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Abstract Ramanujan’s tau function is defined by

Y tmg" =qE@)™

n>1

where E(q) = l_[(l — g"). It is known that if p is prime,

n>1

(pn) = t(p)t(n) — p''z (3> ,
p

where it is understood that t <£> = 01if p does not divide n. We give proofs of this

P
relation for p = 2, 3, 5, 7 and 13. which rely on nothing more than Jacobi’s triple
product identity. I believe that the case p = 11 is intrinsically more difficult, and I
do not attempt it here.

Keywords Ramanujan’s tau function - Jacobi’s triple product identity * Theta
series

2010 Mathematics Subject Classification 11B65 - 11F11 - 11F20 - 11F25

M. D. Hirschhorn (B<1)
School of Mathematics and Statistics, UNSW, Sydney, NSW 2052, Australia
e-mail: m.hirschhorn @unsw.edu.au

© Springer International Publishing AG 2017 311
G. E. Andrews and F. Garvan (eds.), Analytic Number Theory,

Modular Forms and q-Hypergeometric Series, Springer Proceedings

in Mathematics & Statistics 221, https://doi.org/10.1007/978-3-319-68376-8_18



312 M. D. Hirschhorn

1 Introduction

Ramanujan’s tau function is defined by

Y tmq" =qE@)*

n>1

where E(q) = [ J(1 - ¢").

n>1
The tau function has many fascinating properties.

One of these is that if p is prime,

2(pn) = t(p)t(n) — p''z (%) (L)

where it is understood that t <ﬁ> = 0 if p does not divide n.

p
It follows easily from (1.1) that tau is multiplicative,
t(mn) = t(m)t(n) (1.2)

provided m and n have no common divisor other than 1,
and that, at least formally,

~1
Zt::): I1 (1—L‘7)+L> . (1.3)

K 2s—11
n>1 p prime p p

I have found proofs of (1.1) for p =2, 3, 5, 7 and 13 which require nothing
more than Jacobi’s triple product identity,

l_[(l +a71q2n71)(1 +aq2n71)(1 _ an) — Zanqnz. (1.4)

n>1

Completely different elementary proofs of (1.1) for p = 2 and 3 have recently
been given by Kenneth S. Williams [6].
A modern proof of (1.1) may be found in [2].

b@) = q", W)=Y g =Y g,

n>0
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It can be shown with, or even without, (1.4), [4, chap. 1] that

()P (—q) = ¢p(—q*)* and ¢ (9) ¥ (¢>) = ¥ (q)*.

Also, by (1.4),
¢

It is easy to see that

Put —qg for ¢ in (2.1)

E(g)? _ E@)?

— = d = .
(=) Eq) ™ v(q) E@)

(@) = ¢(gh) +2qv(¢®)

P(—q) = ¢(g") — 2q¥(¢®).

Multiply (2.1) by (2.2).

Put g for g% in (2.3).

Put —q for ¢ in (2.4)

(—q>)* = (g™ — 4¢° ¥ (¢%)*.

¢(—q9)* = ¢(g>)* — 4q¥ (g’

?(q) = d(@*)* +4q¥ (g")*.

Multiply (2.4) by (2.5).

o(—g)* = ¢ (gH* — 16¢°y (¢*)*.

Put g for ¢? in (2.6) and rearrange.

We have

Y t)q" =qE(q)

n>1
E(q)?
— gE(g))2 (_
qE(q”) E@D
=qE(@@)"¢(—q)"

(@) — p(—q)* = 16q¥(¢™)*.

24

%

313

2.1)

(2.2)

(2.3)

(2.4)

(2.5)

(2.6)

2.7)

2.8)
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=gE@)" (p(—9))°
=gE@)"? (p(q*)? —4qv (g’
=qE(@)" (0(gH"? — 2496 (gD ¥ (¢*)* + 240¢° ¢ (4D Py (¢H*

—12804°¢ (¢H)°¥ (g")° + 38404 p (gD * ¥ (¢h® — 6144¢° ¢ (¢*) ¥ (¢*)*
+4096¢°¥(¢4)°) .

If we extract the even powers and replace g2 by ¢, we obtain

D r@mq" = —8¢E(@)¢(@)* v (@) (3¢(q)® + 16096 (q)* ¥ (g*)* + 7684y (¢>))

n>1

(2.9)
= —8¢E@) (¢ @v (@) (3(6@* — 160¥(gD*) + 25600 @) v (")

= -84E@'" 0 @)* (3(¢(-9)*)" +2564v@)")

E@\' [, (E@*\® E@)*\
= —8gE ‘2< ) 3( ) 256 ( )
1E@ E) Eqn) T E@

— _24qE(q)24 _ 211q2E(q2)24

=24 t(m)g" — 2" Y t(mg™.

n>1 n>1
The term n = 1 in (2.9) gives
1(2) = =241(1) = —24,

so (2.9) becomes

Y ot@mg" =72 ) tng" —2" Y tmg™,

n>1 n>1 n=1

as claimed.
Aside: (2.7) can be written

4 4
(1‘[(1+q2"—‘)2<1—q2">) —(H(l—qz"”)z(l—qz") (2.10)

n>1 n>1

(1 —g2\’
=t ([T ) -

n>1
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If we divide (2.10) by [ J(1 — ¢*)*, we find

n>1

l_[(l _’_q21171)8 _ l_[(l _q2n71)8 — l6q 1_[(1 _’_q2n)8. 2.11)

n>1 n>1 n>1

Jacobi described (2.11) as “aequatio identica satis abstrusa”. (“A fairly obscure
identity”.)
(2.11) can perhaps most strikingly be written [4, chap. 19]

0( I1 (1—q")8)=—8q.

n>1
n#£0 (mod 4)

Observe that

[] (-4 =1-8¢+204" — 629" +216¢° — 641¢"

n>1
n#0 (mod 4)

+1636¢'° — 3778¢'% + 8248¢" + --- .

3 p=3

Using Jacobi’s formula for the cube of Euler’s product, which follows from (1.4),
namely

E(q)3 — Z(_l)n(zn + 1)q(n2+n)/2, (31)

n>0

we have the 3-dissection

E(q)3 — Z(_l)n(zn + 1)q(n2+n)/2 (32)

n>0
=1-3¢4+5¢°—7¢°+9¢"0 — 114" + ...
= A(g) —3¢E(q°).

So,

Y tmg" =qE@* (3.3)

n>1
=q(E@?)°
=q(A(¢®) - 3¢E@®))°
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= ¢ (46"~ 24940 E@°) + 2527 4@ E(@")° — 15124° A" E@”)
+5670g* A(g*)* E(g”)'* — 13608¢° A(¢*)’ E(q°)" +20412¢°A(¢*)? E(¢°)"®
—17496¢" A(¢*)E(¢°)*' + 656143 E(¢*)**) .

If we extract those terms in which the power of ¢ is a multiple of 3, and replace
q> by g, we obtain

> t(Bn)q" =252qAq)°E(q*)® — 13608¢° A(q)’ E(q)"° + 656147 E(q°)™.

n>1

3.4)
If we put ¢, wq, w*q for g in (3.2) and multiply the three results, we find
E@)’Eq’E@’q)’ = A¢)) - 214 E@q")’, (3.5)
or, X
E(‘I3)4> 333 30 989
=A(q") —21q°E(q")" . (3.6)
< E(q%)
If in (3.6) we replace g> by ¢ and rearrange, we obtain
E(q)" 3,9
A(g)® = 279E(q*)°. 3.7
(@) Eq)? +279E(q”) (3.7)
If we substitute (3.7) into (3.4), we obtain
E(a)!2 2
3 t(Gmg" = 2524 E(g))° ( (“2 i 27qE(q3)9> (3.8)
e E(q°)
E(q)"
—13608¢°E (¢ | ——== +279E(q*)’
9 E(q”) E@)? +279E(q”)

+6561¢°E(q”)**
— 252qE(q)24 _ 311613E(6]3)24

= 25221(}1)6]” — 3! Z T(n)g™".

n>1 n>1

The term n = 1 in (3.8) gives

1(3) = 2527(1) = 252,
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so (3.8) becomes

Y tBmg" =1(3) Y tmg" —3" Y tmg™,

n=0 n>1 n>1
as claimed.
Aside: It can be shown [4, chap. 21] that

3n+1

q q3n+2
A(g) = E(q) (1 +6Z (1 — g3+l 1z q3n+2>>

n>0

00
2 2
— E(q) Z qm +mntn®

m,n=—00

4 p=5
We have Euler’s pentagonal numbers theorem (this follows from (1.4))

E@Q=1-qg-¢+¢+q" —¢”—q¢"+¢” +¢* ——++ --- 4D
=Ey+E + E
where E; is the sum of those terms in E(q) in which the power of ¢ is congruent to
i modulo5. (i =0, 1, 2.)
It is easy to prove that
Ey=—qE(g®) 42)

and, using Jacobi’s formula for the cube of Euler’s product (3.1),

(Eo+Er+ E)* =0 = ¢ =D (=1)"@n+ g™+ (43)

n>1 n>0
that
EoE, = —E}. (4.4
If we write
20 and p=-22 (4.5)
o =—— an = —— .
E; E;

then ¢ = —1 and
E(@) =qE@”)(@—1+p). (4.6)
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We have

Y tng" =qE@@)* (4.7)

n>1

— qst(qzs)m (@ —1 _|_,3)24

=q¢PE(@®)* («® — 24a® + 2520 — 14720 + 48300* — 6072a"”
—16192a'® + 789360!" — 82731a'® — 2125200 + 6497040 '
—73416a'3 — 19778622 4 20346720!! + 34872600 '°
—7072408a° — 3432198a® + 153439440 + 1345960°
—25077360a° + 6067446a* + 334749360° — 12286968
—38228232« + 14903725 — 382282328 — 122869688 + 334749368°
+60674468% — 250773608° + 1345968° + 1534394487 — 3432198°
—70724088° + 34872608'° + 20346728'" — 19778628' — 734168"
+6497048' — 21252085 — 82731816 4 7893687 — 161928"%
—60728" + 483087 — 1472p* + 25287 — 24> + B*).

If we extract those terms in which the power of ¢ is a multiple of 5, we obtain

Y tmg™ = gPE@?)* <4830a20 — 2125200 + 348726000 — 250773600°

n>1

414903725 — 250773608° + 348726080 — 2125208"5 + 4830,1320) . (4.8)
Miraculously, this can be written

Z t(5n)g™" = q¥ E(g™)™ (4830(c” — 11 + p)* —5'). (4.9)

n>1

If in (4.6) we replace ¢ by g, nq, n*q, n’q and n*q where 7 is a fifth root of unity
other than 1, and multiply the five results, we obtain

E@QEMDEMQEMQEMm'q) = ¢°E(@¥) (@ — 11+ p). (4.10)
or,
E 516
a5—11+/35=%. (4.11)

If we substitute (4.11) into (4.9) we find

576 \ 4
3 t(5mg™ = 4P E@G (4830 (%) _ 511>

n>1

— 4830q5E(6]5)24 _ 5”6125E(6125)24. (412)
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If in (4.12) we replace ¢° by g, we obtain

> 1(5n)q" = 4830¢E(q)* — 5" ¢ E(g)* (4.13)
n>1
= 4830 Z T(n)g" — 5" Z t(n)g>".
n>1 n>1

The term n = 1 in (4.13) gives
7(5) = 48307 (1) = 4830,

so (4.13) becomes

Y ot6mg" =) ) tmg" 5" Y tmg™,

n>1 n>1 n>1

as claimed.
Aside: It can be shown [4, chap. 8] that

a=r@)", B=-rq),

where
e
r(g) = g
I+ ——————
q
1+—3
q
1+
1+
5 (1 _ q5n+l)(1 _ q5n+4)
:q51_[ Sni2 Sn3y
o =g 21— g5
S p=7
We can write
E()=Ey+E +Ey+ Es (5.1

where E; is the sum of those terms in E(g) in which the power of ¢ is congruent to
imodulo7.(i =0, 1, 2, 5.)
It is easy to show that
Ey=—q’E(¢®). (5.2)
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If we write
K g E _ Es 53)
TTE PTTE VT TR '
then
E(@) =¢E@*)a+B—1+y). (5.4)
Jacobi’s identity (3.1) yields
afy = —1, (5.5)
—a’+ap’+y =0, (5.6)
a—p+By*=0 (5.7)
and
oy +p—y*=0. (5.8)
We have
Y tmq" =qE(q)* (5.9)

n>1

— q49E(q49)24(a +IB — 14+ 7/)24.

We can expand the right side of (5.9) and extract those terms in which the power
of ¢ is a multiple of 7. Thus, if H is the Huffing operator modulo 7, given by

H (Z a(n)q”) => a(In)g". (5.10)

n n

and if we apply H to (5.9), we find

> t(n)g™" =qYE@G")*H ((@+ B —1+y)™). (5.11)
n>1
Let E@)
B B _ q
{=a+p 1+y_—q2E(q49). (5.12)
Then (5.11) becomes
Y t(In)g™ = gPEq*)* H(™). (5.13)

n>1

Now,
Hy=H1) =1, (5.14)
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H¢)=H@+p—-14+y)=-1, (5.15)
H(Y = H? +2af 4+ (% —20) = 2B+ 1 +2ay + 2By +2y +yH) =1
(5.16)
and from Jacobi’s identity (3.1)
E(g) =) (1) @n+ 1)g" /2 (5.17)
n>0
= A(q") —39B(q") +5¢°C(q") — 14°E(¢™)’
it follows that
H(?) = —1. (5.18)
It can also be shown (see [3] or [4, chap. 7]) that
H(Y = —4T -7, (5.19)
H(%) = 10T + 49 (5.20)
and
H(® =49 (5.21)
where .
E(q’)
=" 5.22
q7E(q49)4 ( )

It can then be shown that ¢ satisfies the so-called modular equation

¢T 700 42125 44924 + (7T + 147)¢3 + (35T + 343)¢% + (49T 4 343)¢ — T2 = 0.
(5.23)

It follows that fori > 0,

H@TYy + THE ™) + 21H (™) + 490 + (7T + 141 H (¢ ) (5.24)
+(35T + 343)H(¢"%) 4+ (49T + 343)H (¢ — T*H (¢ = 0.

Now write '
u; = H(Y). (5.25)
Then
uy = 1, uy = —1, Uy = 1, us =7, M4=—4T—7, us = 10T~|—49, u6=49
(5.26)

and fori > 0,
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Wity + Tuive +21uiqs + 49 + (7T + 14745 (5.27)
+(35T + 343)u; o + (49T + 343)u; .y — Tu; = 0.

If we write ‘
U= uz (5.28)

i>0

it follows from (5.26) and (5.27) that

(1 + 7z 42122 +492° + (7T + 147)z* + 35T + 343)2° + (49T +343)z8 — 127HU
=1+6z+ 1522 +282° + BT + 63)z* + (10T +98)7° + (7T + 49)z° (5.29)

and so

3 1+ 6z 4 1522 4+ 282% + 3T + 63)z* 4+ (10T 4 98)z° + (7T + 49)z°
T 147742122 44973 + (7T + 147)z% + (35T + 343T)z5 + (49T + 343T)z6 — T277°

(5.30)
If we expand the right side of (5.30) as a series, we find
Uy = —167447° — 711, (5.31)
That is, e
H(*) = —16744 (%) — 7', (5.32)
If we substitute (5.32) into (5.13), we find
Y t(Img™ = ¢ E@q*)* (—16744 (MY - 711>
e q7E(q49)4
= —16744¢" E(¢"** — 1"'¢" E(¢*)**. (5.33)
If in (5.33) we replace g’ by g, we obtain
Y t(In)q" = —16744q E(q)** — 7"'q"E(q")* (5.34)

n>1

=—16744> t(m)g" - 7" Y t(n)g"

n>1 n>1

The term n = 1 in (5.34) gives

1(7) = —167447(1) = — 16744,

so (5.33) becomes
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as claimed.

D o tmg" =t " =7 t(mg”,

n>1 n>1 n>1

323

Aside: It can be shown [4, chap. 10], using the quintuple product identity, that

6 p=13

Define

49n+14) (1 _ q49n+35)

) (1—g¢q
=9 1_[ (1— q49n+7)(1 _ q49n+42) ’

n>0

_ 4911+21)(1 _ q49n+28)

_ (1—gq
,3=—‘11|| on114 o135y
pp (L= gD A = gPme)

_ 49n+7)(1 _ q49n+42)

3 (1I—-gq
Y =4 l_[ (1 — g4om+21)(1 — g4on+28)"

n>0

E(q) E(q")?

¢= T E@'®)’ T GBE@Q'9)?

6.1)

The following results may be proved in a fashion similar to the proofs of (5.15)—
(5.21), using the work of O’Brien [5], Part 1, Sections 1-3 and Bilgici and Ekin [1].
We omit the details.

H() =1,
H(%) = —-2T —1,
H() =13,

H(¢Y =2T% - 13,

H (%) = —20T% — 10 x 137 — 132,

H (% =107° — 132,

H(T) =98T°% 428 x 1372 — 133,

H(¥ = —70T7* — 13°,

H(%) = —162T* + 108 x 1373 + 72 x 13*T1?
+18 x 13°T + 134,

H(¢'%) = 23877 — 134,

H(') = —902T° — 1672 x 13T* — 792 x 13°T3
—198 x 13372 — 22 x 13*T — 13°,

H(¢'?) = —418T° — 13°.

(6.2)
(6.3)
(6.4)
(6.5)
(6.6)
(6.7)
(6.8)
(6.9)
(6.10)

6.11)
(6.12)

(6.13)



324 M. D. Hirschhorn

For0 <i < 12let '
G =¢Mm'q)

where 7 is a 13th root of unity other than 1.
Then

Y oL=13

XI:;,? = —2 x 13T — 13,

lZ;? =13,

Xl:;;‘ =2 x 137% — 132,

Xl:;f = —20 x 1372 — 10 x 13T — 13%,
legf =10 x 1373 — 13,

ZL:;] =98 x 137° +28 x 13°T* — 13*,
i;ﬁ = —70 x 13T* — 13*,

Zl:;? = —162 x 13T* + 108 x 13°T?

| +72 x 133T% 4+ 18 x 13*T +13°,
> ¢l =238 x 137° — 137,

Xl:;i“ =—902 x 137° — 1672 x 13°T*

—792 x 13°T3 — 198 x 13*T? — 22 x 13°T — 13°,

D g7 =—418 x 137° - 13°.

From these we obtain the symmetric functions,

o1 ZZQ‘ =13,

(6.14)

(6.15)

(6.16)

6.17)

(6.18)

(6.19)

(6.20)

6.21)

(6.22)

(6.23)

(6.24)

(6.25)

(6.26)

6.27)
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azzzmj = 13T +7 x 13, (6.28)
<Jj
o3 = Y G4t = 13T +3 x 13%, (6.29)
i<j<k

o4 =6x 13T%+7 x 13°T + 15 x 132, (6.30)
os =74 x 13T 4+ 37 x 13°T + 5 x 133, (6.31)
06 = 20 x 1373 438 x 13272 + 13*T 4+ 19 x 133, (6.32)
o7 =222 x 1373 + 184 x 13°T?

+51 x 1337 + 5 x 134, (6.33)
og = 38 x 13T* 4102 x 13273 4+ 56 x 13°T?

+13°T + 15 x 134, (6.34)
09 = 346 x 13T* +422 x 13°T3 + 184 x 13°T?

+37 x 13*T +3 x 13°, (6.35)
o10 = 36 x 1377 + 126 x 132T* + 102 x 13°T3

438 x 13* T2 +7 x 13°T + 7 x 13°, (6.36)
o1 = 204 x 1377 4 346 x 13°T* 4222 x 13°T3

+74 x 13*T% + 13T +13° (6.37)
o1 = 11 x 13T% + 36 x 13277 + 38 x 13°T*

420 x 13*73 + 6 x 13°T% + 13°T + 13° (6.38)

and E( 1%)14
o1 = 1_[9 - 91Ec£q169)14 =77 (6.39)

It follows that the modular equation is

(B 13c2 (13T +7 x 13) ¢ — (132T 4+3 x 139710 4+ (6 x 1372 +7 x 13°T 4 15 x 13%)¢°

—(74 x 13T% +37 x 13°T +5 x 13%)¢3 + (20 x 1373 + 38 x 13272 + 13*T + 19 x 13%)¢”

—(222 x 13T% + 184 x 13272 + 51 x 133T + 5 x 13%)¢°

+(38 x 13T* 4102 x 13273 +56 x 13372 +133T 4+ 15 x 13%)¢°

—(346 x 13T* +422 x 13273 4+ 184 x 13372 +37 x 13*T +3 x 13%)¢*

+(36 x 13T° + 126 x 132T* +102 x 13373 +38 x 13*T? + 7 x 13°T + 7 x 13%)¢3

—(204 x 1375 4346 x 132T* + 222 x 13°T3 + 74 x 13*T? + 130T + 13%)¢?

+(11 x 1370 436 x 13277 +38 x 13°T* +20 x 13*T3 + 6 x 13°T2 +13°T 4+ 13%¢ — 77 = 0.
(6.40)

If, as before, we let u; = H(¢) and U = Z u;7', then

i>0

N
U=— 6.41
D (6.41)
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where

D=1-13z24 (13T +7 x 13)22 — (13°T +3 x 13)23 + (6 x 13T% +7 x 13>T + 15 x 13%)z*

—(74 x 13T% +37 x 132T + 5 x 13%)2° + (20 x 1373 +38 x 13272 4+ 13*T + 19 x 13%)7°

—(222 x 1373 + 184 x 132T% +51 x 133T + 5 x 13477

+(38 x 13T* + 102 x 13273 + 56 x 13372 4+ 13°T 4 15 x 13428

—(346 x 13T* + 422 x 13273 + 184 x 13372 + 37 x 13*T + 3 x 13%)7°

+(36 x 13T° 4+ 126 x 132T* 4102 x 13373 +38 x 13*T? + 7 x 13°T +7 x 13%)!0

—(204 x 13T +346 x 132T* +222 x 13°T% 4+ 74 x 13*T2 + 13°T + 13%)!!

(11 x 13T% 436 x 13277 +38 x 13374 +20 x 13*T3 4+ 6 x 13°T% 4+ 13°T + 13972 — 77713
(6.42)

and

N=1-12z+ (1T +77)2% — (10 x 13T 430 x 13)z> + (54T2 + 63 x 13T + 135 x 13)z*
—(592T2% 4296 x 13T + 40 x 13%)z° + (14073 + 266 x 1372 +7 x 133T + 133 x 13%)°
—(133273 + 1104 x 1372 + 306 x 13T + 30 x 13%)7’

+(190T* + 510 x 1373 4280 x 132T% +5 x 13*T + 75 x 13%)7}

—(1384T* + 1688 x 13T3 +736 x 13°T% + 148 x 13°T + 12 x 13%)7°

+(108T° +378 x 13T* +306 x 13273 4+ 114 x 13°T? 4+ 21 x 13*T + 21 x 13%)z1°
—(408T° 4 692 x 13T* 4+ 444 x 13273 + 148 x 13372 +2 x 13°T + 2 x 13°)z!!

+(11TO +36 x 1377 +38 x 132T* +20 x 13373 + 6 x 1372 + 13°T + 13°)7'%.

(6.43)
If we expand U to the power 24, we find that
H(¢™) = uyy = —5777387"2 — 13", (6.44)
‘We then have
> tmg" = qE(q)* (6.45)
n>1
E@ \*
169 169424
= E _
¢E@ (q?E(ql@))
— (]169E(q169)24§24,
Zr(lSn)q”” _ q169E(q169)24H(§_24) (6.46)

n>1

— q169E(q169)24 (_577738T12 _ 1311)

E@ ) \"”
_ 169 169124 11
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= —577738¢ E(¢")* — 13" 4" E(¢'%)**
and

Z t(13n)q" = —577738q E(q)** — 1311 ¢ B E(¢g")* (6.47)

n>1

=—577738 ) " t(n)g" — 13" > " z(n)g"".

n>1 n>1
The term n = 1 gives

7(13) = —5777387(1) = —577738,

so (6.47) becomes
> t(1B3m)g" =t(13) Y " tn)g" — 13" Y " t(n)g"", (6.48)
n>1 n>1 n>1

as claimed.

Aside: It can be shown, using the quintuple product identity, that
{=a+B+y+s+1+e+6

where

169n+52)(1 _ q169n+117)

T (1—gq
e=q"]] (1 — ¢16n+26) (] — g1oom+143)

n>0

(1 _ q169n+78)(1 _ q169n+9l)

_ -6
p=-a"]] (1 — g169+39) (] _ g 169m+130)

n>0

(1 _ q169n+26)(1 _ q169n+143)

_ -5
y=-4 l_[ (1 — g0 +13)(] — g169n-+156)

n>0

(1 _ q169n+65)(1 _ q169n+104)

_ 2
§=q l_[ (1 — g109n+52) (] — g 169n+117)

n>0

(1 _ q169n+39)(1 _ q169n+130)

_ 5
£=4 H (1 — g169n+65) (] — 169n+104)

n>0
169n+13)(1 _ q169n+156)

15 (1—gq
0=q 1_[ (1— q169n+78)(1 _ q169n+91)

n>0
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