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Preface

The MuSMe 2017, the International Symposium on Multibody Systems and
Mechatronics, is the sixth event of a series that has been started in 2002 as joint
activity of the FeIbIM Commission for Mechatronics and IFToMM Technical
Committees for Multibody Dynamics, and Robotics and Mechatronics. The
MuSMe International Symposium is a conference initiative to bring together
researchers from the broad ranges of disciplines referring to Multibody Systems and
Mechatronics.

Modern systems can be considered as integrated systems that can be properly
studied, designed, and operated by using Mechatronics viewpoints, but even con-
sidering the multibody architecture. In particular, the aim of the MuSMe
Symposium is to be a forum to exchange views, opinions, experiences, and stim-
ulating integration between Mechatronics and Multibody Systems disciplines, a
forum for facilitating contacts among research people and students.

These proceedings contain 52 papers by authors from all around the world,
which cover several aspects of the wide field of Mechatronics. The contributions
address mainly to kinematics, static and dynamic analysis, control of mechatronic
systems, mechatronic systems for assistive technology, modeling and simulation,
prototypes and experimental validations, synthesis of mechanisms and robots, and
vehicle dynamics.

These proceedings can be considered to be of interest to researchers, graduate
students, and engineers specializing or addressing attention to Mechatronics. We
believe that a reader will take advantage of the papers in these proceedings with
further satisfaction and motivation for her or his work, both in teaching and
researching on mechatronic systems.

We would like to express grateful thanks to the members of the International
Scientific Committee of the Symposium for cooperating enthusiastically for the
success of the MuSMe initiative, in particular Prof. Marco Ceccarelli, President of
IFToMM, and the authors who have contributed with very interesting papers in
several subjects, covering many fields of Mechatronics and Multibody Systems. We
are grateful to the reviewers for the time and effort they spent evaluating the papers.
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The Organizing Committee would like to thank the Federal University of Santa
Catarina (UFSC), Brazil, for supporting the MuSMe 2017 and hosting the event.
We would like also to thank the auspices of ABCM—The Brazilian Society of
Engineering and Mechanical Sciences, IFToMM—The International Federation for
the Promotion of Mechanisms and Machine Science, FeIbIM—The Iberoamerican
Federation of Mechanical Engineering, Springer, and the support of CNPq, CAPES,
FAPESC, UFSC, for their financial help, recognizing that without their partnership
it would not be possible to organize this meeting.

May 2017 The Editors
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Synthesis of Precision Flexible Mechanisms
Using Screw Theory with a Finite

Elements Validation

Mart́ın A. Pucheta(B) and Alejandro G. Gallardo

Centro de Investigación en Informática para la Ingenieŕıa (CIII)
and CONICET Facultad Regional Córdoba, Universidad Tecnológica Nacional,
Maestro M. López esq. Cruz Roja Argentina, X5016ZAA Córdoba, Argentina

{mpucheta,agallardo}@frc.utn.edu.ar

Abstract. The design of flexible parallel stages has recently been sys-
tematized for the three-dimensional space using Screw Theory. This
methodology has shown to be practical for precision engineering appli-
cations where flexural elements, like beams and blades, are subjected to
small displacements; therefore, the statics can be represented by using
infinitesimal twists and wrenches. The relationships between the recipro-
cal twists and wrenches spaces can be related and manipulated by linear
algebra. In this work, an analytical enumeration of twists and their asso-
ciated wrenches for any degree of freedom with zero and infinite pitches
is developed. Two synthesis problems are analytically calculated and val-
idated using finite element analysis.

Keywords: Precision mechanisms · Screw Theory · Linear algebra ·
Finite element analysis

1 Introduction

Compliant mechanisms can transmit twists and/or wrenches on a point of interest
of the mechanism by means of the deformation of their flexible members. Flexi-
ble parallel stages are used in precise positioning of measurement and scientific
instruments, in biomedical devices, in industrial applications, among others [8].

Ball [1,9,12,13] identified the parallelism between first-order instantaneous
kinematics (angular and linear velocity combined in the differential Twist) and
the static (force and moment combined in the Wrench). Using screw algebra, it
can also be expressed that the work is null if the differential twist and the wrench
done over a body are reciprocal. Recently, Linear Algebra and Set Theory were
used together to manipulate the screw algebra [14,15] complementing the use of
graphical maps [6,7].

The synthesis methodologies for designing three-dimensional parallel flex-
ures fall into four main categories [8]: (i) Rigid-body Replacement, (ii) Freedom,
Actuation and Constraint Topologies, (iii) Building Blocks, (iv) Topology Opti-
mization. The first category uses a kinematic and dynamic analysis based on
c© Springer International Publishing AG 2018
J.C.M. Carvalho et al. (eds.), Multibody Mechatronic Systems,
Mechanisms and Machine Science 54, DOI 10.1007/978-3-319-67567-1 1
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rigid bodies and then, some sets of joints and links are replaced by flexure ele-
ments (notches, living hinges, beams). The second category known as Freedom,
Actuation and Constraint Topologies (FACT) is based on Screw Theory [6,7]
and linear static analysis, also expressed in algebraic form by Yu et al. [15].
A similar methodology combines several parallel flexures to eliminate parasitic
motions [4]. Another approach, also based on Screw Theory, proposed by Su
[10,16] combines a library of flexure elements with concentrated (notch hinges,
small length flexure pivots) and distributed flexibility (beams, blades) as possi-
ble building blocks with given degree of constraints. This merges the idea of the
first category (Rigid-body Replacement) and the second one. On the other hand,
topology optimization is based on the iterative removal of material guided by an
objective function; the most effective algorithms of this category are based on
the topological derivative [11]. As unique disadvantage, it produces a solution
for a unique load path, and the shapes are optimal but often complex to manu-
facture. Before resorting to these optimal design procedures it is a good practice
to explore firstly more simple solutions based on Screw Theory, kinematics prin-
ciples and static analysis.

In this work, the goal is to propose a methodology based on Screw Theory
to design flexible mechanisms from the required twist system. All null-pitched
twist systems and their complementary wrench systems are tabulated and used
to design flexure stages by means of constraints composed only by flexure beam
elements.

In Sect. 2 the necessary Screw Theory definitions used in this work are intro-
duced. Section 3 presents the methodology to design parallel flexures from a
given twist system using flexure elements. Section 4 shows the results for two
3-degrees-of-freedom flexure stages. Finally, a finite element validation is per-
formed for each design to evaluate the accuracy of the synthesis procedure.

2 Screw Theory Background

The screw was introduced by Ball [1] as a geometric entity composed by a line
(s, s0) and an associated real scalar quantity named pitch h, which is a ratio of
linear and angular quantities. The line is expressed in Plücker coordinates, the
moment of the line s0 = r× s is computed using any arbitrary vector r from the
origin O to the line so that the vector components are orthogonal and satisfy
the condition

s · s0 = 0 (1)

and are normalized by the moment magnitude.
The primary or direction vector of the screw is s. The secondary or moment

vector of the screw s0 is the sum of the moment of the vector s0 defining the line
axis plus h times the screw direction. Thus, the moment vector of the screw s0

can be decomposed into two directions: one parallel to s, equal to hs, and one
perpendicular to the screw axis, s0, such that s0 = s0 +hs as shown in Fig. 1(a).

Given the screw (s, s0), the axis has coordinates

(s, s0 − hs) (2)
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Fig. 1. Screw definition (a) and parallel flexure defined by screws (b)

where the moment of the line is r×s = s0−hs. Then, the screw can be written as

$ = (s, s0) = (s, s0 − hs
︸ ︷︷ ︸

s0

+hs) = (s, s0
︸︷︷︸

r×s

+hs) = (s, r × s + hs) (3)

as function of the unit vector s of the screw axis, an arbitrary localization vector
of the line r, and the pitch h.

By applying the condition (1) to the screw axis (2) it is obtained

s · (s0 − hs) = s · s0 − hs · s = 0 (4)

from which the pitch is computed as

h =
s · s0
s · s (5)

where, the pitch is (i) null, h = 0, when the screw coincides with a line vector,
(ii) infinite h → ∞ when s → 0, s0 �= 0 representing a line at infinity with
direction s0, and (iii) finite and non-null, h = hα when the secondary vector is
not orthogonal to the screw axis s · s0 �= 0, provided that s · s0 = hs · s. The
primary and secondary components of the screw cannot be simultaneously null.
For screws representing displacements, the pitch leads to a classification of three
kinds of motions (i) pure rotation $0 = (s, s0), (ii) pure translation $∞ = (0, s0),
and (iii) combined or general motion, the finite screw $h = (s, s0).

The reciprocal product of two screws, $1 = (u,u0) and $2 = (v,v0), is
defined as

$1 ◦ $2 = (u,u0) ◦ (v,v0) = u · v0 + v · u0 (6)

The two screws are reciprocal if their reciprocal product is null, i.e., $1 ◦ $2 = 0.
In the statics of flexure stages, two elements will be related: (i) The infini-

tesimal displacement screw or Twist

T =
[

θ
δ

]

=
[

θ
c × θ + pθ

]

(7)
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where, θ is a vector that coincides with the screw direction and collects rotational
displacements, δ is the linear displacement, c is a location vector going from the
origin to any point of the screw axis, and p is the pitch of the screw. (ii) The
wrench screw

W =
[

f
M

]

=
[

f
r × f + qf

]

(8)

where, f is a vector in the direction of the screw, M represents the moment
around the screw axis, r is a location vector going from the origin to any point
of the screw axis, and q is the pitch of screw. These screws will be used for
designing flexure stages subjected to small displacements, so that screws are
vector spaces and can be manipulated by linear algebra.

In order to operate with the reciprocal product in matrix form, the screws
(twists (7) and wrenches (8)) are written as column vectors. The work obtained
by the reciprocal product is computed by the dot product between the twist and
the transpose of the wrench vector, inverted by blocks using a 6 × 6 exchange
matrix

Q =
[

O3 I3
I3 O3

]

(9)

composed of a 3 × 3 block of zeros O3 and a 3 × 3 identity matrix I3. Then,
the matrix form of the reciprocal product expressing the infinitesimal work of
wrenches is

TT · ̂W = TT (QW) = 0 (10)

2.1 Screw Systems and Complementary Screw Spaces

A set of n independent screws can be linearly combined to generate a space
named n-screw system. Following Hopkins [5,15], a set of n independent twists
generates a freedom space of rank n. In the three-dimensional space, the con-
straint space that allows a freedom space of rank n, has, by resorting to linear
algebra theorems, a rank of c = 6 − n. The constraint space is generated by c
independent wrenches. The freedom and constraint spaces are complementary.
In terms of the reciprocal product, the twist system is reciprocal to the wrench
system and the converse is also true. One of the most relevant contributions by
Hopkins to the systematic design of flexure stages was the introduction of the
actuation space as the set of screws that individually excite each independent
twist without exciting parasitic motions. These screw systems can be represented
in matrix form as:

Freedom space: generated by n unit basis screws

[T] = [T1,T2, . . . ,Tn]; n = rank([T]). (11)

Constraint space: generated by 6 − n basis screws computed as the complement
of the freedom space, where c = rank([W]) = 6 − n,

[W] = [W1,W2, . . . ,W6−n]. (12)
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Actuation space: it has the same dimension as the freedom space [T] and consists
of n pure force screws

[WA] = [WA1,WA2, . . . ,WAn] (13)

required to actuate the twist related to each degree of freedom by a desired
magnitude of the associated displacement.

The computation of the reciprocal screw system [W] from a given screw
system [T] can be done using a linear-algebra-based step: Use the transpose
[T]T to compute the null space (its complement) as

[T⊥] = null([T]T ). (14)

Then, use the exchange operator to determine a basis of unit screws for the
constraint space

[W] = Q[T⊥]. (15)

The reciprocal systems [T] and [W] can be computed one from the other.
This leads to two possible design strategies. The synthetic strategy consists in the
enumeration (design) of all the possible physical implementations of the wrench
system [W] for a prescribed motion or screw system [T]. By physical imple-
mentations, the designer can choose between rigid or flexible mechanisms, and
among the flexible ones, they can be parallel, serial, or hybrid stages. This work
is limited to the use of parallel flexures with small displacements for potential
use in precision engineering applications.

The main additional requirement in precision mechanisms is that the con-
strained motions, called parasitic motions, must be bounded below a given
threshold or tolerance (as it is shown in the results, their magnitudes have from
3 to 5 orders less than the magnitudes of the desired motions). The main chal-
lenge is not only to design the proper constraints but also to choose the proper
actuation that avoids exciting parasitic motions.

2.2 Linear Static and Constitutive Relationships of Flexures

When parallel flexures stages are conceived as a guided rigid body subjected
to the reactions of flexure beams, as shown in Fig. 1(b), a linear constitutive
relationship can be assumed between the resultant of the wrenches and the
common twist. The forces and moments exerted by each individual beam can be
added in a global frame of coordinates. The flexure elements (beams or blades)
have one end fixed to the ground and the opposite end attached to the guided
body.

The wrench at the end of the beam has a linear relationship with the twist
through a symmetric Twist/Wrench stiffness matrix [5], which is the inverse of
the compliance matrix

W = KTWT (16)
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As usually done for structural analysis and finite element analysis, this equation
is established for a master element and changed of coordinates from a local
(attached to the flexure element) to a global coordinate system.

The change of coordinates for screws corresponds to the adjoint transforma-
tion of the Lie group in SE(3) [14] and consists in multiplying the screw by the
6 × 6 matrix defined as

[Ad] = N =
[

R O3

DR R

]

=
[ [

n1 n2 n3

] [

0 0 0
]

[

d × n1 d × n2 d × n3

] [

n1 n2 n3

]

]

(17)

where, R is a 3 × 3 proper orthogonal matrix of passive rotation, O3 is a 3 × 3
matrix of zeroes, D is the 3×3 skew-symmetric matrix associated to the displace-
ment vector d, such that Dv = d × v for all v ∈ R

3. The transformation matrix
can also be build, as shown at the right-hand side of Eq. (17), in terms of 4 vectors:
a local frame defined by orthogonal unit vectors {n1,n2,n3} attached to a point
of interest (e.g., the end-tip of the flexure 1 in Fig. 1(b)) and the location vector d,
going from the global origin to the origin of that local frame. For instance, a beam
with a square cross-section is attached to a guided stage in a global position d,
its longitudinal axis is oriented as the unit direction vector, n3, and has a vector
n2 which is normal to its lateral face, thus defining a change of coordinates trans-
formation matrix N(d,n2 ×n3,n2,n3). Then, by using this matrix the twist and
wrench screws transform their coordinates as T′ = NT and W′ = NW.

In order to apply the constitutive relationship between screws and wrenches,
the vector components of the wrench are exchanged as ̂W = QW. Then, the lin-
ear relationship between screws can be expressed through the symmetric stiffness
matrix K. For instance, this relationship for a beam with a square cross-section
can be of the form

̂W = KT →
[

M
f

]

=

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎣

4EI/L 0 0 0 6EI/L2 0
4EI/L 0 −6EI/L2 0 0

GJ/L 0 0 0
12EI/L3 0 0

12EI/L3 0
sym. AE/L

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎦

[

θ
δ

]

(18)

where, the material properties are the Young modulus E and the torsional rigid-
ity modulus G, A is the cross-sectional area, I is the area moment of inertia
about a traversal axis, and J is the polar moment of inertia with respect to the
longitudinal beam axis.

The global stiffness is computed in global coordinates. Therefore, the wrench
in a master element has conveniently exchanged its vector components as ̂W =
QWmaster. Then, it is changed to global coordinates using

W = N̂W = NQWmaster (19)
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where, the twist at the master element can be expressed T = NTmaster, from
which

Tmaster = N−1T (20)

Then, the constitutive relationship can be applied to the master element as
Wmaster = KTmaster, which is replaced in Eq. (19) to obtain the same relation-
ship in global coordinates

W = NQKTmaster
︸ ︷︷ ︸

(20)

= NQKN−1

︸ ︷︷ ︸

KT W

T = KTWT.
(21)

If several flexible constraints are applied in parallel over a rigid body sub-
jected to a unique twist T, the wrenches are additive

W = Σr
i=1Wi = Σr

i=1 (KTWiT) = (Σr
i=1KTWi)T =

(

Σr
i=1NiQKiN

−1
i

)

︸ ︷︷ ︸

KΣT W

T (22)

and therefore, the stiffness KΣTW = Σr
i=1KTWi = Σr

i=1NiQKiN−1
i is additive.

3 Synthesis Method

The main goal is to design a system that is flexible and strong (working far
from the material failure, e.g. with stress values far from the yield stress, using
an adequate safety factor) in the desired motions but stiff in the constrained
motions. These two objectives are encoded in the way that the flexure elements
are arranged to configure the global stiffness KΣTW because the screw systems
of the desired motions are related by [WA] = KΣTW [Td] and the constrained
motions [TR] with rank 6 − n are related by [TR] = K−1

ΣTW [W]; the magnitude
of each twist in [TR] subject to the unit wrenches [W] must tend to zero.

The semi-analytic methodology here proposed starts from the motion
requirements

Step 1: Construct the Freedom system of the desired twists [Td].
Step 2: Identify the normalized twist system [T].
Step 3: Compute the normalized wrench system [W] as the complement of the

twist system.
Step 4: Select (in all possible forms) the type, number, and geometric arrange-

ment of flexural elements to satisfy the wrench system.
Step 5: Compute the optimal actuation [WA] = KTΣW [Td].
Step 6: Verify the resultant motions using finite element analysis.

This methodology is based on FACT [5] but clearly uses a different order and
does not require the use of graphical maps. In the following paragraphs, each
step of the methodology is described.
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Table 1. Combinations without repetitions of freedom and constraints expressed as
systems

DOF Case Sub-case T W

1 R (1)Rx (θx, 0, 0; 0, 0, 0) (fx, fy, fz; 0, My, Mz)

T (2)Tx (0, 0, 0; δx, 0, 0) (0, fy, fz;Mx, My, Mz)

2 RR (3)Rx · Ry (θx, θy, 0; 0, 0, 0) (fx, fy, fz; 0, 0, Mz)

RT (4)Rx · Tx (θx, 0, 0; δx, 0, 0) (0, fy, fz; 0, My, Mz)

(5)Rx · Ty (θx, 0, 0; 0, δy, 0) (fx, 0, fz; 0, My, Mz)

TT (6)Tx · Ty (0, 0, 0; δx, δy, 0) (0, 0, fz;Mx, My, Mz)

3 RRR (7)Rx · Ry · Rz (θx, θy, θz; 0, 0, 0) (fx, fy, fz; 0, 0, 0)

RRT (8)Rx · Ry · Tx (θx, θy, 0; δx, 0, 0) (0, fy, fz; 0, 0, Mz)

(9)Rx · Ry · Tz (θx, θy, 0; 0, 0, δz) (fx, fy, 0; 0, 0, Mz)

RTT (10)Rx · Tx · Ty (θx, 0, 0; δx, δy, 0) (0, 0, fz; 0, My, Mz)

(11)Rx · Ty · Tz (θx, 0, 0; 0, δy, δz) (fx, 0, 0; 0, My, Mz)

TTT (12)Tx · Ty · Tz (0, 0, 0; δx, δy, δz) (0, 0, 0;Mx, My, Mz)

4 RRRT (13)Rx · Ry · Rz · Tx (θx, θy, θz; δx, 0, 0) (0, fy, fz; 0, 0, 0)

RRTT (14)Rx · Ry · Tx · Ty (θx, θy, 0; δx, δy, 0) (0, 0, fz; 0, 0, Mz)

(15)Rx · Ry · Tx · Tz (θx, θy, 0; δx, 0, δz) (0, fy, 0; 0, 0, Mz)

RTTT (16)Rx · Tx · Ty · Tz (θx, 0, 0; δx, δy, δz) (0, 0, 0; 0, My, Mz)

5 RRRTT (17)Rx · Ry · Rz · Tx · Ty (θx, θy, θz; δx, δy, 0) (0, 0, fz; 0, 0, 0)

Step 1: The freedoms that a point of interest can have in the guided rigid-body
form a subset of 6 possibilities: 3 pure rotation screws and 3 pure transla-
tion screws, respectively, around and along x, y, z orthogonal Cartesian axes
(excluding the case where all the 6 screws are chosen)

T(θx) = θx[1, 0, 0; 0, 0, 0]
T ; T(θy) = θy [0, 1, 0; 0, 0, 0]

T ; T(θz) = θz [0, 0, 1; 0, 0, 0]
T

T(δx) = δx[0, 0, 0; 1, 0, 0]
T ; T(δx) = δy [0, 0, 0; 0, 1, 0]

T ; T(δx) = δx[0, 0, 0; 0, 0, 1]
T

(23)

Step 2: The unit or normalized form of the twists can be obtained by factorizing
the desired amplitude for each motion.

Step 3: The complement of the twist system can be constructed and computed
off-line. In Table 1 the enumeration for all possible twists composed exclu-
sively by zero and infinite pitch is shown [9]. In the last column, the reciprocal
wrench is computed. Clearly and intuitively, the resultant wrench has null
components in the allowed conjugated components of the twist, i.e., Mi = 0
if θi is a desired motion and fi = 0 if δi is a desired motion, for i ∈ {x, y, z}.
By using a 0–1 normal form of the screw and Boolean algebra, the linear
components of the wrenches are the negation of those of the twist. The same
is valid for rotational components.

Step 4: Choose the number and the type of flexure elements and arrange them
geometrically to satisfy the wrench system, in all possible forms. This dif-
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ficult step is neither fully automated nor systematic. Some rules known as
Exact constraint [2,3] can be applied in the case that beam flexures are used,
though it is combinatorially more complex if a more comprehensive library of
flexures is considered. By knowing the freedom that a beam constraints and
the hypotheses underlying in the associated stiffness matrix, the constrained
translations can be tackled first by aligning the longitudinal beam axis in
the direction of the constrained translation. The deformation mode must not
stretch the neutral fiber of the beam. Then, if a rotation must be constrained,
two coplanar and parallel beams can be connected to the guided rigid-body
with the rotation axis being perpendicular to the beams plane. The motions
can be constrained in sequence.

Step 5: The physical implementation of the actuation system [WA] can be sim-
plified if (push/pull) linear actuators are applied (Hopkins [5] identified 26
actuation systems). Conveniently, each twist Ti in [Td] can be associated to
one wrench WAi in [WA] in an uncoupled way, such that the location of
the actuation plane for each wrench of the form (f · f0) can be analytically
computed using the formula rmin = (f × f0)/(f · f).

Step 6: The resultant motions of the stage under the loading conditions com-
puted in the Step 5 are validated using a finite element analysis. The mesh
of the structure is refined in the neighborhood of the attachment of the beam
flexures. The geometry of the rigid moving platform also contains: (i) ade-
quately chosen surfaces to locate and apply the actuation wrenches, and (ii)
datum geometries to measure the rotation and translation components of
the twist. All these elements are considered as flexible bodies in the finite
element simulation.

4 Results

Two problems are solved using the methodology, (i) a benchmark proposed in
the Hopkins thesis [5] consisting in an RRR flexure stage, and (ii) a here pro-
posed test, a RTT flexure stage. The finite element results were obtained using
SolidWorks Simulation�.

RRR test: The desired magnitude for each twist is 1◦. Three beams of length
8.2 cm and square cross-section with a width of w = 0.3 cm are arranged on three
orthogonal axes and attached to a distance of 10.2 cm from the origin coincident
with the point to guide in the rigid platform. The material properties of the
beams are E = 68e9Pa and G = 25e9Pa. The geometric properties, {A, I, J},
are computed from w. The opposite end-points are attached to the ground and
form a triangle. This structure is rotated around the origin such that the ground
triangle is aligned with the x − y plane. The finite element analysis is shown in
Fig. 2 and the measured results are shown in Table 2.

RTT test: The desired magnitude for the rotation twist is 1◦ and for the two
translations is 0.1mm. Four beams of length 15 cm and square cross-section
with a width of 0.3 cm are arranged parallel to the x axis and attached to a
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Fig. 2. FEA Static analysis RRR: rotation around (a) x axis, (b) y axis, and (c) z axis

Table 2. Twist component values (linear and angular displacements) obtained for the
Rx · Ry · Rz flexure stage. Desired motions are shown in bold font and the parasitic
ones are in regular font.

T1 T2 T3

Rx Ry Rz

θx [◦] 1.083 1.55 · 10−4 −1.88 · 10−5

θy [◦] 6.4 · 10−5 1.083 −1.11 · 10−4

θz [◦] 5.979 · 10−4 5.037 · 10−7 1.085

δx [mm] −3.46 · 10−3 2.83 · 10−3 −1.56 · 10−5

δy [mm] −2.82 · 10−3 −3.459 · 10−3 8.78 · 10−6

δz [mm] 1.64 · 10−5 −5.607 · 10−6 −3.41 · 10−3

square stage with half diagonals of length 7.07107 cm measured from the origin.
Two beams are coplanar and parallel to the xy plane constraining the rotation
around the z axis, and two beams do the same to constrain the rotation of the
y axis, one beam is redundant and added to provide a symmetric behavior in
displacements. The geometric and material properties are identical to the beams
of the RRR test. The opposite end-points are attached to the ground and form
a square parallel to the guided platform, and thus avoid the translation in the x
direction. The finite element analysis is shown in Fig. 3 and the measured results
are shown in Table 3.

Fig. 3. FEA Static analysis RTT: (a) mesh (b) translation along z axis (results are
identical to y axis), (c, d) rotation around x axis
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Table 3. Twist component values (linear and angular displacements) obtained for the
Rx ·Ty ·Tz flexure stage. Desired motions are shown in bold font and the parasitic ones
are in regular font.

T1 T2 T3

Rx Ty Tz

θx [◦] 1.1027 8.78564 · 10−7 8.78564 · 10−7

θy [◦] 1.5914 · 10−6 1.22168 · 10−7 1.371 · 10−3

θz [◦] 5.04 · 10−4 1.371 · 10−3 1.22168 · 10−7

δx [mm] 2.809 · 10−6 3.466 · 10−7 3.466 · 10−7

δy [mm] −4.417 · 10−2 0.1072 9.719 · 10−7

δz [mm] −4.705 · 10−2 9.719 · 10−7 0.1072

The results are more accurate for the RRR test than for the RTT test. This
means that the constraint of the translations using flexure beams is more effective
than for constraining rotations. In future work, the database of motions and its
complementary wrench spaces will be completed with the enumeration for twists
with non-null finite pitches. Then, the design and control of the flexure stages
for a desired workspace will be tackled.

5 Conclusions

A new synthetic approach to the design of parallel flexure stages was presented.
A methodology based on constraining a guided platform with flexure beams
arranged in parallel was introduced. Screw theory and linear algebra were used
to enumerate an exhaustive list of 17 twists and their complementary constraint
wrenches using exclusively zero and infinite pitch screws. In the procedure the
unique non-systematic step is the arrangement of flexures to provide a given
wrench system, which is based on exact constraint rules. This open-issue deserves
further investigation to make it fully automatic. The analytical results were
validated using finite element analysis.
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Abstract. The enumeration of kinematic chains for epicyclic gear trains
allows to obtain all the possible configurations from specified structural
characteristics. However, the more complex becomes the desired struc-
ture, the greater the number of options to analyse in order to select
the most suitable one, what makes necessary a criterion to reduce this
range of choices. The concept of variety and the conditions when its
value equals to zero can be used for this purpose. This paper enumerates
the kinematic chains with zero variety for epicyclic gear trains with one
and two degrees of freedom, and with up to four independent loops. It
is presented afterward two examples of transmissions obtained from the
chains enumerated. Finally, the advantages of using zero variety chains
are discussed.

Keywords: Enumeration of kinematic chains · Number synthesis ·
Epicyclic gear trains · Variety · Minimal sets

1 Introduction

The enumeration of kinematic chains or number synthesis for epicyclic gear
trains is a prolific field of study and it is an important stage of design of system’s
transmissions, enabling to obtain all the possible configurations from specified
structural characteristics. It allows to identify existing gear sets and to generate
new ones, thereby avoiding a possible patent infringement. However, the more
complex the desired structure, the greater the number of options to analyse
in order to select the most suitable one, what renders impractical the task for
verifying individually each one, and makes necessary a criterion to reduce this
range of choices. The concept of variety and the conditions to force that its value
being equal to zero can be used for this purpose [6,11,12].

This paper aims to enumerate and to present the kinematic chains with zero
variety and with up to four independent loops for epicyclic gear trains with
one and two degrees of freedom. The remainder of this paper is structured as
follows. Section 2 introduces the concept of mobility and how it can be calculated.
Section 3 briefly reviews the definition of number synthesis and the main tools
c© Springer International Publishing AG 2018
J.C.M. Carvalho et al. (eds.), Multibody Mechatronic Systems,
Mechanisms and Machine Science 54, DOI 10.1007/978-3-319-67567-1 2
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employed on it. Section 4 introduces the definition of variety, minimal sets and
the advantage of selecting a variety zero kinematic chain. In Sect. 5, the results
of the enumeration are presented and for each mobility, a possible application is
shown. The results found are compared to the current status of enumeration of
non-fractionated chains with the specified structural characteristics [10]. Finally,
Sect. 6 presents the final considerations about the results achieved in this paper.

2 Mobility

The mobility M , or the number of degrees of freedom (DoF) of a kinematic
chain, is the number of independent parameters needed to define completely its
configuration in the space, with respect to a specified link chosen as reference
[6,10]. The mobility is used to determine the number of necessary actuators to
drive a mechanism and to verify its existence [10]. The mobility can be calculated
by the Kutzbach-Chebyshev-Gruebler equation, formulated as:

M = λ(n − j − 1) +
j∑

i=1

fi (1)

Where λ is the order of screw system to which all joints of the kinematic
chain belong, n is the number of links, j the number of joints and fi are the
degrees of relative motion allowed by the joint i.

Through the replacement of the joints with more than 1-DoF by a combina-
tion of single DoF joints, the Eq. 1 becomes:

M = λ(n − j − 1) + j (2)

The number of independent loops ν of a kinematic chain can be expressed
as a function of the number of links n and the number of joints j, as defined as:

ν = j − n + 1 (3)

The combination of Eqs. 2 and 3 yields:

M = j − λν (4)

Equation 4 is known as the loop mobility criterion [13] and it permits to
quickly calculate the mobility of a kinematic chain, besides being the main
parameter used in number synthesis process. The mobility criterion, Eq. 4, has
some known limitations when applied to a few classical mechanisms and parallel
robots, e.g. the Tripteron manipulator. Normally these discrepancies occur only
with high values of λ, for example in the general spatial screw-system (λ = 6) [5].
Nevertheless, Eq. 4 has been proved suitable for lower values of λ such as λ = 2
and λ = 3, i.e. those applied to gear trains and the only systems considered in
this paper.



Enumeration of Kinematic Chains with Zero Variety for EGT 17

3 Number Synthesis

The number synthesis or enumeration of kinematic chains consists of the genera-
tion of a complete list of kinematic chains that satisfy Eq. 2, excluding isomorphic
and degenerated chains (kinematic chain where at least one subchain has mobil-
ity less than or equal to zero [10]). The main tools employed on the enumeration
methodologies developed so far are: graph theory, group theory and matricial
representation [9]. In this paper, only the first and second ones will be adopted,
for further information about the number synthesis, see [9,10,13].

Kinematic chains can be represented in a univocal form by graphs, where the
vertices correspond to the links and the edges correspond to the joints. Therefore,
the number synthesis of kinematic chains is equivalent to the enumeration of
graphs [9].

The McKay’s algorithm and his graph generator [7,8] allow an isomorph-
free enumeration of graphs/kinematic chains and the elimination of those which
contain independent loops whose mobility is not desired. The graph generator
will be used in Sect. 5 to achieve the purpose of this paper.

4 Variety

4.1 Definition

As defined by Tischler et al. [11], a kinematic chain is variety V if it does not
contain any loop, or subset of loops, with a mobility less than M − V , but does
contain at least one loop, or a subset of loops, which has a mobility of M − V .
A kinematic chain is variety V = 0 if it contains no loop, or a subset of loops,
with a mobility less than the mobility of the whole chain.

The concept of variety can be interpreted as a relationship between inputs
and outputs of a kinematic chain, thus it must be considered in the selection of
the joints that are going to be actuated [6]. In a kinematic chain of mobility M
and variety V , M −V joints may be selected at random for actuation, the other
V actuated joints being selected so that not more than M − V actuated joints
belong to any subset of loops with mobility of M − V [11].

For example, a variety V = 1 kinematic chain with mobility M contains a
closed subset of one or more loops with mobility of M − 1, where only M − 1
actuated joints belonging to this subset are necessary to reduce its mobility to
zero. Also, for this same kinematic chain, M −1 joints can be randomly selected
to be actuated, but the choice of the M th actuated joint is restricted to the joints
which do not belong to the subset with mobility M − 1.

Consequently, in a kinematic chain with j joints, mobility M and variety
V = 0, M from those j joints must be selected and locked to decrease its mobility
to zero. As V = 0, this selection of all the M actuated joints can be random.
However, kinematic chains with lesser values of variety, like V = 0, are scarcer
than those with higher values [12], what makes the use of the concept of null
variety as a criterion to reduce the possible candidates of the enumeration process
a very effective strategy, which may be employed in the synthesis of any parallel
mechanism.
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4.2 Minimal Sets

To understand the concept of minimal set, introduced in [11], consider the atlas
of kinematic chains with λ = 3, M = 0 and ν = {1, 2}, represented in Fig. 1.
Note that all of them are variety V = 0. Visual inspection of kinematic chains
in Fig. 1(b) and (d) shows that they contain at least one subset isomorphic to
Fig. 1(a), therefore the chains in Fig. 1(a and c) compose the minimal set of
kinematic chains for the case λ = 3, M = 0 and ν = {1, 2}.

(a)                     (b)                        (c)                   (d)

Fig. 1. Atlas of kinematic chains with λ = 3, M = 0 and ν ≤ 2

Chains with mobility M > 0 also have minimal sets, e.g., the elements of the
minimal set of kinematic chains with λ = 3, M = 1 and ν ≤ 3 are presented in
Fig. 2, again emphasizing that all are variety V = 0. There are no chains for the
case ν = 2.

Fig. 2. Minimal set for the case M = 1, λ = 3 and ν ≤ 3

The relationship between minimal sets and variety is clear and unidirectional:
it must be stressed that whilst all members of the minimal set have variety
V = 0, not all kinematic chains with V = 0 belong to the minimal sets [6,11].
An example is the Watt’s chain, shown in Fig. 3: it is variety V = 0 and it has
mobility M = 1, but as it contains two subchains identical to the kinematic
chain of Fig. 2(a), it cannot belong to the minimal set presented in Fig. 2.

Fig. 3. Watt’s chain (λ = 3, M = 1 and ν = 2): despite of being variety V = 0, it does
not belong to the minimal set for the case shown in Fig. 2

The variety of a kinematic chain is determined by searching for at least one
subset which is member of the minimal set for the case of the chain’s structural
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characteristics. The subset which presents the smallest mobility, M ′, may be
used to calculate the variety of the kinematic chain with M DoF, through the
difference V = M − M ′ [11].

5 Kinematic Chains with Zero Variety for Epicyclic
Gear Trains

In an epicyclic gear train (EGT), some gears not only rotate about their own
axes, but also revolve around some other gears. Depending on whether it is an
internal or external gear, a gear that rotates about a central stationary axis is
called sun or ring gear, and those whose axes revolve about the central axis are
called planet gears. The carrier or arm, a supporting link, keeps the center dis-
tance between two meshing gears constant. EGTs can have multiple applications,
such as vehicle transmissions, machine tool gear boxes, robot manipulators, and
so on.

One of the first methods for enumeration of kinematic chains for EGTs was
developed by Buchsbaum and Freudenstein [2]. Tsai [13] presented an atlas of
bicolored graphs containing one to four independent loops for EGTs, considering
the order of screw system λ = 2, as proposed by Davies [3,4].

The objective of this section is to enumerate the variety V = 0 kinematic
chains for EGTs with one and two degrees of freedom, by employing the Eq. 4 to
determine the number of joints, i.e., the number of edges of the graphs to be gen-
erated, and then the Eq. 2 to calculate the number of links/vertices, considering
the cases λ = 2, M = {1, 2} and ν = {1, 2, 3, 4}. The values obtained are used
into the McKay’s graph generator [7,8] and it is demanded to disconsider graphs
with independent loops with mobility equivalent to one or two when necessary.

Chains with M �= {1, 2} and higher number of independent loops are not
included in the scope of this paper, neither are fractionated chains. The amount
of V = 0 kinematic chains found is compared to the status of enumeration of
non-fractionated chains for λ = 2 and M = {1, 2} presented by Simoni et al. [10],
shown in Table 1, to verify their proportion among the chains with the structural
characteristics analysed.

Table 1. Current status of enumeration of non-fractionated chains for λ = 2, M =
{1, 2} and ν ≤ 4 (adapted from [10])

ν M = 1 M = 2

1 1 1

2 1 2

3 3 9

4 13 49
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5.1 Epicyclic Gear Trains with M = 1

In total, eighteen kinematic chains with λ = 2, M = 1 and ν ≤ 4 have variety
V = 0, depicted in Figs. 4 and 5. By comparing the quantity of results that have
been found to the values of Table 1, it can be concluded that all kinematic chains
with ν ≤ 4 representing EGTs with one DoF have V = 0.

Regarding the minimal set, by visual inspection, it inferred that it is com-
posed by exclusively two kinematic chains, those shown in Fig. 4(a) and in
Fig. 5(n), as the latter is the only one that does not contain one subset isomorphic

Fig. 4. Variety V = 0 kinematic chains with λ = 2, M = 1 and ν ≤ 3

Fig. 5. Variety V = 0 kinematic chains with λ = 2, M = 1 and ν = 4
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Fig. 6. Kinematic chain of Fig. 4(i), its graph representation (where the edges crossed
by a perpendicular line stand for gear joints and the remaining ones, revolute joints)
and the functional schematic of the Simpson gear set

to the former. It must be remarked that in the kinematic chain of Fig. 5(n), there
are three ternary links that cross each other, what is represented by dashed lines.

Further development for a specific case is seen in Fig. 6, where the kinematic
chain in Fig. 5(i) is shown with its graph representation, whose edges crossed by
a perpendicular line stand for gear joints and the remaining ones, revolute joints.
The links are enumerated from 1 to 6 in order to generate a functional schematic
of a possible EGT configuration, known as Simpson gear set. It is a compound
EGT consisting of two basic EGTs, each having a sun gear (link 4), a ring gear
(links 1 and 6), a carrier (links 1 and 2) and four planets (links 3 and 5). The two
sun gears are connected to each other by a common shaft (link 4), whereas the
carrier of one EGT is connected to the ring gear of the other EGT by a spline
shaft (link 1). The Simpson gear set is most used in three-speed automotive
automatic transmissions [13]. As its respective kinematic chain is variety V = 0,
any joint can be chosen for actuation without restriction, i.e., any link can be
the system’s input, respecting the EGT’s configuration.

5.2 Epicyclic Gear Trains with M = 2

There are eight variety V = 0 kinematic chains with λ = 2, M = 2 and ν ≤ 4,
as shown in Fig. 7, fewer than the number of chains enumerated in Table 1. In
regards to the previous section, the number of results found for M = 2 are also
lesser than the ones for M = 1. The minimal set is reduced by half with the
increase of mobility as well, on this circumstance being composed exclusively
by the chain represented by Fig. 7(a), as all the kinematic chains with V = 0
present an identical subset to this chain. Again, in Fig. 7(h), the crossing of some
links is represented by dashed lines.

In Fig. 8, the chain of Fig. 7(b) has its links enumerated from 1 to 5 and
it is shown with its graph representation, and a feasible EGT configuration,
where the link 2 is chosen to be the ground link. EGTs with mobility M = 2,
associated with a continuous variable unit (CVU), may compose an infinitely
variable transmission (IVT), a transmission system which allows for step-less
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Fig. 7. Variety V = 0 kinematic chains with λ = 2, M = 2 and ν ≤ 4

Kinematic chain Graph representation Functional schematic

2

3

4

51

2

4

1

3

5
2 2 2

3
1

4
5

Fig. 8. The kinematic chain in Fig. 7(b), its graph representation (where the edges
crossed by a perpendicular line stand for gear joints and the remaining ones, revolute
joints) and a feasible EGT configuration

variability of speed ratio, including zero velocity ratio. It is used as the power
train for exercising machines and agricultural tractors [1,14].

As the kinematic chain in Fig. 7(b) is variety V = 0, the choice of the two
actuated joints can be randomly made, i.e., any links can be the inputs, although
the EGT’s configuration must be taken in consideration. By analysing the EGT’s
functional schematic in Fig. 8, it can be inferred that the two inputs may be
chosen among three links: the sun gear (link 1), the ring gear (link 5) and the
carrier (link 2), the one not selected as input being defined as the system’s
output. There are three alternatives for the inputs’ choice: sun gear/carrier,
ring gear/carrier and sun gear/ring gear. The last one is represented in Fig. 9,
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Motor

CVU

EGT

Fig. 9. Possible IVT configuration with the EGT of Fig. 8

where the links 1 and 5 are the two inputs of the two DoF EGT and the link 2
is the output.

6 Conclusion

The concept of variety is a good criterion to reduce the options’ range of kine-
matic chains for a defined purpose. A kinematic chain with variety V = 0 erases
a constraint in the selection of the actuated joints, allowing to choose them at
random, what can be interesting depending on the aimed utilization, thus the
importance of enumerating the chains which have this characteristic.

This paper presented the variety V = 0 kinematic chains for epicyclic gear
trains with mobilities M = 1 and M = 2. A comparison between the number of
results found and the current status of enumeration of non-fractionated chains
for λ = 2, M = {1, 2} and ν ≤ 4 is made to verify the proportion of chains
among them whose actuated joints can be chosen randomly. It was corroborated
that, as stated by Tischler et al. [12], the amount of kinematic chains decreases
when lesser the variety’s value: while all the 18 kinematic chains with λ = 2,
M = 1 and ν ≤ 4 are variety V = 0, only 8 of the 61 kinematic chains with
λ = 2, M = 2 and ν ≤ 4 have zero variety. It was also verified that the minimal
sets for both cases are not large, the minimal set for the case M = 1 consisting
of two chains and the one for the case M = 2 being composed only by one chain.

In spite of the variety V = 0 kinematic chains allowing to actuate any joint
without restriction, the EGT’s configuration must be taken into account when
determining the system’s inputs/outputs, as seen in Sect. 5.2. Nonetheless, by
using only chains with zero variety, this selection can be made without hesitation.
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Abstract. This paper proposes a bat robot mechanism and investigates the
kinematics of flying process. After observing the flight of bat for a long period of
time and analyzing its flying kinematics, a bionic robot was synthesized based
on the bat structure to realize the deploying and flapping movements of the
double membranous wings. With screw theory, the primary motion of the
membranous wings was checked, and five steering engines were selected for
controlling the flapping flight of the bat robot collaboratively. The structure is
optimized for a bench test. The following test is just for the measurement of the
force output of the bat robot. Computer simulations of fluid field of flight in the
ANSYS software proved the kinematics discipline of efficient flight of a bat.
Prototype test indicates that the membranous wings could provide efficient
flapping flight.

Keywords: Bat robot �Mechanism synthesis � Bionic design � Flapping wing �
Folding and unfolding

1 Introduction

Bionic flying in the sky must overcome two challenges, one is to produce enough lift to
conquer the self-weight of the robot and the other is to generate sufficient thrust to
compensate for the drag in cruising. Many kinds of birds and insects can fly, but few of
them can hover for a long period of time except fruit flies, hummingbirds and bats,
while bat is the only kind of mammals that evolved the ability of flight. Currently, there
are more than 900 kinds of bats in the world [1]. From the fossil of the bat of about 50
million years ago, we almost observe rare differences from the bat of nowadays [2].
That is, the bats had already obtained the flight ability for a rather long time ago. After
such a long time of evolving, the body structure of a bat changes little. It must have
superiority for the bat’s flight. From the end of the 20th century [3–5] more and more
scientists have been paying more attention to the kinematic analysis of the bat to
uncover its fly secret and try to design efficient bionic flying robots.

Flying like a bird in the sky is the dream of people in the ancient times. And the
mechanical pigeon made by Archytas of Tarentum in ancient Greek [6], boomerang in
Australia [7], the Kongming lantern [2] and kite [8] in China were all the initial
attempts of people to fly. However, the authentic try was starting from modern times.
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After long time exploring, the Wright brothers of America finally designed the plane to
successfully fly in 1903 [9]. It marked that the dream of flying came true. From then on
the manmade aircrafts had a spring up. Various kinds of airplanes [10], helicopters [11]
and aircrafts [10] were emerged at the right moment. On the other hand, the
bio-inspired micro flying robot also appeared in succession, especially flapping wing
mechanisms [12]. The flights of the insect and hummingbird were studied [13, 14] and
the scientist built the aerodynamic models to find out the principles of their flights [15].
The experimental characterization of fixed membranous wings was researched as well
[16, 17]. And afterwards, the bio-inspired flapping robot was proposed and fabricated
[18–21]. Most of the flapping robots which were used in the area of military recon-
naissance played an important role. However, the lift of this kind of flying machines
was mostly provided by flapping with high frequency [22–24]. How to reduce the
self-weight of a robot and how to improve the propelling efficiency are two challenges
of bionic design ahead.

Unlike hummingbirds’ hovering with an extremely high flapping frequency typi-
cally around 50 times per second [25], the bat can hover with a much lower frequency
from about 5 to 10 times per second. The scientists also found that the flight of bat is
much more efficient than that of birds [26]. But the question is how the bat achieves
that? 3D reconstruction of bat flight kinematics from sparse multiple views were made
to study the bat’s flight [27]. After researching the structure and the kinetics of the bat’s
wings, the researchers found that the bat could always get lift no matter whether the
double wings lift up or stroke down [3, 28, 29]. Johansson, Wolf and Hedenstro
compared quantitative measures of the circulation in the far wake of bird and bat
species and found that bats have a significantly stronger normalized circulation of the
start vortex than birds do [5, 26, 30, 31]. They found that when a bat flapping flies, the
membrana dermalis and phalanx bone of the wings have certain deformations which
could balance the air friction, so that the bat can fly with the half effort of bird.

Currently, the practical application about the bat in bionics mainly focuses on the
ultrasonic wave [32, 33]. Bahlman [34] designed a mechanical bat to help scientists
understand the mode of bat flight. Ghanbari et al. [35] proposed a model of flying bat
robot with four degrees of freedom in each wing for providing the flight in straight path.
Ramezani et al. [36] built a model called B2 which is a biomimetic micro aerial vehicle
that possesses similar morphological properties to a bat in order to duplicate bats
powered ballistic motion. He and Ma [37] built a bio-inspired bat robot model to
analyze the aerodynamic lift of the flapping wing vehicle.

This paper focuses on the design of wing structure of a bat robot. We designed the
structure as simple as possible and use the rigid structure to simulate the movement of
the bat’s double wings. We use the mathematical calculation method to design the wing
structure moving in the form of nature. What’s more, the robot has the capacity of
supporting not only the self-weight of itself but also the loads it carries with a lower
flapping frequency. A simple and light structure was made to realize the goals.
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2 Structure Synthesis of a Bat Robot Mechanism

Wings of a bat can give the body additional lift required for supporting its weight in the
sky (Fig. 1). And the force is generated by flapping the double wings, so flapping is the
primary function that the robot must have. In fact, the wings show vaulted profile as the
bat is flying. This kind of structure can improve the aerodynamic effect for flight
according to the Bernoulli’s principle of aerodynamics. It is conducive to the flight of
bat. The double wings of bat could also keep straight to get fast speed in gliding. So the
robot we built consists of the curved bars.

The scientists found that there is a slight folding and unfolding movement of the
wings to decrease the air drag when the bat flaps up and down [34]. And this requests
the bat robot to have the capacity to fold and unfold in flight. Figure 2 illustrates the
structure of the bat robot. It can flap, fold and unfold double wings. Each wing has one
degree of freedom (DOF). h is the angle of the arm and the body. It is a variable. When
h decreases, the arm is rotating around point A clockwise, and both the forearm and the
fingers move towards its body. It is a process of folding wings. Vice versa, the arm will
rotate around point A counterclockwise and the forearm and the fingers move away
from the body when h increases. h could reach 70° for the completely unfolded wing
and it is about 38° for folding process. All the movements remain in one plane.

We used the structure in Fig. 2 to realize the function of folding and unfolding. In
this structure, there are several four-bar linkages connected with each other so that it
forms a mechanical linkage of wing. Although the performance of the mechanical

Fig. 1. The flight circle of the bat which is carrying a grape in the mouth.
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Fig. 2. Configurations of wings of a bat robot
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elements cannot be comparable with the biological materials because of the larger
stiffness and less plasticity, the mechanical structure can combine the mechanical
elements to realize the complex function. It is controllable and it is visualized to
reproduce the motions of a bat.

3 Kinematics Analysis of Wings

3.1 Folding and Unfolding Kinematics of Double Wings

We first discuss the relative motion of link CD with respect to the body AB. As link
CD has two kinematic chains, AD and BC, we analyze the twists of them, individually.
For link AD, there is

$AD ¼ $A $D½ � ð1Þ

where $A ¼ 0 0 1 0 0 0½ �T , $D ¼ 0 0 1 yD �xD 0½ �T .

For link BC in the Fig. 3, there is

$BC ¼ $A $D½ � ð2Þ

where $B ¼ 0 0 1 0 �xB 0½ �T , $C ¼ 0 0 1 yC �xC 0½ �T .
The free motion of link CD with respect to body AB satisfies that

Ax ¼ 0 ð3Þ

where A ¼ $ð ÞD, D ¼ 0 I3�3

I3�3 0

� �
and I3�3 ¼

1 0 0
0 1 0
0 0 1

2
4

3
5.

Associating Eqs. (1) and (3), and considering $ ¼ $AD, we obtain the reciprocal
screws of link AD
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Fig. 3. Structure of the robotic wing composed of several four-bar linkages.
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$rAD ¼ $1 $2 $3 $4½ �

where $1 ¼ 0 0 1 0 0 0½ �T , $2 ¼ 0 0 0 1 0 0½ �T ,
$3 ¼ 0 0 0 0 1 0½ �T and $4 ¼ xD

a1
yD
a1

0 0 0 0
� �T

, and where

a1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2D þ y2D

p
.

Similarly, associating Eq. (2) with Eq. (3), and assuming $ ¼ $BC, we can solve the
reciprocal screws of crank BC

$rBC ¼ $5 $6 $7 $8½ �

where $5 ¼ 0 0 1 0 0 0½ �T , $6 ¼ 0 0 0 1 0 0½ �T ,
$7 ¼ 0 0 0 0 1 0½ �T and $8 ¼ 1

b1
xC�xB
xByC

1
xB

0 0 0 1
h iT

, and where

b1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xC�xB
xByC

� �2
þ 1

xB

� �2
þ 1

r
.

So the wrenches exerted by these two kinematic chains to link CD in matrix form
can be expressed as

$rDC ¼ $1 $2 $3 $4 $8½ � ð4Þ

Associating Eqs. (3) and (4), we get the wrench matrix

A ¼

0 0 0 0 0 1

1 0 0 0 0 0

0 1 0 0 0 0

0 0 0 xD
a1

yD
a1

0

0 0 1
b1

xC�xB
b1xByC

1
b1xB

0

2
6666664

3
7777775

T

; and the twist x ¼ 0 0 xCyD
xByC

� yD
yC
� xD

xB
yD�xD0 �T :�

So the unit twist of link CD is

$DC ¼ 0 0 1 yD
xCyD
xByC

� yD
yC
� xD

xB

� xD
xCyD
xByC

� yD
yC
� xD

xB

0
h iT

Link DC just has one degree of freedom. The movement of DC is driven by the
rotation of AD. And the relation between the movements of DC and AD will be
analyzed later.

The structure in Fig. 3 is a special case. In Fig. 4, point P is the instantaneous
center of the movement of link CD as it is the intersection of the extension cords of AD
and BC. In the four-bar linkage ABCD, we get an equation set

l1 sin h1 � l2 sin h2 ¼ l3 sin h3
l1 cos h1 þ l2 cos h2 ¼ l4 þ l3 cos h3

	
ð5Þ
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Eliminating h3 yields

l1l4 cos h1 þ l2l4 cos h2 � l1l2 cosðh1 þ h1Þ ¼ l21 þ l22 þ l24 � l23
2

ð6Þ

The angular relationship between joint A and joint D can be obtained by calculating
the derivatives of both sides of Eq. (6) with respect to time

x2 ¼ � l1l2 sinðh1 þ h2Þ � l1l4 sin h1
l1l2 sinðh1 þ h2Þ � l2l4 sin h2

x1 ð7Þ

We analyze CDP as fixed entirety here, it is rotating around point P at this moment,
where it has an angular speed of x2. From the result we get in Eq. (7), x2 can be
expressed as the function of x1 uniquely.

For CDEF in Fig. 5, we get the equation

v1 þ v2 þ v3 þ v4 ¼ v ð8Þ
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Fig. 4. Structure of the wing repaint as normal condition
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Fig. 5. Velocity analysis of the wing structure
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According to the geometric calculation, we get the expression of the angular speed
of all joints

h3 ¼ p
2 � h1;

h4 ¼ h1 þ arccos l
2
2 þ l25 þ l27�l28�2l2l5 cosðh1 þ h2Þ
2l7

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l22 þ l25�2l2l5 cosðh1 þ h2Þ

p þ arcsin l2 sinðh1 þ h2Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l22 þ l25�2l2l5 cosðh1 þ h2Þ

p � p
2 ;

h5 ¼ p
2 � h2 � arccos l

2
2 þ l25 þ l28�l27�2l2l5 cosðh1 þ h2Þ
2l8

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l22 þ l25�2l2l5 cosðh1 þ h2Þ

p � arcsin l5 sinðh1 þ h2Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l22 þ l25�2l2l5 cosðh1 þ h2Þ

p ;

h6 ¼ p
2 � arccos l

2
1 þ l24 þ l23�l22�2l1l4 cos h1

2l3
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l21 þ l24�2l1l4 cos h1

p � arcsin l1 sin h1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l21 þ l24�2l1l4 cos h1

p :

So we get the expressions of the linear speeds

v1 ¼ cos h1 sin h1ð Þx2ðl5 þ l6Þ; v2¼ � sin h3 � cos h3ð Þx1l5;
v3¼ sin h4 � cos h4ð Þx3l7; v4¼ sin h5 � cos h5ð Þx4l8; v¼ sin h6 � cos h6ð Þx2l9:

Finally, we obtain an equation set of x3 and x4

sin h4x3l7 þ sin h5x4l8 ¼ sin h6x2l9
þ sin h3x1l5 � cos h1x2ðl5 þ l6Þ

cos h4x3l7 þ cos h5x4l8 ¼ sin h1x2ðl5 þ l6Þ
þ cos h6x2l9 � cos h3x1l5

8>><
>>: ð9Þ

The result can be solved as

x3 ¼ b2�a2 cot h5
cos h4l7�cot h5 sin h4l7

x4 ¼ b2�a2 cot h4
cos h5l8�cot h4 sin h5l8

8<
: ð10Þ

where a2 ¼ sin h6x2l9 þ sin h3x1l5 � cos h1x2ðl5 þ l6Þ, b2 ¼ sin h1x2ðl5 þ l6Þþ
cos h6x2l9 � cos h3x1l5.

From Eqs. (7) and (10), we find that not only x2, but also x3 and x4 can be
expressed as the functions of x1 uniquely. Similarly, as EF is fixed with FH, DEHG
and GHIJ will be analyzed. As a result, the movements of executors DC, EF, GH and JI
are all expressed by that of AD. So while AD is rotating around joint A, the executors
have the exclusive output.

3.2 Size Synthesis of Double Wings

For the unknown factors upward, we have a detailed parsing process next. Figure 6
shows the condition of folding of the bat (left) and the condition of unfolding (right).
Measuring the figures, we get the basic data to calculate the other factors we need in the
left of Table 1.
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Measuring the angles between different digits in Fig. 6, we found that the angle /
changed little during folding and unfolding process. That is why we fixed digit 1 and 2
in the structure in Fig. 2. The angles of h, a and b in the figures were also measured.
The values are signed in the left of the table. Based on the values, the functions of the
angles are deduced.

There are four four-bar linkages in the structure of the wing shown in Fig. 3. The
expected values of a and b are listed in the left and the values we calculated are in the
right. Both a and b can be expressed as the functions of h. With the condition of the
specified angle h and the angles a, b which we want to get (left of Table 1), we get the
relationship of the angles by using the geometrical relationship of the linkages.

a ¼ arccos
1:3992� 0:3004 cos h� 0:5 cos2 h� 0:5 sin h

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1:5410� 0:0006 cos h� cos2 h

p

2:09125 � 1:673 cos h

 !

þ arcsin 0:8056
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1:5410� 0:0006 cos h� cos2 h

p� �
� 5

9p

ð11Þ

Folding                          Unfolding

θ

θ

α

α

β    

β    
φ

φ

Fig. 6. The flying posture of the bat

Table 1. Design parameters

Objectives/degree Results/degree
h a b h0 a0 b0

70 52 77 70 52.494 76.505
38 35 26 38 35.899 25.439
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b ¼ 13
9
p� a� arcsin

0:464 sin lffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
0:4653� 0:464 cos l

p

 �

� arccos � 0:3976þ 0:464 cos l
1:484

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
0:4653� 0:464 cos l

p

 �

ð12Þ

And

l ¼ p� 0:1489� arcsin
0:5 sinðaþ hþ 5

9 p� 1:5448Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
24:5125� 4:9257 cosðaþ hþ 5

9 p� 1:5448Þ
q

0
B@

1
CA

� arccos

 
�0:2722� 4:9257 cosðaþ hþ 5

9p� 1:5448Þ
0:928

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
24:5125� 4:9257 cosðaþ hþ 5

9 p� 1:5448Þ
q

! ð13Þ

We take the derivative of the equation in the appendix and we get the angular speed
of points D and J.

da
dh

¼ f 0ðhÞ ¼
0:3004 sin hþ cos h sin h�cos hf4ðhÞ=2�0:25 sin hf1ðhÞ

f4ðhÞ
f1ðhÞ � 1:673 sin hf3ðhÞ

f 22 ðhÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� f 23 ðhÞ

f 22 ðhÞ

r

þ 1007f1ðhÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið32:4496 cos2 hþ 0:0195 cos h� 0:0048Þf4ðhÞ
p

ð14Þ

where:

f1ðhÞ ¼ 0:0006 cos hþ 2 cos h sin h;
f2ðhÞ ¼ 1:673 cos h� 2:09125;
f3ðhÞ ¼ 0:3004 cos hþ 0:5 cos2 hþ 0:5 sin hf4ðhÞ � 1:3992;
f4ðhÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1:541� 0:0006 cos h� cos2 h

p
:

And

db
dh

¼ f 0ðhÞ ¼
0:464f1ðhÞ cos f9ðhÞ

f3ðhÞ � 0:1076f1ðhÞ sin2 f9ðhÞ
f2ðhÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

0:2153 sin2 f9ðhÞ
f7ðhÞ�0:4653 þ 1

q

þ
0:3127f1ðhÞ sin f9ðhÞ

f3ðhÞ þ 0:1563f1ðhÞ sin f9ðhÞ½f7ðhÞþ 0:3976�
f2ðhÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

0:4541½f7ðhÞþ 0:3976�2
f7ðhÞ�0:4653 þ 1

q � f4ðhÞ � f5ðhÞ ð15Þ
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where

f1ðhÞ ¼
0:5½f4ðhÞþ f5ðhÞþ 1� cos f13ðhÞ

f11ðhÞ � 1:2314½f4ðhÞþ f5ðhÞþ 1� sin2 f13ðhÞ
f6ðhÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

sin2 f13ðhÞ
4ðf12ðhÞ�24:5125Þ þ 1

q ;

�
5:3079½f4ðhÞþ f5ðhÞþ 1� sin f13ðhÞ

f10ðhÞ þ 13:0725½f4ðhÞþ f5ðhÞþ 1� sin f13ðhÞ
f6ðhÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�½f10ðhÞ�0:2722�2
p ;

f2ðhÞ ¼ ½0:4653� f7ðhÞ�
3
2;

f3ðhÞ ¼ ½0:4653� f7ðhÞ�
1
2;

f4ðhÞ ¼
0:3004 sin hþ cos h sin h�0:5f16ðhÞ cos h�0:25 sin h

f16ðhÞ
f15

�1:673f14ðhÞ sin h
f 2
15

ðhÞffiffiffiffiffiffiffiffiffiffiffi
1�f 2

14
ðhÞ

f 2
15

ðhÞ

r ;

f5ðhÞ ¼ 1007f8ðhÞ
f16ðhÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
32:4496 cos2 hþ 0:0195 cos h�0:0048

p ;

f6ðhÞ ¼ ½24:5125� f12ðhÞ�
3
2;

f7ðhÞ ¼ 0:464 cos f9ðhÞ;
f8ðhÞ ¼ 0:0006 sin hþ 2 cos h sin h;
f9ðhÞ ¼ arcsin½sin f13ðhÞ2f11ðhÞ � þ arccos½�0:2722� f10ðhÞ� � 2:9927;

f10ðhÞ ¼ 5:3079 cos f13ðhÞ
f11ðhÞ ;

f11ðhÞ ¼ ½24:5125� f12ðhÞ�
1
2;

f12ðhÞ ¼ 4:9257 cos f13ðhÞ;
f13ðhÞ ¼ hþ arccos½f14ðhÞf15ðhÞ� þ arcsin½0:8056f15ðhÞ� � 1:5448;

f14ðhÞ ¼ 0:3004 cos hþ 0:5 cos2 hþ 0:5f16ðhÞ sin h� 1:5448;
f15ðhÞ ¼ 1:673 cos h� 2:09125;
f16ðhÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi� cos2 h� 0:0006 cos hþ 1:541
p

:

And the length of each link in the structure can be gained by associating Eqs. 11
and 12 above. The results simulated are listed in the right of Table 1.

3.3 Achievement of the Movement of Double Wings

We have presented that the movement of the bat is a combination of two parts. One is
flapping, the other is folding and unfolding. The structure (Fig. 7) is symmetrical.
There are two steering engines on the right part of the mechanism. And the function of
engine 1 is providing the torque of folding and unfolding of the wing while engine 2 is
providing a torque to flap up and down. Both of the movements have the same period.
While the wing is flapping down to the bottom, the wing is driven by engine 1 to fold
inside. While the wing is flapping up to the top, the wing is driven by engine 1 to
unfold outside. In the structure, the purpose to use four steering engines to control the
movement of the double wings is to make the movement of each wing be independent
with each other. Because the postures of the bats are diverse, just like level flight,
gliding, flashback and so on. And we want to make a model which is much more
similar to the real bat.
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Most parts of this mechanism are printed by a 3D printer with the material of
Polylactic Acid (PLA). There are five steering engines in the mechanism (Fig. 8). The
flapping motion is generated by the linkages and gears driven by steering engines 1–4.
The movement of the legs are driven by steering engine 5. All the engines are con-
trolled by the signal stored in the microcontroller. We divide the movement of the bat’s
wings into 3 simple movements. One is flapping, the second is folding and unfolding,
and the third one is the movement of the legs. When the wings of the bat robot are
flapping up, the legs will swing up and the wings will fold at the same time. While the
wings of the bat robot are flapping down, the legs will also swing down and the wings
will unfold. Kinematic experiments confirmed the function of wing mechanisms.

4 Computer Simulation and Prototype Experiment

Two models of the bat were built in different flight attitudes used for the statics analysis
(Fig. 9). The leg of the first model is not in the same plane as that of the body while the
second one is in the same plane of the body. We used the sheet as the membrane of bat
to simplify the models. The first model shows that the legs keep in one same plane as
that of the body as the double wings beat upward. The second model denotes that the
leg has an angle with the body when the wing is beating upward. With distributed
surface force applying to the wings, the solid mechanics analysis was accomplished by
the software ANSYS. The emulation images were obtained in Fig. 9 where (a), (b) and
(c), illustrate the equivalent stress, equivalent elastic strain and total deformation of the
first model, and (d), (e) and (f) are equivalent stress, equivalent elastic strain and total
deformation of the second model.

Engine 1 

Engine 2 

Fig. 7. Structure of the bat robot mechanism

Fig. 8. Bat robot mechanism based on the kinematics analysis and computer simulation
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We found that these two models had quite obvious differences. The stress con-
centration can be found in the simulation of the first model. So the equivalent stress and
elastic strain distributions of the second model are better than those of the first one. The
first model has a linear deformation from the body to the wingtip while the second has
an extremum in the middle of the wing. The forced movement of the second one is
more coincident with the flapping of the wings. Because the deformation of the second
one conform to the Bernoulli principle, the wings have a deformation that is needed to
generate the lift even in the process of up-beating. It may also be the reason why the bat
has a perfect flight in the low altitude with a low velocity and low flapping frequency.

5 Conclusions

We had given the method to design a bat robot. And the discussion of the degree of
freedom was presented, too. Even though the basic data which was used for the
calculation of the structure are measured in the pictures, the bat robot we made have
realized the functions as what the real bats have. We expected to imitate the flight of bat
by mixing several ordinary movements together. From the simulation of the models,
we found that the stress and strain distributions of the membrane changed cyclically in
flapping flight. However, the natural deformation of the membrane provides the
excellent profile to generate the lift during up-beating.
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Abstract. The use of cable-driven robots is growing because of several
important features, such as their structural simplicity and reduced mass and
production cost compared to rigid-structure robots. However, the cable-driven
mechanisms present some drawbacks, such as the fact that the cables are always
tensioned to avoid errors of trajectory of the end-effector. In addition, if this
necessary traction exceeds a maximum limit, cable breakage may occur. In this
sense, it is proposed in this paper a way to evaluate the cable tension conditions
in order to maintain the traction in each cable within an acceptable range, that
assure the good operation of the robot. For this, a planar truss of rigid links with
revolute joints is considered and one of the links is replaced by a cable. Then,
the schematic representation of the system is made and it is modeled statically
by the Davies method. In this way a homogeneous linear system is obtained that
is solved from the null space of the coefficient matrix and then finally the tension
in the cable can be evaluated.

Keywords: Cable-driven mechanisms � Cable tension conditions � Davies
method � Null space of matrix

1 Introduction

The study of cable-driven parallel mechanisms (CDPMs) began to be developed mainly
from 1985, when Landsberg and Sheridan proposed replacing rigid links from a Stewart
platform with cables [12]. Since then, many works have already been developed in this
area, as well as important robots, which are used for different applications and at
different scales.

The main challenge with respect to the mechanisms actuated by cables is precisely
the fact that the cables can only “pull” the end-effector and not “push” it [3, 9]. In this
sense, in order for the trajectory of the end-effector to be completely controlled, all
cables must always be subjected to tension, a feature that avoids the sagged-cables. In
spite of this, the tension to which the cables will be subjected can not exceed a certain
maximum value [2, 3, 9, 14] so that they do not cause deformation or even the rupture
of the cables.

The problem of sagged-cables has already been addressed in several works [1–4,
10, 11, 15–19], in which solutions are also proposed, mainly through the distribution of
the cable tension to determine the movement control of the end-effector or the
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workspace. An important fact that is verified with this revision, is that none of them
proposes the resolution through the Davies method.

In this paper we propose a way to approach the sagged-cables from the Davies
method [7, 8], which is an important tool to solve static and kinematic analysis of
mechanisms. The matrix equation obtained using the Davies method is solved using
linear algebra knowledge within vector spaces. From this, it is possible to evaluate the
magnitude of the tension force in the cables, have a vector view of these forces and
determine traction restrictions.

2 Cable-Driven Parallel Mechanisms

Like the parallel mechanisms of rigid structure, the cable-driven mechanisms have also
been the object of much interest and study in the last decades. They descend directly
from the Stewart platform (1965), since, in 1985, Landsberger and Sheridan [12]
proposed replacing the linear actuators of these rigid parallel structure with cables. In
this sense, the robots actuated by cables are also parallel structures, nevertheless, cables
take the place of the rigid legs. However, they have certain advantages compared to the
classic parallel robots [5], since they are lighter, that is to say, of easy displacement and
that a great number of cables can be had, which increases the supported load. Its
constructive features are similar to those of a Stewart platform. In fact, a cable-driven
mechanism is constituted by a mobile platform, where the end-effector is positioned, a
fixed platform or base, whose purpose is to sustain the load moved and give the
necessary rigidity to the robot, the cables, that allow the realization of the movement,
and the engine or actuators that drive the cables movement.

This mechanism type has become more studied since the last two decades, mainly
due to its large workspace and its structural simplicity [4], together with the reduced
cost of production [1, 13]. Its application is more focused on situations where rigid and
heavy manipulators are not the best choice. Although it has similar characteristics to the
classic parallel robots, there are certain important differences [5]. Some of them can be
characterized as advantages, such as the fact that the cables can be rolled up by the
drums very quickly, while the moving mass of the robot is very small. This allows the
robot to achieve acceleration and very high speeds in the end-effector [5, 14]. Also
because the mass of the moving parts is very small, these robots become more energy
efficient and thus suitable for the movement of heavier loads, acting as cranes. In
addition, by increasing the number of cables, one can modify the workspace, increase
the load capacity or even improve the safety of the one that is transported. Thus, a
greater number of cables is allowed than the number of degrees of freedom of the
end-effector and furthermore, if the position of these cables is favorable, the
end-effector can also still overcome some obstacles.

Although a cable-driven robot has a number of advantages over the classic rigid and
conventional robots, it also presents some problems in its use. Themain of these problems
was precisely inherited from the rigid parallel robots: restricted workspace [14]. It can be
said that this disadvantage is aggravated, because the cables can only be pulled [9, 14].
However, it is possible to change the length of the kinematic chain through the cable
winding drum, which overcomes the geometric limitation of the classic parallel robot

40 T. Muraro et al.



workspace [5], or even reposition the cable attachment points to the rigid structure,
making it reconfigurable [13].

The motion control of this type of robot is also nontrivial, since there may be
redundancy of traction, that is, there may be more cables than controllable degrees of
freedom, and thus the distribution of cable tension must be evaluated and how its
elasticity influences movement [5]. The kinematics of these manipulators is also
complex and to control them it is very important to find a strategy where real-time
computation is efficient [9].

3 The Davies Method

The Davies method is based on screw theory, graph theory, and Kirchhoff’s laws. It
generates results in the matrix form, requiring, in this way, a previous knowledge about
the matrix algebra to apply it. This method can be used to carry out studies on kine-
matics as well as on static mechanisms. Regarding the use of Kirchhof’s laws, the
method is based on the Circuits Law for kinematics, while for performing static
analysis, it is based on the Nodes Law [8].

In the static analysis of mechanisms the objective is to determine the existing
requests in the joints and, when there is contact with the environment, the efforts
existing in the end-effector. In the specific case of cable-driven mechanisms the main
objective is to evaluate the distribution of tension in the cables according to the load
carried, and with the pose of the mobile platform.

Although the main objective of the static analysis, for example, of cable actuated
robots is the determination of the tensions in the cables, Davies method allows to
determine at once all the requests existing in all the joints of the mechanism, thus
configuring an advantage of this method. While tension in the cables can be used to
analyze the work space, the efforts of the other joints are necessary for the complete
design of the mechanism. In addition, the solution by the Davies method is obtained
from the solution of systems of linear equations, which provides the visualization of the
results through a vector approach.

The Davies method consists basically of four steps. Firstly, the schematic and the
topological representations of the mechanism are made, with representation and
identification of the joints and the links and also with the positioning of a coordinate
system. Then the representation through an oriented graph is made. From the repre-
sentations, all the characteristics of the system are determined, such as the number of

actions C, and the parameters of the wrenches: orientation~S, position S0
!

and the pitch
h. Also the features related to graphs are made, such as the number of chords I, and of
cuts k. The third step consists in the matrix representation of the system. That is, the
wrenches – in this case $aFx ; $aFy ; $bFx ; $bFy ; $cFx ; $cFy ; $cMz ; $pFx ; $pFyand $pMz – are
described and the Cuts Matrix ½QA�k�C, which relates the actions to the cuts, is con-
structed. From these mathematical entities the Actions Matrix ½AD�k�C and also the
Network Unitary Actions Matrix ½ÂN �k:k�C are determined. Note that k is the order of
the system i.e. in the planar case k = 3 and in the spatial case k = 6. And finally, in the
last step, the laws of Kirchhoff are applied, generating the homogeneous system
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ÂN
~W ¼~0; ð1Þ

where ~W is the wrenches magnitudes vector.
The system must be solved by separating the variables between the primary ones

(generally known and that determine the system completely) and the secondary ones
(that one wishes to know). Thus, the system stop being homogeneous and the matrix of
coefficients becomes square. In this way, only solution can be determined.

More information about the Davies method (details and examples) can be found
in [6–8].

4 Methodology for the Evaluation of Cable Tension

Here we propose a methodology for evaluation the cable tension problem in planar
cases. The tension problem, as explained previously, consists of the evaluation of the
tensions of the cables in order to avoid sagged-cables, that is, the tension in each cable
must be between a positive minimum value and a maximum value. Such limiting
values are determined by several factors including, especially, cable and actuator
characteristics. In this sense, the following steps are proposed to evaluate these tensions
in the cables. The first one consists in the replacement of the cables by prismatic pairs
connected to the rigid links through revolute joints. The second step is the resolution of
the static problem following the steps of the Davies method until the application of the
Kirchhoff’s laws, that is, until to obtain the system of the Eq. 1. The next step is the
resolution of the homogeneous system that involves the network unitary actions matrix
through the determination of the matrix null space of it. In the fourth step it obtains
convenient relations between the variables of the problem. These variables are the
magnitudes of the screws that represent the system. Finally, the end step consists of
generating a graphical representation of the relationships described in the previous
step. In this paper, the components of the force in the cable, Fx and Fy, are plotted,
which generates a vector representation of the feasible tensions in the cable, according
to determined geometric features of the mechanism.

The first problem solved is that of a planar truss, in a horizontal plane, in which one
of the rigid links is replaced by a cable. This problem has been identified as the simplest
possible type because the weight force generated by the mass of the mobile link acts in
a plane perpendicular to that of the motion. The second case proposed and studied is
only a variation of the first case consisting of a planar truss, but in a vertical plane. The
difference with respect to the previous case is that here we consider the gravity acting
on the bar that is not fixed, that is, the weight force generated by the mass of that link
acts in the same direction of the movement.

4.1 Case Study

The first case to be studied is, as explained earlier, the simplest case. It is considered a
planar mechanism with three links, two rigid links being connected by a rotating joint
and a cable, which is considered the third link, as shown in Fig. 1a. The placement of
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this cable is made so that the rigid links of the lattice can move around and thus assess
conditions in which it breaks or becomes loose. The change in length of the cable,
caused by the joint c, causes the opening angles formed by the cable and by each rigid
link to also change. Thus, the joints a and b, rotating, were considered in the repre-
sentation. To solve the problem, the link representing the cable has been replaced by a
prismatic pair, connected to each rigid link through a rotating joint. This allows to
evaluate the resultant force on the prismatic joint from the movement of the revolute
joint c, and thus to determine whether the force evaluated is of traction or compression.
The schematic representation with the cited substitution is shown in Fig. 1b. The joints
are represented by the letters a, b, c and p, while the links are numbered from 0 to 3.

In order to use the Davies method for static analysis, we consider the couplings
graph representation, showed in Fig. 2a. Using the Graph Theory, the number of
chords I and cuts k is determined through the equations

I ¼ e� vþ 1 ð2Þ

and

k ¼ v� 1 ð3Þ

respectively, where e is the number of the edges and v is the number of the vertices of
the coupling graph (Fig. 2a).

Fig. 1. Planar truss. (a) Physical model. (b) Representation in the coordinate system.

Fig. 2. Graph representation. (a) Coupling graph. (b) Actions unit graph.
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The dotted edge of the coupling graph (Fig. 2a) represents a string and the lines that
cut the edges are the cuts in the Fig. 2b. Since this problem is solved for the planar
case, k ¼ 3, each joint can has a maximum of three actions – two of force and one of
moment. In this sense, each non-actuated revolute joint has two force constraints, while
the actuated one has the same two constraints besides of the momentum action,
imposed by the engine actuation. Already for the prismatic joint, not being actuated, it
is clear that its motion is conditioned to the actuation of the engine and then it is
considered the existence of the momentum restriction and the two force restrictions
imposed by the engine. In this sense, the action graph (Fig. 2b) contains the 10 edges
representing actions.

Thus, one can determine the cuts matrix, which relates each action (in the columns)
with each cut (in the rows). Then, using the cuts matrix and also the wrenches that
represent the actions, the network unit actions matrix is determined

ÂN ¼

y1 �x1 �1 0 0 0 0 0 0 0
�1 0 0 1 0 0 0 0 0 0
0 �1 0 0 1 0 0 0 0 0
y1 �x1 �1 0 0 �y1 x1 0 0 0
�1 0 0 0 0 1 0 0 0 0
0 �1 0 0 0 0 1 0 0 0

�y1 x1 1 0 0 0 0 0 x2 1
1 0 0 0 0 0 0 1 0 0
0 1 0 0 0 0 0 0 1 0

2
6666666666664

3
7777777777775

ð4Þ

By applying the cuts law, one gets the homogeneous system of the Eq. 1, where

~WT ¼ ½FpxFpyMpZFaxFayFbxFbyFcxFcyMcz � ð5Þ

is the vector of linear system variables and the coefficient matrix is the one in Eq. 4.
So far, the steps of Davies method [6] have been followed literally. Now, the

separation of variables in primary and secondary will not be done, as the method
suggests. The idea is to use linear algebra knowledge to solve the problem, that is, to
determine the null space of the coefficient matrix. For this, the “nullspace” function was
used in the Maxima® program.

In order to obtain a more general equation, depending only on the h angle, the
following substitutions were made

x1 ¼ x2 � jbcj cos h ð6Þ

and

y1 ¼ jbcj senh; ð7Þ
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Thus, the system solution is given by

Fpx
Fpy
Mpz
Fax
Fay
Fbx
Fby
Fcx
Fcy
Mcz

0
BBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCA

¼ d

x2 � jbcj cos h
jbcj senh

0
x2 � jbcj cos h

jbcj senh
x2 � jbcj cos h

jbcj senh
�ðx2 � jbcj cos hÞ

�jbcjsenh
x2jbcj senh

0
BBBBBBBBBBBBB@

1
CCCCCCCCCCCCCA

; ð8Þ

where d is a real constant.
Note that the solution variables are only the constant d and the h angle, which is

given by the problem geometry. Thus, by determining a value for any of the forces or
moments, with the exception of MCz, because it is null, the system is completely
determined. Note also that the set of forces and momentum relative to the prismatic
joint is represented by the wrench

$p ¼Fpx

�jbcj senh
1
0

8<
:

9=
;þFpy

x2 � jbcj cos h
0
1

8<
:

9=
;þMpz

1
0
0

8<
:

9=
;¼ d

0
x2 � jbcj cos h

jbcj senh

8<
:

9=
;:

ð9Þ

It is known from the screw theory that the magnitude of the wrench is

j Fp
�!j ¼ jdj

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x22 � 2x2jbcj cos hþ jbcj2

q
: ð10Þ

The magnitude of the wrench represents the absolute value of the force, which in
this case must be evaluated. This force represents the tension (or compression) in the
cable which is subject an initial condition, to avoid sagged-cables,

Fp � 0: ð11Þ

In the second problem, the schematic representations are equal to the first problem.
However, the addition of the gravity force adds one more edge to the action graph and
them, one more column in the cuts matrix and also in the network unit action matrix. In
this way, the system solution for Eq. 1 is as fallows, where d and c are real constants.
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Fpx
Fpy
Mpz
Fax
Fay
Fbx
Fby
Fcx
Fcy
Mcz
Fext

0
BBBBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCCCA

¼d

0
0
0
0
0
0
0
1

jbcj cos h
2 � x2
�1

0
BBBBBBBBBBBBB@

1
CCCCCCCCCCCCCA

þ c

�ðx2 � jbcjcos hÞ
�jbcjsenh

0
�ðx2 � jbcjcos hÞ

�jbcjsenh
�ðx2 � jbcjcos hÞ

�jbcjsenh
x2 � jbcjcos h

jbcjsenh
�x2jbcjsenh

0

0
BBBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCCA

: ð12Þ

5 Results and Discussion

The results with respect to the truss system whit external force, in this case gravity,
generated force maps equal to those of the truss case in the horizontal plane. In fact, the
tension forces in the cables are not influenced by the weight of the rigid link, which will
have an influence on the traction that must be exerted by the imposed actuator. In this
sense, it can be verified that the procedure for solving this case is the same as in the
previous case, unless the imposition of one more edge in the actions graph representing
the force weight. It is also possible to verify that when considering, in Eq. 8, a null
external force, the solution is the same as in the previous case, which validates the
proposed methodology. In fact, the gravity will have no direct influence on the cable
tension, but rather on the engine torque.

The methodology used produced interesting results regarding the tensile strength in
the cable that was considered in the problem. A map of the tensions that can solve the
system was generated, given a certain geometry of the truss. In the Fig. 3 is possible to
see three graphs that present force maps for three different sizes of the truss. In the first
one – Fig. 3a – the map was generated considering the fixed link with twice size of the
other rigid link. In Fig. 3b, the map was generated for the two rigid links with identical
sizes and for Fig. 3c the fixed link was considered half size of the other rigid link, with
all measurements in meters.

These graphs present a greater region than the one that one intends to work,
considering different geometries for the truss. However, it is an interesting result, since
the sought-after set of the forces that are only tension is a sub-region of those shown in
the graphics. In this sense, an important feature of the force maps is the possibility of
making an initial estimate for the actuators. Given a region of the force map, that is, a
desired set of forces, it is possible to properly restrict the range of or even to determine
a single one and thus determine all other forces and moments acting on the system.
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6 Conclusions

Finally, the development of this methodology for the distribution of tension forces in
the cables of CDPMs by adapting the Davies method contributes significantly to the
studies of this type of mechanism. The determination of the workspace of CDPMs
should become more evident, as well as the trajectory control of its end-effector, which
has the contribution in this methodology. In addition, it is very useful to evaluate the
force capability of a CDPM, besides expanding the use of the Davies method and
assisting the design of the mechanism, facilitating, for example, the choice of actuators.
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eng.estevan.murai@gmail.com

2 Federal University of Santa Catarina, Joinville, Santa Catarina, Brazil

Abstract. The identification of feasible kinematic structures is a chal-
lenge in early stages of mechanism design. Structural characteristics, such
as connectivity, redundancy and variety can be used to identify promis-
ing chains. In this paper, a new structural characteristic is proposed; the
actuated degree-of-control. Initially some structural characteristics are
reviewed, then the actuated degree-of-control is proposed, focusing on its
definition and purpose. Examples will show how the new structural char-
acteristic can be used to aid the designer in the design process and how
it differs from previous structural characteristics. Finally, a discussion is
presented, showing the key points in the actuated degree-of-control.

Keywords: Actuated degree-of-control · Kinematic chain selection ·
Degree-of-control · Connectivity · Mechanism design

1 Introduction

In the early stages of mechanism design, the design decisions are often taken rely-
ing on the designer’s experience, intuition and knowledge. A mechanism design
challenge is the identification of promising kinematic structures according to
functional and design requirements. Mechanism design methodologies together
with structural characteristics can be used to aid the designer in selecting promis-
ing kinematic structures [1–3].

There are different approaches for mechanism design, such as graph-based
mechanism synthesis [4–11], building blocks-based mechanism synthesis [12–15]
and type synthesis of parallel mechanisms [16–20]. Here we focus on tools for mech-
anism design methodologies based on the graph approach, which use the mobility
criterion. Despite the mobility criterion fails at some particular cases [21,22], for
mechanisms with general dimensions and parameters this criterion is valid and
quite useful at this early stage of mechanism design and it is a base for several
enumeration techniques in the literature, see for instance Mruthyunjaya [22].

The enumeration-based approaches usually generate a great number of kine-
matic chains, making it harder for the designer to identify promising results to
proceed with the synthesis or unfeasible results to reduce the number of options
[1,2]. Structural characteristics such as connectivity, the degree-of-control and
c© Springer International Publishing AG 2018
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redundancy have been studied and used by several authors to aid in the kine-
matic chain selection [1–3,23–33]. Belfiore [3] proposed the degree-of-control and
redundancy concepts to aid the designer in the selection of mechanisms with
kinematic redundancy. Tischler [2] defined the variety to identify feasible chains,
greatly reducing the number of outcomes.

It is desirable to have topological characteristics that are easily correlated to
functional or design requirements, creating a bridge between feasible kinematic
structures and functional and design requirements.

In this paper we propose a new structural characteristic: the actuated
degree-of-control. Section 2 presents a review on some structural characteristics.
Section 3 defines the actuated degree-of-control. Section 4 presents examples that
compare the actuated degree-of-control with the degree-of-control, showing how
the actuated degree-of-control can be used to aid the designer in the mechanism
design process. Finally, Sect. 5 presents a discussion on both degree-of-control
concepts. An algorithm for calculating the actuated degree-of-control will be
proposed future works.

2 Review on Connectivity, Degree-of-Control
and Redundancy

This section reviews the definition of connectivity, degree-of-control and redun-
dancy, focusing on their use during mechanism design.

The connectivity was introduced by Hunt [23] as

“...the concept of connectivity between two members is very simple,
being nothing more than their number of relative [degrees of] freedoms”
(pp. 30–31).

Phillips [24] introduced the concept of joint-in-the-bag for a better understanding
of the connectivity. The connectivity is represented by a symmetric matrix Cn×n,
being n the number of links in a kinematic chain. Although the concept of connec-
tivity is clear, to devise an algorithm that yields the correct connectivity matrix
for any kinematic chain is not straightforward. Several algorithms were proposed
by Shoham and Roth [28], Belfiore and Benedetto [3], Liberati and Belfiore [29],
Carboni and Martins [31,34] and, for the planar case, Huang et al. [1].

The degree-of-control concept was introduced by Belfiore and Benedetto [3] as

“...the symmetric matrix whose element K(i, j) is equal to the minimum
number of independent actuating pairs needed to determine the relative
position between the two links i and j” (p. 2).

The degree-of-control is represented by the symmetric matrix Kn×n, but differ-
ently from the connectivity, the degree-of-control is not upper bounded by the
screw-system order λ. Belfiore and Benedetto [3] presented an algorithm to cal-
culate the degree-of-control, Carboni and Martins [31,34] presented an algorithm
which overcomes some deficiencies of previous algorithms.



Actuated Degree-of-Control: A New Approach for Mechanisms Design 51

The redundancy concept was introduced by Belfiore and Benedetto [3] as
the number of degree-of-control that exceeds the connectivity between links
i and j. The redundancy is represented by the symmetric matrix Rn×n and
can be obtained by a simple matrix subtraction of C from K. As the degree-of-
control is not upper bounded by the screw-system order, the redundancy matrix
elements are non-negatives. Also, a kinematic chain presents redundancy if there
is at least one pair of links i and j where K(i, j) > C(i, j).

Belfiore and Di Benedetto [3] mention that “The redundancy matrix is
defined to provide designers with a useful support in the first conceptual phase of
the project of a new manipulator”(p. 1) and “The degrees-of-control and redun-
dancy matrices have been also introduced, with the aim of extending the concept
of connectivity to the class of redundant manipulators” (p. 2). Thus, it is implicit
that the objective behind the degree-of-control and redundancy concepts is to
aid in the designing of redundant manipulators or redundant mechanisms.

In field of parallel mechanisms synthesis, redundancy is classified in three
types [35,36]: kinematic redundancy, actuation redundancy with in branch
redundancy and actuation redundancy with branch redundancy. Regarding this
types of redundancy, the redundancy defined by Belfiore and Benedetto is the
kinematic redundancy.

The connectivity, degree-of-control and redundancy are structural character-
istics related to the kinematic chain. Thus, when analyzing a mechanism, the
matrices C, K and R are established disregarding which is the reference link,
which are the output links and in which pairs the actuators are placed. How-
ever, when designing a redundant mechanism, C, K and R indicates which links
presents redundancy and are feasible to be chosen as reference and output links.

To ilustrate K, C and R, a planar kinematic chain is presented in Fig. 1a and
Eq. 1 shows the connectivity and redundancy for this chain while Eq. 2 shows
the degree-of-control. The non-zero element R(1, 9) in Eq. 1 indicates links 1
and 9 as promising choices for reference and output links when redundancy or
dexterity are required.

C =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 1 2 3 2 1 3 3 3 3 3 3
1 0 1 2 3 2 2 3 3 3 3 3
2 1 0 1 2 3 1 2 3 3 3 3
3 2 1 0 1 2 2 3 3 3 3 2
2 3 2 1 0 1 3 3 3 3 2 1
1 2 3 2 1 0 3 3 3 3 3 2
3 2 1 2 3 3 0 1 2 3 3 3
3 3 2 3 3 3 1 0 1 2 3 3
3 3 3 3 3 3 2 1 0 1 2 3
3 3 3 3 3 3 3 2 1 0 1 2
3 3 3 3 2 3 3 3 2 1 0 1
3 3 3 2 1 2 3 3 3 2 1 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

R =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 0 0 0 0 0 1 2 2 1 0
0 0 0 0 0 0 0 0 1 2 2 1
0 0 0 0 0 0 0 0 0 1 1 0
0 0 0 0 0 0 0 0 1 1 0 0
0 0 0 0 0 0 0 1 1 0 0 0
0 0 0 0 0 0 1 2 2 1 0 0
0 0 0 0 0 1 0 0 0 0 1 1
1 0 0 0 1 2 0 0 0 0 0 1
2 1 0 1 1 2 0 0 0 0 0 0
2 2 1 1 0 1 0 0 0 0 0 0
1 2 1 0 0 0 1 0 0 0 0 0
0 1 0 0 0 0 1 1 0 0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(1)
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Fig. 1. Planar kinematic chain and actuators placement.

3 Actuated Degree-of-Control

The actuated degree-of-control is a structural characteristic proposed here which
aims to aid the designer at the early stages of mechanism design. Differently
from the previously presented structural characteristics, the actuated degree-of-
control is applied to kinematic chains with all actuators located (or input pairs
identified). Also, it can be applied for mechanisms with or without redundancy.

Definition: the actuated degree-of-control is the quantity of inputs that affect
the relative positioning between two links in a kinematic chain with the actuated
joints defined.

The actuated degree-of-control is represented by the symmetric matrix
KAn×n. A possible way to determine the number of actuators that affect the
relative positioning between two links using the gradual freezing approach. This
approach was used by Mruthyunjaya and Raghavan [37] to analyze kinematic
chains and by Liberati and Belfiore [29] to calculate a kinematic chain connectiv-
ity. However, when calculating the actuated degree-of-control only the kinematic
pairs with actuators can be frozen. Then, different sets of actuators are frozen,
looking for the minimum set that constrains the motion between those two links.

The kinematic chain from Fig. 1a is the same as the one in Fig. 1b but with
the input pairs identified. The degree-of-control of the unactuated chain and the
actuated degree-of-control for the actuated chain are respectively

K =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 1 2 3 2 1 3 4 5 5 4 3
1 0 1 2 3 2 2 3 4 5 5 4
2 1 0 1 2 3 1 2 3 4 4 3
3 2 1 0 1 2 2 3 4 4 3 2
2 3 2 1 0 1 3 4 4 3 2 1
1 2 3 2 1 0 4 5 5 4 3 2
3 2 1 2 3 4 0 1 2 3 4 4
4 3 2 3 4 5 1 0 1 2 3 4
5 4 3 4 4 5 2 1 0 1 2 3
5 5 4 4 3 4 3 2 1 0 1 2
4 5 4 3 2 3 4 3 2 1 0 1
3 4 3 2 1 2 4 4 3 2 1 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

KA =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 1 2 3 3 1 3 4 5 6 7 7
1 0 1 3 3 2 2 3 4 5 7 7
2 1 0 3 3 3 1 2 3 4 7 7
3 3 3 0 3 3 4 5 6 7 7 7
3 3 3 3 0 3 4 5 6 7 7 7
1 2 3 3 3 0 4 5 6 7 7 7
3 2 1 4 4 4 0 1 2 3 7 7
4 3 2 5 5 5 1 0 1 2 7 7
5 4 3 6 6 6 2 1 0 1 7 7
6 5 4 7 7 7 3 2 1 0 7 7
7 7 7 7 7 7 7 7 7 7 0 7
7 7 7 7 7 7 7 7 7 7 7 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(2)
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This set of input pairs in the example of Fig. 1b is not unique and other sets
could be devised. Different input pairs selections lead to a different actuated
degree-of-control, although in simple cases the actuated degree-of-control can be
the same, e.g., kinematic chains with mobility one. The two matrices in Eq. 2 are
different. This difference arises because the degree-of-control definition considers
the minimum number of independent actuating pairs but it does not consider
where the actuators pairs are while the actuated degree-of-control regards the
input pairs selected as a requirement to be complied. In the mechanism design
process, the actuated degree-of-control can be used to select the reference and
the output links after all possible actuated chains are listed.

Finally, regarding the actuated degree-of-control:

– To calculate the actuated degree-of-control the input pairs must be identified.
– The inputs considered here are placed at pairs directly connecting two links.
– The actuator placement must be properly done. In this sense, a proper actu-

ator placement results in all links having their position determined while no
conflicts among actuators arise.

– When the kinematic chain has mobility one the degree-of-control, connectivity
and actuated degree-of-control are identical matrices.

4 Comparison Between Degree-of-Control and Actuated
Degree-of-Control

This section presents two examples to compare the degree-of-control and actu-
ated degree-of-control and the purpose of their use in the design process.

4.1 Designing a Reciprocating Compressor with Variable
Compression Ratio

Let us consider the design of a reciprocating compressor with variable compres-
sion ratio. Several design requirements and different concepts can be listed, but
for the purpose of evaluating both concepts of degree-of-control let us consider a
simple topology, with one independent loop and a fixed cylinder head.

The compressor requires two DOF, one for actuating the mechanism that
compresses the air and another responsible for changing the compression ratio.
For simplicity, we limit the scope to planar mechanisms (λ = 3), although other
screw systems could be explored. Once the mobility, number of independent
loops and the order of the screw system have been established, only one parallel
kinematic chain can be generated (M = 2, ν = 1, λ = 3). Different structural
requirements could be used to generate more kinematic chains; however, the
focus of this example is not to be a complete example of mechanism design
but to show how these structural characteristics retrieve information on the
kinematic chain. The enumeration method is out of scope of this paper, details
on enumeration can be seen in [38–41].

Figures 2a and b shown respectively the kinematic chain (KC) generated
and the kinematic chain with input pairs (IP) identified. The connectivity,



54 E.H. Murai et al.

Fig. 2. Mechanism for a compressor with variable compression ratio.

degree-of-control and the actuated degree-of-control (for the chain in Fig. 2b)
are respectively

C = K =

⎡
⎢⎢⎢⎢⎣

0 1 2 2 1
1 0 1 2 2
2 1 0 1 2
2 2 1 0 1
1 2 2 1 0

⎤
⎥⎥⎥⎥⎦

KA =

⎡
⎢⎢⎢⎢⎣

0 1 2 2 2
1 0 1 2 2
2 1 0 2 2
2 2 2 0 2
2 2 2 2 0

⎤
⎥⎥⎥⎥⎦

(3)

The mechanism does not present kinematic redundancy since the connectivity
is equal to the degree-of-control. This can be verified because M ≤ λ.

Different choices for input pairs are possible but do not affect the degree-of-
control. Regarding the actuated degree-of-control, a different input pairs selec-
tion results in a different actuated degree-of-control matrix, but with similar
outcome.

From the desired functionality two structural requirements can be listed:

– The actuated degree-of-control between piston and block is two. This require-
ment arises because both actuators should affect the piston positioning in
relation to the block to achieve a variable compression ratio compressor.

– For the purpose of simplicity, the connectivity between block and piston is
one. This requirement arises because in a reciprocating compressor it is usual
to directly connect piston and block.

The pairs of links which present Ci,j = 1 and KAi,j = 2 are: (3, 4); (4, 5);
(1, 5). Figure 2c shows the functional representation of one possible mechanism
generated by choosing link 1 and 5 as block and piston, respectively. In this
mechanism, an actuator moves link 2 along the prismatic pair between links
1 and 2, changing the crankshaft position (link 3) and hence, the compression
ratio.

Figure 3a shows the functional representation of one possible mechanism gen-
erated by using link 2 as block and link 3 as piston. In t his case, only one actuator
affects the piston position (IP1) and the KAi,j = 2 requirement is not satisfied.
Figure 3b shows the functional representation of one possible mechanism gener-
ated by using link 2 as block and link 4 as piston. In this case, the piston is not
directly connected to the block and the Ci,j = 1 requirement is not satisfied.

The connectivity and the actuated degree-of-control are related to functional
requirements. The connectivity requirement can be established by analyzing the
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Fig. 3. Unfeasible mechanism for compressor with variable compression ratio.

desired degree-of-freedom for the output link and the actuated degree-of-control
requirement can be established by analyzing how many actuators are desired to
control the output link position.

The position of the piston in relation to the block is defined by both actuators,
KA(1, 5) = 2, although the degree-of-control indicates the minimum number of
actuators is one, K(1, 5) = 1. The degree-of-control is useful when designing
mechanisms with kinematic redundancy. It effectively indicates which pairs of
link present kinematic redundancy, aiding the designer in the selection of ref-
erence and output links. However, the degree-of-control evaluates the minimum
number of independent actuating pairs disregarding at which pairs the actuators
are placed. Thus, the degree-of-control does not indicate how many actuators
affect the relative positioning between two links (in mechanisms with or without
kinematic redundancy) and cannot be used by the designer to chose links based
on how many inputs control each link.

4.2 Designing a Mechanism with Two Inputs and Two Outputs

Let us consider the designing of a planar mechanism with mobility equals to two
and two output links. For a given mechanism purpose, the first output link should
be controlled by both input pairs while the second output link should be controlled
only by one input pair. Examples of applications that can require two inputs and
two outputs are stitching mechanisms and gripper mechanisms

To reduce the number of possibilities only kinematic chains with two inde-
pendent loops and input pairs at the same polygonal links are analyzed. The
four kinematic chains generated are shown in Fig. 4. The possible input pairs
selections for the kinematic chains in Fig. 4 are exposed in Table 1, resulting in
six different kinematic chains with actuators defined. Other input pairs place-
ments are isomorphic or not at the same polygonal link. This procedure could
be equally applied to other actuator choices or number of independent loops.

With the input pairs identified some symmetries of the kinematic chains
are broken, yielding more possible combinations. The same asymmetry occurs
after choosing one output link, resulting in less symmetries and more options
for the second output link. The six actuated chains of Table 1 present 37 non-
isomorphic inversions, and have around one thousand possible combinations for
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Fig. 4. Planar parallel kinematic chains for M = 2 and ν = 2.

Table 1. Input pairs selections for kinematic chains in Fig. 4.

Kinematic chain Fig. 4a Fig. 4b I Fig. 4b II Fig. 4c Fig. 4d I Fig. 4d II

Input pairs (a; h) (a; b) (a; c) (a; b) (a; b) (a; c)

Actuated degree-of-control KAI KAII KAIII KAIV KAV KAVI

non-isomorphic reference and output links selection. All combinations can be
generated and then analyzed manually or automatically, however it is time-
consuming. Among these combinations there are several unfeasible ones regard-
ing the output links requirements and they must be eliminated. Other option is
to use the actuated degree-of-control to identify beforehand the feasible options
for reference and output links, as proposed in Sect. 4.1.

For each input pairs combination in the second line of Table 1 one actuated
degree-of-control is evaluated. These matrices in the same order of Table 1 are

KAI =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 1 1 1 1 1 1
1 0 1 1 2 2 2
1 1 0 1 2 2 2
1 1 1 0 2 2 2
1 2 2 2 0 1 1
1 2 2 2 1 0 1
1 2 2 2 1 1 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

KAII =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 2 1 2 2 2 1
2 0 2 2 2 2 2
1 2 0 2 2 2 2
2 2 2 0 2 2 2
2 2 2 2 0 2 2
2 2 2 2 2 0 2
1 2 2 2 2 2 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

KAIII =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 2 1 2 2 1 2
2 0 2 2 2 2 2
1 2 0 2 2 2 2
2 2 2 0 2 2 2
2 2 2 2 0 2 2
1 2 2 2 2 0 2
2 2 2 2 2 2 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

KAIV =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 1 1 2 2 1 1
1 0 2 2 2 1 1
1 2 0 2 2 2 2
2 2 2 0 2 2 2
2 2 2 2 0 2 2
1 1 2 2 2 0 1
1 1 2 2 2 1 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

KAV =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 1 1 2 2 1 1
1 0 2 2 2 1 1
1 2 0 2 2 2 2
2 2 2 0 2 2 2
2 2 2 2 0 2 2
1 1 2 2 2 0 1
1 1 2 2 2 1 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

KAVI =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 1 1 2 2 1 1
1 0 2 2 2 1 1
1 2 0 2 2 2 2
2 2 2 0 2 2 2
2 2 2 2 0 2 2
1 1 2 2 2 0 1
1 1 2 2 2 1 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

(4)
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Although matrices KAIV
, KAV

and KAVI
are equal, their kinematic

chain topologies are different in connection among links or actuators choice. Also,
with the exception of KAI

, the other actuated degree-of-control differ from the
degree-of-control of their respective chains.

The first line of matrix KAI
in Eq. 4 shows that the quantity of inputs that

determine the relative position between link 1 and any other link is always one.
For instance, the relative position of links 1 and 3 is determined by one input
at pair a, KAI

(1, 3) = 1, as well as the relative position between links 1 and 5
by input at pair h, KAI

(1, 5) = 1. Hence, link 1 is not a valid selection for the
reference link because, given the design requirements, no other link is eligible for
output link 1, which must be controlled by two inputs.

Similarly, the second line of matrix KAII
in Eq. 4 shows that when link 2

is selected as reference link the remaining links have their position in relation
to link 2 determined by both input pairs. Given the design requirements, it is
not possible to select a link for output link 2. Thus, link 2 in this corresponding
actuated kinematic chain is not a valid selection for reference link.

In this example, valid reference link selections have lines with both 1’s and 2’s
in the actuated degree-of-control matrix. For instance, the sixth line of matrix
KAIV

has both 1’s and 2’s, being link 6 in this corresponding actuated chain a
valid selection for reference link. Regarding this kinematic inversion, there are 6
different link options remaining for the first output and 5 different link options
remaining for the second output, yielding up to 30 combinations. Notice that
the actuators placement breaks the symmetry, increasing the number of possible
combinations. Among those 30 combinations several are unfeasible according
to the output requirements (quantity of inputs controlling each output). One
possible solution is to generate and evaluate each combination regarding the
requirements. However, the feasible candidates for output link 1 and 2 can be
seen through an analysis of the sixth line elements. The third, fourth and fifth
elements are valid options for the first output link (KAIV

(6, 3) = 2, KAIV
(6, 4) =

2 and KAIV
(6, 5) = 2). The first, second and seventh elements are valid options

for the second output link (KAIV
(6, 1) = 1, KAIV

(6, 2) = 1 and KAIV
(6, 7) = 1).

Thus, with 3 options for each output link, there are 9 feasible mechanisms.
Analyzing the six matrices, in total 24 feasible and non-isomorphic kinematic

inversions are possible, i.e., 24 lines with 1’s and 2’s. The first prediction was
37 inversions, but 13 inversions do not present valid choices for both output
links. Repeating the procedure done to the sixth line of matrix KAIV

to all the
remaining 23 lines yields a total of 178 feasible non-isomorphic mechanisms with
both output links selected.

This simple example shows how the actuated degree-of-control matrix can
be used to identify feasible reference and output links, instead of generating
all possible combinations of mechanisms with output links identified and then
analyzing which are feasible and which are unfeasible.
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5 Discussion on the Actuated Degree-of-Control

The degree-of-control is useful when designing mechanisms with kinematic
redundancy [3]. In a mechanism design methodology, the degree-of-control can
be used to identify which couples of links present kinematic redundancy in a
kinematic chain; thus, aiding the designer while choosing reference and output
links for a mechanism with kinematic redundancy.

The actuated degree-of-control is useful when designing mechanisms with or
without kinematic redundancy. In a mechanism design methodology, the actu-
ated degree-of-control can be used to identify which couples of links have their
position controlled by a given number of inputs in a kinematic chain with actu-
ators defined.

In general, the degree-of-control and actuated degree-of-control matrices are
different. These differences arise because the degree-of-control considers the min-
imum number of independent actuating pairs disregarding where the input pairs
are actually placed. Besides, the actuated degree-of-control matrix depends on
the actuators placement, thus, while a kinematic chain has one degree-of-control
matrix it can have several different actuated degree-of-control matrices. By def-
inition, the actuated degree-of-control matrix yields the number of input pairs
that control the position between each two links. As the actuated degree-of-
control and the degree-of-control can be different, using the degree-of-control to
select links according to how many inputs controls them can yield wrong results
while discarding feasible options.

In the designing process, the desired motions between the reference and out-
put links is usually known or determined in the early stages from the design
requirements and the mechanism application. So, it is possible to establish or
have an initial estimate on the number of actuators that should affect each out-
put link, as Sect. 4.1 exemplifies it. On this point, the actuated degree-of-control
is a tool that relates the desired functionality from the early stages of mecha-
nism design to the kinematic structure selection stage, creating a bridge between
them. As Sect. 4.2 exposes, the actuated degree-of-control can be effectively used
to identify feasible sets of reference and output links in actuated chains, aiding
the designer in this abstract step of mechanism design.

Some mechanism problems present design requirements regarding the refer-
ence link selection. When the reference link selection is constrained to a few
links, then it is only necessary to evaluate the actuated degree-of-control in rela-
tion to those links, i.e., evaluate the respective lines or columns of KA instead
of the whole matrix.

A complementary concept for actuated degree-of-control is to identify which
are the inputs subset that affects the relative positioning between two links. This
can be useful when designing mechanisms with multiple inputs and outputs, such
that each output depends on an input subset. An actuated degree-of-control
with distinguished inputs can be used to match the generated chain outputs and
inputs with the desired characteristics for the outputs and inputs.
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Finally, despite the main use of the actuated degree-of-control be related to
the topological synthesis and analysis, the same concept has collateral effects
on later phases of machine design such as dimensional synthesis and actuator
selection.

6 Conclusions

In this paper the actuated degree-of-control was proposed. Differently from the
existing structural characteristics, the actuated degree-of-control represents how
many inputs affect the relative positioning between two links in a kinematic
chain with actuators defined.

The examples showed how the difference between the degree-of-control and
the actuated degree-of-control arises and how the actuated degree-of-control can
be used to select feasible reference and output links in a kinematic chain with
actuators placed. The actuated degree-of-control was used to identify which ref-
erence link choices do not yield output links controlled by the required amount
of inputs. Also, for a feasible selection of reference link, the actuated degree-of-
control showed which are the feasible options for output links given the number
of inputs required to control the outputs.

The same method can be applied to more complex kinematic chains, regard-
ing number of independent loops, inputs and outputs. It can also be used in
chains with or without kinematic redundancy.
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41. Ding, H., Huang, P., Kecskeméthy, A.: The 14th IFToMM World Congress, pp.
25–30. Taiwan, Taipei, October 2015



Analysis of Self-aligning Mechanisms by Means
of Matroid Theory

Andrea Piga Carboni(B), Henrique Simas, and Daniel Martins

UFSC - Universidade Federal de Santa Catarina, Florianópolis, Brazil
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Abstract. This papers deals with the investigation of the linear depen-
dence and independence of freedoms and constraints in a given mecha-
nism by the application of matroid theory. A new and original approach,
based on matroid theory, is proposed and applied for solving two differ-
ent problems of mechanism: enumeration and selection of self-aligning
mechanism kinematically equivalent to a given mechanism. Two novel
algorithms are presented and examples of application are provided.

Keywords: Overconstraint · Mechanism · Self-aligning · Matroid

1 Introduction

Self-aligning mechanisms are mechanisms which present no redundant con-
straints, where redundant constraints can be defined as those constraints whose
elimination does not change the mobility of the mechanism.

The kinematic design, i.e. the use of exact constraints, is historically
attributed to James Clerk Maxwell [25]. Later Pollard [30] and Hale and Slocum
[18] applied the kinematic design principles to scientific instruments.

Reshetov [31] focuses on the concept of self-alignment for general mecha-
nisms, appointing for the disadvantages of redundant constraints, such as call
for higher accuracy in manufacture, increase in weight and size and general
reduction of efficiency. Reshetov introduced a method for overconstraint evalua-
tion, based on topology analysis of mechanisms. This method is based on visual
inspection on the structure of a mechanism, and does not require any modelling
of constraints in terms of screw theory.

A qualitative approach to self-aligning analysis is proposed by Kamm [20] and
Blanding [2]. They claim the use of kinematic design principles as an essential
requirement for the design of instruments and accurate mechanisms. An alter-
native approach for handling with redundant constraints is proposed by French
and Council [17], based on kinematic and elastic design.

Whitney [36] and Shukla and Whitney [33] apply screw theory for deter-
mining overconstraint in assembly. Their method permits to evaluate the degree
of overconstraint for a class of parallel mechanism. In [5], an extension of this
method has been proposed by the author for mobility calculation of parallel
mechanism.
c© Springer International Publishing AG 2018
J.C.M. Carvalho et al. (eds.), Multibody Mechatronic Systems,
Mechanisms and Machine Science 54, DOI 10.1007/978-3-319-67567-1 6
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The correct evaluation of redundant constraints is of great importance in
engineering simulation of multibody systems. Usually redundant constraints are
detected and eliminated in order to perform kinematics and dynamics simula-
tions. Wojtyra et al. [38] propose a method for redundant constraint detection
based on the Jacobian formulation. An extension of this method for mechanisms
with flexible bodies is presented in [39] and for mechanisms with Coulomb fric-
tion in [16]. In [26] an algorithm is proposed for the elimination of redundant
loop constraints as pre-processing for multibody simulation.

In this paper a novel approach for identifying overconstraints in mechanisms
is presented, and algorithms for enumerating self-aligning mechanism and select-
ing optimal self-aligning design are proposed.

2 Brief Review of Davies’ Methodology and Matroid
Theory

In this section an overview of Davies’ methodology and matroid theory is briefly
presented. The main contributions introduced by Davies and its applications can
be found in [3,9–15,23]. Davies adapted Kirchhoff’s circulation law and cutset
law to multibody systems. The adaptation of Kirchhoff’s laws is based on the
representation of a coupling network [12] with n links and g joints by a graph,
called a coupling graph GC , in which every link (body) is represented by a node
and every direct coupling between links by an edge. For a coupling network the
cutset law can be written as:

[
ÂN

]
λk,C

[Ψ ]C = [0]λk (1)

where k is the number of the cutsets in the coupling network, C =
g∑
1

ci is the

gross degree of constraint, i.e. the sum of the degree of constraint ci imposed
by the couplings and Ψ is the vector of the action screws unknown magnitudes
imposed by the couplings. Matrix ÂN can be written as in Eq. (2).

[
ÂN

]
λk,C

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

[
ÂD

]
λ,C

[Q1]C,C[
ÂD

]
λ,C

[Q2]C,C

.

.

.
.
.
.[

ÂD

]
λ,C

[QK ]C,C

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

(2)

[
ÂD

]
=

[ Coupling a︷ ︸︸ ︷
$a

a1 $a
a2 . . .

Coupling b︷ ︸︸ ︷
$a

b1 . . . . . .

. . .︷ ︸︸ ︷
. . .

. . .︷ ︸︸ ︷
. . . $a

C

]
(3)

where [Qi]C,C , i = 1, 2, . . . , k are diagonal matrices whose diagonal elements
correspond to row i of cutset matrix [QA]k,C , derived from action graph GA.[

ÂD

]
is the unit action matrix containing one action screw for column as

in Eq. (3), where k is the number of the cutsets in the coupling network and λ
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is the order of the screw system to which all action screws belong (in the most
general case λ = 6).

The concept of matroid is a combinatorial abstraction of matrices with
respect to linear independence. It was first introduced by Hassler [37] as an
abstraction of linear independence. Many alternative formulations of matroids
can be found in literature [21,21,27–29,32,34] where multitude of non-obviously
equivalent definitions goes by the name of cryptomorphism.

In this paper, the matroid theory developed from linear algebra is employed.
Given matrix A in Eq. (5):

A =

⎡
⎣

1 2 3 4 5

1 0 0 1 0
0 1 0 1 1
0 0 1 0 1

⎤
⎦

3,5

(4)

I = {∅, {1}, {2}, {3}, {4}, {5}, {1, 2}, {1, 3}, {1, 4}, {1, 5}, {2, 3}, (5)
{2, 4}, {2, 5}, {3, 4}, {3, 5}, {4, 5}, {1, 2, 3}, {1, 2, 5}, {1, 3, 4},

{1, 3, 5}, {1, 4, 5}, {2, 3, 4}, {2, 4, 5}, {3, 4, 5}}.

whose columns are indexed by E = Col(A) = {1, . . . , 5}, the linear dependence
and independence among column vectors {ae|e ∈ E} is considered. A subset
I ⊆ E is said to be independent if the corresponding subfamily {ae|e ∈ I}
of column vectors is linearly independent. The family of independent subsets,
denoted by I ⊆ 2E , i.e. all possible subsets of E, is defined as: I = {I ⊆
E|{ae|e ∈ I} is linearly independent}. For the matrix A of Eq. (4) I is presented
in Eq. (5). Each one of the sets of Eq. (5) represents a linear independent set.
Note that the set of columns {1, 2, 4} /∈ I, because column 4 can be obtained as
a linear combination of columns 1 and 2. The following three properties [27] can
be applied to I:

1. ∅ ∈ I

2. J ∈ I and I ⊆ J =⇒ I ∈ I

3. I, J ∈ I, |I| < |J | =⇒ (I ∪ {v}) ∈ I for some ν ∈ J \ I

Property (2) states that all subsets of an independent set are independent
sets. For example, set {1, 2, 3} ∈ I is an independent set thus subsets {1}, {2},
{3}, {1, 2}, {1, 3} and {2, 3} are all independent sets, as stated in Eq. (5).
Because of property (2), it is redundant to enumerate all the members of I.
Instead the family B of the maximal members, i.e. the set with maximal cardinal-
ity, of I is sufficient: B = {{1, 2, 3}, {1, 2, 5}, {1, 3, 4}, {1, 3, 5}, {1, 4, 5}, {2, 3, 4},
{2, 4, 5}, {3, 4, 5}}, which represent the family of bases of the column space of
matrix A. Thus a matrix gives rise to pairs (E, I) and (E,B), each representing
the linear independence of linear structure of column vectors. (E, I) and (E,B)
are equivalent and define the same combinatorial structure underlying linear
independence. This structure is named matroid [27] and E is called the ground
set of the matroid.
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3 Analysis of Overconstrained Mechanisms by Means
of Matroid Theory

The matroid formulation is applied to the unit action matrix
[
ÂN

]
, in a similar

way it has been applied to the unit motion matrix
[
M̂N

]
[4,6].

Matrix
[
ÂN

]
presents the following structures:

[
ÂN

]
λk,C

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

Coupling a︷ ︸︸ ︷
∗ ∗ . . .

Coupling b︷ ︸︸ ︷
∗ . . .

. . .︷ ︸︸ ︷

. . .

. . .︷︸︸︷
. . . ∗ } dim. 1

∗ ∗ . . . ∗ . . . . . . . . . ∗ } dim. 2
...

∗ ∗ . . . ∗ . . . . . . . . . ∗ } dim. λ

∗ ∗ . . . ∗ . . . . . . . . . ∗ } dim. 1
∗ ∗ . . . ∗ . . . . . . . . . ∗ } dim. 2

...
∗ ∗ . . . ∗ . . . . . . . . . ∗ } dim. λ

∗ ∗ . . . ∗ . . . . . . . . . ∗ } dim. 1
∗ ∗ . . . ∗ . . . . . . . . . ∗ } dim. 2

...
∗ ∗ . . . ∗ . . . . . . . . . ∗ } dim. λ

⎫
⎪⎪⎪⎬
⎪⎪⎪⎭

Cutset 1

⎫
⎪⎪⎪⎬
⎪⎪⎪⎭

Cutset 2

...⎫⎪⎪⎪⎬
⎪⎪⎪⎭

Cutset k

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(6)

where each column is uniquely determined by a single constraint imposed by a
coupling. Dependence and independence of the mechanism’s constraints can thus
be analysed by studying the properties of

[
ÂN

]
. Independent columns of

[
ÂN

]

identify a set of leading variables of the linear homogeneous system (1), i.e. a set
of independent constraints of the mechanism. Each set of independent constraints
form a basis for the constraint space of the mechanism, and can be regarded
as a mechanism free of redundant constraints, i.e. a self-aligning mechanism,
derived from the original one. Thus given a mechanism with C constraints and
CN redundant ones, a self-aligning mechanism kinematically equivalent to the
original mechanism can be derived removing a set of CN redundant constraints.
The self-aligning mechanism derived thus has C ′ = C − CN constraints, all
independent ones, and the linear homogeneous system (1) can be written as:

[
Â′

N

]
λk,C−CN

[Ψ ]C−CN ,1 = [0]λk (7)

where
[
Â′

N

]
λk,C−CN

has full rank: rank(
[
Â′

N

]
λk,C−CN

) = C − CN . A new

condition is herein stated for a self-aligning mechanism:

Condition 1. For a mechanism with C constraints and CN redundant ones
in a given configuration, a set of C ′ = C − CN constraints represents a self-
aligning mechanism kinematically equivalent to the original one, if and only if,
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in the given configuration, the corresponding matrix
[
Â′

N

]
λk,C−CN

, obtained

from
[
ÂN

]
λk,C

removing the CN columns corresponding to the set of redundant

constraint, has full rank: rank(
[
Â′

N

]
λk,C−CN

) = C − CN .

In general different basis can be chosen to span the constraint space, thus
different self-aligning mechanism can be derived. All combination of C − CN

columns of
[
ÂN

]
λk,C

can be tested for linear independence in order to find a

basis for the constraint space [7]. This method is computationally heavily time-
consuming because of the combinatorial explosion.

A new approach is proposed in this paper. Given a mechanism and its asso-
ciated network unit action matrix

[
ÂN

]
λk,C

, a linear matroid MAN
is defined

over the reals R from matrix
[
ÂN

]
, where the ground set E(MAN

) denotes the

index set of the columns of
[
ÂN

]
λK,C

E = {1, 2, . . . , C}.

For a subset X of E, let
[
ÂN

]
X

denote the submatrix of
[
ÂN

]
consisting

of those columns indexed by X. A family I of subset can now be define for the
matroid M:

I = {X ⊆ E | rank ([AN ]X) = |X|} (8)

where a set X is independent if the corresponding columns are linearly inde-
pendent. A basis B corresponds to a linearly independent set of columns of
cardinality rank(

[
ÂN

]
B

) = C − CN .

Thus the column space of
[
ÂN

]
is spanned any basis B belonging to the

collection of bases of the matroid B(MAN
). Regarding that a basis B corre-

sponds to a maximal set of independent columns of
[
ÂN

]
, any basis B of the

matroid MAN
represents a self-aligning mechanism kinematically equivalent to

the original one.
The problem of enumerating all self-aligning mechanisms of a given mech-

anism has thus been turned into the problem of enumerating all the bases of
matroid MAN

, which is a well-known problem in matroid theory. A new algo-
rithm for enumeration of all self-aligning mechanism kinematically equivalent to
a given mechanism is proposed in Algorithm (1).

The sets of variables corresponding to the bases of matroid represent the
self-aligning mechanisms derived form the given mechanism.

In order to analyse the complexity of Algorithm (1), the worst case in terms
of matrix

[
ÂN

]
size is analysed. For a spatial (λ = 6) mechanism with n links

and g joints, matrix
[
ÂN

]
has size 6 · (n− 1)× 5 · g in the worst case. Each base

of the matroid is enumerated in polynomial time poly(5 · g) [22,35].
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Algorithm 1. Enumeration of all self-aligning mechanisms kinematically equiv-
alent to a given mechanism

1: Create the network unit motion matrix
[
ÂN

]
;

2: Create the linear matroid MAN on the real field R defined over matrix
[
ÂN

]
;

3: Enumerate all bases B of matroid MAN ;

The cardinality of each base is the number of independent constraints,
i.e. C − CN of the mechanism. Thus, in the worst case the number of MAN

bases, i.e. the cardinality of B(MAN
), is (C − CN )-combination of the ground

set E, i.e. |B∗(MMN
)| =

(
5 · g

C − CN

)
.

The correctness of Algorithm 1 can be shown in the following form: Steps 1
implement the Davies’ method, well established in literature: given a mechanism,
matrix

[
ÂN

]
can always be obtained [8,15]. Given a matrix

[
ÂN

]
a linear

matroid MAN can be defined [29] in Steps 2. In Step 3 all the bases of matroid
MAN

can be enumerated [22].

3.1 Example: Enumeration of Self-aligning Mechanisms for Planar
Overconstrained Mechanism

Algorithm 1 is applied to the planar mechanism in Fig. 1a, with five links and
six revolute couplings a, b, c, d, e and f . The mechanism has mobility FN = 1
and CN = 1 redundant restriction.

Fig. 1. Planar mechanism with mobility FN = 1 and redundant constraint CN = 1 (a)
and its corresponding network unit action matrix (b).

Recall that an action screw $a can be written in the in axis-coordinates [19]
form $a =

[
R S T U V W

]
, where Q is a force vector Q =

[
U V W

]
and P

is a moment vector P =
[
R S T

]
around the origin. As the mechanism is pla-

nar, only the planar components of planar motion are considered, i.e. T , U and
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V . The motion screws of the coupling network thus belong to the fifth special
3-system of screws [19]. The network unit action matrix is represented in
Eq. (1b). A linear matroid MAN

over the real number R is defined over matrix[
ÂN

]
. The set of bases of the matroid are enumerated. Each basis correspond

to a self-aligning mechanism kinematically equivalent to the one presented in
Fig. 1a. The set of bases B of MAN

is:

B(MAN ) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

{Ua, Ub, Vb, Uc, Vc, Ud, Vd, Ue, Ve, Uf , Vf},

{Ua, Va, Ub, Uc, Vc, Ud, Vd, Ue, Ve, Uf , Vf},

{Ua, Va, Ub, Vb, Uc, Ud, Vd, Ue, Ve, Uf , Vf},

{Ua, Va, Ub, Vb, Uc, Vc, Ud, Ue, Ve, Uf , Vf},

{Ua, Va, Ub, Vb, Uc, Vc, Ud, Vd, Ue, Uf , Vf},

{Ua, Va, Ub, Vb, Uc, Vc, Ud, Vd, Ue, Ve, Uf}

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(9)
(10)
(11)
(12)
(13)
(14)

It can be observed that links 1, 3 and 4 must have the same length in order
to assemble the mechanism with one degree of freedom, because of the presence
of one redundant constraint. Moreover, in the given mechanism’s configuration,
the translation along y-axis is exactly the freedom which is overconstrained.

Fig. 2. The self-aligning mechanisms kinematically equivalent to the overconstrained
mechanism shown in Fig. 1a.
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Examining the result of the proposed algorithm, each one of the correspond-
ing self-aligning mechanism obtained has exactly one constrained along y-axis
removed from a coupling. Mechanism described by Set (9) has the constraint
along y-axis removed from coupling a, i.e. the constraint aV has been removed.
The self-aligning mechanism enumerate by the algorithm are presented in Fig. 2,
where the constraints removed are indicated.

Algorithm 1 can be applied to the Tripteron mechanism [24]. The mecha-
nism considered presents a total of C = 60 constraints, of which CN = 3 are
redundant constraints. A linear matroid MAN

over the real number R is defined
over matrix

[
ÂN

]
. The set of bases of the matroid can thus be enumerated.

Each basis correspond to a self-aligning mechanism kinematically equivalent to
the original Tripteron mechanism. The Algorithm 1 enumerates a total of 512
distinct basis for the matroid MAN

, i.e. the mechanism Tripteron presents 512
self-aligning distinct mechanisms, all of them kinematically equivalent to the
Tripteron mechanism.

It is important to regard that, as the complexity of the mechanism increases,
the numbers of possible self-aligning mechanisms grows exponentially. It is thus
important a way of selecting the best self-aligning mechanism with respect to
some criteria. In the following, a new algorithm is proposed for selecting a self-
aligning mechanism which best fits a criterion based on mechanism specifications.

3.2 Classification of Self-aligning Mechanism

Given a mechanism with g couplings imposing C constraints, a weight wi is
attributed to each allowed constraint ci. The set of weights {wi|wi ∈ W} is
chosen with respect to a set of criteria based on the mechanism specifications
and each self-aligning mechanism can be classified in terms of the sum of weights
attributed to the corresponding active couplings.

The matrix ÂN of the mechanism is considered. Recalling that each column
of ÂN corresponds to a constraint imposed by the couplings of the mechanism,
the set of weights {wi|wi ∈ W} can be considered assigned to the columns of ÂN .
Thus the problem of selecting an optimal self-aligning mechanism is transformed
in the problem of determining the maximum weight independent set in a matroid.
This problem can be solved using a greedy algorithm in polynomial time [4]. The
matroid MAN

defined from matrix ÂN of the given mechanism, as defined in the
previous section, is considered. This matroid is thus a weighted matroid, with
respect to which a greedy algorithm can be performed. The greedy algorithm
for the matroid MAN

returns the maximum weight basis for the matroid. This
is exactly the maximum weight self-aligning mechanism, among all possible self-
aligning mechanism kinematically equivalent, which best fits the criteria speci-
fied for the mechanism. A new algorithm for selecting an optimal self-aligning
mechanism is herein proposed, based on the algebraic structure of matroid.

Thus the set of variables corresponding to this set is the self-aligning mecha-
nism which best fits the mechanism specifications. The matroid structure guar-
antees that the solution encountered is the optimal one. The matroid formulation
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Algorithm 2. Selection of self-aligning mechanism, kinematically equivalent to
a given mechanism

1: Create the network unit action matrix
[
ÂN

]
for the given mechanism;

2: Create the linear matroid MAN on the real field R defined from matrix
[
ÂN

]
;

3: Assign a weight to each constraint imposed by couplings in the mechanism, i.e. a

weight is assigned to each column of
[
ÂN

]
, based on a set of criteria (mecha-

nism specifications);
4: Apply greedy algorithm to matroid MAN ;
5: The greedy algorithm returns the maximum weight independent set for MAN ;

for a mechanism herein proposed allows thus to solve the problem of finding an
optimal self-aligning mechanism with respect to a set of criteria established for
the mechanism.

Algorithm complexity can now be calculated. For a spatial (λ = 6) mecha-
nism with n links and g joints, matrix

[
ÂN

]
has size 6 · (n − 1) × 5 · g in the

worst case. The greedy algorithm has complexity O(|E|f(rank(M))+ |E|log|E|)
[1] where the cardinality of ground set E is |E| = 5 · g and the rank of the
matroid is rank(MAN

) = C − CN .
The correctness of Algorithm 2 can be shown in the following form: Steps 1

implement the Davies’ method, well established in literature: given a mechanism
matrix

[
ÂN

]
can always be obtained [8,15]. Given a matrix

[
ÂN

]
a linear

matroid MAN
can be defined [29] in Steps 2. Greedy algorithm can be applied

to any matroid [29] in Step 3 − 5.

3.3 Example: Selection of an Optimal Self-aligning Mechanism
for Spatial Overconstrained Mechanism

The Algorithm 2 can be applied to the Tripteron mechanism. As presented in
the previous section, the Tripteron mechanism presents 512 possible self-aligning
mechanism, all kinematically equivalent to the Tripteron. In order to apply the
algorithm, a set weights must be assigned to the columns

[
ÂN

]
. Considering

the topology of the mechanism, the following criterion for selecting actuation
scheme is adopted:

– The self-aligning mechanism must contain the three prismatic cou-
plings, which will be actuated. Furthermore revolute couplings in the set
{g, h,m, n, c, d} should be maintained. Furthermore any planar freedom in
the set {b, l, f} should be avoided, i.e. the planar constraints U , V and W
should be maintained in joints {b, l, f}.

This criterion is mostly for didactic purpose, and it aims to obtain a self-
aligning mechanism easy to control and with standard joints (revolute, universal



70 A.P. Carboni et al.

and spherical), avoiding more complicated joints as the planar ones. Different
criteria can be stated, corresponding to different weights sets. For the criterion
considered, the set of weights {W} is assigned in Table 1.

Table 1. Constraints for Tripteron mechanism

Contr. W Contr. W Contr. W Contr. W Contr. W Contr. W

aR 5 cS 5 eR 5 gR 5 iR 5 mR 5

aS 5 cT 5 eS 5 gT 5 iS 5 mS 5

aT 5 cU 5 eT 5 gU 5 iT 5 mU 5

aV 5 cV 5 eU 5 gV 5 iU 5 mV 5

aW 5 cW 5 eW 5 gW 5 iV 5 mW 5

bS 0 dS 5 fR 0 hR 5 lR 0 nR 5

bT 0 dT 5 fT 0 hT 5 lS 0 nS 5

bU 2 dU 5 fU 2 hT 5 lU 2 nU 5

bV 2 dV 5 fV 2 hV 5 lV 2 nV 5

bW 2 dW 5 fW 2 hW 5 lW 2 nW 5

With the criterion considered the algorithm proposed looks for a self-aligning
mechanism by eliminating a set of planar constraints in couplings {b, f, l}. Apply-
ing Algorithm 2 to the mechanism, the maximum independent set of the matroid
MAN

obtained is presented in Fig. 3a.

Fig. 3. Maximum independent set (a) and corresponding self-aligning mechanism (b)

The Set (Fig. 3a) describes a self-aligning mechanism kinematically equiva-
lent to the Tripteron. This set describes the constraints which are maintained
for each joint. For example for coupling a five constraints are maintained, more
exactly R, S, T , V and W , thus a is a prismatic pair along x axis. On the other
hand, for joint B four constraints are maintained, more exactly T , U , V and
W , thus b is an universal pair with rotations along x and y axis. In the same
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way all remaining joints can be obtained from Set (Fig. 3a). The corresponding
self-aligning mechanism is presented in Fig. 3b.

It is important to notice that the greedy algorithm is guaranteed to find an
optimal solution when performing on matroid structure. In general this solu-
tion is not unique. Thus Algorithm 2 proposed returns one possible self-aligning
mechanism which satisfies the given criteria. All self-aligning mechanism satisfy-
ing the given criteria can be enumerated by calculating the weight of each basis
enumerated by Algorithm 1 and selecting the maximal ones. Establishing the cri-
teria in terms of the given specifications for a mechanism is thus of the greatest
importance for the enumeration of interesting sets of self-aligning mechanisms.

4 Conclusions

This paper presents a new algorithm for enumerating self-aligning kinematically
equivalent mechanisms based on Matroid theory. This algorithm enumerates
all self-aligning mechanisms derived from an overconstrained one in polynomial
time. With the increase of the complexity of mechanisms, the number of self-
aligning solutions grows exponentially. Thus a further new algorithm is proposed
for selecting an optimal self-aligning kinematically equivalent mechanism, based
on a set of criteria describing mechanism specifications. The new algorithms
apply matroid theory for investigating mechanisms, based on the freedom and
constraint formulation introduced in this paper. The algorithms have all been
implemented in SAGE software and examples of application for both algorithms
are presented.
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Abstract. Clamping devices are the elements that hold the workpiece
during the machine operation. Since the workpiece can have any shape,
there are many types of clampings. The toggle clamps present at least two
equilibrium positions and they are the focus of this study. An extensive
survey in academic, patent and commercial areas was made to analyze
the clamping device state of technology. The objective of this article is
to propose a new classification using the results of patent and commer-
cial survey and to develop a innovation map of these mechanisms. This
new classification, together with an innovation map, can be used to aid
designers when creating a new clamping device.

Keywords: Toggle clamping device · Toggle clamp classification ·
Clamping mechanism · Mechanism design · Creative design

1 Introduction

During the manufacturing process, the workpiece is subject to many forces. A
fixture is the tool that holds the workpiece during machining operation and
it is often attached to the machine table [1]. Thus, a proper fixture design is
related to the desired workpiece surface finish and dimensional accuracy, which
determine the product quality. So, fixture devices are able to improve both the
manufacture process quality and the final product quality [2].

Cecil [3] presents a clamping design methodology for automated fixture
design. In Cecil’s methodology, the designer can work on dimensional synthe-
sis after selecting the type of clamping device. However, this approach does not
consider number synthesis, being limited to a given kinematic chain. This limi-
tation reduces the technological innovation potential for new clamping devices.

In this paper a survey on commercial devices and patents of toggle clamping
devices is presented. Then we propose a new classification of clamping devices
based on mechanism theory. The devices found in the survey are classified accord-
ing to the proposed criterion and through the use of mechanisms atlas an inno-
vation map is generated. This map can be used to aid the designer in the devel-
opment of new mechanisms. Thus, innovation can be systematically searched
through the use of an innovation map.
c© Springer International Publishing AG 2018
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2 Review on Clamping Devices

2.1 Academic Survey

There are many types of clamping devices, changing according to the appli-
cation and workpiece shape. Boyes [4] classifies the clamps in six basic types:
strap, screw, wedge, cam, toggle and rack-and-pinion. Figure 1 shows Boyes’s
classification.

Fig. 1. Types of clamping devices: (a) strap, (b) screw, (c) wedge, (d) cam, (e) toggle,
(f) rack-and-pinion. Adapted from [4].

The strap clamp is composed by a rectangular beam that contacts simulta-
neously the workpiece and a pivot point and is actuated by a component, such
as a screw(Fig. 1a). The screw clamp acts based on the fastening of a screw
attached to a fixed based (Fig. 1b). The wedge clamp is based on the motion of
a inclined plane which gives the required clamping force (Fig. 1c). Cam clamps
provides rapid and effective force using a cam shape piece to move the contact
point and hold the workpiece (Fig. 1d). Toggle clamps are based on kinematic
chains that have at least two equilibrium positions, providing heavy pressure and
quick operation (Fig. 1e). The rack-and-pinion type uses the motion of a rack to
transmit the clamping force (Fig. 1f) [4].

Boyes’s classification aids designers in dimensional synthesis and provides a
database to choose the best clamps to each application. Other authors propose
similar classifications [1,2,5]. However, a classification based on working principle
does not aid the designers in number synthesis stage, which is a stage with a
high level of abstraction but holds a great innovation potential.
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A mechanism design methodology is proposed by Yan [6] and applied to
clamping devices. Yan’s approach considers the clamping device in the closed
position, i.e., with the workpiece fixed. So, Yan searched for structures with
negative mobility and three independent loops. Using enumerated techniques,
6 new design concepts were devised by Yan. Regarding Yan’s methodology, it
is constrained to explore kinematic chains with equal mobility and number of
links and joints, reducing the search scope. However, promising and innovative
solutions can exist outside those boundaries.

2.2 Commercial Clamping Devices

Seeking out to define the most significant features and characteristics of toggle
clampings an extensive commercial research was made. In total 444 devices from
five companies were analyzed. These devices are usually classified by the way the
device secures the workpiece in four main types: hold-down, push-pull, latch and
combination. In all the devices a rubber piece is used to create friction with the
workpiece. The combination clamp touches the workpiece on two contact points
and in more than one direction being able two hold the workpiece more precisely.
These devices can be actuated by horizontal, vertical and angular handles.

The research has shown that most of the kinematic chains employed to build
these devices are based in the four-bar mechanism. To build different types of
clampings, companies employs several configurations for the handle, the clamp-
ing arm and the coupler. Just a few devices showed more complex kinematic
chains. The major difference noticed among commercial clamps are accessories
such as clamping arm spindles, quick release levers and additional locks.

2.3 Patent Survey

The patent survey was made using the search tools Google patents and espacenet.
A total of 3198 patents related to clamping devices were analyzed, of which 228
were selected. A deep study extracted 41 representative patents of toggle clamps
with different working principles.

This survey has shown that, similar to commercial clamping devices, most
of the patents use the same working principle: four-bar linkage, Watt kinematic
chain, Stephenson kinematic chain or a different inversion of the slider-crank
mechanism. More details about the survey representative patents are exposed in
Sect. 3.

3 Clamping Devices Classification Proposal

In this section a new classification for clamping devices is proposed, focusing on
mechanism design. This classification, together with the innovation map exposed
in Sect. 5, can be used to aid the designer when creating a new clamping device.
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3.1 Considerations Regarding Accessories Features and Springs

Frequently, a clamping device is composed of a core mechanism responsible
for the toggle locking action and accessories mechanisms which adds desirable
features. Among the additional features found are adjustable fixing pressure,
adjustable link size according to the workpiece size, different workpiece fixing
posture, safe lock and quick release. These features are added to the core mecha-
nism in peripheral mechanisms or by replacing a link with an adjustable link. See
for instance Patent US4141543 [7], in which the possible embodiments include
additional locking mechanisms using a ratchet or a pin in notch; a screw to adjust
to different workpiece sizes; and push-pull or hold-down configuration. However,
the core kinematic chain remains the same, a planar single-loop kinematic chain
with mobility one.

Only the clamping device core is considered in this classification and acces-
sory features are disregarded. This separates the device toggle locking action in
the mechanism core from accessories features, making the design of new mecha-
nisms easier. Also, accessories features can be added later to the new mechanism
core as desired.

As the clamping device purpose is to fix a workpiece, the mechanism presents
different degrees-of-freedom (DOF) from the opened to the closed position. In
general, this is achieved by adding higher kinematic pairs to the kinematic chain,
such as contact points, reducing the kinematic chain mobility. This is frequently
associated with the singularity points at which the chain changes its configu-
ration, such as elbow-up or elbow-down. The mechanisms are analyzed in the
opened condition, so that their kinematic chains present a higher mobility.

Springs are often used in clamping devices to apply forces with a specific
direction at a mechanism member. In some cases the spring function is to guar-
antee the kinematic pair closure, such as in patent US5527024A [8]. Springs with
this function were disregarded to simplify both analysis and synthesis of new
mechanism. When designing new clamping mechanisms with kinematic pairs
that do not guarantee closure, the designer can add springs later to assure
the pair closeness. In some cases the spring function is to reduce mobility by
acting upon elements such that their positions are determined, as in patent
GB2118896B [9]. In this patent, the spring length changes during the mecha-
nism operation, allowing relative motion between the contacting elements. Thus,
the spring was disregarded to obtain the mechanism mobility as it is during the
device operation. Nevertheless, when designing new clamping devices with higher
mobility, the designer can make use of springs to reduce the mechanism mobility
on opened and closed position.

3.2 Clamping Device Classification Proposal

The clamp device classification is based on mechanism theory and the mecha-
nisms are divided in three major classes according to their mobility:

Class M1: mechanisms in this class have mobility one. The core mechanisms in
this class usually have less features. Accessories functions are done by adding
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peripheral components. Examples of mechanisms in this class are patents
EP128 5731B1 [10], US5921535A [11], US2744552A [12], US5647102A [13]
and US6845 975B2 [14]. The product KIPP K0660, which is analyzed in
Sect. 4.1, also belongs to this class.

Class M2: mechanisms in this class have mobility two. The added mobility is
used to self-adjust the clamping device for different workpiece sizes or to
adjust the fixing pressure. Examples of mechanisms in this class are patents
GB2480434B [15], US3281140A [16] and GB2118896B [9].

Class M3: mechanisms in this class have mobility three. The core mechanisms in
this class are able to self-adjust for different workpiece sizes and they present
fixing pressure adjustment. The core mechanism of Bessey auto-adjust toggle
clamp, as seen at patent US20100148414A1 [17], presents mobility three and
the two adjustment capabilities mentioned.

It is desirable to have a device with few components to reduce manufacture
and maintenance costs. Using the graph representation of a kinematic chain [18],
the quantity of links (n) and the quantity of single DOF pairs (j) in a mechanism
are related with the number of independent loops (ν) by the Euler’s formula

ν − 1 = j − n (1)

The mechanisms can be further classified regarding their number of indepen-
dent loops. Mechanisms with few links are desirable, however, in some cases
loops are added to allow a different actuation. Patents US20060082040A1 [19],
US5688014A [20] and US7178797B2 [21] show that an extra loop with a pris-
matic pair can be used to actuate the mechanism by pneumatic or hydraulic
means.

Extra loops can also be used to devise a tandem holding arm, such as patent
JP3671705B2 [22]; add a spring which can be used to adjust the fixing pressure,
such as patent US2777347A [23]; and allow for a hold-down clamping device be
used as a push-pull clamping device, such as Bessey STC-IHH15.

The core mechanism of clamping device AMF 6830 has one independent
loop and mobility one, being classified as a M1L1. The mechanism from patent
US68459 75B2 [14] presents two independent loops and mobility one, being clas-
sified as a M1L2. The mechanism from patent EP0163219B1 [24] has three inde-
pendent loops and mobility one, belonging to class M1L3. Bessey presents two
types of auto adjust toggle clamp. Patent US20100148414 A1 [17] shows the
first type of Bessey auto adjust toggle clamp, here called Bessey 1. The mech-
anism from Bessey 1 has mobility three and one independent loop, belonging
to class M3L1. Patent US20160184978A1 [25] shows the second type of Bessey
auto adjust toggle clamp, here called Bessey 2. The mechanism from Bessey 2 has
mobility three and four independent loops, thus, this mechanism is classified as
M3L4. Analysis of Bessey 1 and 2 are exposed in Sects. 4.2 and 4.3, respectively.

Section 5 shows how this classification can be used to identify unexplored
areas, which can be useful to systematically pursue innovation. Besides its appli-
cation for designing new mechanisms, a classification based on mechanism the-
ory can be easily extended, differently than a classification based on application
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or working principle. As new mechanisms are developed, their core mechanisms
can be analyzed and the corresponding class created.

4 Case Studies

After analyze almost 500 commercial clamping devices, the research has shown
that, in a structural approach, the mechanisms available in the market are very
similar and could be classified in a small number of classes. This paper summa-
rizes theses devices into classes based on their mobility and number of indepen-
dent loops. Three representative clamping device are analyzed as case studies,
one for each of the following classes: M1L1, M3L1 and M3L4. As mentioned in
Sect. 3, only the main kinematic chain of the device is analyzed. The motion of
accessories attached to the equipment, such as clamping arm spindles, are not
analyzed, since they can be added later and do not affect the core mechanism
motion.

4.1 Class M1L1 - KIPP K0660

This class is composed by mechanisms with the following structural character-
istics: M = 1 and ν = 1. The most representative clamping device on this
class is the KIPP K0660, a horizontal toggle clamp with flat foot and adjustable
clamping spindle, which is shown in Fig. 2.

Fig. 2. KIPP K0660 clamping device

This device won the 2011 iF product design award and has an special feature
called KIPPlock. This feature changes the device’s kinematic chain, merging
links 1 and 2 into a single body by locking the rotative joint between them with
a pin. The K0660 has a wide range of models, with clamping forces varying from
250 N to 2800N. The manual force needed to close the device goes from 80 N to
280N.

This toggle clamp is composed by four major elements (Fig. 2a), all connected
to each other by rotative joints. The core mechanism, responsible for the toggle
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action, is a four-bar linkage (Fig. 2b). The K0660’s clamping principle is based
on the singularity (Fig. 2a) created by the alignment of links 3 and 4, acting
together with a stop surface on link 1.

4.2 Class M3L1 - Bessey 1

This class is composed by devices with a single loop and three degrees of freedom.
Compared to the four-bar mechanism, the extra DOF can be used for additional
features on the device. The representative device in this class is Bessey 1, the
old generation of Bessey’s auto-adjust toogle clamp. The three DOFs are used
to execute the clamping action, the adjustment to various workpiece sizes and
to change the holding force.

Fig. 3. Bessey 1 - auto-adjust toggle clamp.

This device is divided into 6 main bodies (Fig. 3a). To achieve the holding
position, with mobility 0, the device has to move through a certain number
of singularity positions in the device’s kinematic chain. The 3 DOFs need to
be actuated only by the handle motion. The spring presented on the prismatic
joint that connects the base and the pivot actuates one DOF and performs the
equipment auto-adjustment capability. The second DOF is constrained from the
device’s kinematic chain when the cam shape of link 5 reaches the surface of link 4
(Fig. 3b), attaching those links together in one virtual link. The constant spring
force and the physical connection between links 4 and 5 convert the device’s
kinematic chain into a single loop four bar mechanism. Thus, the last holding
phase is achieved by the alignment of links 2 and the virtual link. The cam shape
of link 5 also acts on the preload of the spring. The screw presented on link 5
defines which sector of the cam will affect the spring being able to change the
spring preload, and thus, the clamping force.

4.3 Class M3L4 - Bessey 2

One of the most developed device found in the survey was the Bessey 2, the
new generation of Bessey’s auto-adjust toogle clamp. It has an auto-adjustment
capability, being able to hold workpieces with various heights without any change
on the adjustable clamping arm spindle. It also has a force adjustment feature,
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Fig. 4. Bessey 2 - auto-adjust toggle clamp.

allowing the user to change the clamping force by a screw. This device is com-
posed by 9 major components and it is the most representative member of the
class with the structural characteristics: M = 3 and ν = 4. The four loops that
compose the device’s kinematic chain can be seen in the Fig. 4. Notice that, the
kinematic pairs that connects the links 3, 8 and 9 are all prismatic pairs which
axes are parallel to the mechanism plane. Thus, the subchain composed of links
3, 8 and 9 are on the third special 2-system, according to Hunt [26], and this
loop presents mobility 1.

The mobility 0 position is achieved by the settling of the wedges together
with the singularity by alignment of the bridge element and the handle. After
reaching the singularity point, if the handle is moved further, the mechanical
interference with the base stops the clamping arm motion.

Loop 1. Clamping motion: it is built based on a five link kinematic chain and
it has two DOF. The main components are the handle and the clamping
arm. It has four revolute joints and one prismatic joint. It is actuated by the
handle motion and affected by the sliding of wedge 1. After wedge 1 position
is settled, the clampling will hold the workpiece when the handle and the
bridge align, reaching the singularity position.

Loop 2. Force adjustment: the force adjustment capability is based on a screw
that interacts with the device by a higher pair. The screw pushes the bridge
element and making the operative element interact with the wedge 2 by
another higher pair. The amount of screw that is screwed in affects the spring
preload.

Loops 3 and 4. Reconfigurability: as said before, the screw motion (9) moves the
wedge 2 through the operative element. The position of wedge 2 with respect
to the base affects the wedge 1 position, changing the amount of force used
to hold the workpiece. The motion of wedge 1 relative to the base also allows
the device to hold different sizes of workpieces, changing loop 1 singularity
point.

Although this mechanism presents more components, it also has interesting
features, such as auto-adjust regarding the workpiece size and fixing pressure
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adjustment. This features guarantee the same holding force while eliminating
the need to manually adjust the clamping arm spindle for small variations on
the workpiece size, reducing the setup time. In some cases the use of a more com-
plex mechanism can be justified by achieving innovative designs with additional
features.

5 Innovation Opportunities

Clamping devices are made to simplify the holding operation of workpieces.
Devices which the core mechanism has only one DOF need manual adjustment
to work with objects of various sizes. Usually this operation is done by adjusting
a screw at the end of the clamping arm. The development of a clamping device
with more than one DOF can allow several capabilities to the device, such as
auto-adjustment.

As presented before, one of the main goals of the proposed classification is to
guide the designer to new innovation opportunities in the designing of clamping
devices. This strategy can lead to devices with more DOFs and more innovative
devices. To build these new devices, various tools can be used as creativity
sources, such as an atlas of generalized chains. For instance, the survey found
only one of the 16 possible planar kinematic chains with M = 1 and ν = 3.
Figure 5 shows the remaining 15 unexplored options.

Fig. 5. Atlas of planar M1L3 chains. Adapted from [27].

Simoni et al. [28] present the quantity of possible kinematic chains for a
given mobility and number of independent loops. Table 1 compares all possible
kinematic chains with the configurations found in the commercial and patent
surveys.

New clamping device patents can be issued with the already used kine-
matic chain, however, there is a great innovation potential unexplored within
other structural characteristics. A more complex mechanism can be designed in
exchange for additional features, which can improve the manufacturing process
quality.
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Table 1. Planar kinematic chains found on the survey.

M 1 2 3

ν 1 2 3 1 2 3 1 2 3 4

Possible 1 2 16 1 3 35 1 5 74 1962

Found 1 2 1 1 1 0 1 0 0 1

6 Conclusions

This paper presented a survey on commercial devices and patents of toggle
clamping mechanisms. A classification for these devices based on mechanism
theory was proposed. Using the proposed criterion, it was noticed that the major-
ity of commercial devices and patents, found in the survey, are variations of a
few mechanisms. Most devices use four-bar mechanism, Watt kinematic chain,
Stephenson kinematic chain or different inversions of the slider-crank mechanism.

However, a significant small amount of devices use mechanisms with a higher
mobility or a higher number of independent loops. Two mechanisms with mobil-
ity three from Bessey were analyzed and it was noticed that they present auto-
adjustment for different workpiece sizes and holding pressure adjustment. Thus,
the use of kinematic chain with higher mobility can lead to innovative designs
with additional desirable features.

The opportunities map show other kinematic chains that remain unexplored
and can be used to pursue innovation. Therefore, by combining a state of the art
survey, a mechanism based classification and a mechanism atlas it is possible to
systematically search for innovation.
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Abstract. This paper deals with the structure behaviour of a multi-bar system
which maintains pole pieces in a magnetic gear. A simplified model of the
system is proposed in order to be integrated in a multi-criteria global opti-
mization for the sizing of a magnetic gear in wind power applications. For this
purpose, the reduction of the computation time is taken into account. A geom-
etry of the supporting bar is the defined and a Q bars structure is proposed. The
study is based on a 1D model for each bar; variable radial and tangential
magneto-mechanical pole pieces loads (generated by permanent magnets rings)
are also considered. The resolution of the 6Q * 6Q system permits to determine
quickly the evolution of displacements for each bar. An example of a magnetic
gear with 151 pole pieces (i.e. 3,9 MW wind turbine) is proposed.

Keywords: Laminated pole pieces � Magnetic gear � Magneto-mechanical
load � Multibody � Support bar

1 Introduction

Mechanical gearboxes, currently used in indirect drive electromechanical conversion
chain (Fig. 1a), provide a lower capital expenditure and lower masses than the direct
drive conversion chain [1] (Fig. 1b). In return, mechanical gearboxes induce produc-
tion interruptions and repairs, which increase operating costs [2]. In this context, an
interesting way is to develop a conversion chain with a medium-speed generator and a
magnetic gear [3] (with non-contact power transmission) (Fig. 1c). The most studied
topology of magnetic gears has been proposed by Martin [4] and was the subject of
different behaviour studies proposed by Atallah [5].

This magnetic gear architecture shown in Fig. 2 potentially offers a higher per-
formance with a high torque density and a high reliability than mechanical gearboxes
[6] and even more for high torque applications like in high wind turbine (of the order of
a few MN.m and a few MW) with only magnetic part consideration [7]. However, no
magneto-mechanical sizing has been done on this magnetic gear (with an approach
similar than [8] for a wind turbine generator) and it seems to have weaknesses in terms

© Springer International Publishing AG 2018
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of mechanical strength which are subjected to radial and tangential loads from the
magnetic field. Indeed, ferromagnetic pole pieces (see Fig. 3) are very elongated
structures, laminated perpendicular to the axis of rotation (to minimize iron losses and
conserve a high efficiency of the system) and subjected to magneto-mechanical loads.

The weaknesses of the poles pieces raises the question of the possibility to maintain
mechanically this laminated pole pieces without lessening the magnetic properties
(therefore without increasing air gaps and modifying magnetic field) in high power
wind turbine applications (i.e. high dimensions and high pole numbers of the magnetic
gear). It is then necessary to evaluate the stiffness of the pole pieces structure for
different configurations. This evaluation must be done in a global multi-criteria
mechatronic optimization.

The major contribution of this work is the definition of a multibody model of the
pole pieces ring that permits to evaluate quickly the displacement generated by the
magneto-mechanical variable loads. This multibody model could be integrated in a
multi-criteria mechatronic optimization of a magnetic gear for wind turbine
applications.

Fig. 1. Wind power conversion chains. (a) mechanical indirect drive, (b) direct drive, and
(c) magnetic indirect drive

Fig. 2. Magnetic parts of the magnetic gear architecture in an exploded drawing with low pole
numbers (in this example: pLPN ¼ 2; pHPN ¼ 7 and Q ¼ 9).
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2 Support Bars for Laminated Ferromagnetic Pole Pieces

2.1 General Principle of the Magnetic Gear

The magnetic gear is composed of three rings: a ring with pLPN low pole number of
pole pairs of permanent magnets and a ferromagnetic yoke, a ring with pHPN high pole
number of pole pairs of permanent magnets and a ferromagnetic yoke, a ring with Q
ferromagnetic pole pieces (an example is given in Fig. 2 with low pole numbers, to
improve readability: pLPN ¼ 2; pHPN ¼ 7 and Q ¼ 9).

To achieve the power transmission, three rings pole numbers must respect Eq. (1).
Depending on the fixed ring, the gear ratio Gmagn is given by Eq. (2) where xLPL=0,
xHPL=0 and xQ=0 are the speed rotation of the internal ring (with low pole numbers), the
external ring (with high pole numbers) and the pole pieces ring respectively, k is
defined in Eq. (3). For high power applications like offshore wind turbine, the number
of pole increases with the diameter. A consequence can be a decrease of their rigidity.

pHPN þ pLPN ¼ Q ð1Þ

xLPN=0 ¼ 0 ! Gmagn ¼ xHPN=0

xQ=0
¼ k�1ð Þ

k

xQ=0 ¼ 0 ! Gmagn ¼ xLPN=0

xHPN=0
¼ k

xHPN=0 ¼ 0 ! Gmagn ¼ xLPN=0

xQ=0
¼ � k� 1ð Þ

8>>><
>>>: ð2Þ

k ¼ � pHPN
pLPN

ð3Þ

2.2 Geometry of Support Bars

To support the laminated pole pieces of the magnetic gear, the support bar geometry
shown in Fig. 3 is proposed. The support bar is composed of a massive magnetic
insulator steel and a magnetic and electrical insulator skin. These support bars do not
lessen the magnetic properties; they also do not modify the magnetic field and air gaps.

Fig. 3. Pole pieces ring with support bars (end bells are not represented)
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Support bar will then transmit to the structural parts the magneto-mechanical load of
the laminated pole pieces. Support bars are thus subjected to variable radial and tan-
gential magneto-mechanical loads; their induced displacements and stresses must be
then taken into account for their sizing (see [3]).

2.3 Magneto-Mechanical Loads Computation

To compute magneto-mechanical loads, it is possible to take into account exactly the
exact geometry of pole pieces with a 2-Dmagnetic finite element model. This is shown in
Fig. 4a for the magnetic field repartition of a part of the magnetic gear with
pLPN ¼ 2; pHPN ¼ 7 and Q ¼ 9. However, the fact of taking into account the adaptation
of the geometry of the laminated pole pieces to be support by the support bars increases
strongly the computation time of the magneto-mechanical loads determination. Figure 5
compares the magneto-mechanical loads obtained from a 2-D finite element magnetic
model with the adapted geometry of pole pieces (presented in Fig. 4a) and with the
theoretical geometry of pole pieces. This theoretical geometry of pole pieces presented in
Fig. 4b induces a lower computation time of the magneto-mechanical loads since the
mesh is simpler.

The results of the comparison presented in Fig. 5 show that it is possible to
compute the magneto-mechanical loads without taking into account to the adapted
geometry of the pole pieces. The difference between these two models is indeed lower
than 5%. The computation time is then reduced.

Fig. 4. Magnetic field repartition obtain from 2-D finite element magnetic model with (a) the
adapted geometry of pole pieces and (b) the theoretical geometry of pole pieces for the magnetic
gear with pLPN ¼ 2; pHPN ¼ 7 and Q ¼ 9.
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3 Multibody Model of the Pole Piece Ring

Loads that generate stresses and displacements are the magneto-mechanical radial and

tangential loads (FðqÞ
r

��!
and FðqÞ

a

��!
) and the weight of the structure for the Q pole pieces and

support bars (q corresponds to the number of the pole pieces, 1� q�Q). The geometry
of the structural part of the pole pieces ring includes support bars and end bells. It is
then possible to consider that a support bar is equivalent to a fixed end beam, con-
sidering that the end bells have a negligible deformation compared to support bars.
Considering that the magneto-mechanical loads and the weights are applied in the
middle of the pole pieces, the pole pieces ring can be modelled with the geometry
described in Fig. 6a. Figure 6b defines the multibody model in the middle of the
structure.

As shown in Fig. 6b, the multibody model is composed of 4Q bodies S qð Þ
i (with

i ¼ 1::4) and 4Q degrees of freedom (2Q translation and 2Q rotation). The 2Q trans-
lations are linked to the stiffness of the support bars and the 2Q rotations correspond to
the contacts between pole pieces and support bars. The stiffness of the support bars are
determined from a fixed end beam 1-D model. The stiffness of pole pieces are con-
sidered negligible in this study because they are laminated.

This multibody model includes 8Q unknowns for each pole pieces ring. They
correspond to the 2Q stiffnesses defined in Eq. (4), the 2Q fixed end reactions at the
end of the support bars defined in Eq. (5) and the 4Q reactions from the contact
between pole pieces and support bars defined in Eq. (6) as shown in Fig. 6b.

T qð Þ
x

��!
¼ k qð Þ

x :x qð Þ:xS;q�!
T ðqÞ
y

��!
¼ k qð Þ

y :yðqÞ:yS;q�!
8<
: ð4Þ

Fig. 5. Comparison between the magneto-mechanical loads obtained from a 2-D finite element
magnetic model with the adapted geometry of pole pieces and with the theoretical geometry of
pole pieces for a laminated pole piece of the magnetic gear (a gear with pLPN ¼ 2; pHPN ¼ 7 and
Q ¼ 9 is considered).
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X qð Þ
1

��!
; Y qð Þ

2

��!� �
ð5Þ

X qð Þ
3

��!
; Y qð Þ

3

��!
;X qð Þ

4

��!
; Y qð Þ

4

��!� �
ð6Þ

To determine the 2Q fixed end reaction unknowns, it is possible to consider only

S qð Þ
1 and determine X qð Þ

1

��!
in function of T qð Þ

x

��!
from the mechanical equilibrium, and

consider only S qð Þ
2 and determine Y qð Þ

2

��!
in function of T qð Þ

y

��!
from the equilibrium to obtain

Eq. (7). It remains then 6Q unknowns to be determined. Contrary to the fixed end
reaction unknowns, these 6Q unknowns are coupled and must be determined from 6Q

coupled equations. Considering S qð Þ
3 and then S qð Þ

4 , it is possible to obtain 6Q coupled
relations from Eq. (8) where the two first equations are conditions for equilibrium
(which give 4Q equations from projections) and the last equations are equilibrium of
torque (which give 2Q equations). The 6Q coupled equations form the matrix system

Fig. 6a. Multibody modelling of the pole pieces
ring with the definition of the different bases

Fig. 6b. Multibody modelling of the
pole pieces ring with the definition of
the different loads and bodies.
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defined in Eq. (9) where A½ �6Q;6Q includes projections, B½ �6Q;1 the magneto-mechanical
loads and weight and X½ �6Q;1 are the unknowns of the problem.

Y qð Þ
2 ¼ T qð Þ

y

X qð Þ
1 ¼ T qð Þ

x

(
ð7Þ

X qð Þ
4

��!
þ Y qð Þ

4

��!
þX qþ 1ð Þ

3

����!
þ Y qþ 1ð Þ

3

����!
þFðqÞ

r

��!
þFðqÞ

a

��!
þm qð Þ

P :~g ¼~0

X qð Þ
4

��!
þ Y qð Þ

4

��!
þX qð Þ

3

��!
þ Y qð Þ

3

��!
þ T qð Þ

x

��!
þ T qð Þ

y

��!
þm qð Þ

S :~g ¼~0

Sqþ 1Sq
����!^ X qð Þ

4

��!
þ Y qð Þ

4

��!� �
þ Sqþ 1Pq
����!^ FðqÞ

r

��!
þFðqÞ

a

��!
þm qð Þ

P :~g

� �
¼~0

SqSqþ 1
����!^ X qþ 1ð Þ

3

����!
þ Y qþ 1ð Þ

3

����!� �
þ SqPq
��!^ FðqÞ

r

��!
þFðqÞ

a

��!
þm qð Þ

P :~g

� �
¼~0

8>>>>>>>>><
>>>>>>>>>:

ð8Þ

A½ �6Q;6Q� X½ �6Q;1 ¼ B½ �6Q;1 ð9Þ

The last 6Q unknowns can be determined from a numerical resolution with an
inversion of A½ �6Q;6Q which permits to obtain the displacements in the middle of each
support bar. Figure 7a shows the displacements of the support bars generated by the
magneto-mechanical loads; Fig. 7b shows the displacements generated by the weight
with a coefficient of amplification for the magnetic gear studied in [3]. For this mag-
netic gear, the maximum calculated radial displacement is 0.5 mm.

(a)                                                                                              (b) 

Fig. 7. Support bars displacements obtained from the multibody model (with a coefficient of
amplification) generated by (a) the magneto-mechanical loads and (b) the weight, for the
magnetic gear studied in [3].
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4 Loose Coupling Mechatronic Resolution Procedure

The multibody model presented above aims to be integrated in a mechatronic
multi-criteria optimization procedure. In this paper, we evaluate support bar dis-
placements considering an acceptable computation time. In order to evaluate the
computation time of the problem resolution and to verify if the model is adapted for the
mechatronic resolution procedure, an example of the procedure progress is given for
the magnetic gear [3] shown in Fig. 8. This magnetic gear includes 151 pole pieces.

Figure 9 describes the mechatronic optimization procedure that begins with an
initial set of computation parameters. A 2-D magnetostatic computation can then be
conducted from a finite element model or an analytical model [9]. This analysis pro-
vides the magneto-mechanical loads evolution which includes radial and tangential
loads of pole pieces. From this computation, several criteria (objective functions and
constraints) can be evaluated like magnetic losses or pole pieces ring displacement (this
displacement can be considered as a constraint not to be exceed or an objective

Fig. 8. Magnetic parts of the 3.9 MW and 15 rpm magnetic gear with pLPN ¼ 20; pHPL ¼ 131
and Q ¼ 151, external diameter 3.8 m and active length 2 m.

Fig. 9. Mechatronic optimization procedure description [3].
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function to be minimized). This resolution procedure is then based on the hypothesis of
a loose coupling between magneto-mechanical loads and displacement of pole pieces.
To complete this optimization procedure, a Particle Swarm Optimization (PSO) algo-
rithm [10] is computed.

The multibody model described above is then integrated in the mechatronic opti-
mization procedure (block dedicated to the criteria evaluation). For the magnetic gear
example [9], it is then possible to compute the evolution of the displacement of every
support bars of the pole pieces ring. Figure 10 shows the evolution of the radial and
tangential displacements of a support bar due to the magneto-mechanical loads and the
weight of the structure with a constant rotational speed of 15 rpm for the external ring
and 100 rpm for the internal ring.

Figure 10 shows a periodicity T of the radial a tangential displacements. This
periodicity is generated by magneto-mechanical loads and corresponds to the period-
icity of the permanent magnetic rings which depends on the rotational speed and the
pole pair configuration of the rings as shown in Eq. (10).

T ¼ 2p
pLPN :xLPN=0

¼ 2p
pHPN :xHPN=0

ð10Þ

For the magnetic gear described in [3], the computation time of the displacements
for a single position of the different rings is equal to 0.03 s (with an Intel Xeon
E5-1630 v3, 8 threads, 3.70 GHz) for all of the support bars. If the displacement
evolution is computed for 30 positions of the permanent magnet rings, this multibody
model then permits to perform the computation in approximately 1 s. This computation
time value is then lower than every finite element mechanical model tested and is

Fig. 10. Evolution of the radial and tangential displacements of a support bar due to the
magneto-mechanical loads and the weight for the magnetic gear [3] with a constant rotational
speed of 15 rpm for the external ring and 100 rpm for the internal ring.
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acceptable for the 24 h multi-criteria mechatronic optimization procedure composed of
approximately 200 particles and 100 iterations.

5 Conclusions

This paper presents a multibody model developed to evaluate displacements of a
multi-bar structure that maintains laminated pole pieces of a magnetic gear. This model
aims to be integrated in a multi-criteria mechatronic optimization for the sizing of a
magnetic gear for wind power applications. This procedure needs to compute the
support bar displacements quickly. The resolution of a 6Q * 6Q system permits to
determine the evolution of displacements in 1 s for a magnetic gear with 151 pole
pieces (i.e. 3,9 MW magnetic gear adapted for a wind turbine). The displacement
evolution computed from the multibody model will permit to evaluate different sizing
criteria like stress limit in pole pieces ring or maximal displacement tolerated in air-
gaps. In prospect, the hypothesis of loose coupling between the magneto-mechanical
loads and the displacement of pole pieces must be analyzed to validate the mechatronic
resolution procedure.
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Abstract. A planar serial manipulator with three rotational joints (pla-
nar 3R) can be seen to be a kinematically redundant system if only
the position of the end-effector is taken into account. Configuration sets
of serial manipulators of planar 3R will be considered in this work in
detail. The configuration set is the solution set of all rotational joint
angles (actually, we use the tangent of the half-angle) fulfilling the kine-
matic mapping. Then the configuration set will be an algebraic set if
we fix the end-effector or the end-effector follows algebraic motions (for
instance, algebraic curves in the special Euclidean group). We show the
characteristic of configuration curves among the workspace in terms of
the number of real connected components. The configuration curve has
either one connected component or two connected components. Further-
more, we also studied the torque variation among the real connected
components of the configuration set.

Keywords: Planar 3R · Torque · Gröbner Basis · Real connected com-
ponents · Discriminant

1 Introduction

Akinematically redundantmanipulator [1,24] hasmore joints (degrees of freedom)
than required to execute its task. These extra degrees of freedom may be used to
avoid collisions [16] and joint limits [4], but also to minimize joint torques [10].
This so-called redundancy resolution is mainly done through numerical computa-
tionalmethods. In thisworkwe aremore interested in the symbolic and geometrical
redundancy solutions, e.g., [14,15,20,22,24]. The obtained results are extensive,
hence, the interested reader is referred to [5,25,26]. Since we only consider rota-
tional joints in this paper we follow the algebraic kinematics setting from [3,11,12].

A pose for the end-effector is the position and orientation of the end-effector,
it is an element in special Euclidean group SE(3). For a fixed pose of the end-
effector (when we fix the end-effector in space), a redundant serial manipulator

This research was funded by the Austrian Ministry for Transport, Innovation and
Technology (BMVIT) within the framework of the sponsorship agreement formed
for 2015–2018 under the project RedRobCo.

c© Springer International Publishing AG 2018
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will become a closed linkage which is a mechanical structure that consists of a
finite number of rigid bodies and a finite number of joints that connect the links
cyclically together. A sequence of joint angles is called a configuration for a closed
linkage when one can connect the links following the rotation angles cyclically to
form a loop. One configuration specifies a posture of the redundant manipulator.
In other words, the posture depends on the sequence of joint angles (or the
tangent of the half the joint angle) for a serial manipulator. By computational
algebraic geometry, the set of all such configurations for a pose belong to an
algebraic set (algebraic variety). For redundant serial manipulators, there are
infinitely many configurations that can achieve the same end-effector pose. In
other words, the variety is at least a one dimensional set.

It is known that redundant serial manipulators might not return to the same
posture when its end-effector follows a closed trajectory [19]. So the question
is, can we bring back the manipulator to the initial posture that it was in the
beginning? The answer is “It depends!”. Namely, it depends on the pose and the
posture. Moreover, moving the manipulator to the same posture from another
one without changing the end-effector pose might be not possible if two postures
are in different real connected components of the variety of the configurations.

Hence, the question on when the manipulator is possible to return can be
asked. Finding the answer on this question depends on further circumstances
that arise in practice, e.g., joint limits of the rotational joints or self-collision (the
manipulator collides with a part of itself). Both of these mechanical restrictions
are complicate to study symbolically. In this paper we skip these real issues. Then
only the number of real connected components of the varieties of configurations is
crucial for this question. Namely, it might not be possible to return to the initial
posture if the number of real connected components is bigger than 1. We study
the configuration set of a redundant planar 3R serial manipulator to show this
variation for its whole workspace (only in position, hence, orientation is ignored).
The configuration set for a planar 3R serial manipulator with a fixed position of
the end-effector is just a configuration curve for a single closed loop of planar 4R
linkage. The maximal number of real connected components is 2 [23]. Further-
more, the Grashof condition can also give the answer: If the sum of the shortest
and longest link of a planar quadrilateral linkage is less than or equal to the sum
of the remaining two links, then the shortest link can rotate fully with respect to
a neighboring link [7]. Namely, a closed planar 4R fulfilling Grashof condition has
two connected components for its configuration curve. If a closed planar 4R does
not fulfill the Grashof condition, its configuration curve has only one real branch.
It should be mentioned, that we will consider only a 1-dof branch; the isolate con-
figuration is not of interest for us.

Furthermore, the torque generated by a force at the end-effector depends
on the configuration (posture) as well. We present torque variations for the
redundant planar 3R among the connected components. It shows that minimum
torques in two connected components can be different.
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2 Preliminary Notations

In the beginning, we first recall several classical concepts and definitions followed
from [8,9,17]: dual quaternions, the Study quadric, and the forward kinematics
mapping.

We denote by SE(3) the group of Euclidean displacements, i.e., the group of
maps from R

3 to itself that preserve Euclidean distances and orientation.
We denote by D := R + εR the ring of dual numbers, with multiplication

defined by ε2 = 0. The algebra H is the non-commutative algebra of quater-
nions, and DH := D ⊗R H. The conjugate dual quaternion h of h is obtained by
multiplying the vectorial part of h by −1.

By projectivizing DH as a real 8-dimensional vector space, we obtain P
7.

The condition that hh is strictly real, i.e., its dual part is zero, is a homogeneous
quadratic equation. Its zero set, denoted by S, is called the Study quadric.
The linear 3-space represented by all dual quaternions with zero primal part is
denoted by E and is contained in the Study quadric. The complement S − E
is closed under multiplication and multiplicative inverse and therefore forms a
group, which is isomorphic to SE(3) (see [13, Sect. 2.4]).

The structural design of manipulators is determined by its geometrical invari-
ants of Denavit-Hartenberg parameters [6], i.e., twist angles, orthogonal dis-
tances and offsets. However, once the manipulator is assembled, we know all the
rotation axes. A nonzero dual quaternion h represents a rotation (around an
axis) if and only if hh and h + h are strictly real and its primal vectorial part is
nonzero.

We give a formulation of the forward kinematics in the language of dual
quaternions, based on the fact that SE(3) is isomorphic to the multiplicative
group of dual quaternions with nonzero real norm modulo multiplication by
nonzero real scalars. In the isomorphism described in [13, Sect. 2.4], the rota-
tion with axis determined by i and angle q correspond to the dual quaternion
(cos( q2 )−sin( q2 )i), which is projectively equivalent to (1−tan( q2 )i). So the forward
kinematics mapping is

(1 − t1h1)(1 − t2h2) · · · (1 − tnhn) ≡ he, (1)

where h1, . . . , hn are dual quaternions specifying the rotation axes in the initial
position of the robot, he is a dual quaternion specifying a pose of the end-
effector, “≡” means projectively equivalent. For simplicity, we will use (1) from
now on. The set G of all n-tuple (t1, . . . , tn) ∈ (P1)n fulfilling (1) is called the
configuration set (inverse kinematics) of the robot arm with respect to a fixed
pose he. In order to solve (1), we multiply it with the conjugate of he from both
side. We expand both sides into 8 dimensional vectors which gives us a system
of equations.
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3 Planar 3R Serial Manipulators

In the planar case, dual quaternions specifying the rotation axes with same
directions can be written in a simpler form, e.g., as h1 = k + εi, h2 = k + εj.

The global geometric structure of a redundant planar 3R serial manipulator
(see Fig. 1a), where only the position of the end-effector is analyzed, is considered
in the following example.

Example 1

h1 = k, h2 = k + d1εj, h3 = k + (d1 + d2)εj

Here, di denotes the length of the i-th link of the robot arm. Then the forward
kinematics will be

(1 − t1h1)(1 − t2h2)(1 − t3h3) ≡ he.

The position of the end-effector will also depend on the distance d3, which is
the distance from the end-effector position P to the third joint axis. If we only
consider the position of a planar manipulator, there are only two equations with
respect to the two planar coordinates. By any given trajectory of the end-effector
with he = pe+εqe [18], the home position of the end-effector point P represented
by 1 + (d1 + d2 + d3)i is mapped according to

x �→ pepe + pe(d1 + d2 + d3)ipe + 2peqe.

d1

P

x

y

O

2q

1q

d3

d 2

3q

(a) Planar 3R manipulator.

d1

d2

d3

(b) KUKA LBR iiwa.

Fig. 1. Parameter definition of different manipulators.
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For a reachable position, e.g., (x, y), of the end-effector (P is within the manip-
ulators workspace) two equations define the inverse kinematics:
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Toavoid higher dimensional complex solutions,we use the inequality (t21+1)(t22+1)
(t23 + 1) �= 0. With a Gröbner Basis approach, we can solve the system (two
equations and the inequality) by adding a new variable (u) and a new equation:
(t21 + 1)(t22 + 1)(t23 + 1)u − 1 = 0 (Rabinowitsch trick). The projection to variable
t1, t2, t3 gives us the solution. Furthermore, we can do some projection with this
solution for inspecting geometric properties. For instance, we project this curve to
t1, t2 plane (with parameters d1, d2, d3, x, y). Then we get
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Let us calculate the discriminants Δ1 of the Eq. (2). First, the discriminant with
respect to t1 (the result is a polynomial of degree 4) can be computed to be
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Second, the discriminant Δ2 with respect to t2 of Δ1 is

Δ2 = 294967296(x2 + y2)2d43d
4
2d

4
1((d1 + d2 − d3)2 − (x2 + y2))

((d1 − d2 − d3)2 − (x2 + y2))((d1 − d2 + d3)2 − (x2 + y2))

((d1 + d2 + d3)2 − (x2 + y2)).

Remark 1. One can see that x2 +y2 is the link length of 4th link if we consider
the planar serial 3R as a closed planar 4R linkage. Then the link length gives us
the sign of the last discriminant. One can prove (by studying the sign change of
the first discriminant) that the positive Δ2 gives us 2 real connected components
and a negative Δ2 gives us 1 or 0 (depending on the workspace) real connected
components.

By Remark 1 we are able to draw the areas (rings) that corresponds to the
number of connected components of the configuration curve. Here we use the link
lengths of two different classes of industrial robots, the KUKA LBR iiwa and the
Universal Robot variants, all of them used in a planar configuration. An example
canbe seen inFig. 1b.By ignoring the otherDenavit-Hartenberg parameters due to
the planar operation of the robots, we list the reduced parameters d1, d2, d3 (mm)
in Table 1 to generate planar 3R.

Table 1. Reduced Denavit-Hartenberg parameters (mm).

Robot d1 d2 d3

KUKA LBR iiwa 7 400 400 126

KUKA LBR iiwa 14 420 400 126

UR3 243.65 213.25 85.35

UR10 612 572.3 115.7

Remark 2. In Figs. 2 and 3, the green rings are the areas (the position of the
end-effector) where only one real branch for the configuration curve (they are
all in the workspace) exists; the red rings are the areas where two real connected
components for the configuration curve are feasible.

Remark 3. It is known that the Denavit-Hartenberg parameters of KUKA LBR
iiwa 7 and KUKAiiwa 14 are slightly different. One can realize that the number of
rings changes with the variation of Denavit-Hartenberg parameters. Namely, in
the left figure of Fig. 3 (corresponding to KUKA LBR iiwa 7), one ring is missing
comparing to the right figure. The reason is that some of the radii (absolute
values) γ1, γ2, γ3, γ4 can be equal, where γ1 = |d1 + d2 − d3|, γ2 = |d1 − d2 −
d3|, γ3 = |d1 − d2 + d3|, γ4 = |d1 + d2 + d3|. In general, we should have four
different circles with respect to four radii. However, for the Denavit-Hartenberg
parameters of KUKA LBR iiwa 7, we only have three different circles because
γ2 = γ3.
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Fig. 2. Number of real connected components variation for (planar) Universal Robots
UR3 (left) and Universal Robots UR10 (right). (Color figure online)

4 Torque Variation Among Different Configurations

The well known torque function τ = JTF for planar serial manipulators [2,21]
shows that the torque depends on the posture and the direction of the force,
where J is the kinematics Jacobian matrix with only focusing on the position
part, F is the force, τ is the torque vector that corresponds to the torques of
each rotational joint.

The torque variation (vertical coordinate) in Fig. 4 shows that the minimum
can be reached. In Fig. 5, we can see that the minimum of the torque variation

x

y

x

y

Fig. 3. Number of real connected components variation for (planar) KUKA LBR iiwa
7 (left) and KUKA LBR iiwa 14 (right). (Color figure online)
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Fig. 4. Torque variations among the configuration curve with a pose such that there
is only one real branch.

(vertical coordinate) among the two connected components is different. Here, the
Euclidean norm of the torque is our objective function for showing the variation
among all the configurations (parameter as horizontal coordinate) with a fixed
position. We draw the Figs. 4 and 5 using a discretization of the configuration
curves.

5 Discussion of Results and Future Research

The motivation for studying a computational, algebraic, geometrical framework
for redundant serial manipulators was to look deep inside of the projective alge-
braic varieties (or manifold) respective algebraic tasks from a geometrical varia-
tion point (this is less studied) instead of a dynamics optimal point (this is more
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Fig. 5. Torque variations among the configuration curve with a pose such that there
are two real connected components (the solid curve and the dashed curve).
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and well studied). A deep investigation of a configuration set (variety) for the
redundant manipulators can tell us some interesting facts from a geometric point
of view by using knowledge from computational algebraic geometry. A variation
of this information will provide a thorough understanding of manipulators. Here
we mainly focused on planar 3R serial manipulators which are redundant when
the orientation of the end-effector is neglected. However, the redundant planar
4R serial manipulator (when position and orientation is considered) is equivalent
to the previous case in terms of configuration level. It is also simpler when we
study the 1-D (redundant) configuration set (configuration curve). For instance,
the decomposition of the real computation is easier when we study the curve
instead of surface or even higher dimensional varieties. We show the determi-
nation of number of real connected components by using the discriminant of
univariate polynomials. Through the study of the planar 3R, we can see that
the global geometric analysis is important for understanding the redundancy.
Even the local (with a fixed pose) minimization of torque might not be able to
reach the global minimization because of the disconnected two real connected
components of the configuration set.
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Duisburg-Essen), Josef Schicho (University of Linz) and Hans-Peter Schröcker (Uni-
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Abstract. In robotic field, manipulators with parallel architecture have inherent
advantages in relation to serial manipulators in various applications, such as
high stiffness, accurate positioning and high movement velocities. In this con-
text, the determination of volume position is one of the most important aspects
considered during the manipulator project because it determines the geometrical
limits of task that can be performed. In this contribution, Bio-inspired Opti-
mization Methods (BiOM) are applied to solve a multi-objective problem that
considers as objectives the maximization of volume position and the maxi-
mization of orientation workspace of CaPaMan (Cassino Parallel Manipulator).
The strategy proposed consists in extension of the BiOM to problems with
multiple objectives through the incorporation of two operators into the original
algorithm: (i) the rank ordering, and (ii) the crowding distance. The results
demonstrated that the proposed methodology represents an interesting approach
to solve multi-objective problems in the robotic context.

Keywords: Parallel manipulators � Workspace optimization � CaPaMan �
Bio-inspired optimization methods

1 Introduction

Naturally, realistic optimization problems can be easily found in different fields of
science and engineering. This kind of problem, called Multi-Objective Optimization
Problem (MOOP), consists of simultaneous optimization of two or more objectives
(often conflicting). In the literature, there is no universal definition of optimal for
MOOPs. However, there is a general concept that has to be taken into account for this
kind of problem, namely, the Pareto’s Curve (that is constituted for non-dominated
solutions). A Pareto’s Curve should present two characteristics [1]: (i) the non-
dominated solutions should be well distributed, and (ii) convergence.

In the literature, two classes of methods for solving MOOPs can be found [1, 2]:
Deterministic and Non-Deterministic approaches. First class consists in to transform
the original multi-objective problem in to similar mono-objective problem considering
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a preference-based approach, in which a relative preference vector is used to scalarize
multiple objectives. Non-deterministic methods not are based on the information about
the gradient of objective function. In addition, these methodologies are based on natural
selection processes, population genetics, and analogies with physical and chemical
processes. In this context, Bio-inspired Optimization Methods (BiOM) belongs to class
of Non-Deterministic methods and are based on capacity of communication among the
individuals of population, capturing the interactions among the candidates to generate a
population that is more adapted each generation.

Among the most recent BiOM, we can to cite the Bees Colony Algorithm - BCA [3],
the Firefly Colony Algorithm - FCA [4], and the Fish Swarm Algorithm - FSA [5].
The BCA is based on the behavior of bees colonies in their search of raw materials for
honey production. Basically, in this evolutionary strategy, groups of bees (called scouts)
are recruited to explore new areas (design space) in search for pollen and nectar. After
this first step, the bees return to hive and the acquired information is used to indicate the
best regions visited (local search). This procedure continues until a stopping criterion is
reached [6]. The FCA mimics the patterns of short and rhythmic flashes emitted by
fireflies in order to attract other individuals to their vicinities [4]. In this case, the
attractiveness is proportional to their brightness, and for any two fireflies, the less bright
will attract (and thus move to) the brighter one. However, the brightness can decrease as
their distance increases and if there are no fireflies brighter than a given firefly it will
move randomly [4]. Finally, the FSA is a random search algorithm based on the
behavior of fish swarm observed in nature [5]. This intelligent social behavior is related
with interactions between all fish in a group during the search for food, when the fish
discovers a region with more food, when the fish will swarm naturally in order to avoid
danger and when fish stagnates in a region, a leap is required to look for food in other
regions [5].

In robotic fields, one important application of MOOP is the optimization of the
parallel manipulators workspace. Orientation workspace, reachable workspace and
dexterous workspace are useful concepts in this context, and requires a tridimensional
representation due to its complexity [7, 8]. The attention of parallel manipulator are
focused to a number of possible industrial applications such as manipulation [9],
packing [10], assembly and disassembly machines [11], motion simulation [12], mil-
ling machines [13] and in the field of medicine [14].

To parallel manipulators, a number of different objectives can be adopted
depending on the resources and general nature of tasks to be performed, such as
workspace, singularities, stiffness, and dexterity. Consequently, one of the problems
facing the designer is how to choose performance criteria and justify the optimality of
different designs [15]. A discussion on optimal design of CaPaMan architecture is
presented in Ottaviano and Ceccarelli [16] and Castelli et al. [17], in order to obtain
design parameters of the robot whose position workspace is suitably prescribed.
Another work focuses the optimization of the orientation workspace of CaPaMan [18].

In this context, the main contribution, the BiOM is considered as optimization tool
to solve a multi-objective optimization problem that considers the maximization of
volume position and the maximization of orientation workspace of parallel manipu-
lators. This work is organized as follows. Section 2 presents the description of the
CaPaMan architecture (a 3-DOF spatial parallel manipulator, in order to obtain design
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parameters of the robot whose position and orientation workspaces are prescribed in a
suitable way). The mathematical formulation of multi-objective optimization is pre-
sented in Sect. 3. The BiOM and its extension for multi-objective context are presented
in Sect. 4. Section 5 presents the methodology proposed in this work following by the
results and discussion. Finally are presented the conclusions.

2 Description of CaPaMan Architecture

Ceccarelli in 1997 [12] presented a new 3 DOF parallel manipulator named as
CaPaMan – Cassino Parallel Manipulator, which its structural parameters are shown in
Fig. 1(a). As can see on Fig. 1(a), it is composed by a fixed plate FP and a movable
platform MP connected by three mechanisms (legs) rotated of p/3 with respect to the
neighbor one. Each leg is composed by an articulated parallelogram AP, a prismatic
joint SJ, a connecting bar CB and a spherical joint BJ.

Each leg mechanism is composed by the frame link ak; the input crank bk; the
coupler link ck; the follower crank dk; and the connecting bar which its length is hk,
with k = 1, 2, 3. The input crank angle bk and the stroke of the prismatic joint sk are the
kinematic variables. The size of the movable platform and the fixed plate are given by
rp and rf, respectively. For the kinematic and dynamic analysis of CaPaMan [22, 23] a
world frame OXYZ was fixed to the center point of FP, a moving frame HXPYPZP was
fixed to the center point of MP, and another frame OkXkYkZk (k = 1, 2, 3) was fixed to
the middle point of the frame link ak. Table 1 gives the dimensions of the built
prototype of CaPaMan [22, 23]. The input crank angle bk for the build prototype varies
from p/4 to 3p/4, but for the optimization process it varies from 0 to p.

(a) (b)

Fig. 1. (a) Architecture and design parameters of CaPaMan; (b) Built prototype of CaPaMan [15].
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More details for the kinematic and dynamic analysis of CaPaMan, as well the
constructed prototype, can be found in [12, 22, 23].

The optimization problem enable to obtain the design parameters ak = ck, bk = dk,
hk and bk, for three legs of CaPaMan when the size and shape of orientation and
position workspace are suitably prescribed.

3 Mathematical Formulation of Optimization Problem

In the single-objective optimization context, the optimal design of CaPaMan architecture
was addressed by Ottaviano and Ceccarelli [16]. These authors considered the maxi-
mization of workspace using a reference volume (parallelepiped), where a fixed volume is
a goal to be achieved through a classical nonlinear programming methodology. In Otta-
viano and Ceccarelli [18], a similar formulation for the optimal design of the same
architecture was presented. By using a nonlinear programming methodology, the work-
space orientation was considered. The corresponding results are summarized in Ceccarelli
and Ottaviano [19], where the workspace positioning and orientation are considered
simultaneously. All the approaches use the parallelepiped as reference geometry.

In this work is presented an analysis of the optimization problem of CaPaMan
considering as objectives the maximization of workspace volume and the maximization
of orientation by using three BiOM (multi-objective optimization bee colony algorithm,
multi-objective optimization firefly colony algorithm and multi-objective optimization
fish swarm algorithm). In order to compare the obtained results, it was also considered the
non-dominated sorting genetic algorithms and the weighted sum method associated with
the sequential quadratic programming. The first objective function is represented by
Eq. (1):

max f1 ¼ V ! max f1 ¼ 2xð Þ 2yð Þ 2zð Þj j ð1Þ

where V is the optimal volume and the coordinate variables x, y and z are given in [12].
The second objective function is related to the orientation workspace, defined by
Eq. (2):

max f2 ¼ 2uð Þ 2wð Þ 2hð Þj j ð2Þ

where w, h, u are angles that define the workspace orientation and are given in [12].
Based on the built prototype, Fig. 1(b), the associated constraints are given by:

xj j � 40� 0 ; yj j � 40� 0 ; zj j � 180� 0 ; uj j � 100� � 0 ;

wj j � 100� � 0 ; hj j � 230� � 0 ; bk � 0 ; hk � 0 ; ak � 0 ; 0o � bk � 180o
ð3Þ

Table 1. Design parameters of the built prototype of CaPaMan.

ak = ck (mm) bk = dk (mm) hk (mm) rp = rf (mm) bk (rad)

200 80 96 109.50 p/4 to 3p/4
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4 Multi-objective Optimization and Bio-inspired
Optimization Methods

As mentioned earlier, the notion of optimality for MOOP was proposed by Edgeworth
[20] and later generalized by Pareto [21]. This concept consists to finding non-dominated
solutions (good tradeoffs among all the objectives). To solve this kind of problem con-
sidering the concept of non-dominated solutions, various Multiple-Objective Evolu-
tionary Algorithms (MOEAs) can be found. In general, these methods can find multiple
optimal solutions in one single simulation run due to their population-based search
approach. Thus, MOEAs are ideally suited for multi-objective optimization problems.

In this context, due to success obtained by BiOM in different applications in science
and engineering, several multi-objective algorithms based on these methods can be
found. In this work, the MOBC (Multi-objective Optimization Bee Colony), MOFC
(Multi-objective Optimization Firefly Colony) and MOFS (Multi-objective Optimiza-
tion Fish Swarm) algorithms are used. Basically, in each approach, the BCA, FCA and
FSA algorithms are considered as alternative to generate potential candidates to solve
the MOOP proposed earlier. Each algorithm has the following structure: an initial
population of size N is randomly generated considering the design space. Each can-
didate is evaluated considering all objectives. Following, all solutions are classified
through the operator Fast Non-Dominated Sorting [1, 2] (this operator realizes the
classification of non-dominated solutions). Thus, the population is sorted into
non-dominated fronts Fj (classified solutions). This procedure is repeated until each
vector is member of a front. A new candidate is generated considering a bio-inspired
strategy (BCA, FCA or FSA). The Crowding Distance operator is applied to avoid a
increase of population size during the evolutionary process [1]. Finally, this process
continues until the number of generations is reached.

5 Workspace Analysis of a Parallel Manipulator

In order to evaluate the performance of the proposed methodology to solve the MOOP
given by Eqs. (1) to (3), the following parameters were considered [3–5]: MOBC -
number of scout bees (60), number of bees recruited for the best e sites (20), number of
bees recruited for the other selected sites (20), number of sites selected for neighbor-
hood search (5), number of top-rated (elite) sites among m selected sites (5), neigh-
borhood search (10−3) and generation number (250), MOFC - number of fireflies (100),
maximum attractiveness value (0.9), absorption coefficient (0.7) and generation number
(250), MOFS - number of fishes (100), weighted parameter value (1), control fish
displacements (10−1) and generation number (250). For the considered parameters, the
number of objective function evaluations required for each bio-inspired algorithm is
100 � 250 + 100.

To compare the results obtained by using the BiOM, will be considered the
Non-dominated Sorting Genetic Algorithms (NSGA II) (population size equal to 200,
binary tournament, crossover probability equal to 0.9, mutation probability equal to
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0.02 and 250 generations) and the Weighted Sum Method (WSM) associated with the
Sequential Quadratic Programming (SQP).

The design variable vector considered in this application is [22]: 0.001 � b1 =
b2 = b3 � 0.3, 0.001 � h1 = h2 = h3 � 0.3, 0 � b1 = b2 = b3 � p and
0 ˂ a1 = a2 = a3 = ak ˂ 0.6.

Table 2 presents the best point, in terms of to maximize volume (point A – MOBC,
point C –MOFC and point E –MOFS, see Figs. 2 and 3, and maximize the positioning
(point B – MOBC, point D – MOFC and point F – MOFS, see Figs. 2 and 3),
respectively.

In general way, the results obtained by using the BiOM are similar to found by
using the NSGA II and the WSM, as observed in the Table 2. The results show upper
values to bk and hk parameters, leading to maximization of volume and positioning of
the movable platform in its workspace. In addition, lower values for the ak parameter
lead to maximization of workspace. The results presented on Figs. 2 and 3 are coherent
with previous analysis of the CaPaMan workspace. Its structure, due to its particular
geometry, presents a workspace similar to a bulk umbrella shaped volume with a
hexagonal middle cross-section and six separate lower vertices. Another characteristic
that can be noted is that its maximum workspace in volume is done when the movable
platform is parallel to the base i.e., the orientation workspace is null. In opposite, when
the maximum orientation workspace is obtained the volume workspace is minimum as
can be seen on the analysis of its workspace characteristics shown in [12, 22]. In the
optimization context, both algorithms were able to obtain satisfactory results in relation
to objectives considered. Finally, in terms of the number of objective function evalu-
ations, both algorithms presented the same computational cost.

Table 2. Points belonging to Pareto’s Curve.

bk (m) hk (m) ak (m) 102xf1 (m
3) f2 (rad

3)

MOBC A 0.3 0.3 9.87E−5 3.59E−2 7.89
B 0.3 0.3 5.51E−2 2.15E−1 0.00

MOFC C 0.3 0.29 1.94E−2 3.05E−2 8.02
D 0.3 0.3 3.62E−1 2.16E−1 0.00

MOFS E 0.3 0.29 7.15E−2 2.34E−2 8.03
F 0.3 0.3 1.19E−1 2.15E−1 0.00

NSGA II G 0.3 0.29 7.04E−2 2.30E−2 8.02
H 0.3 0.3 1.19E−1 2.10E−1 0.00

WSM I 0.3 0.29 7.14E−2 2.33E−2 8.02
J 0.3 0.29 1.20E−1 2.10E−1 0.00
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6 Conclusions

In this paper, the optimal design of a parallel robotic structure (CaPaMan) was studied.
For this purpose, three Bio-inspired Optimization Methods (Bee Colony Algorithm,
Firefly Colony Algorithm and Fish Swarm Algorithm) were extended to
multi-objective context. This approach was applied to maximization of volume position
and the orientation workspace.

The results obtained show that the methodology used represents an interesting
approach to the treatment of the optimization problem formulated when compared with
those obtained by the Non-dominated Sorting Genetic Algorithm (NSGA II) and the
Weighted Sum Method (WSM).

It is important to observe that the methodology proposed in this work eliminate the
necessity transformation of original multi-response problem in a similar with one
objective, i.e., solve the original multi-objective problem.

Finally, due to the good performance found in numerical experiments, in the further
work will be added other objectives, such as singularity and stiffness, when computing
the optimal design, and can be efficiently used to analyze different parallel robotic
structures.
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Fig. 2. (a) Pareto’s Curve by using the NSGA II, WSM and MOBC. (b) Pareto’s Curve by using
the NSGA II, WSM and MOFC.
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Abstract. A multibody system, such as a multiple legged robot, can be
modeled and controlled as a cooperative multirobot system (CMS), since
it is expected that the several parts involved in the multibody to have
a common purpose, in which they must cooperate in order to achieve
success. This paper introduces the modeling of a four-legged robot as a
set of five robot manipulators: four legs and one additional torso robot
for center of mass change. The body’s trajectory is defined and the legs
must move cooperatively in order to keep the movement as defined, and
the cooperation factor is used again with the torso compensation. The
task of the torso robot is to keep the center of mass inside the supporting
polygon composed by (at least) three legs, so that the system can remain
stable at all times, and, because of that, must act cooperatively with the
legs’ movement. The kinematics are computed and simulated using the
presented methodology, with screw theory, Assur virtual chains, graph
theory and Davies method.

Keywords: Four-legged robot · Screw theory · Cooperative multirobot
system

1 Introduction

Cooperative Multirobot System (CMS) are composed by robots that collaborate
for the accomplishment of one or more tasks simultaneously, with some degree
of interrelationship among them. In this definition, a four-legged robot can be
modeled as a CMS, such that every leg is a single robot that composes this system
and the main task imposed to the four-legged robot is a task of the CMS.

This approach allows the application of the methodologies developed gener-
ally for CMS in the four legged robot. On the condition where one leg is moving
without ground contact, the other three establish a condition analogous to a par-
allel robot, or a multirobot sharing load. This condition allows them to displace
the Base Plate in a specific desired way, referred as the main task of the robot.

c© Springer International Publishing AG 2018
J.C.M. Carvalho et al. (eds.), Multibody Mechatronic Systems,
Mechanisms and Machine Science 54, DOI 10.1007/978-3-319-67567-1 11
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The global task of moving the robot includes some coordination effort, which
is needed to plan the individual tasks of the legs lifting from the ground, and
cooperative efforts, while the remaining legs must cooperatively share the load
of the robot to be moved.

In addition to the study of this condition, this paper introduces the applica-
tion of a fifth robot, which purpose is to assure the statically stable positions,
by changing the center of mass of the system.

2 Kinematics for a Cooperative Multirobot System

2.1 Screw Theory

The methodology presented for kinematics computation of CMS is based on the
screw theory. In this theory, a screw $ is a geometric element defined by a directed
line in space (not necessarily crossing the origin) and by a scalar parameter h,
that defines the screw pitch [1]. One screw can be decomposed in a magnitude
q̇ and its normalized axis $̂. The axis $̂ is the geometric representation of the
screw parameters:

$ = $̂q̇, where $̂ =
[

s
so × s + hs

]
(1)

and also, s is an unitary vector with the direction of the axis related to the
translation and rotation of the screw displacement. Since the axis not necessarily
cross the origin, and s presents only the direction, the so vector defines the
position of the axis related to the origin of the fixed coordinate system, h is the
screw pitch and so × s is the cross product of so and s vectors.

Now, the screw can be adapted to each type of body motion. When the
movement is a rotation, the screw pitch is null (h = 0), and Eq. (1) leads to
$̂revolute. Moreover, when the movement is a translation (h = ∞), Eq. (1) leads
to $̂translation.

$̂revolute =
[

s
so × s

]
; $̂translation =

[
0
s

]
(2)

So, the screw movement description may be used to define the differential
displacement between two bodies related to a reference coordinate system (based
on Chasles theorem and on Mozzi theorem). More details of the screw theory
and its applications can be found in the following works: [1–3].

2.2 Successive Screw Method

This method can be extended to compute the screw due to the action of a body
in another and as well as its coupling among them. The complete approach
is presented in the research of Tsai [4], where he deduces the equations that
model the rigid body displacements by using the Chasles theorem. Also, Tsai [4]
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presents the Rodrigues matrix, written to evaluate the displacement of a rigid
body in the space. So, the Rodrigues matrix is given by:

A−→s ,θ =

⎡
⎢⎢⎣

(s2x − 1)(1 − cos θ) + 1 sxsy(1 − cos θ) − sz sin θ . . .
sxsy(1 − cos θ) + sz sin θ (s2y − 1)(1 − cos θ) + 1 . . .
sxsz(1 − cos θ) − sy sin θ sysz(1 − cos θ) + sx sin θ . . .

0 0 . . .

(3)

. . . sxsz(1 − cos θ) + sy sin θ tsx − sox
(a11 − 1) − soy

a12 − soz
a13

. . . sysz(1 − cos θ) − sx sin θ tsy − sox
a21 − soy

(a22 − 1) − soz
a23

. . . (s2z − 1)(1 − cos θ) + 1 tsz − sox
a31 − soy

a32 − soz
(a33 − 1)

. . . 0 1

⎤
⎥⎥⎦

In this Rodrigues matrix, θ is the angle of rotation around the s axis and t
is the translational distance on the same axis.

By using the screw displacements concept for the kinematics analysis, the
screw displacement of n successive screw displacements is just the premultipli-
cation of the transformation matrix, given by:

Ar = A1A2A3 . . . An (4)

In this way, the position of the manipulator’s end-effector can be computed,
while the robot joints move, by using the screws evaluation procedures. In other
words, the successive screw technique can be extended over the axis of the joints
in order to calculate the robot effector pose. For the CMS, the screw technique
is employed to establish the influence of each one of the joints over the others,
and, thus, to get the s and so variables that includes such influence.

2.3 Assur Virtual Chains and Graph Theory

Another tool to study CMS is the Assur virtual chains. The Assur virtual chains,
when added to a CMS, help to analyze the displacements of a kinematic chain
or even to impose desired movement to a kinematic chain, as described before.
By definition, a virtual chain is a kinematic chain composed by virtual links and
joints, that can be added to a real kinematic chain without changing the main
behavior of a real chain [5]. The virtual chain should be used to describe the rela-
tionship among robots links, tasks and parts in the scenario of CMS’s planning.

Also, a CMS can be better represented by using graph theory, to visualize
and compute interrelations between base, robots and tasks. Such relationships,
represented by graphs, can be summarized in a circuit matrix B. This matrix B
is a way to describe the presence of each edge in the graph meshes. The matrix
is assembled so that each row is reserved to one mesh of the graph and each
column to one edge. Each element of the matrix is defined as:

– 0, if the edge is not present on the mesh;
– 1, if the edge is on the mesh and on the same direction of the circuit (arbitrary

chosen, but constant);
– −1, if the edge is on the mesh, but in the opposite direction of the circuit.

Together, Assur virtual chains and graph theory are very helpful to build the
interrelationships in a CMS study.
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2.4 Davies Method

The Davies method is a way to compute and relate the joints’ velocities mag-
nitudes of a close virtual chain. The method is an adaptation of the Kirchhoff
circuit law and states that the sum of the relative speeds between kinematic
pairs throughout any closed kinematic chain is null [2]:

n∑
0

$i =
n∑
0

$̂iq̇i = 0 ⇔ Nq̇ = 0 (5)

in which n is the number of joints of the system and N is the network matrix
containing the normalized screws. To study the kinematic chain behavior it is
better to classify the system’ joints as primary Np (joints used to define the
movement) and secondary Ns (joints that will be computed in order to reach
the desired movement). Thus, the Eq. (5) can be written as:

[
Ns

... Np

] ⎡
⎣ q̇s

· · ·
q̇p

⎤
⎦ = 0 ⇔ Nsq̇s = −Npq̇p (6)

If Ns is invertible, the magnitude of the secondary joints can be computed
by the following equation:

q̇s = −N−1
s Npq̇p (7)

By substituting Ns, Np and on Eq. (7), the secondary joints velocities mag-
nitudes turn to be described as a function of the primary joints.

The gathering of these methods is applied in the kinematics computation for
any multi-robot system, including cooperation [6]. The purpose of this paper is
to apply such methodology in a four legged robot.

3 Guará Robot Overview

The configuration of a four legged robot consists in a rectangular plate equipped
with a leg on each corner. Each leg is a robot manipulator, and can have from
two up to six degrees of freedom.

An early implementation of a four legged robot made in Universidade Federal
do Esṕırito Santo [7] was composed by four legs with four degrees of freedom
each. This robot (as seen in Fig. 1) was named Guará.

This paper is part of the optimization effort for of Guará’s design, including
the investigation of the capabilities of simplified design (less joints) with more
sophisticated simulation and trajectories programming techniques. The general-
ist approach of the proposed algorithms allows the evaluation of different degrees
of freedom for the legs, as well as leg positioning, initial pose, joints ranges, links
size, and additional manipulators.

In this way, the new proposed design is composed by four legs with three
degrees of freedom each (all revolute joints). Additionally, a fifth simple robot
(located in the middle of the plate, with one degree of freedom, revolute joint)
is proposed, for controlling the center of mass of the system.
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Fig. 1. Four legged robot Guará [8].

4 Guará’s Kinematics Representation

4.1 Data Representation and Parameters

The data for one of the robots can be found on the Table 1 and the positioning
of each leg and torso on the plate can be found on Table 2. A general view of
this configuration can be seen on Fig. 2.

Table 1. Robots joints data.

Joint s so (mm) Next link size (mm)

Leg’s 1st joint (0, 0, 1) (0, 0, 0) 0

Leg’s 2nd joint (0, 1, 0) (0, 0, 0) 120

Leg’s 3rd joint (0, 1, 0) (0, 0, 120) 100

Torso unique joint (0, 0, 1) (0, 0, 0) 100

Table 2. Robots positioning on the plate and initial joint configurations.

Robot Position on plate (mm) Joints initial configuration (rad)

Rear left leg (RLL) (0, 0, 0) (1.571, 3.500, −1.000)

Rear right leg (RRL) (300, 0, 0) (1.571, 3.500, −1.000)

Front left leg (FLL) (0, 500, 0) (1.571, 3.500, −1.000)

Front right leg (FRL) (300, 500, 0) (1.571, 3.500, −1.000)

Torso (150, 200, 0) (1.571)

For the graph representation, the four legged robot with torso is an specific
case of the general modeling for cooperative multirobot system presented on
[6,9]. The general model applied to multirobot systems allows each robot to
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Fig. 2. Simulated configuration.

have a different moving base, with different tasks over a part, that is allowed to
move related to the origin.

In the case of a four legged robot, the base is common for all the robots,
and the part is the ground, which has no relative movement related to the
origin. The graph representation for this case is presented on Fig. 3. This graph
representation in condensed, so that the internal joints of robots and virtual
chains are suppressed.

Fig. 3. Graph representation of the cooperative multirobot system (4 legs+torso).

The circuit matrix (B) associated with this graph is presented on Eq. 8. In
this matrix representation the columns are presented in the compressed form.
For example, CV0 column refers to the six joints of the PPPS virtual chain.

B =

⎡
⎢⎢⎢⎢⎢⎣

CV0 CV1 RLL CV2 RRL CV3 FLL CV4 FRL CV5 Torso BasePlate

mesh1 1 1 −1 0 0 0 0 0 0 0 0 −1

mesh2 1 0 0 1 −1 0 0 0 0 0 0 −1

mesh3 1 0 0 0 0 1 −1 0 0 0 0 −1

mesh4 1 0 0 0 0 0 0 1 −1 0 0 −1

mesh5 1 0 0 0 0 0 0 0 0 1 −1 −1

⎤
⎥⎥⎥⎥⎥⎦

(8)
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The normalized screw matrix D is defined as:

D =
[
$̂CV0 $̂CV1 $̂RLL $̂CV2 $̂RRL $̂CV3 $̂FLL $̂CV4 $̂FRL $̂CV5 $̂Torso $̂BasePlate

]
(9)

In the screw matrix, each $ is a matrix that includes all the screws of a given
object. For example, the $CV0 is a 6 × 6 sized matrix, including the normalized
screws relative to the virtual chain. This leads to the Network Matrix N :

N = D · diag{Bi} (10)

where Bi is the vector extracted from the ith row of the B matrix. The network
matrix is split into primary matrix Np and secondary matrix Ns. The primary
matrix defines the tasks that need to be fulfilled, and the secondary matrix will
be used to compute the joints values for the robots that are needed to fulfill the
tasks.

Np =

⎡
⎢⎢⎢⎢⎢⎣

$̂CV0 $̂CV1 0 0 0 0 −$̂BaseP late

$̂CV0 0 $̂CV2 0 0 0 −$̂BaseP late

$̂CV0 0 0 $̂CV3 0 0 −$̂BaseP late

$̂CV0 0 0 0 $̂CV4 0 −$̂BaseP late

$̂CV0 0 0 0 0 $̂CV5 −$̂BaseP late

⎤
⎥⎥⎥⎥⎥⎦

(11)

Ns =

⎡
⎢⎢⎢⎢⎢⎣

−$̂RLL 0 0 0 0
0 −$̂RRL 0 0 0
0 0 −$̂FLL 0 0
0 0 0 −$̂FRL 0
0 0 0 0 −$̂Torso

⎤
⎥⎥⎥⎥⎥⎦

(12)

The values of q̇p, Ns and Np defined above are replaced on Eq. 7, thus making
it possible to compute all the robots’ joints speeds as a function of the speeds of
the desired tasks.

4.2 Gait Planning

The first goal in a four legged robot is to complete the statically stable gait, which
means that, during the walk, there must be at least three points of support at any
given moment (three legs on the ground). This is the usual way that four legged
animals move during walkings or slow runs. Whenever speed is necessary, there
would be moments in which less than three legs, requiring even more coordination
and balance. The purpose of this paper is to evaluate the applicability of a
statically stable gait.
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One example of such gait can be found on Fig. 4.

Fig. 4. Step pattern (black line meaning ground contact) [7].

This strategy has two advantages: first, it is easier to assure balance of the sys-
tem, since only static evaluation must be made, and thus the balance is assured
if the center of mass is located inside the ground contact polygon [7]; second,
with three legs it is still possible to control the position and orientation of the
plate, in an analogous situation of a parallel robot with three arms.

5 Results

5.1 Move Ahead Task

The move ahead task is the first task to be accomplished by the four-legged
robotic system. The purpose is to go from an initial position to a position some
place ahead, while maintaining the balance. The balance part will be considered
on the next section, while this section explores the planning of the kinematics
needed to accomplish the task.

One additional constraint imposed, in order to experiment the cooperative
methodology is that it is desired to move the base plate with constant speed
(linear advance on Y axis, since ahead direction is conventioned as Y +, as pic-
tured on Fig. 5). This way, while one leg don’t contact the ground, the other
three legs must operate similar to a parallel robot, inducing the constant speed
forward upon the plate, without rotating the plate in any direction.

In this formulation, there is the task of the base plate, and there is the
planning of the gait, with the four legs moving without ground contact one at
a time. Each leg has its own task planned, indicating if it contact the ground
(constant position with z = 0) or is stepping forward. The tasks are planned
so that the final pose equals the initial, making it possible to cycle through the
movements in order to move ahead indefinitely.

The methodology defines the tasks as the primary joints on the kinematic
chain, as the robots’ joints are secondary. Applying Eq. 6 with the matrices
defined on Eqs. 11 and 12, the robots joints could be found as presented on
Fig. 6. It is possible to observe that the joints of the legs change even when the
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Fig. 5. Desired trajectories planned for the move ahead task (Primary joints).

Fig. 6. Joints positions for the legs in order to accomplish the task.

end-effector (foot) is set on the ground. This is necessary in order to move the
base plate forward with three legs while another doesn’t have ground contact.

In this moment of the task experimentation, it is possible to verify more
convenient dimensions of the links, as well as good initial position in order to
complete the movement without singularity problems.

A view of the simulated environment can be seen on Fig. 7. It is noticeable
that the Rear Right Leg is changing its pose during the task, even in the interval
that it is contacting the ground (from “original” to “during 2nd leg” frames).

Fig. 7. Three different configurations for the move ahead task.
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After accomplished this task, other tasks, such as the “move aside” task
becomes trivial, by, for example, changing the Y axis movement to a X axis
movement. Other possible change is to define a variable inclination of the base
plate (in any given direction), since the virtual joints include revolute joints.

5.2 Center of Mass Control with the Fifth Robot

One important detail of the kinematics of the four-legged robot is the statically
stable gait. This means that, in any given moment, the center of mass must
remain inside the ground contact polygon.

Considering the base plate the most massive object and symmetrical legs
implies that the center of mass is exactly on the middle of the base plate, making
the gait as defined on the previous section a fragile stable system (the center of
mass is located on the edge of the ground contact polygon).

For a statically stable gait, it is necessary to make sure that the center of
mass is located inside the polygon, and the fragile stability isn’t enough. The
solution implemented on the Guará robot, for instance, was to tilt the base plate.
This could be easily done by the correct definition of the base plate task, but it
would violate the desired constraint.

The solution proposed is to implement a one joint robot over the base plate,
with considerable mass that could actively change the center of mass to a desired
position. This robot will be named Torso Robot. The task of such compensation
robot is necessarily cooperative with the legs: each time a leg loses ground con-
tact, the Torso must roll to a position where it ensures the position of the center
of mass.

It is quite usual on the nature to see such behavior in animals, with the
changing of the center of mass to a more stable position, even on walks or slow
runs. On a horse, for example, it is usual to move the neck in order to guarantee
the balance, as well as the torso [10].

The cooperative task computed for the torso robot, that makes the robot
statically stable, is displayed on Fig. 8.

Fig. 8. Joint position for the 5th robot.

In the Fig. 9 three different moments of the simulation is displayed, showing
the mass on the end-effector of the torso robot inside the supporting polygon.
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Fig. 9. Three different configurations for the center of mass control task.

6 Conclusions and Further Works

The application of the CMS methodology on multi-legged robot allows the test-
ing of different configurations and parameters, as well as the capabilities of such
robot, helping the design of the system. The addition of a fifth cooperating robot
to compensate the center of mass so that the robot is always on a statically stable
position seems to be a good design option that doesn’t restrict the task definition
of the Base Plate (as the Base Plate tilt would inevitably do).

As further works, in the simulation part, more complex trajectories can be
implied, different solutions for the statical stability of the robot can be tested, as
well as an adaptive method for unknown obstacles on the ground and the detec-
tion of positions near singularities. On the prototype part, the design options
could be tested in a small-scale robot prototype.
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Abstract. Modular robots are robots capable of changing their mor-
phology to perform various tasks and to adapt to different environments.
In order to explore these versatile robots potentialities, they must be
assembled and operated in as many different configurations as possible.
This paper presents an original assembly sequence planning to target
structures formed by shape heterogeneous modular robots systems. Each
robot system is composed by any number of rectangular modules joined
edge to edge, forming arbitrary shapes. The new planner is divided into
three original algorithms and constitute a complete and novel method to
build target structures without internal holes.

Keywords: Modular robot · Assembly · Heterogeneous systems

1 Introduction

Modular robots are robots capable of changing their morphology to perform
various tasks and to adapt to different environments, for example, they can be
employed to construct large marine structures, spatial applications, or even to
construct furniture. In order to explore these versatile robots potentialities, they
must be assembled and operated in as many configurations as possible.

An assembly is a collection of independent parts which forms a structure or
product. The Assembly Sequence Planning (ASP) is the problem of finding a
sequence of collision-free operations that brings the assembly parts together.

The traditional approach to assembly sequencing has been generalized in
many directions. Concerning the assembly of mechanical products, according
to [4], assembly generation methods lies in four general categories:

– Human interaction methods: this approach relies on user responses to a set
of questions [3];

– Geometric feasible reasoning approaches: those methods plan feasible
assembly paths [5,9,11,19].

– Knowledge-based reasoning approaches: that consider geometrical and non-
geometrical informations, as human reasoning about the assembly process [2,6].

– Intelligent methods: uses multiple techniques as neural networks [1], heuris-
tics [7,12,15] and optimization, among others.

c© Springer International Publishing AG 2018
J.C.M. Carvalho et al. (eds.), Multibody Mechatronic Systems,
Mechanisms and Machine Science 54, DOI 10.1007/978-3-319-67567-1 12
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The ASP is an NP-hard problem [10], i.e. the problem complexity increases
with the number of parts to be assembled. In fact, for n parts, the total number
of possible sequences is n!. An inclusive survey on the ASP is presented in [8].

The assembly sequence problem for modular robots presents some peculiar-
ities, specially about modules constraints. Paulus et al. [13,14], introduced the
assembly sequence problem for rectangular modules. They addressed the prob-
lem of assembly large teams of autonomous robotic boats into floating plat-
forms structures of arbitrary shapes, aggregating module by module to the target
structure. A related problem is the assembling of two-dimensional structures by
autonomous mobile robots transporting modular square building blocks. Werfel
et al. [16], presented an algorithm for assembling arbitrary solid structures with-
out internal holes out of square blocks. In [17], Werfel et al., introduced a rule
based algorithm for target structures with holes. In [18], the authors presented
another algorithm based on graph theory tools.

In this paper, a new assembly sequence planning for constructing planar
target structures composed by any number of rectangular modules joined edge
to edge is introduced. In order to assembly the target structure, the strategy of
decomposing this structure into substructures is adopted. Each substructure is
free-flying and composed by any number of rectangular modules joined edge to
edge, forming arbitrary shapes. This kind of modular robot system is referred to
as shape heterogeneous modular robot systems. Adopting this strategy, the main
problem is how to join these robot systems, more precisely, how to determine the
sequence of operations necessary to obtain the target structure from the robot
systems. During assembly, easy accessibility of the individual modules must be
guaranteed. This condition aggregates common modules mechanical restrictions,
but other restrictions can be easily incorporated.

The new planner is divided into three novel algorithms presented in the
next sections: Algorithm 1 (Assembly Order) summarizes the necessary steps to
grown the target structures, Algorithm 2 (addEdge) aggregates the mechanical
constraints and Algorithm 3 (deleteBranch) gives necessary conditions to delete
a substructure to the growing target structure. To the best of the authors knowl-
edge, this is the first work that shows how to build target structures composed
by shape heterogeneous modular robots systems.

2 Preliminaries

This paper introduces a new assembly sequence planning for constructing planar
target structures without internal holes. These structures are composed by shape
heterogeneous robots systems. A configuration composed by 12 different robots
system, labeled from A to L, is presented in Fig. 1. In this paper, each robot sys-
tem is a collection of rectangular modules arranged in an arbitrary shape, where
each robot module is represented by the coordinates of its centroid. For example,
robot system F is composed by modules {(0, 5); (0, 6); (1, 3); (1, 4); (1, 5)}.

During assembly, the following condition about accessibility must be verified:
Any rectangular module can not pass through a gap only as large as a side of
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Fig. 1. A configuration composed by shape heterogeneous modular robots.

a module between two physical robots already assembled in the structure [13].
This condition aggregates common modules mechanical restrictions, but another
restrictions can be easily incorporated.

Consider only the robots F , E and C in Fig. 1. These robots can not be
assembled in the F → E → C order, because when F and E are placed in the
structure, C can not be added. More precisely, module (2, 3) ∈ C can not be
added to the structure without violating the accessibility condition.

Although, this paper uses the same accessibility condition for individual mod-
ules as [13], a different problem is herein addressed. In [13] target structures is
assembled by adding module by module to the growing structure. In this paper,
the target structure is assembled by joining modular robot systems composed
by any number of modules and forming any arbitrary shape. To the best of
the authors knowledge, this is the first work that shows how to build target
structures composed by shape heterogeneous modular robots systems.

The problem of determining an assembly sequence can be regarded as the
problem of choosing a path to transverse the whole structure adding as many
robots as possible without violating the accessibility condition.

In this paper the target structure is modeled as an undirected graph: each
module constituting the shape heterogeneous modular robots systems is repre-
sented by a vertex and robot systems neighborhood relations are represented
by edges. Furthermore, powerful tools of graph theory are applied in order to
find an assembly sequence that does not violate the accessibility condition, i.e. a
feasible path to transverse the graph.

Next section introduces the new algorithms that constitute a complete and
original method to assembly target structures without internal holes.

3 New Assembly Method for Heterogeneous Robots

In this paper, the target structure is represented by an undirected graph in the
adjacency list form: each module is represented by a vertex and robot systems
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neighborhood relations are represented by edges. Consider G the class that con-
tains informations about the target structure and about the assembly sequence
planning. In the class G:

– G.adj[s] is the adjacency list of element s, in other words, it is the list of
robots that are neighbors of s in the target structure;

– G.Tree[s] is the list of elements added to an element s during the assembly
process;

– G.parent(s) is the parent of element s in the assembly process.

3.1 New Assembly Sequence Algorithms

The main Algorithm 1 (Assembly Order) is herein presented. This algorithm
contains the necessary steps to plan the sequence in which the robots are added
to the structure.

Algorithm 1 calls another two auxiliary procedures: Algorithm 2 (addEdge),
that determines when a new robot can be added to the growing structure and
Algorithm 3 (deleteBranch), that gives a strategy to delete a not allowed robot
from the growing structure. These two algorithms are presented in the next
subsections.

Algorithm 1. AssemblyOrder(G,s)
1: Label s as discovered
2: for each vertex w in G.adj[s] do
3: if vertex w is labeled as undiscovered then
4: if w can be added to the structure (AddEdge(G,w) is true) then
5: G.Tree[s] ← w
6: G.parent(w) = s
7: label w as discovered
8: AssemblyOrder(G,w)
9: else

10: deleteBranch(G,s)
11: label s as undiscovered
12: return
13: if Exists w in G.adj[s] marked as undiscovered then
14: deleteBranch(G,s)
15: label s as undiscovered
16: return

In order to initialize the assembly process, select a robot s as starting point.
Then, run Algorithm 1.

A brief explanation of Algorithm 1 (Assembly Order) is presented bellow.

Line 1: Add s to the structure (label s as discovered).
Lines 2–3: Select a neighbor robot w of s that is not in the structure (undiscov-

ered).
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Line 4: Check if it is possible to add w (accessibility condition - AddEdge), if it
is possible, continue, otherwise, go to line 9.

Lines 5–7: Add w to the structure and mark s as parent of w.
Line 8: Call recursively the procedure AssemblyOrder(G,w), i.e. continue search-

ing “deeper” for new robots (as in a depth-first search).
Lines 9–12: If w can not be added to the structure, then w’s parent, s, can not be

added to the structure. This implies that the entirely assembly tree branch
starting in s must be deleted from the growing structure (what is done by
the function deleteBranch(s)). For better understanding, consider only the
robots F,E,C,G in Fig. 1. Suppose that the algorithm visits F → E → G,
as shown in Figs. 2a and b (Steps 1–2). G has no neighbor to add, so the
algorithm tries to add a new neighbor of G’s parent, robot E. The only
undiscovered neighbor of E is robot C, that can not be added to the structure
(Step 3 in Figs. 2a and b). Thus, C’s parent, robot E, can not be added to
the structure at this point. As E has added robot G, this implies that G
must be also deleted from the growing structure.
If G had added any neighbors to the growing structure, that neighbors would
be also deleted. In other words, if E is deleted from the structure, all the
assembly branch started in E must be deleted.
When the branch is deleted, the search returns to the previous added robot,
in this case, F . New neighbors of F are explored (Step 4 in Fig. 2b). Finally,
the correct sequence F → C → E → G is encountered (Steps 4–6 in Fig. 2b).

Lines 13–16: Given a robot s, when the recursion explores all neighbors of s, if
any of these neighbors is still not added to the structure, then s can not also
be added to the structure.

For better understanding, consider only the robots I, J,K,L in Fig. 1.
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C

(1)
(2)

(3)

(a)

F

E

Step 1

G

Step 2

C

Step 3

C

Step 4

E

Step 5

G

Step 6

(b)

Fig. 2. (a) If the algorithms places F → E → G and then E tries to place robot C, an
incorrect assembly sequence is encountered. Thus, the parent of C, robot E, must be
deleted from the structure along with G, the unique robot belonging to E’s assembly
tree branch (represented in (b)).
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Consider the structure composed only by robot I, and that robots J,K,L
must be added to this structure.

If robot J is added first, there are two possible orders I → J → K → L or
I → J → L → K. Let’s analyze each case:

– Sequence I → J → K → L: Due to the accessibility issue, L can’t be added
to the structure. K is marked as undiscovered by the rule in lines 9–12. Thus,
by the end of this cycle, I − J are marked as discovered, and K − L as
undiscovered;

– Sequence I → J → L → K: Due to the accessibility issue, K can’t be added
to the structure. L is marked as undiscovered by the rule in lines 9–12. Thus,
by the end of this cycle, I − J are marked as discovered, and K − L as
undiscovered.

Thus, it can be concluded that after the neighboring checking cycle for J , not
all of J ’s neighbors can be added to the growing structure. This implies that J
can not be added to the structure. As in the first part of the Algorithm 1 J had
already been marked as discovered, thus J needs to be remarked as undiscovered
(in Line 15).

In the next two subsections Algorithm 2 (addEdge) and Algorithm 3 (delete-
Branch) are presented.

3.2 Conditions to Add a New Robot to the Target Structure

The next algorithm gives a procedure to determine if a new robot can be added
to the growing structure.

In order to determine if a new robot system can be added to the growing
structure, this paper consider an oriented graph constructed as follows. Wherever
a new robot s is added to the growing structure, construct oriented edges ending
in s and starting in the s’s already added neighbors.

For example, in Fig. 3a robot J is added to the configuration composed only
by robot K, thus edge K → J is created. In Fig. 3b, robot L is added to the con-
figuration composed by robots K,L, thus edges K → L and J → L are created.

K

J

S(8, 4)

(8, 5)

(a)

W

N,E

K

J

L

(9, 4)(8, 4)

(9, 5)

(10, 4)

(b)

Fig. 3. (a) Robot J is added to the configuration composed only by robot K, thus edge
K → J is created. (b) Robot L is added, thus edges K → L and J → L are created.
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As seen in Fig. 3, each edge can receive one to four labels: north, south, east
and west, according to the following rule.

An edge from robot A to robot B (edge A → B) is labeled as:

– North: if exists adjacent modules a ∈ A and b ∈ B such that module a is at
north of module b ( ax = bx and ay = by + 1);

– South: if exists adjacent modules a ∈ A and b ∈ B such that module a is at
south of module b ( ax = bx and ay = by − 1);

– East: if exists adjacent modules a ∈ A and b ∈ B such that module a is at
east of module b ( ay = by and ax = bx + 1);

– West: if exists adjacent modules a ∈ A and b ∈ B such that module a is at
west of module b ( ay = by and ax = bx − 1).

where (ax, ay) and (bx, by) are the coordinates of modules a and b, respectively.
Figure 3 represents the incorrect assembly order K → J → L between robots

K,L, J . In fact, L can not be added between K and J , if these pieces are already
in the target configuration. Let’s analyze this incorrect assembly order.

Step 1: When K is added, no edge is constructed;
Step 2: When J is added, an edge coming from his already added neighbor K

is constructed. This edge is labeled as south, as shown in Fig. 3a. In fact,
module (8, 4) ∈ K is adjacent to the south of module (8, 5) ∈ J ;

Step 3: When L is added, edges starting in his already placed neighbors K and
J are constructed. These edges are shown in Fig. 3b and are labeled as:

– West: module (8, 4) ∈ K is adjacent to the west of module (9, 4) ∈ L;
– North: (9, 5) ∈ J is adjacent to the north of module (9, 4) ∈ L;
– East: module (10, 4) ∈ J is adjacent to the east of module (9, 4) ∈ L.

In Fig. 3b the presence of west and east edges formalize the fact that L is
going to be added in a constricted space between K and J , representing an
incorrect assembly order.

The same analysis holds for north-south edges. In fact, the presence of north-
south or east-west edges pairs ending at a robot shows that this robot can not
be added to the structure.

Thus, in order to determine if a new robot s can be added to the growing
structure, Algorithm 2 (AddEdge) considers all edges arriving in s. These edges
start at s’s neighbors already added to the growing structure. AddEdge checks
if these edges are in conflict, i.e. if exists north-south or east-west edges pairs.
If no conflict occurs, the algorithm returns true, signalizing that the new robot
can be added to the growing structure. Otherwise, it returns false.

It is important to notice that in this construction, the case where a module is
blocked by diagonal neighbors is not considered. However, as the configuration
does not contain holes, if a module is blocked for diagonal neighbors, successive
modules added to the structure will be blocked by north, south, west or east
neighbors, thus the algorithm will detect an incorrect assembly sequence.
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Algorithm 2. AddEdge(G,s)
1: for each vertex w in G.adj[s] do
2: if vertex w is labeled as discovered then
3: Create edge (w, s)
4: Check if any created edges are in conflict
5: if A conflict occurs then
6: Return false
7: else
8: Return true

3.3 Deleting a Branch from the Structure

For better understanding, of Algorithm 3, consider that an element s must be
deleted from the assembly planning. When s was added by Algorithm 1 (Assem-
bly Order) to the growing structure, it was marked as discovered and added to
his parent adjacent list. Thus, in order to delete s it is necessary to:

– Mark s as undiscovered;
– Delete s from G.Tree[parent(s)].

An example of this procedure was shown in Fig. 2b, more precisely in Step 3.
In that step, robot E tried to add robot C. Due to the accessibility issue, C
could not be added to the growing structure. Thus, Algorithm 1 (Assembly
Order) called the deleteBranch procedure for robot E (C’s parent). As E had
added robot G, E and G was both deleted from the growing structure. The
function deleteBranch(E):

– Marked E as undiscovered and deleted it from G.Tree[F ];
– Marked G as undiscovered and deleted it from G.Tree[E].

If G had added any neighbors to the growing structure, that neighbors would
had been deleted in an analogues process, and so on.

This suggest a recursively implementation of the deletion process.
Algorithm 3 summarize this idea.

Algorithm 3. deleteBranch(G,s)
Remove s from G.Tree[parent(s)];
while G.Tree[s] isn’t empty do

Pop the fist element w from G.Tree[s];
Mark w as undiscovered;
deleteBranch(G,w);
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4 Results

Considering the configuration in Fig. 1, given an arbitrary choice of the starting
robot for the assembling process, the algorithm took 8 ms on average for the
Assembly Planner running on a 4 GB, 1.6 GHz machine to compute the assembly
sequence.

However, for n heterogeneous robots systems, the worst case for the number
of possible sequences evaluated in Algorithm 1 (Assembly Order) is (n − 1)!.
Thus, the average time depends mostly of the number of robots composing the
target structure, which highlights the algorithm complexity.

However, if the number of robots is large, an hierarchical strategy can be
adopted: robots can first be aggregated in bigger components and then the algo-
rithm is applied. To the best of the authors knowledge, this is the first work that
shows how to build target structures composed by shape heterogeneous modular
robots systems, thus the results can not be compared with literature.

5 Conclusions

This paper introduced an original assembly sequence planning to build target
structures composed by shape heterogeneous modular robots systems. Three
algorithms, original contributions of this paper, were presented: Algorithm 1
(Assembly Order), Algorithm 2 (addEdge), Algorithm 3 (deleteBranch). They
constitute a complete and original method to assembly target structures without
internal holes. Results were presented and discussed. To the best of the authors
knowledge, this is the first work that shows how to build target structures com-
posed by shape heterogeneous modular robots systems.
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Abstract. Schoenflies-motion generators (SMGs) are 4-degrees-of-freedom
(dof) manipulators whose end effector can perform translations along three
independent directions and rotations around one fixed direction (Schoenflies
motions). The authors, in a previous paper, showed that a 2PRPU SMG has a
simple position analysis and singularities that leave a wide free-from-singularity
workspace. The present paper addresses the kinetostatics and the optimal design
of this SMG.

Keywords: Parallel manipulators � Schoenflies motions � Kinetostatics �
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1 Introduction

Pick-and-place tasks are typical industrial applications that Shoenflies Motion Gener-
ators (SMGs) can accomplish. In the literature (see, for instance, [1–4]), SMGs with
parallel architecture have been proposed.

Figure 1(a) shows a single-loop SMG of type 2PRPU1 the authors proposed in a
previous paper [5]. This SMG is obtained by adding a rotation amplifier that drives a
gripper hinged on the mobile platform of the single-loop of 2PRPU type shown in
Fig. 1(b). With reference to Fig. 1(b), the frame (base) and the mobile platform
(platform) are fixed to the Cartesian references Obxbybzb and Oexeyeze, respectively,
and are connected to each other by two PRPU limbs with the PR chain, adjacent to the
base, that constitutes a C pair, whose axis is parallel to the axis of the first R pair of the
U joint. The platform is connected to the two limbs by two R pairs (i.e., the 2nd ones of
the two U joints) with parallel axes and keeps these axes always parallel during motion.

In Fig. 1, the axes of the two C pairs are one parallel to the xb axis and the other to
the yb axis; whereas, the axes of the 2

nd R pairs of the two U joints are both parallel to
the zb axis. A1 and A2 are the centers of the two U joints. B1 (B2) is the foot of the
perpendicular from A1 (A2) to the xb axis (yb axis). The rotation amplifier is constituted

1 Hereafter, R, P, U, and C stand for revolute pair, prismatic pair, universal joint, and cylindrical pair,
respectively. The underlining indicates the actuated joints and the sequence of joint types, which are
encountered by moving from the base to the platform on a limb, is given with a string of capital
letters.

© Springer International Publishing AG 2018
J.C.M. Carvalho et al. (eds.), Multibody Mechatronic Systems,
Mechanisms and Machine Science 54, DOI 10.1007/978-3-319-67567-1_13



by a toothed belt that transmits the motion from a “fixed” pulley embedded in the hub
of the 2nd R pair of the U joint with center at A1 to another “rotating” pulley embedded
in the gripper. kp is the ratio between the angular velocities of the gripper and of the
platform (i.e., the angular-velocity ratio of this rotation amplifier).

With reference to Fig. 1, d1 and d3 are the signed distances of the points B1 and B2,
respectively, from Ob and are the joint variables of the two P pairs adjacent to the base.
d2 and d4 are the variable lengths (limbs’ lengths) of the segments B1A1 and B2A2,
respectively, and are the joint variables of the remaining two P pairs. L is the constant
length of the segment A1A2 and u is a constant coefficient ranging from 0 to 1. a is the
angle, counterclockwise with respect to the direction of the zb axis, that the segment
A1A2 form with the direction of the yb axis, and identifies the platform orientation.
Eventually, the angles hi for i = 1,…,6 are the joint variables of the six R pairs. h1 and

(a)

(b)

Fig. 1. Kinematic scheme of the SMG presented in [4] (parallelepipeds and cylinders denote P
and R pairs, respectively): (a) complete scheme, (b) single-loop of 2PRPU type
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h2 (h4 and h5) are defined counterclockwise with respect to the direction of the xb axis
(the yb axis); whereas, h3 and h6 are defined counterclockwise with respect to the
direction of the zb axis. h1 (h4) is equal to 0 when the vector (A1–B1) [the vector
(A2–B2)] has the same direction of the yb axis (the xb axis). The four P pairs are the
actuated joints.

The directions of the axes of the 2nd R pairs of the twoU joints must be parallel to each
other and, simultaneously, perpendicular to the axes of the 1st R pairs of the two U joints,
whose directions are fixed by the limb geometry. Thus, the orientations of the planes that
contain the two R-pair axes of each U joint do not change during motion and the platform
can only perform Schoenflies motions with rotation axis parallel to the zb axis.

Position analysis, singularity analysis and dexterousworkspace of this SMGhave been
studied in [5]. They showed that it has a simple kinematics with a wide free-from-
singularity dexterous workspace. Here, its kinetostatics performances are studied and the
optimal location of the useful workspace inside the regions of the free-from-singularity
dexterous workspace with high kinetostatics performances is presented.

2 Kinetostatic Performances

Hereafter, the four-tuple q = (d1, d2, d3, d4)
T collects all the actuated-joint variables

and locates the points of the joint space. The position vector A1 = (A1x, A1y, A1z)
T,

which collects the coordinates of the platform point A1 in Obxbybzb, and the angle a
uniquely identify the platform pose, and the four-tuple j = (A1x, A1y, A1z, a)

T is
adopted to locate the points of the operational space. Also, the position vector
A2 = (A2x, A2y, A2z)

T collects the coordinates of the platform point A2 in Obxbybzb.
By using these notations, the following instantaneous input-output relationship

(InI/O) has been deduced in [5] for the studied SMG

ð1Þ
where the Jacobian matrices M and N are defined as follows

M ¼
1 0 0 0
0 A1y A1z 0
0 1 0 �Lsina

A1x � Lsina 0 A1z LcosaðLsina� A1xÞ�

2
664

3
775; N ¼

1 0 0 0
0 d2 0 0
0 0 1 0
0 0 0 d4

2
664

ð2Þ

Equation 1 brought to conclude (see [5] for details) that parallel singularities occur
when either of the following relationships are satisfied

A1z ¼ 0 ð3aÞ

A1ysinaþA2xcosa ¼ 0 ð3bÞ
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From statics point of view, Eq. (1) can be exploited to deduce the relationship
between the four-tuple s = (s1, s2, s3, s4)

T that collects the generalized forces applied by
the actuators and the wrench (fT, mT)T the platform applies to the external world as
follows2. The power balance on the SMG is fT _A1 + mz _a = sT _qwhich, if Eq. (1) is used
to eliminate _A1 and _a, becomes [(fT, mz)M

−1N – sT] _q = 0. The last equation is satisfied
for any _q if and only if the following input-output static (StI/O) relationship holds:

J�T fT; mz
� �T¼ s ð4Þ

where J�T ¼ NTM�T.

2.1 Deduction of a Meaningful Performance Index

The StI/O can be rewritten as follows

Uff þ uamz ¼ ðs1; s2; s3ÞT ð5aÞ

vTf f þ vamz ¼ s4 ð5bÞ

Where

J�T =
Uf ua
vTf va

� �
, Uf =

1 A2xsina
A1ysinaþA2xcosa

�A1yA2xsina

A1z A1ysinaþA2xcosað Þ
0 d2sina

A1ysinaþA2xcosa
d2A2xcosa

A1z A1ysinaþA2xcosað Þ
0 A2xcosa

A1ysinaþA2xcosa
�A1yA2xcosa

A1z A1ysinaþA2xcosað Þ

2
66664

3
77775

ua = A2x

L A1ysinaþA2xcosað Þ ,
d2

L A1ysinaþA2xcosað Þ ,
�A1y

L A1ysinaþA2xcosað Þ
� �T

vTf = 0, �d4sina
A1ysinaþA2xcosa

, d4A1ysina
A1z A1ysinaþA2xcosað Þ

� �

va =
�d4

L A1ysinaþA2xcosa
� �

Exploiting Eq. (5b) to linearly eliminate mz transforms Eq. (5a) as follows

f ¼ Jfs ð6Þ

where Jf = E−1F with E = [Uf – (ua vf
T/va)], F = [13x3, – ua/va] and 13x3 is the 3 � 3

identity matrix.

2 Hereafter, f = (fx, fy, fz)
T is the resultant force and m = (mx, my, mz)

T is the resultant moment about
A1 of the force system the platform applies to the external world.
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Equation (6) implicitly takes into account mz and, with respect to Eq. (4), has the
advantage that both the input s and the output f are homogenous vectors whose entries
are all forces. Thus, the condition f�f = 1 is dimensionally consistent and, when Eq. (6)
is introduced, yields the following four-dimensional ellipsoid

sTJTf Jfs ¼ 1 ð7Þ

which is dimensionally consistent, too.
The shape of ellipsoid (7) depends on the SMG configuration through Jf. The

semi-axes lengths of this ellipsoid are the inverse of the singular values3 of Jf. Also, the
minimum, kmin, and maximum, kmax, lengths of the semi-axes of ellipsoid (7) at a
given configuration correspond to the minimum and maximum values, respectively, of
|s| necessary to equilibrate a unit resultant force applied to the platform at that con-
figuration. Therefore, the following local index, CI, can be adopted as a measure of the
kinetostatic performance of the SMG at a given configuration:

CI ¼ kmin

kmax
ð8Þ

The above-defined CI ranges from 0 to 1: the higher the CI, the better the per-
formance is. It corresponds to the conditioning index [6] of the Jacobian matrix Jf and
can be used for any SMG. Accordingly, the global performance of the SMG can be
measured by the global conditioning index [6], GCI, defined as the average value of CI
on the useful workspace. Moreover, the concept of isotropic configuration [7] of a
SMG can be referred to the SMG configurations with CI = 1.

2.2 Evaluation of the Kinetostatics Performances

In [5], the analysis of the singularity conditions (3a) and (3b) brought to conclude that,
for a 2 [0°, 90°] and A1z � 0, if the projections of A1 and A2 (see Fig. 1) lie on the
first quadrant of the xbyb plane (i.e., when A1 and A2 are inside the first octant of
Obxbybzb) parallel singularities occur only when the manipulator is flattened on the
coordinate planes. Thus, if the coordinate planes are excluded, the first octant is a
free-from-singularity region. In this octant, even though the platform rotation is limited,
the gripper rotation (Fig. 1) can be a complete rotation by choosing a suitable value of
the angular-velocity ratio kp of the rotation amplifier.

If the dexterous workspace [4, 8] is represented by giving the positions that the
platform point Oe (see Fig. 1(b)) can reach with any platform orientation a 2 [0°, 90°],
its shape for4 (d2max/d2min) = 3, u = 0.5, L = 100 l.u., d2min = d4min = 3L, and
d2max = d4max (l.u. stands for length unit) is depicted in Fig. 2. This workspace is the

3 The “singular values” of a real matrix A are the square roots of the eigenvalues of the
positive-semidefinite matrix AT A. Also, the spectral norm of A is the square root of the largest
eigenvalue of AT A; thus, the spectral norm of A is equal to its largest singular value.

4 These geometric values have been found in [5] acceptable to have a dexterous workspace wide
enough for practical applications.
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Fig. 2. Free-from-singularity dexterous workspace of the 1st octant [(d2max/d2min) = 3, u = 0.5,
L = 100 l.u., d2min = d4min = 3L, and d2max = d4max (l.u. stands for length unit)].

Fig. 3. CI values corresponding to the SMG configurations located on the boundaries of the
dexterous workspace of Fig. 2 (the gray scale gives the value of CI).
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common intersection of two right circular cylindrical shells with axes parallel to xb and
yb due to the two PRPU limbs (see [5] for details). Also, the CI values corresponding to
the SMG configurations located on the boundary surface of this workspace are shown
in Fig. 3. This figure shows that the CI value increases with the z coordinate of Oe and
reaches the maximum value CImax = 0.707. Thus, the SMG must work in the upper
part of its dexterous workspace to have good kinetostatic performances.

3 Optimal Location of the Useful Workspace

The useful workspace is a regular geometric object (e.g., a cube, a ball, etc.) [9] located
in the region of the operational workspace that satisfies all the kinetostatics require-
ments. Here, by keeping the geometric data adopted to draw Fig. 2, the useful work-
space is chosen equal to a rectangular parallelepiped with two sides lying on the
boundary surfaces of the dexterous workspace, which is located in the upper region of
this workspace (Fig. 4). Figure 5 shows simultaneously its projection on the xbzb and
ybzb planes with dp that corresponds to d4 or d2 for the xbzb or ybzb plane, respectively.

By using the notations of Fig. 5, the volume, Vu, of the useful workspace is

Vu ¼ b2h ð9Þ

and the following geometric relationships hold

cz ¼ h þ zmin ð10aÞ

Fig. 4. Useful workspace with CI � 0.45 inside the dexterous workspace.
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b2 ¼ dpmax � L
4

� �2

�c2z ð10bÞ

The introduction of Eq. (10a) into Eq. (10b) and of the resulting expression into
Eq. (9) yields the following explicit expression of Vu as a function of h

Vu¼ dpmax � L
4

� �2

� h þ zminð Þ2
" #

h ð11Þ

By equating to zero the derivative of function (11) with respect to h, the following
expression of h that maximizes Vu is obtained

h = � 2
3
zmin þ 1

3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3 dpmax � L

4

� �2

þ z2min

s
ð12Þ

whose introduction into Eq. (11) yields the optimal value of Vu as a function of zmin.
Also, the value of volume, Vo, of the dexterous workspace has been computed by using
a CAD tool.

Figure 6 shows a dimensionless diagram that, for each value of zmin/L, yields Vu/Vo,
the maximum, CImax, and the minimum, CImin, values of CI in the useful workspace and
the GCI. This diagram shows that the GCI has always values greater than 0.602 (i.e.,
near to CImax = 0.707); whereas, CImin and Vu/Vo strongly depend on zmin/L with CImin

that is always greater than 0.332 and Vu/Vo that is always lower than 34.4%. Such high
GCI brings to conclude that only small parts of the useful workspace have CI values near

Fig. 5. Useful workspace (gray rectangle) projected onto the xbzb-and ybzb-planes (dp
corresponds to d4 or d2 for the xbzb or ybzb plane, respectively).
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to CImin. Anyway, choosing CImin = 0.45 could be a good compromise (see Fig. 6)
since it yields zmin = 4.54 L, h = 2.24 L, b = 5.52 L, (Vu/Vo) = 20.9%, and
GCI = 0.639. The useful workspace of Fig. 4 refers to this case and shows that it is
interesting for practical applications.

4 Conclusions

The kinetostatic performances and the optimal location of the useful workspace of an
SMG previously proposed by the authors have been studied.

The kinetostatic performances have been evaluated by introducing a novel tech-
nique that could be applied to any SMG. Such technique brings to determine a reduced
form of the static input-output relationship, which has homogeneous inputs and out-
puts, and uses the Jacobian of this relationship to calculate the conditioning index and
the global conditioning index.

The results of this study show that a useful workspace with sizes that are interesting
for practical applications, and with satisfactory kinetostatic performance can be found
for this SMG.
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Abstract. This paper shows how different working modes in a sym-
metrical 3RRR planar parallel manipulator can influence its maximum
isotropic force capability maps. Herein, a new method to obtain ana-
lytically the maximum isotropic force with a prescribed moment is pro-
posed. The proposed method is obtained from a general static model of
the studied manipulator obtained by employing the screw theory and the
Davies method as primary mathematical tools. Finally, some maximum
isotropic force capability maps are obtained for different working modes
in the studied manipulator in order to analyse their influence.

Keywords: Wrench capability · Davies method · Isotropic force · Max-
imum isotropic wrench capability maps

1 Introduction

In recent years, industrial robots have become more and more complex and their
use has been widely disseminated. Nowadays, robots are not simply machines
that can be reprogrammed in order to execute different repetitive tasks, but very
sophisticated devices that can actively interact with the environment [1].

In this sense, the interaction of robots with the environment needs to get an
especial attention because once a robot comes into contact with a surface, inter-
nal forces that can be lead the robot to its force capability limit can appear [1].

The force capability of a robot or a manipulator is defined as the maximum
force that can be applied (or sustained) by such a device. This property changes
its magnitude as a function of the applied force’s direction and in order to deal
with these variations, an important property known as the maximum isotropic
force capability can be considered. The maximum isotropic force capability in a
c© Springer International Publishing AG 2018
J.C.M. Carvalho et al. (eds.), Multibody Mechatronic Systems,
Mechanisms and Machine Science 54, DOI 10.1007/978-3-319-67567-1 14
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robot or a manipulator is defined as the maximum force that such a device can
apply (or sustain) in all directions [2].

The main objective of this study is to develop a method to obtain the max-
imum isotropic force capability for a 3RRR symmetrical planar parallel manip-
ulator (SPPM) in static or quasi-static conditions. Additionally, the maximum
isotropic force capability is evaluated within the entire workspace of the studied
manipulator in order to obtain a complete map of the behavior of this property
as a function of a chosen working mode.

2 Related Work

The interest in measuring the force and velocity capabilities of robots and
mechanisms began in the mid-1980s when Yoshikawa [3] introduced the con-
cepts of force and velocity manipulability ellipsoid. Along the last years, several
researchers have proposed new methodologies and indices that best describe such
a capabilities.

Several studies related to the force capability in robots and manipulators
have been presented recently. Zhao et al. [4] analyzed the force capabilities of
two mechanisms based on the force manipulability ellipsoid. Mejia et al. [5,6] and
Weihmann et al. [2] presented new methodological solutions to obtain the force
capability in planar manipulators by using differential evolution algorithms.

Mejia et al. [7,8] proposed several closed-form solutions to obtain the maxi-
mum force with a prescribed moment in parallel mechanisms with a net degree
of constraint equal to three, four, five or six.

Firmani et al. [9] presented some new wrench capability indices to evalu-
ate the force capabilities in planar manipulators. Three of the most important
indices presented by Firmani et al. were the maximum absolute force (Fav), the
maximum force with a prescribed moment (Fapp) and the maximum isotropic
force (Fiso) [2]. Fiso is the main indice studied in this paper. Figure 1 shows a
“3RRR symmetrical planar parallel manipulator” with a graphical representa-
tion of three of its main force capability indices: the Fapp, the Fav and the Fiso.

3 Geometry of the Studied Manipulator

In this paper, a “3RRR symmetrical planar parallel manipulator” is studied.
Such a parallel manipulator has its fixed and mobile platforms joined by using
three limbs and each limb has three rotational joints which axes are perpendic-
ular to the (x − y) plane. The first of the three joints in each limb is actuated.

The studied manipulator has the mobile and fixed platforms formed by equi-
lateral triangles with sides lm and lf respectively. The limbs are formed by two
links with longitudes l1 and l2 respectively. A “3RRR symmetrical planar par-
allel manipulator (SPPM)” was represented schematically in Fig. 1.

The studied “3RRR symmetrical planar parallel manipulator” is a mecha-
nism with nine joints and eight links, and its mobility can be calculated using
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Fig. 1. A 3RRR symmetrical planar parallel manipulator with a graphical representa-
tion of three of its main force capability indices

the Chebychev-Grubler-Kutzbach criterion, as shown in Eq. (1).

M = λ(n − j − 1) +
j∑

i=1

fi = 3(8 − 9 − 1) + 9 = 3 (1)

In the studied “3RRR symmetrical planar parallel manipulator”, the fixed
base is considered as the frame of the system, the l1 links belonging to the three
limbs are considered as the inputs links and the mobile platform is considered as
the end effector link. The primary actuation is applied to the active joints A1,
A2 and A3 of the fixed platform.

4 Statics of the Studied Manipulator

Static analysis of mechanisms and robots makes use of the static force equilib-
rium equations in order to obtain the wrenches requirements at the end effector
in relation to the forces and moments applied at the joints. Some well known
methodologies to solve the statics of mechanisms and robots have been proposed
in the literature, nevertheless, in this paper the method presented by Davies [10]
is used in order to solve the statics of the studied SPPM. The Davies method is
a systematic procedure that relate the joint moments and forces in closed kine-
matic chains [11]. This method is based on the Kirchhoff cut-set laws, screw
theory , and graph theory in order to obtain matricial expressions that model
the statics of a robotic mechanism [7].

The Davies method for static analysis can be described in a simplified way
through the following steps: (1) draw the kinematic chain identifying all of its “n”
links and “e” direct couplings, (2) Draw the coupling graph “GC” using the links
of the mechanism as the vertices of the graph, and the joints of the mechanism as
the edges of the graph, (3) Generate the action graph “GA” from “GC” through
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unfolding single actions from direct couplings. In this step, each edge of “GC”
representing a coupling is replaced in “GA” by “c” constraint edges in parallel,
(4) Write the cut-set matrix [QN ]k,e with suitable signs, (5) Write a wrench
$J for each edge from “GA”, (6) Replace each wrench $J in the cut-set matrix
[QN ]k,e in order to obtain the generalized action matrix [AN ]3k,e, (7) Operate
algebraically the generalized action matrix [AN ]3k,e in order to statically solve
the system.

More explanations about the use of the Davies’ Method can be found in
[2,7,10–13].

Once the Davies method has been applied in order to obtain the backward
statics of the SPPM, it is possible to represent the wrenches at the actuated
joints of the manipulator [τA1 , τA2 , τA3 ]

T as a generalized function of a coefficient
matrix [A] and a vector containing the 3 primary actions [Fx, Fy,Mz]T as shown
in Eq. (2). In this equation the a1,1, . . . , a3,3 elements represent kinematic expres-
sions as a function of the manipulator joint positions, the [Fx, Fy,Mz]T elements
represent the wrenches at the manipulator’s end effector and the τA1 , τA2 , τA3

elements represent the wrenches at the actuated joints.
⎡

⎣
τA1

τA2

τA3

⎤

⎦ =

⎡

⎣
a1,1 a1,2 a1,3

a2,1 a2,2 a2,3

a3,1 a3,2 a3,3

⎤

⎦ ·
⎡

⎣
Fx

Fy

Mz

⎤

⎦ (2)

5 Scaling Factor Method to Obtain the Maximum
Isotropic Force with a Prescribed Moment (Fiso)

In this section, a modified scaling factor method to obtain the maximum isotropic
force with a prescribed moment is proposed. Formally, the maximum isotropic
force can be defined as the maximum force that a manipulator can apply (or
sustain) in all directions [2]. The method proposed in this section solves the
main problem identified in the literature for another maximum force capabilities
methods. Such a problem is directly related with the variations in the forces’
magnitudes as a function of the direction of the applied wrenches.

Initially, the proposed method requires a unit wrench $F to be imposed at
the end effector of the manipulator, such unit wrench must include an associated
value μ as the component of the moment in z. The unit wrench is represented
as $F = [cos(θ), sin(θ), μ]T , and the backward statics equation shown in Eq. (2)
can be rewritten as:

⎡

⎣
τA1

τA2

τA3

⎤

⎦ =

⎡

⎣
a1,1 a1,2 a1,3

a2,1 a2,2 a2,3

a3,1 a3,2 a3,3

⎤

⎦ ·
⎡

⎣
cos(θ)
sin(θ)

μ

⎤

⎦ (3)

In order to solve the maximum isotropic force capability problem (Fiso), first,
an expansion for Eq. (3) can be obtained as:

τi(θ, μ) = ai,1 · cos(θ) + ai,2 · sin(θ) + ai,3 · μ i = 1, 2, 3 (4)
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then, assuming the existence of an scaling factor (Ψ) saturating the actuated
joints and the knowledge of the maximum value of wrench accepted at each
actuated joint (τimax

), two conditions need to be respected simultaneously, these
conditions are shown in Eqs. (5) and (6).

τi · Ψ = τimax
i = 1, 2, 3 (5)

μ · Ψ = Md i = 1, 2, 3 (6)

multiplying Eq. (4) by Ψ and substituting Eqs. (5) and (6) in this equation,
we can obtain a generalized equation that describes the scaling factor Ψ as a
function of the direction for the application of the force (θ) as shown in Eq. (7).

Ψ(θ) =
τimax−a3i·Md

a3i−2 · cos(θ) + a3i−1 · sin(θ)
(7)

Due that the numerator in Eq. (7) is assumed as a constant, the maximum
value that the scaling factor Ψ(θ) can assume is obtained when the denominator
in Eq. (7) is minimum. In this way, by deriving the denominator in Eq. (7),
equating to zero and solving, it is possible to obtain the critical values for the
direction θ which minimize the values of the scaling factor Ψ as shown in Eq. (8).

θcrit = tan−1

(
a3i−2

a3i−1

)
(8)

The values obtained for θicrit are the possible directions in which the max-
imum isotropic force can be found. By evaluating those values obtained from
Eq. (8) into the Eq. (7) and manipulating algebraically, we obtain a generalized
expression that defines the maximum isotropic force as shown in Eq. (9).

ψi =
(τimax

− ai,3 · Md)√
(ai,1)2 + (ai,2)2

i = 1, 2, 3 (9)

The scaling factors of Eq. (9) can be placed in a set. The scaling factor
(Ψ) in this set with the minimum value is the maximum factor which all joint
torques/forces can be scaled by and still remain at or below their corresponding
maximum values, and represents the maximum isotropic force of the robotic
manipulator i.e.:

Ψ = min(ψi) i = 1, 2, 3 (10)

6 Influence of the Working Mode on the Maximum
Isotropic Force Capability Maps for the Studied
SPPM’s

The serial planar parallel manipulator under study presents eight inverse kine-
matic solutions associated with the possible postures that such a manipulator
can adopt. The set of these possible manipulator’s postures without any serial
singularity represents its possible working modes.
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Assembly modes represent the different solutions to the direct kinematic
problem whereas Working modes represent the solutions to the inverse kine-
matic problem [14]. In this paper we only studied the influence of the working
modes on the maximum isotropic force capability maps for a 3RRR SPPM. The
eight possible working modes (WM1 to WM8) for the studied manipulator are
shown in Fig. 2.

WM1 WM2 WM3 WM4

WM5 WM6 WM7 WM8

Fig. 2. The eight possible working modes for a 3RRR PPM

7 Results

By applying the proposed Scaling Factor Method to obtain the maximum
isotropic force with a prescribed moment (Fiso) (shown in Sect. 5), for all reach-
able positions in the manipulator’s workspace, it is possible to obtain a com-
plete map representing the behavior of the Fiso along the different regions of
the workspace. It allow us to evaluate the places where the manipulator could
execute a determined task in a more efficient way. Figure 3 shows the different
maximum isotropic force capability maps for the studied SPPM in each of its
different working modes and in agreement with the ones shown in Fig. 2.

From Fig. 3, it is possible to observe that the studied SSPM have several
symmetries that influence in a direct way the geometrical representation of the
maximum isotropic force capability maps. In order to explain this phenomenon,
suppose the working modes WM1 and WM8 shown in Fig. 2. Observe that
these manipulators have all their legs located in an opposite direction, and as
result of this kind of variation, their corresponding maximum isotropic force
capability maps have a reflection symmetry (as shown in WM1 and WM8 in
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Fig. 3. Maximum isotropic force capability maps for a 3RRR SSPM in: (a) WM1; (b)
WM2; (c) WM3; (d) WM4; (e) WM5; (f) WM6; (g) WM7 and (h) WM8
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Fig. 3). The symmetries presented in the maximum force capability maps can not
be disconsidered because for different predefined tasks different working modes
could be required.

Another phenomenon found when the working mode in parallel manipula-
tors is changed is the superposition, that represents an extended map of the
manipulator’s maximum isotropic force capabilities. Figure 4 shows an extended
maximum isotropic force capability map, by using overlapping of the previously
obtained force capability maps in Fig. 3.

Fig. 4. General maximum isotropic force capability map for all working modes in a
3RRR planar parallel manipulator

8 Conclusions

This paper studied the influence that several variations in the working modes of
a 3RRR symmetrical parallel manipulator can have on their maximum isotropic
force capability, opening the possibility to visualize the best regions where the
manipulator can act in order to improve its efficiency.

A new method to obtain analytically the maximum isotropic force with a
prescribed moment was proposed. The proposed method in this paper uses a
general static model as an starting point to solve the problem of the maximum
isotropic force. Authors used the formalism presented by Davies as the primary
mathematical tool to analyze the mechanisms statically.

The present study may be extended in various ways. Manipulators with dif-
ferent DOFs, kinematic chains and including dynamic behavior may be studied,
and variations on the imposed moment may be considered in future researches.
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Abstract. In robotics, the force capability is defined as the maximum
wrench that can be applied (or sustained) by a manipulator. This prop-
erty is dependent on the robot’s posture, actuation limits and redundan-
cies and, by considering all possible directions of the applied wrench, a
polar force capability plot can be generated for a given pose. The con-
cept of isotropic force capability appeared as a subset of the classic force
capability and it was formally defined as the maximum magnitude force
that a robot can apply or support in all directions according to a posture.
A relevant condition which must be studied is when there is load distrib-
ution processes between cooperative robots, e.g. when two or more arms
are carrying the same load, if the load distribution fails, one of the arms
may overload causing structural or material damage during the process.
The main objective of this paper is to develop a method to determine
the area in the workspace of a cooperative robot composed by two pla-
nar serial 3R manipulators which presents the maximum isotropic force
capability. The isotropic force capability maps are generated for three
different load’s orientations and four working modes and they are com-
pared among themselves.

Keywords: Isotropic force capability · Cooperative robots · Davies’
method · Screw theory

1 Introduction

Power tools are being increasingly demanded in the industrial scope due to the
need for adaptability, productivity and quality that are extremely important.
This scenario includes industrial robots, which have a larger workspace and a
lower investment compared to a 5-axis tool machine [2].

The task space capability of a manipulator to perform motion and/or to exert
forces and moments are of fundamental importance in robotics. Its evaluation
can be useful to determine the structure and size of the manipulator that best
fit the designer’s requirements or it can be used to find a better configuration or
a better operation point for a manipulator to perform a given task [4,5].
c© Springer International Publishing AG 2018
J.C.M. Carvalho et al. (eds.), Multibody Mechatronic Systems,
Mechanisms and Machine Science 54, DOI 10.1007/978-3-319-67567-1 15
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In robotics, the force capability is defined as the maximum wrench that can
be applied (or sustained) by a manipulator in a certain pose, based on the limits
of the actuators [13]. The force capability of a cooperative robot system depends
on its posture, actuation limits and redundancies [15] and, by considering all
possible directions of the applied wrench, a polar force capability plot can be
generated for a given pose. The concept of isotropic force capability appeared
as a subset of the classic force capability and it was formally defined as the
maximum magnitude force that a robot can apply or support in all directions
according to a posture [11].

The cooperative work between two manipulators has had in recent years a
significant growth given the advantages it offers. The first of these advantages is
that it allows to perform tasks which are impossible to achieve by a single manip-
ulator, e.g. a manipulator can not move a beam that exceeds its load capacity,
but two working coordinately can do so. Thus a relevant condition which must
be studied is when there are load distribution processes between cooperative
robots, e.g. when two or more arms are carrying the same load, if the load
distribution fails, one of the arms may overload causing structural or material
damage during the process. The main objective of this paper is to develop a
method to determine the area in the workspace of a cooperative robot composed
by two planar serial 3R manipulators which presents the maximum isotropic
force capability. In Sect. 2, it is introduced the Davies method to determine the
static model of the cooperative robotic system, from which is developed the
method to determine the isotropic force capability, shown in Sect. 3. A dynamic
model is not developed as only the task of the transport of loads, which does
not demand high velocities, is considered. The isotropic force capability maps
are generated for three different load’s orientations and four working modes and
they are compared among themselves in Sect. 4. Finally, Sect. 5 presents the final
considerations about the results achieved in this paper.

2 Statics of Cooperative Robots

The static analysis of cooperative robots allows to know the forces and the
moments acting at the manipulator’s joints and at the manipulator’s end effector
when it comes in contact with the environment. In the direct static analysis, the
wrenches at the end effector are determined through the forces and moments
applied at the manipulator’s joints while in the backward static analysis, the
wrenches at the end effector are known and allow to estimate the efforts in the
joints.

The static analysis can be developed through different methods, such as the
vector method, dual vectors and dual quaternions, virtual work and the Davies
method using screw theory. In this paper it is employed the Davies method [8]
because it permits to obtain the static model of the mechanism in a simple way
and it is easily adaptable. This method is a powerful tool based on graph theory,
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screw theory and Kirchhoff-Davies theory. The main steps of the method are
briefly explained below [14].

1. Given a mechanism, draw its kinematic chain identifying all of its n links and
e direct couplings.

2. Draw the coupling graph GC using the links of the mechanism as the vertices
of the graph, and the joints of the mechanism as the edges of the graph.

3. Generate the action graph GA from GC through unfolding single actions
from direct couplings. In this step, each edge GC of representing a coupling
is replaced in GA by c constraint edges in parallel.

– Assign positive directions to each edge with an arrow pointing from the
minor to major vertex.

– Locate the number of cuts (k = n − 1) and chords (l = e − n + 1) in the
action graph and depict them.

4. Write the cut-set matrix [QN ]k,e with suitable signs.
5. Write a wrench $J for each edge from GA as follows:

$J =

⎡
⎣

−y
1
0

⎤
⎦JFx

+

⎡
⎣

x
0
1

⎤
⎦JFy

+

⎡
⎣

1
0
0

⎤
⎦JMz

(1)

6. Replace each wrench $J in the cut-set matrix [QN ]k,e in order to obtain the
generalized action matrix [AN ]3k,e.

7. Operate algebraically the generalized action matrix [AN ]3k,e in order to sta-
tically solve the system.

For further information about the Davies method, see [3,6–8,10,14,15]. An
intrinsic property obtained from the Davies method is the net degree of con-
straint (CN ), which represents the number of variables that must be known
to determinate completely the mechanism’s static state. It is calculated by the
expression:

CN = C − λk (2)

where C is the sum of the number of internal constraints of all the mechanism’s
joints, λ is the order of screw system e.g. for a planar mechanism, λ = 3 and k
is the number of cuts.

2.1 Davies Method in Cooperative Robots

The cooperative robot shown in Fig. 1(a) is composed by two 3R planar ser-
ial robots and is depicted by the action graph in Fig. 1(b), where the vertices
correspond to the links and the edges represent the actions in the joints. The
cooperative robot system is transporting a load whose weight is the sum of a
component in x (fx) and another in y (fy). All the joints have two constraints
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Fig. 1. (a) Planar serial cooperative robotic system. (b) Action graph.

of force, one in x and other in y, indicated by the letter representing the joint
plus the force direction (e.g. afx, afy), and a torque as active coupling (e.g. τa).
The two end effectors have three active couplings each: a force in x, a force in y
and a moment in z, where Ofx, Ofy and Omz belong to the master serial robot
and Sfx, Sfy and Smz belong to the slave serial robot.

By employing the Eq. (2), the net degree of constraint of the cooperative
robot is defined as:

CN = 26 − 3 · 8 = 26 − 24 = 2 (3)

This result means that among the variables of the cooperative robot’s back-
ward static model, two must be known (primary variables) to describe the
behavior of the remaining ones (secondary variables). In the static model of
the cooperative robotic system in Fig. 1(a) the primary variables are fx and fy
and secondary variables are the torques in the joints and moments in the end
effector: ⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

τa
τb
τc

Omz

τd
τe
τf

Smz

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

a1,1 a1,2

a2,1 a2,2

a3,1 a3,2

a4,1 a4,2

a5,1 a5,2

a6,1 a6,2

a7,1 a7,2

a8,1 a8,2

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

[
fx
fy

]
(4)

The 8 × 2 matrix in Eq. (4) is the transposed Jacobian of the cooperative
robot, where the elements a1,1, · · · , a4,1 and a1,2, · · · , a4,2 represent the position
of the joints and of the end effector of the master serial robot and the elements
a5,1, · · · , a8,1 and a5,2, · · · , a8,2 represent the position of the joints and of the end
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effector of the slave serial robot shown in Fig. 1(a). From Eq. (4) we can deter-
mine which is the maximum force that the final actuators can realize without
exceeding the limits of the actuators.

The knowledge of this problem allowed to develop important tools to know
the potential of the generation of torques or forces in the actuators and the
direction of the forces applied in the final effector [9]. In this sense comes the
concept of isotropic force capability , which consists of the maximum mag-
nitude of force that a robot can apply or support in all directions according
to a posture [1]. In order to obtain the isotropic force in a cooperative robotic
system, in this paper is presented a method based on the scaling factor method
presented by [13] and the modified scaling factor method presented by [12].

3 Isotropic Force Capability for a Cooperative Robotic
System

In order to calculate the isotropic force capability for the cooperative robotic
system shown in Fig. 1(a), a unitary action with a desired direction is applied
to determine the joint of the manipulator that is the relatively most charged.
The limits of the actuators are taken in consideration through a unit wrench $F ,
representing the desired wrench direction as shown in Eq. (5), where fapp is the
wrench intensity of $Fapp.

$Fapp = fapp$F (5)

Using the unit wrench $F = [cos (θ) , sin (θ) , 0]T in order to represent the
desired direction of the force, and eliminating the third element of $F as there
is no moment in the particular case depicted in Fig. 1(a), the backward statics
equation shown in Eq. (4) can be rewritten as:

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

τa
τb
τc

Omz

τd
τe
τf

Smz

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

a1,1 a1,2

a2,1 a2,2

a3,1 a3,2

a4,1 a4,2

a5,1 a5,2

a6,1 a6,2

a7,1 a7,2

a8,1 a8,2

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

[
cos (θ)
sin (θ)

]
(6)

The primary actions (τ1(θ), τ2(θ), ..., τ8(θ)) = (τa, τb, ..., Smz) can be calcu-
lated as a function of θ as shown below:

τi(θ) = ai,1 cos (θ) + ai,2 sin (θ) i = 1, ..., 8 (7)

Since the maximum torque limits (τimax) are known for all actuated joints i,
scaling factors for each one can be found using Eq. (8) [13].

ψi =
∣∣∣∣
τimax

τi (θ)

∣∣∣∣ =
∣∣∣∣

τimax

ai,1 cos (θ) + ai,2 sin (θ)

∣∣∣∣ i = 1, ..., 8 (8)
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where ψi is the scaling factor for each actuated joint i, and τi (θ) is the torque of
the ith actuated joint for a unit wrench in the desired force direction, obtained
from Eq. (7). The results of Eq. (8) can be placed in a set of scaling factors,
which in the studied case is composed by eight elements.

To maximize the set of scaling factors ψi, the denominator of the Eq. (8)
must be minimize by finding the critical angles. In such a way the denominator
is derived and equated it to zero:

D′ → −ai,1 sin (θ) + ai,2 cos (θ) = 0 i = 1, ..., 8 (9)

Dividing both sides of the Eq. (9) by cos(θ), the equation can be rewritten as
follows:

D′ → −ai,1 tan (θ) + ai,2 = 0 i = 1, ..., 8 (10)

Isolating θ, the critical angles θc are determined:

θc = tan−1

(
ai,2

ai,1

)
i = 1, ..., 8 (11)

Replacing Eq. (11) in (8) and applying the following trigonometric
proprieties:

cos
(
tan−1 (x)

)
=

1√
1 + x2

sin
(
tan−1 (x)

)
=

x√
1 + x2

(12)

The Eq. (8) can be rewritten as:

ψi =
τimax√

ai,1
2 + ai,2

2
i = 1, ..., 8 (13)

The isotropic force capability is the minimal value of the scaling factor set ψi:

Fiso = min (ψi) i = 1, ..., 8 (14)

4 Maximum Isotropic Force Capability Maps

The isotropic force capability maps are obtained for the complete workspace of
the cooperative robotic system shown in Fig. 1(a), for a specific orientation of the
load in the xy-plane for all possible working modes, shown in Fig. 2. The load’s
orientations considered in this paper are represented in Fig. 3. The isotropic force
capability is calculated for each point inside the work space, considering a mesh
of 0,01 m, totaling 1, 8 × 106 points. The adopted parameters for the calculation
of the isotropic force capability are shown in Table 1.
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Fig. 2. The four work modes of the cooperative robot of Fig. 1(a) used to obtain
isotropic force capability maps.

Fig. 3. Load’s orientations considered to build the isotropic force capability maps: (a)
0◦, (b) 45◦, (c) 90◦.

Table 1. Parameters of the cooperative robotic system.

Master serial robot Value Slave serial robot Value

Length of link 1 3 m length of link 8 3 m

Length of link 2 2 m length of link 7 2 m

Length of link 3 1 m length of link 6 1 m

τamax 40 N τdmax 40 N

τbmax 30 N τemax 30 N

τcmax 20 N τfmax 20 N

Omzmax 10 N Smzmax 10 N
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The isotropic force capability maps are presented in Figs. 4, 5 and 6. In those
figures, the color tones indicate the isotropic forces capability intensity that the
end effector can apply or support within his workspace. The deep blue area
indicates the region which cannot be reached by the end effector.

Fig. 4. Isotropic force capability maps for the load orientation represented in Fig. 3(a)
(Color figure online)

By comparing the three load’s orientations, it can be noted that in Fig. 4, in
spite of the cooperative robot workspace being larger than the ones in Figs. 5
and 6, the area corresponding to the greatest values of isotropic force capability
is smaller. Also it can be inferred that changes in the working mode have not a
high impact on the case where the load orientation is 0◦.

In Fig. 5, it is possible to see that the working mode has an effect on the
cooperative robot’s performance, e.g. for the working modes (a), (b) and (d),
the area with higher isotropic force capability intensity occupy almost all the
workspace, what does not occur in work mode (c).

In Fig. 6, the working modes influence the isotropic force capability intensity
too, being the working mode (b) the most effective as the region with the greater
values of force fill up the work space.
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Fig. 5. Isotropic force capability maps for the load orientation represented in Fig. 3(b)
(Color figure online)

Fig. 6. Isotropic force capability maps for the load orientation represented in Fig. 3(c)
(Color figure online)
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5 Conclusion

The Davies method associated with the screw theory is an important tool to
determine the static models in cooperative robotic systems necessary to analyze
the force capability.

The isotropic force capability method is a breakthrough in the study of the
force capability of cooperative manipulators. This method allowed for the first
time to determine the isotropic force capability for the whole workspace of the
cooperative robot, in a faster and direct way, without the use of optimization
algorithms, generating maps that indicate the areas where the force is more
intense, being useful in processes that require a certain force for the execution
of a task. The completeness of these maps has the advantage of showing which
working modes have the best performance to develop a task, being an important
tool in applications that require to know the areas with greater capability of
forces, before executing the task. The method proposed in this paper is based
on the work of Mejia et al. [12] and represents a generalization of their proposal.
At this moment, the method can only be used in cooperative planar manipu-
lators that individually satisfy the condition CN = 3, whether serial, parallel
or hybrid. Future studies aim to extend the isotropic force capability method
to spatial mechanisms, including the dynamic analysis and the consideration of
gravitational forces.
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1. Angeles, J., López-Cajún, C.S.: Kinematic isotropy and the conditioning index of
serial robotic manipulators. Int. J. Robot. Res. 11(6), 560–571 (1992)

2. Bi, S., Liang, J.: Robotic drilling system for titanium structures. Int. J. Adv.
Manuf. Technol. 54(5–8), 767–774 (2011)

3. Cazangi, H.R., et al.: Aplicação do método de davies para análise cinemática e
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robôs com redundância cinemática e de atuação em contato com o meio (2011)

15. Weihmann, L., Martins, D., Coelho, L., Bernert, D.: Force capabilities of kinemat-
ically redundant planar parallel manipulators. In: 13th World Congress in Mecha-
nism and Machine Science, p. 483 (2011)



Balancing Conditions of the RSS’R,
Spatial Mechanism

An Alternative Method Using Natural Coordinates

Mario Acevedo(B)

Facultad de Ingeniera, Universidad Panamericana,
Augusto Rodin 498, 03920 Ciudad de México, México
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Abstract. Dynamic balancing of rigid body linkages with constant mass
links is a traditional but still very active research area in mechanical
engineering. It has some difficulties but the initial one is to derive the
so-called balancing conditions, that are helpful to obtain different con-
figurations for the balanced mechanism. The objective of this work is
to illustrate the application of a general method to find the force and
moment balancing conditions of planar and spatial linkages. It is applied
for the dynamic balancing of the RSS’R spatial mechanism. The method
is based on the use of Natural Coordinates so the whole system is repre-
sented only by a set of basic points, avoiding the use of angular coordi-
nates. This facilitates obtaining the expressions for the linear momentum
and for the angular momentum required to extract the shaking force and
the shaking moment balancing conditions for the linkage. These condi-
tions are interpreted and used to propose different design alternatives
which can lead to a convenient design.

Keywords: Dynamic balancing · Shaking force · Shaking moment ·
Counterweights · Natural coordinates

1 Introduction

Dynamic balancing (force and moment balancing) of rigid body linkages with
constant mass links, is a traditional but still very active research area in mechan-
ical engineering, see [1]. Its benefits are well known [2–5], and the different meth-
ods used to achieve this goal have been recently documented with illustrative
examples at [6]. A very interesting multi-body systems approach can also be
found in [7].

But dynamic balancing of linkages has some difficulties named, to derive the
so-called balancing conditions and to obtain the different balanced configurations
of the mechanism. Thus a general method to find the force balancing conditions
of spatial linkages, based on the use of Natural Coordinates [8], is demonstrated
in this work. Although it has been introduced and applied to planar systems
in [9,10].
c© Springer International Publishing AG 2018
J.C.M. Carvalho et al. (eds.), Multibody Mechatronic Systems,
Mechanisms and Machine Science 54, DOI 10.1007/978-3-319-67567-1 16
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The method is direct due to the fact that with the Natural Coordinates the
whole system can be represented by a set of basic points [8], avoiding the use
of angular coordinates. It can be easily automated within a computer algebra
system. This facilitates obtaining the expressions for the linear momentum and
for the angular momentum required to extract dynamic balancing conditions.
This means the shaking force and the shaking moment balancing conditions for
the linkage. These conditions are interpreted and used to propose and evaluate
different design alternatives which can lead to an efficient design.

In this case the method has been used to find the dynamic balancing condi-
tions of the spatial RSS’R four bar mechanism (see Fig. 1). The obtained con-
ditions are interpreted and used to show and alternative design which has been
validated through dynamic simulation using ADAMS.

Fig. 1. A generic RSS’R mechanism defined using natural coordinates.

2 The Method

The starting part of the method is to define each body by a set of four basic
points, see Fig. 2. In this way the mass matrix of the generic body, M, is constant
and calculated by using a base defined by three vectors: (rj−ri), (rk−ri), (rl−ri).
Where rn is the position vector of the point n in the body. In this way the mass
matrix of a body with mass m and an inertia tensor defined by:

J =

⎡
⎣

Jxx Jxy Jxz

Jyx Jyy Jyz

Jzx Jzy Jzz

⎤
⎦
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can be expressed as:

M =

⎡
⎢⎢⎢⎢⎢⎣

(ma)I (mb)I (mc)I (md)I
(mb)I

(
Jxx

l2ij

)
I

(
Jxy

lij ·lik

)
I

(
Jxz

lij ·lil

)
I

(mc)I
(

Jxy

lij ·lik

)
I

(
Jyy

l2ik

)
I

(
Jyz

lik·lil

)
I

(md)I
(

Jxz

lij ·lil

)
I

(
Jyz

lik·lil

)
I

(
Jzz

l2il

)
I

⎤
⎥⎥⎥⎥⎥⎦

(1)

where:

ma = m − x
2m

lij
− y

2m

lik
− z

2m

lil
+

Jxx

l2ij
+

Jyy

l2ik
+

Jzz

l2il
+

2Jxy

lij lik
+

2Jyz

liklil
+

2Jxz

lij lil

mb = x
m

lij
− Jxx

l2ij
− Jxy

lij lik
− Jxz

lij lil

mc = y
m

lik
− Jyy

l2ik
− Jxy

lij lik
− Jyz

liklil

md = z
m

lil
− Jzz

l2il
− Jxz

lij lil
− Jyz

liklil

and I is the (3 × 3) identity matrix.

Fig. 2. A general body defined by four basic points.

It should be noted that all terms in J must be calculated with respect to the
point i. On the other hand x, y and z are the components of the position vector
that locates the center of mass of the body with respect to point i, expressed
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in the body’s local reference frame. A detailed explanation about the use of the
Natural Coordinates and the way to calculate the mass matrix of a given body
can be found at [8].

In this way it is possible to calculate the linear momentum and the angular
momentum of the body in an easy and direct way, using a set of point masses
located at points: i, j, k and l.

The same simple procedure used to calculate the linear and angular momen-
tum of a body is used to calculate the linear and angular momentum of an entire
mechanism, once its whole mass matrix is calculated. Thus the only difficulty in
the application of the method in case of a mechanical system is the mass matrix
assemblage (identify the correct location of each term in the matrix).

2.1 Linear Momentum of a Body Defined with a Set of Points

Without loss of generality, a way to illustrate the calculation of the linear momen-
tum of a system defined using a set of points is to present the calculation of the
linear momentum of a body.

Taking into account the body of Fig. 1, first a set of linear momentum vectors
is calculated as:

⎡
⎢⎢⎢⎢⎢⎣

(ma)I (mb)I (mc)I (md)I
(mb)I

(
Jxx

l2ij

)
I

(
Jxy

lij ·lik

)
I

(
Jxz

lij ·lil

)
I

(mc)I
(

Jxy

lij ·lik

)
I

(
Jyy

l2ik

)
I

(
Jyz

lik·lil

)
I

(md)I
(

Jxz

lij ·lil

)
I

(
Jyz

lik·lil

)
I

(
Jzz

l2il

)
I

⎤
⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎣
vi

vj

vk

vl

⎤
⎥⎥⎦ (2)

Then for example the linear momentum associated to the point i is:

li = (ma)Ivi + (mb)Ivj + (mc)Ivk + (md)Ivl

So the total linear momentum of the body is calculated by the sum of the
linear momentum of each point as:

l = li + lj + lk + ll (3)

in this case expressed by:

l = (m − mx

lij
− my

lik
− mz

lil
)vi + (

mx

lij
)vj + (

my

lik
)vk + (

mz

lil
)vl (4)

The force balancing conditions for the body can be obtained taking into
account the kinematic pair that joints it to the base and through the analysis of
the expression (4). A constant (usually zero) linear momentum warranties null
shaking force.
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If, for example, the body is attached to the ground by a revolute joint posi-
tioned at point i, then vi = 0. On the other hand in general the velocities of
points j, k and l are different from zero. Thus in order to obtain constant (in this
case zero) linear momentum the center of mass must be positioned at point i.
This means that x = 0, y = 0 and z = 0, which are precisely the force balancing
conditions.

In practice this can be achieved adding a counterweight located in the oppo-
site direction of the center of mass.

2.2 Angular Momentum of a Body Defined with a Set of Points

The angular momentum of the body can be calculated simply as:

h =
[
r̃i r̃j r̃k r̃l

]

⎡
⎢⎢⎢⎢⎢⎣

(ma)I (mb)I (mc)I (md)I
(mb)I

(
Jxx

l2ij

)
I

(
Jxy

lij ·lik

)
I

(
Jxz

lij ·lil

)
I

(mc)I
(

Jxy

lij ·lik

)
I

(
Jyy

l2ik

)
I

(
Jyz

lik·lil

)
I

(md)I
(

Jxz

lij ·lil

)
I

(
Jyz

lik·lil

)
I

(
Jzz

l2il

)
I

⎤
⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎣
vi

vj

vk

vl

⎤
⎥⎥⎦ (5)

This expression can be reduced substituting the shaking force balancing con-
ditions in the mass matrix, which depends precisely on the center of mass coor-
dinates.

3 Shaking Force and Shaking Moment Balancing
Conditions of the RSS’R Spatial Mechanisms

As could be seen from the previous section, the key step in the use of a set of
points to define the mechanism is the mass matrix assemblage.

A generic spatial RSS’R mechanism is presented in Fig. 1. A set of 10 points
are used to complete the model. Point b is shared between body 1 (the crank)
and body 2 (the coupler), while point c is shared between body 2 and body 3
(the rocker).

The mass matrix can be assembled in different ways. In this case the mass
matrix is ordered by body, starting with body 1, then body 2, and finally body 3.
The local reference frames are located at points a, b, and d respectively. Thus
the mass matrix of the system is assembled considering the following order of
points: a, b, e, f , c, g, h, d, i, j. The resulting mass matrix is presented in Eq. (6).
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M
=

⎡ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎣(m
a
) 1
I

(m
b
) 1
I

(m
c
) 1
I

(m
d
) 1
I

0
0

0
0

0
0

(m
b
) 1
I

[ J
x
x

l2 a
b

+
(m

a
) 2

] I
J
x
y

l a
b
·l a

e
I

J
x
z

l a
b
·l a

f
I

(m
b
) 2
I

(m
c
) 2
I

(m
d
) 2
I

0
0

0

(m
c
) 1
I

J
x
y

l a
b
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e
)I

J
y
y
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e
I

J
y
z
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e
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f
I

0
0

0
0

0
0

(m
d
) 1
I

J
x
z

l a
b
·l a

f
I

J
y
z

l a
e
·l a

f
I

J
z
z

l2 a
f
I

0
0

0
0

0
0

0
(m

b
) 2
I

0
0

[ J
x
x

l2 b
c

+
(m

b
) 3

] I
J
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y
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c
·l b

g
I

J
x
z

l b
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· l b

h
I

J
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c
I

J
x
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·l b

g
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J
x
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h
I

0
(m

c
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0

J
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y
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I

0
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0

0
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I
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a
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0

0
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l d
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0
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y
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l d
i
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l d
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0
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⎤ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎦

(6
)
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3.1 Shaking Force Balancing Conditions

To obtain the shaking force balancing conditions of the mechanism it is necessary
first to multiply the mass matrix, Eq. (6), times the vector of velocities:

q̇T =
[
va vb ve vf vc vg vh vd vi vj

]
(7)

to obtain the set of linear momentum vectors for the whole system.
These linear momentum vectors are summed to obtain the total linear

momentum of the system. In this case va = 0, vd = 0, ve = 0, and vi = 0.
Once this values are substituted and reducing all terms the total linear momen-
tum of the system is:

l =
[
m2 +

m1x1

lab
− m2x2

lbc
− m2y2

lbg
− m2z2

lbh

]
vb

+
[
m3x3

ldc
+

m2x2

lbc

]
vc +

[
m1z1
laf

]
vf

+
[
m2y2
lbg

]
vg +

[
m2z2
lbh

]
vh +

[
m3z3
ldj

]
vj . (8)

3.2 Shaking Moment Balancing Conditions

To calculate the total angular momentum of the system it is necessary to multiply
the mass matrix, Eq. (6), times the vector of velocities, Eq. (7). Then to get
the total angular momentum of the system this product is pre-multiplied by
a (3 × 10) matrix composed by the skew-symmetric matrices calculated with
the components of the position vectors of the points. Taking into account that
va = 0, ve = 0, vd = 0 and vi = 0 the total angular momentum of the systems
can be calculated as:

R̃

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

(mb)1I (md)1I 0 0 0 0

[
Jxx

l2
ab

+ (ma)2

]
I Jxz

lab·laf
I (mb)2I (mc)2I (md)2I 0

Jxy

lab·lae
I

Jyz

lae·laf
I 0 0 0 0

Jxz
lab·laf

I Jzz

l2
af

I 0 0 0 0

(mb)2I 0

[
Jxx

l2
bc

+ (mb)3

]
I

Jxy

lbc·lbg I
Jxz

lbc·lbh I Jxz
lbc·lbh I

(mc)2I 0
Jxy

lbc·lbg I
Jyy

l2
bg

I
Jyz

lbg·lbh I 0

(md)2I 0 Jxz
lbc·lbh I

Jyz

lbg·lbh I Jzz

l2
bh

I 0

0 0 Jxx

l2
dc

I 0 0 (md)3I

0 0
Jxy

ldc·ldi I 0 0
Jyz

ldi·ldj I

0 0 Jxz
ldc·ldj I 0 0 Jzz

l2
dj

I

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

vb

vf

vc

vg

vh

vj

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(9)
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where
R̃ =

[
r̃a r̃b r̃e r̃f r̃c r̃g r̃h r̃d r̃i r̃j

]
(10)

Multiplying all terms in Eq. (9), simplifying considering an inline mechanism
and substituting the coupler by a dynamic equivalent of two concentrated masses
located at the points b and c, as proposed in [11], the total angular momentum
of the system is:

h =

⎡
⎣

{
m2
2 + (Jxx)3 + (Jzz)3

}
ω3

0{
m2
2 + (Jxx)1 + (Jzz)1

}
ω1

⎤
⎦ (11)

Thus to make the angular momentum constant, a necessary condition to get
zero shaking moment, a set of counter-rotary counterweights should be added to
the crank and to the rocker.

4 Numerical Example

In order to show the practical application of the equations developed through
the paper, force balancing of an specific RSS’R spatial mechanism is presented
in this section.

The same mechanism formerly proposed in [11] is used to develop the exam-
ple. It is represented in Fig. 1 and has the following parameters: lOa = 0.1m,
lab = 0.05m, lbc = 0.3m, lcd = 0.15m, and lOd = 0.25m. All bodies are made of
steel (ρ = 7, 801 kg

m3 ) with m1 = 0.0109 kg, m2 = 0.036 kg, and m3 = 0.0207 kg.
The constant angular velocity of the crank, body 1, is ω1 = 2π rad

s .
To balance the mechanism by force it is necessary to achieve a constant

(zero) linear momentum. Using Eq. (8) it can be noted that This can be done
by fulfilling the following shaking force balancing conditions:

[
m2 +

m1x1

lab
− m2x2

lbc
− m2y2

lbg
− m2z2

lbh

]
=0

[
m3x3

ldc
+

m2x2

lbc

]
=0

[
m1z1
laf

]
= 0

[
m2y2
lbg

]
= 0

[
m2z2
lbh

]
= 0

[
m3z3
ldj

]
=0 (12)

An alternative solution to fulfill these conditions is to make the crank be an
inline body, making z1 = 0. In addition leave body 2 unaltered and also inline,
making:

x2 =
lbc
2

; y2 = 0; z2 = 0

Finally z3 = 0 in body 3. This determines the necessary location of the center
of mass of body 1 as:

x1 = −
(

m2

m1

)
lab; y1 = 0; z1 = 0



Balancing Conditions of the RSS’R, Spatial Mechanism 179

as well as the center of mass of body 3 as:

x3 = −
(

1
2

) (
m2

m3

)
ldc; y3 = 0; z3 = 0

In practice this has been achieved by adding two counterweights, one at
the crank (body 1) and one at the rocker (body 3), as shown in Fig. 3. Both
counterweights made of brass (ρ = 8, 545 kg

m3 ).
The counterweight attached to the crank has thickness equal to 0.01m and a

diameter of 0.0093317m. The counterweight attached to the rocker has thickness
equal to 0.01m and a diameter of 0.014371m.

Fig. 3. Solution to the proposed mechanism, balanced by two counterweights made of
brass.

The Fig. 4 shows a comparison of the shaking force between the original
mechanism and the balanced mechanisms. These results have been generated by
simulation using ADAMS.

Fig. 4. Comparison of the shaking force, non-balanced mechanism on the left and
mechanism balanced on the right.
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5 Conclusions

An alternative method to obtain the shaking force and shaking moment bal-
ancing conditions necessary for the dynamic balancing of the RSS’R spatial
mechanism has been showed. The method, based on the use of Natural Coordi-
nates, is efficient when using a computer algebra software. It can be applied to
complex mechanisms, such as spatial robots, to find force balancing conditions.
Its application to find moment balancing conditions of complex systems should
be evaluated in more detail.
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Abstract. The analysis of the elastodynamic performance of the par-
allel mechanisms is necessary for their optimal design. This paper aims
at evaluating the elastodynamics of a planar parallel mechanism with
flexible joints subjected to uncertainties. Therefore, the elastodynamic
performance is analyzed over the design space that considers all the pos-
sible combinations of the lengths of the links of the mechanism. The
uncertainties in the stiffness of the active joints are modeled as random
variables. The elastodynamic performance subjected to uncertainties is
evaluated numerically by using the Monte Carlo Simulation.

Keywords: Parallel manipulator · Elastodynamics · Uncertainties

1 Introduction

The elastodynamic performance of the parallel mechanisms with flexible ele-
ments is an important issue mainly for their mechanical design and also for the
development of new control algorithms [11].

In this direction, the parallel mechanisms with flexible links or flexible joints
have been extensively studied. Thus, several works have been focused on the
optimal design procedure [1], analysis of the elastodynamic performance [7] and
development of motion control laws [11] among other important aspects of par-
allel mechanism with flexible elements. In the other hand, several contributions
have studied the effect of uncertainties in parallel mechanisms [5,6].

Specifically, this contribution presents a novel study in order to analyze the
elastodynamic performance of a planar parallel mechanism with flexible active
joints by considering uncertainties in the stiffness parameters. Initially, the analy-
sis of the elastodynamics is based on the complete kinematic and dynamic model
of parallel mechanism that is formulated taking into account the flexible joints.
Then, the uncertainties are modeled as random variables and they are included
in the stiffness of the active joints. The elastodynamic criterion is formulated
based on the dynamic model. Finally, the elastodynamic performance subjected
c© Springer International Publishing AG 2018
J.C.M. Carvalho et al. (eds.), Multibody Mechatronic Systems,
Mechanisms and Machine Science 54, DOI 10.1007/978-3-319-67567-1 17
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to uncertainties is evaluated within the design space by means of the Monte
Carlo Simulation.

2 Mechanism Modeling

The planar parallel mechanism is show in Fig. 1. The mechanism has two iden-
tical kinematic chains. Each kinematic chain have an active joint (Ai), a passive
joint (Bi) for i = 1, 2, and two rigid links. Moreover, a flexible active joint is
considered. The end-effector of the mechanism is located at p which position
is defined by the Cartesian coordinates (x̄p, ȳp). Finally, an inertial frame O is
defined in the middle of A1A2. The acceleration of the gravity acts in the −z
direction that is perpendicular to the plane that contains the mechanism.

Fig. 1. The planar parallel mechanism.

The link lengths are denoted by r1, r2 and r3 as shown in the Fig. 1. The link
lengths are defined between zero and infinite. Nevertheless, these dimensional
link lengths should be non-dimensionalized with the purpose of analyzing the
effects of link lengths in the model of the mechanism. Thus, the auxiliary an
variable D = (r1 + r2 + r3)/3 is defined. The three non-dimensional parameters
(ri, for i = 1, 2, 3) are defined by:

r1 = r1/D r2 = r2/D r3 = r3/D (1)

Where r1 + r2 + r3 = 3. Furthermore, the end-effector coordinates are also non-
dimensionalized as follows: xp = xp/D yp = yp/D.

2.1 Kinematic Model

The Cartesian vector p =
[
xp yp

]T defines the position of the end-effector
with reference to the inertial frame O. Moreover, the position of the points
Bi (for i = 1, 2) with reference to the inertial frame O are b1 =
[
r1 cos(θa1) − r3 r1 sin(θa1)

]T and b2 =
[
r1 cos(θa2) + r3 r1 sin(θa2)

]T , respec-
tively. θa1 and θa2 are the angular positions of the active joint. The inverse
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kinematics is formulated by considering the kinematic constraint |bip| = r2,
therefore:

(xp − r1 cos(θa1) + r3)2 + (yp − r1 sin(θa1))2 = r22 (2)

(xp − r1 cos(θa2) − r3)2 + (yp − r1 sin(θa2))2 = r22 (3)

2.1.1 Jacobian Matrix
The Jacobian matrix of the mechanism is derived by differentiating with respect
to time Eqs. (2) and (3), then this expression is written in the matrix form:

Aθ̇a = Bṗ (4)

where ṗ =
[
ẋp ẏp

]T , θ̇a =
[
θ̇a1 θ̇a2

]T
and the 2× 2 matrices A and B.

J = A−1B (5)

2.1.2 Workspace
Initially, the usable workspace is defined as the area wherein the end-effector can
reach free of singular loci. Additionally, the Maximum Inscribed Circle (MIC)
is an useful measure to assess the size of the usable workspace. The MIC is
a circle that is inscribed within the usable workspace and it is tangent with
singular loci [9]. The Maximum Inscribed Workspace (MIW ) is defined as the
workspace bounded by the MIC. The MIC as a function of the link lengths is
defined by the follow expression:

x2 + (y − yMIC)2 = r2MIC (6)

where rMIC is the radius and (0, yMIC) is the center of the MIC. For the cases
that r1 + r3 < r2, the MIC is defined by:

rMIC = (r1 + r2 − |r1 − r2|)/2 and yMIC =
√

(r1 + r2 + |r1 − r2|)2/4 − r23
(7)

For the cases that r1 + r3 > r2, the radius and center of the MIC are defined by:

rMIC = |yMIC | − ycol and yMIC =
(r1 + r2 + ycol)2 − r23

2(r1 + r2 + ycol)
(8)

with ycol =
√

r21 − (r2 − r3)2.

2.2 Dynamic Model

Initially, the dynamics of each kinematic chain together with the flexible active
joint is considered separately in order to derive the complete dynamic model of
the mechanism. Then, the total dynamics of the parallel mechanism is obtained
by applying the kinematic constraints of the both kinematic chains.
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The dynamic parameters should also be non-dimensionalized. By considering
the masses of the first and second links of the i−th kinematic chain, respectively:
m1i, m2i and the stiffness of the active joints: k1 and k2, thus, mt and kt are
defined as follow: mt = (m1i + m2i)/2 and kt = (k1 + k2)/2. Consequently, the
non-dimensional masses of the links and the stiffness of the joints are defined as
follow:

m1i = m1i/mt m2i = m2i/mt m1i + m2i = 2

k1 = k1/kt k2 = k2/kt k1 + k2 = 2

The links are considered as slender rods. Thus, the inertial moment and center
of mass of the links can be defined as a function of the non-dimensional masses

and lengths of the links as follows: d1i = r1/2, d2i = r2/2, Iz1i =
1
12

m1r
2
1,

Iz2i =
1
12

m2r
2
2.

(a) Flexible joint. (b) Kinematic chain of the
mechanism.

Fig. 2. Flexible active joint and kinematic chain.

2.2.1 Dynamic of the Kinematic Chains
The model of the flexible joint is shown in the Fig. 2(a). τm =

[
τm1 τm2

]T is

the torque applied by the motors after the reduction, θm =
[
θm1 θm2

]T is the
angular position of the motor.

A single kinematic chain is shown in the Fig. 2(b). Each kinematic chain
is modeled separately in order to simplify the total dynamics modeling of the
mechanism. The dynamic equation is obtained by using the Lagrange formula-
tion as presented by [4]. Then, the dynamic model of the two kinematic chains
is formulated by combining the model of both kinematic chains, thus:

M(θ)θ̈ + C
(
θ, θ̇

)
θ̇ + f + fk = τ (9)

with:

– θ = (θT
a ,θT

p )T , θ̇ = (θ̇
T

a , θ̇
T

p )T , f = (fTa , fTp )T and τ = (τT
a , τT

p )T .
– fk = (fTka, f

T
kp)

T is the elastic torque in active and passive joints respectively.
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– fkp = (0, 0)T is stiffness of passive joints and no torque is applied in passive
joints, thus τ p = (0, 0)T .

– fp = (0, 0)T is the friction in passive joints.
– M(θ) and C

(
θ, θ̇

)
are the mass and Coriolis matrices of both kinematic

chains.

2.2.2 Complete Dynamic Model
The complete dynamic model of the parallel mechanism is derived by considering
the coupling of both kinematic chains at the passive joint of point p located at
end-effector. By using the D’Alembert’s principle and the principle of virtual
work, the torques of the active joint τ a and torque of the joints τ satisfy the
relation:

τ a = ΨTτ (10)

with Ψ = ∂θ/∂θa. Therefore, the total dynamic equation is expressed as follows:

Mtθ̈a + Ctθ̇a + fa + fka = τ a (11)

where Mt = ΨTM(θ)Ψ and Ct = ΨTM(θ)Ψ̇ + ΨTC
(
θ, θ̇

)
Ψ . Additionally, no

torque is applied directly to the active joints by the motors, thus τ a = (0, 0)T .
Thus, the complete dynamic of Eq. (11) can be written as follows:

Mtθ̈a + Ctθ̇a + fa + K(θa − θm) = 0 (12)

Finally, based on Eq. (12) and using the Jacobian matrix, the dynamics in
the Cartesian coordinates can be express at a fixed posture and without frictions
in the joints, i.e. θ̇ =

[
0 0 0 0

]T and fa =
[
0 0 0 0

]T [2]; thus:

J−TMtJ−1θ̈a + J−TKJ−1(θa − θm) = 0 (13)

3 Uncertainties Modeling and Analysis

Typically, the parameters of the mechanism suffer from small variations during
their operation. The uncertainties allow including these aforementioned varia-
tions of the parameters in the numerical model of the mechanism. Consequently,
the stiffness of the active joints include the uncertainties.

The uncertainties are modeled as small variations about the nominal value of
each parameter. These uncertainties are modeled by means of random variables,
thus:

a0(θ) = a0 + a0δaξ(θ) (14)

where a0 is the mean or nominal value of the parameter, δa is the maximum
percentage dispersion and ξ(θ) is the unit normal random variable with θ being
a random process. The unit normal random variable is governed by a normal
distribution, this distribution was selected in order to evaluate the uncertain
parameters in this contribution.
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The so-called Monte Carlo method combined with the Latin Hypercube sam-
pling [3] is used to map these uncertain random parameters on the elastodynamic
model of the mechanism. In this way, the elastodynamic performance of the
mechanism subjected to uncertainties is evaluated.

4 Performance Indices

Several performance criteria have been used with the propose of analyze the
performance of parallel mechanism. In this direction, the concept of the atlases
of the performance criteria. i.e., a desired performance criteria is evaluated for
all the combinations of the design variables. For the parallel mechanism analyzed
in this contribution, the elastodynamic performance is examined for every single
length of the non-dimensional links on the design space.

4.1 The Design Space

The design space allows assessing as a function of the non-dimensional link
lengths of the mechanism. Thus, the design space permits to evaluate the elas-
todynamic performance criteria within a sets that contains all the possible com-
binations the non-dimensional length. For this contribution, the elastodynamic
performance subjected to uncertainties is evaluated over the design space.

The design space of this parallel mechanism was previously defined by [8].
The non-dimensional length of links were previously defined in Eq. (1). The
non-dimensional link lengths are constrained in order to ensure the geometric
definition of the mechanism, thus:

0 < r1, r2 < 3 and 0 ≤ r3 ≤ 1.5 (15)

By applying these constraints to the definition of the non-dimensional link
lengths definition (r1 + r2 + r3 = 3), the design space is shown in Fig. 5(a).
Moreover, two orthogonal coordinates s and t are defined to establish a planar
configuration of the design space that is presented in the Fig. 3(b), thus:

s = 2r1/
√

3 + r3/
√

3 and t = r3 (16)

Fig. 3. Design space of the planar parallel mechanism.
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The design space can be split in several sub-regions; these subregions are
bounded by the dotted lines where r1, r2 and r3 assume certain lengths as
presented in Fig. 3(b).

4.2 Elastodynamic Performance

The elastodynamic performance consists in evaluating the vibratory characteris-
tics of the mechanism that are produced by flexible elements of the structure [10].
The elastodynamics is evaluated by computing the natural modes and frequen-
cies at a specific posture of the mechanism. The analysis of the elastodynamic
performance derived based on Eq. (13), thus:

MC θ̈a + KC(θa − θm) = 0 (17)

Where MC = J−TMtJ−1 and KC = J−TKJ−1.
The elastodynamic performance depends on the posture of the mechanism

because total inertia and Jacobian matrices are dependent on the position of
active joints. The natural modes and frequencies are obtained by solving the
associated eigenvalue problem of Eq. (17); thus, (KC − λ2

TMC)θa = 0, leads to
the set of eigenvalues (λT =

[
λ1 . . . λn

]
) and eigenvector (φT =

[
φ1 . . . φn

]
),

respectively.
An optimal elastodynamic performance is obtained while the mechanism

operates below the smallest natural frequency during the motion in order to
avoid undesirable vibrations produced by the resonance effect. Therefore, the
elastodynamic performance could be assessed as a function of the link lengths
by determining the smallest eigenvalue over the MIW , thus:

λe = min
MIW

(λT (r1, r2, r3)) (18)

One can observe that the elastodynamic performance enhances by maximizing
the smallest natural frequency, this behavior could be obtained by selecting the
proper link lengths r1, r2 and r3.

5 Results

The nondimensional dynamic parameters adopted in this contribution are: m1i =
1.2, m2i = 0.8, i.e., the mass of the second link is 20% smaller than the mass of
the second link. The stiffness of the elastic joints is equal, thus k1 = 1 and k2 = 1.
Additionally, the uncertainties are introduced in these parameters by considering
the 5% of dispersion in the masses and stiffness according to Eq. (14).

Initially, the atlas of the elastodynamic performance subjected to uncertain-
ties was calculated by the aids of the expression given in the Eq. (18) together
with the Monte Carlo Simulation (see Fig. 4). The elastodynamics atlas is com-
pletely defined by two parts, first by the mean atlas (mean(λe)) and second,
by the maximum variation of the smallest natural frequency that is defined by
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Fig. 4. Elastodynamic atlas subjected to uncertainties.

δ(λe) = max(λe) − min(λe). As seen in Fig. 4(a), the atlas shows that the elas-
todynamics mainly varies along s coordinate, consequently, the elastodynamics
is mainly function of r1 and r2 because the link lengths of the kinematic chains
modifies the Jacobian and the total inertia matrix MC defined in Eq. (17). Fur-
thermore, one can perceive in the atlas of Fig. 4(a) that elastodynamic exhibits
a slight variation on the t = r3 coordinate. Consequently, the smallest nat-
ural frequency is maximized for links lengths that follow the relation r1 ≤ r2
characterized in a specific region of the atlas. This region is located in the left
border of the design space as showed in Fig. 4(a). Nevertheless, when the smallest
natural frequency increases, the effects of uncertainties gets more preponderant
as Fig. 4(b). Therefore, the elastodynamic performance subject to uncertainties
exhibits a compromise between the elastodynamic behavior of mechanism and
the effect of uncertainties.

Finally, the elastodynamic performance is evaluated by considering two spe-
cific sets of link lengths, s and t coordinates, by considering the elastodynamic
atlas subjected to uncertainties. Consequently, the local elastodynamics is eval-
uated for each single posture within the usable workspace. First, it is selected
the case (a): s = 1.85 and t = 0.8 that corresponds to r1 = 1.20, r2 = 1.0 and
r3 = 0.8 (see Fig. 5); then, it is selected the case (b): s = 0.75 and t = 1.00 that
corresponds to r1 = 0.15, r2 = 1.85 and r3 = 1.00 (see Fig. 6).

Fig. 5. Case (a): Local Elastodynamic performance over the usable workspace.
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In the case (a) is observed that the smallest eigenvalue has a homogeneous
value over the usable workspace (see Fig. 5(a)) and additionally, the effects
of uncertainties are small compared with the dispersion of uncertainties. The
case (b) exhibits the smallest natural frequency has a small variation over the
usable workspace (see Fig. 6(a)) and, it is observed an important influence of
the uncertainties over the usable workspace(see Fig. 6(b)). Another notable dif-
ference between the two cases is the size of the usable workspace, it is observed
that the workspace in case (a) is bigger than case (b).

Fig. 6. Case (b): Local Elastodynamic performance over the usable workspace.

6 Conclusion

This paper presented a study that analyzes the elastodynamics of a planar paral-
lel mechanism under uncertainties. The elastodynamic performance of the mech-
anism was analyzed as a function of the link lengths, i.e., within the design space.
This analysis allows illustrating the elastodynamics subjected to uncertainties
in the stiffness of the active joints. The results exhibit a compromise between
the elastodynamic performance and uncertainties effects. Therefore, additional
proprieties, such as workspace size, should be taken into account in order select
the most favorable link lengths. Future works will deal with the optimal design
of parallel flexible mechanism subjected to uncertainties.

Acknowledgements. The authors express their acknowledgements to the Graduate
Program in Mechanical Engineering of the Federal University of Technology - Paraná
funded by CAPES.
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Abstract. This paper deals with the modelling of flexible cables, which
are parts of multibody systems. The common approaches suitable for the
cable modelling are summarized. Force representation of a cable, a point-
mass model and an absolute nodal coordinate formulation are discussed.
The experimental results from the weight-fibre-pulley-drive mechan-
ical system are used to compare possibilities of common modelling
approaches. Then the widely used MSC.Adams software is employed for
modelling the Quadrosphere mechanism, which contains flexible fibers.
The results of dynamical analysis are presented.

Keywords: Cable · Mechanism · Dynamics · Experiment · Simulation

1 Introduction

Parallel kinematic mechanisms (PKMs) are characterized by one or more closed-
loop kinematical chains and exhibit higher stiffness, payload capacity and agility
comparing to standard serial kinematic mechanism. A comprehensive review of
PKMs was introduced in [6].

Special variants of PKMs are cable driven parallel mechanisms or robots,
where rigid links of PKMs are replaced by cables [1]. Advantages of cable driven
parallel mechanisms are easy reconfigurability, smaller mass, larger workspace
and high acceleration capability. Optimal force distribution in cables for over-
constrained cable driven PKMs was solved in [4]. Static and dynamic stiffness
analyses were discussed in [11]. Dynamical properties of cable driven PKMs can
be improved employing [12] hybrid-driven based PKMs.

Various modelling techniques for the dynamical modelling of cables in the
framework of multibody dynamics are summarized in this paper. The applica-
tion of a simple mechanical system composed of a drive, a pulley and a weight
joined by a cable is introduced and the results of simulations are compared with
experimental results. Further, the complex example of so called Quadrosphere
parallel mechanism driven by four cables is shown and the results of the chosen
simulations are discussed.

c© Springer International Publishing AG 2018
J.C.M. Carvalho et al. (eds.), Multibody Mechatronic Systems,
Mechanisms and Machine Science 54, DOI 10.1007/978-3-319-67567-1 18
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2 Cable Modelling Techniques

In most cases, the cables, fibers or ropes are very flexible, thus they should be
described by proper mathematical models in order to reflect their behaviour.
There are several methods of cables modelling, the most common are described
in this section.

2.1 Force Representation of the Cable

One of the basic and most effective ways of including cables into multibody
system equations of motion is the force representation of cable using nonlinear
forces. For the description of this approach, the simple mechanical system of
mass M attached to the base frame by one cable, see Fig. 1(a), was used. The
equation of motion for such a system can be written as

mr̈ + bḋ + kd = Fe, (1)

where m is the weight of the attached mass, r is the position vector of the mass,
b is the damping coefficient of the cable, k is the stiffness of the cable, Fe is
the vector of external forces acting on the mass and finally d is the vector of
deformation of the cable and ḋ is its time derivative. Since the cables are active
only in tension, the longitudinal deformation of the cable can be expressed as

d =
{− (|rf | − l0)

rf
|rf | for |rf | ≥ l0,

0 for |rf | < l0,
(2)

where vector rf = r−r0, r0 is the position vector of the cable attachment and l0
is the cable free length. The minus sign represents the fact that the cable forces
act in the opposite direction to the vector rf .

Because this force representation of cable does not describe the bending and
inertia properties of the cable, it is suitable only for thin and light cables. The
main advantages of this model are easy implementation and the ability of obtain-
ing results in real time, which is useful in control problems.

2.2 Point-Mass Representation of the Cable

In this approach, the cable is divided into point-masses which are interconnected
by springs, see Fig. 1(b). Each point-mass is represented by the following equa-
tion of motion

mir̈i + biḋi + bi+1ḋi+1 + kidi + ki+1di+1 = Fe,i, (3)

where mi is the weight of the cable point-mass i, bi is the damping coefficient
of the cable part between nodes i − 1 and i, ki is the stiffness of the cable part
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Fig. 1. Scheme of force representation of the cable (a) and point-mass representation
of the cable (b)

between nodes i − 1 and i, ri is the position vector of point-mass i, Fe,i is the
vector of external forces applied to point-mass i. The deformation of the cable
between nodes i−1 and i is denoted as di and deformation between nodes i and
i + 1 is denoted as di+1. These deformation can be expressed as

di =
{− (|ri,i−1| − l0,i)

ri,i−1
|ri,i−1| for |ri,i−1| ≥ l0,i,

0 for |ri,i−1| < l0,i,

di+1 =
{− (|ri,i+1| − l0,i+1)

ri,i+1
|ri,i+1| for |ri,i+1| ≥ l0,i+1,

0 for |ri,i+1| < l0,i+1,

(4)

where l0,i and l0,i+1 is the free length of cable part between the nodes i − 1 and
i and between nodes i and i + 1, respectively.

This cable modelling approach describes the inertia properties of the cable
and the resultant equations of motion of all point-masses (3) together with the
equation of motion of mass M, which has analogical structure as Eq. (1), can be
written in a matrix form. This approach can be also enhanced by adding bending
stiffnesses of the cable segments in order to describe also bending behaviour.

2.3 ANCF Cable Model

One of the complex way of cable representation is the Absolute nodal coordinate
formulation (ANCF) method, which is based on the finite element method, but
instead of deformations and small rotations as the nodal coordinates it uses
positions of nodes in global coordinate system and slopes (gradients) in the
nodes. A planar ANCF beam element of length l with two nodes (see Fig. 1)
is described in this section. The derivation of spatial ANCF beam element is
analogical (Fig. 2).
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Fig. 2. ANCF planar beam.

Global position r = [ rx, ry ]T of an arbitrary beam point determined by
parameter x can be written as

r(x) = S(x)e, e = [ e1 e2 . . . e8 ]T , (5)

where S ∈ R2,8 is the global shape function matrix, e is the vector of element
nodal coordinates and x ∈ (0, l) is the curve parameter. The global shape func-
tion matrix S is derived in the form

S = [s1I, s2I, s3I, s4I], I =
[

1 0
0 1

]
, (6)

where the shape functions sf = sf (x) (f = 1, 2, 3, 4) can be expressed as

s1 = 1 − 3ξ2 + 2ξ3, s2 = l(ξ − 2ξ2 + ξ3),
s3 = 3ξ2 − 2ξ3, s4 = l(ξ3 − ξ2), (7)

with the dimensionless parameter ξ = x/l.
Kinetic energy of the element with material density ρ is

Ek =
1
2

∫ l

0

ρAṙT ṙdx =
1
2
ėT

∫ l

0

ρASTSdx ė =
1
2
ėTMeė, (8)

where Me is the element mass matrix. Strain energy Ep of the element is used
for the derivation of elastic forces in the ANCF beam element and the form of an
adopted elasticity model determines the complexity of the whole model. In [2],
there are several approaches, which employ the separation of the strain energy
of longitudinal deformation Epl and the strain energy of transverse (bending)
deformation Ept as

Ep = Epl + Ept =
1
2

∫ l

0

EAε2 dx +
∫ l

0

EIκ2 dx, (9)

where E is the Young modulus, A is the area of the cross-section and I is the
second moment of the area about a transverse axis. The possible models are then
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classified according to the expressions for longitudinal strain ε and curvature κ.
General expressions for these quantities are

ε =
1
2
(r′T r′ − 1), κ =

∣∣∣∣d
2r

ds̄2

∣∣∣∣ , (10)

where s̄ is the arc length of the curve and r′ = ∂r
∂x . Berzeri and Shabana [2]

introduced several suitable models for both longitudinal and transverse elas-
tic forces, whereas the formulation denoted L2T2 is employed in this paper in
order to investigate the cable-pulley interaction in the weight-fibre-pulley-drive
mechanical system.

Standard procedures (e.g. the Lagrange equations or the principle of virtual
work) can be used in order to derive a mathematical model of the planar ANCF
beam element. It must be noted, that this approach leads to constant mass
matrix and nonlinear stiffness matrix of the element.

3 Application on the Test Configuration

Investigation of the fibre behaviour was performed on an experimental con-
figuration of weight-fibre-pulley-drive mechanical system (see Fig. 3), which is
described in [8,9]. A carbon cable with a silicone coating is driven with one
motor and is led over a pulley of diameter 80 mm. The cable length is 1.82 m
(the cable weight is 4.95 g). At one end, the cable is fixed to the drive, at the
another end, the cable is fixed to the steel weight of 8.131 kg which moves in a
prismatic linkage on an inclined plane of an angle α = 30◦. The weight, pulley
and drive are considered rigid bodies. The cable is investigated using the force
representation of cable [8–10] and the ANCF cable model [3,5].

Fig. 3. Scheme and a real experimental mechanical system.
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The model that uses the force representation of the cable was implemented
in the alaska simulation tool. In the case of the ANCF cable model, the contact
between the cable and the pulley was modelled using normal contact forces and
tangential friction forces in accordance to [3,7], which allows the disengagement
of the contact. An in-house modelling tool in the MATLAB system based on the
proposed modelling methodology was created. For both models, the prismatic
linkage between the weight and the base and between the drive and the base is
considered. The revolute joint is considered between the pulley and the base, so
the pulley has one rotational degree of freedom.

Fig. 4. Measured motion of the drive and the weight.

Time history of a particular signal defining the motion of the drive is in
Fig. 4 with the resultant measured position of the weight. The measured motion
of the drive was used as an input signal for the numerical simulations in the
form of kinematic excitation. The calculated dynamic responses of the weight
using the force representation of the cable and the complex model employing
the ANCF beam element with cable-pulley interaction modelling are shown in
Fig. 5. It is apparent, that the complex ANCF model is in better compliance
with the measured data. From the mathematical formulation it is evident that
the ANCF method must be more precise than the force representation of fibre,
but it is also more computationally demanding. Thus, it would be beneficial to
use the simpler force representation of the cable in the case of quick simulations
and control problems.
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Fig. 5. Measured and calculated displacement of the weight.

4 Modelling of Parallel Mechanism

After the numerical investigation of various cable modelling techniques, the par-
allel mechanism called Quadrosphere was modelled in the MSC.Adams com-
mercial software. The Quadrosphere, see Fig. 6, is a mechanism consisting of a
platform connected with a spherical joint, whose three rotation cardan angles
are accurately measured. The actual position of the platform is determined by
four fibers. Each fiber leads from each corner of the platform to the vertically
placed linear drive through a guiding pulley.

Fig. 6. The Quadrosphere mechanism with the platform and the installed active piezo
structure.
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The active piezo structure can be attached to the platform to obtain the
multi-level controlled mechanism, which serves as a demonstrator of controlling
possibilities. In our case, we investigate the arrangement without the active
structure.

The Quadrosphere model contains several rigid bodies, see the kinematic
scheme in Fig. 7. In this scheme, R means rotational constraint, T means trans-
lational constraint and the dot-dash line represents the cable. The spherical joint
is composed of an upper fork, which can rotate along vertical axis x, a cardan
cross and a bottom fork that holds the platform. Each pulley is installed in a pul-
ley holder which can rotate along vertical direction. Four drives are represented
by rigid bodies which can translate only in vertical direction. The platform has
three degrees of freedom and its position is determined by the positions of drives.

Fig. 7. Kinematic scheme of the Quadrosphere mechanism.

For the modelling of cables, the Cable module of MSC.Adams Machinery
toolbox was used. Three computational models were created, each uses another
settings of this module. Model 1 has the cables modelled using the simplified
method. Model 2 and model 3 use the discretized method for cables with a
different size of cable elements. The cable element of model 2 is 16 mm long,
whereas model 3 uses cable elements of the size of 40 mm. It must be noted
that the simplified model corresponds with the force representation of the cable
and the discretized model corresponds with the point-mass representation, which
includes the bending behaviour of the cable (Fig. 8).

At first, computational models of the Quadrosphere were verified according to
the experimental modal analysis. Eigenfrequencies obtained from the experiment
and by numerical analysis using the MSC.Adams Vibration plugin are summa-
rized in Table 1. During modal analysis, the movement of drives was locked and
the fibers were pretensioned by 50 N. Since the platform has three degrees of
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Fig. 8. Visualisation of the Quadrosphere mechanism in MSC.Adams.

Table 1. Results of modal analysis

Mode shape Experiment Eigenfrequencies [Hz]

Model 1 Model 2 Model 3

Platform rotation ϕy 36.05 39.98 (111%) 40.50 (112%) 38.7 (107%)

Platform rotation ϕz 42.72 42.83 (100%) 43.19 (101%) 43.03 (101%)

Platform rotation ϕx 48.05 46.16 (96%) 48.21 (100%) 57.46 (120%)

freedom ϕx, ϕy, ϕz, only the eigenfrequencies of dominant mode shapes that cor-
respond to the excitation of each degree of freedom are compared. The results
show that modal characteristics of model 1 and model 2 are in a good com-
pliance with the experimental results. Model 3 differs significantly in the third
eigenfrequency. This is caused by poor fiber discretization.

5 Conclusions

In this paper, the cable modelling techniques are summarized and used in two
specific applications. The experimental results from the weight-fibre-pulley-drive
mechanical system were used to compare possibilities of common modelling
approaches. Further the widely used MSC.Adams software was employed for the
modelling of the Quadrosphere mechanism, which contains flexible fibers and
the results of dynamical analysis were shown. It can be concluded that the cable
modelling technique based on the force representation could be used in future
developments in the case of the Quadrosphere parallel kinematic mechanism.

The proposed Quadrosphere model will be used in the development of a hier-
archical motion control of lightweight multi-level mechanisms consisting of the
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large motion level realized by the cable driven PKM (Quadrosphere) and the
small motion levels realized using active structures. The aim of such multi-level
structures is the widening of frequency bandwidth of their feedback motion con-
trol. The superimposed active structures can improve the positioning accuracy
and operational speed of the end-effectors of recently developed cable driven
parallel mechanisms of different types.

Acknowledgements. The paper has originated in the framework of solving the
project of the Czech Science Foundation No. 15-20134S entitled Multi-level Light Mech-
anisms with Active Structures.
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Abstract. A general method for balance of planar mechanisms is
presented in this paper. In order to determine the force that causes
unbalanced, called shaking forces, the dynamics equations of motion for
mechanisms are formulated systematically using the Davies’ method. The
formulation leads to an optimization scheme for the mass distribution to
improve the dynamic performances of mechanisms. The method is illus-
trated with a slider-crank mechanism. Balancing of shaking forces shows
a significant improvement in the dynamic performances compared to that
of the original mechanisms.

Keywords: Dynamics · Shaking force · Balancing · Davies’ method

1 Introduction

Despite large research effort in the field of balance of mechanisms, modelling
the behaviour of unbalanced forces are still considered important and a major
challenge in recent investigations [13]. The development of models using Fourier
series in analytical way can be difficult to interpretate, due to the complexity of
the equations. Also, an approach that considered the behaviour of others forces
in the model, as example, gravitational force, can be difficult to integrate with
analytical models.

In order to address the issues previously discussed we proposed a method
based in a synthetical view which can not only be used to solve the inter-
nal unbalanced forces, but integrated also external forces which are applied to
the structure. The method is validated using a planar slider-crank mechanism
(Fig. 1), but it has the potential to be expanded in order to use it in spatial
mechanisms.

An overview on balancing techniques is presented in Sect. 2. Section 3 describe
the proposed methodology and summarises scientific contributions of this paper.
The mechanical design of the slider-crank mechanism is presented in Sect. 4 along
c© Springer International Publishing AG 2018
J.C.M. Carvalho et al. (eds.), Multibody Mechatronic Systems,
Mechanisms and Machine Science 54, DOI 10.1007/978-3-319-67567-1 19
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Fig. 1. Slider-crank mechanism

the equivalent masses model. Section 5 present the solution of the accelerations
center of mass and Sect. 6 the solution of the inertial equations. The optimization
algorithm used is briefly introduced in Sect. 7. Section 8 present the results for
the shaking forces and Sect. 9 the conclusions of the paper.

2 Background

Different approaches has been developed for the balance of mechanisms. In
[2,11] a method based on the conditions of the angular and linear moment being
equal to zero was used. In [3,13] a closed analytical condition has been found to
determine the position of the center of mass of a mechanism and the conditions
for being stationary. Both methods are convenient for the analytical solution
of the problem but sometimes leads to complex solutions, requiring significant
algebraic effort to the derivation of the balance conditions.

In [4,6] a fast Fourier transform analysis is derived and investigated to the
partial balancing of high-speed machinery by the use of counterweights mounted
on shafts. This solution has found wide application as it may be accomplished by
attaching balancing elements to the crank. However, for mechanisms with more
degrees of freedom (DOFs), the dynamic balance conditions become increasingly
to find as the number of bodies increase. In [8] a screw-based dynamic balancing
approach has been developed to obtain the balancing conditions directly from the
momentum equations. Using Screw theory it has been found that a simplification
of the balancing process is obtained. On overview of the theory of balancing
mechanism is given in [1].

In this paper, the Davies’ method is used to solve the dynamic balance for
a planar slider-crank mechanism. The method is based on Graph theory, Screw
theory and an adaptation of the Kirchhoff’s laws and is applied to solve both
differential kinematics and statics of mechanism [5,7,9]. Recently, the method
was used to solve the rollover of long combination vehicles, treating the accel-
eration of the last unit (trailer) and the stiffness of the suspension system [10].
Because of this combination of powerful mathematical tools, as Graph theory
and Screw theory, and also for the adaptation from electric circuits, the Davies’
method have been proved to be more general and straight forward than other
tools.
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3 Methodology

In this section, a new methodology is derived and presented to solve the shaking
forces in a slider-crank mechanism. The methodology is based on the Davies’
method to solve the inertial equations and after an optimization method to
describe the position of the counterweights to reduce the shaking forces in the
mechanism.

Fig. 2. Flowchart of the methodology

Figure 2 shows the flow chart of the methodology: the first step is solving the
accelerations of the center of mass of each link of the mechanism and the inertial
forces acting in each link, as we call the kinematic pre-processing and static pre-
processing. Once the accelerations and the inertial forces are known, to solve
the shaking forces, an objective function is built, using a convenient number
of optimization variables. In this paper, the differential evolution optimization
method was used to solve the minimization of the shaking forces.

4 System Modeling

The slider-crank mechanism is divided by a crankshaft (1), connecting rod (2) and
slider block (3). The respectively total mass of the crankshaft, connecting rod and
slider block is m1, m2 and m3. The length of the crankshaft and connecting rod
is, respectively, r and l. To balance the shaking forces in the mechanism, a coun-
terweight with total mass m4 is add in the crankshaft (Fig. 1). The weight and the
position of the counterweight it will be determined by the optimization method.
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To solve the inertial forces in the slider-crank it is necessary to know the
position of each center of mass of each link and the counterweight. For this
solution, it is better to represent the masses of the links as equivalent masses.
For the dynamic equivalence, it is necessary to assume three conditions [2].

– The mass of the model must be equal that of the original body.
– The center of gravity must be in the same location as that of the original

body.
– The mass moment of inertia must equal that of the original body.

Figure 3 shows the equivalent mass of the crankshaft. The total mass of the
crankshaft m1 can be represented as an equivalent mass in the point b.

m1b r = m1 rG2

m1b = m1
rG2

r
(1)

For the connecting rod, the total mass can be derived in three masses: m2b ,
m2g and m2c (Fig. 3).

Fig. 3. Equivalent mass model

The equivalent mass system is obtained by the Eqs. 2, 3 and 4.

m2b + m2g + m2c = m2 (2)

m2b la + m2g 0 + m2c lb = 0 (3)

m2b l2a + m2g 0 + m2c l2b = JS (4)

Solving m2b in Eq. 3, we obtain,

m2b =
m2c lb

la
(5)

Now, applying Eq. 5 in Eq. 4,

m2c =
JS

lb la + l2b
(6)

Knowing the moment of inertia JS , it is possible to describe the equivalent
masses of the link. These simplifications lead to the equivalent masses model of
the slider-crank.
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5 Solving the Acceleration

As stated previously, the Davies’ method is used in this paper to solve the
kinematics of the slider-crank. The first step in the solution of the shaking forces,
it is necessary to know the accelerations of the center of mass of each link of the
mechanism. For the slider-crank, it is necessary to know the acceleration of the
counterweight (S3), joints b and c of the connecting rod, and the center of mass
S2 of the connecting rod, as shown in Fig. 4(a).

Fig. 4. Kinematic parameters and motion graph of the slider-crank

To describe the acceleration of the connecting rod center of mass it is applied
an assur virtual chain, composed by prismatic kinematic pairs at x and y axis,
and one revolute joint about the z axis, as we called a PPR assur virtual chain.
The prismatic joint is used in these case to solve the linear velocities of the center
of mass vx and vy.

Using graph theory we can represent the whole velocities in the slider-crank
as a graph called the motion graph GM . The slider-crank is composed by three
revolute joints a, b and c and one prismatic joint d. The DOF of the revolute
joint are the angular velocities about the z axis ωa, ωb and ωc. And the DOF of
the prismatic joint is the velocity in the x axis called vd. In the motion graph,
each edge represents the degrees of freedom f of the coupling (joint). The motion
graph GM of the slider-crank mechanism is shown in Fig. 4(b).

In the motion graph, we represent also the degrees of freedom of the assur
virtual chain, in this case 3 virtual chains to describe the velocities of the center
of mass b, S2 and S3. A set of f independent motions represented by twists is
written in the circuit matrix {BM}l,F . The number of circuits l is 4 and the
gross network degree of freedom F is 13, so the circuit matrix GM is

[BM ]4×13 =

⎡
⎢⎣

⎤
⎥⎦

−1 −1 −1 1 0 0 0 0 0 0 0 0 0
−1 0 0 0 1 1 1 0 0 0 0 0 0
−1 0 0 0 0 0 0 1 1 1 0 0 0
−1 0 0 0 0 0 0 0 0 0 1 1 1

(7)
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The solution of the kinematic magnitudes of the slider-crank is obtained
applying the circuit-law in the unit motion matrix [5]. The solution of the sec-
ondary variables [Ψp] is obtained in Eq. 8.

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

vbx

vby

vS2x

vS2y

vcx

vS3x

vS3y

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎭

=

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

−yb

xb
−(yS2 xb − yb xc)

xb − xc
xb (xS2 − xc)

xb − xc−(xb yc − yb xc)
xb − xc−yS3

xS3

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

ωa (8)

where [xi, yi] are the coordinates of each joint and center of mass illustrated
in Fig. 4. Once the velocities are known, the accelerations are easily obtained
applying the derivative.

6 Solving the Inertial Forces

We can apply the Davies’ method to solve the reactions forces at the frame of the
slider-crank. The reactions forces Rx and Ry can be represented by the inertial
forces acting in each link. The inertial forces due to the acceleration of the link
act in a straight line passing through the center of mass of the link. The inertial
forces Fi acting in each link are shown in Fig. 5.

Fig. 5. Inertial forces acting in the slider-crank.

As in the kinematic solution, the actions in the mechanism can be represented
by a graph called action graph GA. In the action graph, each constraint in a joint
is represented as a set of edges in parallel. The inertial forces acting in each link
of the slider-crank mechanism can be represented as a screw with six coordinates.
Here we call the screw as and inertial screw. The inertial screw is composed by
one unitary vector with six coordinates and an scalar representing its magnitude.
The magnitude is the properly inertial force, as estimated by the second Newton
law: Ψ = −ma.
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The negative in the inertial force is written in the vector of six coordinates.
Written the inertial force in each axis of the coordinate system Oxyz, the inertial
screw is

$in =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

M in

−−

Rin

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎭

=

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

S0 ×Rin

−−−
f in
x

f in
y

f in
z

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎭

=

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

m (zi ay − yi az)
m (xi az − zi ax)
m (yi ax − xi ay)
−−−−−−−

−max

−may

−maz

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎭

$in =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

0
−zi
yi
−−
−1
0
0

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎭

max +

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

zi
0

−xi

−−
0
−1
0

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎭

may +

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

−yi
xi

0
−−
0
0
−1

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎭

maz

(9)

As the slider-crank mechanism is in the planar case (λ = 3), it is possible
to eliminate the rows 1, 2 and 6 of the vector. The set of inertial screws and
wrenches it is written in the cutset matrix {QA}k,C . The number of cut-sets k
is 3 and the gross network degree of freedom C is 17, so the cutset matrix will
be in the form {QA}3,17. For brevity, the cut-set matrix it is not showed here.

Using the cut-set law the algebraic sum of the normalized wrenches that
belong to the same cut must be equal to zero [5]. So it is possible to obtain
the action unit matrix [ÂN ]λk,C = [ÂN ]9,17. Using as primary variables the
magnitudes of the inertial screws, and solving the action unit matrix using the
Gauss-Jordan elimination method, the solution of the system provides the fol-
lowing equations,

Rx = −Fin1x
− Fin2x

− Fin3x
− Fin4x

(10)

Ry = −Fin1y
− Fin2y

− Fin4y
(11)

Equations 10 and 11 describe the shaking forces at the frame of the slider-
crank in function of the inertial forces acting in each link. In the next section,
the construction of the objective function to minimize these shaking forces will
be explained.

7 Objective Function

The strategy used in this paper to solve the optimization problem was the Dif-
ferential Evolution (DE) proposed in [12]. The objective function to the problem
of minimization of shaking forces in the slider-crank was built using three vari-
ables. The first variable is the mass of the counterweight m4. The two others
variables describe the position of the counterweight relative to the coordinate
system Oxyz. r2 is the length of the link counterweight and γ is the angle between
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the crankshaft. Here the objective function is written in the way to minimize
the force (R) of the shaking force,

minimize : R(m4, r2, γ) = R = min(
√

R2
x + R2

y) = . . .

. . . =
√

−Fin1x
− (mA − mb) a2x − Fin3x

− Fin4x

+
√

−Fin1y
− (mA − mb) a2y − Fin4y

(12)

Equation 12 shows that the two components of the shaking force are written
in function of the optimization variables (m4, r2, γ). To solve the problem it
is necessary to write a set of inequality constraints for each optimization vari-
ables, indicating the limits of each variable. For this problem the inequality
constraints is,

subject to : g1 (m4) : 0 � m4 � m4max
(13)

g2 (r2) : 0 � r2 � r2max
(14)

g3 (γ) : 0 � γ � 2π (15)

8 Results

The methodology is validated by calculating the shaking forces at the frame of the
slider-crank using Matlab R©. The data used for the slider-crank is: r = 0.4 [m],
l = 0.15 [m], the masses and moment of inertia of the crank, connecting rod and
slider, respectively m1 = 0.5 [kgf] and JS1 = 1.8e−5 [kg m2], m2 = 0.1 [kgf] and
JS2 = 9.50e−7[kg m2], m3 = 0.5 [kgf] and JS3 = 5.05e−7[kg m2]. The angular
velocity is ωa = 300 [rpm]. Figures 6 and 7 shows the shaking force Rx and Ry

at the frame of the slider-crank without counterweight. Figures 8 and 9 shows the
maximum force and the forces Rx and Ry for the case when the counterweight is
add to the crankshaft.

Fig. 6. Unbalanced shaking force Rx Fig. 7. Unbalanced shaking force Ry
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Fig. 8. Maximum shaking force Fig. 9. Shaking forces Rx and Ry

9 Conclusion

In this paper a new methodology to derive the equations of the shaking forces
in a slider-crank mechanism by using the Davies’ method was presented. The
results using the method show that the equations are obtained with a minimum
effort. The method shows a great potential to be applied in spatial mechanisms
and also to include external forces within the model. Compared to another meth-
ods that use Fourier analysis this method treats the shaking forces as a unique
approximation. Another advantage is that the approach is formulated as a gen-
eral mathematical optimization problem. Future works involve including other
variables in the optimization algorithm, such as dimensions and weight of the
connecting rod.
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Abstract. Mechanisms form part of many different production machines, e.g.
weaving machines, printing machines or packaging machines. The energy-
efficiency of their built-in mechanisms is crucial for the profitability of these
machines. In many cases a considerable part of the energy to drive the mecha-
nisms has to be applied to accelerate and decelerate links of these mechanisms.
When a mechanism is driven in its so-called Eigenmotion, no energy-input for
accelerating and decelerating its links has to be applied as the kinetic energy stays
constant over the whole motion. In this contribution, the basic principles of
energy-efficient mechanisms with a constant level of kinetic energy during its
operation are discussed. A new method of designing such mechanisms is shown
on the example of a six bar Watt-II-Mechanism.

Keywords: Eigenmotion � Dynamic balancing � Mechanism synthesis �
Dynamic synthesis

1 Introduction

Processes in production machines often require the non-uniform movement of parts.
This non-uniform movement can be either created by the use of servomotors or by the
application of mechanisms or a combination of both [4, 10].

In the following only mechanisms with a rotating input link (crank) are considered.
In order to drive a mechanism, an input torque TD has to be provided. This input torque
can be written as a sum:

TD ¼ Tkin þ Tpot þ Tdiss þ Tproc ð1Þ

Tkin is the necessary torque to accelerate and decelerate the links of the mechanism.
Tpot has to be provided to overcome the resistances resulting from gravity and springs.
Tdiss and Tproc comprise the resistances following from dissipation effects and process
forces. In case of high-speed applications with low process forces the torque Tkin is
dominant. It can be derived using the Lagrange Equations of 2nd kind [2]:

Tkin ¼ d
dt

@Ekin

@ _u

� �
� @Ekin

@u
ð2Þ
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The crank angle of the mechanism is denoted by u. Ekin is the kinetic energy of its
links. Obviously a constant level of kinetic energy leads to very efficient mechanisms
as Tkin vanishes. A specific velocity profile can be found for every mechanism with one
degree of freedom (1-DOF) in order to achieve a constant level of kinetic energy. This
periodic motion is called the Eigenmotion [2, 3].

The task of mechanism synthesis is to find the optimal kinematic parameters of a
mechanism in order to fulfil a desired motion [4, 10]. Dynamic balancing comprises the
methods to change the dynamic properties of a mechanism by changing the mass
parameters, which comprise the masses, the position of the centers of gravity and the
mass moments of inertia of the different links. The goals of dynamic balancing can be
the reduction of shaking forces and torques or joint forces or the lowering of the input
torque. The dynamic synthesis of a mechanism comprises the methods of the dynamic
balancing. Apart of the mass parameters also kinematic parameters are taken into
account. The aim of this synthesis is to find a mechanism which fulfills a desired
motion but also meets certain requirements regarding the dynamic properties [2, 3, 11].

Examples for the dynamic synthesis of mechanisms can be found in [3, 8, 11]. Due
to the oftentimes high number of parameters, the application of optimization algorithms
is common is this field. An example is given in [8].

The aim of this paper is to develop a method for the synthesis of mechanisms with a
constant level of kinetic energy. The method will be introduced on the example of the
synthesis of a Watt-II-Mechanism. The synthesis will be formulated as an optimization
problem which will be solved using a genetic algorithm.

2 State of the Art

In the first part of this section, the basic equations of the dynamics of 1-DoF-mechanisms
(in the following referred to as mechanisms) are presented. The second part covers the
basics of mathematical optimization.

2.1 Dynamics of Mechanisms

The kinetic energy of a mechanism is the sum of the kinetic energy of its links. For a
planar mechanism with n links it can be written as follows:

Ekin ¼ 1
2

Xn
k¼1

mkv
2
CG;k þ

1
2

Xn
k¼1

Jkx
2
k ð3Þ

The mass is referred to as m, the mass moment of inertia is denoted by J. The
angular velocity is denoted as x, the translational velocity of the center of gravity
(‘CG’) as v. The kinetic energy can be rewritten as follows:

Ekin ¼ _u2 1
2

Xn
k¼1

mk
dxCG;k
du

� �2

þ dyCG;k
du

� �2
" #

þ 1
2

Xn
k¼1

Jk
duk

du

� �2
 !

ð4Þ
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The angle u denotes the input angle (crank angle). Its derivative with respect to
time is the input velocity of the mechanism. Setting the kinetic energy equal to a
constant value at an initial state ‘0’, Eq. (4) can be solved for the input velocity:

_ue ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ekin u0; _u0ð Þp

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
2

Pn
k¼1 mk

dxCG;k
du

� �2
þ dyCG;k

du

� �2� �
þ 1

2

Pn
k¼1 Jk

duk

du

� �2s ð5Þ

This particular velocity is called the Eigenmotion of the mechanism (index ‘e’). It
depends on the kinematic parameters of the mechanism, its mass parameters and the
initial kinetic energy of the mechanism. The characteristics of the Eigenmotion depend
on the kinematic and on the mass parameters. The cycle time T of the Eigenmotion can
be adjusted by in- or decreasing the initial kinetic energy of the mechanism, that is
adjusting the initial angular velocity of the crank [2, 3, 11].

Experiments have shown that driving a mechanism in its Eigenmotion is a suitable
course of action in order to save energy [9].

2.2 Mathematical Optimization

The objective of optimization techniques is to find the best design of a variety of
alternatives. Therefore a function is analyzed. This so-called objective function f is
expressed in terms of a set of design parameters x. The goal of the optimization process
is to find a certain set of parameters, which minimizes or maximizes the objective
function. Furthermore, constraints can be taken into account. Constraints can be for-
mulated as equality constraint equations h or as inequality constraint equations g and
are also dependent on the design parameters. Acceptable combinations of the design
parameters have to satisfy these constraint equations. The formal statement of the
minimization formulation of an optimization problem is:

minimize f ðxÞ
subject to hðxÞ ¼ 0;

gðxÞ� 0;
x 2 X�R

n

ð6Þ

Hereby, h(x) is a vector containing all equality constraints h(x) meanwhile g(x) is a
vector containing the inequality constraints g(x). Maximization formulations can be
transformed into minimization formulations by multiplying the objective function by
minus one. Therefore in the following only minimization formulations are contemplated.
In the case of some of the design parameters being restricted to be integers the opti-
mization problem is denominated a mixed-integer optimization problem. Algorithms to
find solutions of optimization problems are called optimization algorithms [6, 7].
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3 Dynamic Synthesis of a Watt-II-Mechanism

In this section the formulation of the synthesis of a Watt-II-Mechanism with a constant
level of kinetic energy as a minimization problem is presented. First the optimization
problem is defined. Afterwards the design parameters are elaborated. The objective
function is defined. Finally the optimization constraints are set up. The presented
procedure can also be applied to other 1-DOF-mechanisms.

3.1 Problem Description

The goal of the synthesis is to find a mechanism, which fulfills a desired motion when
driven in its Eigenmotion. In many applications, only a part of the output motion is
relevant. Figure 1 shows this task.

The Eigenmotion in the form of the output motion has to be compared to the
desired output motion. The difference of both motions, that is the deviation of the
Eigenmotion from the desired motion, has to be minimized. This minimization problem
has to be described within the objective function.

Both motions are plotted over the normalized time, which means that their cycle
time T is equal to one second. The cycle time can later be adjusted by increasing or
decreasing the initial velocity _u0, see Eq. (5).

3.2 Design Parameters

The structure of the mechanism as well as the nomenclature is shown in Fig. 2.
The contemplated Watt-II-Mechanism is a plane, sequential arrangement of two

fourbar mechanisms. The mechanism is composed of a crank-rocker-mechanism A0-
A-B-B0 and a rocker-slider-mechanism B0-C-D as shown in Fig. 2.

The dyad between the joints A and B0 can be either closed in B or in B’. In order to
distinguish between these two mounting positions a variable K is introduced. K is equal
to +1 in case of the mounting position A-B-B0 and equal to −1 in case of the mounting
position A-B′-B0 of the first fourbar mechanism.

normalized time [s]
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ou
tp
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m
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n

desired motion
Eigenmotion
deviation

0

Fig. 1. Comparing the Eigenmotion and the desired motion of a mechanism
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The Eigenmotion of the mechanism depends on the kinematic parameters pe,kin and
on the mass parameters pe,mass.

pe;kin ¼ l0; l1; l2; l3B; l3C; l4; e; a3;K;u0ð Þ
pe;mass ¼ ðm1; J1; xCG;1; yCG;1;m2; J2; xCG;2; yCG;2;m3; J3; . . .

xCG;3; yCG;3;m4; J4; xCG;4; yCG;4;m5; J5; xCG;5; yCG;5Þ
ð7Þ

The index numbers of the parameters indicate the corresponding links according to
Fig. 2. The length l3B is the length between the joints B0 and B, l3C denotes the length
between the joints B0 and C. The coordinates of the centers of gravity of the links are
indicated in local, body-fixed coordinate systems. Due to the fact, that the mechanism
is a plane mechanism, only the Jzz components of the mass moment of inertia tensors of
the moved links have to be considered. The component Jzz of the link k will be denoted
by Jk. Furthermore, no z-components have to be taken into account in order to describe
the position of the centers of gravity. The parameters J5, xCG,5 and yCG,5 do not have to
be considered in order to calculate the Eigenmotion, as the slider only performs a
translational motion. Therefore 27 parameters have to be considered. In the following,
assumptions are made in order to decrease the number of design parameters. Therefore
the parameters m1, J1, xCG,1 and yCG,1 of the crank are substituted by J1v, which is
defined as follows:

J1v ¼ J1 þm1ðx2CG;1 þ y2CG;1Þ ð8Þ

In case of the rocker, the parameter J3v is introduced.

J3v ¼ J3 þm3 x2CG;3 þ y2CG;3
� �

ð9Þ

The coupler (C) links are said to have a geometry according to Fig. 3. The
thickness of the coupler link is denoted by tC. The density is named qC.

Fig. 2. The parameters of the Watt-II-Mechanism
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For this geometry the properties of the coupler links can be calculated as follows.

mC ¼ qC � lC þ 2dCð Þ � 2dC � tC
JC ¼ mC

12
lC þ 2dCð Þ2 þ 2dCð Þ2

� �
xCG;C ¼ lC

2
; yCG;C ¼ 0

ð10Þ

Hereby the local coordinate system is placed in one joint and its x-axis points to the
other joint. Introducing

PC ¼ qC � tC ð11Þ

and setting the mass of the slider m5 to a fixed value the number of design parameters
can be decreased to 16:

p ¼ l0; l1; l2; l3B; l3C; l4; e; a3;K;u0; J1v; d2;P2; J3v; d4;P4ð Þ: ð12Þ

3.3 Objective Function

Within the objective function the Eigenmotion has to be compared to the desired
motion. Therefore the Eigenmotion has to be calculated for a set of parameters
according to Eq. (12). Equation (5) is therefore reformulated using the assumptions
made in Sect. 3.2. Subsequently, the Eigenmotion _ue has to be integrated in order to
achieve the trend of the input angle ue over the time. Inserting ue into the kinematic
transfer function of the mechanism, the output stroke se can be calculated. The output
stroke can then be compared to the desired output motion. Equation (13) shows the
objective function as a sum of least squares for all relevant points i of the output
function. The goal of the optimization is to minimize the value of F.

F ¼
XN
i¼1

se � sdesiredð Þ2: ð13Þ

3.4 Constraints

The optimization problem is formulated as a constrained optimization problem. In
order to achieve a workable mechanism, the chain A0-A-B-B0 according to Fig. 2 has

Fig. 3. Geometry of the coupler links
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to fulfill the Grashof condition. The chain B0-C-D has to be closable. Upper and lower
limits (boundaries) of the design parameters, so-called box constraints, have to be set.
Apart of these constraints, further constraints can be implemented.

4 Results of the Dynamic Synthesis

In this section the result of the dynamic synthesis of the Watt-II-Mechanism is pre-
sented. First, the aim of the synthesis is formulated. Afterwards the results of the
synthesis are discussed.

4.1 Optimization Problem

The motion task is defined according to Fig. 1. The output motion should have a dwell
between 0.2 s and 0.4 s of normalized time. During this dwell the output stroke should
be approximately 0.80 m. The minimum stroke should be 0.45 m within a tolerance of
0.0005 m.

In order to obtain a feasible mechanism, the range of the design parameters has to
be limited. Table 1 gives an overview over the upper and lower boundary of the design
parameters. K deserves special attention as it is defined as an integer parameter, which
can only reach the values −1 or +1. The lower and upper boundaries for P2 and P4 are
calculated as follows:

P2;min ¼ P4;min ¼ qmin � tmin ¼ 2700
kg
m3 � 0:015 m

P2;max ¼ P4;max ¼ qmax � tmax ¼ 7870
kg
m3 � 0:030 m ð14Þ

The mass of the output link is preset. It is equal to 2 kg.
Additionally to the constraints listed in Sect. 3.4 further constraints are imple-

mented. Minimum mass moments J1v,min and J3v,min and maximum mass moments

Table 1. Upper (ub) and lower boundaries (lb) of the design parameters

Parameter lb ub Parameter lb ub

l0 0.1 m 1.0 m K −1 1
l1 0.1 m 1.0 m u0 0 2p
l2 0.1 m 1.0 m J1v 0 15 kg m2

l3B 0.1 m 1.0 m d2 0.03 m 0.04 m
l3C 0.1 m 1.0 m P2 40.5 kg/m2 236.1 kg/m2

l4 0.1 m 0.5 m J3v 0 15 kg m2

e −0.5 m 0.5 m d4 0.03 m 0.04 m
a3 0 2p P4 40.5 kg/m2 236.1 kg/m2
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J1v,max and J3v,max are introduced. They are calculated according to Fig. 3 and the
minimum and maximum values listed in the following table. In case of J1v,min and
J1v,max the reduced mass moment of a servomotor is added (Table 2).

The minimum value of the output stroke is set also defined as a constraint. As
mentioned above it should be equal to 0.45 m within a tolerance of 0.0005 m.

4.2 Results

The result of the dynamic synthesis is shown in Fig. 4. A genetic algorithm (GA) was
used to solve the optimization problem. Information on the GA can be found in [5].
The output values of the GA were used as initial values for local optimization using a
barrier-method. Information on this method can be found in [6, 7]. Figure 4 shows that
the mechanism performs an approximated dwell at the desired time. According to [1]
the quality of the dwell can be assessed as follows:

p ¼ sD
sM

¼ 8:044 � 10�4

0:35
¼ 2:298 � 10�3 ð15Þ

Table 2. Minimum and maximum dimensions of crank and rocker

Mass moment d [m] t [m] q [kg/m3]

J1v,min 0.035 0.015 2700
J1v,max 0.050 0.035 7870
J3v,min 0.035 0.015 2700
J3v,max 0.050 0.035 7870
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Fig. 4. The result of the dynamic synthesis
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Table 3 lists the values of the optimal design parameters.

Taking into account Eq. (14) the properties of the coupler links can be derived from
P2 and P4. Steel is chosen to be the material of the coupler links:

t2 ¼ P2

7870 kg=m3 ¼ 17:73 � 10�3 m

t4 ¼ P4

7870 kg=m3 ¼ 18:63 � 10�3 m
ð16Þ

The design parameters J1v and J3v can be used to derive feasible crank and rocker
geometries. The constraints discussed in Sect. 4.1 assure that feasible links can be
found that satisfy these design parameters.

5 Conclusion

A method to synthesize a mechanism in order to fulfill a desired motion with a constant
level of kinetic energy was presented. This is desirable as a constant level of kinetic
energy leads to a low input torque.

The synthesis of a Watt-II-Dwell-Mechanism was presented as an example for the
application of the new method. The novelty of this method is, that the mechanism
synthesis is conducted in such manner, that the resulting mechanism fulfills a desired
motion when driven in its Eigenmotion. Therefore, kinematic parameters as well as
mass properties of the mechanism have to be considered. To meet the goal of the
synthesis, the mechanism synthesis approach was formulated as a minimization
problem. The example was solved using a genetic algorithm.

It was shown that with this method the design of feasible, highly energy-efficient
mechanisms is possible. The design of feasible, more complex link geometries in
accordance with the outcome of the synthesis process can be the subject of further
investigation.

Table 3. Values of the design parameters for the result of the optimization

Parameters Result Parameters Result

l0 0.9439 m K 1
l1 0.4650 m u0 2.1293
l2 0.8973 m J1v 0.8905 kg m2

l3B 0.8448 m d2 0.0400 m
l3C 0.3121 m P2 139.5169 kg/m2

l4 0.5000 m J3v 4.8572 kg m2

e 0.1379 m d4 0.0300 m
a3 2.4481 P4 146.6220 kg/m2
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L.M. Nitardi1(&), B.A. Roccia1,2, S. Preidikman2, and F.G. Flores2

1 Grupo de Matemática Aplicada, Facultad de Ingeniería,
Universidad Nacional de Río Cuarto, Río Cuarto, Argentina

2 Instituto de Estudios Avanzados en Ingeniería y Tecnología (IDIT)
UNC-CONICET, y Departamento de Estructuras, FCEFYN,

Universidad Nacional de Córdoba, Córdoba, Argentina

Abstract. A new generation of unmanned-air-vehicles (UAVs) called extre-
mely flexible (X) high-altitude long-endurance (HALE) aircrafts are being
actively studied today. These special kind of UAVs are characterized by highly
flexible structural members undergoing complex motions in space. In this paper,
the authors present a numerical framework to study the dynamical behavior of a
X-HALE-UAV concept. The aircraft is modeled as a set of rigid bodies linked
each other through elastic joints. The motion equations for the entire UAV are
derived by using an energetic approach based on Lagrange’s equations for
constrained systems, which are differential-algebraic of index-3 in nature. All
governing equations are numerically integrated by means of different
time-marching schemes such as: (i) direct-based methods (Newmark,
Hughes-Hilber-Taylor and a-generalized); and (ii) index reduction-based tech-
niques along with standard packages for ordinary differential equations (ODEs).
The simulation tool developed is validated comparing results against
well-documented problems. Finally, numerical simulations of a simplified
concept of X-HALE-UAV is presented.

Keywords: X-HALE-UAV � Multibody dynamics � Numerical simulations

1 Introduction

During the 80’s, it was understood that an airplane powered by the sun can, in prin-
ciple, stay aloft for weeks or months at a time. Under these assumptions,
AeroVironment developed and designed the first solar rechargeable aircraft HALSOL
(high-altitude solar vehicle) [1]. Ten years later, under the sponsorship of the Ballistic
Missile Defense Organization, this aircraft was redesigned giving rise to a metamor-
phosed vehicle renamed Pathfinder. In order to guarantee the continuous development
of these aeronautical systems, NASA founded the ERAST (Environment Research
Aircraft and Sensor) program, frame in which the vehicles Pathfinder and Centurion
evolved in the Helios prototype HP03 (long-endurance configuration) [2]. In the course
of ERAST project, significant advances were made related to HALE-UAVs. At the
beginning, the aeroelastic behavior of these aeronautical platforms were studied
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by using linear assumptions, commonly used for the design of conventional aircrafts.
Unfortunately, the overconfidence in results predicted by these analyses tools led to the
catastrophic accident involving the NASA’s Helios aircraft. In the light of this event,
the recommendation from NASA was: “[that] more advanced, multidisciplinary
(structures, aeroelastic, aerodynamics, atmospheric, materials, propulsion, controls,
etc.) time-domain analysis methods appropriate to highly flexible, morphing vehicles
[be developed]” [3].

Despite a long history of studies related to dynamics of flexible aircrafts, most of
them consider linear models, or at most, nonlinear rigid models for the vehicle coupled
with linear structural models [4, 5]. In order to tackle this problem, at the University of
Michigan, a research team develop the code UM/NAST (the University of Michigan’s
nonlinear aeroelastic simulation toolbox). This analysis tool allowed to obtain some
important insights into the aeroelastic behavior of HALE-based aircrafts, such as:
aeroelastic modeling [6], flutter boundaries [7], wind gust responses [8], and global
optimization studies [9], among others. Since 2000 up today, a number of numerical
simulation codes intended for analyzing/designing very flexible aircrafts have been
developed: the code ASWING developed by Drela at the Massachusetts Institute of
Technology [10], the simulation framework called NATASHA (Nonlinear Aeroelastic
Trim and Stability of HALE Aircraft) [11], and the code NANSI (Nonlinear-
Aerodynamic/Nonlinear-Structure Interaction) developed at the Virginia Polytechnic
Institute [12].

Regarding the different approaches followed to model the dynamics of
HALE-UAVs, a review of the state of the art can be found in references [13, 14].
Recently, Argüello et al. [15] developed a dynamic model for a HALE aircraft concept
by using a hybrid formulation founded on Newton/Euler’s equations combined with
Lagrange’s equations.

Despite the contributions made by all these works, there are still major questions
related to the aeroelastic behavior of HALE aircrafts, mostly due to the strong coupling
and feedback effects between these highly flexible structures and the surrounding fluid.

Under the fore-mentioned initiatives, in this paper the authors present an enlarged
numerical tool based on the multibody dynamic description for HALE-UAVs [16],
previously developed by the authors of this work. Here, the computational simulation
environment is enhanced by adding a new set of numerical integrators, commonly used
in multibody dynamics, such as the Hughes-Hilber-Taylor (HHT) algorithm and the
a-generalized. The aircraft is modeled as a collection of rigid bodies elastically con-
nected to one another and supported by a flexible platform that simulates the wind
tunnel base. In this first stage, the non-conservative loads coming from the aerody-
namic are not taking into account. The motion equations for the multibody system were
obtained through an energetic approach based on Lagrange’s equations for constrained
systems and then implemented in an interactive numerical simulation framework built
in MATLAB®.

Finally, the simulation tool is validated by comparing numerical results with
well-documented problems and against solutions obtained by software broadly used in
the field of computational mechanics, such as SIMPACT.
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2 Model for Vehicle Dynamics

The aircraft is modeled as a collection of rigid bodies (fuselage, wings, engines and
landing gear) linked each other rigidly or by elastic joints. The fuselage (generally
represented by a cube) is connected to the wind tunnel by means of 12 linear springs
and 12 dampers (see Fig. 1a). The configuration space of the entire multibody system is
described by a set of redundant coordinates, which are not independent, these are
linked through constraint equations. The constraints are directly introduced in the
equations of motion by means of Lagrange’s multipliers [16].

In this work, the authors use NE + NW + NL + NF + 1 reference systems, where:
NE, NW, NL and NF are the number of engines, wings, landing gears and fuselages,
respectively. The remaining one is to account for the inertial frame of reference (see
Fig. 1b).

The nomenclature adopted for the reference frames are: (i) N ¼ n_1; n
_

2; n
_

3

n o
for the

Newton’s inertial reference frame; and (ii) Bi ¼ b̂
i
1; b̂

i
2; b̂

i
3

n o
; i ¼ 1; . . .; nb (where

nb = NE + NW + NL + NF + 1) for the body-fixed frame attached at the mass center of
the ith body.

The location of each body in space is identified by using a set of seven absolute
coordinates. Three of them are used to define the position of the mass center of the
body, and the remaining four are used to specify its orientation (unitary quaternions). It
makes a total of ncoord = 7nb coordinates for the entire multibody system. These
coordinates are not independent, but are related through nc constraint equations,
resulting at last in a dynamical system with nDOF = 7nb – ncoord degrees of freedom.

Fig. 1. Model representation, (a) Conceptual design of a X-HALE-UAV, (b) definition of
reference frames
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It is noteworthy that a rotation parameterization by means of unitary quaternions
introduces an additional constraint equation per each body [17]. The set of absolute
coordinates for each body is given by,

qi ¼ qi1; qi2; qi3; qi4; qi5; qi6; qi7f gT i ¼ 1; . . .; nb ð1Þ

and the set of coordinates for the entire multibody system is expressed as,

q ¼ qT1 ; q
T
2 ; q

T
3 ; . . .; q

T
nb

n oT
: ð2Þ

2.1 Constraint Equations

For each body, there are three different constraint equations: (i) position constraints, for
specifying the connection point between the components of the multibody system; (ii)
orientation constraints, for specifying the relative orientation between two or more
components of the multibody system, and (iii) unitary quaternion constraints, due to the
additional requirement arising from a parameterization based on unitary quaternions.
All constraint equations are written with respect to the inertial frame of reference,
N. Equation (3) presents the constraint equations for the ith body. Such equations for
the rest of the bodies are obtained with the same procedure. These are:

Posur
ij ¼ R0i þAirij

� �� R0j þAjrji
� �� � � n̂r ¼ 0; for r ¼ 1; 2; 3;

Ortu1
ij ¼ b̂

j
1

� �T
AT

j Ai

h i
b̂
i
2¼0;

Ortu2
ij ¼ b̂

j
2

� �T
AT

j Ai

h i
b̂
i
3¼0;

Ortu3
ij ¼ b̂

j
3

� �T
AT

j Ai

h i
b̂
i
1¼0; and

U�Qui ¼
P7
k¼4

q2ik � 1 ¼ 0;

ð3Þ

where the superscripts Pos, Ort and U-Q indicate the character of the constraint, i.e.,
position, orientation and unitary quaternion, respectively. R0i (R0j) is position vector of
the mass center of the ith (jth) body relative to the origin of the inertial frame, rij (rji) is
the position vector of connection point between the body i(j) and the body j(i) relative
to the origin of the frame Bi (Bj), Ai (Aj) is the matrix rotation (in terms of Euler
parameters) which orientates frame Bi (Bj) with respect to N.

The set of Eq. (3) stablish that the frames Bi and Bj are coincident for all time.
However, the dynamic system studied in this work contains hinge joints. Equation (3)
can be slightly modified in order to represent these type of joints, which permit a
relative rotation around one defined axis [18]. Finally, the global constraint vector for
the multibody system can be expressed as follows,
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U qð Þ ¼ . . .; Conur
ij; . . .;

Ortu1
ij;

Ortu2
ij;

Ortu3
ij; . . .;

U�Qu1; . . .;
U�Qunb

n o
: ð4Þ

2.2 Generalized Loads

The generalized loads associated with the set of absolute coordinates are determined by
using the principle of virtual work. The virtual work of an external force, Fpj, applied to
a point P belonging to the jth body can be expressed as,

dWpj ¼ Fpj � dRpj ¼ Fpj � dR0j þ @

@�qj
Ajrpj
� �

d�qj

" #
: ð5Þ

Here dRpj is a virtual displacement of the point P belonging to the jth body, rpj is
the position vector of the point P relative to the origin of the frame Bj, and �qj is the set
of Euler parameters associated to the jth body. Following the procedure exposed by
Nikravesh [16], and after some algebraic manipulations, the generalized loads of the
kth spring-damper system connected to the vertex u of the fuselage and associated to
the set of coordinates q1 are,

QS
1k þQD

1k ¼ FS
uk þFD

uk

� �T
2mT

ukG1

h i
; ð6Þ

where FS
uk (FD

uk) is the force exerted by the kth spring (damper) on the vertex u,

mT
uk ¼ ~ru1ðFR

uk þFA
ukÞ

� �T
, ~ru1 is a skew-symmetric matrix whose axial vector is ruj

(u = p) defined above, and G1 is a matrix containing the Euler parameters that orientate
the fuselage with respect N, given by,

Gj ¼
�qj5 qj4 �qj7
�qj6 qj7 qj4
�qj7 �qj5 qj5

qj6
�qj5
qj4

2
4

3
5; j ¼ 1 for the fuselage: ð7Þ

On the other hand, the torsional springs are exclusively located on the hinge joints
(wing-wing connection), where a pure moment Tj is generated. The generalized loads
due to Tj and associated to the set of coordinates qj (which describe the space con-
figuration of the jth wing) are written as follow,

QTor
j ¼ 01�3 2TT

j Gj

h i
: ð8Þ

Finally, the generalized loads due to the action of the gravitational field associated
to the set of coordinates of each body j of the multibody system is computed as,

Qg
j ¼ Fg

j

� �T
01�3

� 	
; ð9Þ
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where Fg
j ¼ �mjg n̂3, mj is the mass of the jth body, and g is the gravity acceleration

constant.

2.3 Equations of Motion

Following the procedure described by Shabana [19], the general form of the dynamic
equations for the jth body are given by,

Mj€qj þBT
qj
kj ¼ Qv

j þ Qnc
j

� �T
þ Qc

j

� �T
: ð10Þ

Here, Mj is the mass matrix, which is differentiable, symmetric and at least
positive-semi-definite; Bqj is the Jacobian matrix of constraints associated with the
coordinates qj; Qv

j is a quadratic velocity vector that arises from differentiating the
kinetic energy with respect to time and with respect to the generalized coordinates of
the jth body; kj s the vector of Lagrange multipliers for the jth body; Qnc

j represent the
set of non-conservative loads (here coming from dampers); and Qc

j represent the set of
conservative loads (due to springs and gravitation).

Finally, the equations of motion for the complete multibody system are obtained by
assembling the equations of motion for each body complemented with constraint
equations, as

M€qþBT
qk ¼ Qv þ Qncð ÞT þ Qcð ÞT ;

U qð Þ ¼ 0:
ð11Þ

The term BT
qk represents the generalized constraint forces. The meaning of each

multiplier depends on the specific manner in which the constraint was written [20].

3 Numerical Results

The equations of motions expressed in (11) are numerically integrated in time-domain
by using two strategies: (i) an index reduction of the index 3 DAEs; and (ii) the direct
integration of the index 3 DAEs. The former consists in differentiate the constraint
equations twice with respect to time, often called constraint acceleration level. This
new system of index 1 DAEs can be integrated by standard packages for ordinary
differential equations (ODEs). However, as consequence of the reduction index, the
constraint position level U qð Þ ¼ 0 and constraint velocity level _U q; _qð Þ ¼ 0, are no
longer satisfied, i.e., there is a drift of the constraints. In order to control/eliminate this
numerical drift, the simulation framework implements two stabilization schemes:
(i) Baumgarte’s technique [20]; and (ii) the coordinate projection method [21, 22].

The last strategy utilize implicit formulas to directly integrate the system (11) such
as: Newmark, Hughes-Hilber-Taylor (HHT), and a-generalized. This election allows
one to use the iterative character of the implicit schemes to solve the constraint
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equations with a user-defined precision. A detailed explanation to numerically imple-
menting these schemes can be found in [18].

In Subsect. 3.1 the current numerical tool is validated by comparing results against
the responses published in reference [15] and those obtained by the finite element code
SIMPACT [23]. Finally, in Subsect. 3.2 the authors present numerical simulations of a
conceptual design of an X-HALE-UAV aircraft.

3.1 Validations

The setup of the numerical experiment consist only of the fuselage (cube) mounted on
the 12 springs without consider the dampers. The lack of dampers results in a dynamic
system very sensitive to the system parameters, external disturbances and the numerical
integrators used to obtain the system response. On this basis, it was decided to include
the validation considering only the springs. The data problem are: spring stiffness
k = 1.0 N/m, spring natural length l0 = 10.0 m, fuselage mass m = 1.0 kg, and gravity
acceleration g = 9.81 m/s2. The initial conditions are all zero, except for an initial
rotation of 10º about the axis n̂2 (see Fig. 2a). The integrators used are central dif-
ference, the four-order method of Hamming, and a-generalized (af = 0.5 and am =
0.4988). The time step used for all integrators is Δt = 0.001 s.

Figure 2b shows the coordinate z of the mass center of the fuselage versus time. As
it can be appreciated, the response obtained with the current numerical tool differs from
t = 4 s of those obtained by Argüello et al. [15] and SIMPACT. This fact is initially
attributed to the features of a highly flexible dynamic system resulting from to choose a
large natural length and low stiffness for the springs. As consequence, any perturbation
on the system (coming from numerical issues for instance) affects the precision of the
integrators, which in turn are very different in nature (explicit, implicit, second-order,
four-order, etc.).

Fig. 2. (a) Initial configuration, (b) coordinate z of the mass center of the cube (l0 = 10.0 m,
k = 1.0 N/m), (c) coordinate z of the mass center of the cube (l0 = 2.5 m, k = 4.0 N/m)
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On the contrary, if the natural length is shortened, l0/4 = 2.5 m, and the spring stiff-
ness is increased, k = 4.0 N/m, the resulting dynamic system is less flexible. Figure 2c
shows the time evolution of the coordinate z of the fuselage. Now, the response obtained
by the three integrators matches the one simulated by SIMPACT.

3.2 Dynamics of a X-HALE-UAV Concept

In this subsection, the dynamic behavior of an X-HALE-UAV concept is presented. It
consists of five wings, two landing gear, two engines, and one fuselage. The parameters
of the system are: wing mass mW = 1.0 kg, landing gear mass mL = 1.0 kg, mass of
engines mE = 0.1 kg, fuselage mass mF = 0.1 kg, length side of the cube that simulates
the Fuselage LF = 1.0 m, square wings of side LW = 1.0 m, rectangular plates simu-
lating the landing gears of side LL = 1.0 m and hL = 0.5 m, length of the engines
LE = 1.0 m and diameter dM = 0.1 m, spring stiffness k = 50 N/m, spring natural
length l0 = 2.5 m, torsional stiffness kT = 50 N/rad, and damper constants c = 0.1
Ns/m. The UAV has a symmetrical configuration and, in the initial configuration, the
outer wings have a relative angle to each other of 10° (see Fig. 3a). The gravity
acceleration constant is g = 9.81 m/s2.

The aeronautical system is released from rest (where the springs are undeformed).
Finally, the integration schemes used are: (i) the four-order method of Hamming along
with a stabilization procedure based on coordinate projection (S-Both2) [21];
(ii) Central difference, stabilized with S-Both2 (DC + S-Both2); and (iii) generalized
Alpha (af = 0.473 and am = 0.421). The adopted time step is Δt = 0.001 s.

Figure 3b shows the time evolution of the coordinates of the mass center of the
aircraft’s fuselage while Fig. 3c shows the angular coordinates describing the orien-
tation of a wing relative to the contiguous one versus time (only for the set of wings
located at the right).

Fig. 3. (a) X-HALE-UAV configuration, (b) coordinate of the fuselage mass center (black for
z(t), red for x(t), blue for y(t)), (c) relative angular coordinates (blue for wing 1–2 joint, black for
wing 2–3 joint) (Color figure online)
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It should be noted that all the integration produced exactly the same response for
the dynamical system studied. As can be seen in Fig. 3b, the x and y coordinates of the
mass center of the fuselage are practically zero (red curve), while the z coordinate
exhibit an oscillatory behavior. One component of this oscillation arises from release
the system from a position that does not match the static equilibrium position. The
other component is associated with the oscillatory movement of the wing sections. As
time passes, it can be seen that the first component disappears as a result of the
dissipation introduced by the dampers. With respect to the angular coordinates, the
wing connection near the fuselage (wing 2–3 joint) shows a greater oscillation
amplitude when compared with those connections located at the ends (wing 1–2 joint).

4 Conclusions

In this work, a general rigid multibody model for studying the dynamics of a X-HALE
aircraft has been presented. Such model was successfully implemented in a simulation
tool entirely elaborated in MATLAB®, which allows to integrate all the governing
equations in the time domain through different integration schemes.

The numerical tool was validated by comparing current results with data published
in the literature and against solutions obtained by programs broadly used in compu-
tational mechanics.

From the results presented in the preceding sections it can be concluded that the
simulation framework is well-suited to carry out numerical studies of HALE-based
aircrafts characterized by large wing deflections. Although good results have been
obtained, the implemented time-marching algorithms shows some numerical stability
problems when the linear springs become less rigid or for configurations involving
initial rotations of the fuselage. As future work, the model here presented will be
enhanced by means of: (i) the incorporation of a flexible model for the wing sections;
and (ii) the combination of the structural model with the non-linear and non-stationary
vortex network method (UVLM) in order to study the aeroelastic behavior of these
highly flexible structures.
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Abstract. In this paper, a continuous sliding mode algorithm for a system with
relative degree three is presented. The studied mechanism is a class of nonlinear
system with electro-mechanical actuators which includes both matched and
unmatched bounded perturbations /uncertainties. The proposed homogeneous
continuous control algorithm produces a continuous control signal ensuring
finite time convergence of the states to the desired trajectory. Moreover, the
control signal compensates the bounded perturbation in finite time, i.e. its value
converges to the opposite value of the perturbation. The quality of the presented
controller is proved via numerical simulations.

Keywords: Continuous sliding mode control � Non-linear system � 2 DoF
platform � Robust control

1 Introduction

In physical systems there exists always a discrepancy between the actual plant and its
mathematical model used for the controller design [1]. These discrepancies can be
raised considerably with the unknown external disturbances, plant parameters and
unmodeled dynamics. Sliding mode control (SMC) is considered as one of the most
efficient methods for the control and observation under these uncertainty conditions [2–
4]. The algorithms based on sliding mode can keep the desired (sliding) variable at zero
after a finite time, while compensating theoretically exactly matched bounded
uncertainties/perturbations. The main disadvantage of these types of controllers is the
presence of the discontinuous term in the control law which causes the high-activity
(chattering) in the actuator and consequently its damage.

The amplitude of the chattering can be reduced by the adjustment of the sliding
mode controller gain. On the other hand, an overestimation of the controller gains is
usually taken since the bounds of the perturbation is unknown and, consequently, leads
to a high amplitude of the chattering effect. Some authors present an adaptive version
of sliding mode gains which guarantees the minimum values of the chattering effect.
For example, in [5, 6] the authors adapt the gains, according to the value of the
estimated perturbation. The adaptive gain follows the equivalent control, which is
obtained by filtering out the control signal with a low-pass filter. In these works,
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the controller gain obtained online provides a less-risky condition for the actuators but
the discontinuity still remains. The main disadvantage of this method is that the
boundaries of the derivative of the perturbation must be exactly known.

Another approach is to increase the sliding mode controller gain until the sliding
mode is detected and reduce the gain until the sliding mode is lost and then increase the
gain again until the sliding mode is attained. These controllers called twisting or
super-twisting controllers are proposed, for example, in [7] and in [8]. In these
approaches, the adaptive gain can increase or decrease, but only convergence to a
neighborhood of the origin can be guaranteed.

Recently, a new class of homogeneous continuous SMC of the systems with rel-
ative degree two based on a generalization of the high-order algorithms were
announced [9]. In this paper, we propose a continuous algorithm, for a system with
relative degree three. The goal of this paper is to present a homogeneous control for
uncertain second-order plants, having the following advantages:

• Compensate bounded uncertainties/perturbations
• Guarantee a continuous control signal
• Finite-time convergence

As a physical plant, we use a two degree of freedom platform with two electric
actuators. The electromagnetic torque generated at the direct-current electrical motor is
transmitted to the ball-screw mechanism causing the change of the lengths of the
actuator. The changes in the actuator lead to the movement of the moving platform.
This platform can be used as a solar tracker or as an antenna positioner. The paper is
organized as follows: In Sect. 2, the mathematical model of the system and the problem
is stated. In Sect. 3 the controller design is presented. In Sect. 4, the designed controller
is proposed for a mechanical system and the simulation is given. The conclusions are
denoted in Sect. 5.

2 Model Description and Mathematical Model

The 2 degree of freedom platform represented in the Fig. 1 consists of two actuated
rods (linear actuators) and one passive rod attached to a triangular base with spherical
joints. Each linear actuator is made of upper and lower rods, connected to each other by
a translational kinematic pair (screw mechanism). The movable platform is attached to
the other side’s upper legs via Hook’s joint. An anti-plunging strut, connected rigidly to
the base and from the other end of Hooke’s joint to the moving platform, inhibits the
translational movements and one rotation, giving the system the desired DOF. Addi-
tionally, this strut can serve as weight compensator. The orientation of the moving
platform is regulated by changing the lengths of two active rods. This causes a cor-
responding change in the angle of the inclination of the panel with respect to the
ground.
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The mathematical model of the system [10] can be described by the generalized
coordinate vector q ¼ u h½ �|, where u and h represent two angular rotations of the
platform. Considering the world coordinate system W, and a frame coordinate system
P, the vector line Li ¼ ai � bi, where ai ¼ WRP

Pai is the coordinate of the joints of the
moving platform and bi The coordinates of the link in the Ground. The rotation matrix
WRP Is given by

WRP ¼
cosu � cos h sinu sin h sinu
sinu cos h cosu �cosh cosu
0 sin h cos h

2
4

3
5

The length li of link i will be simply computed from li ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
Li � Li

p
and the unit

vector along the axis of the prismatic joint of link i : ni ¼ Li

li
. The angular velocity of

the system in the inertial frame is given by

x ¼
_h

_u sin h
_u cos h

2
4

3
5

and the Jacobian expression is written as

J�1 ¼
WRP

Pa1 � n1ð Þ|
WRP

Pa2 � n2ð Þ|
� � 0 cosu

0 sinu
1 0

2
4

3
5 ð1Þ

*Note that, J�1 is non-singular if the link rods are not parallel to each other, nor
align with the platform.

Fig. 1. Platform with two degrees of freedom.
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2.1 Kinetic Energy and Dynamic Equations

If we denote the angular velocity by Px, and the inertia matrix of the platform with
respect to the moving frame P by PI 2 R

3�3, we can write the kinetic energy of the
system by

T ¼ 1
2
P x| PI Px

It is assumed that the center of mass of the platform is loaded by a static rod, since
the position of the center of mass does not change, then the potential energy neither
change, this latest is set arbitrarily to zero; we can write then the Euler-Lagrange
equations,

M qð Þ€qþC q; _qð Þ _q ¼ s ð2Þ

where M qð Þ is positive definite inertia matrix and a skew-symmetric matrix C q; _qð Þ
represents the corriolis and centrifugal forces.

Considering _G ¼ J�1 _q the actuator dynamics can be represented as

Ma €GþVa _GþKaF ¼ sm ð2aÞ

where
Ma : actuator inertia matrix,
Va : viscous damping coefficient,
Ka : actuator gain matrix,
F : forces induced by the platform in the actuators,
sm: vector of motor torques.
So the expression (2) and (2a) can be rewritten as

MA qð Þ€qþCA q; _qð Þ ¼ sm ð3Þ

where

MA qð Þ :¼ MaJ�1 þKaJ|M qð Þ

CA q; _qð Þ :¼ KaJ|C q; _qð ÞþMa
d
dt

J�1� �þVaJ�1
� �

_q

Finally, including the dynamic of the motor as

L
di
dt

þRiþKb _Hm ¼ v ð4Þ

where
L : motor armature inductance matrix,
R: motor armature resistance matrix,
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Kb : motor back emf matrix,
v: input voltages.
and with the next equalities

sm ¼ Kmi

_Hm ¼ Kn _G

where
Km : motor torque matrix,
Hm: motor angular position,
Kn : actuator constant that depends on gear ratio and pitch.
we obtain the third order differential equation

d
dt

q
_q
i

2
4

3
5 ¼

_q
M�1

A qð ÞKmi�M�1
A qð ÞCA q; _qð Þ

�L�1ðRiþKbKn _qÞ

2
4

3
5þ

0
0

L�1

2
4

3
5vþ

0
nðq; tÞ
lði; tÞ

2
4

3
5 ð5Þ

where nðq; tÞ and lði; tÞ are perturbations due to unmodeled dynamics or parametric
uncertainty.

3 Control Design and Main Result

The perturbed system (5) can be represented in the space-state form

_x ¼ f xð ÞþBuþ/ðx; tÞ

where x ¼ x1; x2; x3½ � ¼ q; _q; i½ � 2 R
6 are the states, u 2 R

2 is the control signal and
/ x; tð Þ is the perturbation, which is bounded constant, i.e. _/ x; tð Þ		 		�D almost
everywhere. The problem is to design a time continuous control law, such that x1 tends
to the desired value while x2 and x3 also converge in finite time despite of the per-
turbation /ðx; tÞ. Moreover, after a finite time the control should compensate the
perturbation i.e. uðtÞ � �/ x; tð Þ. The problem can be resolved as follows:

First, we choose a new variable

d1 ¼ _eþC1e

with

_e ¼ x�2 � x2

e ¼ x�1 � x1

Here x�1 and x�2 are desired values and C1 is any positive definite matrix. With this
we can define the new representation of the system, where the system parameters enter
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as an additional term considered as a perturbation. The mathematical model now has
the relative degree two (another method can be found in [10]) as follows:

_d1 ¼ d2

_d2 ¼ uþ fðx; tÞ

Where fðx; tÞ includes the external perturbations as well the unmodelled dynamics.
Now, following [9] the control problem can be solved by the dynamic feedback control
law

u ¼ �k1 d1b c1
3�k2 d2b c1

2 þ z
_z ¼ �k3 d1b c0�k4 d2b c0 ð6Þ

where k1; k2; k3; k4 [ 0 are constant parameters. zp :¼ zj jpsign zð Þ where z; p 2 R. The
second equation in (6) has the high-order continuous structure. Its purpose is to reject
derivative of the bounded perturbation. This integral form appears in the controller
producing a continuous control signal. The proof of the stability and the finite time
convergence of the proposed feedback controller can be fined in [9].

4 Numerical Simulations

We illustrate the behavior of the proposed controller for the system by some simula-
tions. We will compare the result with back-stepping control and twisting controller
[11], [12] to demonstrate the quality of the continuous SMC.

Consider the following bounded perturbations

/ x; tð Þ ¼
0

0; 1 sinð10tÞ
0; 2 cosð10tÞ

2
4

3
5

and the reference signals

x1 ¼ u
h

� �
¼

p
4 cosð0; 5tÞ
p
4 sinð0; 5tÞ

� �

As one can see from the Figs. 2 and 3 all proposed controllers can regulate the
system in less than 10 s. However, it can be seen the clear difference between the
precision that provide each algorithm. As one knows the sliding mode controllers
follow the reference perfectly, while the backstepping controller is not robust to the
perturbations.
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More clear illustration of the behavior and advantage of the continuous SMC can be
seen in the Fig. 4. Here one can see the error of tracking and the fact that the proposed
control can compensate successfully the perturbation and parasitic effects.

Fig. 2. The tracking of an angle h.

Fig. 3. The tracking of an angle u.

Fig. 4. Error of tracking of an angle u.
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Figure 5 shows the control signals (voltage) of the electric motors. Compared with
the classical sliding mode control, the presented algorithms provide a continuous signal
and less chattering effect which guarantees a suitable condition for the actuators.

5 Conclusions

The description and mathematical model of a two degree of freedom platform is pre-
sented. A nonlinear feedback control based on continuous sliding mode control is
proposed to regulate the system in the presence of perturbations/uncertainties. The
behavior of the controller and its comparison with existing ones are proven via sim-
ulation. The control provides a major compensation of the perturbations in finite time.

Acknowledgments. Authors are grateful to CONACYT-Mexico and SIP-IPN for supporting
part of this work through grants AEM-Conacyt 262887 and SIP20171092, respectively.
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Abstract. The control of parallel kinematic machines requires the use
of complex strategies due to the coupling of the kinematic chains. The
usual strategies for controlling serial manipulators should be reassessed
for successfully controlling parallel manipulators. For instance, the usual
joint space computed torque control strategy requires the calculation of
the manipulator’s inverse kinematics. The inverse kinematics of a par-
allel manipulator can be cumbersome. This issue may yield unsatisfac-
tory performance and/or stability. The usual Cartesian space computed
torque control strategy demands the measurement of the end-effector’s
pose. This measurement can be a challenging task. In this work, the pose
of the end-effector of a 3RRR parallel manipulator is estimated using a
fixed camera and image processing algorithms during the execution of
a predefined task. This is the first step for implementing the Cartesian
space computed torque control for the manipulator under study.

Keywords: Parallel kinematic manipulator · Servovision · Camera
calibration · Image processing

1 Introduction

The control of parallel kinematic machines requires the use of complex strategies
due to the coupling of the kinematic chains. The usual strategies for controlling ser-
ial manipulators should be reassessed for successfully controlling parallel manip-
ulators. Among them, two computed torque control strategies are widely used for
controlling serial manipulators: the joint space and the Cartesian space [1].

The joint space computed torque control demands the measurement of the
actual joints’ positions and velocities. On the one hand, this approach is widely
employed for serial manipulators since the end-effector’s pose can be completely
defined by their joints’ positions and velocities using the forward kinematic
model. The joints’ positions and velocities are readily available since the joints
are active and are measured by encoders. On the other hand, this approach may
not be fully suitable for PKMs since the end-effector’s pose is not readily avail-
able. In fact, it can only be calculated by evaluating the kinematic constraint
equations due to the presence of close-loop kinematic chains and passive joints.

c© Springer International Publishing AG 2018
J.C.M. Carvalho et al. (eds.), Multibody Mechatronic Systems,
Mechanisms and Machine Science 54, DOI 10.1007/978-3-319-67567-1 23
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This complexity imposes serious difficulties for the controller design, such as lack
of speed and performance, stability issues, among others.

The Cartesian space computed torque control demands the measurement of
the end-effector’s pose. This data can be directly exploited by the control scheme.
Although mathematically simpler, this choice imposes a significant technical
challenge: the measurement of the end-effector’s pose. This measurement should
not only be fast and accurate, but also should not rely on modeling errors and/or
system’s nonlinearities [2]. By aiming to ensure fast and reliable measurements
of the end-effector’s pose, computer vision techniques could be exploited [2]. For
instance, Andreff et al. [3] proposed an image-based visual servoing for control-
ling a Gough-Stewart parallel manipulator. The use of visual feedback to control
the manipulator’s motion plays an important role in the visual servoing. In fact,
the end-effector’s pose can be directly measured by detecting the positions of
certain features in the image captured by a digital camera. Corke [4] presented
a tutorial on many relevant topics on visual servoing, such as coordinate trans-
formations and digital image processing techniques.

In this manuscript, the authors present the implementation of a position
based visual servoing technique to be explored in a Cartesian space computed
torque control of the 3RRR manipulator. This planar PKM is illustrated in
Fig. 1. The rest of the manuscript is organized as follows. Section 2 presents the
inverse kinematics model of the 3RRR manipulator. Section 3 presents a brief
description of the 3RRR prototype, the exploited image processing method and

O
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Fig. 1. Illustration of the 3RRR manipulator



246 F.T. Colombo and M.M. da Silva

the details on the camera’s calibration. The experimental measurement of the
end-effector’s pose using the servovision system is presented and discussed in
Sect. 4. Finally, conclusions are drawn in Sect. 5.

2 Kinematic Modelling of the 3RRR manipulator

The parallel kinematic manipulator under study is the 3RRR. As illustrated
in Fig. 1, the end-effector is connected to the ground by 3 kinematic chains.
Each kinematic chain is composed of two links, one active revolute joint (R) and
two passive revolute joints (RR). A global coordinate system O(x0, y0) is fixed
to the equilateral triangle’s barycenter illustrated in Fig. 1. The angles θi and
βi describe the kinematic configuration of the manipulator. The subscript i is
related to each kinematic chain and can vary from 1 to 3. The lengths of the
links are l1 and l2. The distance between the origin O and the active joints Ai

is a, the distance between the point P and the passive joints Ci is h, and the
angles of each side of the triangle are given by λi.

The inverse kinematic model evaluates the position {θ1, θ2, θ3} of the active
joints for a certain end-effector pose {x, y, α} and is described hereafter. The
position of the joints Ai, Bi and Ci in the global coordinate system can be
denoted by position vectors rAi

, rBi
and rCi

, respectively. By evaluating the
kinematic constraints, the vectors rBi

and rCi
can be expressed as:

rBi
= rAi

+ l1

[
cosθi
sinθi

]
and (1)

rCi
= rBi

+ l2

[
cosβi

sinβi

]
, (2)

respectively. The auxiliary variables μi and ρi can defined by:

μi = x + h cos(λi + α) − a cos(λi) and (3)

ρi = y + h sin(λi + α) − a sin(λi), (4)

respectively. Using these variables, the following geometrical constraint∥∥∥−−−→
BiCi

∥∥∥ = ‖rCi
− rBi

‖ = l2 can be rewritten as:

∥∥∥∥
[
μi − l1cos(θi)
ρi − l1sin(θi)

]∥∥∥∥ =
∥∥∥∥l2

[
cos(βi)
sin(βi)

]∥∥∥∥ = l2. (5)

Considering that ei1 = −2l1ρi, ei2 = −2l1μi and ei3 = μ2
i + ρ2i + l21 − l22, the

Eq. 5 can be rewritten as:

ei1sinθi + ei2cosθi + ei3 = 0. (6)

Therefore, the inverse kinematics of the 3RRR manipulator is as follows:

θi = 2 tan−1

(
−ei1 ± √

e2i1 + e2i2 − e2i3
ei3 − ei2

)
and (7)
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βi = tan−1

(
ρi − l1 sin(θi)
μi − li cos(θi)

)
. (8)

The inverse dynamic model of the 3RRR manipulator can be found by explor-
ing the Virtual Work Principle and/or the Newton-Euler formulation. Using this
model, one can derive the required torque to perform a predefined trajectory.
Details can be found in [5]. As it can be observed, these inverse models are com-
posed of trigonometric relations. These relations might become rather complex
for spatial manipulators. This complexity imposes challenges to the implemen-
tation of the joint space computed torque control.

3 Materials and Methods

3.1 Prototype

The 3PRRR manipulator built at EESC-USP is a kinematically redundant
manipulator. This planar manipulator presents 3 degrees of freedom and can
be actuated by up to six brushless servomotors Maxon E60. These servomotors
work together with six control boards EPOS 2 50/5. By actuating the prismatic
joint (P), the user can add kinematic redundancies to the manipulator. Since the
main objective of this work is the implementation a servovision technique to allow
the design of a Cartesian space computed torque control of the non-redundant
3RRR manipulator, the prismatic joints are locked. The communication scheme
is illustrated in Fig. 2. The control boards are connected through CAN protocol.
The communication between the first EPOS with the computer is via USB.

USB CAN CAN
PC C1 C2 C3

M1 M2 M3

PS1 PS2 PS3

Fig. 2. Communication Scheme between the boards and the computer

The control board EPOS presents several control modes. In this work, the
Interpolated Position Mode is selected since it guarantees performance and
robustness. In this mode, the discrete positions and velocities given by the user
are interpolated through splines and these signals are used as reference signals to
the linear position feedforward and position feedback control strategies The feed-
forward and feedback gains have been adjusted manually in a human machine
interface that has been built in Matlab.
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3.2 Image Processing

In order to implement the Cartesian space computed torque control for the
3RRR manipulator, the pose of its end-effector should be directly measured.
In this manuscript, a position based visual servoing is exploited to accomplish
this task. The end-effector’s pose {x, y, α} can be determined by measuring the
position of two points in the end-effector. In this way, in order to use visual
computing techniques, some key points are selected at this part. These points are
illustrated in Fig. 3. At this figure, the point P is at the center of the equilateral
triangle, the points G and R are at the same distance from the point P and the
segment line between the points G and R is parallel to the side C1C2.

C1

C2

C3

P

G

R
GR ‖ C1C2

|GP | = |PR|
α

Fig. 3. The key points at the end-effector’s manipulator

In the image plane, the coordinates of a point are defined by {u, v} in pix-
els, ordered from left to right and top to bottom, respectively. So, the position
{uP , vP } in the image plane of the end-effector can be found by using the coor-
dinates in pixels of the points G and R,

up =
uG + uR

2
and vp =

vG + vR
2

, (9)

and the angular position α of the end-effector can be found by using the coor-
dinates in pixels of the points G and R,

α = arctan
( vR − vG

uR − uG

)
. (10)

The positions of the points G and R are represented by small green and red
circles, as illustrated in the Fig. 4, respectively. These features can be identified
using a color camera. In fact, a digital image in the RGB color model is formed
by 3 matrices corresponding to its red, green and blue components. For instance,
a red pixel must not only have a high value in the red component, but also low
values of the green and blue components, as in the rule Red Pixels : r − g/2 −
b/2 > Threshold. This rule can be used for identifying the red pixels. The same
strategy can be exploited for identifying the green pixels. Finally, the position
of the point R can be found by calculating the average position of all red pixels,
whilst the position of the point G by calculating the average position of all green
pixels.
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Fig. 4. 3RRR manipulator with green and red circular markers in the end-effector
(Color figure online)

3.3 Camera

The images of the 3RRR are obtained with an oCam-5CRO-U digital camera.
Due to its USB 3.0 interface, the data can be transferred to a computer at a
high rate yielding higher frame rates and/or resolution. For position based visual
servoing, the positions in the image plane of certain features should be detected
and then transformed to the global coordinate system, using geometrical prop-
erties and intrinsic parameters of the camera. These intrinsic parameters, such
as focal length, optical center and skew, can be obtained by performing the
camera’s calibration.

In this work, this calibration was performed by using the Zhang’s method [6].
One advantage of this method is that it takes into account the distortion of
the lens. This method requires a planar pattern with known metric to be pho-
tographed in at least 3 different orientations by the camera. A checkerboard was
used as a planar pattern and several pictures with different poses were taken, as
can be seen in Fig. 5 while the camera focus was kept constant.

This method, which is available in Computer Vision System Toolbox in Mat-
lab, was able to detect the checkerboard pattern successfully. As illustrated in
Fig. 6, all corners of the internal squares of the pattern were detected. Since the
theoretical distance between those points is known, they can be used for calcu-
lating the parameters of the camera’s model. Figure 6 shows the detected points
and the reprojected ones based on the camera’s model. As it can be verified, the
scheme has been capable of not only identifying the corners but also calculating
their positions correctly and depicting them in the figure (reprojected points).
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Fig. 5. Pictures for the Calibration: the checkerboard pattern in different orientations
and positions

Fig. 6. Detected and reprojected points of the checkerboard pattern

Moreover, the distortion coefficients obtained in the calibration could be used
for removing the images’ distortion caused by the lenses. In Fig. 7(a), the radial
distortion is highlighted by the bending of some edges. In Fig. 7(b), this effect
has been eliminated.
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Fig. 7. (a) Original image with radial distortion and (b) Corrected image

4 Results and Discussion

After the calibration of the camera, the pose of the manipulator’s end-effector
{x, y, α} could be identified using the aforementioned visual servoing scheme.
Both green and red markers located at the end-effector, as depicted in Fig. 8(a),
are detected successfully, as illustrated by the two highlighted circles in Fig. 8(b).
The points G and R are detected as the center of the green and red markers,
respectively, and are illustrated as white dots in Fig. 9.

Fig. 8. (a) Undistorted image of the 3RRR manipulator and (b) The detection of the
green and red markers (Color figure online)

This visual servoing scheme has been exploited for measuring the end-effector’s
pose of the manipulator during the execution of two tasks, A and B. The end-
effector’s pose can be also calculated using the direct kinematic model and the
encoders’ measurements of the active joints. Both tasks are point-to-point trajec-
tories. For the execution of the task A, shown in Fig. 10(a), the end-effector moved
from X0 = [13.9, 7.88, 0]T to X1 = [−6.9,−39.4, 0]T in 1.6 s. For the execution of
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Fig. 9. Points G and R found as the centers of the green and red markers, respectively
(Color figure online)

the task B, shown in Fig. 10(b), the end-effector moved from X0 = [0, 119, 0]T to
X1 = [0,−70, 0]T and return to X0 in 2.2 s. The velocity and acceleration of the
end-effector were null at the points X0 and X1 for both tasks. The translational
dimensions are in mm and the rotational dimension in rad. The camera was set
to its default resolution and frame rate of 640 × 480 at 20 fps.

As seen in Figs. 10, the encoder based motion and the camera based motion
measurements differ considerably. In fact, the camera based motion measure-
ments are showing that the actual control strategies, described in Sect. 3.1, are
promoting a poor reference tracking performance. The control strategy, with
linear position feedforward and position feedback, is purely based on the mea-
surements done using the encoders. This might not deliver the desired reference
tracking performance.

−20 −10 0 10 20
−50

0

50

100

x [mm]

y 
[m

m
]

Desired
Encoder
Camera

(a)

−20 −10 0 10 20
−100

−50

0

50

100

150

x [mm]

y 
[m

m
]

Desired
Encoder
Camera

(b)

Fig. 10. Comparison between the desired motion, the encoder based motion measure-
ment and the camera based motion measurement: (a) Task A and (b) Task B
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5 Conclusions

Several control strategies, such as the Cartesian space computed torque control,
require the measurement of the position of the manipulator’s end-effector. In
this manuscript, this is accomplished by using a visual servoing technique. This
data can be further explored in a control strategy analysis.
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Abstract. The paper deals with the control assembly of the VVER 1000
nuclear reactor. The rod control cluster assembly is the moving part of the
control assembly. After the rod control cluster assembly drop to the lower part of
the core, a nuclear reaction stops. Multibody model of the control assembly
intended for the simulations of the rod control cluster assembly moving parts
drop during the seismic event was created and enables investigating the influ-
ence of deformations of fuel assembly guide tubes. The aim of this model
creation is the proof that under the given conditions the rod control cluster
assembly fulfils the demands that are made on the time of its drop from the point
of view of the operating safety of the VVER 1000 nuclear reactor. Results of
simulations are presented.

Keywords: Nuclear reactor � Control assembly � Drop � Tube deformation �
Seismic excitation

1 Introduction

Approaches of multibody systems modelling and analysis are useful due to their ability
to handle complex systems of bodies with nonlinear behaviour, which is also the case
of dynamical analyses in nuclear engineering. The motion of important parts of nuclear
reactors called control assemblies could be efficiently analysed [3] using these
approaches. The purpose of the control assemblies is to control the power of a nuclear
reactor (i.e. to control nuclear reaction). The second important function is to stop the
nuclear reaction in the case of a defined emergency state.

Different control systems composed of various mechanical parts and transmissions
can be found in various nuclear reactors based on their type [8]. From the viewpoint of
multibody modelling, they can be simplified to the typical problem of a long thin rod
moving through guide tubes and driven by a motor. The effects of contacts and
influences of cooling water surrounding the control assembly in the nuclear reactor
would be considered in the mathematical models.

The problem of mechanical behaviour of a control assembly during the emergency
drop is not commonly studied in the available literature and therefore the investigation

© Springer International Publishing AG 2018
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of this problem is a challenge. Some basic studies can be found in [3] or [5], but they
are not focused on mechanical behaviour in a sufficient detail. Authors of this paper
presented several approaches to modelling the flexible falling rod in [8–10] and more
detailed (similar) models of control assemblies in [14, 15].

Spatial multibody model of the LKP-M/3 control assembly of the VVER 1000
nuclear reactor was created in the Alaska simulation tool [1]. Model is intended for the
simulations of the rod control cluster assembly drop during the seismic event and
enables investigating the influence of deformations of fuel assembly guide tubes [13].
The significant computed quantity is the total time of the drop. After the drop of the rod
control cluster assembly to the lower part of the core a nuclear reaction stops. Novelty
of this work consists in the creation of a unique computational methodology for the
nonlinear dynamic analysis of nuclear reactors with and without seismic excitation
considering the deformations of fuel assembly guide tubes. The methodology is further
applied to the analysis of a particular control assembly of the VVER 1000 nuclear
reactor. Reason for solving the presented problem was the proof that under the given
conditions the rod control cluster assembly fulfils the demands that are made on the
time of its drop from the point of view of the operating safety of the VVER 1000
nuclear reactor.

2 Structure of the Reactor and the Control Assembly

The VVER 1000 nuclear reactor is a pressurized water-cooled and water-moderated
reactor developed in the Soviet Union. It consists of a reactor pressure vessel with an
interior structure and a reactor upper block with control assembly drives (see scheme in
Fig. 1). The core of the nuclear reactor containing fuel assemblies is its active zone
with running nuclear reaction. Fuel assemblies are placed on the core support plate. The
block of protective tubes, which is above the core with fuel assemblies, helps to guide
and to protect control assemblies during their motion.

The VVER 1000 reactor contains 163 fuel assemblies and 61 control assemblies
(e.g. [19]). A moveable part of the control assembly, i.e. the rod control cluster
assembly (this part is the necessary condition for the stopping of nuclear reaction), is
composed of a suspension bar, a spider and 18 long thin absorber rods.

A detailed scheme of the control assembly is shown in Fig. 2 (rectangles represent
parts of the mechanism that are coupled by elastic elements with possible clearances;
the objects in Fig. 2 are not displayed in a real scale factor. The suspension bar is
divided into an upper and a lower part with a bayonet joint for connecting with a spider
of the control element. The suspension bar of the rod control cluster assembly is driven
by a linear stepper motor, the mechanism of which is based on the usage of
electro-magnets. In case of an emergency state the lifting system mechanism is set off
and the rod control cluster assemblies can drop down through the protective tubes to
the reactor core with fuel assemblies and stop the nuclear reaction. Other functional
subsystems plotted in Fig. 2 do not influence the dynamic behaviour in the course of
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the studied rod control cluster assembly drop. The spider and the absorber rods of the
rod control cluster assembly are schematically drawn in Fig. 2.

When the absorber rods reach the lower part of the core, they pass through the
guide channel narrowing, which has the function of hydraulic shock absorbers for the
stop of the rod control cluster assemblies drop.

3 Multibody Model of the Control Assembly

As it has been already stated, spatial multibody model of the LKP-M/3 control
assembly of the VVER 1000 nuclear reactor was created in the Alaska simulation tool
[1] on the basis of the technical documentation provided by the control assembly
producer ŠKODA JS a.s. (the Czech Republic). The (similar) control assembly
multibody models are described in more detail in [13] or [14] (these models do not

Fig. 1. Scheme of the VVER 1000 reactor
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enables to consider both the seismic excitation and the deformations of fuel assembly
guide tubes). Basic summary information about the multibody model is given in
Table 1.

In the multibody model it is necessary to consider many contact positions in a
horizontal plane for investigating limit curves of deformations of fuel assembly guide
tubes [13–15] (see Table 2). Due to the simulation of the worst case for the time of the
rod control cluster assembly drop, the initial position of the rod control cluster
assembly in the multibody model is chosen in the maximum operation stroke, i.e. a
lower end of the absorber rods is at distance of 3.586 m from the mechanical stop [13].

Fig. 2. Functional scheme of the control assembly without casing (not in a real scale factor) and
scheme of the rod control cluster assembly (dimensions are in millimeters)

Table 1. Basic summary data about multibody model of the control assembly

Number of (rigid) bodies 23

Number of kinematic joints 23
Number of degrees of freedom 49
Number of contact points in vertical direction 11
Number of contact positions in horizontal plane 58
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Dynamic aspects of the control assembly that do not influence the rod control cluster
assembly drop are neglected in the computational model.

The multibody model includes the influences of the fluid, the contacts and impacts
of the rod control cluster assembly with the adjacent structural parts inside the reactor,
deformations of fuel assembly guide tubes and seismic excitation. Not all influences
and specific behaviour could be considered in detail in the model, but some aspects of
the control assembly are and will be studied in more detail in future works.

Kinematic scheme of the control assembly multibodymodel is shown in Fig. 3, where
circles represent kinematic joints (BUNC – unconstrained, PRI – prismatic in vertical axis,
UNI – universal around horizontal axes) and quadrangles represent rigid bodies.

Table 2. Contact positions of bodies in horizontal plane in the multibody model

Contact between bodies (see Fig. 3) Number of contact positions
First body Second body

Upper part of suspension bar Lifting block 1
Upper part of suspension bar Pulling block 2
Upper part of suspension bar Frame 1
Cluster spider Frame 6
Upper parts of 1st to 6th threes of absorber rods Frame 18
Lower parts of 1st to 6th threes of absorber rods Frame 30

Fig. 3. Kinematic scheme of the control assembly multibody model
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Due to virtual division of the rod control cluster assembly into thirteen rigid bodies
(the purpose of this virtual division is partial considering the elastic properties of the
rod control cluster assembly) certain distinguishing names of its parts were introduced
(cluster spider, upper parts of the 1st to 6th threes absorber rods and lower parts of
upper parts of the 1st to 6th threes absorber rods). The terminology is evident from
Fig. 3 (or partly from Fig. 2 left). This modelling enables, using appropriately chosen
torsional stiffness in the kinematic joints, to “tune” the values of the lowest natural
frequencies corresponding to bending vibration modes to the natural frequencies
obtained from the FEM model of the rod control cluster assembly.

The best way of introducing the seismic excitation in the computational model and
the fuel assembly guide tubes deformations are presented e.g. in [13, 14].

Motion of body “drive housing” are defined by seismic excitations, which are
specified by time histories of the absolute displacements in three directions (see
example of time history of seismic excitation in Fig. 4). Considered deformation of fuel
assembly guide tubes, that corresponds with the first bending mode shape of the fuel
assembly guide tubes, is given in Fig. 5 (for VVANTAGE-6 fuel assembly in the
Temelín Nuclear Power Plant, the Czech Republic).

Possible contacts and impacts of the moving parts with adjacent structural parts
inside the reactor are very important and significant aspects of the rod control cluster
assembly drop modelling. Many publications studying contact problems were released,
e.g. [2, 7, 11, 12, 16, 18].

Fig. 4. Time histories [s] of the absolute displacements [m] of the body “drive housing” in
horizontal directions during the seismic event in the Temelín Nuclear Power Plant

Fig. 5. Deformations of fuel assembly guide tubes (for VVANTAGE-6 fuel assembly)
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The problem can be divided into two steps – the first one is the determination of the
contact occurrence and contact position and the second one is the calculation of the
impact force acting on the bodies. Approach to the solution of this problem for the
LKP-M/3 control assembly of the VVER 1000 nuclear reactor is given e.g. in [13–15].

The impact (normal) forces are introduced as the applied forces in the multibody
model of the LKP-M/3 control assembly. Their instantaneous value is given by the
bistop function [1]. After introducing axis u, direction of which is given by connecting
point and instantaneous position of contact point, and independent variable u in its
direction, impact (normal) force is calculated using the bistop function

F ¼ bistop u; _u; u1; u2; c; d; e; bð Þ ¼
�c � u1 � uð Þe þ step u; u1 � d; b; u1; 0ð Þ � _u; u� u1
0; u1\u\u2
c � u� u2ð Þe þ step u; u2; 0; u2 þ d; bð Þ � _u; u2 � u;

8
<

:

ð1Þ

where u is the independent variable, _u is the first-order derivative of u and c, d, e, b are
the coefficients determining the course of the function when one of the boundary values
u1 or u2 is exceeded.

Function step approximates a step function by evaluating a cubic polynomial,
which starts at initial ordinate value h0 at u ¼ u0 and ends at final ordinate value h1 at
u ¼ uE

step u; u0; h0; uE; h1ð Þ ¼
h0; u� u0

h0 þ h1 � h0ð Þ � u�u0
uE�u0

� �2
� 3� 2 � u�u0

uE�u0

� �
; u0\u\uE

h1; uE � u:

8
><

>:

ð2Þ

The second most problematic factor in the control assembly multibody model is the
influence of the pressurized water (coolant) that flows through the reactor interior
structure and acts against the rod control cluster assembly motion. Like in the case of
the contacts and impacts, this issue is frequently studied in the theoretical way (e.g. [6,
17]). It is evident that the main influence of coolant is the hydraulic resistance and
friction slowing down the rigid body motion (e.g. [4]). Approach to solution of this
problem for the LKP-M/3 control assembly of the VVER 1000 nuclear reactor is given
e.g. in [13, 14].

4 Simulation Results

As it was already stated, due to the simulation of the least favourable situation for the
rod control cluster assembly drop time in the multibody model initial position of the
rod control cluster assembly is selected in the position of the maximum operation
stroke.

Time histories of the distance of the lower end of absorber rods from the
mechanical stop are in Fig. 6 and time histories of the velocity of the rod control cluster
assembly drop are in Fig. 7.
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The design of the LKP-M/3 control assembly of the VVER 1000 nuclear reactor
should meet the condition that the drop time should not exceed 4 s. This value is
required for the time of the rod control cluster assembly drop from its initial position to
the mechanical stop considering safety stop of the nuclear reaction.

On the basis of simulation results (see Fig. 6) it could be stated that the design of
the LKP-M/3 control assembly fulfils the requirements for the time of the rod control
cluster assembly drop at deformations of fuel assembly guide tubes and in addition in
the case of a seismic event, too (in the Temelín Nuclear Power Plant).

5 Conclusions

The paper presents spatial multibody model of the LKP-M/3 control assembly of the
VVER 1000 nuclear reactor created in the Alaska simulation tool [1]. The model is
intended for the simulations of the rod control cluster assembly drop during the seismic
event and enables investigating the influence of deformations of fuel assembly guide
tubes [13]. The multibody model includes the influences of the coolant and the contacts
and impacts of the rod control cluster assembly with the adjacent structural parts inside
the reactor.

The simulations of the control assembly moving parts drop to investigate the total
drop time at deformation of fuel assembly guide tubes without any excitation and during

Fig. 6. Time histories [s] of distance [m] of the lower end of absorber rods from the mechanical
stop at deformations of fuel assembly guide tubes: without any excitation (left); during the
seismic event (right)

Fig. 7. Time histories [s] of the velocity [m/s] of the rod control cluster assembly drop at
deformations of fuel assembly guide tubes: without any excitation (left); during the seismic event
(right)
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a seismic event were performed. On the basis of the simulations’ results it is possible to
state that the drop time fulfils the prescribed maximum time of the drop given for the
nuclear power plants safety estimation (in the Temelín Nuclear Power Plant).
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Abstract. Friction is a complex phenomenon which has negative effects
on the precision of positioning systems. Therefore, friction models for
use in friction compensation have to show a good performance while
remaining simple enough for its use in control algorithms. In this work,
a single-state friction model for control purposes is proposed, aiming to
simplify the implementation of such control algorithms, while keeping a
good performance in friction compensation. This model has been tested
on an experimental setup based on a linear motor, and its performance is
compared to that of the Generalized Maxwell-slip (GMS) model, showing
better performance on the tracking error for low accelerations.

Keywords: Friction model · Precise positioning · Linear motor

1 Introduction

Friction is a complex phenomenon which has important effects in servo mecha-
nisms [1,2], such as tracking errors in precision positioning [3]. This is particu-
larly important in positioning systems which are too sensitive to external forces,
like those with linear motors. One way to mitigate its effect is by feedforward
control using a convenient friction model.

In this way, the modeling of friction force for control purposes must be able
to represent relevant friction properties while at the same time remain simple
enough for its online calculation [4]. These properties include those displayed
during the sliding regime, dominated by the Stribeck effect, and during the
presliding regime represented by a hysteresis behavior.

The Stribeck effect corresponds to the negative slope exhibited by friction
force as a function of steady-state velocity for low velocities, and it is considered
an important factor in stick-slip phenomena [4]. The curve which depicts friction
force as a function of steady state velocity is called Stribeck curve. However,
when velocity is varying, friction force does not follow the Stribeck curve, it
rather follows an hysteresis path around it. Such hysteretic behavior is called
friction lag.

The previous properties are exhibited for non-zero velocities. However, when
the bodies in contact begin to move from zero velocity, initially friction force
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depends only on displacement, characterized by a hysteresis behavior. The par-
ticular type of hysteresis exhibited by this presliding friction has several proper-
ties. One is rate-independence [3], which is clearly seen when tracking a sinusoidal
reference, as the frequency of the reference has no influence on the shape and
area of the hysteresis loop [5]. Another property is what is called non-local mem-
ory, for which the output at any time instant depends not only on any past value
and the input history since then, but also on the past extremum values [4]. The
described phenomena of this regime particularly affect the errors of trajectory
tracking when zero velocity is crossed.

Several friction models have been proposed in the last decades for control
purposes. A popular one is the LuGre model [6], which however is unable to
represent hysteresis with nonlocal memory [4], and even might exhibit spurious
drifting behavior [7]. Other models have been proposed in order to overcome
these limitations. In particular the Leuven [8] and GMS [4,9] models are capa-
ble of representing hysteresis with nonlocal memory, and particularly the GMS
model included improvements in friction lag representation.

The GMS model represents friction as a combination of N single-state
dynamic elements. As a result, the hysteresis branches resembles a polygonal
curve, whose number of segments increase with N . Modifications of this model
has been proposed in [10,11], in order to avoid switching dynamics. However,
the same multi-state structure is maintained.

Aiming to reduce the number of states while obtaining smooth slope changes
inside the hysteresis loop, a two-state model [12] has been derived from the GMS
model, through mathematical manipulations and simplifications. Lower errors
were obtained with this model compared to those with the GMS model, when
applied to feedforward friction compensation in a linear motor system. The lower
performance of the GMS was attributed to the reaction of the integral control,
from the position closed loop, with the discontinuities of the slope change in the
hysteresis branches.

Although the model in [12] has only two states, it is relatively complex and
presents impulsive behavior. The aim of this work is to obtain a simplified single-
state version of this model which might keep the advantages in feedforward
friction compensation of the two-state model. In order to do this, an outline of
the two-state model is given in Sect. 2, continuing in Sect. 3 with a discussion
on the manner in which such simplification can be achieved. Then, the proposed
single-state model is presented in Sect. 4, showing also part of its behavior in
simulation. After that, the performance of the proposed model in feedforward
friction compensation for an experimental setup is shown in Sect. 5, where it is
compared with a 5-element GMS model. Finally, this work ends in Sect. 6 with
the conclusions.

2 Two-State Friction Model

The two-state friction model in [12], which has been derived from the GMS
model, is a dynamic model in which friction force is given by F = Fh +Fl +σ2v,
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that is the sum of a viscous friction component, being σ2 the viscous friction
coefficient, and two states whose dynamics during motion is given by

dFh

dt
= κ (ξ(t)) v(t) + γ (ξ(t))

d

dt
s(v(t))

dFl

dt
= − C

|s(v(t))|Fl − γ (ξ(t))
d

dt
s(v(t))

(1)

Here ξ(t) = x(t)−xk

s(v(t))−sk
, x(t) stands for position, v(t) for velocity, s(v) is a curve

which describes the Stribeck effect, and such that friction force for a steady state
velocity v is given by s(v) + σ2v. A common parameterization for s(v) [4] which
is the one used in this work is

s(v) = sgn(v)
(
Fc + (Fs − Fc)e−| v

Vs
|δVs

)
(2)

being Fc the Coulomb force, Fs the static force, Vs the Stribeck velocity and
δVs

the Stribeck shape factor.
The values with k as subindex can be considered as constants which are

updated under certain events on the hysteresis curve, such as motion reversal.
In fact, Eq. (1) determines the evolution of the two friction states during motion
between two equation updates driven by the mentioned events. More precisely,
xk represents the position during the last reference event, while sk is the value
of s(v) immediately before that event, and thus its sign will be the opposite of
that of s(v(t)), being t the current time.

The state Fh represents the contribution of presliding hysteresis and Stribeck
curve to the friction force, respectively through first and second term in the Fh

state equation. The relative contribution of these two effects on Fh are weighted
by the functions κ and γ, whose shapes take the general form shown in Fig. 1.
That is, κ is a nonincreasing continuous function while γ is nondecreasing. Pre-
cisely, in Eq. (1) it can be seen that κ will determine the shape of the hysteresis
curve, and once outside the presliding region, corresponding to the value l1 in
Fig. 1, the contribution of the κ term vanishes, at least until an equation update
event occurs. Meanwhile, the value of γ outside the presliding region is 1, thus
it can be seen that if the presliding region is left at time tl, from there on the
contribution of the γ term is of the form s(v(t)) − s(v(tl)), accounting for the
speed dependence of the Stribeck curve.

As for the state Fl, it is clear that is driven out of zero by variations in s(v(t)),
specially outside the presliding region where γ attains its maximum value, and
without this variation it will tend to return to zero. This suitably represents the
effect known as friction lag where, for a velocity change, the friction force does
not follow the Stribeck curve, but rather shows some hysteresis around it until a
new steady state value is reached. The shape associated to friction lag is clearly
seen on the friction force modeled when a varying positive velocity is applied to
the two-state model, as shown in Fig. 2, where the hysteresis shape can be seen
around the Stribeck curve.
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Fig. 1. Functions κ and γ of the two-state model

Fig. 2. Friction lag as represented by the two-state model

The other model parameters are given by C, a parameter related to friction
lag, l1, which determines the extent of presliding region, and those needed to
parameterize functions κ and γ which determine hysteresis curve.

3 Simplification of the Two-State Friction Model

Although the two-state model has allowed to reduce tracking error and at the
same time reduce the number of states and parameters needed for friction model-
ing, it has several aspects of increased complexity, such as its impulsive behavior.
This impulsive behavior is expressed in its set of rules [12] which determine the
procedure on equation update events, and can be associated mainly with two
aspects. One is the modeling of friction lag, and the other is the velocity depen-
dence of presliding hysteresis exhibited by this model.

Regarding the modeling of friction lag it should be noted that in a typical
application, such as our experimental setup, this effect can be masked by local
variations in friction force. This problem with the friction force variation was
noted by [4] in a machine tool table setup. Therefore, it should be considered
whether the increase in complexity associated to friction lag modeling is worth-
while. Thus, in the model proposed this effect is neglected, which can be done
disregarding the state Fl altogether.

As for presliding hysteresis, this phenomenon is considered to be frequency-
independent [5]. However, the presliding hysteresis for the two-state model has
some degree of dependence on speed. This behavior is a result of the dependence
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on velocity exhibited by the GMS model during presliding regime, associated to
the transition mechanism between presliding and gross-sliding regime.

Notice that speed dependence could be eliminated in the two-state model,
disregarding the variation of s(v(t)) during the presliding regime. Thus, if s(v)
is constant during this regime, the second term on the Fh equation is zero, and
Fh will depend only on position, as s(v(t)) is constant. One way in which this
can be done is considering a constant low velocity during presliding regime, such
that when leaving the presliding region, the friction force will be equal to Fs

in Eq. (2).
However, the described approach has the consequence that once outside pres-

liding region, there will be no more variation of Fh, so such model would be
unable to depict Stribeck curve. In order to compensate for this, somehow the
effect of the γ term outside the presliding region, that is, the contribution of the
form s(v(t)) − s(v(tl)) to the friction force must be added.

One manner in which this can be done, is to use an approach similar to that
used in [13] to simplify the LuGre model. There, simplified expressions for the
model depending on the particular friction regime involved were considered, and
the full friction force was obtained from these expressions, weighed by suitable
transition functions. This is the approach used in the simplified model proposed
in the next section, adding a term accounting for the Stribeck curve variation
with velocity, combining it with a friction state representing solely presliding
hysteresis through a suitable transition curve.

4 Proposed Friction Model

Considering the guidelines in the prior section, a simplified friction model for
control purposes is proposed. This is a single-state model, in which the dynamics
of its only state during motion is given by

dFH

dt
= κ (|ξ(t)|) v(t) (3)

All quantities in Eq. (3) are defined just as in the two-state model except for
ξ(t), which is given by ξ(t) = x(t)−xk

zk
.

Like in the two-state model, k is the index of the last point of motion reversal
used as reference for the current motion, except in the case of two bodies which
had never undergo relative motion, in which case k = 0 corresponds to the initial
state, referred from here on as zero state. Thus, ξ(t) represents the distance from
the last reference position, modified by a scale factor given by zk. If the bodies
have never had relative movement and k = 0, zk = Fs, the static friction force,
otherwise zk = 2Fs.

With this state, and following the prior section, the friction force is given by

Ff (t) = FH(t) + σx (ξ(t)) (s(v(t)) − αkFs + σ2v(t)) (4)
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Here αk is 1 or −1 according to the direction of motion, and can be considered
as αk = sgn(x(t) − xk) which during motion would be equal to sgn(v(t)) or
sgn(s(v(t))).

The function σx is such that σx(ξ) = 0 for |ξ| ≤ l1 and σx(ξ) = 1 for |ξ| ≥ lu
with a continuous monotonic transition between both values. Here, l1 is the value
where κ(ξ) becomes zero, and defines the extent of the presliding region, while
lu > l1 defines the displacement from which friction force will start to follow the
Stribeck curve.

Notice that, as discussed in the previous section, the state FH now represents
solely the effect of presliding hysteresis, which is combined with the friction
behavior for gross-sliding through the transition function σx. Also, two main
contributions can be appreciated in the expression for sliding friction which is
enclosed in parentheses. One is the term of viscous friction, σ2v(t), while the
other two terms account for the variation in s(v(t)) expected from the Stribeck
curve.

As for the changes in k and the reference position xk, these are determined
by the following rules

Rule 1 If motion reverses at a point xd, k is incremented by 1 and the value
x(tk) = xd is saved to the stack.

Rule 2 When a loop is closed, that is when

kΔx(t) = − (
k−1Δx(tk)

)
(5)

and friction is still in presliding regime, i.e.

|k−1Δx(tk)| ≤ 2l1Fs (6)

Then k is decremented in 2, and the last 2 elements of the stack are removed.

Rule 3 (Only when the system begins from zero state) When k = 1, |1Δx(t)| =
2|Δx(t1)|, and |Δx(t1)| ≤ l1Fs, k returns to 0 and the remaining value on the
stack is removed.

To have a more graphical description of the above rules, consider the
depiction of a trajectory exhibiting hysteresis with nonlocal memory in Fig. 3.

Fig. 3. Friction force as a function of displacement in presliding regime
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The first rule applies at points in which the trajectory undergoes motion rever-
sal, such as a, b, d and c when coming from b. The second rule applies when
an inner loop is closed, such as happens when point c is reached when coming
from d. In such a case points c and d are forgotten and point b is the new ref-
erence in the FH equation. Notice that the plot represents the case of a system
beginning from zero state, shown as point 0. Thus, if at point b the trajectory
would follow the dotted line, rule 3 would apply.

As with the two-state model, these rules are needed for representing preslid-
ing hysteresis with nonlocal memory. However, in contrast to that model there
are no impulsive changes in the FH state. This is a result of avoiding friction lag
and making presliding hysteresis frequency-independent.

It should be noticed that the determination of the model parameters will
be done in the same manner as with the two-state model, that is, following the
procedure detailed in [12].

Simulations with the proposed model have been performed to show that the
model properly account for two important properties of friction. The depiction of
presliding hysteresis with nonlocal memory by this model can be seen in Fig. 4a.
Also, the representation of Stribeck curve by the model can be seen in Fig. 4b,
where a varying positive velocity has been input to the model, resulting on a
plot of the Stribeck curve for v > 0.

Fig. 4. Presliding hysteresis with nonlocal memory (a) and Stribeck curve (b) as rep-
resented by the proposed model

5 Experimental Results

The performance of the proposed model in friction compensation has been tested
against a 5-element GMS model in the experimental setup shown in Fig. 5a. This
is a linear drive based on a permanent magnet linear synchronous motor. Here
the friction force comes from the four ball runner blocks sliding over linear guides.
More details about the particular system can be found in [14].

The controller is a state-space controller with full-state observer and integral
action where the friction model has been used for feedforward friction compen-
sation. A schematic representation of the whole control structure is shown in
Fig. 5b. Either the parameterization of function κ as well as the parameters of
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Fig. 5. Linear motor stage (a) and control structure (b) for the experiment

the proposed model are the same shown for the two-state model in [12], where
details about the parameters of the 5-element GMS model and the controller
itself can also be found.

In order to test the performance of feedforward friction compensation, rather
than the dynamic performance of the state-space controller, slow sinusoidal ref-
erences (6 s period) has been input to the control system. The first reference had
an amplitude of 5 mm, driving the system outside the presliding regime. The
maximum error for this trajectory reaches 12.5 µm for the GMS model and 9.8
µm for the single-state model. A period of the reference trajectory is shown in
Fig. 6a, and the error plots for this fragment are shown in Figs. 6b and c.
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Fig. 6. Tracking error in feedforward compensation for reference amplitudes of 5 mm
and 100 µm and maximum accelerations of 5.48 mm/s2 and 0.11 mm/s2 respectively

The peak errors are coincident with the points of zero velocity of the sinu-
soidal reference. Thus, in order to have a better view of this behavior, a lower
amplitude input of 100 µm has been tested. The maximum tracking error in this
case reaches 4 µm for the GMS model and 2.2 µm for the single-state model. A
period of the reference trajectory is shown in Fig. 6d and the error plots for this
fragment are shown in Figs. 6e and f.
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As pointed out in [12] the peaks exhibited by the error for the GMS model
seem to be associated to the abrupt changes of slope described by GMS model
in presliding hysteresis. As the proposed model exhibits a smooth change in
slope along hysteresis branches, this seems to be the cause for an improved
performance of the proposed model. However, when reference acceleration is
increased, which would increase the importance of the neglected term in Eq. (1),
the performance of the proposed model deteriorates as shown in Table 1. Here
are given values of maximum position error for friction feedforward using the
GMS (eGMS) and the proposed (eprop) model, as well as the relative difference
between both errors εe = eprop−eGMS

eGMS
. It can be seen that for accelerations up to

7.68 mm/s2 the use of the proposed model in friction compensation results in
maximum errors from 3.17% to 45% lower than those obtained with the GMS
model. However, for higher accelerations the maximum error is lower for the
GMS model.

Table 1. Maximum error for each model and relative difference between errors for
several references

A[mm] vmax[mm/s] amax[mm/s2] eGMS [µm] eprop[µm] εe[%]

0.05 0.052 0.055 2.7 2.2 −18.52

0.1 0.105 0.11 4 2.2 −45

0.25 0.262 0.27 4 3.2 −20

5 5.236 5.48 12.5 9.8 −21.6

7 7.33 7.68 15.75 15.25 −3.17

8 8.38 8.77 16.25 17 4.62

10 10.47 10.97 17 17.5 2.94

0.1 1.047 10.97 9.75 13 33,3

20 20.94 21.93 20 23.5 17.5

5 10.47 21.93 20.5 23.25 13.41

6 Conclusions

A single-state friction model has been proposed for feedforward friction compen-
sation, based on the two-state friction model in [12]. This single-state model is
capable of accurately represent the frequency-independent presliding hysteresis
with nonlocal memory, as well as the Stribeck curve

As done in [12] for the two-state model, the proposed single-state model has
been tested against the GMS model in feedforward friction compensation. In
fact, its performance has been tested for tracking of sinusoidal references on an
experimental setup consisting of a linear motor and compared to that of a 5-
element GMS model in the same conditions. The results display improvements
in maximum tracking error for accelerations of up to 7.68 mm/s2. For higher
accelerations the performance of the proposed model is below that of the GMS
model.
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Design of a Robotic Speech-to-Sign Language
Transliterating System
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Abstract. The present paper shows the work done on the design of a robotic
humanoid arm, whose objective is to perform the transliteration of sound lan-
guage, commonly used, to sign language, used by people with hearing disabil-
ities. It is proposed the use of a screw, coupled to hydraulic transmission, to act
on a pullets system on each finger and not keep the motor energized. Through a
dynamic analysis it has been obtained the necessary torque for each joint in the
arm to perform the correct movement of the servo motors. In addition to this, a
script has been made in order to do some tests for speech-recognition and an
Android application as a tool for an easier way to process it.

Keywords: Robotics � Speech recognition � Transliteration

1 Introduction

From the WHO (World Health Organization) terminology on disability, the group of
people with decreased hearing capacity can be restricted in two groups. The first
consists of people with hearing impairment, with a reduced hearing capacity that does
not affect their life significantly. Then, the second group consists of people who need
constant help on their daily living activities. This group is conformed of people with
hearing disability.

Hearing impairment exists because both congenital and acquisition causes (WHO).
In a related research, [1] it is mentioned that the percentage of hearing disability is 5%
of the world population (World Disability Report). The percentage of hearing
impairment is 0.8% of the Peruvian population. This is approximately 255,000 Peru-
vians according to INEI (National Institute of Statistics and Informatics, by its acronym
in Spanish).

Given this, a need to reduce the communication gap between people with hearing
disabilities and the majority of the population that uses voice-based language is raised.
For this purpose, CONADIS (National Council for the Integration of Peoples with
Disabilities, by its acronym in Spanish) suggests the implementation of a humanoid
robotic system that allows the interpretation of the voice language of a sign language
and vice versa. The present paper shows the progress obtained in the design of the
proposed arm.

© Springer International Publishing AG 2018
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2 Kinematic Analysis

In this section, the forward and inverse kinematics of the designed arm will be
performed.

2.1 Forward Kinematics

The forward kinematics problem is concerned with the relationship between the joints
of the robot manipulator and the position and orientation of the tool or end-actuator.
A common proceeding for selecting frames of reference in robotic applications is the
Denavit-Hartenberg convention, where each homogeneous transformation Ai is rep-
resented as a product of four basic transformations as Eq. (1) shows [2].

The robotic system is represented in Fig. 1a, where the second and fourth coor-
dinate frames has been attached to the previous one in order to do a good configuration
of the parameters for the Denavit-Hartenberg convention. The simulated model can be
observed in Fig. 1b, where it can be appreciated how the whole system is composed.

Ai ¼ Rotz;hiTransx;diTransx;aiRotx;ai ð1Þ

Fig. 1. Simulated model of the robotic arm.
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2.2 Inverse Kinematics

When performing inverse kinematics, different angular configurations that satisfy the
condition of getting to the desired coordinate points become available. To solve this
problem, it is necessary to make some restrictions. First, Eq. 2 calculates h1.

h1 ¼ tan�1ð� Y0
Z0
Þ ð2Þ

The next task is to find the angles h2 and h4. Figure 2a helps to have an idea of the
configuration of the arm in the new plane. The front view of the plane X1Z1 is shown in
Fig. 2b.

With this view, the existing geometric relations can be applied (Eq. 3).

R2 ¼ L22 þ L23 þ 2L2L3cosh4 cosh4 ¼ R2 � L22 � L23
2L2L3

¼ D

h4 ¼ tan�1ð�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� D2

p

D
Þ

ð3Þ

The sign will allow to choose between elbow up (+) or down (−) (Eq. 4).

a1 ¼ tan�1ð L3 sin h4
L3 cos h4 þ L2

Þ a2 ¼ tan�1ðX1

Z1
Þ

h2 ¼ p� ða1 � a2Þ
ð4Þ

The angles h3 and h5 are not relevant to define the final position.

Fig. 2. (a) Inverse kinematic. (b) Front view of the plane X1Z1
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3 Dynamic Analysis

Two subsystems were considered: one for the hand, which shows the movement of the
fingers, and the other for the arm, which involves since the shoulder to the wrist.

3.1 Hand

The proposed model of a hand has 3 degrees of freedom for the index, middle, ring and
pinky fingers, as shown in Fig. 3a. For the thumb, 2 links and an additional degree of
freedom are proposed.

The actuation of each finger is carried out by a worm screw (Fig. 3b), which rotates
piston 1 and piston 2 by means of fluid (Fig. 3c) to finally get movement in the system
of pulleys installed on each finger (Fig. 3a).

From Fig. 3b, the amount of the torque M necessary to move a load of weight F1,
can be obtained, depending on the average radius of the thread (using + sing in Eq. 5).
But whenever the angle ;s is greater than h, the screw will remain in its position
without needing a torque. In order to return the load, a torque of less intensity in the
opposite direction is necessary (using – sign in Eq. 5) [3].

M ¼ F1r tan ð;s � hÞ ð5Þ

By using Newton’s law in the plunger and conservation of energy in the fluid, some
differential equations can be obtained (considering A1 ¼ 2A2) [4].

The results of solving these equations will be the velocity at which the finger must
be actuated and is shown in Eq. 6.

_x2 tð Þ ¼
ffiffiffiffiffi
k3
k2

r
10

ffiffiffiffiffiffi
k2k3

p
t � 1

10
ffiffiffiffiffiffi
k2k3

p
t þ 1

 !
ð6Þ

Fig. 3. Schemes design (a) System of pulleys (b) Worm screw (c) Hydraulic transmission
system
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k1 ¼ 2m2

m1
k2 ¼ 3k1A2c

4m2gð2k1 þ 1Þ k3 ¼ k1A2F1 � k1A1F2 þ k1A1A2hpc
m2ðk1A1 þA2Þ

The speed was obtained by numerical derivation of 4 Taylor terms of a real data
obtained by image processing and was compared with the speed of Eq. 6 (Fig. 4).

Finally, the force F2 will be transmitted in the system of pulleys, generating a
tension of the same magnitude in all the points. In each case, crossed and normal
pulleys, the direction of the force will be obtained by working on its respective
coordinate system by a rotation matrix. Then, the restituting moment is calculated for
each link, according to our geometric arrangement (Fig. 5).

3.2 Arm

Euler-Lagrange equations, because of its mechanical and computational scalability for
complex systems, have been used for this study to get the dynamic model. Equation 7
shows how to form the Lagrangian of a system, which is necessary to determinate the
Euler-Lagrange equations [2].

L ¼ K � P ¼ L q tð Þ; _q tð Þ
� �

;K ¼
Xk
i¼1

1
2

vTi mivi
� �þ 1

2
xT

i Iixi
� �

;P ¼ �
Xk
i¼1

gTrcimi ð7Þ

Fig. 4. Comparison of the model and the Tylor terms

Fig. 5. Scheme of the fingers dynamics. (a) Crossed pulleys (b) Normal pulleys
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Then the Lagrange equation is (Eq. 8):

d
dt

@L
@ _qi

� �
� @L
@qi

¼ si tð Þ; 1� i� 5 ð8Þ

Being the Lagrange equation in matrix form (Eq. 9):

s tð Þ ¼ DðqÞ€qþCðq; _qÞ _q tð Þþ gðqÞ ð9Þ

4 3D Design

In the design of humanoid hands and hand prostheses there is usually a mechanism that
requires a motor to be permanently fed in order to maintain a fixed position of the
fingers [4]. Because of this, a power screw feed mechanism is proposed, which uses the
qualities of friction to transmit a torque and keep it without the need to maintain it.

In this type of systems, standard ACME threads are used due to their easy
machining. However, with the use of CAD software and a 3D printer, ABS high
resistance parts for small non-industrial systems can be designed and obtained.

The load will be transmitted by means of a fluid, in this case, water. This will take
advantage of Pascal’s principle to take better advantage of the high load that can be
handled and convert part of it into speed. In addition, this will allow to locate the
actuator at convenience. The only drawback would be the manufacture of the pistons.
However, it is preferred to use #3 and #5 syringes and a 4 mm pneumatic tubing.

The power screw assembly takes into consideration the resistance of the ABS in the
screw overhang, the ratio of angles for anti-return and the necessary advance in the
piston system (Fig. 6a).

Fig. 6. (a) 3D Design (b) Exploded view of the power screw assembly
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Finally, Fig. 6b shows the 3D design worked so far, it is appreciated that it is
possible to use the space corresponding to the trunk to locate the actuator screws and
their respective controllers.

5 Speech Recognition

In this section, we will describe the technique applied for speech recognition.

5.1 Speech Recognition Software

A first script for speech-recognition was developed in MatLab. This script consists of a
records an audio sample and chooses from a small database the best fitting word by
means of a simplified algorithm inspired in the Linear Predictive Coding (LPC) [5].

The script was trained with a small database of ten different words, which are the
numbers from 0 to 9 in Spanish. In the following table, the results of a brief testing is
shown (Table 1).

The testing shows an overall accuracy of 88.93%. Most of the errors came from
words that share a similar intonation. It was also observed that this system is heavily
affected by external noise. This result is a milestone that must be surpassed by other
software alternatives considered for this project.

A demo of an Android app that listens in real time and gives text output using the
Google Speech Recognition API® was mad. On the final version, this app will rec-
ognize each word and communicate with the processing unit, which will store the sign
language database.

5.2 Acquisition of Data for Sign Language Movement

The database which will contain information about the position and orientation of the
arms and the fingers.

For the arms, a motion capture platform was created. For the calculation of the
trajectory, the linear acceleration on each axis of the accelerometer must be obtained.
However, the readings have also a gravity component, which has to be filtered. For this
we will use Euler angles, obtained from the gyroscope (Eq. 10).

Table 1. Accuracy of the LPC speech recognition system developed in Matlab

Word Accuracy (%) Number of samples Accuracy (%)

0 ‘Cero’ 85.19 5 ‘Cinco’ 96.00
1 ‘Uno’ 100.00 6 ‘Seis’ 64.00
2 ‘Dos’ 96.15 7 ‘Siete’ 100.00
3 ‘Tres’ 72.00 8 ‘Ocho’ 96.00
4 ‘Cuatro’ 84.00 9 ‘Nueve’ 96.00
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R ¼
chcw s/shcw� c/sw c/shcwþ s/sw
chsw s/shswþ c/cw c/shsw� s/cw
�sh s/ch c/ch

2
4

3
5 ð10Þ

Where w; h and / are the yaw, pitch and roll angles respectively (Fig. 7).

Once the rotational matrix is calculated, it is possible to estimate and remove the
gravity component from the accelerometer readings (Eq. 11).

�al ¼ RT�aacc þ �g ð11Þ

Where �al is the linear acceleration, RT is the transpose of the rotational matrix, �aacc
is the vector measured with the three-axis accelerometer and �g is the gravity vector
measured in the reference frame of the ground (−9.81 k̂ was used).

With the linear acceleration, the velocity and position of the sensor is calculated
through numerical integration. Using a sample rate of 40 Hz, an example of a calcu-
lated trajectory is shown in Fig. 8.

Fig. 7. Illustration of the orientation angles [6]

Fig. 8. Expression ‘Good Morning’ (a) Real gesture in the Peruvian sign language. (b) Trajec-
tory obtained with the inertial sensors of a smartphone
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It is expected to complete a database of 200–300 words for the Peruvian sign
language. Is also possible to build similar databases for other sign languages. In the
future is also planned to redo the process with an Inertial Measurement Unit (IMU) in
order to improve accuracy.

6 Conclusions

Our design uses 3D printing to manufacture hard machined parts, which allow a
mechanical locking system to be used to reduce energy consumption. For the move-
ment of the fingers the number of variables to be controlled from 3 angles of each
phalanx to an angle of rotation in the motor was reduced by means of the use of
conductive pulleys and hydraulic transmission.

A mobile app will be used for real-time speech recognition. A database for
hand-sign language will be built using motion capture for the arms movement, and
manual input in a transcripting software for the hand shapes.
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Abstract. Industrial manipulators must be robust with regard to man-
ufacturing tolerances and uncertainties. This paper presents a study of
the effects of geometrical uncertainties of a planar parallel manipulator
on its kinematic performance and robustness, regarding possible failures.
The parallel manipulator under study is a 3RRR, which is composed of a
single end-effector connected to the ground by three identical kinematic
chains. Each kinematic chain is composed of two passive and one active
revolute joints. Among others, parallel manipulators may suffer from
two important failures: when the end-effector reaches (i) the workspace’s
limitation and (ii) a singular region. Both failures can be assessed by
calculating the inverse of the condition number of the Jacobian matrix.
In order to evaluate geometrical uncertainties, a Monte Carlo simulation
is performed to estimate the probability of both types of failures. Failure
Maps are depicted by plotting the probability of failure on the workspace,
exhibiting the most affected regions. Based on this information, a robust
inverse critical condition number is proposed. This information can be
exploited for robustifying the control design and the motion planning of
parallel manipulators.

Keywords: Parallel manipulators · Condition Number · Failure Maps ·
Monte Carlo simulation

1 Introduction

Whilst parallel manipulators (PKMs) can present higher dynamic performance
[1], reach improved motion/force transmission rates [2] and be more energy
efficient [3,4] than serial manipulators, the presence of singularities in their
workspace can jeopardize its practical applicability. Strategies for dealing with
this limitation have been addressed by the scientific community. Among them,
one can highlight the exploitation of singularity-free paths [5,6] and the use of
kinematic redundancies [7,8].

Considering the presence of singularities in the workspace of PKMs as an
important drawback, the assessment of their existence is essential during their
c© Springer International Publishing AG 2018
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design. Singular regions should be avoided and considered during control design
and motion planing of PKMs. Cha et al. [9] have concluded that the Condition
Number (CN) of the Jacobian matrix can be used to evaluate the closeness of
the end-effector and a singularity. In fact, while the CN → 1 indicates that the
end-effector is not near a singular configuration, CN → ∞ indicates that the
end-effector is close to singular regions.

Parametric uncertainties can be found in these manipulators due to their
manufacturing process. These geometrical uncertainties may impact their per-
formance. In this way, strategies for robustifying their performance require the
assessment of the impact of relevant geometrical uncertainties. Few approaches
for addressing this issue have been proposed in the literature. For instance, Mer-
let [10] developed and exploited Interval Analysis for studying uncertainties in
robotics. Real applications were addressed by them. The main disadvantage of
using Interval Analysis for evaluating the impact of uncertainties in the manip-
ulator’s performance is caused by the accumulation of the errors. Due to this
issue, unrealistic intervals can be found [11]. This can be overcome by math-
ematically treating the equations [10], which might impose difficulties for this
kind of study.

In this way, works on failures caused by uncertainties in robotics could bring
relevant results to the field of mechanism and machine design. In this work,
the main objective is to evaluate the impact of geometrical uncertainties on the
failures due to singularities of a planar parallel manipulator, the 3RRR. This
manipulator, illustrated in Fig. 1, is composed of three identical kinematic chains
with one active (R) and two passive (RR) revolute joints. The proposed study is
carried out by evaluating the CN under some possible geometrical uncertainties.
The variability of the CN under these uncertainties can be approximated by a
normal distribution according to Monte Carlo simulations. Using this fact, the
probability of failure of a kinematic configuration can be calculated and depicted
on the workspace.

Passive rotative joints

Active rotative joints

Links

End effector

Fig. 1. Illustrations of the non-redundant manipulator 3RRR.

The rest of the manuscript is organized as it follows. Sections 2 and 3 describe
the kinematic model of the 3RRR manipulator and the failure modes, respec-
tively. Section 4 describes the methodology for evaluating the uncertainties and
the probability of failure. Numerical results are discussed in Sect. 4. Conclusions
are drawn in Sect. 5.



Robust Critical Inverse CN for a 3RRR 287

2 Kinematic Model

In this section, the kinematic model of a 3PRRR manipulator, illustrated in
Fig. 2, is presented. This manipulator presents an extra active prismatic joint in
each kinematic chain. By actuating these joints, the system became kinematically
redundant [8]. In this work, the kinematic redundancies are not addressed. So,
the kinematic model of the non-redundant manipulator 3RRR considers γ1 = 0,
γ2 = 120◦, γ3 = −120◦ and ζ1 = ζ2 = ζ3 = 0.

Fig. 2. Geometrical scheme of the 3PRRR manipulator

Using the inverse kinematic model one can calculate the active joints’ inputs,
Θ = (θ1, θ2, θ3), for a given end-effector’s pose (configuration), X = (x, y, α).
The parameter a represents the distance between the workspace center and the
center of the linear guides. The distance of the center of the end-effector to Ci is
h. The lengths of the links are given by l2i (AiBi) and l3i (BiCi ), according to
Fig. 2. The angles θi and βi represent, respectively, the orientation of the links
AiBi and BiCi. Since ‖rCi − rBi‖ = l3i, θi can be related with x, y and α by
the following geometrical constraint:

∥
∥
∥
∥

ρxi − l2i cos(θi)
ρyi − l2i sin(θi)

∥
∥
∥
∥

= l23i, (1)

where ρxi and ρyi can be found by:
[

ρxi

ρyi

]

=
[

x
y

]

+ h

[
cos(α + γi ± π

2 )
sin(α + γi ± π

2 )

]

− a

[
cos(γi ± π

2 )
sin(γi ± π

2 )

]

. (2)

Using the definition of the Euclidean norm, Eq. 1 can be rearranged:

ρ2xi + ρ2yi + l22i − l23i − 2l2i(ρxi cos(θi) + ρyi sin(θi)) = 0. (3)
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The active joints’ inputs can be calculated by applying the Weierstrass Sub-
stitution to Eq. 3, yielding:

θi = 2arctan

(

−ki3 ± √

k2
i2 + k2

i3 − k2
i1

ki1 − ki2

)

, (4)

where
ki1 = ρ2xi + ρ2yi + l22i − l23i, (5)

ki2 = −2l2iρxi, (6)

ki3 = −2l2iρyi. (7)

And, βi can be calculated by:

βi = arctan
(

ρyi − l2i sin(θi)
ρxi − l2i cos(θi)

)

. (8)

As aforementioned, the CN of the Jacobian matrix is a valuable information
for identifying the singular regions. The Jacobian matrix J is obtained by the
relation J = A−1B, where the matrices A and B are found by:

AẊ = BΘ̇. (9)

The singularities occur when matrices A and/or B are singular. These matri-
ces can be calculated by taking the time derivation of the geometrical constraint
given by Eq. 3, yielding:

ẋl3i cos(βi)+ ẏl3i sin(βi)+ α̇l3ih sin(βi −γi −α± π

2
) = θ̇il2il3i sin(βi − θi). (10)

This expression can be rewritten in the matrix format AẊ = BΘ̇, yielding
the following matrices:

A =

⎡

⎣

l31 cos(β1) l31 sin(β1) l31h sin(β1 − γ1 − α ± π
2 )

l32 cos(β2) l32 sin(β2) l32h sin(β2 − γ2 − α ± π
2 )

l33 cos(β3) l33 sin(β3) l33h sin(β3 − γ3 − α ± π
2 )

⎤

⎦ , (11)

B =

⎡

⎣

l21l31 sin(β1 − θ1) 0 0
0 l22l32 sin(β2 − θ2) 0
0 0 l23l33 sin(β3 − θ3)

⎤

⎦ . (12)

3 Failure Modes

In this section, details on the failure modes are given. Parallel manipulators
may suffer from two important failures, when the end-effector reaches: (i) the
workspace’s limitation and (ii) a singular region. In this way, the definitions of
workspace and singular regions are firstly given. Then, the failure modes are
introduced.
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3.1 3RRR’s Workspace

The 3RRR workspace is determined by the union of all reachable configurations
of the manipulator’s end-effector [12,13]. For each chain, both outer and inner
radii are defined by the maximum (max|AiD|) and minimum (min|AiD|) reach-
able distances, respectively. In this way, the workspace is delimited by ring-shape
regions. The value of AiD is determined by:

−−→
AiD = li2

[
cos(θi)
sin(θi)

]

+ li3

[
cos(βi)
sin(βi)

]

+ h

[
cos(α + 30◦)
sin(α + 30◦)

]

. (13)

Subsequently, the ring-shape region of the ith chain is represented by RSi.
The 3RRR workspace (WS) is obtained by the intersection between the three
ring-shape regions of each kinematic chain. The nominal workspace is the set
of all end-effector’s reachable configurations built with the nominal parameter
values.

3.2 Singularity Regions

The CN of the Jacobian matrix approaches infinity as the manipulator approx-
imates a singularity [9]. Conversely, it approaches an unity value as the manip-
ulator moves away from the singularities. The CN of a matrix F is the ratio
between the maximum σmax and minimum σmin singular values of F:

CN(F) =
σmax

σmin
. (14)

Alternatively, the inverse condition number (iCN) can also be used to the
identification of singular regions. In singular configurations, iCN = 0. In fully
isotropic positions, iCN = 1 [9]. This number can be calculated as the inverse
of the CN :

iCN(F) =
1

CN
=

σmin

σmax
. (15)

Singularity regions in the workspace are related to the matrix A as discussed
in [9]. As the A is not dimensionally homogeneous due to the presence of trans-
lational and rotational degrees of freedom, an evaluation of its iCN may provide
imprecise results. To overcome this situation, A must be normalized, using the
characteristic length L [14]. In [15], a convenient characteristic length is pro-
posed for a 3RRR manipulator, L =

√
2h. The normalized matrix A is found

by dividing the third column of A by L. In this work, the iCN of matrix A is
exploited for assessing the singularities inside of the manipulator’s workspace.

3.3 Failure Modes

In order to define the failure modes, one should define a bound for the iCN . This
bound is the limit where the end-effector’s configuration can approach without
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having any substantial decrease in its accuracy/performance. In this manuscript,
this bound is defined as the critical inverse condition number (CiCN). Its value
is task dependent. Moreover, due to uncertainties, the manipulator may present
failure modes. Regarding geometrical uncertainties, two failure modes are inves-
tigated:

Failure (i) or WS Failure: happens when the real iCN is null (iCN = 0),
i.e., when the end-effector reaches the workspace’s limits or a singularity due to
uncertainties.

Failure (ii) or iCN Failure: happens when the real iCN is greater than zero
and lower or equal to the CiCN (0 < iCN ≤ CiCN), i.e., when the manipulator
is not in a singularity, however, it violates the CiCN due to uncertainties.

4 Methodology

This section presents the methodology for deriving the Failure Maps and the
Robust Critical Inverse Condition Numbers (RCiCN), which identifies the value
of iCN where the probability of failure is null.

As aforementioned, in this manuscript, the geometrical uncertainties of the
length of the links are evaluated. The length of each link is assumed to present
a Gaussian distribution. For evaluating the impact of these uncertainties at dif-
ferent end-effector’s pose, the workspace was divided in a grid with p possible
end-effector’s positions (x, y). At every possible position, g possible end-effector’s
orientations (α) have been evaluated. In this way, a Failure Map is depicted for
each end-effector’s orientation. The values of p and g should be selected accord-
ing to the task and accuracy’s requirements. For each end-effector’s position at
the workspace’s grid, a Monte Carlo simulation is performed with ns simula-
tions. This is done by randomly selecting the lengths of the six links, according
to a probability distribution function.

Once the Monte Carlo algorithm is finished, a great amount of data is
obtained. Since the failure probability depends on the CiCN value, its imprac-
tical to access all data and compute the failure probabilities when the task and
the CiCN change, especially in real-time applications. Thus, an alternative is
to fit the data by a probability distribution function.

Figure 3 shows the histogram of the iCN for a given end-effector’s pose (x =
0.15 m, y = 0.15 m e α = π/3). The occurrences of iCN = 0 illustrate the
incident of WS Failure. The occurrences of 0 < iCN ≤ CiCN , the iCN Failure,
follow a probability distribution function, similar to a Gaussian distribution. The
iCN and WS Failures are depicted in Fig. 3.

The probability of the occurrence of the WS failure, PWS , can be calculated
for each position at the grid by the ratio between cwsf and ns, where cwsf is the
number of simulations in which iCN = 0. The probability of the occurrence of
a iCN Failure, PiCN , can be calculated by:

PiCN = (1 − PWS)
∫ CiCN

0

f(x)dx, (16)



Robust Critical Inverse CN for a 3RRR 291

0 0.02 0.04 0.06 0.08 0.1 0.12
iCN

0

0.05

0.1

0.15

0.2

0.25

0.3

Pr
ob

ab
ili

ty

WS Failure iCN Failure

Fig. 3. The occurrences of WS Failure and iCN Failure. The red line represents the
CiCN. (Color figure online)

where f(x) = 1

σ
√

(2π)
e− 1

2 (
x−μ

σ )2 is a probability distribution function that

describes the distribution of the iCN Failure. In our simulations, the Gaussian
distribution provided good results for the failure probability. For each position
of the grid at the workspace, it presents a mean μ and a standard deviation σ.
The probability of failure Pf for both failure modes for each position at the grid
is obtaining by:

Pf = PWS + PiCN . (17)

While the Gaussian distribution is comprehended in the interval ]−∞,+∞[,
the iCN varies from 0 to 1. Thus, an approximation error is resulted from Eq. 16,
since the distribution’s tails were neglected. However, in approximately 98.3% of
all configurations, this error was insignificant. In the remaining samples, where
the error was not superior to 0.10, the term (1 − PWS) was so small that the
probability of failure Pf had no significant changes. Failure Maps are depicted
by plotting Pf at each position at the grid on the workspace. The precision of
the failure probability is directly related with ns. As ns approaches infinity, the
WS failure probability approaches to its exact value.

5 Numerical Results

The manipulator’s nominal parameters are li2 = 0.191 m, li3 = 0.232 m, h =
0.0597 m and a = 0.2598 m. The random variables li2 and li3, i = 1, 2, 3,
are sampled according to two Gaussian distributions: N (0.191, 0.0006) and
N (0.232, 0.0006), respectively. The grid was built using g = 5 and p = 0.005 m. In
this way, the grid had 108 × 108 positions. Five orientation values, α, were inves-
tigated −30◦, −15◦, 0◦, 15◦ and 30◦. During the Monte Carlo simulations, 40, 000
different combinations of the links’ length for each position at the grid were eval-
uated. The CiCN was defined as 0.1.
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Fig. 4. The iCN maps for different values of α: (a) α = −30o, (b) α = −15o,
(c) α = 0o, (d) α = 15o and (e) α = 30o

Figure 4 shows the values of iCN for each position at the grid on the
workspace, the iCN Map. For each value of α, a map is depicted. The iCN
values were calculated using the nominal parameters. The three circles in the
workspace represent unreachable regions. One can observe that higher values of
iCN are located in the center of workspace. The regions with lower values of
iCN are represented in dark blue. Another interesting aspect is the contribution
of α to the iCN map. For instance, the regions with low values of iCN of the
maps for α = −30o (Fig. 4(a)) and for α = 30o (Fig. 4(e)) are located in different
regions of the workspace.

Figure 5 depicts the Failure Maps, considering both WS and iCN Failures,
for several values of α. It is possible to note that some configurations are very
sensitive to the geometrical uncertainties. In fact, some of them present Pf > 0.5.
The comparison between the iCN Maps and the Failure Maps, Figs. (4 and 5),
shows that the probability of failure is higher near singular regions.

The definition of a Robust Critical Inverse Condition Number, denoted as
RCiCN , can be useful during the design of control systems and planning the
execution of trajectories. This number reveals the regions that are free of any
kind of failure. The RCiCN can be found by identifying the maximum iCN
value for all configurations that present any kind of failure during the Monte
Carlo simulations. Considering that, configurations with iCN > 0.5311 are free
of the WS Failure and iCN > 0.5310 are free of the iCN Failure. In this case,
one can define that the RCiCN = 0.5311. One should notice that the RCiCN
depends on the number of investigated configurations. As the number of possi-
ble configurations and the Monte Carlo samples approach infinity, the RCiCN
approaches its exact value.
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Fig. 5. Failure maps for different values of α. (a) α = −30o, (b) α = −15o, (c) α = 0o,
(d) α = 15o and (e) α = 30o.

6 Conclusions

This paper presented a method for determining a robust critical condition num-
ber for a planar parallel manipulator under geometrical uncertainties based on
Failure Maps. A Monte Carlo simulation is performed to evaluate the impact
of the geometrical uncertainties in the 3RRR manipulator’s conditioning. Two
failure modes were considered: when the end-effector reaches (i) the workspace’s
limits or singularities and (ii) singular regions. The mathematical approach for
assessing both failures was described. By plotting the probability of a failure
on the workspace, Failure Maps can be depicted, showing that the regions with
higher failure probability are located between well and ill-conditioned regions.
Moreover, a robust critical condition number was computed for each failure
mode. This information can be exploited for robustifying the control design and
the motion planning of parallel manipulators.
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Abstract. Robot manipulators are essential in tasks in which speed, accuracy
and repeatability are required. As the increasing of data needed (end effector
posture, speed and acceleration) to complete a specific task, the robot offline
programming is necessary. But, the biggest issue around these procedures is the
difference between the nominal robot model and the real one. So, the calibration
of these kinds of mechanisms is important. This paper presents an alternative
way to represent the kinematic model through screw theory and its calibration,
considering joint offsets and link deviation. The simulation result shows, for
each kinematic parameter, values which reduce the end effector posture error of
a serial manipulator.

Keywords: Robot calibration � Screw theory � Robot clearances � Link
deviation � Robot screw kinematic model

1 Introduction

Robot manipulators can be programmed in two ways: online and offline programming.
The first procedure is used by 90% of industrial robots, which position and orientation
accuracy is not relevant comparing to its repeatability, according to [16]. The second
procedure is based on simulating robot postures in terms of its kinematic model.
Unfortunately, the nominal model is different from the real, because of geometric and
non-geometric errors in the mechanism [12].

Geometric errors are caused by joint and link offsets. The first is related to the
difference between joint transducer information and actual joint angle displacement.
The second is related to manufacturing errors. Non-geometric errors are caused by joint
and link compliance, clearance, backlash and friction. Among all of these error causes,
the geometric errors are responsible for 95% of the robot posture errors [6, 12]. To
reduce the end effector (EE) slop, a calibration procedure can be made.

Robot calibration consists in estimate kinematic model parameter to reduce posture
deviances caused by joint and link errors [27]. This process is fragmented in four steps:
Modeling, measurement, estimation and implementation [6, 12–14].

• Modeling
The kinematic model is commonly formulated by Denavit-Hartenberg (DH) con-
vention [1, 13, 14, 19, 21, 27], but the screw based model has some advantages over

© Springer International Publishing AG 2018
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DH convention as described in [17]. The base frame can be located arbitrarily, and
the Jacobian is formed by normalized screws directly after the Rodrigues param-
eters identification [4, 23].
While clearances, joint offsets and link tolerances are represented as variations in
DH parameters, in a screw model, they can be considered as virtual joints of
revolute or prismatic kinematic pairs [11].

• Measurement
In this step, a contact or noncontact measurement machine is used to get the EE
posture with high accuracy. The most common contact equipment is the coordinate
measuring machine with cartesian or anthropomorphic (measuring arm) configu-
ration. The noncontact ones have many varieties, like laser tracker, laser scanner,
cameras and indoor positioning systems [15].
At the stage of this work a measure machine was not used, instead, a simulation of
robot postures was implemented with joint and link offset. Also, as there are
infinities robot configuration for measurements possibilities and the identification
parameters depend on them, optimal measurement configurations are interesting to
consider. Some researchers have already done this analysis [10, 14] for a 6° of
freedom anthropomorphic robot based on optimality conditions [22]. The result of
Klimchik [10] was implemented in this work.
The set of data obtained by forward kinematic is applied to the next step to estimate
kinematic parameters.

• Estimation
In the first simulation step, the postures are generated considering predefined sys-
tematic and random errors for revolute virtual joints and only systematic errors for
prismatic virtual joints. The systematic errors represent a fixed deviation in joint
variables, caused by the robot home position readings by encoders and link man-
ufacturing errors. The random ones, for joints, represent those errors sources which
change along the robot movement and for different configurations, like joint
compliance, clearance, backlash and friction. For links, these random errors rep-
resent link compliance caused by thermal and gravitational effects, which was not
considered in this work.
After the error posture acquisition the kinematic parameters can be estimated
through linear or non-linear least square minimization [4].

• Implementation or correction
After the parameter identification the robot posture is corrected changing its kine-
matic parameter in controller, compensating joint variables or the desired path [24,
26]. This step is implemented on forward kinematic simulation.

2 Kinematic Robot Modeling

The first step for the calibration simulation is defining the robot kinematic model.
A serial robot with 6 revolute joints is modeled with joint and link offset as illustrated
in Fig. 1.
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Each joint has its angular offset and its consecutive link offset. For joint 1 the
notation J1rz represents a revolute virtual joint in z axis and J1pz, a prismatic virtual
joint in z axis, while J1 is the nominal joint representation.

For the EE posture simulations, a set of robot configuration is defined first and for
each configuration another set of random values are applied for each virtual joint,
considering a predefined systematic errors for each one. For the random values, a
uniform distribution is considered and its boundaries are set to be at least a hundredth
of degrees in comparison to systematic errors of virtual revolute joint.

With those predefinitions the EE postures are obtained by Successive Screw Dis-
placement (SSD) [23, 25]. It differs from DH in its input parameters to form the
homogeneous transformation matrices and the screw frames. While DH needs four
parameters constant, the SSD needs two vectors and two constants for each joint. The
vectors are the screw axis and its inertial moment from the reference frame when
kinematics analysis is considered [2]. The other constants are the rotation and trans-
lation screw movements. Also, in DH, joint frames are settled accordingly to the robot
configuration and each frame is defined from the previous frame, except for the base
frame.

In the transformation matrices in SSD, each screw frame is relative to the base
frame and not from the previous as DH convention [23].

The joint and link offsets are estimated through to posture errors which were
measured through this simulation. The next section details the identification parameter
procedure with nonlinear least square optimization.

3 Screws Parameters Identification

The main difference between conventional inverse kinematics and the procedure used
to calibrate the robot is the Jacobian matrix and error posture vector. While the goal of
conventional approach is to move the actual EE posture “p” to a desired one, estimating
joint variables “q”, the calibration consists in estimate joint variables or screw
parameters that minimize posture error for all robot configurations in the workspace.
This process is called Absolute Accuracy Calibration [7].

To find a good approximation, three steps have to be made: Objective function,
parameter estimation and EE posture update.

Fig. 1. 6R spatial robot with joint and link offsets
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3.1 Objective Function

The problem begins with the nominal robot model and its posture, defined by forward
kinematic, as in Eq. (1).

P = Tn � R0 ¼ R p
0 1

� �
ð1Þ

where Tn stands for the matrix from successes screw displacement of all joint screws,
as in Eq. (2).

Tn ¼
Yn
i¼1

Ai ð2Þ

Each transformation matrix Ai is formed by screw parameters (s; s0; h; t) [23]. The
vector s is the screw normalized axis; s0 is a coordinate in s relative to a reference
frame; h is the angular rotation of s and t, a translation movement in the same direction
of s. The matrix R0 is a homogeneous matrix composed by an identity matrix and EE
position of robot zero position, e.g. all joint variables are in its zero reference (q = 0).

The row, pitch and yaw angles Eq. (3) are calculated from orientation matrix R
from Eq. (1) [23].

h ¼ R P Y½ �T ð3Þ

Now the EE posture error is determined with the nominal and nominal plus virtual
joints robot model. So, a matrix error Eq. (4) is formed for all robot configurations.

ei ¼ hsi
psi

� �
� hi

pi

� �
¼ ehi

epi

� �
ð4Þ

The variable hsi stands for i-th simulated EE orientation and hi is the i-th EE
orientation provided by analytical forward kinematic as in Eq. (1) and similarly for EE
position.

The objective function (O.F.) to be minimized is defined in Eq. (5):

O:F: ¼
Xm
i¼1

epi
�� ��2 1

W2 þ
Xm
i¼1

ehik k2 ð5Þ

where O.F. is the function to be minimized subject to virtual joints variable limits
specified in Sect. 4. As the O.F. sums errors with different units (mm and radians),
which is inconsistent in engineering point of view, a constant “W” is applied to the
position errors [18] with the same unit and its value is defined on simulation varying
from 0.01 to 100. This constant value is chosen according to the parameter estimation,
also described in Sect. 4.
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3.2 Parameter Estimation and Posture Update

At this stage an advantage of screw modeling over DH is observed. Each Jacobian
column is a joint screw, while in DH notation, is a parameter (d, a, a, h) [20] related to
link frames translation and rotation. So the Jacobian based on screw can be separated in
nominal and virtual joints as in Eq. (6).

_p ¼ Jv _qv þ Jn _qn ð6Þ

The subscripts “v” and “n” stand for virtual and nominal, respectively. So, the
virtual joints are considered as the unique error source, and it is equivalent to consider
all remain nominal joints as a rigid structure. So, the minimization finds just the virtual
joints parameters with a non-linear least square function from MatLab program
(lsqnonlin).

The function output provide these virtual joint values which is compared with those
predefined in the first simulation step, when a forward kinematic was made with
systematic and random errors. This comparison measures the estimation quality. In real
experiments, the systematic error is unknown, but this previous analysis guarantees the
calibration procedure effectiveness.

The next section presents simulation results for an anthropomorphic robot con-
sidering real dimensions of an ABB IRB 1600 robot.

4 Calibration Simulation of an Industrial Robot

This section presents the steps for calibration simulation for an industrial robot con-
sidering a set of optimal robot measured configurations suggested by [10], described in
Table 1.

Some researchers suggest 40 to 60 robot configuration to do the calibration [9, 14]
achieving position EE errors (Euclidean distance) mean from 0.9 to 1 mm with stan-
dard deviation of 0.3 to 0.5 mm when kinematic calibration is implemented, and when
link compliance is considered, the final robot error postures achieve 0.364 mm. These
values are adopted as the reference to achieve this work.

Table 1. Optimal measurement for calibration [10]

Joint coordinate Configuration 1 Configuration 2 Configuration 3 Configuration 4

q1 −90° 0° 90° 180°
q2 −30° −60° −90° −120°
q3 90° −90° −90° 90°
q4 0° 180° 90° −90°
q5 120° −120° −60° 60°
q6 −120° 120° 60° −60°
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For the first simulation step it is necessary to determine posture errors varying joint
and link offsets and its uncertainty range or standard deviation, which is defined in the
next subsection.

4.1 Sensitivity Analysis

In order to predict the virtual joint uncertainty in terms of those related to EE positions,
a sensitivity analysis is made. The forward kinematic is implemented choosing these 4
optimal configurations. For each of them it is added four configurations chosen ran-
domly in uniform distribution with a limit of ±30°. Also, each configuration is repe-
ated 10.000 times. All this process is done for different uniformly distributed values of
revolute virtual joint uncertainty.

These uncertainties are added in the screw parameter (h) without joint and link
offset (systematic error). The results are shown in Fig. 2 for standard deviation position
error caused by only virtual revolute joints.

Considering a standard deviation of 0.5 mm, the equivalent in each Cartesian
coordinates is 0.287 mm. From Fig. 2, the limits for random values for virtual revolute
joint are �8:946 � 10�4 rad or �0:051� and it is used in the next step.

4.2 Posture Error Simulation and Offset Estimation

The screw parameters (h, t) are defined at this step. The systematic error in revolute
joints (joint offset) appears despite the method implemented in industrial robots to
calibrate the encoder’s zero position, also called revolution counters update [7],
depends on operators visual capability. These two parameters are defined in Table 2.

Fig. 2. Sensitivity analysis
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The systematic error for prismatic virtual joints (link offset) is chosen according to
ISO 2768 [8], which specify general tolerances for linear dimensions. The reference
adopted for linear dimension is the largest robot link (600 mm). So, the linear fine
tolerance that covers this dimension is ±0.3 mm. For revolute virtual joint, the sys-
tematic error is based on the largest joint offset estimation from [5]. Also, the objective
function in Eq. 5 has its constraints equations based on the range of [−1.21°, 1.21°] for
joint offset and [−0.3 mm, 0.3 mm] for link offset. With these assumptions, the forward
kinematic can be evaluated as in sensitivity analysis, but with 3 replication for each
configuration, totalizing 60 robot configurations. The measurement noise is defined
as ±0.013 mm for a measure arm system [3].

After the posture simulation, these data are used to estimate the systematic errors
from virtual joints (offsets). In practice, these offsets are unknown. The estimation
results are shown in Tables 3 and 4 considering different weights for the objective
function.

From Table 3 the result is similar to other works [9, 14], emphasizing object
function advantage on considering position and orientation error and pondering it. The
possible weights to use in real calibration are (0.1; 1; 10; 100) resulting in minors
Euclidean distance error.

Finally, Table 4 shows the effectiveness of virtual joints estimation. For all revolute
joints the approximation error was less than 1 lrad, except for joint 6, and for pris-
matic, around 30 lm, less than tolerance considered.

Table 2. Screw parameters (h, t) for virtual joints

Virtual joint Systematic Random

Revolute 1.210° ±0.051°
Prismatic 0.300 mm 0

Table 3. Selection weight (W) for the object function

W Position error [mm] Euclidian Orientation error [°] [Dimensionless]
ex ey ez Distance error [mm] eRow ePitch eYaw Obj. Func.

0.01 0.171 0.198 0.250 0.421 0.550 0.028 0.022 3:122 � 108
0.1 0.171 0.198 0.250 0.421 0.042 0.028 0.022 31219:6
1 0.171 0.198 0.250 0.421 0.026 0.029 0.022 3:122
10 0.172 0.197 0.253 0.423 0.030 0.040 0.040 3:141 � 10�4

100 0.200 0.199 0.251 0.440 0.036 0.039 0.047 4:269 � 10�8
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5 Conclusions

This work deals with a calibration procedure considering screw theory in the kinematic
model. In the beginning a simulation process is made to get end effector postures for a
set of robot configurations with virtual joints representing joint and link offset, con-
sequently a posture error is evaluated with nominal postures. These errors are used to
estimate the virtual joints parameters. In the estimation process, joint parameters are
found with a non-linear least square minimization.

The results show that the quantity of robot configuration was enough to estimate the
joint and link offset error providing reasonable posture errors comparing to similar
works with the same robot model.

With screw kinematic modeling it is possible to separate those virtual joints, which
simulate posture source errors from nominal joints reducing the number of parameters
to be estimated, comparing to conventional methods, as DH.
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Abstract. Autonomous robots have allowed automation of a wide range
of environmental monitoring processes, these include spatial extension
mapping, remote sensing and acquisition of environmental data. Among
these applications, the acquisition of environmental data has received
a growing interest because of its scientific and social importance. The
collected information could be air pollution data to evaluate air quality
or impacts of environmental disasters, or humidity and speed of winds
data to evaluate quickly and directly climate anomalies. Motivated by
fast paced advances in this priority area, this work develops and compares
the most used techniques of path planning in autonomous robots under
physical constraints of environmental monitoring.

Keywords: Autonomous robots · Environmental monitoring · Pollution
detection · Path planning

1 Introduction

Air quality is determined based on the concentrations of some pollutants, such
as ozone, carbon monoxide, sulfur oxides, nitrogen oxides and lead. At present
the levels of concentration of these pollutants are very high mainly in big cities,
which implies a risk in human health and a latent risk of environmental disaster.
Therefore, the monitoring of pollutants is the basis for effective prevention and
treatment of accidents and environmental disasters.

The environmental monitoring systems have been developed in two distinct
manners. The first approach consists of a fixed network of sensors which collect
measurements in order to plot environmental profiles, this scheme requires fixed
data collection nodes which imply expensive assembly, complex protocols of com-
munication and coverage area limitations. The second approach involves the use
of mobile monitoring systems equipped with appropriate sensors, which allows
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a more dynamic, flexible and adequate solution to plot environmental profiles.
With this scheme, the coverage area ceases to be a limitation because it can
be modified without higher costs, although a multi-robot cooperative solution
could be better depending on coverage area size.

According to [1–3], unmanned aerial vehicles (UAVs) are commonly used as
mobile monitoring systems due to good results obtained in multiple tests. This
promotes the development of new methods oriented to improve the autonomy of
UAVs considering the restrictions that each application implies.

The organization of the paper is as follows. Section 2 shows the develop of var-
ious methods of path planning based on the traveling salesman problem (TSP).
Results are presented in Sect. 3, which includes comparison tables of compile-
time and travel distances and Sect. 4 presents the final conclusions and future
works.

2 Path Planning Based on TSP

Complex maps reduction problem for autonomous robots applications has been
mentioned in several works [6–13] for building up simple discrete maps that allow
to use techniques based on graphs so as to improve response time and reduce
stored data. In environmental monitoring applications, maps can be defined as
polygons in open spaces without walls or obstacles.

A discrete map is defined as a graph G = (V (G), E(G)) where V (G) are
the vertices of the graph and E(G) are the edges of the graph. These maps
have allowed the advance of many areas of robotics, such as navigation based
on Graph-SLAM [4,5] or the establishment of communication policies between
cooperative systems [3,5]. For this work, we will use the Hamiltonian cycles for
navigation, this problem is also known as the traveling salesman problem (TSP).
A graph G is Hamiltonian if there exists at least one cycle containing all vertices
of V (G).

The TSP can be defined as the shortest Hamiltonian graph of G with a
matrix cost D = [dij ], dij is the distance between the vertices i and j, dij = ∞
in case they have no connection or i = j. Let L = [1, 2, .., n] be a Hamiltonian
cycle of the graph G, l ∈ L a stretch of the path and Xxyl is defined in Eq. 1.

Xxyl =
{

1 If l goes from i to j
0 else (1)

Since Eq. 2 is the cost function to be optimized in the TSP.

min Z =
∑
i∈V

∑
j∈V

dijXijl (2)

Subject by the following restrictions:
∑
i∈V

Xijl = 1, i = 1, 2, .., n ∧
∑
j∈V

Xijl = 1, j = 1, 2, .., n (3)



Comparative Study of Autonomous Aerial Navigation Methods 307

Equation 3 indicates that each vertex is allowed to reach a single previous
vertex and a single next vertex. Also, remember the solution must be a Hamil-
tonian cycle. There are several algorithms that solve the TSP in reasonable time
but without guaranteeing the optimal route and vice versa [6].

According to [6], heuristics methods use favorable rules to locate the best
solution in a limited exploration because local minima, among them highlight
the Lin-Kernigham and 2-opt algorithms. While meta-heuristics depend on ini-
tialization values, but thanks to their inner movements they can escape from
local minima, among them highlight the genetic and ant colony algorithms.

In the following subsections, we present a concise review of most used meth-
ods to solve the TSP.

2.1 Ant Colony Algorithm

Based on the natural behavior of ants, it is a probabilistic technique to find
optimal solutions by making a positive or negative feedback on any solution
found before, so the route with more pheromones (positive reinforcement) will be
the most traveled, the algorithm contemplates a pheromones dissipation model
in order to avoid local minima [7,8].

The algorithm starts in an initial population of artificial ants that randomly
draw a solution (a Hamiltonian path) and leave their trace inversely propor-
tional to the cycle cost. Then the old trail is evaporated and the current one
provided by the last ants is added. A new group of ants is released in search of
random solutions, but more likely to choose routes with more pheromones, and
the process is repeated until the solution can not be further improved or until a
number of iterations are completed. Considering the initial node i and the set of
alternative edges X = ai1, ai2, ..., aij that ant k must choose. The selection rule
is the probability distribution presented in Eq. 4.

P (axy|X) =
τα
xy ∗ ηβ

xy∑
X τα

xy ∗ ηβ
xy

(4)

Where:
τxy: Is the amount of pheromones that are deposited in the edge axy.
ηxy: Is the convenience of deciding a random route.
α, β: Positive parameters that determine the relation between τxy and ηxy.

The value τxy is assigned a minimum value to guarantee the same possibility
for the other routes to be choosen. The function ηxy usually assigns each path a
value 1

cij
, where cij is the size of edge aij , thus favoring edges of small cost. Values

α and β define the convergence time and the search dynamics of the algorithm.
Pheromones evaporate over time (iterations), decreasing their concentration and
impact on new ants. The Eq. 5 shows pheromone evaporation equation.

τk+1
xy = (1 − ρ)τk

xy (5)
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For the route evaluation by iteration a residual value of pheromones is used
being L the cost of the Hamiltonian cycle traced by the ant k. The pheromone
deposit function in each edge is:

Δτk
xy =

{
1

Lk
If the edge was used

0 If the edge was not used
(6)

Adding 6 to 5, the final pheromone equation for a group of ants H is:

τxy = (1 − ρ)τxy + ρ
∑
H

Δτk
xy (7)

Although evaporation serves to avoid premature convergence, however, super-
saturation may occur on edges. To solve it, the Max-Min criterion is added, which
are both lower and higher limits of pheromone values. The Algorithm 1 summa-
rizes step by step the solution of the TSP by colony of ants.

Data: Graph G = (V (G), E(G))
Result: Cycle T
Initialization;
Pheromones equal to the minimum value;
while better routes appear do

Hamiltonian cycle random construction from N → T ;
Pheromones evaporation;
Pheromones actualization;
Choose maximum pheromone value;

end
Algorithm 1. Ant colony algorithm

2.2 2-Opt Algorithm

The 2-opt exchange is a basic algorithm that consists choosing two pairs of edges
from different vertices in a Hamiltonian cycle [9,10], them break and build a new
cycle by intersecting the free vertices to form new edges as shown in Fig. 1. New
cycle is compared to the previous cycles and only the one with the lowest cost

Fig. 1. 2-opt exchange of edges.
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is stored. This process is repeated in all vertices looking for the optimal cycle
locally. The Algorithm 2 explains step by step the process described above.

Data: Graph G = (V (G), E(G))
Result: Cycle T
Initialization;
Choose and initial Hamiltonian cycle T ;
Flag up;
while flag up do

Flag down;
Label all vertices V as not scanned;
while flag up do

Choose a not explored vertex i;
Examine all 2-opt moves that include i − edge;
if any examined move reduce the cycle length then

Flag up
else

Label vertex i as scanned;
end

end
end

Algorithm 2. 2-opt algorithm

2.3 Lin-Kernighan Algorithm

This algorithm is considered among the most used heuristics in local search [6,11].
It consists of comparing two routes and eliminating the one with greater cost. The
algorithm starts with an initial Hamiltonian path or cycle obtained by some pre-
vious method (can even be random) and then search for local improvements by
generating a new route which, if better, will replace the current one.

To improve the 2-opt algorithm, k edges are chosen instead of two. The edges
combine to get several cycles and look for the best possible. This is called k−opt
motions used for k − opt algorithms. By increasing k, the possibilities increase
to examinate the Hamiltonian cycle. The combinations to eliminate the k edge
in the cycle is the combinatorial

(
n
k

)
. The time to analyze all these cases is order

O(nk) so it is only used for small ks.
This method looks for several simple and compound procedures [12]. Not

necessarily every movement improves the cycle, but the compound and total
movement improves it. In this way it seeks to escape the local minimums. Its
heuristic starts in k−opt search that generates optimal solutions where k is vari-
able. This algorithm is very varied, but we consider the simplest version based
on 2-opt. It is possible that the 2-opt algorithm stops at a local minimum T
because the 2-opt exchanges have already been done without an improvement in
cost. However, it is possible that at least one bad 2-exchange were performed to
move from cycle T to cycle T ′ and then look for 2-exchange from cycle T ′ to T ′′
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until find the shortest. Algorithm 3 shows how to implement the Lin-Kernighan
method.

Data: Graph G = (V (G), E(G))
Result: Cycle T
Initialization;
Choose and initial Hamiltonian cycle T ;
while stop criterion is not met do

Label all vertices V as not scanned;
while all V are not scanned do

Choose a not explored vertex ti;
G∗ = 0 (Improvements made) and i = 1;
Examine all 2-opt moves that include i − edge in T ;
Find xi in S = T − [xi, ..., xi − 1] to break T ;
Find yi in S − [yi, ..., yi − 1] to replace broken parts of T ;
New T ′ is formed with gain G∗ = 0;
if any examined move reduce the cycle length then

Tbest → T
end
Label vertex ti as scanned;

end
end

Algorithm 3. Lin-Kernighan algorithm

2.4 Genetic Algorithm

Based on [10,13], to apply the genetic algorithms to the TSP, the chromosomes
are first represented as permuted vectors which contain the vertices connection
order of a Hamiltonian cycle T . For a graph G with n vertices, the initial cycle
is expressed as T = (g0, g1, ..., gn) where gk gene is a vertex of V (G). After
generating the first population X0, a selection is made per tournament, chro-
mosomes or individuals are selected in pairs and the one with lowest cost is
chosen. Then a random crossing is done in pairs through a partially mapped
inheritance, being T1 = (g0, g1, ..., gn) and T2 = (gm, gm+1, ..., gm+n) a pair of
parents, their first son S1 will inherit genes from T1 up to the gene gk which is
chosen randomly, and its genes are completed with the second parent. The sec-
ond child receives the remaining genes from each parent, such that the children
are S1 = (g0, ..., gk, gk+m+1, ..., gm+n) and S2 = (gm, ..., gk+m, gk+1, ..., gn).

The crossing generates Hamiltonian cycles by not repeating the genes which
represent the vertices. In order to avoid rapid convergence and local minima, it
is necessary to make random mutations in the population, for our case we used
the reciprocal exchange method that consists of exchanging the position of two
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or more genes to obtain another Hamiltonian cycle. Algorithm 4 shows the steps
to implement a genetic algorithm oriented to solve of the TSP.

Data: Graph G = (V (G), E(G))
Result: Cycle T
Initialization;
Generate a random population X of N chromosomes;
Encode the population X by some representation;
while better routes appear do

Assess the fitness value of each chromosome in X;
Select the chromosomes that will be parents;
Choose the best chromosome → T ;
Cross parents in pairs to obtain a new generation;
Make mutations on some chromosomes;
Replaces the weaker X with the new generation;

end
Algorithm 4. Genetic algorithm

3 Simulation and Results

In this section, we present the results of path planning algorithms. The compar-
ison is made based on the run-time in seconds and the total distance traveled,
this distance is taken as reference and without units in the comparison. The
results were obtained from an Intel (R) Core i7-4790 CPU @ 3.60 GHz 3.60 GHz
computer with 4.00 GB RAM and 1600 Hz speed using MatLab.

First the local search algorithms are compared. Table 1 shows the comparison
between of 2-opt and Lin-Kernighan algorithms. In this case it is observed that
the Lin-kernighan algorithm is slightly superior to the 2-opt algorithm in the
cycle cost, but quite inferior in the convergence time. The time trends follow the
order of computational costs O(n2) in 2-opt case and O(n3) in Lin-kernighan
case.

Table 1. Results of 2-opt and Lin-Kernighan algorithms.

Number of 2-opt Lin-Kernighan

vertices Time (s) Cost (distance) Time (s) Cost (distance)

10 0.0039 96.88 0.0095 96.88

49 0.0802 497.11 0.4355 476.76

84 0.3495 818.00 2.0796 804.68

172 1.4015 1711.10 15.1032 1702.50

273 5.9199 2819.10 75.7097 2764.10
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Efficiency of the ant colony algorithm depends on α and β. To compare, two
good sets of parameters are used [8], which are shown in Table 2. Table 3 shows
the superiority of the first set, both in convergence time and cycle cost, this
proves that increasing β improves the results.

For the genetic algorithms analysis, a local optimization 2-opt is added in
order to evaluate the improvement in the cycle cost in relation to convergence
time variation. Table 4 shows the parameters for each algorithm, while Table 5
shows the results of the simulation. The 2-opt genetic algorithm significantly
improves its result but adds a considerable computational cost despite reducing
the number of generations and the chromosomes population.

Finally, we compare the best cases regarding the cycle cost. We chose the
algorithms that showed lower cycle cost because that is the main objective of
the TSP. Table 6 shows the results of Lin-Kernighan, ant colony and 2-opt
genetic algorithms.

As a result, the Lin-Kernighan algorithm is the best, both in cycle cost and
in convergence time, followed by the genetic algorithm with local optimization.
Figure 2 shows the comparison of the results for the 52 vertices case from Table 6.
Figure 2b shows that the ant colony algorithm generates route crossings because
it has not been modified with a local optimization method.

Table 2. Sets of parameters for the ant colony algorithm.

Parameters α β ρ τijmin τijmax

Case 1 1 10 0.1 0.01 0.5

Case 2 1 6 0.2 0.01 0.5

Table 3. Comparison of 2 set of parameters for the ant colony algorithm.

Number of Ant colony case 1 Ant colony case 2

vertices Time (s) Cost (distance) Time (s) Cost (distance)

10 0.1610 102.88 0.1636 102.88

43 5.3609 421.94 5.1238 425.08

63 14.4409 623.90 13.9181 653.23

93 43.6180 918.42 42.7420 982.04

150 148.6530 1599.40 168.8473 1724.00

Table 4. Parameters for genetic algorithms.

Type of algorithm Parameters

Chromosome
population

Generations Probability
of mutation

Simple genetic 100 10000 0.2

2-opt genetic 10 100 0.1
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Table 5. Results of simple genetic and 2-opt genetic algorithms.

Number of Genetic algorithm 2-opt Genetic algorithm

vertices Time (s) Cost (distance) Time (s) Cost (distance)

13 7.2886 119.54 0.8088 119.54

42 10.9917 478.71 7.1665 399.28

67 15.7654 776.90 17.7476 648.75

128 34.4900 1785.00 67.0130 1268.10

185 60.7306 2947.90 143.4611 1848.70

Table 6. Comparison of the three algorithms with best results.

Number Lin-Kernighan Ant colony 2-opt GA

vertices Time (s) Costa Time (s) Costa Time (s) Costa

7 0.0057 74.2 0.074 77.1 0.46 74.2

20 0.0242 186.2 0.866 186.2 1.48 186.2

43 0.2729 413.8 5.617 414.3 8.14 417.6

53 0.5498 517.7 8.191 517.7 11.79 521.6

75 1.7515 734.6 22.379 742.2 23.33 741.6

108 4.0502 1074.8 59.171 1111.7 45.97 1081.8

168 19.8271 1644.6 183.656 1783.3 118.38 1675.4

213 28.8552 2130.4 390.282 2348.2 185.15 2153.3

301 92.0820 2994.4 1010.493 3367.5 359.74 3022.3

Mean 16.4798 1085.63 186.7476 1172.02 83.8267 1097.11
a The cycle cost is measured in distance

(a) Lin-Kernighan algorithm (b) Ant Colony algorithm (c) 2-opt Genetic algorithm

Fig. 2. Resultant paths for each algorithm with 52 vertices.
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4 Conclusions and Future Work

Convergence times of each algorithm would vary depending on the relation
between its computational cost and number of vertices. About the compared
algorithms, each method can be optimized either by choosing a set of parame-
ters like the ant colony algorithm or by an external optimization method like
the Lin-Kernigham. Based on the results, we conclude that the Lin-Kernigham
algorithm is the most efficient for the TSP problem applied to environmental
monitoring, although its computational cost is high its metrics on average place
it well above. Finally, the next step is to implement the selected algorithm in a
UAV, although it is likely that the requirements for the coverage of large areas
require a multi-robot solution.
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11. Kulich, M., Juan José, M.-B., Libor, P.: A meta-heuristic based goal-selection
strategy for mobile robot search in an unknown environment. Comput. Oper. Res.
84, 178–187 (2016)

12. Hernandez, K., Bacca, B., Posso, B.: Multi-goal path planning autonomous system
for picking up and delivery tasks in mobile robotics. IEEE Lat. Am. Trans. 15(2),
232–238 (2017)

13. Wang, X., et al.: Double global optimum genetic algorithm-particle swarm
optimization-based welding robot path planning. In: Eng. Optim. 48(2), 299–316
(2016)



Simulation and Experimental Verification
of a Global Redundancy Resolution

for a 3PRRR Prototype

João Vitor de Carvalho Fontes(B) and Máıra Martins da Silva
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Abstract. Parallel manipulators have kinematic chains connected to
each other in a common point, the end effector. This design grants desir-
able characteristics to parallel manipulators, for instance high rigidity
and load distribution. However they suffer from singularities inside their
workspace which may cause low precision and high efforts. Aiming to
overcome this problem, kinematic redundancy can be used to design new
redundant manipulators which can avoid singularities and improve some
manipulator’s characteristics with a proper redundancy resolution. Two
approaches of a global redundancy resolution to avoid singularities and
improve the manipulator’s dynamic performance in a 3PRRR manipu-
lator prototype are presented. The experimental results show that the
implemented redundancy resolution is suitable for the application.

Keywords: Parallel manipulator · Kinematic redundancy · Redun-
dancy resolution · Experimental verification

1 Introduction

Kinematically redundant manipulators have more actuators than degrees of free-
dom (DOFs) which lead to infinite number of solutions for the inverse kinematic.
The problem of select one solution among them is addressed as redundancy reso-
lution, when solved, defines the behavior of the manipulator’s extra DOFs while
the end effector is performing a task. Moreover these extra DOFs can be used
to improve different manipulator’s characteristics [1].

Redundancy resolution methods can be classified in local or global. Local
methods consist of moving the redundant joints following a function gradient
that improves some manipulator’s characteristics for each time step. On the
other hand, global redundancy resolution is able to optimize a manipulator’s
characteristic considering the total time interval of a task [2].

Regarding parallel manipulators, kinematic redundancy has emerged as a
solution for parallel manipulator’s drawbacks. Some authors, e.g. [3–5], have sug-
gested that the inclusion of kinematic redundancy on parallel manipulators may
eliminate or reduce the presence of singularities enlarging the usable workspace.
In addition, it has been demonstrated that kinematic redundancy can improve
c© Springer International Publishing AG 2018
J.C.M. Carvalho et al. (eds.), Multibody Mechatronic Systems,
Mechanisms and Machine Science 54, DOI 10.1007/978-3-319-67567-1 30
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accuracy [6,7], motion/force transmissibility [8], dynamic performance [9–11],
energy efficiency [12] of parallel manipulators.

Despite many evidences, no work has experimentally demonstrated the
impact of several degrees of kinematic redundancies and global redundancy reso-
lution to improve dynamic performance on parallel manipulators. Extra degrees
of kinematic redundancies demand the employment of redundancy resolution
approaches to solve the inverse kinematics problem satisfactorily.

In this manuscript, the kinematically redundant 3PRRR manipulator is
experimentally exploited. The redundancy resolution is solved via an global
optimization problem that describes a tracking problem aiming to improve the
dynamic performance. Two approaches are proposed: the prepositioning and the
ongoing positioning strategies [11,13].

Figure 1 illustrates the planar non redundant parallel manipulator 3RRR and
a redundant manipulator 3PRRR. These manipulators presents three kinematic
chains composed of one active revolute joint (R) and two passive revolute joints
(RR). The inclusion of extra active prismatic joints (P) is responsible for the
kinematic redundancies.

Fig. 1. Illustrations of (a) the non-redundant manipulator 3RRR and (b) the kinemat-
ically redundant manipulator 3PRRR.

The experimental prototype is described in Sect. 2. Section 3 summarizes the
kinematic and dynamic models of the manipulators. Both global approaches are
described in Sect. 4. Numerical and experimental results are discussed in Sect. 5.
Finally, conclusions are drawn in Sect. 6.

2 Prototype Description

In this section, the prototype 3PRRR is described. The end effector of this
planar manipulator presents three DOFs. The actuation of the prismatic joints
allow the manipulator’s reconfiguration. Each kinematic chain presents an active
prismatic joint and an active revolute joint. The actuation of these joints is
performed by brushless Maxon EC60 flat motors. They might deliver 100 W of
power. The nominal torque of these motors is 0.257 N.m @ 3580 rpm. Maxon
planetary gearheads GP52C with a reduction rate of 3.5:1 resulting in a nominal
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torque of 0.82 N.m @ 1200 rpm. The linear motion is performed by three table
systems with ball screw HIWIN KK60-10-C-E-600-A-1-F0-S3. Its stroke range
is 600 mm (Fig. 2).

Fig. 2. The prototype 3PRRR

3 Kinematic and Dynamic Modeling

In this section, the model of the 3PRRR manipulator is presented. Figure 3
illustrates a scheme of the geometry of the 3PRRR. The subscript i = 1, . . . , 3
describes the kinematic chain. There are revolute joints in Ai, Bi and Ci, where
Ai is active and Bi and Ci are passive. The angles θi and βi represent the
orientation of the links AiBi and BiCi, respectively. The lengths of links AiBi

and BiCi are, respectively, l1 and l2. Active prismatic joints can modify the

Fig. 3. Model parameters of the redundant manipulator 3PRRR: (a) Points and link
lengths; (b) Angles and coordinate system.
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position of the point Ai. Using this linear actuators the position of Ai can be
modified according to the position δi and the orientation γi (see Fig. 3). The
distance between the manipulator’s center and the central position of the linear
actuators is represented by a. The Cartesian position of the end effector is (x, y)
with orientation α. The distance of Ci to the center of the end effector is h.
Details on this description can be found in [11].

3.1 Kinematic Analysis

The inverse kinematic model is used to determine the active joints’ inputs Θ =
[θ1, θ2, θ3, δ1, δ2, δ3]T that yield a desired end effector’s pose X = [x, y, α]T . So,
considering that the values of the redundant actuators’ inputs δ1, δ2 and δ3 will
be defined by redundancy resolution, the inverse kinematics of the manipulator
is described as follows.

First, the variables ρxi and ρyi are introduced as:
[
ρxi

ρyi

]
=

[
x
y

]
+ h

[
cos(α + λi)
sin(α + λi)

]
− δi

[
cos(γi)
sin(γi)

]
− a

[
cos(λi)
sin(λi)

]
. (1)

The following geometrical constraint can be imposed according to the length
of the links:

ei1 + ei2 cos(θi) + ei3 sin(θi) = 0, (2)

where
ei1 = −2l1ρyi, ei2 = −2l1ρxi ei3 = ρ2xi + ρ2yi + l21 − l22. (3)

The tangent half-angle substitution is employed to solve Eq. 2 for θi yielding:

θi = 2 tan−1

(
−ei1 ± √

e2i1 + e2i2 − e2i3
ei3 − ei2

)
. (4)

Using the result of θi, the angle βi can also be determined by

βi = tan−1

(
ρyi − l1 sin(θi)
ρxi − li cos(θi)

)
. (5)

One way to determine the Jacobian matrix J is by taking the time derivative
of the constraint relation described by Eq. 2. This approach yields:

ẋ[l2 cos(βi)] + ẏ[l2 sin(βi)] + α̇[l2h sin(βi − λi − α)] (6)
= θ̇i[l1l2 sin(βi − θi)] + δ̇i[l2 cos(βi − γi)].



Simulation and Verification of a Redundancy Resolution for a 3PRRR 319

Equation 6 can be rewritten in a matrix form yielding

AẊ = BΘ̇. (7)

The matrices A and B can be defined as:

A =

⎡
⎣a11 a12 a13

a21 a22 a23

a31 a32 a33

⎤
⎦ and B =

⎡
⎣b11 0 0 b14 0 0

0 b22 0 0 b25 0
0 0 b33 0 0 b36

⎤
⎦ . (8)

where ai1 = l2 cos(βi), ai2 = l2 sin(βi), ai3 = l2h sin(βi−λi−α), bii = l1l2 sin(βi−
θi) and bii+3 = l2 cos(βi − γi).

The Jacobian matrix can be defined as:

J = A−1B (9)

The velocities and accelerations of the end effector can be calculated by tak-
ing the time derivatives of the position vector, Ẋ = JΘ̇ and Ẍ = JΘ̈ + J̇Θ̇,
respectively. The dynamic model is defined using virtual work. Thus, it is neces-
sary to obtain Jacobian matrices Kij for each moving body of the manipulator.
This can be found in [11].

3.2 Dynamic Analysis

The equations of motion of the non-redundant manipulators are derived in this
section using the Newton-Euler formulation and the previously described kine-
matics.

Using the components of the vector pij = [Fij ;Mij ] composed by the com-
bination of forces and moment applied on the body j of the chain i, the vector
dij = [rxij

ryij
φij ]T and the components of the vector pe = [Fe;Me] com-

posed by the forces and moment applied on the end effector, the relation between
the generalized efforts τ applied by the actuators and the forces and moments
on the system can be expressed using the Principle of Virtual Work [14]. This
strategy yields the following relation:

τT δΘ = pT
e δX +

3∑
i=1

2∑
j=0

pT
ijδdij , (10)

Using the definitions of the Jacobian matrices, Eq. 10 can be rewritten in
terms of the virtual displacement, δΘ. Since these displacements are non-zero,
the equations of motion can be completely defined by:

τ = JTpe +
3∑

i=1

2∑
j=0

KT
ijpij = MΘ̈ + VΘ̇. (11)
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4 Redundancy Resolution

In this work, the absolute value of the maximum required torque during the exe-
cution of a preselected trajectory of the end effector should be minimized, ‖τ‖.
The variables of this optimization problem are the positions δi(t) of the redun-
dant actuators which are limited by the length of the linear guides.

Although high torques can be required in tasks nearby singularities, only ‖τ‖
not suffices the requirements to avoid parallel singularities. Therefore, an index
related to the singularity definitions must be added to the cost function in order
to ensure the singularity avoidance.

Since the Jacobian A is dimensionally heterogeneous, performance indices
derived from this matrix can be misleading. To solve that, the matrix A must
be homogenized using the manipulator’s characteristic length Lc =

√
2h [15,16],

as follows:

A′ =

⎡
⎣a11 a12 a13/Lc

a21 a22 a23/Lc
a31 a32 a33/Lc

⎤
⎦ (12)

As a result, the condition number κ(A′) of the homogenized Jacobian matrix
A′ behaves as a measurement of the closeness between the end effector and
parallel singularities.

κ(A′) =
max ν(A′)
min ν(A′)

(13)

where ν(A′) are the singular values of the matrix A′ and the condition number
is bounded, 1 ≤ κ(A′) ≤ ∞.

In order to compose the multiobjective function using maximum performed
torque and maximum reached conditioning index, both indices are normalized
using predefined values of each index, κ(A′)max and τmax

f =
‖τ‖∞
τmax

+
‖κ(A′)‖∞
κ(A′)max

(14)

δi,opt(t) = arg min δi(t) f (15)
subject to : δmin ≤ δi(t) ≤ δmax

Using the presented cost function (15), two approaches for the redundancy
resolution are applied. The prepositioning approach consists in determining
which are the best positions of kinematically redundant actuators, the posi-
tions of the linear guides δi, before moving the end effector. Note that the values
δi are the same throughout the entire execution of the end effector’s trajectory.
So, in this case, the optimization problem has just one optimization variable for
each kinematic chain with a redundant actuator, a fixed δfixedi

. The optimal
values of this variable, δfixedi,opt, can be found by the following optimization
problem:
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δfixedi,opt = arg min δfixedi
f (16)

subject to : δmin ≤ δfixedi
≤ δmax.

In the ongoing positioning approach, the redundant actuators are allowed to
move the linear guides while the end effector performs the desired task. In order
to calculate appropriate movements for the redundant actuators, a parametric
trajectory is predefined which is selected in such a way that only the initial and
final positions are considered as optimization variables. Thus, this parametric
trajectory is defined as a polynomial of degree five that describes the movement
of δi from δ0i to δfi

between the times t0 and tf seconds with initial and final
velocities/accelerations equal to zero.

In this case, the optimization problem has, for each degree of kinematic
redundancy, two variables, δ0i and δfi

. The optimal values of these variables,
δ0i,opt and δfi,opt, can be found by:

[δ0i,opt, δfi,opt] = arg min [δ0i ,δfi ]
f (17)

subject to : δmin ≤ δ0i ≤ δmax δmin ≤ δfi
≤ δmax δmin ≤ δi ≤ δmax.

5 Results

The results refer to a comparison of a same task performed in simulated and exper-
imental environment. The task is a simple trajectory represented by a straight line
as shown in Fig. 5. The end effector starts from the position (−0.0208 m, 0.1182 m)
with posture angle (α) equal to zero and reaches, in a second, the end point,
(0.0104 m, −0.0591 m), without changing the posture angle.

The objective function (Eq. 15) has two values for normalization, the
expected maximum torque value (τmax) and the expected maximum condition
number (κmax). For the presented task, these values for normalization were
defined as τmax = 0.2 N.m and κmax = 1.5.

In order to compare the redundancy resolution methods, the final values
of the objective function, maximum conditioning number, maximum calculated
torque and maximum experimental torque, were organized in Table 1. It is pos-
sible to evaluate that the ongoing positioning method present a lower objective
function than prepositioning.

Simulated and experimental results are presented in Figs. 5 and 6. In these
graphs, the performed torques are labeled as motor 1, motor 2 and motor 3
for the non redundant actuators and as motor 4, motor 5 and motor 6 for the
redundant actuators (Fig. 4).
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Fig. 4. Performed trajectory by all manipulators.

Table 1. Final value of the cost function and maximal values of the condition number,
calculated torque, experimental torque for each manipulator and redundancy resolution
executing the predefined task.

Manipulator and
redundancy resolution

Cost
function

Condition
number

Calculated
torque (N.m)

Exp. torque
(N.m)

3PRRR prepositioning 2.0915 1.6638 0.1965 0.2503

3PRRR on going
positioning

1.9910 1.5463 0.1920 0.2265

The simulated and experimental torques for the 3PRRR manipulator when
executing the prepositioning approach are presented in Fig. 5. Since this app-
roach actuates only the non redundant joints, only the efforts for motors 1, 2
and 3 are shown. One can notice that the experimental and calculated efforts
are alike, however there are some unmodeled dynamics.
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Fig. 5. (a) Calculated and (b) experimental torques performed by the motors of the
redundant manipulator 3PRRR when performed the prepositioning optimization.

The efforts of all six motors for the case of ongoing positioning for the 3PRRR
manipulator are shown in the Fig. 6. In this case, the behavior of the simulated
and experimental efforts are similar and all efforts reach in some time a value
near the maximum torque for this case, 0.2265 N.m (Table 1).
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Fig. 6. (a, b) Calculated and (c, d) experimental torques performed by the motors of the
redundant manipulator 3PRRR when performed the on going positioning optimization.

6 Conclusion

Parallel manipulators present singularities in their workspace. In order to avoid
these drawbacks, kinematic redundancy can be applied as stated in the literature.
Few works exploited experimentally redundancy resolution in parallel manipu-
lators with several degrees of kinematic redundancy.

In this manuscript, a prototype with three degrees of kinematic redundancy
was presented and a proper redundancy resolution with two approaches to avoid
parallel singularities and improve dynamic performance is implemented.

The experimental results show that the prototype works as expected, fol-
lowing the simulated results. In addition, the ongoing positioning approach pre-
sented a better performance than the prepositioning approach.
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Abstract. A computational co-simulation framework to study the aeroelastic
behavior of a variety of aeronautical systems characterized by highly flexible
structures undergoing complex motions in space and immersed in a low-subsonic
flow is presented. The authors combine a non-linear aerodynamic model based on
an extended version of the unsteady vortex-lattice method with a non-linear
structural model based on a segregated formulation of Lagrange’s equations
obtained with the Floating Frame of Reference formalism. The structural model
construction allows for hybrid combinations of different models typically used
with multi-body systems, such as models based on rigid-body dynamics,
assumed-modes techniques, and finite-element methods. The governing equa-
tions are numerically integrated in the time domain to obtain the structural
response and the consistent flowfield around it. The integration is based on the
fourth-order predictor-corrector method of Hamming. The findings are found to
capture known non-linear behavior of these non-conventional flight systems. The
developed framework should be relevant for conducting aeroelastic studies on a
wide variety of aeronautical systems such as: micro-air-vehicles (MAVs)
inspired by biology, morphing wings, and joined-wing aircrafts, among others.

Keywords: Aeroelasticity � Multibody dynamics � Aeronautical systems �
Unsteady aerodynamics � Co-simulation

1 Introduction

Over the past decade, the aeronautical industry has been enriched by a great diversity of
innovative and non-conventional designs such as the so-called High-Altitude
Long-Endurance (HALE) vehicles based on both joined and strut-braced wings [1, 2],
morphing wings aircrafts [3, 4], and Micro-Air-Vehicles (MAVs) inspired by biology
[5, 6], among others. All these physical systems are characterized by highly flexible
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structures undergoing complex motions in space and, therefore, untreatable by means of
closed-analytic approaches.

A number of different approaches were proposed to study the aeroelastic behavior
of HALE aircrafts, which can be summarized as follows: strategies based on Rational
Function Approximations (RFA) [7]; approaches founded in vortex methods coupled
with several linear and non-linear structural models [8, 9]; and codes that use
Euler/Navier-Stokes solvers coupled with various structural models [10]. It is worth-
while to mention the work of Zhao and Ren [11], who presented a multi-body dynamic
approach for a flexible aircraft, where the aerodynamic loads are computed by using the
strip theory combined with the ONERA aerodynamic model.

Like in the case of aircrafts, several numerical models have been proposed to
investigate the dynamic response and aeroelastic limit states of morphing wings. Most
of them intended for studying the static [12] and dynamic instabilities [13] of the wing
in a fixed stage, i.e. once the wing ended its morphing process. On the other hand, very
few works were found to deal with the aeroelastic characterization during the morphing
process [14], perhaps because of the additional complication associated to a
time-dependent wing geometry.

Finally, early aeroelastic studies for micro-air-vehicles were based on either two-
dimensional models or other simplified aerodynamic approaches relying on thin-airfoil
theory, unsteady panel methods or Euler methods and on linear beam finite elements [15].
Later on, several works on this subject were published by using approaches founded on
Computational Fluid Dynamics (CFD) solvers coupled with a variety of structural models
[16–18].

Computational difficulties and costs associated with the use of CFD models have
led to alternative approaches. For example, the utilization of the unsteady vortex-lattice
method (UVLM) has been gaining ground in the study of unsteady problems, in which
free-wake methods become a necessity due to the geometric complexity of the aero-
nautical systems under analysis. Such a method was intensively used to investigate
flapping-wing kinematics [19, 20], rotorcraft [21], and morphing wings [22].

In this paper, the authors present an extended unified aeroelastic framework based on
the approach originally proposed by Preidikman and Mook [23] and Preidikman [24]. In
these prior studies, the structures were much simpler than those considered here, and they
were represented by means of traditional beam formulations based on assumed-modes/
finite-element methods. In the authors’ novel methodology, the dynamical system is
partitioned into two subsystems (the structural and aerodynamic models) that commu-
nicate with each other across the boundary of the flow field (the surface of the structure) in
a strong way. The computational environment can be considered a strong co-simulation
framework [25]. Initial steps taken in this direction are presented in reference [26].

2 Aerodynamic Model

The aerodynamic loads are computed with the Unsteady Vortex-Lattice Method
(UVLM) [20, 22, 24]. This method can be used to model flows over 3D lifting and
non-lifting surfaces undergoing arbitrary time-dependent deformations and any motion
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in space. UVLM can accurately describe aerodynamic interference among bodies. The
bound-vortex sheets, which model the boundary layers, are replaced by a lattice of
short, straight vortex segments with circulation C(t). These segments are used to divide
the wing surface into a number of elements of area (the so-called panels that generally
are nonplanar). The model is completed by joining free vortex lines, representing the
wakes, to the bound-vortex lattice along the separation edges, such as the trailing
edges, wing-tips, and leading edges of the lifting surfaces. The locations at which
separations occur are input data. However, in the wakes the positions of the vortex
segments and their circulations are determined as part of the solution. The aerodynamic
loads acting on the wings are computed based on the pressure differential between the
top and bottom surfaces, which are computed for each panel by using the unsteady
Bernoulli equation.

3 Flexible Multi-Body Model

The equations governing the structure were developed for large rotations and dis-
placements, called primary motions, and small/moderate rotations and displacements
with respect to a moving reference frame, called secondary motions. The primary
motions describe the position and orientation of each body as a whole, and the sec-
ondary motions describe deformations. The Floating Frame of Reference (FFR) for-
malism and Lagrange’s method for constrained systems [27] were used to derive the
equations of motion. The aeronautical system is modeled as a collection of nb rigid and
deformable bodies subjected to nc constraints, which are used to impose the connec-
tions and pre-defined motions. This approach requires the specification of nb + 1 ref-
erence frames in order to describe the kinematics of the multi-body system: (i) an
inertial system N; and (ii) a reference system fixed to each body k, Bk.

3.1 Equations of Motion

In order to simplify the manipulation, Lagrange’s equations are separated into two
groups: one corresponding to the set of coordinates used to describe translation and
rotation of the FFR, qk, and the second to pk. Following the procedure presented by
Shabana [27] and after some algebraic manipulations, the equations for primary and
secondary motions for the k-th body are as follows:

Mk€qk þ Mk� �T
€pk þBT

qkkk ¼ Qk
q

� �T
;

mk€pk þMk€qk þKkpk þBT
pkkk ¼ Qk

p

� �T
;

Uk qk�1; qk; qkþ 1; pk�1; pk;pkþ 1; t
� � ¼ 0; for k ¼ 1; . . .; nb:

ð2Þ

Here,Mk is the mass matrix for primary motions, which is differentiable, symmetric
and at least positive-semi-definite; Mk is the mass matrix that couples primary and
secondary motions; mk is the metric tensor for secondary motions, which is constant,
symmetric, positive-definite, and its matrix representation is the “elastic mass matrix”;
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Kk is the stiffness matrix for the secondary motions; kk is the vector of Lagrange
multipliers; Bqk Bpk

� �
is the Jacobian tensor of constraints associated with the coordi-

nates qk(pk); and Qk
q Qk

p

� �
is the generalized load vector corresponding to the vector

qk(pk); andUk is the set of holonomic-reonomic constraint equations associated with the
k-th body. It should be noted that q 2 R

m�1 for m� nb and p 2 R
n�1 for n� nb. The

total number of coordinates is calculated through 6nb þ
Pnb

k¼1
Nk ¼ ncoord (Nk is the

number of elastic generalized coordinates of the k-th body). Thus, the number of degrees
of freedom is ndof = ncoord – nc. A beam element based on Euler-Bernoulli/Rayleigh
theory is used. Hermite polynomials are used to interpolate displacement/rotation fields
in each finite element from nodal values. First-order polynomials are used to interpolate
elongation and torsion, and third-order polynomials are used to interpolate bending [28].
Finally, the equations of motion for the complete multi-body system are obtained by
assembling the equations of motion for each body.

4 Inter-model Connection

At each time step, as shown in Fig. 1, there is a bi-directional exchange of information
between the simulators for aerodynamics and structural dynamics. Since the structural
mesh’s topology is generally very complex, the classical methods for transferring
information between the models, such as those used by Preidikman [24], are inade-
quate. To circumvent this problem, the authors propose the use of an interpolation
procedure based on Radial Basis Functions (RBFs) [29].

First, a linear relationship between the generalized displacements associated with
both the aerodynamic mesh and structural mesh is established through a coupling
matrix. In particular, such a linear transformation has been developed for combining
UVLM grids with structural meshes based on beam finite elements. As the coupling
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matrix only depends on the kind of RBFs used and the clouds of points to be inter-
polated, the same formulation is valid for other types of finite element meshes.

5 Numerical Results

In this section, results obtained with the implementation of the proposed methodology
written in Fortran 90 are presented. The implementation is structured in a modular
organization; that is, so that each part can be individually removed and replaced, as
well as, the capability of adding new models without modifying the general structure of
the program.

5.1 Aerial Vehicles with Flapping Wings

In this section, the numerical results obtained for the dynamic behavior of a fruit fly
(Drosophila Melanogaster) in hovering flight are presented. The general equations of
motion were adapted to consider only imposed deformations. These include torsion and
bending in the directions normal and parallel to the wing’s chord. Details of the
kinematics and the dynamic models that allow one to prescribe such patterns of
deformation are given in reference [30]. Data reported by Fry et al. [31] on the actual
kinematics of a fruit fly in hover were used to describe the wing motion over a flapping
cycle. For this numerical experiment the following parameters were chosen: flapping
frequency nf = 210 Hz; wing span R = 2.5 mm; wing area S = 2.21 mm2; air density
qair = 1.2 kg/m3; and insect’s mass of 0.84 mg. Only the first stroke cycle was sim-
ulated, which was discretized into 100 time-steps. Two cases are presented next. In the
first, the authors consider a rigid wing, and in the second, the authors consider a flexible
wing with prescribed deformation. In order to show the role of the wing’s flexibility in
the production of lift, the parameters that regulate the deformation were tuned in order
to increase the lift force throughout the stroke cycle with respect to the rigid-wing
model. The set of initial conditions for the two cases of study consist of a body angle of
75º and a stroke plane angle of 15º. These values produce a horizontal stroke plane.
Both the linear and angular velocity of the MAV’s fuselage are zero at t = t0.

The most important requirement of hovering flight is undoubtedly that the value of
the vertical force must compensate for the insect’s weight. In Fig. 1a, a peak force can
be observed at the center of each halfstroke, mainly during the upstroke. The peak force
produced by the flexible wing is approximately 30% higher than what the rigid-wing
model predicts. This fact is also reflected in Fig. 1b, in which the degree of freedom
associated with the vertical displacement of the center of mass of the central body has
been plotted. In order to assess the quality of numerical simulations, the aerodynamic
forces obtained numerically are compared with experimental measurements reported by
Fry et al. [31] showing a good agreement. Nevertheless, lift levels predicted by the
numerical model are lower than those measured experimentally (approximately 14%
lower for flexible wing case). Possibly, this fact is due to two factors: (i) LEV phe-
nomenon is not taken into account, and (ii) the wing deformation is not exactly that
showed by insects, but it is prescribed my means of harmonic functions.
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5.2 Morphing Wings

In this subsection, the authors present numerical results related to the aeroelastic
behavior of an aerial-robot wing model whose planform geometry is based on the
seagull wing. The wing’s structural skeleton consists of a set of structural elements
modeled as beams with rectangular cross-sections (width = 2 cm and height = 0.6 cm)
and material properties: density qb = 1187 kg/m3, Young’s modulus E = 3.18 GPa
and shear modulus G = 1.35 GPa. The inner and outer wing sections are oriented in
space through the dihedral angles hB and hC (see Fig. 2b). However, the wings do not
have a prescribed motion (pitching, flapping, lagging) and the wing’s roots are con-
sidered to be clamped to the fuselage. This dynamic configuration deactivates the large
rotations and displacements associated with primary motions; therefore, the set of
governing Eq. (2) is reduced to the well-known set of classical ODEs for structural
dynamics.

The numerical experiment consist of compute the flutter velocity for different
dihedral angles, ranging from hB = 0º to hB = 45º, with steps of Dh = 5º. hC = 0º was
used for all values of hB. Due to the lack of primary motions, the dihedral angles remain
constant during the whole simulation. Additionally, the angle of attack is a = 0º for all
simulations. In Fig. 2a, the authors show the flutter speed versus the dihedral angle of
the inner wing hB. It can be observed that VF decreases linearly from 29.66 m/s (for
hB = 0º) to a minimum of 18 m/s for hB = 45º.

In Fig. 2a, the curve represents a boundary for the stable and unstable regions. All
flight conditions located below the curve (point a) lead to a response that tends to a
static equilibrium position for any perturbation. On the contrary, the response for flight

Fig. 2. (a) Flutter speed versus dihedral angle of the inner wing, (b) definition of the inner and
outer dihedral angles, (c) wing and wake dynamics during flutter (29.66 m/s)
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conditions located above the curve (point b) achieves a periodic motion with an
amplitude that depends on the flight speed, which could lead to a collapse of the
structure. In the phase portrait, this behavior is characterized by the presence of a limit
cycle oscillation (LCO). In Fig. 3c, the authors show the wing (bound-vortex lattice)
and the wakes (free-vortex lattice) at the flutter speed.

5.3 Joined-Wings Aircraft – SensorCraft Configuration

In this subsection, the authors present numerical results of the aeroelastic behavior of a
joined-wings aircraft based on the SensorCraft concept [2]. The computational model
consist of: (i) a finite-element mesh for the structural discretization of 19 beam ele-
ments; and (ii) an aerodynamic grid for the entire aircraft of 1410 panels. Because of a
SensorCraft-based configuration, the lifting surfaces are composed by three well-
differentiated parts: the front wing, the aft wing and the outboard wing (see Fig. 3a).
The material properties for all of them is aeronautic aluminum 2024-T3. Regarding the
geometric cross-section properties, these are: area A = 0.01744 m2, second moment of
the cross-section Iy = 0.330274 � 10−3 m4 and Iz = 0.757632 � 10−2 m4, polar
moment of inertia Jp = 0.790659 m4, and torsional moment of the cross-section
JTorsion = 0.105536 � 10−2 m4.

Because of the lack of primary motions, the governing equations are similar to
those obtained in Subsect. 5.2 for morphing wings. Furthermore, a reduced order
model is built from the full finite-element formulation by expressing secondary motions
as linear combination of the first 10 free vibration modes of the structure, whose natural
frequencies are listed in Table 1.

Aircraft speed V = 156 m/s 
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Fig. 3. (a) SensorCraft configuration, (b) LCO for p1 and p2, (c) bifurcation diagram for p1 and p2
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The procedure followed to determine the critical velocity (flutter speed) is
time-consuming. During each run of the aeroelastic code, 240 s of physical time are
simulated. The set of initial conditions is equal to zero and the air density is qair =
0.1152 kg/m3. After an exploration process ranging from 110 m/s to 160 m/s, a
critical velocity (for the aircraft configuration analyzed) was found to be 156 m/s. At
this velocity, the time evolution of the generalized coordinates shows a brief transient
followed by an oscillatory behavior with constant amplitude. Specifically, the phase
portrait of the first two generalized coordinates, p1 and p2, exhibit a limit cycle
oscillation (see Fig. 3b).

In Fig. 3c the authors built a bifurcation diagram for coordinates p1 and p2, where
the LCO amplitude is plotted versus the aircraft speed. In such diagram, a dispersion on
the LCO’s amplitudes can be observed at low velocities, i.e. subcritical. To circumvent
this problem, the simulation time should be longer in order to achieve a full steady-state
regime.

6 Conclusions

A combined structural and aerodynamic model for studying the aeroelastic behavior of
aeronautical systems with flexible wings has been presented and aeroelasticity studies
have been carried out for systems with flexible wings. The modular approach is based
on the following: (i) a general, non-linear-unsteady vortex-lattice method, (ii) a seg-
regated version of Lagrange’s equations and the Floating Frame of Reference for-
malism for constrained systems, (iii) tight coupling of the aerodynamic model (UVLM)
with the structural model, iv) Radial Basis Functions to transfer information between
the aerodynamic and structural grids, and (v) an efficient and novel algorithm, based on
a computational platform with modular structure, to integrate the equations interac-
tively and simultaneously in the time domain.

As illustrated by the examples, the authors’ methodology is well-suited to carry out
fully coupled aeroelastic simulations for MAVs with flapping wings, morphing wings
and joined-wings aircrafts. The very promising features warrant further investigations
in this address, and although the proposed model constitutes a good starting point to
improve the understanding of the aeroelastic behavior of a number of aeronautical
applications, more research will be necessary. Their development paves the way to
advance the current methodology by implementing a vortex-particle method to improve
the description of the wakes and a fast multi-pole method for computing the velocity
field, and by including various other beam and shell elements.

Table 1. Natural frequencies

Mode i ! 1 2 3 4 5 6 7 8 9 10
xi [Hz] ! 0.37 0.87 1.55 2.22 2.53 2.67 3.76 4.59 5.06 6.06
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Abstract. The usage of simulated environments for robotics tasks
enables the design and preliminary analysis of trajectory planners. There
are different methods that can be used to generate paths, and controllers
that allow the strategy definition at a higher level are extremely use-
ful. This study seeks to generate trajectories in a simulated environ-
ment through an optimization process in an intermittent contact task.
An iLQG controller coupled with a predictive controller aims to keep a
ball bouncing in the air. Using the physics engine MuJoCo, results are
presented in a simulation environment. Analysis of the control action
for each axis variation, the sphere position and the robot tool center
point over time are presented. The utilized method has shown interest-
ing results for applications where emergent behaviors are expected.

Keywords: Dynamic programming · iLQG · Model predictive control ·
Rigid bodies simulation

1 Introduction

The simulation process of both trajectory and controller of robotic systems must
combine fidelity to the real world and processing capacity. That is a hard task to
achieve, since the fine tuning of compensators is difficult, and numerical process-
ing often leads to undesirable large simulation times. To overcome this problem,
most software simulate mechanical structures as rigid bodies. This technique,
although not an actual situation, allows good solutions in many cases, thus aid-
ing the design of robotic systems.

There are some physical simulation engines that allow this interface. Some
of the most famous engines are the PhysX [5], Havok [6], ODE (open-source) [9]
and Bullet (open source) [1]. All of them are used as physics engines for games,
but the latter two are mainly used in robotics projects, such as V-REP [11].

A physics engine was developed specially to help robotics design, named
MuJoCo: Multi-Joint dynamics with Contact [14]. It was thought to be applied
in controller design, unlike its commercial competitors, who are interested in the
simulation of entire environments. This physics engine has useful features for
c© Springer International Publishing AG 2018
J.C.M. Carvalho et al. (eds.), Multibody Mechatronic Systems,
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its target area, such as the possibility of calculations of the system dynamic
without the obligation to update the simulation, which is useful for the finite
difference method [14]. Also, the engine makes it possible to calculate the inverse
dynamics even in the presence of contacts and equality constraints. It is possible
to program in different languages, and therefore the engine works as a library
with all the models and dynamics calculations embedded.

A comparative study of the physics engines was conducted by [3], analyzing
the speed, accuracy and stability of algorithms using identical dynamic models.
In the study were tested a model of a robotic arm with a hand to grasp a body,
accounting for a total of 35 degrees of freedom (DoF), and a model of 27 capsules
in free fall (162 DoF). The MuJoCo achieved better results in numerical stability
in the grasp situation with robotic hand, since its integration time step could
reach up to 16 ms and still perform the task with stability, while the second
best result was the PhysX with a maximum step of 2 ms. The other results are
shown in Table 1, with ODE and Bullet having a maximum step 64 and 512
times smaller than MuJoCo.

Table 1. Maximum integration time steps

Physics engines Integration steps (ms)

Bullet 1/32

MuJoCo 16

ODE 1/4

PhysX 2

MuJoCo was the fastest simulator in the grasp simulation, performing 6.5
thousand evaluations per second, and the slowest one in the capsules simulation,
with only 3.6 thousand evaluations, 7 times less than ODE. However, in both
simulations MuJoCo had the most accurate results. Figure 1 shows the two sim-
ulated situations and the performance of each physics engine. The third column
shows the accuracy of simulation for its speed in relation to reality. The data
placed closer to the top right section of the plot have the highest speed and
lowest discrepancy, therefore meaning a better simulator.

Being developed specially for games simulation, both Havok and PhysX do
not require high positioning precision. To improve stability and speed in the
calculations, they do not take into account the components of Coriolis forces,
which must not be ignored in many applications in robotics. MuJoCo, for its
turn, does not rule out this factor.

This paper applies MuJoCo in the simulation of a dynamic programming sit-
uation using iterative Linear-Quadratic-Gaussian controller (iLQG), an iterative
algorithm that resembles the classic Differential Dynamic Programming (DDP)
[7], but differs in the usage of the derivatives of the dynamics [13]. The proposed
task is to hit a free body, a spherical geometry, with a paddle. The ball is released
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Fig. 1. Comparison between the available physics engines [3]

from an specified height, and the controller makes the TCP (Tool Center Point)
in the paddle follow the sphere’s XY position in space, bouncing it in the Z
direction, trying to prevent its fall. The MuJoCo works as an implementation
platform of the rigid body model and the controller, allowing the creation of a
prototype of the real system.

2 Simulation Environment and Control Strategy

To be able to simulate with MuJoCo, two steps are required: geometric modeling
(Sect. 2.1) and definition of the control strategy (Sects. 2.2 and 2.3). The iLQG is
in charge of calculating the control action. The technique requires a cost function,
its weights and their predefined values, which are obtained through predictive
control. The sphere is approximated to a material point in space and kinematic
equations are used to predict its movement.

2.1 Geometric Modelling

MuJoCo provides convex shapes for geometric modeling, as the contact recog-
nition is based on these equations [4]. Capsules, spheres, ellipsoids, cones and
boxes are some examples of shapes available to the user. If a non-convex shape
is necessary, it is possible to create the geometry through the concatenation of
the available forms.



338 H.B. Garcia et al.

All data is defined in this step: positions of actuators, reduction ratio, damp-
ing and friction in the joints and between the bodies, integration time step
and many other characteristics. The type of actuator depends on which joint
is implemented, among linear (slide) and rotating (hinge). Other joints may be
further defined: spherical (three rotations in space) and free (three displacements
and three rotations), which are represented by 4 and 7 generalized coordinates,
respectively. This is defined because the engine uses quaternions to describe a
rotation in space [14].

A unique feature is that the mentioned joints can compose more complex
joints without the need for defining auxiliary dummy bodies [14], which is a
common practice in classic rigid body softwares. The geometric model is defined
by a XML document, which allows the concatenation of bodies in sequence
simply nesting the file tags. Although the basic geometry types are limited to
the ones mentioned, it is possible to import a mesh from a CAD file, improving
the visualization of the whole system.

The proposed model corresponds to a paddle capable of moving in the three
Cartesians directions: XYZ, represented by the red, green and blue directions,
respectively, in Fig. 2. Therefore, the TCP is a cylinder-type rigid body with
three linear joints, with a reduction ratio of 1000 for all directions. The sphere
has three linear type joints, with all rotations ignored. This is justified by the
fact that in the real system its rotation can be disregarded, since that with the
system working properly at the time of contact, the horizontal speed of the TCP
is very small. At the start of the simulation, the sphere is located in the air,
distant to the TCP by 2 m in Z direction. Figure 2 shows the geometric model
and its configuration at the start of the simulation.

Fig. 2. Geometric model used in the simulation with sphere and TCP
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2.2 iLQG Algorithm

The second step requires the implementation of the controller. In this study,
it was used the algorithm known as iLQG [13], modifying the feedback gain
matrix to allow the controller to work with constraints in stochastic systems.
To illustrate the operation of the algorithm, an implementation was developed
comprising the steps proposed by [13], shown in the flowchart, Fig. 3. The method
begins with the time discretization in K steps, each with Δt s long.

Fig. 3. Flowchart presenting the steps of iLQG algorithm

The strategy is implemented with a cost function that involves various sys-
tem characteristics in question [8]. All instructions are high level if compared to
traditional controller techniques, which tends to control the motors’ current to
achieve the desired movement. In this type of implementation the desired char-
acteristics are defined, and then a cost function that penalizes the system, when
it is not in accordance with the desired characteristics, must be created.

To transform the LQG technique into an iterative one, it was proposed by
the authors a technique known as dynamic programming, which requires the
division of the system in states [13]. In the initial situation, the robot finds itself
at simulation start, and the end state is the desired final position, dividing the
interval in auxiliary states. The dynamic programming then starts calculating
the final state, which is the desired, and returns calculating the earlier stages
[10], until the initial state. The control actions are the output of this method.

Equation (1) shows the cost function of the whole system, which has the term
of each state (l(x(t),u(t))), and only the last state, h(x(T )), is independent of the
action of control, u(t). The Eqs. (2) and (3) present the terms to be calculated
at the end.



340 H.B. Garcia et al.

The algorithm is responsible for finding the control action u(t) that minimizes
the cost J0. vafter

sphere is the actual speed of the ball right after the contact, and
vdesired the desired speed after the shock. pdesired is the wanted position in the
Z coordinate of the TCP, and H is the unit step function with ḃz being the
velocity of the ball in Z directions right before the contact. For its turn, wv is
the weight in the sphere return speed error, ww is the weight of the XY paddle
position distance from the center of the workspace, wz weights the error of the
distance from the actual position of the TCP ( pz) with pdesired, wp is the sphere
error related with the projection in the XY plane of the TCP, and wd weights
the sphere velocity before the contact.

J0 = h(x(T )) +
T−1∑

t=1

l(x(t),u(t)) (1)

l(x,u) = ‖u‖2 + ww‖pxy‖2 + wz(pz − pdesired)2 + wp‖pxy − bxy‖2 (2)

h(x) = wv‖vafter
sphere − vdesired‖2 + wdH(ḃz) + wp‖pxy − bxy‖2 (3)

2.3 Predictive Control

As the desired height that the sphere must reach is not controlled directly,
but through the interaction with the TCP, it is necessary to understand what
are the characteristics of the state during contact, translated to the end cost
h(x(T )). This equation involves vdesired, which will lead to a impact related to
the intended maximum height, defined by the kinematic equations of the free
sphere in space. It is known that, in simulated environment, viscous dissipation
of the air may be disregarded. Then, by the mechanical energy conservation law,
the desired speed of the sphere leaving contact is given by Eq. (6). Using the
kinematic equation of partially elastic collision between two bodies (Eq. (5)), it
was defined the speed that the TCP should have at the time of the collision.
Right after the contact, the sphere has the speed needed to achieve the desired
height. As the velocities of the TCP and the ball in the state x(t) are known
and the speed of the TCP in the state x(t + δt) is approximated by Eq. (4), it
is possible to obtain vafter

sphere. The difference between vafter
sphere and vdesired is the

error of the sphere return speed, that is the related instruction to wv.

vafter
TCP = vTCP (T + Δt) = 2vTCP (T ) − vTCP (T − Δt) (4)

e =
vseparation

vapproximation
=

vafter
sphere − vafter

TCP

vbefore
sphere − vbefore

TCP

(5)

vdesired =
√

2gh (6)
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For the parameters of the geometric modeling used, the coefficient of restitu-
tion was calculated for the defined time step as e = 0.77. Note that, although it
is possible for the iLQG to deal with stochastic systems, which is a interesting
approach to the intermittent contact between the sphere and the paddle, it was
not used in the current study. Instead, the dynamic of the bodies was calculated
by kinematic equations.

2.4 Simulation

Using MuJoCo as a library for the Matlab environment, a simulation was con-
ducted using the geometric models and controller described in previous sections.
The weights were estimated empirically, and each one is related to a high level
instruction. The best results and their respective values are displayed at Table 2.

Table 2. Simulation weights implemented

Weight Related instruction Value

ww XY position of the paddle 10

wz desired height of the paddle 10

wp XY projection of the sphere in the paddle 50

wv desired sphere return speed 50

wd sphere speed before contact 1

The integration time step is 1ms, the mass of the TCP was fixed at 1 kg,
and the weight of the sphere, in the simulation environment, is 26.8 g.

Figure 4 shows the results about the XY positions. It was calculated the
L2 norm of the error between the center of the paddle and the sphere along
XY axis, resulting in the Fig. 4a. The red line is the radius of the paddle.
A qualitative examination is possible with Fig. 4b, which demonstrates that all

Fig. 4. Analysis of the XY positions between the two bodies: L2 norm of the error (a)
and relative position of the sphere (b)
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sphere positions were inside the initial simulated position of the paddle. As it is
possible to notice from the figure, the TCP was successful at keeping a planar
alignment with the sphere.

The Z position of both bodies is shown in Fig. 5a, where the distance between
the center of the bodies is because of the geometry size. The nonexistence of
a crossing between the Z positions of both bodies show that the controller was
successful to bounce the sphere during the 10 s of the simulation. Figure 5b shows
the control signals in the X, Y and Z axis. The controller actions increased close
to the contact with the ball, and the controller almost did not act when the ball
is in the air.

Fig. 5. Z position (a) and control signals (b) versus time

However, the controller still troubles to return the sphere to the desired
height. This is because of the complementary-free contact dynamics that
MuJoCo uses [12], that makes difficulty to simulate the restitution coefficient
of the intermittent contact.

3 Conclusion

The use of predictive control with an iterative LQG controller has been addressed
in this study. To solve an intermittent contact condition was implemented a
simulation that deals with the need of using algorithms that allow the insertion
of high level instructions, changing the standard traditional implementations.
The iLQG algorithm is a viable solution for non-trivial control systems, even
nonlinear, as shown in this study.

One may improve the results by adjusting the weights of the cost function,
decreasing mass of TCP (to reduce inertia) and/or changing the control signal
gain. The achievement of a more realistic coefficient of restitution and its imple-
mentation in the simulation is also intended, such as a stochastic approach to
the intermittent contact between the bodies. In further work, the aim is to allow
the execution of an actual experiment using EEROS Delta robot [2] and a vision
system.
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Abstract. In the last few decades, developing countries power demand has
increased which lead to several critical issues like frequent power outages and
peak pricing hours. Utilization of distributed energy sources along with utility
grid has helped to cope with these issues to certain level but still there are some
loopholes. Novel intelligent algorithms are needed to handle such hybrid sys-
tems. In this paper, an algorithm is proposed for consistent and cost effective
power supply for Grid-connected photovoltaic system which considers a set of
constraints i.e. load-shedding hours, tariff hours and weather conditions. This
paper proposes genetic algorithm for making optimal decision for the cost,
considering all the above mentioned constraints. The research has also presented
another heuristic algorithm which takes much less computation time then
Genetic Algorithm and provides comparable results.

Keywords: Genetic algorithm � Best fitness value � Smart nano-grid � Heuristic
algorithm

1 Introduction

According to U.S. Department of Energy (DoE) “Smart grid” commonly alludes to a
class of advancements that individuals are using to bring utility power conveyance
frameworks into the 21st century, making use of PC based remote control and
automation. These frameworks are made conceivable by two way digital communi-
cation technologies and computer processing that has been in use for decades as a part
of different ventures [1]. Despite of the fact that electricity demand has increased, there
has been not sufficient investment to get the energy for transmission and supply. It also
limits reliability and efficiency of the Grid. According to a survey, in developed country
like United States, there have been incessant high-voltage transmission lines paths
throughout the country and from 2000 to 2010; there has been only 668 additional
miles interstate transmission. Therefore, framework imperative decline when blackouts
and power quality issues are assessed to cost American business more than $100 billion
almost each year [2].

© Springer International Publishing AG 2018
J.C.M. Carvalho et al. (eds.), Multibody Mechatronic Systems,
Mechanisms and Machine Science 54, DOI 10.1007/978-3-319-67567-1_33



Distributed energy resources have become a major source of power production
because of their unlimited supply and low installation cost. Solar energy is one of the
attractive renewable energy sources. Although these resources are beneficial in many
aspects but their irregular nature is one of the hurdles in their utilization which needs to
be resolved. A grid connected solar system along with a storage unit i.e. battery can
overcome this hurdle and will increase system efficiency and reliability. Innovative
ideas are required to maintain a consistent flow of electricity between grid, renewable
energy source and battery. The main objectives of the proposed research are:

• After the load consumption is satisfied, the remaining PV and battery is fed back to
the grid resulting in net metering. One can even get profit instead of paying elec-
tricity bills

• Maximum power generation through renewable sources
• Consistent power supply to load
• Minimum use of utility grid at peak hours
• Cost effectiveness

In the proceeding sections, Sect. 2 is the literature review of the paper. Section 3
elaborates the proposed smart nano-grid algorithms and in Subsects. 3.2 and 3.3,
algorithms are explained. Section 4 is the results and performance evaluation whereas
in Sect. 5, conclusion and future work is analyzed. The inspiration driving this work is
stable and efficient generation of electricity.

2 Literature Review

Recently, a significant amount of work has been carried out in the field of smart
nano-grid. Study reveals that two primary objectives of the efforts were: to provide
uninterrupted power supply to the load and minimized energy cost. The authors in [3]
suggest a novel approach for optimization of total energy cost using genetic algorithm.
The technique used by them is multivariable single objective genetic algorithm. Cost is
analyzed for three different values of battery capacities and it is observed that electricity
cost reduces as the battery storage capacity increases. Researchers used agent based
modeling in [4] to propose a pre-test based model for smart grid simulation before
establishing an actual smart grid. They divided the model into three layers; supply
layer, demand layer and EMS layer. Supply layer is comprised of many renewable
energy resources, the demand layer contains various types of loads and EMS layer
ensures flow of electricity between demand and supply layer. A power management
model based on object interaction is proposed in [5]. The model highlights the role of
storage devices i.e. (batteries) to overcome the fluctuations caused by renewable energy
resources for a stable power supply. In [6], a hybrid genetic tabu search algorithm is
proposed. Many attempts have been made by various tools and heuristics to solve the
job shop scheduling problem but none of the solutions were enough to resolve it. The
reason for using hybrid method is to deal with the problem by combining the diver-
sified search of GA and extensive local search of TS. To achieve better performance,
multiple algorithms can be combined. In [7], Mehmet proposed genetic algorithm,
Bayesian method and k-Nearest Neighbors (KNN) effective methods for machine
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learning. Hybrid methods are used for classification by eliminating the data which
gives better results. This approach is tested on UCI ML datasets which give successful
results after investigating with the previous work. Metaxiotis and Liagkouras discuss
review of Multiobjective Evolutionary Algorithms in [8]. They explain the evolution of
genetic algorithm. Vector Evaluation Genetic Algorithm (VEGA) introduced in 1980’s,
which was the first implementation of MOEA. Then followed by Niched Pareto
Genetic Algorithm (NPGA), Niched Pareto Genetic Algorithm II (NPGA-II), Non-
dominated Sorting Genetic Algorithm (NSGA) and so on. With each evolution,
adjustments were made to get enhanced results. Gabor el al proposed in [9] that
complex optimization problems are solved well with genetic algorithm. They further
proposed that GA brings novelty to the creative designs by finding the fittest of the
population for survival and it is well suited for different engineering design domains.

In this research, an energy management system is suggested using two algorithms
i.e. genetic algorithm and heuristic algorithm for Grid connected Photovoltaic
(PV) system which manages power flow between PV, battery and Grid to provide
uninterrupted and cost effective electric power supply. The illustration of the Grid
connected distributed system is shown in Fig. 1.

The battery and PV can be used to feed the load i.e. providing power to the grid.
Battery can be charged from the grid or from the solar panels. Similarly, system can
make use of grid on cloudy days or in case of any power shortage/breakdown due to
non-availability of PV and battery. The system has two way connections of electricity
which makes it more stable. The whole energy flow requires an efficient approach to
sense the deviation in power availability, load shedding hours, peak pricing hours, load
demands in order to make optimized decision.

Fig. 1. A PV connected smart nano-grid system
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3 Proposed Algorithms

3.1 Problem Formulation

Various scenarios are considered during implementation in MATLAB. As various
resources are available for smart nano-grids, but in this paper, the resources considered
have to be availed in such a manner so that there is minimum switching to the power
grid for maximum natural resource utilization. One of the assumptions made for the
proposed system is that battery is preferred to be charged with PV. Similarly battery
has certain constraints:

BOCmin �BOC tð Þ�BOCmax

BOCmin Is 40% of Battery charging;
BOCmax Is 90% of Battery charging;

BOC tð Þ Is the charging of the Battery at a particular instant;

ð1Þ

Battery should not discharge below 40% and charge above 90%. It has to be
between 40% and 90% of battery charging in order to increase battery life. If battery
charging is less than 90, then battery is charged by PV or Grid.

6 : 00 : 00 pm� T hð Þ� 10 : 00 : 00 pm
Grid Availability Pattern ð1 h outage after 3 hÞ ð2Þ

TðhÞ is the Tariff Hours. For the following assumption, TðhÞ Tariff hours is
between 6 pm to 10 pm.

3.2 Genetic Algorithm

Genetic algorithm is well suited for problems in which objective function is nonlinear,
discontinuous or stochastic as in [10]. It can solve both constraint and unconstraint
problems. At each step, it selects individuals from current population and uses them as
parents to produce offspring for coming generation. Successive generations lead to best
solution. The basic steps for genetic algorithm are shown in Fig. 2.

Fig. 2. The basic steps of genetic algorithm [10]
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The steps involved in genetic algorithm are as follows: Initialization, Selection,
Mutation, Crossover, and Termination. Detailed explanation of the steps is explained in
the next Subsect. 3.2.1.

Genetic algorithms are a group of computational models motivated by advance-
ment. These calculations encode a potential answer for a particular issue on a
straightforward chromosome-like information structure, and apply recombination
operators to these structures so as to save basic data. Genetic calculations are regularly
seen as function analyzers, despite the fact that the scope of issues to which genetic
algorithms have been applied is reasonably large.

3.2.1 Proposed Multivariable Single Objective Genetic Algorithm
The detail of multi-variable single objective Genetic Algorithm is described below:

• Initialization: A random population is created within bounds of each constraint
variable. In the proposed solution [PV, Grid, and Battery] is assigned values which
are Excel file input for a day. Random population is initialized for cost which is the
output to be optimized.

• Evaluation: Offspring population is created and fitness is evaluated. Offspring
population is given values which better fit the desired output.

• Selection: Selection allocates more copies of those solutions with higher fitness
values and thus imposes the survival-of-the-fittest mechanism on the candidate
solutions. Our algorithm uses Rank + Roulette wheel selection.

• Recombination: crossover parameter is set considering two parents to produce an
offspring for recombination.

• Mutation: While recombination works on two or more parental chromosomes,
mutation locally yet haphazardly changes a solution. Mutation was taken into
account by mutation Gaussian function.

• Combined Population: Both parent and child population is combined using elitism
function and then sorted based on fitness values. It is a black box through which
output is acquired.

• Iterate: Repeat step 1 to 6 until convergence is achieved.

3.3 Optimized Heuristic Approach

The optimization algorithm takes into account all the above mentioned constraints and
schedules them to optimize cost and generate consistent supply. There are two priority
scenarios within an optimization algorithm: PV_Battery_Grid and PV_Grid_Battery.
PV_Battery_Grid is valid for residential loads and PV_Grid_Battery is valid for
industrial loads. The working of the algorithm for residential and industrial load is as
follows.
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3.3.1 Heuristics for Residential Area
The flow of Heuristics for residential area is shown in Fig. 3.

PV will be given high precedence, then Battery and then Grid. According to the
‘load profiles’ used, high power battery is used which will give an independent system
and there is no switching to the grid as PV and Battery meet the requirement of the
household profile. If the load profile reaches up to certain limit and there is a need for
Grid utilization and Heuristic for residential areas do not meet the demand, then the
system will switch to power grid as in Heuristics for industrial area discussed in

Fig. 3. Residential area heuristics
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Sect. 3.3.2. In residential area, the load is fulfilled by PV, and battery is charged by PV.
This system is of great importance because it almost reaches the stage of self suffi-
ciency as PV and Battery are the only power supply source.

3.3.2 Heuristics for Industrial Area
In this algorithm, the precedence of PV is high as it was for residential Area heuristics.
Then Grid is given priority over Battery unlike residential area heuristics. The flow
chart is shown in Fig. 4. In the algorithm following steps are followed.

(1) Photovoltaic is checked, if it is available then use PV. Check Battery, if Battery
charge is less than 90%, charge it and sell the remaining PV to the Grid. If PV is
not available, go to step 2.

Fig. 4. Industrial area heuristics
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(2) Check Grid, if Grid is available then it is time to check tariff hours. If it is high
tariff hour, switch to the Battery utilization. For low tariff hours, Grid is preferred.
If Battery charge is less than 90% and as PV is not available, charge the Battery
from the Grid. If Grid is not available go to step 3. For residential Heuristic, if PV
and Battery is not available, then the algorithm will proceed from step 2 of
Industrial heuristics.

(3) Use Battery as it is charged from Grid and PV in blackouts.
(4) Go to Step 1.

3.3.2.1 User Case for Power Supply in Industrial Area
In a cloudy weather, PV is not available. Load will be shifted to grid. If neither grid nor
PV is available, then battery will fulfill the load demand. After the availability of grid,
battery will be charged with it. In this particular case, load will be shifted between the
battery and the electric power grid.

4 Results and Performance Evaluation

In this research multi-variable, single objective algorithm is used. The algorithm is
simulated using MATLAB to provide stable power at an optimized cost. Data is
divided into different use cases e.g. industrial load profile and residential load profile in
autumn, spring, summer and winter. One of the 24 h load profile from our dataset used
for system evaluation is shown in Fig. 5.

Both the algorithms as described in Subsects. 3.3 and 3.4 are applied on our
datasets and they produced comparable results. The grid utilization is minimized with
supplying power to the grid. The graphical data in Figs. 6 and 7 indicates many
negative values which is profitable for the consumer. The average electricity cost is in
PKR (Pakistani Rupees) for 30 min each. A cost optimization by GA and estimated by
heuristic algorithm for 24 h is shown in Figs. 6 and 7 respectively.

Fig. 5. 24 h load profile in spring season
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Figure 8 gives of utilization of PV, battery and Grid. It shows that load is mostly
fed by renewable energy source and battery. Grid utilization is minimized which proves
that proposed system is profitable.

Fig. 6. Cost estimation by genetic algorithm

Fig. 7. Cost estimation by optimized heuristic algorithm

Fig. 8. A comparison of utilization of resources
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A cost comparison of GA algorithm and optimized heuristic algorithm is shown in
Fig. 9. The figure reveals that the cost estimated by GA is more profitable for consumer
as of optimized heuristic algorithm.

The cost difference between genetic algorithm and heuristic algorithm varies
approximately 8% to 10%.

5 Conclusion and Future Work

Smart nano-grid algorithms proposed in the paper are effective solution to the system.
By adding further renewable resources to the system will most probably make it more
efficient in the long run. Other than PV, the resources that can be added to the system
are wind, rain and generators. The algorithms proposed can be implemented in the real
life system resulting in opening new doors to the further research in the field of smart
nano-gird. The compatibility of the algorithms with the systems is another area of
research for smart nano-gird researchers. It is a wide area of research for scientists due
to non-availability of legacy system. The algorithms proposed can be made intellectual
property by adding them to the system and then further optimized through research and
development.
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Abstract. This paper presents the mathematical modeling of a nonlinear sys-
tem for a sloping terrain simulation bench with pneumatic actuation, as well the
prototype development of the adopted dynamic system. The use of pneumatics
is advantageous in agricultural machinery for its easy maintenance, its relatively
low cost and good power-to-size ratio, and also for its quick action with great
speed variation. However, it introduces difficulties in control due to the non-
linear characteristics of the system. The mathematical modeling of this dynamic
system is important because it enables the prediction of the same oscillation
conditions found in the field through simulations, the controller design and the
behavior study of its variables in prototypes. Thus, a fifth-order nonlinear
mathematical model was developed to describe such slope from combination of
the servo valve model with the pneumatic cylinder model, and includes dead
zone nonlinearity, valve orifice flow rate, pressure dynamics and piston move-
ment with dynamic friction, and also includes rotating platform dynamics. The
motivation for the development of a test bench for sloping terrain simulation is
to contribute for the improvement of the experimental prototype in agricultural
machines.

Keywords: Mathematical modeling � Servo pneumatic � Experimental bench �
Prototype development

1 Introduction

This paper presents a study of the mathematical modeling and the prototype devel-
opment of a pneumatically-actuated test bench for a sloping terrain simulation. The
dynamic sloping terrain simulation bench is very useful for laboratory tests because it
predicts the same oscillation conditions found in the field, simulating the lateral sloping
variations of a combined self-propelled harvester.

Much has been researched on pneumatic actuators and their application in several
areas, for example, Sun et al. [1] describe that silicone-based pneumatic bending
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actuators (SPAs) have been very popular because they offer solutions for many
applications that require comfort and safety. Yamamoto et al. [2] describes the
mechanism of a robot with one-legged pneumatic muscle actuators that can mimic the
muscular and skeletal system of a human leg. In addition to control studies, in a recent
study, Lin et al. [3] proposed a new approach to control the final effector of a robot
using the pneumatic system.

Compressed air is widely used in machinery and equipment due to characteristics
such as simple maintenance, low implementation costs, relentless operation, good
power-to-size ratio of its components, great reliability, installation flexibility, as well as
the fact that it is available in nearly every industrial installation [2, 4, 5].

However, difficulties occur in modeling and pneumatic actuation control due to its
several nonlinear characteristics [3, 6], such as the compressibility of the air, the
nonlinear behavior of the mass flow from the valve orifices [7], the nonlinearity of the
valve dead zone [8], and the friction in cylinder sealing [9, 10].

Mathematical modeling may be applied in the simulation of dynamic system
behavior, as well as in model-based control applications as a way of compensating for
these nonlinear characteristics, and of minimizing its damaging effects, which harm
system performance [3, 11].

This article proposes and describes a mathematical model for an experimental
bench activated by a pneumatic actuator starting from the main nonlinear character-
istics of this dynamic system. The system parameters are chosen based on experimental
data on the laboratory bench prototype. The main contribution of this paper is the full
mathematical modeling of bench movement with actuator and mechanism.

2 Description of the Prototype with Pneumatic Drive

The experimental bench is comprised of a system concept [11] that is composed of a
fixed base and an articulated system whose function is to simulate the transversal slope
(angular movements) of an agricultural machine or piece of equipment at work on
undulated terrain. Actuation is performed by a pneumatic servo positioner comprising a
double-acting cylinder and a simple rod, and a five-way directional servo valve. The
controller is implemented through a block diagram with a dSPACE electronic board
that uses integrated MatLab/Simulink and ControlDesk software as its programming
means. Figure 1-(a) illustrates a schematic drawing of the experimental bench for the
application of the pneumatic actuator, designed on CAD (Computer Aided Design)
software, and Fig. 1-(b) shows a photograph of its prototype that was constructed at the
NIMASS (Automatic Machinery and Servo Systems Innovation Center). The detailed
process of the project, modeling, simulation, and the control system for the terrain
slope simulation bench with a pneumatic actuator took place simultaneously with the
construction of the prototype.
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The Fig. 2 presents the block diagram containing the scheme for the main mathe-
matical modeling data used to represent the dynamic behavior of the pneumatically-
actuated bench for the simulation of terrain sloping.

The u signal represents the input signal of the system that characterizes an open
loop control signals. The first block represents the nonlinearity of the dead zone, since
the width of the spool is greater than the width of the hole where there is the passage of
air under pressure in the servo valve. It also presents a block for the equation of mass
flow, one for the dynamics of the pressures, another for the dynamics of the movement
of the pneumatic actuator, another of the dynamics of the rotating platform of the bench
and also one for the kinematic relation and its derivatives.

Fig. 1. Pneumatically-actuated bench for sloping terrain simulation: (a) Schematic drawing on
CAD (Computer Aided Design) software; (b) Prototype photograph.

Fig. 2. Scheme for the mathematical modeling of the bench
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3 Mathematical Modeling of the System

The dead zone is a very common imperfection in pneumatic valves because the width
of the spool shoulder is greater than the width of the orifice through which the air
passes, in such a way that there is no air flow in a variety of positions [4]. Another
important nonlinearity is the relation between flow and pressure in the orifices of the
valve, which depends on the difference in pressure at the orifice and at the opening of
the valve. The pressure dynamics model is obtained through the continuity equation
and results in two first-order nonlinear equations, which they depend on the physical
characteristics of the pneumatic cylinder [7].

Friction is the factor that most influences the movement equation, since it is hard to
precisely describe and analyze it. Friction changes periodically and depends on envi-
ronmental factors, such as temperature and lubrication conditions. In this paper, the
friction model by the LuGre method will be described, as proposed in Canudas et al.
[12] and improved by Dupont et al. [13] to include effects during stiction.

The pneumatic servo positioner used in this paper is composed of a directional
servo valve and a double-acting pneumatic cylinder with a simple rod. This actuator
allows placing a load at a specific point in the actuator stroke or following a variable
trajectory related to time.

Fig. 3. Schematic drawing of the bench with the representation of the reference coordinates
system and the actuating forces
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The mechanical system of the workbench is shown in Fig. 3, where the main loads
and parameters involved in the rotation dynamics are represented. Applying the sum of
the torques (

P
T0), we have Eq. (1).X

T0 ¼ rFl � Tatr þ Tg ¼ I0€h ð1Þ

where Fl is the load force, Tatr (¼ r2 _h) is the friction torque, where r2 is viscous
friction and _h is the angular velocity, Tg represents the gravity torque (¼ h gm sin h),
which is directly proportional to the height (h) of the center of gravity of the bench, to
the gravitational acceleration (g), to the mass of the bench (m) and to sin ðhÞ, I0 is the
moment of inertia of the rotating platform about the rotation axis, €h is the angular
acceleration of the platform and r is the distance from the turning center to the point of
application of the force.

In that manner, we have Eq. (2), which represents the dynamics of the rotating
platform coupled with pneumatic actuator [11].

I0€hþ Tatr � Tg ¼ r Fp �M€y� Fatr � Fg
� � ð2Þ

where M is the displaced mass, €y is the cylinder piston acceleration, Fp is the pneumatic
force given by Eq. (7), Fatr is the friction force and Fg is the component of the
gravitational force in pneumatic actuator. The kinematic relation between linear
movement y by the pneumatic actuator rod and the angular movement h by the rotating
platform can be obtained through the methodology proposed by Valdiero [14], and is
shown in Eq. (3):

yðhÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L21 þ L22 � 2 L1j j L2j j cos h� D/ð Þ

q
� L3 ð3Þ

where the constructive parameters L1, L2, and Du are given by the following
expressions:

L1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2A þ y2A

q
ð4Þ

L2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
aþ xBð Þ2 þ y2B

q
ð5Þ

Du ¼ u1 � u2 ¼ ar tan 2
yA
xA

� �
� ar tan 2

yB
aþ xB

� �
ð6Þ

where xA; yAð Þ and xB; yBð Þ are the coordinates that define, respectively, the points of
articulation A e B on the pneumatic actuator in relation to the reference systems x0y0
(on the fixed base) and x1y1 (on the rotating platform), a is the distance between the
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origin of these reference systems, and L3 represents the length of the actuator (segment
AB) at the midpoint of the cylinder stroke y ¼ 0ð Þ. Pneumatic force Fp is given by
Eq. (7):

Fp ¼ A1pa � A2pb ð7Þ

where A1 and A2 are the transversal section areas in the chambers of the pneumatic
cylinder, and pa and pb are the respective pressures in these chambers, whose dynamics
can be obtained through the application of the principle of conservation of energy and
the ideal gas law, as presented in Valdiero et al. [8] and described in Eqs. (8) and (9):

_pa ¼ � A1 c _y
A1 yþVa0

pa þ R c T
A1 yþVb0

qmaðpa; uÞ ð8Þ

_pb ¼ A2 c _y
Vb0 � A2 y

pb þ R c T
Vb0 � A2 y

qmbðpb; uÞ ð9Þ

where qma and qmb are the mass flows of the cylinder chambers, T is the supply air
temperature in Kelvin, R is the universal gas constant, c is the relation between the
mass heat capacities of air, Va0 and Vb0 are the cylinder chamber volumes in the
position y = 0, u is the control signal applied to the servo valve, yðhÞ and _yðhÞ are,
respectively, linear position and velocity of the pneumatic actuator rod, written as
functions on the angular position of the rotating platform. A detailed study in [7] for the
mass flow equating qma qmb resulted in the Eqs. (10) and (11):

qmaðu; paÞ ¼ g1ðpa; signðuÞÞarctgð2 uÞ ð10Þ

qmbðu; pbÞ ¼ g2ðpb; signðuÞÞarctgð2 uÞ ð11Þ

where g1 and g2 are functions given by Eqs. (12) and (13).

g1ðpa; signðuÞÞ ¼ bDpa ¼
ðpsup � paÞbench if u� 0

ðpa � patmÞbesv if u\0

(
ð12Þ

g2ðpb; signðuÞÞ ¼ bDpb ¼
ðpsup � pbÞbench if u\0

ðpb � patmÞbesv if u� 0

(
ð13Þ

considering that psup is the supply pressure, patm is the atmospheric pressure, bench and
besv are constant coefficients respectively regarded to the filling and emptying of the
cylinder chambers. Critical center pneumatic servo valves (the width of the spool is
larger than the passage orifice) present a nonlinear dead zone characteristic, where there
is no output air mass flow for a certain value range for the control signal u(t). The
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mathematical model for dead zone nonlinearity can be described by [8] as shown in
Eq. (14):

uzmðtÞ ¼
mdðuðtÞ � zmdÞ if uðtÞ� zmd

0 if zme\uðtÞ\zmd

meðuðtÞ � zmeÞ if uðtÞ� zme

8><
>: ð14Þ

where u is the input signal, uzm is the output value, zmd is the right-hand limit of the
dead zone, zme is the left-hand limit of the dead zone, md is the right-hand slope of the
dead zone, and me is the left-hand slope of the dead zone.

According to the LuGre model, friction is proportional to the average elastic bristle
deflection; when a tangential force is applied, the bristles deflect like springs, and if this
deflection is sufficiently great, the bristles start to slip [12, 13]. This average bristle
deflection is determined by the speed of a movement in steady state. This friction
model is frequently used within the scientific field because it is based on the under-
standing of the microscopic mechanism of the friction phenomenon. The dynamic
friction used is based on the understanding of the microscopic mechanism of the
friction phenomenon given by:

Fatr ¼ r0zþ r1 _zþ r2 _y ð15Þ

where r0 represents the coefficient of stiffness of the microscopic deformations
between the contact surfaces, z is a non-measurable internal state that represents the
average deformation that occurs between the surfaces, r1 is the damping coefficient
associated with the variation rate z, r2 is the coefficient for viscous friction, and _y is the
relative velocity between the surfaces. Thus, friction force is comprised of a portion
that is proportional to the average micro deformation ðr0 zÞ, a portion that is propor-
tional to the deformation variation rate ðr1 _zÞ, and the viscous friction portion ðr2 _yÞ.
For the dynamics of state z, Dupont et al. [13] propose the Eq. (16):

dz
dt

¼ _y 1� aðz; _yÞ a0
gssð _yÞ signð _yÞz

� �
ð16Þ

where gssð _yÞ represents a function of the friction in a steady state, and is given by:

gss _yð Þ ¼ Fc þ Fs � Fcð Þe� _y
_ysð Þ2 ð17Þ

where Fc is the Coulomb friction force, Fs is the static friction force, _y is the speed, and
_ys is the Stribeck velocity. Using the variables at state x1 ¼ h (angle described by the
platform), x2 ¼ _h (angular velocity), x3 ¼ pa(pressure in chamber A), x4 ¼ pb (pressure
in chamber B) e x5 ¼ z (average micro deformation), it is possible to represent the
dynamic system as a mathematical model through the following set of nonlinear
ordinary differential equations of the fifth order:
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_x1 ¼ x2 ð18Þ

_x2 ¼ r
I
ðA1x3 � A2X4 � Fatrðx5; _yÞ � Fg �M€yÞ � 1

I
ðr2x2 � TgÞ ð19Þ

_x3 ¼ � A1c _yðx1Þ
A1 yðx1ÞþVa0

x3 þ R c T
A1 yðx1ÞþVa0

qmaðx3; uÞ ð20Þ

_x4 ¼ A2 c _yðx1Þ
Vb0 � A2 yðx1Þ x4 þ

R c T
Vb0 � A2yðx1Þ qmbðx4; uÞ ð21Þ

_x5 ¼ _y� aðx5; _yÞ r0
gssð _yÞ signð _yÞx5 ð22Þ

Figure 4 shows the validation results of the chosen mathematical model and makes
a comparison with experimental and desired signal for classical proportional control.
The results show that the adopted model is adequate and allows the simulation of the
sloping terrain dynamic behavior with pneumatically-actuated bench.

4 Conclusions

A non-linear mathematical model of 5th order was developed for simulation of land
slope with pneumatic drive. This model shows the dynamics of the rotating platform
coupled with pneumatic actuator, including the dead zone nonlinearity, the mass flow in
the servo-valve orifices, pressures dynamics in cylinder chamber, the friction dynamics

Fig. 4. Results of the simulations and real experiments with feedback control.
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considering the LuGre friction model and a kinematic relationship of angular to linear
conversion. The results obtained will contribute to the elaboration of control strategies
and also to the experimental prototype improvement for innovation in agricultural
machines. This work is a contribution to the advancement in farm machines. As high-
light it was presented a mathematical modeling strategy for pneumatically-actuated
bench for sloping terrain simulation. The development model can be used for simulation
on the practical application in level control in combine harvesters.
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1 Universidad Autónoma de Querétaro, Santiago de Querétaro, Mexico
je.esquivel@outlook.com

2 University of Cassino and South Latium, Cassino, Italy

Abstract. Roll hemming is analyzed for flat surface-straight edge sheets
to illustrate how defects and forces behave. The analysis of defects is
carried out trough illustrative models to emphasize the main variables
of the process. A testing rig to investigate the process is designed and
built. Experimental tests are carried out to measure how forces influence
final quality part and the experimental data is analyzed and discussed
to relate it with main parameters and defects.

Keywords: Roll hemming · Wrinkles · Flat surface-straight edge

1 Introduction

The roll hemming is an automotive manufacturing process for the panels of cars,
such as doors, hoods and deck lids [12]. It has two main purposes, the first is
to improve exterior appearance of the car and the second is to attach one metal
sheet to the other (the outer panel to the inner panel). In this process, a robot
moves an end-effector roller along the edge of the panel, and trough different
steps, the roller bends a flange to the inside -from 90◦ to 0◦- [10]. Usually, the
roller shapes the flange thorough the first (60◦), second (30◦) and final step (0◦).

Several authors have studied the hemming process, the classical hemming
uses stamping dies to form the part and roll hemming uses an industrial ser-
ial robot through different steps, the classical hemming is applied for massive
serial production where the manufacturing condition are established and do not
change frequently, thus, there is no need of flexibility since the fixed produc-
tion conditions allow the design of a big die where no immediate modifications
are required. But in some cases (where a car is taken out of the market) the
companies are obliged to supply replacements for clients who need them, in this
case there is no justification for an expensive stamping die. In low batches and
different pieces, flexibility and reprogramability are valuable factors, those cases
are suitable for the roll hemming process, where a robot can be programmed
with the trajectories desired for each different part. For example in [11], the
authors analyzed classical hemming process, they carried out tests and obtained
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plots relating the starting parameters with the defects. In [13], the authors ana-
lyzed classical hemming process using a Finite Element Model of plain solid
deformation in two dimensions with LS-Dyna. They used only one type of alu-
minum, thickness and geometry. Other authors have studied the roll hemming
process, for example in [5], the authors proposed a combined hardening rule to
simulate the process and they identified the combined model parameters using
uni axial tension and compression tests. Results showed how fracture is affected
by cyclic plastic deformation. In [10], the authors developed a finite element
model based on flat surface-straight edge in aluminum alloy 6061T6 for flang-
ing, pre-hemming and hemming. In addition, they worked out experiments to
measure the roll in/out to compare with simulation results. In [6], the authors
set a material model for simulation based on anisotropic elastic-plastic mixed
hardening, for a curved surface-curved edge part, considering the pre-strain his-
tory of the part, wrinkles were similar in experiments and simulations. In [1],
the authors analyzed final quality part in roll hemming based on different robot
positions, they concluded that robot configuration affects springback of part and
the stiffness of robot in the roll hemming process.

Although, the roll hemming process is widely addressed in literature, differ-
ent aspects of this process deserve attention and research in order to improve
the quality of the shaped parts and to reduce the appearance of defects, also
when fast production and high productivity require new and flexible processes.
Accordingly, the main objectives of the experimental characterization in this
paper are: to analyze the main defects and force behavior, to design a testing rig
to reproduce the roll hemming process without the effect of robot compliance,
to measure the forces and finally, to analyze the shape in the hemmed parts.

2 Main Parameters of Roll Hemming Process

We propose different models to identify the main characteristics of the process
(Fig. 1(a)), such as usual defects (on the hemmed part) and the interaction forces
between roller and the part. The Fig. 1(b) illustrates the roller attached to a tool
(end-effector) and a small section of the part to be hemmed. We set a reference
frame in the roller {R}, and a reference frame in the part {P}, Rx and Px are

Fig. 1. A scheme of the roll hemming process. (a) A general process. (b) The frame
{R} is attached to roller and the frame {P} is attached to the part.
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oriented to the direction of motion, Rz is oriented to the robot arm and Pz is
oriented to the flange. Usually, the roller starts pressing the flange and advancing
over it all along the edge.

Fig. 2. Defects in roll hemming process. (a) Roller moves and generates wrinkles; F is
the force applied to the center of roller, V is the speed of tool in hemming path, r is
the radius of roller; the deformation of part is illustrated as tension and compression
sections (+−). (b) Springback, �θ, is the difference between θf and θd.

Fig. 3. Force in different hemming steps. (a) One resultant vector at the origin of {R}
frame. (b) In final hemming force, frame {R} and {P} have the same orientation and
θd = 0.

Usually the applied force F , the speed of the tool v, and the part deforma-
tion generate wrinkles. The classical hemming and the roll hemming are based
on different technologies, the classical hemming shapes the door panels with stiff
stamping machines holding dies that press the entire panel in every pre-hemming
step, on the other hand, the roll hemming uses an attached roller that gradually
shapes one panel section at the time starting in one corner and closing a trajec-
tory cycle in that corner, as consequence in classical hemming a wrinkles defect
appears in curved panels only -the hemming in straight panels allows uniformity
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in material deformation without waves or fluctuations- but in roll hemming wrin-
kles defect appears in straight panels, the gradual process deforms the material
section by section, generating tension and compression stages as roller moves
over the edge of the panel. The consequence of wrinkles defect is no uniform sur-
face on the final panel and no contact between the external panel and the inside
panel in some critical parts. Furthermore, the sealing could be weak if adhesive
is used to attached exterior and interior panels. Figure 2(a) describes how roller
deals with an external force (unknown direction and magnitude) meanwhile the
motion generates tension and compression effects in the flange which leads to
wrinkles defects.

In roll hemming elastic and plastic deformation influence the final quality
panel. Springback is the elastic deformation of the flange in the process, when
the roller shapes a specific section of the panel, the flange deforms plastically
taking a new shape but when the roller has passed that section the elasticity
of the material recovers (not entirely) the flange. It means the final position
of the shaped flange differs from the roller path based on the design of the
door, thus leading to a surface defect that affects final quality part. Figure 2(b)
shows a front view of a part, where the springback �θ, is how much the desired
angle θd, differs from the real angle θf . Some works focused on prediction of
springback for metalforming applications such as in [3]. Figure 3(a) illustrates
the force vector F , unaligned to Rz for 1st and 2nd pre-hemming steps (60◦ and
30◦) and Fig. 3(b) illustrates the force vector F mainly in Rz component for the
final step (0◦) where R and P have the same orientation and θd = 0. Thus, the
attached problem in Sect. 2 is characterized by the main parameters, the force
and the final displacement of the part.

3 The Experimental Layout

To know the required force and to observe the defects, the following experiments
reproduce the process without a robot by means of a designed testing rig. In [11],
the authors studied most of the significant parameters for classical hemming
and in [2], the authors did the same for roll hemming. The tests considered the
following data: aluminum of 6000 series and steel of standard quality for sample
sheets, a part thickness of 0.5 mm -other works report 0.8 mm or 1 mm [8,12]
but we defined only one part thickness below the range reported to ensure the
force generated by the material deformation could not overpass the force sensor
range since experiment is in low scale-, a flange length of 10 mm -average in
other works-, a flat surface, a straight edge (Table 1), three hemming steps (60◦,
30◦ and 0◦) as shown in Figs. 4(a), (b) and (c) and a roller radius of 20 mm. We
considered the output parameters as the hemming force and the quality of the
hemmed part.
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Fig. 4. The process steps: (a) The first step. (b) The second step. (c) The third step.

Fig. 5. A designed scheme for the layout of the proposed testing rig (a)–(b).

Figures 5(a) and (b) show the frontal and side layout of the designed rig,
respectively. The rig constraints the roller in all degrees of freedom. The Figs. 6(a)
and (b) show the frontal and side view of the built rig at LARM in Cassino. The
Figs. 7(a) and (b) show the components of the tool (end-effector) that has been
previous designed in [4] with one direction force sensor in range of 0–1 KN.
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Fig. 6. The built prototype of the testing rig: (a) Frontal view, (b) Lateral view.

Table 1. Main process parameters

Material Aluminum, Steel

Thickness (t) 0.5 mm

Flange length (fl) 10 mm

Surface part Flat

Edge part Straight

Hemming step (θ) 60, 30, 0◦

Roller radius (r) 20 mm

Fig. 7. The designed tool: (a) The mechanical design. (b) The built prototype.
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Fig. 8. Coordinate frames on the testing rig and parts. (a) Coordinates in tool (end-
effector). (b) Coordinates in the part.

This means, for these experiments that we measured force in Rz component
only. The Figs. 8(a) and (b) show the coordinates for the roller, {R}, and the
coordinates for the part, {P}.

In order to reproduce the roll hemming with a total of 6 samples the flange
was bend to 90◦, the part was fixed to the rig, the angle was oriented (according
to the proper step), the part was positioned in Ry direction, the height was
adjusted in Pz direction (until roller contacted the flange) and the platform was
moved in Rx direction (until flange was hemmed). The process was repeated 18
times for every sample test for statistical purposes.
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Fig. 9. Forces vs time for the first pre-hemming (60◦) step for aluminum and steel.
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Fig. 10. Forces vs time for the second pre-hemming (30◦) step for aluminum and steel.

4 Experimental Results

Figure 9 shows tests results in terms of force and time for first pre-hemming
step (60◦) for aluminum and steel parts: the force rises in the first 10 s and
the maximum force registered 49.72 N for aluminum and 116.27 N for steel. The
plot shows the first 20 s because next values remained constants. Figure 10 shows
plot of force and time for second pre-hemming step (30◦) for aluminum and steel
parts: the force rises in the first 15 s to 20 s and the maximum force registered
97.18 N for aluminum and 197.75 N for steel. The plot shows the first 35 s because
following values remained constants. Figure 11 shows plot of force and time for
the final hemming step (0◦) for aluminum and steel parts: the force rises in
the first 5 s to 10 s; the maximum force registered 173.28 N for aluminum and
500.05 N for steel. The plot shows the first 20 s, in this case aluminum values
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Fig. 11. Forces vs time for the final hemming (0◦) step for aluminum and steel.
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Fig. 12. Results in tested samples. (a) Thickness on hemmed parts. (b) Wrinkles defect
on hemmed parts.

remained constants but for steel the platform was forced and the roller leaved
the trajectory. The force increases as the hemming steps increase, so the lower
the angle, the higher the force required, also each graph can be divided in two
sections, the section of rising, when the roller is deforming the sheet to the desired
angle and the section of constant force, where the roller is moving along the edge.
Comparing the differences between aluminum and steel, the steel sheet requires
higher force to be hemmed causing the process to be more complex. Comparing
the results of the registered loads with other author’s results we can observe
lower loads. [9] reached a 50 KN in load for classical hemming. Thus in classical
hemming is easier to reach higher loads. For the application in roll hemming [7]
mentioned a 2500 KN which is higher and in the work of [10] the load reached
in the pre-hemming steps is around 700 N and reaching 2000 N for the final
hemming. So it is noticed that a higher force is required to be applied on the
sheet, this can be considered for a design of a next testing rig.

When tests were finished, every sample was marked every 5 mm and the thick-
ness in z direction was measured with a vernier caliper as shown in Fig. 12(a).
Figure 12(b) shows wrinkles that were formed in an aluminum part along x
direction, accordingly to [11] the wrinkles defect does not appear in flat surface-
straight edge but the experiment shows that for roll hemming it does. The Fig. 13
shows plot of the thickness of a desired part -a constant line of 1 mm-, the thick-
ness of an aluminum part and the thickness of a steel part -less deformed respect
to aluminum-; the maximum thickness for aluminum and steel were 2.8 mm and
5 mm, respectively; the better shape is in the middle of the parts, this is for
the designed rig. Accordingly to the results of the thickness, a stiffer machine is
needed in order to ensure a better quality in the final part applying the higher
load. There is a correlation between the thickness and the load applied for every
sample, as the load increases the thickness is higher, thus the material needed
higher force to be deformed.

The Table 2 lists the main values of previous plots; the force increases on
every hemming step and maximum thickness in aluminum parts differs from that
of steel parts. The Figs. 14(a) and (b) show the trajectory deviation obtained
during the process experimentation. The results showed a deviation of the tool
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Fig. 13. Completed results from tests as thickness vs part length.
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Fig. 14. Trajectory deviation on hemmed parts. (a) Tool deviation while deforming
the sheet. (b) Samples tested.

Table 2. Measured forces during tests.

Run Aluminum Steel

Fmax Fmin tmax Fmax Fmin tmax

1 Step 49.72 N −3.57 N - 116.27 N 0.2 N -

2 Step 97.18 N −7.76 N - 197.75 N 0 N -

Final Step 173.28 N −4.58 N 2.8 mm 500.05 N 0 N 5 mm

end-effector in the trajectory and the presence of wrinkles defect in flat surface-
straight edge. The design needs to consider higher loads and it could be helpful
to measure other components of force during the process. While doing this exper-
iment, one factor not considered before emerged as result of the observation of
the relaxing time of material and the process steps, this factor is the speed of the
process, the speed at which each step is carried out. So for other experiments it
is recommendable to consider the speed of the process. The roller geometry may
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influence the results due to its interaction with the door where the roller radius
defines the contact surface, for a small radius of the roller the contact surface is
small -which may lead to a force concentration and increasing the deformation-
and for a big radius the contact surface is big which may lead to a smooth
distribution of the forces and a decreasing in the fluctuation of the material.
The wrinkles defect could be related with the roller radius and a further study
comparing different geometries of the roller would be valuable.

5 Conclusions

In this paper an experimental characterization is presented for the main defects
in roll hemming. Descriptive models for the main parameters and defects of the
process were proposed. Experiments were performed on a testing rig designed
specifically to highlight forces and deformations during the process in different
operation steps. It is recommended to control the speed of the process and to
measure more components of the force. Future work is planned to designed a
compensation strategy for the path deviations of the roll hemming end-effector.
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Abstract. Dynamometers are devices that for long have been employed for
acquiring power and torque outputting a prime mover, such as an engine.
However, with the improvements in controllability, they may as well be applied
nowadays to reproduce in laboratory conditions real operational loads,
increasing the replicability of the tests and the reproducibility of the results. In
this regard, the main goal of the present work is to describe the first outcomes of
a project being carried in the Laboratory for Integrated Systems of Unicamp
whose main goal is to further develop its chassis dynamometer for emulating
real driving resistances, such as inclines and aerodynamic drag, upon the
driveline of the vehicle being tested. In a first attempt to improve the control
platform of the device, a lookup table was created in order to control an
eddy-current brake and to verify its dynamical performance under voltage
inputs. Compensation for the difference in inertia between the vehicle and the
dynamometer and for the aerodynamic drag was also provided during the
execution of an FTP-72 drive cycle. After the inclusion of the control structure,
correlation coefficients of around 0.95 have been found when comparing the
torque read at the torquemeter with the expected torque with compensation.

Keywords: Chassis dynamometer � Feedforward control � Eddy-current brake

1 Introduction

Dynamometers play an important role in the field of automotive engineering since they
provide reliable and controlled experimental conditions for benchmarking new tech-
nologies deployed in the energy converters or in the driveline of road vehicles.
According to Figliola and Beasley [1], these devices must absorb the power output of a
prime mover in order to assess its performance. Modern dynamometers, however, are
capable not only to perform passive measurements but also of emulating actively the
perturbations to which cars are commonly submitted when employed under real driving
circumstances.
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Following this principle, the Laboratory for Integrated Systems (LabSIn) of the
University of Campinas (Unicamp) intends to develop a control system for its twin
roller chassis dynamometer, which must have the capacity, on the long run, to emulate
a complete drive cycle with its characteristic movement resistances: aerodynamic drag,
inclines and declines, rolling resistance and also inertial compensation. One step
towards this goal is to analyze the performance of the power absorber unit (PAU) of the
chassis dynamometer, which is composed of an eddy current (EC) brake and its current
controller. In the present paper, the authors propose the application of a static feed-
forward control, in order to assess, the performance of its PAU.

2 Two-Wheel Drive Vehicle Longitudinal Dynamics

The longitudinal dynamics of a road vehicle (x-axis) is governed by three main moving
resistances: the rolling resistance of the tire-road contact (Rx); the aerodynamic drag
(DA); the incline resistance (W sinH), which depends on the weight W of the vehicle
and on the gradient H of the road. These are the forces that must be overcome by the
traction force (Fx) of the driving wheels, so that the vehicle may be able to accelerate or
at least to travel in a constant cruise speed [2, 3]. For two-wheel drive vehicles,
however, a fourth term must be added since the two non-driven wheels introduce
another drag when the vehicle accelerates. In other words, the rotational inertia Iw of
each of the two non-driving wheels must be rotationally accelerated by a torque
equivalent to Tnd ¼ Iw � ax=rw, being rw the radius of the wheel and ax the longitudinal
acceleration of the car. This torque must be provided by a force Fnd ¼ Tnd=rw applied
by the wheel knuckles whose reaction must be deducted from Fx. The equation of
longitudinal motion of a two-wheel drive vehicle is then provided by Eq. (1), in which
m stands for the total mass of the vehicle.

Fx � Da � Rx �W sinH� 2Fnd ¼ max ð1Þ

The aerodynamic drag can be defined by Eq. (2) [2, 3]:

Da ¼ 1
2
qairCDAf v

2
x ð2Þ

In which qair is the density of the air (1.2258 kg/m3), CD represents the drag
coefficient of the vehicle, Af stands for its frontal projected area and vx is the forward
speed of the vehicle. The traction force required to be delivered by the powertrain to the
driving wheels of the car under real road conditions may be finally determined by
employing Eq. (3).

Fx ¼ 1
2
qairCDAf v

2
x þRx þW sinHþ mþ 2

Iw
r2w

� �
ax ð3Þ

On a chassis dynamometer, however, this dynamic equation may not be entirely
represented, since all four described forces are either absent (aerodynamic drag and
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climbing resistance) or they may behave differently from the actual road condition: the
tire resistance upon twin rollers are significantly higher because of the road-tire contact
[4, 5]; the equivalent linear inertia of the rollers and its appendices may be different
from that of the vehicle [4]; the non-driving wheels may not rotate.

Therefore, some sort of compensation is required in a chassis dynamometer, by
either inputting or absorbing power from the system, so that reliable data may be
collected from the vehicle during the tests. These compensations are nowadays stan-
dard in the field and there are plenty of patents concerning this topic, such as in [6–8].
Nevertheless, as stated by [9] few works have been effectively publicized in regard to
the performance of these methods, possibly due to the confidentiality of this infor-
mation inside the industry.

3 Eddy-Current Brake and SPC-Controller

The eddy-current brake is one of the methods employed to absorb mechanic power
from an automotive dynamometer system, either in order to perform the measurements
of the overall torque outputting the vehicle under test or to emulate the resistive forces
of the longitudinal dynamics [10].

The working principle of this magnetic retarder consists of inducing eddy currents
on a ferromagnetic rotating disk by means of an external and fixed magnetic field
placed parallel to the axis of the shaft. The disk and its free electrons form a resistive
circuit, whose internal current tries to mitigate the local changes in the magnetic flux
passing through the metal; by doing so, through Joule effect, the kinetic energy of the
dynamometer is converted into heat [10, 11]. The stored heat contained in the warm
disk can then be removed by means of forced convection and, therefore, a refrigeration
system is necessary. Figure 1a shows a schema of a simple eddy current retarder.

The most common way of controlling an EC-brake is to vary the DC electric
current injected into the exciting coils that generate the magnetic field acting upon the
surface of the rotating disk [10]. The generated torque is not, however, a linear function

(a) (b)

Fig. 1. (a) Schematic representation of an EC-brake (adapted from [12]); (b) Typical torque
curves produced by an EC-brake according to the exciting DC current in its coils [11].
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of the current, being variable with both the angular speed of the disk and the applied
current, as shown in Fig. 1b. According to [12], there are three main regions of
operation on an eddy current torque map: (i) below critical speed, the induced magnetic
field is significantly smaller than the one being applied by the coil and the overall
magnetic field in the gap keeps perpendicular to the face of the disk – torque grows
linearly with the speed; (ii) near the critical speed, the induced magnetic field becomes
considerable, deforming the overall magnetic field in the gap – torque reaches its
maximum; (iii) above the critical speed, the induced magnetic field deforms even more
the one applied by the coil – the device gradually loses its braking capacity. In the limit,
at very high speeds, torque may even approach zero.

Another source of nonlinearities comes from the rectified single phase controller
(SPC), since the outputting current preserves the ripple of the rectifier, maintaining its
oscillatory characteristic. Furthermore, the DC component is not directly proportional
to the voltage input, given the fact that the 1–5 V analogic input controls the phase
angle for which the signal is cut, rather than its RMS value. Considering these non-
linearities regarding the outputting torque in relation to the input voltage signal, which
regulates the coil current, the control of an EC-brake may be considered a challenge for
the designer and the application of linear controllers, such as PIDs, may lead to
instabilities, as already detected in previous attempts performed in our laboratory.

Bearing this in mind, in order to control the EC-brake assembled into the
dynamometer effectively, a reliable model of the system must be developed, so that
most part of the control signal does not need to rely solely on the feedback loop.

4 Experimental Setup

In this section, a brief description of the equipment used during the tests is presented.
Firstly, the chassis dynamometer along with its actuators and its acquisition system are
described; a list of its inertia and resistive torques is also provided. Secondly, the
inertial and aerodynamic parameters of the vehicle employed to execute the drive cycle
are both characterized.

The chassis dynamometer assembled in LabSIn is a twin roller chassis
dynamometer provided with: four inertia rollers of rR ¼ 200 mm radius, two for each
driven wheel, for power accumulation; an alternate current (AC) 30 CV 2-poles
induction machine and its WEG CFW701 frequency inverter, which are employed for
the power supply; an air-refrigerated 6-poles eddy-current brake system for power
absorption and its single phase power controller with rectifier. A schematic diagram of
the system may be seen in Fig. 2. This figure depicts all of the power sources (boxes
with horizontal lines), absorption elements (boxes with vertical lines) and accumulators
(boxes with diagonal lines).

Regarding the employed sensors, the device counts on two universal torque
transducers HBM-T40B – contactless torque flanges: one capable of measuring up to
500 N∙m of rotating shaft torque connected to the AC-motor shaft and a second which
measures torques up until 3 kN∙m, acquiring the torque provided by the EC-brake
system. An optic encoder with 60 pulses per revolution was also attached to the
AC-motor shaft, in order to read the angular speed of the rollers.

382 E. Bertoti et al.



For the acquisition system, a National Instrument cDAQ-9178 module was used
along with two NI 9239 analog-digital converters (ADC) for ±10 V inputs (50 kS/s/ch;
24 bits) and an NI 9263 digital-analog converter (DAC) for generating ±10 V signal
outputs (100 kS/s; 16 bits). The ADC was employed to gather the voltage signals
coming from the encoder and from both torque flanges and digitalize them to the
Labview control structure, which was developed for the control and Human-Machine
Interface (HMI) of the dynamometer, as described in [4]. This program processes the
signal and sends two control outputs to the DAC module, one communicating with the
frequency inverter and the other with the SPC. Since the computer was not dedicated for
processing purposes, being also employed also as HMI, an acquisition rate of 5 kS/s/ch
was selected.

Inertia and friction parameters of the test bench, as obtained by [4], are listed in
Table 1. Since the gear ratios of both reducers are constant, the moments of inertia and
resistive torques are already provided as perceived from the shaft connected to the
rollers, in order to simplify calculations. Friction torques are speed dependent, because
of the viscous effect of the lubricants.

For the execution of the drive cycle, a FIAT Punto 2008 with a 1.4-liter gasoline
engine was employed. All the relevant parameters necessary during the calculation of
the resistive forces are listed in Table 2.

Table 1. Parameters for inertia and friction losses for the chassis dynamometer of LabSIn [4].

Equipment Eq. mom. of inertia Friction torque (vx in km/h)

EC-brake + reducer IECB ¼ 5:43 kg�m2 MRES;ECB ¼ 0:134vx þ 3:67 N�m
AC-motor + reducer IACM ¼ 1:38 kg�m2 MRES;ACM ¼ 0:105vx þ 3:67 N�m
Rollers + bearings IROL ¼ 28:03 kg�m2 MRES;ROL ¼ 3:3968v0:1951x N�m

Fig. 2. Schematic representation of the twin roller chassis dynamometer of LabSIn.

Experimental Characterization of a Feedforward Control 383



5 Model Identification of the Eddy-Current Brake

As mentioned in Sect. 3, the setup of the equipment installed in LabSIn imposes some
sources of nonlinearities, which cannot be easily modeled by employing analytical
equations. In this sense, an experimental approach was performed in order to model the
EC-brake for different static input signals.

The experiment consisted of controlling the induction motor in eighth different
angular speeds selected in a manner to move the EC-Brake from 250 rpm (7.54 km/h
for the vehicle) to 2000 rpm (60 km/h) in steps of 250 rpm with no vehicle on the test
bed. It was not possible to acquire data for angular speeds higher than 2000 rpm since
at this point the induction motor reached its top speed. The speed control was per-
formed by the frequency inverter of the AC-machine and the torque was transferred
from one shaft to another by a 1:1 roller chain transmission. At each angular speed, a
voltage signal ranging from 1.0 V to 2.2 V in steps of 0.1 V was manually set in the
Labview application and the torque obtained in the torque flange attached to the shaft of
the EC-Break was read for one minute, gathering a total of around 300,000 samples.
The mean value of the signal was then deduced from the resistance torque of the
bearings and of the reducer attached to the shaft of the EC-brake (MRES;ECB), divided by
the gear ratio iECB and was stored. A total of 104 experiments (8 speeds � 13 voltages)
were performed during this stage and the results are shown in Fig. 3a.

Table 2. Inertial and aerodynamic parameters of the vehicle under test [4].

Variable Value

Mass of vehicle plus driver m ¼ 1090 kg
Moment of inertia of one wheel Iw ¼ 0:7279 kg�m2

Tire static radius rw ¼ 0:3075 m
Frontal area Af ¼ 2:16 m2

Drag coefficient CD ¼ 0:34

(a) (b)

Fig. 3. (a) Acquired torque outputting the EC-brake (discounting losses in the reducer), as a
function of input voltage and angular speed; (b) Inverse characterization of the EC-brake as a
look-up table with linear interpolation.
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It is remarkable that the behavior of the constant voltage curves are similar to that
provided in the literature (Fig. 1b), despite the fact that the coils of the EC-Brake were
not excited by a pure direct current but rather with the rectified AC-signal. The
appearance of a characteristic speed around 500 rpm (15 km/h) for each voltage curve
is also noticeable and, as it was expected, the torque outputted by the EC-brake
decayed after this threshold value.

For its application in the controller, the inverse model was obtained by means of
interpolation, and the voltage value was kept constant for angular speeds of the
EC-brake higher than 2000 rpm. Figure 3b depicts a contour plot of the inverse model.
This method was chosen in spite of extrapolation for safety reasons, i.e., in order to
avoid unexpected torque-overshoots in the region that no measurements were
performed.

6 Experimental Validation

As mentioned before, this work presents a preliminary study on the subject of the
control of an EC-Brake for emulating real driving conditions on a chassis
dynamometer. Following this idea and after noticing that a PID controller was not
providing the desired controllability for the system, a simplified feedforward control
was added to the control loop as shown in Fig. 4. For the examination of its perfor-
mance, the feedback controller was deactivated, in other words, the system worked as
open loop, during the following tests.

The required torque outputting the EC-brake (Mreq) becomes a function of the
difference between the resistance force to which the car would be submitted upon the
dynamometer without compensations (FD) and the resistance force to which the vehicle
should be submitted on the road (equal to Fx). Equation (4) depicts this relationship,
standing rR ¼ 0:2 m for the radius of the rollers and iECB ¼ 2:5 for the transmission
ratio of the reducer attached to the EC-Brake.

Mreq ¼ min
FD � Fxð ÞrR

iECB
; 0

� �
ð4Þ

Fig. 4. Feedforward control loop (open loop system).
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Being FD described by Eq. (5) and RxD the rolling resistance of the two driven
wheels when rolling upon the four rollers:

FD ¼ RxD þ 1
rR

MRES;ECB þMRES;ACM þMRES;ROL þ IECB þ IACM þ IROLð Þ ax
rR

� �
ð5Þ

Since the main goal of the present work is to assess the controllability of the
EC-Brake by providing more resistances to the vehicle on the dynamometer, it was
assumed that Rx ¼ RxD þ 1=rR � MRES;ECB þMRES;ACM þMRES;ROL

� �
, i.e., that the roll-

ing resistance on the road was equal to all friction forces of the test bed. This way, the
usage of the electric motor is minimized and, by considering H ¼ 0�, Mreq becomes:

Mreq ¼ min
IECB þ IACM þ IROL � mr2R � 2Iw rR

rw

� �2
� �

ax
rR
� 1

2 qairCDAf v2xrR

iECB
; 0

0
BB@

1
CCA ð6Þ

In other terms, the torque that must be delivered by the EC-Brake is a function of
the speed and acceleration of the vehicle at a given time in the drive cycle. Since the
brake controller has still a delay of around on second, it was opted for inputting the
speed and acceleration of the drive profile with one second in advance rather than the
instantaneous speed and acceleration of the vehicle on the test bench. The theoretical
objective torque Mobj that must be read by the 3 kN�m torque flange is provided by
Eq. (7).

Mobj ¼ �Mreq tð Þ � iECB þMRES;ECB þ IECB
ax
rR

ð7Þ

In order to evaluate the performance of the presented controller, the vehicle was
submitted to five runs over the FTP-72 drive cycle, being four experiments run with
compensation for evaluating the reproducibility of the results and the last one executed
without any control input for comparison. The torque curves read at the torque flange
assembled in the EC-Brake shaft were then compared with Mobj; Table 3 lists the
correlation coefficient obtained in each of the tests.

Table 3. Correlation between the measured torque and the expected torque at the torque flange.

Experiment Compensation R2

Run 1 On 0.9560
Run 2 On 0.9572
Run 3 On 0.9503
Run 4 On 0.9543
Run 5 Off 0.8292
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Figure 5 provides an overview of the difference of executing the drive cycle with
and without any compensation. The shown excerpt corresponds to the second pulse of
the FTP-72 when the vehicle hits a highway scenario and high braking forces are
needed for compensating the absence of the aerodynamic drag at the top speed of
91.15 km/h. Besides that, this drive pulse is also characterized by strong acceleration
excerpts, which must be compensated by the actuation of the EC-Brake, since the
equivalent longitudinal inertia of the dynamometer is circa 21% less than that of the
vehicle. This can be noticed by a torque compensation of around 160 N.m at 165 s of
the execution of the drive cycle. It is remarkable that both types of compensation were
not performed during the fifth run, meaning that the vehicle consumed less fuel than in
a real case scenario.

7 Conclusions

This work presented the application of a static feedforward control for the replication of
resistive forces on a twin roller chassis dynamometer by means of an Eddy-Current
Brake. In order to achieve this goal, the static inverse model of the EC-Brake was
determined and for evaluation of its performance, five FTP-72 drive cycles were
executed on the test bench, being the first four with and the fifth run without any
compensation.

As conclusions of the modeling stage, the authors stated that the EC-Brake
assembled in the dynamometer of LabSIn showed a very similar behavior in com-
parison with the models found in the literature: it presented a characteristic angular
speed for which the torque reached its maximum value with a constant control input
and the outputted torque has not linearly grown with the control input, complicating the
controllability of the device. Additionally, as it could be noticed from the execution of
the drive cycles, significant improvements were already obtained with such a simple
control approach. During the four controlled runs, a correlation coefficient of around
0.955 was achieved when comparing the torque measured at the torque flange and the
expected torque at the same position. To trace a parallel, when no compensation was
employed, this metric has decayed to 0.8292.

For further works, the authors perceived the necessity of performing not only a
static characterization of EC-Brake model but also a frequency representation of the
system. This model could help the evaluation of the robustness of the controlled

Fig. 5. Torque acquired at the 3 kN�m torque flange in five executions of the drive cycle
compared to the objective torque with compensation for driving resistances.
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system. Furthermore, by the addition of a feedback loop for small corrections, some
more improvements could also be delivered. Finally, all these analyses should be
extended to the AC-motor and its frequency inverter, in order that the complete con-
trollability of the dynamometer could be achieved.
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lower-limbs. First, the robot design including the inverse and forward
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1 Introduction

A Parallel Manipulator (PM) is a mechanical system that uses (at least two)
kinematics chains to connect a moving platform with a fixed base. The PM end-
effector is fixed to the moving base, and the load is shared by the kinematics
chains. This provides to the PM high accuracy and load-carrying capacity and
very good stiffness [1].

Due to their advantages, PMs receive a lot of attention and it is a very active
research area. Different applications based on PM can be found, like flight and
motion simulations [2], food manipulators [3], medical applications [4], milling
machines [5], assembly manipulators [6], robotic rehabilitation [7], etc.

Different mechanical architectures of PM can be found [1,2]. The first PMs
were focused on 6 DoF mechanisms [8]. However, because many applications do
not require so many DoF, PMs with less DoF being developed are increasing.
Manipulators with less DoF maintain the same advantages with less total costs
(development, manufacturing and operations). One example of this kind of PMs
with 3 translational DoF is the well-known Deta Robot [9]. Other architectures
of PMs with 3 DoF has also proposed. These manipulators combine translational
and rotary motions, like 3-RPS [10] or 3-PRS [6], where R, P and S stands for
the revolute, prismatic and spherical joint, respectively.

In a previous work, the authors of the current paper developed a 3 DoF
PM. This manipulator consists on 3 PRS kinematics chains. This configuration
was chosen because of the need to develop a low-cost manipulator with 2 DoF of
angular rotation in two axes (rolling and pitching) and 1 DoF translation motion
(heave). In [11] a completed description of the mechatronic development process
of the PM is presented.

The current paper is the continuation of the work done with this 3 DoF
robot. The main objective is to develop a new PM that can be useful for diag-
nosis and rehabilitation of human lower-limbs. After a review of biomechanical
aspects and current devices, the PM kinematic requirements were established.
For diagnosis, the required range of motion (RoM) can be established according
with the Pivot Shift Test [12]. For rehabilitation requirements, the knee joint can
rotate around the transverse axis and the vertical axis. Moreover, the knee can
translate in the sagittal plane. Therefore, a robot with 4 DoF (2 rotational and
2 translational movements) would cover a large number of procedures applicable
to an injured knee, in which the mobile platform simulates the foot trajectory
during physiotherapy exercises.

This work has two main purposes: the first one is to develop, starting from
scratch, the completed mechatronic design of a low-cost robot with 4 DoF. The
aim is to develop a manipulator that allows two translations in the X-Z plane
and two rotations: pitch and yaw angles. For the parallel robot implementation,
four powerful Maxon DC motors have been used. These motors are equipped
with angular position sensors and brakes. For the control of these actuators, a
new power unit has been developed. It is composed by an analog to Pulse Width
Modulation stage, and H-bridge gate driver and a FETs stage.
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The second main purpose of this paper is to develop an open control architec-
ture, which allows the implementation and testing different control algorithm for
PM with 4 DoF. The reason for building an open architecture is that the control
is a field where there is still great potential for study in order to improve their
accuracy [13]. Thus, the robot developed can be used as a control scheme bench.
Specially for 4 DoF manipulator, it is important to highlight that, according to
the authors’ point of view, lots of published works deal with kinematic motion,
yet few prototypes have been built of 4 DoF.

In this work, an industrial PC has been used. The computer is equipped
with industrial data acquisition cards to obtain the positions of the actuators
(be means of the encoders sensors) and to supply the control actions to the
power stage. The computer runs the Linux Ubuntu operating system, parched
with the real-time kernel Xenomai. For programming the control algorithms, two
robot middleware are used: Open Robot Control (Orocos) and Robot Operating
System (ROS). The software architecture used is a component-based system that
allows a modular implementation.

2 Parallel Robot Design

2.1 Presentation of the 4 DoF Parallel Robot

The choice of PKM architecture is guided by the need for developing a low-cost
manipulator able to generate angular rotation in two axes and two translation
(X-Z axes) movements. Different alternative design architectures were consid-
ered: 2PRS + 2PUS, 2RPU + 2SPS, 2PCUP + PRC + PPU, PRS + 3PUS, etc.
After comparing the advantages and disadvantages of each one of the alterna-
tives, the RPS + 3UPS architecture was finally selected. The proposed manipu-
lator consists on four limbs equipped with an active prismatic joint (P). Figure 1
shows the actual PKM and its schematic representation. The limbs are located
as follows: three identical 3-UPS external limbs and a central RPU limb.

Fig. 1. Actual PKM and its localization of the coordinate systems
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The external limbs are equally spaced around the central limb to a radius r.
The first axis of rotation of the U-joints, located at the base, points up parallel
to the axis the central R joint.

Table 1 shows the D-H parameters for the external limbs of the PKM. The
subscript ij denotes the joint j on limb i. Table 1 shows the D-H parameters for
the central limb. In both cases, the Paul notation [14] has been used (Table 2).

Table 1. D-H Parameter for the UPS limbs (for i = 1..3) of the 4 DoF PKM

j αij aij dij θij

1 −π/2 0 0 qi1

2 π/2 0 0 qi2

3 0 0 qi3 0

4 π/2 0 0 qi4

5 π/2 0 0 qi5

6 π/2 0 0 qi6

Table 2. D-H Parameter for the RPS limb of the 4 DoF PKM

j α4j a4j d4j θ4j

1 −π/2 0 0 q41

2 π/2 0 q42 π

3 π/2 0 0 q43

4 0 0 0 q44

2.2 The 4 DoF Parallel Robot Inverse Kinematics

The inverse kinematics consist of given the rotation (pitch (β) and yaw (ψ))
angles and the translations in the X-Z plane, finding the actuators linear motion:
qi,3, i = 1..3, for the external limbs (UPS) and q4,2 for the central limb (RPU).
This problem will be divided into two parts: first, the UPS limb coordinates
qi,1,qi,2,qi,3, i = 1..3, and the central RPU limb coordinates q4,1,q4,2 are obtained.
In the second part, the passive coordinates (qi,4, qi,5, qi,6, i = 1..3) of the UPS
limbs and q4,3 and q4,4 of RPU are obtained.

In order to define the orientation and translation of frame j with regard to
the j-1 for the i-th limb, the next transformation matrix can be used:

j−1H
i

j =

⎡
⎢⎢⎣

Cθij
−Cαij

Sθij
Sαij

Sθij
aijCθij

Sθij
−Cαij

Cθij
−Sαij

Cθij
aijSθij

0 Sαij
Cαij

dij

0 0 0 1

⎤
⎥⎥⎦ (1)

where C and S stands for sine and cosine of the corresponding angle. The
closure equation for the central limb will be the following (see Fig. 1):
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⎡
⎣

xm

ym

zm

⎤
⎦ =

[
fH

4

0 · 0H4
1 (q4,1) · 1H4

2 (q4,2)
]
[4, 1..3]

(2)

for the other limbs, the closure equations can be established as follows,
⎡
⎣

xm

ym

zm

⎤
⎦ + fRm ·

⎡
⎣

−Rm

0
0

⎤
⎦ =

[
fH

1

0 ·0 H1
1 (q1,1) ·0H1

2 (q1,2) ·0 H1
3 (q1,3)

]
[4,1..3]

⎡
⎣

xm

ym

zm

⎤
⎦ + fRm ·

⎡
⎣

RmCβm

RmSβm

0

⎤
⎦ =

[
fH

2

0 ·0 H1
1 (q2,1) ·0H2

2 (q2,2) ·0 H2
3 (q2,3)

]
[4,1..3]

(3)⎡
⎣

xm

ym

zm

⎤
⎦ + fRm ·

⎡
⎣

RmCβm

−RmCβm

0

⎤
⎦ =

[
fH

3

0 ·0 H3
1 (q3,1) ·0H3

2 (q3,2) ·0 H3
3 (q3,3)

]
[4,1..3]

for the points A, B and C respectively. fRm is the rotation matrix among
the fixed references systems {Of − XfYfZf} and those, fixed also, attached to
the base of the external limbs. Subscript [4, 1..3] indicates that only the fourth
column from rows 1 to 3 are considered in the corresponding matrix.

Developing Eq. (2), for the central limb,

xm = −Sq4,1 · q4,2

ym = 0 (4)

zm = Cq4,1 · q4,2

From those equations if trivial to obtain the active generalized coordinate q4,2

and also the passive one, q4,1. For the external limbs, a similar procedure can be
followed in order to obtain explicit expressions for the generalized coordinates;
for instance, considering limb 1, the active generalized coordinate and for the
first two passive coordinates can be obtained as follows,

a = x2
m + z2m + R2 + R2

m + 2 · R · xm + 2 · Rm · zm · sen (θ)
−2 · Rm · xm · cos (θ) · cos (ψ) − 2 · R · xm · cos (θ) · cos (ψ)

b = −x2
m − z2m − R2 − R2

m − 2 · R · xm − 2 · Rm · zm · sen (θ)
+2 · R · Rm · cos (θ) · cos (ψ) + 2 · Rm · xm · cos (θ) · cos (ψ)

+R2
m · cos2 (θ) · sen2 (ψ)

(5)

q1,3 =
√

a

q1,2 = atan2

(√
− b

a
,
R

m
· cos (θ) · sen (ψ)√−b

)
(6)

q1,3 = atan2
(

z
m

+ R
m

· cos (θ)√−b
,
R

m
· cos (θ) · sen (ψ)√−b

)
(7)
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for the second stage, the rest of the passive generalized coordinates, qi,4, qi,5,
qi,6, of the external limbs can be obtained from the equation,

fR3 (qi,1, qi,2, qi,3) · 3R6 (qi,4, qi,5, qi,6) = fRm (φ, θ, ψ) (8)

2.3 The 4 DoF Parallel Robot Direct Kinematics

For each one of the robot’s limbs, the following vectorial closure equations could
be established.

−→r A0A = (q1,1, q1,2, q1,3) =

⎡
⎣

xm

0
zm

⎤
⎦ +f Rm (θ, ψ) ·

⎡
⎣

−R
0
0

⎤
⎦

−→r B0B = (q2,1, q2,2, q2,3) =

⎡
⎣

xm

0
zm

⎤
⎦ +f Rm (θ, ψ) ·

⎡
⎣

R · cos (βMD)
R · sen (βMD)

0

⎤
⎦

−→r C0C = (q3,1, q3,2, q3,3) =

⎡
⎣

xm

0
zm

⎤
⎦ +f Rm (θ, ψ) ·

⎡
⎣

R · cos (βMI)
−R · sen (βMI)

0

⎤
⎦ (9)

−→r OfOm
= (q4,1, q4,2) =

⎡
⎣

xm

0
zm

⎤
⎦

from 9, a system of 11 non-trivial equations with 11 unknowns can be
obtained. This system could be solved by means of Newton-Raphson (N-R)
numerical algorithm. N-R converges rather quickly when the initial guess is close
to the desired solution [15], so it can be used in real-time applications. However,
in order to improve the calculation time and the convergence speed, the passive
generalized coordinates will be eliminated from those equations, leading to a
system of only four equations,

Φ1 = q21,3 − R2 − 2 · R · xm + 2 · R · Rm · cos (ψ) · cos (θ) − x2
m

+2 · xm · Rm · cos (ψ) · cos (θ) − z2m − 2 · zm · Rm · sen (θ) − R2
m = 0 (10)

Φ2 = q22,3 − R2 + 2 · R · Rm · sen (βFD) · sen (ψ) · cos (θ) · cos (βMD)
+2 · R · Rm · sen (βFD) · cos (ψ) · sen (βMD) + 2 · R · xm · cos (βFD) (11)

+2 · R · Rm · cos (βFD) · cos (ψ) · cos (θ) · cos (βMD)
−2 · R · Rm · cos (βFD) · sen (ψ) · sen (βMD) − x2

m

−2 · xm · Rm · cos (ψ) · cos (θ) · cos (βMD)
+2 · xm · Rm · sen (ψ) · sen (βMD)

−R2
m − z2m + 2 · zm · Rm · sen (θ) · cos (βMD) = 0
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Φ3 = q23,3 − R2 − R2
m + 2 · R · Rm · cos (βFI) · cos (ψ) · cos (θ) · cos (βMI)

+2 · zm · Rm · cos (βMI) · sen (θ) + 2 · R · xm · cos (βFI)
−2 · xm · Rm · sen (βFI) sin (ψ) (12)

−2 · R · Rm · sen (βFI) · sen (ψ) · cos (θ) · cos (βMI)
−z2m + 2 · R · Rm · cos (βFI) · sen (ψ) · sen (βMI)

x2
m − 2 · xm · Rm · cos (ψ) · cos (θ) · cos (βMI)

+2 · R · Rm · sen (βFI) · sen (βMI) · cos (ψ) = 0

Φ4 = q24,3 − z2m − x2
m = 0 (13)

Thus, for each set of active generalized coordinates, the N-R algorithm con-
verges very quickly to the solution of the direct position problem. In order to
avoid some singular configurations, an asymmetrical array of the limbs is pro-
posed, with values R = 0.40m, Rm = 0.20m, βFD = 50◦, βFI = 40◦, βMD = 40◦

and βMI = 30◦.

3 Mechatronic Robot Development

For the implementation of the 4 DoF proposed manipulator, four DC motors
equipped with power amplifiers have been used. The actuators are Maxon RE40
GB 150W graphite brushes motors. The performance specifications of these
Maxon’s motors are 24 [V] nominal voltage, 6940 [rpm] nominal speed, 6 [A] max.
continuous current and 2420 [Nm] stall torque. These actuators are equipped
encoder sensors and brakes. The encoder sensor is the ENC DEDL 9149 system.
It has 500 counts per turn, 3 channels and 100 kHz max. operating frequency.
The brake system is Brake AB 28 system. It is a 24 [V], 0.4 [Nm] permanent
magnet, single face brake for DC motors that prevents rotation of the shaft at
standstill or with turned off motor power.

3.1 Hardware Control Architecture

In order to implement the control architecture for this parallel manipulator, an
industrial PC and a power amplifier stage have been used. The PC is based on a
high performance 4U Rackmount industrial system with 7 PCI slots and 7 ISA
slots. It has a 3.10 GHz Intel R©CORE I7 processor and 4 GB DDR3 1333 MHz
SDRAM. The industrial PC is equipped with 2 AdvantechTM data acquisition
cards: a PCI-1720 and a PCI-1784. The PCI-1720 card has been used for supply-
ing the control actions for each parallel robot actuator. It provides four 12-bit
isolated digital-to-analog outputs for the Universal PCI 2.2 bus. It has multi-
ple output ranges (0–5 V, 0–10 V, ±5 V, ±10 V), programmable software and an
isolation protection of 2500 VDC between the outputs and the PCI bus. The
PCI-1784 card is a 4-axis quadrature encoder and counter add-on card for the
PCI bus. The card includes four 32-bit quadruple AB phase encoder counters,
an onboard 8-bit timer with a wide range time-based selector and it is optically
isolated up to 2500 V.
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For the control of the Maxon’s motors, an amplifier unit has been developed.
It is composed by three stages: an analog to Pulse Width Modulation (PWM)
stage, an H-bridge gate driver, and a FETs stage. The first stage transforms
the analog voltage supplied by the PC control into a PWM. It is based on an
LTC6992 silicon oscillator (TimerBlox R©). The output frequency is determined
by a single resistor that programs the LTC69920’s internal master oscillator
frequency. The PWM signal and the movement sense (provided by a digital
output of the PC control) are suministrated to the H-bridge gate driver. It is
based on the DRV8701 device of Texas Instruments R©. It is a brushed DC motor
full-bridge driver that uses four external N-channel MOSFETs targeted to drive
a 12 V to 24 V bidirectional brushed DC motor. Finally, the power amplifier unit
has four MOSFET in a full H-bridge configuration.

3.2 Software Control Architecture

A critical aspect for implementing a new robot system is it software architecture.
In the last years, component-based software development has been increasing.
This kind of software development has several advantages like modular design
and structure, fully reusable code and modules, modules reconfigurable and dis-
tributed execution of the modules, improving total execution time.

Due to the modular design and structure, and because the different control
schemes have common parts, these parts can be developed as several modules.
After that, these modules can be reused to implement different controllers. It is
as simple as inserting the necessary modules, to configure them (making con-
nections with each other) and running them. Note that, although it can be a
complicated task at first, the development of component-based software makes
the programmer’s job easier in the end because if a module works correctly in
one particular scheme, it will certainly work correctly in another control scheme.
Therefore, besides the advantages discussed above, this approach minimizes the
chance of programming errors in the implementation of any of the modules.

The software architecture uses the Linux Ubuntu 12.04 operating sys-
tem. Because real-time characteristics are required, Ubuntu was patched with
Xenomai, a real-time kernel. Based on an industrial PC, this control architec-
ture presents two main advantages: on the one hand, it is an open system that
gives a powerful platform for developing high-level tasks. In this way, any con-
trol algorithm can be programmed and implemented, and it is possible to use
external sensors, like cameras of artificial vision, force sensors, accelerometers,
etc. The second advantage is related with the price of the control architecture:
because the programming platform is based on free software, and because it is a
PC equipped with industrial data acquisition cards, the cost of this system does
not exceed $ 2000.

For the development of the different robot control algorithms, the middle-
wares Open Robot Control Software (Orocos, www.orocos.org) and Robot Oper-
ating System (ROS, www.ros.org) have been used. Orocos is one of the best real-
time motion control frameworks available at the moment. However, it presents
certain constraints when trying to achieve something other than the control

www.orocos.org
www.ros.org
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itself. One of the solutions is ROS that has been designed as a conglomeration
of various tools organized in packages. Each package or “stack” may contain
libraries, executables or scripts and a manifest which defines the dependencies
on other packages and meta information about the package itself. A ROS pack-
age called rtt ros integration allows for Orocos components to connect to the
ROS network. This way they can both publish and subscribe to all the available
streamed topics, being both middlewares fully compatible.

What is important is that while ROS has many tools and functionalities
that are useful in the development of robotic applications, Orocos provides a
solid core for the main control scheme in real time. In other words, ROS and
Orocos complement each other, broadening the range of solutions they can offer
as standalone platforms.

4 Control of the 4 DoF Robot

In order to implement the PM control, different control strategies can be pro-
posed. There are some model-based controllers that compensate the nonlinear-
ities of the robot (such as inertial, gravity and Coriolis terms) by adding these
forces to the control action. This kind of controllers has two main problems.
First, they are more difficult to program and have greater computational com-
plexity. On the other hand, model-based controllers require the model dynamic
parameters, so it is needed a parameter identification process [16].

In this work, a passivity-based controller has been developed for control-
ling the novel 4 DoF parallel manipulator. The passivity-based approach solves
the control problem by exploiting the manipulator system’s physical structure,
and specifically, it passivity property. The passivity controllers reshape the nat-
ural energy of the systems in such a way that the tracking control objective is
achieved. The control algorithm is based on the work of [17]. The control law
follows the next equation:

τc = −Kp · e − Kd · v − Ki ·
t

∫
o

(e + v) dt (14)

where Kp, Kd and Ki are positive definite diagonal matrices. It is a very sim-
ple controller that offers significant performance and robustness system proper-
ties. This controller has a proportional, a derivative and an integral components.
The first one calculates the error between the active generalized coordinates and
their references (e = q − qd). The active coordinates values of the linear actu-
ators are measured using the encoder card. The derivative component depends
on the velocity of the joints. Because the proposed robot does not provide veloc-
ity sensors, for this controller the velocity measurement has been replaced by
approximate differentiation:

v = diag

{
bis

s + ai

}
q (15)

with ai > 0 and bi > 0. Finally, the controller provides an integral component.
It is a standard practical remedy to compensate the robot gravity term.
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This control algorithm has been implemented using the open control architec-
ture. Figure 2 shows the OROCOS diagram for the passivity-based controller pro-
posed in Eq. (14). The SensorPose module provides the robot position using the
encoders Advantech’s PCL-1784 card. Module Ref-Gener calculates the move-
ment references in the cartesian plane, and the Kinematics module obtains the
references for the four active joints of the robot. Module Estim-Vel calculates
the robot velocity estimation following the Eq. (15), and the calculation of the
position error and integral term are implemented on modules Pos-Error and
Integral. The Combiner module calculates the action control depending on the
proportional, derivative and integral terms and it provides the inputs (control
actions) to the Actuator modules, which are responsible for carrying out digital-
analog conversions through Advantech’s PCI-1720 cards. The control scheme
also provides the Supervisor module. It monitores the correct operation of the
system and it is charged with deactivating the control unit and stops the robot
in the case of detecting a malfunction in the system.

Fig. 2. Orocos scheme for the passivity-based robot controller

In order to validate the robot design and control architecture, several trajec-
tories have been tested. Due to the lack of space, only one of them have included
in this work. In this case the reference for the Z coordinate is a sinusoidal move-
ment. The references for the rest of the robot coordinates: X , pitch (β) and yaw
(ψ) are equal to 0.

Figure 3 presents the response of the four active coordinates of the parallel
robot, according to the Cartesian references proposed above. These show the
joint references (obtained by the inverse kinematics of the robot by Eqs. (5–8))
and the joint robot positions. They also show the control action applied. As
can readily be appreciated, the manipulator follows the required trajectory. The
mean errors are −1.345e−5, 3.8931e−5, 8.1243e−6 and −1.346e−5 for the q13,
q23, q33 and q42 robot joints. The control algorithm implemented gives a very
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Fig. 3. Active robot coordinates and control actions.

low error, which means that the system works without problems the reference
indicated.

5 Conclusions

This paper has shown a novel low-cost 4 DoF parallel manipulator. The mecha-
tronic design, mechanical structure, electric actuators and control system has
been fully developed. For the robot control, a new open control architecture has
been developed. The control hardware is based on an industrial PC equipped
with industrial data acquisition cards to read the positions of the robot axes and
to provide the control actions to the actuator by means of the digital to analog
converters. The proposed control architecture has two main advantages. On the
one hand, it is an open control system, so different control algorithms can be
developed. On the other hand, the price of this control system is low cost. In
the control unit, both direct and inverse kinematic equations for the PM have
been programmed, and a passivity-based control scheme has been developed.
This control algorithm is a point-to-point controller that uses an estimation of
the robot velocity and an integral action to cancel the gravitational term of the
robot.
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Abstract. This article deals with the magnetic gears with modulating ring and
mechanical epicyclic gears and their operation. A power transmission analysis is
done and permits to obtain an analogy of the kinematics between the two gear
systems. Moreover, a transposition of the mechanical epicyclic gear arrange-
ments to a magnetic gear arrangements can be made. Finally, a load repartition
evolution description is proposed to complete the comparison between magnetic
gears with modulating ring and mechanical epicyclic gears.

Keywords: Arrangements � Gear ratio � Load repartition � Magnetic gear �
Mechanical epicyclic gear

1 Introduction

In many mechatronic drive chains, such as wind turbine drives [1, 2], mechanical
gearbox failure and maintenance increase operating costs, particularly in offshore
locations. To improve drive train reliability, one potentially attractive solution consists
of replacing the mechanical gearboxes by a magnetic gear [3]. The most studied
topology of magnetic gears has been proposed by Martin [4] and was the subject of
different behaviour studies proposed by Atallah [3].

The magnetic gear shown in Fig. 1a includes an internal ring of permanent mag-
nets, an external ring of permanent magnets and a ring of ferromagnetic pole pieces
between the permanent magnets rings.

Different studies show that in wind turbine context, this topology of magnetic gear
potentially offers high performancewith a higher torque density and a higher reliability than
mechanical gearboxes [5, 6]. It becomes even more attractive for high-torque applications,
like a high-power wind turbine (on the order of several MN.m and several MW) [7].

The behaviour of the magnetic gear with modulating ring [3] can be compared with
mechanical epicyclic gear [5] shown in Fig. 1b. Mechanical epicyclic gear is composed
of a planetary carrier with its satellites, an internal ring and an external ring. Different
topologies of mechanical epicyclic gear have been studied since many years [8] and
four epicyclic gear simple arrangements are commonly presented as shown in Fig. 2. In
wind turbine, the most attractive arrangement is the epicyclic gear with a single range

© Springer International Publishing AG 2018
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of satellites (Fig. 2a) since the fact to have only one range of satellites increase the
power density of the system.

In this article, the major contribution is the comparison between the four epicyclic
gear arrangements and magnetic gear with modulating ring arrangements. It will
includes an arrangement, a kinematic (with a study of the gear ratio) and a load
repartition approaches.

2 Mechanical Epicyclic Gear Behaviour

To explain the power transmission performed by the mechanical epicyclic gear and
compare it with the power transmission of the magnetic gear with modulating ring, the
arrangement shown in Fig. 1a is studied. Moreover, it is considered that the input of the
system is the ring with the high teeth number (which will be called the input ring) and
the output of the system is the ring with the low teeth number (which will be called the
output ring) as shown in Fig. 3.

Fig. 1. (a) Magnetic gear with modulating ring [3] and (b) Mechanical epicyclic gear

Fig. 2. Schematic epicyclic gear arrangements with (a) an internal ring, an external ring and a
planetary carrier with its satellites, (b) an internal ring, an external ring and a planetary carrier
with two ranges of satellites, (c) two external rings and a planetary carrier with two ranges of
satellites and (d) two internal rings and a planetary carrier with two ranges of satellites.
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2.1 General Principle

All arrangements of mechanical epicyclic gears are composed of three rings:

• A ring with ZLTN of teeth (with low teeth number) and a module mLTN ,
• A ring with ZHTN of teeth (with high teeth number) and a module mHTN ,
• A planetary carrier with one or two ranges of satellites composed of N satellites

with ZNi teeth and a module mNi for the range i (an example is given in Fig. 3 with:
ZLTN ¼ 20, ZHTN ¼ 40, ZN1 ¼ ZN2 ¼ 10 and N ¼ 4).

2.2 Power Transmission

The contact between input ring teeth and the planetary teeth generates friction and then
a complex mechanical stress state on the contact point of the N satellites Eq. (1). In the
case of a straight toothed gear, only the rrh stress component generates tangential
loads. For the N satellites, these loads Fn

tangðtÞ defined in Eq. (2) are calculated from the
integration of the stress component rrh on the contact area SðtÞ. In the same time, the N
satellites are in contact with the output ring. From the mechanical equilibrium, satellites
transmit directly the tangential loads to the output ring. The mechanical torque on the
output ring is then given by Eq. (3).

rmech M; tð Þ ¼
rrrðtÞ rrhðtÞ rrzðtÞ
rrhðtÞ rhhðtÞ rhzðtÞ
rrzðtÞ rhzðtÞ rzzðtÞ

0
@

1
A

ðer!;eh
!

;ez
!Þ

ð1Þ

Fn
tangðtÞ ¼

Z
SðtÞ

rrhðtÞ:dSðtÞ ð2Þ

TLTN tð Þ ¼ R:
XN
n¼1

Fn
tangðtÞ ð3Þ

The mechanical power transmission can be performed if the average value of the
mechanical torque is different to zero when the different rings are in rotation. This
condition can be made by imposing a single module m defined in Eq. (4) for the

Fig. 3. Rings definition of the mechanical epicyclic gear
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different rings and by imposing the Eq. (5) between the teeth number for the different
rings (in the general case).

m ¼ mLTN ¼ mHTN ¼ mN1 ¼ mN2 ð4Þ
ZLTN þ ZN1 ¼ ZHTN þ ZN2 ð5Þ

With these equations, it is possible to define the ratio kmech defined in Eq. (6) where
nmech corresponds to the number of rings external to the planetary carrier and the Willis
relation for a mechanical epicyclic gear is given in Eq. (7). Then the gear ratio Gmech

depends on the fixed ring as shown in Eq. (8) [9].

kmech ¼
xLTN=0 � xPC=0

xHTN=0 � xPC=0
¼ ZHPN :ZN1

ZN2:ZLPN
ð�1Þnmech ð6Þ

xLTN=0 � kmech:xHTN=0 þ kmech � 1ð Þ:xPC=0 ¼ 0 ð7Þ

xLTN=0 ¼ 0 ! Gmech ¼ xHTN=0

xPC=0
¼ kmech�1ð Þ

kmech

xPC=0 ¼ 0 ! Gmech ¼ xLTN=0

xHTN=0
¼ kmech

xHTN=0 ¼ 0 ! Gmech ¼ xLTN=0

xPC=0
¼ � kmech � 1ð Þ

8>><
>>: ð8Þ

3 Magnetic Gear with Modulating Ring Behaviour

To explain the power transmission performed by the magnetic gear [3], it is considered
that the input of the system is the low speed permanent magnet ring with the high pole
number (which will be called the input permanent magnets ring) and the output of the
system is the high speed permanent magnet ring with the low pole number (which will
be called the output ring) as shown in Fig. 4.

Fig. 4. Definition of the different parts of the studied magnetic gear arrangement
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3.1 General Principle

The general principle of the different magnetic gear with modulating ring arrangements
can be described from the magnetic gear [3] which corresponds to the magnetic gear
arrangement presented in Fig. 4. All arrangements of magnetic gear with modulating
ring are composed of three rings:

• A ring with pLPN low pole number of pole pairs of permanent magnets and a
ferromagnetic yoke,

• A ring with pHPN high pole number of pole pairs of permanent magnets and a
ferromagnetic yoke,

• A ring with Q ferromagnetic pole pieces (an example is given in Fig. 4 with low
pole numbers, to improve readability: pLPN ¼ 2, pHPN ¼ 5 and Q ¼ 7).

Contrary to the mechanical epicyclic gear, pole pieces do not rotate like the
satellites on the planetary carrier.

3.2 Power Transmission

The input permanent magnets ring generates in air gaps a wave of magneto-motive

force and then an induction BHPN
���!

defined in Eq. (9) in the neighbouring air gap (to
simplify the demonstration, only the fundamental wave of the three rings is taken into
account). Ferromagnetic pole pieces module the permeance to obtain in the air gap
close to the output permanent magnet ring the induction from the input permanent

magnet ring BmHPN
���!

defined in Eq. (10). There is also in this airgap the induction from

the output permanent magnets ring BLPN
��!

as shown in Eq. (11). Both inductions produce

then a global induction Btot
�!

defined in Eq. (12) close to the output permanent magnets
ring.

BHPN
���!

tð Þ ¼ BHPN
r :er

!þBHPN
h :eh

!� �
cos pHPN :xHPN :tð Þ ð9Þ

BmHPN
���!

tð Þ ¼ BHPN
mr :er

!þBHPN
mh :eh

!� �
cos pHPN � Qð Þ:xHPN :tð Þ ð10Þ

BLPN
��!

tð Þ ¼ BLPN
r BLPN

r :er
!þBLPN

h :eh
!� �

cos pLPN :xLPN :tð Þ ð11Þ

Btot
�!

tð Þ ¼ BmHPN
���!

tð ÞþBLPN
��!

tð Þ ¼ Btot
r ðtÞ:er!þBtot

h ðtÞ:eh! ð12Þ

The global induction Btot
�!

will generate a mechanical stress state which corresponds
to the 2-D Maxwell tensor rmagn defined in Eq. (13). The instantaneous magnetic
torque on the output permanent magnets ring TLPN can be computed from the Eq. (14).

rmagn M; tð Þ = 1
l0

Btot
r :Btot

h � Btot2
r =2 Btot

r :Btot
h 0

Btot
r :Btot

h Btot
r :Btot

h � Btot2
h =2 0

0 0 0

0
@

1
A

ðer!;eh
!

;ez
!Þ

ð13Þ
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TLPN tð Þ ¼ R:FtðtÞ
FtangðtÞ ¼ Lz

l0

R2p
0
Btot
r tð Þ:Btot

h tð ÞR dh

8<
: ð14Þ

The magnetic power transmission can be performed with two conditions: the part of
the magnetic energy stored in airgaps which generates magnetic torque defined in
Eq. (15) must be different to zero, the average value of the magneto-mechanical torque
defined in Eq. (16) must also be different to zero.

WmLPNðtÞ ¼ e:Lz
l0

Z2p
0

Btot
r tð Þ:Btot

h tð ÞR dh ð15Þ

TLPN tð Þ ¼ � @WmLPN tð Þ
@hLPN

ð16Þ

Considering the global induction defined in Eq. (12), the energy stored in airgaps is
different to zero only if the condition defined in Eq. (17) is respected. There is then a
ratio between the average magnetic torques which corresponds to the gear ratio of the
system. Like mechanical epicyclic gears, it is possible to define the ratio (18) where
nmagn corresponds to the number of rings external to the pole pieces ring. The Willis
equation for a magnetic gear is given in Eq. (19). Then the gear ratio Gmagn depends on
the fixed ring as shown in Eq. (20) [10]. In these equations, the number of pole pairs
and pole pieces corresponds to the number of teeth of the mechanical epicyclic gear.

pHPN þ pLPN ¼ Q ð17Þ

kmagn ¼
xLPN=0 � xQ=0

xHPN=0 � xQ=0
¼ pHPN

pLPN
ð�1Þnmagn ð18Þ

xLPN=0 � kmagn:xHPN=0 þ kmagn � 1
� �

:xQ=0 ¼ 0 ð19Þ

xLPN=0 ¼ 0 ! Gmagn ¼ xHPN=0

xQ=0
¼ kmagn�1ð Þ

kmagn

xQ=0 ¼ 0 ! Gmagn ¼ xLPN=0

xHPN=0
¼ kmagn

xHPN=0 ¼ 0 ! Gmagn ¼ xLPN=0

xQ=0
¼ � kmagn � 1

� �
8>><
>>: ð20Þ

4 Comparison Between Mechanical and Magnetic Gears

4.1 Transposition of Mechanical Epicyclic Gear Arrangements

To obtain a magnetic interaction between permanent magnets rings, it is not necessary
to have the three concentric rings of the magnetic gear. Indeed, like the mechanical
epicyclic gears presented Fig. 2, it is possible to have different arrangements with two
internal permanent magnet rings or with two external permanent magnet rings as shown
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in Fig. 5. The arrangement with two internal rings of permanent magnets has been
studying by [11–13], unlike the arrangements shown in Fig. 5b and c which have not
been studied for the moment. For the magnetic gear arrangements shown in Fig. 5b, c
and d, the coupling between permanent magnet rings force to have a transverse flux in
pole pieces.

4.2 Kinematics

From Eqs. (8) and (20), it is possible to compare in Table 1 the gear ratio of the
mechanical and magnetic gears depending on the fixed ring and the arrangement.
Table 1 shows that the kinematic behaviour in the same for the mechanical and
magnetic gears for the different arrangements and depending on the fixed ring.

Fig. 5. Magnetic gear arrangements with (a) a concentric internal and external permanent
magnets rings with a pole pieces ring, (b) a non-concentric internal and external permanent
magnets ring with a pole pieces ring, (c) two external permanent magnets rings and a pole pieces
ring and (d) two internal permanent magnets rings and a pole pieces ring.

Table 1. Gear ratio comparison depending on the arrangement and the fixed ring

Config. Fixed rings (mechanical and magnetic)
xHPN=0 ¼ xHTN=0 ¼ 0 xLPN=0 ¼ xLTN=0 ¼ 0 xQ=0 ¼ xPC=0 ¼ 0

Arrangement
Figs. 2a and 5a

Gmagn ¼ Q
pLPN

Gmech ¼ ZN1
ZLTN

Gmagn ¼ Q
pHPN

Gmech ¼ ZN2
ZHTN

Gmagn ¼ � pHPN
pLPN

Gmech ¼ � ZHTN
ZLTN

Arrangement
Figs. 2b and 5b

Gmagn ¼ Q
pLPN

Gmech ¼ ZN1
ZLTN

Gmagn ¼ Q
pHPN

Gmech ¼ ZN2
ZHTN

Gmagn ¼ � pHPN
pLPN

Gmech ¼ � ZHTN :ZN1
ZN2:ZLTN

Arrangement
Figs. 2c and 5c

Gmagn ¼ Q
pLPN

Gmech ¼ ZN1
ZLTN

Gmagn ¼ Q
pHPN

Gmech ¼ ZN2
ZHTN

Gmagn ¼ pHPN
pLPN

Gmech ¼ ZHTN :ZN1
ZN2 :ZLTN

Arrangement
Figs. 2d and 5d

Gmagn ¼ Q
pLPN

Gmech ¼ ZN1
ZLTN

Gmagn ¼ Q
pHPN

Gmech ¼ ZN2
ZHTN

Gmagn ¼ pHPN
pLPN

Gmech ¼ ZHTN :ZN1
ZN2 :ZLTN
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4.3 Load Distribution Evolution

Due to the non-contact power transmission between the different rings of the magnetic
gear, contrary to the mechanical epicyclic gear, the permanent magnets that correspond
to the teeth of the mechanical gear can transmit continuously energy. A comparison can
be made between the power transmitted by a tooth of a mechanical gear and the power
transmitted by a magnet of a magnetic gear. For this, we consider that the fixed ring is
the planetary carrier for the epicyclic gear and the pole pieces ring for the magnetic
gear. An example is given in Fig. 6 where the power transmission is performed for the
mechanical epicyclic gear configuration show in Fig. 3 (ZLTN ¼ 20, ZHTN ¼ 40, ZN1 ¼
ZN2 ¼ 10 and N ¼ 4) and for the magnetic gear configuration show in Fig. 4
(pLPN ¼ 2, pHPN ¼ 5 and Q ¼ 7).

Figure 6 shows that a tooth of a ring of a mechanical epicyclic gear transmits
tangential load only when the tooth is in contact with a corresponding tooth of a
satellite. On the opposite, the magnets of the magnetic gear transmit tangential load at
every moment since there is a non-contact power transmission. It is then possible to
express the percentage of the torque transmitted by a tooth TT or a magnet TM
according to the gear type defined in Eq. (21) where TLTN and TLPN are defined in
Eqs. (3) and (16). It is also possible to express the utilization rate of a tooth sT or a
magnet sM according to the studied gear type defined in Eq. (22).

Fig. 6. Load repartition evolution in function of the internal ring angle for a mechanical gear
with ZLTN ¼ 20, ZHTN ¼ 40, ZN1 ¼ ZN2 ¼ 10 and N ¼ 4 and a magnetic gear with pLPN ¼ 2,
pHPN ¼ 5 and Q ¼ 7.
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TTð%Þ ¼ 100
N

TMð%Þ ¼ 100
2:pLPN

(
ð21Þ

sTð%Þ ¼ 100:N
ZLTN

sMð%Þ ¼ 100

(
ð22Þ

This result contributes to demonstrate that the power density of magnetic gear is higher
than mechanical epicyclic gear power density [5]. The benefit of a magnetic gear over
mechanical gearboxes is greater for high-torque application since the number of teeth or
pole increasesmore quickly than the number of satellites. However, the permanent magnet
costs slow down the development of magnetic gear industrial applications.

5 Conclusions

This article presents a comparison between magnetic gears with modulating ring and
mechanical epicyclic gears. It illustrates a kinematic analogy between the two gears for
different arrangements. On the other hand, this study shows that the load repartition
evolution is fundamentally different since a tooth of a mechanical gear transmits the
power intermittently while a magnet of a magnetic gear transmits the power continu-
ously. Magnetic gears have a high potential for applications requiring high reliability
and a high power and torque density such as offshore wind turbines.
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Abstract. This paper presents an optimized design of a cable driven
parallel manipulator which is intended in rehabilitation or exercise of
patients with shoulder problems like illness, traumatic events or for the
elderly who need to exercise their limbs. Cable based parallel manipu-
lators have characteristics that make them suitable for rehabilitation-
exercise purposes like large workspace, re-configurable architecture,
portability and low cost. From these purposes, upper-limb movements
are analyzed and different prescribed workspaces are defined. After kine-
matic and wrench analysis, the Jacobian matrix of the cable driven
manipulator is derived, which is used as a quantitative representation
of dexterity along the workspace. An optimization model is presented
to simultaneously fulfill the prescribed workspace and to improve dex-
terity by selecting proper length cables and other structural parameters.
Numerical examples delineate effectiveness of an Estimation of Distrib-
ution Algorithm (EDA), where correlation among variables are inserted
in the optimization process.

Keywords: Assistive robotics · Upper limb · Exercise and rehabilita-
tion · Cable-based system · Optimized design

1 Introduction

Recently, the increasing need of limb rehabilitation therapies aims researches at
the robotics area to propose robot aided strategies with the purpose of com-
pensating the effects of permanent or temporal disabilities. In addition, limb
exercising has attracted significant research interest due to its practical useful-
ness for sport training, to increase mobility of upper limb and for self rehabil-
itation purposes. Moreover, in order to assist disabled or elderly people, there
c© Springer International Publishing AG 2018
J.C.M. Carvalho et al. (eds.), Multibody Mechatronic Systems,
Mechanisms and Machine Science 54, DOI 10.1007/978-3-319-67567-1 39
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are several patents which propose machines for limb exercising, or exoskeletons
for human walking assistance or for rehabilitation purposes [1–3]. Some authors
have also proposed the use of cable driven robots for limb exercising and phys-
iotherapy applications. In fact, cable driven robots are a special class of parallel
mechanisms, whose trusts consist of cables, [4]. This feature allows a significant
reduction of inertia and a reduced risk in human robot interactions as well as
reduced manufacturing costs, [4]. There are significant examples of cable driven
robots for rehabilitation, for instance, NeReBot (NEuroREhabilitation robot),
a three degrees of freedom (DOFs) cable driven parallel robot for post stroke
upper-limb rehabilitation, [5,6]; CALOWI (Cassino Low-Cost Wire Driven), a
four cable robot for limb exercising and rehabilitation, [7]; MACARM (Multi-
Axis Cartesian-based Arm Rehabilitation Machine), an eight cable robot for
upper limb rehabilitation, [8,9]. Besides a wide literature on the topic there are
still several issues to be addressed. For example, the structural frame of a cable
driven robot can be significantly larger than the usable workspace. Considering
that users are often injured or disabled people, it is important that the size
and shape of the structural frame facilitates the access to workspace area. Addi-
tionally, portability could allow the use of a robot in home environments with
the purpose of increasing users motivation towards the training/rehabilitation
process. For this purpose, this proposal addresses the optimum design of a cable
driven robot proposed recently [10]. This solution is pretended to be portable
while keeping a low-cost and user-friendly features. The objective of optimiza-
tion process is the dimensional synthesis of the cable driven manipulator to fulfill
a prescribed dexterous workspace. The rest of the paper is organized as fol-
lows: Sect. 2 analyses human shoulder joint motion for rehabilitation tasks, from
these movements different kind of prescribed workspaces are defined. Section 3
introduces the cable driven parallel robot, kinematics and static analysis are
described. Section 4 presents an optimization model of the cable driven paral-
lel robot aiming at achieving the best dexterity. The optimization algorithm
is formulated in Sect. 5, where correlation among variables are inserted in the
optimization process in order to boost an Estimation of Distribution Algorithm.
Numerical examples are presented in Sect. 6, and some remarking conclusions
are summarized in Sect. 7.

2 Prescribed Workspace for Rehabilitation or Exercise
Purposes

Upper-limb exercising consists in repetitive movements to activate limb muscles
in various ways to keep them fit. Physical arm rehabilitation is the process of
helping patients in regaining control over their limbs, there are a lot of people
with shoulder problems like stroke, polio, arthritis and disaster recovery. In par-
ticular, upper-limbs rehabilitation after stroke consists mainly in physical repeti-
tive exercises of the injured limb. Among the different robotic structures existing,
the cable driven parallel robots have characteristics that make them suitable for
rehabilitation purposes. The main advantage is they have a large workspace and
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can be reconfigured by simply changing the attachment points or the actuators
positions. These features allow the adaptation to different patients and different
rehabilitation exercises. Another characteristic is their portability, they can be
placed aside a wheelchair or a bed and easy to be stored after treatment. Fur-
thermore, they are intrinsically safe for patients and therapists thanks to the
use of cables instead of rigid links. Finally, the way in which the patient per-
ceives the treatment is of great importance. Therefore, the use of cables increases
the acceptability by the patient, who feels guided and not constrained by the
machine, [11,12]. Movements of human upper-limb consists of several degrees of
freedom, basically 3DOF just considering the shoulder joint, 2DOF in the elbow
joint and 2DOF in the wrist joint. In particular, the shoulder joint has the follow-
ing movements: vertical flexion-extension, Fig. 1(a), horizontal flexion-extension,
Fig. 1(b), adduction-abduction, Fig. 1(c) and medial rotation. In Fig. 1(d), three
prescribed workspaces derived from flexion-extension and adduction-abduction
movements are defined.

Fig. 1. Upper-limb rehabilitation movements: (a) Vertical flexion-extension, (b) Hori-
zontal flexion-extension, (c) Adduction-abduction, (d) Defined workspaces from upper-
limb rehabilitation movements.
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3 The Cable-Driven Parallel Robot

Cable driven parallel robots have a particular configuration within the class of
parallel manipulators, their trusts consist of cables whose lengths are adjustable
trusts to control the end-effector’s pose [11]. The position and orientation of the
end-effector, determined by its degrees of freedom, is manipulated by actuating
motors that extend or retract the cables. As it is pointed out in [11],the condition
for a mobile platform with n DOFs in order to have a fully controlled motion is
to have, at least m = n + 1 cables. This comes from, due to their nature, that
cables require positive tension. They can only exert pulling action, being able to
carry loads in tension but not in compression, therefore a redundant numbers of
cables are required to avoid uncontrollable situations. In Fig. 2(a), the general
structure of a cable driven parallel robot an its main components are presented.
In Fig. 2(b) and (c) we can observe the kinematic schemes as referring to the
planes X−Y , X−Z, respectively. The inverse kinematic problem (IKP) consists
in finding the cable lengths as function of the end-effector degrees of freedom.
As stated below, in both cases the length of each cable can be written in terms
of difference of coordinates of its endpoints.

Kinematic Analysis. A kinematic model can be established for the cable driven
parallel robot with the aim to express the position of the end-effector as function
of the coordinates of the cable attachments to the mechanical structure and as
function of the cable length. First, considering the flexion-extension movement,
the kinematic scheme for cables C and D is shown in Fig. 2(b). Because of the
symmetry of the structure and arm position it moves along a plane, so the IKP
for this cables is simplified. The length of the cable, lC , is defined by the points
C and P , which represent the attachment points of the cable to the motor and to
the upper face of the end-effector, respectively. Two reference frames have been
considered: OXY is the fixed frame and GXGYG is the moving frame associated
to the end-effector center of gravity. Parameter R indicates the distance from
the center of gravity of the end-effector to the attachment point P , this is, half
the height of the frame arms. θ represents the angular displacement of the arm
axis and also the orientation of the moving reference frame with respect to the
fixed one. It is intended one of the three DOFs to define the pose of the end-
effector. The other two DOFs are related to the position of the frame arms in
the plane, and could defined by the coordinates of the center of gravity or by
the coordinates of point P . Finally, since the trajectory followed by point G
is a circumference arc, it is interesting to write the equations in terms of the
coordinates of its rotation center, OC . Thus, the following equations can be
written for the kinematics of cable C by referring to a planar motion of the
end-effector within the plane shown in Fig. 2(b). Thus, the following equations
can be written for the kinematics of the cable C by referring to a planar motion
of the end-effector within the plane considered before.

lC = ((XOC − R cos θ + r sin θ − XC)2 + (YOC + R sin θ + r cos θ − YC)2)
1
2 (1)

where Xi and Yi are the X and Y Cartesian coordinates of the i-th point; r and
R are geometrical sizes of the end-effector and θ is the angular displacement of
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Fig. 2. Kinematic schemes of cable driven parallel robot: (a) General kinematic scheme,
(a) X-Y plane (flexion-extension movements), (b) X-Z plane (adduction-abduction
movements).

a limb in the X-Y plane, as shown in Figs. 2(b) and (c). Similar equations can
be written for cable D. Cables A and B do not just move along the plane, but
along the space in the three dimensions. However, the equations for their lengths
lA and lB can be defined similarly to the ones of cables C and D, as difference
of coordinates of their endpoints. Therefore, the equation for cable A can be
written as

lA = ((XOC −R cos θ+ r sin θ−XA)2 +(YOC −R sin θ+ r cos θ−YA)2 +(ZP −ZA)2)
1
2 (2)

Wrench Analysis. A wrench analysis for cable driven parallel manipulators can
be considered since all cables must remain in tension under any load. Considering
this, the end-effector exerts force and moment on the external environment are
transmitted by extending and retracting cables, and by ensuring the condition of
pulling cables. For the condition of static equilibrium, the sum of external forces
and torques exerted on the end-effector by the cables must equal the resultant
external wrench that is exerted on the environment [4]. Since the cable driven
manipulator is intended for rehabilitation purposes, the velocity of the system
is very slow, therefore, a wrench analysis can be formulated based on a static
model of forces.The static equilibrium of the cable driven parallel manipulator
can be written as

4∑

i=1

Fi =
4∑

i=1

Fili = P (3)

4∑

i=1

ti =
4∑

i=1

Qp × li = M (4)

In Eqs. 3 and 4, P and M are the resultant force and torque, respectively,
which considered together produce a wrench W in the form

JTF = W (5)

in which vector F = [F1...F4]T contains the values of the tensions of cables. J is
the Jacobian matrix that can be expressed in the form

J =
[

la lb lc ld
Qa × la Qb × lb Qc × lc Qd × ld

]
(6)
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where Q is rotation matrix between fixed and moving frame, it can be expressed
as

Q =

⎡
⎣

cos β cos γ − cos β sin γ sin β
sin θ sin β cos γ + cos θ sin γ − sin θ sin β sin γ + cos θ cos γ − sin θ cos β
− cos θ sin β cos γ + sin θ sin γ cos θ sin β sin γ + sin θ cos γ cos θ cos β

⎤
⎦ (7)

4 Optimization Model for the Cable Driven Robot

In Fig. 2(a) one can identify geometrical parameters of the cable driven parallel
robot. As a first approach, in this work, an optimization model is intended for
finding the position of the cables, in order to keep positive tension in cables for
any point in the workspace. In particular, the selected optimization parameters
for the optimization process are: α = [A,B,C,D]. Notice how these parame-
ters completely define the geometrical model of the manipulator, and they can
be computed using three optimization parameters as it is shown in the next
subsection.

Objective Function: MaximumTension in Cables. A prescribed workspace
W (as those in Fig. 1(d) derived from rehabilitation movements), possibly irregu-
lar, could be discretized by a set of points X ∈ Rd×n. The general optimization
problem is to find the positions of the manipulator for reaching all the points
X ∈ W with a positive tension in cables. For this purpose, we propose a dis-
cretized workspace, defined according the following algorithm:

1 for r=1:2:5 do
2 for v=(-1π/2):0.1:(1π/2) do
3 for u=0:0.3:π do
4 x = [x(50 + (R + r cos(u)) cos(v))];
5 y = [y(50 + (R + r cos(u)) sin(v))];
6 z = [z0];

7 end

8 end

9 end

Algorithm 1. Workspace discretization

For R = 40 and r = 5. Then, we compute the objective function in Eq. 8,
according positions A,B,C, and D, where A = [(199x2 + 1)cos(45), lbase,
(199x2 + 1)sin(45)], B = [(199x3 + 1) cos(45), lbase,−(199x2 + 1)sin(45)],
C = [lbase/2, lbase, 0], D = [lbase/2cos(45), 0, 0], and lbase = 199x1 + 1. The
optimization variables x1, x2, and x3 are in the range [0,1]. Let us define
I(F (k) > 0.1), I(Fk) for short, as an indicator function which equals 1 if
all cable forces for the point k are greater than 0.01 N and 0 otherwise, and
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NW (x) =
∑K

k=1 I(Fk) as the number of points which fullfil the requirement of
positive tension in cables, in this last equation and in the following K is the
total number of points in the workspace. Notice that F (k) is the vector of forces
in cables for the point k, Fc(k) is an element of the vector associated with the c
cable.

max
.

F(x) =
{

NW (x) if NW (x) < K,

K + NW (x)
∑K

k=1 I(Fk)
∑

c Fc(k) otherwise
(8)

The objective function returns the number of points in the workspace with
positive tension in cables if not all of them have positive tension, and the sum
of the forces in cables for all points in the workspace, plus the number of points,
if the cables have positive tension for all points. Thus, if any point has less
tension than the required the objective function value is less than K, otherwise
it is greater than K. The external wrench (W ) for computing cable tensions is
always gravity with a 0 torque, it is to say −9.81 N in y direction, thus we solve
the equation F = (JT )(−1)W , using a pseudoinverse (JT )(−1). As it can be seen
above the range for A,B,C, and D values is bounded between [1,200].

5 Optimization Algorithm

In the automated optimal synthesis of mechanisms, very often, the objective
function is neither convex, nor it has continuous derivatives, and it has multiple
local minima. In addition, very frequently, the most practical approach for solv-
ing the end-effector pose is by means of a numerical simulation rather than using
a close explicit form. In this vein, evolutionary algorithms specially suited for
dealing with non-convex, non-derivable problems in the context of the, so called,
black-box optimization [13]. For this case study, we propose to use an Estima-
tion of Distribution Algorithm [14], in order to take advantage of its particular
way of working via the coding of correlations among variables. EDAs are a kind
of evolutionary algorithms which replace the crossover and mutation operators
by estimating and sampling from a probability distribution. The workflow of a
standard EDA is shown in Algorithm 2, it works as follows, an initial population
X0 is sampled from a uniform probability distribution U(x) inside the search
limits xinf and xsup, then it is evaluated in the objective function fobj . The
generation or iteration counter is denoted as t. A selected set St of the best can-
didate solutions is chosen using a selection method and the objective function
values, in this step we also select and store the best solution known xt

best, often
called as the elite, and its objective value f t

best. Then, using the selected set the
parameters φt are computed in order to define a new parametric probability dis-
tribution Q(φt, x), Qt for short, which is biased to the best known solutions. Qt

is used for sampling new candidate solutions X̂t which, in turn, together with
the elite, integrate the new population Xt+1. The evaluation and selection steps
are applied, and the loop is repeated until a stopping criterion is met. The most
of the EDAs in continuous domains, use as search distribution, Qt, the Gaussian
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input : n= num. of variables, [xinf , xsup]= var. limits, fobj =Objective function
1 t = 0; // Generation number

2 X̂t= Sample(U(x),xinf , xsup);
3 F 0= Evaluate(fobj ,X0);
4 [S0, F 0

S , x0
best, f

0
best]= Selection(F 0,X0);

5 while Stopping criteria is not met do

6 Q(φt, x)=EstimateParameters(St,F t
S);

7 Xt= Sample(Q(φt, x),xinf , xsup);
8 Xt+1= Replace(xt

best, X̂t);
9 t=t+1;

10 F t= Evaluate(fobj ,Xt);
11 [St, F t

S , xt
best, f

t
best]= Selection(F t,Xt);

12 end

Algorithm 2. Standard Estimation of Distribution Algorithm

distribution [15], in one of two fashions: univariate or multivariate models. Uni-
variate models are simple and computationally inexpensive, while multivariate
require larger computations as a payoff of integrating variable correlations in
the search process. Using a search probability distribution provides of several
benefits to the search process, for instance, in contrast with other evolutionary
algorithms, EDAs learn or estimate the distribution parameters from the cur-
rent population without needing user given parameters, such as crossover and
mutation probabilities. In addition, EDAs, naturally, deal with variable correla-
tions, most of the time, the correlations structure Gt

Q is learned from data (the
selected set), and used by the probability distribution Qt. Using Gt

Q not only
could boost the performance of the algorithm, by detecting when two or more
variable must be updated in a correlated (dependent) way, but also could pro-
vide of information about the physical phenomenon, by indicating these relations
between physical variables. On the other hand, Gt

Q can be naturally induced in
Qt if an expert provides the information about physical correlation among opti-
mization variables. In the context of automated synthesis of mechanisms, it is a
reasonable hypothesis that the mechanical elements which are physically linked
are correlated in the optimization process. In this article we propose to define
the structure of the correlations among variables, and to use them in the opti-
mization process assuming a normal search distribution, these correlations are
inserted into the algorithm by means of the covariance matrix. In the subsection
below we introduce in detail the algorithmic steps for the optimization process.

Introducing Physical Correlations into the Multivariate Normal EDA.
A multivariate normal probability density is defined as follows:

q(z,Σ, μ) =
1√

(2π)nvar |Σ|exp

(
−1

2
(z − μ)TΣ−1(z − μ)

)
, (9)

where μ is the mean vector and Σ is the covariance matrix. The covariance matrix
introduces physical correlations among variables. The selection step is carried out
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in a similar fashion than in [16]. At the first generation the whole population
is selected, and a threshold θt is initialized as the worst (maximum) value in
the objective functions of the current population. At the second generation,
the selected set are those values in the best half of the population that have
an objective function value smaller or equal to θt, and θt+1 is the maximum
objective function value in the selected set.

Estimate Parameters Step. In this step we consider a variant of the empirical
selection distribution of binary tournament [17]. The process is the following:

• Compute weights for each i − th individual in the selected set, with size nsel,
using the following formulae:

pi =

∑nsel

j I(f(zi), f(zj))∑nsel

i

∑nsel

j I(f(zi), f(zj))
, I(a, b) =

{
1 if a < b
0 otherwise

(10)

• Compute the mean vector using the weights in Eq. (10)

μ =
nsel∑

i

pizi (11)

• Compute weights for the variance estimator.

p̂i =

∑nsel

j I(f(zi), f(zj))∑nsel

i

∑nsel

j I(f(zi), f(zj))
, I(a, b) =

{
1 if a > b
0 otherwise

(12)

• Then, compute the covariance estimator for each position i, j in the covariance
matrix. For each i, j ∈ πi for i = 0, ..., 3:

σjk =
nsel∑

i

p̂i(zij − μj)(zik − μk) (13)

After computing mean μ and covariance matrix Σ we can sample a new
population using a multivariate normal distribution N(μ,Σ).

6 Results and Examples

The optimization problems are tackled using the algorithmpresented in the section
above. The best solution found is x1 = 0.10346, x2 = 0.95762, x3 = 0.93123 which
corresponds to lbase = 21.589 A = [100.634, 21.589, 163.005], B = [97.875, 21.589,
−158.536], C = [5.67047, 0.0, 0.0] and D = [5.67047, 21.58854, 0.0] with an objec-
tive function of 3627.2. The found solution is plotted in Fig. 3.
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Fig. 3. Optimized mechanical structure: (a) Kinematic configuration of the cable-
driven structure, (b) A 3D model of the optimized mechanical structure.

7 Conclusions

This paper deals with the optimized design of a cable-driven parallel manip-
ulator, which recently has been proposed as a device for rehabilitation and
limb exercising. In particular, an optimization model is presented to simultane-
ously fulfill a rehabilitation-exercising task and to improve dexterity by selecting
proper length cables and geometrical parameters. In this article, we proposed to
apriori define the structure of the correlations among optimization variables,
and to use them in the optimization process to boost an EDA. Numerical results
show effectiveness of tested Estimation of Distribution Algorithm, where cor-
relation among variables is inserted in the optimization process. Finally, the
proposed methodology can be firstly used to optimize the cable-driven structure
in terms of a more complete range for rehabilitation movements, and secondly
used for other cable-driven manipulators.
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Abstract. The paper presents the kinematics of an exoskeleton-based robotic
system for upper limb rehabilitation of post-stroke patients. The targeted arm
areas are the elbow and the wrist, while the targeted motions are flexion/
extension, pronation/supination and adduction/abduction. The paper presents the
(direct and inverse) kinematic analysis of the proposed solution, the generated
workspace of the robot and simulations for a proposed exercise for post-stroke
upper limb rehabilitation.

Keywords: Upper limb rehabilitation � Exoskeleton’s kinematics �
Workspace � Simulation

1 Introduction

Stroke is a leading cause of disability in the western society [20]. The European
Registers of Stroke study (EROS) reveal that 40% of patients with first-ever strokes had
a poor outcome in terms of the Barthel Index (which measures the extent to which
somebody can function independently and has mobility in their activities of daily living
(ADL) i.e. feeding, bathing, grooming, dressing, etc.) [6]. Because the results of
physical therapy for restoring the activities of daily living vary greatly [11], robotic
therapy research has shifted towards robotic systems that can be designed for reha-
bilitation especially in the form of exoskeleton-based robots. Because designing the
kinematics of an exoskeleton relies on the replication of the human limb kinematics,
certain advantages are observed, such as similarity of the workspaces, singularity
avoidance, as described in [14] or one to-one mapping of joint force capabilities over
the workspace. However, a major drawback to this paradigm is that human kinematics
is impossible to be precisely replicated with a robot, because morphology drastically
varies among subjects and joint kinematics is very hard to be reproduced by con-
ventional robot joints [19]. Finding any consensual model of the human kinematics in
the biomechanics literature is almost impossible, due to complex geometry of bones
interacting surfaces related to human arm anatomy. In [17] an explicit model to predict
and interpret constraint force creation has been developed, taking into consideration
that deformation at the interface between two kinematic chains is caused by low
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stiffness of human skin and tissues surrounding the bones. Solutions to cope with this
problem can be of two kinds. The first one, as described in [18], consists of making the
exoskeleton highly adjustable by creating robotic segments with adjustable length and
by adding pneumatic components to introduce elasticity in the robot fixations. The
second approach consists of adding passive degrees of freedom to connect the 2
kinematic chains. This was proposed in [10, 13] or [3] among others. There are several
commercially available rehabilitation devices for upper limbs, such as the exoskele-
tons: the Armeopower, the ArmeoSpring and the ArmeoBoom sling suspension system
designed by Armeo (Hocoma AG, Switzerland). Other commercial devices are the
mPower arm brace (Myomo Inc., Cambridge, MA), a 1 DOF portable arm brace which
uses electromyogram (EMG) signals measured from the bicep and triceps muscles to
generate assistive torques for elbow flexion/extension, albeit features the disadvantage
of flexibility, having just 1 degree of freedom. Other exoskeleton designs having 7
DOF’s are the CADEN-7 and the PERCRO arm [5], that utilize two nonanthropo-
morphic joints to represent motion of the wrist and fingertips, which greatly improves
the replication of human kinematics and movement, but are rather complicated. Other
state-of-the-art arms lack one or more of the following aspects: low-backlash gearing
[7], back drivable transmissions [8], low-inertia links [1], high stiffness transmissions
[2], open mHMIs or physiological ROMs.

Regarding the human rehabilitation of upper limbs, in this paper the authors have
proposed a conceptual solution for a medical rehabilitation robotic system that is based
on exoskeleton architecture (ReExRob). The ReExRob intends to rehabilitate the upper
limb, aiming especially at the achievement of the following motions: the
flexion/extension of the elbow, the supination/pronation of the forearm and the
extension/flexion and adduction/abduction of the wrist.

2 Kinematic Modelling of a New Robotic Structure

The motion study is extremely important in designing a robotic system for rehabili-
tation due to the efficiency and safety that such a system targets. The ReExRob [15]
conceptual solution is based on an exoskeleton architecture, that is designed for the
rehabilitation of the upper limb, especially the mobilization of the elbow and the wrist
(the forearm). The targeted motions by the ReExRob are presented in Fig. 1 and they
refer to flexion/extension of the elbow, the pronation/supination and
adduction/abduction and flexion/extension of the wrist. Figure 1 presents the motions
amplitude, indicating the maximum mean ranges for each targeted motion of the upper
limb (the patients group age has not been considered), [12]. Regarding the mobilization
of the limbs, a series of anchor points have been defined. Figure 2 presents the major
anchor points for each motion, where the dotted line represents the active anchor area
(which performs the motion) and the continuous line represents the passive anchor area
(which remains fixed). It is to note that the active anchor area for the flexion/extension
of the elbow becomes the passive anchor area for the wrist motions (flexion/extension
and adduction/abduction).
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Considering the above aspects, the authors propose the ReExRob robotic system,
whose kinematic design is presented in Fig. 3. The 4R robot is built as based on an
anthropomorphic structure, having only active rotation joints, each one performing a
certain rehabilitation motion (i.e. q1 performs elbow flexion/extension, q2 pronation/
supination, q3 the wrist flexion/extension and q4 the wrist adduction/abduction). To
simplify the mathematical model, at this stage, the fixed coordinate system OXYZ has
been placed in the middle of the R1 joint. The size parameters of the robot are:
l1; l2; l3; l4; l5. Figure 4 presents the ReExRob 3D model design. Its key features include:
the fixing elements, the three anchors: the passive one and the active anchors (2 – for
supination/pronation and 3 for the wrist motions). The pronation/supination motion is
designed using a spur gear mechanism actuated by Motor 2.

a. b. c. 

Fig. 1. Motion intervals of the shoulder during flexion/extension (a), pronation/supination
(b) and wrist motions (c) [16]

a. b. c. d.

Fig. 2. Motion anchor points for elbow and wrist mobilization: (a) flexion/extension;
(b) pronation/supination; (c) wrist flexion/extension; (d) adduction/abduction.
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2.1 Direct Kinematics

The direct kinematics of the ReExRob takes as input data the values of the active joints
q1; q2; q3; q4 when l1; l2; l3; l4; l5 are given and the target is to determine the end-effector
coordinates (XE; YE; ZE) and the Euler angles w; h and /, Fig. 1. Kinematic model is
summarized in Table 1 to give the expressions from manipulator analysis [4]. Matrix
transformations in (1) are used for kinematics analysis.

Fig. 3. A kinematic design of the ReExRob robotic system for elbow and wrist mobilization

Fig. 4. ReExRob robotic system kinematic scheme for elbow and wrist mobilization

Kinematic Analysis of an Exoskeleton-Based Robot 427



XE YE ZE 1½ �T¼ T½ �10� T½ �21� T½ �32� T½ �43� T½ �54; ð1Þ

to

XE ¼ l1 þ l3ð Þ cos q1ð Þþ l5 cos q4ð Þ cos q1ð Þ cos q3ð Þ
þ l5 � sin q1ð Þ sin q2ð Þ sin q3ð Þ � cos q2ð Þ sin q1ð Þ sin q4ð Þð Þ;

YE ¼ l5 sin q2ð Þ sin q4ð Þþ cos q2ð Þ cos q4ð Þ sin q3ð Þð Þ;
ZE ¼ l1 þ l3ð Þ sin q1ð Þ � l5 cos q4ð Þ sin q1ð Þ cos q3ð Þ � cos q1ð Þ sin q2ð Þ sin q3ð Þð Þ

þ l5 cos q2ð Þ cos q1ð Þ sin q4ð Þ;

8>>>>><
>>>>>:

ð2Þ

with

cos hð Þ ¼ cos q4ð Þ cos q1ð Þ cos q2ð Þ � sin q4ð Þ sin q1ð Þ cos q3ð Þ � cos q1ð Þ sin q2ð Þ sin q3ð Þð Þ
ð3Þ

cos wð Þ ¼ � sin q4ð Þ cos q2ð Þ sin q3ð Þ � cos q4ð Þ sin q2ð Þð Þ= sin hð Þ ð4Þ

cos /ð Þ ¼ � sin q1ð Þ sin q3ð Þþ cos q1ð Þ cos q3ð Þ sin q2ð Þð Þ= sin hð Þ ð5Þ

Table 1. The transformation matrices of ReExRob

Rotation matrix Actuation

T½ �10 ¼
cos q1ð Þ 0 sin q1ð Þ 0

0 1 0 0
� sin q1ð Þ 0 cos q1ð Þ 0

0 0 0 1

2
664

3
775

Rotation around OY axis with q1

T½ �21 ¼
1 0 0 l1
0 cos q2ð Þ � sin q2ð Þ 0
0 sin q2ð Þ cos q2ð Þ 0
0 0 0 1

2
664

3
775

Translation along O1x1 with l1 followed by a
rotation around Ox2 axis with q2

T½ �32 ¼
cos q3ð Þ � sin q3ð Þ 0 l3
sin q3ð Þ cos q3ð Þ 0 0

0 0 1 �l2
0 0 0 1

2
664

3
775

Translations along O2x2 with l3 and along O2z2
with �l2 followed by a rotation around Oz3 axis
with q3

T½ �43 ¼
cos q4ð Þ 0 sin q4ð Þ 0

0 1 0 �l4
� sin q4ð Þ 0 cos q4ð Þ l2

0 0 0 1

2
664

3
775

Translations along O3x3 with �l4 and along
O3z3 with l2 followed by a rotation around Oy4
axis with q4

T½ �54 ¼
l5
l4
0
1

2
664

3
775

Geometric parametric translations along O4x4
with l5 and along O4y4 with l4
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The coordinates of E, are obtained using (1) and the closed form of these coor-
dinates are shown in (2). The Euler angles w; h and / can be computed using (3)–(5),
after applying atan2.

2.2 Inverse Kinematics

The inverse kinematics consists in determining the joint variables q1; q2; q3; q4, when
the coordinates XE; YE; ZE and orientation of the end-effector are given. Usually, for
serial robots, this could lead to multiple solutions. Several methods have been used to
solve the inverse kinematics of serial robots, like Jacobian pseudoinverse, Jacobian
transpose, Jacobian damping and filtering, damped least-squares, gradient projection,
task priority, each one with their advantages and disadvantages [9]. For ReExRob, the
Jacobian pseudoinverse algorithm has been used and implemented in a numerical
procedure to find a solution for the inverse kinematics. In pseudo-code, the algorithm
can be described by the expressions:

dXe ¼ XE q1 start; q2 start; q3 start; q4 startð Þ
dYe ¼ YE q2 start; q3 start; q4 startð Þ
dZe ¼ ZE q1 start; q2 start; q3 start; q4 startð Þ

with the following steps:

while
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
dXe� Xe inð Þ2 þ dYe� Ye inð Þ2 þ dZe� Ze inð Þ2

q
\c

f� compute Jacobian J
� compute the Jacobian pseudoinverse Jþ

� compute active joint values dQ ¼ Jþ � dXe dYe dZe½ �T
�Q ¼ Qþ a � dQ yielding q1; q2; q3; q4ð Þ
� dXe ¼ XE q1; q2; q3; q4ð Þ; dYe ¼ YE q2; q3; q4ð Þ; dZe ¼ ZE q1; q2; q3; q4ð Þg

where qi start ¼ 0; i ¼ 1; 4, dXe; dYe; dZe represents the end-effector current position, a
is a small increment (in this case a ¼ 1�), c is an satisfactory chosen error (whose size
is related to human arm precision, as for example arm tremor) and
dXe in; dYe in; dZe in is the desired end-effector position. The goal is to determine a
convergence to a feasible solution.

3 ReExRob Workspace Analysis

One of the main requirements for ReExRob is to provide a suitable workspace for the
elbow and wrist rehabilitation. Figure 5a shows the maximum workspace of the robot
in the XZ plane, corresponding to the extension/flexion motion of the elbow. The plot
represents the area that can be covered by the patient’s hand during exercising this kind
of motion. In a similar way, the workspace that can be provided for the wrist motions is
determined and plotted in Figs. 5b and 6a. Figure 5b presents the robot workspace as
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generated by a motion due to the q3 active joint when the q2 active joint, remains fixed,
the wrist motion being in the XY plane (the flexion/extension of the wrist).

Figure 6a shows the amplitude motion for the adduction/abduction motions of the
wrist, as obtained for a motion of the q4 active joint, when q3 is kept fixed. Figure 6b
shows the isometric view of the whole workspace of the robot, for the full amplitude of
each type of motion. The presented workspaces have been generated using the fol-
lowing values for the size parameters: l1 ¼ 258:3mm; l2 ¼ 83mm;
l3 ¼ 35:36mm; l4 ¼ 104:72mm; l5 ¼ 110mm, for an average-size human arm [12].

4 Motion Simulations

In the first phase (or the acute phase) of a post-stroke survivor, rehabilitation is
achieved by mobilizing the affected limb, to avoid muscles atrophiation with time and
the mobility loss of the joints. ReExRob system has been designed to be used from the
very beginning as a rehabilitation tool immediately after stroke. As already mentioned,
ReExRob system addresses four types of motions (elbow flexion/extension, pronation/

a. b. 

Fig. 6. ReExRob workspace for the adduction/abduction motion (a) and the total workspace (b)

a. b.

Fig. 5. ReExRob workspace for the flexion/extension of the elbow (a) and wrist (b)
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supination, wrist flexion/extensions and adduction/abduction), but some of these
motions can be grouped together to increase the efficiency, in a combination of joint
motions like: q1 þ q2; q1 þ q3; q2 þ q3; q1 þ q4, usually without any risk for the
patient, if the workspace limits are acknowledged. Based on a study in [12], the
maximum values for motion parameters can be assumed as vmax ¼ 6:5�=s and
emax ¼ 6�=s2. The proposed formulation of kinematic analysis can be used in optimal
design procedures and operation simulation to characterize the feasibility of the pro-
posed exoskeleton design. Thus Fig. 6 shows a simulation for the coupled motion of
the joints q1 and q2: the patient’s motion starts from the 0 position (for all joints, when
the elbow is in the horizontal plane); the patient’s elbow starts a flexion motion
upwards (q1 has negative values), up to −45o and simultaneously a supination motion
(using q2, which has positive values, up to 81o) is achieved (see the time history
diagrams for q1 and q2, while q3 ¼ q4 ¼ 0); after reaching the imposed position, the
elbow starts an extension motion up to +83o (yielding a total angle of 128o for q1),
while simultaneously executing a pronation motion using q2. The two generated
motions using q1 and q2 have been correlated, so that when q1 reaches to −45o, q2
completely performs the supination motion and when q1 reaches +83o, q2 completely
performs the pronation motion. Figure 8 presents the time history diagrams of the
end-effector coordinates, based on the imposed motion, including velocities and
accelerations. As it is a planar motion, the YE coordinate is constant (zero) (Fig. 7).

Fig. 7. Computed joint motions of ReExRob for elbow flexion/extension and
pronation/supination motion: positions, velocities and accelerations of the active joints
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5 Conclusions

The paper presents the design and kinematics of an exoskeleton-based robotic structure.
The presented kinematics is useful for operation purposes in rehabilitation motions of
post-stroke human arms. The inverse kinematics provides a solution for the joint
variables, but since the final configuration is unknown, it will not be used in the robot
control. The computed workspace, fulfills the needed range of motion to perform the
upper limb rehabilitation. The presented motion simulations have been developed as an
example of rehabilitation exercises. As future work, the authors plan to build a pro-
totype for testing and practical implementation.
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Abstract. The paper presents a testing machine and its operation for evaluating
key features of artificial ribs on an anteroposterior biological compression.
A model of artificial ribs is elaborated out to build a testing sample. Design for a
new machine is developed for an experimental layout in laboratory testing. The
results of experimental tests show the efficiency of the designed testing machine
and a characterization of artificial ribs with human-like behavior.

Keywords: Biomechanics � Thorax � Experimental test � Cam

1 Introduction

The biomechanical response of an impact event on human thorax is characterized by
the risk of the damage caused in the biological tissues. One way to express the
probability of causing the death is by using injuries criterion [5]. An injury criterion
represents a combination of statistical data that relates the likelihood of injury the body
due to the action of physical variables like accelerations, compressions or even loads
applied on certain areas. In order to formulate an injury criterion, physical variables
must be measured under the close real impact conditions. The closest way to recon-
struct a real impact event can be planned by using Live Humans Subjects (LHS).
During the tests, the effects on the body must be analyzed to guarantee that the people
will not be harmed lethally. The Declaration of Helsinki by the World Medical
Association has established ethical principles on researches using this kind of test
subjects.

On the other side, anthropomorphic test devices (ATD) have the capability of
reproducing the human-like biomechanical response with accurate values [2]. Thus, the
stiffness of a ribcage modifies the properties of the rib bone. On this way, it has less
resistance in elements working on tension than those working on compression. For this
reason, the fracture starts on the side working in tension and going to the surface in
compression. Based on these considerations, commonly is determined the mechanical
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properties of the bone by using uniaxial tests. Equally, important tests for bone by
using flexion in 3 or 4 points. Kemper et al. [7] have proposed a specific procedure to
analyze rib bone under dynamics loads. In his work describes how to reproduce a
compression in the rib similar to the produced by the 35-mph automotive crash.
Analogous to that procedure, Charpail et al. [8] characterized the behavior of a rib
under dynamical conditions. They define an experiment where the rib is hit by a
pendulum of controlled mass. They draw our attention to the importance of the cur-
vature of an edge in the rib and their influence on the load distribution. Thus, the open
problem is correlated to the reproduction of the dynamic behavior of the ribs by
artificial elements.

The purpose to study the dynamic behavior of an artificial is to present the design
and test considerations of a dynamic test machine for artificial ribs. The design of the
proposed artificial ribs used in the testing was developed in [1]. The anteroposterior
compression proposed was numerically studied in this work. Exploiting this condition,
the standard of cardiopulmonary resuscitation procedure (CPR) establishes similar
compression load applied over the thorax. On this way is proposed the design of a
machine that reproduces those similar conditions. The proposed machine uses a
cam-follower mechanism to simulate that dynamic input as a frontal impact. The
obtained results are presented in three plots. The objective of the first plot is to show the
load reaction against the velocity of impact. The aim of the second plot is to show the
displacement against the velocity of impact. A third plot is obtained by comparing the
load reaction against a displacement. The third graphic allows to observe the complete
duty cycle of load and unload of the rib. A duty cycle is defined as a representation of
one compression of the CPR procedure generated by the cam-follower mechanism.

2 The Model of an Artificial Rib

Commonly, the ATD are used to develop injury criteria. They are designed by using
mechanical parts with similar behavior to biological elements. In order to test indi-
vidual components, a dynamic test is made under well-controlled variables. As regards
the thorax, this is defined in a section between the diaphragm and the neck. It is named
as ribcage all the bone elements under this volume. The main function of the ribcage is
to absorb forces that can be applied in an opposed way to the natural movement of the
chest, protecting the internal elements of any damage. All the bone elements are joined
in the center to the breastbone by cartilage. Figure 1 shows the bones that shape a
ribcage. It is important to mention that the largest element on it are the ribs.

Taking advantage of this condition is important to point out that the rib properties
influence the ribcage stiffness. Thus, the anthropometric parameters of human ribs can
be adjusted to design an artificial human rib. This will allow to study the response of
artificial human ribs in ATD easily, in order to reproduce a proper human-like
response. Using the mathematical model described in [1], the morphology of a rib can
be reproduced and manufactured in a properly way by using a 3D printing technology
for low-cost samples. The ribcage behavior is analyzed by assuming the same mor-
phology between the seven pairs of true ribs (ribs that are directly connected to the
breastbone), just by considering size differences through scaled parameters.
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Figure 2a shows the kinematic design of the artificial human rib. The shape of the
rib is designed as an elliptical shape with the depth of the thorax named as A and the
width of the thorax defined as B. By defining a plane of symmetry where the payload P
is applied, the cross section along the rib can be considered constant as an elliptical
disk. The load reaction of the rib is represented by Pr. The variable Dmaxin represents
the major axis of the internal ellipse and the Dmaxout represents the major axis of the
external ellipse. The variable Dminin represents the minor axis of the internal ellipse
and the Dminout represents the minor axis of the external ellipse. The P load component
represents the axial compression of the rib. Figure 2b shows the physical construction
of the prototype of artificial human rib. Table 1 lists the values for the construction of
the sample prototype of artificial human rib in Fig. 2b.

Thoracic vertebrae

Rib 

Costal cartilage 

Breastbone 

Curvature of edge  

Fig. 1. A model of the human ribcage as a reconstruction obtained from a tomography

(a) (b)

Fig. 2. A model of human rib: (a) Kinematic scheme whit its design parameters; (b) A sample
prototype of artificial human rib
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3 Experimental Layout with a Testing Machine

The conceptual design of the Test Machine for Artificial Ribs (TEMARI), is divided
into three areas of development, namely control of movement and its measuring, the
design of law of movement and fixation of the artificial human rib on the machine.
Integrating those areas in a block diagram, Fig. 3 shows the conceptual design of the
TEMARI machine proposed in this work.

The TEMARI machine is controlled by open loop because the parameters of
behavior are not dependent on the response obtained by the rib. The main variable to
control is the velocity of the motors. The test variables are load reaction, acceleration,
position, and velocity. For the input, movement is used a DC motor with a gearbox and
encoder with a theoretical maximum velocity of 89.7 rpm, the nominal voltage of
12 V, and a maximum torque of 4.5 Nm. The law of movement was designed to apply
a pattern of displacement on the rib similar to the CPR compression pattern. In ref-
erence [4] a procedure is reported to determine the laws of movement in different
sections of the body due to a crash test. Based on this procedure, a law of movement is
defined to identify injury criteria in the thorax under dynamic conditions. The law of
movement for the profile of the cam used in TEMARI machine is synthesized by the
function generator reported in Ref. [3]. A linear potentiometer measures the movement

Table 1. Parameter values of the built prototype of artificial rib in Fig. 2b

Dminout
(mm)

Dminin
(mm)

Dmaxout
(mm)

Dmaxin
(mm)

A
(mm)

B
(mm)

Young’s
module (GPa)

Rib
7th

16.20 10.48 11.02 4.88 226.93 152.00 11.50

Fig. 3. A block diagram of the layout structure of TEMARI machine
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of the shaft on the mechanism. The design of the supports for the artificial ribs are a
function of the impact event. A fundamental problem about this issue is solved by
defining the boundary conditions of the analysis. On this case, it will be used the
boundary conditions defined by a frontal impact with a restraint on the back. The
posterior end of the rib is fixed to a load cell to measure the load reaction. The frontal
end of the rib is fixed partially, allowing the displacement only in one direction. On this
end, an accelerometer is attached to agreement to the standard ISO 2631. This sensor
will measure the mechanical vibration and shock applied on the artificial human rib by
the cam-follower mechanism.

The proposed kinematic design of TEMARI is shown in Fig. 4a, where Krc rep-
resents the stiffness of the ribcage, Ks means the structural stiffness of the spring
element that maintains the contact between the follower and the roller; Kt perform the
torsional stiffness of the cam element. In addition, the mch assume the role of the mass
of the chest, mf is the mass of the follower; mc is the mass of the cam. The variable s
act as the input torque applied by the motor; Fc is the force of contact between the cam
and the follower. The angle h correspond to the angle of contact between the cam and
the follower; Xc appear as the coordinates of the cam in the general frame of the
machine. The variable Xf represents the coordinates of the follower in the general frame
of the machine. The variable Xrc perform the coordinates of the breastbone in the
general frame of the machine. The variable Xg act as the gap between the breastbone
connection and the follower in the general frame of the machine. To manufacture the
TEMARI machine, a CAD design was elaborated as in Fig. 4b. The CAD design
shows an artificial vertebra support attached to the loadcell. This artificial vertebra-like
support was manufactured by using a 3D printing and metal supports. The breastbone
function is replicated by using a linear bearing. That restriction allows only linear
displacement.

A prototype of the testing machine TEMARI for artificial ribs is shown in Fig. 5.
The load measures are done by a load cell type S; the linear displacement is measured
by a linear potentiometer of 10 kΩ; a chip ADXL345 measures the acceleration of the

Fig. 4. Conceptual design of TEMARI; (a) A kinematic model; (b) A CAD design of elements
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impact. The load cell, the potentiometer, and the encoder are used together with a
DAQ USB 6009 of National Instruments. To control the velocity of the motor is used a
circuit based on the MOSFET IRF3205. The law of movement was designed to be like
the cardiopulmonary assistance procedure with a maximum displacement of the stroke
as 40 mm. The duty cycle is reached in a period of 1 s. A duty cycle is defined as a
load and unloads cycle applied on the rib. It is assumed that the maximum stroke is
reached at 0.667 s and the returning of the mechanism is on 0.333 s. The built pro-
totype of the testing machine is shown in Fig. 5.

4 Experiment Planning

The TEMARI machine is designed to test different sizes of artificial human ribs.
Figure 6 shows a block diagram for the preliminary planning in the TEMARI machine.
On this way, the first step is to verify the initial conditions of the test. The given initial
conditions of the trial are the width, named as “A” on the artificial human rib
parameters, the number “N” of impacts applied on the rib and the velocity “V” of the
cam-follower mechanism. After that, the artificial human rib is fixed on the machine
supports. The posterior end of the rib is attached to an artificial vertebra, and the frontal
end is attached to the artificial breastbone. After that, a calibration of TEMARI is
performed by looking at values of the sensors and setting the zero set-point on the data
acquisition software. The used data acquisition system is allowed to read samples at
10 kHz. Once TEMARI is calibrated, a test can be started with a prescribed motion for
impact simulation.

During the test, the times that the cam-follower mechanism hits the rib is recorded.
If the rib sample is broken on the condition i \ N times, the test is stopped, and the
artificial rib is replaced. This condition causes a new test and the previous process of
testing being repeated. On the other way, if the rib sample is not broken before N times,

Fig. 5. The experimental Layout for the testing machine TEMARI at LARM (Laboratory of
Mechatronics and Robotics)
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the test is ended. The described process for testing the artificial rib can be applied for
different velocities of the cam-follower. The objective of this condition is to analyze the
dynamic behavior of the artificial human rib.

5 Test Results and Design Considerations

Test with samples of artificial human ribs were carried out by using the TEMATRI
machine, Fig. 7. 3D printing manufactured the used samples of artificial human ribs.

Fig. 6. A block diagram for the experimental planning in machine TEMARI at LARM

Fig. 7. A sample of artificial rib for testing with TEMARI at LARM
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The dynamic response of the artificial human rib obtained by the TEMARI machine
is characterized by three parameters, payload reaction, acceleration, and displacement.
The first parameter characterizes the common load response. This behavior charac-
terizes the law of movement. The second value characterizes the impact behavior of the
artificial rib. Finally, the third parameter is used to analyze the simple harmonic
behavior of the rib in a duty cycle. This behavior is characterized by the overlapping of
the two simple harmonic reactions plotted in perpendicular directions in a duty cycle.
By using the Lissajous curves, it is possible to obtain the gap between the input
displacement and the output load reaction in the rib [6]. In order to show the behavior
of the results achieved by the TEMARI machine, it was run a test on low velocity. The
rib was hit 20 times during 45.16 s.

Figure 8 shows the computed results for the test evaluated. In Fig. 8a is shown the
measures of load reaction for a cycle of 10 hits on the artificial rib. The average load
reaction is 59.61 mN. The load reaction measured shows an oscillating behavior, that is
quite similar to the computed values obtained in reference [1]. This behavior can be
attributed to the spring-like behavior of the material. On the other side, the Fig. 8b
shows a characteristic hit during one second. Due the load-cell is used for quasi-static
loads, the equipment did not record the values obtained under 1 s. The plot is useful to
show the load reaction that is applied on the artificial vertebra. The possibility of rib
damage is predicted by the load oscillation This load represents the largest component
to be considered in a fracture on an anterior-compression load situation. In Fig. 8c is
shown the measures of the impact acceleration measured on the artificial rib for one hit.
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Fig. 8. Results of a test with a sample of artificial rib by using TEMARI, Fig. 6: (a) measured Pr
during ten hits; (b) measured Pr during one characteristic hit; (c) measured acceleration during
one characteristic hit; (d) response Pr displacement during one characteristic hit.
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The oscillation on the impact is modified by the spring-like behavior of the rib as is
reported in [1]. Finally, Fig. 8d shows the displacement measured versus the load
reaction Pr. This Figure represents the simple harmonic behavior of the rib in the entire
duty cycle. By using the Lissajous curves in this particular case, it is possible to
approximate the gap between the input displacement and the output load reaction as the
p=4 phase of difference [6].

6 Conclusions

Testing requirements on artificial ribs have suggested a novel design of a testing
machine with suitable sensorisation. The TEMARI machine (test machine for artificial
ribs) design is presented as result of a necessity to design and to test artificial human
ribs under dynamic conditions. The characteristics of design for the TEMARI machine
are used to carry out tests on artificial ribs whose results characterize the response of
the investigate samples that have been built with low-cost manufacturing by 3D
printing. Acquired measures of test parameters show both the efficiency of TEMARI
testing machines and the feasibility of the designed human artificial ribs.
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Abstract. The main objective of this work is to develop a static and
spatial model of the human knee, based on mechanism theory, to provide
orthopedic surgeons information that relates forces at the anterior cruci-
ate ligament graft (ACL) with its fixing position. This fixing position must
be defined at the preoperative planning phase of the ligament replace-
ment surgery. The best position for the graft insertion is taken as the one
where the force developed at the graft is similar to the forces seen in an
intact ligament during the knee flexion movement. The methodology for
the static model is based on reimplementing a pure kinematic knee model
available in the literature. In particular, this kinematic model is redefined
using Davies’ method to obtain a static model that yields the forces at lig-
aments and condyles. The current kinematic model is able to satisfactorily
reproduce the passive movement of the knee. We believe that any theoret-
ical improvement in modeling and simulation of the forces at ligaments
and grafts is an important contribution to the preoperative planning and
improve the medical decision making capacity.

Keywords: Knee modelling · Preoperative planning · Kinetostatics ·
Screw theory · Davies method

1 Introduction

When anterior cruciate ligament (ACL) surgery is indicated, preoperative plan-
ning is a critical step in defining the procedure’s parameters. During this plan-
ning phase, surgeons must define the insertion position for the replacement graft
c© Springer International Publishing AG 2018
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that best matches the functionality of an intact ACL. Particularly complex cases
arise when the ACL graft cannot be positioned in its natural insertion area, which
may occur when the area is too small for a surgical procedure. In such cases,
adjacent areas are chosen. However, if such insertion area is not satisfactorily
chosen, the knee’s natural kinetostatics may be harmfully impacted.

The objective of thiswork is to devise a spatial staticmodel of the knee, based on
mechanism design theory, on Davies’ Method [1,2] and on a kinematic knee model
previously proposed by [3,4]. Our current model presents a tridimensional analysis
of the forces arising in the knee’s anatomical elements, improving upon previously
presented bidimensional static models [5–7] and also upon purely kinematic spatial
models. The implementation of this methodology targets personalized knee mod-
els, in order to provide information for preoperative planning for ACL replacement
procedures. In Part A of this work, the proposed method is presented, along with
its validation and results. InPart B, a clinic application of the method is presented
through simulation and validation of a case study.

2 Proposed Method

Knee models based on mechanism design theory focus on position kinematics.
The forces in the model are not provided by these approaches, requiring addi-
tional analyses to be obtained. This is of special relevance due to the complexity
of the problem, since the functionality of the ligaments vary depending on the
knee’s flexion angle. Although dynamic models with more complex anatomi-
cal representations exist [8,11–13], they are computationally demanding [3,4],
lose restriction functions of anatomical structures and produce results that are
difficult to interpret by surgeons and prosthetists.

The kinetostatic modeling proposed in this work (Fig. 1b) aims at improving
the kinematic model presented by [3,4] through an additional static implemen-
tation of Davies’ method [1,2]. Davies’ method provides an unique and system-
atized approach to the static analysis of the knee’s mechanical model, offering a
solution for the calculation of the forces involved in each position. This enables
an analysis with low computational demands of the function performed by each
anatomical structure.

Particularly, the proposed static modeling (Fig. 1b) enables the analysis of
the in situ force of the ACL (or graft) as a function of an external force applied
on the knee. This analysis can provide valuable data for preoperative planning
of ligament reconstruction. The method encompasses modeling and simulation
of the experimental procedure implemented by [9] (Fig. 1a) to evaluate the in
situ force on the ACL. The in situ force is the force acting upon the ligament
(or graft) as the result of a load applied to the knee. The experimental in situ
force serves as validation for the proposed model.

The experimental procedure consists in the application – with the aid of
a robotic system – of a force Fx = 110N directed along the anterior tibial
direction and a moment Mz around the lateral medial z axis, so that the articular
structures are purely subject to the force Fx. The force Fx and the moment Mz,
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applied on the tibia, are transmitted through ligaments and condyles to the
femur in the form of a reaction force Fxr and a reaction torque Mzr, drawn in
blue (Fig. 1a). These loads were applied to reproduce the drawer test (useful for
clinical evaluation of the ACL), subjecting the ACL to tension.

Fig. 1. (a) Experimental procedure [9], (b) Static modeling of the experimental proce-
dure.

The proposed static modeling consists of five main steps: (a) Kinematic
modeling and identification of the successive positions of anatomical elements,
(b) topological characterization of the mechanism, (c) static characterization of
the mechanism’s couplings, (d) formulation and solution of the static equations
system and (e) results and validation.

2.1 Step a: Kinematic Modeling and Identification of the Successive
Positions of Anatomical Elements

The kinematic model of the knee as proposed by [3,4] is presented in Fig. 2a. This
model, composed by two rigid links connected via spherical joints, has been capa-
ble of satisfactorily reproducing the knee’s passive motion. As Fig. 2a presents a
schematic (topological) drawing of the model, an equivalent model with a more
anatomically representative geometry is adopted in this work – as shown in Fig. 2b.
Figure 2c represents the human knee’s anatomy, where PCL = posterior cruciate
ligament,MCL=medial collateral ligament, andLCL=lateral collateral ligament.

Fig. 2. (a) Kinematic model of the knee, as proposed by [3,4]. (b) Adopted model,
topologically equivalent to [3,4]. (c) Human knee and its anatomical elements.



Kinetostatic Model of the Human Knee for Preoperative Planning 447

The kinematic model has 1 spatial degree of freedom (DOF), that is, for
each imposed flexion angle, the position and orientation of the upper platform
in respect to the lower one can be unequivocally determined. In this model, the
tibia is represented by the lower platform, with its anatomical center located at
St. The femur is in turn represented by the upper platform, with the anatomical
center at Sf . The identification of the ligaments and condyles adopted in Fig. 2a
and b are detailed as follows:

– A1, A2 and A3: spatial positions of the ACL, PCL and MCL tibial insertion
points, respectively.

– B1, B2 and B3: spatial positions of the ACL, PCL and MCL femoral insertion
points, respectively.

– A4 and A5: spatial positions of the medial and lateral tibial condyles’ cen-
troids, respectively.

– B4 and A5: spatial positions of the medial and lateral femoral condyles’ cen-
troids, respectively.

– L1, L2 and L3: ACL, PCL and MCL lengths, respectively.
– L4 and L5: distances between the medial and lateral condyles’ centroids,

respectively.

Spherical joints were modeled on coordinates Ai and Bi, (i = 1, . . . , 5), while
Li, (i = 1, . . . , 5) were modeled as rigid links. The positions Ai and Bi and the
lengths Li are known as geometric parameters, or GP.

Motion data from Sf on St, the lengths Li and the initial positions for Ai

and Bi (when the flexion angle α = 0◦) are obtained from [3,4]. In this current
work, the motion of each anatomical element Ai and Bi, during the displacement
from Sf on St, was obtained via inverse kinematics.

Since this modeling process employs the Davies’ method, from now on the
GP Ai and Bi will be represented by an appropriate notation. Thus: Ai =S0Ai

and Bi =S0Bi
, (i = 1, . . . , 5).

Regarding the experimental procedure (Fig. 1a), the knee’s motion occurs
with a fixed femur. Therefore, the kinematics inversion presented in (Eq. 1) –
formulated in terms of screw theory – is adopted, allowing one to obtain S0Ai

on Sf ,

fS0Ai
= −p +B RAS0Ai

, (i=1,...,5) (1)

where:

– fS0Ai
is the point S0Ai

measured in relation to Sf ;
– BRA = [ARB]−1 is the matrix describing the rotation of St in relation to Sf ;
– p is the vector describing the position (x, y, z) of St in relation to Sf .

Similarly, the positions S0Bi
are fixed and measured in relation to Sf (Eq. 2),

and therefore S0Bi
can be directly obtained from the GP in [3].

fS0Bi
= S0Bi

, (i=1,...,5) (2)
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2.2 Step b: Topological Characterization of the Mechanism

In this step, the mechanism’s coupling network and coupling graph are estab-
lished [2].

The coupling network is a representation of the proposed mechanical model’s
topology. In the coupling network, the mechanism’s couplings are represented by
vertices labeled by letters Ai and Bi, (i = 1, . . . , 5). Each body in the coupling
network represents a link in the mechanism, and is labeled by a number.

Fig. 3. (a) Model’s coupling network. (b) Coupling graph GC .

In the coupling graph, each body in the coupling network is represented by a
node and each coupling is represented by a edge, as shown in Fig. 3b, where the
edges of GC are oriented from smaller to larger nodes.

In order to determine the cuts in the GC graph, it must be considered that
each one of the k = 6 cuts must split the GC graph into 2 different graphs [2].
Each k-th cut is thus represented with a dashed red line in (Fig. 3a).

2.3 Step c: Static Characterization of the Mechanism’s Couplings

In this step the external loads must be determined, modeled and internalized,
gathering all coupling’s characteristics required in the formation of the wrenches
and in the construction of the action graph GA. This step thus comprises 4
sub-steps, detailed as follows:

Sub-step c.1: Modeling the load conditions. In this step, the external
loads applied on the knee are modeled based upon the experimental procedure
performed in [9] – shown in (Fig. 1a). For such modeling, the cut-set law defined
by [1,2] is employed. The experimental procedure consists in exerting a force
Fx = 110N on the knee specimen – with the aid of a robotic system – directed
along the anterior tibial direction, and a moment Mz around the lateral medial
z axis. The force Fx and the moment Mz are applied on the tibia, while the
femur remains fixed. The moment Mz locks the flexion motion imposed by the
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force Fx. The force Fx and the moment Mz, applied on the tibia, are transmitted
through ligaments and condyles to the femur in the form of a reaction force Fxr

and a reaction torque Mzr, drawn in blue in (Fig. 1a). These loads are applied for
various flexion angles (0◦, 15◦, 30◦, 60◦ and 90◦), also via a robotic system. The
robot’s Universal Force Sensor (UFS), attached to the tibia, provides an indirect
measure of the in situ forces of the ACL through the inverse Jacobian [10],
defining a vector of forces and moments for the anatomical coordinate system of
the femur, labeled AnatF (Eq. 3).

AnatF = [fx, fy, fz,mx,my,mz]T (3)

Sub-step c.2: Internalization of external loads. Here, the mechanism must
be restricted in order to prevent any motion [1,2]. The reactions – or active
actions – Fxr and Mzr, must be internalized in the couplings as passive actions
RAix, RAiy, RAiz, RBix, RBiy e RBiz, (i = 1, . . . , 5) (Fig. 4a).

Fig. 4. (a) Internalized actions on couplings. (b) Action Graph and k cuts (dashed
lines).

In order to form the wrenches, three unit direction vectors S, subscripted
x, y and z, are attached to each spherical pair Ai and Bi of the mechanism
(Fig. 4a).

Sx =

⎛
⎝

1
0
0

⎞
⎠ ;Sy =

⎛
⎝

0
1
0

⎞
⎠ ;Sz =

⎛
⎝

0
0
1

⎞
⎠ (4)

Sub-step c.3: Representation of the action graph GA. The action graph
GA is created [2] (Fig. 4b), in which: each vertex represents a link in the mech-
anism; 30 dark edges represent the passive actions, 2 red edges represent the
active actions Fx and Mz, and k = 6 cuts from the coupling network (Fig. 3b)
are substituted as red dashed lines. The number of variables C in the system
corresponds to the total amount of edges in the action graph GA (C = 32).
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Sub-step c.4: $ wrench construction. The results of the passive actions and
of Fx are pure force states, therefore, its wrenches are (Eq. 5):

$ =
(
S0 ×R

R

)
=

(
S0 × S

S

)
R (5)

Furthermore, Mz is a pure torque state (T ), equivalent to the wrench in (Eq. 6).

$ =
(
T
0

)
=

(
S
0

)
T (6)

Considering (Eqs. 1, 2, 4, 5 and 6), the following wrenches are obtained for each
active load and for each coupling in the proposed static model:

$Mz =

(
Mz

0

)
; $Aix

=

(
fS0Aix ×RAix

RAix

)
; $Aiy

=

( fS0Aiy ×RAiy

RAiy

)
;

$Fx =

(
fS0Fx × Fx

Fx

)
; $Aiz

=

(
fS0Aiz ×RAiz

RAiz

)
; $Bix

=

(
fS0Bix ×RBix

RBix

)
;

$Biy
=

( fS0Biy ×RBiy

RBiy

)
; $Biz

=

(
fS0Biz ×RBiz

RBiz

)
(7)

where fS0Fx represents the point where the force Fx is applied on the tibia,
measured in relation to Sf .

2.4 Step d: Formulation and Solution of the Static Equations
System

For a restricted chain with internalized actions, with k cuts in the λ space,
one can write λk equations, expressing conditions that must be satisfied by C
variables. In the following, the steps required to formulate the static equations
system defined by Davies’ cut-set law are carried out. The solution to the system
yields the forces actuating on each link of the proposed static model.

Sub-step d.1: Defining the unitary actions matrix. Davies’ cut-set law
[2] defines that the algebraic sum of the $ wrenches belonging to a same cut
is zero. To apply this law, one must first construct the Unit Network Action
Matrix ˆ[AN ]λ.k×C . The rows in this matrix correspond to the $ wrenches (edges
in GA) intercepted by the k cuts, while the columns respectively represent the
normalized wrenches $̂A1 , $̂A2 , $̂A3 , $̂A4 , $̂A5 , $̂B1 , $̂B2 , $̂B3 , $̂B4 , $̂B5 , $̂Mz

,
$̂FX

, where it must be considered that: $Âi = [$Âix; $Âiy, $Âiz]6×3; $B̂i =
[$B̂ix, $B̂iy, $B̂iz]6×3, (i = 1, .., 5); $Mz = [$Mz]6×1; $Fx = [$Fx]6×1.
The vector representing the magnitudes of the wrenches is known as the mag-
nitude action vector {Ψ}C×1. To define this vector, it must be considered
that: RAi = [RAix

;RAiy
;RAiz

]T1×3; RBi = [RBix
;RBiy

;RBiz
]T1×3, (i = 1, .., 5);

Mz = [Mz]1×1; Fx = [Fx]1×1.
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Sub-step d.2: Construction and solution of the static equations system.
Applying the cut-set law [2] to the static model, the following system is obtained:

[ÂN ]36×32 {Ψ}32×1 = {0}36×1 (8)

The consistency of the equation system depends on the rank a of the matrix
[ÂN ]36×32, where the rank a corresponds to the amount of linearly independent
lines (that is, equations).

By reducing the matrix [ÂN ]36×32 to its echelon form, the matrix
[ÂNESC

]31×32 is obtained, with a corresponding rank a = 31 of linearly inde-
pendent lines. The cut-set law in the echelon form is presented in Eq. 9:

[ÂNESC
]31×32 {Ψ}32×1 = {0}31×1 (9)

Since C = 32 and a = 31, the number of independent variables is CN = 1, and
therefore 1 variable must be imposed in order to enable the computation of a
solution for the system. Independent variables are labeled with the sub-index P ,
and dependent variables are sub-indexed with S:

[
[ÂNS ]31×31

... [ÂNP ]31×1

] [
[ΨS ]31×1

... [ΨP ]1×1

]T

= {0}31×1 (10)

The last step is isolating the vector of unknowns {ΨS}31×1 = [RA1 RA2 RA3 RA4

RA5 RB1 RB2 RB3 RB4 RB5 Mz]T , which yields the static solution

{ΨS}31×1 = −[ÂNS ]−1
31×31[ÂNP ]31×1 {ΨP }1×1 (11)

By attributing a value to the primary static variable ΨP = F x, it is possible to
obtain the static solution {ΨS}31×1 for Eq. 11.

3 Results and Validation

Results: The static solution {ΨS}31×1 = [RA1 RA2 RA3 RA4 RA5 RB1 RB2 RB3

RB4 RB5 Mz]T is obtained by imposing ΨP = F x = 110N (Eq. 11) over the
entire flexion trajectory of the knee. The in situ forces on the ACL (FACL), PCL
(FPCL) and MCL (FMCL) are computed via the norm of the actions occurring
on the couplings A1, A2 and A3 respectively, and are represented in Fig. 5 as
FLCA, FLCP and FLCM. The compression forces on the medial and lateral
condyles (MC and LC, respectively), are calculated via the norm of the forces
occurring in the couplings A4 and A5 respectively, and are represented in Fig. 5
as FCM and FCL.
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α

α

Fig. 5. Simulation results: forces on the anatomical elements of the model due to an
anterior tibial load of F x = 100 N over the course of the knee’s flexion motion.

Validation: In order to validate the results, the in situ forces on the ACL
obtained through the static model are compared with the results obtained in the
experimental procedure proposed by [9]. The comparison between both results
is shown in Fig. 6. Experimental data are represented by a continuous black line,
with vertical bars representing the standard deviation. Data obtained from the
proposed static model are represented with a dotted blue line, which finds itself
inside the standard deviation specified by the experimental data.

α

Fig. 6. Validation of the results for the in situ force on the ACL.
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4 Conclusions

A kinetostatic modeling of the knee was presented, which enables the deter-
mination of the in situ forces of the ligaments and the compression forces on
the condyles when subjected to an external load. This model emerges from the
reimplementation of the statics on an existing kinematic model [3,4], capable of
adequately reproducing the knee’s passive motion. Considering the satisfactory
validation of the obtained results, the present model may contribute in support-
ing preoperative planning for human knee operation procedures, as well as in
ACL substitution procedures. Also, the implementation of the present model
allowed to improve previously presented results, in which the two-dimensional
static modeling [5–7] had limitations in some aspects. Based on the results, the
proposed work stands as an evidence that modeling based upon mechanism the-
ory, screw theory and Davies’ method enables simulations with results similar
to physiological ones, and can be considered a validated tool for the modeling of
biomechanical systems.

References

1. Davies, T.: Circuit actions attributable to active couplings. Mech. Mach. Theor.
30(7), 1001–1012 (1995)

2. Davies, T.: Freedom and constraint in coupling networks. Proc. Inst. Mech. Eng.
Part C J. Mech. Eng. Sci. 220(7), 989–1010 (2006)

3. Parenti-Castelli, V., Sancisi, N.: Synthesis of spatial mechanisms to model human
joints. In: 21st Century Kinematics, pp. 49–84. Springer, Heidelberg (2013)

4. Sancisi, N., Parenti-Castelli, V.: A 1 DoF parallel spherical wrist for the modelling
of the knee passive motion. Mech. Mach. Theor. 45(3), 658–665 (2010)

5. Ponce, D., Martins, D., de Mello-Roesler, C.R., Teixeira-Pinto, O., Fancello, E.A.:
Relevance of the hyperelastic behavior of cruciate ligaments in the modeling of the
human knee joint in sagittal plane, Revista Facultad de Ingeniera Universidad de
Antioquia, vol. 76, pp. 123–133 (2015)

6. Ponce, D., Martins, D., Roesler, C.R.M., Rosa, F., More, A.: Modeling of human
knee joint in sagittal plane considering elastic behavior of cruciate ligaments. In:
22nd International Congress of Mechanical Engineering - COBEM 2013, Ribeirao
Preto, Sao Paulo. Proceedings of the 22nd International Congress of Mechanical
Engineering [S.l.:s.n.] (2013)

7. Ponce, D., de Mello-Roesler, C.R., Martins, D.: A human knee joint model based
on screw theory and its relevance for preoperative planning. In: Mecanica Com-
putacional. Computational Modeling in Bioengineering and Biomedical Systems
(B), vol. XXXI, no. 24, pp. 3847–3871 (2013)

8. Olanlokun, K., Wills, D.: A spatial model of the knee for the preoperative planning
of knee surgery. Proc. Inst. Mech. Eng. Part H J. Eng. Med. 216(1), 63 (2002).
Sage Publications

9. Woo, S., Fox, R., Sakane, M., Livesay, G., Rudy, T., Fu, F.: Biomechanics of the
ACL: measurements of in situ force in the ACL and knee kinematics. The Knee
5(4), 267–288 (1998). Elsevier

10. Fujie, H., Livesay, G.A., Fujita, M., Woo, S.L.: Forces and moments in six-DOF at
the human knee joint: mathematical description for control. J. Biomech. 29(12),
1577–1585 (1996). Elsevier



454 D. Ponce et al.

11. Andriacchi, T., Mikosz, R., Hampton, S., Galante, J.: Model studies of the stiffness
characteristics of the human knee joint. J. Biomech. 16(1), 23–29 (1983). Elsevier

12. Abdel-Rahman, E., Hefzy, M.S.: A two-dimensional dynamic anatomical model
of the human knee joint. J. Biomech. Eng. 115(4A), 357–365 (1993). American
Society of Mechanical Engineers

13. Wismans, J., Veldpaus, F., Janssen, J., Huson, A., Struben, P.: A three-dimensional
mathematical model of the knee-joint. J. Biomech. 13(8), 677–685 (1980). Elsevier



Kinetostatic Model of the Human Knee
for Preoperative Planning: Part B

Clinical Application for Medical Decision Making

D. Ponce1(B), J.F. Golin2, E. Ponce3, D. Martins4, C.R.M. Roesler4,
and L. Mejia1

1 Federal University of Santa Catarina (UFSC), Rua Pomerode, 710,
Blumenau, SC 89065-300, Brazil

{daniel.alejandro,leonardo.mejia.rincon}@ufsc.br
2 Federal Institute of Santa Catarina (IFSC), A. Mauro Ramos, 950,

Florianopolis, SC 88020-300, Brazil
julio.golin@ifsc.edu.br

3 Universidad de Tarapaca (UTA), 18 de Septiembre 2222 Casilla 6-D,
Arica 1000000, Chile

eponce@uta.cl
4 Federal University of Santa Catarina (UFSC), Florianopolis, SC 88040-900, Brazil

daniel.martins@ufsc.br, rroesler@hu.ufsc.br

Abstract. In anterior cruciate ligament (ACL) graft surgeries, the loca-
tion of the insertion point is a critical definition for the functional success
of the surgery and patient health. This location is determined during pre-
operative planning and can be defined according to some criteria such
that the biomechanical function is preserved in its best. In this work,
simulations based on the method previously presented in part A are pre-
sented, taking experimental data available in the literature. Here, this
clinical application uses the in situ force of the ACL at selected insertion
points as criteria. This aims to determine the graft insertion points, at
femur, that best leads to the natural response of an intact knee. Results
show the applicability of the method as a support tool for medical deci-
sion making in the preoperative planning period.

Keywords: Knee modelling · Preoperative planning · Kinetostatics ·
ACL replacement graft · Davies method

1 Introduction

In part A of this work, a static model of the human knee was implemented on
an existing kinematic model. This implementation resulted in a new kinetostatic
model. Based on the results and validation presented in part A, it can be estab-
lished that the model can simulate results similar to the physiological ones, and
can be considered as a tool for modeling biomechanical functions of the knee.

In this manuscript a practical application of the model, proposed in part A, is
performed. The clinical application presented here intends to show the usability
c© Springer International Publishing AG 2018
J.C.M. Carvalho et al. (eds.), Multibody Mechatronic Systems,
Mechanisms and Machine Science 54, DOI 10.1007/978-3-319-67567-1 43
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of the model as support to the preoperative planning of the ligament substitution
procedure.

In particular, we aim to define the best insertion point for the ACL graft, in
the femur, that leads to an in-situ force similar to those found in an intact ACL.

For validation purposes, we considered an experimental procedure that found
the best insertion point for the ACL graft, by use of the slip-ratio, where the
best insertion point produces a similar slip-ratio to that found in an intact knee.
The simulation results are compared with experimental ones, and both analysis
obtain the same best point of insertion of the ACL graft.

Based on the obtained results, it can be concluded that the proposed kineto-
static model can be useful as a support tool in the medical decision making and
in the preoperative planning of the human knee.

For a better understanding of the clinical problem, the first section of this
paper explain the factors that affect the outcome of ACL surgery.

2 Factors Affecting the Outcome of the ACL
Reconstruction

Some of the factors that can alter the outcome of an ACL reconstruction are
the graft selection, the tunnel location, the initial tension (or pre-tension) of the
graft and the graft fixation type [4]. Details of each of these factors are presented
below.

2.1 Graft Selection

During the last years a variety of autograft and allograft have been used in ACL
reconstruction. Synthetic grafts have are being reported, but still with unsatis-
factory results. For the e autograft, the Bone patellar tendon bone (BPTB) and
the semitendinosus and gracilis tendon grafts (QSTG) are the most common.
Although some surgeons also use the quadriceps tendon, at the time the auto-
grafts BPTB are being proclamed as the gold standard in ACL reconstruction.

2.2 Femoral and Tibial Tunnel Locations

The best location of the femoral tunnel is still a controversial subject, and has a
profound effect on knee kinematics. Recently, many surgeons decided to change
the position of the femoral tunnel to the zone corresponding to the 11 o’clock
position, viewed from the sagittal plane of the right knee flexed to 90◦, as seen in
Fig. 1). However, biomechanical studies indicate that such location of the femoral
tunnel might not provide a rotational stability of the knee, whereas a location
closer to the 10 o’clock position would provide better results [5]. Besides that, it
should be taken in account the sagittal plane of the tunnel [6], since in a review
of ACL reconstruction surgeries, it has been found that a large percentage of
tunnels were performed incorrectly in this plane [7]. It should also be noted that
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Fig. 1. Positions from 10 and 11 o’clock to the femoral tunnel in the right knee.

there is not a unique location of the tunnel the tunnel that produces a rotational
stability of the knee close to that of an intact knee [5].

The position of the tibial tunnel is located in the native area of the LCA
insertion. To assist in the positioning and orientation of the tunnel a device
called the Acuflex director [8] is used, as shown in Fig. 2. This device has a guide
tip, a horizontal arm and a guide pin where the drill enters.

Fig. 2. Determination of position and orientation of the tibial tunnel using the Acuflex
director instrument. Modified from [8]. (Color figure online)

The cannula guide pin is applied at a point between 30 to 40 mm below the
lateral-medial axis of the joint, as shown in Fig. 2 (right), passing through the
medial tibial tuberosity. The tip of the guide engages the posterior fibers of the
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LCA insertion in the tibia. The tip of the guide should be located between 20
and 30 mm in the anterior direction, in relation to the earlier of the LCP fibers.
The guide pin should be sagitally, oriented 45◦ relative to the longitudinal axis
of the tibia as shown in Fig. 2 (left); and in the transverse plane it must care
that the angle between the tibial tunnel and the horizontal arm of the guide is
55◦ [8] as shown in Fig. 2 (left).

If desired, the drilling operation for the femoral tunnel can be guided by the
use of the tibial tunnel. The guide pin can be projected a few inches inside the
joint with the purpose of marking the entry point of the femoral tunnel. An
inspection by arthroscopy checks whether the tip of the guide pin is positioned
correctly on the femur (red circle in Fig. 2 (left)). The tibial tunnel is made using
a special milling cutter whose diameter must match the diameter of the graft.

2.3 Pretension of the Graft

Laboratory research has found that a graft pretension force of 88 N results in
knees with movement restrictions, while a low pretension force equivalent of
44 N could be more convenient [9]. Studies related to tissue viscoelasticity reveal
that the graft pretension decreases to a maximum 50% within a short time
after fixation, due to the relaxation stress of internal tissue stresses [10]. Other
surveys [11] evaluated pretension in the range of 20, 40, and 80 N, finding that
the highest equivalent to 80 N produces great knee stability. Thus, the literature
is still unclear in this subject, with the controversy remaining in the subject of
graft pretension.

2.4 Type of Graft Fixation

In order to improve the functionality of the knee, and thus a rapid return to daily
or sports activities, the resistance of implant fixation has increased, and a wide
variety of devices are available for this purpose. In biomechanical terms, for grafts
tendons with bone at one or both ends (quadriceps tendon, Achilles tendon, and
BPTB), interference-type implants (Fig. 3) have been highly successful [12].

Fig. 3. Interference screws at knee joint [13].
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Also available are the bioabsorbable screws, which according to Walton [14]
have magnitudes of stiffness and maximum resistance comparable to the metal
screws ones. The advantage of these bioabsorvable screws is that they do not need
to be removed in case of revision or arthroplasty, nor for magnetic resonance imag-
ing. Disadvantages include possible ruptures during the insertion process, inflam-
matory response of the patient, or inadequate fixation due to rapid degradation
of the implant prior to incorporation of the graft into the femoral tunnel [4].

Another type of fixation is the so-called button fixation (Fig. 4), to attach
the graft to the lateral femoral cortex (surface). Honl et al. [16] indicates that
the rigidity of this type of fixation supports a force limit of 572 ± 105 N. The
cross-pin technique (Fig. 5) is another fixation method that supports a 934 ±
296 threshold force [17].

In addition to considering this variety of fixation devices, it is very important to
take into account the flexion angle of the knee at the time of fixation of the graft.
It has been shown that full extension fixation of the knee helps to increase knee
movement, while a fixation at 30 degrees of flexion, increases knee stability [19].

Other factors that may affect the outcome of ACL reconstruction are the move-
ment of the graft in the tunnel and the healing of the graft and the tunnel [4].

Fig. 4. Button fixation for anterior cruciate ligament reconstruction: Endobutton [15].

Considering the various factors that influence ACL surgery, it may be useful
for orthopedists and surgeons to have a simulation tool that helps to know the
best position of the ACL graft in the sagitall plane of the femur, subject still
controversial.

In the sequence a clinical application of the knee model, presented in part A
of this work, is developed. The model, simulations and results aiming to support
the medical decision in the selection of the best insertion point of the ACL graft
in the sagittal plane of the femur.
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Fig. 5. Cross-pin fixation. Adapted from [18]

3 Method

The precise location of the insertion point of the graft is very important in the
ACL reconstruction. The authors [1,3] presents an experimental procedure where
the effects of small deviations in defining the insertion point is considered. In
particular, the slip ratio was determined for eight different insertion points at the
femur. Slip ratio is defined as the ratio between rolling and sliding movements
when the femur is moving over the tibia along the knee flexion (Fig. 6).

Fig. 6. ACL reconstruction geometry (panels A and B) and slip ratios for positions 2
and 4 (panels C and D) [1,3]. Positioning the graft in point 6 leads to severe injuries
in tibia.
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Repositioning the ACL graft into point 2 makes the obtained slip ratio similar
to the physiological one. When the graft is repositioned to point 6, the slip ratio
varies significantly and differs from the physiological.

If a surgery procedure is adjusted to point 6, the slip of the femur would be
much larger than its slipping on/over the tibia, and therefore different parts of
the femoral condyle would contact the same part of the tibial surface. This would
lead to injuries to the tibia, and consequently, a need to repositioning the femur
graft to point 2 in order to obtain a slip ratio much closer to the physiological
one.

As an application of the method proposed at part A of this work, the in situ
force for grafts settled at points 2 and 6 were analyzed and simulated taking the
load conditions proposed in [2]. A radius r of 3 mm was considered, equivalent
to one tenth of the total length of the modeled ACL. The insertion point (to
be set at point 2 and 6) is described by the vector s0Ai

, so the variation of its
coordinates is equivalent to repositioning the insertion point (Eq. 1).

fS0Ai
= −p +B RAS0Ai

, (i=1,...,5) (1)

where:

– fS0Ai
is the point S0Ai

measured in relation to Sf ;
– BRA = [ARB]−1 is the matrix that describes the rotation of St relative to

Sf ;
– p is the position vector of (x, y, z) de St in relation to Sf .

4 Results

The results for the in situ force in the LCA due to anterior tibial load are showed
at Fig. 7. There, the continue black line corresponds to the experimental in situ
force obtained from an intact ligament fixed at natural insertion point [2].

Fig. 7. In situ forces at the ACL graft relative to insertion points 2 and 6. The
continuous line corresponds to experimental data of an intact ACL [2].



462 D. Ponce et al.

The segmented lines are the simulated results obtained in this work. The red
segmented line is the simulated result of the in situ force from an ACL graft
fixed at point 2 of the femur. The blue pointed line is the simulated result of the
in situ force from an ACL graft settled at point 6 of the femur.

5 Conclusion

From the proposed method, the best achieved insertion point for the graft is
point 2. This is in accordance to [1,3]. It is also shown that the obtained in situ
force is closer to the response when the graft is repositioned to point 2 (dashed
line in Fig. 5.30). It is also shown that this force diverges from the physiological
one when the insertion point is located at point 6 (dotted line in Fig. 5.30). The
continuous line corresponds to an intact ACL knee obtained by [2]. Important to
note that [1,3] obtained its results based on the slip ratio criteria. The presented
methodology achieved the same best insertion point based in the in situ ACL
force.
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Abstract. Robotic rehabilitation for post-stroke patients is an on-growing field
of research aiming to provide personalized care with maximum therapeutic
effects. This paper presents a simple but effective solution for shoulder reha-
bilitation. It is based on the design of a novel spherical parallel robot, whose
name is ASPIRE. Kinematics and workspace are analysed as well as motion
simulations are thoroughly presented to show the feasibility and effectiveness of
the proposed solution.

Keywords: Kinematics � Spherical parallel robot � Workspace � Post-stroke
rehabilitation

1 Introduction

Surviving patients that have suffered from an ischemic stroke can undergo lengthy and
rigorous rehabilitation procedures to help them reintegrate into society. Nowadays, due
to the continuous grows of the ageing population the stroke incidents increase each
year to numbers that are impossible to manage with the existing physical therapists [8].
In the past decade, researchers have been proposing to improve post-stroke rehabili-
tation by using specific robotic devices. Robotic devices provide some major advan-
tages when compared to human specialists, robots do not get tired as opposed to their
human counterparts. Also they have the advantage of repeating the same motion a
countless number of times with the same precision, and they allow therapists to work
with more patients at a time.

An important aspect to be taken into consideration in the development of a robotic
rehabilitation device is the alignment of the human and robotic joints (mostly in the form
of rotation joints). A spherical parallel mechanism (SPM) seems to represent an easy to
adapt architecture for the purpose as it uses only rotational joints which are characterized
by the intersection of the joint axes in a single point. Several devices that use the SPM
structure are already in development. A device intended for the rehabilitation of the
human ankle joint, based on the Agile Eye [7] (intended for the motion of lightweight
cameras), the PKAnkle [9] prototype is currently being developed by CNR-ITIA.
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Typical disadvantages for parallel robots come in the form of a reduced and ani-
sotropic workspace, a more complex kinematic calibration, and matters related to the
management of the controller, and all of this can be traced to the elevated nonlinearity
of the kinematic problem solution [2]. When it comes to performance indices for
parallel manipulators, several have been defined. A manipulability index based on the
Jacobian matrix was developed by Yoshikawa [14], as kinematic accuracy, a dexterity
index was presented by Salisbury and Craig [11], where dexterity was defined as the
condition number of the Jacobian matrix of the robot, this was in turn distributed in the
whole workspace resulting in the GCI (Global Conditioning index) developed by
Gosselin [7], furthermore a kinematic sensitivity index was presented by Cardou [5].
Thus kinematic optimization can provide the largest workspace, fewest singularities,
and highest stiffness [8]. Stiffness aspects are also addressed in [4].

The aim of the paper is to present a simple yet efficient solution for the rehabili-
tation of the shoulder which is suitable for a wide variety of Human-robot interactions:
active, passive, passive mirrored, resistive and path guidance. The modular design
enables the addition of supplementary modules which can be used for the other joints
of the upper limb. The kinematic model, workspace analysis and some simulations
illustrate the motions capability of the proposed innovative solution.

2 Key Facts on Robotic Rehabilitation

An overview of existing robotic solutions for rehabilitation of the upper limb has
pointed out some general recommendations for new robotic devices [1, 13]:

• from a medical standpoint, to recuperate a stroke affected limb, attention must be
headed towards both proximal and distal joints, in order to obtain a real improve-
ment of the patients’ movement functions, in regard to his daily activities (activities
of daily living- ADL);

• the robotic system must integrate in its structure the human and a multiple entrances
for the command system. Thereby, the first correlation refers to the coordinate
systems. A human coordinate system is presented in Fig. 1(a), generated by the
intersection of 3 orthogonal planes. The robot coordinate system (Fig. 2(b)) should
refer to the human plane system, in order to establish a link between the human
subject and the robot. Thereby, for an easy modeling of the kinematic equations, a
simple solution is to maintain the axes parallel to each other, which means that the
transformation is requiring only translation components.

2.1 Shoulder Rehabilitation

Regarding the motions, the shoulder flexion/extension and abduction/adduction are
necessary during the rehabilitation process, as illustrated in Fig. 2, where the amplitude
measurements have been taken on a number of 21 patients with ages ranging between
43 and 83 years old [9]. These measurements have been taken on relatively healthy
subjects, therefore to adapt the system to a patient that would have reduced sensory and
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motor capabilities in the upper limb, the maximum angular amplitudes that the robot
system has to achieve were adapted accordingly.

Figure 3 illustrates the main motions at the level of the shoulder, in a detailed way,
where it can be seen that the upper limb motion at the level of the shoulder joint can be
easily associated with a spherical motion. Referring to the main motions that have to be
achieved, a simple way to describe them illustrate that flexion/extension is a motion
performed in a horizontal plane, while abduction/adduction is performed in a vertical
plane. Thus, a simple way to replicate these two motions can be to develop a spherical
mechanism which uses as center of rotation the shoulder joint and allows the simple
generation of the two motions of interest. Furthermore, as shown in [1] more advanced
training stages, where the patient has already gained some control of the arm, impose
the generation of complex motions that would replicate upper limb motions that are
used in ADL, where a spherical device would have basically no limitations in fulfilling
these requirements.

a) b) 

Fig. 1. (a) Reference planes of the human body, detailed representation [6], (b) Possible
coordinate systems of the robotic device and the correspondence to the human planes

Fig. 2. Shoulder motions reproduced on a human model [3].
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3 A Spherical Parallel Robot for Shoulder Rehabilitation

With respect to the general motion requirements presented in Sect. 2.1, a simple but
very effective concept mechanism is proposed as a robotic device for the shoulder
rehabilitation, whose name is ASPIRE is illustrated in Fig. 4 [10].

According to its structure, the mechanism allows a generalized movement on the
sphere surface, which enlarges the universality degree of the solution and enables the

Fig. 3. Shoulder joint and the main motions

Fig. 4. Kinematic scheme of the spherical mechanism for shoulder rehabilitation.
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definition of a wide range of exercises, having various amplitudes within a uncon-
strained working volume, including both simple and combined movements, which
increase the shoulder mobility through interactive trajectories. The main advantages of
this structure are the simple concept, wide range of motions, modular design which
allows the addition of other modules and simple attachment to the patient shoulder. As
drawback one can mention the size of the spherical guides but this has no effect on the
medical task completion.

The spherical mechanism, ASPIRE, with radius R has two spherical guides, 1 and 2,
actuated by the M1 and M2 motors that determine the position of the mobile platform,
the arm guiding element, 3, which moves along the two guides. This mechanism has 3
mobile elements and 4 rotation joints, two of which belong to the mobile element. The
two guides determine the basic motions of the element 3: trajectory w – a rotation around
the OZ axis that defines the basic horizontal motion and trajectory h – a rotation around
the OY axis that defines the basic vertical motion. The ASPIRE mobility degree is
calculated using the formula defined by Plitea, derived from Grubler’s criterion [12]:

M ¼ 6� Fð Þ � N �
X

i¼1...5

i� Fð Þ � Ci ð1Þ

Where: M – represent the parallel mechanism’ degree of mobility; F – represents
the family of the mechanism; N – represents the number of mobile elements; Ci – the
number of class “i” joints, where “i” represents the number of suppressed degrees of
freedom.

The family of the mechanism is defined as: the number of imposed restrictions for a
degree of liberty common to all the elements of the mechanism. For the spherical
mechanism, the analysis of the possible restrictions and movements for each element of
the mechanism show that F = 4. The number of mobile elements, N = 3 and the
number of class 5 joints is C5 ¼ 4 Using Eq. (1), it results:

M ¼ 6� 4ð Þ � 3� 5� 4ð Þ � C5 ¼ 6� 4 ¼ 2 ð2Þ

Based on the kinematic scheme from Fig. 4, for the inverse kinematics of the
spherical robot, the input data is represented by the two angles, w and h. In addition, the
robot has one important geometric parameter, the radius of the sphere (R) which, based
on the anthropometric data of the human body was established at R = 350 mm which
fits persons with a height between 165 cm and 185 cm. Depending on the patient data
several radius values will be used to fit variable anthropometric data, that will be
determined through experimental measurements.

The robot motion can be described using two rotation matrices, R1 – rotation
around OZ axis with the angle w and R2 – rotation around the OY axis with the angle
h. Defining also the geometric coordinates of the sphere center O (0, 0, 0) and the
initial position of the human arm:

P0 ¼ R 0 0½ � ð3Þ
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The generalized coordinates of a point P on the sphere, is calculated as follows:

XP

YP
ZP

2

4

3

5 ¼
cos wð Þ � sin wð Þ 0
sin wð Þ cos wð Þ 0

0 0 1

2

4

3

5 �
cos hð Þ 0 sin hð Þ

0 1 0
� sin hð Þ 0 cos hð Þ

2

4

3

5 �
R
0
0

2

4

3

5 ð4Þ

Thus, the coordinates of point P, are:

XP ¼ R � cos wð Þ � cos hð Þ
YP ¼ R � cos hð Þ � sin wð Þ
ZP ¼ �R � sin hð Þ

8
<

:
ð5Þ

which respect, of course, the condition:

X2
P þ Y2

P þ Z2
P ¼ R2 ð6Þ

Using the coordinates of the point P the active joints q1(flexion-extension) and
q2(abduction-adduction) are:

q1 ¼ atan2 YP;XPð Þ
q2 ¼ atan2 �ZP;

XP
cos q1ð Þ

� �

(

ð7Þ

The Eq. (7), expressed in spherical coordinates will lead, to the trivial expressions:

q1 ¼ w
q2 ¼ h

�

ð8Þ

Based on the Eq. (8) the closure equations can be written in a simple form leading
to very simplex expressions of the Jacobi matrices, which point out the direct corre-
spondence between the angles which define the basic motions of the human arm around
the shoulder wrist (w – horizontal rotation, h – vertical rotation):

f1 : q1 � w ¼ 0
f2 : q2 � h ¼ 0

) A ¼ �1 0
0 �1

� ��

; B ¼ 1 0
0 1

� �

ð9Þ

Analyzing Eq. (9) it can be easily seen that the mechanism has no singularities and
that the identities are preserved for both speeds and accelerations:

q1 ¼ w; _q1 ¼ _w; €q1 ¼ €w
q2 ¼ h; _q2 ¼ _h; €q2 ¼ €h

�

ð10Þ
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The analytical workspace of the robot is presented in Fig. 5, where the range of
motions for the angles w and h are:

w 2 �80� : 80�ð Þ
h 2 �80� : 80�ð Þ

�

ð11Þ

These values have been selected to describe the maximum range of motions that the
mechanism can develop. Also, due to the construction of the mechanism, each simple
motion can be performed for different fixed values of the opposite angle (Fig. 5a). By
varying in the same the both angles the total workspace of the ASPIRE spherical robot
is obtained (Fig. 5b).

4 Kinematic Motion Simulations

Having the kinematic model of the ASPIRE robot, some motion simulations have been
achieved. The particularity of the motion for this robot is the fact that the point P is
constrained to move on a sphere. In the example a general motion is considered with
variation at the level of both angles w and h chosen randomly within robot workspace
constrictions. Thus, the initial and final values for the two angles are defined as

wi ¼ �15�

hi ¼ 0�

�

;
wf ¼ 40�

hf ¼ �30�

�

ð12Þ

The angular speed and acceleration at the level of upper limb are:

x ¼ 10�=s; e ¼ 5�=s2 ð13Þ

a) sample motion path b) full robot workspace 

Fig. 5. The analytic workspace of ASPIRE spherical robot
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In order to compute the angle and the arc length on the sphere, the following
relations are defined as

DX ¼ cos hf
� � � cos wf

� �� cos hið Þ � cos wið Þ
DY ¼ cos hf

� � � sin wf

� �� cos hið Þ � sin wið Þ
DZ ¼ sin hf

� �� sin h0ð Þ

8
<

:
ð14Þ

Using Eq. (14) the central angle on the sphere and its length can be computed as

a ¼ 2 � asin
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
DX2 þDY2 þDZ2

p
2

� �

la ¼ R � a

(

ð15Þ

The motion time is computed based on the angle and imposed maximum speed and
acceleration. Imposing a trapezoidal profile for the speed, the motion times are (t1 –

acceleration time, t2 – motion time until deceleration, t3 – full motion):

t1 ¼ x
e
; t2 ¼ aj j

x
; t3 ¼ aj j

x
þ x

e
ð16Þ

Using Eq. (14) the individual angular accelerations can be computed as

ew ¼ 2 � ðwf � wiÞ
2 � t1 � t3 � t21 � t3 � t2ð Þ2 ; eh ¼ 2 � ðhf � hiÞ

2 � t1 � t3 � t21 � t3 � t2ð Þ2 ð17Þ

Having this data, the simulation results are presented in Fig. 6.

Fig. 6. Motion simulation of the ASPIRE robot
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The initial design of ASPIRE robot, where an anatomically correct human body has
also been used is presented in Fig. 7. The robot introduces the following motion
particularities (Fig. 7):

• the center of the sphere is positioned in the shoulder articulation;
• the mechanism utilizes a set of spherical guides, which have the rotation center in

the sphere center;
• the two guiding platforms have spherical and cylindrical contact surfaces;
• similarly, the platform has spherical movement surfaces and cylindrical guiding

elements.

5 Conclusions

Robotic assisted rehabilitation is a field of research which is becoming unavoidable due
to the demographic changes in average life expectancy. Accordingly, this paper pro-
poses a robotic shoulder rehabilitation device as based on a novel spherical robotic
system called ASPIRE. It combines a simple kinematic architecture with a large motion
range for a shoulder joint. The robot workspace analysis and a motion simulation
illustrate the robot performance for shoulder rehabilitation. As future work, a detailed
design analysis will be performed, to identify the interactions of the spherical joints
with the human body as well as dynamic effects also from experimental viewpoint.

Acknowledgments. The paper presents results from the research activities of the project ID
37_215, MySMIS code 103415 “Innovative approaches regarding the rehabilitation and assistive
robotics for healthy ageing” cofinanced by the European Regional Development Fund through
the Competitiveness’ Operational Programme 2014–2020, Priority Axis 1, Action 1.1.4, through
the financing contract 20/01.09.2016, between the Technical University of Cluj-Napoca and
ANCSI as Intermediary Organism in the name and for the Ministry of European Funds.

Fig. 7. 3D CAD model of the ASPIRE robot
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Abstract. Assistive Technology is an area of knowledge, with an interdisci-
plinary characteristic that encompasses products, resources, methodologies,
strategies, practices and services that aim to promote functionality related to the
activity and participation of people with disabilities, disabilities or reduced
mobility, independence, quality of life and social inclusion. The wheelchair
faces a number of obstacles along its journey and a variety of mobility
restrictions, such as a wheelchair that allows the user to access objects that are
outside their specific range The vertical position with greater ease, also provide
greater comfort during a dialogue with other people and also facilitate their
placement and removal of the chair with the help of relatives or nurses in their
residence or hospitals. This work aims to adapt a common wheelchair, with an
automatic vertical lift system in its seat, which allows the user to have a height
equivalent to the average human height, standing in a vertical position (standing
position). Simple mechanism with electric control, which is easy to maintain and
low cost, making it accessible to all social classes.

Keywords: Wheelchair lift � Low cost � Ease � Comfort

1 Introduction

In order to increase the quality of life of disabled people, several research fields,
therapies, products and new technologies have been created and promoted [1–6].
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Multiple campaigns have been developed in many parts of the world, seeking to
draw attention to the minimum accessibility that affects greatly how people who use
wheelchairs [2].

Other efforts have been continually developed and need to be supported at all times.
The wheelchair consists of a chair that has wheels in place of the legs. It was invented
in order to help people who have some kind of disability that prevents them from
getting around [3].

Even with all technological innovations, there are limitations and needs that have
not yet been met, such as helping the user reach objects in higher places. With an
attempt to solve this, they created an orthostatic wheelchair (Fig. 1). This has a system
in which the seat and the backrest move in alignment, placing the user in an upright
position, as if standing. However, the use of this benefit is cumbersome and uncom-
fortable, since it requires the user to use two safety items: the support for the knees and
the belt or chest, and has a restriction: the disabled with the legs amputated could not
use it [4].

A chair with gyroscopic technology has also been developed, Fig. 2, which allows
the chair to swing and run on only two of its four wheels, thus raising the user to a
height comparable to an upright person. It also incorporates features of climbing lad-
ders and maneuvers on all four wheels. However, they are limited to certain types of
users, not covered by most insurance plans, and are very costly [5, 6].

Fig. 1. Orthostatic Chair

Fig. 2. Gyroscopic Chair
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However, the seat elevation system is more comfortable, it does not need to adapt
any type of safety item, it still allows the use by people who have legs amputated and is
very affordable financially speaking.

Several researches are carried out in order to increase the quality of life of disabled
people. This created the wheelchairs, a chair mounted on wheels that can be moved
manually or electrically by the occupant or pushed by someone. A basic wheelchair has
a seat and a backrest; two small (caster) front wheels and two large wheels, one on each
side and a foot rest.

The wheelchair with lifting system is formed by a “mechanical Car Jack”, coupled
to the seat of the chair, and driven by an electric motor that moves vertically the same.
The purpose of this system is to allow the wheelchair user to access objects that are
beyond their vertical range with greater ease and provide greater comfort when talking
to other people, behind the counter or any other obstacle that makes it difficult the
visual contact between them, making them more independent.

1.1 Percentage of Physical Deficient Research

On October 11, the Day of the Disabled is celebrated. This is an important date for nine
million Brazilian citizens, their families, friends and society. On this day, the Asso-
ciation for Assistance to the Disabled Child (AACD) warns about the need to prevent
diseases and accidents that cause paraplegia and tetraplegia and stresses the importance
of social inclusion [7].

Specialized in the treatment and recovery of people with physical disabilities for
more than 62 years, the AACD says that prevention can contribute to reduce the
percentage of paraplegic or quadriplegic Brazilians, or with some type of paralysis.
Prevention is twofold: avoiding accidents (from cars, with guns, falls and dips) that
cause traumatic injuries, and diseases that can lead to disability, such as
myelomeningocele, which can be prevented by taking folic acid. In this regard, AACD
is commemorating the fact that it has succeeded in approving the law, already in force,
making it compulsory to add the product to all flours produced and marketed in the
country.

As for the traumatic accidents, the data are more worrisome. According to a survey
by the AACD’s Bone Marrow Clinic, 77.4% of the disabled treated by the institution
acquired the problem due to car accidents, firearms and falls. The AACD Spinal Cord
Injury Clinic also reveals that 43.6% of its patients suffered injuries due to firearms
accidents. Statistical data from the last three years also show that 83.5% of the patients
are male and 68.3% are paraplegic.

According to data from the last National Health Survey (PNS) [7], there are in
Brazil about 12.4 million people with disabilities (PPD). In this scenario, the PNS
estimates that 1.3% of the Brazilian population has some type of physical disability;
0.3% of the population was born with physical disability, while 1.0% acquired as a
result of illness or accident.

The disability question is the only one that, by law, has to be included in the census
questionnaire. The subject was included in the 1991Census questionnaire by virtue of Law
7,853 of 1989, after pressure from entities representing persons with disabilities [8–12].
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2 Methodology and Materials

2.1 Mechanical Design Development

In the following, step-by-step photos of changing the basic wheelchair to an automatic
lift system are presented in Fig. 3 showing design of the proposed design for the
wheelchair lift system.

Initially the cut of the structure of the simple wheelchair was made, to begin the
automation project [9, 12].

2.2 Description of the Lifting System

The design consists of a tubular wheelchair, according to Fig. 4, by a DC electric
motor, according to Fig. 5, by the lifting system “known as a Car Jack” and Micro
Swift up and down controllers [10, 12].

Fig. 3. Positions of wheelchair

Fig. 4. Simple Wheelchair Tubular
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The Car Jack system that was purchased has a lifting load of 800 kg, much higher
than the load to be driven, which was calculated as an average of 100 kg. Hoisting Car
Jack for the wheelchair lift system, according to Fig. 6.

Micro Switch to control the maximum and minimum displacement of the Car Jack
in the lifting system, according to Fig. 7.

Fig. 5. Lift Motor

Fig. 6. Lift System Car Jack

Fig. 7. Micro Switch Up and Down Controller
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2.3 Components and Materials

Selections were based on the identified list of criteria. Wheelchairs considered manual,
have a great variation of prices, depending on the material to be made and its finish, its
variation can occur from US$110 to the simplest of folding steel, reaching US$645 of
aluminum with backrest and seat base with leather and cushion.

Motorized wheelchairs also have a large variation of their price, depending on the
accessories that accompany their price, ranging from US$2300 to US$3900.

The sport wheelchairs, are specific by the modality that the wheelchair will prac-
tice, its price ranges from US$900 to US$1650 [12].

2.4 Cost Analysis

The price of a wheelchair Orthostatic is in approximately US$2200 to US$2600.
The price of a Gyroscopic wheelchair is approximately US$3900.
The costs involved in the project for its preparation are in the items listed below:

(A) 01 wheelchair US$120
(B) 01 mechanical Car Jack US$32
(C) 01 step motor US$100
(D) 01 battery US$65
(E) 01 lifting system US$60
(F) 01 set of tubes and support plates US$60

The price of the assembled set is approximately US$437.
Note: No labor figures were computed [12].

2.5 Testing and Validation

A prototype was assembled and had its performance tested for validation of mechanical
design criteria listed above. Functional tests were performed with 100 kg user in daily
routine of up and down elevation until battery run out (approximately 60 cycles).

The tubular wheelchair was purchased to be adapted in up and down movements
with an approximate displacement of 30 cm, in order to cause the user to reach a height
that allows access in environments that have balconies or even for a conversation with
friends at a suitable time in their conditions.

The tubular wheelchair when in its normal size the user is seated at a height of
0.57 m in relation to the ground, which after the system actuated in the raised position
it will be up to 0,81 m of height in relation to the Soil [12].

3 Results

The following results show how the tubular structure was modified Fig. 8, how the
automation was performed and, therefore, it presents the analyzed behavior during the
elevation task [12].
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In the photos below, it’s observed the assembly of the structure of the base to
support the Car Jack. Attachment planning with lifting motor, according Fig. 9.

Mounting the seat frame and locking the wheelchair closing movement, and
wheelchairs mounted with frame to receive automatic lifting system, according to
Fig. 10.

Assembly of the frame in the Car Jack (angle brackets and polypropylene), for the
system of lifting and lowering the wheelchair seat, according Fig. 11.

Fig. 8. Photo of structure cut

Fig. 9. Mounting and fixing the Car Jack, raising and lowering the engine position

Fig. 10. Picture of seat basis structure and wheelchair assembled
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Assembling of the seat lifting and lowering frame with the engine attachment,
according Fig. 12.

Details of fixing the polypropylene rods on the wheelchair seat, according Fig. 13.

Tests using the motor to perform the movement of raising and lowering the
wheelchair seat, according Fig. 14.

Fig. 11. Photo of detail of fixing of the structure of lifting and lowering system.

Fig. 12. Photo of engine fixing on Car Jack

Fig. 13. Photo of the detail of seat fixing in the lifting and lowering system
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Details of the wheelchair seat elevation and lowering system, according Fig. 15.

Seat lifting and lowering system coupled to the wheelchair driven, according
Fig. 16.

Details of the wheelchair seat raising and lowering system actuated, according
Fig. 17.

Fig. 15. Photo of elevation movement

Fig. 14. Photo of front and rear elevation movement.

Fig. 16. Picture of the raised lifting and lowering system
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Details of the battery securing system and end of travel system, ascent and descent,
according Fig. 18.

4 Conclusions

The design of the lifting system was great learning and rewarding, as it really became a
project aimed at people with mobility disabilities. Through this system of vertical
movement of the seat, the wheelchair can communicate/dialogue at the same height of
sight. During the implementation of this project, from its conception until its realiza-
tion, it was necessary to put into practice technical and scientific knowledge of the
mechanical and electrical areas.

It can be stated, through the results of the tests carried out, that the lifting system is
very viable. In future works, to change the design of the lifting mechanism because it
was an unstable climb; include a battery level meter, which will show the user the limit
of use thus avoiding a stop during the ascent and descent course. In this way, the
wheelchair with lifting system can still be enhanced before scale production.
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Abstract. Adjustments available in hospital beds are performed by different
mechanisms. This paper presents an initial assessment of mechanisms for the
development of new hospital beds focused on assistive technology. First it is
presented a review on a mechanism design methodology, following by an
evaluation of a commercial hospital bed. This reverse engineering is used to
identify the project requirements. The commercial bed is divided into three
mechanisms for further analysis. The design requirements are mapped to
guarantee that the new mechanisms will perform the motions similarly to the
existing one. Later, the potential development of new mechanisms are evaluated
for each of the three sections of the hospital bed. Finally, a new concept and a
mock-up of a novel hospital bed is provided.

Keywords: Hospital bed � Mechanism design methodology � Mechanisms
synthesis � Assistive technology

1 Introduction

Assistive technology is an important branch of engineering as it involves improving the
daily lives of people. The improvement and development of new hospital bed is
interesting in assistive technology for health and economical factors. In Brazil, around
6% of the population stayed in a hospital for at least a day in 2013 [6], while in the
United States expenditures for treating pressure ulcers in bedridden patients have been
estimated at $11 billion per year [4].

The US National Pressure Ulcer Advisory Panel defines pressure ulcers as: “lo-
calized injury to the skin and/or underlying tissue usually over a bony prominence, as a
result of pressure, or pressure in combination with shear” [13]. Langemo et al. [7] lists
some factors that increase the risk of the development of pressure ulcers, such as
advanced age, protein-calorie malnutrition, friction and shear, exposure to moisture and
immobility. The development of new mechanisms for hospital beds aims to decrease
the incidence of pressure ulcers due to immobility.

There are several papers regarding the development of new mechanisms for hos-
pital beds. Hua et al. [5] developed a hospital bed device seeking to reduce the physical
strain of hospital nurses and improving the recuperation of the patients. The objective
was to provide a bed with lying and sitting positions, as well as assisting nurses to
rotate patients and transfer them to another bed. This mechanisms has 3-DOF in a
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planar workspace, seven inner loops, nineteen links and twenty five joints. Peng et al.
[15] disclose the mechanism design and control for a multifunctional hospital bed. That
project contains two beds, the main patient support and an auxiliary bed for trans-
portation, the same concept presented in the previous work. The main bed has 6-DOF
in a planar workspace, four inner loops, fifteen links and eighteen joints. Pavlovic et al.
[14] presented an automated multifunctional hospital bed. In that work, the authors
show the development of the mechanisms for the backrest elevation and the knee and
lower leg elevation. The bed developed by these authors has 5-DOF in a planar
workspace, five inner loops, sixteen links and twenty joints. That mechanism is
interesting due to the possibility of adjusting the position of only one leg while
maintaining the position of the other. Many other authors focuses on hospital bed
designs such as [1, 2, 11, 12].

The objective of this work is to evaluate the potential for innovation for new hospital
beds mechanisms. This work is part of the project entitled “Reconfigurable Platform of
Assistive Technology for Bedridden Patients”, an ongoing project in the Professor Raul
Güenther Robotics Laboratory of the Universidade Federal de Santa Catarina (UFSC) in
partnership with the Instituto Federal de Educação, Ciência e Tecnologia de São Paulo
(IFSP) and Universidade do Estado de Santa Catarina (UDESC), funded by the Coor-
denação de Aperfeiçoamento de Pessoal de Nível Superior (CAPES).

The remaining of this paper is organized as follows. Section 2 presents the
mechanism design methodology applied to design novel hospital bed mechanisms.
Section 3 presents the structural representation and the kinematic chain of a com-
mercial hospital bed. Section 4 presents the design requirements and Sect. 5 presents
the potential for innovation in mechanisms for hospital beds.

2 Mechanism Design Methodology

The mechanism methodology used in this work was proposed by Yan [17] and is based
on the study of existing mechanisms to propose new concepts upon modification on the
original mechanism. This methodology also aims to generate all possible topological
concepts possible for the proposed problem. Yan’s methodology can be summarized in
the following six steps:

• Review of the state of the art to identify existing designs, with the purpose of
defining topological characteristics relevant to the project.

• Select an existing mechanism and generalize it into an equivalent kinematic chain.
• Generate all feasible mechanisms with the same characteristics of the analyzed

concept. This step is known as the number synthesis.
• Assign types of members and joints to the generalized kinematic chain. This is the

type synthesis step of the design process.
• Particularize every mechanism developed in the previous step into a mechanical

device.
• Review all the existing designs and create an atlas of new concepts.
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The methodology is further explained in Fig. 1.

After reviewing the existing designs, the generalizations consist in replacing the
specific joints by generalized revolute joints. From the generalized kinematic chains,
characteristics such as number of joints and links are ascertained. This paper focuses on
generating all the feasible kinematic chains as well as performing the type synthesis.

3 Kinematic Chain of the Linet Bed

The Linet bed model Eleganza 3C [8] was chosen as the benchmark for the initial
assessment of the project due to the availability of the device in the Hospital
Universitário of the Universidade Federal de Santa Catarina. By analyzing the bed in
operation, a schematic drawing of the bed was developed, shown in Fig. 2(a).

Selection and 
generalization

Generalized
Kinematic chain

Number synthesis

State of the art

Design 
requirements

Atlas of possible
kinematic chains

Type synthesis

Atlas of feasible 
kinematic chains

Atlas of designs

Atlas of new 
mechanisms concepts

Existing concepts

Particularization

Fig. 1. Yan’s mechanism design methodology
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After the schematic drawing, it is possible to develop the kinematic chain that
represents the hospital bed mechanism. The kinematic chain is shown in Fig. 2(b). The
kinematic chain presented in this figure is a planar kinematic chain with mobility equals
to five, with six independent loops, eighteen links and twenty-three joints, i.e., M = 5,
v = 6, n = 18, j = 20 and k = 3. It is important to notice that the Linet bed mechanism
is fractionated, divided in three sections: back support, leg support and height and angle
adjustment. More details on fractionation of kinematic chains, consult [10]. The first
section has M = 1, v = 3, n = 8, j = 10. The leg support section has M = 2, v = 2,
n = 7, j = 8. The last section has M = 2, v = 1, n = 5, j = 5.

4 Design Requirements for Hospital Beds

One of the most important steps in mechanism design is to identify the design
requirements. In order to define the design requirements, several papers were consid-
ered. Maletz et al. [9] reviewed the exiting positions enabled by current hospital beds,
and how often each of those are found in commercial products. Defloor [3] reviewed
many bed positions, such as the semi-Fowler and several angles of supine, in order to
evaluate the pressure on the patients skin. Pavlovic et al. [14] analyzed several hospital
bed patents and listed the most important bed functions: height adjustment, Trende-
lenburg and reverse-Trendelenburg, lateral bed tilting, backrest elevation, knee and
lower leg lifting. Taking these works into considerations and asserting the Linet bed
mechanism and the different positions provided by the available hospital beds, it was
decided that the mechanism should provide the same positions and movements of the
Linet bed.

Considering the importance of the profiling hospital bed in the prevention of
pressure sores, the relative motion between support bases should not interfere with or
worsen the sores. If two subsequent support bases have a relative motion that is, for
example, rotation and displacement, the skin of person lying in the bed will suffer
friction and shear, both factors that increase the incidence of pressure sores. In order to
do so, the design should guarantee that every section of the mattress support platform
has only rotation to each of the subsequent sections.

The Linet bed mechanism analysis found a fractionable mechanism that can be
divided into three parts. Considering this, the development of each part will be done
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separately. Also, all of the actuators are required to be prismatic, as they can easily
perform the desired movements. Finally, in the type synthesis the fixed link will the
defined as the highest order link.

5 Potential for Innovation of New Mechanisms for Hospital
Beds

According Yan’s Methodology [17], a random mechanism should be picked to be
analyzed. As the Linet bed was available in the Hospital Universitário, this was the
mechanism chosen. The kinematic chain shown in Sect. 3 has M = 5, v = 6, n = 18,
j = 20 and k = 3 as well as three independent sections, therefore three independent
analysis are done for the mechanism. This means the fractionated mechanism is sep-
arated into three non-fractionated mechanism.

5.1 Generation of Atlas of Generalized Kinematic Chains

The third step of Yan’s methodology is to generate all kinematic chains with the same
characteristics of the analyzed concept. The height and angle adjustment in Fig. 1 is a
five-link mechanism, which has only one possible kinematic chain available. The leg
support mechanism shown in Fig. 2 has seven joints and eight links, therefore there are
three existing kinematic chains with the same characteristics [16]. According to Tsai
[16] there are sixteen possible kinematic chains available for eight-links and ten joints
mechanisms. All of the kinematic chains are presented in Fig. 3.

The kinematic chains of the Linet bed, both in Fig. 3(b) and (c) are the first chain
on the left. Assembling the sixteen kinematic chains shown in Fig. 3(c) and the three
shown in Fig. 3(b), there are forty-eight possible kinematic chains combinations for a
new bed mechanism.

5.2 Generation of Atlas of Feasible Mechanisms

At this stage, the types of kinematic pairs are chosen to replace the generalized revolute
joint. The analysis will follow the sequence of the previous section and will start by the
height and angle adjustment mechanism, which was previously presented in Fig. 3(a).

As defined by the design requirements, the two actuated joints are prismatic.
Therefore two of the five joints have to be prismatic joints. Considering this constraint,
there are four possible combinations PPRRR, PPPRR, PPPPR and PPPPP. The last two
combinations are not interesting since there are only one or none revolute joints, so
both of them are excluded of posterior analysis. Defining the fixed link as link 1, there
are 20 different possible mechanisms.
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The leg support mechanism has nine joints. Using the requirement of the actuation
done by prismatic joints, two of those nine joints need to be prismatic joints. Some
additional requirements are created for this mechanism to guarantee the new mecha-
nism performs similar function to the benchmark device:

• One of the ternary links is defined as the base.
• The upper leg movement should have degree of control equal to 1.
• The lower leg lift movement should have degree of control equal to 2.

(a) Planar kinematic chain with M = 2 and  = 1 

(b) Planar kinematic chain with M = 2 and  = 2 

(c) Planar kinematic chain with M = 1 and  = 3 

Fig. 3. Potential kinematic chains for new hospital bed mechanisms
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The first analyzed kinematic chain is presented in Fig. 4(a).

The link 1 is defined as the base of the mechanism. Remembering the design
requirements, the upper and lower leg support should be connected to each other by a
revolute joint. Using this requirement and the new ones created for the leg support, the
upper leg support can only be place in link five, and therefore the lower leg support can
only be placed in the link 4. The joints h and d, respectively between the links 1 and 5
and between 4 and 5, are required to be revolute joints. Remembering that the design
requirements dictates that the two actuated joints should be prismatic, there are six
joints to be defined. Due to the force transmission, the prismatic actuator works better if
placed between revolute joints. Accordingly, the joint f is defined as a prismatic joint
and joints e and g are defined as revolute. This results in only two joint types yet to be
defined, and alongside these, the position of the second prismatic joint is not yet
established. The total possible different mechanisms with these conditions is seven.

The second kinematic chain is shown in Fig. 4(b). To begin, the link 1 is chosen as
the fixed link. With this decision, the links 2, 6 and 7 are possible choices for the upper
leg support. However, due to the requirements set, the only choice available is link 7.
After defining links 1 and 7, link 4 must be defined as the lower leg support. Therefore,
joints g and h are required to be revolute joints. This mechanism enables two RPR legs
for the actuations, so by choosing this characteristic, every joint of the mechanism is
defined and there is only one possible mechanism choice.

The third and last kinematic chain in presented in Fig. 4(c). The link 1 is defined as
the fixed link. By the requirements set for this mechanism, the upper leg support needs
to be one of the links 2, 6 or 7, but with the restriction to the lower leg support, the only
viable link are the 6 and 7. These links are symmetrical, so only one of them is relevant,
and for this analysis link 6 is chosen. After defining the upper leg support as the link 6,
the lower leg support has to be the link 5. Between the links 1 and 6 and between 5 and
6, the joints f and e need to be defined as revolute joints. Therefore, there are six joints
still to be defined, remembering two of them are required to be prismatic joints for the
actuators. This results in 64 different mechanisms. The difference of results of this
kinematic chain and the first analyzed, with seven results, is due to the restriction

(a) Kinematic chain 1 (b) Kinematic chain 2 (c) Kinematic chain 3 

Fig. 4. Kinematic chains for the leg support
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imposed by the revolute joint h in the first kinematic chain, and the possibility of using
a RPR leg to improve force transmission. The remaining joins will most likely be
revolute joints, the amount of possible combinations will decrease considerably.

For the backrest support, as there are sixteen kinematic chains, one was randomly
chosen for further study. This kinematic chain is shown in Fig. 5.

In this case, it is interesting to define link 1 as the base. Due to the design
requirement, the upper body support could be placed in links 2, 6, 7 or 8. Links 2 and 7
are symmetrical, so one of them is excluded, remaining links 2, 6 and 8. Applying here
the RPR leg for the actuation of the backrest elevation mechanism in links 5 and 6, on
the joints d, e and f, the back support may only be placed on links 2 and 8. The joint
between the back support and the base is required to be revolute. Out of ten joint, six
are still to be defined, which results in sixty four possible mechanism for each of the
back supports possibilities, adding up to 128 different mechanisms for the backrest
elevation mechanism.

Using the results found for the height adjustment (20 possibilities), the leg support
mechanism (72 possibilities), the backrest adjustment (128 possibilities) and combi-
natorial analysis it is possible to calculate the total number of different mechanisms
possible for a hospital bed according to the methodology by Yan [17]. The total result
is 184320 different possible mechanisms. It is unlikely that a designer will go through
all these results, so more design requirements are needed. One such requirement is the
limitation of the number of prismatic joints.

5.3 Particularization

In this section, all the mechanisms found in the previous step are particularized and
dimensioned. As an example, a mechanism was randomly chosen from the previous
analysis to be demonstrated. First, in Fig. 6, it is presented the kinematic chain relative
to the chosen mechanism.

Fig. 5. Randomly chosen kinematic chain
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From this kinematic chain, a new concept of a mechanism was created, and is
shown in Fig. 7(a) and a mock-up, provided by a 3d printer, is shown in Fig. 7(b).

The mechanism shown in Fig. 7 was not dimensioned or optimized. This mecha-
nism holds the same number of links and joints as the original mechanism from the
Linet bed, including the same degrees of freedom and basic characteristics of the
movements and positions.

6 Conclusions

This paper presented the number and type synthesis of mechanisms for hospital beds.
The concepts presented in the paper were originated by Yan’s mechanism design
methodology. Dividing the bed into three independent sections, there were found over
one hundred thousand possible combinations for new mechanisms. One such mecha-
nism was chosen for structural representation and development of a mock-up.

Further work includes the assessment of more design requirements to filter the
number of possible mechanisms and means to compare and evaluate the developed
mechanisms with the existing devices aiming to find the advantages and disadvantages
of each mechanism.

Fig. 6. New bed kinematic chain example

  
(a) Structural representation (b) Mock-up 

Fig. 7. New bed mechanism concept
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Abstract. The stability of long combination vehicles (LCV’s) has been
the focus of research efforts in recent decades. Several characteristics
of the vehicles have been analyzed to determine their influence on the
vehicle stability calculation; however, the overweight is rarely analyzed.
To conduct this research, the Davies method is used to obtain the static
of the mechanism that represent the last trailer of the vehicle. Finally,
a numerical case study is showed and the overweight, the longitudinal,
lateral and vertical displacements of the gravity center are investigated.
This study demonstrates that the overweight has important role on the
static rollover threshold (SRT) calculation.

Keywords: Overweight · Static Rollover Threshold (SRT) · Long com-
binations vehicles · Road safety · Davies method

1 Introduction

The static rollover threshold (SRT) is one of the most important parameters used
to define the stability of vehicles. This factor is highly dependent on the location
of the vehicle center of gravity (CG), and it represents the maximum lateral
acceleration - ay (expressed in terms of gravity acceleration - g) in a quasi-static
situation immediately before one tyre of the vehicle model loses contact with the
ground [8,9,27].

Several researchers have considered the influence of the suspension, tyres,
chassis, and fifth-wheel on the lateral, vertical, and longitudinal CG location,
which affects the vehicle behavior [2,3,5,8–10].

Additionally, Rill [23] and Winkler [28] reported that the chassis has a signif-
icant torsional compliance, which would allow that its front and rear parts roll
almost independently. In this regard, Kamnik et al. [14] reported that the lateral
load transfer (LLT ) is different for the front and the rear axles of the trailer.

c© Springer International Publishing AG 2018
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On the other hand, an improperly loaded trailer can result in a poor trailer
stability, overweight on axles, tyres deterioration, and damage of the pavement
[22,25].

In a previous research [18,19], we analyzed the last trailer of LCV’s, and
reported that the SRT factor represents a three-dimensional phenomenon, and
that longitudinal parameters and lateral load transfer play important roles in
relation to the SRT factor calculation.

Following the methodology developed in a previous work [20], we developed
a three-dimensional simplified model that considers different characteristics of
trailers, such as: the suspension, tyres, fifth-wheel, chassis and trailer/trailer
angle, to calculate the three-dimensional SRT factor for a trailer.

The paper is organized as follows. Section 2 introduces the mechanism of
the three-dimensional trailer model with the characteristics mentioned above;
Sect. 3 presents the static analysis of the proposed model; the results presented
in Sect. 3 are analyzed and discussed within a case study in Sect. 4; and finally,
conclusions are drawn in Sect. 5.

2 Trailer Model

According to Jindra [13], Melo [16] and Rempel [24] the last unit (trailer) of
LCV’s is subjected to a high lateral acceleration compared to the tractor unit,
this acceleration is caused by the phenomenon known as rearward amplification
(RA), impacting the rollover threshold of the last unit and the vehicle.

For this reason, the last trailer of the LCV’s is the critical unit and it is prone
to rollover; taking into account this aspect, a simplified trailer model (Fig. 1) is
modeled and analyzed to calculate the SRT factor for LCV’s.

More details concerning the developed model are contained in the technical
report to this paper, which includes the modelling and analysis of the trailer
model [21].

Fig. 1. Simplified trailer model.
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Mechanical systems can be represented by kinematic chains composed of
links and joints, which facilitates their modeling and analysis [4,15,26]. Using
mechanism theory, the three-dimensional model that represents the last trailer
of LCV’s is proposed (Fig. 2).

The model is composed of three mechanisms:

• the first mechanism is located at the front of the trailer, and it is composed of
sub-mechanisms that represent the tyres (tyres system), the suspension (rigid
suspension system), and the fifth wheel (fifth-wheel system),

• the second mechanism is located at the rear of the trailer, and it is composed
of sub-mechanisms that represent the tyres (tyres system), and the suspension
(rigid suspension system), and

• the third mechanism represents the trailer body (chassis), and it links the
front and rear trailer mechanisms.

Fig. 2. Trailer model.

Tyres, suspension, fifth-wheel and chassis are directly responsible for the CG
movements; these movements are dependent on the forces acting on the center of
gravity (CG) of the trailer, such as the trailer weight (W ), disturbances forces
imposed by the ground and the lateral inertial force (may) when the vehicle
makes a turn or evasive maneuvers.

The kinematic chain of the trailer model (Fig. 2) is composed of twenty-eight
joints (j = 28 ; 14 - revolute joints “R”, 10 - prismatic joints “P” 2 spherical
joints “S”, 2 spherical slider joints “Sd”), and twenty-three links (n = 23).

3 Static Analysis of the Mechanism

Several methodologies allow us to obtain a complete static analysis of a mech-
anism. In this study, the formalism presented by Davies [6] was used as the
primary mathematical tool to analyze the mechanisms statically.



500 G. Moreno et al.

The Davies method provides a systematic way to relate the joint forces and
moments in closed kinematic chains [1]. This method is based on graph theory,
screw theory and the Kirchhoff cut-set law and it can be used to obtain the
statics of a mechanism as a matrix expression.

Applying Davies method to the analysis of the trailer stability, and consid-
ering the chassis flexibility, fifth-wheel, suspension, tyres, and the trailer/trailer
angle, when a trailer model makes a horizontal curve, the model is subjected to
an increasing lateral load (inertial force) until it reaches the rollover threshold.
During the turning, the rear inner tyre is normally (tyre 3 - Fig. 2) prone to loses
contact with the ground. For this condition (Fz3 = 0), then the static rollover
threshold (SRT) for the trailer is defined by the Eq. 1. More details of the trailer
model can be consulted in [21].

SRT3Dψ
=

ay

g
=

h1

h2

(
1 − t1Fz2 cos ψ + P1(Fz4 − W )

Wh1

)
(1)

where SRT3Dψ
factor is the three-dimensional static rollover threshold for a

trailer model with trailer/trailer angle (ψ), P1 is a system variable (P1 =
(2l13 sinψ + t2(cos ψ − 1))/2), h1 is the instantaneous lateral distance between
the zero-reference frame and the center of gravity, and h2 is the instantaneous
CG height, l13 is the distance between the fifth-wheel and the front axle, t1 is
the front track width of the trailer, t2 is the front axle width of the trailer.

4 Case Study - B-train

In this study, a three-dimensional trailer model of a Semi-train with two axles
on front and three axles on rear is analyzed. In this model a suspension system
with a tandem axle is used and the suspension parameters are dependent on the
construction materials. Harwood et al. [11] reported that the range of values for
the stiffness of the suspension per axle is kLs = 1500 − 2400 kN.m−1. Figure 3
and Table 1 show the parameters of the trailer used in this analysis [7].

The SRT factor calculation was conducted using the steady state circular
test [12], the load conditions include a load laterally centered, load with CG
displacement and overweight with CG displacement.

The simulation model was applied using MATLAB R©. To calculate the SRT
factor, the inertial force was increased until the lateral load transfer on the rear
axle become complete (the entire load is transferred from the rear inner tyre to
the rear outer tyre when the trailer makes a turn).

Taking into account that the overweight on the front axle induces the under-
steer of the vehicle, and the overweight on the rear axle induces the oversteer
of the vehicle. The SRT factor calculation was conducted using 5% and 10% of
overweight, load laterally centered, and load with CG displacement.
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Fig. 3. Parameters of the trailer model.

Table 1. Parameters of the trailer model - B-train.

Parameter Value Units

Trailer weight - W 355.22 kN

Front and rear track widths - t1,3 1.86 m

Front and rear axle widths - t2,4 1.86 m

Stiffness of the suspension per axle - kLs [11] 1800 kN/m

Number of axles at the front (trailer) (4 tyres per axle) 2

Number of axles at the rear (trailer) (4 tyres per axle) 3

Vertical stiffness per tyre - kT [11] 840 kN/m

Initial suspension height - ls = l3,4,9,10 0.205 m

Initial dynamic rolling radius - lr = l1,2,7,8 [17] 0.499 m

Initial height of the fifth wheel - lf 0.1 m

Lateral separation between the springs - b 0.95 m

Fifth-wheel width - b1 0.6 m

CG height above the chassis - l12 1.346 m

Distance between the fifth wheel and the front axle - l13 0.15 m

Wheelbase of the trailer - L 4.26 m

Distance from the front axle to the center of gravity - a 3 m

Lateral CG displacement, offset of the cargo d1 ±0.1 m

±0.2

Longitudinal CG displacement d2 ±0.5 m

±1

±1.5

Vertical CG displacement d3 ±0.1 m

±0.2

Trailer/trailer angle (ψ) 0 0
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The example shows a sensibility analysis of a trailer with relatively low sta-
bility that under the action of the suspension, tyres and the chassis, the SRT3Dψ

factor is 0.3272 g (normal load and no displacement). Figures 4(a) and (b) show
the influence of the overweight on the SRT factor calculation; this overweight
affects the CG height (h2) and the trailer roll angle (θ), 1% of overweight cor-
responds to a loss of stability of around 0.2%.

Fig. 4. (a) CG height - Overweight - SRT factor - B-train. (b) Total roll angle (θall) -
Overweight - SRT factor - B-train.

Figure 5 shows the influence of lateral CG displacement (d1) and the over-
weight on the SRT factor calculation and the trailer roll angle: on the average,
2 cm of lateral CG displacement and 1% of overweight corresponds to a loss of
stability of around 0.0106 g.
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Fig. 5. Lateral CG movement - Overweight - SRT factor - B-train.
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Figures 6(a) and (b) show the influence of vertical CG displacement (d3)
and the overweight on the SRT factor calculation and the trailer roll angle:
Fig. 6(a) shows that on the average: 4 cm of vertical increase of the CG location
and 1% of overweight corresponds to a loss of stability of around 0.0106 g; and
Fig. 6(b) shows that on the average: 4 cm of vertical decrease of the CG location
corresponds to an increase of stability of around 0.01 g, and 1% of overweight
corresponds to a loss of stability of around 0.0006 g.
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Fig. 6. (a) Vertical CG movement - Overweight - SRT factor - B-train. (b) Vertical
CG movement - Overweight - SRT factor - B-train.

For the longitudinal CG displacement (d2), the overweight on the front or
the rear axle enable an increase of the SRT factor; but, the overweight on the
front axle induces the understeer of the vehicle, and the overweight on the rear
axle induces the oversteer of the vehicle

5 Conclusion

The results of this study demonstrate that the overweight and the load distrib-
ution have an important role on the SRT factor calculation of LCV’s. The case
study shows that:

– the overweight and the lateral CG displacement can reduce the SRT factor,
– the overweight and the vertical CG displacement can reduce or increase the

SRT factor, and
– the longitudinal CG displacement of the trailer enables an increase of the

SRT factor; but the overweight on the front axle produces understeer of the
vehicle, and the overweight on the rear axle produces the oversteer of the
vehicle.
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The SRT factor increase is important, as it allows to set new road speed
limits, which contributes with road safety and decreases vehicle stability related
to accidents, which are very high nowadays.
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Abstract. Nowadays, new technologies are pushing the road vehicle
limits further. Promising applications, e.g., self-driving cars, require a
suitable control system that can maintain the vehicle’s stability in criti-
cal scenarios. In most of current cars, the control systems actuates inde-
pendently, meaning there is not a coordination or data sharing between
them. This approach can produce a conflict between these standalone
controllers and thus, no improvements on the vehicle’s stability are
achieved or even a worse scenario can be generated. In order to over-
come these problems, an integrated approach is developed in this work.
This integration, defined in this work as Integrated Control (IC), is done
by an intelligence coordination of all standalone controllers inside the
vehicle, i.e., Anti-Lock Braking System (ABS), Electronic Stability Pro-
gram (ESP) and Four-Wheel Steering System (4WS). The ABS model
was built using Fuzzy logic, for which only three rules were necessary to
get a good performance. To design the ESP and the 4WS, the simple
handling vehicle model was used as a reference behavior. The IC was
designed using the hierarchical approach with two layers, i.e., the upper
and lower layer. The upper one, observes the side slip angle and depends
of its value the upper layer triggers the ESP or the 4WS. Finally, in order
to prove the improvements of the IC system over the non-integrated
approach, a full-size vehicle model was used to perform simulation in
run-off-road and µ-split scenarios.

Keywords: Integrated control · ABS · ESP · 4WS · Run-off-Road sce-
narios

1 Introduction

Safety and comfort are the most important aspects that automakers take into
account when developing road vehicles. Therefore, for the automotive industry
and engineers, it is of high priority to reduce road fatalities by applying new tech-
nologies. In reality, for many countries, e.g., countries in Europe, Japan, the USA.
c© Springer International Publishing AG 2018
J.C.M. Carvalho et al. (eds.), Multibody Mechatronic Systems,
Mechanisms and Machine Science 54, DOI 10.1007/978-3-319-67567-1 48
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and Brazil the use of Anti-Lock Braking System (ABS) is mandatory. The Elec-
tronic Stability Program (ESP) is capable of reducing by 49% the number of SVA
[1]. Other types of controllers, like the Four-Wheel Steering System (4WS), can
improve the vehicle’s response in normal driving situation [2], that means when
the roll angle of the vehicle is relative small (no roll-over situations). If these con-
trollers, i.e., the ABS, ESP and 4WS actuate over the vehicle at the same time,
this may lead to a conflict that becomes a worse scenario to the driver. Therefore,
it is important to develop a methodology to integrate them in order to improve the
vehicle performance on those scenarios. In [3], a integration of the Active Front
Steering System (AFS) and the ESP was performed. The results shown that this
integration improve the vehicle lateral stability. Moreover, in [4], an integration of
the 4WS, ESP and ABS was done using a simple switch control law between the
4WS and ESP for run-off-road scenarios. Simulation performed shown an improve-
ment of the vehicle’s lateral stability in different road conditions. This study also
concluded that, the benefits of the 4WS in combination with the ESP and ABS is
a good options to improve the overall dynamic response of modern cars.

2 Vehicle and Tire Modeling

2.1 Fully Non-linear Vehicle Model

The mathematical model of the vehicle is built applying the multi-body app-
roach. Using this method, it is possible to modeling the vehicle by subsystems
as presented in [5,7]. In this work, nine rigid bodies are used, i.e., 4 knuckles, 4
wheel-tire sets and 1 chassis, see Fig. 1. The equations of motion are obtained
using the Jourdain’s Principle and derived respect to the vehicle-fixed axis sys-
tem F (located in the middle of the front axle). Finally, the vehicle dynamics is
characterized by a set of non-linear first order differential equations as follows:

φw3

φw1

φw2

φw4

wheel 1

knuckle 1

z1

z2

z3

z4

chassis

vehicle-fixed

earth-fixed

α, β, γ

F
C

O

x

z

y

axis system

axis system

Fig. 1. Multi-body vehicle model (14 dof).
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K(y) ẏ = z, M(y) ż = q(y, z, s, u), ṡ = f(y, z, s, u),

y = [x, y, z, α, β, γ, z1, z2, z3, z4, φw1, φw2, φw3, φw4]
(1)

where y is a vector that collects the generalized coordinates of the vehicle. K is
the kinematic matrix used to define an appropriate vector of generalized velocities
z. The mass matrix of the multi-body vehicle model is denoted by M . The vector
of generalized forces q is function of the input u and the additional states s. Fur-
thermore, the vector s collects the internal states of the dynamic force elements
and tire deflections respectively.

2.2 Simple Handling Model

For control design purposes, the desired response of the vehicle to driver’s input
is necessary. Generally, the simple handling model is used as a reference, see
Fig. 2. According to the assumptions in the right side of Fig. 2, the equation of
motion of the handling model are defined as follows:

m
(
vω + |v|β̇

)
= Fyf + Fyr and Θω̇ = a1Fyf − a2Fyr, (2)

• tires operates in the lin-
ear region.

• only planar motion.

• no driving or braking is
applied i.e, v̇ = 0.

• δf represents the mean of
the front steering angles.

• δr represents the mean of
the rear steering angles.

• δf , δr and β are assumed
to be small.

Fig. 2. Simple handling vehicle model and assumptions.

where the inertia properties of the handling model are represented by its mass
m, the moment of inertia around the z axis Θ and the distances, a1 and a2, from
its center of gravity to the front and rear axle respectively. In addition, the tire
lateral forces Fyi are described as a function of the cornering stiffness csi and
the lateral slips syi (i = f, r) as follows:

Fyi = csisyi, syf = −β − a1

|v|ω +
v

|v|δf , syr = −β +
a2

|v|ω +
v

|v|δr. (3)
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Finally, rearranging and simplifying (2) and (3), the linear state equation is
obtained as:

[
β̇
ω̇

]

︸︷︷︸
ẋ

=

⎡
⎢⎢⎣

−csf + csr
m|v|

a2csr − a1csf
m|v||v| − v

|v|
a2csr − a1csf

Θ −a2
1csf + a2

2csr
Θ|v|

⎤
⎥⎥⎦

︸ ︷︷ ︸
A

[
β
ω

]

︸︷︷︸
x

+

⎡
⎢⎢⎣

v
|v|

csf
m|v|

v
|v|

csr
m|v|

v
|v|

a1csf
Θ − v

|v|
a2csr

Θ

⎤
⎥⎥⎦

︸ ︷︷ ︸
B

[
δf
δr

]

︸ ︷︷ ︸
u

,

(4)

where the time derivative of the yaw angular velocity ω and the vehicle side slip
angle β are the output states of the model. The cornering stiffness of the front
and rear axle are represented by csf and csr respectively. Lastly, the vehicle
velocity v, δf and δr are inputs of this model.

2.3 TMeasy Tire Model

TMeasy [6], is a semi-empirical tire model that uses a small number of parameters
to characterize the tire-road contact forces. In normal driving maneuvers, e.g.,
the acceleration or deceleration in a curve, the longitudinal slip sx and lateral
slip sy occur at the same time. Therefore, the combination of slips and forces
should be handled by the tire model. TMeasy perform this combination process
as follows:

s =

√(
sx
ŝx

)2

+
(

sy
ŝy

)2

=
√

(sNx )2 +
(
sNy

)2
, (5)

where sNx and sNy are the normalized slips. Furthermore, the normalizing factor
ŝx and ŝy take into account the longitudinal and lateral force characteristics and
are defined as follows:

ŝi =
sMi

sMx + sMy
+

FM
i /dF 0

i

FM
x /dF 0

x + FM
y /dF 0

y

, where: i = {x, y}. (6)

Similar to the curve of longitudinal and lateral forces, the combined force F =
F (s) can be defined by their characteristic parameters dF 0, sM , FM , sS , and
FS . These parameters are defined as:

dF 0 =
√

(dF 0
x ŝx cos φ)2 + (dF 0

y ŝy sin φ)2

sM =

√(
sMx
ŝx

cos φ
)2

+
(

sMy
ŝy

sinφ
)2

FM =
√

(FM
x cos φ)2 +

(
FM
y sinφ

)2

sS =

√(
sSx
ŝx

cos φ
)2

+
(

sSy
ŝy

sinφ
)2

FS =
√

(FS
x cos φ)2 +

(
FS
y sin φ

)2

(7)
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The angular function φ grant a smooth transition from the longitudinal and
lateral force to the combined force as follows:

Fx = F cos(φ), Fy = F sin(φ) and cos(φ) =
sNx
s

, sin(φ) =
sNy
s

. (8)

Figure 3 shows the tire friction limits computed using TMeasy and a set of
parameters that represent a commercial passenger tire.
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Fig. 3. Tire friction limits for commercial passenger car (tire code: P265/40 R18).

3 Standalone Controllers

For all the simulations presented in this section, a full-size car with character-
istic parameters defined in Table 1 is used. The road and off-road scenarios are
characterized by friction coefficients of 1.0 and 0.4 respectively. In addition, the
road surface is located 5 cm above the off-road surface and an obstacle is placed
at 150 m in front of the vehicle. The virtual test driver, based on fuzzy logic, try
to avoid the obstacle and then, force the vehicle to go off-road. For the driver
model the cross track error and the vehicle’s orientation are used as inputs to
maintain the vehicle in the road’s center line.

3.1 Anti-lock Braking System - ABS

For this ABS model, the friction coefficient μ is assumed to be unknown and
therefore, the longitudinal slip sx was taken as control variable. It is defined as:

sx = − (vx − ΩrD)
|Ω|rD + vN

, (9)
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Table 1. Full-size vehicle parameters

Parameter Value Units

Velocity 90 km/h

Chassis mass 1927.8 kg

Chassis inertia Ixx = 452, Iyy = 2645.3, Izz = 2813.5 kg× m2

Suspension Double wishbone (front and rear) -

Tires P265/40 R18 -

Wheel base 2.9 m

Track front 1.53 m

Track rear 1.52 m

where vx is the vehicle velocity, Ω is the wheel angular velocity, rD is the tire
dynamic radius and vN is a fictitious velocity, introduced to avoid numerical
problems.

The ABS model is based on Fuzzy Logic because this strategy can handle
non-linearities better than linear control strategies. The proposed ABS model
works with a set of rules defined in Table 2.

Table 2. Fuzzy control rules for the proposed ABS model.

Longitudinal slip [-] Braking torque [N.m]

Low High

Medium Medium

High Small

In order to prove the effectiveness of the ABS model, two scenarios were
simulated. In the first one, a straight line braking maneuver is used. With the
ABS off, all wheels are locking instantly as we can see in the left upper plot
(dashed lines) of Fig. 4. In the other hand, with the ABS on, the wheels are
still rolling and then, it results in a smaller slip (0.1− 0.2), left upper plot (solid
lines) of Fig. 4. In addition, with the ABS on, the vehicle is reaching decelerations
up to v̇

g = 1.0, left bottom plot (solid line) of Fig. 4, which is the limit imposed
by the friction coefficient (μ = 1.0). The last scenario is built in order to test the
gain in stability using the ABS model. In this simulation, the vehicle is driving
in a straight line and at t = 3.6 s the steering wheel is applied and then at
t = 4.0 s, the brakes are triggered. With the ABS off, the wheels are locked by
the braking torque. Therefore, the vehicle follows a straight trajectory because
the front wheels are not capable to generate neither lateral or longitudinal forces.
In the case of ABS on, the vehicle follows the driver’s intentions because the front
wheels can generate lateral forces. These results are shown in the right multi-
frame shots of the trajectories in Fig. 4.
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Fig. 4. Left: braking in a straight line. Right: braking in a turn (— ABS on, - - - ABS
off)

3.2 Electronic Stability Program - ESP

The main objective of this system is to assist the driver in a critical driving
situations, e.g. to avoid an unexpected obstacle on the road, and also compensate
the disturbance produced by the driver in this critical scenario and thus prevent
loss of vehicle stability. The ESP analyze the current states of the vehicle using
two variables: direction of the driving steering and direction in which the vehicle
is moving. For that, ESP uses the simple handling vehicle model as a reference.
The difference between the actual yaw rate ω and the reference (Eq. 2) ωd, gives
to ESP the necessary information to respond in critical scenarios, see Fig. 5.
Finally, ESP triggers the ABS in order to apply the correct brake torque to the
selected wheel and then, a compensatory yaw moment T is generated.

Fig. 5. ESP control law.
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In Fig. 6, two simulations are compared. The solid line indicates the results
of an avoidance maneuver with ESP on, the dashed one considers the same
maneuver with ESP off. It is possible to distinguished that, the torque frequency
applied by ESP to the outer front wheel is high when the vehicle is on off-
road t = 5.75 → 8 s. This is because, there is a μ-split condition when the
vehicle goes off-road and come back to the road again, and this requires a torque
compensation to maintain the vehicle stability. In this period, the yaw angular
velocity (left upper plot), lateral acceleration (right upper plot) and total the
overall yaw moment (left bottom plot) are maintained in a safe range for the
ESP. Finally, ESP assisted the driver to maintain the desired path as indicated
by the multi-frame shot at the very left of Fig. 6.
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Fig. 6. Trajectory and main states of the vehicle: — ESP on, - - - ESP off.

3.3 Four-Wheel Steering System - 4WS

The 4WS was introduced by Nissan in its model R31 Skyline in the late of 1985.
The main advantages of this system are: improve the maneuverability at low
velocities and the lateral stability at high velocities. In [2], it is concluded that a
simple feed-forward control can improve the vehicle lateral stability. In this work
the controller monitors the front steering angle and depending of this value a
rear wheel angle is imposed, see Fig. 7.
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Fig. 7. Proposed feed-forward control law.

In Fig. 8 can be distinguished some benefits of the 4WS system. From t ≈ 5 s
to 7 s, there is a slight improvement of the 4WS system on the vehicle stability.
A large enhancement can be noticed between t ≈ 7 s to 9.5 s. In this interval,
the yaw angular velocity, lateral acceleration and the overall yaw moment are
maintained in a safe range due to the 4WS.
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4 Integrated Approach

For the integrated system, a hierarchical approach with two layers is employed,
i.e., the upper and the lower layer. The upper one uses the side slip angle as a
control variable to trigger the standalone controllers (lower layer), i.e., the ESP
and the 4WS. Therefore, the IC will use the 4WS when smaller front steering
wheel angles are imposed for the driver, and will use the ESP otherwise. To
trigger the correct standalone controller, a boundary for the side slip angle is
defined as follows:

IC =

{
4WS: on & ESP: off, if |β| ≤ βU

4WS: off & ESP: on, otherwise
(10)

where β represent the side slip angle of the vehicle and βU = 3◦ is the upper
bound value for β.

In Fig. 9, simulations of a vehicle with the ESP and 4WS with (IC) and
without integration is shown. In the multi-frame shots we can realize a smaller
lateral error of the vehicle using the IC system. In addition, the vehicle with IC
system use properly the brake torque on the outer front wheel as presented in
the bottom-right plot of Fig. 9.
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5 Conclusions

An integration system, called IC, of the ABS, ESP and 4WS was presented.
The approach used for the IC system is based on a hierarchical architecture.
The upper layer triggers the standalone controllers (lower layer) using the side
slip angle of the vehicle as a control variable. Simulations on a run-off-road
scenario shown an improvement on the vehicle’s lateral stability using the IC
system. Finally, an improvement of the overall vehicle dynamics of the integrated
approach against the non-integrated one can be concluded.
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Abstract. The available gearbox transmission ratios associated with
gear shifting strategies influence the vehicle performance and fuel con-
sumption because it changes the powertrain inertia and the engine oper-
ation point. However, the best configuration for the vehicle powertrain,
according to a specific driving condition, is difficult to be determined.
Therefore, this paper presents an Interactive Adaptive-Weight Genetic
Algorithm to optimize the vehicle powertrain gear ratios and the gear
shifting strategies to allow the vehicle to operate in the best compromise
among fuel consumption and performance in the urban driving scenario
provided by the FTP-72 cycle. The optimization process results in a fuel
saving of 10.61% and 50.12% improvement in the vehicle performance
when using the best-compromised configuration.

Keywords: Genetic Algorithm Optimization · Powertrain · Gear shift-
ing · Fuel consumption · Vehicular performance

1 Introduction

Vehicles propelled by internal combustion engines (ICE) are one of the most
prominent fossil fuel consumers around the world [1]. Optimized layouts for the
vehicle powertrain could save fuel, specially when the gear change is made at
the right moment, as in the case of an automated manual transmission (AMT)
or with the help of a driving assistance equipment. Gear shifting strategies for
fuel economy usually anticipate the upshift processes in order to force the ICE
to operate at a lower speed and higher torque condition. However, focusing
solely on fuel economy may lead to poor performance, since in case of a torque
demand increase the ICE would not be able to supply the required force, without
performing a downshift.

Several studies propose optimization techniques to improve the vehicle per-
formance and fuel consumption. In the paper presented by [2], a 6 gear AMT
vehicle propelled by a 2.2 L ICE presents 4.6% fuel saving with the optimization
of the gear shifting strategy on the New European Driving Cycle (NEDC) and
an improvement of 9.1% for the Wuhan city driving cycle. In another study,
despite employing a large tolerance for the resultant velocity profile, [3] achieved
c© Springer International Publishing AG 2018
J.C.M. Carvalho et al. (eds.), Multibody Mechatronic Systems,
Mechanisms and Machine Science 54, DOI 10.1007/978-3-319-67567-1 49
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34% fuel economy by optimizing the gear shifting strategy for fuel consumption
(eco-driving) in a 1.5 L vehicle with 5 gear ratios and considering variables asso-
ciated with traffic condition. According to [4], the eco-driving technique consists
in keeping the engine running at lower speed and performing the upshift with
the ICE operating inside the range of 2000–2500 rpm (according to the vehicle
design).

As mentioned before, powertrain setups that aim only at fuel saving usually
are associated with poor acceleration performance. In this concern, [5] optimizes
the gear shifting strategies to minimize fuel consumption, attending to the power
demand required by the driver. The optimized gear shifting strategies result in
25.4% for the Federal Test Procedure cycle (FTP).

In a previous work [6] analyses powertrains with 5 to 7 gear ratios designed
by the progressive and geometric gearboxes approaches, as proposed by [7]. This
study also carries out a gear shifting strategy optimization for each developed
powertrain configuration. The optimization presents 25.07% fuel saving for a 5
speed geometric gearbox as a best result over the FTP-72 cycle. In this paper an
Genetic Algorithm optimization is presented to define the vehicle powertrain gear
ratios and associated gear shifting strategy to improve the vehicle performance
and save fuel in the FTP-72 urban driving cycle.

2 Simulation Model

This paper focuses on the vehicle longitudinal dynamics simulation based on the
equations proposed by [8]. The simulation is performed in the Simulink interface
and starts by defining the required torque at the ICE Treq [Nm] Eq. (1), in which:
DA [N] represents the aerodynamic drag, Rx [N], the tires rolling resistance;
M [kg], the vehicle mass; Ie [kgm2], engine moment of inertia; Nt and It [kgm2],
the gearbox transmission ratio an inertia; Nd and Id [kgm2], the differential gear
ratio and inertia; Iw [kgm2], wheels inertia; r [m], tire radius (disregarding the
wheels rotation dynamics effects); ηtd is the powertrain mechanical efficiency.
The required acceleration areq [m/s2] is defined by the difference between the
current vehicle speed and the drive cycle objective speed Vc [m/s] one time step
Δt [s] ahead of the current simulation time.

Treq =
(Mareq + Rx + DA) r +

(
(Ie + It)(NtNd)2 + IdN

2
d + Iw

) areq

r

NtNdηtd
(1)

areq =
Vc − V

Δt
(2)

The aerodynamic drag DA [N] and the tires rolling resistance Rx [N] are
estimated by equations dependent on the vehicle speed V [m/s]. Where g [m/s2]
is the gravitational acceleration, CD is the drag coefficient and A [m2] represents
the vehicle frontal projected area.

DA =
1
2
ρV 2CDA (3)
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Rx = 0.01Mg

(
1 +

2.24V

100

)
(4)

Once the ICE required torque Treq is defined, it is compared to the engine
maximum torque curve (100% throttle) provided by the Fig. 1a. If the required
torque exceeds the ICE maximum limit, the clutch input torque is capped by the
100% throttle curve. During the gear shifting process, the gearbox input torque
Tt [Nm] will be limited by the clutch transmissible torque Tcl [Nm], defined
in function of the inner Ri [m] and external Ro [m] radii of the clutch disks,
the number of discs n, the friction coefficient μcl, and the normal force Fn [N]
applied by the clutch spring, as proposed by [9]. The Fn force is defined by a
graphic method according to the clutch pedal position during the shift process,
as proposed in [10].
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Fig. 1. Engine torque and specific fuel consumption maps [11,12]

Tcl =
2
3
μclFnn

R3
o − R3

i

R2
o − R2

i

(5)

If the engine output torque is superior to the transmissible torque Tcl, the gear-
box input must be equal to the transmissible torque (Tt = Tcl). Therefore, the
available traction force Fx [N] is calculated by Eq. (6) as a function of the vehicle
current acceleration ax [m/s2].

Fx =
TtNtNdηtd

r
− ((Ie + It)(NtNd)2 + Id N2

d + Iw)
ax

r2
(6)

However, in some cases, the available traction force is restricted by the trac-
tion limit of the tire-ground contact Fmax [N] given by Eq. (7), in function of the
tire-ground peak friction coefficient μ, the vehicle wheelbase L [m], the height of
the gravity center h [m], and the longitudinal distance between the vehicle rear
axle and the gravity center c [m], as proposed by [7].
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Fmax = μ

(
Mg c

2L
− Mh ax

2L

)
(7)

The vehicle acceleration ax [m/s2] is calculated by Eq. (8), depending on the
traction force Ft [N], which equals either the transmissible force if Fx ≥ Fmax ∴
Ft = Fmax, or becomes equal to the available traction force if Fx < Fmax ∴
Ft = Fx.

ax =
Ft − Rx − DA

M
(8)

Due to the fact that Eqs. (6) and (7) depend on the resultant acceleration
ax provided by the Eq. (8), the estimated initial condition that considers ax =
areq may generate inaccurate results. Therefore, an iterative process among the
Eqs. (6), (7) and (8) must be performed until the convergence of Ft and ax

happens. The vehicle acceleration is integrated by ODE45 to define the current
vehicle speed V . The engine real output torque Te [Nm] used to calculate the
fuel consumption is defined by Eq. (9):

Table 1. Vehicle parameters [11]

Components Units Speed

1st 2nd 3rd 4th 5th

Gearbox ratio (Nt) - 4.27 2.35 1.48 1.05 0.8

Gearbox inertia (It) kgm2 0.0017 0.0022 0.0029 0.0039 0.0054

Engine inertia (Ie) kgm2 0.1367

Differential inertia (Id) kgm2 9.22E−04

Wheels + tires inertia (Iw) kgm2 2

Differential ratio (Nd) - 4.87

Powertrain efficiency (ηtd) - 0.9

Total vehicle mass (M) kg 980

Vehicle frontal area (A) m2 1.8

Drag coefficient (Cd) - 0.33

Tires 175/70 R13 radii (r) m 0.2876

Tire peak friction coefficient (μ) - 0.9

Wheelbase (L) m 2.443

Gravity center height (h) m 0.53

Rear axle to gravity center (c) m 1.460

Clutch friction coefficient (μcl) - 0.27

Clutch external disk radius (Ro) mm 95

Clutch internal disk radius (Ri) mm 67

Clutch faces (n) - 2
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Te =
Ftr

NtNdηtd
+ ((Ie + It)(NtNd)2 + Id N2

d + Iw)
ax

r
(9)

The engine speed ωe [rad/s] is provided by Eq. (10). The fuel consump-
tion Cl [l] is calculated by Eq. (11), according to the ICE fuel consumption map
Ce(dt) [g/kWh] (Fig. 1b).

ωe =
V NdNt

r
(10)

Cl =
∫ tc

0

Ce(dt)Teωe

3600ρc
(11)

Where tc [s] represents the cycle duration, and ρc [kg/m3] is the fuel density.
Table 1 shows the original parameters for the simulated vehicle.

3 Optimization Problem

The optimization problem is formulated by two optimization criteria. The first
one is to minimize the ICE fuel consumption Cl resultant from the simulation
process. The second one aims to improve the vehicle performance compared to
the FTP-72 driving cycle. The vehicle performance is measured by the correlation
coefficient R [11] as given by Eq. (12), in which Vci represents the FTP-72 speed,
Vi is the simulated vehicle speed and V̄c and V̄ are the mean values of the
standardized profile and the simulated cycle, respectively:

R =

√√
√
√

(∑ (
Vci − V̄c

) (
Vi − V̄

))2

∑ (
Vci − V̄c

)2 ∑ (
Vi − V̄

)2 (12)

The fact that the perfect correlation between the simulated speed profile and
the driving cycle results would happen at R = 1, the goal of the optimization is
to minimize the difference 1 − R for improving the vehicle performance.

Therefore the optimization criteria are:

min f1(X) = 1 − R(X) (13)

min f2(X) = Cl(X) (14)

Where X represents the chromosome that contains the design variables,
such as the vehicle gearbox available gear ratios Nt and differential transmis-
sion ratio Nd. The chromosome X also defines the upshift speeds Vun [m/s]
(1 ≤ n ≤ 4) that indicates the speed limit where the driver/AMT must change
the gearbox transmission ratio V = Vun ∴ Ntn −→ Nt(n+1).

The downshift speed Vdn [m/s] must be lower than the upshift speed to avoid
instabilities [13]. Therefore, this difference is calculated by Eq. (16) according to
the variable Ds [m/s] (also a design variable to be optimized) that is subtracted
for the upshift speed Vun.

[X] = [Nt1 Nt2 Nt3 Nt4 Nt5 Nd Vu1 Vu2 Vu3 Vu4 Ds] (15)
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Vdn = Vun − Ds (16)

In all cases the proposed gear ratios and gear shifting speeds must respect
the ICE maximum and minimum speeds, ωmax = 471 rad/s (4500 rpm) and ωmin

(idle speed) = 89 rad/s (850 rpm) respectively. The problem constraints C are
listed in Eq. 17.

C =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Vun < Vu(n+1)

Vdn > Vd(n+1)

Ntn ≥ Nt(n+1) + 0.1
Nt1 ≤ 6
Nt5 ≥ 0.6
4 ≤ Nd ≤ 7
ωmin ≤ ωe ≤ ωmax

0.3 ≤ Ds ≤ 3
(1 − R) ≤ 4.1 × 10−4

(17)

Also, an acceptable performance limit ((1−R) ≤ 4.1×10−4) was stipulated,
which corresponds to the standard vehicle setup (Table 1) under the gear shifting
strategy proposed by [14] for a vehicle similar to the one simulated in this work.

For the new configurations, the values for the powertrain inertia Id and Itn
are interpolated among the new gear ratios from the chromosome X and the
gear ratios and moments of inertia shown in Table 1, as proposed in [6].

3.1 Interactive Adaptive-Weight Genetic Algorithm

The optimization process starts with 50 individuals generated with random
design variables for the chromosomes X (respecting the constraints C). These
results are stored in a database called population that is classified according to
the fitness value Ft(X) defined by the interactive adaptive-weight fitness app-
roach proposed by [15]. The fitness value is calculated by Eq. (18) in function
of the maximum and minimum values for each optimization criterion presented
in the population. This technique also considers a Pp = 1 value to the non-
dominated solutions that correspond to the Pareto frontier. The results that are
fully dominated in the two optimization criteria receive a penalty value Pp = 0,
which decreases the selection probability.

Ft(X) =
fmax
1 − f1(X)
fmax
1 − fmin

1

+
fmax
2 − f2(X)
fmax
2 − fmin

2

+ Pp(X) (18)

To combine the design variables of the chromosomes and generate new indi-
viduals in the population, the roulette wheel technique [16] is used to select two
members (M1 and M2) of the population randomly. The solutions that present
higher fitness values Ft(X) have the selection probability SP (X) increased.
The Eq. (19) defines the selection probability for N members of the popula-
tion (1 ≤ X ≤ N).

SP (X) =
Ft(X)

∑N
X=1 Ft(X)

(19)
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The design variables of the selected members M1 and M2 are randomly com-
bined by the crossover operator (0 ≤ Cr ≤ 1). If Cr ≤ 0.5 the design variable
from M1 is selected for the new chromosome. On the other hand, if Cr > 0.5 a
design variable coming from M2 is added to X. If all design variables respect the
constraints C, the crossover chromosome is simulated and the achieved result
added to the population. If the crossover chromosome does not comply with the
constraints, the combination process is repeated until an adequate chromosome
is found.

To provide variability in the design variables values, the mutation opera-
tor (0 ≤ Mt ≤ 1) changes randomly some parameters of the crossover chro-
mosome. If Mt < 0.5 the mutated chromosome keeps the design variable value
from the crossover output. If Mt ≥ 0.5, the design variable is modified accord-
ing to −2 ≤ Vmut ≤ 2 for the speeds Vun and Ds, or −0.1 ≤ Nmut ≤ 0.1 for
the gear ratios Ntn and Nd. The mutation parameters Vmut and Nmut are then
added to their respective design variables at the crossover chromosome. As for
the crossover process, the mutation operator runs until it finds a mutated chro-
mosome that respects the constraints C, and then this chromosome is simulated
and included in the population.

Furthermore, the population size tends to increase through the evolutionary
process. When the population reaches the limit of Plim = 100, the last Pareto
ranking individuals (worst results) are removed in order to control the population
size. To avoid the elimination of non-dominated solutions (Pareto rank = 1), the
population limit increases (Plim = Plim + 50) when the solutions of the Pareto
frontier become higher than Plim.

The optimization algorithm ends if the Pareto frontier is repeated along 100
consecutive generations (crossover and mutation). When the algorithm reaches
the convergence criterion, the results that compose the Pareto frontier of the
non-dominated solutions are considered as optimized configurations.

4 Optimization Results

By running the presented algorithm and after its convergence, the results shown
in Fig. 2 were found. This figure also shows the initial population and, for com-
parison, the fuel consumption and performance obtained with the standard setup
of the vehicle. Among the optimized solutions three results were selected: Min-
imum f1, which represents the best performance solution; Minimum f2, which
corresponds to the fuel economy configuration; Maximum Ft, which is the best-
compromised solution between the optimization criteria. Table 2 compares the
results of the optimized solutions with the standard configuration; their respec-
tive design variables are listed in Table 3.

According to the powertrain configurations of the selected optimized solu-
tions, the vehicle runs the ICE in different regimes. Figure 3 compares the ICE
operation histogram according to the different set of gear ratios and shifting
strategies. The minimum f1 solution improves the vehicle performance by keep-
ing the ICE running at higher speeds and by deploying more overall transmission
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Fig. 2. Pareto frontier of non-dominated solutions along with initial population

Table 2. Optimized solution results compared to the standard configuration

Solutions f1 Performance (1 − R) f2 Fuel consumption (Cl) Fitness Ft

Standard 0.000405 703.84 ml - - -

Min. f1 0.000086 704.71 ml 2.1543

Min. f2 0.000397 619.12 ml 2.0000

Max Ft 0.000202 632.31 ml 2.5051

Table 3. Optimized design variables compared to the standard configuration

Solutions Nt1 Nt2 Nt3 Nt4 Nt5 Nd Vu1 Vu2 Vu3 Vu4 Ds

Standard 4.27 2.35 1.48 1.05 0.80 4.87 4.17 8.33 13.88 20.00 0.83

Min. f1 4.40 4.24 2.02 1.11 0.71 6.60 3.50 4.57 5.02 15.99 2.38

Min. f2 4.45 4.06 1.47 1.03 0.61 5.11 2.27 4.91 9.53 20.02 2.23

Max Ft 4.39 4.24 1.40 1.03 0.61 5.24 2.84 5.33 10.22 20.23 2.56

ratios (NtNd) that amplify torque. It decreases the ICE output torque, minimiz-
ing the clutch losses during the gearshifts. On the other hand, the minimum
f2 solution aims at fuel economy, anticipating the upshift, especially at Vu1, in
order to make the ICE operate at lower speed and higher torque conditions. It
represents a more efficient region of the engine map.

The maximum Ft design presents the best compromised solution between
performance and fuel consumption, with a powertrain configuration close to
the one presented by the fuel economy solution (considering the total gear
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Fig. 3. Frequency histograms for the ICE operation

ratio NtNd). However, this compromised setup presented higher Vun values,
which postponed the upshifts, improving this way the overall performance of
the vehicle as compared to the minimum f2 solution. Furthermore, the compro-
mised setup prevented the ICE to operate close to its maximum speed (ωmax),
ensuring fuel savings in contrast with the minimum f1 configuration.

5 Conclusion

In this paper a multiobjective optimization problem was formulated to simulta-
neously optimize the performance and fuel consumption of a vehicle by changing
the powertrain transmission ratios and the gear shifting strategy.

The optimization delivered a set of optimum solutions, from which three main
layouts were selected. The first configuration presented the best performance
metric (1 − R), with 78.76% improvement when compared with the standard
setup and by only increasing by 0.12% the fuel consumption. The second solu-
tion provided by the algorithm presented the best fuel economy, with 12.04%
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decrease in consumption when compared with the standard configuration along
with 1.97% improvement in performance. The last selected configuration is the
best compromised solution, which outputted the maximum fitness value with
50.12% performance improvement associated with 10.16% improvement in fuel
saving as compared to the standard layout.

However, the powertrain configurations achieved by this study do not con-
sider constructive issues of the gearbox and of the differential components. There-
fore, an improved optimization algorithm should be developed in order to reach
a feasible assembly setup, with transmission ratios as close as possible to the
theoretical values achieved with the process described in this paper.

Furthermore, this work focused only upon an urban cycle. Therefore, dif-
ferent driving patterns like highways and profiles with higher power demands
(high acceleration) should be included in the simulations. This would ensure
a more reliable powertrain configuration capable of delivering not only good
performance, but also better fuel consumption at all possible driving scenarios.
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Abstract. Wheel is an important component for the whole bicycle. Wheels are
not only loading and moving parts but also shock absorbing components. The
traditional bicycle wheels rely on tire to absorb shock from rough roads as their
spokes are rigid. In this paper, we propose a new type of bicycle wheel. This
wheel is wider than the traditional ones and it has two columns of spokes. We
replace the rigid spokes with soft strings of some elastic materials to increase the
radial deformations while keeping sufficient lateral stiffness. Through estab-
lishing objective function of optimization, we select the best connection con-
figuration of spokes. Then, we analyze its mechanical properties. Compared
with the traditional bicycle wheels, this new wheel has better riding and shock
absorbing characteristics.

Keywords: Bicycle wheel � Flexible spoke � Shock absorbing � Optimization
analysis

1 Introduction

Bicycle is a fundamental vehicle in people’s daily life. The bicycle has been invented
more than 100 years. Due to environmental protection and traffic congestion problem,
bicycles once again become the favorite traffic and fitness tools of all people, especially
the residents in developed countries. In recent years, the global climate problem is
becoming more and more serious. So people pay more attention to green travels.
Bicycle travel is a good choice. Bicycles are becoming an entertainment tools for
sports, leisure and fitness. So people attach great importance to the safety and comfort
of bicycle.

Traditional bicycle wheels rely heavily on the tire to absorb shock from rough
roads. The damping effect is relatively limited. In order to increase the comfort of a
bicycle, people have accomplished some design and research on bicycle structure. For
example, people use various sensors and other methods to measure the speed signal,

© Springer International Publishing AG 2018
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acceleration signal and vibration of bicycle under different road conditions [1–3].
Besides, people have conducted some research on the structure of bicycle. Auxiliary
modes are designed to analyze the relationship between the radial stiffness and spoke
load distribution [4, 5]. Some new materials are also used to the structure design of
bicycle [6]. Some people did experiments to assess the relative contribution of bicycle
components on the vibration induced to the bicyclist [7, 8].

Mechanical property is a key indicator of bicycle comfort. In order to improve the
mechanical property of bicycle, people also investigated the spokes’ pre-stress [9] and
the relationship between sportsman’s status and bicycle performance [10, 11]. Besides,
people accomplished some research on the influence of wheel radius on bicycle
properties [12].

The comfort and security are two important indicators of a bicycle. A lot of research
has been finished to improve the bicycle comfort. Some people proposed a test protocol
evaluating the comfort of bicycles using in-situ measurements [13]. The cyclist’s
weight and posture have an effect on riding comfort [14]. While studying the comfort
of bicycle, security cannot be ignored. A large number of children are injured by
bicycle wheels when they ride bicycles [15, 16]. So we should pay more attention to
the security of bicycles.

The aim of this paper is to propose a design scheme that improves the comfort and
security of a bicycle. Through optimization analysis, we select the best connection
configuration of spokes. Then we analyze the load and stiffness of the wheel. Some
materials with low elastic modulus can be used to replace the steel spokes. For
example, we can use high elastic rubber to connect rim and hub. The flexible spokes
will not only improve the comfort of bicycle, but also keep the security of bicycle.

2 Design of Bicycle Wheel with Flexible Spokes

The wheel model is shown in Fig. 1. The spokes are made of soft material. The
configuration of spokes determines the stiffness of the wheel. We will discuss the
configuration of spokes in this section.

Fig. 1. Soft spoke concept model of a wheel
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2.1 The Connection Configuration of Wheel Spokes

The configuration of spokes attached to a row on the hub is shown in Fig. 2.

The relative position relationship of holes in rim and holes in hub is shown in
Fig. 2, where p0 is the central plane of wheel. The two holes in the hub are marked with
H1 and H2. The holes in rim are marked with Hij (i = 1, 2; j = 1, 2). The configuration
rule is that every hole in the hub is connected to arbitrary two holes in the rim, but the
holes in rim is only connected to one hole in the hub. The initial lengths of all spokes
are approximately identical. Then we calculate the total number of configurations
according to the permutation and combination:

C2
4C

2
2 ¼ 6 ð1Þ

These six configurations are exhaustively illustrated in Fig. 3.

Further, the two holes in rim connected with H1 and the two holes in rim connected
with H2 are symmetrical about plane p0. Then we get the following four different
connection configurations (Fig. 4).

Fig. 2. Configuration of spokes and the number of holes

Fig. 3. The six configurations

530 S. Hou et al.



2.2 Optimal Selection of the Four Different Connection Configurations

The four connection configurations are listed in Table 1.

The length of spoke which connects hole H1 and the ith line hole in rim is
l1i i ¼ 1; 2ð Þ. So the lengths are l11 and l12. The length of spoke which connects hole H2

and the ith line hole in rim is l2i j ¼ 1; 2ð Þ. So the lengths are l21 and l22. The opti-
mization goal is that the lengths of all spokes are as similar as possible. According to
the symmetry of wheel, we propose the objective function of f lð Þ.

f lð Þ ¼ 1
2

X2
i¼1

l1i � l0ð Þ2 ð2Þ

where l0 is the mean value and l0 ¼ l11 þ l12ð Þ=2.
The length of the spoke that connects hole H1 and hole H11 is lH1H11 , the length of

the spoke that connects hole H1 and hole H12 is lH1H12 , and the length of spoke which
connects hole H2 and hole H22 is lH2H22 .

Then we get

f lð Þ ¼ l11 � l0ð Þ2 þ l12 � l0ð Þ2
h i

=2 ð3Þ

where l11 2 lH1H11 ; lH1H12f g, l12 2 lH1H21 ; lH1H22f g.
According to the three-dimensional model of a wheel, we get the length of every

spoke, listed in Table 2.

Fig. 4. The symmetrical four configurations

Table 1. Connection configurations of spokes

Configuration H1 H2

1 H11 H21 H12 H22

2 H12 H22 H11 H21

3 H12 H21 H11 H22

4 H11 H22 H12 H21
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Then we calculate the objective function of the four connection configurations. The
spokes’ length of four connection configurations are shown in Table 3.

Then we get the objective functions f lð Þ of the four connection configurations
according to formula (2), listed in Table 4.

According to Table 4, we know that the least f lð Þ is f3 lð Þ. The smaller the objective
function is, the better the mechanical property of wheel will be. So connection con-
figuration 3 is the best connection which is shown in Fig. 5.

Table 2. The length of every spoke (mm)

Hole H11 H12 H21 H22

H1 268.64 272.16 280.44 283.82
H2 272.14 268.65 283.80 280.45

Table 3. The spokes’ length of four configurations (mm)

Configuration l11 l12 l21 l22
1 268.64 280.44 268.65 280.45
2 272.16 283.82 272.14 283.80
3 272.16 280.44 272.14 280.45
4 268.64 283.82 268.65 283.80

Table 4. The objective functions of four configuration

Configuration 1 2 3 4

f(l) 34.81 33.99 17.14 57.61

Fig. 5. Connection configuration three
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3 Force Analysis of the Wheel Spokes

3.1 Vertical and Longitudinal Loads

The vertical load P is shown in Fig. 6.

Firstly, we analyze the forces of spokes connecting hole H1 which is shown in
Fig. 7. Hole H1 is linked with two spokes.

The hub has 36 holes in every column, so there are 36 spokes which connect the
hub’s first column hole and rim’s first column hole. We call them spoke H1R1. Suppose
that the number of spoke H1R1 is an even integer denoted with n, the subtended angle
between any two adjacent spokes is h ¼ 2p=n which is illustrated in Fig. 8.

Assume that the wheel is in the position shown in Fig. 8, two spokes are in the
horizontal line (x-axis) and two spokes are in a vertical line (y-axis). Then we establish
the static equilibrium equation in the y-direction

P11 ¼
Xn
i¼1

Ni cos ai ð4Þ

rim1

rim2

 

Fig. 6. Vertical load P along y-axis

Holes in hub

Holes in rim

1H 2H

Fig. 7. Spokes linked with H1
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where ai ¼ i� 1ð Þh is the subtended angle between the ith spoke and the first one, Ni is
the tensile force of the ith spoke, P11 is the load acting on spoke that connects hub’s
hole in the first column and first rim.

As shown in Fig. 8, we get compatibility equation of deformation according to the
structure geometry of spokes.

The original length of spokes is l. Assume that Dli i ¼ 1; 2; 3 � � � nð Þ is the defor-
mation of the ith spoke, and a1 equals zero. We immediately get the following equation
according to the geometry relationship shown in Fig. 8:

Dli ¼ Dl1 cos ai ð5Þ

According to Hooke’s law, Dl ¼ Fl=EA where F is the tensile load, l is the initial
length of a spoke, E is the elastic modulus of the material and A is the cross-sectional
area of the spoke. We then obtain Dli ¼ Nil=EA.

Associating the compatibility equation of deformation and Hooke’s law, we get the
equation about tensile force of the ith spoke.

Ni ¼ N1 cos ai ð6Þ

Substituting Eq. (6) into the equilibrium Eq. (4), we gain that P11 ¼
Pn
i¼1

N1 cos2 ai.

According to the trigonometric identity cos2 a ¼ 1þ cos 2að Þ=2, we immediately
have:

P11 ¼ 1
2

nþ
Xn
i¼1

cos 2ai

 !
N1 ð7Þ

where ai ¼ i� 1ð Þ2p=n is an angle between 0–2p, and it’s arithmetic progression

satisfies that
Pn
i¼1

cos 2ai ¼ 0. Then we gain N1 ¼ 2P11=n, and

11P

2N
3N

iN

2α
3α
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1nN − nN 1N
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θ
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2
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3
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Fig. 8. The force and deformation geometry of spoke H1R1
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Ni ¼ 2P11

n
cos

2p i� 1ð Þ
n

ð8Þ

Therefore, the inner tensile force of every spoke is changing between 0 and 2P11=n.
Practically, the spokes don’t pass through the center of a wheel, and the angle between
a spoke and the vertical line is u11 which is shown in Fig. 10. Considering the
influence of angle u11, we have

Ni ¼ 2P11

n cosu11
cos

2p i� 1ð Þ
n

ð9Þ

Then we calculate angle u11 according to the geometrical relationship in Fig. 9.

In Fig. 9, o is the origin of coordinate system o-xyz. o0 is the center of the first
column in hub. R is the radius of wheel and r is the radius of hub. a11 is the distance
between point o and o0. oA equals R. o0C equals r and l is the angle between o0C and
CD. l equals 16p=n. The number of holes in clockwise direction is n/2. There are four
holes between connection point in rim and connection point in hub. So the angle
l ¼ 2p

n=2 � 4 ¼ 16p=n. According to the geometrical relationship in triangle ABC, we

have

cosu11 ¼
AB
AC

¼ R� r cos lffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2 þ r2 þ a211 � 2Rr cos l

p ð10Þ

Namely,

Ni ¼ 2P11

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2 þ r2 þ a211 � 2Rr cos l

p
n R� r cos lð Þ cos

2p i� 1ð Þ
n

ð11Þ

Fig. 9. Schematic sketch angle between a spoke and the vertical line
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According to the above calculation, we get the force of every spoke. Supposing that
the force of a spoke that connects the hub’s hole in the kth and rim j is
NiðkjÞ k ¼ 1; 2; j ¼ 1; 2ð Þ, we get

Ni kjð Þ ¼
2Pkj

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2 þ r2 þ a2kj � 2Rr cos l

q
n R� r cos lð Þ cos

2p i� 1ð Þ
n

ð12Þ

where akj is the distance between plane of hole in the hub’s kth column and plane of
rim j, Pkj is the load acting on the spoke that connects the hole in hub’s kth column and
rim j. The wheel is symmetric about x-axis and y-axis simultaneously, so we get the
force of every spoke under the longitudinal load in the x-direction.

Ni kjð Þ ¼
2Pkj

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2 þ r2 þ a2kj � 2Rr cos l

q
n R� r cos lð Þ cos

2p i� 1ð Þ
n

ð13Þ

3.2 Lateral Load Along z-direction

The simplified model under the load in z-direction is illustrated in Fig. 10.

In Fig. 10, AC and AC0 are the original length of a spoke, AC1 and AC2 are the
spoke lengths after deformation, Dlz is the displacement in the axial direction.

3.2.1 When the Displacement Is an Infinitesimal
As Dlz is an infinitesimal, we get Dl11 ¼ Dlz sinu11, where Dl11 is the deformation of
spoke. According to Hooke’s law, we know that Dl11 ¼ F11l11=EA, and then we get the
tensile force of the spoke

y

z

x

o

11ϕ11ϕ

zlΔzlΔ C
C′

1C2C

A

P

Fig. 10. Simplified model under z-axis direction load
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F11 ¼ Dl11
l11

EA ¼ Dlzsinu11

l11
EA ð14Þ

Then we get the force of every spoke Fkj k ¼ 1; 2; j ¼ 1; 2ð Þ

Fkj ¼ Dlkj
lkj

EA ¼ Dlzsinukj

lkj
EA ð15Þ

where Fkj is the force of the spoke that connects the hub’s hole in the kth column and
rim j. lkj is the original length of the spoke that connects the hub’s hole in the kth
column and rim j. Dlkj is the deformation of spoke lkj. ukj is the angle between spoke lkj
and perpendicular bisector.

3.2.2 When the Displacement Is not Infinitesimal
According to the geometric relationship, we get the lengths of AC1 and AC2.

AC1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l211 þDl2z þ 2Dlza11

q
; AC2 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l211 þDl2z � 2Dlza11

q

Then we get the deformations of AC and AC0.

DlAC ¼ AC1 � l11 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l211 þDl2z þ 2Dlza11

q
� l11;DlAC0 ¼ l11 � AC2

¼ l11 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l211 þDl2z � 2Dlza11

q
ð16Þ

According to Hooke’s law, we have Dl ¼ Fl=EA. Then we get the tensile force of
every spoke which is longer than the length before deformation F0

kj k ¼ 1; 2; j ¼ 1; 2ð Þ.

F0
kj ¼

Dlkj
lkj

EA ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l2kj þDl2z þ 2Dlzakj

q
� lkj

lkj
EA ð17Þ

We also get the tensile force of every spoke that is shorter than the length before
deformation F00

kj k ¼ 1; 2; j ¼ 1; 2ð Þ.

F00
kj ¼

Dlkj
lkj

EA ¼
lkj �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l2kj þDl2z � 2Dlzakj

q
lkj

EA ð18Þ

3.3 Torques Around x- and y-directions

The schematic diagram of deformation is shown in Fig. 11.
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Dl011 ¼ a11dh ð19Þ

In Fig. 11, dh is a tiny torsional angle under the action of torque T exerting on the
wheel, and Dl011 is the displacement of a spoke, a01 is zero, and Dl01 ¼ Dl011. Assume that
Dl01ði ¼ 1; 2; 3 � � � nÞ is the deformation of the ith spoke. We immediately get the fol-
lowing equation according to the geometry relationship Dl0i ¼ Dl01 cos a

0
i ¼ Dl011 cos a

0
i.

According to Hooke’s law, we obtain that Dl0i ¼ N 0
i l11=EA where N 0

i is the tensile force
of the ith spoke. Then we get the equation of the tensile force of the ith spoke
N 0
i ¼ N 0

1 cos a
0
i. The angle between a spoke and the vertical line is u11, so we get the

relationship between the torque T11 acting on spoke H1R1 and the tensile force N 0
i .

T11 ¼
Xn
i¼1

N 0
i cos a

0
ia11 cosu11 ¼

na11N 0
1 cosu11

2
þ a11N 0

1 cosu11

2

Xn
i¼1

cos2a0i ð20Þ

where a0i ¼ i� 1ð Þ2p=n is an angle between 0–2p, and it’s arithmetic progression

satisfies that
Pn
i¼1

cos2a0i ¼ 0. Then we get T11 ¼ na11N 0
1 cosu11=2.

According to Hooke’s law, we know that N 0
1 ¼ Dl01EA=l11 ¼ a11dhEA=l11. Then

we have

T11 ¼ na211EA cosu11dh=2l11 ð21Þ

We have the tensile force of the ith spoke N 0
i .

N 0
i ¼

a11dhEA
l11

cos i� 1ð Þ 2p
n

ð22Þ
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Fig. 11. Schematic diagram under torque T around x-axis
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Then we get the tensile force of every spoke N 0
iðkjÞ.

N 0
iðkjÞ ¼

akjdhEA
lkj

cos i� 1ð Þ 2p
n

ð23Þ

The wheel is symmetric about x-axis and y-axis, so we get the force of every spoke
resulting from the torque around y-direction.

N 0
iðkjÞ ¼

akjdhEA
lkj

cos i� 1ð Þ 2p
n

ð24Þ

3.4 Torque Around z-direction

The deformation under the action of torque T around z-axis is shown in Fig. 12.

In Fig. 12, Dl011 is the deformation of a spoke. dh0 is the torsional angle under the
torque T around z-axis.

dh0 ¼ T=Cz ð25Þ

where Cz is the torsional stiffness around z-axis.
So the deformation is Dl011 ¼ dh0r. According to Hooke’s law, we get the tensile

force of every spoke.

N 0
i ¼ Dl011EA=l11 ¼ rEAdh0=l11 ð26Þ

Then we get the tensile force of every spoke N 0
iðkjÞ ¼ rEAdh0=lkj. The moment of a

force F contributed to the axis of hub exerting at point r is M ¼ r� F. Supposing that

x

y

o
11l′Δ

′δθHub
r

Rim

Fig. 12. Deformation geometry of spoke under torque T around z-axis
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M ¼ Mx;My;Mz
� �

, r ¼ x; y; zð Þ, and F ¼ Fx;Fy;Fz
� �

, we get the torque about the axes
x, y and z expressed with the following equation.

Mx

My

Mz

2
4

3
5 ¼

0 �z y
z 0 �x
�y x 0

2
4

3
5 Fx

Fy

Fz

2
4

3
5 ð27Þ

The vector Ni and ri are represented in Fig. 13, where bi is the angle between y-axis
and oB.

According to the geometry relationship in space shown in Fig. 11, we get the vector
Ni and the corresponding position vector ri:

Ni ¼
Nx cos bi þNy sin bi
Ny cos bi � Nx sinbi

Nz

2
4

3
5 ri ¼

rx cos bi þ ry sin bi
ry cos bi � rx sin bi

a11

2
4

3
5

where rx ¼ r sin l, ry ¼ r cos l Nx ¼ r sin l cosu11

R� r cos l
rEAdh0

l11

� �
, Ny ¼ rEAdh0

l11
cosu11,

and Nz ¼ a11 cosu11

R� r cos l
rEAdh0

l11

� �
.

Then we gain that

Mx

My

Mz

2
64

3
75
i

¼
0 �a11 ry cosbi � rx sin bi
a11 0 �rx cos bi � ry sin bi

rx sin bi � ry cos bi rx cos bi þ ry sin bi 0

2
64

3
75

Nx cos bi þNy sin bi
Ny cos bi � Nx sin bi

Nz

2
64

3
75:

x

y

o
iΝ

Hub ir

Biβ

Rim

Fig. 13. Vectors of Ni and ri
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We get the resultant torque about the axes x, y and z

Mx ¼
Pn
i¼1

Mxi ¼ a11 cosu11 2r cos l� Rð Þ
R� r cos l

rEAdh0

l11

� �Xn
i¼1

cos bi

My ¼
Xn
i¼1

Myi ¼ a11 cosu11 R� 2r cos lð Þ
R� r cos l

rEAdh0

l11

� �Xn
i¼1

sin bi

Mz ¼
Xn
i¼1

Mzi ¼ nrR sin l cosu11

R� r cos l
rEAdh0

l11

� �
ð28Þ

where bi is an angle between 0–2p, and its arithmetic progression satisfiesPn
i¼1

cos bi ¼ 0.

Then we immediately gain that Mx ¼ 0, My ¼ 0. So we get the torque T0
11 that acts

on spoke which connects the hub’s hole in the first column and rim 1.

T0
11 ¼ 0 0

nrR sin l cosu11

R� r cos l
rEAdh0

l11

� �� �T
ð29Þ

Then we get T 0
11 ¼

nrRsinlcosu11

R� rcosl
rEAdh0

l11

� �
. The torque Tkj that acts on the spoke

which connects the hub’s kth column hole and rim j can be expressed as

Tkj ¼
nrRsinlcosukj

R� rcosl
rEAdh0

lkj

� �
ð30Þ

Then we get the torque T around the z-axis.

T ¼
X2
k¼1

X2
j¼1

Tkj ¼ r2nREAdh0sinl
R� rcosl

X2
k¼1

X2
j¼1

cosukj

lkj
ð31Þ

4 The Six-Directional Stiffnesses of a Wheel

4.1 The Stiffnesses of a Wheel in Vertical and Longitudinal Directions

Assume that the deformation in y-axis is Dly, then we get the relationship between the
deformation and load. Figure 14 represents the spoke H1R1 that connects the hub’s
hole in the first column and rim 1.
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The load P11 acts on the spoke H1R1. According to Eq. (9), we get N1 ¼ 2P11=
n cosu11. According toHooke’s law,we getDl11 ¼ 2l11P11=nEA cosu11, where l11 is the
original length of spokeH1R1 andDl11 is the deformation of spokeH1R1.According to the
geometrical relationship shown in Fig. 9. We get Dly ¼ Dl11 cosu11. Then, we get

Dly ¼ 2l11P11=nEA ð32Þ

Similarly, we get the equation about deformation Dly and load P12.

Dly ¼ 2l12P12=nEA ð33Þ

According to the above calculation and the symmetry of a wheel, we get the load
about y-axis.

P ¼ 2 P11 þ P12ð Þ ð34Þ

Substituting Eqs. (32) and (33) into Eq. (34), we get

Dly ¼ P
nEA

l11l12
l11 þ l12

ð35Þ

According to the calculation in Fig. 9, we obtain the original length of spoke
lkj ¼ R� r cos lð Þ=cosukj, where lkj k ¼ 1; j ¼ 1; 2ð Þ is the original length of the spoke
that connects hub’s hole in the kth column and rim j. The wheel’s deformation along
y-direction is

Dly ¼ P R� r cos lð Þ
nEA

X2
j¼1

1
cosu1j

ð36Þ

y

z

x
11ϕrim1

rim2

11P

o

Fig. 14. The wheel under load P11
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According to the deformation Dly, we get the stiffness in y-direction ky.

ky ¼ P
Dly

¼ nEA
R� r cos l

X2
j¼1

cosu1j ð37Þ

According to the symmetry of a wheel, the stiffnesses in the x- and y-directions
must be the same. The stiffness along the x-axis is

kx ¼ P
Dlx

¼ nEA
R� r cos l

X2
j¼1

cosu1j ð38Þ

4.2 The Stiffness of Wheel Along z-axis

4.2.1 When the Displacement Is an Infinitesimal
According to the equation Fkj ¼ Dlkj=EAlkj ¼ Dlzsinukj=EAlkj, we get the load Pkj that
acts on the spoke which connects hub’s hole in the kth column and rim j.

Pkj ¼ nFkjsinukj ¼ nEAsin2ukjDlz=lkj ð39Þ

So we get the load P along z-direction.

P ¼
X2
k¼1

X2
j¼1

nFkjsinukj ¼
nDlzEA

R� r cos l

X2
k¼1

X2
j¼1

sin2ukj cosukj ð40Þ

So the stiffness along the z-axis is

kz ¼ P
Dlz

¼ nEA
R� r cos l

X2
k¼1

X2
j¼1

sin2ukjcosukj ð41Þ

4.2.2 When the Displacement Is not Infinitesimal

According to F0
kj ¼

EADlkj
lkj

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l2kj þDl2z þ 2Dlzakj

q
� lkj

lkj
EA and F00

kj ¼
EADlkj
lkj

¼

lkj �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l2kj þDl2z � 2Dlzakj

q
lkj

EA, we get the load Pkj that acts on the spoke which connects

hub’s hole in the kth column and rim j.

P0
kj ¼ nF0

kj
Dlz þ akjffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

l2kj þDl2z þ 2Dlzakj
q ;P00

kj ¼ nF00
kj

akj � Dlzffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l2kj þDl2z � 2Dlzakj

q ð42Þ
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where P0
kj is the load acting on the spoke that are longer than the length before

deformation, P00
kj is the load acting on the spoke that are shorter than the length before

deformation. Then we get the load P along the z-direction.

P ¼
X2
j¼1

P0
1j þP00

2j

	 

ð43Þ

So the stiffness along the z-axis is

kz ¼ P
Dlz

¼ nEA
X2
j¼1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l21j þDl2z þ 2Dlza1j

q
� l1j

	 

Dlz þ a1j
� �

Dlzl1j
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l21j þDl2z þ 2Dlza1j

q þ
l2j �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l22j þDl2z � 2Dlza2j

q	 

a2j � Dlz
� �

Dlzl2j
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l22j þDl2z � 2Dlza2j

q
2
64

3
75

ð44Þ
4.3 Torsional Stiffness Around the x-axis

According to the above calculation, we know that T11 ¼ na211EA cosu11=2dhl11. Then
we immediately get Tkjðk ¼ 1; 2; j ¼ 1; 2Þ which acts on the spoke that connects the
hub’s hole in the kth column and rim j.

Tkj ¼ na2kjEA cosukj=2lkjdh ð45Þ

So we get the torque T around x-axis.

T ¼
X2
k¼1

X2
j¼1

Tkj ¼ nEAdh
2

X2
k¼1

X2
j¼1

a2kj cosukj

lkj

So the torsional stiffness around the x-axis is:

Cx ¼ T
dh

¼ nEA
2 R� r cos lð Þ

X2
k¼1

X2
j¼1

a2kj cos
2 ukj ð46Þ

4.4 Torsional Stiffness Around the y-axis

According to the symmetry of a wheel, the torsional stiffness around x-axis and y-axis
must be the same. The torsional stiffness around the y-axis is

Cy ¼ nEA
2 R� r cos lð Þ

X2
k¼1

X2
j¼1

a2kj cos
2 ukj ð47Þ
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4.5 Torsional Stiffness Around the z-axis

The torsional stiffness around the z-axis can be expressed by the following equation.

Cz ¼ T=dh0 ð48Þ

where T is the torque around z-axis and dh0 is the torsional angle under the torque T.

We know that the torque T around the z-axis is T ¼ r2nREAdh0sinl
R� r cos l

X2
k¼1

X2
j¼1

cosukj

lkj
.

Then we get the torsional stiffness, Cz:

Cz ¼ T
dh0

¼ r2nREAsinl

R� r cos lð Þ2
X2
k¼1

X2
j¼1

cos2ukj ð49Þ

5 Case Analysis

The parameters of wheel are as follows. Suppose that the width of a wheel is 100 mm,
the distance of the hole in the hub is 200 mm, the radius of wheel rim is 300 mm, and
the radius of wheel hub is 70 mm. When we select a spoke the radius of which is 1 mm
and the number of spokes, n, is 36, we get the angle ukj and the distance akj, listed in
Table 5.

According to the above data, we get the six directional stiffness which is listed in
Table 6.

In Table 6, E is elastic modulus and its unit is MPa.
The ordinary steel’s elastic modulus is about 2:06� 105MPa. So we can select

some materials with lower elastic modulus. For example, we select the material with
elastic modulus 1000 MPa. Then we get the six directional stiffness, listed in Table 7.

Table 5. The angle ukj and the distance akj

a11 a12 a21 a22 cosu11 cosu12 cosu21 cosu22

400 mm 600 mm 600 mm 400 mm 0.73 0.72 0.72 0.73

Table 6. The six directional stiffness

kxðN/mmÞ kyðN/mmÞ kzðN/mmÞ CxðN �m/�Þ CyðN �m/�Þ CzðN �m/�Þ
0:57E 0.57E 0.54E 0.019E 0.019E 0.073E

Table 7. The six directional stiffness of material with elastic modulus 1000 MPa

kx ky kz Cx Cy Cz

570 N/mm 570 N/mm 540 N/mm 19 N �m/� 19 N �m/� 73 N �m/�
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With the parameters in Table 7, we calculate the deformation of wheel simply.
Suppose that the total weight of bicycle is 100 kg. The vertical load on one wheel is
50 kg, so the vertical deformation is 0.86 mm. The lateral load on one wheel is
0.4 � 50 kg = 20 kg, so the lateral deformation is 0.36 mm. The length of hub is
200 mm. When the load acts on one end of hub, the torque around x-axis or y-axis is
maximum. The maximum torque is 0.1 mð Þ � 50 � 9.8 Nð Þ = 49 N �m. So the rotational
deformation around x-axis or y-axis is 2:58�. Suppose that the acceleration of bicycle is
2m=s2. We obtain the rotational deformation around z-axis is 6:85�. We can control the
deformation through selecting different materials compared to the traditional wheel.

Obviously, the six directional stiffnesses meet the requirements of a bicycle. The
above calculations show the relationship between stiffness and elastic modulus, so we
can select different elastic moduli according to different road conditions and different
riding conditions.

Then we modify a bicycle with two columns of spokes. We replace the steel spokes
with flexible ones. In this experiment, we replace the steel spokes with tennis racket
line. The tennis racket line is fiber resin synthetic materials. It has good elasticity and
tensile strength. The modification result is shown in Fig. 15.

Then we apply impact load to the wheel with flexible spokes, shown in Fig. 16.

When we ride the flexible spokes bicycle through obstacles, we can feel the good
flexibility from the flexible spokes. Meanwhile, the experiment proves that the wheel
with flexible spokes is reliable in structure and safe on the cycling.

Front wheel                Whole bicycle                Real wheel              

Fig. 15. The modification result

Fig. 16. Impact load
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6 Conclusions

This paper explored the connection configuration and calculation of tensile forces of
soft spokes in the bicycle wheels. We obtained the best connection configuration of
spokes through optimization analysis and calculation. This optimization analysis
method can be expended to the design of all wheels with multi-row flexible spokes.
The calculation of tensile forces and stiffness shows accurate mechanical performance
of bicycle wheels. We get the relationship between the stiffness and elastic modulus. It
is available to choose different materials to connect the hub and rim of a bicycle wheel.
On the premise of ensuring the lateral stiffness, we can select some materials with low
elastic modulus. The wheel with low elastic modulus material will greatly improve the
comfort of a bicycle. Meanwhile, the security of bicycle will also be improved greatly.

References

1. Lépine, J., Champoux, Y., Drouet, J.-M.: A laboratory excitation technique to test road bike
vibration transmission. Exp. Tech. 40, 227–234 (2013)

2. Giubilato, F., Petrone, N.: A method for evaluating the vibrational response of racing
bicycles wheels under road roughness excitation. Procedia Eng. 34, 409–414 (2012)

3. Pogni, M., Petrone, N.: Comparison of the aerodynamic performance of five racing bicycle
wheels by means of CFD calculations. Procedia Eng. 147, 74–80 (2016)

4. Mínguez, J.M., Vogwell, J.: An analytical model to study the radial stiffness and spoke load
distribution in a modern racing bicycle wheel. Part C J. Mech. Eng. Sci. 222, 563–576
(2008)

5. Petrone, N., Giubilato, F.: Methods for evaluating the radial structural behavior of racing
bicycle wheels. Procedia Eng. 13, 88–93 (2011)

6. Hong, H.-T., Chun, H.-J., Choi, H.-S.: Optimal strength design of composite bicycle wheels.
Int. J. Precis. Eng. Manuf. 15, 1609–1613 (2014)

7. Lépine, J., Champoux, Y., Drouet, J.-M.: The relative contribution of road bicycle
components on vibration induced to the cyclist. Sports Eng. 18, 79–91 (2015)

8. Lépine, J., Champoux, Y., Drouet, J.-M.: Road bike comfort: on the measurement of
vibrations induced to cyclist. Sports Eng. 17, 113–122 (2014)

9. Burgoyne, C.J., Dilmaghanian, R.: Bicycle wheel as prestressed structure. J. Eng. Mech.
119, 439–455 (1993)

10. Kadomura, A., Ichioka, Y., Tsukada, K., Rekimoto, J., Siio, I.: AwareCycle: application for
sports visualization using an afterimage display attached to the wheel of a bicycle. In:
Human-Computer Interaction, pp. 256–264 (2014)

11. Stone, C., Hull, M.L.: The effect of rider weight on rider-induced loads during common
cycling situations. J. Biomech. 28, 365–375 (1995)

12. Steiner, T., Müller, B., Maier, T., Wehrlin, J.P.: Performance differences when using 26- and
29-inch-wheel bikes in Swiss National Team Cross Country Mountain Bikers. J. Sports Sci.
34, 1438–1444 (2015)

13. Lépine, J., Champoux, Y., Drouet, J.-M.: Test protocol for in-situ bicycle wheel dynamic
comfort comparison. Sports Eng. 147, 568–572 (2016)

Design and Analysis of a Wheel with Flexible Spokes 547



14. Lépine, J., Champoux, Y., Drouet, J.-M.: Influence of test conditions on comfort ranking of
road bicycle wheels. Spec. Top. Struct. Dyn. 6, 77–82 (2013)

15. Mak, C.Y., Chang, J.H.T., Lui, T.H., Ngai, W.K.: Bicycle and motorcycle wheel spoke
injury in children. J. Orthop. Surg. 23, 56–58 (2015)

16. Agarwal, A., Pruthi, M.: Bicycle-spoke injuries of the foot in children. J. Orthop. Surg. 18,
338–341 (2010)

548 S. Hou et al.



Multibody Model of a Small Tire Test Bench
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Abstract. In despite of the necessity to control the mobile robots, it is possible
to observe the absence of tire models and experimental parameterization
regarding small tires. This paper aims to collaborate with part of the fulfilment of
this gap in the literature by proposing some updates to a test bench that focus on
the parameterization of small tires. The multibody dynamics model including the
updates of the test bench was executed in ADAMS/View in order to indicate
whether these updates are feasible and whether the data acquired by the virtual
load cells is correlated with the virtual tire contact loads. The resulting virtual tire
contact loads are compared with the ones calculated directly by ADAMS/Tire
routine and by Pacejka equations, demonstrating a good correlation.

Keywords: Mobile robot tires � Pacejka tire models � Parameterization �
Multibody test bench

1 Introduction

The mobile robots applications have increased over the years. Concerning the indoor
environment autonomous wheelchairs, healthcare assistant, vacuum cleaner and
self-organizing chairs are examples of mobile robots for sale or in final stage of
development. Following the guidelines of the Industry 4.0, the use of automated guided
vehicles in industrial plants and warehouses will become intensive in the next years. In
an outdoor environment, some kinds of harvesting mobile robots have already been
patented; autonomous vehicles have been used for public and private transportation and
are fundamental in the context of the smart cities.

From the machine architecture approach, regardless the application, every kind of
terrestrial mobile robot require elements to perform the contact between itself and the
driving surface. In general, there are three types of such element: tires, treads, and
omnidirectional wheels. The present paper focuses on some issues regarding modelling
and parametrization of the robotic tires. They were chosen among the other contact
elements because they have the widest spectra of applications considering the diverse
types of robots, tasks and driving surfaces nowadays.

The automotive industry and the academy have already developed well-established
tire models, e.g. CDTIRE, TMEASY, SWIFT, FTIRE, TreadSim [13, 18]. These
models are normally commercialized as plug-ins or toolboxes integrated with

© Springer International Publishing AG 2018
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multibody dynamic software or numerical computing environments. Less popular
models have also been developed by the academy and the industry.

It is possible to classify the tire models in function of the complexity. From the
simpler to the most complex the classification is “Empirical Models”, “Semiempirical
Models”, “Simple Physical-Theoretical Models” and “Complex Physical-Theoretical
Models”. The computational effort required by each kind of model also increases with
the complexity [5]. Thus, it is common that the commercial tire models move on the
degree of complexity, increasing or reducing the complexity according to the scope of
the simulation.

The Empirical Models emulate with good quality the forces and torques acting on
the tire in simple handling scenarios, i.e. steady or slow changes on the tire states up on
flat and rigid floor. On the other hand, the Complex Physical-Theoretical Models are
able to model local loads and deformations (in some cases including stress and strain)
of tires and rims facing rough (in some cases non-rigid) driving surface in a context of
NVH (noise, vibration, and harshness). It is possible to notice how the problem solved
by the Empirical Models can be considered simple; however this fact makes them
real-time tire models and prone for the embedded control of mobile robots in a han-
dling scenario.

These are the reasons why the Empirical Models are predominant in Robotics. It is
possible to notice in the literature that part of the Empirical Model applied to Robotics
are based on the Pacejka Equations [1, 6, 7, 17] and part consist in other kinds of
abstraction [4, 10–12]. A caveat should be made regarding the use of Pacejka Equa-
tions in robotics, some authors claim that there is a shortage of robotic tire
parametrization methods, which takes them away from this method and leads them to
simpler abstractions. Some of the ones that use the Pacejka Equations do not expose
how the parameters were obtained or use generic automotive parameters.

In despite of being described as “simple” in relation to the majority of tire models,
the Pacejka Equations demand batch tests on specialized machines to be parameterized.
This paper aims to help to fulfill the gap in the parameterization of robotic tires by
continuing the researches proposed by [15, 16] regarding a test bench for the param-
eterization of the Pacejka Equations of small tires. This paper contributes with the
multibody simulation of a new version of the test bench including a new load cell that
enables the acquisition of the tire contact loads regarding the 6 degrees of freedom;
focusing on the evaluation whether this new load cell is effective.

To accomplish this objective, in Sect. 2 the Pacejka Equations are reviewed as well
as the previous methods for acquisition of experimental data of small tires. In Sect. 3
the new load cell is proposed, the multibody model of the new load cell is demon-
strated, and the sensitivity matrix of the resulting test bench is derived. In Sect. 4 some
virtual tests of the updated test bench with an automotive PAC89 Adams Tire Model
are performed considering vertical loads compatible with small tires, and the virtual
experimental data are compared with the expected PAC89 curves. The paper is con-
cluded in Sect. 5.
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2 Pacejka Equations

After years of experience on measurements regarding tire dynamics, the group of
engineers and researches lead by Hans Bastiaan Pacejka derived a tire model based on
an equation that could fit very well the experimental data. It is important to notice that
this equation does not have a direct correlation with the tire and road physical prop-
erties but it aims to fit experimental data acquired in a discrete domain and infer about
the forces acting on the tire in a continuous domain. Thus, it was named as Magic
Formula (MF) with a little of academic sense of humor. This name is widely used by
the interested community; Pacejka also adopts it in his documents. The most recent
version of the MF was launched in 2002 [14] while the pioneer versions were launched
in the end of the decade of 1980 [2, 3].

Before introducing the MF itself, it is time to set the forces and torques that the road
imposes on the tire, and the quantities of side slip angle, longitudinal slip, and camber
angle. Looking at Fig. 1 (left) it is possible to observe the orientation of Longitudinal
Force (Fx), Lateral Force (Fy), Vertical Force (Fz), Overturning Moment (Mx), Rolling
Resistance (My), and Self-align Torque (Mz). An important remark is that the forces and
moments follow the right hand rule, excepting Fz that was established in the opposite
direction (note the opposite orientation of Fz in relation to z axis).

The side slip angle (a) is defined between the direction of the tire travel velocity (V)
and the tire heading direction (note that the reference system xyz follows the tire
heading direction, keeping it parallel to x axis). The camber angle (c) is the angle that
the tire tips around the x axis; it is measured in relation to z axis (note that the reference
system xyz does not rotate in x according to the camber angle, keeping the plane xy
parallel to the road plane). Finally the longitudinal slip (j), is the ratio that takes into
account the actual tire angular velocity (X), the tire effective radius (re) and the tire
longitudinal velocity (Vx ¼ V � cosðaÞ) [14]:

j ¼ �Vx � reX
Vx

ð1Þ

Fig. 1. Orientation of the forces, torques, side slip and camber angle in the MF and a typical MF
curve (adapted from [14])
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The MF is composed of a core equation, an input equation, and an output equation.
These equations are described by Eqs. (2), (3) and (4), respectively [14].

y xð Þ ¼ DsinðC arctanðBx� EðBx� arctanðBxÞÞÞÞ ð2Þ
x ¼ X þ Sh ð3Þ

Y Xð Þ ¼ y xð Þþ Sv ð4Þ

The output term YðXÞ is a general term that can represent Fx, Fy or Mz. One
dedicated MF must be implemented and parameterized for each of these physical
quantities. The input term X refers to a when the output term YðXÞ corresponds to Fy or
Mz, but X refers to j when YðXÞ outputs Fx. The parameters that modulate the MF are
B (stiffness factor), C (shape factor), D (peak factor), E (curvature factor), Sh (hori-
zontal shift) and Sv (vertical shift). The typical behavior of the MF can be observed in
Fig. 1 (right).

The Eq. (2) is an antisymmetric function defined in the Cartesian plane �x�y. The
parameter D determines the peak of Eq. (2). The parameter C limits the size of the
argument the sine function of Eq. (2), determining its shape. The product BCD controls
the slope of Eq. (2) at �x equal to zero; however, C and D already define other char-
acteristics of curve. Thus, the parameter B will be the main responsible for modulating
the slope. The parameter E is able to stretch or compress the curve without changing its
slope at �x ¼ 0 and its peak. Finally, Eq. (2) tends to ya when �x tends to 1; on the other
hand its peak value occurs at �x ¼ xm.

If the tire structure is ideal, the Cartesian planes �x�y and XY are coincident. How-
ever, in real life �x�y is shifted away from XY. This is the use of the parameters Sh and Sv
in the input and in the output equations (Eqs. 3 and 4); they relocate the core function
(Eq. 2) in relation to the plane XY in order to make the MF meaningful, correlating it
with the data acquired from the tire. The camber angle also modifies the value of Sh and
Sv.

All these parameters can be modulated and scaled by other subparameters, but they
are far from the scope of the present paper. This section is meant to come up with a
general review of the MF behavior.

The Pacejka model launched in 1989 includes only this MF described here, thus it
calculates only the Longitudinal Force, the Lateral Force and the Self-align Torque.
However the most recent one also contains other equations for the Overturning
Moment and Rolling Resistance, as well as it includes an extended amount of sub-
parameters to modulate and scale the main parameters. For the sake of simplicity, we
decided to focus on the 1989 model, but in a future stage of the research it is planned to
incorporate the 2002 model.

In the automotive industry there are several ways of obtaining experimental data for
the parameterization of the MF of a given tire specimen. Normally actuators are used to
set the vertical load, the slip angle, the camber angle and the longitudinal slip of the
tire, which slips and rolls on a dummy road. This dummy road can be an inner drum, an
outer drum, a large belt that connects two drums or a flat plank. In the majority of the
cases, the dummy road moves; the tire just rolls and slips but does not translate.
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Considering non-automotive tires there are just a few relevant works. Doria et al.
[8] proposed a test bench to measure forces and moments on bicycle and motorcycle
tires. In this case the dummy road is a disc (3 m in diameter) that turns around the
vertical axis and is equipped with a high adhesion surface. The tire specimen rolls and
slips held by an apparatus that sets the camber and slip angle and measures the lateral
force and self-aligning moment by means of load cells. Dressel and Rahman [9] used a
similar apparatus, but now the road is straight and a cart translates the specimen and the
measuring devices.

The present research is the continuation of the researches proposed by [15, 16].
Here in, the tire is driven on a flat table. Camber angle, slip angle and longitudinal slip
are set previously. A load cell composed of strain gauges acquires torques on the wheel
carrier. The flat table is not a trivial table. I contains hinges and ball joints that allow the
acquisition of loads that act on the lateral and longitudinal directions. The next section
introduces further details about this test bench explains how it is possible to correlate
the loads acquired by the load cells with the forces and moments that act on the tire
specimen.

3 Proposed Test Bench

It is possible to observe the multibody model of the proposed test bench in Fig. 2. It
contains some parts identical to the test bench that has already been physically
assembled and resulted in the articles [15, 16], and some updated parts (still in a virtual
viability study) that are explained here.

The test bench can be divided into two parts: the table and the wheel carrier.
Starting from the table, it is possible to notice that it does not have trivial legs; in the

Fig. 2. Multi body model of the test bench executed in ADAMS/View.
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bottom they are supported by ball joints, aligned by a round bar. This round bar hangs
over the floor held by two supports in such a way that the table legs are far from
touching and interfering with the floor. The connections between the legs and the plank
are made by means of hinges, thus the table is able to tip around x and fold around y.
However, two lateral load cells hold the tip movement and one longitudinal load cell
holds the fold movement, lasting just the virtual movements according to the strains of
the load cells. The force signals provided by these load cells are named Fl1, Fl2 and
Flong, respectively. This part of the virtual test bench has not received any update in this
paper. The updates are concentered in the wheel carrier.

The wheel carrier is translated horizontally and vertically by means of horizontal
and vertical guides. A stepper motor and a horizontal fuse promote the horizontal
translation. The first update is the inclusion of a pneumatic cylinder that is responsible
for the application of the vertical force and also executes the vertical translation aided
by a vertical slider. In the original version of the test bench these functions were
executed by a four bar mechanism. Another update is a load cell installed in the end of
the pneumatic cylinder stem to acquire data about the vertical force. The force signal of
this load cell is named Fp. In the original test bench this function was executed by
weights. In the virtual test bench the pneumatic cylinder and this load cell are repre-
sented as an ideal vertical guide and a vertical force applied to the vertical slider.

In Fig. 3 it is possible to observe other updates in the wheel carrier. It is composed
of tree hinge joints, one responsible for setting the slip angle, one responsible for the
camber angle and one responsible for spinning the wheel. The previous version of the
test bench performed the angle adjustment by means of a constrained ball joint.
Although it works, it is difficult to manipulate and to set both angles in one single joint.
Thus, it was decided to split it into two new joints.

The last update is the new load cell in the wheel carrier; it is the gray part between
the magenta parts. In this updated virtual test bench this load cell is able to acquire
torques in x, y and z. In the previous physical test bench, it was able to acquire torques
in z. The necessity for acquiring the other torques comes from the fact that the torques
in x stimulates the lateral load cells of the table, and the torques in y are related to the
Rolling Resistance.

Fig. 3. Detail of the updates on the wheel carrier and its load cell
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To derive the system of equations of this new virtual test bench, it is necessary to
set some of its dimensions as well as the direction of forces and moments acting on the
tire, on the table and on the wheel carrier. As the tire angular speed is imposed by a
motor, the tire and the wheel carrier behave like a portico. These forces and dimensions
can be observed in Figs. 4 and 5. They have been distorted to show some details in a
didactic manner. In Fig. 4 in red, one can find the forces acting on the table executed by
the table load cells. In orange, it is possible to find the forces acting on the tire executed
by the table, as well as its reaction on the table can be found in purple. Finally, in green,
it is possible to observe the forces and moments performed by the wheel carrier load
cell in the wheel carrier.

Fig. 4. Didactic approach of the virtual test bench (Color figure online)

Fig. 5. Detail of the portico like wheel plus carrier (left) and the forces between the table joints
(right)
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In Fig. 5 (right) it is possible to observe the small misalignment (describing a h
angle) between the ball joints (bottom) and hinges (top) that hold the table legs. It
causes a longitudinal resultant in the table plank when any vertical force is applied,
exciting Flong.

Finally, according to the Newton Laws, it is possible to correlate the signal acquired
by the load cells and the forces acting on the tire according to the following system of
equations:

Flong

Fl1 þFl2

Fp

M
00
x

M
00
y

M
00
z

8
>>>>>><

>>>>>>:

9
>>>>>>=

>>>>>>;
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>>>>>>=

>>>>>>;
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0
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0
0
0
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>>>>>><

>>>>>>:

9
>>>>>>=

>>>>>>;

ð5Þ

In this system of equations, mt is the total mass of the bodies that are supported by
the vertical actuator (including the wheel and tire) and g is the gravity. To obtain the
forces acting on the tire executed by the floor, one must solve this system for
Fx Fy Fz Mx My Mzf gT . To get the tire forces in the referential of Fig. 1 (left)

one must apply a rotation matrix around z considering the angle a

4 Results

Finally, simulations were performed in ADAMS/View. The tire applied to the virtual
test bench is automotive and its parameters are contained in the file mdi_tire01.tir
available at ADAMS/Tire library. However, the vertical forces applied are compatible
with mobile robots (200 N;400 N and 600 N), thus it is an attempt to deal with forces
as close as possible to the ones performed by robot tires but using a generic tire
parameterization. The slip angle and the longitudinal slip were varied in ranges
between −100% and 100%, and −20° and 20°, respectively.

The results can be observed in Fig. 6. It is possible to compare the forces and
moment obtained from Eqs. (2), (3) and (4) (in continuous line), the ones outputted by
ADAMS/View (in crosses), and the ones calculated by means of Eq. (5) (in circles).
The results demonstrated a good correlation.
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5 Conclusions

Facing the absence of robot tire parameterization processes, this paper proposes the
update of a test bench for the parameterization of small tires. This research is in the
stage of viability study, thus the updates have been simulated in ADAMS/View using
rigid bodies and automotive tire parameters in order to check whether the planed
updates are consistent.

A system of equations was created to correlate the signal of the virtual load cells
with the forces and moments in the contact between the tire and the floor. The results
coming from this system of equations in the virtual experiment were consistent with the
values calculated using the MF and with the results output directly from the
ADAMS/Tire routine. The results encourage the authors to optimize and physically
implement the proposed updates by means of flex bodies introduced into the virtual
model of the test bench in ADAMS/View.

Acknowledgments. The authors want to acknowledge the support received from CAPES and
CNPq.

Fig. 6. Results for Lateral Force, Longitudinal Force and Self-align Torque
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Maneuverability Study of a Vehicle
with Rear Wheel Steering
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Abstract. Steering of current vehicles, forward steering, has remained
quasi-constant along years. Hence, few times a vehicle with steering different, as
rear wheel steering, was put under analysis. The kinematic study that happens
when changing the steer to the rear position will be develop in the following
paragraphs, as well as some simulations of maneuverability of a vehicle with
these features. The purpose is to give to know that a vehicle with rear wheel
steering has kinematic features that are advantageous against another vehicles
with front wheel steering.

Keywords: Rear wheel steering � Front wheel steering � Ackermann steering
geometry � Turning radius

1 Introduction

From ancient civilizations man has always used means of transportation such as horses,
carriages and chariots, these latter are horse-drawn carts. Over time steam vehicles were
created, then these vehicles gave way to internal combustion vehicle and hybrid
vehicles that currently exist [1]. All these vehicles have something in common, they
have the steering on the front, with the passing of history always cars had been built in
this way, so the aim is to analyze a vehicle with a rear wheel steering.

There are car designs that propose a steering for each of the four tires [2, 3], the
difficult maneuverability of these vehicles is their biggest disadvantage against ordinary
cars. At present there are already vehicles using the rear wheel steering called forklifts,
but these are used indoors, there are also designs to rear wheel steering cars so we
propose the study of these same [4].

For several people is difficult to park a car correctly with front wheel steering
because they have to use the reverse gear to do it, in the case of a car with rear wheel
steering this would be a much more manageable task. This is due to the geometry and
kinematics that the car adopts when changing steering position to the back, like this
advantage there are several important points to be analyzed in a car with rear wheel
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steering, so we need a study model specific. This paper will develop succinctly the
kinematic and geometric analysis for demonstrating the advantages it has over con-
ventional models.

2 Front Wheel Steering

There are several kinematic models when talking about land vehicles, one of the most
used and present in cars with front wheel steering is the Ackerman model [5].

The principle of Ackerman geometry is based on that to have a correct steering is
required of perpendicular axes of the vehicle wheels from the center thereof to the
instantaneous center of rotation of the vehicle, which position consist of the intersection
of all these projected axes [6].

Having located the instantaneous center of rotation, the total vehicle behaves as a
rigid body so that his movement will consist of a turn around this center of rotation
forming different turning radius for each wheel of the vehicle. Being the smallest
turning radius of the left rear wheel and the largest of the front right.

As shown in Fig. 1 there are two angles of steering in the front wheels, is angle
difference is called toe angle [7] and it is necessary for the Ackerman geometry can be
met; however, in today’s vehicles there is an error in the angles that does not allow a
Ackerman geometry exact.

Fig. 1. Front wheel steering.
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In Fig. 1 it can better appreciated how to rotate a front wheel steering system. To
analyze the speed using equations it has named some variables shown as the angular
velocity _u, the steering angles h1 and h2, the angle of the center of gravity speed a, the
speed of the left wheel ~Vl, the speed of the right wheel ~Vr and the center of gravity
~VCG. In addition to these direction magnitudes there are the distances and point’s
position as the instantaneous center of rotation ICR, distance from center of gravity to
the front L2, distance from the center of gravity to the rear L1, the base of the car B and
their radius of rotation of each wheel Rl Rr and RCG. Then it will be performing the
calculations of the speed equations.

Given the speed position in the center of gravity can be decomposed by its angle as
shown in Eqs. (1) and (2).

Vx ¼ ~VCG
�
�

�
�cosa ð1Þ

Vy ¼ ~VCG
�
�

�
�sina ð2Þ

Then decomposing in the cartesian plane the speeds of each wheel, similar to
Eqs. (1) and (2) it was obtained Eqs. (3) and (4).

~Vr ¼ ~Vr

�
�

�
� cosðh2Þ̂iþ ~Vr

�
�

�
� sinðh2Þ̂j ð3Þ

~Vl ¼ ~Vl
�
�

�
�cos(h1Þ̂iþ ~Vl

�
�

�
�sin(h1Þ̂j ð4Þ

The speed of center of gravity can be deduced vectorially taking relative velocity
between one speed of the two wheels and using the distances and the angular velocity.
Equal shown in the following Eq. (5).

~VCG ¼ ~V r þð� _uk̂Þ � ð�L2̂i� B
2
ĵÞ ð5Þ

Replacing ~Vr obtained above in Eq. (3) into Eq. (5), subsequently carrying out the
vector product and gathering the equations are obtained (6), (7) and (8).

~VCG ¼ ~Vr
�
�

�
�cos(h2Þ � B

2
_u

� �

îþ ~Vr
�
�

�
�sin(h2ÞþL2 _u

� �

ĵ ð6Þ

Vx ¼ ~Vr

�
�

�
�cos(h2Þ � B

2
_u ð7Þ

Vy ¼ ~Vr
�
�

�
�sin(h2ÞþL2 _u ð8Þ

Finally it is obtained the module of ~VCG using Eq. (9) and its vector can be
obtained using the Eqs. (1) and (2). Also note that the steering angles have a geometric
relationship in the figure shown in Eqs. (10) and (11).
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~VCG

�
�

�
�
2¼V2

x þV2
y ð9Þ

sinh1¼L1 þL2

Rl
ð10Þ

sinh2¼L1 þL2

Rr
ð11Þ

3 Rear Wheel Steering

In the development of a vehicle with rear wheel steering is applied the same Ackerman
geometry than in a vehicle with front wheel steering due to its translation capability
after locate its instantaneous center of rotation.

In a rear wheel steering vehicle with Ackerman geometry can be seen the change in
the lengths of the turning radius of each wheel, as well as its translation will be
modified. For example Fig. 2 shows that the smallest turning radius belongs to the front
left wheel while the largest turning radius belongs to the back right wheel.

Given the kinematic study of the previous section, it can be obtained in the same
way the equations for a rear wheel steering. Now the velocities in the wheels and their

Fig. 2. Rear steering wheel.
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decomposition can be obtained from the same manner as the previous study which are
shown in Eqs. (1), (2), (3) and (4). The difference in the Eq. (5) would be the distances
and directions affecting the vector product with the angular velocity so you would get a
new Eq. (12).

~VCG ¼ ~V r þð� _uk̂Þ � ðL1̂i� B
2
ĵÞ ð12Þ

Subsequently, as well as done in Eqs. (6), (7) and (8). ~Vr is replaced in Eqs. (3) and
(12), then effecting the vector product and gathering the Eqs. (13), (14) and (15) are
been obtained.

~VCG ¼ ~Vr
�
�

�
�cos(h2Þ � B

2
_u

� �

îþ ~Vr
�
�

�
�sin(h2Þ � L1 _u

� �

ĵ ð13Þ

Vx ¼ ~Vr
�
�

�
�cos(h2Þ � B

2
_u ð14Þ

Vy ¼ ~Vr

�
�

�
�sin(h2Þ � L1 _u ð15Þ

Once obtained this can be replaced in Eq. (9) and use the relationships shown in
Eqs. (10) and (11).

4 Maneuverability Comparison

This chapter will be analyzed, through mathematical simulations in MATLAB soft-
ware, in different cases where the study and comparison between a vehicle with front
steering and other with rear wheel steering can be done. These simulations can analyze
the different characteristics that occur when using each kind of steering. To obtain a
simulation proximately close to the reality, a modeled vehicle with Ackerman geometry
and measurements of a wirelessly controlled scale car was plotted.

In order to study the differences that occur when changing the position of the
steering, two specific cases were chosen to be analyzed. First, it will be analyzed the
case of parking, in this case it will be verified which steering is easiest for a driver to
park in a parallel parking lot. And second, it will be analyzed the case where the vehicle
has to turn on a corner of 90°. The ease of maneuverability, the space occupied, and
which vehicle is most susceptible to invade the pedestrians’ berm will be seen.

4.1 Parking

In this first section it will be analyzed the case of parking a vehicle based on simu-
lations for each case of steering.

Figure 3 shows the parking process of a vehicle with front steering. As a first detail
to note in this configuration is that for proper parking, this vehicle should do it
backwards which brings complications first instance for the driver because driving in
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reverse direction is much more complicated than driving in forward direction. This is
how noted that in the second vignette the car starts to turn with a turning radius that is
at the same height of a front obstacle. This vehicle continues back toward the halfway
point where it reverses its steering angles so that the third vignette can be observed as
can be placed within the allotted space. This assigned parking space is based on the rule
of Peruvian construction [8].

In the other hand, in Fig. 4 it will be observed the parking process of a vehicle with
rear wheel steering. A feature in the parking of this vehicle is the facility and comfort
that rear steering brings to people that learn to drive. In both cases is shown an
appropriate parking to each kind of steering.

4.2 Corner Turn

As it was observed in the parking section, the advantage that own a vehicle with rear
wheel steering versus other with front wheel steering is the space occupied when

Fig. 3. Front wheel steering parking.

Fig. 4. Rear wheel steering parking.
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turning, then it will be observed the behavior of both types of steering for the case of
turning a 90° corner.

In Fig. 5 it will be analyzed this case to a vehicle with front wheel direction in
which is observed if the vehicle has a correct corner turn. To achieve this correct turn,
the vehicle must exceed the corner with a large length since because of its instanta-
neous center of rotation, the radius of the lower right wheel is small dimension causing
a high probability that the vehicle goes up to the berm invading the pedestrian space.
Given this and the geometry of the vehicle, the driver must be able to calculate the
length at which you have to turn the wheels to turn the corner without problems.

In the other hand, in Fig. 6 a vehicle with rear wheel steering turn around the corner
easier is seen. Unlike the front wheel steering, a vehicle with rear wheel steering can
overcome this case without problems due to the fact that its instantaneous center of
rotation the vehicle does not need to surpass the corner to bend it but only to be at the
same height.

Table 1 shows the sweeping area that the vehicle employs to turn a corner, these areas
(green and purple area) are plotted in the last images of Figs. 5 and 6. The green area is the
area employed by the wheel without steering, the right static wheel, having the vehicle’s
ICR as its center; the purple area is the triangular area that forms when reaching the
horizontal position of the vehicle having as an opposite point the vehicle’s ICR.

Fig. 5. Front wheel steering corner turn. (Color figure online)

Fig. 6. Rear wheel steering corner turn. (Color figure online)
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5 Graphics and Results

The main relationship obtained in the simulation of vehicle rear wheel steering was the
function in which the radius of rotation of each wheel varies depending on the turning
angle of the steering wheels.

Next, in Fig. 7, the graphs found in the simulation are shown with a range of angle
of turn from 10 to 50 sexagesimal degrees. In the upper graphs it is seen the shape that
adapts this relationship between the rotation angle and the turning radii, noting that the
smaller the turn angle, the greater the radius of rotation and vice versa. Due to this
particularity it is can also be observed that there are two asymptotes in the turn angle 0
and in the radius of rotation 0. The asymptotic of turn angle 0 occurs because very
small angles would cause infinite turn radii, it which is not adapted reality; likewise it is
impossible for there to be a turn radius 0.

In the lower graphs it is seen a magnifying to the turning angles in which the
measurements for the turn radius are detailed, proving in this way that at each turn
angle the greater radius will be, the lower left wheel (R21) and the smaller one, the
upper right wheel (R12).

Table 1. Area employed by a car to turn a corner

Area green [cm2] Area purple [cm2] Total area [cm2]

Forward steering 456,858 405 861,858
Rear steering 456,858 105 561,858

Fig. 7. Graphs of the turning radius. R11 Left Front Wheel, R12 Right Front Wheel, R21 Left
Back Wheel, R22 Right Back Wheel.
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6 Conclusions

Driving cars is more comfortable with rear wheel steering as could be seen in the
simulations of Sects. 4.1 and 4.2. In the case of corner turn, rear steering improves
turning on the corner reducing the possibility of mounting on the corner; as well as
maneuverability of parking is easier due to the fact of not using the reverse gear that
can bring complications to the drivers. However, it can be seen in the graphs obtained
in Fig. 6 that a vehicle with rear wheel steering can invade rails that it doesn’t use,
causing problems and even accidents with other drivers. Also, it can been seen in
Figs. 5 and 6 that the front wheel steering employs more area than rear wheel steering
when is necessary to turn a corner.

Due to this last point mentioned, more studies should be carried out on cars with
rear wheel steering since there are also other advantages such as the reduction of inertia
at the time of braking, causing as a result less tire wear; wear that is also produced to a
greater extent on the rear tires due to the location of the steering in conventional
vehicles; these mentioned points are studies for a dynamic analysis that will be
developed in a future work.
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