Chapter 5
On the Framization of the Hecke Algebra

of Type B

Marcelo Flores

Abstract We give a cross look to two framizations of the Hecke algebra of type B.
One of these is a particular case of the cyclotomic Yokonuma—Hecke algebra. The
other one was recently introduced by the author, J. Juyumaya and S. Lambropoulou.
The purpose of this paper is to show the main concepts and results of both framiza-
tions, giving emphasis to the second one, and to provide a preliminary comparison
of the invariants constructed from both framizations.

Introduction

The idea of framization of a knot algebra was introduced by J. Juyumaya and S.
Lambropoulou in [14], and it consists in adding certain new generators, called fram-
ing generators, to the original presentation of a knot algebra together with certain
relations among the original generators and these new generators. One does this
procedure, with the aim of constructing new invariants for framed links, and conse-
quently for classical links, see [11, 13]. It is important to mention that the framization
procedure doesn’t have a structured recipe, whence it is possible to find more than
one framization for the same algebra. However, since the motivation behind the pro-
cedure of framization is to obtain new polynomial invariants for (framed) knots and
links, focus is always given to those framizations that produce such new invariants.
Then, when we handle multiple possible framizations of the same knot algebra, we
will choose the one that is more natural from a topological viewpoint, cf. [7].

The Yokonuma—Hecke algebra is the first example of framization, since it is
considered as a framization of the Hecke algebra of type A. The last 10 years the
Yokonuma—Hecke algebra has earned importance in knot theory, since in [10] it was
proved that such an algebra supports a Markov trace, therefore, by using the Jones’s
recipe, invariants for: framed links [13], classical links [11] and singular links [12]
were constructed. It is worth to say, that recently it was proved that the invariants for
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classical links constructed in [11] are not topologically equivalent either to the Hom-
flypt polynomial or to the Kauffman polynomial, see [3].

On the other hand, Jones suggested that his recipe for the construction of the
Homflypt polynomial might be used for Hecke algebras of other types than A, cf.
[9, p.336]. Then, S. Lambropoulou used the Jones’s recipe for the B-Hecke algebra
H, (u, v);infactin[15, 16] she constructed all the possible analogues of the Homflypt
polynomial for oriented knots and links inside the solid torus, see also [6].

In [2] taking as model the Yokonuma-Hecke algebra, M. Chlouveraki and L.
Poulain d’Andecy introduced the cyclotomic Yokonuma-Hecke algebra, denoted
by Y(d, m,n). These algebras generalize to the Ariki-Koike algebra, and the
Yokonuma—Hecke algebra. In particular, the cyclotomic Yokonuma—Hecke algebra
provides a framization of the Hecke algebra of type B, since the Ariki-Koike algebra
generalizes H, (u, v). Moreover, in [2] it was also proved that Y (d, m, n) supports
a Markov trace, and therefore, using Jones’s recipe, an invariant for framed links in
the solid torus was constructed.

Recently in [5] we introduced a new framization of the Hecke algebra of type B,
denotedby Y7, := Yy, (u, v), with the principal objective to explore their usefulness
in knot theory. More precisely, in this article we constructed two linear bases, a
faithful tensorial representation of Jimbo type for Y7, (u, V), and we proved that
Y5, supports a Markov trace. Finally we defined, by using Jones’s recipe, a new
invariant for framed and classical links in the solid torus.

The article is organized as follows. In Sect.5.1 we introduce the notations and
background used in the paper. In Sect.5.2 we review the main results about the
cyclotomic Yokonuma—-Hecke algebra given in [2], aiming to provide a preliminary
comparison of the invariants constructed from both framizations. The following
sections keep the order given in [5], and have as objective to show the main results
obtained in that work, and also remark some differences between the framizations
Y“?’n and Y(d, 2, n).

5.1 Preliminaries

In this section we review known results, necessary for the sequel, and we also fix the
terminology and notations that will be used along the article:

e Thelettersu, v, vy, ..., V,, denote indeterminates. Consider K := C(u, v), %Z,, :=
C[u®!, v,il, A V,ﬂ;l], and .%,, the field of fractions of %,,.

The term algebra means unital associative algebra over K

For a finite group G, K[G] denotes the group algebra of G

The letters n and d denote two fixed positive integers

We denote by w a fixed primitive d—th root of unity

We denote by Z/dZ the group of integers modulo d, {0, 1, ...,d — 1}.

As usual, we denote by £ the length function associated to the Coxeter groups.
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5.1.1 Braids Groups of Type B

Setn > 1.Letusdenote by W, the Coxeter group of type B,,. This is the finite Coxeter
group associated to the following Dynkin diagram

r S Sp—2 Sp—1
O——0— - . ¢« —O—0O

Define ry = s4_1...81r1S1...5k_1 for 2 <k < n. It is known, see [6], that
every element w € W, can be written uniquely as w = wy ... w, with wy € Nz, 1 <
k < n, where

Ny ={l,r}, Npy={l,r%,8k1..-Si,Sk_1...8;; 1 <i<k—1}. (5.1
Furthermore, this expression for w is reduced. Hence, we have £(w) = £(w) + - - - +

L(wy).
__ The corresponding braid group of type B, associated to W,, is defined as the group

W, generated by py, o1, ..., 0,—1 subject to the following relations
0i0; = 0;0; for |i —j|>1,
0;0;0; = 000 for |.i —jl=1, 5.2)
p10; = 0;p1 for i >1,

P1010101 = O1P101p1.

Geometrically, braids of type B, can be viewed as classical braids of type 2,
with n 4 1 strands, such that the first strand is identically fixed. This is called ‘the
fixed strand’. The 2nd,..., (n 4 1)st strands are renamed from 1 to n and they are
called ‘the moving strands’. The ‘loop’ generator p; stands for the looping of the
first moving strand around the fixed strand in the right-handed sense, see [15, 16].
In Fig. 5.1 we illustrate a braid of type B4. Another way of visualizing B-type braids
geometrically is via symmetric braids, see [18].

Fig. 5.1 A braid of type B4 |/ / \\
<
AN

<

/
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Remark 5.1 The group W, can be realized as a subgroup of the permutation group

of the set X, :=={—n,...,—-2,—1,1,2,...,n}. More precisely, the elements of
W, are the permutations w such that w(—m) = —w(m), for all m € X,,. Further the
elements of W, can be parameterized by the elements of X} := {(my, ..., m,) |m; €
X, for all i} (see [8, Lemma 1.2.1]). More precisely, the elementw € W, corresponds
to the element (my, ..., m,) € X} such that m; = w(i).

For example, s; is parameterized by (1,2, ...,i 4+ 1,i,...,n) and r; is parame-
terized by (—1, 2, ..., n). More generally, if w € W, is parameterized by (my, ...,
m,) € X}, then

wry is parameterized by (—my, ma, ..., my,)
. . (5.3)
ws; is parameterized by (my,...,mi11, Mi, ..., my,).

Finally we recall [8, Lemma 1.2.2], which is crucial to prove Proposition 5.1

Lemma 5.1 [8, Lemma 1.2.2] Let w € W, parameterized by (my, ..., m,) € X!.
Then L(ws;) = £(w) + 1 if and only if m; < m;y1 and £(wry) = £(w) + 1 if and
only if m; > 0.

5.1.2 Framed Braid Groups of Type B

We start with the definition of a d—framed version of W,,.

Definition 5.1 The d-modular framed Coxeter group of type B,, Wy, is defined
as the group generated by ry, sy,...,s,-1 and #4, ..., t, satisfying the Coxeter
relations of type B among r and the s;’s, together with the following relations:

Liti =tjt; forall i, 7
tl.d =1 for all i,
tiry =rit; forall j,
tjs; = sty wheres; is the transposition (i,7 + 1).

5.4)

The analogous group defined by the same presentation, where only relations tf =
1 are omitted, shall be called framed Coxeter group of type B, and will be denoted
as Weo .

Definition 5.2 The framed braid group of type B,, denoted %72, is the group
presented by generators py, 01, ...,0,—-1, t, ..., I, subject to the relations (5.2),
together with the following relations:

Lty =tt; for all i, ],
tipr = pit;  forall j, (5.5)
1jo; = Ol j)-
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The d-modular framed braid group, denoted .7, in, is defined as the group obtained
by adding the relations tid = 1, for all i, to the above defining presentation of .ZF.

The mapping that acts as the identity on the generators r; and the s;’s and maps
the t;’s to 1 defines a morphism from W, , onto W,. Also, we have the natural
epimorphism from .%;, onto W, , defined as the identity on the #;’s and mapping p;
to r; and o; to s;, for all i. Thus, we have the following sequence of epimorphisms.

Fr— Fpy—> Wan — W,

where the first arrow is the natural projection of .7 to .7/ .

5.2 The Cyclotomic Yokonuma-Hecke Algebras

In this section we will review the main results obtained in [2]. First we recall the
definition of cyclotomic Yokonuma—Hecke algebra

Definition 5.3 Let d, m and n positive integers. We denote by Y(d, m, n) to the

associative algebra over %, generated by framing generators 71, ..., t,, braiding

generators gi, ..., g,—1 and the cyclotomic generator b; subject to the following
relations

gigj =gj& for [i—jl>1, (5.6)

8igj8&i = 8;&g; for i—jl=1, (5.7)

blgi = gib] fOI' all i # 1, (58)

bigibig1 = g1bi1g1by, (5.9)

Liti =1t for all i, 7 (5.10)

1i8i = 8ils;(j) for all i, 7], (5.11)

tiby = byt; foralli, (5.12)

t# =1 forall i, (5.13)

g =1+U—-uheg forall 1<i<n-—1,(514)

by —Vvy)...(by — V) =0 (5.15)

where the ¢;’s are the elements introduced in [10], that is
=
e ;:C—IZt;‘tl;s,, l<i<n-—1 (5.16)
s=0

Four linear bases are given for this algebra in [2]. We recall only one of them,
which is used by Chlouveraki and Poulain D’ Andecy to define a Markov trace in
Y(d,m,n).
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Fork =1, ...,n, we set
o - “pab
Wiip =8 ---& bitigr ... gk—1,

where j =0,...,k—1,and a € Z/mZ, b € Z/dZ. Then, we have the following
result

dem‘n = {W(”) W(Z) W(])

ianbn Wivias b Wit ar b ljixk=0,..., k—1, ax € Z/mZ, and by € Z/dZ }

is a basis for Y(d, m, n), see [2, Sect.4].

Remark 5.2 To prove the above result, the authors proved first that By, , spans
the algebra Y(d, m, n), and then that its dimension is (dm)"n!. The last result is
obtained using tools of representation theory, specifically they constructed a set
{Vitrew@.m.n of pairwise irreducible non-isomorphic representations of .%,, @4,
Y (d, m, n) satisfying the following equation

D, [@im(V,)? = dm)"nl,

reP(d,m,n)

hence they concluded that By ,, , is indeed a basis of Y u ). Then, in particular,
Fm Q%, Y.mn is a semisimple algebra, for details see [2, Proposition 3.4] and

m

[2, Proposition 4.6]

Using the method of relative traces (see e.g. [2]) it is also proved that the algebra
Y (d, m, n) supports a Markov trace, which we denote by Tr,. More precisely, this
trace is constructed from certain relative traces as follows.

Letz and x,, witha € {0, ...,m — 1} and b € {0, ..., d — 1}, be parameters in
P such that xg o = 1. The relative traces try : Y(d,m, k) — Y(d,m,k — 1) are
given, for any k > 1, by.

ere(Wio w) = WD if0 < j <k —1 (5.17)
Ere (Wi ,w) = xapw if j =k — 1 (5.18)

where w € Y(d, m,k — 1).
We define
Tr, :=trjo---otr,.

Then the family {Txr,},> is a Markov trace, for details see [2, Sect. 5].
Finally, as it is usual, using the Jones’s recipe, new invariants for framed links in
the solid torus are constructed, which are denoted by I, for details see [2, Sect. 6.3].

Remark 5.3 As we see in [13], to be able define the invariant I, it is necessary that
the trace parameters satisfy a non-linear system of equations. In this case the system
is the following
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d—1
> Xo-sXabis =XapE  foralla €{0,....,m —1}andb € {0,...,d — 1},
s=0

1
d

where E = Tr;;(e;), and it is called the affine E-system, also any solution of this
system is referred to by saying that it satisfies the affine E-condition. This system is
solved in [2, Sect. 6.5] using only standard tools of linear algebra.

5.3 The Algebra YS’ "

We begin this section giving the definition of the framization of the Hecke algebra
of type B introduced in [5], denoted by Y ,, which will be the main object of study
from now on.

Definition 5.4 Letn > 2. The algebra qun = an (U, v), is defined as the algebra

over K := C(u, v) generated by framing generators t1, ..., f,, braiding generators
g1, ..., 8n—1 and the loop generator by, subject to the following relations

gigj = g8 for li—jl>1, (5.19)

8igj& = &;&g; for |i—jl=1, (5.20)

bigi = giby forall i #1, 5.21)

bigib1g1 = g1b1g1b1, (5.22)

tit; = t;t; forall i, j, (5.23)

tjgi = gity,;(j) forall i, j, (5.24)

t;by = byt; foralli, (5.25)

t! =1 forall i, (5.26)

g =1+u—-uleg foralli, (5.27)

=1+ -v")fib;., (5.28)

where the ¢;’s are the elements defined in (5.16) and
=
fl = E ZIIY
s=0

For n = 1, we define Yg,l as the algebra generated by 1, b; and ¢, satisfying the
relations (5.25), (5.26) and (5.28).

Notice that the elements f; and e;’s are idempotents. In Fig.5.2 we illustrate the
generators of the algebra Y7 .
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0o 0 0 0 0 0 I 0
gi: Lw ., bl‘/ LR I l‘j_

i~thstrand (i + 1)-th strand Jj—th strand

Fig. 5.2 The generators of Yg_ ,» geometrically

Note. By taking d = 1, the algebra Y7, becomes H, (u, v). Further, by mapping
gi +— h; and t; — 1, we obtain an epimorphism from Yin to H, (u, v). Moreover, if
we map the #;’s to a fixed non—trivial d—th root of the unity, we have an epimorphism
from Y5, to H,(u, 1).

Remark 5.4 As we noted previously, the cyclotomic Yokonuma—Hecke algebra also
provides a framization of the Hecke algebra of type B. Specifically, if we putm = 2,
v; =vandv, = —v~!, then Y(d, 2, n) is a framization of H, (u, v). But, also we can
note that the relation (5.15) doesn’t involve framing elements like the defining relation
(5.28) of Y3 . Infact Y(d, m, n) is essentially the Yokonuma—Hecke algebra of type
A with the cyclotomic generator and relation attached. This fact makes us think that
Yg.n, at least algebraically, is a more natural framization for H,, (u, v) than Y(d, 2, n),
since the quadratic relation for the loop generator involves the idempotent element
f1, which plays the analogous role as e¢; in the quadratic relation of the braiding
generators. Then, in some way the braiding generators and the loop generator interact
with the framing generators from a more homogeneous way in Y§ .

5.4 A Tensorial Representation of YS n

In this section we define a tensorial representation of Y7 ,, the definition of this rep-
resentation is based on the tensorial representation constructed by Green in [8] for
the Hecke algebra of type B and following the idea of an extension of the Jimbo rep-
resentation of the Hecke algebra of type A to the Yokonuma—Hecke algebra proposed
by Espinoza and Ryom—Hansen in [4].

Let V be a K-vector space with basis & = (iieX,, 0<r=<d-1}. As
usual we denote by Z®F the natural basis of V®* associated to %.

We define the endomorphisms 7, B : V — V by: (v.)T = w"v/, and
v, for i >0andr =0,
OVHB=1{Vv,+(v—v I for i <Oandr =0,

v for r #0.

1

On the other hand we define G : VQ V — V ® V by
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uv?@v{ for i = jand r =y,
O ®v)G Vi @y for i < jand r =y,
V. V. = . . .
! J v‘;®vf—|—(u—u’1)v;®v‘; for i > jand r =y,
vi®v; for r #s.

Foralll <i <n—1and1 < j < n, we extend these endomorphisms to the endo-
morphisms 7;, G; and B of the n—th tensor power V&" of V, as follows:

T=139""0r®15"7 and G :=15"""@6015" ™" ad B :=B®1"",

where 1%" denotes the endomorphism identity of V&,

Theorem 5.1 (See [5, Theorem 1]) The mapping by — Bi, gi +— G; and t; — T;
defines a representation ® of Y3, in End(V®").

We shall finish the section enunciating Proposition 5.1, which is an analogue of
[8, Lemma 3.1.4]. This proposition is used in the proof of Theorem 5.2 and describes,
through @, the action of W, on the basis %",

The defining generators by and g; of the algebra Y7, satisfy the same braid
relations as the Coxeter generators r and s; of the group W,,. Thus, the well-known
Matsumoto’s Lemma implies that if wy ... w,, is a reduced expression of w € W,,,
with w; € {r, s1, ..., Sy—1}, then the following element g,, is well-defined:

8w = 8w " 8w (5.29)

where g, = by, ifw; =rand g,, = g;,ifw; = s;.
The notation @,, stands for the image by @ of g,, € an.

Proposition 5.1 (See[5,Proposition3])Letw € W, parameterizedby (m, ..., m,)
€ X,,. Then

Flmy |

r n — Flmn |
(Vll ®"'®V;)(pw—vml ®"'®Vm,, .

5.5 Linear Bases for Ys .

In this section we construct two linear bases for the algebra Y7, which will be
denote by C,, and D,,. The first one is used for defining a Markov trace on Ys’ﬂ (as
we will see in the next section), and the second one plays a technical role for proving
that C,, is a linearly independent set.

Set b] = b], bk = 8k—1-- .g1b1g1 oo 8k—1, and bk =8k-1.-.- glblgfl . g,:_ll
forall2 <k <n.Forall 1 <k < n, letus define inductively the sets N, ; by

Ny = {t;",Elt;"; 0<m<d-1} and
Ny i={t", bit", gi-1X; x € Nggy—1, 0 <m <d —1} forall2 <k <n.
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Fig. 5.3 Elements b; and b;
geometrically

Vad W
i—th strand i—th strand

Analogously, for all 1 < k < n we define inductively the sets M, ; exactly like
N,.i’s but exchanging by by by in each case (Fig.5.3)

Now notice that every element of M, has the form m,': jm OF my im with j <k
and 0 <m <d — 1, where

+ e 4m + . 4m .
My =00 My, = 8k gt for j <k,

and
My o= 1 D, My = Gkt - gt} for j <k.

Similar expressions exist for elements in N, ; exchanging by by b; as well, see
[5, Sect.4.1].

Remark 5.5 Observe that the above elements are the natural analogues of the ele-
ments Wj(k;b given in Sect.5.2. Indeed, m,f’j’m (respectively m; ;) correspond to

W

C10m (respectively w® ).

j—1,1m

Further, we consider the set D,, = {njn, - - -n, |n; € Ny ;}, which is a spanning set
of Y?,n [5, Proposition 4], moreover using the representation given in the previous
section, we can prove that D, is also a linearly independent set, then we have

Theorem 5.2 D, is a linear basis for Y] . Hence the dimension of Y}, is 2"d"n!.

Sketch of the Proof of Theorem 5.2
Firstly, taking into account the structure properties of W, given in Sect.5.1.1, it

is easy to see that we can write the basis D,, as follows

D, ={gwt]" - )" s we W, (my,...,my,) € (Z/dZL)"}.

n

for details see [5, Proposition 1].
Secondly, we shall use a certain basis & of V introduced by Espinoza and Ryom—
Hansen in [4]. More precisely, Z consist of the following elements:

d—1
u = Zw"v; (5.30)
i=0
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where k is running X, and0 <r <d — 1.
Moreover, it is not difficult to prove that:

(i) WpT =u;™.
(i) For aw € W, parameterized by (iy, ..., i,), we have

(u?®~~®ug)q§wzu2®~~®ug.

Note that (ii) follows by Proposition 5.1 and (5.30).
Now, suppose that

Z he€ = Z }‘-w,mgwl‘;n1 cee t];'ln =Y,

ceD, weW,; me(Z/dZ)"

where m = (mjy, ..., m,). Then applying @ and evaluating in the element 1! ®
- ®u?, we have
D hm@ @ - @UND (gt .. 1) = 0
Z)\w,m(u? Q& M(;)QlemI e Ty,mn =0
and by (ii) we obtain
Z)\'ivmu?l KRR M?,,Tlml e Tnm" = O,
wherei := (iy,...,i,) runsin X; and m := (m;, ..., m,) runsin (Z/d7Z)" . Finally,
by using i) the result follows. Further we have the following corollary.
Corollary 5.1 The representation @ is faithful.

Finally, we consider C, = {mym;,---m, |m; € My ;}, which also is a spanning
set for Yin, this fact is proved using the computations listed in [5, Lemmas 5, 6 and
7], then as D, and C,, have the same cardinality we deduce the following result.

Proposition 5.2 The set C, is a basis for Y7 .

5.6 A Markov Trace on Ys i

In this section we show that the algebra Y7, supports a Markov trace. This fact was
proved by using the method of relative traces, cf. [1, 2]. In few words, the method
consists in constructing a certain family of linear maps tr,, : Y3, —> Y, _,, called
relative traces, which builds step by step the desired Markov properties. Finally, the
Markov trace on YS’H is defined by
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Tr, :=trjo---otr,.

Let z be an indeterminate and denote by L the field of rational functions K(z) =
C(u, v, z). We set xo := 1 and from now on we fix non—zero parameters xi, . .., X4_1
and yo, ..., yg—1 in L.

Definition 5.5 For n > 1, we define the linear functions tr, : Y7, —> Y3 ,_, as
follows. For n = 1, tr(#]") = x,, and try(b11}") = y,,. For n > 2, we define tr, on
the basis C, of Yy, by:

XW for m, =1"
tr,(wm,) = ymwi for m, = b,,th,T (5.31)
zwm g for m, =m;

where w :=m; ---m,_; € C,_;. Note that (5.31) also holds for w € Y?,n—l'

Using the previous definition and the relations on Y§ , , it is not difficult to prove that
tr,, has the following properties:

o tr,(XYZ) = Xtr,(Y)Z, forallX,Ze Y], jandY €Yy, (5.32)
o tr,(X1,) = tr,(1,X), forall X € Y7,. (5.33)
o tr,_ (tr,(Xg,—1)) = tr,_i(tr,(g,—1X)), forall X e Y. (5.34)

for details see [5, Lemmas 9, 10 and 13] respectively.
We define Tr, : Y}, — L inductively by:
Try :=tr; and Tr, := Tr,_; otr,.

Thus, we obtain directly

o Tr,(1) =1
o Tr,(x) = Try(x), forx € Y3, and n > k.

Let us denote Tr the family {Tr,},>;. The following theorem is one of the main
results of [5].

Theorem 5.3 Tr is a Markov trace on {Yg"n}nzl. That is, for every n > 1, the linear
map Tr, : Yi . — L satisfies the following rules:

(i) Tro(1) =1,

(ii) Trn+1(Xgn) = zTr, (X),
(”1) Trn+l(Xb11+lt,;n+1) = y;'nTrn(X)y
(v) Trpp1 (X6 )) = %, T, (X)),

(v) Tr,(XY) = Tr, (Y X),

where X, Y € an.
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Proof Rules (ii)—(iv) are a direct consequences of (5.32). We prove rule (v) by
induction on n. For n = 1, the rule holds since Yil is commutative. Suppose now

that (v) is true for all k less than n. We prove it first for ¥ € Yg’%l and X € Y?,n
We have

T, (XY) = Tr,(tr,(XY)) 2 Tr,_ (tr,(X)Y)

D Tr,_ (tr, (Y X)).

(induction)

= Ty I(Ytrn(X))

Hence, Tr,(XY) = Tr,(YX) for all X € Yd ,and Y € Y7, . Now, we prove the
rule for Y € {g,—1, #,}. By using (5.33) and (5.34), we get

Tr, (XY) = Ty (tr,—1 (tr, (XY))) = Tryo(tr,— (tr, (Y X))).

In summary, we have
Tr,(XY) = Tr, (Y X)

forall X e Y7, and Y € Y, | U{g,_1,1,}. Clearly, having in mind the linearity
of Tr,, this last equality implies that rule (v) holds.

Note 5.1 As we could see in the proof of Theorem 5.3, (5.32), (5.33) and (5.34) give
step by step the desired Markov properties for Tr. This fact is the principal advantage
of use of the relative traces technique.

Remark 5.6 Let Tr the Markov trace of Y(d, 2, n) recalled in Sect.5.2. Then, con-
sidering Remark 5.5, and ignoring the fact that Tr has a different domain, we can
say that the Markov trace defined in this section “coincides” with Tr, by taking
Xo.m = X and xj ,, = yp, forallm € {0, ..., d — 1}.

5.7 The E—condition and the F-condition

We want to construct a new invariant for applying Jones’s recipe to the pair (Y,
Tr). For that, as it was seen in [13], we need that the following equation holds

Trpi1(we,) = Tr,(W)Tr,q(e,)  forallw e an. (5.35)

Then we must establish sufficient conditions over the parameters xi, ..., X4_1,
Yo, - -5 Ya—1 € L, such that (5.35) be satisfied.

With this goal in mind, we define the elements E ®) and F® as follows

1
E® .= v > Xigm¥am for 0<k<d-1 (5.36)
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1
F® .= i > XamYesm  for  0<k<d-—1. (5.37)

where the summations over m’s are regarded modulo d. Note that E O = Tr, (e,).
By using the above definitions and the trace rules, we obtain the following results.

Lemma 5.2 Let w = w't\, where w' € Y5 . Then
(k+m)
Tr1(wel™) = Tr, ().
Xk
Hence, Tr,(we,) = EY T, (W).

Xk

Lemma 5.3 Let w = w'b,tX, where w' € Y5 . Then

(k+m)
Try 41 (wel™) =

Tr,(w).
Yk

. (k)
In particular, we have Tr,,1(we,) = Fy—k T, (W).

Lemma 5.4 Letw = w'm®

k. Withw' € Y(]?,n—l‘ Then Tr, 1 (we,) = zTr, (xe,—_1),

_ .t /
where x =m, ", W

Considering the previous lemmas, the following definition becomes natural.

Definition 5.6 The E—system is the non-linear system formed by the following
d — 1 equations:

E™ =x,EQ  O<m<d-1)

Any solution (xy, ..., X,) of the E-system is referred to by saying that it satisfies
the E—condition.

The elements E®) and the E-system were originally introduced in [13] in order to
define new invariants. Specifically, whenever the trace parameters of the Markov
trace on the Yokonuma—Hecke algebra satisfy the E—system we have an invariant
for framed and classical knots and links in the 3-sphere. Further, in [13, Appendix]
P. Gérardin showed that the solutions of the E-system are parameterized by the
non-empty subsets of Z/d7Z. Now, we introduce the F—system

Definition 5.7 Assume now that (x, ..., X,) a solution of the E-system parame-
terized by the set S € Z/dZ. The F—system is the following homogeneous linear
system of d equations in yo, ..., Yg—1:

F™ =y,EQ  (O0<m<d-1)
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where E© and F are the elements that result from replacing x; by x; in (5.36) and
(5.37) respectively, that is:

1 1
E© .= v mexwm and F™ .= v ZdemyHm.
m m

Also we have that E©@ = r57» see [13, Sect.4.3]. Thus the F-system is formed by the
following equations:

d
2 Xamdetm = tgi¥n =0 (0 <m=d—1). (5.38)
m
For any solution (yo, . . ., y,) of the F—system we say that it satisfies the F—condition.

Remark 5.7 Note that the F—system is a particular case of the affine E-system
recalled in Remark 5.3. More precisely, when the trace parameters are specialized
to complex numbers (xy, ..., X,) and (Yo, . . ., y¥,) that satisfy the E-condition and
the F—condition respectively, then these also satisfy the affine E-system for m = 2.

Finally using Lemmas 5.2, 5.3 and 5.4 the following theorem is obtained easily.

Theorem 5.4 We assume that the trace parameters are specialized to complex num-
bers (X1, ..., X,) and (Yo, . . ., ) that satisfy the E—condition and the F—condition
respectively. Then

Try1(we,) = Tr,W)Trpi(e))  forall  weYE,. (5.39)

5.7.1 Solving the F—system

The affine E—system is solved in [2] using only standard tools of linear algebra, then
by Remark 5.7, in particular, it provides a solution for the F—system. Now, we give
an alternative approach to solve the F—system, following the method of resolution
of the E—system done by P. Gérardin, that is, by using some tools from the complex
harmonic analysis on finite groups, see [13, Appendix]. We shall introduce first
some notations and definitions, necessary for solving the F—system by the method
of Gérardin.

We shall regard the group algebra A := LL[Z/dZ], as the algebra formed by all
complex functions on Z/dZ, where the product is the convolution product, that is:

(f*) = > f(gl—y) where f geA.

yeZ/dZ

As usual, we denote by §, € A the function with support {a}.
Also we denote by e,’s the characters of Z/dZ, that is:
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ab Lisi 2mwab
i sin .
d

The Fourier transform .% on A is the automorphism defined by f +> f, where

(271
e, : b cos

Fo) = (fxe)0) = D f(ne(—y).

yeZ/d7Z.

Recall that (ZF~! £)(x) = d~! f(—u), where f(v) = > vec f e, (—u). For more
properties of Fourier transform over finite groups see [17].

To solve the E-system, Gérardin considered the elements x € A, defined by
x(k) = x;. Then, he interpreted the E-system as the functional equation x * x =
(x * x)(0)x with the initial condition x(0) = 1. Now, by applying the Fourier trans-
form on this functional equation we obtain X> = (x * x)(0)X. These last equations
imply that X is constant on its support S, where it takes the values (x % x)(0). Thus,
we have

T = (x x x)(0) 23

ses

By applying .% ! and the properties listed in the proposition above, Gérardin showed
that the solutions of the E-system are parameterized by the non—empty subsets of
Z./dZ. More precisely, for such a subset S, the solution xg is given as follows.

1
=— ) e,
S|

ses

Xs

Now, in order to solve the F—system with respect to xs, we define y € A by y(k) =
yk. Then we have F® = d~!(x * y)(k). So, to solve the F—system is equivalent to
solving the following functional equation:

x*xy=(xx*xx)(0)y.
which, applying the Fourier transform, is equivalent to:
xy = (x xx)(0)y.
This equation implies that the support of 3 is contained in the support of x. Now, set

S the support of X. Then we can write y = >_ _ A;3,. Finally applying .% ~! to the
last equation, we get:

NEN
1
y = 3 stes.
ses

Thus, we have proved the following proposition.
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Proposition 5.3 The solution of the F-system with respect to the solution xs of the
E—system is in the form:
ys = Zaseu

seS

where the ay’s are complex numbers.

5.8 Knot and Link Invariants from Ys i

In this section we define invariants for knots and links in the solid torus, by using
the Jones’s recipe applied to the pairs (Y, Tr,) where n > 1. To do that, we fix
a subset S of Z/dZ from now, and we will consider the trace parameters x;’s and
yi’s as the solutions given in the previous section associated to set S. The invariants
constructed here will take values in L.

As inthe classical case, the closure of a framed braid « of type B (recall Sect. 5.1.2)
is defined by joining with simple (unknotted and unlinked) arcs its corresponding
endpoints and is denoted by @. The result of closure, @, is a framed link in the solid
torus, denoted ST'. This can be understood by viewing the closure of the fixed strand
as the complementary solid torus. For an example of a framed link in the solid torus
see Fig.5.4.

By the analogue of the Markov theorem for ST (cf. for example [15, 16]), isotopy
classes of oriented links in ST are in bijection with equivalence classes of braids of
type B and this bijection carries through to the class of framed links of type B.

We set

Z— (u—u_l)Es 1
= ——— " and Ag:= s
z ST s

where Es = Tr(e;) = 1/]S|. We are now in the position to define link invariants in
the solid torus.

As (5.40)

Definition 5.8 For « in .# 2, the Markov trace Tr with the trace parameters special-
ized to solutions of the E—system and the F—system, and 7 the natural epimorphism
of .Z; onto Yj, we define

2E@) = N (Vre) Tr(n (@),

Fig. 5.4 A framed link in 4 ST

the solid torus /—\)
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where e is the exponent sum of the o;’s that appear in «. Then 2’ is a Laurent
polynomial in u, v and z and it depends only on the isotopy class of the framed link
@, which represents an oriented framed link in S7'.

Remark 5.8 The invariants 2 SB, when restricted to framed links with all framings
equal to 0, give rise to invariants of oriented classical links in S7'. By the results in
[3] and since classical knot theory embeds in the knot theory of the solid torus, these
invariants are distinguished from the Lambropoulou invariants [15]. More precisely,
they are not topologically equivalent to these invariants on links.

Remark 5.9 As we said in the Remark 5.7, when we focus in the algebra Y (d, 2, n),
the affine E—condition coincide with our conditions (E—- and F— condition). Then, we
consider the polynomial I, defined in [2, Sect. 6.3] for m = 2, which is given by

D@ = A5 (he)* Tr (T (@),
where 7 : P — Y(d, 2, n) is the natural algebra epimorphism given by
pi=>by, or—g, i=1...,n—1, and t; 1
At first sight the invariants look similar, but the structural differences between Yy ,

and Y(d, 2, n) commented in Remark 5.4 make them differ. For example, for the
loop generator twice, we have the following

InY?, | InYW,2,n)
Tr(z(b?)) = Tr(l + (v — v b f1) |Tr@BT)) = Tr(1 + (v — v Hby)
— 14+ YYD S Tr(biey) =1+ v-v 1y

= 1 + (V_T\Fl) Z‘Y Vs
Therefore

(

= v—v) 5 _
%SB(bf)zl—l—TZys and (b)) =14 (V—v ).

Then clearly for the framed link b%, the two invariants have different values,
nevertheless in order to do a proper comparison of these invariants is necessary a
deeper study.
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