Sasakian Statistical Manifolds II

Hitoshi Furuhata®)

Department of Mathematics, Hokkaido University, Sapporo 060-0810, Japan
furuhata@math.sci.hokudai.ac. jp

1 Introduction

This article is a digest of [2,3] with additional remarks on invariant submanifolds
of Sasakian statistical manifolds.

We set 2= {1,...,n+1} as a sample space, and denote by PT(£2) the set of
positive probability densities, that is, P*(2) = {p: 2 = Ry | > c,p(z) =1},
where R, is the set of positive real numbers. Let M be a smooth manifold as
a parameter space, and s : M 3 u — p(-,u) € PH(2) an injection with the
property that p(z,-) : M — R, is smooth for each x € (2. Consider a family
of positive probability densities on {2 parametrized by M in this manner. We
define a (0, 2)-tensor field on M by

9u(X,Y) = Y _{Xlogp(z,-){Y log p(x, ) }p(x,u)
e

for tangent vectors X,Y € T,M. We say that an injection s : M — PT(§2)
is a statistical model if g, is nondegenerate for each u € M, namely, if g
is a Riemannian metric on M, which is called the Fisher information met-
ric for s. Define ¢ : M — R""! for a statistical model s by ¢(u) =
f24/p(1,u),...,2¢/p(n + 1,u)]. It is known that the metric on M induced by ¢
from the Euclidean metric on R™*! coincides with the Fisher information metric
g. Since the image ¢ (M) lies on the n-dimensional hypersphere S™(2) of radius 2,
the Fisher information metric is considered as the Riemannian metric induced
from the standard metric of the hypersphere. For example, we set

n
M= {u="u'. . . u"] €R" | u! >0, Zul <1},

1=1

k
_ _Jur, z=ke{l,...,n},
Then (M) = S™"(2) N (R4 )" and the Fisher information metric is the restric-
tion of the standard metric of S™(2). It shows that a hypersphere with the stan-
dard metric plays an important role in information geometry. It is an interesting
question whether a whole hypersphere plays another part there.
In this article, we give a certain statistical structure on an odd-dimensional

hypersphere, and explain its background.
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2 Sasakian Statistical Structures

Throughout this paper, M denotes a smooth manifold, and I'(E) denotes the
set of sections of a vector bundle £ — M. All the objects are assumed to be
smooth. For example, I'(TM ) means the set of all the C* tensor fields on
M of type (p,q).

At first, we will review the basic notion of Sasakian manifolds, which is a
classical topic in differential geometry (See [5] for example). Let g € I'(TM©:2))
be a Riemannian metric, and denote by V9 the Levi-Civita connection of g. Take
¢ N(TMIY) and € € I'(TM).

A triple (g,¢,&) is called an almost contact metric structure on M if the
following equations hold for any X,Y € I'(TM):

¢€:O7 9(5,6)21,
P*°X = —X + g(X, €,
9(@X,Y) +g(X,0Y) =0

An almost contact metric structure on M is called a Sasakian structure if

(VX8)Y = g(Y,§)X — g(Y, X)¢ (1)

holds for any X,Y € I'(TM). We call a manifold equipped with a Sasakian
structure a Sasakian manifold.
It is known that on a Sasakian manifold the formula

VY96 =X (2)

holds for X € I'(TM). A typical example of a Sasakian manifold is a hypersphere
of odd dimension as mentioned below.

We now review the basic notion of statistical manifolds to fix the notation
(See [1] and references therein). Let V be an affine connection of M, and g €
I(TM(©2)) a Riemannian metric. The pair (V, g) is called a statistical structure
on M if (i) VxY —-Vy X —[X,Y]=0and (ii) (Vxg)(Y,Z) = (Vyg)(X, Z) hold
for any XY, Z € I'(TM). By definition, (V9,g) is a statistical structure on M.

We denote by RV the curvature tensor field of V, and by V* the dual con-
nection of V with respect to g, and set S = S(V-9) € I'(TM(13) as the mean of
the curvature tensor fields of V and of V*, that is, for X,Y,Z € I'(TM),

RY(X,Y)Z =VxVyZ—VyVxZ—VixyZ,
Xg(Y,Z2)=g(VxY,Z) + g(Y,Vx Z),

1 .
S(X,Y)Z = 5{RV(X, Y)Z +RY (X,Y)Z}. (3)

A statistical manifold (M, V, g) is called a Hessian manifold if RV = 0. If so,
we have RV = § = 0 automatically.
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For a statistical structure (V,g) on M, we set K = V — V9. Then the
following hold:

K e IN(TM®2), )
KxY =KyX, g(KxY,Z)=g(Y,KxZ)

forany XY, Z € I'(TM). Conversely, if K satisfies (4), the pair (V = VI+ K, g)
is a statistical structure on M.

The formula
S(X,Y)Z=RI(X,Y)Z + [Kx,Ky|Z (5)

holds, where RY = RV’ is the curvature tensor field of the Levi-Civita connection
of g.

For a statistical structure (V, g), we often use the expression like (V = V9 +
K, g), and write KxY by K(X,Y).

Definition 1. A quadruplet (V = V9+K, g, ¢,£) is called a Sasakian statistical
structure on M if (i) (g, ¢, ) is a Sasakian structure and (ii) (V, g) is a statistical
structure on M, and (iii) K € I'(TM™2)) for (V, g) satisfies

K(X,¢Y)+ ¢K(X,Y)=0 for X,Y € I'(TM). (6)

These three conditions are paraphrased in the following three conditions
([3, Theorem 2.17]: (") (g,¢,&) is an almost contact metric structure and (ii)
(V,g) is a statistical structure on M, and (iii’) they satisty

Vx(9Y) = ¢VXY =g(£, V)X — g(X,Y)S, (7)
Vx€=¢X +g(VxE EE. (8)
We get the following formulas for a Sasakian statistical manifold:
K(X,¢) = Mg(X,8)¢, g(K(X,Y),§) = Ag(X,€)g(Y,§), (9)
where
A =g(K(&€).). (10)

Proposition 2. For a Sasakian statistical manifold (M,V,g,¢,£),
holds for X,Y € I'(TM).

Proof. By (9), we have [Kx,Ky]{ = 0, from which (5) implies S = R9. It is
known that RY is written as the right hand side of (11) (See [5]). O

A quadruplet (M , V=VitK 0, J ) is called a holomorphic statistical man-
ifold if (g, J) is a Kédhler structure, (V,9) is a statistical structure on M, and

K(X,JY)+ JK(X,Y)=0 (12)
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holds for X,Y € I'(TM). The notion of Sasakian statistical manifold can be
also expressed in the following: The cone over M defined below is a holomorphic
statistical manifold. Let (M,V = V9 4+ K, g, $,&) be a statistical manifold with
an almost contact metric structure. Set M as M x R, and define a Riemannian

metric § = r2g+ (dr)? on M. Take a vector field ¥ = Tg € F(TM), and define
r

J € D(TMOY) by J¥ = ¢ and JX = ¢X — g(X, W for any X € I'(TM).
Then, (g,J) is an almost Hermitian structure on M, and furthermore, (g, ¢, &)
is a Sasakian structure on M if and only if (g,J) is a Kéhler structure on M.

We construct connection V on M by

wa = —>\§ +Y,
wa VoX =X — Ag(X, €))7,
VxY =VyY — g(X, V),

that is,
K(W,w)=-)\, K(X,¥)=-)\g(X,6)7, K(X,Y)=K(X,)Y)

for X, Y € I'(TM), where A is in (10). We then have that (M,V,g,¢,¢) is a

Sasakian statistical manifold if and only if (M V g, J ) is a holomorphic statis-
tical manifold (A general statement is given as [2, Proposition 4.8 and Theorem
4.10]). It is derived from the fact that the formula (12) holds if and only if both
(6) and (9) hold.

Example 3. Let S?"~! be a unit hypersphere in the Euclidean space R?".
Let J be a standard almost complex structure on R?" considered as C”,
and set & = —JN, where N is a unit normal vector field of S2"~!. Define
¢ € I(T(8* D) by ¢(X) = JX — (JX,N)N. Denote by g the standard
metric of the hypersphere. Then such a (g, ¢, ) is known as a standard Sasakian
structure on S2"~!. We set

K(X,Y) = g(X,§)g(Y, )¢ (13)

for any X,Y € I'(T'S*"1). Since K satisfies (4) and (6), we have a Sasakian
statistical structure (V = V9 + K, g, ¢,£) on S?n~1,

Proposition 4. Let (M,g,$,£) be a Sasakian manifold. Set V as VI + fK
for f € C*(M), where K is given in (13). Then (V,g,¢,§) is a Sasakian
statistical structure on M. Conversely, we define VxY = V%Y + L(X,Y)V
for some unit vector field V and L € T(TM©2). If (V,g,¢,€) is a Sasakian
statistical structure, then L ® V is written as L(X,Y)V = fg(X,&)g(Y,£)¢ for
some f € C*°(M), as above.

Proof. The first half is obtained by direct calculation. To get the second half,
we have by (4),
0=LX,Y)V - LY, X)V = {L(X)Y) - L(Y, X)}V,
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Substituting V' for Z in (14), we have
L(X,Y) = L(V,V)g(X,V)g(Y, V).
Accordingly, we get by (6),
0=L(X,0Y)V + ¢{L(X,Y)V} = L(V,V)g(X,V){=g(Y, V)V + g(Y,V)oV},

which implies that ¢V =0 if L(V,V) # 0, and hence V = £¢. O

3 Invariant Submanifolds

Let (M, g, q~5, 5) be a Sasakian manifold, and M a submanifold of M. We say that
M is an invariant submanifold of M if (i) &, € T, M, (i) X € T, M for any
X €T,M and u € M. Let g € (TM©?), ¢ € T(TMIY) and ¢ € I'(TM)
be the restriction of g, ng and 5 , respectively. Then it is shown that (g, ¢,&) is a
Sasakian structure on M.

A typical example of an invariant submanifold of a Sasakian manifold 2%~ in
Example 3 is an odd dimensional unit sphere. Furthermore, we have the following
example. Let ¢ : Q — CP" ! be a complex hyperquadric in the complex projective
space, and @) the principal fiber bundle over @ induced by ¢ from the Hopf fibration
m: 5271 — CP"~!. We denote the induced homomorphism by 7 : Q — S~ 1.
Then it is known that 7(Q) is an invariant submanifold (See [4], [5]).

We briefly review the statistical submanifold theory to study invariant sub-
manifolds of a Sasakian statistical manifold. Let (M, V,q) be a statistical mani-
fold, and M a submanifold of M. Let g be the metric on M induced from g, and
consider the orthogonal decomposition with respect to g: T, M = T, M & T, M~*.
According to this decomposition, we define an affine connection V on M,
B € NTM* @ TM©®2) A ¢ T((TMY) D @ TM®Y), and a connection
V+ of the vector bundle TM+ by

VxY =VxY +B(X,Y), VxN=—-AyX + V%N (15)

for XY € I'(TM) and N € I'(TM*). Then (V,g) is a statistical structure
on M. In the same fashion, we define an affine connection V* on M, B* €
D(TM* @ TM©2), A* ¢ F((TML)<O P @ TM®Y), and a connection (V4)*
of TM~ by using th dual connection V* instead of V in (15).

We remark that g(B(X,Y),N) = g(AyX,Y) for XY € I'(TM) and N €
I'(TM%), and remark that V* coincides with the dual connection of V with
respect to g. See [1] for example.

Theorem 5. Let (M7%7§, (E, E) be a Sasakian statistical manifold, and M an
invariant submanifold of M with g,¢,£,V, B, A,V V* B* A* (V1)* defined
as above. Then the following hold:

(i) A quintuplet (M,V,g,¢,£) is a Sasakian statistical manifold.
(i) B(X,§) =B*(X,&) =0 forany X € I'(TM).
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(iii) B(X,¢Y)=B(¢X,Y) = ¢B*(X,Y) for any X,Y € I'(TM). In particular,

trg B =trgB* = 0.

(iv) If B is parallel with respect to the Van der Weaden-Bortolotti connection

V' for V, then B and B* vanish. Namely, if (V'yB)(Y,Z) = V%B(Y,Z) —
B(VxY,Z) - B(Y,VxZ)=0 for Z € I'(TM), then B*(X Y)=0.

(v) G(5(X,9X)pX — S(X,9X)pX,X) = 25(B*(X,X),B(X,X)) for X €

I(TM), where S = S(V9) and S = SV s in (3).

Corollary 6. Let (M V g, qb f) be a Sasakian statistical mam'fold of constant

qS sectional curvature ¢, and M an invariant submanifold of M. The induced
Sasakian statistical structure on M has constant ¢-sectional curvature ¢ if and
only if g(B*(X,X),B(X,X)) =0 for any X € I'(TM) orthogonal to &.

If we take the Levi-Civita connection as 6, the properties above reduce to
the ones for an invariant submanifold of a Sasakian manifold. It is known that an
invariant submanifold of a Sasakian manifold of constant ¢-sectional curvature
c is of constant ¢-sectional curvature c if and only if it is totally geodesic. It is
obtained by setting B = B* in Corollary 6. It is an interesting question whether
there is an interesting invariant submanifold having nonvanishing B with the
above property.

Outline of Proof of Theorem5. The proof of (i) can be omitted.

By (i) and (8), we calculate that Vx&+B(X, ) = Vx& = X +§(Vx&, 6)E =
dX + g(Vx&,&)E. Comparing the normal components, we have (ii).

By (7), we have g(Y,§)X — GV, X)§ = Vx(¢Y) — ¢V5Y = Vx(¢Y) +
B(X,0Y)=¢(VxY+B*(X,Y)) = g(Y,§) X —g(Y, X){+ B(X, ¢Y)—¢B*(X,Y).
Comparing the normal components, we have (iii).

By (i) and (ii), we get that 0 = V% B(Y,¢) — B(VxY,¢) — B(Y,Vx¢) =
—B(Y,¢$X) = —¢B*(X,Y), which implies (iv).

To get (v), we use the Gauss equation in the submanifold theory. The tan-
gential component of RY (X,Y)Z is given as

RY(X,Y)Z — Apryv,2yX + Apx.2)Y,
for X,Y,Z € I'(T M), which implies that

20(S(X,Y)Z,W) =29(S(X,Y)Z,W)
_5(3*(X7W)a (Y Z)) ( ( ’ )7B(X’Z))
—9(B(X,W),B*(Y, Z)) + g(B(Y, W), B*(X, Z)).

Therefore, we prove (v) from (iii). O

To get Corollary 6, we have only to review the definition. A Sasakian sta-
tistical structure (V, g, ®,&) is said to be of constant ¢-sectional curvature c if
the sectional curvature defined by using S equals ¢ for each ¢-section, the plane
spanned by X and ¢X for a unit vector X orthogonal to &: g(S(X, ¢ X)pX, X) =
cg(X, X)? for X € I'(TM) such that g(X,¢) = 0.
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