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Abstract We consider hyperbolic systems of conservation laws and review devel-
opments in the general area of computational uncertainty quantification (UQ) for
these equations. We focus on non-intrusive sampling methods of the Monte-Carlo
(MC) and Multi-level Monte-Carlo (MLMC) type. The modeling of uncertainty,
within the framework of random fields and random entropy solutions, is discussed.
We also describe (ML)MC finite volume methods and present the underlying
error bounds and complexity estimates. Based on these bounds, and numerical
experiments, we illustrate the gain in efficiency resulting from the use of MLMC
methods in this context. Recent progress in the mathematical UQ frameworks of
measure-valued and statistical solutions is briefly presented, with comprehensive
literature survey.

1 Introduction

Systems of conservation laws are nonlinear partial differential equations of the form

@tU C rx � F.c.x; t/;U/ D 0; (1a)

U.x; 0/ D U0.x/: (1b)

Here, the unknown U D U.x; t/ W R
d � RC ! R

N is the vector of conserved
variables, F D .F1; : : : ;Fd/ W R

N�N ! R
N�d is the flux function and c D

.c1; : : : ; cd/ W R
d � RC ! R

N�d is a spatio-temporal coefficient. We denote
RC WD Œ0; 1/. Here, U0 denotes the prescribed initial data.

In bounded domains, the system (1) needs to be supplemented with suitable
boundary conditions.
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The system (1) is termed hyperbolic if the flux Jacobian matrix has real
eigenvalues [11]. Hyperbolic systems of conservation laws arise in a wide variety of
models in physics and engineering and we refer to [11] for a wide range of examples.
Solutions of (1) can develop discontinuities in finite time, even for smooth initial
data (see again [11] and the references there). Therefore, solutions of (1) are weak
solutions in that U 2 .L1

loc.R
d � RC//N is required to satisfy the integral identity

Z
RC

Z
Rd

0
@U't C

dX
jD1

Fj.cj;U/'xj

1
A dxdt C

Z
Rd
U0.x/'.x; 0/dx D 0 ; (2)

for all test functions ' 2 C1
0.RC �R

d/. It is well known that weak solutions are not
necessarily unique [11]. Additional admissibility criteria or entropy conditions are
necessary to obtain uniqueness. In space dimension d > 1, rigorous existence and
uniqueness results for conservation (balance) laws and for generic initial data are
available only for the scalar case, i.e., in the case N D 1.

1.1 Numerical Methods

Numerical methods for the solution of (2) comprise Finite Difference (FD), Finite
Volume (FV) and Discontinuous Galerkin (DG) methods. We refer to the textbooks
[28, 42] and the references there.

Within the popular FV framework [28], the cell averages of the unknown
are updated in time in terms of numerical fluxes across cell interfaces. These
numerical fluxes are often obtained by the (approximate) solutions of Riemann
problems in the direction normal to the cell interface. Higher order spatial accuracy
is obtained by reconstructing cell averages in terms of non-oscillatory piecewise
polynomial functions, within the TVD [42], ENO [33] and WENO [55] procedures
or using Discontinuous Galerkin methods (see, e.g. [7]). Higher order temporal
accuracy is achieved by employing strong stability preserving Runge-Kutta methods
[30]. Space-time DG-discretizations can also be employed for High-order spatio-
temporal accuracy [34].

1.2 Aims and Scope

Any numerical scheme approximating (1) requires the initial data U0, the coeffi-
cients c and the flux function F, as well as suitable boundary conditions, as inputs.
However, in practice, these inputs are obtained by measurements (observations).
Moreover, measurements cannot be precise and always involve some degree
of uncertainty. Input uncertainty for (1) implies, upon uncertainty propagation,
corresponding uncertainty in the solution.



Monte-Carlo Finite-Volume Methods in Uncertainty Quantification for. . . 233

The modeling, mathematical analysis, numerical approximation and numerical
quantification of solution uncertainty, given experimental data, comprise the disci-
pline of uncertainty quantification (UQ).

One aim in this article is to survey computational methods for the efficient,
computational UQ for nonlinear, hyperbolic conservation laws with random inputs,
and to provide some indications on the numerical analysis of UQ methods for
these equations. Our focus in this article is on non-intrusive computational methods
and their implementation, and on the mathematical analysis of their computational
complexity. In our presentation, we emphasize broad applicability for a large class
of conservation laws, rather than problem-specific, optimal results.

Our motivation for this focus on non-intrusive methods is as follows: first,
non-intrusive methods afford trivial integration of existing, deterministic numerical
solvers of forward problems, and are, therefore, popular in computational UQ in
science and engineering. Second and as mentioned earlier, nonlinear hyperbolic
conservation laws are well known to exhibit solutions of very low regularity in
physical space, due to shock formation even for smooth input data (initial and
boundary data, as well as flux functions). Third, hyperbolicity implies finite speed of
propagationwhich, in the context of UQ for conservation laws with parametric input
uncertainty, implies propagation of singular supports into the domain of parameters
that describe the uncertain inputs of the system. The presence of, in general, moving
singular supports propagating along characteristics in parametric families of weak
solutions precludes high convergence rates of “smooth” computational methods,
such as generalized polynomial chaos, PCA etc. for this class of computational
UQ problems (we mention, however, that even in the absence of viscosity, there
are regularizing effects due to averaging; cases in point are the so-called “transport
collapse” regularizations in averaging lemmas (see, e.g. [43, 44] and the references
there) or due to statistical ensemble averaging of random entropy solutions (see, e.g.
[54])).

We therefore focus in the present survey on sampling methods of Monte-
Carlo (MC for short) and of Multi-Level MC (MLMC for short) type, as well
as on stochastic collocation methods. These methods have in common that their
computational realization is based on existing numerical conservation law solvers,
for example the finite volume (FV) or discontinuous Galerkin (DG) type, without
any modification; this implies, in particular, that existing discretization error bounds
for these methods, e.g. from [8, 15, 39, 42] and the references there, can be used for
an error analysis of non-intrusive computational UQ for hyperbolic conservation
laws.

In contrast, intrusive computational methods will require, as a rule, some form
of reformulation of the conservation law prior to discretization and entail, usually,
significant refactoring resp. redesign of numerical solvers. We refer to, e.g., [24, 59]
and references therein for examples of this type, where the so-called stochastic
Galerkin methodology has been employed and was shown to require significant
modifications of numerical schemes as well as of actual, numerical solver.

Given our focus on non-intrusive UQ methods of the MC and Multi-level MC
type, we structure this survey as follows: in the first part, we will focus on the
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very specific problem of UQ for scalar conservation laws with random initial data.
Here, we describe data and solution uncertainty in terms of random fields and within
the framework of random entropy solutions [46]. This is feasible as the underlying
deterministic solution operator is well-defined and forms a non-expansive (in time)
semi-group on L1.Rd/. We will formulate both the MC and MLMC methods and
combine them with a FV space-time discretization to obtain rigorous convergence
rates for the (ML)MC-FV scheme and demonstrate that the MLMC-FV method is
significantly more efficient (computationally) than the MC-FV method.

Next, we extend the (ML)MC-FV schemes for UQ of systems of conservation
laws with random inputs. Here, the underlying deterministic problem may be
ill-posed within the class of entropy solutions [6]. Consequently, the notion of
random entropy solutions may not be well-defined. Moreover, there is no rigorous
convergence result for the underlying deterministic FV (or any other) discretization
frameworks. Hence, we postulate convergence and obtain the corresponding error
(and complexity) estimates for the (ML)MC-FV methods. Although this combina-
tion is seen to work well in practice, recent results [17, 18, 45] have demonstrated
the limitations of this framework. Instead, novel solution concepts such as those
of entropy measure valued solutions [17, 18] and statistical solutions [19] and
have been proposed and analyzed. We will conclude with a brief review of these
concepts.

2 Preliminaries

2.1 Random Variables in Banach Spaces

Our mathematical formulation of scalar conservation laws with random inputs will
use the concept of random fields i.e., random variables taking values in function
spaces. We recapitulate basic concepts as presented, for example, in [10, Chap1].

Let E be a Banach space, and let .˝;F / be a measurable space, with the set ˝

of elementary events, and with F a corresponding �-algebra. An E-valued random
variable (or random variable taking values in E) is any mapping X W ˝ ! E such
that the set f! 2 ˝: X.!/ 2 Ag D fX 2 Ag 2 F for any A 2 G , i.e. such that X is
a G -measurable mapping from ˝ into E. Here, .E;G / denotes a measurable space
on the Banach space E.

For a Banach space E, we denote the Borel �-field B.E/. Then, .E;B.E// is a
measurable space and random variables taking values in E i.e. maps X W ˝ ! E
are .F ;B.E// measurable. For a separable Banach space E with norm k ı kE and
(topological) dual E�, B.E/ is the smallest �-field of subsets of E containing all
sets

fx 2 E W '.x/ � ˛g; ' 2 E�; ˛ 2 R :
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For a separable Banach space, X W ˝ ! E is an E-valued random variable iff for
every ' 2 E�, ! 7�! '.X.!// 2 R

1 is an R
1-valued random variable: for any

RV X W ˝ ! E on .˝;F / which takes values in E, the mapping ˝ 3 ! 7�!
kX.!/kE 2 R

1 is (strongly) measurable. For more details and proofs, we refer to
[10] or to [60].

The strongly measurable mapping X W ˝ ! E is Bochner integrable if, for any
probability measure P on the measurable space .˝;F /,

Z
˝

kX.!/kE P.d!/ < 1 : (3)

A probability measure P on .˝;F / is a �-additive set function from ˝ into Œ0; 1�

such that P.˝/ D 1; the triplet .˝;F ;P/ is called probability space. We shall
always assume, unless explicitly stated, that .˝;F ;P/ is complete.

An E-valued RV is called simple if it can assume only finitely many values.
A simple RV X, taking values in E, has the explicit form (with �A denoting the
indicator function of A 2 F )

X D
NX
iD1

xi �Ai ; Ai 2 F ; xi 2 E; N < 1 : (4)

For simple RVs X taking values in E and for any B 2 F ,

Z
B
X.!/P.d!/ D

Z
B
Xd P WD

NX
iD1

xi P.Ai \ B/ : (5)

For such X.�/ and for all B 2 F ,

���
Z
B
X.!/P.d!/

���
E

�
Z
B

kX.!/kE P.d!/ : (6)

For any random variable X W ˝ ! E which is Bochner integrable, there exists
a sequence fXmgm2N of simple random variables such that, for all ! 2 ˝ , kX.!/ �
Xm.!/kE ! 0 as m ! 1. Therefore, (5) and (6) extend in the usual fashion by
continuity to any E-valued random variable. We denote the Bochner-integral

Z
˝

X.!/P.d!/ D lim
m!1

Z
˝

Xm.!/P.d!/ 2 E (7)

by EŒX� (“expectation” of X).
We introduce for 1 � p � 1 Bochner spaces of p-summable random variables

X taking values in the Banach-space E. The set L1.˝;F ;PIE/ comprises all
(equivalence classes of) integrable, E-valued random variables X. It is a Banach
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space if equipped with the norm

kXkL1.˝IE/ WD E.kXkE/ D
Z

˝

kX.!/kE P.d!/ : (8)

Define Lp.˝;F ;PIE/ for 1 � p < 1 as the set of p-summable random
variables taking values E. With the norm

kXkLp.˝IE/ WD .E.kXkpE//1=p; 1 � p < 1 (9)

Lp.˝;F ;PIE/ becomes a Banach space. For p D 1, we denote by
L1.˝;F ;PIE/ the set of all E-valued random variables which are essentially
bounded. This set is a Banach space equipped with the norm

kXkL1.˝IE/ WD ess sup
!2˝

kX.!/kE : (10)

If T < 1 and ˝ D Œ0;T�, F D B.Œ0;T�/, we write Lp.Œ0;T�IE/. Note that for
any separable Banach-space E, and for any r � p � 1,

Lr.0;TIE/; C0.Œ0;T�IE/ 2 B.Lp.0;TIE// : (11)

We conclude the section of preliminaries with a criterion for strong measurability.

Lemma 1 ([60, Corollary 1.13]) Let E1 and E2 be Banach spaces, and .˝;F ;P/

a probability space. If f W ˝ ! E1 is strongly Bochner measurable, and if � W
E1 ! E2 is continuous, then the composition � ı f W ˝ ! E2 is strongly Bochner
measurable.

2.2 Monte-Carlo (MC) Sampling in Banach Spaces

Let bYi W ˝ ! F, i D 1; : : : ;M, be independent identically distributed (“iid” for
short) random variables taking values in the Banach space E. We let

EMŒY.k/� WD 1

M

MX
iD1

bY .k/
i ;

be the Monte Carlo estimator for EŒY.k/�. A computable estimate EMŒY.k/� for the
kth moment M k.Y/ of Y will converge in E as M ! 1 at a rate which depends on
the integrability of Y. Specifically, at the rate of convergence (in terms of M) of

E

h��EŒY.k/� � EMŒY.k/�
��p
E

i1=p
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to zero as M ! 1 for some 1 � p < 1. If E is a finite dimensional space or
a Hilbert space, and if X 2 L2k.˝IX/, the so-called mean square error (MSE) is
bounded as

E

h��EŒY.k/� � EMŒY.k/�
��2

E

i
� 1

M
VarŒY.k/� (12)

using the independence of the samplesbYi.
For general Banach spaces E, the convergence rate depends on the type of the

Banach space, which is defined as follows [38, p. 246].

Definition 1 Let 1 � p � 1 and Zj, j 2 N a sequence of Bernoulli-Rademacher
random variables. A Banach space E is said to be of type p if there is a type constant
C > 0 such that for all finite sequences .xj/NjD1 � E, N 2 N,

������
NX
jD1

Zjxj

������
E

� C

0
@ NX

jD1

��xj��pE
1
A

1=p

:

By the triangle inequality, every Banach space has type 1. Hilbert spaces have type
2. One can show that the Lp-spaces have type minf p; 2g for 1 � p < 1 [38].

One has the following result from [36], [38, Proposition 9.11] and [9, Section 4]
for Banach spaces of type p.

Proposition 1 ([36]) Let E be a Banach space of type p with a type constant Ct.
Then, for every finite sequence .Yj/NjD1 of independent mean zero random variables
in Lp.˝/, one has the bound

E

2
4
������

NX
jD1

Yj

������
p

E

3
5 � .2Ct/

p
NX
jD1

E
���Yj��pE

�
:

Corollary 1 Let E be a Banach space of type p 2 Œ1; 2� with type constant Ct. Then
for every finite sequence .Yj/NjD1 of iid mean zero random variables with Yj.!/ �
Y.!/ in Lp.˝/,

E

h��EMŒY.k/�
��p
E

i
D E

2
4
������

1

N

NX
jD1

Y.k/
j

������
p

E

3
5 � .2Ct/

pN1�p
E

h��Y.k/
��p
E

i
:

Remark 1 The complexity of MC methods with respect to the type parameter p
of the function space E has been investigated in [12, 13] and the references there.
The relevance of Proposition 1 for MC methods applied to scalar conservation
laws is due to L1.Rd/ being crucial for the error- and well-posedness analysis of
the underlying FV schemes for these problems. The space L1.Rd/ being a Banach
space of type 1, will a priori not allow for convergence rate bounds in MLMC-FV
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discretizations, as was incorrectly stipulated in [46], and also in related work [51]
on combining MLMC discretization with the front-tracking algorithm.

Instead, and as pointed out in [48], lower rates of convergence of FV discretiza-
tions in the stronger norms Lp.Rd/ with p > 1, with the space Lp.Rd/ being of type
minf p; 2g, lead to convergence and error vs. work analysis of (ML)MC-FV methods
for scalar conservation laws, which will be described in detail subsequently.

3 Scalar Conservation Laws with Random Initial Data

We begin with a review of classical results on deterministic scalar conservation laws
(SCLs). We also review random entropy solutions for SCLs with random initial data
from [46], and in particular existence and uniqueness of a random entropy solution
with finite second moments. Let us mention that SCLs with random input data have
received considerable attention in the context of numerical methods for uncertainty
quantification; we only mention [22, 63].

We also mention considerable activity on enlarging the class of admissible
random flux functions, in particular by so-called “rough path” calculus and the
kinetic (re)formulation of the SCL (14)–(15) rather than the Kružkov theory; we
refer to [22, 26, 43, 44] and the references there.

3.1 Deterministic Scalar Hyperbolic Conservation Laws

In-order to present the basic ideas in a simple setting, we consider the Cauchy
problem for scalar conservation laws (SCL) i.e., (1) with N D 1 and with a spatially
homogeneous deterministic flux function f .u/. Then, (1) can be written as

@u

@t
C div . f .u// D 0 for .x; t/ 2 R

d � RC: (13)

with

f .u/ D . f1.u/; : : : ; fd.u// 2 C1.RIRd/ ; div f .u/ D
dX

jD1

@

@xj
fj.u/ ; (14)

We supply the SCL (13) with initial condition

u.x; 0/ D u0.x/; x 2 R
d ; (15)

and an entropy admissibility condition, which we choose as the Kružkov entropy
condition or an equivalent version of it.
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3.2 Entropy Solution

It is well-known that the deterministic Cauchy problem (13), (15) admits, for each
u0 2 L1.Rd/\BV.R/, a unique entropy solution u (see, e.g., [11, 28, 56]). For every
t > 0, u.�; t/ 2 L1.Rd/. We require the (nonlinear) data-to-solution map

S W u0 7�! u.�; t/ D S.t/ u0; t > 0 (16)

in our subsequent development. To state its properties, we introduce some additional
notation: for a Banach-spaceE with norm kıkE, and for 0 < T � C1, we denote by
C.Œ0;T�IE/ the space of bounded and continuous functions from Œ0;T� with values
in E, and by Lp.0;TIE/, 1 � p � C1, the space of strongly Bochner measurable
functions from .0;T/ to E such that for 1 � p < C1

kvkLp.0;TIE/ D
� Z T

0

kv.t/kpE dt
� 1

p
; (17)

respectively, if p D 1,

kvkL1.0;TIE/ D ess sup
0�t�T

kv.t/kE (18)

are finite. The following existence result is classical. (see, for example, [35, Thms.
2.13, 2.14, Thm. 4.3] or also [15, 28, 29, 37, 42],

Theorem 1 Assume that in the SCL (14)–(15) holds f 2 C1.RIRd/, and the initial
data u0 satisfies

u0 2 Z WD L1.Rd/ \ L1.Rd/ \ BV.Rd/ : (19)

Then there holds:

(1) The SCL (14)–(15) admits a unique entropy solution u 2 L1.Rd � .0;T//.
(2) For every t > 0, the (nonlinear) data-to-solution map S.t/ given by

u.�; t/ D S.t/ u0

satisfies

(i) S.t/ W L1.Rd/ ! L1.Rd/ is a (non-expansive) Lipschitz map, i.e.,

kS.t/u0 � S.t/v0kL1.Rd/ � ku0 � v0kL1.Rd/ : (20)
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(ii) S.t/ maps .L1 \ BV/.Rd/ into .L1 \ BV/.Rd/ and

TV.S.t/u0/ � TV.u0/ 8u0 2 .L1 \ BV/.Rd/ : (21)

(iii) There hold the L1 and L1 stability bounds

kS.t/u0kL1.Rd/ � ku0kL1.Rd/ I (22)

kS.t/u0kL1.Rd/ � ku0kL1.Rd/ : (23)

(iv) The mapping S.t/ is a uniformly continuous mapping from L1.Rd/ into
C.Œ0; 1/IL1.Rd//, and

kS.�/u0kC.Œ0;T�IL1.Rd// D max
0�t�T

kS.t/u0kL1.Rd/ � ku0kL1.Rd/ : (24)

Hyperbolic conservation laws exhibit finite propagation speed of perturbations.
As a consequence, compactly supported initial data gives rise to solutions which
are compactly supported for all time, however, with time-dependent supports. We
present one version of such a “domain of influence” result, for the SCL (14)–(15).

Proposition 2 For the Cauchy problem (14)–(15), assume that f 2 C1.RIRd/ and
that u0 satisfies (19). Assume moreover that the initial data u0 2 Z has compact
support: there exists a finite, positive constant R such that

supp.u0/ � Œ�R;R�d : (25)

Then, for every 0 < t < 1, the unique entropy solution u of the Cauchy
problem (14)–(15) is compactly supported as well, and with NM WD ku0kL1.Rd/ < 1,
there holds

supp.u.t// � Œ�.R C tB/;R C tB�d ; (26)

where

B WD k@ufkC0.Œ� NM; NM�IRd/; (27)

denotes a upper bound on the maximal propagation speed.

3.3 Random Entropy Solution

Based on Theorem 1, we will now formulate the SCL (14)–(15) for random initial
data u0.!I �/, with deterministic flux. To this end, we denote .˝;F ;P/ a probability
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space. We assume given a Lipschitz continuous deterministic flux f and random
initial data u0, which satisfies the

Assumption 1 (Assumptions on the Random Input Data)

1. The random initial data u0 is an L1.Rd/-valued random variable on .˝;F ;P/.
It is in particular a strongly Bochner measurable map

u0 W .˝;F / 7�! �
L1.Rd/; B.L1.Rd//

�
: (28)

2. The map u0 is also strongly Bochner measurable from .˝;F ;P/ with values in
the space Z D L1.Rd/ \ L1.Rd/ \ BV.Rd/ (taking values in the separable
Banach space L1.Rd/, the random initial data u0 is in particular separably
valued in Z) introduced in (19), so that

˝ 3 ! 7! u0.!I �/ 2 Z D .L1 \ L1 \ BV/.Rd/ (29)

is strongly Bochner measurable; here, we equip the space Z in (19), (29) with the
norm

kukZ WD kukL1.Rd/ C kukL1.Rd/ C TV.u/ : (30)

3. There holds a uniform bound: for some constant 0 < NM < 1,

ku0.!I �/kL1.˝IZ/ � NM < 1 ; (31)

4. The random initial data u0 satisfies the bounded support assumption (25) with
probability one, i.e. there exists a constant 0 < R < 1 such that

supp.u0.!; �// � Œ�R;R�d with probability 1 : (32)

5. The flux function f is bounded on the set of states: for NM as in (31), item 3, there
holds, with S D Œ� NM; NM�, the bound (27).

Since L1.Rd/ and C1.RdIRd/ are separable, we may impose on the mapping (28)
kth moment conditions

ku0kLk.˝IL1.Rd// < 1; k 2 N ; (33)

where the Bochner spaces are defined in Sect. 2. We consider the random scalar
conservation law (RSCL)

(
@tu.!I x; t/ C divx. f .!I u.!I x; t/// D 0; t > 0;

u.!I x; 0/ D u0.!I x/; x 2 R
d : (34)
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Definition 2 ([46]) A random field u W ˝ 3 ! ! u.!I x; t/, i.e., a strongly
measurable mapping from .˝;F / to C.Œ0;T�IL1.Rd//, is a random entropy
solution of the SCL (34) with random initial data u0 satisfying (28)–(33) for some
k � 2 and with a spatially homogeneous flux f .u/ if it satisfies the following
conditions,

(i) Weak solution:
For P-a.e. ! 2 ˝ , u.!I �; �/ satisfies the following integral identity

TZ

0

Z

Rd

�
u.!I x; t/'t.x; t/ C

dX
jD1

fj.!I u.!I x; t// @

@xj
'.x; t/

�
dxdt

C
Z

Rd

u0.x; !//'.x; 0/ dx D 0; (35)

for all test functions ' 2 C1
0.Rd � Œ0;T//.

(ii) Entropy condition: For any pair of (deterministic) entropy � and entropy flux
Q.�/ i.e., �;Qj with j D 1; 2; : : : ; d are functions such that � is convex and such
that Q0

j.�/ D �0f 0
j .�/ for all j, and u satisfies the following inequality

TZ

0

Z

Rd

�
�.u.!I x; t//'t.x; t/ C

dX
jD1

Qj.u.!I x; t// @

@xj
'.x; t/

�
dxdt

C
Z

Rd

�.u0.!I x/'.x; 0/ dx � 0; (36)

for all deterministic test functions 0 � ' 2 C1
0.Rd � Œ0;T//, P-a.s.

We remark that it suffices to assume that (36) holds for all Kružkov entropy
functions �.u/ D ju � kj, where k is any constant, which we assume throughout
what follows.

Theorem 2 ([28, Chap. 2, Thms. 5.1,5.2]) Consider the SCL (14)–(15) with
spatially homogeneous, bounded flux f 2 C1.RIRd/ with random initial data
u0 W ˝ ! L1.Rd/ satisfying Assumption 1 and the kth moment condition (33)
for some integer k � 2. Then there exists a random entropy solution u W ˝ !
C.Œ0;T�IL1.Rd// which is “pathwise” unique, i.e., for P-a.e. ! 2 ˝ , described in
terms of the deterministic, nonlinear mapping S.t/ from Theorem 1 such that

u.!I �; t/ D S.t/u0.!I �/; t > 0; P-a.e. ! 2 ˝ : (37)
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Moreover, u W ˝ ! C.0;TIL1.Rd// is P-a.s. separably valued and strongly
Bochner measurable.

For every k � 1, for every 0 � t � T < 1, and for P-a.e. ! 2 ˝ holds

kukLk.˝IC.0;TIL1.Rd/// � ku0kLk.˝IL1.Rd// ; (38)

kS.t/u0.!I �/k.L1\L1/.Rd/ � ku0.!I �/k.L1\L1/.Rd/ (39)

TV.S.!I t/u0.!I �// � TV.u0.!I �//: (40)

There exists NM < 1 such that

ku0kL1.˝IL1.Rd// � NM : (41)

and

sup
0�t�T

ku.!I �; t/kL1.Rd/ � NR P-a:e: ! 2 ˝ : (42)

Theorem 2 ensures the existence of a unique random entropy solution u.!I x; t/ with
finite kth moments for bounded random flux, provided that u0 2 Lk.˝;F ;PIZ/.

The deterministic maximum principle (22) and (41) imply, in addition, that P-
a.e. realization of the random entropy solution u takes values in the state space
S D Œ� NM; NM�, for a:e: x 2 R

d and for all t > 0.

4 Monte Carlo and Multi-Level Monte Carlo Finite Volume
Methods

We present the Multilevel Monte Carlo Finite Volume Method (MLMC-FVM) for
scalar conservation laws. We introduce it in several steps: first, we discuss MC
sampling of random initial data, second, FV discretization of the samples on the
single, fixed triangulation and, finally, its multi-level extension on a hierarchy of
possibly unstructured grids.

4.1 Monte-Carlo Method

The MC method for the SCL with random data u0.!I x/ as in (28)–(31) consists in
sampling in the probability space. We also assume (33), i.e., the existence of kth
moments of u0 for some k 2 N, to be specified. We analyze the error in computable
numerical approximations of kth order statistical moments of u. For k D 1 we
obtain the expected value of the solution random field i.e., M 1.u/ D EŒu�. The
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MC approximation of EŒu� is defined as the usual statistical sample average: given
M independent, identically distributed (“iid” for short) draws of the initial data,bui0,
i D 1; : : : ;M, the MC estimate of EŒu.�I �; t/� at time t > 0 is the sample average

EMŒu.�; t/� WD 1

M

MX
iD1

bui.�; t/ : (43)

Here, bui.�; t/ denotes the M unique entropy solutions of the M Cauchy Prob-
lems (14)–(15) with iid initial databui0. We observe that by

bui.�; t/ DbS.t/bui0 (44)

we have from (21)–(23) for M MC samples and for any 0 < t < 1, for every
1 � p � 1, using the triangle inequality,

kEMŒu.!I �; t/�kLp.Rd/ D
��� 1

M

MX
iD1

bS.t/bui0.�I !/
���
Lp.Rd/

� 1

M

MX
iD1

��bui0.!I �/��Lp.Rd/
:

(45)

Using the i.i.d. property of the samples fbui0gMiD1 of the random initial data u0 and the
linearity of the expectation EŒ��, we obtain for any 1 � p � 1 from the assumed
strong measurability of u0 in the Banach space Z defined in (29), the bound

E
�kEMŒu.�I �; t/�kLp.Rd/

� � E
�ku0kLp.Rd/

� D ku0kL1.˝ILp.Rd// < 1: (46)

As M ! 1, the MC estimates (43) converge in L2.˝IC.Œ0;T�ILp.Rd/// and the
following convergence rate bound holds.

Theorem 3 Assume that in the SCL (14)–(15) the random initial data u0 satisfies
Assumption 1, items 1–5. In particular, u0 is with probability one compactly
supported in space, i.e., there exists a compact domain D � R

d such that
supp.u0.!// � D for almost every ! 2 ˝ .

Assume, moreover, that the random initial data u0 is strongly Bochner measur-
able taking values in the space Z D L1.Rd/ \ L1.Rd/ \ BV.Rd/ (cp. (29), (30)),
and satisfies

u0 2 L2.˝IL1.Rd// \ L2.˝IL1.Rd// : (47)

Assume further that (29), (31) hold.
Then for every 0 < t < 1 holds the a priori bound

ku.t/k2
L2.˝IL2.Rd//

� ku0kL2.˝IL1.Rd//ku0kL2.˝IL1.Rd// (48)
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The MC estimates EMŒu.�; t/� in (43) converge, as M ! 1, to M 1.u.�; t// D
EŒu.�; t/�. For M 2 N, and for every fixed 0 < t < 1, there holds the error bound

kEŒu.�; t/� � EMŒu.�; t/�k2
L2.˝IL2.Rd// � M�1 ku0kL2.˝IL1.Rd// ku0kL2.˝IL1.Rd// :

(49)

Under Assumption 1, item 4, we also have for every 0 < t < T

kEŒu.�; t/� � EMŒu.�; t/�k2
L2.˝IL1.Rd// � C.T/M�1 ku0kL2.˝IL1.Rd// ku0kL2.˝IL1.Rd// :

(50)

In (50), C.T/ is a time dependent constant that also depends on the bounded domain
Œ�R;R�d on which the random initial data is supported with probability 1.

Proof Under the assumptions of the theorem, by Theorem 2 there exists a unique
random entropy solution u.

For any v 2 L1.Rd/ \ L1.Rd/ holds kvk2
L2.Rd/

� kvkL1.Rd/kvkL1.Rd/. For every
fixed 0 < t < 1 we have from (22), (23),

R
˝

kS.t/u0k2
L2.Rd/

D R
˝

ku.!I t/k2
L2.Rd/

dP.!/

� R
˝

ku0.!/kL1.Rd/ku0.!/kL1.Rd/dP.!/

� ku0kL2.˝IL1.Rd//ku0kL2.˝IL1.Rd// :

Therefore, for every 0 < T < 1,

kuk2
L2.˝IC.0;TIL2.Rd///

D R
˝ sup0<t<T ku.!I t/k2

L2.Rd/
dP.!/

� sup0<t<T kS.t/u0k2
L2.˝IL2.Rd//

� ku0kL2.˝IL1.Rd//ku0kL2.˝IL1.Rd// ;

(51)

which is finite by assumption (47). From this bound follows the MC error bound (49)
by referring to the general MC error bound in Corollary 1, with the observation that
Hilbert spaces have type p D 2, and type constant 2Ct D 1 or directly from (12).

We show the second part: note that the space L1.Rd/ is of type 1. From
Corollary 1 we cannot expect a MC convergence rate bound in L1.Rd/ without extra
assumptions.

Suppose therefore now that Assumption 1, item 4, holds, i.e. all realizations of u0

have compact support in a common set Œ�R;R�d. Then the bound (27) of the flux f
in C1.SIRd/ and the finite propagation property, Proposition 2, imply that for every
0 < t < 1, and P-a.s., that the random entropy solution is likewise compactly
supported: from (26) it follows that there holds, for every t > 0,

supp.u.!I t// � Œ�.R C tB/;R C tB�d with probability 1 : (52)
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Then, for P-a.e. !,

ku.!I t/kL1.Rd/ � C.t;B;R/ku.!I t/kL2.Rd/ :

Squaring both sides and taking expectations, we find

ku.t/k2
L2.˝IL1.Rd//

� C.t;B;R/2ku.!I t/k2
L2.˝IL2.Rd//

:

Using (48) and reasoning as before, we arrive at (50). ut
Remark 2 The bound (51) can be generalized to k-point correlation functions
M .k/u D E.u.�; t; x1/ : : : u.�; t; xk//, x1; : : : ; xk 2 R

d with k > 1 of the random
entropy solution: from Jensen’s inequality and Fubini’s theorem,

kM .k/u.t/k2
L2.Rkd/

�
Z

˝

Z
x1

: : :

Z
xk

ju.�; x1; t/ : : : u.�; xk; t/j2dxk : : : dx1dP.!/

D
Z

˝

ku.�; t; �/k2k
L2.Rd/

dP.!/

D
Z

˝

kS.t/u0.�/k2k
L2.Rd/

dP.!/

�
Z

˝

kS.t/u0.�/kkL1.Rd/
kS.t/u0.�/kkL1.Rd/

dP.!/

�
Z

˝

ku0.�/kkL1.Rd/
ku0.�/kkL1.Rd/

dP.!/

� ku0kkL2k.˝IL1.Rd//
ku0kkL2k.˝IL1.Rd//

:

From Theorem 3 we see that L1.Rd/ MC convergence rate bounds can be obtained
despite L1 being a Banach space of type 1; however, as already observed in [13]
and the references there, this is only possible by an intermediate bound of samples
and, for multilevel MC, for error bounds on FV discretizations in Banach spaces of
type 1 < q � 2, as introduced in Definition 1. As observed in [48], Theorem 4.1,
the assumption of compactly supported initial data, satisfying (25), and bounded
flux (27) which imply (26) at positive time t > 0 does afford intermediate L2

!L
2
x

bounds which in turn allow MC convergence rate bounds.
The properties (20)–(24) also hold for FV discretizations. Accordingly, we aim

at analogous results for MC FV methods for the random SCL. We next introduce
FV methods; rather than presenting a particular scheme, we state several properties
required in the ensuing error analysis which are satisfied by several popular FV
methods.

4.2 Finite Volume Method (FVM)

So far, the MC method was prescribed under the assumption that “pathwise”
entropy solutionsbui.!I x; t/ D S.!I t/bui0.!I x/ for the Cauchy problem (14)–(15)
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iid initial data samples Oui0 D u0.!iI x/ are available exactly. In practice, numerical
approximations of S.t/Oui0 must be computed and the corresponding discretization
errors taken into account.

To analyze MC-FVM approximations we impose sufficient conditions on the
FVM to afford the Kuznetsov type error bounds for first order FVM for the
deterministic SCL (14)–(15); these will be required for the convergence rate bounds
of the MLMC FVM as considered in [46, 48] and also for parametric collocation
FVM as in [48, Sec.5] in the subsequent chapters. We review the generic first order,
explicit FV schemes considered here, as for example in [15, 37, 42].

Denote the time step by �t > 0 and a triangulation T of the spatial domain
D � R

d of interest. We assume that T is a set of open, convex polyhedra K � R
d

with plane faces such that standard conditions on shape regularity hold: if K 2 T
denotes a generic volume, we define

�K D �.K/ D maxfdiam.Br/ W Br � Kg (53)

i.e., the maximum inradius in volume K for K 2 T and define, in addition, for a
generic mesh T , the shape regularity constants (where �xK WD diamK)

	.T / WD supf�xK=�.K/ W K 2 T g; T 2 M : (54)

The meshwidth of triangulation T is

�x.T / D supfdiam.K/ W K 2 T g : (55)

For any volume K 2 T , we define the set N .K/ of neighboring volumes

N .K/ WD fK0 2 T W K0 ¤ K ^ measd�1.K \ K0/ > 0g : (56)

We assume that the triangulation T are regular in the sense that the support size of
the FV “stencil” at any element K 2 T is uniformly bounded i.e.,

�.T / WD sup
K2T

#.N .K// � B < 1 (57)

with some bound B which is independent of the particular partition T . The global
CFL constant is defined by


 WD �t=�x.T / : (58)

for constant time step �t; we also set tn D n�t. It is determined by a standard
CFL condition (see e.g. [28]) based on the maximum wave speed given by the flux
bound (27), see Proposition 2.
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We discretize (14)–(15) by an explicit, first order FV scheme on T :

vnC1
K D H.fvn

K0 W K0 2 N .K/ [ Kg/; K 2 T (59)

where H W R.2kC1/d ! R, with k denoting the size of the stencil of the FV scheme, is
continuous and where vn

K denotes an approximation to the cell average of u at time
tn D n�t.

In our subsequent developments, we write the FVM in operator form. To this
end, we introduce the operator HT .v/ which maps a sequence v D .vK/K2T into
HT ..vK/K2T /. The time explicit FVM (59) takes the abstract form

vnC1 D HT .vn/; n D 0; 1; 2; : : : : (60)

For the ensuing convergence analysis, we shall assume and use several properties of
the FV scheme (60); these properties are satisfied by many commonly used FVM of
the form (60), on regular or irregular meshes T in R

d.
To state the assumptions, we introduce further notation: for any initial data

u0.x/ 2 L1.Rd/, we define the FVM approximation at time t D 0, .v0
K/K2T by

the cell averages

v0
K D 1

jKj
Z
K
u0.x/ dx; where K 2 T : (61)

Interpreting the vector v D .vK/K2T 2 R
#T as cell averages, we associate with v

the piecewise constant function vT .x; t/ defined a.e. in R
d � .0; 1/ by

vT .x; t/
ˇ̌
K

WD vn
K ; K 2 T ; t 2 Œtn; tnC1/ : (62)

We denote space of all piecewise constant functions on T (i.e., the “simple” or
“step” functions on T ) by S.T /. Given any vT 2 S.T /, we define the (mesh-
dependent) norms:

kvkL1.T / D
X
K2T

jKj jvKj D kvT kL1.Rd/ ; kvkL1.T / D sup
K2T

jvK j D kvT kL1.Rd/ :

As in [46, 48], we consider FVM schemes in the MC-FVM algorithms which satisfy
the following standard assumptions which are analogous to (22)–(24).

Assumption 2 The abstract FV scheme (60) satisfies

1. Stability: 8t � 0

kvT .�; t/kL1.Rd/ � kvT .�; 0/kL1.Rd/ ; (63)

kvT .�; t/kL1.Rd/ � kvT .�; 0/kL1.Rd/ ; (64)

TV.vT .�; t// � TV.vT .�; 0//; (65)
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2. Lipschitz continuity: For any two sequences v D .vK/K2T , w D .wK/K2T we
have

kHT .v/ � HT .w/kL1.T / � kv � wkL1.T / (66)

or, equivalently,

kHT .vT / � HT .wT /kL1.Rd/ � kvT � wT kL1.Rd/ : (67)

3. Convergence: If in the CFL bound (58) the CFL constant 
 D �t=�x.T /

is kept constant as �x.T / ! 0, the approximate solution vT .x; t/ generated
by (59)–(62) converges to the unique entropy solution u of the scalar conserva-
tion laws (14)–(15) at L1.Rd/-rate 0 < s � 1: there exists C > 0 independent of
�x such that, as �x ! 0, for every t and for .�t/s � t � T, it holds

ku.�; t/ � vT .�; t/kL1.Rd/ � ku0 � v0
T kL1.Rd/ C C t TV.u0/ �xs : (68)

Let us mention that (63)–(65) hold in particular for monotone schemes on Cartesian
meshes, see [28, 37]. The classical error analysis of Kuzsnetsov, see e.g. [15], imply
the convergence rate s D 1=2 in (68). In case of monotone schemes on general FV
meshes, one might lose the bound on the total variation of the approximations, and
the convergence rate, i.e., the rate s in (68) is correspondingly reduced, see [8].

The error bound (68) contains an initial data approximation error ku0�v0
T kL1.Rd/.

This error vanishes for step function initial data on T (as, e.g., in the solution of
Riemann problems). More generally, this error can be bounded by �xs provided
that u0 has appropriate regularity: under Assumption 2, for u0 2 BV.Rd/ and for the
cell-average projection v0

T in (61), we obtain

ku0 � v0
T kL1.Rd/ � C.	; �/�xTV.u0/ � C.	; �/�xsTV.u0/; (69)

as s � 1 in (68). Here, the constant C.	; �/ depends on the stencil size constant �

and the shape regularity constant 	 in (57), and (54), respectively.
Explicit FV schemes (59), (60) subject to the CFL stability condition (58) exhibit

a discrete finite domain of dependence result analogous to Proposition 2.

Proposition 3 (Discrete Finite Dependence Domain) Under Assumption 2 and
the assumptions of Proposition 2, in particular under the compact support assump-
tion (25) on the random initial data u0, for the explicit FV scheme (53), (61) there
holds:

1. the projection of the initial data on triangulation T , v0
T , defined in (61), (62),

has compact support independently of T : there exists c > 0 such that, for all
0 < h.T / � 1, and with probability 1, holds

supp.v0
T / � Œ�.1 C c/R; .1 C c/R�d : (70)
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2. the discrete solutions satisfy a dependence domain result: with probability 1 and
with the constant c > 1 from (70) for every t > 0 holds

supp.vT .�; t// � Œ�.1 C c/.R C tB/; .1 C c/.R C tB/�d ; (71)

where B denotes the bound (27) on the flux, and where c > 1 is as in (70).

We refer to [42, Chapter 3.6] for a detailed discussion.
Let us finally mention that the work for the realization of scheme (59)–(62) on

a bounded domain D � R
d scales as (using the CFL stability condition (58), i.e.,

�t=�x.T / � 
 D const:/

WorkT D O
�
�t�1 �x�d

� D O
�
�x�.dC1/

�
; (72)

with the constant implied in O .�/ depending on on the support domain D of the
solution.

4.3 MC-FVM

In the Monte Carlo Finite Volume Methods (MC-FVMs), we combine MC sampling
of the random initial data with the FVM (60). In the convergence analysis of these
schemes, we shall require the application of the FVM (60) to random initial data
u0 2 L1.˝I .L1 \L1 \BV/.Rd//: given a draw u0.xI !/ of u0, the FVM (60)–(62)
produces a family vT .x; tI !/ of random step functions on T .

Proposition 4 Consider the FVM (60)–(62) for the approximation of the entropy
solution corresponding to a draw u0.!I x/ of the random initial data, satisfying
Assumption 1.

Then, if the FVM satisfies Assumption 2, and provided that u0 2 Lk.˝IZ/, the
random grid functions ˝ 3 ! 7! vT .!I x; t/ defined by (58)–(62) satisfy, for every
0 < t < 1, 0 < �x < 1, and every k 2 N [ f1g, the stability bounds

kvT .�I �; t/kLk.˝IL1.Rd// � ku0kLk.˝IL1.Rd// ; (73)

kvT .�I �; t/kLk.˝IL1.Rd// � ku0kLk.˝IL1.Rd// : (74)

We also have error bounds

ku.�I �; t/ � vT .�I �; t/kLk.˝IL1.Rd//

� ��u0.�I �/ � v0
T .�I �/��Lk.˝IL1.Rd//

C Ct�xs kTV.u0.�I �//kLk.˝/ : (75)
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Remark 3

1. In order for kTV.u0.�I �//kLk.˝/ in (75) to be meaningful, a sufficient condition is
that u0 W ˝ ! BV.Rd/ be strongly measurable, which we assumed in (31).

2. The initial data approximation error term
��u0.�I �/ � v0

T .�I �/��
Lk.˝IL1.Rd//

in (75)
can be bounded as in (69) provided that the random initial data u0 has sufficient
regularity: if u0 W ˝ ! Z is strongly measurable, and if u0 2 Lk.˝IZ/, then (69)
implies

ku0 � v0
T kLk.˝IL1.Rd// � C�x : (76)

This approximation error bound holds without assumption of bounded support on
u0.

4.3.1 Definition of the MC-FVM Scheme

We consider once more the SCL (14)–(15) with random data u0 and with flux
f satisfying (28)–(33). We assume the moment condition u0 2 Lk.˝IZ/ for
sufficiently large k 2 N. The MC-FVM scheme for the MC estimation of the mean
(i.e., the ensemble average) of the random entropy solution is as follows.

Definition 3 (MC-FVM Scheme) Generate a sample of M 2 N i.i.d. realizations
fbui0gMiD1 of initial data, approximated on the triangulation T by cell average
projections (61).

bui.�; t/ D S.t/bui0.�/; i D 1; : : : ;M: (77)

Let HT .�/ be a FVM scheme (59)–(62) satisfying Assumption 2. Then the MC-
FVM approximations of M k.u.�; t// are defined as statistical estimates from the
ensemble

fbvi
T .�; t/gMiD1 (78)

obtained by (60) from the FV approximationsbvi
T .�; 0/ of the M i.i.d initial data

samples fbui0.x/gMiD1 by (61): specifically, the first moment of the random solution
u.!I �; t/ at time t > 0, is approximated by the sample average of FV solutions,

M 1.u.�; t// 	 EMŒvT .�; t/� WD 1

M

MX
iD1

bvi
T .�; t/: (79)

4.3.2 Convergence Rates for MC-FVM

We next address the convergence of EMŒvT � to the mean E.u/.
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Theorem 4 Assume that all realizations of the random initial data u0 are supported
on one common, bounded domain Œ�R;R�d � R

d for some 0 < R < 1 and
satisfy (28)–(32). Assume further given a FVM (59)–(62) such that (58) holds and
such that Assumption 2 is satisfied; in particular, assume that the deterministic FVM
scheme converges at rate s > 0 in C.Œ0;T�IL1.Rd// for every 0 < T < 1, i.e. (68)
holds.

Then, the MC estimate EMŒvT .�; t/� defined in (79) satisfies, for every M, the
error bound

kEŒu.�; t/� � EMŒvT .!I �; t/�kL2.˝IL1.Rd//

� C.D;T/
h
M� 1

2 ku0kL2.˝IL1.Rd//

C ��u0 � v0
T

��
L1.˝IL1.Rd//

C t�xs kTV.u0.!I �//kL1.˝/

i (80)

where C > 0 depends on the final time T and the domain D, in which the initial
data is supported P-a.s. but is independent of M and of �x as M ! 1 and as

�x D �t # 0.

Proof The proof of the above theorem proceeds along the lines of the proof of [46,
Thm. 4.6]. However, we point out that there was an error in the argument of the
proof of [46, Theorem 4.6] due to the incorrect derivation of a direct MC sampling
convergence rate in the type one Banach space L1.Rd/. On the other hand and as
mentioned in the previous section, we may use the local support assumptions on the
initial data, and the finite speed of propagation implied by hyperbolicity, to obtain
FV convergence rate bounds in the type 2 space L2.Rd/ from which follows the
claimed convergence rate.

For fixed t > 0, we have

kEŒu.�; t/� � EMŒvT .�; t/�kL2.˝IL1.Rd// � kEŒu.�; t/� � EMŒu.�; t/�kL2.˝IL1.Rd//

C kEMŒu.�; t/� � EMŒvT .�; t/�kL2.˝IL1.Rd//

DW I C II :

Term I is a MC error which can be bounded by (50).
Term II is essentially a discretization error bound. By the (pathwise) FV error

bounds (68) and by (21)–(24) and Assumption 2 by the triangle inequality that

II D kEMŒu.�; tI !/ � vT .�; t/�kL2.˝IL1.Rd//

� 1

M

MX
jD1

kOuj.�; tI !/ � Ovj
T .�; tI !/�kL2.˝IL1.Rd//

� ku.�; tI !/ � vT .�; tIw/�kL2.˝IL1.Rd//

� C
˚ku0 � v0

T kL2.˝IL1.Rd// C t�xskTV.u0.�;w//kL2.˝/

	
:

ut
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The initial data approximation error ku0 � v0
T kL2.˝IL1.Rd// can be bounded by �x as

indicated in Remark 3, item 2.

4.3.3 Work Estimates

To calculate the error versus computational work, we estimate the asymptotic
complexity of computing the estimators along the lines of [48]. In doing this, we
assume that the computational domain D � R

d is bounded and suitable boundary
conditions are specified on @D. In this bounded, computational domain D, the work
for one time step (59), (60) is of order O

�
�x�d

�
(with O .�/ depending on the size

of the domain and on the size of stencil employed in the FV scheme) we find from
the CFL condition (58) that the total computational work to obtain fvT .�; t/g0<t�T

in D is by (72)

Work.T / D O
�
�x�d�1

�
; as 
�x D �t # 0: (81)

The work for the computation of the MC estimate EMŒvT .�; t/� is assumed to scale
as

Work.M;T / D O
�
M�x�d�1

�
; as �t D 
�x # 0: (82)

The bound (80) allows to infer convergence order estimates in terms of work. To
derive these, we choose M�1=2 � �xs in (80). Setting the implied constant equal to
one results in M D d�t�2se. Inserting in (82) yields

Work.T / D O
�
�t�2s �x�.dC1/

� (58)D O
�
�x�.dC1/�2s

�
(83)

so that we obtain from (80)

kEŒu.�; t/� � EMŒvT .�; t/�kL2.˝IL1.Rd// � C�ts � C.Work.T //�s=.dC1C2s/ :

(84)
Regarding the convergence rate in the estimate (84), for the deterministic FV scheme
holds

Work.T / D O
�
�t�1 �x�d

� (58)D O
�
�x�.dC1/

�
:

The bound on the FV error, (68), becomes when written in terms of work, equal to

ku.�; t/ � vT .�; t/kL1.Rd/

� ��u0 � v0
T

��
L1.Rd/

C Ct TV.u0/ .Work.T //�s=.dC1/ : (85)
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Ignoring initial data approximation errors, which are negligible in comparison
to the computational work for the time marching, the exponent �s=.d C 1/ for the
deterministic FVM as compared to �s=.d C 1 C 2s/ for the MC-FVM. For low
order FV schemes (i.e., for small values of the convergence rate s) and in space
dimensions d D 2; 3, we observe a considerably reduced rate of convergence of the
MC-FVM. For high order FV schemes, we recover in (84) the MC rate 1=2 of the
error in terms of work.

4.4 Multilevel MC-FVM

Next, we present and analyze a scheme that allows us to achieve a better accuracy
versus work bound for the random initial data u0, compared to the standard MC-
FVM error bound (84). The Multilevel Monte Carlo Finite Volume (MLMC-FVM)
scheme is based on MC sampling with level dependent sample sizes M` on different
levels ` of resolution of the FVM. Throughout, we assume the explicit FV scheme
satisfies Assumption 2 and the CFL stability condition (58). To define the MLMC-
FVM, we start by reviewing notation as used in [48].

4.4.1 Notation

The MLMC-FVM is defined as a multilevel discretization in x and t with level
dependent numbers M` of samples. To this end, we assume we are given a family
fT`g1̀D0 of nested triangulations of Rd such that the mesh width

�x` D �x.T`/ D supfdiam.K/ W K 2 T`g D O
�
2�`�x0

�
; ` 2 N0; (86)

where K denotes a generic FV cell K 2 T . We also assume the family M D
fT`g1̀D0 of meshes to be shape regular; if K 2 T` denotes a generic cell, we recall,
for a generic mesh T 2 M, the shape regularity constants 	.T / defined in (54).
We say that the family M of meshes is 	-shape regular, if there exists a constant
	.M/ < 1 such that with �K denoting the diameter of the largest ball inscribed
into K

	.M/ D sup
T 2M

	.T / D sup
T 2M

sup
K2T

diam.K/

�K
: (87)

For a mesh hierarchy M D fT`g1̀D0, we denote

�x` WD �x.T`/; T` 2 M; ` D 0; 1; : : : : (88)
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4.4.2 MLMC-FVM

The MLMC FVM consists in estimates of EŒu.�; t/� obtained by replacing u.�; t/
by a FV discretization, on a sequence M of discretizations fT`g`2N0 which we
assume to be nested. We denote in the present section the FV approximation vT
on triangulation T 2 M by v`.�; t/. On T` 2 M, the CFL condition (58) takes the
form

�t` � 
�x`; ` D 0; 1; 2; : : : ; : (89)

We assume the CFL constant 
 > 0 to be independent of ` and of the input
realization !; this will allow for deterministic error vs. work bounds; we refer to
[49] for a discussion of error vs. work of MLMC for nonuniform (log-gaussian)
random inputs.

As the FV scheme is CFL stable, we may generate a sequence fv`.�; t/g1̀D0 of
stable FV approximations on triangulation T` for time steps of sizes �t` which
satisfy the CFL condition (89) with respect to mesh T` 2 M. We set in what follows
v�1.�; t/ WD 0. Then, given a target (finest) level L 2 N of spatial resolution, we may
use the linearity of the expectation operator to write, as is customary in MLMC
analysis (see, e.g., [27])

EŒvL.�; t/� D
LX

`D0

E

h
v`.�; t/ � v`�1.�; t/

i
: (90)

We next estimate each term in the sum (90) by a Monte-Carlo method with a level-
dependent number of samples, M`, to obtain the MLMC-FVM estimator,

ELŒu.�; t/� D
LX

`D0

EM`
Œv`.�; t/ � v`�1.�; t/� : (91)

Here, EMŒvT .�; t/� is the standard MC estimator defined in (79), and v`.�; t/ denotes
the FV solution on T`, computed under the CFL assumption (89), with �t` � 
�x`

where �x` WD �x.T`/ denotes the meshwidth at mesh level ` (see (55)) and where
the CFL constant 
 > 0 is independent of `. We emphasize that the form of the
estimator (90) implies that the same draw of the random initial data should be
approximated on two successive meshes in the hierarchy.

4.4.3 Convergence Analysis

The MLMC-FVM mean field error

��EŒu.�; t/� � ELŒu.�; t/���L2.˝IL1.Rd//
(92)
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for 0 < t < 1 and L 2 N was analyzed in [46] for the SCL (13) with random
initial data and deterministic flux. Analogous results for the more general SCL with
random fluxes was shown in [48]. The choice of the sample sizes fM`g1̀D0 is such
that, for every L 2 N, the MLMC error (92) is of order .�xL/s, where s is the order
of convergence in the Kuznetsov type error bound (68). The design of MLMC-FVM
is based on a judicious choice of MC sample numbers fM`g1̀D0 at the discretization
levels `. To derive it, we observe that for each L, the error bound (92) holds with
work bounded by

WorkL D
LX

`D0

M`O
�
�x�d�1

`

� D O
� LX

`D0

M`�x�d�1
`

�
: (93)

The MLMC convergence analysis in [46] used incorrectly a MC convergence
estimate for the space L1.Rd/ which is a Banach space of type 1. This error was
rectified in a recent paper [48], where the following bound on the variance of the
FV details was shown:

k.v` � v`�1/.�; t/k2
L2.˝IL1.Rd// � C.D;T/�xs` ku0k2

L2.˝IWs;2.Rd// : (94)

Theorem 5 ([48, Thm. 4.7]) Suppose that Assumption 1, items 1–5 hold, and that,
moreover, (28)–(32) and (87)–(89) are valid. Then, for any sequence fM`g1̀D0 of MC
sample numbers at mesh level `, we have for the MLMC-FVM estimate ELŒu.�; t/�
in (91) the error bound

��EŒu.�; t/� � ELŒu.�; t/���
L2.˝IL1.Rd//

� C
�
D;T; ku0kL1.˝IZ/

� "
�xsL C

LX
`D1

M
� 1

2

` �x
s
2

` C M
� 1

2

0

#
(95)

where C is a constant that depends on the final time T < 1, the initial data and on
the bounded domain D which contains, according to (52), the support of u.t/ with
probability one, but is independent of L.

Proof We calculate for any t 2 Œ0;T�

��EŒu.�; t/� � ELŒu.�; t/���
L2.˝IL1.Rd//

� kEŒu.�; t/� � EŒvL.�; t/�kL2.˝IL1.Rd//„ ƒ‚ …
I

C ��EŒvL.�; t/� � ELŒu.�; t/���
L2.˝IL1.Rd//„ ƒ‚ …

II

In complete analogy with the estimation of term II in proof of Theorem 4, the term
I in the above estimate can be readily estimated in terms of the spatio-temporal
discretization error of the FV scheme at the finest mesh resolution with diameter
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�xL as follows,

I � C.T; ku0kL1.˝IZ//�xsL:

To estimate term II in the above estimate, we use the discrete finite dependence
domain result, Proposition 3, and the bounded support assumption (32) on the
random initial data and proceed as follows,

II D ��EŒvL.�; t/� � ELŒu.�; t/���
L2.˝IL1.Rd//

D
�����

LX
lD0

�
EŒvl.�; t/ � vl�1.�; t/� � EM`

Œv`.�; t/ � v`�1.�; t/��
�����
L2.˝IL1.Rd//

�
LX

lD0

kEŒvl.�; t/ � vl�1.�; t/� � EM`
Œv`.�; t/ � v`�1.�; t/�kL2.˝IL1.Rd//

� C.D;T/

LX
lD0

kEŒvl.�; t/ � vl�1.�; t/� � EM`
Œv`.�; t/ � v`�1.�; t/�kL2.˝IL2.Rd//

� C.D;T/

8<
:

kv0.�; t/kL2.˝IL2.Rd//

M
1
2

0

C
LX

lD1

0
@k.v` � v`�1/.�; t/kL2.˝IL2.Rd//

M
1
2

l

1
A
9=
;

In the final estimate, we used the compact support assumption (50) and in the final
step, we used the standard Hilbert space MC estimate (12) for the detail v` � v`�1.
Accordingly, we need to bound the variance of the details v` � v`�1 in the (Hilbert)
space L2.Rd/ according to

k.v` � v`�1/.�; t/kL2.˝IL2.Rd// � C.D;T/ ku0kL2.˝IZ/ �x
s
2

` : (96)

Note that the use of the (Hilbertian) L2.Rd/ norm in the error bound entails the
convergence rate s=2 of the FV detail v` � v`�1, where 0 < s � 1 denotes the
L1.Rd/ convergence rate of the (deterministic) FV approximation. Substituting the
above in the estimate for term I and using the stability of the numerical solution at
the coarsest level of discretization �x0, we arrive at (95). ut

The error bound (95) is then used to select MC sample numbers M` at
discretization level ` to achieve a prescribed tolerance " � �xsL, with minimal
computational work.

A (standard in MLMC by now) Lagrange multiplier argument (see, e.g., Giles
[27] and references therein) allows to solve the corresponding constrained mini-
mization problems results in sample number choices obtained, for example, in [48]
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for 0 < s < d C 1,

M` � �x
.sCdC1/

2

`

�x2s
L

LX
kD0

�x
.s�.dC1//

2

k � �x
.sCdC1/

2

`

�x
.3sCdC1/

2

L

(97)

with � denoting equivalence uniform with respect to L and `.
As in [46], we use the sample numbers M` in (97) to obtain the following error

estimate in terms of work

��EŒu.�; t/� � ELŒu.�; t/���
L2.˝IL1.Rd//

� C
�
Work.fM`gL`D0ITL/

��s=.dC1Cs/
: (98)

The complexity estimate (98) shows that the MLMC FVM can be more efficient
than the MC FVM (84), in terms of computational work that needs to be per-
formed for obtaining the same error. However, to achieve a comparable error in
L2.˝IL1.Rd//, the MLMC method is more expensive than a single deterministic
solve.

Remark 4 The above discussion on random entropy solutions and (ML)MC meth-
ods considered the simplest case of a scalar conservation law with random initial
data. These notions and methods were extended to the case where the flux function
in a scalar conservation law is random. In a recent paper [48], where the appropriate
notion of random entropy solutions were defined and shown to exist, provided that
the uncertainty in the flux satisfied certain assumptions, which ensure the random
flux to be Bochner measurable and P-a.s. separably valued in the space of Lipschitz
continuous flux functions. Both the MC-FV and MLMC-FV methods were analyzed
in this context and the MLMC-FV method was shown to satisfy the same error vs
computational work i.e., (98) as in the case of deterministic fluxes and random
data. Consequently, the MLMC method is significantly more efficient than the
corresponding MC-FV method. We refer to [48] for details.

5 Statistical Moments

The error bounds for the MLMC-FVM obtained up to this point addressed the
numerical estimation of the “ensemble average”, or mean-field. Here, we briefly
comment on efficient numerical approximation of 2- and k-point correlation func-
tions of random solutions. When the physical problem is posed in d spatial variables,
spatial k-point correlation functions of random or of statistical solutions can be
represented (under the provision of sufficient regularity) as deterministic functions
of kd variables.

The “natural”, FV approximation of k-point spatial correlations of random
entropy solutions as well as of correlation margins of statistical EMV solutions
introduced in [17, 18], will involve k-fold (algebraic) tensorisation of (finite
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dimensional, by the bounded support assumption (32) on the random initial data,
and by the corresponding bounded support property (71) of FV approximations
implied by the uniform hyperbolicity of the SCL). This can increase computational
complexity due to the low convergence rate 1=2 of MC sampling, and to the so-
called “curse of dimensionality”, which entails complexity O

�
�x�kd�1

�
in k-point

correlation estimation. This can be prohibitive, in particular in space dimension d D
3, even for two-point correlations where k D 2. Two algorithmic strategies are next
presented which allow, to some extent and under appropriate regularity conditions,
to reduce the computational complexity: first, the MC statistical estimation of kth
central statistical moments in the physical dimension D as analyzed recently in [3],
and second, k-fold sparse tensor products of FV solutions in the physical domain
D � R

d as proposed in [46]. They render k-point correlations in Dk � R
kd

numerically accessible in O
�
�x�d�1j log �xjk�1

�
operations.

5.1 Estimation of kth Order Central Statistical Moments

Given a random entropy solution u, a “natural” MC estimator based on M iid
samples for the kth central moment of u.�I x; t/ reads

SkMŒu� WD 1

M

MX
iD1

.ui � EMŒu�/k ; (99)

assuming availability of exact solution samples ui of the random entropy solution.
The estimator (99) is to be interpreted pointwise w.r. to x 2 D and t 2 Œ0;T�. It is,
however, well-known to be a statistically biased estimator. Unbiased estimators are
known. For example,

QS2
MŒu� WD M

M � 1
S2
MŒu� ; QS3

MŒu� WD M2

.M � 1/.M � 2/
S3
MŒu� (100)

are unbiased estimators of M 2.u/ and M 3.u/. For k � 4, unbiased estimators
QSkMŒu� can be obtained as polynomial expressions of SrMŒu� for r D 1; : : : ;K which
are, however, not unique. We refer to [3, Lemma 3] for details.

A MLMC estimator of M k.u/.x; : : : ; xI t/ is introduced and analyzed in [3,
Theorem 1].

As the corresponding algorithms only access the FV solver through iid samples
of the random initial data and random flux, respectively, they are nonintrusive
and embarrasingly parallel. Operating only in the physical domain D 
 R

d,
they do not require additional data structures for tensorization of FV solutions.
Central statistical moments M k.u/.x; : : : ; xI t/ can, however, also be numerically
approximated as “diagonals” of statistical k-point correlations M k.u/. We discuss
this next.
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5.2 Estimation of k-Point Spatial Correlations

The work to form a single tensor product over a bounded computational domain
D � R

d (such as, e.g., the support domain of the solution at time t in (26)) grows,
ignoring timestepping, as O.�x�kd/ which may entail a computational effort that
is, for moment orders k � 2, prohibitive. To reduce the complexity of k-point
correlation function estimation, a so-called “sparse grid” or “sparse tensor product”
approach was proposed in [2, 46, 62]. We refer to [31, 53, 58] and the references
there for general presentations of sparse tensor product spaces.

5.2.1 k-Point Correlation Estimation by Sparse Tensorization of FV
Solutions

As is standard in multi-resolution analysis, the cell-average projections P` W
L1.Rd/ ! S`, defined in (88), (104), allow us to introduce spaces of increments
or details in the FV mesh hierarchy M D fT`g1̀D0:

W` WD .P` � P`�1/S`; ` � 0 (101)

where P�1 WD 0 so that W0 D S0. Then, for any L 2 N0, we have the multilevel
decomposition

SL D W0 ˚ : : : ˚ WL D
LM

`D0

W` : (102)

The k-point correlations .vL.�; t//.k/ of FV solutions at time t > 0 belong to the
(algebraic) tensor product space

.SL/
.k/ WD SL ˝ : : : ˝ SL„ ƒ‚ …

k times

D
X

j`j1�L

S`1 ˝ : : : ˝ S`k D
M

j`j1�L

kO
jD1

W`j : (103)

In the numerical realization of 2- and k point correlation functions and correlation
margins of measure valued solutions, the computational realization of approxima-
tions in the tensor product space .SL/.k/ is necessary. To formulate it, we introduce
the k-fold algebraic tensor products of the FV cell-average projections by

P.k/
L v WD PL ˝ : : : ˝ PL„ ƒ‚ …

k times

W L1.Rkd/ ! .SL/
.k/ : (104)

In the case that NL WD dimSL < 1 (as e.g. when the spaces S` are only defined
on a bounded domain D � R

d such as the “support box” (26) in Proposition 2)
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then dim..SL/.k// D Nk
L which is prohibitive. Sparse Tensor approximations of k-

point correlation functions, .v.�; t//.k/ are “compressed” FV approximations which
involve FV spaces of piecewise constant functions on coarser meshes. They are
defined in terms of the increment space W` in (101) by

b.SL/
.k/ WD

M
j`j1�L

kO
jD1

W`j (105)

where j`j1 WD `1 C : : : C `k and where algebraic tensor products are implied.
Note that a realization of the sparse tensor product space b.SL/.k/ according to
its definition (105) requires construction of explicit bases for W` in (101); on
unstructured, simplicial triangulations T as in our Assumption 2 such bases can
be numerically constructed by agglomeration, see, e.g. [1]. A one-scale FV solution
on the finest mesh TL can be converted to a ML representation in O.NL/ operations
by the so-called pyramid scheme (see, e.g., [5, pp. 225–294]). If the mesh family M
used in the pathwise FV approximation (see Assumption 2) is generated by recursive
dyadic refinements of the initial triangulation T0, when NL D dimSL < 1 (as is the
case e.g. on bounded domains D � R

d) it holds (see, e.g. [53, 58])

dimb.SL/.k/ D O.NL.log2 NL/k�1/ : (106)

Having at hand the sparse tensor product space b.SL/.k/ in (105), we also define the
sparse tensor projection

b.PL/
.k/ WD

M
j`j1�L

kO
jD1

.P`j � P`j�1/ W L1.Rkd/ ! b.SL/
.k/ : (107)

We refer to [31, 58] and the references there, from where we briefly recapitulate
approximation properties of sparse tensor product projections: for any function
U.x1; : : : ; xk/ which belongs to .Ws;1.Rd//.k/ being the space of functions of k
variables x1; : : : ; xd 2 R

d which are, with respect to each variable, in Ws;1.Rd/,
it holds

kU � b.PL/.k/UkL1.Rkd/ � C.�xL/sj log �xLjk�1kUk.Ws;1.Rd//.k/ (108)

where C > 0 is independent of �xL (it depends only on k, d and the shape regularity
of the family M of triangulations, but is independent of �xL).

5.2.2 Sparse MLMC-FVM Estimator

The MLMC sparse FV estimator is based on a sparse tensor product FV approxima-
tion for each MC sample. To define it, we recall that EMŒ�� denotes the MC estimate
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based on M samples): for a given sequence fM`gL`D0 of MC sample numbers at level
` D 0; : : : ;L, the sparse tensor MLMC estimate of M kŒu.�; t/� is, for 0 < t < 1,
defined by

1EL;.k/Œu.�; t/� WD
LX

`D0

EM`
ŒbP`

.k/.v`.�; t//.k/ � bP`�1
.k/.v`�1.�; t//.k/� : (109)

We observe that (109) is identical to (103) except for the sparse formation of the
k-point correlation functions of the FV solutions corresponding to the initial data
samples Oui0. In bounded domains, this reduces the work for the formation of the k-
point correlation function from Nk

L to O.NL.log2 NL/k�1/ per sample at mesh level
L. As is well known (see, e.g. [31, 58]) use of sparse rather than full tensor products
essentially preserves (i.e., up to logarithmic w.r. to �x terms) the order s of FV
convergence of sparse tensor product k point correlation function approximations.

5.2.3 Combination Formula

Sparse tensor products are particularly easy to realize when the FV scheme already
produces FV solutions to SCLs in MRA format. Such schemes are nonstandard,
but available even on unstructured meshes as we admit in Assumption 2, in
a development [25, 50] originating in the seminal work of A. Harten [1, 4].
Often, however, only single-level (one-scale) numerical FV approximations on
triangulations T`, ` D 0; : : : ;L are available. In order to realize the MLMC-FV
estimator (109), for each realization the approximations must be converted to a
MR representation. This can be achieved also on unstructured meshes in linear
complexity by the so-called pyramid scheme (see, e.g., [52] for a definition and
an algorithm).

An alternative approach which obviates MR based numerical methods is the so-
called combination formula, as proposed for this purpose (in a different context)
in [32, Lemma 12, Thm. 13]. For the projector b.PL/

.k/ in (107), the combination
identity

b.PL/
.k/ D

k�1X
iD0

.�1/i


k � 1

i

� X
j`j1Dk�i

P.k/
` ; where P.k/

` WD
kO

jD1

P`j (110)

holds. The combination identity (110) implies that sparse tensor MC-FV approxi-
mations of k-point correlation functions can be numerically built from (pointwise)
products of standard, one-scale FV approximations of the SCL (13)–(15) with iid
samples of the random initial data u0 on mesh levels ` WD .`1; : : : ; `k/. When
inserted into (109), the combination identity (110) provides an explicit realization
of the MLMC-FVM estimator of k-point correlations of random entropy solutions,
based exclusively on (parallel) standard FV solves on all mesh levels.
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5.2.4 Error Bounds and Complexity Analysis

We can now generalize Theorems 4 and 5 to sparse tensor MLMC-FV estimates
for the kth moments of random entropy solutions; it also applies to estimates of
correlation measures of entropy statistical solutions as introduced in [19].

Theorem 6 Assume that the random initial data u0 satisfies Assumption 1, items
1–4 and that the FV scheme satisfies Assumption 2, items 1–3. In particular, assume
that the deterministic FV scheme converges at rate s > 0 according to (68) and that
for u0, the bounded support Assumption 2, item 4, (32) holds.

Assume further that the FV scheme satisfies the CFL condition (58) and that
the random initial data u0 is Bochner-integrable of order 2k in the spaces Z D
.L1 \ L1 \ BV/.Rd/ and in Ws;1.Rd/, i.e.

u0 2 L2k.˝IZ/ \ L2k.˝IWs;1.Rd// : (111)

Then, MLMC-FVM estimator 1EL;.k/Œu.�; t/� defined in (109) satisfies, for every
sequence fM`gL`D0 of MC samples, the error bound

kM ku.�; t/ �1EL;.k/Œu.�; tI !/�k2
L2.˝IL1.Rkd//

. .1 _ t/�x2s
L j log �xLj2.k�1/

n
kTV.u0.�; !//k2k

Lk.˝IdP/
C ku0.� I !/k2k

L1.˝IWs;1.Rd//

o

C
(

LX
`D0

�xs`j log �x`jk�1

M`

) n
ku0.� I !/k2k

L2k.˝IWs;1.Rd//
C t2kTV.u0.� I !//k2k

L2k.˝IdP/

o
:

Here, the constant implied in . depends on the order k of the moment to be
estimated, on the physical space dimension d, and on the support size constant
R > 0 in the bounded support assumption (32).

Then, the total work to compute the MLMC estimates1EL;.k/Œu.� I t/� is bounded by
(with O.�/ depending on the size of D)

1WorkMLMC
L D O

 
LX

`D0

M`�x�.dC1/

` j log �xjk�1

!
: (112)

Based on Theorem 6, we infer that the choice (97) of numbers M` of MC samples at
level ` should also be used in the MLMC estimation of k-point correlation functions
for k > 1, provided the order s of the underlying deterministic FVM scheme (59)–
(61) satisfies

0 � s < d C 1 : (113)
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In particular, in a bounded domain D � R
d containing the bounded support in (52),

kM ku.�; t/ �1EL;.k/Œu.�; tI !/�kL2.˝IL1.Dk// � C.1WorkMLMC
L /�s0=.dC1Cs/ (114)

for any 0 < s0 < s (with constant growing as 0 < s0 ! s � 1). The computational
domain D can, in particular, contain the bounded support domains of the exact and
discrete solutions at time t > 0, as indicated in (71), (52).

6 Monte Carlo and Multi-Level Monte Carlo Methods
for Systems of Conservation Laws

6.1 General Considerations

We consider the general system of conservation laws (1), with random initial
data in (115b) as well as possibly random coefficients and random flux functions
in (115a). A notion of random entropy solutions can be defined for this general
case, analogous to Definition 2 for scalar conservation laws. We refer to [47] for
details. However, there are no well-posedness results for random entropy solutions
for systems as even the underlying deterministic problem may not be well-posed,
particularly in several space dimensions [6]. One approach to developing numerical
approximations in this case is to assume existence of random entropy solutions and
to design efficient methods for numerical approximations of their solutions:

It is fairly straightforward to extend the MCFV scheme, given in Sect. 4.3.1, to
general, nonlinear hyperbolic systems of conservation laws with random inputs.
A convergence rate estimate, analogous to (80) can be proved, provided that one
postulates a convergence rate, analogous to (68), for the underlying spatio-temporal
FV discretization, see [47]. Similarly, the MLMC method, as described in Sect. 4.4
can also be readily extended to this general case and a convergence rate estimate,
similar to (95), once the underlying spatio-temporal discretization converges like
in (68) or at least a estimate of the type (96) holds. Consequently, a complexity
estimate as (98) can be shown under these assumptions, demonstrating that the
MLMC-FV method is more efficient than the MC-FV method.

6.2 Numerical Experiments

We present a few numerical experiments involving systems of conservation laws to
illustrate the robustness of the MLMC method and its comparison with the Monte
Carlo method.



Monte-Carlo Finite-Volume Methods in Uncertainty Quantification for. . . 265

6.2.1 Uncertain Orszag-Tang Vortex

This test is taken from [47], section 6.2. The system of conservation laws under
consideration are the ideal magnetohydrodynamics (MHD) equations of plasma
physics. We consider the ideal MHD equations on the two-dimensional domain
Œ0; 1�2 with periodic boundary conditions. The random initial data is an uncertain
version of the well-known Orszag-Tang benchmark test problem. We consider a
random initial data with 8 sources of uncertainty, namely in the amplitudes of the
initial density and pressure, phases of the initial sinusoidal velocity fields and the
phases and amplitude of the initial solenoidal magnetic fields. The mean and the
variance of the density, computed at time T D 1:0 with an MLMC-FV method,
with eight levels of resolution, a finest mesh of 40962 and with four samples at
the finest level, with the underlying FV method using a HLLC Riemann solver, a
second-order WENO reconstruction and upwind treatment of the Godunov-Powell
source term [23], are shown in Fig. 1. In this case, one computes a reference solution
with the above configuration and calculates the L2.˝;L1.D// error for both the
mean and variance, with MC and MLMC methods (of both first and second order
spatio-temporal discretizations). The errors for the mean and variance are plotted in
Figs. 2 and 3, respectively. They show that in this example, the MLMC FV method
is at least 50–60 times faster than the single-level MC FV method for the mean
and 10–20 times faster for the variance, to achieve a prescribed error tolerance
in the engineering range of accuracy. Thus, this justifies the complexity estimates,
described here, at least for this example.

Fig. 1 Uncertain Orszag-Tang vortex solution at t D 1:0 using MLMC-FVM (8 sources of
uncertainty). Left: Convergence of the sample mean of random density. Right: Convergence of
the sample variance of the random density. Reproduced from [57]
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Fig. 2 Convergence of sample mean in the uncertain Orszag-Tang vortex simulation (8 sources of
uncertainty). Left: Error vs. Mesh resolution. Right: Error vs. Runtime. Reproduced from [57]

Fig. 3 Convergence of sample variance in the uncertain Orszag-Tang vortex simulation (8 sources
of uncertainty). Left: Error vs. Mesh resolution. Right: Error vs. Runtime. Reproduced from [57]

6.2.2 A Random Kelvin-Helmholtz Problem

This numerical example is taken from a recent paper [18] and the MLMC compu-
tations are presented in [45]. We consider the compressible Euler equations in the
two-dimensional domain Œ0; 1�2 with periodic boundary conditions. The uncertainty
arises due to the initial data being a (very small) random perturbation of the classic
Kelvin-Helmholtz problem, see [18], with 20 sources of uncertainty in the initial
data. The mean and variance of the density, computed with a Monte Carlo method,
on a Cartesian 10242 grid and with 400 MC samples are shown in Fig. 4 (Top Row).
The underlying FV scheme is the third-order entropy stable TeCNO scheme of [16].
Surprisingly for this test case, the variance of the solution is at least three orders of
magnitude higher than the variance of the initial data. This amplification of variance
is due to the generation of structures at smaller and smaller scales, when the shear
flow interacts with the contact discontinuity. In this particular case, the MLMC
method provides no gain in computational efficiency over the standard Monte Carlo
method. This is depicted in Fig. 4 (Bottom row, Left), where the L1 difference in
the mean of the density, computed with the MLMC and MC methods, at the same
grid resolution for the finest grid and the same number of samples at the finest grid
resolution of MLMC, with respect to an MC reference solution computed with 1024
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Fig. 4 UQ for the random Kelvin-Helmholtz problem. Top Row: Density at time T D 2 computed
with MC method and TeCNO3 scheme with the algorithm proposed in [18] Left: Convergence of
the sample mean, Right: Convergence of the sample variance. Bottom Row Left: Comparison
between MC and MLMC method with respect to error in mean of the density with respect to a
reference solution (Reproduced from [45]). Bottom Right: Lack of convergence for a single sample
for the density (reproduced from [45])

samples, is compared. The results show that error due to MLMC is comparable to
the error due to the MC calculation, provided that the number of samples at the finest
grid level of the MLMC calculation is the same as the number of MC samples. Thus,
in this case, the coarse levels of the MLMC method do not increase the accuracy of
the computation and are redundant. Given this observation, it is clear that an error
estimate of the form (95) cannot hold for this particular example. In fact, even an
error estimate of the form (68) for the underlying spatio-temporal discretization,
does not hold for this example. We see this from Fig. 4 (Bottom row, Right) where
the difference in L1 between two successive mesh resolutions for a single sample is
shown. This figure show that the error remains constant with respect to resolution
and the underlying FV scheme does not converge for this particular test case. It was
also shown in [45] that even weaker convergence bounds, such as the variance of
the difference between successive resolutions (96), does not hold for this particular
problem, as structures at even smaller scales are generated upon mesh refinement.
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7 Measure-Valued and Statistical Solutions

It is interesting to note that the Monte Carlo and Multi-level Monte Carlo methods
converge for the previous numerical experiment, as shown in Fig. 4 (bottom left),
even though the underlying spatio-temporal discretization may not converge in L1,
as shown in Fig. 4 (bottom right). What exactly do the (ML)MC-FV computations
converge to in this case?

7.1 Measure-Valued Solutions

This question was partially answered in recent papers [17, 18] and references
therein. There, the authors proved that a Monte Carlo based algorithm, together
with an entropy stable scheme such as the TeCNO scheme of [16], converges to an
entropy measure valued solution of the underlying system of conservation laws (1).
Measure valued solutions were first proposed by DiPerna [14] and are in fact Young
measures i.e., space-time parametrized probability measures on the phase space RN

of the system (1). Let D � R
d be the domain and Dt WD D � RC, we define

Young measure from Dt to R
N as a map which associates to each point .x; t/ 2 Dt a

probability measure on R
N . More precisely, a Young measure is a weak* measurable

map � W Dt ! P.RN/, meaning that the mapping

.x; t/ 7! ˝
�x;t; g

˛ D
Z

RN

g.�/d�x;t.�/ is Borel measurable for every g 2 C0.R
N/:

The set of all Young measures from Dt into R
N is denoted by Y.Dt;R

N/. Given
this notation for Young measures, one can rewrite the following system of N-
conservation laws,

@tu C rx � f .u/ D 0; .x; t/ 2 Dt; (115a)

u.x; 0/ D Nu.x/; x 2 D: (115b)

in terms of the following measure-valued Cauchy problem,

@th�x;t; �i C rx � h�x;t; f .�/i D 0; .x; t/ 2 Dt;

h�x;0; �i D h�x; �i; x 2 D;
(116)

with possibly Young measure-valued initial data �x. The above system (116) has to
hold in the sense of distributions. Entropy (admissibility) conditions can be imposed
by interpreting an associated entropy inequality in the Young measure sense [14]
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Global existence of measure-valued solutions was shown recently in [17, 18]
and references therein, by proving convergence of the following Monte Carlo based
ensemble averaging algorithm.

Algorithm 1.
Let the initial data for an underlying time-dependent PDE (116) be given as a Young
measure � 2 Y.D;RN/ i.e., a Young measure D 7! P.RN/.

• Step 1: Let u0 W ˝ 7! Lp.Rd/ be a random field on a probability space .˝; ˙;P/

with law � , i.e., �.E/ D P.u0.!/ 2 E/.
• Step 2: Evolve the initial random field by applying a suitable numerical scheme,

with solution map S �
t , to the initial data u0.!/ for every ! 2 ˝ , obtaining an

approximate random field u�.!I �; t/ WD S �
t u0.!I �/.

• Step 3: Define the approximate measure-valued solution �� as the law of u�

with respect to P, i.e. for all Borel sets E � R
N ,

��
x;t.E/ D P

�
u.!I x; t/ 2 E

�
:

It was shown in [18, Appendix A.3.1] that �� are indeed Young measures. The
existence of a random field u0 with a given law � , as required in Step 1, is guaranteed
by proposition A.3 of [18].

The numerical method in Step 2 of Algorithm 1, can be appropriate structure
preserving Finite Volume Methods, such as the arbitrary high-order entropy stable
TeCNO schemes of [16]. The last ingredient in our numerical approximation of
measure-valued solutions is to find, and approximate, the random field u0.!I x/
which appears in Algorithm 1, resulting in the following algorithm.

Algorithm 2.
Let � D .�x1; : : : ; �xd/ denote the grid size parameter and let M 2 N. Let further
�� 2 Y.Rd;RN/ denote the initial Young measure.

• Step 1: For some probability space .˝; ˙;P/, draw M i.i.d. random fields
u�;1

0 ; : : : ; u�;M
0 W ˝ � R

d ! R
N , with [the same] law ��.

• Step 2: For each k and for a fixed ! 2 ˝ , use a suitable numerical scheme to
numerically approximate the conservation law (115a) with initial data u�;k

0 .!/.
Denote u�;k.!I �; t/ D S �

t u�;k
0 .!I �/ as the computed solutions.

• Step 3: Define the approximate measure-valued solution

��;M
x;t WD 1

M

MX
kD1

ıu�;k.!Ix;t/: (117)

Note that, as in any Monte Carlo method, the approximation ��;M depends on
the choice of ! 2 ˝ , i.e. on the choice of seed in the random number generator.
However, one can prove that the convergence rate of approximation is independent
of this choice, P-almost surely.

The approximate solutions ��;M were proved to converge to an entropy measure-
valued solution of (116) as .�;M/ ! .0; 1/ in [18]. This convergence is in
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the weak-� topology on Young measures that amounts to convergence of one-
point statistical quantities of interest such as the mean, variance, point statistics
and probability density functions etc. Thus, the results of Fig. 4 are justified,
mathematically. Furthermore, the computations of [18] also demonstrated that the
measure-valued solution may not be atomic even if the initial data is an atomic
young measure concentrated on a L1 function. Thus, there seems to be no fully
deterministic version of multi-dimensional systems of conservation laws and the
initial value problem for (115), hitherto considered deterministically, should in fact
be considered as a problem in uncertainty quantification (UQ).

Measure-valued solutions for (116) exist for all times ([17] and references
therein) and are able to capture limits of numerical approximation of systems of con-
servation laws (115). They also serve as an UQ framework within which the random
initial data is represented as a Young measure (or point probability distribution).
However, measure-valued solutions are not necessarily unique, particularly when
the initial data is non-atomic. This holds true even for scalar conservation laws, see
for instance example 9.1 in [17], even for the one-dimensional Burgers’ equation.
Thus, measure-valued solutions need to be augmented with additional constraints
in order to recover uniqueness. This is consistent with the observations, reported
in [17, 18], that the computed measure valued solution when realized as a limit
of the MC-FV algorithm, is stable with respect to the choice of numerical method
and with respect to perturbations of the underlying random initial data. We refer to
[40] for numerical approximation of EMV solutions and convergence analysis for a
combined MC FV method for the velocity formulation of the incompressible Euler
equations.

7.2 Statistical Solutions

An attempt to constrain measure-valued solutions in order to recover uniqueness
has been made recently in [19]. In this paper, the authors propose a concept of
statistical solutions of systems of conservation laws as a suitable solution paradigm
as well as computational UQ framework. Statistical solutions of the Navier-Stokes
equations in the sense of Foias and Prodi [20] are time-parametrized families of
probability measures on a Lp function space. We refer to the surveys [21, 41] for
their mathematical theory for the incompressible Navier-Stokes equations.

In these references, statistical solutions are time-dependent probability measures
on divergence free L2 functions that evolve based on either Cylindrical moments
(Liouville equation) or Characteristic functionals (Hopf equation) resulting in a
functional differential equation on an infinite-dimensional space.

Although a viable concept for viscous flows such as the incompressible Navier-
Stokes equations, it is unclear how the statistical solutions in the sense of [21]
can be extended to inviscid problems such as systems of conservation laws (115).
Moreover, probability measures on Lp spaces are non-local and local statistical
quantities such as one-point statistics or multi-point correlations are hard to interpret
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in this setting. Hence, the linkage between statistical solutions (in the sense of [21]
or of the closely related notion of statistical solutions introduced by Vishik and
Fursikov in [61]) and measure-valued solutions is unclear.

These difficult issues were tackled in a recent paper [19] in which the authors
were able to localize probability measures on infinite-dimensional function spaces
by relating them to Young measures as described below.

7.2.1 Correlation Measures

Let U D R
N and Dk WD D � � � � � D denote the k-fold cartesian product of D. In

[19], the authors defined correlation measures as a collection � D .�1; �2; : : : / of
maps �k W Dk ! P.Uk/ satisfying the following properties:

(i) Weak-� measurability: Each map �k W Dk ! P.Uk/ is weak-� measurable, in
the sense that the map x 7! ˝

�k
x ; f

˛
from x 2 Dk into R is Borel measurable for

all f 2 C0.Uk/ and k 2 N. In other words, �k is a Young measure from Dk to
Uk.

(ii) Lp-boundedness: � is Lp-bounded, in the sense that

Z
D

˝
�1
x ; j�jp˛ dx < C1:

(iii) Symmetry: If � is a permutation of f1; : : : ; kg and f 2 C0.R
k/ then˝

�k
�.x/; f .�.�//

˛ D ˝
�k
x ; f .�/

˛
for a.e. x 2 Dk. Here, we denote �.x/ D

�.x1; x2; : : : ; xk/ D .x�1 ; x�2 ; : : : ; x�k/.
(iv) Consistency: If f 2 C0.Uk/ is of the form f .�1; : : : ; �k/ D g.�1; : : : ; �k�1/

for some g 2 C0.Uk�1/, then
˝
�k
x1;:::;xk ; f

˛ D ˝
�k�1
x1;:::;xk�1

; g
˛

for almost every
.x1; : : : ; xk/ 2 Dk.

(v) Diagonal continuity (DC): If Br.x/ WD ˚
y 2 D W jx � yj < r

	
then

lim
r!0

Z
D

1

jBr.0/j
Z
Br.x/

˝
�2
x;y; j�1 � �2jp˛ dy dx D 0: (118)

Each element �k is called a correlation marginal. The consistency property implies
that the kth correlation marginal �k determines all � l; l � k. Thus, the family of
correlation marginals is a hierarchy of young measures. The equivalence between
correlation measures and probability measures on Lp is described by the following
result, which is [19, Thm. 2.7]:

For every correlation measure � defined as above, there exists a unique probabil-
ity measure 
 2 P.Lp.D// satisfying

Z
Lp

kukpLp d
.u/ < 1 (119)
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such that, for all k 2 N and for every g 2 L1.Dk W C0.Uk//: there holds

Z
Dk

Z
Uk

g.x; �/ d�k
x.�/dx D

Z
Lp

Z
Dk

g.x; u.x// dxd
.u/ (120)

(where u.x/ denotes the vector .u.x1/; : : : ; u.xk//). Conversely, for every probability
measure 
 2 P.Lp.D// with finite Lp bound, there exists a unique correlation
measure � satisfying (120). The relation (120) is also valid for any measurable g W
D � U ! R such that jg.x; �/j � Cj�jp for a.e. x 2 D.

Moreover, it was also shown in [19] (Theorem 2.20) that the probability measure

 (equivalently the associated correlation measure �) was uniquely determined in
terms of moments or correlation functions of the correlation measure � given by

mk W Dk ! Uk; mk.x/ WD
Z
Uk

�1 ˝ � � � ˝ �k d�k
x.�/; k 2 N: (121)

Here, U˝k refers to the tensor product space U ˝ � � � ˝ U' R
kN (repeated k times),

and �1˝� � �˝�k is a functional defined by its action on the dual space
�
U˝k

�� D U˝k

through

�
�1 ˝ � � � ˝ �k

� W ��1 ˝ � � � ˝ �k
� D .�1 � �1/ � � � .�k � �k/:

7.2.2 Definition of Statistical Solutions

Once it is established that probability measures on Lp are completely characterized
by moments (correlation functions) of the associated correlation measure, one
can evolve an initial probability measure on Lp.D/ in time by writing evolution
equations for these correlation functions. Following [19], we define statistical
solution of (115a) with an initial data N
 2 P

�
L1
�
R

d;RN
��

as a weak*-measurable
mapping t 7! 
t 2 P

�
L1
�
R

d;RN
��

such that the corresponding correlation
measures .�k

t /k2N satisfy the following equations in the sense of distributions,

@t
˝
�k
t;x; �1 ˝ � � � ˝ �k

˛C
kX

iD1

rxi � ˝�k
t;x; �1 ˝ � � � ˝ f .�i/ ˝ � � � ˝ �k

˛ D 0; 8k 2 N:

(122)

Note that the first equation in the hierarchy for k D 1 precisely agrees with
the definition of measure-valued solutions (116). Thus, a statistical solution is
a measure-valued solution that includes information about the evolution of all
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possible multi-point correlations in the underlying functions. Hence, statistical solu-
tions are considerably more constrained than measure-valued solutions providing
some hope for uniqueness. Moreover, statistical solutions reduce to standard weak
solutions as long as the initial data and the resulting statistical solution are atomic
i.e., N
 D ıNu; 
t D ıu.t/ with Nu; u.t/ 2 Lp.D/. On the other hand, a non-atomic initial
probability measure N
 can be used to model input uncertainty. Hence, statistical
solutions provide a UQ framework [19].

Currently, well-posedness results for statistical solutions are only available
for scalar conservation laws. In [19], a concept of entropy statistical solutions
was proposed for scalar conservation laws, Definition 4.3 therein. This concept
generalizes Kružkhov entropies to probability measures on L1. Well-posedness of
entropy statistical solutions for scalar conservation laws was shown in [19, Thm.
4.7]. These entropy statistical solutions were also shown to satisfy a non-expansive
property with respect to the 1-Wasserstein metric on probability measures on L1.
The mathematical analysis of the convergence of the MC-FV algorithms 1; 2, in
the sense of [18], for scalar conservation laws is currently in progress. Some
(preliminary) findings are as follows: the same Monte Carlo ensemble averaging
algorithm 2, proposed in [18], also converges, under additional assumptions, to
a statistical solution of the underlying nonlinear, hyperbolic system as will be
shown in a forthcoming paper. Thus, statistical solutions may provide a suitable
mathematical and numerical solution framework for multi-dimensional systems of
conservation laws as well as of computational uncertainty quantification for them.

The algorithms proposed in [17, 18] are Monte Carlo based. A MLMC version
of this algorithm was designed and shown to converge to an entropy measure valued
solution in a recent paper [45]. Moreover, it was shown in [45] that if the variance
of the details, similar to (96), converge at an algebraic rate i.e. if s > 0 in (96), then
the MLMC algorithm for approximating entropy measure-valued solutions will be
more efficient than the Monte Carlo version. However, such an estimate may not
hold as shown in Fig. 4 and the MC and MLMC versions will be comparable (see
Fig. 4 bottom left).

Currently, computation of k-point correlation functions within the framework of
statistical solutions uses a full tensor format. This can be prohibitively expensive for
even moderate k.

The adaptation of the sparse-tensor algorithms from [46] as described in Sect. 4.4
to this framework in order to accelerate the computations of multi-point statistical
quantities of interest is currently under development.
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