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Abstract. One of the modifications of the mathematical models used to
describe processes in multi-service communication networks and telecom-
munication systems is the queueing system with heterogeneous servers.
As a rule, for simulation of such processes the system with non-Poisson
input flows is used. We consider the queuing system with infinite number
of servers of n different types and exponential service time. Incoming flow
is a Semi Markovian Process (SM-flow). Investigation of n-dimensional
stochastic process characterizing the number of occupied servers of dif-
ferent types is performed using the initial moments method.

Keywords: Queueing system · Incoming sm-flow · Heterogeneous
servers · Method of initial moments

1 Introduction

Systems with heterogeneous servers [4,5,10,11,13,14,18] and non-Poisson
incoming flows [12,20,21] are suitable to simulate the functioning of real infor-
mation systems. Such systems include queueing systems with non-ordinary Pois-
son incoming flows and exponential service time [2,8,9]; systems with parallel
functioning blocks [3,6,7,15,19]. These papers deal with different configurations
of parallel-service systems: single-line queueing systems with finite and infinite
buffer, priority maintenance, impatient applications and a common ordinary
incoming flow; queueing systems with two or more service blocs with a finite
number of servers and a common final queue. Mathematical models of inhomoge-
neous infinite-linear systems with different types of servicing devices allow taking
into account the heterogeneity of incoming applications requiring different main-
tenance time, which more adequately describes real information systems [16,17].
In this paper we study a heterogeneous queueing system with SM-incoming flow
and exponential service time.
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2 Statement of the Problem

Consider the queuing system with infinite number of servers of n different
types and exponential service time. Incoming flow is a Semi Markovian Process
(SM-flow) which given by matrix A(x) consisting of elements Ak1k2(x)(k1 =
0, . . . , N, k2 = 0, . . . , N).

Ak1k2(x) = F (k2, x; k1) = P {ξ(k + 1) = k2, τ(k + 1) < x|ξ(k) = k1} , (1)

where ξ(k) — the Markov chain with discrete time and the transition probability
matrix P, τ(k) — non-Markov process for which

F (x) = P {τ(k) < x} =
N∑

i=0

Ai(x)r(i), (2)

r(i) — stationary probability distribution of the Markov chain ξ(k).
At the time of occurrence of the event in this stream only one customer flows

in the system. The type of incoming customer is defined as i-type with probability
pi (i = 1, . . . , n). It goes to the appropriate device type, where its’ service is per-
formed during a random time having an exponential distribution function with
parameter μi (i = 1, . . . , n) corresponding to the type of the customer.

Set the problem of exploring of n-dimensional stochastic process
{l1(t), . . . , ln(t)} describing the number of occupied units of i-type at
time t. Incoming flow is not Poisson, hence the n-dimensional process
{l1(t), . . . , ln(t)} is non-Markov. Consider a (n+2)-dimensional Markov process
{s(t), z(t), l1(t), . . . , ln(t)}, here z(t) — the time from t until the occurrence of
the following event of SM-flow, s(t) — the process is defined as follows

s(t) = ξ(k + 1) if tk < t < tk+1, tk =
k∑

i=1

τ(i).

For the joint probability distribution

P (s, z, l1, . . . , ln, t) = P{s(t) = s, z(t) < z, l1(t) = l1, . . . , ln(t) = ln}
we can write

P (s, z − Δt, l1, . . . , ln, t + Δt)

= [P (s, z, l1, . . . , ln, t) − P (s,Δt, l1, . . . , ln, t)]
n∏

i=1

(1 − liμi)

+
K∑

ν=1

P (ν,Δt, l1 − 1, . . . , ln, t)Aνs(z)p1 + . . . (3)

+
K∑

ν=1

P (ν,Δt, l1, . . . , ln−1, t)Aνs(z)pn+P (s, z, l1+1, . . . , ln, t)(l1+1)μ1Δt + . . .

+P (s, z, l1, . . . , ln + 1, t)(ln + 1)μnΔt + o(Δt), s = 1, . . . , K.
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System of Kolmogorov differential equations for the probability distribution
P{s, z, l1, . . . , ln, t} is the following:

∂P (s, z, l1, . . . , ln, t)
∂t

=
∂P (s, z, l1, . . . , ln, t)

∂z
− ∂P (s, 0, l1, . . . , ln, t)

∂z

−
n∑

i=1

liμiP (s, z, l1, . . . , ln, t) (4)

+ p1

K∑

ν=1

∂P (ν, 0, l1 − 1, . . . , ln, t)
∂z

Aνs + . . . + pn

K∑

ν=1

∂P (ν, 0, l1, . . . , ln − 1, t)
∂z

Aνs

+μ1(l1 + 1)P (s, z, l1 + 1, . . . , ln, t) + . . . + μn(ln + 1)P (s, z, l1, . . . , ln + 1, t),

s = 1, . . . ,K.

We will find the solution of the system (4) during stationary operation of the
system. Denote lim

t→∞ P (s, z, l1, . . . , ln, t) = Π(s, z, l1, . . . , ln), s = 1, . . . ,K.

Then the equation (4) takes the form

∂Π(s, z, l1, . . . , ln)
∂z

− ∂Π(s, 0, l1, . . . , ln)
∂z

−
n∑

i=1

liμiΠ(s, z, l1, . . . , ln)

+ p1

K∑

ν=1

∂Π(ν, 0, l1 − 1, . . . , ln)
∂z

Aνs + . . .

+ pn

K∑

ν=1

∂Π(ν, 0, l1, . . . , ln − 1)
∂z

Aνs

+μ1(l1 + 1)Π(s, z, l1 + 1, . . . , ln) + . . .

+μn(ln + 1)Π(s, z, l1, . . . , ln + 1) = 0
s = 1, . . . ,K.

(5)

Introduce partial characteristic functions [1]:

H(s, z, u1, . . . , un) =
∞∑

l1=0

. . .
∞∑

ln=0

eju1l1 × . . . × ejunlnΠ(s, z, l1, . . . , ln),

where s = 1, . . . ,K, j =
√−1 — imaginary unit.

In view of

∂H(s, z, u1, . . . , un)
∂ui

= j
∞∑

l1=1

· · ·
∞∑

ln=1

lie
ju1l1 × · · · × ejunlnΠ(s, z, l1, . . . , ln),

i = 1, . . . , n, s = 1, . . . , K,

and using (4) write the system of differential equations for partial characteristic
functions H(s, z, u1, . . . , un)
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∂H(s, z, u1, . . . , un)
∂z

− ∂H(s, 0, u1, . . . , un)
∂z

(6)

+ j
n∑

i=1

μi(1− ejui)
∂H(s, z, u1, . . . , un)

∂ui
+

n∑

i=1

pie
jui

K∑

ν=1

∂H(ν, 0, u1, . . . , un)

∂z
Aνs(z) = 0,

s = 1, . . . , K,

which we rewrite in the form of the vector-matrix equation

∂H(z, u1, . . . , un)
∂z

+ j

n∑

i=1

μi(1 − e−jui)
∂H(z, u1, . . . , un)

∂ui

+
∂H(0, u1, . . . , un)

∂z

(
n∑

i=1

pie
juiA(z) − I

)
= 0,

(7)

H(z, u1, . . . , un) = [H(1, z, u1, . . . , un),H(2, z, u1, . . . , un), . . . , H(K,u1, . . . ,
un)] — row vector consisting of characteristic functions of the random process
{s(t), z, (t)l1(t), . . . , ln(t)} for each state of the process s(t),

∂H(0, u1, . . . , un)
∂z

=
∂H(z, u1, . . . , un)

∂z

∣∣∣∣
z=0

. (8)

The solution H(z, u1, . . . , un) of system (7) satisfies condition

H(z, 0, . . . , 0) = r(z)

and determines the characteristic function of the number of occupied servers in
the stationary mode for the system SM|M(n)|∞ by the equality

Me
j

n∑

i=1
uili(t)

= H(∞, u1, . . . , un)e. (9)

r(z) — stationary probability distribution of a two-dimensional stochastic
process {s(t), z(t)}, which has the form

r(z) = κ1r

z∫

0

(P − A(x)) dx, (10)

where r — stationary probability distribution of the Markov chain ξ(k),

k = 1, . . . ,K, κ1 = 1
rAe , A =

∞∫
0

(P − A(x)) dx.

The equation (7) will be considered as the basis for further research.



126 E. Pankratova et al.

3 The Main Probabilistic Characteristics for System
SM|M(n)|∞

Theorem 1. For the initial moments of number of employed devices of each
type for the steady-state functioning of the heterogeneous system SM |M (n)|∞
the following statements are true:

Statement 1
The average value of number employed devices of the i-th type

fmi(i = 1, . . . , n) in the heterogeneous system SM |M (n)|∞ has the form:

fmi =
pi

μi
λ, (11)

where λ = r′(0)e, e = [1, . . . , 1]T — a unit column vector.
Statement 2
Initial moments of the second order of number of employed devices of the i-th

type smi (i = 1, . . . , n) in the heterogeneous system SM |M (n)|∞ has the form:

smi =
pi

μi

[
λ + pir′(0)A∗(μi)(I − A∗(μi))−1e

]
,

where A∗(α) =
∞∫
0

e−αzdA(z).

Statement 3
Correlation moment of number of employed devices of the i-th and g-th types

cmig (i = 1, . . . , n, g = 1, . . . , n, i �= g) in the heterogeneous system SM |M (n)|∞
has the form:

cmig =
pipg

μi + μg
r′(0)

[
A∗(μi) (I − A∗(μi))

−1 + A∗(μg) (I − A∗(μg))
−1

]
e.

(12)

Proof. Denote:

• fmi(z) = [fmi(1, z), fmi(2, z), . . . , fmi(K, z)] — row-vector of conditional
mathematical expectations of number employed devices of i-th type (i =
1, . . . , n);

• smi(z) = [smi(1, z), smi(2, z), . . . , smi(K, z)] — row-vector of conditional
moments of the second order of number employed devices of i-th type (i =
1, . . . , n);

• cmig(z) = [cmig(1, z), cmig(2, z), . . . , cmig(K, z)] — row-vector of correlation
moments of number employed devices of i-th and g-th types (i = 1, . . . , n, g =
1, . . . , n, i �= g).

We use the following properties of the characteristic function:

∂H(z, u1, . . . , un)
∂ui

∣∣∣∣
u1=0,...,un=0

= jfmi(z),
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∂2H(z, u1, . . . , un)
∂u2

i

∣∣∣∣
u1=0,...,un=0

= j2smi(z), (13)

∂2H(z, u1, . . . , un)
∂uiug

∣∣∣∣
u1=0,...,un=0

= j2cmig(z),

i = 1, . . . , n, g = 1, . . . , n, i �= g.

Initial moments of the first order.
The average number of occupied devices of each type in the system is deter-

mined as follows:

fmi = fmi(∞)e, i = 1, . . . , n, e = [1, . . . , 1]T . (14)

Differentiate equation (7) with respect to ui, i = 1, . . . , n.

∂2H(z, u1, . . . , un)
∂ui∂z

∣∣∣∣
u1=0,...,un=0

+ j2μie
−jui

∂H(z, u1, . . . , un)
∂ui

∣∣∣∣
u1=0,...,un=0

+ j

n∑

ν=1

μν(1 − e−juν )
∂2H(z, u1, . . . , un)

∂ui∂uν

∣∣∣∣
u1=0,...,un=0

(15)

+
∂2H(0, u1, . . . , un)

∂ui∂z

(
n∑

i=1

pie
juiA(z) − I

)∣∣∣∣
u1=0,...,un=0

+ j
∂H(0, u1, . . . , un)

∂z
pie

juiA(z)
∣∣∣∣
u1=0,...,un=0

= 0, i = 1, . . . , n,

taking into account (13) we obtain

fm′
i(z) − μifmi(z) + fm′

i(0) (A(z) − I) + pir′(0)A(z) = 0, i = 1, . . . , n. (16)

This equation will be solved by the conversation of Laplace-Stieltjes, denoting

Φi(α) =

∞∫

0

e−αzdfmi(z), i = 1, . . . , n, A∗(α) =

∞∫

0

e−αzdA(z). (17)

Completing the conversation of Laplace-Stieltjes in (16), we obtain the
equality

(μi − α)Φi(α) = fm′
i(0) (A∗(α) − I) + r′(0)piA∗(α), i = 1, . . . , n, (18)

putting in which α = μi, i = 1, . . . , n, we find the form of the vector fm′
i(0)

fm′
i(0) = pir′(0)A∗(μi) (I − A∗(μi))

−1
. (19)

Substituting the expression (19) in the (18) we obtain

Φi(α) =
1

μi − α

{
fm′

i(0) (A∗(α) − I) + pir′(0)A∗(α)
}

, i = 1, . . . , n. (20)
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Since fmi(∞) = Φi(0) and A∗(∞) = P then putting α = 0 in (20) we obtain

Φi(0) = fmi(∞) =
1
μi

{
fm′

i(0) (P − I) + pir′(0)P
}

, i = 1, . . . , n. (21)

Thus we have the following expression for the average value of number
employed devices of the i-th type fmi, (i = 1, . . . , n):

fmi = fmi(∞)e =
pi

μi
r′(0)e =

pi

μi
λ, i = 1, . . . , n, e = [1, . . . , 1]T .

Initial moments of the second order.
To find the second-order moment of the number of employed devices, we

differentiate with respect to ui, i = 1, . . . , n the equality (15).

∂3H(z, u1, . . . , un)
∂u2

i ∂z

∣∣∣∣
u1=0,...,un=0

+ jμie
−jui

∂H(z, u1, . . . , un)
∂ui

∣∣∣∣
u1=0,...,un=0

+ 2j2μie
−jui

∂2H(z, u1, . . . , un)
∂u2

i

∣∣∣∣
u1=0,...,un=0

+ j
n∑

ν=1

μν(1 − e−juν )
∂3H(z, u1, . . . , un)

∂u2
i ∂uν

∣∣∣∣
u1=0,...,un=0

(22)

+
∂3H(0, u1, . . . , un)

∂u2
i ∂z

(
n∑

i=1

pie
juiA(z) − I

)∣∣∣∣
u1=0,...,un=0

+ 2j
∂2H(0, u1, . . . , un)

∂ui∂z
pie

juiA(z)
∣∣∣∣
u1=0,...,un=0

+j2
∂H(0, u1, . . . , un)

∂z
pie

juiA(z)
∣∣∣∣
u1=0,...,un=0

= 0, i = 1, . . . , n,

taking into account (13), we obtain the differential equation to find smi(z),
i = 1, . . . , n

sm′
i(z) + μifmi(z) − 2μismi(z) + sm′

i(0) (A(z) − I)

+ pi

{
fm′

i(0) + r′(0)
}
A(z) = 0, i = 1, . . . , n.

(23)

We will solve equation (23) using the conversation of Laplace-Stiltjes. Denote

Ψi(α) =

∞∫

0

e−αzdsmi(z), i = 1, . . . , n, (24)

then the equation (23) takes the form

(2μi − α)Ψi(α) = μiΦi(α) + sm′
i(0)(A∗(α) − I)

+ pi

{
2fm′

i(0) + r′(0)
}
A∗(α), i = 1, . . . , n,

(25)
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A∗(α) is determined by the expression (17).
Let α = 2μi in (25), we obtain the system of differential equations for

sm′
i(0), i = 1, . . . , n

sm′
i(0) = [μiΦi(2μi)

+ pi

{
2fm′

i(0) + r′(0)
}
A∗(2μi)

]
(I − A∗(2μi))

−1
, i = 1, . . . , n.

(26)

It follows from (25) that

Ψi(α) =
1

2μi − α
[μiΦi(α) + sm′

i(0)(A∗(α) − I)

+ pi

{
2fm′

i(0) + r′(0)
}
A∗(α)

]
, i = 1, . . . , n,

(27)

and taking into account that

smi(∞) = Ψi(0) =
1

2μi
[μifmi(∞)

+ sm′
i(0) (P − I) + pi

{
2fm′

i(0) + r′(0)
}
P

]
, i = 1, . . . , n.

(28)

we can write

smi = smi(∞)e =
1

2μi
μifmi(∞)e +

pi

2μi

{
2fm′

i(0) + r′(0)
}
Pe

=
pi

μi

(
fm′

i(0)e + λ
)
, i = 1, . . . , n.

(29)

Thus, taking into account (19) we have expression for initial moment of the
second order

smi =
pi

μi

[
λ + pir′(0)A∗(μi)(I − A∗(μi))−1e

]
, i = 1, . . . , n.

Correlation moment.
Differentiate the equality (15) respect to ug, g = 1, . . . , n, g �= i.

∂3H(z, u1, . . . , un)
∂ui∂ug∂z

∣∣∣∣
u1=0,...,un=0

+ jμie
−jui

∂2H(z, u1, . . . , un)
∂ui∂ug

∣∣∣∣
u1=0,...,un=0

+ j2μge
−jug

∂2H(z, u1, . . . , un)
∂ui∂ug

∣∣∣∣
u1=0,...,un=0

+ j
n∑

ν=1

μν(1 − e−juν )
∂3H(z, u1, . . . , un)

∂ui∂uν∂ug

∣∣∣∣
u1=0,...,un=0

(30)

+
∂3H(0, u1, . . . , un)

∂ui∂ug∂z

(
n∑

i=1

pie
juiA(z) − I

)∣∣∣∣
u1=0,...,un=0

+
∂2H(0, u1, . . . , un)

∂ui∂z
jpge

jugA(z)
∣∣∣∣
u1=0,...,un=0
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+ j
∂2H(0, u1, . . . , un)

∂ug∂z
pie

juiA(z)
∣∣∣∣
u1=0,...,un=0

= 0,

i = 1, . . . , n, g = 1, . . . , n, g �= i,

taking into account (13):

cm′
ig(z) − (μi + μg)cmig(z) + cm′

ig(0) (A(z) − I)

+
{
pgfm′

i(0) + pifm′
g(0)

}
A(z) = 0, i = 1, . . . , n, g = 1, . . . , n, g �= i.

(31)

We will solve equation (31) using the conversation of Laplace-Stiltjes. Denote

Θig(α) =

∞∫

0

e−αzdcmig(z), i = 1, . . . , n, g = 1, . . . , n, g �= i, (32)

then the equation (31) takes the form

(μi + μg − α)Θig(α) = cm′
ig(0) (A∗(α) − I)

+
{
pgfm′

i(0) + pifm′
g(0)

}
A∗(α) = 0,

i = 1, . . . , n, g = 1, . . . , n, g �= i,

(33)

A∗(α) is determined by the expression (17).
Put α = μi + μg in (33), we obtain the system of differential equations for

cm′
ig(0), i = 1, . . . , n, g = 1, . . . , n, g �= i

cm′
ig(0) =

{
pgfm′

i(0) + pifm′
g(0)

}
A∗(μi + μg) (I − A∗(μi + μg))

−1 = 0,

i = 1, . . . , n, g = 1, . . . , n, g �= i. (34)
Since cmig(∞) = Θig(0), it follows from (33) that the expression for the

correlation moment cmig is as follows

cmig = cmig(∞)e =
1

μi + μg

[
cm′

ig(0) (P − I)

+
{
pgfm′

i(0) + pifm′
g(0)

}
P

]
e

=
pipg

μi + μg
r′(0)

[
A∗(μi) (I − A∗(μi))

−1 + A∗(μg) (I − A∗(μg))
−1

]
e,

i = 1, . . . , n, g = 1, . . . , n, g �= i.

(35)

��
We can write the expression for finding the variance of the number of occupied

servers of each types in the heterogeneous system SM|M(n)|∞
V ari = smi − [fmi]2, i = 1, . . . , n,

V ari =
pi

μi
λ +

p2i
μi

r′(0)A∗(μi) (I − A∗(μi))
−1 e, i = 1, . . . , n.

(36)

Now, using the obtained expressions for the main probabilistic characteristics,
we can write the equality for the correlation coefficient rig of the number of
different types devices employed in system SM|M(n)|∞

rig =
covig√

V ariV arg

=
cmig − fmifmg√

V ariV arg

, i = 1, . . . , n, g = 1, . . . , n, g �= i. (37)
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4 Conclusion

In this paper we construct and investigate a mathematical model as a queueing
system with the Semi Markovian incoming flow and heterogeneous service. The
main probabilistic characteristics are found for the system under investigation,
namely, the initial moments of the first and the second order of the number of
employed devices of different type. Furthermore, we found an expression for the
correlation coefficient between the number of different types devices employed.
The resulting correlation coefficient indicates that the processes of change in
the number of employed devices of different type in the system are dependent.
Therefore, we can conclude that this infinitely linear queuing system with n
types of servers can not be considered as a set of n separate systems with only
one type of servers.

In the future it is planned to apply the asymptotic methods of investigation
for finding moments of a higher order and for studying the functioning of the
system under different special conditions. This may include the development of
methods for investigating heterogeneous systems, for example, in the asymptotic
condition of: high intensity of the incoming flow or an equivalent increase in the
service time on devices of different type or extremely rare changes in special flow
states (MMPP, MAP, SM).

There is great interest in the studying of various modifications of hetero-
geneous queueing systems: heterogeneous queueing systems with returns, with
different volumes of applications of special incoming flows, and many others.
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