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Abstract Let F(X,Y) =Y a;X""Y"™" € Z[X, Y] be a form of degree r > 3, irre-
i=0

ducible over QQ, and having at most s + 1 nonzero coefficients. Mueller and Schmidt

showed that the number of solutions of the Thue inequality

[F(X,Y) <h

is < s2h*"(1 4+ log h'/"). They conjectured that s> may be replaced by s. In this
note we show some instances when s> may be improved.
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1 Introduction

Let F (X, Y) be a form of degree r > 3 with integer coefficients, irreducible over Q,
and having at most s 4+ 1 nonzero coefficients. Write

F(X,Y)= Za,-xff y (1.1)
i=0

withO=rg<r; <... <rg=r.Let D, H, and M denote the discriminant, naive
height, and Mabhler height of F (X, 1), respectively. For 4 > 1, consider the Thue
inequality

|F(X,Y)| <h. (1.2)

Let Ng(h) denote the number of integer solutions (x, y) of (1.2). Bombieri modified
a conjecture of Siegel and asked if Ny (%) could be bounded by a function depending
only on s and /4. (See Mueller and Schmidt [8, p. 208]). Toward this, Schmidt [10]
proved that

Np(h) < /rs B (1 +1logh'/"). (1.3)

Throughout this note, the constants implied by < are absolute. The modified Siegel’s
conjecture was shown to be true in the case s = 1 by Hyyro6 [3], Evertse [1], and
Mueller [6]. The case s > 2 was considered by Mueller and Schmidt in [7] and [8].
They proved that

Np(h) < s>C(r, h) (1.4)

where C(r, h) = h*/"(1 4 log h'/"). From a result of Mahler [5], it is known that the
factor h>/" in C (r, h) is unavoidable while the logarithmic factor was improved by
Thunder when #4 is large, see [11] and [12].

When s is as large as r, (1.4) is weaker than (1.3). It was conjectured in [8] that
it may possible to replace the factor s> above by s. In [9], some results were given
where the factor s> was improved. For instance, the following results were proven.

(i) We always have |r; —r,,| > |i —w| > 1 fori # w. Suppose |r; —r,| > ci|i —
w| with ¢; > 1, an absolute constant. Then,

Ne(h) < s C@r, h).

Thus, the exponent of s is < 2 whenever ¢; > 1.
(i) Suppose |r; — ry| > %li —w|log|i — w|. Then,

Np(h) < slog®s C(r, h).
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In another direction, it was shown that if the coefficients of F (X, Y) satisfy

@ 1/ri 1/r
- < |— fori=1,...,s —1 (1.5)
ap ap
and r > max(4s, s log3 s), then
Nr(h) < s(logs) C(r, h). (1.6)

If < max(4s, s log’ s), then by (1.3), we have

Np(h) < s(logs)** C(r, h).
Thus, under the condition (1.5), we have

Nr(h) < s(logs)*? C(r, h).

In particular, the above estimate holds whenever |ag| = |a;| = H where H is the
maximum of the absolute values of the coefficients of F. Hence, the estimate holds
for forms F with coefficients £1.

Let ¢ be the smallest integer, 0 < g; < s, with |a,,| = H and let g, be the largest
integer, 0 < g, < s, with |a,,| = H. The condition (1.5) implies that

(g1, 92) €{(0,0), (0, 5), (5,9}

In this note, we shall consider a few more cases of (¢;, g2). Throughout, we use the
following assumptions A.
A: (a) r > max(4s, slog3 s).

() la;|"n < lag,|"|aol™ ™" for 0 <i < q.

(©) lai|"™"2 < |ag,|""|as|""" forgy <i <.

Note that A(b) holds trivially if ¢; = 0 and A(c) holds trivially if g, = 5. We prove
the following result.

Theorem 1.1. Suppose that the assumption A holds. Then, (1.6) is valid in the fol-
lowing three cases:

(i) g1 =0,0<q» <sand H < |ag|™¢);

(ii) g2 =15,0<q) <qyand H < |ap|™ ¢ ;

. r=s Ta1 ey r=s
(iii) q1 # 0, g» # s and H < min (|a0| wlag| 7, lao| T |ag| T )
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Remark.

(a) When r < max(4s, s log3 s), we use (1.3) to obtain
Nr(h) < s(logs)** C(r, h).
Therefore, under the conditions of the theorem, we have
Nr(h) < s(logs)** C(r, h).

(b) We may assume that s is large, as otherwise inequality (1.4) is sufficient.

2 Preliminaries

Let F (X, Y) be given by (1.1). Let X, X, > 0. Divide the solutions (x, y) of (1.2)
into three sets as

max(lx|, [y[) > Xi; max(|x], [y]) = Xy andmin(|x], [y]) = X»;
min(|x, [y]) < Xa.

Denote the number of primitive solutions in these sets by P, (X1), Puea(X1, X2),
and Py, (X»), respectively. If X, > X, put P, (X, Xp) = 0. Let P(h) be the
number of primitive solutions of (1.2). Thus,

P(h) = Plar(Xl) + Pmed(le X2) + P.vma(X2)~

We can bound Ng(h) by finding an upper estimate for P (/). Choose numbers a, b
with0 < a < b < 1. Define

t=+/2/(r +a%),xr=2/((1-Db)),
Azl (1 M+ r)
= — O — ).
a? & 2
Further, we put
B 22 MR _ 800l0g’r
VvID ’

Ye = 2B/|DD" M e vy = RV Yy

Ys = (4 (rs)* R°h)7.
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We take
X] ZYW andXQZYs.

Mueller and Schmidt [8] had shown that
P, (Yw) < 5. (2.1)

To estimate the number of small solutions, we use the following lemma from [8].

Lemma 2.1. [8, Lemma 18]
Let F(X,Y) be given by (1.1) and let r > 4s. Then for any Y > 1, we have

Pona(Y) < (rsHP/ "W + 5 Y.

The next lemma is a consequence of the above lemma.

Lemma 2.2. Let F(X,Y) be given by (1.1). Then,
Pyna(Ys) < s h*"whenever r > slog’s.

For dealing with the medium solutions, we use the Archimedean Newton polygon
of the polynomial F (X, 1). This is the lower boundary of the convex hull of the points
P = (r;, —logla;|),0 <i < s. Let L; ; denote the line joining P; to P; with slope
o (i, j), say. Further, let

FX, 1) =a,+a, X" 4+ @ X"+ apX™
be the reciprocal polynomial of F (X, 1). Let Q; = (ry — r;, —log|a;|) and let L;,.i
denote the line joining Q; to Q; with slope ¢’(i, j).

Lemma 2.3. Suppose that the coefficients of F (X, Y) satisfy the assumptions A(b)
and A(c). Then, the edges of the Archimedean Newton polygon of F(X, 1) are
Log,» Ly, g, and Ly, . Further, o(q1, q2) = 0 and every root o of F(x, 1) satis-

fies

1
—eOan) la| < 207 (@2:5) 2.2)
Every root B of F(X, 1) satisfies
%e—d(t]z,w < 8| < 2¢00.41)

Proof. Put
o1 =0(0,q1) and 0, = 0(g2, $).
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By A(b), we have
0(0,i) >0 for0<i <gq.

By A(c), we have
o(ga,i) > orforgy <i <s.

Hence, the Archimedean Newton polygon consists of Ly 4, and L, ; as the left most
edge and right most edge, respectively. Since the height of the polynomial is attained
at a,, and at a,,, we see that o (g1, g2) =0 and o(q;,i) > 0 forq; <i < g,. Thus,
Ly, 4, 1s the third edge. Now we prove (2.2). By the convexity of the Newton polygon,
we have

o, >o0(,s)for0<i <s. (2.3)

Let z = 2" with |w| > 2. Then,

dg_ a,
|F(z, 1)| > |as|eazr.; <|W|r.\- _ |a 1|eUz(r571*rs)|W|rs—1 — . — | 0|eo'zr.\-> .
las| las|

By (2.3), we have

@ecz(ri—n) <1.
|as| -
Hence,
|F(z, DI = W™ = w[*' == 1>0

since [w| > 2. Thus, every root « of F(X, 1) has |a| < 2¢”2. .

To get the lower bound, we use the reciprocal polynomial F (X, 1). The
Archi.medean Newton polygon of this polynomigl hgs edg.es LS, Ly, oand Ly .
Arguing as above, we find that every root 8 which is the inverse of some root « of

F(X, 1) satisfies || < 27 @9 where ¢’(g;, 0) is the slope of L; o Hence,
| > le—a’(qu,o)'
2

Now the result follows on noticing that o'(¢, 0) = —o7. U

The Archimedean Newton polygons when conditions (i), (ii), or (iii) of Theorem
1.1 hold, are shown in Figure 1.

Another tool needed to estimate the medium solutions is the Diophantine approx-
imation property. Let S be the set of roots «y, - - - , &, of f(z) = F(z, 1) and S* the
set of roots of F (1, z). Then, $* = {afl, e ,ar_l}. Let (x, y) be a solution of (1.2)
with y # 0. Define

d (S, f) = min
y 1<i<r

X
o — —|.

y
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X | X X
> > >
P
s Py
R Py
Fqy P
@ Py
2 P, P,
\ Fay Py =Py 41 4
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Case (i) Case (ii) Case (iii) Case (iii)

Fig. 1 Archimedean Newton polygon.

It was shown in [8, Lemma 7], that there exists S; € S with |S;| < s such that

d (sl, )—C) <Rd <S, f) . (2.4)
y y

Suppose that d(S, x/y) = |a — x/y| forsome o € S.If £ () # 0 for some u with
1 <u <, then by [8, Lemma 10], we have

T (—zrh )W 2.5)
2\ fW(e)llyl ’ )

X
o — —

Let e, h be two nonnegative integers. Let (¢); be the Pochhammer symbol defined
as
0 ife=0
(@n=1q1 ifth=0
e(e—1)---(e—h+1) otherwise.

Using the explanations given in [8, p. 223-231], we can obtain
SN EQa" fO@) =ae’ [] Gi-rp) (2.6)
u=1 O<i<j<s

where

1 ... 1
(ro)1 -+ (rs—1

EY = (=1)’*det | (ro)u_t -+ (Fe—1)ur
(rO)u-H Tt (rs—l)u-H

(rO)s e (rs—l)s
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From [8, Eqns (6.12) & (6.13)], we get that

EP| <26 [T 5=

0<i<j<s

We also refer to [9] for more details. Using the above estimate for | E ,SS) | in (2.6), we
find that there exists u with 1 < u < s such that

— — 2 N—(s—1)_—1
I @) > laglee|] ™27 (s7r) Vs

The following lemma is now immediate from (2.4) and (2.5).

Lemma 2.4. There exists a set S; C S with |S1| < s, such that for some o € Sy,
we have

X
o — —

rR <S(rs2)s_12"+-Yh ) 1/u
< T .
y

=2\ Dllasllal

A similar inequality holds with (x, y) replaced by (y, x) for some set S, C S* of
roots with |S,| < s.

The following is a lemma on counting the number of elements in a set satisfying
some gap conditions. (See [9, Lemma 2.1(1)]).

Lemma 2.5. Let n > 2 and let U = {uy,--- ,u,} be a set together with a map
T : U — R* such that

Ay =Tw) =Tup) <--- <T(uy,)

and
Tw;)>BTw;_1)" for2<i<nwithf >0,y >2.
Let
2irp>1
S lifp <.

Suppose that T (u,) < By and A1 BY* =) > 1. Then,

( log By )
n<1+ log .
logy log Ay + (log B)/(k(y — 1))

Proof. By induction, we get

T(up) > B4 T ()"

> (B €T )y 2.7)
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Since T (u,) < By, from (2.7), we get

BCDT@)” < By

Taking logarithms twice, we get the assertion of the lemma. U

3 Proof of Theorem 1.1

By (2.1) and Lemma 2.1, it is enough to estimate P,.;(Yw, Ys). We shall consider
S| from Lemma 2.4. The argument for S, is similar. We claim that

|asar—u| > Hu/rz—(r—u).

We prove this when condition (ii) of the theorem holds. The other cases are similar.
By Lemma 2.3,

asar—u | > |as |e(V—M)f71 2—("—")
| (= log H-+log ag))
— |as |€(r M)i,ql 27(r7u).

Thus, our claim is true if

u

r—u r—uu
lagllaol ™ = H "™ "

Since g, = s, we have |a;| = H. Therefore, the above inequality holds if

r=rqy

lagl = H ™7,

which is true by our assumption. Hence, the claim follows. Thus, by Lemma 2.4, for
y > Y,

X
a__
y

2r (1 o2ys—1 1/s
rR <s2 (rs?) h) . 3.1

< 2H1/r yr

LetU = {(x1, y1), - - - , (xy, ¥»)} be the set of all solutions of (3.1) with gcd(x;, y;) =
1 and
Ys<y1 <<y =VYy.

Suppose v > 2. Then,

1
Vivitr

Xi Xit1

Vi Yi+1

Yi+1

Xi
o — =~
Vi
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K n K - K
= o o <y

where

K = R(rs)* 4" n'sHg="r,

Thus, we have
Yitl = K_lyir/s_l-

We apply Lemma 2.5 with T ((x;, y;)) =y, B =1/K,y = ’S;“, Ay =Ygand By =
Yw. Note that y =r/s — 1 > max(3, log3 s —1). Also, R > 4(rs)*. Further,
log Yy < /7 +log H +1logh'/". Hence, by Lemma 2.5, we get

1 log Y,
VL 1+ log g Wlogﬂ
logy log¥s + 35,5

1 2(r — 28)(/r +log H +log h'/")
< log
logy log H
logr + log(1 + log h'/"
« o8 g( gh™)

logy

Suppose < s3. Then,

logs + log(1 +logh!'/")  logs + log(1 +logh'/")
VKL < .
loglog s loglog s

If r > 53, then

log(1 + logh'/7) < logs + log(1 + logh'/")

V<L 1+
logr logs

Thus,

logs + log(1 + loghl/’))

Prea(Yw,Ys) < s
loglog s

We combine the above inequality with (2.1) and Lemma 2.2 to get

P(h) < s(log s)h*".
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Using a partial summation argument, it was shown in [8, p. 212] that

h—1
Np(h) < P(h)y+ R~ > " Pyn= =00

n=1

Substituting our estimate for P (h), we obtain the result of the theorem.
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