».

a b c d
,uf:] Uuiz 04 05 04 0.3
,LLX] ngz —0.5 -0.6 —0.5 —-0.2

ab ac ad bc bd
“11;1 U ugz 04 03 03 04 03
,ugl U ugz —-04 -04 -0.2 -0.5 —-0.2

Proposition 8.2.9 If G| and G, are bipolar fuzzy graphs, then G| U G is a bipolar
fuzzy graph.

Proof Letxy € E1 N E;. Then

[ (xy) V pf (xy)

vk ) A ). ) Al (0}
Aph ) vk o, ik ) vk 0}
= (uh, U ph )0 A (U k) ().

(g, U i) (xy)

IA



8.2 Bipolar Fuzzy Graphs 279

(g, U i) (xy) = p, (xy) A g, (xy)
> Alply, () v ), i, 0 v el (0
= v{u}, () A @), i ) A ()
= (U ) vl el )Ho.

Similarly, for xy € E; N E,, we have

(g, Upg)(xy) < (uh Upl (0) A (U pk ) ()
(e, U ) (ey) = (U)o vl U )o.

If xy € E; N Ey, then

(g, U pp ) (xy) < (uh, U ph )0 A (U ) ()
(g, U pg ) (xy) = (i U pl )0 v (el U i)

Thus, G| U G, is a bipolar fuzzy graph W

Proposition 8.2.10 Ler {G; | i € I} be a family of bipolar fuzzy graphs with the
underlying set V. Then N;c;G; is a bipolar fuzzy graph.

Proof For any x, y € V, we have that

Nicrfip(xy) = Aierpig, (X¥) < Aerfpey, () A iy, ()}
= (Aier ity (X)) A (Nier iy, (7))
= (Nierpty, (X)) A (Nicrpty, (¥),

Nierftly (xy) = Vierpiy, (xy) = Vier (W (x) V pf ()
= Vierp) )V (Vier) ()
= Mier iy, (%) V Nierply ().

Hence, N;<;G; is a bipolar fuzzy graph. W

Definition 8.2.11 Let A} = (uf , ) and Ay = (uf; , p}})) be bipolar fuzzy sub-
sets of V; and V; and let By = (up . pj) and By = (uf ., pujy) be bipolar fuzzy
subsets of £ and E;, respectively. We denote the join of two bipolar fuzzy graphs
G = (Ay, By) and G, = (A3, By) of the graphs G| = (Vi, Ey) and G5 = (V,, E>),
respectively, by G| + G, = (A + Az, By + B;) and defined as follows:

() (uh, + ph ) @) = (uh U pk) ) and (uf) + p ) 0) = ) 0 pl)x) if
X € V] U Vz;
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(i) (uf, + pp)(xy) = (uf Upp)(xy) = pp (xy) and (uy + pj)(xy) =
(u, Ny (xy) = ply (xy) if xy € Ey N Ey;

(i) (o, + ) (xy) = ph vk (v)and (uff, +pf) (xy) = pf ) Apl ()
if xy € E, where E is the set of all edges joining the vertices V; and V,.

Proposition 8.2.12 If G and G, are bipolar fuzzy graphs, then G|+ G, is a bipolar
fuzzy graph.

Proof Let xy € E’. Then

(W, + 1) y) = ph ) v uh ()
< (uf Upk ) v Wl vk )Ho)
= (uh +ph ) v @k + k)

and

(py, + pp)(ey) = iy ) A, ()
> () Nl D) A N el D)
= (U, + 1)) Al + ).

If xy € E| U E;, then the result follows from Proposition 8.2.9. W

Proposition 8.2.13 Let G| = (V,, E}) and G5 = (V,, E,) be crisp graphs and let
ViNV, =0@. Let Ay, Ay, By, and B, be bipolar fuzzy subsets of Vi, Vo, E|, and
E,, respectively. Then G1 U G, = (A1 U Ay, By U By) is a bipolar fuzzy graph of
G* = GT UG} ifand only if G| = (A1, By) and G, = (A,, By) are bipolar fuzzy
graphs of GT and G, respectively.

Proof Suppose that G; U G, = (A; U Ay, B; U By) is a bipolar fuzzy graph. Let
xy € E;. Thenxy ¢ E; and x, y € V|\V,. Thus,

pi, (x) = (g, U pg ) (xy) < (uiy, U ph )00 A (i U ph ) ()
= phy, () Ay (),

pp (xy) = (g, Upg)ey) = (Nl e v el 0ol o)
= p, )V ().

Hence, G| = (A1, By) is a bipolar fuzzy graph. Similarly, we can show that G, =
(A,, B) is a bipolar fuzzy graph.

The converse follows by Proposition 8.2.9. W

As a consequence of Propositions 8.2.12 and 8.2.13, we have the following.
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Proposition 8.2.14 Let G = (V\, E1) and G5 = (V, E,) be crisp graphs and let
ViNV, =0@. Let Ay, Ay, By, and B, be bipolar fuzzy subsets of Vy, Vo, E|, and
E,, respectively. Then G| + G, = (A| + Ay, By + By) is a bipolar fuzzy graph of
G* = G1 + G} ifand only if Gy = (Ay, By) and G, = (Az, By) are bipolar fuzzy
graphs of GT and G, respectively.

8.3 Isomorphisms of Bipolar Fuzzy Graphs

In this section, we consider the concept of an isomorphism of bipolar fuzzy graphs.

Definition 8.3.1 Let G| and G, be bipolar fuzzy graphs. A homomorphism f :
G, — G is a bijective mapping f : Vi — V, which satisfies the following
conditions:

(i) pf (en) < pk (FG)s p () = ) (F () forall x; € V.

(i) pg iy) < pp () f )y iy, iy = pg, (f () f () for all x; €
V] andx1y1 € E].

Definition 8.3.2 Let G, and G, be bipolar fuzzy graphs. An isomorphism f :
G, — G, is a bijective mapping f : V; — V, which satisfies the following
conditions:

(i) ph (1) = pf (F)), p, (o) = pf (f ().

(i) ph (iy1) = gy (F ) f (). pgy, (aiy) = piy, (f (1) f (1)) for all x; €
Viand x;y, € &.

Definition 8.3.3 Let G; and G, be bipolar fuzzy graphs. A weak isomorphism
f 1 G; — G; is a bijective mapping f : Vi — V, which satisfies the following
conditions:

(i) f is a homomorphism,
(i) ph (x) = ph (), (o) = pld (F () for all xy € V.

It follows that a weak isomorphism preserves the weights of the vertices, but not
necessarily the weights of the edges.

Example 8.3.4 Let V] = {(11, b[}, V2 = {az,bz}, E[ = {a|b1}, and E2 = {azbz}.
Consider bipolar fuzzy graphs G| = (A, By) and G, = (A2, By) of GT = (Vi, E})
and G5 = (V,, E,), respectively, defined as follows:

,uf;](al) = 0.2, “2[1 (ay) = —0.5, uﬁl (by) = 0.3, NX, (by) = —0.6, ,ugl (a1by)
= 0.1, sz\;/, (a1by) = —0.4; uiz(ag) = 0.3, quz(az) = —0.6, /Lf;z(bz) = 0.2,
uxz (by) = —0.5, ugz (axby) = 0.2, ,ugz (az, by) = —0.4.

Define the function f : Vi — V, by f(a;) = by and f(b;) = a,. Then we have:
ph (@) = ph (by), pll (@) = plY (B2), pk (b)) = pf (a2), p) (b)) = p) (@),
and
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py (aib)) = pjy (axby), but pfy (@iby) # pp (f(@)f(b) = pp (azby).
Hence, the map is weak isomorphism, but not an isomorphism.

Definition 8.3.5 Let G| and G, be bipolar fuzzy graphs. A co-weak isomorphism
f : Gy — G, is a bijective mapping f : V; — V, which satisfies the following
conditions:

(i) f is a homomorphism,

(i) pp iy)) = pp, (FGOF ), pg, Gay) = g, (f (1) f()) for all
X1, Y1 € V].

We see that a weak isomorphism preserves the weights of the edges, but not
necessarily the weights of the vertices.

Example 8.3.6 Let V1 = {al,bl}, V2 = {az,bg}, E1 = {albl}, and E2 = {azbz}.
Consider bipolar fuzzy graphs G| = (A, By) and G, = (A, By) of G} = (V}, E})
and G5 = (V,, E»), respectively, defined as follows:

uil(al) =0.2, ,ufl (a;) = —0.4, uﬁl(bl) =0.3, //X] (b)) = —0.5, ugl (a1by) =
0.1, pgl (b)) = —0.3; uﬁz(az) = 043, pgz(az) = —0.5, uﬁz (by) = 0.3,
ph, (02) = =0.6, pf (axhy) = 0.1, piy (a2, by) = —0.3.

The function f : V| — V, defined by f(a;) = a, and f(b;) = b, can be
shown to be a co-weak isomorphism, but not an isomorphism because Mﬁ, (ay) #

ph (b2), i (@) # @ (b2).
We next make some definitions and observations.

(1) If G; = G, = G, then the homomorphism f of G into G itself is called an
endomorphism. An isomorphism f over G is called an automorphism.

(2) Let A = (u, u)) be a bipolar fuzzy graph with an underlying set V. Let
Aut (G) be the set of all bipolar automorphism of G. Let e : G — G be a map
defined by e(x) = x for all x € V. Clearly, e € Aut(G).

(3) If G; = G,, then the weak and co-weak isomorphisms actually becomes
isomorphic.

Definition 8.3.7 A bipolar fuzzy set A = (uk, ) in a semigroup S is called a
bipolar subsemigroup of S it satisfies: pf (xy) > pf(x) A pk (y) and pf (xy) <
ph () v ol (y) forall x, y € S.

A bipolar fuzzy set A = (u%, ) in a group G is called a bipolar subgroup of
G if it is a bipolar fuzzy subsemigroup of G and satisfies: % (x~!) = p%(x) and
u%(x’l) = ug(x) forallx € G.

We now show how to associate a bipolar fuzzy group with a bipolar fuzzy graph.

Proposition 8.3.8 Let G = (A, B) be a bipolar fuzzy graph and let Aut (G) be the
set of all automorphisms of G. Then (Aut(G), o) forms a group.
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Proof Let ¢, 1 € Aut(G) and let x, y € V. Then
1 (¢ 0 ) () (B 0 )W) = p (DN (¥)) = pg (DY) = py (xy),
gy (6 0 ) (X) (¢ 0 ) (1) = py (PP (V) = py (b)Y (V) = pfy (x),
11 (P 0 ) (1) = p (D)) = py (X)) = p(x),
1 (6 0 ) (X)) = iy (P(h(x))) = iy (P(x)) = py (x).

Thus, ¢ o v € Aut(G). Clearly Aut(G) satisfies associativity under the operation

o,poe=¢=coq, ul (") = pk(@), p (™" = p(¢) forall ¢ € Aut(G).
Hence, (Aut(G), o) forms a group. B

We state the two propositions without proofs.

Proposition 8.3.9 Let G = (A, B) be a bipolar fuzzy graph and let Aut (G) be the
set of all automorphisms of G. Let g = (,u!];, ugv) be a bipolar fuzzy set in Aut (G)
defined by

e (@) =V {pp @), o) | (x,y) € V x V},
1y (9) = Mg (9(x), ¢()) | (x, ) € V x V}

forall o € Aut(G). Then g = (ug, ,uff) is a bipolar fuzzy group on Aut(G).

Proposition 8.3.10 Every bipolar fuzzy group has an embedding into the bipolar
fuzzy group of the group of automorphisms of some bipolar fuzzy group.

Proposition 8.3.11 Ler G|, G,, and G5 be bipolar fuzzy graphs. Then the following
properties hold.

(i) If f is an isomorphism of G| onto G, then f~' is an isomorphism of G, onto
G.

@@i) If f is an isomorphism of G| onto G, and g is an isomorphism of G, onto
G3, then g o f is an isomorphism of Gy onto G3.

Proof (i) Now, f : V| — V,. Let x; € V. Then we have Mf}il (x1) = uﬁz(f(xl)),
ph ) = pl (f () for all x; € Vi and pp (xiy) = pp (f ) f (1),
py, eryn) = g, (f (1) f (y1)) forall xy, y; € Ey.

Because f is bijective, it follows that f’l(xz) = x1, where f(x)) = x; € V5.
Thus, ph (f7'(x)) = ph, 02), p, (F7'(x2)) = plf, (x2) forallx, € V; and
g (F 7 2yn)) = pgy (eayn), gy, (F 7' (x2y2)) = ply, (x2y2) for all xp, y, € Es.

Hence, the bijective map f~' : V» — V, is an isomorphism from G, onto G.
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(ii) Wehave f : V| - V,and g : V, — V5. Thengo f : Vi — Vjis bijective
map from V; onto Vi3, where (go f)(x;) = g(f(x)) forall x; € V). Letx; = f(xy).

Thus,

iy (1) = ph, (f (o)) = pil, (o).
iy (e)) = p (f () = ) (x2)

for all x; € V.

ph, Gy = pp (fF ) f () = pih, (x232),
ply iy = pgy, (F Gen) £ (1)) = iy, (x232)

for all x;y; € E;.
Let x3 = g(x2) = x3. Then

fih, (x2) = piy (9(x2)) = i, (x3),
i (x2) = pilY (9(x2)) = 1l (x3)

for all x, € V.

15 (x2y2) = pih (9(x2)g(32)) = i, (x3y3).
1y, (x2y2) = iy, (9(x2)g(32)) = iy, (x3y3)

for all X2Y2 € E3.
From (8.1), (8.2), (8.5), (8.6), and f(x;) = x3, x; € Vi, we have

plh (xr) = ply (F (k) = ply, (x2) = ply (9(x2)) = iy, (g(f (X)),

ply () = gl (F (D) = pl} (x2) = 1} (9(x2)) = p) (g(f (x1)))

for all x; € V.
From (8.3), (8.4), (8.7), (8.8), we have

fg iy)) = pp (F G f) = p, (x232)
= g (9(x2)g(32)) = pug (g(f xD)g(f (D)),

and

iy iy = pfy, (F Gep) £ () = p, (x232)
= pjy, (9(x2)g(32)) = py, (g(f x))g(f (1))

for all x;y; € E. Therefore, g o f is an isomorphism between G| and G3.

(8.1)
(8.2)

(8.3)
(8.4)

(8.5)
(8.6)

8.7)
(8.8)
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Let f : Vi — V, be a weak isomorphism of G| onto G,. Let x; € V;. Then
ph o) = ph (F @), il () = ) (F (),

g iy < g (FGDFO)), py, Gy = py (FGDfO1) (8.9

for all xq, y; € Ej.

Let g : V, — V) be a weak isomorphism of G, onto G;. Then g is a bijective
map defined by g(x;) = x1, x, € V», satisfying uﬁz (xp) = uf; (g(x2)), ui (x) =
1y (g9(x2)) for all x; € V; and

[, (X232) < g (9(x2)g(¥2)). 1y, (x2y2) = gy (9(x2)g(y2)) (8.10)

for all X2y2 € E>.

The inequalities (8.9) and (8.10) hold on the finite sets V; and V, only when G
and G, have the same number of edges and the corresponding edges have the same
weights. Hence, G| and G, are identical.

Proposition 8.3.12 Let G, G,, and G3 be bipolar fuzzy graphs. If f is a weak
isomorphism of G| onto G, and g is a weak isomorphism of G, onto G3, then go f
is a weak isomorphism of G| onto Gs.

Proof Let f : Vi - Vyand g : V, — V3 be weak isomorphisms of G onto G, and
G, onto G3, respectively. Then g o f : Vi — Vj is bijective map from V) onto V3,
where (g o f)(x1) = g(f(x)) forall x; € V.

Let x; € Vi and x, = f(x;). Then

ph, (1) = ph, (f (o)) = ply, (x2), (8.11)
N o) = (F o) = ) (x2) (8.12)

for all x; € V.

fih iy < g, (F ) £ ) = gy, (Gaya) ey, (k1 yr)
> py, (f @) f () = iy, (x2y2) (8.13)

for all x;y; € E;.
Let x3 = g(x,). Then we have,

fik, (x2) = i (9(x2)) = iy, (x3), (8.14)
P () = ) (g(x2)) = pil, (x3) (8.15)

for all x, € V.
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fig, (x232) < pgy (9(x2)g(32)) = pgy, (x3y3), (8.16)
fiy, (x2y2) > gy (9(x2)g(y2)) = i, (x33) (8.17)

for all X2y2 € E3.
From (8.11), (8.12), (8.14), (8.15), and f(x;) = x», x; € V;, we have ,uﬁl (x1) =

Bt (FaD) = ph () = pf (g() = uf (g(f D)), il () = plf (F (xr)) =
fly, (x2) = ply, (g(x2)) = iy, (g(f (x1))) for all x; € V.

From (8.13), (8.16), and (8.17), we have, up (xiy1) < pp (f(x)f(n) =
[, (x22) = pp (9(2)g(y2)) = pp (g(f (x1))g(f () and py (xiy1) > py,

(fEDfO)) = p (ayr) = py (9(2)g(y2) = py (9(f (x1)g(f (y1))) for all
X1, y1 € E. Therefore, g o f is an isomorphism between G| and G;. W

8.4 Strong Bipolar Fuzzy Graphs

Definition 8.4.1 A bipolar fuzzy graph G = (A, B) is called strong if u} (xy) =
ph o) A (v) and i (xy) = gy () v ) (v) for all xy € E.

Example 8.4.2 Consider a graph G* such that V = {x, y, z} and E = {xy, yz, zx}.
Let A be a bipolar fuzzy subset of V and B be a bipolar fuzzy subset of E defined
by

X y Z Xy yz zx
,u’Af 02 03 04 ,u’; 02 03 02
,uﬁ —0.4 -0.5 -0.5 ug —0.4 -0.5 -04

It follows easily that G = (A, B) is a strong bipolar fuzzy graph of G*.

Proposition 8.4.3 If G| and G, are strong bipolar fuzzy graphs, then G| x G,
G1[G»], and G| + G, are strong bipolar fuzzy graphs.

Proof The proof follows from Propositions 8.2.4, 8.2.6, and 8.2.12. W

We next show that the union of two strong bipolar fuzzy graphs is not necessarily
a strong bipolar fuzzy graph.

Example 8.4.4 Let Vi = {a,b,c} = V», Ey = {ab, bc}, and E, = {bc, ac}. Let
G| = (Ay, By) and G, = (A,, By) be bipolar fuzzy graphs defined as follows:
uil(a) = 0.6, ,u%] (a) = —0.5, ,uil (b) = 0.4, ;/Xl (b)) = —0.7, uil(c) = 0.5,
py () = =0.6, puf (ab) = 0.4, puj (ab) = —0.5, uf (bc) = 0.4, iy (be) = —0.6;
uﬁz(a) = 0.2, ,uIXZ(a) = —0.5, uf{z(b) = 0.3, ufz(b) = —04, uf;z(c) = 0.7,
,u%z (c) = —0.6, ,ugz(bc) =0.3, ,ug'z (bc) = —0.4, ugz(ac) =0.2, ,ugz(ac) =—0.5.
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Then we have that (u} U pk (@) v (uf U pk (©) =07 > 02 = (ug, U
fip,)(@c).

Proposition 8.4.5 If G| x G, is a strong bipolar fuzzy graph, then at least one of
G or G, must be strong.

Proof Suppose G| and G, are not strong. Then there exists x; y; € Ejand x,y, € E;
such that pup (x1y1) < ph (R Aph, (), g, Geryn) < gy, Qo) Apdy, (9) gy, (1) >
iy Gen) Vol 0, iy, Geayn) >l ) Vol ().

Suppose that ,ugz(xzyz) < pgl (x1y1) < ,uﬁl(xl) A ,uﬁl(y) < ,uf:](xl). Let E =
{(x, x2)(x, y2) | x € Vi, x2y2 € Ep} U{(x1,2)(01,2) | 2 € Vo, xiy1 € Eq}. Let
(x,x2)(x,y2) € E. Then we have that (uj; x pg )((x, x2)(x, y2)) = pf (x) A
f, (2y2) < Al (), iy, (x2) A iy, (32)} and (X pl )(x, x2) = gy (x) A
i, Oe2), () X pe V(s y2) = gy (6) A iy (2).

Thus, (1, x ph )(x, x2) A (X iy )(x, y2) = Afpd (0), g, (x2), py (32)}
and hence, (pu, % f15,) (¥, x2)(x, y2)) < (X i) (e, x2) A (i, X ) (x, y2).

Similarly, it follows that (u%’l xu%’z)((x, x2)(x, y2)) < (“X xuxz)(x, xz)/\(ufl X
,uxz)(x, y2). That is, G| x G is not a strong bipolar fuzzy graph, a contradiction.

Hence, if G| x G, is a strong bipolar fuzzy graph, then at least G| or G, must be a
strong bipolar fuzzy graph. Wl

The following result is immediate.

Proposition 8.4.6 If G[G,] is a strong bipolar fuzzy graph, then at least one of G
or G, must be strong.

Proposition 8.4.7 Let G = (A, B) be a strong bipolar fuzzy graph of a graph
= (V,E).IfG = (A, B) satisfies A = A and B = (ub, ) defined by for all
xy €€,
—5 0 if0 < pp(xy) <1,
P _ B
#al) { Hh ) A HE () if Y (xy) = O,

“~,_ |0 if —1<pyxy) <0,
) = [uim Vb () if pa(xy) = 0.

Then G is a strong bipolar fuzzy graph of G = (V, E\E).

Proof Clearly, the blpolar sets A and B satisfy JI5 (xy < iy (x) AWONS (y) and
,uB N(xy) > uA N(x) v g N(y)forall xy € £. Let xy € E\(E\E) = E. Then pg(xy =
5\ (x) A % (y) because G is strong. If uB(xy) = 0, then by Definition 8.2.1, we
have uB(X_y) = py () A i (v) = pg(xy) = 0. Suppose 0 < i (xy) < 1. Then
we have ug (xy) = 0. Thus, for all xy € E\(E\E) = E, pg (xy) = 0. Similarly, we
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can show that for all xy € E\(E\E) = E, ﬂ(xy) = 0. Hence, G is a bipolar fuzzy
graph of G* = (V, E\E).
We now show G is strong. Bydeﬁnltlon pp (- E(xy) = ,uB N(xy) = Oforallxy € E\E.

Then 15 (xy) [y () A iy (V) = gy () A gy () and g (xy) = ply (0) v ply (v) =
Wy (x) v ul (). Hence, G is a strong bipolar fuzzy graph of G* = (V,E\E). R

Definition 8.4.8 The complement of a strong bipolar fuzzy graph G = (A, B)
of G* = (V, E) is a strong bipolar fuzzy graph G = (A, B) on G*, where A =

(MA» )andB (uB, )aredeﬁnedby
(l)V_Vv

(i) pf (x) = pP (), p (x) = p& (x) forall x € V,
iii)

— [0 if ub(xy) >0
pg (xy) = [Mﬁ; () A ph () if pl (xy) = 0
— [0 if,uB(xy)>0
pp (xy) = [HA N o) vl () if gl (xy) = 0.

Definition 8.4.9 A strong bipolar fuzzy graph G is called self complementary if
G and G are isomorphic.

We next give an example of a self complementary strong bipolar fuzzy graph.

Example 84.10 Let G* = (V,E) be a graph, where V = {a,b,c,d} and
E = {ab,ac,cd}. Let G = (A, B) the strong bipolar graph fuzzy graph defined
as follows:

pp(a) = gy (b) = py(c) = py(d) = 0.1,
py (@) = iy (b) = py () = p (d) = —0.2.

pip(ab) = pp(ac) = pyed) = 0.1, ujp(ad) = pp(be) = pg(bd) =0,
gy (ab) = py (ac) = py (cd) = —0.2, py (ad) = iy (be) = pjy (bd) = 0.

Then the complement G =(A,B)ofGis given as follows: A=Aand

uh(be) = pl(ad) = ph(bd) = 0.1, uF (cd) = pk(ac) = pk(ab) =0,
1y (be) = piy(ad) = pi (bd) = —0.2, i (cd) = pjy (ac) = pj (ab) = 0.

Define the function f : V — V by f(a) = b, f(b) =c, f(c) =d, f(d) = a.
Then f is bijective and satisfies the following properties:

 ph(ab) = 0.1 = pfbe) = ph(f@f b)), pyab) = 0.2 = pf(be) =
LY (f@ f®), ph(cd) = 0.1 = phlad) = uh(f(©)f(@d), pl(cd) = —0.2 =
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1y (ad) = uB(f(C)f(d)) phac) = 0.1 = i (bd) = uB(f(a)f(c)) piy (ac) =
—0.2 = py(bd) = py(f@f(e), ppbe) = 0 = pyled) = pp(fb)f(),
pybe) = 0 = py ( d) = py(f(B)f(©)), ppbd) = 0 = pylac) = pp(fb)
f@), pybd) = 0 = pgac) = py(fB)f@), pplad) = 0 = pylab) =
ph(f@ f(d), pylad) = 0 = pj(ab) = py(f(a)f(d)). Thus, G and G are
isomorphic.

Proposition 8.4.11 Let G = (A, B) be a strong bipolar graph of G* = (V, E) and
G = (A, B) be the complement of G. Then

u_g(xy) = Mﬁ(x) A ug(y) - ,ug (xy) forall xy € &,
py (xy) = p () v paly (9) = g (xy) for all xy € €.

Proof Let xy € £.1f 0 < ph(xy) < 1, then xy € E. Because G is strong, it
follows that % (x) A pk (v) — ph(xy) = 0 = puh(xy). Suppose that pk (xy) = 0.
Then 11 (x) A pk () — g (xy) = ph () A p () = pf (xy). Therefore, pj (xy) =
15 () A pf () = pg(xy) forall xy € €.

It follows analogously that E(xy) = puhx) v ph(y) — i (xy) for all
xyeé& 1

Definition 8.4.12 ([45]) The complement of a fuzzy graph G = (o, p) is a fuzzy
graph G = (7, 1), where T = ¢ and z(xy) = A{o(x) Ao (y) — u(xy) | xy € E}.

Proposition 8.4.13 Let G be a self complementary strong bipolar fuzzy graph. Then
() X pp(xy) =5 2y ph (X) A pg (),
(i) D p (xy) = 5 2y 1 () V ().

Proof Because G is a self complementary strong fuzzy bipolar graph, pk(xy) =
,uA (X) A iy P (y) and Wy N(xy) = My Nx) v My N(y) for all xy € £. Also, there exists an

isomorphism f of G to G such that Ly Px) = I (f(x)) and ,uA Nx) = I (f(x))

forall x € V and p§(xy) = ph(f(x) () and p (xy) = p (f(x) £ () for all
xy eé.

(i) For all xy € &, we have that 11}, (f(x)f(y)) = ph(f(0) A ph(F () —
ph(f () £ (). Hence, i (xy) = ph (f () A ph (f (1)) — ph (f (0) £ (7). Thas,

Do)+ D pp(FEFB) = Dk (fF)) A ph(f(y)
xX#y xX#y x#y

= > i) Api().
xXFEy

Hence, 23" phxy) = Dty ph(x) A pk(y) and so the desired result is
immediate.
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(ii) For all xy € &, we have that & (f (x) £ (y) = p (f () v ul (f(y)) —
pily (f (x) f (). Hence, pily (xy) = p (f (x)) v i (f () — gy (xy). Thus,

Dy + D N (FE L)) = D ph (F) Vv (F ()
xXFEYy xX#Yy X#Yy

= D> uh ) v ) ).
X7y

Hence, 23" . py) = >, 4y ph (x) v ¥ (y) and so the desired result is
immediate. W

Proposition 8.4.14 Suppose G = (A, B) is a strong bipolar fuzzy graph of G* =

(V. E). If ph(xy) = 2(uh (0) A ph () and pfy (xy) = 5l (x) v p2l () for all
xy € &, then G is self complementary.

Proof Clearly, the identity map / : V — V is an isomorphism from G to G. In fact
by Proposition 8.4.11, we have for all xy € £,

P (T (y)) = ph(xy)
= ph ) A ph () = pgp (xy)

1
= b ) Aph () - Em,’i ) A ph ()

1
= E(uﬁ ) A k)

= g (xy).

Similarly, E(](x)l(y)) = pb(xy). Thus, G and G are isomorphic. M

Corollary 8.4.15 Suppose G = (A, B) is a strong bipolar fuzzy graph of G* =
(V, E). Then G is self complementary if and only if u%(xy) = %(ui(x) NTAEY))
and py (xy) = 3 (u (x) v 1Y () for all xy € €.

Proposition 8.4.16 Let G and G, be strong bipolar fuzzy graphs. Then G and G,
are isomorphic if and only if G| and G, are isomorphic.

Proof Suppose G| and G, are isomorphic. Then there exists a bijective function
f Vi — V; satisfying

ply (x) = ph (f(x) and g (x) = pf (f(x)) forall x € Vi,
pg, (x3) = g, (f () f (9)) and g (xy) = pug, (f (x) f () for all xy € &.
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Letxy € &.If uf (xy) = 0, thenpuf, (f (1) f (1)) = 0. Now, b (xy) = piy (x)A
1, ) = i, (F Q) A iy, (F ) = pagg, (f () f (1)) Suppose 0 < pujg (xy) < 1.
Then0 < i, (f (x) f () = 1. Thus, g, (xy) = 0 = p, (f (x) £ (). Analogously,
p, (xy) = pjy, (f (x) f(y)) forall xy € &;. Hence, G and G, are isomorphic.

Conversely, suppose G| and G, are isomorphic. Then there exists a bijective
function f : V| — V; satisfying

ph () =l (F (o)) and g1 () = plf, (F (x) forall x € Vi,
fip (xy) = pg, (f ) f () and py (xy) = p, (f (x) f()) forall xy € &;.

Let xy € €. Suppose that uij; (xy) = 0. Then

1 (FQ)f (D)) = pb, (xy)
= puh () Ak ()
= uf (@) Ak )
= ub (F) Ak (F)
= uh (F)) A pk (FO)).

Thus, pg (f(X)f(y)) = 0 = pg (xy). Suppose that 0 < pp (xy) < 1. Then
(s, (f () f () = ph (xy) = 0. Hence,

gy (F Q) F0)) = i, (F ) A ph (F )
= uf (f) Ak (FO)
= ph ) A ph )
= i, (xy).

It follows analogously that ug] (xy) = ,ugz (f(x)f(»)). Therefore, G| and G, are
isomorphic. W

The following result is immediate.

Proposition 8.4.17 Let G| and G, be strong bipolar fuzzy graphs. If there is a
co-weak isomorphism between G| and G, then there is a co-weak isomorphism
between G| and G,.
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8.5 Regular Bipolar Fuzzy Graphs

The results in this section are due to those in [16]. We present the concepts of
regular and totally regular bipolar fuzzy graphs. We prove necessary and sufficient
conditions for which regular bipolar fuzzy graphs and totally bipolar fuzzy line
graphs are equivalent. We introduce the notion of bipolar fuzzy line graphs and
present some of their properties. We give a necessary and sufficient condition for a
bipolar fuzzy graph to be isomorphic to its corresponding bipolar fuzzy line graph.
We examine when an isomorphism between two bipolar fuzzy graphs follows from an
isomorphism of their corresponding bipolar fuzzy line graphs. Sufficient conditions
for a bipolar fuzzy graph to be isomorphic to its corresponding bipolar fuzzy line
graph are provided.

Recall that for given a graph G* = (V, E), two vertices x, y € V are said to
be neighbors, or adjacent vertices, if xy € E. The neighborhood of a vertex v
in a graph G* is the induced subgraph of G* consisting of all vertices adjacent to v
and all edges connecting two such vertices. The neighborhood is denoted by N (v).
The degree deg(v) of vertex v is the number of edges incident on v or equivalently,
deg(v) = |N(v)|.The set of neighbors, called an open neighborhood N (v) for a
vertex v in a graph G* consists of all vertices adjacent two v but not including v,
that is N(v) = {#u € V | vu € E}. When v is also included, it is called a closed
neighborhood N[v], thatis, N[v] = N (v) U{v}. A regular graph is a graph where
each vertex has the same number of neighbors, i.e., all the vertices have the same
closed neighborhood degree. A complete graph is a simple graph in which every
pair of distinct vertices is connected by an edge.

An isomorphism of graphs G} and G3 is a bijection between the vertex sets of
G7 and G such that any two vertices v; and v, of G} are adjacent in G7 if and only
if f(v1) and f(v,) are adjacent in G3. Isomorphic graphs are denoted by GT =~ G3.

In graph theory, the line graph L(G*) of a simple graph G* is a graph that repre-
sents the adjacencies between edges of G*. Given a graph G*, its line graph L(G*)
is a graph such that each vertex of L(G™) represents an edge of G*; and two ver-
tices of L(G™) are adjacent if and only if their corresponding edges share a common
endpoint in G*.

Let G* = (V, E) be an undirected graph, where V = {vy, vp, ..., v,_1, v,}. Let
S,’ = {U,‘, Xily «ves )Ciqi}, Wherexij = ViV; € E, i = 1,2, ey I’L,j = 1,2, ey
qi.-Let S = {8, S, ..., S} LetT ={S;S; | S, S; € S,85NS; #0,i # j}
Then P(S) = (S, T) is an intersection graph and P (S) = G*. The line graph L(G*)
is by definition the intersection graph P(E). That is, L(G*) = (Z, W), where
Z ={{x}U{ux,vi} |x € E,ux, vy € V,x =ucv,yand W = {5, S, | S: NS, #0,
x,ye E, x £y}, and Sy = {x} U {u,, v}, x € E.

Recall that a graph is called regular if all vertices have the same degree.

Proposition 8.5.1 If G is regular of degree k, then the line graph L(G) is regular
of degree 2k — 2.



8.5 Regular Bipolar Fuzzy Graphs 293

Definition 8.5.2 Let G = (A, B) be a bipolar fuzzy graph on G* = (V, E). The
open neighborhood degree of a vertex x in G is denoted by

deg(x) = (deg” (x), deg" (x)),

where

deg”(x) = D ph(y)

YEN(x)

and

deg"(x) = > ph.

YEN(x)

If all the vertices have the same open neighborhood degree 7, then G is called an
n-regular bipolar fuzzy graph.

Definition 8.5.3 Let G = (A, B) be aregular bipolar fuzzy graph. If each vertex of
G has the same closed neighborhood degree m, then G is called a totally regular
bipolar fuzzy graph. The closed neighborhood degree of a vertex x is defined by
deg[x] = deg”[x] + deg"[x], where

deg”[x] = deg” (x) + i (x),
deg"[x] = deg" (x) 4 1} (x).

The following examples show that there is no relationship between n-regular
bipolar fuzzy graphs and m-totally regular bipolar fuzzy graphs.

Example 8.5.4 Consider a graph G* such that V = {a, b, c,d} and E = {ab, bc,
cd, ad}. Let A be a bipolar fuzzy subset of A and let B be a bipolar fuzzy subset of
E defined by

a b c d ab bc cd ad
uf: 05 05 05 05 ug 02 04 02 04
uf -0.3 -0.3 -0.3 —-0.3 u%’ —0.1 —=0.1 —-0.1 —0.1

It is easily shown that the bipolar fuzzy graph G is both regular and totally regular.

Example 8.5.5 Consider a G* such that V = {vy, vy, v3} and E = {v;v2, vjv3}. Let
A be a bipolar fuzzy subset of V and let B be a bipolar fuzzy subset of E defined by

V] 1353 U3 Viv2 V103
,uf; 0.4 0.8 0.7 ug 0.3 04
pl|-0.4 0.7 —0.6| |l |-0.2 0.2

It follows easily that the bipolar fuzzy graph G is neither totally regular nor regular.
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Definition 8.5.6 A bipolar fuzzy graph G = (A, B) is called complete if
fh (xy) = ph(x) A ph (v) and p (xy) = p @0) v ) ()

forallx,y e V.

Example 8.5.7 Consider a G* suchthat V = {x, y, z} and E = {xy, yz, zx}. Let A
be a bipolar fuzzy subset of V and let B be a bipolar fuzzy subset of E defined by

Xy oz Xy vz zx
pE[05 07 06| [uE[05 06 05
pN1—03 —0.4 —0.5| |ul]|-03 04 —03

Itis easily shown that G is a both complete and totally regular bipolar fuzzy graph,
but G is not regular because deg(x) # deg(z) # deg(y).

Theorem 8.5.8 Every complete bipolar fuzzy graph is a totally regular bipolar fuzzy
graph.

Let G = (A, B) be a bipolar fuzzy graph of a graph G*. Then A = (uf, 1Y) is
a constant function if dc; € [0, 1] such that for all x € V, uﬁ (x) =cianddc, € V
such that for all x € V, uf x) =cy.

Theorem 8.5.9 ([14]) Let G = (A, B) be a bipolar fuzzy graph of a graph G*.
Then A = (uﬁ, N% ) is a constant function if and only if the following conditions are
equivalent:

(i) G is a regular bipolar fuzzy graph.
(ii) G is a totally regular bipolar fuzzy graph.

Proof Suppose that A = (u4, pu%¥) is a constant function. Let pf(x) = ¢; and
ph (x) = ¢y forallx € V.

(i) = (ii): Assume that G is n-regular bipolar fuzzy graph. Then deg” (x) = n;
and deg" (x) = n, for all x € V. So deg”[x] = deg” (x) + pf (x) and deg"[x] =
deg" (x) + pf (x) for all x € V. Thus, deg”[x] = n; + ¢; and deg"[x] = n2 + 2
for all x € V. Hence, G is a totally regular bipolar fuzzy graph.

(i) = (ii): Suppose that G is a totally regular bipolar fuzzy graph. Then
degP[x] = n; and degN[x] = ny forall x € V or degP(x) + ui(x) = ky and
degV[x] + p (x) = ky for all x € V or deg” (x) + ¢; = k; and deg" [x] + c2 = k2
forall x € V or deg”(x) = k; — ¢, and deg"[x] = k» — ¢, for all x € V. Thus, G
is a regular bipolar fuzzy graph. The converse is immediate. W

Proposition 8.5.10 [fa bipolar fuzzy graph is both regular and totally regular, then
A= (uk, uﬁ’ ) is a constant function.
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Proof Let G be a regular and totally regular fuzzy graph. Then

deg’(x) =n;, deg"(x) =n,forallx € V,

degp[x] = k; and degN[x] =kyforallx € V.

Now, deg”[x] = ki & deg”(x) + ph(x) = ki © ni +pl(x) =k & phx) =
ky—n; forallx € V. Similarly, uf(x) = ko, —n, forallx € V.Hence, A = (uf;, pf;f)
is a constant function. W

The converse of Proposition 8.5.10 is not true, in general.

We state the following theorem without proof.

Theorem 8.5.11 Let G be a bipolar fuzzy graph, where the crisp graph G* is an
odd cycle. Then G is a regular bipolar fuzzy graph if and only if B is a constant
function.

8.6 Bipolar Fuzzy Line Graphs

We consider bipolar fuzzy line graphs in this section.

Definition 8.6.1 Let P(S) = (S, T) be an intersection graph of a simple graph
G* = (V, E).Let G = (A}, By) be abipolar fuzzy graph of G*. We define a bipolar
fuzzy intersection graph P(G) = (A,, By) of P(S) as follows:

(i) A, and B, are bipolar fuzzy subsets of S and T, respectively.
i) i (S0) = ply (0, 1Y (SD) = Y ().
(lll),ugz(S,Sj) = ,ugl(v,»vj), /LIXZ(S,SJ) = ,U/Igl (v,-vj)forall S,', Sj es, SiSj eT.

A bipolar fuzzy graph of P(S) is called a bipolar fuzzy intersection graph.
The following proposition is immediate.

Proposition 8.6.2 Let G = (A, B)) be a bipolar fuzzy graph of G*. Then P(G) =
(Ay, By) is a bipolar fuzzy graph of P(S) and G ~ P(G).

This proposition shows that any bipolar fuzzy graph is isomorphic to a bipolar
fuzzy intersection graph.

Definition 8.6.3 Let L(G*) = (Z, W) be a line graph of a simple graph G* =
(V,E). Let G = (A}, By) be a bipolar fuzzy graph of G*. We define a bipolar
fuzzy line graph L(G) = (A;, B;) of G as follows:

(i) Az and B, are bipolar fuzzy subsets of Z and W, respectively.
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WD) 18 (S0) = ph, (0) = pb ().
(iii) py, (Sx) = pig, (x) = gy, ().
(i) pup, (ScSy) = p, (X) A g ()
(v) NZZ(SxSy) = ,ug’l (x) Vv '“11;]1 (y) forall S, S, € Z, S,S, € W.
Example 8.6.4 Consider a graph G* = (V, E) such that V = {vy, v2, v3, 14} and

E = {x; = vjv2 xo = vov3, X3 = V34, X4 = V41 }. Let A| be a bipolar fuzzy subset
of V and let B; be a bipolar fuzzy subset of E defined by

U1 %) U3 V4
,u’;l 02 03 04 0.1
1 |-0.5 —0.4 —0.5 —0.3

X1 X2 X3 X4
pr 101 02 00 0.1
1202203 -02 0.2

It follows easily that G is a bipolar fuzzy graph.

Consider a line graph L(G*) = (Z, W), where Z = {S;,, Sx,, Sx;, Sx,} and
W = {5, S5, S, 8¢5 Sy Sxys Sy, Sy, ). Let Ay = (,u‘zz, ,u%z) and B, = (,ugz, /fgz) be
bipolar fuzzy subsets of Z and W, respectively. Then it follows that,

ih (Se) = 0.1, pk (Sy,) = 0.2, ph (Sy) = 0.1, pf (Sy,) = 0.1, pf (Sy) =
_0'27 MIXZ(SXZ) = _0-3’ M%z(sxs) = —0.2, ,UXZ(S)Q) = —0.2, N}_’I;Z(lesxz) = 0.17
ugz(SX2Sx3) = 0.1, ugz(Sx3Sx4) = 0.1, pgz(SMle) = 0.1, u%’z(le Sy,) = —0.2,
u’gz(SxZSX3) =—0.2, ;ﬂgz(s,@ Sy,) = —0.2, Mgz(SxAle) = —0.2.

It follows easily that L(G) is a bipolar fuzzy line graph. It is neither a regular
bipolar fuzzy line graph nor a totally regular bipolar fuzzy line graph.

Proposition 8.6.5 If L(G) is a bipolar fuzzy line graph of G, then L(G¥) is a line
graph of G*.

Proof Because G = (A, B;) be a bipolar fuzzy graph and L(G) is a bipolar fuzzy
line graph, p} (S,) = pg (x), py (Sx) = pf (x) forall x € E. Thus, S, € Z <
x € E. Also, ng(SxSy) = ugl (x) \/ug] (y) forall S;, Sy, € Z. Hence, W = {S, S, |
ScNS, #0, x,yeE,x#y}. B

Proposition 8.6.6 L(G) is a bipolar fuzzy line graph of some bipolar fuzzy graph
G if and only ifpgz(SxSy) = /ng(Sx) A ,uﬁz(Sy)for all .S, € W and LL],\;]Z(SXS_V) =
,uXZ(SX) \Y, ,uﬁz(Sy)for all S, Sy, e W.

Proof Assume that u;(SxSy) = ﬂiz(Sx) A ,uf;z(Sy) for all §,S, € W. Define
,u/fl(x) = uf{z(Sx) for all x € V. Then pgz(SxSy) = pﬁz(SX) /\uﬁz(Sy) = /‘1{:1 x)A
ph, () and puig, (SxSy) = iy, (S2) v iy, (Sy) = gy, (¥) V py, (v). A bipolar fuzzy
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set Ay = (uf . p)) that yields that the property uf (xy) = pk (x) A pff (y), and
,ug’l (xy) = uf{l (x) Vv :“X, (y) will suffice.

The converse follows easily. W

Proposition 8.6.7 L(G) is a bipolar fuzzy line graph if and only if L(G*) is a
line graph and (i) ,ugz(uv) < uiz(u) A ,uiz(v) for all uv € W (ii) ,ug'z(uv) >
F‘Xz (u) v ,uzlz(v)for alluv e W.

Proof The result follows from Propositions 8.6.5 and 8.6.6. W

Let G; and G, be two bipolar fuzzy graphs. Recall that a homomorphism of
f Gy — Gyisamapping f : Vi — V; such that,

(i) phy (x1) < ply (F )y gl (1) = gl (F (x1)),

(i1) p, (x1y1) < pp, (F QD) D), g, iy < g, (f ) f () for all x; €
Vi, X1)1 € E;.

A bijective homomorphism with the property 11§ (x1) = ph (f(x1)), pily (x1) =
,u’Xz (f(x1)) is called a (weak) vertex-isomorphism.

If f is a (weak) vertex-isomorphism and a (weak) line-isomorphism of G| onto
G, then f is called a (weak) isomorphism of G| and G,.

Proposition 8.6.8 Ler G| and G, be bipolar fuzzy graphs. If f is a weak isomor-
phism of G| and G,, then f is an isomorphism of G| and G3.

Theorem 8.6.9 Ler L(G) = (Az, By) be the bipolar fuzzy line graph corresponding
to bipolar fuzzy graph G| = (A1, By). Suppose that G* = (V, E) is connected. Then

the following properties hold.

(i) There exists a weak isomorphism of G onto L(G) if and only if G* is a cycle
and ifforallv e V, x € E, uil(v) = ,ugl (x), ,uxl(v) = le\;], (%), Le., Al = (ufl,
:“Xl) and By = (ﬂgl, ug]) are constant functions on 'V and E, respectively, taking
on the same value.

@@i) If f is a weak isomorphism of G onto L(G), then f is an isomorphism.

Proof Assume that f is a weak isomorphism of G onto L(G). It follows that G* =
(V, E)isacycle.

LetV ={v, vy, ..., v0,_1,v,}and E = {x1 = viva, X2 = VoV3, ..., X; = V,V1},
where vjv; - - - v,v; is a cycle. Define the bipolar fuzzy subsets

[k, (i) = si, ply, () =5

and
P _ N 7 i=1.2 _
pp, (Vivig1) =i, pp (Vivig) =71, E=1,2,..0,0, Upyr = V1.
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/ /
Then for 5,1 = s1, 5, = 51, we have that

/

rp <8 ASip1, r=spVsy, i=1,2,...,n. (8.18)

Now, Z = {Sy,, Sx,s .-, Sy, } and W = {S,, Sy, Sy, Sxss - -+ Sy, Sy, }-
Also, for r,.1 = r1, we have that

'u'iz(Sxi) = /u’i](xi) = uil(viviﬂ) =r,
'u'gz(sxi) = /Lg, (x;) = ,UZXI (Viviy1) = ri',

[ (Se Sxi) = pg, (6i) A pgy, (Xig1)
= m’;l (Vivig) A Mgl (Vit1vi42)

=71 NFit1,

135, (S, S = iy (i) V gy, (xig1)
11, (Vivi1) Vg (Vig1vi12)

i+1

v
fori =1,2,...,n, v,41 = vy, Viyo = Vp. Because f is an isomorphism of G* onto

L(G™), f maps V one-to-one and onto Z. Also, f preserves adjacency. Hence, f
induces a permutation 7 of {1, 2, ..., n} such that

fi) = wa(i) = wa(i) wa<f+1>
and
Xi = Vv —> f0) fir1) = S, Svriin Svngan i = 1,2,...,n =1

Now,
si =y, (V) < gy, (F 00) = i (Su,e Sorian) = Frtiys

si, = HX, (vi) > lulA)z (f(v)) = MXZ(SUW([)SUW(I+I)) = r;r(i)’

P P
ri = pp, (Vivig1) < pp, (f (Vi) f(vig1))
P
= Up, (Svn(i) va(im va(i+1)+1 )
P P
= g, (Vr(i) Urir+1 A g, (V)1 Vn(i+1)+1)

= Ta(i) N Fai+1)s
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rl = py (Wivigr) > g, (F ) f (Wign)
N
= Hp, (Svm) SUW(AHI va(f+1)+|)
N N
= g, (Wr(i)Vr(i)+1 V W, (Vr(i)+1Vn(i+1)+1)

! !
=Ty Y it
fori =1,2,...,n, Thatis,

! i
Si < Fr@y, S = 0

and
ri < Tr(iy N\ Fr(i+1)s Vl-/ > }’7/1_([) V r,,/r(l-+1) (819)
By (8.19), wehaver; < ryq), r > r;(i) fori =1,2,...,nandsor,(i) < rruay,
ri(i) > r;(ﬂm) fori =1,2,...,n. Continuing, we have
i STpiy <0 S Tqpigy =T
’ / / ’
Ti Z iy 20 2 gy 27
andsor; =rzg), i =1,2,...,n, where mi*1 is the identity map. Again, by (8.19),
we have
i Errr(i-H) =TFi+l, i = 132""7’1’ I'n+1 =717,
! / ’ . ! 7
T Z gy = Figps L= 1,2,...,n, Fuyl =T

Hence, by (8.18) and (8.19),

r1=...=rn=s]=~~-=sn

Fl==r =5 = =5
Thus, A; and By are constant functions. Thus, (ii) holds.
The converse follows easily. W

Theorem 8.6.10 Let G and H be bipolar fuzzy graphs of G* and H*, respectively,
such that G* and H* are connected. Let L(G) and L(H) be the bipolar fuzzy line
graphs corresponding to G and H, respectively. Suppose that it is not the case that
one of G* and H* is complete K3 and other is bipartite K 3. If L(G) and L(H) are
isomorphic, then G and H are line-isomorphic.
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8.7 Connectivity in Bipolar Fuzzy Graphs

In this section, we introduce some connectivity concepts in bipolar fuzzy graphs. The
work is based primarily on that by Mathew, Sunitha, and Anjali [117]. Analogous to
fuzzy cutvertices and fuzzy bridges in fuzzy graphs, bipolar fuzzy cut vertices and
bipolar fuzzy bridges are introduced and characterized. Also, the concepts of gain
and loss for paths between pairs of vertices and connectivity in complete bipolar
fuzzy graphs are discussed.

This definition of a bipolar fuzzy graph given in this section is slightly different
form Definition 8.2.1, where “bipolar fuzzy graph of a graph G = (V, E)” is defined.
Because bipolar fuzzy graph is a generalization of a fuzzy graph, and hence that of
a graph, definition independent of a graph is more appropriate.

V may be called the underlying set of G = (A, B). A is said to be a bipolar fuzzy
vertex set of G and B, bipolar fuzzy edge set of G. Let us denote {x, y} by xy.

Definition 8.7.1 ([158]) The underlying crisp graph of a bipolar fuzzy graph G =
(A, B), is the graph G = (V', E), where V' = {v € V | uf (v) > 0 or p?} (v) < 0}
and E' = {{x, y} | u5(x, y) > Oor u (x, y) < 0}. V' is called the vertex set and E’
is called the edge set. A bipolar fuzzy graph may be also denoted as G = (V', E’).

Definition 8.7.2 ([158]) A bipolar fuzzy graph G = (A, B) is connected if the
underlying crisp graph G = (V’, E’) is connected.

Definition 8.7.3 A partial bipolar fuzzy subgraph of a bipolar fuzzy graph G =
(A, B) is a bipolar fuzzy graph H = (A’, B') such that pk (v;) < p%(v;) and
ph (i) > pl(v) for all v; € V and ph (viv;)) < ph(uiv;) and ph (viv;) >
ph(viv;) forall v;, v; € V.,

Definition 8.7.4 A bipolar fuzzy subgraph of a bipolar fuzzy graph G = (A, B) is
abipolar fuzzy graph H = (A’, B') suchthat ), (v;) = pf (v;) and 1y, (v;) = plY (v;)
forallv;, € Vandug,(vi vj) = ug(vi vj) andug,(viv.i) = ug(viv_,-) forallv;,v; € V.

Example 8.7.5 In Fig.8.1, the first graph G is a bipolar fuzzy graph. The second is
a partial bipolar fuzzy subgraph and the third, a bipolar fuzzy subgraph of G.

Notation 8.7.6 We use the following notations to denote the conditions in the Def-
inition 8.2.1.

P _ P P+
Haij =ty (Vivj) < puy; A iy,

N N N, N
Paij = Mo (Vivj) = iy V [y
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(a,0.3,—0.5) (a,0.2,—0.3) (a,0.3,—0.5)

(0.3,-0.3)

02,-0.4) (0.1, -0.1) (0.2,-0.2)

(0.2, -0.4)

(6,0.7,~0.5) (¢,05,~0.5) (5:0.7,~05) (c,0.5,—0.5) (»0-T>=0-5)

Fig. 8.1 A bipolar fuzzy graph and two types of subgraphs

Fig. 8.2 A bipolar fuzzy (0.1,-0.2) (0.3,-0.4)
graph which is not a path ° ° °

a(0.2,-0.3) b(0.3,—0.5) c(1,-1)

Definition 8.7.7 ([17]) A path P in a bipolar fuzzy graph is a sequence of distinct
vertices vy, V2, . .., U, such that either one of the following conditions is satisfied.

(i) p3;; > 0 and ), = 0 for some i and j.

(ii) puy;; = 0 and p); < O for some i and ;.

According to the above definition of path, the bipolar fuzzy graph in Fig.8.2 is
not a path. So, we define a b-path.

Definition 8.7.8 A sequence of distinct vertices vy, va, ..., v, is called a bipolar
path or b-path if at least one of u} (i+1) OF N%(f +1)is different from zero for i =
1,2,...,n—1.

Clearly, a bipolar fuzzy graph is connected if and only if every pair of vertices is
joined by a b-path.

Definition 8.7.9 A sequence of vertices vy, vy, ..., v,, not necessarily distinct is
called a bipolar walk or h-walk if at least one of ufi(i +1) OF 1}, is different from
zero fori = 1,2,...,n — 1. As in graphs, where every walk contains a path, every
b-walk also contains a b-path. Hereafter, by a path we refer to a b-path and by a
walk, we refer to a b-walk.

The concept of loss and gain are very important in several problems in economics,
operations research and computer organization. We associate these concepts to a
bipolar fuzzy graph in the following definitions.

Definition 8.7.10 Let G = (V’, E’) be a bipolar fuzzy graph. For au — v path P :
u=uyuy,...,u,=uvinG, we define {,uf(ulug) /\uf(uzu3) A /\,ug(un,lun)}
as the gain of P, denoted by g(P) and |3 (uyu2) |V |1 (uauz) |V -+ -V | 1 (un—yuan)|
as the loss of P, denoted by /(P).
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Fltgh 8.3 Gain paths and loss (0.2, —0.3) (0.1,-0.1) b(0.3, —0.6)
paths

(0.3,-0.5)
(0.1, —0.5) (0.3,-0.5)

d(0.5,-0.5) (0.4,-0.3) ¢(0.4,—0.7)

In Fig. 8.2, the gain of the path P : abc = g(P) = 0.1 A 0.3 = 0.1 and the loss
of the path P : abc =I1(P) =0.2Vv 04 =04.

Note that if e = uv is an edge, then its gain, denoted by g(e) = pf (uv) and loss
of e, denoted by I(e) = |pd (uv)| . In Fig.8.2, g(ab) = 0.1, I(ab) = 0.2.

Definition 8.7.11 A path P is said to be a gain path if g(P) > [/(P) and a loss
path, otherwise.

Similarly, gain edges and loss edges can be defined. In Fig. 8.2, path P : abc is a
loss path because /(P) = 0.4 > 0.1 = g(P).

Definition 8.7.12 Let u, v be any two vertices in a connected bipolar fuzzy graph.
Among all u — v paths in G, a path whose gain is greater than or equal to that of any
other u — v path in G, is said to be a maximumu — v gain path (max(u — v)g-path).
Similarly, a u — v path whose loss is less than or equal to that of any other u — v path
in G is said to be a minimum # — v loss path (min(u — v) [-path).

That is, a path is a max(u — v) g-path if g(P) > g(P’) and is a min(u — v) [-path
if [(P) < [(P’), where P’ is any u — v pathin G.

Note that, a max(# — v) g-path need not be a gain path and a min(u — v) [-path
need not be a loss path.

Example 8.7.13 Consider the following example of a bipolar fuzzy graph G with
four vertices given in Fig.8.3. The gain and loss of different paths are given in the
table.

Vertices|Max-gain|Max g-path|Min-loss|Min /-path
a—>b 0.1 Any path  |0.1 ab

a—c 0.1 Any path |0.3 adc

a—d 0.1 Any path (0.1 ad

b—c 0.3 be, bdc 0.3 badc
b—d |03 bd, bcd 0.1 bad

c—d |04 cd 0.3 cd
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Note that, P; : abc is a loss path (a — ¢ loss path) because /[(P) = 0.5 > 0.1 =
g(P) and edge cd is a ¢ — d gain path because g(cd) = 0.4 > 0.3 = [(cd).

Definition 8.7.14 A u — v path P in a bipolar fuzzy graph is said to be balanced
if g(P) = I(P). Also, P is said to be optimal if it is a max (u — v) g-path and
min (u — v) [-path.

In the Example 8.7.13 (Fig.8.3), edge cd is an optimal ¢ — d path. adc is an
optimal a — ¢ path. Also, there are many balanced paths in G. For example, bad is
a balanced b — d path.

Definition 8.7.15 Let G = (V’, E’) be a bipolar fuzzy graph and let u, v € V’. The
gain of u and v, denoted by G (u, v) is defined as the gain of a max(u — v) g-path
and the loss of u and v, denoted by L(u, v) is the loss of a min(u — v) [-path. If
H is a bipolar fuzzy subgraph of G, then the gain of # and v in H is the gain of a
max(u — v) g-path strictly belonging to H and is denoted by G g (u, v). The loss of u
and v in H is similarly defined. If there exists no max(u — v) g-path (or min(u — v)
[-path) completely in H, we define Gy (4, v) = 0 (or Ly (u, v) = 0).

Next we have a trivial proposition.

Proposition 8.7.16 If H be a subgraph of a bipolar fuzzy graph G = (V', E’), then
Gyu,v) < Gu,v)and Ly (u,v) < L(u, v) for all pairs of vertices u and v.

Next we introduce an important concept called the Gain-Loss Matrix (GLM) in
bipolar fuzzy graphs.

Definition 8.7.17 Let G = (V', E’) be a bipolar fuzzy graph with vertices
{ai, a2, ..., a,}. The Gain-Loss Matrix (GLM) of G is defined as M = [(G;;, L;;)],
where Gij = G(a,-,aj) and Lij = L(a,-,aj) for i 75 j, (,U/{J(Cl,'), ,U/]lv(d,)}) =0if
i=j.

Consider the following example.

Example 8.7.18 The GLM of the bipolar fuzzy graph in Example 8.7.5 (Fig.8.1) is
given below.
(0.3,0.5) (0.3,0.3) (0.3,0.3)
GLM(G,) = | (0.3,0.3) (0.7,0.5) (0.4,0.3)
(0.3,0.3) (0.4,0.3) (0.5,0.5)

Clearly, GLM of a bipolar is a symmetric matrix.

Theorem 8.7.19 In a complete bipolar fuzzy graph G = (V', E’), G(u,v) =
,uf(u, v) forallu,v eV.
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Fig. 8.4 A complete bipolar a(0.3,—0.3)
fuzzy graph
(0.3,-0.3)
b(0.7,—0.4) (0.5,—0.4) ¢(0.5,-0.5)

Proof Consider a complete bipolar fuzzy graph G = (V', E’) with vertices
v, V2, ..., Uy. By definition, for all v;, v; € V, we have

13 ivy) = pf ) A g ;).
Letu,ve Vandlet P:u =uy,up,...,u, =vbeau —vpathin G. Then

g(P) = pd (uyua) A pis uouz) A - Al (U 1ttyn)
< u¥ wiua) A pd (o 1tt)
= At (ur) A py Wa), pf (1) A pf )}
< pf i) A pf ()
= puf () A pf (v)
= uf(uv).

Thus, g(P) < pd (uv) for any u — v path P. In particular, the gain of edge uv is
©d (uv) and hence, G (u, v) = pb (uv). M

Note In a complete bipolar fuzzy graph, L(u, v) need not be equal to ]/,LQ’ (u v)| for
all u,v € V. For example, Consider the complete BPFG G in Fig.8.4. Here,
L(b,c) = 0.3 and |15 (be)| = 0.4.

Now, we introduce bipolar fuzzy cutvertices and bridges. Three types of cutver-
tices are possible in a bipolar fuzzy graph, which are given below.

Definition 8.7.20 Let G = (V’, E’) be a bipolar fuzzy graph with bipolar functions,
w1 and pp. A vertex u € V' is said to be a bipolar fuzzy cutvertex (bf-cutvertex) if
there exist two vertices x, y € V', x # u # vsuchthat Gg_,(x,y) < Gg(x, y)and
Le_,(x,y) > Lg(x,y). A vertex in a bipolar fuzzy graph is called a gain cutvertex
if the first condition is satisfied and a loss cutvertex if the second condition is satisfied.

Now, we characterize bipolar fuzzy cutvertices in the following theorem.
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Theorem 8.7.21 ([117]) A vertex u in a bipolar fuzzy graph G = (V', E') is a
bipolar fuzzy cutvertex if and only if u is a vertex in every max(x — y) gain path and
is in every min(x — y) loss path for some x,y € V'.

Proof Let G = (V’, E’) be a bipolar fuzzy graph with bipolar functions, £, and p,.
Suppose that u is a bipolar fuzzy cutvertex. By definition, there exist vertices x, y in
G such that

(i) Gg-u(x,y) < Gg(x,y),
(ii) Lg-u(x,y) > Lg(x, y).
(i) implies that the removal of # from G removes all max(x — y) gain paths and

(i7) implies that the removal of u removes all min(x — y) loss paths. Thus, u is in
every max(x — y) gain path and is in every min(x — y) loss path.

Conversely, suppose that u is in every max(x — y) gain path and is in every
min(x — y) loss path. Then the removal of u from G results in the removal of all
max(x — y) gain paths and min(x — y) loss paths. Hence, the gain will decrease and
loss will increase between x and y. Thus, Gg—,(x,y) < Gg(x, y)and Lg_,(x,y) >
L (x, y). Thatis, u is a bipolar fuzzy cutvertex. W

Now, we give a characterization theorem for the other two types of cutvertices.

Theorem 8.7.22 Let G = (V', E') be a bipolar fuzzy graph. A vertex u is a gain
cutvertex (g-cutvertex) if and only if u is in every max(x — y) gain path for some
vertices x and y such that x # y # u and is a loss cutvertex (I-cutvertex) if and only
if u is in every min(s — t) loss path for some vertices s and t such that s # t # u.

Definition 8.7.23 Let G = (V’, E’) be a bipolar fuzzy graph with bipolar functions,
p1 and pp. Let e = xy be an edge in G. e is said to be a bipolar fuzzy bridge
(bf-bridge) if G5_.(x", y") < Gg(x',y") and Lg_.(x',y) > Lg(x’, y") for some
x',y" € V'. If atleast one of x" or y’ is different from x and y, e is said to be a bipolar
fuzzy bond and a bipolar fuzzy cutbond if both x’ and y’ is different from x and y.

Also, we can define gain bridges and loss bridges similar to their counterparts in
vertices.

Similar to bipolar fuzzy cutvertices, we have a characterization for bipolar fuzzy
bridges, which is stated below without proof.

Theorem 8.7.24 An edge e € E of a bipolar fuzzy graph G = (V', E') is a bf-
bridge if and only if it is in every max(u — v) gain path and in every min(u — v) loss
path for some vertices u, v in'V'.

Next we have an easy theorem to verify whether a particular edge is a bf-bridge
or not.

Theorem 8.7.25 An edge xy is a bf-bridge if and only if Gg_,,(x,y) < uh (xy)
and Lg_sy(x, y) > | (xy)] .
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Proof Suppose G = (V’, E’) is a bipolar fuzzy graph and xy is an edge in G in
such that G,y (x, y) < pd (xy) and Lg_yy(x, y) > |y (xy)|. Because pd (xy) <
G(x,y) and |u§v(xy)| > L(x, y), we have

GG*X)’(-xv y) < G(-xv )7),
L_xy(x,y) > L(x, ).

It follows that xy is a bipolar fuzzy bridge.

Assume, xy is a bipolar fuzzy bridge. By Theorem 8.7.24, there exists a pair of
vertices s and ¢ in V' such that xy is present on every max(s — t) g-path and every
min(s — t) /-path.

Suppose, Gg_xy(x,y) > uf (xy), Then Gg_,,(x,y) = G(x, y). It follows that
there is a max(x — y) g-path in G (say, P) which is different from xy. Let O be a
max(s — ) g-path in G. Replace xy in Q by P to obtain an s — ¢ walk. This walk
contains an s — ¢ path. The gain of this path is greater than or equal to G (s, t) which
is not possible. Therefore, Gg_,,(x, y) < uf (xy).

Assume, Lg_yy(x,y) < |,u§v (xy)| . Lg_xy(x,y) = L(x, y). It follows that there

isamin(x —y) [-pathin G (say, P") which is different from xy. Let Q' be amin(s —¢)
[-path in G. Replace xy in Q' by P’ to obtain an s — ¢ walk. This walk contains an
s —t path. The loss of this path is less than or equal to L (s, ) which is not possible.
Therefore, Lg_yy(x,y) > |u§’(xy)|. |
Theorem 8.7.26 An edge e = xy of a bipolar fuzzy graph G = (V', E’), which
is a cycle is a bf-bridge if and only if there exists edges st, s't' € E’ such that
sy (st) < pf (xy) and |pg (s'0)| > |pd (xy)] .
Proof Let e = xy be a bipolar fuzzy bridge. By definition, there exist two distinct
vertices x” and y’ such that xy lies on every max(x’ — y’) g-path and on every
min(x" — y’) [-path. Because G is a cycle, exactly one of the two x” — y’ paths (say,
P) in G contains xy and is both the max(x" — y’) g-path and min(x’ — y’) [-path.
Let the other x” — y’ path be Q. Then

9(Q) < g(P) < 3 (xy),
1(Q) > I(P) = |ud (xy)] .

Assume that, xy is not a bipolar fuzzy bridge. Then at least one of the below conditions
holds according to Theorem 8.7.25.

(i) GGy (x, y) = 15 (xy)

(i1) Lo—xy(x, ) < [ (xy)] .

If (i) is true, then the path P in G from x to y other than edge xy has gain greater
than or equal to uf (xy). It follows that for each edge ¢ € E’, uf (e) > ,uf (xy).

If (ii) is true, then the path P in G from x to y other than edge xy has loss less than
or equal to ’,uév(xy)’ . It follows that for each edge e € E’, uév(e)| < ‘,uév (xy)| . i
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A isomorphism, 281
Acyclic, 20 join of, 279

Acyclic by ¢-cuts, 158 n-regular , 293

Acyclic fuzzy graph, 156 strong, 286

Acyclic level, 157 totally regular, 293
Adjacent vertices, 292 union of, 277

«a-distance, 179 weak isomorphism, 281
a-distance matrix, 180 Bipolar fuzzy intersection graph, 295
a-isolated, 179 Bipolar fuzzy line graph, 295
a-saturated, 207 Bipolar fuzzy set, 272
a-sequence, 195 Bipolar fuzzy subgraph, 300
a-strong, 92 Bipolar fuzzy vertex set, 274
a-strong path, 92 Bipolar path, 301
Automorphism, 232, 282 Bipolar set

cut level set of, 272
height of, 272

B lower core of, 272
Balanced u# — v path, 303 support of, 272
B-saturated, 207 upper core of, 272
B-sequence, 195 Bipolar subgroup, 282
B-strong, 92 Bipolar subsemigroup, 282
B-strong path, 92 Bipolar walk, 301
bf-bridge, 305 Block, 16, 32, 41, 127
bf -cutvertex, 304 Block-graph, 137
Binary sequence, 196 Boundary operator, 25
Bipartite, 264 b-path, 301

Bipolar fuzzy bond, 305 Bridge, 27, 28
Bipolar fuzzy bridge, 305 b-walk, 301

Bipolar fuzzy edge set, 274
Bipolar fuzzy graph, 273

automorphism, 282 C
Cartesian product of, 274 Cartesian product, 232, 233, 274
co-weak isomorphism, 282 Center, 261
composition, 276 Center of a fuzzy graph, 174
connected, 300 Central
endomorphism, 282 eccentricity, 174
homomorphism, 281 Central vertex, 174, 264
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c-fuzzy cutvertex, 173 Critical block, 134
Chord, 26, 68 Critical fuzzy cutvertex, 173
Chordal, 68, 69 Cut level consistent, 70
Chordal fuzzy graph, 69 Cut set, 27, 106
Closed neighborhood, 292 Cutvertex, 31
Closed neighborhood degree, 251 Cycle, 15, 22, 34
Coboundary, 26 connectivity, 55, 161
Coboundary operator, 25 length n, 69
Cocycle, 26 locamin, 50

basis, 26 rank, 26

space, 26 space, 26
Cohesive matrix, 113 strength of, 50
Cohesiveness, 113 strong, 45
Complement, 242, 288, 289 strongest strong, 50
Complement of a set, 2 vector, 26
Complete, 83, 261 Cyclically balanced, 162
Complete fuzzy bigraph, 83 Cyclically-transitive, 151
Complete Fuzzy Graph (CFG), 17 Cyclic arc cut, 164
Complete fuzzy tree, 158 Cyclic cutvertex, 162
Complete graph, 261, 292 Cyclic edge connectivity, 164
Complete vertex, 190 Cyclic edge cut, 164
Compliment of a fuzzy relation, 6 Cyclic fuzzy endvertex, 166
Composition, 79, 232, 235, 276 Cyclic node cut, 163
Connected, 15, 38, 261 Cyclic vertex connectivity, 164
Connected bipolar fuzzy graph, 300 Cyclic vertex cut, 163
Connected components, 15 Cyclomatic function, 156
Connected interval-valued fuzzy graph Cyclomatic number, 156

diameter, 263, 264
distance, 262

eccentricity, 262 D

highly irregular, 257 5-edge, 92

wut-diameter, 263 8*-edge, 92
ut-distance, 262 Depth, 28
uF-eccentricity, 262 Detour distance, 183
ut-length, 262 Detour g-distance, 183
uT-radius, 263 d-gate free, 224

/L -eccentricity, 262 d-gates, 224

u~ -diameter, 263 Diameter, 15, 261, 263
" -distance, 262 Diameter of a graph, 174
n~-length, 262 Disconnection of a fuzzy graph, 104
" -radius, 263 Distance, 261, 262

u~ ut-length, 262
neighborly irregular, 256

neighborly totally irregular, 257 E

radius, 263 Eccentricity, 174, 261, 262

self-centered, 264 Edge connectivity, 106
Connectedness level, 155 Edge cover, 264
Connectivity-transitive fuzzy graph, 148 Edge disjoint, 52
Consistently ordered, 70 Element, 113
Convex fuzzy subset, 3 Endomorphism, 282
Cotree, 26 e-complete, 10
Cover of a set, 11 e-determinate, 11

Co-weak isomorphism, 282 e-function, 11
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e-productive, 11
e-reflexive fuzzy relation, 9

F
F-bond, 106
F-cutbond, 170
Firm, 33
Forest, 20, 35
Full fuzzy block, 32
Full fuzzy bridge, 29
Full fuzzy cutvertex, 31
Full fuzzy cycle, 34
Full fuzzy forest, 35
Full fuzzy tree, 35, 158
Fully acyclic, 158
Fully fuzzy connected, 38
Fully strong gated, 224
Fuzzy Arc Cut (FAC), 106
Fuzzy bigraph, 83
complete, 83
Fuzzy block, 32
full, 32
partial, 32
weak, 32
Fuzzy bond, 106
Fuzzy bridge, 15, 27, 28
full, 29
partial, 29
weak, 28
Fuzzy clique, 66
Fuzzy cluster, 113
Fuzzy complement, 4
involutive, 4
Fuzzy connected, 38
fully, 38
partially, 38
weakly, 38
Fuzzy cutbond, 170, 305
Fuzzy cut set, 27
Fuzzy cutvertex, 16, 31
full, 31
partial, 31
weak, 31
Fuzzy cycle, 22, 34
full, 34
partial, 34
weak, 34
Fuzzy detour
g-boundary vertex, 189
g-centre, 184
g-distance, 183
g-eccentric, 188

g-interior, 192
g-interior vertex, 192
g-periphery, 188
g-self centered, 184
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Fuzzy detour g-eccentric fuzzy graph, 188

Fuzzy edge connectivity, 108
Fuzzy edge cut, 106
Fuzzy edge set, 14
Fuzzy end vertex, 88
Fuzzy equivalence relation, 9
Fuzzy forest, 20, 35
full, 35
partial, 35
weak, 35
Fuzzy g-detour graph, 183
Fuzzy graph, 14
block of, 127
center of , 174
chordal, 69
complement, 289
composition, 79
cyclically-transitive, 151
disconnection, 104
edge disjoint, 52
element, 113
join, 82
locamin, 88
multimin, 88
orientation of, 69
partial, 14
self centered, 174
transitively orientable, 69

Fuzzy intersection graph, 58, 63

Fuzzy interval, 64
Fuzzy interval graph, 64
Fuzzy line graph, 59
Fuzzy Node Cut (FNC), 105
Fuzzy number, 64
Fuzzy power set, 2
Fuzzy relation, 5
compliment, 6
e-determinate, 11
e-function, 11
e-productive, 11
e-reflexive, 9
inverse, 7
irreflexive, 9
reflexive, 7
strongest, 5
symmetric, 8
transitive, 8
weakly reflexive, 9
Fuzzy set, 2
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normal, 2
subnormal, 2
Fuzzy singleton, 27
Fuzzy star, 129
Fuzzy subgraph, 14
induced by, 14
Fuzzy subset, 2
cardinality of a, 3
convex, 3
weakest, 6
Fuzzy tree, 22, 35
complete, 158
full, 35, 158
partial, 35
weak, 35, 159
Fuzzy vertex connectivity, 105
Fuzzy vertex cut, 105
Fuzzy vertex set, 14

G
Gain, 301
Gain cutvertex, 304
Gain path, 302
Gate, 222
Gate of a fuzzy graph, 222
Gated, 222
g-detour graph, 183
Geodesic, 90
basis, 90
closure, 90
cover, 90
distance, 90
Geodesic basis
cover, 90

H

Height, 28, 63

Highly irregular, 250, 257
Homomorphism, 241, 281

1

I-gate free, 224

I-gates, 224

Interval, 214

Interval number, 232

Interval-valued fuzzy graph, 233
balanced, 253
bipartite, 264
Cartesian product, 233
complement, 242
complete, 261

Index

composition, 235

connected, 261

density, 253

edge cover, 264

homomorphism, 241

irregular, 255

isomorphism, 241

join, 239

wt-strength of the paths, 261

n~ -strength of the paths, 261

order, 251

path, 261

path cover, 264

self-complementary, 243

size, 251

strictly balanced, 253

strong, 242

totally irregular, 256

union, 237

weak co-isomorphism, 241

weak isomorphism, 241
Interval-valued fuzzy intersection graph,

244

Interval-valued fuzzy line graph, 245
Interval-valued fuzzy relation, 233
Interval-valued fuzzy set, 232
Inverse of a fuzzy relation, 7
Ipolar fuzzy cutvertex, 304
Irreflexive fuzzy relation, 9
Irregular interval-valued fuzzy graph, 255
Isomorphism, 58, 241, 281, 292, 297

weak, 58

J
Join, 82, 232, 239, 279

K
K> block graph, 128

L

Length, 15

Line-isomorphism, 58
weak, 58

Locamin cycle, 50

Locamin fuzzy graph, 88

Loss, 301

Loss cutvertex, 304

Loss path, 302

M
Maximal e-complete, 10
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Maximum spanning tree, 16

Maximum strong degree, 100

Maximum « — v gain path, 302

Max—min composition, 6

min(u — v) [-path, 302

Minimum strong degree, 100

Minimum u — v loss path, 302

Minimum u — v strength reducing set, 116

m-totally regular interval-valued fuzzy
graph, 251

wt-diameter, 263

u~ -diameter, 263

u-distance, 174

wt-distance, 262

u~ -distance, 262

wt-eccentricity, 262

1~ -eccentricity, 262

u~ -length, 262

Multimin fuzzy graph, 88

wT-radius, 263

u~ -radius, 263

wt-strength of the paths, 261, 262

pu~-strength of the paths, 261

w~ wt-strength of the paths, 262

N

Neighbor, 292

Neighborhood, 292

Neighborhood degree, 250
Neighborly irregular, 250, 256
Neighborly totally irregular, 257
Node-strength sequence, 102
Nonseparable, 16, 41

Normal fuzzy set, 2

n-regular bipolar fuzzy graph, 293
n-regular interval-valued fuzzy graph, 250
n-s sequence, 102

(0]

1-chain, 25

Open neighborhood, 292

Open neighborhood degree, 250
Optimal u — v path, 303
Orientation, 68, 69

P

Partial bipolar fuzzy subgraph, 300
Partial fuzzy block, 32

Partial fuzzy bridge, 29

Partial fuzzy cutvertex, 29

Partial fuzzy cycle, 31
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Partial fuzzy forest, 33
Partial fuzzy graph, 14
Partial fuzzy subgraph, 76
Partial fuzzy tree, 35
Partially fuzzy connected, 38
Partially strong gated, 224
Path, 15, 261, 301

edges of, 15

length of, 15

strength of, 15

strong, 85
Path cover, 264
Pendant edge, 172
Pendant vertex, 228

R
Radius, 261, 263
Radius of a graph, 174
Reflexive fuzzy relation, 7
Regular graph, 292
Relation

similarity, 12
R-gate, 221
R-gated, 221

S
Saturated, 207
a, 207
B, 207
Self-centered, 264
Self centered fuzzy graph, 174
Self complementary, 243, 288
Sequence
o, 195
B, 195
binary, 196
strong, 196
zero, 200
Similarity relation, 12
Span, 14
Spanning fuzzy subgraph, 14
Spanning tree
chord, 26
Standard intersection, 3
Strength, 15
Strength of a cycle, 50
Strong, 242, 286
Strong component, 173, 228
Strong cycle, 45
Strong degree of a vertex, 99
strong degree of, 99
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Strong edge, 85

Strong edge count, 203

Strongest fuzzy relation, 5
Strongest Strong Cycle (SSC), 50
Strongly connected, 228
Strongly disconnected, 228
Strongly restricted, 224

Strong partial fuzzy subgraph, 82
Strong path, 85

Strong pendant vertex, 228
Strong sequence, 196

strong ¢-cut, 2

Strong vertex count, 202

Strong weight, 105, 108, 164
Subnormal fuzzy set, 2
Symmetric fuzzy relation, 8

T
t-connected, 122
t-conorm, 4
t-cut, 2
t-edge connected, 122
t-fuzzy edge component, 112
t-fuzzy edge connected, 112
f-evaluation, 55
0-fuzzy graph, 56
Threshold graph

partial, 15
t-level set, 2
t-norm, 3
Totally irregular interval-valued fuzzy

graphs, 256

Totally regular bipolar fuzzy graph, 293
Transitive fuzzy relation, 8
Transitively orientable, 68, 69
Tree, 20, 22
Triangulated, 68
Twigs, 26

Index

U

Union, 232, 237, 277

Unsaturated, 207

u — v fuzzy g-detour, 183

u — v strength reducing set of edges, 116

v
Vertex
eccentricity, 174
Vertex clique incidence matrix, 66
Vertex connectivity, 104
Vertex-isomorphism, 58, 297
weak, 58
Vertex-strength sequence, 102

w

Weak co-isomorphism, 241
Weakest fuzzy subset, 6

Weak fuzzy block, 32

Weak fuzzy bridge, 28

Weak fuzzy cutvertex, 31

Weak fuzzy cycle, 34

Weak fuzzy forest, 35

Weak fuzzy tree, 35, 159

Weak isomorphism, 241, 281, 297
Weak line-isomorphism, 58
Weakly fuzzy connected, 38
Weakly reflexive fuzzy relation, 9
Weak vertex-isomorphism, 58, 297
Weight, 104

Z
0-chain, 25
Zero sequence, 200
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