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Abstract The chapter focuses on using Concept Cartoons as a representation of
practice in pre-service primary school teachers’ education, especially on the pos-
sibility to employ them as a tool for investigating informal foundations of peda-
gogical content knowledge. The chapter introduces Concept Cartoons, and reports
qualitative empirical research with a preparatory study. The preparatory study
suggests the form of the Concept Cartoons environment suitable for investigating
pedagogical content knowledge, and the main study analyzes displays of peda-
gogical content knowledge revealed in data collected from pre-service primary
school teachers before their entering the course on didactics of mathematics. The
results confirmed that Concept Cartoons were suitable for the studied purpose.
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Introduction

In this chapter, I will present an educational tool called Concept Cartoons in a novel
role—as a representation of practice and a diagnostic tool in pre-service primary
school teachers’ education. I will show how this new approach to Concept Cartoons
can lead to successful investigation of informal foundations of pedagogical content
knowledge of pre-service primary school teachers. From a general perspective, the
chapter intends to contribute to the discussion about how representations of practice
can help to investigate aspects of teacher expertise.

As an educator of pre-service primary school teachers I appreciate that data
collected with the help of Concept Cartoons during mathematics content courses
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can give me valuable information on pre-service teachers’ knowledge: data related
to content knowledge provide me with continuous feedback on my own teaching,
and data related to pedagogical content knowledge provide me with an introductory
overview that allows to prepare didactics courses tailored to a particular sample of
pre-service teachers.

The reported research focuses on two questions: “What form of the Concept
Cartoons environment is suitable for investigating pedagogical content knowledge
of pre-service teachers?”, and “What are the informal foundations of pedagogical
content knowledge with which pre-service primary school teachers enter the course
on didactics of mathematics?” The research on the first question serves as a
preparatory study for the research on the second question. During the preparatory
study, more than 20 various Concept Cartoons with a set of questions were assigned
to more than 100 pre-service teachers, in order to investigate how compositions of
particular Concept Cartoons relate to quality and amount of displays of pedagogical
content knowledge found in the collected data. A set of eight Concept Cartoons was
selected on the basis of this preparatory study. During the main study, the selected
Concept Cartoons were assigned to a group of 29 pre-service primary school
teachers in the time before entering the course on didactics of mathematics, in order
to analyze which particular displays of informal foundations of pedagogical content
knowledge can be found in the collected data.

Background of the Research

Teachers and Their Knowledge

Teachers and their knowledge that influences the course of teaching are the focus of
many educational frameworks. This contribution deals with pedagogical content
knowledge in the sense of Shulman (1986) and Grossman (1990), i.e. with the
construct that includes four central components: knowledge of teaching purposes,
curricular knowledge, knowledge of pupils, and instructional knowledge.

As pedagogical content knowledge is a combination of miscellaneous compo-
nents, also the range of the methods used to investigate pedagogical content
knowledge is vast: tests, questionnaires, lesson observations, etc. (Depaepe et al.
2013). In mathematics education, an extensive study on pedagogical content
knowledge was conducted under the research project COACTIV (Krauss et al.
2008). One of the studies that built on the COACTIV project investigated peda-
gogical content knowledge of lower-secondary mathematics teachers at different
points in their teaching careers (Kleickmann et al. 2013). Its tests with open
questions assessed three facets of pedagogical content knowledge: knowledge of
pupils (of their strategies, conceptions and misconceptions, possible difficulties,
sources of pupils’ misunderstanding, etc.), knowledge of tasks (of multiple ways of
solving, potential for pupils’ learning), and knowledge of instruction (of different
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representations, models, modes of explanation, etc.). For instance, the following
assignment belonged to a question on knowledge of tasks: “How does the surface
area of a square change when the side length is tripled? Show your reasoning.
Please note down as many different ways of solving this problem (and different
reasoning) as possible.” (ibid., p. 102), and the other to a question on knowledge of
pupils: “The area of a parallelogram can be calculated by multiplying the length of
its base by its altitude… Please sketch an example of a parallelogram to which
students might fail to apply this formula.” (ibid., p. 102).

Depaepe et al. (2015) conducted a research focusing on pedagogical content
knowledge of pre-service primary and lower-secondary teachers. They also
employed tests with open questions in their study but distinguished only two
components of pedagogical content knowledge: knowledge of pupils’ misconcep-
tions, and knowledge of instructional strategies and representations. For instance,
the following assignment belonged to a test question on knowledge of pupils’
misconceptions: “Below are illustrations of elementary students’ answers to the
problem … For each student’s answer write down the presumable student’s rea-
soning and evaluate whether the answer is correct.” (ibid., p. 87).

Based on my previous experience that knowledge related to tasks might origi-
nate from different sources than knowledge related to pupils, I prefer to distinguish
between knowledge of tasks and knowledge of pupils. Thus the reported study
employs the classification of pedagogical content knowledge provided by
Kleickmann et al. (2013).

Concept Cartoons

The name Concept Cartoons belongs to an educational tool that was developed in
the 1990s by Keogh and Naylor (1993). They introduced Concept Cartoons as an
instrument that might help support teaching and learning in primary school science
classrooms by generating discussion, stimulating investigations, and promoting
learners’ involvement and motivation.

Each Concept Cartoon is a simple independent picture that shows a situation
well known to pupils from school or everyday reality, and a group of several
children discussing the situation through a bubble-dialog. The texts in bubbles are
short and employ simple language. The discussion is composed in such a way that
each of the children presents an alternative viewpoint on the situation or an alter-
native solution to a problem arising from the situation. Some alternatives may be
correct, some incorrect, the correctness may also be unclear or conditional,
depending on additional conditions not explicitly mentioned in the picture. One of
the bubbles is blank, in order to indicate that there might exist other alternatives that
have not been included in the dialog yet.

For a sample of one of the first Concept Cartoons created by Keogh and Naylor
(1993) see Fig. 1. In that picture, the correctness of alternatives depends on two main
factors: on the material of the coat, and on actual weather conditions
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(sun, temperature, etc.). This Concept Cartoon was composed in such a way that each
of the alternatives can be true if you choose a suitable combination of the factors.

When using Concept Cartoons as an educational tool in the classroom, the
teacher usually presents the picture to pupils with questions “What do you think
about it?”, “Which of the children are right?”, “Why?”, “What can we write into the
blank bubble?”, and the pupils discuss the answers.

Authors of Concept Cartoons performed several studies on the use of the tool in
science classroom. The large-scale research investigated how pupils responded to
the use of Concept Cartoons at primary and secondary school levels (Keogh and
Naylor 1999). Among other results, the research confirmed that Concept Cartoons
are able to support teaching and learning, and promote learners’ motivation and
engagement. The latter was confirmed even in case of usually less confident pupils
—having pictured children speaking for them gives the pupils the confidence to
discuss their ideas—from their point of view, the blame for a potential incorrect
idea is not on the pupil but on the pictured children. As Keogh and Naylor pointed
out in the study, also the evaluation looked differently with Concept Cartoons—
pupils’ ideas were not evaluated directly by the teacher as usual, instead the pupils
themselves evaluated ideas of the pictured children, and this fact might have pos-
itively affected willingness to participate in the discussion as well. These attributes
of Concept Cartoons relate to learners’ motivation as a consequence of cognitive
incongruity, a matter that was discussed by Hatano (1988). Hatano distinguishes

Fig. 1 Original Concept Cartoon; picture taken from (Naylor and Keogh 2010, no. 3.2)
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three types of cognitive incongruity, and suitably composed Concept Cartoons may
meet some or all of them: surprise (which is induced when a person encounters
information that disconfirms a prediction based on prior knowledge), perplexity
(which is induced when a person is aware of equally plausible but competing ideas),
and discoordination (which is induced when one recognizes a lack of coordination
among some of the pieces of knowledge involved).

Another research performed by authors of Concept Cartoons focused in detail on
the form of the discussion and on the quality of arguments that appeared there
(Naylor et al. 2007). Its results show that the lack of agreement amongst the
pictured children encourages pupils to join the discourse with their own opinions,
explanations and justifications, and that such discourse can take a form of sus-
tainable and purposeful argumentation.

Since Concept Cartoons proved to be useful in science education, they naturally
expanded to education of other school subjects, including mathematics (Dabell
et al. 2008). In that case no large-scale research was conducted by the authors; the
authors suppose that the results related to motivation, engagement and argumen-
tation are of general character, and that they do not depend on the subject.

For a sample of one of the mathematical Concept Cartoons see Fig. 2. In that
picture, one alternative is correct, and the others are incorrect. No conditionality
appears there.

Fig. 2 Original Concept Cartoon; picture taken from (Dabell et al. 2008, no. 2.16)
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Concept Cartoons as a Representation of Practice
and a Diagnostic Tool

When I first encountered Concept Cartoons, I was attracted by the fact that each of
the pictures shows various children’s opinions in a certain situation related to topics
that are taught in the classroom, so that the pictures can be considered as models of
classroom discussions of pupils—as specific representations of practice.

The role of the teacher is not included in these representations, thus there is a big
space for its integration and elaboration. For instance, I may assign the picture to a
person, and ask the person to play the role of the teacher, i.e. to moderate the
discussion, judge and evaluate the opinions, provoke further contributions to the
debate, provide hints, explanation or advice that would be comprehensible for
pupils, seek possible sources of misunderstanding or misconceptions, provoke or
plan other activities that would clarify the situation, encourage looking for other
alternatives that could be filled in the blank bubble.

Such use of Concept Cartoons resembles some of the test items intended for
assessing teachers’ pedagogical content knowledge presented in Section “Teachers
and Their Knowledge”:

• the setting consisting of various opinions (answers) of pupils and the require-
ment to judge and evaluate them, to provide advice or to present other possible
answers appears in test items that focus on knowledge of pupils (e.g. on the
ability to recognize pupils’ misconceptions, difficulties and solving strategies—
Kleickmann et al. 2013; Depaepe et al. 2015);

• the requirement to present other possible answers also appears in test items that
focus on knowledge of tasks (e.g. on the knowledge of multiple ways to solve a
problem—Kleickmann et al. 2013);

• the requirement to provide explanation also appears in some test items that focus
on knowledge of instruction (e.g. on knowledge of different representations and
explanations to standard problems—Kleickmann et al. 2013).

Following this resemblance, I decided to probe Concept Cartoons as a diagnostic
tool for assessing teachers’ pedagogical content knowledge. As the question of
using Concept Cartoons for such a purpose is new, and the terrain is unknown, I
narrowed the range of the question to an environment that is rather informal
(similarly as Concept Cartoons are). So that I decided to address only pre-service
primary school teachers and the informal foundations of pedagogical content
knowledge that they might have gained from their own learning experiences (K–12,
non-didactical teacher training courses). Thus, the research survey presented in this
chapter focuses on pedagogical content knowledge of pre-service primary school
teachers in the time before their entering the course on didactics of mathematics.

In comparison with the original use of Concept Cartoons, some modifications
came about during the survey:
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• instead of primary school pupils, pre-service primary school teachers worked
with Concept Cartoons;

• instead of joint discussion in the classroom, the assessment was conducted
individually and in written form;

• the original set of questions assigned with Concept Cartoons is not sufficient for
such diagnostic purposes, so that questions on possible pupil’s considerations
and possible sources of pupil’s misunderstanding or misconceptions, as well as
requirements to provide explanations comprehensible to the pupil were added to
the set;

• the original purpose of Concept Cartoons was educational, so that some par-
ticular pictures may not be suitable as diagnostic—the suitability of particular
pictures had to be tested, some new pictures created.

To resolve and clarify all the above-mentioned differences, a preparatory study took
place ahead of the main survey.

Preparatory Study

As indicated above, the main research required a preparatory study, and the
research question for this preparatory study was “What form of the Concept
Cartoons environment is suitable for investigating pedagogical content knowledge
of pre-service teachers?” The preparatory study was conducted in two separate
stages: the first stage explored Concept Cartoons from the original educational set,
while the second stage dealt with Concept Cartoons that were newly created
specifically for the purpose of this study. Participants of the preparatory study were
127 pre-service teachers, full time or distance university students from various years
of the teacher training program.

The First Stage

For the first stage, four Concept Cartoons were selected from the original educa-
tional set created by Dabell et al. (2008); one of them is shown in Fig. 3.

The selected pictures differed in several composition factors: type of the pictured
situation (classroom vs. everyday event), type of the text in bubbles (a proposal of a
result vs. a proposal of a procedure and a result vs. an advice to a pupil who made a
mistake), and/or number of alternatives that could be declared as correct (one vs.
three). These Concept Cartoons were assigned to students on a worksheet with six
common questions:
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(1) Which child do you strongly agree with?
(2) Which child do you strongly disagree with?
(3) Decide which ideas are right and which are wrong. Give reasons for your

decision.
(4) Try to discover the cause of the mistakes.
(5) Advise the children who made the mistakes how to correct them.
(6) Propose a text that could be filled in the blank bubble—does not matter whether

correct or incorrect. It might relate to another correct way of solving, or to
another misconception.

Students worked on worksheets individually, during a lesson. The work took them
approximately 80 min.

Original Concept Cartoons do not have the children in the picture named (see
Figs. 1 and 2) which appeared uncomfortable for the respondents—many of them
announced during the work that they did not know how to refer to particular
pictured children. So that I let the respondents add letters (A, B, C, D …) to the
children, and from that time I always label the pictured children. I prefer labeling by
names (as in Fig. 3), to make the Concept Cartoons authentic—pupils in the
classroom are also called by names, not by letters.

Data from worksheets were processed qualitatively, using the method of sub-
stantive coding and constant comparison (Bryant and Charmaz 2007). I focused on

Fig. 3 Original Concept Cartoon; picture taken from (Dabell et al. 2008, no. 2.3), names added

78 L. Samková



displays of pedagogical content knowledge, e.g. displays related to provision and
recognition of right and wrong answers, to recognition of procedures used by
pictured children, to identification of the causes of mistakes. Detailed description of
analysis of data connected with two of the Concept Cartoons, and partial results
belonging to 64 pre-service primary school teachers we already reported in
Samková and Hošpesová (2015). We presented there two of the Concept Cartoons
in detail, and showed how they allowed us to distinguish between subject matter
knowledge and pedagogical content knowledge in the sense of Shulman (1986), as
well as between procedural knowledge and conceptual knowledge in the sense of
Baroody et al. (2007).

The other two Concept Cartoons that were not reported in Samková and
Hošpesová (2015) appeared to be problematic from the perspective of the diag-
nostic purpose, because data collected with them offered almost no information on
pedagogical content knowledge. Respondents’ responses to indicative questions
were very short, often giving only the opinion on the correctness, without attempts
to comment on reasons or search for possible sources of misconceptions. Since the
four tasks from the four Concept Cartoons were of similar difficulty, the obvious
inequality in the responses turned my attention to the possible unsuitability of some
Concept Cartoons for my purpose, and to the need to observe closely particular
composition factors related to particular Concept Cartoons.

As turned out, both the pictures with enough collected data displayed an
everyday event, the first of them used proposals of procedures and results in its
bubbles, the second one used just results. Both the pictures with lack of collected
data displayed a classroom event, the first of them used advices to a pupil in its
bubbles, the second one used just results. From the perspective of alternatives in
bubbles, the picture with advices to a pupil offered three alternatives that could be
declared as correct, all other pictures just one. For further study I decided to focus
closely on diverse combinations of the three composition factors, and explore the
further potential of the factors. Since the original Concept Cartoons do not offer
enough diversity for such a study (e.g. most of the pictures offer just one correct
alternative, and bubbles within the pictures usually have the same type of the text), I
had to prepare some new pictures.

The Second Stage

With focus on variability of combinations of the three composition factors from the
first stage of the preparatory study, 22 new Concept Cartoons were created and used
in the second stage. Among them, 11 Concept Cartoons were slight modifications
of original Concept Cartoons. The modifications consisted for instance in changing
the number of correct alternatives (e.g. by modifying numbers in the assignment of
the task in such a way that the task gained more than one solution, or by replacing
one of the incorrect alternatives by a correct one), in adjusting some incorrect
alternatives to look more plausible (e.g. to take a form of a typical pupil’s
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misconception known from educational research), or in making small shifts in
mathematical content (for such a shift see Fig. 4).

The other 11 Concept Cartoons were brand new. They presented a new pictured
situation, a new perspective on the situation, and/or a quite new mathematical
content (compare Figs. 2 and 5). I searched for inspiration in my own teaching
experience and in the teaching experience of my colleagues (e.g. Tichá and
Hošpesová 2010), in results of educational research (e.g. Ryan and Williams 2011;
Bana et al. 1995), in books and textbooks (Ashlock 2002, 2010). Again, the newly
created Concept Cartoons contained in their bubbles various more or less usual
pupils’ conceptions or misconceptions, descriptions of various correct ways of
solving, or plausible incorrect ways of solving, and also some intentionally pre-
pared unusual but authentically looking misconceptions (Samková and Tichá
2015). In comparison to original Concept Cartoons, some new types of the text in
bubbles were established for the newly created pictures: a proposal of a procedure, a
proposal of a statement, an opinion on the validity of a statement, an opinion on the
number of solutions, and a reference to a drawing that was not displayed in the
picture (i.e. a reference to a missing drawing). Some of the Concept Cartoons had
the same mathematical content but different types of the text in bubbles (Samková
et al. 2015), in order to allow monitoring the influence of the composition on
collected data. All the 22 Concept Cartoons were assigned to various groups of
participants, under the same conditions as in the first stage.

Fig. 4 Slightly modified Concept Cartoon (just decimal marks after the second digit deleted from
all numbers, i.e. the range of the task changed from decimal to natural numbers); picture taken
from (Dabell et al. 2008, no. 2.13)

80 L. Samková



Data from the second stage were analyzed qualitatively. This time, the analysis
focused on displays of pedagogical content knowledge in relation to composition
factors of given Concept Cartoons. I also monitored the amount of relevant data
obtained from participants in relation to various Concept Cartoons. According to
quality and amount of relevant data collected with the Concept Cartoons, data
analysis revealed three significant types of bubble content: bubbles with procedures
and results, bubbles with references to a missing drawing, and bubbles with just
results.

When using Concept Cartoons containing both procedures and results in their
bubbles (as in Fig. 3), respondents could comment on described results and pro-
cedures, and look for errors in procedures leading to incorrect results as well as in
procedures leading to correct results. This kind of Concept Cartoons offered the
respondents a lot of concrete facts to judge and discuss, and the responses provided
a lot of relevant data.

Another type of Concept Cartoons that appeared diagnostically valuable was the
one that combined several bubbles containing procedures and results with a bubble
introducing a result together with a reference to a missing drawing leading to this
result (as in Fig. 5 where Tonda’s bubble refers to such a drawing). These com-
binations of bubbles were often thought-provoking: respondents first commented on
the procedures described in the bubbles, and then focused on the bubble without the
procedure, attempting to find out what drawing the child was talking about. They

Fig. 5 Concept Cartoon re-designed for this study; template with empty bubbles and empty notice
board taken from Fig. 2, new texts and names added
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often proposed their own drawings that could lead to the result. In this case, the
Concept Cartoon played a similar diagnostic and thought-provoking role as prob-
lem posing, e.g. as posing problems corresponding to a given calculation (Tichá and
Hošpesová 2010).

Some of the Concept Cartoons with just results proved to be problematic from
the diagnostic perspective, especially when the task was in a form of a calculation
(e.g. as in Fig. 4). The respondents often tended just to compare the correct result of
the calculation with the numbers in bubbles, did not comment on reasons, and did
not attempt to seek the procedures hidden behind the incorrect results or possible
sources of misconceptions. This kind of Concept Cartoons offered the respondents
few concrete facts to judge and discuss, and the responses provided few relevant
data on pedagogical content knowledge. On the other hand, with an unusual
composition, the Concept Cartoon with a calculation task and just results in bubbles
attracted respondents’ attention, and provoked them to respond widely. Such an
unusual composition belonged to one of the original Concept Cartoons from the
first stage of the study, which presented a task based on a calculation 5904 + 5106.
What was unusual about the results proposed in bubbles is that all of them were
composed only of digits 1 and 0: 1110, 11100, 11010, and 1010010. With this
Concept Cartoon, I obtained a lot of relevant data; the respondents sought for the
procedures hidden behind the proposed results, and suggested various sources of
mistakes. Since some of the respondents’ responses were not correct, this Concept
Cartoon also helped to reveal weaknesses in pedagogical content knowledge: there
were respondents who just compared the incorrect results in the bubbles with the
correct result, and gave the children advices regardless of the possible source of the
mistakes. For instance, one of the participants gave the children with the 11100
result the following advice: “Peter, recount it again, your result is 90 more than the
correct result.” (Samková and Hošpesová 2015).

Unlike the first stage of the preparatory study, some Concept Cartoons based on
classroom events appeared suitable for assessing pedagogical content knowledge.
All of them had a common characteristic: at least two correct alternatives in the
picture that could be declared as correct, and procedures or procedures with results
in bubbles. The correctness of the alternatives was either general, or conditional.
With these Concept Cartoons, the respondents seemed to be surprised by the
existence of multiple correct alternatives, and thus paid more attention to the rea-
soning related to the alternatives that looked correct. As a positive consequence,
some of them paid more attention also to alternatives that looked incorrect, and
offered detailed justifications on the incorrectness. As a negative consequence,
some of the participants paid too much attention to the alternatives that looked
correct, and improperly found mistakes in some completely correct formulations.

Generally, the results of the preparatory study showed that various pictured
situations, various numbers of alternatives that can be considered as correct, and
various types of the text in bubbles allowed to reach diverse components of ped-
agogical content knowledge, so that a set of Concept Cartoons with various com-
binations of composition factors is needed to get a comprehensible overview of
participants’ pedagogical content knowledge (Samková 2017).
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On the basis of the results of the preparatory study I selected a set of eight
Concept Cartoons for the main survey. This set contained Concept Cartoons from
the preparatory study, four of them original Concept Cartoons (e.g. the one in
Fig. 3), and four newly created (e.g. the one in Fig. 5). Tasks on the pictures were
of diverse focus and difficulty, number of alternatives in a picture that could be
declared as correct varied from one to all, and texts in bubbles were of diverse
types: just results, just procedures, procedures and results, references to a missing
drawing, opinions on validity, recommendations, and proposals of general state-
ments or rules. Four of the Concept Cartoons were based on an everyday event, and
four on a classroom event.

Main Survey

As already mentioned above, the research question for the main survey was “What
are the informal foundations of pedagogical content knowledge with which
pre-service primary school teachers enter the course on didactics of mathematics?”

Participants and Data Collection

Respondents of the research were 29 full time university students of master degree
training for pre-service primary school teachers. In our country, pre-service primary
school teachers’ training covers all the primary school curriculum subjects and lasts
5 years, i.e. it serves as an equivalent of a 3-year bachelor program followed by a
2-year master program. Students come to the university directly from the secondary
school, with no experience in teaching. During the first and second years of the
training program, the students attend mandatory courses on mathematics, and
during the third year they attend mandatory courses on didactics of mathematics.
The survey took place in the second year of the training program, i.e. in the time
before the students entered the courses on didactics of mathematics. All of the
second year students participated in the research, none of them participated in the
preparatory study.

The eight Concept Cartoons selected on the basis of the preparatory study were
assigned to the respondents in two separate stages (due to time constraint reasons),
four Concept Cartoons per stage. I placed them on a worksheet with six common
questions that were the same as in the preparatory study (Section “The First
Stage”). Students worked on worksheets individually, during a lesson. The work
took them approximately 80 min each stage.
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Data Analysis

First, all the materials were open-coded, and the codes sorted to 12 categories in
such a way that, if applicable, the categories included both strengths and weak-
nesses related to the category label. In the following list, the categories including
both strengths and weaknesses are provided with two examples of codes in
brackets, the first example is considered as referring to some strength, and the
second one to some weakness:

A. strong (dis)agreement (e.g. “strongly disagrees with Radek”, “strongly dis-
agrees with Tonda”);

B. recognition of a correct/incorrect statement (e.g. “found all incorrect state-
ments”, “thinks that a correct statement is incorrect”);

C. recognition of a procedure and its particular steps (e.g. “reveals a step that is
incorrect”, “sees the procedure as one indivisible whole”);

D. explanation (e.g. “illustrative explanation”, “imprecise explanation”);
E. advice (e.g. “helpful advice”, “missing advice”);
F. identification of the cause of a mistake (e.g. “plausible cause of a mistake”,

“just compares the result in a bubble with his own result”);
G. differentiation between identification of a mistake, its cause, and its remedy

(e.g. “successful differentiation”, “one common answer for questions 3, 4, 5”);
H. own respondent errors and mistakes that appeared as a part of explanation or

advice (e.g. “confuses part and whole”);
I. blank bubble (e.g. “alternative way of solving”, “unrealistic alternative”);
J. formal arrangement (e.g. “carefully follows the order of questions and

answers”, “does not number answers”);
K. orientation in the picture (e.g. “did not link bubbles to names”);
L. not specified (e.g. “interesting”, “unclear”, “read again”).

Then the method of constant comparison was employed, data were repeatedly
read over, labeled by new codes when needed, codes repeatedly compared with data
and among themselves, rearranged, adjusted. Some codes were removed. For better
clarity of the process, the codes were marked with plus or minus sign to denote
aspects that were considered as positive or negative from the perspective of
teachers’ pedagogical content knowledge. During the process, the list of categories
was re-organized:

• codes from J, K and L categories were adjusted and replaced or removed, the
three categories were canceled;

• codes from categories C, D, E, F appeared to be too tight together, so that these
categories were unified under one common category labeled CF;

• when comparing codes within particular respondents, the heterogeneity of data
related to Concept Cartoons with diverse composition was disruptive, so that the
analysis was additionally enriched with codes related to the composition of
particular Concept Cartoons (type of the text in bubbles, number of bubbles with
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correct statement, number of solutions, etc.), and a new category M was
established for them.

Thus, categories A, B, CF, G, H, I, M remained for the final analysis. The final
analysis identified B, CF and I as the categories with the biggest density of data.

General Findings

In this section, I present general findings of the research, accompanied in brackets
by references to particular responses that appear as transcripts in
Section “Illustrative Data Excerpts”. The references are in the following form:
(respondent number: name of the child or children to which the response relates).

In spite of the fact that respondents of the research were students who had not
attended a course on didactic of mathematics yet, data revealed 15 of the 29
students with good informal foundations of pedagogical content knowledge. These
students were able to

• recognize various pupils’ misconceptions (S30: Pavla, S31: Pavla, Radek);
• find a mistake in a procedure, clearly describe its possible cause, and advice how

to remedy it (S4: Pavla, Karel, Radek);
• check/verify results of a task that they themselves did not solve, and explain to

children with wrong results why their results cannot be correct (S6: Tonda,
Pavla, Radek, S10: Pavla, Karel, Radek);

• usefully employ visualization (S2: Tonda, S4: Tonda, S22: Tonda, S24: Tonda);
• present various alternative ways of solving (S5: Paul, S10: Paul), also the ele-

gant ones that advantageously utilize certain specific relations (S3: Paul, S4:
Paul, S18: Paul, S26: Paul);

• present plausible potential pupils’ misconceptions (S23: Paul).

On the other side, data revealed also 8 students with low level of knowledge
related to pedagogical content. These students

• proposed possible pupils’ alternative solutions that were unrealistic (S29: Iva);
• proposed explanations of pupils’ procedures that were unrealistic (S1: Tonda,

S21: Tonda) or with no relation to the task (S15: Tonda);
• tended to reject procedures which they themselves did not grasp (S12: Tonda);
• did not know common misconceptions (S16: Pavla).

The remaining 6 students showed unbalanced knowledge since some of their
responses could be considered as displays of good knowledge, and some could not.
For instance, the respondent S11 presented a proper alternative way of solving as a
response to Paul’s bubble (S11: Paul) but an unrealistic incorrect alternative as a
response to Iva’s bubble (S11: Iva).

Further, 10 of the 29 respondents in their worksheets made an effort to differ-
entiate between identification of a mistake, its cause, and its remedy. All of them
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were successful in this endeavor. Without exception, they were all students who
were successful also in other aspects of pedagogical content knowledge, e.g. in
presenting various alternative solutions of a task (S4: Paul).

The remaining 19 respondents offered answers that did not differentiate between
identification, cause and remedy. They often gave one common answer for ques-
tions 3, 4 and 5 (S12: Tonda, S15: Tonda). This fact is not surprising since the
respondents had not attended any didactical courses yet.

Illustrative Data Excerpts

The findings reported generally in the previous section will now be illustrated by
particular data excerpts. The transcripts will be presented in the following form:

respondent no. question no. respondent’s answer to the question or its part
(name of the pictured child included)

In cases when respondents gave one common answer for questions 3, 4 and 5, the
question number in the transcript will be denoted by 3/4/5.

As an illustrative example, I have selected the Concept Cartoon from Fig. 5. The
scene described in this Concept Cartoon is located outside the classroom, is based
on a word problem with fractions, and the word problem has a unique solution.
A similar task appeared in 2015 in state matriculation exam, where only 33% of the
students solved the task correctly (Řídká 2015). I changed the context of the task,
and enlarged the quantity given in the task from 800 to 8000. When creating the
bubbles, I based three of them on three most frequent incorrect solutions (Pavla,
Karel, Radek), and the fourth on the correct solution (Tonda). The incorrect solu-
tions are offered in the form of procedures with results, the correct solution is in the
form of a result with a reference to a missing drawing.

Like in the state exam, the task appeared to be rather difficult to solve: only 41%
of the respondents properly choose Tonda’s bubble as the correct one, the other
59% improperly choose Pavla’s bubble.

Agreement with Pavla was often supported by the justification that is known as a
common misconception:

S16 2) Pavla—right answer, 8000: 4 = 2000 ! yesterday 6000.

The respondents who choose Pavla, often strongly disagreed with Tonda. Some
of them admitted that it is because they did not understand Tonda at all, that they
did not grasp how could have he come to the result 6400:

S12 2) I do not agree with Radek and Tonda.
3/4/5) Tonda’s opinion is not right. I entirely did not understand his thinking.
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Some respondents presented explanations of potential Tonda’s procedure that
were based on unrealistic misconceptions:

S1 3) Tonda—this opinion is the most wrong ! first he subtracted one quarter
(2000), and then added 100 from each quarter.

S21 4) Tonda—he probably drew a “pie”, and included zero to his calculations (see
Fig. 6).

Some of the explanations did not even relate to numbers from the assignment of
the task:

S15 3/4/5) Tonda calculated 80 � 80.

Among the responses, I also found some explanations of Tonda’s procedure that
were plausible but incorrectly rejected by their authors as wrong:

S9 2) Tonda
4) Tonda—he probably drew a picture with four quarters, and added one quarter to

it, so that he divided 8000 by 5.
5) Tonda—draw a picture, and the amount 8000 has to be divided to how many

pieces if you want to find 1/4?

Respondents who agreed with Tonda supported their agreement diversely. Some
of them offered a picture (see Fig. 7), others just solved the task without a picture,
and compared their result with Tonda’s.

These respondents were usually able to find mistakes in procedures presented by
other children (Pavla, Karel and Radek), and gave reasons why the mistakes might
occur. Some of them also advised a remedy:

S30 4) Pavla did not realize that the quarter must be calculated from the previous
whole. That today’s audience is

yesterday’s whole + its quarter = 8000.
S31 4) Karel—he proceeded from 8000, i.e. from today’s audience, not from the

yesterday’s
Pavla—the same as Karel

S4 4) Radek—he calculated that today is quarter of yesterday’s,
instead of quarter more than yesterday

5) Radek, read the task carefully: quarter of 6¼ quarter more!

Fig. 6 Picture with a “pie”
drawn by the respondent S21
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Among the respondents there were also some that did not solve the task at all.
They just verified all the results from the bubbles, one by one, and then gave
explanations to children with wrong results which showed why these results could
not be correct:

S10 3) Tonda—right, 6400 + quarter = 8000
Pavla—quarter of the yesterday’s audience, not today’s
Radek—wrong, when yesterday was some audience, and today is quarter more,

then yesterday could not be more people than today
(bigger number—32,000—nonsense)

S6 3) Pavla—if yesterday came 6000 people, one quarter would be 1500, which does
not result in 8000 but only in 7500.

Karel—if yesterday came 8000 people, one quarter would be 2000, and this
number would be added to 8000 to get the people that have come today.

Radek—if his bubble were true, then the notice board would say:
Today’s audience: 8000
It’s a quarter of yesterday’s.

Alternatives proposed to Iva’s bubble depended on what result the respondent
considered as correct. Students who agreed with Tonda often proposed hints to
Tonda’s result:

S10 6) Iva: 8000 is 5/4
S22 6) Iva: I think that yesterday’s audience was 1600 less.
S4 6) Iva: It is 6400, because the picture shows me that it is 4/5 of 8000.

Fig. 7 Excerpts from four different worksheets where respondents agreed with Tonda (S24, S4,
S22, S2). Translation: včera = yesterday, dnes = today, navíc = extra
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Students who agreed with Pavla often proposed pictures illustrating her proce-
dure—a pie divided into quarters (S16, S18) or a hint about 8000 being 4/4 (S12).
Some of the worksheets contained unrealistic alternative solutions to the task:

S29 6) Iva: A quarter of 8000 is 6000, so that yesterday came only 2000 people.
S11 6) Iva: Yesterday came 4000 people. Because 1/4 is 4000.

The Concept Cartoon from Fig. 5 was unique because students did not offer any
alternative ways of solving to the blank bubble. However, students offered many
alternative ways of solving to the Concept Cartoon from Fig. 3. This Concept
Cartoon focuses on a numerical task 38 + 39 from the perspective of mental cal-
culation, and its bubbles offer various pupil’s solutions in the form of a procedure
with a result. The worksheets contained many diverse correct alternative procedures
proposed to Paul’s bubble:

S5 6) Paul: First I add tens, 30 + 30 = 60, then I add units, 8 + 9 = 17. Then I add
these numbers, 60 + 17, and get the number 77.

S11 6) Paul: 38 + 30 = 68, 68 + 9 = 77
S10 6) Paul: 2 � 30 = 60, and 9 is 69, and 8 is 77.

Besides the usual standard alternatives mentioned above, some other alternatives
advantageously utilized the fact that both addends are close to 40 which is a
multiple of ten, or that they are close to each other:

S26 6) Paul: I borrow one from 38, and add it to 39 ! 40 + 37 = 77. It is better to
count, because you don’t need to carry any figures.

S3 6) Paul: 2 are missing in 38 to get 40, I borrow them from 39. So that I will have
40 + 37 = 77.

S18 6) Paul: Two times 40, and subtract 3.
S4 6) Paul: (38 � 2) + 1 = 77

Some of the worksheets also offered plausible potential pupils’ misconceptions:

Discussion

Results of the presented research are in accordance with findings of similar studies
focusing on pedagogical content knowledge. Like in Kleickmann et al. (2013),
Krauss et al. (2008), the research showed that some of the pre-service teachers were
able to gain informal foundations of pedagogical content knowledge from their own
learning experience prior to didactical courses and own teaching practice.

S23 6) Paul: (3 + 3) = 6
(8 + 9) = 17
38 + 39 = 617
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As an object in the first part of the research and a tool in the second part of the
research I used the Concept Cartoons environment. Results of the research showed
that Concept Cartoons provided with a set of indicative questions might become a
suitable tool for exploring various aspects of pedagogical content knowledge in
mathematics. In accordance with the earlier research on Concept Cartoons (Keogh
and Naylor 1999; Naylor et al. 2007), Concept Cartoons appeared to be able to
encourage presenting own opinions on texts in bubbles as well as answering the
indicative questions about the picture. Although unlike the earlier research, I used
Concept Cartoons in slightly different ways: with pre-service teachers instead of
pupils, individually instead of collectively, in mathematics, and in written form.

As an important component of Concept Cartoons I see the blank bubble which
allows to gain insight into knowledge of alternative ways of solving and knowledge
of common pupils’ misconceptions. The spectrum of responses to these bubbles
that appeared in collected data is vast but the analysis of data shows that the
wording of the sixth question which required to propose one alternative or mis-
conception was unnecessary limiting the possible range of responses. For future
use, it would be better to get an inspiration from the study of Kleickmann et al.
(2013), and make some changes in the sixth question: divide the question into two
parts, in the first part ask for as many as possible alternative ways of solving, and in
the second part ask for as many as possible potential pupils’ misconceptions.

The reported research was conducted at the Faculty of Education as a part of a
three-year project focusing on opportunities to influence professional competences
of pre-service primary school teachers. In some other studies under this project that
I performed together with my colleagues, we investigated the possible use of
Concept Cartoons in pre-service teachers’ education from various perspectives and
with various groups of pre-service primary school teachers. In mathematics courses,
we used Concept Cartoons to support problem solving, reasoning and argumenta-
tion (Samková and Tichá 2016a, 2017b), and as a diagnostic tool for assessing
pre-service teachers’ mathematical content knowledge (Samková and Tichá 2015,
2016b, 2017a). In didactics courses, we used them in problem posing activities
(Samková and Tichá 2016b, 2017b). Among others, Concept Cartoons helped us to
show how diverse information could be provided by problem posing and problem
solving, and thus confirmed the importance of linking problem solving and problem
posing that was emphasized in a recently issued monograph on problem posing
(Singer et al. 2015). We also used Concept Cartoons when preparing pre-service
teachers for their own teaching practice: such a tool helped them to become aware
of potential pupils’ mistakes and misconceptions that might appear in the class-
room. A similar but not the same tool called discussion prompt sheets was men-
tioned by Ryan and Williams (2011).

To place this current research on Concept Cartoons into the broader framework,
it is useful to realize that I employed Concept Cartoons to ascertain responses of
pre-service teachers to various alternative opinions of virtual (pictured) pupils. So,
in a sense it can be said that I investigated informal foundations of pre-service
teachers’ ability to notice, namely of the aspects related to comments on pupils’
talks (category pupil commentary in Vondrová and Žalská 2015).
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Further, Concept Cartoons also address the concerns that were raised in the study
of Depaepe et al. (2015) which focused on investigating mathematical content
knowledge and pedagogical content knowledge of pre-service teachers. Depaepe
et al. reproached some previous surveys on pedagogical content knowledge for not
investigating pedagogical content knowledge independently of mathematical con-
tent knowledge, i.e. that respondents of those surveys first solved a task to
demonstrate mathematical content knowledge, and then in the context of the same
task commented on issues related to pedagogical content knowledge. By Depaepe
et al., such circumstances negatively affect data related to pedagogical content
knowledge. When using Concept Cartoons, no similar dependence occurs, because
no solution of the task is explicitly required, and the respondents may demonstrate
some aspects of their pedagogical content knowledge even in the case when they do
not know how to solve the task or do not want to solve it. For instance, by proper
checking and verifying all offered results, or by proper justification of why a result
or a procedure offered in a bubble cannot be correct, the respondents can present
their ability to evaluate pupils’ answers—an ability that is an integral part of
pedagogical content knowledge. In particular, the ability to evaluate pupils’ answers
without solving the task turns out to be important in teaching in the moment when,
as a direct consequence of a discussion or as a prompt support to an explanation, a
quite new task not previously prepared by the teacher appears in the classroom.

Conclusion

In this chapter I introduced a study focusing on the opportunity to use an educa-
tional tool called Concept Cartoons as a representation of practice in pre-service
primary school teachers’ education, especially on the possibility to employ Concept
Cartoons as a tool for investigating informal foundations of pedagogical content
knowledge of pre-service primary school teachers. The study suggests the form of
the Concept Cartoons environment suitable for such a purpose, and analyzes dis-
plays of pedagogical content knowledge that were collected in the environment
from pre-service primary school teachers before entering the course on didactics of
mathematics. The results confirmed that Concept Cartoons were suitable for the
studied purpose, namely for investigating informal foundations of knowledge of
pupils (e.g. ability to recognize pupils’ misconceptions, difficulties and solving
strategies), knowledge of tasks (e.g. knowledge of multiple ways to solve a prob-
lem), and knowledge of instruction (e.g. knowledge of different representations and
explanations to standard problems).
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