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Preface

Nowadays, by functional analysis one usually understands the branch of
analysis devoted to studying infinite dimensional topological spaces and
mappings between them. Historically, the main examples of such spaces were
spaces of functions, thus confirming the term of “functional” analysis.

Probably for the first time, the term “functional” was used by Hadamard
in his 1910 book devoted to the calculus of variations. As such, the French
mathematician Jacques Salomon Hadamard founded the modern school of
linear functional analysis further developed by the Hungarian mathematician
Frigyes Riesz and the Polish mathematician Stefan Banach.

By the beginning of the XXI century the functional analysis has grown so
much penetrating various branches of mathematics that it is now difficult to
define precisely the subject of this discipline. At the same time the functional
analysis was enriched by numerous more specialised branches based on topics
of the more classical analysis. For example, in Wikipedia, it is defined’ as
follows: “Functional analysis is a branch of mathematical analysis, the core of
which is formed by the study of vector spaces endowed with some kind of
limit-related structure (e.g. inner product, norm, topology, etc.) and the
linear functions defined on these spaces and respecting these structures in a
suitable sense. The historical roots of functional analysis lie in the study of
spaces of functions and the formulation of properties of transformations of
functions such as the Fourier transform as transformations defining contin-
uous, unitary etc. operators between function spaces. This point of view
turned out to be particularly useful for the study of differential and integral
equations”.

The functional analysis nowadays finds its applications in many theoret-
ical and applied branches of mathematics. Many theoretical constructions,
important for the development of mathematics, are described in the language
of the functional analysis. Its applications are encountered in numerous areas

"https:/ /en.wikipedia.org/wiki/Functionalanalysis
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such as the theories of differential and integral equations, mathematical and
theoretical physics, control and optimisation theories, probability theory and
mathematical statistics. The Fourier analysis combined with techniques of
functional analysis led to the development of the theory of distributions and
the theory of pseudo-differential operators.

Motivated by their large applicability for real life problems, applications of
functional analysis have been the purpose of an intensive research effort in the
last decades, yielding significant progress in the theory of functions and
functional spaces, in differential equations and boundary value problems, in
differential and integral operators and spectral theory, and in mathematical
methods in physical sciences.

The present volume is devoted to these investigations. The publication of
this collection of papers is based on the materials of the conference
“Functional analysis in interdisciplinary applications” organised in the
framework of the VI Congress of the Turkic World Mathematical Society
(2-5 October, 2017, Astana, Kazakhstan). The aim of the conference is to
unite mathematicians working in the areas of functional analysis and its
interdisciplinary applications to share new trends of applications of the
functional analysis. This conference is also dedicated to the 75th anniversary
of the outstanding expert in differential operators and spectral problems
Prof. Mukhtarbay Otelbaev, doctor of physical and mathematical sciences,
professor of the Gumilyov Eurasian National University, the vice-director
of the Kazakhstan branch of the Lomonosov Moscow State University, the
chief researcher of the Institute of Mathematics and Mathematical Modelling,
the laureate of the State Prize of the Republic of Kazakhstan, an academician
of the National Academy of Sciences of the Republic of Kazakhstan. Professor
Mukhtarbay Otelbaev is deservedly considered the founder of research on
functional analysis in Kazakhstan.

The present volume contains a citation for Mukhtarbay Otelbaev devoted
to his 75th anniversary. Moreover, the volume also contains a citation for
Professor Erlan Nursultanov, doctor of physical and mathematical sciences,
the Head of Department of Mathematics and Computer Science of the
Kazakhstan Branch of the Lomonosov Moscow State University, for his 60th
anniversary. He is a specialist in the areas of Fourier series, quadrature
formulae, interpolation of function spaces, and stochastic processes. The
44 articles collected in the present volume are selected from the talks by
conference participants. In fact, they are the outgrowth and further devel-
opment of the talks presented at the conference by participants from different
countries, including Germany, India, Iraq, Kazakhstan, Russia, Serbia,
Tajikistan, Turkey, United Kingdom and Uzbekistan. All of them contain
new results and went thorough a refereeing process. The volume reflects the
latest developments in the area of functional analysis and its interdisciplinary
applications.

This volume contains four different chapters. The first chapter contains
the contributed papers focusing on various aspects of the theory of functions
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and functional spaces, including problems of approximation of function
classes, conditions for boundedness and compactness for operators in different
function spaces, results on multipliers of Fourier series for various spaces,
results concerning the evolution of invariant Riemannian metrics on gener-
alised Wallach spaces, results of almost null and almost convergent double
sequence spaces. The second chapter is devoted to the research on differential
equations and boundary value problems. Correct and ill-posed problems for
linear and nonlinear partial differential equations, construction problems and
properties of their solutions are considered. The third chapter contains the
results of studies on differential and integral operators and on the spectral
theory. Various questions for ordinary differential operators, for second-order
and high-order partial differential operators, volume potential for elliptic
differential equations, correct restrictions and extensions of linear operators,
properties for root functions of various differential operators, spectral
geometry issues are considered. The fourth chapter is focused on the simu-
lation of problems arising in real-world applications of physical sciences, such
as electromagnetic fields, continuum mechanics and complex flows. Direct
and inverse problems are considered as well as the Stefan problem for para-
bolic and pseudo-parabolic equations, dynamic problems, problems of a
program of basic control systems. The volume editors thank the authors for
their high-quality contributions.

The editors want to sincerely thank Gulnara Igissinova and Sholpan
Balgimbayeva from the Institute of Mathematics and Mathematical
Modeling, who have contributed greatly to the editing and technical design of
this volume.

Almaty, Kazakstan Tynysbek Sh. Kalmenov
Astana, Kazakhstan Erlan D. Nursultanov
London, UK Michael V. Ruzhansky
Almaty, Kazakhstan Makhmud A. Sadybekov

June 2017
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Professor Mukhtarbay Otelbaev: Citation
for His 75th Birthday

Mukhtarbay Otelbaev is the professor of the Department of Fundamental
and Applied Mathematics of L.N. Gumilyov Eurasian National University,
the director of the Eurasian Mathematical Institute at the Eurasian National
University, the deputy director of the Kazakhstan branch of M.V.
Lomonosov Moscow State University, the Chief Researcher of the Institute of
Mathematics and Mathematical Modelling, the Laureate of the State Prize
of the Republic of Kazakhstan, Doctor of Sciences in physics and mathe-
matics, the academician of the National Academy of Sciences of the Republic
of Kazakhstan. He was born on October 3, 1942 in the village Karakemer
of the Kordai district of the Zhambyl region, Kazakhstan.

He started his working life as a tractor-driver in his native village. After
graduating from the evening school in 1962 in the village Karakonyz (now
Masanchi), he entered the Kyrgyz State University in Frunze (now Bishkek).
In 1962-1965, he served in the Soviet Army. In 1965-1966 he worked as a
teacher of mathematics at Chapaev evening school in the village Karakemer
of the Kordai district of the Zhambyl region.

After that he continued his studies at the Faculty of Mechanics and
Mathematics of the Moscow State University which he graduated in 1969.

xiii
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In the same year he entered postgraduate studies at the same faculty under
supervision of the famous scientists, Profs. B.M. Levitan and A.G.
Kostyuchenko. In 1972 he defended the Ph.D. thesis titled “About the
spectrum of some differential operators”.

Since 1973 M. Otelbaev was in Alma-Ata, where he worked as a junior
researcher, a senior researcher, and then as the head of a laboratory at the
Institute of Mathematics and Mechanics of the Academy of Sciences of the
Kazakh SSR.

In 1978, he brilliantly defended the Doctor of Sciences thesis titled
“Estimates of the spectrum of elliptic operators and related embedding the-
orems” at the Dissertation Council number 1 of the Faculty of Mechanics and
Mathematics of the Moscow State University headed by Prof. A.N.
Kolmogorov, a prominent mathematician, the academician of the Academy
of Sciences of the USSR.

In 1989, M. Otelbaev was elected a corresponding member of the Academy
of Sciences of the Kazakh SSR, and in 2004 he became a real member of the
National Academy of Sciences of the Republic of Kazakhstan.

Professor M. Otelbaev is an expert in the field of functional analysis and its
applications, the author of 3 monographs and over 200 scientific papers and
inventions widely recognized both in Kazakhstan and abroad. More than 70
of his works were published in rated international scientific journals (with the
impact-factor Journal Citation Reports Web of Science or included in the
SCOPUS database).

His main works are grouped around the following fields:

Spectral theory of differential operators;

Embedding theory and approximation theory;

Separability and coercive estimates for differential operators;
General theory of boundary value problems;

Theory of generalized analytic functions;

Computational mathematics;

Nonlinear evolutional equations;

Theoretical physics;

Other fields of mathematics.

Let us briefly recapture the main results of Prof. M. Otelbaev.

Spectral Theory of Differential Operators

M. Otelbaev developed new methods for studying the spectral properties of
differential operators, which are the result of consistent and skilled imple-
mentation of the general idea of the localization of the considered problems.
In particular, he invented a construction of averaging coefficients well
describing those features of their behaviour which influence the spectral



Professor Mukhtarbay Otelbaev: Citation for His 75th Birthday XV

properties of a differential operator. This construction, known under the
notation ¢*, made it possible to answer many of the hitherto open questions
of the spectral theory of the Schrodinger operator and its generalisations.
The function ¢* and its different variants have a number of remarkable
properties, which allow applying this function to a wide range of problems.
Here we note some problems solved by M. Otelbaev by using the function ¢* on
the basis of sophisticated analysis of the properties of differential operators.

(1) A criterion for the membership of the resolvent of the Schrédinger type
operator with a non-negative potential in the class a,, (1 <p <oo0) was
found (previously only a criterion for the membership in o, was known),
and two-sided estimates for the eigenvalues of this operator were obtained
under the minimal assumptions of the smoothness of the coefficients.

(2) The general localization principle was proved for the problems of
selfadjointness and of the maximal dissipativity (simultaneously with the
American mathematician P. Chernov) which provided significant pro-
gress in this area.

(3) Examples were given showing that the classical Carleman-Titchmarsh
formula for the distribution function N(A) of the eigenvalues of the
Sturm-Liouville operator is not always correct even in the class of
monotonic potentials and a new formula was found valid for all mono-
tonic potentials.

(4) The following result of M. Otelbaev is principally important: for N(A)
there is no universal asymptotic formula.

(5) From the time of Carleman, who found the asymptotics for N(1) and, by
using it, the asymptotics of the eigenvalues themselves, many mathe-
maticians worked on finding the asymptotics for N(4), but as a result they
could not get rid of the so-called Tauberian conditions. M. Otelbaev was
the first one, when looking for the asymptotics of the eigenvalues, who
omitted the interim step of finding the asymptotics for N(4), which
allowed getting rid of all unessential conditions for the problem including
Tauberian conditions.

(6) The two-sided asymptotics for N(A) for the Dirac operator showed for the
first time that N_(4) and N (1) may be not equivalent. The results of M.
Otelbaev on the spectral theory were included as separate chapters in the
monographs of B.M. Levitan and I.S. Sargsyan “Sturm-Liouville and
Dirac operators” (Moscow: Nauka, 1985), and of A.G. Kostyuchenko and
I.S. Sargsyan “Distribution of eigenvalues” (Moscow: Nauka, 1979),
which became classical books on the subject.

Recently, M. Otelbaev, jointly with Prof. V. I. Burenkov, described a wide
class of non-selfadjoint elliptic operators of order 2] with general boundary
conditions, whose singular numbers have the same asymptotics as the
eigenvalues of the I power of the Laplace operators with the Dirichlet
boundary conditions.
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Embedding Theory and Approximation Theory

This field of mathematics has developed as a separate branch in the works of
S.L. Sobolev in 1930s. Beginning with the works of L.D. Kudryavtsev (around
1960) a new era of weighted function spaces used in the theory of differential
operators with variable coefficients arises.

M. Otelbaev began research in this field already being a mature mathe-
matician and managed to create a new method of proving embedding theo-
rem which is, in form and essence, a local approach to such problems. In the
theory of weighted Sobolev spaces, the most used weighted function spaces,
M. Otelbaev obtained the following fundamental results.

(1) A criterion for an embedding and for the compactness of an embedding.

(2) Two-sided estimates for the norm of an embedding operator.

(3) Two-sided estimates for Kolmogorov’s width and for the approximation
numbers of an embedding operator, and a criterion for the membership
for an embedding operator in the classes g,, (1 <p <o0). It turned out
that one of the variants of the function ¢* is an adequate tool for
description of the exact conditions ensuring an embedding. For applica-
tions it is particularly important that all the estimates were given in
terms of weight functions thus allowing taking into account the charac-
teristics of their local behaviour.

Separability and Coercive Estimates for Differential
Operators

The term “separability” was suggested by the famous English mathemati-
cians Everitt and Geertz around 1970s, who investigated the smoothness of
solutions to the Sturm-Liouville equation.

Soon after that, M. Otelbaev was involved in the research on this topic. He
developed a method for studying the separability of more general,
multi-dimensional operators and variable type operators, as well for the
smoothness of solutions to nonlinear equations. In particular, by using this
method one can study the separability of general differential operators in
weighted, not necessarily Hilbert, spaces. With his interest in solving prob-
lems in the most general setting, M. Otelbaev obtained

(1) weighted estimates not only of the derivatives of solutions of the highest
order, but also of intermediate derivatives for a wide class of linear and
nonlinear equations;

(2) estimates of the approximation numbers of separable operators exact in a
certain class of coefficients.
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General Theory of Boundary Problems

The classical formulation of the boundary value problem is as follows: given
an equation and boundary conditions, to investigate the solvability of this
problem and the properties of the solution, if it exists (in the sense of being in
a certain space). Beginning with M.I. Vishik (1951), there is another, more
general approach: given an equation and a space to which the right-hand side
and the solution should belong, to describe all boundary conditions for which
the problem is correctly solvable in this space.

In this problem as well, despite the numerous previous studies, M.
Otelbaev has obtained new results remarkable in depth and transparency.
The rich mathematical intuition, the depth of thinking and extensive
knowledge, coupled with rejection of traditional constraints on the considered
operators and spaces, allowed him to develop an abstract theory of extension
and restriction of not necessarily linear operators in linear topological spaces.

Using this theory, M. Otelbaev and his students were the first to describe
all correct boundary value problems for such “pathological” operators as the
Bitsadze-Samarskii operator, the ultrahyperbolic operator, the pseu-
doparabolic operator, the Cauchy-Riemann operator and others (For some
of them previously no correct boundary value problems were known!).
Moreover, considerations were carried out in non-Hilbert spaces L, and C.
This theory also allowed describing the structural properties of the spectrums
of correct restrictions of a given differential operator.

Theory of Generalized Analytic Functions

In the theory of generalized analytic functions, developed by the well-known
scientist I.N. Vekua, a member of the Academy of Sciences of the USSR, the
main facts are:

(a) a theorem on the representation of a solution;
(b) a theorem on the continuity of a solution;
(¢) a theorem on the Fredholm property.

All other facts of the theory are deduced from (a), (b), and (c). Various
authors have gradually widened the class of spaces in which the Vekua theory
was valid.

M. Otelbaev found the widest space among the spaces close to the so-called
ideal spaces, to which the coefficients and the right-hand side should belong,
so that the facts (a), (b) and (c) remain valid.
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Computational Mathematics

M. Otelbaev proposed a new numerical method for solving boundary value
problems (as well as general operator equations). By using the embedding
and extension theorems, he reduced the considered boundary value problem
to the problem of minimising a functional. The boundary conditions and also
nonlinearities are “hidden” in the integral expressions. Moreover, by this
method the problem of “the choice of a basis” was solved, in which many
prominent mathematicians have been interested for a long time.

The method of M. Otelbaev can be easily algorithmised and allows finding
the solution with the required accuracy. Moreover, the procedure of finding a
numerical solution is stable. Computer calculations conducted by his stu-
dents and students of Prof. Sh. Smagulov showed the effectiveness of the
method.

M. Otelbaev developed a method of approximate calculation of eigenval-
ues and eigenvectors of non-selfadjoint matrices, based on a variational
principle. The method reduces the problem to the analogous problem for
self-adjoint matrices, for which there is a well-developed theory. Unlike other
methods, for example, the maximum gradient method, this method

(1) provides global convergence,

(2) is convenient for calculating the initial approximation,

(3) allows calculating the eigenvalues with the smallest real part,

(4) can be used in the general case of a compact non-self adjoint operator.

M. Otelbaev obtained a two-sided estimate for the smallest eigenvalue of a
difference operator which is important for computational mathematics. Due
to the need for cumbersome calculations, methods for the parallelization are
actively developed in the world. M. Otelbaev offered an effective algorithm of
parallelization for approximate solutions of boundary value problems and the
Cauchy problem for various classes of differential equations.

In addition, Prof. M. Otelbaev gave a new approximate method for solving
a linear algebraic system with a poorly conditioned matrix and parallelizing
the solution process.

Nonlinear Evolution Equations

In hydrodynamics for describing a laminar flow of an incompressible fluid, as
well as a turbulent flow the system of the Navier-Stokes equations is used.
However, mathematically, the existence of a global solution has not been
proved yet. Therefore, there are some uncertainties concerning using this
system as an understood mathematical model.
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M. Otelbaev managed to reduce the existence problem of a global solution
to the Navier-Stokes equation to other equivalent problems, in particular, to
the problem of the existence of the so-called “dividing function”. He obtained
a criterion for strong solvability of nonlinear evolution equations, similar to
the Navier-Stokes equation, and also constructed examples of equations not
globally strongly solvable to which the system of Navier-Stokes type equa-
tions reduce.

The paper of Prof. M. Otelbaev in which he published a full proof of the
Clay Navier-Stokes Millennium Problem obtained a high resonance: first, the
paper was published in the Kazakhstan scientific journal “Mathematical
Journal” (No. 4, 2013) in Russian language. However, in the process of
analysing his proof a mistake in calculations was found, which was
acknowledged by M. Otelbaev. Notwithstanding that the proof was incorrect,
it is generally recognised that the work of M. Otelbaev has brought a new
push in the progress of research on the Navier-Stokes equation. In particular,
after the publication of this work, a change has been made to the statement
of the problem by the Clay Institute: an additional condition of pressure
periodicity has been added. Also based on the incorrect solution of the
problem by M. Otelbaev, Terence Tao published a substantial work devoted
to disproving the fact that the Navier-Stokes problem can be solved in an
abstract form.

Theoretical Physics

M. Otelbaev obtained a number of interesting mathematical results in this
area. He

(a) found explicit formulae for the n-particle motion in the space (in the
framework of Einstein’s relativity theory);

(b) derived an integral formula of the matter motion;

(¢) proposed a new transformation of the type of the well-known Lorentz
transformation which works both for v<c¢ and for v>c. If v<c the
Otelbaev transformation coincides with the Lorentz transformation;

(d) proved mathematically that one can obtain the results of physics arising
from the special Einstein’s relativity theory staying within the classical
wave theory.
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Other Fields of Mathematics

The research interests of M. Otelbaev are extremely diverse. The following
topics complete their partial description.

(1) M. Otelbaev chose a certain nonlinear integral operator, for which he
proved a criterion of continuity. This operator turned out to be an
important model in the theory of nonlinear integral operators, based on
which one can develop and test new methods. Consequently, M. Otelbaev
together with Professor R. Oinarov obtained a necessary and sufficient
condition ensuring the Lipschitz property (contractibility) of the Uryson
operator in the spaces of summable and continuous functions.

(2) He investigated spectral characteristics and smoothness of solutions to
equations of mixed type. A criterion of coinciding of the generalised
Neumann and Dirichlet problems for degenerate elliptic equations was
found.

(3) In the recent years, the problem of oscillatory and non-oscillatory solu-
tions to differential equations has become a fashionable topic in mathe-
matics. Already in the late 80s, M. Otelbaev obtained a sufficient
condition ensuring the non-oscillation property of solutions to the
Sturm-Liouville problem, close to a necessary one.

(4) M. Otelbaev studied the problem of controlling a laser heat source. He
showed that under the usual formulation, it does not even have a gen-
eralized solution. Consequently, he proposed a new formulation of the
problem in terms of “order” and “admittance precision” for surface
treatment. He proved the solvability of this problem in such formulation,
and solved some optimization problems without using the known meth-
ods of optimal control. In addition, jointly with Prof. A. Hasanoglu, he
solved an inverse identification problem of an unknown time source, on
the basis of the measured output data, when the boundary conditions are
given in the Dirichlet or Neumann form, as well as in the form of the final
overdetermination.

Summing up the review of the scientific creativity of M. Otelbaev, one
should note as characteristics features of his work the diversity of his scien-
tific interests, the fundamentality of research, the interest in solving problems
in the most general formulation and obtaining solutions of the level of a
criterion.

A large number of publications of M. Otelbaev characterise his high effi-
ciency, diligence, and research productivity. He was a participant of
numerous international scientific conferences, which took place in
Kazakhstan, Russia, Ukraine, Poland, Czechoslovakia, Germany, Morocco,
Turkey, Greece, and Japan.

M. Otelbaev has carried out great work in preparing highly qualified
researchers and university teachers. Over 35 years he was giving lectures for
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students of various universities of the Republic of Kazakhstan, organised a
series of seminars and study groups for graduate students, interns, Master
and Ph.D. students. The courses “Extensions and restrictions of differential
operators”, “The theory of divisibility”, “Embedding theorems”, “Modern
numerical methods”, and many others developed by M. Otelbaev, are well
known.

He has created a large mathematical school in Kazakhstan: 70 postgrad-
uate students have defended Ph.D. thesa under his supervision, 9 of them
later defended Doctor of Sciences theses.

M. Otelbaev made a significant contribution to the organisation and
development of science and education in Kazakhstan. In 1985-1986, he was
the rector of the Zhambul Pedagogical Institute, from 1991 to 1993 he
organised and worked as the director of the new Institute of Applied
Mathematics of the Academy of Sciences and the Ministry of Education and
Science of the Republic of Kazakhstan in Karaganda, in 1994—-1995 he was the
head of the Department at Aerospace Agency of the Republic of Kazakhstan.

Since 2001 he is the deputy director of the Kazakhstan branch of the
Moscow State University, and simultaneously the director of the Eurasian
Mathematical Institute at the L.N. Gumilyov Eurasian National University.

For a number of years, M. Otelbaev is a member of the editorial board
of the Kazakhstan scientific journal “Mathematical Journal”, published by
the Institute of Mathematics and Mathematical Modelling, of the
“Proceedings of the Academy of Sciences of the Republic of Kazakhstan,
series in Physics and Mathematics” and of the international scientific journal
“Applied and Computational Mathematics” of the National Academy of
Sciences of the Republic of Azerbaijan. Since 2010 he is an editor-in-chief,
together with academician V.A. Sadovnichy and Prof. V.I. Burenkov, of the
“Eurasian Mathematical Journal” (Included in the Scopus database), which
is published in English language by the Gumilyov Eurasian National
University, together with the Moscow State University, the Peoples’
Friendship University of Russia, and the University of Padua.

He was the chairman of the international scientific conference “Modern
Problems of Mathematics”, held at Gumilyov Eurasian National University
in 2002, and was a member of program committees of 10 international sci-
entific conferences devoted to problems of mathematics and computer science
held at the Kazakh National University, Karaganda State University, the
Institute of Mathematics of the Ministry of Education and Sciences of the
Republic of Kazakhstan, Pavlodar State University, and Semei University. In
2007, he was elected the Vice-President of the Turkic World Mathematical
society.

In 2004, Prof. M. Otelbaev became a Laureate of the Economic
Cooperation Organization in the category “Science and technology”. In 2006
and 2011, he was awarded the state grant “The best university teacher”.
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In 2007, Prof. M. Otelbaev was awarded the State Prize of the Republic of
Kazakhstan in the field of science and technology.

Almaty, Kazakhstan Tynysbek Sh. Kalmenov
Astana, Kazakhstan Erlan D. Nursultanov
London, UK Michael V. Ruzhansky
Almaty, Kazakhstan Makhmud A. Sadybekov
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Professor Erlan Nursultanov is a well-known mathematician whose research
achievements and contributions to the mathematical community are very
valuable. Specialists in the field of function theory are well aware of works of
E. Nursultanov, where he not only solved several important problems, but
also created new research methods that are actively used nowadays in the
literature. Among his most important achievements one can mention the
theory of net spaces. On its basis, he developed a method for obtaining lower
bounds for the norms of integral operators, which provides several applica-
tions. In particular, E. Nursultanov has significantly extended classical
results such as the Hardy-Littlewood theorem on the Fourier coefficients, the
Hormander theorem on Fourier multipliers and O’Neill’s theorem on the
convolution operator in the multidimensional case.

E. Nursultanov introduced and developed a method of multiparametric
interpolation, generalising the real interpolation method of Lyons and Peetre.
This method allows solving the problem of reiteration of the real method. He
also constructed an interpolation theory for anisotropic function spaces. In
particular, the problem of obtaining a Marcinkiewicz-type interpolation
theorem for Lebesgue spaces with a mixed metric was solved in this way.

Moreover, E. Nursultanov and A.G. Kostuchenko developed a new theory
studying integral operators based on analysis of the singularities of kernels.

XXV
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This theory provides a new approach for dealing with optimal control of
resonance problems.

Professor Nursultanov studied the problem of multipliers of Fourier series,
namely, he found a sufficient condition that depends essentially on the
parameter p for the multipliers of trigonometric Fourier series in the
Lebesgue spaces 7. He also solved the problem of constructing the optimal
recovery operator for classes of functions with dominating mixed derivatives.

Erlan Nursultanov has published more than 150 scientific papers. In 2016,
he received the Top Author award from Springer Nature. Moreover, 2 doc-
toral dissertations, 4 Ph.D. thesa, and 9 Candidate’s thesa have been
defended under his supervision.

Erlan Nursultanov was born on May 25, 1957, in Karaganda. He graduated
from the Faculty of Mathematics of Karaganda State University in 1979. In
1979-1982 he studied at the graduate school of the Moscow State University.
In 1983, E. Nursultanov defended his thesis for the degree of the Candidate of
Physical and Mathematical Sciences at the Moscow State University. In
1999, he defended his Doctor of Science’ thesis at V.A. Steklov Mathematical
Institute.

During the period of 1983-1989 Prof. Nursultanov worked at the
Department of Mathematical Analysis at the Karaganda State University
under E.A. Buketov first as an assistant, then as a senior lecturer, and finally
as a docent. He continued working at the department as an adjunct professor
until 1999. In the period 1992-1999 he worked as the head of the laboratory
“Applied functional analysis” at the Institute of Applied Mathematics. In
1999-2001 he was the Chair of the Department of Mathematics and Methods
of Modelling at the Karaganda State University. Since 2001, Prof.
Nursultanov has been working at the Head of the Department of
Mathematics and Informatics at the Kazakhstan branch of the Moscow State
University.

In addition to his wvaluable contributions to the research, Prof.
Nursultanov also contributes to the mathematical community in several
other ways. These include organising and participating in the conferences,
serving as a member in expert commissions and as an Editorial board
member in several mathematical journals. He also participates actively in
joint research projects and international collaborations, gives lectures at
different international universities and supervises young researchers.

Almaty, Kazakhstan Tynysbek Sh. Kalmenov
London, UK Michael V. Ruzhansky
Almaty, Kazakhstan Makhmud A. Sadybekov
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Abstract. The aim of this paper is to discuss some results of [2,3]
relating to the study of the evolution of invariant Riemannian met-
rics on generalized Wallach spaces with a1 = a2 = a3z = a, where
a € (0,1/2). We proved that for the Wallach spaces SU(3)/Tmax,
Sp(3)/Sp(1) x Sp(1) x Sp(1), and Fy/Spin(8), the normalized Ricci
flow evolves all generic invariant Riemannian metrics with positive sec-
tional curvature into metrics with mixed sectional curvature. Moreover,
we obtained general results concerning the evolution of invariant Rie-
mannian metrics on generalized Wallach spaces with a € (0,1/2)\ {1/4}
under the normalized Ricci flow. The very special case a = 1/4 is also
considered.
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Introduction and the Main Results
The study of evolution of a 1-parameter family of Riemannian metrics g(t) in
a Riemannian manifold .#™ under the normalized Ricci flow equation

2 g(t) = ~2Ricy +25(1) >, (1)
where Ric, and S, are the Ricci tensor and the scalar curvature of the Rie-
mannian metric g, respectively, was initiated by R. Hamilton in [17], and since
then it has been continuing successfully in the case of homogeneous spaces,
where one of the important problems is to investigate whether or not the posi-
tiveness of the sectional curvature or positiveness of the Ricci curvature of Rie-
mannian metrics is preserved under the (normalized) Ricci flow [9,17]. A recent
survey on the evolution of positively curved Riemannian metrics under the Ricci
flow could be found in [23]. Interesting results on the evolution of invariant
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Riemannian metrics could also be found in the papers [10-12,18,20,21,27,29]
and the references therein.
Similar questions were considered in [2,3] with respect to the Wallach spaces

We := SU(3)/Timax,
Wia == Sp(3)/Sp(1) x Sp(1) x Sp(1), (2)
W24 = F4/Spm(8)

that admit invariant Riemannian metrics of positive sectional curvature [29]
and generalized Wallach spaces (or three-locally-symmetric spaces) which are
characterized as compact homogeneous spaces G/H whose isotropy representa-
tion decomposes into a direct sum p = p; B po @ p3 of three Ad(H)-invariant
irreducible modules satisfying [p;,p;] C B, ¢ € {1,2,3} (see the original papers
[22,24,26] for definitions and details). Every generalized Wallach space can be
characterized by a triple of real numbers a; := A/d; € [0,1/2], i = 1,2, 3, where
A is a non negative number, d; := dim (p;). Note that a; = as = ag =: a and
dim(p;) = dim(p2) = dim(p3) =: d for the Wallach spaces W5, Wia, and Way.
Moreover, for these spaces, a is equal to 1/6, 1/8, 1/9 and d is equal to 2, 4, 8,
respectively. It should also be noted that the classification of generalized Wallach
spaces is obtained recently (independently) in the papers [13,25]. Moreover, the
classification suggested by [25] is complete, whereas [13] assumes simpleness of
the Lie group G.

For a fixed bi-invariant inner product (-,-) on the Lie algebra g of the Lie
group G, any G-invariant Riemannian metric g on G/H is determined by an
Ad(H)-invariant inner product

(o) = @1yl + @2l + 230, 3)

where x1,xs, 3 are positive real numbers. Therefore, the space of such metrics
is 2-dimensional up to a scale factor. Any metric with 1 = xo = x3 is called
normal, whereas the metric with 1 = o = x3 = 1 is called standard or Killing.
The subspace of invariant metrics satisfying ; = x; for some 4 # j, is invariant
under the normalized Ricci flow, because these special metrics have a larger
connected isometry group. Indeed, such a metric (21,22, 23) admits additional
isometries generated by the right action of the group K C G with the Lie algebra
k:=0®pk, {i,5,k} = {1,2,3}, see details in [25]. All such metrics are related
to the above mentioned submersions of the form K/H — G/H — G /K, coming
from inclusions H C K C G, see e. g. [9, Chapter 9]. In what follows we call these
metrics exceptional or submersion metrics. These metrics constitute three one-
parameter families up to a homothety. All other metrics we call generic or non-
exceptional. Note that the Wallach spaces (2) are the total spaces of the following
submersions: $2 — Wg — CP?, $4 — Wy, — HP?, S8 — Wyy — CaP2?. The
first main result obtained in [3] is the following

Theorem 1. On the Wallach spaces Wg, Wis, and Way, the normalized Ricci
flow evolves all generic metrics with positive sectional curvature into metrics
with mized sectional curvature.
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Moreover, the normalized Ricci flow removes every generic metric from the
set of metrics with positive sectional curvature in a finite time and does not
return it back to this set. This finite time depends of the initial points and could
be as long as we want, see details in Section 2.1.

Theorem 1 easily implies the following result obtained in [14]: on the Wallach
spaces Wg, Wia, and Woy, the normalized Ricci flow evolves some metrics with
positive sectional curvature into metrics with mixed sectional curvature.

The second main result of [3] is related to the evolution of metrics with
positive Ricci curvature.

Theorem 2. On the Wallach spaces Wis and Way, the normalized Ricci flow
evolves all generic metrics with positive Ricci curvature into metrics with mized
Ricci curvature.

Moreover, the normalized Ricci flow removes every generic metric from the
set of metrics with positive Ricci curvature in a finite time and does not return it
back to this set. This finite time depends of the initial points and could be as long
as we want. Note also that the normalized Ricci flow can evolve some metrics
with mixed Ricci curvature to metrics with positive Ricci curvature. Moreover,
there is a non-extendable integral curve of the normalized Ricci flow with exactly
one metric of non-negative Ricci curvature, see details in Section 2.2.

In the paper [11], C. Bohm and B. Wilking studied (in particular) some prop-
erties of the (normalized) Ricci flow on the Wallach space Wia. They proved that
the (normalized) Ricci flow on Wi evolves certain positively curved metrics into
metrics with mixed Ricci curvature, see [11, Theorem 3.1]. The same assertion
for the space Way obtained by M. W. Cheung and N.R. Wallach in [14, Theo-
rem 3]. On the other hand, it was proved in [14, Theorem 8] that every invariant
metric with positive sectional curvature on the space Wg retains positive Ricci
curvature under the Ricci flow. Hence, Theorem 2 fails for Ws. Note also that
for some invariant metrics with positive Ricci curvature on Wg, the Ricci flow
can evolve them to metrics with mixed Ricci curvature, see [14, Theorem 3] or
Remark 6 below. The principal difference between Wy and two other Wallach
spaces is explained in Lemma 5 and Remark 4. We emphasize that the special
status of Wg follows from Proposition 1 and the description of the boundary of
R, the set of metrics with positive Ricci curvature (19). In [3] the following the-
orem was also proved demonstrating that Theorem 2 can be extended to some
other generalized Wallach spaces.

Theorem 3. Let G/H be a generalized Wallach space with a1 = as = az =: a,
where a € (0,1/4)U(1/4,1/2). If a < 1/6, then the normalized Ricci flow evolves
all generic metrics with positive Ricci curvature into metrics with mized Ricci
curvature. If a € (1/6,1/4) U (1/4,1/2), then the normalized Ricci flow evolves
all generic metrics into metrics with positive Ricci curvature.

For instance, the spaces Sp(3k)/Sp(k) x Sp(k) x Sp(k) correspond to the

case a4 = ﬁ < 1/6, whereas the spaces SO(3k)/SO(k) x SO(k) x SO(k),

k > 2, correspond to the case 1/6 < a = g2 < 1/4. Note also that SO(3)
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correspond to @ = 1/2, the maximal possible value for a = a; = a2 = a3, see
details in [4,5]. It is interesting also that 1/9 is the minimal possible value for
a = a1 = ag = a3z among non-symmetric generalized Wallach spaces, see [25].
It should also be noted that there are many generalized Wallach spaces with
a = 1/6, for example, the spaces SU(3k)/S(U(k) x U(k) x U(k)). All these
spaces are Kéhler C-spaces, see [25]. The following result was obtained in [3],
that generalizes Theorem 8 in [14].

Theorem 4. Let G/H be a generalized Wallach space with a1 = ay = a3 = 1/6.
Suppose that it is supplied with the invariant Riemannian metric (3) such that
xp < x; + x; for all indices with {i,j,k} = {1,2,3}, then the normalized Ricci
flow on G/H with this metric as the initial point, preserves the positivity of the
Ricci curvature.

It should be noted that xz, = x; + x; is just the unstable manifold of the
Kahler — Einstein metric for all generalized Wallach spaces with a = 1/6.

And, finally, the very special case of generalized Wallach spaces was studied
in [2] corresponding to a = 1/4. In [2] the following theorem was proved

Theorem 5. Let G/H be a generalized Wallach space with a1 = ay = a3 = 1/4.
Then the normalized Ricci flow evolves all generic metrics into metrics with
positive Ricci curvature.

According to [25, Theorem 1] infinitely many generalized Wallach spaces
correspond to a1 = as = a3 := a = 1/4, more precisely if G = F x FFx F x F
and H = diag(F') C G for some connected and simply connected compact simple
Lie group F, then G/H is a generalized Wallach space corresponding to the
value ¢ = 1/4 and having the following description on the Lie algebra level
(g,h) = (f@t@ i@t diag(f) = {(X,X,X,X) | X € }), where f is the Lie
algebra of F' and (up to permutation) p; = {(X,X,-X,-X) | X € f}, po =
{(X,-X,X,-X) | X et}, p3 = {(X,—X,—X,X) | X € t}. Other example of
a generalized Wallach space with a = 1/4 is SO(6)/50(2) x SO(2) x SO(2).

The paper is organized as follows: In Sect. 1 we reduce the normalized Ricci
flow equation (1) to the system of ODE’s (ordinary differential equations) (10).
In Sect. 2 we demonstrate the main idea of proving Theorems 1-4 based on the
detailed description of metrics admitting positive sectional or positive Ricci cur-
vature and the analysis of asymptotical behavior of solutions of the system (10).
The visual illustrations of results will also be given. In Sect. 3 we discuss the
special case a = 1/4 and expose proof of Theorem 5 briefly.

1 Preliminaries

1.1 Some Basic Facts from the Theory of ODE’s
Consider a dynamical system

dx dy

i P(z,y), a Q(z,y), (4)
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where P and @ are real polynomials of degree < m. A point (2°,9y") € R? is
said to be a singular point of the system (4), if P(x°,y") = Q(2°,y°) = 0. Such
(2°,9°) is called degenerate, if the Jacobian matrix J = J(2°,9°) of the system
(4) evaluated at (x°,9°) has at least one zero eigenvalue. The singular point
(2°,9°) is called linearly zero if J = 0, see [16].

A differentiable function ¢: R? — R is said to be an invariant of (4), if there
exist a polynomial k(z,y) of degree < (m — 1) such that

Plavy) 2250 4 o) Y — k) ol

The polynomial k is called a co-factor of the invariant ¢. A curve defined by
o(x,y) = 0 is called an invariant curve of (4). If k = 0, then ¢ is a first integral
of the system (4). Curves, defined by P(x,y) = 0 and Q(z,y) = 0, are called the
main isoclines of the system (4).

1.2 Reduction of the Normalized Ricci Flow Equation
to a System of ODE’s

For the Ricci operator Ric and the scalar curvature S of the metric (3) the
following expressions are known in the case of generalized Wallach spaces

Ric = rq Id|,, + r2 Id[,, + 3 Id] .
S =dyr1 + dar2 + d3rs,

where the principal Ricci curvatures rq,72 and r3 can be evaluated by the
formulas

rj

_ 1 aj T Tp @
2x; 2 \zjr  miTy 1wy

) ) {ivjvk} = {17273}7 (5)

obtained in Lemma 2 of [24].

By using the above equalities and taking into account the equality n =
dy + dy + d3, the (volume) normalized Ricci flow equation (1) can be reduced to
a system of ODE’s of the following form

dx i
dt

= Fz = —2.’[1' (I‘i - S> 5 1= 1,2,3. (6)
n

Observe that singular points of the system (6) are identical to invariant Ein-
stein metrics of the space under consideration. Indeed, if (z1, 22, z3) is a singular
point of (6), then 4 = ro = r3. The converse is obvious.

It suffices to consider only invariant metrics with

Vol := x}/alxé/azx;)/% =1,

because the metric (3) has the same volume as the standard metric if and only
if Vol = 1. Indeed, the case of general volume is reduced to this one by a
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suitable homothety. This observation is the main argument to apply the (volume)
normalized Ricci flow instead of the non-normalized Ricci flow in the case of the
Wallach spaces, as far as in the case of generalized Wallach spaces (see details
e. g. on pp. 259-260 of [17] and in [4,5]).

It is easy to show that the function Vol := = is a first integral
of (6). Therefore, we can reduce (6) to the following system of two differential
equations on the surface Vol = 1, see details in [4,5]:

1/a1 1/(12 1/0,3
1 T T3

dz dz
—L=F (21,32, p(21,22)), —2 = Fy (21, 22, p(21,22)), (7)
dt dt
_oa3 _aa
where p(21,x2) =2, "ty 2.

Assume further that a1 = a2 = ag := a. Then (7) takes the form

dry __ —1 2 2 2 -2, -2

S =TTyt x2xy — 2 — 2axy (2x1 —T5 —T] Tq ), )
dos -1 2 2 2 —2_ -2

CF =Xy + XT3 — 2 — 2axy (23:2 — 7 — %] Ty )

For our goals we need also a system of ODE’s obtaining in scale invariant

variables "
3
Wi = —,  wg = (9)
I X2

T3

Observing that
Ldv  Ldry 1
w; dt - T3 dt Z; dt

=—-2(rg—1r;), =12

the system (6) can be reduced to the following system for wy > 0 and we > 0:
dc% = xz;l(wl —1)(w1 — 2awiwa — 2aws),

d:TVtQ = xs_l(w2 — 1)(wa — 2awiwy — 2awy).

Since the preceding system is autonomous we can introduce the new time-
parameter t := t/x3 not changing integral curves and their orientation (z3 > 0).
Then we get

dt

dwy = f(Wl,WQ) = (Wl — 1)(W1 — 2aW1W2 — QCLWQ), (10)
=8

dws

o (W1, wa) := (wg — 1)(wa — 2awiwy — 2awy).

Since the result of reducing of the system (10) does not depend on the con-
crete value of x3, we can put 3 = z1—1$2—1 according to Vol = 1. This assumption
and (9) imply that there exist the following homeomorphism between the coor-
dinate systems (x1,z2) and (w1, ws)

(x1,22) — (W1, wa) := (1,1—2x2—17 :Ul_lsc2_2), (11)

which provides the topological equivalence of phase portraits of the systems (8)
and (10) at every fixed value of the parameter a.



8 N. Abiev

1.2.1 Invariant Curves and Main Isoclines of the System (10)

The following straight lines ¢, ¢o and c3 determined by the equations

lela W2:17 w2 = wy,

respectively, are invariant for the system (10). Indeed, it suffices to note that the
polynomial —2awiws — 2a + w1 +ws — 1 is a co-factor for wy = wy. Co-factors of
the other lines are obvious. Note that the curves ¢y, co and c3 have the common
point Ey = (1,1) and separate the domain (0,00)? into 6 connected invariant
components (see Fig. 1).

The study of normalized Ricci flow in each pair of these components are
equivalent due to the following property of the Wallach spaces: there is a finite
group of isometries fixing the isotropy and permuting the modules p;, po, and
ps. Therefore, it suffices to study solutions of (10) with initial points given only
in the following set

2 := {(Wl,W2)€R2 |W2>W1>1}. (12)
It follows directly from (11) that on the plane (z1,z2) the curves
To = xf2, T = x52, To = T

correspond to ¢, ¢y and cg being the invariant sets of the system (8). Clearly,
these curves have the common point F' := (1,1) and separate the domain
{(z1,22) | #; > 0} into 6 connected invariant components.

A simple analysis of the right hand sides of the system (10) provides elemen-
tary tools for studying the behavior of its integral curves. For instance, we can

Ay

h
F O i

'.Q

[@ E,  E, O E o E,—o—

Fig. 1. The case a = 1/8: The singular points Fo, E1, F2, E3, the isoclines w, A and the
phase portrait of the system (10)
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predict the slope of integral curves of (10) in {2 and interpret them geometri-
cally. According to this observations, let us consider the main isoclines (10) (see
Fig. 1)

(wy,ws) € Ri | y1 := w1 — 2awiws — 2awy = O} ,

w = {
A= {(Wl,wQ) € Ri | yo := wo — 2awiws — 2awy = 0},

where R means the set of positive real numbers.

Let (w1(t),wa(t)) be any integral curve of (10) given in (2. Then w} < 0
(respectively wi > 0) over (respectively under) w and wj > 0 (respectively
wh < 0) over (respectively under) A. Clearly, wj = 0 on w and wy =0 on .

1.2.2 Singular Points of the System (10) at a # 1/4

The following lemma can be easily proved by direct calculations (see the left
panel of Figure 1)

Lemma 1. Let a # 1/4. Then the system (10) has exactly four singular points
Ey=(1,1), By = (q,1), B2 =(1,q), Es = (qil,qfl), which are non degenerate,
where q := 2a(1 — 2a)~'. Moreover, Ey, Es and E3 are saddles and Ey is an
unstable node.

1.2.3 Asymptotic Behavior of Solutions of the System (10)

Now we should study integral curves of (10) in {2 estimating their “curvature”
as wi; — 1+ 0 and we — 400 more precisely. Since f # 0 in {2, any solution
(w1(t),wa(t)) of the system (10) represents some differentiable function we =
@(w1) being the unique solution of the following initial value problem

dw wo — 1)(woy — 2awiws — 2aw
72 = g = ( 2 )( 2 172 1)7 W2|W1:w(1) = Wg, (13)
dwy  f (w1 —1)(wg — 2awiwe — 2aws)

where

§—>—oo as w; — 140 and wy — 4o00.

f

We are going to reformulate revised versions of two important statements
formulated and proved in [3].

Lemma 2. Let wo = ¢(wq) be a solution of (13), where (wy,ws) € 2. Then for
any small € > 0 there exist constants Cy,Cs > 0 such that

_ (1—e)(1—2a) _ (14e)(1—2a)
1a 1a

Ci(w1 — 1) < p(wr) < Ca(wy — 1)

for wy sufficiently close to 1 and wy > 1.
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Proof. An easy analysis shows that

da w1 —1g

lim
wi—140 2a — 1  wo f
Wwo — 400

1.

Therefore, by definition of the limit for any sufficiently small € > 0 there exists

6 > 0 such that
4a wi — 1ldwg
1—-e<
2a —1 wo dw;

for all 1 < wy < 1+ 0 and wy > . Taking w] and w/ close to 1 (assuming

1 <wj <w/ <1494) and integrating the preceding inequalities on the segment
wh,wY], we get
»LW1 g

i L 4
wi a w2 w1
1-— < —= < (1 —_
( 6)/wl—l_Qa—l / wz_(+6)/w1—1
wi (W) wi

which is equivalent to

wi—1 17€< wh 2%1< wi—1 1+e
wi—1 — A\ wh AW -1 '

This means that for any small € > 0 there exist constants C7,Cs > 0 such that

_4a
Ci(wy — 1)_(1_8) <wy 2 < Cy(wy — 1)_(1+5)
for wy sufficiently close to 1 (at fixed w{ and w} := wy). O

Proposition 1. Suppose that a curve v determined in {2 by an equation we :=
Y(wy) satisfies the asymptotic equality

Ywy) ~(wi —1)7% as w; — 140,

1—2a

where a > 0. Then the following assertion holds: if < «a (respectively,
1220 > ), then every integral curve wo = ¢(w1) of (13) in §2 lies under (respec-
tively, over) v for sufficiently large t.

Proof. Recall that w; — 140 and wo — +00 as t — 400 on every integral curve
of (10) originated in §2. Let us introduce the function

O(t) = —=%

Note that @ is continuous for all ¢. In Lemma 2 we may take € > 0 such that
e < ‘1 _ 4daa

1—2a |’
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If 1522 < @, then (+e)d=20) - This means that

4a 4a
p(w1) lim P(w1)

lim &(t) = = _
t—+oo ( ) w1 —140 w(wl) w1 —140 (Wl — 1)—04
(I+e)(1-2a)
— 1) 2a
<C lim (w1 ) : =0.
w1 —140 (Wl - 1)70‘

Since @(t) > 0 for all ¢t > 0, it follows that lim;_, . ®(t) = 0. By definition of
the limit there exists sufficiently large A > 0 such that ¢(t) < 1 whenever t > A.
The case when the initial point (W, w9) of the trajectory lies under 7 is obvious.
Suppose that (w9, w9) lies over 4. Then ®(0) > 1, hence by the intermediate
value theorem there exists ¢ = T € (0, A] such that #(T) = 1 and &(t) < 1 for
all t > T'. In other words, for any integral curve wy = ¢(w1) initiated from 2\ R
there exists a finite time ¢ = T such that wo = ¢(w1) intersects the curve v from
up to down and lies under v for all ¢ > T (for all wy sufficiently close to 1 and
wy > 1).
Assume now 1=2¢ > o Then U=2U=29) - Similarly, this means that

4a 4a
o Oyl o O0n)
wi—1+40 (wy — 1)@ wi—1+40 (W — 1)~

and the integral curve lies over the curve  for all wy sufficiently close to 1 and
wy > 1. O

1.3 The set D of Invariant Metrics with Positive Sectional
Curvature

A detailed description of invariant metrics of positive sectional curvature on the
Wallach spaces (2) was given by F. M. Valiev in [28]. We reformulate his results
in our notation. Let us fix a Wallach space G/H (i. e. consider a = 1/6, a = 1/8,
or a = 1/9). Recall that we deal with only positive x;. Let us consider the
functions

vi = vi(x1, T2, x3) 1= (2, — xk)2 + 2z (x; + xx) — 3x12,

where {i, j, k} = {1,2,3}. Note that under the restrictions x; > 0, the equations
v = 0,7 =1,2,3, determine cones congruent each to other under the permu-
tation ¢ — j — k — i. Note also that these cones have the empty intersections
pairwise.

According to results of [28] and the symmetry in 71,72, and 73 under permu-
tations of x1, x2, and x3, the set of metrics with non-negative sectional curvature
is the following:

{(z1,22,25) €R | 71 >0, 72 >0, 73 >0} . (14)

By Theorem 3 in [28] and the above mentioned symmetry, the set of metrics
with positive sectional curvature is the following:

{(z1,22,23) €RZ |71 > 0,72 >0, 73 >0} \ {(t,¢,t) e R® | £ > 0}. (15)
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Fig. 2. The curves s1, s2, s3 corresponding to the system (10)

Let us describe the domain D in the coordinates (w1, ws). Denote by s; curves
on the plane (w1, ws) determined by the equations v; (-, ==, 1) = 0 (see Fig. 2).

W17W2’

For wy > 0 and ws > 0, these equations are respectively equivalent to

I := wiw3 — 2wiwg + 2wiw3 + wi + 2wiwy — 3w = 0,
lg = w%wg + QW%WQ — 2w1w§ — SW% + 2wiwsg + wg =0, (16)
I3 := —3wiws + 2wiwg + 2wiw3 +wi — 2wiwy + w3 = 0.

It is easy to check that (14) is a connected set with a boundary consisting of
the union of the cones v; = 0,5 = 0 and 3 = 0. Therefore, solving the system
of inequalities 'yi(%, i, 1) > 0,7 =1,2,3, we get a connected domain on the
plane (w1, ws) bounded by the curves sq, so and s3. Let us denote it by D. We
also observe that s; N's; = 0 for wy > 0 and wy > 0, where @ # j.

Remark 1. Taking into account homotheties, it suffices to prove Theorem 1 for
invariant metrics (-, ;-,1) with (wi,wa) € D\ {(1,1)} in the coordinates
(w1, wa).

1.4 The Set R of Invariant Metrics with Positive Ricci Curvature

Let us describe the set R of invariant metrics with positive Ricci curvature on the
given generalized Wallach space. Using the expressions (5) for the principal Ricci
curvatures r;, we introduce the functions k; := z;xy + a(2] — x5 — x3), where
x; >0,1#j#k#14,14,7,k € {1,2,3}. Then clearly the sets of invariant metrics

with non-negative and positive Ricci curvature are respectively the following;:
{($1,$2,$3)€Ri | k1 >0, ke >0, ]41320}, (17)
{($1,$2,1‘3)€Ri |k‘1>0, ko > 0, I{i3>0}. (18)
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! F 3

Fig. 3. The curves r1,r2,r3 and the points Pi, P», P5 corresponding to the system (10)
ata=1/8

Now, we will describe the domain R in the coordinates (w1, ws). Denote by r;
curves determined by the equations k; (-1, L, 1) = 0, respectively (see Fig. 3).

w1 wg?
For wi; > 0 and wy > 0, these equations are respectively equivalent to

p1 = —awiwi — aw? + awi + wiwy = 0,
p2 = —aw?w3 + aw? — aws + wiws =0, (19)
p3 = awiwi —aw? — aw3 + wiwe = 0.

Since the set (17) is connected and its boundary is a part of the union of the
cones k1 =0, ko = 0 and ks = 0, we easily get on the plane (w1, ws) a connected
domain R bounded by the curves rq,ry and r3 solving the system of inequalities
ki(orase1) >0,i=1,2,3.

Below we reveal some useful properties of the curves 7;. It is clear that each
of the curves r;, ¢« = 1,2,3, consists of two disjoint connected components. In
general we will use the description of 7;’s given by k; (W%, w%’ 1) = 0, but we will
concretize the component of r; in cases when it is necessary.

Let us show that 7, N's; = 0 for i,5 € {1,2,3} and w; > 0, wa > 0. By
symmetry, we will confirm the equality 71 N s3 = () only. In fact, eliminating wo
from the system of the equations p; = 0 and I3 = 0, we get the quadratic
equation (10a+3)(2a — 1)w? — (2a — 1)?w; — 16a* = 0 which has no real solution
since its discriminant is negative at a € [§, 3): (18a — 1)(2a — 1)(1 + 6a)? < 0.

Next, easy calculations show that ¢; Nra Nr3 = {P1}, ca Ny Nrg = {Ps}
and cg Nry Nre = {P3} (see Fig. 3), where

P = (a,1), Py:=(l,a), P3:=(a"",a™"). (20)

It is easy to see that cg is tangent to the curves r; and ro at the point (0, 0),
whereas the pairs (r1,73) and (r2,73) have the asymptotes ¢y and ¢, respectively.
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Remark 2. By analogy with the case of the sectional curvature, it suffices to
prove Theorems 2, 3, and 4 only for invariant metrics (w%, W%, 1) with (w1, w2) €
R in the coordinates (w1, wz).

2 Proof of Theorems 1-4

2.1 Evolution of Invariant Metrics with Positive Sectional
Curvature at a € {1/9,1/8,1/6}

Lemma 3. Ifa € (0,1/4), then every trajectory of the system (10) originated
in D\ (c1 UcaUcs) reaches the boundary s; U so U ss of D in finite time and
leaves D. This finite time could be as long as we want.

The corresponding picture is depicted in Fig. 4.

Proof. Without loss of generality consider only the part D N {2 of D, where
12 is given by (12). Consider any trajectory (w1 (t),ws2(t)) of (10) initiated at
(w9, w9) € DN 2. The equation of s3 has an unique positive solution, see (16)

1
Wy ~ 5(W1 —1)7Y2 as wy; —1+0.
Therefore, we have o = 1/2 in Proposition 1. Since 123“ > o = 1/2 whenever
0 < a < 1/4 the trajectory (w1 (t),w2(t)) lies over the curve s3 for w; — 140
(corresponding to ¢ — 400). By continuity there exists a point on the curve
53N £2 at which (wy(t), w2(t)) intersects s3 N 2 and leaves the set D. O

Let us consider the vector field V := (f, g), associated with the system (10),
and the gradient VI; = ( g»lvil , gvljz ), that is, the normal vector of the curve s;
(see (16)),i=1,2,3.

A 1T Ig TV VAVANN NN s 9 IWNW\NN~—cv s/ 7
TTIIE TPV AANANNN S/ 18 \NN~—cr s s 772/7
T TV AANANANNS— "/ / 8 "I \\ N~z s /77
T11TIR IV AV AVAANNNS—/ 1/} I \N\N~——rrsss2/770
TITIM IV IV AANANS 74 1 LSS LSS LSS

ST I IR R R P AN SRRV AN VPPV
BN IERERE 1 7/—=~NN\\ AN LSS
TITAR N LT = AN S LSS LS
IR [ K I RN A 1A PPV

wod DTN 7 s ——— W AN Y yyavi

2 11Nt 17 /=——— 2 AN VAV
111Nl 77— (I RN
71 X~ 14 ARRRR
r7 i\ O xe—m—m—m—————— 111 NONNNN

& FZONN = S | ~———
W/ e~ 271 ] e —
| PN —~———————— oo ] I e e
| s

0 R :

0 1 2 3 4

[—m)—a®r) e o]

Fig. 4. The domains D, R and the phase portrait of the system (10) at a = 1/8
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Lemma 4. No trajectory of the system (10), a € {1/9,1/8,1/6} could return
back to the domain D leaving D once.

Proof. Consider points (wi,ws) € 9(D) N 2 without loss of generality. It is
required to prove that the inequality (V,Vi3) < 0 holds at every point of the
part s3 N {2 of the curve s3 (in fact the mentioned inequality holds at every point
of s3 as we will see below). Here, (V, Vi3) means the usual inner product of the
vectors V' and V3 in the plane (w1, ws). By direct calculations we get

(V, VIg) = 2(W1 - 1)(W2 — 1)VV,
where W := 12awiw? — 3(wy + wo)wiwa(1 — 2a) — (w1 — wo)?(1 + 2a).
Substituting the expression 3wiw3 = 2(wy + wa)wiwa + (w1 — wa)? which is
equivalent to I3 = 0 into W yields
W = (14a — 3)(wy + wo)wiwag — (w1 — wa)?*(1 — 2a) < 0.

To complete the proof of the lemma note that the normal vector Vi3 of the
curve s3 is inner for the set D since

ol
—2 — 9(wy — 1)(Bwiwa + (wy — w1)) < 0
6W2
on the curve s3 (the curve s3 has no singularities). (]

Remark 3. Actually, we have proved a more strong assertion in the proof of
Lemma 4: No one integral curve of the system (10) initiated outside D, could
reach the set D (see Fig. 4). In particular, the normalized Ricci flow could not
evolve metrics with mixed sectional curvature to metrics with positive sectional
curvature.

Proof of Theorem 1 According to (9), we can consider the set D\ {(1,1)}
in the plane (wy,ws) instead of the set (15) of invariant metrics with positive
sectional curvature as it was noted in Remark 1. Now, it suffices to apply Lemmas
3 and 4 to complete the proof of the theorem and additional assertions just after
Theorem 1.

2.2 Evolution of Invariant Metrics with Positive Ricci Curvature at

a € (0,1/2) \ {1/4}

Lemma 5. Ifa € (0,1/6), then every integral curve of the system (10), initiated
in R\ (1 UcaUecs), reaches the boundary r1 Urg Urs of R in finite time and
leaves R. This finite time could be as long as we want.

The corresponding phase portraits are depicted in Fig. 4.

Proof. Tt is sufficient to consider only the set RN {2, where {2 is given by (12).
Consider any trajectory (w1 (t), w2(t)) of the system (10) initiated at an arbitrary
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point (w},w3) € RN 2. The equation p; = 0 for the curve r; (see (19)) has the
solution

1
WQN%(W1—1)71 as wi —1+0,

corresponding to the “upper” part v := r; N {2 of the curve r; (see the right-hand
panel of Fig. 3). Note that 152¢ > 1 for all 0 < a < 1/6. Then according to
Proposition 1 the trajectory ?Wl(t),WQ(t)) lies over v for w; — 1 + 0 (corre-
sponding to ¢ — +00). Hence by continuity there exists a point on 7 at which
(wl(t), wz(t)) must intersect vy and leave R. Finally, we see that for initial points
close to the point of the type (wi,ws) € ¢;, i = 1,2, 3, the time for leaving the
set of metrics with positive Ricci curvature could be as long as we want. O

Remark 4. Note that for a = 1/6 we get the equality 1;5“ = 1. Hence, the
arguments in the above proof do not work for the space Ws. Moreover, we know

that Lemma 5 is failed for this space, see Theorem 8 of [14].

Remark 5. The equation of 71 (see (19)) has also an another solution wy =
a+O(w;y —1) corresponding to the “lower” part of the curve r; (see the left-hand
panel of Figure 3). Note that in this case we have exactly the point P> = (1,a)
(see (20)) as wy — 1.

Lemma 6. No trajectory of the system (10), a € {1/6,1/8,1/9} could return
back to the domain R leaving R once.

Proof of Lemma 6 is too long, so we will omit it here. Readers can find it in
[3].

Remark 6. Actually, we have proved a more strong assertion in the proof of
Lemma 6: Some integral curves of the system (10), initiated outside the domain
R, could reach R (e. g. through the part of the curve r; between the points Ps
and @, intersecting r; C 9(R) from up to down), see the right-hand panel of
Fig. 4. But later these trajectories will leave R irrevocably, if will reach 9(R)
(e. g. in RN {2, this could happen about the part of r1 situated from the left of
the point Q). Note that this effect follows also from Lemma 5 for a = 1/8 and
a = 1/9. Hence, in particular, the normalized Ricci flow can evolve some metrics
with mixed Ricci curvature to metrics with positive Ricci curvature.

Proof of Theorem 2 According to (9), we can consider the set R instead of
the set (18) of invariant metrics with positive Ricci curvature as it was noted in
Remark 2. Now, it suffices to apply Lemmas 5 and 6 to complete the proof of
the theorem and additional assertions just after Theorem 2.

Proof of Theorem 3 1t is sufficient to work with the set {2 given by (12). The
equation p; = 0 for the curve r; (see (19)) has the solution

wzrv%(wl—l)_l as w; — 140,

corresponding to the “upper” part - of the curve r1, which is the “upper” part
of the boundary of RN {2, the set of metric with positive Ricci curvature in {2
(see the right-hand panel of Fig. 3).
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Consider the case a € (0,1/6) and any trajectory (w1(t),w2(t)) of the sys-
tem (10) initiated at a point of RN (2. Note that 113“ >1forall0<a<1/6.
Then according to Proposition 1 the trajectory (w1 (t),wz(t)) lies over ~ for
wi; — 1+ 0 (corresponding to t — +00).

Now, consider the case a € (1/6,1/4) U (1/4,1/2). Clearly, 152¢ < 1 for all
a € (1/6,1/2). Proposition 1 implies that the normalized Ricci flow evolves every
initial metric in {2 into metrics with positive Ricci curvature. This proves the
theorem.

Proof of Theorem 4 First, note that the set of metrics with the property
z; = x; + xp is an invariant set of the system (6) with right hand sides F; :=
—2;(t) (ri — %) for a = 1/6. Indeed, if we consider any metric with 23 = z1 42,
then direct calculations show that F} + F5 — F3 = 0 for a = 1/6. Note also that
every non-normal Einstein metric on the space under consideration is such that
x; = x; + xy, for suitable indices.

Hence, in the scale invariant coordinates (w1, ws) we have an invariant curve
wi ' +wy ! =1 of the system (10) passing through the point F3 = (2,2). Since
Fs is a saddle of the system (10), the curve w;! + wy ' = 1 is necessarily one
of the separatrices (more exactly, the unstable manifold) of this point E5 by
uniqueness of a solution of the initial value problem (obviously the line wo = wy
is the second separatrix).

For submersion metrics the proof is easy and follows from the discussion
in Introduction. Let us consider the case of generic metrics. Without loss of
generality we may suppose that the initial metric is in 2. By the above discus-

w1
wi—1

sion, the set { (wy,wa)|wy < } N 2 is an invariant set of the system (10).

Simple calculations show that the curve {(wl,W2) |wa = wzvil} N 2 lies under

the curve 1 N 2 C 9(R). Hence, every trajectory of (10) initiated in the set
{(wl, wa) | wg < 1 } N {2 remains in the domain R N 2, that proves the theo-

Wlfl

remm.

Remark 7. For W, the metrics (3) with z; = x; + x) constitute the set of
Kahler invariant metrics, see e. g. [9, Chapter 8]. The general result that the set
of Kahler metrics is invariant under the Ricci flow on every manifold is obtained
in [7].

Remark 8. Note that conditions of Theorem 4 are valid for metrics from D, the
set of metrics with positive sectional curvature on the space Wg. Hence, we get
the generalization of Theorem 8 in [14].

Finally, we reproduce additional illustrations suggested us by Wolfgang Ziller.
We reproduce in Fig. 5 the domains of positive sectional, positive Ricci, and
positive scalar curvatures (denoted by D, R, and S, respectively) of the system
(6) in the plane x; + z2 + z3 = 1 for a = 1/6, because the space Wy admits
Kahler invariant metrics, that constitute a small triangle in Fig. 5. Note also
that three non-normal Einstein metrics in this case are Kéhler — Einstein and
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(D) —— A(R) aS)
® 5 K« E O E o E

x,=0——c
i i

Fig. 5. The case a = 1/6: The domains of positive sectional, positive Ricci, and positive
scalar curvatures, Kahler metrics, the phase portrait of the system (6) in the plane
T1+x2+23=1

one can easily get main properties of the Kéhler — Ricci flow on the space Wy
using this picture. Note that Riemannian metrics constitute a triangle and the
set S is bounded by a circle.

3 Proof of Theorem 5

3.1 The System (10) at a =1/4
3.1.1 The Unique Singular Point of the System (10)

Lemma 7. Let a = 1/4. Then the system (10) has a unique singular point
E = (1,1), which is a linearly zero saddle. Moreover, the lines wy = 1, wo =1
and we = wy are separatrices of this saddle.

Proof. Using results of [19] it has been proved in [4, Theorem 2] that in the case
a = 1/4 the system (8) has a unique singular point F' = (1,1), which is a linearly
zero saddle with six hyperbolic sectors around it. By homeomorphism (11), a
unique singular point E = (1,1) (see Fig. 6) of the system (10), corresponding
to a = 1/4, is also a saddle of the same type as F. Since the invariant lines
(solutions) w; = 1, wo = 1 and wy = wy of the system (10) pass through the
point E, they are separatrices of the saddle F at a = 1/4. O

Remark 9. The value a = 1/4 is a bifurcation value for the system (10) causing
a qualitative reorganization of its phase portrait: four isolated non degenerate
(simple) singular points of (10) shown in Lemma 1 merge as a — 1/4 into the
unique degenerate (complicated) singular point (1,1), described in Lemma 7.

The value a = 1/4 is also interesting from the point of view of algebraic
geometry: the point (1/4, 1/4, 1/4) is an elliptic umbilic (in the sense of Dar-
boux [15]) or a point of the type Dy (in the terminology of [6]) of a specific
surface

.= {(al,ag,ag) S R3 | Q(al,ag,ag) = 0} C R3
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introduced in [4], where Q(a1, a2, a3) is a symmetric polynomial in the variables
a1, as,az of degree 12:

Q(a1,a2,a3) = (251 +4s3 — 1)(64s] — 64s] + 855 + 1257 — 651 + 1
+240s357 — 240535, — 1536535, — 409653 + 6053 + 76853)
—8s1(2s1 + 453 — 1)(251 — 3253 — 1)(10s1 + 32s3 — 5)s2

—1657(13 — 5251 + 6405351 + 102453 — 32053 + 5257 )53

+64(251 — 1)(281 — 3253 — 1)s5 + 20485 (251 — 1)s5,

s1 =a1+az+az, sz =aiaz+ ajaz+ azaz, S3 = a102as3.

The importance of {2 is due to the need to develop a special apparatus for
studying general properties of degenerate singular points of Ricci flows initiated
in [4,5], so according to these works 2 includes the following set

{(a1,as,a3) € (0,1/2] | system (7) has at least one degenerate singular point }.

As shown in [1] the set (0,1/2]3N 42 is connected and the set (0,1/2]3\ 2 consists
of three connected components with respect to the standard topology of R3. It
should also be noted that a more detailed description of the surface {2 was
obtained in [8].

3.1.2 Attracting and Repelling Manifolds of the Saddle (1,1) of (10)

According to Lemma 7 integral curves of (10) are determined by influences of
the saddle (1,1) and its separatrices ci,co,c3 only. Our purpose is to detect
orientations of these integral curves. To answer the question it is enough to
establish what parts of ¢1, co and c3 may be stable or unstable manifolds for E.
Since we are restricted by integral curves of (10) belonging to 2, it suffices to
consider the sets {w; = 1,ws > 1} and {wy = wy > 1} which bound the set 2.

Lemma 8. Let a = 1/4. Then for every integral curve of (10), initiated in (2,
the sets {we = wy > 1} and {w; = 1,wy > 1} are respectively an attracting and
a repelling manifolds of the saddle (1,1).

Proof. Consider the main isoclines w and X of (10). Let (wq(t),wa(t)) be any
trajectory of (10) with any initial point from 2. It is clear that w and A separate
R% into four disjoint domains (see Fig. 6), in every of which each of the functions
y1 and yo preserve its sign by continuity. For example, at the point (wq,ws) =
(1,2) we observe that y; < 0 and y2 > 0. Hence, wj < 0 in 2 (in 2 trajectories
are oriented from right to left). Analyzing the second equation in (10) we get
wh > 0 (< 0) over (under) the curve A N £2. Therefore, trajectories are directed
to up (down) at points in {2, situated over (under) A. O
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Fig. 6. The case a = 1/4: The main isoclines w, A, the domain R and the phase portrait
of (10)

3.2 Evolution of Invariant Metrics with Positive Ricci Curvature at
a=1/4

Lemma 9. Ata = 1/4 every integral curve of the system (10), initiated in 2\ R,
attains RN {2 in finite time and remains in RN §2. This finite time could be as
long as we want.

Lemma 9 can be proved by the same way as Lemma 5 using Proposition 1.

Since the intermediate value theorem mentioned in Proposition 1 can not
guarantee the uniqueness of the intersection point of an integral curve with the
boundary 7 of the domain RN (2, Lemma 9 does not answer the question could
integral curves intersect or touch « several time. The following lemma refutes
such a possibility.

Lemma 10. At a = 1/4 every integral curve of the system (10), initiated in (2,
can admit at most one common point with the boundary v of the domain RN 2.

Proof of Lemma 10 can be found in [2].

Remark 10. Lemma 10 fails in general. For example, at a = 1/8 or a = 1/9
the system (10) admits integral curves which intersect the curve v twice (see
Remark 6 above).

Proof of Theorem 5 According to our agreements consider invariant Rie-
mannian metrics (wfl,wgl7 1) only, satisfying (w1,ws) € §2. Now it suffices to
apply Lemmas 9 and 10.
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Abstract. In this paper we obtain estimates sharp in order hyperbolic
cross approximation w.r.t. d—multiple wavelet system with compact sup-
ports 1/J(d) of the Nikol’skii — Besov and Lizorkin — Triebel type classes
associated with this system in the space Ly ([0, 1]%) for a number of rela-
tions between the parameters of the classes and the space.

Keywords: Hyperbolic cross - The Nikol’skii — Besov type space + The
Lizorkin — Triebel type space - Wavelet system with compact supports

1 Introduction

Let L, = Ly([0,1]%) (1 < ¢ < 00,2 < d € N) be the space of all (equivalence
classes of) measurable functions f : [0,1]9 — C that are ¢ power integrable
(essentially bounded for ¢ = oo ) on [0, 1], endowed with the standard norm

1/q
1120 =1 B0 = (1@ ian) < <o0)

1F | Lo [l =11 f | Loo([0,1]%) | = ess sup {| f() | : = € [0,1]}.

Let & = {¢, |+ € J} be a countable collection of functions in L., which are
orthonormal in Lo and let {J(u) C J|u € N} be such that J(u) C J(u+ 1) and
#J(u) < oo for all u € N, UyenJ(u) = J.

For f € Lq, we consider Fourier sums w. r. t. system @ of the form

Sf(fﬂﬁ) = Z (fs ) (),

1€ (u)

where (f, g) = f[o 14 f(z)g(x)dx (Z is the number complex conjugate to z € C).

© Springer International Publishing AG 2017
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For a set F € L,, we denote

E.(F,®,Ly) = sup{||f — Sy (f.2) | L |l | f€F}. (1)

In the present paper, we study quantities (1) in the special case of d—multiple
wavelet system (@ with compact supports and so called hyperbolic crosses
used as @ and J(u), respectively (for definitions see below). Main goal is to give
estimates (sharp in order) for hyperbolic cross approximation w. r. t. system
1@ of the Nikol’skii — Besov and Lizorkin — Triebel type classes associated with
that system (for definition see sect. 2) in the space L,([0,1]?) for a number of
relations between the parameters of the classes and the space.

First we introduce some notations. Let d € N, zg = {1,...,d}, Ny = NU{0},
Ry = (0, +00).

Let k € N: k < d. Fix a multi-index d = (dy,...,d,) € N¥ such that
di+-+dy =d (thus,d =dif k = 1, while if k = d, thend = 1 = (1,...,1) €
N%) and representation of z = (x1,...,74) € R? in the form z = (z!,...,2%),
where z" € R"~, Kk € z.

Denote

B! =8%0) ={0, 1}, B(1) =" \{(0,...,0)}
A(d,7) =24n10,27 —1]¢, j € No.

Let univariate scaling function ¥(?) and the associated wavelet 1! be com-
pactly supported:

supp 9@ Usupp v c [0,2N — 1] for some N > 0;

ICNETIONS C"(R).
Further, d—multiple wavelet system is defined as follows:

W@ = {ga(@) | e B (@), A€ Ad,a), a € NG},

where
k .
(@) = T wh e (@), w8 (@®) = 275" (2% — A%);
k=1
@) = T 0 (w);
VEK,
here

B (a) = g (sign(aq)) ® -+ ® g% (sign(ag)),
A(d7 a) = A(dl,al) X ... X A(dk,ak).

It is clear that the system (%) is orthonormal in Ly([0,1]¢). Furthermore,
the system ¢(? is an unconditional basis in L,([0,1]%) with 1 < ¢ < oo : in
the case k = 1 this fact is proved in [8, ch. 8], general case 1 < k < d follows
from here because the system (¥ (w.r.t. variable x) is a tensor product of the
systems () (w.r.t. variables %), k € 7.
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Define operators A% (o € NE) as follows: for f € Ly, let
Aﬁ(f, T) = Z Z forxtar(@)
€ () AEA(d,a)

be its dyadic packet, where
fir = [ 1@ v d
[0,1]4

Furthermore, for f € Ly, we define its so called hyperbolic cross Fourier sum w.
r. t. system @ (with fixed v = (y1,...,7) € R%) by the formula

SY(fox)= > AL(f.z) (weN)
ay<u

(here ay := a1y1 + - -+ + axYk). In the sequel, we will denote quantity (1) with
S instead of ST simply as E}(F, L,).

2 Function Classes

Let 1 < p, 6 < 0o and let £y = £»(NK) be a space of complex number sequences
(co) = (ca | € NF) with the finite norm

e lto = (3 Teal?)™ (10 <00). lca) el = sup Ja
a€ENE aeNg
let ly(Ly,) = Lo(L,([0,1]4)) (respectively L,(¢g) = L,(]0,1]%;45)) be a space of
function sequences (go () = (ga(z) | € NO) (z € [0,1]¢ ) with the finite norm

I (ga(2)) [ Lo (Lp) | = || ([ gor [ Ly 1) [ 4o |
(respectively
[ (g (@) | Lp(Lo) | = I | (9 () [ €0 || | Lop [1)-
Now we are in position to introduce function spaces (as well as classes) under

consideration.

Definition 1. Let s = (s1,...,8;) € Rﬁ_ 1< p,0 < oco. Then
i) the Nikol’skii — Besov type space ¥By§ = ¢B;§([0, 1]%) associated with

pf —
the system (¥ consists of all functions f € L, for which the norm
If1wBRg Il = 127 AL (f,2)) | Lo(Ly) (2)
is finite;

ii) the Lizorkin — Triebel type space szg = wL;‘;([O, 1]4) associated with
the system (¥ consists of all functions f € L, for which the norm

If1DLpG Nl = 12 AL(f,2)) [ Lp(Lo)ll 3)
is finite.
Unit balls B3¢ = ¢B;§([0,1]7) and ¢L5§ = ¢L:55(0,1]?) of these spaces

will be called the Nikol’skii — Besov and Lizorkin — Triebel classes associated
with the system (¥ respectively.
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3 Main Result

Put p, = min{p,2}, ¢, = ¥=; without loss of generality, we assume that ¢ =

min{¢; |k €z} =¢ =... =, <<, liEZk\Zw for certain w € zj. Take a
vector ¢" = (¢f,...,¢;) such that ¢ =¢f = ... = ¢/, <, <§H,H:w—|—1,...,k,
and put s’ = (s},...,s},,) with s, =¢.dx (I{ €z;) and vy = 1 =s'.

Below, we will use the symbols <« and =< to show relatlons between the
orders of quantities : for functions F' : Ry — R4 and H : Ry — R, we write
F(u) < H(u) as u — oo, if there exists a constant C' = C(F,H) > 0 such
that the inequality F(u) < CH(u) holds for v > ug > 0, and F(u) < H(u), if
F(u) < H(u) and H(u) < F(u), simultaneously.

For a number a € R set ay = max{a,0}; below, log is logarithm to the
base 2.

Theorem 1. Let 1 <g<p<oo,1<0< andSERﬁ. Then
(6B}, Ly) = 2~ ul DG~
EL($Lp5, Ly ) = 27 u DG o),

Remark 1. If s < r then we have classes analogues to the classical Nikol’skii —
Besov and Lizorkin — Triebel classes and this theorem is analog of the theorem
from [6]. If s; > r; for some j € {1,...,d} then we have another classes and
this theorem is analog of Theorem 4.1 from [2] and analog of Theorem 1 from
[3] for the Nikol’skii — Besov and Lizorkin — Triebel type classes associated with
system (9

4 Preliminaries

In this section, we collect known facts that are important for further considera-
tion.

First we formulate the Littlewood — Paley — type theorem related to the
system (@ and its corollary.

Theorem 2. Let 1 < p < oco. Then there exists a constant C = C(d,p) > 0
such that

O F1L, 1 < (AL ) | E(0.1% 2) [ < C 1L £ 1Ly
Cf1L, ) <
(S v i) 1 Ly(0.21% | <
a A

ClIfILyll-
for all functions f € L,.
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Since the system (9 is an unconditional basis in L,, Theorem 4 can easily be
proved by arguments involving the classical Khinchin inequality for Rademacher
functions (see, for instance, [8, ch. 8], where the case k = 1 is analyzed).

Corollary 1. Let 1 < p < 00, p, = min(p,2). Then, for any function f € L,

1£1 Ly || < Cv,m,p) | (AL (f,2)) [ . (Lp([0, 1) |1

Below, when proving upper bounds from Theorem 1 and estimating the
dimensions of the corresponding subspaces, we will systematically use the fol-
lowing lemma from [2] (for proof see [6]).

Lemma 1. Let 3,v € Ri be such that B, = v, for v € z, and B, > v, for
V€ 2y \ 2w, and let L > 0. Then the following relations are valid:

I[L’)’Y(u) = Z 9-Laf  9-Lujw-1 as  u— +00; (4)
aGNg:oz'y>u
J1P () = Z gloy — glugw—1 as  u— +oo. (5)
aENg:aﬁgu

5 Proof of Upper Bounds in Theorem 1

B. We begin with upper estimates for the classes wB;g.

a) Let, first, p= ¢ = 1. Then for f € wB;‘;,, we have

If =S DLl =1 Y0 AL L] <
as’ >ug
< AL (Nassuc | (L) [ = 12727 AL())as suc | 4(L1) || = S1(w).
By the definition (2) of the norm in space wB;g, for 6 = 1, we obviously have
(s > as’ > ug)

S1(u) <27 (2 AL () as>us | G (L) [ <27 || f [0 BiT || < 275

For 1 < 60 < o0, successively applying the Holder inequality for series
(I esd) D] < 1) | €alT) |11 (d3) [4(7) | with 1 < a < oo, 2+ =1)
(c @ = 0) and relation (4) and taking into account the definition (2) of the norm
in ¥ B*4, we obtain

p0>
aws( X

as’ >ug

1/6’
2o ) 122 AL (o uc | o(L1) || <

€ @) | F9B | < 2 ule 0,
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Finally, if # = oo, then, using again (4) and (2), we find

S1(u) < ( > 2“)” (2% AL (N))as>us [ €oo(L1) || <
as’ >ug
€2 | F9BIG ] < 27l ),

The required upper estimate is proved.
b) Now, let 1 < p < oo and 1 < ¢ < p. By Corollary 1, for f(x) € wB 5 we
have

1f=Se N Lll =11 D AN I Lgll <
as’>ug
1> AZNDILy | < 1AL as>us | o (Lp) | = S2(w).
as’ >ug
For 1 < 6 < p,, using Jensen’s inequality for series (|| (c;)|la(J)| < || (cj)

|6,(J) || for 0 < b < a < co) and the definition (2) of the norm in ¢B3§
obtain

Sz (u) < [ (AE(H)as>uc [ lo(Lp) | < (272 AL(f))asr>us | lo(Ly) |

K27 @ AL(F)as>us [ o (Ly) | < 27| flwBy5 || < 275

por W

For p, < 0 < 0o, applying the Holder inequality for series with exponents a = pi

and b = 52— and relation (4) and taking into account (2), we find
P

—Px

910*
Sa(u) = [[ (2727 AL (F)awsus | £, (L ||<< T g ) ‘

as’ >ug

x| (2% AL (f))as sue | lo(Ly) || < 274l DVG=8) | flyBsd | <
< 9suy =D —5),

If = oo, then (4) and (2) obviously imply

S2(”) = ” (2_as2asAg(f))ozS’>uc Mp* (L:D) H <

1/ps
< (X zem) T e A (L) €

as’>ug

<& 2~ su (w lp* f|'(/J go||<2 Su (w 1)

Thus, the upper estimate is proved.

c) Let 1 < ¢ < p = oo. In this case p, = 2. We also denote ¢* = max(q, 2).
Since || - | L, || < |l - |Lg= | £l - | Lo ||, we have the elementary embedding
YB3, C B, 1 <6 < oo, and the inequality

E)(YB3Sg, Lg) < Ej (VB3 Lg-).

q9’
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Therefore, it follows from what has been proved in item b) that (min(g*,2) = 2)
El(yB3%y, L,) < 27 w@=DGE=5)+. :

i.e., the required upper estimate is proved.

Thus all the upper estimates of the theorem for the classes ¢BS 9 are estab-
lished.

L. Now, we obtain upper estimates for the classes wL;%

a) Let, first, p = ¢ = 1. For 8 = 1, the upper estimate is already obtained,
because L5 $ = ¢B34, (see the estimates above for the classes ¥B$$).

Consider the case 1 < 6 < co. Let f € ¢)L59. Then

If=Se7 Ol =11 > ALUNIL | <
as’' >ug
< || (2_a82asAx(f))aS’>u< ‘ Ll(gl) H = %3('“)

For 1 < 6 < oo, applying the Holder inequality for series, relation (4) and the
definition (3) of the norm in L7, we obtain

/

N1/
%3<u>s( 3 2-“9) 2% AL () | n(80) | <

as’ >ug

€20 F YL | < 2D,

If # = oo, then in a similar way we arrive at

Yo 2@ ALUassuc | Lillo) | <

as’>ug
< 2*§uu(wfl)|| FleLse | < 9—cuy, (w=1)
Thus, the required upper estimate
EZ(wL‘;’;le) < 2_§uu(“’_1)(1—%)

is established for 1 < 6 < oo.

b) Now, let 1 <p <ooand1<gq<p. For f € L9, by Theorem 4 we find

p 6’
If =SV Ll =1 > AUS) L) <
as’ >ug
IS AL Ly | = 1272 AL asrsus | Lp(a) | = Sa(u).

as’ >ug

For 1 < ¢ < 2, applying Jensen’s inequality for series and taking into account
(3), we obtain (as > as’ > ug)

Sa(u) <] (Q_QSQQSAg(f))a5’>uc | L;D(Z@) | <
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<27 (27 AL (s >us | Lp(lo) I| < 27| FloLpG || < 275

If 2 < 6 < o0, then, successively applying the Holder inequality for series with

exponents a = 725 and b = £, relation (4) and (3), we obtain

72

( T g ) 127 AL(f)asr>uc | Lo(lo) |

as’ >ug

< 27Uy @ VGE=D|| FlpLsd || < 27 U@ DG,

If ¢ = oo, then, as above, relation (4) combined with (3) yields

1/2
%4<u><( ) 2) 2% AL asrsue | Ly(loc) || <

as’>ug

< 275wy D3| FloLse || <27su@—D3,

i.e., the required upper estimate is established.
Thus, all the upper estimates in the theorem for the classes L;§" are also
proved.

6 Proof of Lower Bounds in Theorem 1

To obtain lower bounds in Theorem 1 we need the notion of Fourier width. Recall
that N—th Fourier width (or, which is the same, orthowidth) of a set F C L, is
defined as

~n(F, L) = inf 511pr Z f295)95 | Lq ||,
{J}] 1 fEF

where the infimum is taken over all orthonormal (in Ls) systems {g; }jvzl C L

Notion of Fourier width was invented by V.N. Temlyakov [6] in 1982. Remark
that extensive literature has been devoted to the estimates sharp in order for
Fourier widths of various classes of smooth functions in one and several variables;
here we only refer to monographs [7,8] and articles [1,3,4,6], where one can also
find detailed history of the problem and comprehensive references.

By virtue of (5) (with L = 1), the dimension (v, u) of the linear span of the
set {2y |t € E&(a), A € A(d, ), o € N§ : ay < u} is of order 2%u*~1. Hence,
choosing N > (v, u), we get the inequality

E,(F,Lg) > on(F, Lg). (6)
Under the hypotheses of Theorem 1 we have:

log”_lN 7 w— 11
en(PBSY, L) < (N> (log“~t N)G=—a)+
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and )
s log“™" N
goN(wLpg,Lq) = <N

This theorem is full analog of the theorem from [3] for the the Nikolskii —
Besov and Lizorkin — Triebel type classes associated with system (@,

Note that in [3] was obtained the estimates of Fourier widths for the Nikolskii
— Besov and Lizorkin — Triebel type classes w.r.t. n—multiple system of Haar
wavelets.

These estimates with N > ¢(y,u) such that N < ¢ (vy,u) combined with
the inequality (6) easily imply lower bounds for E}(¢F53, Ly) (F € {B,L}) in
Theorem 1.

) (log“’_1 N)(%*%)#
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Hyperbolic Cross Approximation of Some
Function Classes with Respect to Multiple Haar
System on the Unit Cube
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Abstract. In this paper we obtain estimates (sharp in order) for hyper-
bolic cross approximation w.r.t. multiple (n—fold) Haar system X<“) of
the Nikol’skii — Besov and Lizorkin — Triebel type classes associated
with this Haar system in the space L, ([0, 1]") for a number of relations
between the parameters of the classes and the space.

Keywords: Approximation - Hyperbolic cross + Multiple Haar
system - The Nikol’skii — Besov and the Lizorkin — Triebel spaces
associated with the multiple Haar system

1 Introduction

As usual, let L, = L.([0,1]") (1 < r < o0, 2 < n € N) be the space of all
(equivalence classes of) measurable functions f : [0,1]™ — C that are r power
integrable (essentially bounded for r = oo ) on [0, 1], endowed with the standard
norm

1/r
120 =1 B = (1@ i) < <o)

I | Loo [l =1 f | Loo([0, 1)) || = ess sup {| f(2) | : = € [0,1]" }.

Let ¥ = {¢;|i € £} be a countable collection of functions in L., which are
orthonormal in Ly and let {J(u) C .# |u € N} be such that J(u) C J(u+1) and
#J(u) < oo for all u € N, UyenJ(u) = £.

For f € Ly, we consider Fourier sums w. r. t. system ¥ of the form

SY(fox)= > (f,i)i(),

i€J(u)
where (f,g) = f[o n f(x)g(z)dz (Z is the number complex conjugate to z € C).

(© Springer International Publishing AG 2017

T.Sh. Kalmenov et al. (eds.), Functional Analysis in Interdisciplinary Applications,
Springer Proceedings in Mathematics & Statistics 216,
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For a set F € L,., we denote
E(F, ¥, L,) = sup{||f — S (f,2) | L,|| | f € F}. (1)

In the present paper, we study quantities (1) in the special case of n—fold
Haar system ™ and so called hyperbolic crosses used as ¥ and J(u), respec-
tively (for definitions see below). Main goal is to give estimates (sharp in order)
for hyperbolic cross approximation w. r. t. system x® of the Nikol’skii — Besov
and Lizorkin — Triebel type classes associated with that system (for definition see
sect. 2) in the space L, ([0, 1]™) for a number of relations between the parameters
of the classes and the space in the style of theorem 4.1 from [2].

First we introduce some notations. Let n € N, z,, = {1,...,n}, Ng = NU{0},
R+ = (0, +OO)

Let k € N: k < n. Fix a multi-index n = (ny,...,n;) € N* such that
ny+- -+ ng zn(thus,nznifk::1,Whileifk::n,thenn:T: (1,...,1) €
N") and representation of x = (z1,...,2,) € R™ in the form = = (z!,..., 2%),
where 2" € R"~, Kk € z.

Denote

E" = 5"(0) = {0, 1}, E"(1) =£E"\ {(0,...,0)};

A(n,j) =7Z"n[0,27 —1]", j € N,.

and define 0.1)
(0) o 1, te 0, 1 3
X (t)_{O,teR\[O,l),

and

5, tel0,3);
X(l)(t) = 7%5 te [%v 1)7
0, teR\[0,1);

further, multiple (n—fold) Haar system is defined as follows:

x® = {x's(x) | t€Ea), A€ A(n, ), a € NE},

where i
XZ,\(HJ) = H X(Lxh,\ (z"),
k=1
and _ _ o _
Xine (%) = 27957 (22 = %), " (2%) = J] x“(@);
VEK,
here

E* (o) = E™ (sign(a1)) @ - - - ® E™* (sign(a)),
Aln, o) = A(ng,aq) X ..o X A(ng, ag).

It is clear that the system x® is orthonormal in Lo([0,1]™). Furthermore,
the system x® is unconditional basis in L,([0,1]") with 1 < 7 < oo : in the
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case k = 1 this fact is proved in [13, ch. 8], general case 1 < k < n follows from
here because the system x(® (w.r.t. variable x) is tensor product of the systems
x("*) (w.r.t. variables 2), K € 7.

Define operators AX (a € NE) as follows: for f € Ly, let

AX(f,x) Z Z faaxaa (@)

LEEM (@) AEA(n,«@)

be its dyadic packet, where
= [ @) de
[0,1]"

Furthermore, for f € L;, we define its so called hyperbolic cross Fourier sum
w. 1. t. system x® (with fixed v = (y1,...,7%) € R’i) by the formula

SYV(fx)= > AX(f,x) (ueN)

ay<u

(here oy := a1y1 + -+ + agyk). In the sequel, we will denote quantity (1) with
SX7 instead of SY simply as E](F, L,).

Finally, we define the Nikol’skii — Besov and Lizorkin — Triebel type function
spaces (and classes) associated with system x™® whose approximation properties
w.r.t. that system ™ will be studied in the next sections.

Let 1 < p,q¢ < oo and let £, = Q(N’g) be the space of complex number
sequences (c,) = (cq | € NF) with the finite norm

e gl = (32 Teal?) ™ (g < 00), lea) o | = sup Jecl

k
a€eNg aeNg

let £,(L,) = €4(L,([0,1]™)) (respectively L,(¢,) = L,([0,1]™;£,)) be the space of
function sequences (g (2)) = (ga(z) | € Nk) (x € [ 1]™) with the finite norm

1 (9a(@)) [€q(Lp) | = I (Il ga | Lp 1) [ 44 |

(respectively

1(ga (@) [ Lp(€g) | = [H] (90 (:)) [ €4 [[ | L 1)-

Now we are in position to introduce function spaces (as well as classes) under
consideration.

Definition 1. Let s = (sy,...,sx) € RE, 1 <p, ¢ < co. Then
i) the Nikol'skii — Besov type space xB,§ = xB;5([0,1]") associated with
the system y® consists of all functions f € L, for which the norm

I IxByg I = 27 AL(f; ) [ £4(Ly)l (2)

is finite;
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ii) the Lizorkin — Triebel type space xL3% = xL;7%([0,1]") associated with
the system y® consists of all functions f € L, for which the norm

I IXLpg T = 1% AL, 2)) | Lp(Lg) | 3)

is finite.

Unit balls xBy5 = xB;5([0,1]") and xL;% = xLy5([0,1]™) of these spaces
will be called the Nikol’skii — Besov and Lizorkin — Triebel classes associated
with the system y®, respectively.

Remark 1. Note that the approximation properties of the system x® with n > 2
(particularly, nonlinear approximation properties: best N —term approximations,
different Greedy type constructive algorithms etc.) have been studied intensively
in last two decades for two special cases: i) n—dimensional case where n = n, i.e.
k =1; ii) (pure) multiple case where n = (1,...,1), i.e. kK =n (see, for example,
recent monograph [12]).

2 Main Results

For s = (s1,...,8k) G]R’j_ and 1 < p,r < oo such that EKzsﬁ—n,i(%f%)_,_ >

0, k € zy, define the following vectors and numbers (here a; = max{a,0} for a
number a € R).

Puts=s fn(% — %)+, Sk =25, Go = sz’ K € zyp; without loss of generality,
assume that ¢ = min{¢; | K € 2} = ¢ = ... = ¢, < G, K € 2} \ % for
certain w € zx; ¢ = ¢ — (% — 1),. Take a vector ¢ = (Sy,...,S) such that
=8 =...=24, <% <%, k=w+1,...,k, and put § = (51,...,8) with
Sk =Sty (K € zx) and v = %5

We will use the symbols < and < to show relations between the orders
of quantities : for functions F' : Ry — Ry and H : Ry — R, we write
F(u) < H(u) as u — oo, if there exists a constant C' = C(F, H) > 0 such that
the inequality F(u) < CH(u) holds true for u > ug > 0, and F(u) < H(u), if
F(u) < H(u) and H(u) < F(u), simultaneously.

Below, for 1 < p < oo put p, = min{p, 2}.

Theorem 1. Letlgrgpgoo,r<oo,lgqgooandseRﬁ_. Then

EL(xBy5, Ly ) < 27 u@ DG,

Pq’ T
If, in addition, 1 < p < oo, then

YLy Ly ) = 27 DG =)

Pq’ T

Moreover,

E;I(XLﬂ’Ll ) < g—sty (W=1)(1=3)+
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Theorem 2. Let 1 < p <r < oo, 1 < g < oo and let s ERi be such that
11
§>5—; Then
1

EZ(XBZZa L’I“ ) = 2—(§—%+%)uu(w—1)(;_%)+;

EZ(XLsn L )X 27((*%+%)u.

PQq’ T

Theorem 3. Let 1 < p,q < oo and let s € Rﬁ_ be such that ¢ > 11;. Then

El(xB3" Loy ) =< 9= (s=3)uy, (w=1)(1=3)4

Pq’ o0

If, in addition, p < oo, then

EJ(xLy7, Lo ) = 27673 (700750,
Remark 2. i) These theorems are analogs of theorem 4.1 from [2] for the
Nikol’skii — Besov and Lizorkin — Triebel type classes associated with system
x™ and hyperbolic cross approximation w.r.t. that system.
ii) Note that the estimates in Theorems 1 and 2 for quantities E(xB;%, L)
11

in special case w = n =k, (5 — =)+ < ¢ < 1, are proved in theorem 1 from [1]

(¢ = 00) and in theorem 1 from [7] (1 < ¢ < 00).

Below, when proving upper bounds from Theorem 1-3 and estimating the
dimensions of the corresponding subspaces, we will systematically making use
the following lemma from [2] (for proof see also [3]).

Lemma 1. Let 3,7 € R’i be such that B, = v, for v € z, and B, > 7, for
v € 7y \ 2y, and let L > 0. Then the following relations are valid:

TP (u) = Z glaB g luye—l as  u— +oo;  (4)
aeNG:ay>u
1P (u) = Z olar = olugw=1 as U — +0oo. (5)
aeNj:af<u

3 Proof of Upper Bounds in Theorem 1

First we formulate the Littlewood — Paley — type theorem related to the system
x™ and its corollary.

Theorem 4. Let 1 < p < co. Then there exists a constant C = C(n,p) > 0
such that

CTHIFILy I < I CAX(f,2)) | Lyp([0,1]% &) | < C L f 1 Ly |l

for all functions f € L.
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Since the system x® is an unconditional basis in L,, Theorem 4 can easily be
proved by arguments involving the classical Khinchin inequality for Rademacher
functions (see, for instance, [13, ch. 8], where the case k = 1 is analyzed).

Corollary 1. Let 1 < p < 00, p, = min(p,2). Then, for any function f € L,

I 1Ly || < Cr,p) [ (AS(F, ) [ £, (Lp([0,1])) I

B. We begin with upper estimates for the classes xB;7

a) Let, first, p=r = 1. Then for f € xB}7, we have

1f =Sl =11 D AN L] <
as’ >ug
[ (AX (s >us [L1(L1) | = [ (272 A% () as >us [ £1(L1) || = S1(u).
By the definition (2) of the norm in space xB,7, for ¢ = 1, we obviously have
(s > as’ > ug)

Su(u) <275 AR as >us [ (L) | <27 | fIXBIT" | < 275

| (c;dy)

_1)

of the

For 1 < ¢ < oo, successively applying the Holder inequality for series
()< (e (D) - 1(d) [e(I) || with 1T < a < oo, & +
(¢ @ = q) and relation (4) and taking into account the definition (2

norm in x By %, we obtain (here and below, ¢’ = qf—l)

vo—\»—t/—\

1/q
%MS( > 2“”“’) 12 AX(F)asr>us | £a(La) || <
as’ >ug
< (27 Y| fxBiE|| < 27D,

Finally, if ¢ = oo, then, using again (4) and (2), we find

0 < (X 27 AN oo | L) | <

as’ >ug

< 27 | f By | < 27 ul .
The required upper estimate is proved.

b) Now, let 1 < p < oo and 1 < r < p. By Corollary 1, for f(x) € xB;} we

have
1f =SV Lell =1 Y AXH L | <

as’ >ug

1D AN Ly I < AKX as >us | . (Lp) | = S2(u).

as’ >ug
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For 1 < ¢ < p,, using Jensen’s inequality for series (|| (c;)[la(J)| < [|(c))]
6p(J) | for 0 < b < a < oo) and the definition (2) of the norm in xB52, we
obtain

Sa(u) < [ (AX(F)as>uc [ Lo(Lp) | < (272" AX(S)) s >uc [ £g(Lyp) |l

€2 2 Ao o Ly) | € 2754 £ IXBg3 ]| < 27
q

For p. < g < oo, applying the Holder inequality for series with exponents a = o

and b = - and relation (4) and taking into account (2), we find

9—Px
> apx

—su, (w— L1 sn
|| (225 AX(f))as sus | La(Lp) || < 275 @™ DG =) || f[xB32 || <

32(0) = | @2 5 Mo . () < 3 2%

as’ >ug

< 9=suy (W=D =),
If ¢ = oo, then (4) and (2) obviously imply

%2(7‘) = H (Z_Q‘gzasAg(f))as%M | t *(Lp) ” <

1/?*
(X 2) X 2 DX sue | (L) | <

as’ >ug

< 27Uy || < 27Uy Das

Thus, the upper estimate is proved.
c) Let 1 <r < p=oco. In this case p, = 2. We also denote r* = max(r, 2).

Since || -« | Ly || < || - | L= || < || - | Loo ||, we have the elementary embedding
xBsdy C xBit,, 1 < g < oo, and the inequality
lgy(xﬁgooq) ) <:137(Xi3T q?l; )

Therefore, it follows from what has been proved in item b) that (min(r*,2) = 2)

(B2, L) << 27l DG
i.e., the required upper estimate is proved.

Thus, all the upper estimates of the theorem for the classes xB,7 are estab-
lished.

L. Now, we obtain upper estimates for the classes xL;%

a) Let, first, p = r = 1. For ¢ = 1, the upper estimate is already obtained,
because xL3j3 = xB$%, (see the estimates above for the classes xB$?%).

Consider the case 1 < ¢ <oo. Let f € xLij. Then

If=SeT DLl =11 > AL <

as’ >ug
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< 272" AN ) as >uc | L1(41) || = S3(u).
For 1 < ¢ < oo, applying the Holder inequality for series, relation (4) and the

definition (3) of the norm in xL;7, we obtain

N Ve
%3(1‘) = ( Z 27 ) ” (QQSAé(f))aS’>UC ‘ Ll(éq) ” <

as’>ug
< 9ty w=D(1-7) |FIxESE | < g—su, (w=1)(1-2)
If ¢ = oo, then in a similar way we arrive at
S(u) < D 27 2% AX()assus | Ln(loo) || <
as’>ug
€2 | £ || < 275D,

Thus, the required upper estimate

B (XLig, Ly) < 27 70070

is established for 1 < g < oo.
b) Now, let 1 <p<oocand 1 <r <p. For f € xL*2 by Theorem 4 we find

If=Se DLl =11 D ANFILe | <
<| D0 AXHILy || = 1272 2% AX(f))as > ue | Lp(£2) | = Su(w).

as’>ug
For 1 < ¢ < 2, applying Jensen’s inequality for series and taking into account
(3), we obtain (as > as’ > ug)
Sa(u) < | (2727 AY(f))as >us [ Lp(le) | <
<27 (27 AN assus | Lp(lg) [| <27 f I xLyg | <27

If 2 < g < o0, then, successively applying the Holder inequality for series with
exponents a = ;45 and b = £, relation (4), and (3), we obtain

q—2

S0 2 ) AN o | Ly (0]

as’>ug

< 2—§uu(w*1)(%*§)|| Il XL3® | < g—su,, (w=1)(3-7)
If ¢ = oo, then, as above, relation (4) combined with (3) yields

1/2
Ju(w) < ( > 2) (25 AX()asrus | Lplboe) | <
as’'>ug
< 2—§uu(w—1)%||f|XL;1;O | < 2_§uu(“’_1)%,

i.e., the required upper estimate is established.
Thus, all the upper estimates in Theorem 1 for the classes xL;% are also
proved.
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4 Proof of Upper Bounds in Theorems 2 and 3

Recall that for s = (s1,...,s,) € R’j_ and 1<p<r<oo, §= sfn(% — %), ie.
K € Zk.
Below we shall use the following three embeddings:

Let1§p<r§oo,lgqgoo;seR’is.t.EeR’i.Then

XBpg = xBg. (6)
Let1§p<r<oo,1§q§oo;s€]R’j_s.t.§6R’j_.Then

XLypq = XL (7)
Let1§p<r:oo,lgqgoo;seRﬁ_s.t.EERﬁ_.Then

XLypy = XB3Z, (8)

For proof of these embeddings see [5] and Remark 5.1 in [2].

I. We begin with proof of the upper estimates in Theorem 3.

(B) First, consider the class xBy%. In view of the embedding (6), it suffices
to derive an upper estimate for E](xB5%,, Loo)-

Let f € xB3J,. Then, as above, by the Holder inequality for series and by
(4), we obtain

1f=SYT(F) Lo | £ > 27952 AX(f) | Loo || <

as>ud

< (27" )as>us | Lo I (277 AX(S) [44(Loo) |
< 2*(<*%)uu(w*1)(1*%)|| FIxBE || < 9= (s=3)uy, (w=1)(1=3)

Thus, the upper estimate is established.
(L) Consider the class xL;%. According to the embedding (8) and previous
estimate (with p instead of ¢), we get

E}(XL32, Loo) < EL(XB32,, Loo) < 277 0)ty @~ D0=5);
i.e., the upper estimate is proved. Hence, proof of both upper estimates in
Theorem 3 is completed.

IT. Let us proceed to upper estimates in Theorem 2. We have 1 < p < r <
00, 1 <q< oo, s,§€R’i.

(B) First, we obtain upper estimates for class xB; 5. In view of embedding
(6) we get

E,(xBpg: Lr) < E)(xByg, Ly).

Therefore, we can use the upper estimates for the right-hand side of this inequal-
ity from Theorem 3. It is easily seen that these estimates provide the required

order if either ] <r<2and 1 <¢g<worl<¢g<2<r.
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For r > 2 and ¢ > 2, these estimates turn out to be rouhger than required.
To obtain upper estimates (sharp in order) in that case, we need the following

Theorem 5. Let 1 < p < r < oo. Then there exists a constant C(p,r,n) > 0
such that, for f € Ly, the following inequality holds:

1F1L, || < Clp,r, )| (2"~ AX(f)) | €:(Ly) |-

The proof of Theorem 5 in the case k = n is given in [11]; it remains valid in
slightly more general case 1 < k < n.
Let f € xB,g. Then, by Theorem 5, we have

1 f = S¥V(f) | Lo || < || 2% AX(F)) assuc | €(Ly) |

= [| 27*72* AX(f))as>us [ 6r(Ly) || = S5 (w).
If r < g < 00, applying the Holder inequality for series, relation (4), we obtain
1

%5 (u) <( 3 2) @ 2K assue | (L) |

as>us

1

C(e—lalyy (w_1)(Li_1 sn C(e—141yy (w_1)(1_1
< 2~ =g+ Puyle-D(5 q)||f|XBp21 | <2 (=3t P)uyw=1GE-7)
If 2 < g < r, using Jensen’s inequality for series and taking into account that
as > as > ug, we get
S5(u) < 275 (2 AX(F))as>uz | 6(Lp) |
<27 (2% AX() | y(Ly) | < 27675,
If ¢ = oo, then again by (4), we have

T

S5(u) s( 3 2) 2% A asuc | foo (L) |

as>ud

< 95ty (w1} FIXBSR | < 9= (= F+)uy, (w=1)%

Thus, all the required upper estimates in Theorem 2 for the class xB;% are
found.

(L) Finally, let us obtain the upper estimate for the class xL5%. According
to the embedding (7) and the upper estimate from Theorem 1, it follows that
L,) < El(xLP, L) < 2~ s t0)e,

rl>

E}(xLy2

pg>

i.e., the required upper estimate is established.
Thus, proof of both upper estimates in Theorem 2 is completed.
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5 Proof of Lower Bounds in Theorems 1 — 3

To obtain lower bounds in Theorems 1 — 3 we need the notion of Fourier width.
Recall that N—th Fourier width (or, which is the same, orthowidth) of a set
F C L, is defined as

N(F.Ly) = inf suplf - Zf,gg Ygi | Lo |,
{QJ}J 1 fEF

where the infimum is taken over all orthonormal (in Ly) systems {g; }é\le C Ly

By virtue of (5) (with L = 1), the dimension §(v,u) of the linear span of the
set {x‘\ |t € ER(a), A € A(n,a), a € N& : ay < u} is of order 2“u*~1. Hence,
choosing N > (v, u), we get the inequality

EL(F, Ly) = on(F, Ly). (9)

In [4], we obtained the estimates for Fourier widths of the classes under
consideration. Under the hypotheses of Theorem 1 we have

log? ' N
(Xqu? ) - (N)

log“ P N\ ¢ o 1_1
en(L35 L) < () ot D (o> ),

1

(log® ™ N)wr =)+,

log“ P N\ ¢
(XL1q7L1) = (OgN> (log“’*1 N)(1*%)+.

Further, under the hypotheses of Theorem 2 we have

logw_lN C_%—i_% 1_1
en(xXBpgs )A(N> (log” ™' N)= o)+,

1 1
on logw—lN §-;+;
e (B2

Finally, under the hypotheses of Theorem 3 we have

1
sn IOgW71N gi; w—1 1—l
en(XBpg, L) =< (N) (log“ ™" N)" ",

1
logwilN T w—1 ary1—1
ot ) = () )

(Here log = log,.) These estimates with N > §(vy,u) such that N < §(v,u)
combined with the inequality (9) easily imply lower bounds for E (XFp o Lr)
(F € {B,L}) in Theorems 1 — 3 matching the upper bounds obtained in the
previous sections.
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Remark 8. Notion of Fourier width was invented by V.N. Temlyakov [8] in 1982.
Remark that extensive literature has been devoted to the estimates sharp in
order for Fourier widths of various classes of smooth functions in one and several
variables; here we only refer to monographs [9,10] and articles [3,6], where one
can also find detailed history of the problem and comprehensive references.

Acknowledgements. This publication is supported by the target program
0085/PTSF-14 from the Ministry of Science and Education of the Republic of Kaza-
khstan.
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Abstract. This paper is dedicated to a sufficient condition for com-
pactness of Commutators for singular integrals [b, 7] in the generalized
Morrey space M, .

Keywords: Morrey space -+ Compactness + Commutators - Singular
integrals - Generalized Morrey space - Pre-compactness

First we give some definitions.

Let 1 < p < oo, w be a measurable non-negative function on (0,c0). The
generalized Morrey space M)’ = M)/(R") is defined as a set of all functions
f € LI*¢(R™) with finite quasi-norm

9ty = 50 W) 1A ],
where B(t,r) is a ball with center at the point ¢ and of radius r.
The space M)’ coincides with the known Morrey space M;‘ at w(r) = r=>,
where 0 < A < %, which, in turn, for A = 0 coincides with the space L,(R™).
Following the notation of [1,2], we denote by {2, the set of all functions
which are non-negative, measurable on (0, 00), not equivalent to 0 and such that
for some t > 0

W) ey <000 W)L t00) < 00

Note that the space M)’ is non-trivial, that is, consists not only of functions
equivalent to 0 on R"™, if and only if w € 2.
In this paper we consider a singular integral in the following form

Tf(z)= [ |z —y| " f(y)dy,
/

(© Springer International Publishing AG 2017
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It is well-known that the Calderon—Zygmund operator
Kf@) = [ Kw.)fw)dy,
R’V’L

with a certain kernel k(x,y) satisfies the condition, where

f(y)
K (2,y)| < R/ el

(see [3,11]).

The singular integral T plays an important role in the harmonic analysis and
theory of operators.

For a function b € Lj,.(R™) by M, denote multiplier operator M,f = bf,
where f is a measurable function. Then a commutator between T and M, is

defined by
b, T] = My T — T M, = / b(a) ~ b)) S(0) 5,

|z —y["

Rn
The commutators for singular integrals were investigated [4-6].
It is said that the function b(x) € Lo (R™) belongs to the space BMO(R™),
if

1
6], = sup —/|b($) —bgldr = sup M(b,Q) < oo,
Qcre Q) } QeRn

where @ is a cube R™ and bg = ﬁ [ f(y)dy.
RTL

By VMO(R"™) we denote the BMO-closure C§°(R"™), where C§°(R™) is the
set of all functions from C°°(R™) with compact support. By x(A4) denote the
characteristic function of the set B C R", and by A denote the complement
of A.

The main purpose of this work is to find sufficient conditions for the compact-
ness of commutators operators [b, 7] on the generalized Morrey space M,'(R").

We note that in the case of the Morrey space this question was investigated in
[4]. The following well-known theorem gives necessary and sufficient conditions
for the boundedness and compactness for [b, T'] on the generalized Morrey spaces

Theorem A. (see. [6]) Let 1 < p < 0o, b € BMO(R"), let (w1, ws) satisfy the
following condition

;o < Cwy(r), (1)

/ esst<1§1<f wi(s)dt

r

where C' does not depend on x and 7. Let the operator T’ be bounded on L,(R™).
Then the operator T" is bounded from M) (R") to My?(R").
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The following statement is a consequence of Theorem 3.7 of [6].

Theorem B. (see. [6]) Let 1 < p < 00, b € BMO(R"), let (w1, ws) satisfy the

condition
s ¢\ €ss inf wi(s)dt
/ln (e + > fessoe < Cwa(r). (2)
T

t

T

where C' does not depend on z and r. Let the operator [b,T] be bounded on
L,(R™). Moreover, let

1. T 1, ey < 1Bl 2, (e - ®)
Then [b, T] is bounded from sz»” (R") to szivz (R"). Moreover, we have
I T T )

It is well known that the boundedness of such operators on Morrey space
M (R) was considered in [4,5].

The following theorem on sufficient conditions for the precompactness of sets
on generalized Morrey spaces was proved in [7,8].

Theorem C. (see. [7,8]) Suppose that 1 < p < co and w € 2. Suppose that
a subset S of M) satisfies the following conditions:

sup || f[| ppn < 00, (5)
fes P

lim sup [|f(- +u) = f()llagy = 0, (6)
u—0 ¢cg P

lim sup ||ch13(o,r> =0. (7

r00 teg My

Then S is a pre-compact set in M)'(R).

Note that for the case of Morrey space M) (0 < A < 1) (i.e., if w(r) = r?)
this assertion was proved earlier in [3], and in the case of A = 0 it is the known
Frechet-Kolmogorov theorem [10]. We note that the pre-compactness of some
sets in Banach function spaces were investigated in [9].

Now we give theorem about the compactness of the operators [b,T] on gen-
eralized Morrey space M,'(R").

Theorem 1. Let 1 < p < oo, b € VMO(R™), let functions wi,ws € (2
satisfy the conditions (2) and (3). Then the commutator [b,T) is a compact
operator from My* to Mpy?.

To prove this theorem we need the following auxiliary assertions.

Lemma 1. LetnEN,l<p§oo71<q<oo,0<n(1—%),ﬂ>0.Then

there exists C' > 0 depending only on n, p, ¢ such that for some f € L,(B(0, 5))
satisfying the condition suppf C B(0, 3), and for some v > 28, t € R", r >0

1T )Xol 5wy < C7 " (min{r,r D £l 50, - (8)
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Proof. From the definition of the operator T', we have

I= H(Tf) X5 0

Lq(B(t,7))

_ / ‘ f_(y)

B(t,r)NcB(0,y) IR™

Q=

q 1

< / / f()dydx

lz —y|"
B(t,r)N°B(0,y) [B(0,8)

From the fact that g <  for z € B(0,v),y € B(0, 3) we have

Q

|x—y|Z|$|—‘y|2|$|_5—%+%_62%'
From this it follows that
" dx
I<?2 / T / |f(y)ldy
cB(0,y) B(0,8)
- I
<n /p"q_de (va ™)' 7 11z, (Bo,8))
v
< 2% (G, p et ) (Unﬁn)1_7 1Nz, 50,8
1
n 671 g 175 1**) —n(
s (mﬁn) g DN £, 0.5

_ _1
= Oy ") 11z, B0,8) -

Next, we consider

I<2ny™ /dx /If(y)ldy

B(t,r) B(0,83)

1 nyl—21
<257 Gar 08 1Sy 00

=Cyy " 11|z, B0.8)) -
From inequality (11) and (12) it follows (8), where C' = max{C7, Cs}

47

(10)
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Lemma 2. Letn€N1<p<oo1<q<ooO<n(1——),ﬁ>0 Then
there exists C' > 0 depending only on n, p, ¢ such that for some f € L,(B(0,5)),

b € Loo(R™), satisfying the condition supp b C B(0, ), and for some v > 2,
teRY, >0

H([ba T]f)XCB(O,'y)‘|Lq(B(t7T)) < C’y_n (min{%r})a ||b||Loo(R"') ||f||LpB(O,,6) :
(13)

Proof. Let v > (3, supp b C B(0, ) for x €° B(0,7),b(z) = 0. Then

b, T
H[ ]fXB“’ DL (B(t,r))
1
q q
= L )f( )dy dx
B(t,r ﬂCB(O,'y
¢\
b(y)f o) - 1f W)l
< — =" dy| d
B(t,r)NB(0,7) B(t, mmrB(o ~) |B(0,8)
q
< / dz | bl (rn
B(t,r)N¢B(0,v) |B(0,8

b n
LB ol oo (e

< / / \f(y)ln dy
[z -yl
(t,1)NeB(0,7) IR™

From this and from Lemma 1 we obtain the inequality (13).

q
dx) 1l ey = | @D x5,

Proof of theorem. To prove Theorem 1 it is sufficient to show that the con-
ditions (5)-(7) of Theorem C hold.

Let F be an arbitrary bounded subset of M. Since C2°(R") is dense in
VMO(R"™), we only need to prove that the set G = {[b,T|f : f € F,be€ C®} is
pre-compact in M. By Theorem C, we only need to verify that the conditions
(5), (6) and (7) hold uniformly F for {b € C°}.

Suppose that

|l < D.

Applying Theorem B, we have

116 T)f gy < C- ||b\|>’<§lelgIIJ”IIM;;1 < C- Dbl < oo.

this implies that the condition (5) of Theorem C holds.
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Now we prove that condition (7) of Theorem C also holds, i. e.

V113010H([b, T} o0 |y = O
It follows from Lemma 2. Indeed
[(CEaTAIIN
sup |wtr) .71
E R POPINL B L (0,00

<Cy™" ||b||Lm(Rn) ||f||LpB(O,,8) SE? sz(r) (min{vy,r})» H
zER™

Lo (0,00)

When r < I<y we have (min{y,r})?» =r5. By condition

<00.
Lo (1,00)

When v < t < r we have (min{y,r})* =~7. By condition Iw2(r)ll 2 (0.0)
< 00.
Therefore

sz(r)r%

lim ‘([b, ] f)xe —0.

~y—00 B(0,7)

wo
My,

This implies the required condition (7).
Now we prove that condition (6) of Theorem C for the set [b,T]|(f), f € F
holds, i.e., we show that for any 0 < ¢ < % and if || is sufficiently small

2
depending only on ¢, then for every f € F.
1@, THC+2)] = BTIfC)llppe <C-e

Let ¢ be an arbitrary number such that 0 < & < 3. For |z| € R™ we have
that

bz +2) = bW W) / [b(z) = bW W)

[f,T]f(:ﬂ—‘,—Z)—[b,T]f((E) :R/n |:L‘+Z*y‘" |zfy‘n

[b(z + 2) = b(y)|f(v) dy+ / [b(z + 2) = b(y)]f(¥) dy

lz+z—y|" |z + 2 — y|™
lz—y|< lo—y|> L2l
/ | )7]Lf(y) dy — / [b(x) — b(y)if(y) dy
x —yl |z —yl
R jo—y|> 12
_ / [b(z) —by) +b(z +2) — bl + 2 @) 5\ / bz +2) — bW/ @)
gy L2 |z — y|n ot x4+ z —y|™
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n / [b(y) — b(=)]f(y) , [b(y) — bz + 2)]f(y) dy

Y —
|z —y[" |z + 2 — y|™
jo—y|<IZ jo—y|<IZ
- [b(z + 2) — b(=)]f(v) o 1 )
- / [z -y dy+ / (Iw Sy T y‘n> ([b(z+2)=b(y)] £ (y))dy
joyl> 2L lo—y> 121
n 1by) = b1 W) / bly) ~ b=+ 2)1f W),
|z —y|” |z + 2 —y|»
oyl <t jo—y|< 2l
=1+ o+ J;5—J4 (14)

Since b € C§(R"™), we have
[b(z) = b(z + 2)| < [V f(z)] - [2] < Clz].

Then
|J1| < Cl2|T(|f]) ().

By Theorem A
Sillagre < Clal | T(f) a2 < Clel | f [lagy< CDl2|. (15)
For J; we have that
(b(z+2) = by)) <2 b < C.

Therefore

il <cll | IO _ gy < o1 1)),

|z — y|"
lo—y|> L2l

Again by the of Theorem A we get

| 2 gz < e | TCF) agn < e | £ laag< C - D-e.

Consequently,
wmise [ Laceny [0 L2 s <o
lz —yl” |z =yl
|z—y|<z—e~?! le—y|<e~1|z|
Thus, we have
I I3 llagz< C e el N T(f) lage< C-e7Hel L f llagn < €Mzl (16)

Similarly, using the estimate

[b(x + 2) = b(y)| < Clo + 2z —yl,
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finally we have

|Js <C / x4z —y[ " Hb(y)dy < Cle Mzl + |2DT(|f])(z + 2).
|lo—y|<e=1(y)
Therefore

I Ta a2 < C- (7 el + ) L f g < C- D (€7 el + ]2 (A7)

Here C does not depend on z and e. Finally from (14) - (17), taking |z| small

enough, we have

16, T+ 2] = B T)FOllagrz < Wallagzs + 12l + 1llygz + 1 all s < C D

i.e., the set [b,T](f), f € F satisfies the condition (6) of Theorem C. Then
by Theorem C, the set [b,T](f), f € F is precompact in the My?. This fact
completes the proof of the theorem.
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Abstract. The aim of the paper is to obtain descriptions of multipliers
acting from weighted Sobolev spaces Wlﬂyp to Lgw. The space Wzlnp is
defined as the completion of the set C§° in the following finite norm
llus Wil = llpIViulllp + [|ullp, where p is a weight on R™; Lg,. denotes
the Lebesgue space.

Keywords: Description of pointwise multiplier - Weighted Sobolev
space - Lebesgue space

1 Preliminaries and Notation

n 1/2
Let R™ be the n-dimensional Euclidian space with the norm |z| = (Z mf) .
i=1
Below L., 1 < p < oo, is the space of all real valued functions with the finite
weighted Lebesgue norm

fulle,.. = 1ate) da:)’l’

Note that L,(R") = Ly (R"),ifw =1, =z,

We denote by LIJZC the space of all a.e. positive and locally integrable functions
in R™. A function v of L?;C is called a weight.

Let {2 be a bounded domain in R™. By C*(2), C§°(§2) we denote the space
of all infinitely differentiable functions in {2 and the space of functions of C'*°({2)
with compact support suppf in {2, respectively. When the domain is not indi-
cated in the notation of a space or a norm, then it is assumed to be R".

By I™ we denote the family of all cubes @ in the following form

Qth:Qh(x):{yeR": |yi—xi|<g,i:1,...,n}.

We set A\Q = Qan(z).

(© Springer International Publishing AG 2017
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By definition W}"(2) is the completion of the linear manifold [1]
CFW(92) = {u € O (2): [lu; Wy ()| = [ Vemwis Lp(2)[| + llu; Lp(£2)]] < 00}

Let k,m be integers, 0 <k <m, 1 <p<g<oo.Ifp>1, p(m—k)>nor
p=1,m—k >n, then
W:L(Qﬁ - Ck(Qﬁ;
i.e., u € W;”(Ql) has, up to equivalence, continuous derivatives D“u of order
|a] =k, and
sup [Viu| < cllullwym(q,)- (1)

1
Let Qn = Qn(z). By changing variables y = = + h&, £ € Q1(0) in inequality
() forp>1,pim—k)>norp=1m—k>n, |a| =k, we have

sup D] < eh T (Il @+ A @) (2)
h

Let h(-) be a positive locally bounded function in R". B = {Q(z)} denotes
the family of cubes Q(z) = Qu(x)(x), © € R™ \ e, where e is a set with measure
0.

Definition 1. A weight p satisfies the slow variation condition with respect to
the family B = {Q(z)}, if there exist b > 1 such that for a.a. x

b~ p(z) < p(y) < bp(z)

for a.a. y € Q(z).

Ezxample 1. Let I' be a compact set in R™, which has no interior points. We

set | — yloo = ax |z; —y;| (x, y € R™). The function p(z) = yng? |z — yloo

satisfies the slow variation condition with respect to the family {(1—7)Q (. (®)},
0 < 7 < 1. Since p is a continuous function, then p(z) = mi}1|x — Yoo =0
ye

for x € I' and p € L?;c. Let h = p(z) > 0,0 < ¢ < 1. Let us prove that

I'NeQ(z) =0.Ify € I'NeQ(x) # 0, then
0 <p(@) <z —yloo + Inf |y = 2foc = |~ yloc <ep(2)/2,

which is impossible. Thus, Q(z) = |J eQ(z) C R"\ I. Let y € (1 — 7)Q(x).
Then |z — x| > p(x) for z € T, ané)<|;<—1z|oo = max ly; —zj] < (1—1)p(x)/2,
which imply that |z — yleo > ||z — Z|eo — | — y|eo| > p(x)/2. Hence, p(y) =
inf [z~ y| > p(a)/2. Since |2~ yloe < |2~ tluo + | — Yl then ply) < 2p(z
for y € (1 — 7)Q(x). By taking 7 = 1/2, we get

1

2P(@) < ply) < 2p(2),

if y € 3Q(x).
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Ezample 2. Tt is easy to show that p(x) = (1 + |z|)®, s > 0 satisfies the slow
variation condition on cubes Q(z) = Q) (2), h(z) = (1 + |z|)~*/".

By ¢ we denote constants depending only on the assigned numerical parame-
ters, for example, ¢ = ¢(l, p,n), etc.

2 Main Results

Let X, Y be Banach spaces of functions u: R” — R. We say that a function
v: R — R is a (pointwise) multiplier acting from X to Y, if

Tu=~vueyY

for all u € X. We denote by M(X — Y') the space of all multipliers for which
the operator T is bounded from X to Y. We introduce the norm by

s M(X = Y)[| =|T; X = Y|
forye M(X - Y).

Theorem 1. Let 1 < p < q < 00, Ip > n. Let p satisfy the slow variation
condition on cubes Q(x) = Qp(z) (), where h(z) = p(z)*/!, > 0. Assume that

1/q
C = esssup p(x) " *V/P / [y]9w < 0.
@ Q()

Then vy € M(W! .. — L,.). And,

p,pH

1/q
cesssup p(z) /1 (/ e | <l MWy = Low)ll < cC.
@ 1Q(x) ’

Let I' be a compact manifold in R™ with dimension < n — 1. Let « be a
measure on I', a(I") < co. Let Ly (I") be the space of all continuous functions

in I" with the norm
1/q
Jui gD = ( [ uitaa) < .
r

Theorem 2. Let 1 < p < ¢ < oo, lp>n. Let v € C(R™). Let p satisfy the slow
variation condition on cubes Q(x) = Qu(q) (), where h(z) = p(x)*, > 0. If

1/a
C = esssup p(x) PP / |y dex < 00,
T Q)N I

then v € M (W}

pon — Lga(I'). The norm satisfies the following inequality

lys M(Wy e = Lg,a(I)] < ¢C.
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Let o(z) = in£|y — Z|oo. The function o(z) satisfies the slow variation
ye

condition with respect to the family B = {Q(z) = Qu@)(z), € E}, where
E =R"\T, h(z) =27 to(z). Let p(z) = o(x), if 0 < o(x) <1 and p(z) = 1, if
o(xz) > 1.

_ The function p satisfies the slow variation condition with respect to the family
B = {Q(x) = Qi (&), @ € B}, he) = pla):

271 p(x) < ply) < 25(x), 3)

if y € ENQ(x).
Let us prove (3). We have

2710 (2) < a(y) < 20(x), (4)

if y € Q(x).
Let y € ENQ(z) C ENQ(x), « € E. Then

2.0<o(z) <1, o(y) > 1= plz) =0c(z) > 27 o(

2 1(z) = 2" lo(w) < 1= ply) = 24 < 25(x) = (4);
3.0<o(y) <l<o(zx)=plz)=1,

2 1p(z) = 21 < 270 (x) < o(y) = ply) < 1 = lz) = (4):
1 1< 0(x),0(y) = z) = ply) = 1 = (4).

Corollary 1. Let 1 <p < ¢ < o0, Ip > n. Let v € C(R") and

1/q
C = esssup p(x) /P </~ Rk doz) < 0.
= Q)NT

Then v € M (WIl) 5 — Lq,a(I7)). Here the norm satisfies the following inequality

lvs MW, 5 = Loo(D))I| < cC.

p,p

To prove the main results we will apply the method of local estimates on
cubes Q(z) € B, the essence of which is as following: let f, g be finite functions,
g€ Ly, felL, (1<p,q<oo)with bounded suppg = supp f = E. There exists
a positive function S(z), « € E, such that

q/p
9 <c(S(x))? p 5
/Q(x)|g| (5(x)) </Q(w)|f|> (5)
a.e.in E.

Let {Q?, j € J} be a finite-multiple and finite-separable Besicovitch covering
extracted from the family of cubes {Q(z), z € E}, Q7 = Q(x7). Since the set of
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indices J (C N) can be represented as a disjoint union J = |J J;, where Q’
1§i§m2

of J; is pairwise disjoint, then by using (5), we obtain

lgl" =g < k2 max lg? < k2 max (S(z”))? LfI”
E 1<i<kg jed: Qi 1<i<k2 jeds Qi

Next, we use well known inequalities for sums (a;,b; >0, r > 1) :

T

Zagg Zaj . (7

Then (6), (7) imply that

[t < s (esssup ) ([ 177) " sp<o<w).  ©

Proof of Theorem 1. Let suppu = E. By using the embedding inequality (2) for
each cube Q(x), we have

lvul?w(y) dy < sup |ul? [v|%w(y) dy <
Q(x) Q(zx) Q(z
1/q ¢ q/p
<c  h(z) TP p(z)TH 9w (y) dy "] + [u| ¥ dy
Q(x) Q(x)

By taking |f? = (Ip"Viul + [ul)?, () = pla) 0/ [, |7/, |gl7 =
|[vu|%w in (5), and by using (8), we get the upper estimate of Hv;M(Wé,p“ —
Lyl

Next step is to show that

1/q
9 M(W}, o — Lqw)|l > cesssup p(a)#m/ (/1Q( )Ivlqw> :

2

We take the function n € C§°(Q1), 0 < n < 1,np =11in %Ql. Let ug(y) =
n (h(z)~'(y — z)) . Then

1/q
(f 1Q(@) W“O‘q“’)

1/p
(Jow) U Fruol? + o) dy)

1/q
> e p(a) ( / Ww) |
$Q(w)

lys MW e = Lgo)l =

p,p -
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Proof of Theorem 2. Let & be a measure in R™, defined by a(e) = a(enI’). Let
u € C§°. In each Q(z) we have

/ |yul? doe = / |yu|? da < ¢ sup |u\q/ |v]? dev.
Ql=x)NIr Q(x) Q(x) Q)Nr

Next we follow the lines of the proof of Theorem 1.
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Abstract. This paper is devoted to the study of Fourier series and
Fourier transform multipliers and contains introduction, which put some
new results into a general frame. In the following Sections several further
examples and results are presented and discussed. In Section 2 we present
some important results (including the most early papers we know) con-
cerning Fourier series multipliers of particular interest for the investiga-
tions. The corresponding result for Fourier transform multipliers can be
found in Section 3. In Section 4 we give some applications and in Section
5 we describe shortly the main results: A generalization and sharpening of
the Lizorkin theorem concerning Fourier transform multipliers between
L, and L,. The Fourier series multipliers in the case with a regular
system, which is rather general. A generalization and sharpening of the
Lizorkin type theorem concerning Fourier series multipliers between L,
and Lg in this general case. A generalization of the Hérmander multi-
plier theorem for two dimensional Fourier series to the case with a general
regular system.

Keywords: Multiplier of Fourier series - Trigonometric polynomial -
Fourier transform multipliers - Lizorkin theorem - Hormander
theorem - General regular system

1 Definitions and Some Examples of Fourier Multipliers

The problem about Fourier multipliers for Fourier series can be formulated as
follows:

Let 1 < p < ¢ < oo. It is said that the sequence of complex numbers A =
{Ak}rez is a trigonometrical Fourier series multiplier from L,[0,1] to L4[0, 1] if

(© Springer International Publishing AG 2017

T.Sh. Kalmenov et al. (eds.), Functional Analysis in Interdisciplinary Applications,
Springer Proceedings in Mathematics & Statistics 216,
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for every function f € L,[0,1] with Fourier series Y f(k)e*™** there exists
keZ
a function fy € L,[0,1] with a Fourier series which coincides with the series

ST Ak f(k)e2 ™ and an operator T, Taf = f, which is a bounded operator
keZ
from L,[0,1] to L,[0,1].

In other words, we consider the multiplier transformation 7T defined by a
sequence of numbers A = { A\ }rcz using the formal expansions:

iff~ Y f(k)e*™ ™ then Taf ~ > Apf(k)e> k"

keZz keZ

and ask under which assumptions on A the operator T} is bounded from L, [0, 1]
to Lg4[0, 1].
For p = 2 such a characterization is that A € [, and for p = 1 is characterized
as being of Fourier coefficients of some finite measure (see e.g. [85], p. 129).
The set m{ of all Fourier series multipliers is a normed space with the norm

[Allma = ITx]lL,—L,-

In the case p = ¢, we just write shortly m,, instead of m?.
We can define the space of multipliers m,, for 1 < p < oo, as the space of all
sequences {Ag}re z such that

1D Mef (R) ), < el £l

for any trigonometric polynomial f with a constant ¢ > 0 independent of f. The
infimum over all such ¢ defines a norm and the space m, becomes a Banach
space and in 1965 A. Figa-Talamanca [16] even proved that this is a dual space
for 1 < p <2 and was even able to find its predual.

The following statements hold:

1. mg = loo, my, = m,y, where 1% + i 1;

2.mp Cmy Clooif 1 <p<g<2.

We can also define multipliers for Fourier transform. Let 1 < p < ¢ < co. It is
said that the function ¢ is a Fourier transform multiplier from L, = L,( R™) to
Ly = Ly( R™), briefly p € M, if there exists ¢ > 0 such that, for every function
f in the Schwartz space S, the following inequality holds

||T<p(f)||Lq SCHJCHLP’ (1)

where T,,(f) = F~'oF f with F and F~! which are the direct and the inverse
Fourier transforms, respectively.

The smallest constant ¢ is the norm of this operator and it is denoted by the
symbol || Tol[, -

In the case p = ¢, we just write shortly M, instead of M}.

Note that [T, |, ., = |l¢ll,, and if ¢ is a L,— multiplier, 1 < p < oo, then

it is also a L, — multiplier and ||T|| = || T, » where % + i =1

’ ’
p —p
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One of the first results related to multipliers of Fourier series in Lebesgue
spaces was a result of M. Riesz in 1927 [65], p. 230, (c.f. also [91], p. 266). He
proved the boundedness of the partial sum operator S,,: If 1 < p < oo, then

150 (F)llp < el fllp»

i.e. the characteristic functions of the segment A = [—n,n|[)| Z are multipli-
ers in the L, space. Here the norms of the multipliers are bounded, and the
constant ¢ depends only on the parameter p. If A is an arbitrary set, then the
constant ¢ depends on the geometric properties of the set, the dimension n and
the parameter p.

Some important examples of Fourier multipliers are the functions

me(w) = { (1- W)a’ ol <1,

0, |z > 1.

In the case § > 0 the quantities T,,, (f) are called the Bochner-Riesz means, and
for § = 0 the operator T,,, is the spherical summation operator, since in this
case ms = xp, where B C R" is the unit disk. These terms are justified by
their close connection with the periodic case, see e.g. [1].

The well-known Carleson-Sj6lin theorem [7] from 1972 claims that ms € M),
4/3 < p < 4, for all § > 0. This justifies the appearance of the disk conjecture
that in the limit case 6 = 0 it holds that my € M, for all 4/3 < p < 4 (see,
for instance, [74]). Nevertheless, it turned out that mg ¢ L, for p # 2. This
unexpected result was established by C. Fefferman in 1971 [15] for n > 2. His
method of proof is rather universal and applies to arbitrary domains whose
boundary has a smooth curved segment. Moreover, V.D. Stepanov [79] (c.f. also
[78,80]) gave an example of a periodic multiplier having an analogous property
in the one-dimensional case:

o icnlnn

€ 2minx
’Y(l’): _We ,6>1,C>O.
n=2

We note that the characteristic function of a polygon is a L, - multiplier for
1 < p< oo (see e.g. [9,82]). Moreover, in 1981 M. de Guzman [11] posed the
following question: for a domain intermediate in a sense between a disk and an
ordinary polygon is its characteristic function a multiplier for some p,1 < p <
oo? A.M. Stokolos [81] (see also [82]) examined this question for domains Py
bounded by a polygon inscribed in a disk and having vertices at the points Ay =
(cos 9,;1, sin 9;1). In particular, he showed how the curvature of the boundary
influences boundedness of the multiplier operator and pointed out how such
results can be used in various fields of analysis.

For the case when A is a polygon in Z™, the constants ¢ in the definition of
multipliers were studied, e.g., in works by A. Cordoba [10] and by A.A. Yudin
and V.A. Yudin [89].

Moreover, multipliers which are characteristic functions were studied by
G. Diestel and L. Grafakos [12] and by L. Grafakos and X. Li [20] (see also [21]).
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An important subclass of multipliers M), is the class of idempotent multipli-
ers, having the form xg, where E C R" is measurable. In particular, V. Lebedev
and A. Olevskii [37] showed that a necessary condition for g € M, is that E is
equivalent to an open set.

The problem to study multipliers of multiple Fourier series is closely related
with estimates of the Dirichlet kernels norms. Some important results in this
direction were obtained by A.A. Yudin and V.A. Yudin [89].

As concrete examples of multipliers A = {Aum }n.me z Marcinkiewicz [45]
presented already in 1939 the following ones:

m? n? |mn|

n2+m2’ n24+m2’ n2+m?2’

and informed that in this way a problem posed by Schauder is solved.

In 1975 M. Zafran [90] studied multipliers of “weak type (p,p)”. By definition,
a complex function ¢ on Z is a weak type (p,p) if and only if it is multiplier
from L, space to L, . space, and has a strong type (p,p) if and only if it is
multiplier from L, space to L, space. One of the achievements of M. Zafran [90]
is the proof that for every p such that 1 < p < 2, there exists a multiplier ¢ of
the weak type (p, p), which is not the strong type (p, p). He proved the following
theorem:

Theorem 1. Let 1 < p < 2 and 1/p + 1/p/ = 1. Choose § > 0 such that
1/p <6 < 1/p and consider a function

ein logn

L 7;2 nl/P(logn)5e '

0) Then ¢ € m (( Z),lpoe( 2)). but ¢ & m (1, 2));

b) Extend ¢ on R periodically (with period 2m). Then

¢ € M (Ly( R), Ly R)), but ¢ M (Ly( R));

¢) Let us consider ¢ as a function on group Rg ( R with the discrete topol-
ogy). Then ¢ € M (Ly( R), Lpoo( R)), but ¢ ¢ M (L,( R)).

2 Fourier Series Multipliers

Already in 1916 H. Steinhaus [76] discussed some questions which can be
regarded as a pertaining to be the problem concerning Fourier multipliers (see
also [77]).

Relations between various classes of Fourier multipliers in an orthogonal sys-
tem were given and inclusions of certain classes of sequences were discussed by
W. Orlicz in 1929 [55] (see also [56-58]).

Moreover, already in 1933 S. Kaczmarz [28] (c.f. also [29]) proved some prop-
erties of a class of Fourier multipliers in an orthonormal system {¢;(¢)}.

We note further that S. Kaczmarz and J. Marcinkiewicz [30] in 1938 gave
conditions under which the sequence of numbers A = {A\;} is a L, — L,- mul-
tiplier, and where the expansions are with respect to any uniformly bounded
orthonormal system on [0, 1] which is complete in L;[0, 1].
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Theorem 2. If ¢;(t) are bounded and {@;} is complete in L, then the condition
{An} € (Lp,Ly),1 < p < 00,1 <q < oo is equivalent to the following set of
conditions

a) H(z,t) =23 Auon(t) [ en(w)du € Ly for each fized x;

b) for each n and each set of numbers o, ...,e,—1 such that y " ! leilP =1

we have
1

where M does not depend on {e;} and n.

n—1

q 1/q
Zel ((i+1)/n,t) — H (i/n,1)] dt} < Mn~Y/P,

Another early important result from 1939 in the theory of Fourier series is
the following one proved by J. Marcinkiewicz [45]:

Theorem 3. Let 1 < p < co. If a sequence A = {\p, }me z is bounded and the
sums of differences over dyadic blocks are bounded, that is

omtl
Fo(A) = sup [ Y (M= A + Aok = Apoa] | + sup (M| <00, (2)
me N k—om me Z

then A is a Fourier multiplier in L, and
[Allm,, < cFo(A).

This theorem means that if a sequence A = {\,;,}me z satisfies (2), then it
belongs to m,,.

The corresponding Marcinkiewicz theorem for multiple Fourier series is also
known. For simplicity, let us write it in the two-dimensional case. Consider the
multiplier transformation T given by a double sequence A = { A\ }n,me ~ With
the formula

T)\f ~ Z Anmcnmei(nermy)

f ~ Z cnmei(nm—i-my).

Moreover, we define the dyadic intervals

and, where

L={icz: 2" <li|<2"} g ={jez: 27" <|j| <2},
and denote
AlAnm = )\n—&-l,m - >\n,m,7 A2Anm = >\n,m,+1 - >\n,m; A1,2 = Al : AQ-

In the paper [45] J. Marcinkiewicz also proved the following corresponding
two-dimensional result (see also [44]):
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Theorem 4. Let 1 < p < co. If for the double sequence A = {A\pm }n,me z the
following constants are finite

A =sup|Aym|, Bi=sup Z |A1An,m|, B2 =sup Z | Ag A, m]
T M onely m,l meJ,

and

Bis= s’%) Z Z | A1 Ao A,

" nel med;

then the operator T is bounded in the space L,([0,2x]?) and
ITxfllp < (A + By + Ba + Bua)ll fllp, Vf € Ly

The Hérmander [23] multiplier theorem from 1960 (see also our Theorem 16)
was in 1982 proved and applied also for the case with (one-dimensional) Fourier
series multipliers by R.E. Edwards [13].

Theorem 5. Let 1 < p < g < oo and let 1/s = 1/p — 1/q. Then the following
hold:

1. If s <2, then I°( Z) Cmj and |[M|;mg < [[Al|s for A € I°( Z);

2.If1<p <2< g< oo, and if A is a complez-valued function on Z such
that

M = sup (1 + [n))*|\] < o0, (3)
ne Z

then \ € mg and
[Allmg < cpy M. (4)

Remark 1. In paper [68] we generalize this (Hormander - Edwards) Theorem 5
to the case with two-dimensional multipliers in a general regular system and also
derive a lower estimate in (4).

We say that an orthonormal system @ = {¢x}re n of functions defined on
[0,1] is a regular system, if there exists a constant B > 0 such that
1) for every closed interval e from [0,1] and for k € N we have that

/e%(l')da?

2) for every closed interval w from N (finite arithmetical sequence with step
1) and t € (0,1] it yields that

< Bmin(me, 1/k),

(Zm-)) (t) < Bmin(lw|, 1/1), (5)

kew

where (3¢, <pk(~))* (t) is the non-increasing rearrangement of the function
> kew Pr(r) and |w| is the number of elements in w. This definition was intro-
duced in [49].



64 E. Nursultanov et al.

Here and in the sequel {a}} the sign * denotes the non-increasing rearrange-
ment of the sequence {a,} (see e.g. [22]).
Let 1 <p < g < o0, let &= {pr}re v be aregular system, let f € L,[0,1]

with Fourier series 3 f(k)or(z). Let A = {A\x}ee n be a sequence of complex
ke N
numbers. Let us define the sequence of partial sums S, (f, A, z) as follows:

fa)‘x i nEN

k=1
We say that A = {\;}re n is a Fourier series multiplier in the regular system
@, from L,[0,1] to L,[0,1], i.e. A € m{ if
. [1Sn(f, A @)L,
[Nl = sup sup 12l Dl
n€e N f#£0 Hf”Lp

Let us formulate an one-dimensional generalization of Edwards Theorem 5
for multipliers in a general regular system.

Theorem 6. Letl < p <2< qg<o0,1/s=1/p—1/q. Then, for some constants
c1,c9 > 0,

S

k=1

¢ sup

me N M 11/S

I ..
<Ml g < ¢ sup i Z)\T.

Corollary 1. Let 1 < p <2< g <oo,1/s =1/p—1/q, My be the set of all
finite subsets from N. If

sup 11/5 Z)\m<oo

QEM ‘Q| meQ
then
A={Atpe v € mF
and
1 1
€1 Sup mi—1/s ZAI@ < Al a S SUp Toi-1/s Z)\k . (6)
me N M k=1 Mo [Q keQ

Remark 2. Note that supremum of the right hand side of inequality (6) less than
M (see (3)) so Corollary 1 is a sharpening of Edwards Theorem (Theorem 5).

As we see the assumptions in the Marcinkiewicz theorem (Theorem 3) do
not depend on p. The problem to find sufficient conditions which are essentially
depending on p for multipliers to belong to some m,, was solved by E.D. Nursul-
tanov [48] in 1998. The corresponding problem for Fourier transform multipliers
seems still not to be solved (see e.g. [74], p. 130).
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Theorem 7. Let 1 < p < oo, A ={\,} be a sequence of real numbers. If

me Zm"

[Qx|

O =smp 3 (8 =) (140 aniad+ )y

where
Qk = {me Z":0< |mj‘ < ka] = 17"'7”}7

{)\:}Lci’“ll is the nonincreasing rearrangement (taking into account the sign) of

the sequence {Am},,cq, and

A ={m € Qr : A\ > A1},

then X € my, and ||All,, < cpFy(N).

my —

In 1999 E.D. Nursultanov and N.T. Tleukhanova [52,54] derived lower and
upper estimates of the norms of a sequence A = {\},. , from class of trigono-
metrical Fourier series multipliers m, essentially depending of the parameters, in
cases when the parameters p and ¢ are separated by the number 2. In particular,
they proved the next two theorems (Theorems 8 and 9).

Theorem 8. Let 1 < p <2 < g < oo,1/s =1/p—1/q, My be the set of all
harmonic intervals in Z". Then

1
€1 SUp To77. Am| < Al <

k1
1
<o, e 35

ke N ri=1  r,=1
where |Q| denotes the quantity of elements in the set Q.

Let us formulate the definition of harmonic intervals in Z™ (see [52]): Let
B ={mg,mo+1,...,mo+1} be an interval in Z, andlet d € N,d > [. A set of
the form I = p_,[B + kd] = Up_o{m + kd : m € B} will be called a harmonic
interval in Z. Accordingly, a set of the form I = I; x ... x I,,, where I; are
harmonic intervals in Z, will be called a harmonic interval in Z".

Moreover, the sequence {)\:};j;;‘:} denotes the “repeatedly nonincreasing
rearrangement” of the sequence {\, s, } as defined e.g. in ([51], p.341).

In particular, we have the following result:

Corollary 2. Let 1 <p<2<qg<oo,1/s=1/p—1/q, E be the set of all finite
subsets from Z™ and let My be the set of all harmonic intervals in Z". If

> Am

mee

sup < 00,

eeE €|1 1/8
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then
A= {)\k}ke gn € mg

and

1
c1 Sup ———
QeM, |QI /s

> Al

mee

(7)

1
Am| <Al < casup ————
g@ " T eer fef' T

Remark 3. Note that it is easy to see that the right hand side of inequality (7)
is equivalent to condition (4). Hence, Corollary 2 is a generalization of Edwards’
Theorem (Theorem 5).

Next we give an example showing that Theorem 8 is strictly better than the
statement in Corollary 2.

Ezample 1. Let us consider the sequence A = {\,,} where

me Z2»

N = (my - mo)~(/P=1/9D for me N?
"o 0 for m¢ N2

Some straightforward calculation shows that this sequence does not satisfy (7)
but satisfies the assumptions in Theorem 8.

Let us consider a Shapiro sequence {e5}72 ;, which is defined by g = 1, eg5, =
ek, €akr1 = (—1)keg, k€ N (see [70] and also [5,52]).

The corresponding multiple Shapiro type sequence is defined by: ¢
{ek}re nn, Where e, = €k, - €y - - - Ek,. -

n

Theorem 9. Let 1 <p<qg<2o0r2<p<qg<oo,e={ertre nn be a Shapiro
type sequence, and

1 [1/2+1/q for2 <p < ¢ < o0;
ro 1/P,+1/2for1 <p<gq<2
Then
1
s myma )i EkAks| < [[A ][ <

ifezzyn (ml"'m")l/r 1§%m mp

<c sup ; Z )\*1...*" (8)
=7 e N (my...my) /" y..kn

1<k<m

The upper and lower bounds in Theorem 9 do not depend on the parameter
p for 2 < p < ¢ < oo and only on the parameter ¢ for 1 < p < ¢ < 2. This means
that if these parameters are varied, then the class m] varies with preservation
of relation (8).

This assertion solves the problem of finding sufficient conditions for A to
belong to the space of multipliers m, = m{ essentially depending on the para-
meter p.

The following complementary results were also proved in [52]:
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Theorem 10. Let 1 < p < 2 < g < o0, p' = p/(p—1). Suppose that A =
{Ak}re zn is a monotone sequence in the extended sense. Then a necessary and
sufficient condition for the relation A € m{ to hold is that

1 mi Mnp

) = mséulpim (my - -my, ) /P +1/a Z . Z Aok | < 0O

klzfml

In this case, ||Allpa ~ F(N).

By a monotone sequence in the extended sense we mean that there exists a
number ¢ > 0 such that
A
@ | 2

re€Qk
for every k € Z", where Qy ={re Z":0<|r;| <|k;j|,7 =1,...,n} (see [52]).

|Ae| <

Theorem 11. Let ¢ = {ep}re nn» be the Shapiro type sequence. Suppose that
either 1 < p < q<2o0r2<p<gq< oco. Ifthe sequence {exAi}tre nNn is
monotone in the extended sense, then the relation {\p}tre nn € mj is equivalent
to the inequality

sup (V" Z Z [ Ak de | < 00

me N (m =

where the number 1/r is defined in Theorem 9.

In 2007 L. Sarybekova and N. Tleukhanova [66] proved the following theorems
on Fourier series multiplier:

Theorem 12. Let 2 < p < ¢ < 400 and let & = {pi(x)}; 2] be a regular
system. If X = { A tre z satisfies the following conditions
1

1o _ A
<Z (k| Ak Ak+k1\ k»~a) ) < B

k=1

sup [Axlk? 7 < B,
ke N

then A € m{ and ||A[[mg < cB.

Theorem 13. Let 1 < p < 00,1 < q1 < qo < +o0 and let = {py(z)}25 be
reqular system. If X = {Ap}re z satisfies the following inequalities

+§ (kI = M| - (k) o —asyao | <B
=~ klnk -

sup |)\k|(lnk)ﬁ_% < B,
ke N

then A € mbdt and ||)\||m5:3(1] < ¢B.
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Remark 4. The estimation in Theorem 13 is sharp because in [66] it was proved
that: Let 1 < p < 00,1 < g1 < go < 400. Then, for every € > 0 there exists
o0

sequence \ = {)\k}zzz € mpIt, such that

-
P VTR B
klnk

= Q.
k=2

3 Fourier Transform Multipliers

The Marcinkiewicz multiplier theorem from 1939 for the Fourier transform has
the following form (let us formulate for simplicity only the one-dimensional case),
see [44]:

Theorem 14. Let ¢ : R — R be a bounded function of class C* on each
dyadic set (—2F+1 —2F) U (28 2%+1) for k € Z. Assume that the derivative ¢
of the function p satisfies the condition

_ok ok+1
sup ( / 1 (6)]dt + / B <t>dt> <A< (9)
k;e VA _2k+1 2k

Then ¢ is Ly—multiplier for all 1 < p < oo and

1 6
[T, |lp < cmax (Pv p_1> (lelloo + A) -

An important analogue of the Marcinkiewicz theorem for Fourier transform
multipliers was proved in 1956 by S. Mikhlin [46] in the following form:

Theorem 15. Let p(x) be a bounded function in R™ and assume that
2] [D¥p(2)| < A, (|o] < L)
for some integer L > 1. Then ¢ € M,,1 <p < 00, and
lellar, <A,
where the constant ¢ depends only on p.

For the classes M,/ when p and ¢ are separated by the number 2, there is the
following well-known theorem by L. Hérmander [23] from 1960 :

Theorem 16. If1<p<2<qg<oo,1/s=1/p—1/q, then
LSOO;>M37

where Ly o denotes the Marcinkiewicz space equipped with the usual supremum
norm.
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In this paper L. Hormander gave a detailed description of the properties
of the spaces M. Moreover, in his paper from 1960 L. Hérmander also gave
a further generalization of the result and a simplification of the proof of the
Mikhlin theorem (Theorem 15). This result is sometimes called the Hérmander-
Mikhlin multiplier theorem, which in the simplest one-dimensional case has the
following form:

Theorem 17. Let ¢ : R — C be a bounded function on R\ {0} and satisfy
either the Mikhlin condition

lzg (z)] < A (10)
or the weaker Hormander condition

sup R o' (z)dz < A% < oo. (11)
R>0 R<|z|<2R

Then ¢ is a L,— multiplier for all p € (1,00) and

1
[Tell, < ¢max (p, p—l) (lelloo +A) -

Moreover, T, is of weak type (1,1).

This theorem was generalized by W. Littman [41] in 1965 and by J. Peetre
[60] in 1966. They weakened the smoothness parameter of the function to an
arbitrary number strictly greater than n/2 in terms of “fractional derivatives”
in the conditions of the theorem.

In 1981 P. Sjogren and P. Sjolin [71] proved that the Mikhlin-Hérmander
property (10)—(11) and Littlewood - Paley property are equivalent. Here, the
Littlewood - Paley property means that there exists constant ¢ such that
Ul < 1L (S 1Skf12) 2 Nl < el £l for all £ € L.

In 1986 O. Besov [4] made a great improvement of these results and weak-
ened the smoothness condition to the limit value n/2. This was done by using
what is later on called Besov spaces, which measure fractional smoothness in
a perfect way. Moreover, the conditions on the function were put in more gen-
eral anisotropic terms and the degree of summability replaced 2 to an arbitrary
number ¢ € (1,2]. Concerning definition of the spaces at hand see e.g. in [2].

Theorem 18. Let 1 < g < 2,6 >0,s;, € N,k; € Nog, No=NU{0}
Al

%

S; >

> ki >0 (’L = 1,...,71).

A™(y)p(x) = > (~1)" I Cho(x + jy),y € R",m € No, 2 C R"

A"y, Q)p(x) = A™(y)p(x) for [z,z+my] C 2,
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A™(y, 2)p(x) =0 for [z,x+my] ¢ 12,
AP (h)p(x) = A™(he")p (), AT (h, 2)¢(x) = A™ (he', Q)p(z),h € R'.

Let, for the measurable function p : R" — C, which has on R™\ 0 generalized
Sobolev derivatives Df(p(z =1,...,n), the following inequalities hold

lp(z)]| < K < o0,z € R",

e29Xi
RS
/ 1A R (1, R\ ML) DE |t~ N M dt < K je Zi=1,..n.
0

Then ¢ € M, for every p € (1,00).

In 1986 P.I. Lizorkin [40] reformulated the multiplier theorem of Hérmander-
Mikhlin in the following form, which was suitable for his further investigations:

Theorem 19. Let p € Wi(Q,) for any integer | > n/2, where y > 0,Qy = {t :
te R",y/2 <maxj=1 ,|tj| <y} and, moreover,

ot Nlwe gy < B
Then ¢ € M,,p € (1,00) and
lpllar, <cB.

In the same paper P.I. Lizorkin proved the following theorem concerning
Fourier transform multipliers:

Theorem 20. Let ¢, € By ,( R"),r > n/2, for every m € Z and
lom (2™, )l B5 ,( By < B,
uniformly on m. Then ¢ € My, p € (1,00) and

lpllar, <cB.

Moreover, he derived a “fractional variant” of the Hérmander-Mikhlin theo-
rem (Theorem 17) as a consequence of this result.

Theorem 21. Let ¢, € L5( R"),r > n/2, for everym € Z and
lom (2™, )Ly rry < B,
uniformly on m. Then ¢ € My, p € (1,00) and
[ellaz, < cB.

Remark 5. Here, L5 denotes the Sobolev-Liouville space of functions f with
finite norm

£l g cmy = IFQ+ |2*)2F 7 Al mny-
It is known that for integers r = [, this space coincides with the Sobolev space
W], and if p = 2, it coincides with the Besov space B}, = Bj.
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Also in this paper Lizorkin constructed a “semilocalization” *Bj , of the
Besov spaces By ,. He proved the following theorem:

Theorem 22. If o € *Bg/ln, 1 < q <2, then ¢ is a multiplier from L, into L,
for every p,1 < p < co.

Moreover, in the same paper Lizorkin also conjectured that if ¢ € *B"/ 12 <
g < 00, then ¢ is a multiplier from L,, into L,, where |1/p —1/2| < 1/q

Observe that in the one-dimensional case Marcinkiewicz Theorem 14 is
stronger than the Hérmander-Mikhlin theorem (Theorem 17), i.e., from the con-
dition (11) follows the condition (9). But if you write these statement in higher
dimensions, then the criteria of being multiplier in Marcinkiewicz theorem and
Hormander-Mikhlin theorem are not comparable (see e.g. [19], pp. 361-370). In
addition, the assumption in the Marcinkiewicz theorem does not guarantee the
weak type (1,1) of the mapping T, (see [33], p. 161).

Let E={e=(e1,....,en) :6; =0 or g; =1,i =1,...,n} be the set of corners
in the unit cube in R".

In 1967 P.I. Lizorkin [38] studied the case 1 < p < ¢ < oo and, in particular,
proved the following theorem:
Theorem 23. Let 1 < p < qg< oo, A>0,0= %f %,s € E el =Y &
and let ¢ be a continuously differentiable function on R™ \ {0} satisfying the

following condition:
n

le]
IIyl oyst...0yn"

i=1

Then ¢ € M and
Il < cd,

where ¢ > 0 depends only on p and q.

Finally, we mention that the book of N. Jacob [27] from 2001 contains the
following variant of the Mikhlin - Hérmander theorem:

Theorem 24. Let m be a bounded measurable function defined on R™, and
define the operator T, as the Fourier multiplier T,, = F~'mFu, where Fu is
the Fourier transform of u. Suppose that, for some k > %n, the expressions

gt [ ot (2)
n>0 ©

are finite for all C*°-functions ¢ with compact support in R™\ {0}, and for all
a € N" for which |a| < k. Then T, is a mapping from L,( R"),1 < p < oo,
to itself.

2

The proof is based on the Calderén-Zygmund decomposition theorem for
L+-functions.
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Moreover, H. Triebel [87] (see also [86] and [88]), P.I. Lizorkin [39], E. Lan-
conelli [35], D.G. Orlovski [59], E.E. Berniyazov and E.D. Nursultanov [3], Duvan
Cardona and Michael Ruzhansky [6] considered Fourier multiplier in the Triebel-
Lizorkin Fj5 spaces and Besov By, space, —00 < s < 00,0 <p < 00,0 < ¢ < oc0.
Note that these two scales of spaces of tempered distribution contain a lot of
well-known classical spaces as special cases. Some of them are the following:
Holder-Zygmund, Bessel, Sobolev, Besov and Hardy spaces.

4 Applications

There are a huge number of applications involving Fourier multiplier in the
literature and we can only briefly mention a few of them. In our opinion the
most important applications are that such multipliers have been crucial for the
development of important part of the following areas in mathematics:

A. Harmonic Analysis;

B. Theory of Function spaces;

C. Interpolation Theory;

D. Partial Differential Equations;

E. Numerical Analysis.

The theory of Fourier multipliers is one of the important directions of Har-
monic Analysis, see e.g. the books [74,75] and the references given there. Such
results are of great importance for several other areas of pure and applied math-
ematics and there are many challenging still open problems in this direction. We
here just mention that Fourier multipliers are operators such as the operator of
convolution, the operator of differentiation, the operator of fractional differenti-
ation, the operator of fractional integration, pseudo-differential operators with
constant coefficients and many others (see e.g. [85]).

Research concerning Fourier multipliers in the Theory of Function Spaces
was initiated very early, e.g. by H. Steinhaus in 1916 [76] , by W. Orlicz [55]
in 1929 (see also [56,57]), by S. Kaczmarz in 1933 [28] (see also [30]) and by
J. Marcinkiewicz in 1939 [45].

After that many interesting results and applications have been obtained by
several authors, see e.g. the books [13,14,34,86] and the references given there.

There are various other aspects of the fascinating theory of Fourier multipliers
not mentioned so far, see e.g. the books of E.M. Stein [74], H. Triebel [86] and
R. Larsen [36]. The close relation between the theory of function spaces and
Fourier multipliers has been crucial also for the development of real Interpolation
Theory, see e.g. the book of J. Bergh and J. Lofstrom [2] and the references given
there. We just mention a few other papers related to interpolation theory by
J. Peetre (with coauthors) [61], W. Littman (with coauthors) [41] (see also [42]),
J. Lofstrom [43] and M. Carro [8]. We just discuss shortly this investigation of
M. Carro:

Let m be a measurable bounded function and let us assume that there exists a
bounded functions S so that m(£)S*~1(€) is a Fourier multiplier on L, uniformly
int € R'.Then, using the analytic interpolation theorem of Stein, one can show
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that necessarily m is a L, multiplier. M. Carro [8] showed that under the above
conditions, it holds that, for every k € N, m(log S)k € M,. The technique is
based on the Schechter’s interpolation method.

Multiplier methods can in particular be used for developing of Partial Dif-
ferential Equations theory, see e.g. the books [24,25] by L. Hormander and the
references given there (c.f. also [26]) and the very new book by E.J. Straube [83]
(c.f. also [84]).

Concerning the important role of Fourier multipliers in Numerical Analysis
we refer to the book of S.L. Sobolev [72] (c.f. also [53]) and to paper of L.V.
Kantorovich [31].

We can not mention all details in the applications mentioned above and
just finish this Section by illustrating the fact that new applications of Fourier
multipliers are still found by shortly discussing some fairly new papers.

In 2005 G. Garello and A. Morando [17] proved continuity for a class of
pseudodifferential operators with symbols a(z,£) which are smooth in the &
variable and which are in the weighted Sobolev spaces in the space variable.
They use mainly the Lizorkin-Marcinckiewicz theorem on continuity of Fourier
multipliers to prove this result.

Moreover, by means of a Lizorkin-Marcinkiewicz theorem on the L,-
continuity of Fourier multipliers, the same authors in 2003 introduced a family of
L,-bounded pseudodifferential operators with symbols in the Hérmander classes
(see [18]).

In 2003 V. Keyantuo and C. Lizama [32] studied the system

u'(t) — adu(t) — aAu (t) = f(t),t € (0,2n),
u(0) = u(2m),
W' (0) = u' (2)

on a Banach space X. The operator A is a closed linear operator on X, a,a € R
and f € LY (R; X) or f € C5. (R, X) with 0 < s < 1. The authors gave
necessary and sufficient conditions in order to obtain existence and uniqueness
of periodic solutions in the spaces L ( R; X) and f € C5 ( R, X) with 0 <
s < 1. They established maximal regularity results for strong solutions. They
also studied mild solutions. The techniques involved operator-valued Fourier
multiplier theorems.

In 2007 V. Poblete [64] studied some existence and uniqueness results for
a second-order integro-differential equation with infinite delay in spaces of 27
-periodic vector-valued functions (Besov spaces). The technique of Fourier multi-
pliers was applied to obtain a characterization of maximal regularity for the prob-
lem by introducing the notion of a strong solution in the Besov space B;q( T; X),
where T denotes the one-dimensional torus R/ Z and X is a Banach space.
Compatibility conditions that ensure the existence of a strong B, -periodic solu-
tion of the equation are obtained in a resonance case.

In 2007 Y. Morimoto and Ch-J. Xu [47] proved the smoothness of solutions
for a non-standard class of the linear

Pu :zatu+9:-vyu+cr(fﬂ~x)au:f7
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and the semi-linear
Pu = F(u)

pseudodifferential equations, where

~ [e% ~
(-4.) =[P
is a Fourier multiplier with the symbol [€]** x(€)+[¢|* (1 — x(€)) . An interesting
hypoelliptic estimate proved for the linear equation states that there is a gain

2«

1
2

in smoothness of order § (o — %) with respect to the weight (z) = (1 + |m|2>

5 The Main Results

In paper [67] a generalization of the Lizorkin Theorem 23 on Fourier multipliers

is proved.
Theorem 25. Let1<p<q§oo,0§a<1—%4—%,5:@4—%— . f a

function ¢ € AC'"° ( R\ {0}) satisfies the following conditions

1
q

1_1
sup |y|7 7 |p(y)| < A
yEeE R

and .
sup '~ (y%' (y)> (t) < 4,
then ¢ € M}l and
lllagg < €A,

where ¢ > 0 depends only on p,q and «.

Remark 6. In paper [67] also an example is given of a Fourier multiplier which
satisfies the assumptions of the generalized theorem but does not satisfy the
assumptions of the Lizorkin Theorem 23.

In paper [62] we prove a generalization and sharpening of the Lizorkin
Theorem 23 concerning Fourier multipliers between L, and L, spaces.

Let E = {e = (e1,62) 1, =0 or g =1,i=1,2} be the set of corners in
the unit cube in  R?. The measure of Q is denoted by |Q|.

Theorem 26. Letp = (plap2)7q = (CIlaQQ)7OZ = (a17a2)76 = (/81752)7 1< Di

<@ <00,0< ;< 1—%—}—% (mdﬁi:ai—i—i—%,i: 1,2. If the continuously

differentiable function o on R*\ {0} satisfies the following condition:

*eqr¥eg

2 2 le|
it(l—ei)Bi—o i B 0 1%
sup Hyf (1-ei)Bi—a Htja j SO (yl,yQ) < AVe€E,
yi€ R j=1 1 =72
then ¢ € M}l and
ellarg < cA

where ¢ > 0 depends only on p;,q; and oy, |g| = 1 + €.
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Remark 7. Theorem 26 is a strict generalization of (the Lizorkin) Theorem 23.
In fact, in paper B it is also proved that the assumptions in Theorem 26 are
strictly weaker than those in Theorem 23, since

*eqr%eg
lel
eit+(l1—ei)Bi—a; 5]6; a ®

su t. <
yie If%ﬂf’ H I D (1,92) <

f[ eit(l—e;)Bi—a; H ei+08 al l@

S k3 2 i Sup y z ,
1 i€ R|; 3y118y

and there exists a function ¢ satisfying the assumptions of Theorem 26, but not
satisfying the assumptions in Theorem 23, i.e.

sup Hyg’ “o(yr, yo) < 00
Yi€ R+Z 1

Br—o1, 1—as (402 ' *2
sup y;' "y (tg sotQ(thtg)) (y2) < o0,
v, € Rt

’ *1
sup yi alyéb o (t?l%l (t17t2)) (y1) < o0
y, € Rt

*1%2
sup I | y (tﬂth %ﬁtl tg(tlth)) (Y1,y2) < o0
yi€ Rt

but

1+ 1
m ql
H v; Pyrva

Some multidimensional Lorentz spaces and an interpolation technique (see
[50,51,73]) are used as crucial tools in the proofs. The obtained results are
discussed in the light of other generalizations of the Lizorkin theorem and some
open questions are raised.

Paper [63] deals with the Fourier series multipliers in the more general case
with strong regular system. This system is rather general. For example, all
trigonometrical systems, the Walsh system and all multiplicative systems with
bounded elements are strong regular. A generalization and sharpening of the
Lizorkin type theorem concerning Fourier series multipliers between the spaces
L, and L, is proved.

sup
¥, € R

= Q.

Theorem 27. Let 1 < p < g < o0, O<a<1—f—|— o andﬁ:a—i—%—%. Let
the sequence of complex numbers X = {Ap},c N satzsfy the following conditions:

sup kva [Ae| < A,
ke N
sup k17¢ (mﬁ()\m - )\m+1))*
ke N

(k) < A.
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Then A € mj for each strong reqular system, and
Allmg < €4,

where ¢ > 0 depends only on p,q and «.

The following corollary is a genuine generalization of (the Lizorkin)
Theorem 23:

Corollary 3. Let 1 < p < q¢ < oo, A > 0. If a sequence of complex numbers
A= {Ai}pe n satisfies the following conditions:

sup kv 1 M| < A,
ke N

1 1
sup k5T A — Mg | < A,
ke N

then A € m for each strong regular system, and
[ Mg < cA,

where ¢ > 0 depends on p,q and «.

Remark 8. In paper [63] we have also proved that there exists a sequence A
satisfying the assumptions of Theorem 27, but not satisfying the assumptions in
Corollary 3, i.e. there exists a sequence A such that

sup kv u |Ak| < o0, (12)
ke N
sup 17 (mP (A — Amg1))” (k) < oo, (13)
ke N
but
sup Etra [Ae — Akt1] = o0 (14)
ke N

In paper [68] we obtain upper and lower estimates of the norm of Fourier
series multipliers in regular systems thus improving the Edwards Theorem 5.

Theorem 28. Let 1 <p§2§q<oo,%=
constants c1,co > 0,

% % and i = 1,2. Then, for some

>3

k1=1ky=1

c1 sup < [ Allmg

mi€ N(mlmZ )= (mymg)=1/s

S cp sup (m1m2 (mama)i—17s Z Z Arirs (15)

mieN T1= 17’2 1
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Note, that the right hand side inequality in (15) of Theorem 28 for the
trigonometrical system is more exact than the statement in the Edwards
Theorem b5:

Corollary 4. Let 1 < p<2<g < oo,% = 11) - %,Mg be the set of all finite
subsets from NZ2. If

1— l/s ZA’” < 090,

QEM ‘Q| meQ
then
)\ = {)\k}ke N2 (S mg
and
= 3Py >
€1 Sup ————— e Akiky | S Mg < 2 o o Am| -
m; € N(m1m2) /s k=1 ko—=1 |Q| /s meQ

Next we note that the inverse statement is not true, i.e. Corollary 4 does not
follow from the Edwards Theorem 5.

Example 2. Let consider the sequence \ = {(mlmg)*l/s}m_e ~ @ =1,2. Then

1
sup ———7- Am | = 00.
Qe Q'Y m%

but

sup il 7 Z Z AfirE < oo,

mie N <m1m2 = 1T2 1

By using the obtained results it is possible to assign the classes of the sequence
which satisfy condition of criterion of belonging to mJ space.

Theorem 29. Let 1 < p <2< g < oo and 1/s =1/p—1/q. If the sequence
{Mkiks Y, e N 18 generalized-monotonous, then A € m}, if and only if

Z Z Ak ks

ki1=1ko=1

F(\) = sup !

< 00.
m; € N (m1m2

1 1/s

Moreover, ||)\||mg ~ F(X).

In paper [69] we study the multipliers of multiple Fourier series for a regular
system on anisotropic Lorentz spaces.
Let E={e=(e1,..,6m): &i=0 or g =1,i=1,..,m}.
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Theorem 30. Let 1 <p = (p1,..,Pm) < 4= (q1y s gm) <00, 0 <1 = (rq,...,
rm) <00, 0<a<l-— % + % and B = a+ % - é. If the sequence of complex
numbers X = { A}, nym satisfies the following properties for every e € E

*e

su i $9 | AN, Kty om) < o, 16

5 €1ONH H Al | (R )< p (16)

where Achg = Aey A, Ay sy [T = f*il’” Fmt then A € miy and
[Allngr < e,

here constant ¢ > 0 depends only on p,q,r and «.
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Abstract. Tug and Bagar [3] have recently studied the concept of four
dimensional generalized difference matrix B(r,s,t,u) and its matrix
domain in some double sequence spaces. In this present paper, as a
natural continuation of [3], we introduce new almost null and almost
convergent double sequence spaces B(Cy) and B(Cy,) as the domain of
four-dimensional generalized difference matrix B(r,s,t,u) in the spaces
Cy and Cj,, respectively. Firstly, we prove that the spaces B(Cy) and
B(CY,) of double sequences are Banach spaces under some certain con-
ditions. We give some inclusion relations with some topological prop-
erties. Moreover, we determine the a—dual, 3(bp)—dual and y—dual of
the spaces B(Cy). Finally, we characterize the classes of four dimensional
matrix mappings defined on the spaces B(Cy) of double sequences.

Keywords: Four-dimensional generalized difference matrix - Matrix
domain - Almost convergent double sequence space - Alpha-dual -
Beta-dual - Gamma-dual - Matrix transformations

1 Introduction

We denote the set of all complex valued double sequence by {2 which is a vector
space with coordinatewise addition and scalar multiplication. Any subspace of {2
is called a double sequence space. A double sequence & = () of complex num-
bers is called bounded if ||z = sup,, ,en [Tmn| < 00, where N = {0,1,2,...}.
The space of all bounded double sequences is denoted by M, which is a Banach
space with the norm || - ||oc. Consider the double sequence z = (zy,,) € 2. If
for every € > 0 there exists a natural number ng = ng(¢) and I € C such that
|Tmn —1| < € for all m,n > ng, then the double sequence z is called convergent in
the Pringsheim’s sense to the limit point [ and we write p — limy, n—o00 Tmn = 13
where C' denotes the complex field. The space of all convergent double sequences
in Pringsheim’s sense is denoted by C),. Unlike single sequences there are such
double sequences which are convergent in Pringsheim’s sense but unbounded.

© Springer International Publishing AG 2017
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That is, the set C}, — M, is not empty. Actually, following Boos [4, p. 16], if we
define the sequence & = (x4, ) by

. _{n,mO,nGN;
mT 10, m>1,n€eN,
then it is obvious that p—limy, n—co Tmn = 0 but [|7[ec = sUp,, ey [Tmn| = o0,
so x € Cp,— M,,. Then, we can consider the set Cy,, of double sequences which are
both convergent in Pringsheim’s sense and bounded, i.e., Cy, = C}, N M,,. Hardy
[6] showed that a sequence in the space C), is said to be regular convergent if it
is a single convergent sequence with respect to each index and denote the space
of all such sequences by C.,.. Moreover, by Cy,o and C,y we denote the spaces
of all double sequences converging to 0 contained in the sequence spaces Cj,
and C, respectively. Mdricz [8] proved that Cpp, Cypo, Cr and Cyg are Banach
spaces with the norm ||-||oc. By L, we denote the space of absolutely g-summable
double sequences corresponding to the space ¢, of g-summable single sequences,
that is,

Ly=Sa= () €2:) |an|"<o0p, (1<q<0)
kol

which is a Banach space with the norm || - ||, defined by Bagar and Sever [2].
Zeltser [10] introduced the space L, as a special case of the space L, with
q = 1. Let X be a double sequence space, converging with respect to some linear
convergence rule ¥ —lim : A — C. The sum of a double series Zi,j x;; with
respect to this rule is defined by 0 — 3=, ; xij = ¥ — limy, n— oo Zznjzo z;;. For
short, throughout the text the summations without limits run from 0 to oo, for
instance >, ; x;; means that 70, v

Here and after, unless stated otherwise we assume that ¢ denotes any of the
symbols p, bp or 7.

The a—dual A%, the 3(¥)—dual A?(?) with respect to the ©—convergence and
the v—dual A" of double sequence space \ are respectively defined by

A=< a=(ag) € N: Z lagizk| < oo forall @ = (zg) €Ay,
k.l

N =g = (ary) € 2: 09— Zaklxkl exists for all @ = (zp) € A 3,

k,l
m,n
AN i=<a=(ay) € 2: sup Z apirg| < oo forall x = (xg) €A
m,neN % 1=0

It is easy to see for any two spaces A and p of double sequences that pu® C A
whenever A\ C p and A\* C A7. Additionally, it is known that the inclusion
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A* C M@ holds while the inclusion M) < A7 does not hold, since the
¥—convergence of the double sequence of partial sums of a double series does
not imply its boundedness.

Let A and p be two double sequence spaces, and let A = (amnk) be any
four-dimensional complex infinite matrix. Then, we say that A defines a matrix
mapping from A into p and we write A : A — p, if for every sequence x = (xg;) €
A the A—transform Az = {(AZ)mn }mnen of x exists and it is in y; where

(AZ)mn =0 — Zamnklxkl for each m,n € N. (1)
k.l

We define ¥—summability domain )\ff) of A in a space A of double sequences by

)\5419) = r= (xkl) cN:Ax=1[09— Za/mnklwkl exists and is in A

kil m,neN

We say with the notation (1) that A maps the space A into the space p if A C ,uff)

and we denote the set of all four-dimensional matrices, transforming the space
A into the space u, by (A : p). Thus, A = (a@mnri) € (A : u) if and only if
the double series on the right side of (1) converges in the sense of ¥ for each
m,n € N, ie, Apn € MO for all m,n € N and every x € A, and we have
Az € p for all © € A; where Apyn = (amnki)kien for all m,n € N. We say
that a four-dimensional matrix A is Cy — conservative if Cy C (Cy)a, and is
Cy — regular if it is Cy — conservative and
Y—limAz =9 — lim (AZ)pmn =9 — lim Ty, where x = (Tmy) € Cy.
m,n— oo m,n— oo

Adams [1] defined that the four-dimensional infinite matrix A = (amnki) is
called a triangular matrix if a,,px = 0 for kK > m or [ > n or both. We also say
by [1] that a triangular matrix A = (amnk) is said to be a triangle if apmn 7# 0
for all m,n € N. Moreover, by referring Cooke [5, Remark (a), p. 22] we can say
that every triangle matrix has a unique inverse which is also a triangle.

Let r,s,t,u € R\{0}. Then, the four dimensional generalized difference
matrix B(r, s, t,u) = {bmnki(r, s,t,u)} is defined by

u, (k,1)=(m—1n-1),
t, (k,1)=(m—1n),
bkl (1, 8, t,u) == < ru, (k,1) = (m,n—1),

rt , (k, 1) = (m,n)
0 , otherwise

for all m,n, k,l € N. Therefore, the B(r, s,t,u)—transform of a double sequence
= (Tmn) is given by

Ymn = {B(Tasat,u)x}mn = menkl(ra&tvu)fkl (2)
k,l

= SUTm—1,n—1 + StTm—1n + TUTm n—1 + TtTmn (3)
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for all m,n € N. Thus, we have the inverse B~(r,s,t,u) = F(r,s,t,u)
= {fmnki(r, s,t,u)}, as follows:

(s o) o 4 L 0 <k <m, 0<I<n,
m ' 0 , otherwise

for all m,n, k,1 € N. Therefore, we can obtain « = (2, ) by applying the inverse
matrix F(r,s,t,u) to (2) that

m,n m—k n—I

1 _ —

v = <S> (“) i for all m,n € N. (4)
rt o\ T t

Throughout the paper, we suppose that the terms of double sequence
z = (Tmn) and y = (Ymn) are connected with the relation (2). If p —
lHm{B(r, s,t,u)x };mn = [, then the sequence z = (z,5,) is said to be B(r, s,t,u)
convergent to [. Note that in the case r =t =1and s = u = —1 for all m,n € N,
the four dimensional generalized difference matrix B(r, s, ¢, u) is reduced to the
four dimensional difference matrix A = B(1,-1,1, —1).

Lorentz [7] introduced the concept of almost convergence for single sequence
and Modricz and Rhoades [9] extended and studied this concept for double
sequence. A double sequence x = (2, ) of complex numbers is said to be almost
convergent to a generalized limit L if

1 m+q n+q’
— lim sup |————— T L =0.
P qqﬂmmngo (q+1)q+1 ZZ e

k=m l=n

In this case, L is called the fo—limit of the double sequence x. Throughout the
paper, Cy denotes the space of all almost convergent double sequences. It is
known that a convergent double sequence needs not be almost convergent. But
it is well known that every bounded convergent double sequence is also almost
convergent and every almost convergent double sequence is bounded. That is,
the inclusion Cy, C Cy C M, holds, and each inclusion is proper. Moreover,
Méricz and Rhoades [9] considered that four-dimensional matrices transforming
every almost convergent double sequence into a bp—convergent double sequence
with the same limit.

2 Some New Spaces of Double Sequences

In this section, we define new double sequence spaces B(Cy) and B(Cjy,) derived
by the domain of four-dimensional generalized difference matrix B(r,s,t,u) in
the double sequence spaces Cy and CY,, respectively. Then we give some topo-
logical properties and inclusion relations of those new double sequence spaces.

B(Cy) :={zx = (tyn) € 2:3LEC > p—
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1 m-q n+q’
lim sup m Z Z{B(T,S,t,u)l’}kl — L =0

;4" = m n>0 P —

B(Cy,) :=={x = (xmn) € 2 : p—

m+q n+q’
lim  sup

1
—_ B(r,s,t,u)x =0
qu’—>00m,n>0 (q+1)(q/+1) Z Z{ ( ) }kl

k=m l=n

Theorem 1. The double sequence spaces B(Cy) and B(Cy,) are Banach spaces
with coordinatewise addition and scalar multiplication, and are linearly norm
isomorphic to the spaces Cy¢ and Cjy,, respectively, with the norm

m+q n+q’

Z Z{B(Ta Satau)x}kl . (5)

k=m l=n

1
2lpey = swp |——F——
lellzen = s e+ D

Theorem 2. Let s = —r,t = —u. The inclusions C;y C B(Cy) and Cy, C
B(Cy,) strictly hold.
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Abstract. This paper is devoted to the study of Fourier series multi-
pliers. An analog of the Marcinkiewicz theorem on multipliers of Fourier
series in weighted Lebesgue spaces is obtained.

Keywords: Multiplier of Fourier series - Weighted Lebesgue spaces -
Net spaces + Average of the function

1 Introduction

Let f(x) be a function on L,[0,1] with Fourier series Zf(k)e2”k”” by trigono-
kez
metric system {e2™kT}, .

It is said that the sequence of complex numbers A = {\;}rez is a Fourier
series multiplier from L,[0, 1] to L4[0, 1], i.e. A € M}, if for every function f €
L,[0,1] with Fourier series 3 f(k)e>™™* there exists a function fy € L,[0,1]

keZ

with a Fourier series which coincides with the series S A, f(k)e
keZ
operator T f = fx, which is a bounded operator from L,[0, 1] to L4[0, 1].
The set M}l = M (L, — L) of all Fourier series multipliers is a linear normed

space with the norm

2mikx and an

[Mazg = (1Tl — L,

One of the first result related to multipliers of Fourier series was a result
of Zygmund [16], where he proved that the characteristic function x; of the
segment I from Z is multiplier from M, = M (L, — L,), moreover

Ixzllaz, <c,

here ¢ does not depend on the choice of a segment I from Z.
Another early important result from 1939 in the theory of Fourier series is
the following one proved by J. Marcinkiewicz [3] (see also [4]):

(© Springer International Publishing AG 2017
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Theorem A. Let 1 <p < oo, A ={A\n}mez be a sequence of complex numbers
such that

2m+1

Fo(A) = sup (7 1Ak = ksl + Aok = Agoa]) + sup || < 00, (1)
meN L—om meZ
then A € M), and
Mg, < e(p+p") Fo(M), (2)

where the constant ¢ does not depend on A and p.

In paper [8] sufficient conditions which are essentially depending on p for
multipliers to belong to class M), was received. The case when1 < p <2 < g < o0
was studied in [2,6,7], and the case when 1 <p<¢g<2o0r2<p<g <00 can
be found in [9,10,12-15].

Let p(z) be a locally integrable function with positive values. The weighted
Lebesgue space L, () is defined by quasinorm:

1

1 P
£z, = ([ 1f@nta)va)
for 0 < p < o0,

1Ly = sup | f(z)u(=)|
z€[0,1]
for p = oo.
In this work our aim is to find conditions for the weights p and v such that
the Marcinkiewicz theorem for the multipliers space M (L, (1) — Lp(v)) holds.
Let 1 <p<oo, p=t € Ly|[0,1], then for f € L,(u) its Fourier coefficients by
the trigonometric system are defined by the following formula

f(k) = /01 f(x)e ?™*edy ke Z.

It is said that the sequence of complex numbers {\g}xcz is a Fourier series
multiplier from L,(u) to L,(v) if for an arbitrary n € N and every function
f € Ly(p) the following inequality holds

zn: )\kf(k)e27rikm

k=—n

< C”f”Lp(u)a
Ly(v)

where the constant ¢ does not depend on function f € L,(u) and parameter n.
The set M(L,(p) — Lp(v)) is a normed space with the norm

)\kf(k)€27rik:c

k=—n

M a(Ly (u)—L,v)) = SUP  sup
! ! nEN [|fll L, (=1

Lp(v)
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Note that, in the case pu(z) = v(xz) = 1 we just write shortly M, instead of
M (Ly(p) — Lp(v))-
Let u, v be positive functions defined on (0, c0). We can define the functional

e (ko b))
1(u, v; =su T
fl (folfp(t)dt>5

(o (tt) J) vis)(1 41w )f()%)pdt)

Ga(u, v;p) = sup - T , (4)
1 (J5 ro(eyde)
here the supremum is taken over all nonincreasing nonnegative functions.
The characterization of functionals in terms of weight functions can be
obtained as corollaries from the papers of R. Oinarov [1,11].
The main result of this paper is the following theorem.

: 3)

D=

Theorem 1. Let 0 < p < oo, let pu(x) and v(x) satisfy the following conditions
Gi(v*, (1), p) < o0
GQ(V*7 (:u’_l)*7p) <00

If the sequence of real numbers X = {\y}rez satisfies the conditions (1), then
X € M (Ly () — Ly(v)) and

I fllarcz, (wy—L,w) < cFo(N) (G1+ G2).

2 Auxilary Results

Let f be a linear Lebesgue measurable function. The distribution function of f
is defined by

m(f,o) =pfz € X |f(z)] = a}.
The function
7)) =inf{c: m(f,o) <t}

is the non-increasing rearrangement of f.

We also define
e / 0

Let M* be the set of all measurable subsets of [0, 1] with positive measure.
A fixed subset M of the set M* will be called a net.

Let the net M be given. For a function f(z), defined and integrable on each
e from M, we define a function

ee M
le|>t

f(t, M) = Sup||/f x)dp|
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here the supremum is taken over all sets e € M such that |e|déf

pe >t, t € (0,00). Here and below |e| := pe. The function f(¢t, M) is called
the average of the function f over the net M.

Lemma 1. Let f be a measurable and integrable on the elements of the net M*.
Then we have

Flt, M*) < f**(t) < 4f(t/3, M), t > 0. (5)

Proof. Let t € (0,00), then for an arbitrary set e € M with measure equals to ¢
and a function f(x) we can define the sets

wi={z€e: f(x) >0} and wy ={z €e: f(z) <0}.
Then

[1s@te = [ s~ [ swe < 2max| [ s, [

For definiteness let us assume that

[ t@as| 2| [ as].

There are two possible cases. 1) |w1| > Lwal;  2) |wi| < 3|wol.
In the first case

jor] > Lunl 2 19 = ]
w =|w — ==
H=s™l="3 "3
and L
[ el <
1 1 o
<2— | [ flx)dz| <2— | [ f(x)dz| < 2f(5,M). (6)
lef jwi | 3
1 1

In the second case |wi| < 1|wsl, ie. |wa| > @ = 2t. Then there exist w} and
w3 from M such that |wi w3 =0, wilJws =ws, [wi| = % > L

Taking into account the sign-definite nature of the function f on ws, we
obtain

Vv

[ t@ae| 2| [ s@yia| =| [ f@rio| +| [ o

> 2min /f(x)da: , /f(x)da: o /f(x)dm.

1 2
2 2
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Here wi are the sets, where the minimum is reached.
Now let w = wi Jwy, then |w| > ‘el and

[ t@ie| = | [ sayda + / f(2)dz| >
> /f(:z:)dx - /f(z:)dx >1/2 /f(x)da:

Consequently,

1 1 1 i
Me/lf(x)ld:v <2 /f(w)dx <4 /f(x)dx < 4f(t/3,M).

Then, according to (6) the proof of the right-hand inequality (5) is complete.
Let us prove the right-hand inequality of (5).

_ 1
f&, M) = sup| | / (x)dz| < sup|ee/|f(x)|dx:

le]>t |€ le| >t

le] t le]|
1
= sup —/f*(s)ds: sup / ds—|—/f (s)ds | <
lel>t le] lel>t |€
0 0 t
1
< sup / ds+||—t7/f* /f
le|>t |6| o 3

Let 0 <p <ooand0 < g < oo. Wesay that a function f belongs to the
Lorentz space Ly, 4[0,1], if f is measurable on [0,1] and for 0 < ¢ < oo

e, = ([ @er oy ‘ff)/ <o,

I fllz, .. = sup t/Pf*(t) < 0.
0<t<1

and for ¢ = oo
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Lemma 2. Let u(x), v(x) be positively locally integrable functions. Then
1
(

q % 1 1 q %
dy) <c (/ (V*(s)/,u*(t)@(t,s)f*(t)dt) ds) ,
0 0
where
//K y)dzdy]| .

Proof. Following ideas from [5], by the Hardy-Littlewood rearrangement inequal-
ity, we have

</; "
([ (v ([ ot i) o) ) o

([ (v ([ owts—rom) ") o)

([ (oo [ ) y

g</( @ s (o] [t [ ae y)dyf(r)dx’)>pds>l/p
§C<Aloﬁ®)wp Aﬂmwdﬂ[;K@_yMw@mmDp%>ui

[n1|>s
where in the last estimate we used Lemma 1

We use similar estimates for the inner integral to get

(/ )

P 1/
SC</Ol <V*(S) |7?1u\gs/olu*(t)f*(t) sup Li‘/nz /m K(w—y)dyda:’dt) ds) ’

1
v(w) /0 (@)K (z — ) f (x)dz

D(s,t) =

\e|>s,\w\>t ‘€| |w|

1
ww[;mmKW—yﬁ@VWMx

IA

1;M@Kw—yVWMx

1
wm[;mme—vaVWMx

Inz1>t/3 Inl In2]

1 1 1 1 p 1/p
<ec / V*(s)/ w* (&) f*(t) sup sup ——‘/ / K(m—y)dydw‘dt ds .
0 0 [n1]>s [n21>t 1l [m2] n2 Jm

93
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Lemma 3. Let 1 < p < 00, A = {Ap}ren be a sequence of real numbers satisfy-
ing the condition (1), then

/ Z A ezmk(w_y)dxdy

sup sup —— <c(p' +p)Fo(N),
" 6lf’ |w| k=n

where the constant ¢ does not depend on A and p.

Proof. Let n € N. Let us define n™ = {0} }rez

n __ >\k7 ‘k| S n,
=00, [k >n,

then Fy(n™) < 2Fy()\). Therefore, from Theorem A we get

2¢(p + P )F(N) = [In"|as, = 1T

L,—L,
n —_—
= sup M f (k)™ ike
I, =1 || = B
p
1 n

= sw |[f) 30 aemenay
11z, =1 Jo = B
P

Let w and e be arbitrary compacts. Let us assume
_1
f(@) = Xol@)|w| 7.
Applying Holder inequality, we obtain

1 - ;
Z Ae?ﬂ'zk(z—y) dy

1
|w|p Wk=—n

1 1 2 .
> T // Z /\ezmk(m_y)dydx.

|€|IT |W|ZJ W k=—n

2c(p+p)F(A) >

>
LP

Taking into account the arbitrariness of the choice of n, e and w, we obtain the
required statement.

3 The Proof of Theorem

Let n € N.

2mikx

Lp(v)
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Z )\ e27rzk(x y)dy

k=—n

Ly(v)

= (/01 (V(fff) /01 )y () Kn(z - y)dy>pdw>

Applying Lemma 2, we have

Z A J/c\(k)eQﬂikx

k=—n

S

<c (7)

Ly(v)

<e ( / 1 (u*a) / 1(fu)*(8)(ﬂ‘1)*(8)¢(87t)d8>p dt) ,

// En: 27rzk(w Udydx

Let t > s. Let us assume 7 = (2+In %).
Using Lemma 3, we receive

3 =

where

P(s,t) = sup
( ) } \‘ t e|\w|

D(s,t) < (T + 1) Fo(N)

t s
1+ Int
_24 ( +tn S)FO()\)
Similarly, for s > t we have
1+In?
B(s,t) < c1——L R,

here constant ¢; does not depend on parameters ¢ and s. Substituting these
estimates into the inequality (7), we obtain

zn: e ]’c\(k)e%rikx

k=—n

<

Lyp(v)

< cFo(\) ( / 1 (u*<s>1 / () ()1 + §><u1>*<s>ds)pdt> "

' </01 <V*(S) /too(f“)*(sml*( )(1+1ns)is> dt)é <

< cFo(A) (GL(v™, 1™, p) + Ga (v, (67 1)",0)) 1f
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Abstract. A method for the study of periodic solutions of autonomous
dynamic systems described by ordinary differential equations with phase
and integral constraints is supposed. General problem of periodic solu-
tion is formulated in the form of the boundary value problem with con-
straints. The boundary problem is reduced to the controllability problem
of dynamic systems with phase and integral constraints by introducing
a fictitious control. Solution of the controllability problem is reduced to
a Fredholm integral equation of the first kind. The necessary and suffi-
cient conditions for existence of the periodic solution are obtained and
an algorithm for constructing periodic solution to the limit points of
minimizing sequences is developed. Scientific novelty of the results con-
sists in a completely new approach to the study of periodic solutions for
linear systems focused on the use of modern information technologies is
offered. The existence of periodic solution and its construction are solved
together.

Keywords: Linear autonomous system - Dynamic system -+ Periodic
solution - Ordinary differential equation - Boundary value problem -
Controllability problem - Controllable system

1 Problem Statement

We consider a linear autonomous system
&= Ax,t € (—o0,+00), (1)

where A is a constant matrix of n x n order. The problems are set:

Problem 1. Find necessary and sufficiently conditions for existence of T, periodic
solution of system (1).

Problem 2. Find T, periodic solution of system (1)
Solving these problems is of interest for system (1) of (n > 4) higher order.

(© Springer International Publishing AG 2017
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We assume, that system (1) has a periodic solution z.(t) = z.(t+T), t € I =
(=00, +00), where Ty is period. Let z,(0) = z¢ be a value. Then z.(T%) = xo.

Since the periodic solution is defined by values of the phase coordinates in the
period limits, then for constructing of periodic solution it should be considered
the value t € I, = [0, T%].

We represent the matrix A = A; + B1 P, where Ay, B, P are matrixes of
n X n, n X m, m X n orders, accordingly. Then the boundary value problem (1)
is written in the form

&= A1x + B1Pzx,t € I, =[0,T.],2(0) = 2(T\) = xo. (2)
Linear controllable system corresponding to system (2) has the form (2)
j= A+ Buu(t),t € L = [0,T3), (3)

y(0) = y(T%) = 2(0) = x(T) = o, u(-) € Lo(I, R™), (4)

where T, is period, a unknown value. We note, if u(t) = Px(t), t € I,, then
system (3), (4) coincides to the origin (2).

2 Solution of a Linear Controllable System

We assume that the matrixes Ay, B such that the matrix
T, i
W.,(0,T,) = / e~ MB BreAitdt (5)
0

of n x n order is positively defined.

In the case, when the matrix A; = 0, P = I,,, the matrix By = A, relation
(5) is written as W, (0,Ty) = foT AA*dt. We note, that the matrix W, (0,7,) > 0
is equivalent to the fact, that the rank of the matrix ||Bl,A1B1, e ,AT_lBln
is equal to n.

Theorem 1. Let W,(0,T,) > 0 be a matriz. Then control u(-) € Lo(I,R™)
transfers the trajectory of system (3) from any initial point y(0) = z¢o € R™ to
any finite state y(T\) = xo if and only if, when

u(t) € U ={u() € La(I, R™) /u(t) = v(t) + A (t, T, To)+ (©)
+N1(t)2(Tx,v), Yv,v(-) € Lo(I, R™)},

where
CArtrr—1 — AT,
A1 (t1, o, x0) = Bie V"W, (0, T )a,a = e 2o — xo,

Ni(t) = =Bre A'W_10, T, )e Tt € I,

the function z(t,v.), t € I, is a solution of the differential equation

2= A1z+4 By1v,2(0) =0,v(-) € Lo(I, R™). (7)
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The solution of the differential equation (3) corresponding to control u(t) € U is
defined by formula

y(t) = z(t,v) + Aa(t, o, x0) + Na(t)2(Tx,v),t € L, (8)
where

/\2(t7x07zl) = eAltW*(t’T*)W;1(07T*)‘TO + eAltW*(Ovt)W*il(OvT*)eiAlT*xm

t
Ng(t):—eAltW*(O,t)W*’l(O,T*)e’AlT*,W*(O,T*):/ e MTB Bfe AT,
0

W, (t,T.) = W.(0,T,) — W, (0,4),t € I..

Lemma 1. Let W,.(0,T,) > 0 be a matriz. The boundary value problem (2) is
equivalent to the problem

v(t) + T (t)xo + N1(t)2(Ty,v) = Py(t),t € L, z9 € R", (9)

2= A1z+ Byv(t),2(0) =0,t € I,,v(-) € Lo(I,R™), (10)

where
T(t) = Bie= MW 10, T,) [e~ M T — I,,],

y(t) = z(t,v) + C(t)zo + Na(t)z(Te,v),t € 1, (11)
c(t) = eAlt[W*(t, TOW.H0,T,) + W, (0,) W10, T, )e AlT*].

Proof of the Lemma follows from relations (6)-(10), at u(t) € U, u(t) = Py(¢),
te L.

3 Necessary and Sufficient Condition for Existence of a
Solution of the Boundary Value Problem

Theorem 2. Let W,(0,T.) > 0 be a matriz. In order the boundary value
problem (2) to have a solution, it is necessary and sufficient that the value
I(vi,20,) = 0, where (vi,xo,) € H = La(I,R™) x R™ is a solution of opti-
mization problem

T.
I(v,zo) = / [v(t) + T(t)xo + N1(t)z(Ty,v) — Py(t)| — inf (12)
0
under conditions
2= A1z+ Byv(t),2(0) =0,t € I, (13)
v(-) € La(L«, R™), 29 € R™. (14)

Proof of the Theorem follows from Theorem 1, Lemma 1 and relations

(9)-(11).
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Lemma 2. Suppose W, (0,T,) > 0 is a matriz, the function
F.(q,t) =v+T(t)xo + N1(t)z(Tx,v) — Py,

where y = z + C(t)zg + No(t)z(Tx,v), ¢ = (v,z0,2,2(T%)) € R™ x R"
x R™ x R".
Then the partial derivatives

F*v(qat) = 2[V+T(t).%‘0 +N1( ) (T*,V) Py}v
Fiwo(g,t) = [2T7(t) + 2C* () P*][v + T(t)zo + N1 (t)2(Tx) — Pyl
Fi(g,t) = 2P (t)[v + T(t)xo + N1(t)2(T.) — Pyl,

(15)
]
Fio(1.)(g, 1) = [2N7(t) = 2N5 (1) P*][v + T (t)o + N1(t)z(T) — Py.

Lemma 3. Let W,(0,Ty) > 0 be a matriz. Then:
1) functional (12) under conditions (13), (14) is convex
2) derivative Fiq(q,t) = (Fu, Fizy, Fiz, Fuz(1.)) satisfies to the Lipshitz condi-
tion
|Fig(q + Ag,t) = Fug(a, )l < M || Aql|, Vg, q + Ag € R™"

Theorem 3. Let W,(0,T.) > 0 be a matriz. Then functional (12), under con-
ditions (13), (14) continuously differentiable by Freshet, gradient of functional

I'(v,zo) = (I[(v,20), I, (v,x0)) € H = La(I, R™) x R"

? X0

in any point (v,xq) € H is computed by the formula

Ly, 1‘0) F*V(Q( ) t) — B*w( ) € La(L., R™),

16
(v, o) fo o (q(t), t)dt € R™, (16)

where partial derivatives are defined by formula (15), q(t) = (v(t), zo, 2(t,v),
2(Ty,v)), the function z(t), t € I is a solution of the differential equation (12),
forv=v(t), t € I, and function ¥(t), t € I, is a solution of the adjoint system

T
0= Fualalt)) = Aipvi) = = [ Fa@o.0d )
Moreover, the gradient I'(v,xzo), (v,xo) € H satisfies the Lipshitz condition
[ 1" ag) — 'V, 2d) || < Ko(||v! —v2H + |@ 0_950‘ 1z, (18)
where K, = const > 0 s a Lipshitz constant.

It should be noted, that for a linear system with constant coefficients (3) the
following statements are valid:
1) rank of the matrix HBl, A1By,..., A’flelH is equal to n;
2) for any T > 0, the matrix

T
W*(O,T):/ e~ MtB Bre Attt
0
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is positively defined.

Consequently, for any sequence {T;} C RL 0O < Ty <Th < ... <Tp < ...,
the matrix W,(0,T}) > 0.

Let {Tp} C R}, 0 < Ty < Ty < ... < Ty < be a sequence. We construct the
sequences

V’I’?L+1(t) = vﬁ(t) - anl\i(vfw xlgn)v xlgn+1 (t) = "E’S(t) - anI;D (me xlgn)7

n=0,1,2,... 0<eg<a, < g1 >0, (19)

2
Ki+2e1”
on the base of formulas (6)-(8), where t € [0, T}], I,(v¥, z§), 1, (v¥, zf) are defined
by formula (16) by substituting W, (0,7%), T\ on W,(0, Tk) Tk7 accordingly.
In other words, we fix a value T}, > 0 from sequence {T;} C R, 0 < Ty < Ty <
. < Ty < ...and compute the Freshet derivative for functional (12), under the
conditions (12), (13) by formulas (16)-(18), by substituting T, W, (0, T%) on Tk,
W.(0,T}), accordingly. The result is the sequences (19).

Theorem 4. Let W, (0,T}) > 0 be a matriz, {Tx} C R, 0<Th <Ty < ... <
Ty < ..., the sequences {vF}, {zk } are defined by formula (19), the set

A ={(v,z0) € H/Ix(v,20) < Ix(vo,To0)}
is bounded, where functional is defined by
Ty
Bviza) = [0 + T(e)0 + Na(0)2(Thov) = Py®)dr
0

Then for any fized Ty, > 0 statements are valid:
3) The sequence {vE xk"} is minimizing, i.e.

lim I, (vE, 2f™) = L,0F, k) = inf (v, 20);
n—oo (V,:Eo)EAk
4) The sequences {vE}, {xf"} are weakly converged to the points vE N vk

kAL k
xh —>af, atn — oo, (VF, ab*) € X;;

5) The estimation of the convergence rate is valid

0 < Iy(vE ok )y —T(VF 2k, < Ck e =const >0,n=1,2,...;

6) For system (2) to have a periodic solution it is necessary and sufficient, that
for some Ty, = T, there exists the value I;,(vF, zk.) = 0.
7) Periodic solution of system (12) is defined by the formula

w4(t) = yu(t) = 2(t,VE) + C()ag, + Na(t)=(Ti, Vi), t € [0, T = T2,

where Ty, = T, is a period, I,(vE, zk ) =0.
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4 Algorithm for Constructing a Periodic Solution

We can formulate the following algorithm for constructing periodic solution of
system (1) based on Theorems 1-4, Lemmas 1-3.

1. We present the matrix A as the sum A = A; + By P such that the matrix
Tk; -
W.(0,T) = / e~ MtB Bre Attt
0

will be positively defined, where Ty > 0 is a number. We note, that in order
to W,(0,Tx) > 0 necessary and sufficiently, that the rank of the matrix
||B1,A1B1, e ,A’f_lBlﬂ is equal to n.

2. We choose the sequence {Ty} C RL,O<T) <Tp < ... < T < .... We note,
if the rank ||Bl,AlBl7...,A?7lBl|| = n, then for any T} > 0 the matrix
W, (07 Tk) > 0.

3. We solve the optimization problem: minimize the functional

Ty
Lu(v, 20) = /0 W(E) + T(t)z0 + Ny ()2(Th,v) — Py(t)2di — inf  (20)

under conditions
2= A1z+ Byv(t),z(0) =0,t € [0,T}] = I, (21)

v(-) € La(I, R™), 20 € R™. (22)

We note, that: 1) the value I (v, zg) > 0, consequently, functional is bounded
from below; 2) functional (20) under conditions (21), (22) is convex; 3) to
solve optimization problem (20) — (22) we construct the sequences (19). As a
result, we find the solution of optimization problem (20)-(22): (v, zk.) € Ay,
L(vE zk ) at fixed Ty.

4. We repeat items 1 - 3. Finally, the values I,(v¥, 2k,), k = 1,2,.... are known.
If for value T}, the value Iy, (vE*,zfx) = 0, then Ty, = T, is a period of the
origin periodic solution, and periodic solution

T, (t) = 2(t,VF) + C ()l + No(t)2(Tr, ,vE),t € [0, Tr.] = [0, T].

5. If the value I, (vF,zk,) > 0 for any sequences {T}.} C R',0 < T} << Ty <
... < Ty < ..., then the origin system (2) has no any periodic solution.

The results obtained above can be applied for construction of periodic solutions
in non-autonomous systems.
We consider a linear non-autonomous system

T =At)xr+ p(t),t € (—oo,+00), (23)

where elements of the matrix A(t) and vector function u(t) are periodic functions
with period Ty i.e. A(t) = A(t + Ty), p(t) = p(t + Ti), Vt, t € (—o0, +00), Ty is
the known function.
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The questions arise: Does the system (23) have periodic solution with a period
equal to 7.7 Find periodic solution of (23) with a period T.

Let z.(t) be a periodic solution of system (23) with a period T i.e. z.(t) =
x(t+1T), Vt, t € (—oo,+00). Then

A(t)x.(t) = At + Ti)w. (t + To), p(t) = p(t + 1), t € (—o0, +00).

For constructing a periodic solution it is enough to consider a solution of
system (23) for values ¢ € [0,T%] in view of the invariance of solution by any
displacement on t. Let z.(0) = x.(Tx) = 0.

By applying the results above, we get:

1) the matrix A(t) = Ai(t) + Bi(t)P, where Wi(0,T.) = [;" ®(0,t)B;
(t) By (t)P*(0,t)dt > 0;
2) linear controllable system has the form

§= Au(B)y + Bu(t)u(t) + p(t), ¢ € L = [0,T.],

3) optimization problem is written: minimize the functional

I(v,zg) = /0 ) v(t) 4+ T(t)zo + (t) + Ny (8)2(Ty,v) — Py(t)|* dt — inf

under conditions
z2=A1(t)z + B1(t)v(t), 2(0) = 0,t € [0,T%] = L.,
v(-) € La(I., R™),xz9 € R™.

4) Necessary and sufficient conditions for existence of a periodic solution of sys-
tem (23) with period Ty is defined by equality (v, zo«) = 0, where (v, Zo«)
is a solution of the optimization problem.

5) Optimal solution (v.,zo.) is defined by constructing the minimizing
sequences.

5 Conclusion

A more general problem of periodic solution of the boundary value problem
of ordinary differential equations with phase and integral constraints is formu-
lated on the base of a review of scientific research on the periodic solutions of
autonomous dynamical systems [1]-[4].

The boundary value problem is reduced to the problem of controllability of
dynamic systems with phase and integral constraints by introducing a fictitious
boundary control [5]. Solution of the controllability problem is reduced to a Fred-
holm integral equation of the first kind. The necessary and sufficient conditions
for the solvability of the Fredholm integral equation of the first kind are obtained
and the general solution of the integral equation is found.
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The results of fundamental research on the controllability theory of dynamic
systems, as well as new results on the solvability and construction the solution
of the Fredholm integral equation of the first kind enable to reduce solutions of
the general problem of periodic solution to the special initial problem of optimal
control.

The necessary and sufficient condition for the existence of periodic solution
of autonomous dynamic system in the form of requirements on a non-negative
functional values is obtained.

The algorithm for constructing periodic solution to the limit points of
minimizing sequences is developed. The estimation of the convergence rate is
obtained.

Scientific novelty of the results consists in a completely new approach to the
study of periodic solutions of autonomous dynamical systems, focused on the use
of modern information technologies is offered. The existence of periodic solution
and its construction are solved together.

A distinctive feature of the proposed method from the known methods of
investigation of periodic solutions is that: firstly, the properties of analytic right-
hand sides, the differential equations are not required; secondly, there is no need
for small parameter system.

References

1. Aisagaliev, S.A.: The stability theory of dynamical systems. Qazaq university,
Almaty (2012)

2. Aisagaliev, S.A., Kalimoldaev, M.N., Zhunussova, Zh.Kh.: Immersion principle for
boundary value problem of ordinary differential equations. Math. J. 12:2(44), 5-22
(2012)

3. Petrovsky, I.G.: Lectures on ordinary differential equations theory. Science, M.
(1964)

4. Pontryagin, L.S.: Ordinary differential equations. Science, M. (1970)

5. Tihonov, A.N., Vasileva, A.B., Sveshnikova, A.G.: Differential equations. Science,
M. (1985)



On Solvability of Third-Order Singular
Differential Equation

Raya D. Akhmetkaliyeva(®

L.N. Gumilyov Eurasian National University, 2 Satpayev Str.,
Astana 010008, Kazakhstan
akhmetkaliyeva_rd@enu.kz
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1 Introduction and Main Results

In this paper we consider questions of the existence and uniqueness of solutions
of equation

(L+AE)y = —pi(2) (p2(2)y") + [a(x) + ir(z) + Ny = f(@), (1)

where A > 0 is a constant, and ¢ and r are given functions, f € L,. For solution
y of (1) we study conditions providing the following estimate:

[p1(@) (pa(a)y")

T+ la@) +ir@) + Al < clf@IE. @)

The separation of differential expressions was early studied by W.N. Everitt
and M. Giertz [6], and they proved some fundamental results. Later on a number
of results concerning the property referred to as separation of differential expres-
sions have been obtained by K.Kh. Boimatov [5], M. Otelbaev [9], A. Zettl [10]
and A.S. Mohamed [7]. Some very recent results in this direction were presented
and proved in [8] and [1]. In this paper we give the solvability results for (1) with
unbounded coefficients p; and po. With respect to other operators the seperation
results have been obtained in [2—4].

(© Springer International Publishing AG 2017

T.Sh. Kalmenov et al. (eds.), Functional Analysis in Interdisciplinary Applications,
Springer Proceedings in Mathematics & Statistics 216,
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Let 1 < p < 400. By L, = L,(R), R = (—00,4+00) we denote the space of
functions with finite norm

1
P

el = /wwwm
R

Definition 1. A function y(z) € L,(R) is called a solution of (1), if there is
a sequence of three times continuously differentiable functions with compact
support {y,},., such that lyn —yll, — 0 and [[(L+ AE)yn — f|, — 0 as
n — 0.

By C’ék)(R) (k = 1,2,...) we denote the set of all k times continuously

k
differentiable functions ¢(x) such that > sup |¢U)(z)| is finite. Let Wy (z) =
j=0z€R
lg(z) + X+ ir(x)|
pi(x)p2(x)
Our main results in this paper are the following Theorems 1 and 2.

Theorem 1. Assume, that the functions pi(x), q(x) and r(x) are continuous,
P2 € C'(l)(R) and satisfy the conditions

loc

p@) > 1, pae) > 1, ﬁ@%%OZLN@ZL 3
ph(@)] < 1pa(a), @€ R, (5)
Wi () — Wa(n) 8

sup

<o, 0<a<g+l, f(01], A0 (6
emeR|z—n|<1 |Wa()|¥]z — 7|8 3 B e (0,1] (6)

Then there exists a number \g > 0, such that the equation (1) for all A > Ao has
a solution y.

In (4), (5) and elsewhere, ¢, (n = 0,1) denotes a fixed constant which, in
general, may be different in the various places it is used.

Theorem 2. Let the functions q(x), r(x) be continuous, p1 € Cl(fc) (R), p2 €
c® (R) and satisfy conditions (3), (4), (6) and

loc

P (@) <api(@) (G=1.3), [Pt @) <epa(w) (k=1,2), z€ R (7)

Then the solution of the equation (1) is unique and the estimate (2) holds.
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2 Auxiliary Statements

Below we suppose that conditions of Theorem 1 are fulfilled.
Let & = &(x) (s =0,1,2) be roots of the equation

p1(z)p2(2)€% — r(x) +i(g(z) + \) = 0.

From the conditions of Theorem 1 it follows that 0 < arg £ < m and 7 <
arg & < 2w, j=1,2.
We introduce the following kernels:

1 ei@z=m¢&o
" 3p1(z)p2(x) & ’
Mo(z,m,\) = )

et@—m)¢;

1
3p1(x)p2(x) l; I3 , T <n<+00,

—co<n<zx

ir A x)4ir(z)+A
Mi(w,1,0) = pr(mpa(n) | L0520 — LS ]MO(x’”’A)w("_x)’
(=) Mgy, (2,1, A)—
n)wmz(n ZE) Mén(xanvk)f
) e 71’) MO(-’E777,)\)7

7] nn (

My (z,m,X) == pi(n)pz(n)w(n — x) + 3p1(n)p2(n)w
— 2pa(n)p- (n)wi,(n — ) + 3p1(n)p2
— pr(m)p2(n)wiy, (n — ) + pa(n)p2(n

A\_/

and
MS(:Ca ;s )‘) = MO(Z'7 7, /\)W(n - I),

where the function w(n) € C§°(—1,1) is such that

1, |n|<1/2
oy = L IM=Y
0, Inl >1.

It is easy to get the following equalities:

7 M, A 7 M, A
FMolw,m, %) _ FMolz.n.2) L7 =01, )
877] x=n—0 8773 x=n+0
aQMO(x7777 >\) 82M0($7na )‘) _ 1
g st = (10)
on 2=n—0 o venio  D1(z)p2(T)

~ ) () L) L fylo) +in(e) + AMo(e ) =0 (11

We define the operators M;()), (j =1,3) by means of the following equali-
ties:

(G0N 0) = [ My n @i (G =T3)
R

The following statement is well-known (see [8]).
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Lemma 1. Let 1 < p < 400 and let k(x,n) be continuous function and

(1) (1) = [ klawnv(a)d
R
Then
K11, -s, < sup [ (kG m)| + 60, 2)] d
neER %

Lemma 2. Let all of the conditions of Theorem 1 be satisfied. Then the opera-
tors M;(X), j = 1,3, are continuous in the space L, and the following estimates

hold (X > 0):

Cc

&

||M1()‘)||LPHL,, < M’ 6 € (07 1]5 0<a< g +1, (12)
1Mo, 1, < 3 (13)
[Ms(M,—r, < P B () (14)

where by (z) = /W (x).

Proof. Under the assumptions of Theorem 1 for the functions ¢(z),r(z) and
pj(z) (j = 1,2) there exists a constant ¢ > 0 such that Im & > ¢ and Im & <
—o (I =1,2). Then from (8) we can derive that

1 e (@=mby(x)
3p1(z)p2(x) bi(x) , —co<n<uw,
2 o (@—m)by (=)
TonE  wE L <1<+
and (2=m)by ()
1 e—o(@—mby(=
; =7 —oo <1<,
WM‘ e wTe »
onl 2 o (@=m)by (@)
r<n<—+4oo,

3p1(z)p2(x) b3 I (z)

where j = 1, 2. According to our choice, M;(z,n, A) = 0 at [t—n| > 1. Taking into
account conditions (3), (4), (5) and (6) of Theorem 1 and (15), (16) for functions
M;(z,n,A) (j =0,1,2) at |z — 5| < 1, we obtain the following estimates:
. e—o(@—mby (@)
cpr(m)pz(n)|z — /763 Q(SU)mv o0 <N <,
|My(2,n, M) <

oo (@=mby (@)

epr(mp2(n)]a — 0" (2) Sy & <1 < oo,
(17)
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2
p1(n)p2(n) e e=o@mmba(®)

pi@p2(@) k@ 0 <n<uw,
[Mae,n, V)] < "
p1(n)p2(n) L eo(@—mby ()
pi(m pz(m) Z < OE () , T <n<-+o0o,
and
1 e~ (@=mby(x)
3p1(z)p2(x) bi(z) , —co<n<ua,
o(x—mn)by (=
2 e (@=mby (=) $<77<—|—oo.

3p1(z)p2(z) b3 (z)

We will estimate the norms [[M;(Ml, ., (j = 1, 3) of the operators M;(\)

using Lemma 1 and inequalities (17), (18), (19) and the conditions (3), (4) and
1

(6). Then making the change of variable n — z = z, we obtain

abx(n)
qm?§+7?>“ Cqmv§+7?wa
1 2 1 2 C
HMl()\)”L L S p1(n)p2(n + p1(n)p2(n _ . )
P T (eba ()" (ba(m)"+* (mmﬂﬂmmyﬁ“a
p1(n)p2(n)

la(n) + A +ir(n)|

p1(n)p2(n)
we obtain (12). Inequalities (13) and (14) are proved similarly. The lemma is

proved.
Using the definitions of M;(X) (j = 1,2, 3) and equalities (9), (10) and (11),
we prove the following Lemma.

(3) implies > +/1+ A. Therefore, from the previous inequality

Lemma 3. Let the conditions of Theorem 1 be satisfied. Then the following
equality holds:

(L +AE) [Ms(N) f](n) = f(n) + [My(M)f] () + [M2(A) ] (). (20)

3 Proofs of the Main Results

Proof of Theorem 1. By estimates (12) and (13), there exists a number Ay > 0,
such that [[Mi(M)l, ., + MM, ., < 1/2 for any A > Ag. Then the
operator G(\) = E + M;()\) + M()) has a bounded inverse G=(\) in L,,. Let
h = [E + Mi(\) + Ma()\)] f. By (20), we obtain (L + AE) [M3(A\)G~Y(A\)h](n) =
h. So, for all A\: A > Ag the function y = M3(A\)G~1(A)f is a solution to equation
(1). The proof is complete.

Let the functions p;, (i = 1,2), ¢, r satisfy the conditions of Theorem 2,

1 1
and a number p’ is such that — + — = 1. We denote by (L + )\E)/ an operator
p D

acting in the space L, (R) and such that ((L+AE)y,z) = (y,(L+ AE) z),
ye€D(L+ AE), z€ D((L+ \E)'). Tt is clear, that

(L+AE)z = (pa2(2) (p1(2)2))" + (a2) + A —ir()) =
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We consider the following differential equation:

"

(L+AE)z = (p2(2) (p1(2)2)) + (al2) + A —ir(z)) z = g(x),  (21)

where p;(z) > 1 j = 1,2 are continuous together with derivatives up to third
and second order, respectively, and ¢(z) and r(z) are continuous real-valued
functions, A > 0, g(z) € Ly (R).

The following lemma is proved similarly to Theorem 1.

Lemma 4. Let the continuous functions q(x), r(xz) and the functions p; €
c® (R), p2 € C’l(fg(R) satisfy the conditions (3), (4), (6) and (7). Then there

loc

exists a number A\ > 0, such that for all A > Ay the equation (21) has a solution.

Proof of Theorem 2. Lemma 4 implies that the operator (L+AE)’ at A > A has
a right inverse defined on the whole L,/ (R). So ker ((L + AE)’)* = {0}, where
((L+AE)")" is an adjoint operator to (L + AE)’. It is clear that ((L + AE)")"
is an extension of the operator L + AE, hence we have ker(L + A\E) = {0},
VA >\ = max(Ag, A\1). Thus, the operator L + AE is a boundedly invertible in
the space L, (R) and by proof of the Theorem 1,

(L+ME)™ = M3(A\)G7L(N),  A> X =max(A\o, A1) (22)

Let y be a solution of equation (1), where A > X = max(Ag, A;). We shall
prove the estimate (2). By (22), Lemma 1 and the conditions (3), (4), (5) and
(6), we have

la+ A+ (L +AB) )y = @+ A+ DM (NG O],y <

nt1
< csup / b3 (n)by 2 (z) exp[—a|z — n|bx(z)]dx <
nERnil
n+1
<c sug ba(n) / exp[—olz — nlbx(z)]dz < co.
ne ni1

By (1), we get |[p1(x) (p2($)y”)/||p <c <||f|\p + ||y||p> Combining the last two
estimates, we obtain (2). The theorem is proved.

Acknowledgements. I thank Professor K.N. Ospanov for several generous
advices, which have improved the final quality of this paper.
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Abstract. A multipoint-integral boundary value problem for a third
order differential equation with variable coefficients is considered. The
questions of the existence of a unique solution of the considered problem
and ways of its construction are investigated. The multipoint-integral
boundary value problem for the differential equation of third order
with variable coefficients is reduced to a multipoint-integral boundary
value problem for a system of three differential equations by introduc-
ing new functions. To solve the resulting multipoint-integral boundary
value problem, a parametrization method is applied. Algorithms of find-
ing the approximate solution to the multipoint-integral boundary value
problem for the system of three differential equations are constructed
and their convergence is proved. The conditions of the unique solvabil-
ity of the multipoint-integral boundary value problem for the system of
three differential equations are established in the terms of initial data.
The results are also formulated relative to the original of the multipoint-
integral boundary value problem for the differential equation of third
order with variable coefficients. The obtained results are applied to a
two-point boundary value problem for the third order ordinary differen-
tial equation.

Keywords: Third order differential equation - Multipoint-integral
boundary value problem - Multipoint condition - Integral condition -
Parametrization method - Cauchy problem for third order differential
equation - Algebraic equation + Algorithm - Approximate solution -
Unique solvability

1 Statement of Problem

We consider a third-order ordinary differential equation

© Springer International Publishing AG 2017

T.Sh. Kalmenov et al. (eds.), Functional Analysis in Interdisciplinary Applications,
Springer Proceedings in Mathematics & Statistics 216,
https://doi.org/10.1007/978-3-319-67053-9_11



114 A.T. Assanova and A.E. Imanchiev

d3z d?z

dz
@—A()dtg +A2()dt+A3()Z+f(t)» t€(0,7), (1)
with multipoint and integral conditions
;{ail PO Bi1 7 +%‘12(ti)}+
r d? d
z 2

+ /{Ku(T) dT(;) + KIQ(T)% + Ki(7)2(7) pdr = dy, (2)

0

i{@iQdQZ(ti) +ﬂz2di§ ) + Va2 (t; )}+

T

222 T Z\T

+/{K21(T)d T( ) | KQQ(T)dd—(T) + KQS(T)Z(T)}dT — dy, (3)
0

Z{azsdQ (s )+ﬁzs (s )+’Yi32(ti)}+
0

T
+f (Ka) T 4 k) E0) e} = (@)

dr2 dr
0

Here z(t) is unknown function, the functions Ay(t), f(t) are continuous on [0, 77,
k=1,2,3, a;j, Bij, Vij, d; are constants, the functions K(t) are continuous on
[O,T], 1=0m,1=1,2,3,0=t) <t1 <tag<..<tpmo1<tm=T.

Let C([0,T], R) be a space of continuous functions z : [0,7] — R on [0,T]
with norm ||ullo = max |z(t)].

t€[0,T]

The function z(t) € C([0,T], R), that has derivatives 2 € C([0,T], R),

djtgt) € C([0,T], R), d;’tgf) € C([0,T7], R) is called a solution to problem (1)—(4)
if it satisfies the third-order differential equation (1) for all ¢ € (0,7") and meets
the boundary conditions (2), (3) and (4).

Mathematical modeling of various processes in physics, chemistry, biology,
technology, ecology, economics and others are leaded to multipoint-integral
boundary value problems for differential equations of higher orders with vari-
able coefficients [5,6,15,16,23,24]. The problems of solvability of multipoint-
integral boundary value problems remain important for applications because
they are directly connected with the theory of splines and interpolations and
are used in the theory of multisupport beams. Despite the presence of numerous
works, general statements of multipoint-integral problems for ordinary differen-
tial equations remain poorly studied up to now. The method of Green’s functions
proves to be the main method for the investigation and solution of multipoint-
integral boundary value problems. This method reflects the specific features of
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the analyzed boundary value problems. However, the problem of construction
of the Green’s function is quite complicated due to the complex nature of the
investigated object and the absence of the required information about its prop-
erties.

One of possible ways of overcoming these difficulties is connected with the
development of constructive methods aimed at the investigation and solving
multipoint-integral boundary value problems for higher order differential equa-
tions without using the fundamental matrix and the Green’s function. Thus, in
[11], a parametrization method was proposed for the investigation and solving
two-point boundary value problems for ordinary differential equations. Parallel
with construction of the coefficient criteria for the unique solvability of the inves-
tigated problem, parametrization method enables one to propose algorithms for
finding the solution of this problem. In [12,13], the parametrization method was
applied to multipoint boundary value problem for ordinary differential equa-
tions. A family of multipoint boundary value problems for system of differential
equations and multipoint nonlocal problem for system of hyperbolic equations
were considered in [2,3].

In the present paper we study a questions of the existence and uniqueness of
solutions to multipoint-integral boundary value problem for the third-order dif-
ferential equation (1)—(4) and the methods of finding its approximate solutions.
For these purposes, we apply the parameterizations method to solve the prob-
lem (1)—(4). Algorithms of finding the approximate solution to the multipoint-
integral boundary value problem for the system of three differential equations
are constructed and their convergence is proved. The conditions of the unique
solvability of the multipoint-integral boundary value problem for the system of
three differential equations are established in the terms of initial data. The results
are also formulated relative to the original of the multipoint-integral boundary
value problem for the differential equation of third order with variable coeffi-
cients. The obtained results are applied to a two-point boundary value problem
for the third order ordinary differential equation. The efficiency of the proposed
approach for solve of the two-point boundary value problems for the third order
differential equations can be used in applications. The results can also be used in
the study and solving a nonlinear multipoint-integral boundary value problems
for the third order differential equations. Some types of problems (1)—(4) were
studied in [1,5-10,14-29]. For K;;(t) =0, ¢ = 1,3, j = 1, 3, the problem (1)—(4)
was considered in [4].

2 Scheme of the Method

We introduce the following notations
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Yi1 Bi1 ain Ki3(t) Kia(t) Ki1(t) dy
Mi = Yi2 ﬁiQ (&7%) y K(t) = Kgg(f) Kgg(t) K21 (t) , d = d2 ,
Yis Bis i3 K33(t) K3a(t) K31(t) ds

I is identity matrix of dimension 3.
Problem (1)—(4) can be written in the vector-matrix form

du
dt

T
u(t;) + /K(T)U(T)dT =d
0

where u = (u1,ug,u3), u1(t) = z(t), ug(t) = dz(tt)7 3(t) = L5 O

A continuously differentiable function u : [0, T] — R? is called a solution of
the multipoint-integral boundary value problem (5), (6) if it satisfies system (5)
for all ¢ € [0, T] and condition (6).

By 1 we denote the value of the function wu(t) for ¢ = t;. We perform the
change u(t) = u(t) + p in problem (5), (6).

Then problem (5), (6) is reduced to the following equivalent problem with a
unknown parameter pu:

=A(t)u+ F(t), (5)

(6)

=0

‘Z% = AT+ A+ F(t), (7)

u(to) =0, (8)
m m T
Mop + Z M;u(t;) + Z M;u+ /K(T)ﬂ(r)dq- + /K(T)dru =d. (9

A pair (u(t),n) is called a solution to problem with parameter (7)—(9) if the
function w(t) is continuously differentiable on [0, 7] and satisfies the system (7),
the initial condition (8) and the multipoint-integral condition (8).

Problems (5)-(6) and (7)-(9) are equivalent. If a vector function u(¢) is a
solution to the multipoint-integral problem (5), (6), then a pair (%(t), 1), where
aw(t) = u(t) — u(to), p = u(tp), is a solution to problem with parameter (7)-(9).
And conversely, if a pair (u*(t), ™) is a solution to problem with parameter
(7)-(9), then a vector function u*(t) = @*(t) + p* is a solution to the original
multipoint-integral problem (5), (6). At fixed p the problem (7), (8) is a Cauchy
problem for system of three differential equations and the relation (9) connects
values of function @(t) with the unknown parameter p.

A solution of Cauchy problem (7), (8) is equivalent to a Volterra integral
equation of the second kind

t

) = /t A(r)a(r)dr + / A(r)drp + / F(r)dr. (10)

0
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Substituting the right-hand side of the integral equation (10) instead of the
function u(7) at t = 7, and repeating the process v - time (v = 1,2,3,...), we
get -

u(t) = Dy(t)p+ Gu(t,u) + Fi (1), (11)

where

D, (t) :/tA(T)d7+/tA(T)/TA(Tl)dTldT+...+
0 0 0

+/A(T)/A(Tl)... / A(r,)dr,dr,—1...d1dT,
0 0

0
t T Ty—1

G,(t,u) Z/A (1) /A (11)... / A(r)u(r,)dr,dry—1...dmdr,

0

F,(t) = / d7+/A / m)dmdr + ..+
+ / A7) / A(r)... / F(r,)drydr, 1...drdr
0 0 0

From the representation (11) we determine the values of function u(t) for
t=t;,i=1,m, t =7, and substitute them into the appropriate expression (9).
Then, we obtain

=1 i=1

{MO+ZMI+D +/TK [T+ D, ( )}dT}u:d—iMiﬁu(ti)—
0

m

T T
/K T)dT — ZMlGV ti,u) — /K dr. (12)
0 i=1 0

The relation (12) is a linear system of three algebraic equations with respect to
the parameter pu.
If the (3 x 3) matrix Q,(T) = My + Y. M;[I + D,(t;)] + fK
i=1
D, (7)]dr is invertible for some v € N, then at fixed values u the parameter
1 is uniquely determined from system (12). So, for finding a solution to problem
(7)-(9) we have a closed system of equations (10) and (12).

3 Algorithm and Main Result

If the function u(t) is known, then the parameter p can be found from the
system of algebraic equations (12). Conversely, if the parameter p is known,
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then function @(t) can be found from the Cauchy problem for system of the
differential equations (7), (8). Since neither @(t), nor u are known, we use the
iterative method and find the solution of problem with parameter (7)-(9) in the
form of a pair (@*(t), u*) as the limit of a sequence (a® (¢), u®), k =0,1,2, ...,
determined according to the following algorithm:

Step 0. Assume that, for chosen v € N the matrix Q,(T) : R® — R? is
invertible. We use the initial condition (8). We determine the initial approxi-
mation in the parameter (%) from the system of algebraic equations @, (T =

d— EMF()

We solve the Cauchy problem (7), (8) for u = (9 and find a function (® (¢)
for all ¢ € [0, 7.

Step 1. Substituting the obtained function u(®)(¢) for w(t), from the system of
algebraic equations (12), we obtain M. Further, we solve the Cauchy problem
(7), (8) for p = ™ and find a function aM(t) for all ¢ € [0, T7.

And so on.

Step k. Substituting the obtained functlon a*=1(t) for u(t), from the system
of algebraic equations (12), we get u(®). Solving the Cauchy problem (7), (8) for
p=pM, we find a¥)(t) for all t € [0,T], k =0,1,2,....

Introduce notations

a= mox [[AD]] = max (L max {A42(0)] + [Ao(0)] + [ As()]}):

= K@) = K; + | Ko (t)| + | K;3(t)|}
K= frr[lg>;]\| Ol = e, E?x{\ 1]+ [Kio ()] + | Kis(t)[}
The following theorem establishes sufficient conditions for the applicability
and convergence of the algorithm proposed above, which also guarantee the
unique solvability of problem (5), (6).

Theorem 1. Let the matriz Q,(T) : R* — R is invertible for some v € N and
let the following inequalities be true:

a) |[Qu(T)] Y| < n,(T), where n,(T) is a positive constant;

8) au(T) = mo(T) - (35 1M+ #T) mase e —1— 55 el
Then the multipoint-integral boundary value problem (5), (6) has a unique
solution.

The proof of Theorem 1 is similar to the proof of Theorem 1 in [3].
By using the parametrization method, we split the procedure of determina-
tion of unknown functions into two part:

1) determination of the unknown function @(t) from the Cauchy problem for
system of three differential equations (7), (8);



Solvability of Multipoint-Integral Boundary Value Problem ... 119

2) determination of the introduced parameter p from the system of algebraic
equations (12).

Taking into account the notations and the equivalent transition to problem
(5), (6), we have

Theorem 2. Let the matriz Q,(T) : R* — R? is invertible for some v € N and
let the inequalities a), b) of Theorem 1 be true.

Then the multipoint-integral boundary value problem for the third-order dif-
ferential equation (1)—(4) has a unique solution.

4 Example

We consider the boundary value problem [27]:

d3z
5 =P[O+, te(ab), (13)
z(a) = a, (14)
dﬁta) = 1)
géégz = B,. (16)

Assume that the functions f(t) and p(¢) are given, and p(t) = 0 for ¢t € [a,c) U
(d,b], a < ¢ < d < b, the parameter r, a, 31, and (2 are constants.
For this problem

01 0 0
At)y=100 1 |, F@)= 0 :
00 p(t) f@t) +r
100 000 000  fa
My=(010|, Mm=[(000|, K@&)=[(000]|, d=|p ],
000 010 000 Ba

am@—jA@m+jmﬂ]mmmm+m+

t T Tv—1
—|—/A(7')/A(7'1)... / A(ry)drydry_y...dmdr, v=1,2,..,

0= max(l, tren[(;a’)l()] |p(t)|)



120 A.T. Assanova and A.E. Imanchiev

Theorem 3. Let the (3x 3 matriz Q,(a,b) = Mo+ M, [I+ D, (a,b)] is invertible
for some v € N and let the following inequalities be true:
a) |[Qu(a, b)) 71| < 7 (a,b), where 7, (a,b) is a positive constant;
b) @la,b) = i (a,b) - [X0-0 —1 = 30 POl ] oy,
j=1
Then two-point boundary value problem for the third-order differential equa-
tion (138)-(16) has a unique solution.

Note, that in the repeated integrals of 5,,(&,75) the element of the matrix
A(t) is function p(t) which are calculated on the interval [c, d].

Let p(t) = 1 for t € [e,d], p(t) = 0 for t € [a,c) U (d,b]. In this case, the
conditions of Theorem 3 will be formulated only in the terms of numbers a, b,
c, d.

We have

1 b—a 0

Theorem 4. Let the (3 x3 matriz Q1(a,b) = 01+b—a 0 is invertible
0 1 d—c

and let the following inequalities be true:

0) 1111 (a, )]~ < max( 1) + max(b - 0,1, 55 ) b
b) au(aab) =

= {max(dic, 1) —|—max<b— a,l, ﬁ) H_;_a] . [@(b,a) —1—(b— a)] < 1.

Then the two-point boundary value problem for the third-order differential
equation (13)-(16) has a unique solution.
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Abstract. In this paper we consider the questions of solvability of the
nonhomogeneous boundary value problem for the Burgers equation in
infinite angular domain. It is reduced to the study of the solvability of a
system consisting of two homogeneous integral equations. We prove some
lemmas which establish properties of integral operators in weighted space
of essentially bounded functions and prove the existence and properties
of non-trivial solutions to the system of homogeneous integral equations.
On the basis of Lemmas the solvability theorems of the nonhomoge-
neous boundary value problem for the Burgers equation in infinite angu-
lar domain are established.
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Introduction

Researches of Burgers equation has a long history, some of which are given in
work [4] and in the books [5] and [9]. In work [4] in the Sobolev classes it is estab-
lished the existence, uniqueness and regularity of the solution to the Burgers
equation in non-cylindrical (non-degenerating) domain that can be transformed
into a rectangular domain by the regular replacement of the independent vari-
ables. The authors indicate that the development of their results from the work
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[4] for the case of degenerating domain will be considered by them in further.

In this paper we study the solvability of a nonhomogeneous boundary value
problem for the Burgers equation in an infinite angular domain. The work con-
sists of five sections. In section 1 it is given preliminary provisions of the transfor-
mation in angular domain of the nonhomogeneous boundary value problem for
the Burgers equation to the homogeneous boundary value problem for the heat
equation. Section 2 is devoted to reducing the homogeneous boundary value
problem of heat conduction to a system of two integral equations. The main
results on the research of questions of solvability of integral equations are given
in section 3 (the case of constant coefficients wy and wy) and in section 5 (in a
special case of variable coefficients wo(t) and wy(t)). Finally, in section 4 it is
given theorems on the solvability of the nonhomogeneous boundary value prob-
lem for the Burgers equation in the infinite angular domain.

1 Preliminary Provisions and Statement of the Problem

For Burgers equation:
Wy + bwwy — a*wae = f(t),b >0,

in which, without limiting the generality, we assume b = 1, f(¢) = 0, and con-
sider in the domain G = {z,t: 0 < z < ¢, ¢ > 0} the boundary value problem

(1)

{wt +wwy — a?wg, =0, {x,t} €G,
wl _o=wo(t), w| _, =wit),

where wy(t), wi(t) are some given on (0, 00) functions.
Using the Hopf-Cole transformation

Uz (2,

w(z,t) = —2a* w(wt)

(2)

boundary value problem (1) is reduced to the following auxiliary homogeneous
boundary value problem

up — aug, =0, {x,t} € G,
5 (0, ) + sz wo(t)u(0,t) =0, (3)
Uy (t, ) + sezwi (t)u(t, t) = 0.

Indeed, substituting function (2) into equation (1), we get

9 [ug(w,t) — aug,(z,t)

s WD) =0, {z,t} € G, (4)

- () — Pt (3, ) = c(t)u(z, 1), (5)
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where ¢(t) is an arbitrary function and without loss of generality we can take
c(t) =0.
The inverse transformation to (2) is the following transformation

1 xr
u(z,t) = exp 7ﬁ/w(f,t)df+d(t) ,0<az<t, t>0, (6)
0
from which it follows

x

/w(g,t)dg+d(t) 0<z<t t>0, (7)
0

w(x,t)

2a2

ug(z,t) = — eXp 4§ —

242

where d(t) is an arbitrary bounded function on (0, 00). From formulas (2), (4)-
(7), we obtain that boundary value problem (3) follows from (1).

Thus we obtain that one solution of the Burgers equation from (1) corre-
sponds to each solution of the equation

ut(x7t) - a2uzm(1'>t) =0; (8)

conversely, to any solution of the Burgers equation from (1) there is a family of
solutions to equation (5), determined by arbitrary functions d(t). Obviously, the
elements of this family differ from each other by the exponential factor exp{d(t}.

We are interested in the question: whether the boundary value problem (1)
has solution? This question is directly related to the existence of a nontrivial
solution to the homogeneous boundary value problem (3), the study of which
is reduced to the investigation of the solvability of system consisting of two
homogeneous integral equations. As our work shows these integral equations
have the properties of singular integral equations.

2 Reducing Problem (3) to the Integral Equation

We are looking for solution of the problem (3) as the sum of the simple-layer
potentials ([13], 476-479):

o= 5 / =7 oo { -z

which satisfies equation (3) for all functions v(t) and ¢(t), are not yet known
and should be defined.
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We satisfy solution (9) to the boundary conditions from (3). For this, by
calculating the derivative with respect to x from (9):

ou(z,t) x?

T—T x—7)2
_— f mew{-ag s fetnar a0

we obtain as a result:

wo(t) / v(t)dr

V0= 20/ ] (6 =m)'2 = (N (1) (1) (11)
eillt) - 1 2_av\v/17>£t / 1_7- 172 = = (2w, (t)v) (1), (12)

where

Wo(t)

(Ve (00) () = 5= / o | Benanan )

(D, (D)) (t) = 2@\/>/ [ =T + (1_ W;Sl} E(t, m)v(r)dT, (14)

E(t,7) :exp{—zmg(t;_ﬂ}, o1(t) = () exp{éliz}. (15)

Thus, the homogeneous boundary problem (3) is reduced to the problem on
the solvability for the system of integral equations (11) and (12).
Below we consider various special cases of problem (11)—(15).

3 Solving the System of Integral Equations (11)—(12).
The Case of Constant Coeflicients wy and w,

In this section we establish some lemmas related to the solvability of integral
equations (11) and (12) in various special cases.
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3.1 Homogeneous Case of Problem (1)

The following lemma is valid.

Lemma 1. Let wo(t) =0 and wy(t) = 0. Then the system of equations (11) and
(12) has only one pair of non-trivial solutions {v(t), ¢1(t)} up to a common
constant factor

v(t Zaf/ R E(t,7)p1(T)d T, (16)

o1(t) = \}i+£exp{4t2} [1+ rf<\/j)]

Proof. If wo(t) =0 wy(t) =0, then from (11) and (12) we get:

t =
#1( Zaf/ t771/2

sae | s
0

and equality (16). Substituting (16) into (17) and following the work [3], we
obtain the integral equation

t+T1
er(t) Qa\F/ t—T 1/2 - 2af/ 7)3/2 Btripnar.— (8)

In work [3] it was shown that equation (18) has only one nontrivial solution up
to a constant factor. From this the assertion of Lemma 1 follows. (]

3.2 Nonhomogeneous Case of Problem (1): wo(t) = w1(t) = 1.
The following lemma is valid.

Lemma 2. Let wo(t) =1 and wy(t) = 1. Then the system of equations (11) and
(12) has only one pair of non-trivial solutions {v(t), ¢1(t)} up to a common
constant factor

p1(t) =

/ P 3/2 (t, Tv(T)dT, (19)

\f
0 Fp [N v ()]
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Proof. Tf wy(t) =1 and wy(¢t) = 1, then from (11) and (12) we obtain:

Qa\f/ t—T 1/2 = 2af/ )72 E(t,m)pi(T)dT, (20)

and equality (19). Substituting (19) into (20) and following the work [3], we get
the integral equation

t+ 7

Qaf/ t—71/2:2af/ t—T1)3/2

E(t,7)v(r)dT, (21)

which coincides with equation (18). From this the validity of the assertion of
Lemma 2 follows. O

3.3 Nonhomogeneous Case of Problem (1): wo(t) = w1 (t) = A =1/2.
The following lemma is valid.

Lemma 3. Let A = 1/2. Then the system of equations (11) and (12) has solu-
tions of the form

v(t) = 1 [%exp{él;}wf <1+ f<\/¥)>}
ff; e ew{ - ZED ) ocicn @)
o= [ ow{ g+ 0 (10t (3))]
MZ%H)exp{ R )

up to constant factors C1 and Csy, and

v(t), p1(t) € Lo (R+; /2 exp {—422}> .

Proof. We introduce the notations

wi () =v(t) +o1(t), w-(t) =v(t) — p1(h),

and from equations (11) and (12) we obtain the following equations concerning
the functions w4 (t) and w_ (t) :

t+ 7

4a\/>/ t—T 1/2 = 40,\/>/ t—T 3/2 t T)W+(T)dT, (24)

w+t

t+ 71
w- (1) ‘4@\/%/ o = Ty / F Pt - (i, (29
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where we remind

E(t,T):eXp{—tT}.

4a?(t — 1)

Equation (24) has been solved by us earlier [1,2,6-8,11] and this solution is
equal to:

wy (t) = C\}exp{4t2}+\[[l+ f(*/j)] £>0, Cy = const.  (26)

It remains to us to solve equation (25). For this purpose, in equation (25) we
hold the following replacements of the independent variables:

t=1/y, 7=1/x, dr = —dz/(z?), t <T <00, y < x < 00,

as a result we get (for y > 0):

w_(1/y) + e R VLT
Qaf/ (z { 4a®(z y)}

- 4a1/7?/ (m_z;j%m [Hexp{—m}] w_(1/z)dx = 0.

Hence, for a new unknown function 9 (y) = y~3/?w_(1/y) we obtain:

Y- 0(y) 4af/ oY [1+exp{—4a2(y1_$)H b(z)d

1
+2aﬁ0/(yx)3/2 exp{—zmz(y_x)}xw(x)dx—o, O<y<oo. (27)

Applying the Laplace transform to equation (27), we get

_dgl()p) _ 2(11\/[)<1 + exp ( — %))W(p) + exp (—2\&/23> %}gp) =0,

i.e., we have:

ch@

dwip) 1 o
ip +2a\/13 Sh@d'/(p)—o. (28)

The general solution of the differential equation (28) is determined by the
following formula:

Cs

¥ (p) = 7
shg

Cy = const. (29)
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To find the original of function (29), we rewrite it as a series:
(2n+1
= QCQZexp{ 7)\[} (30)
n=0

Applying the inverse Laplace transform to (30), we will have:

C: 1 = 2 1)2
v =k Yt e { - T oy <w @)
n=0

Returning to the original variables, from equation (31) we obtain the solution
of equation (25):

i2n+1)exp{ Mt},0<t<oo. (32)

w-(t) = 4a?

ay/m

It is obvious that the solutions (26) and (32) belong to the space

wi(t), w_(t) € Lo (R+; tl/QeXp{—Zl;}) ,

and from here the assertion of lemma 3 follows. O

3.4 Nonhomogeneous Case of Problem (1): wo(t) = w1(t) = A € R,
A#1/2}

The following lemma is valid.

Lemma 4. Let the boundary functions wo(t) and wi(t) be given as follows:
wo(t) = wi(t) = A, where A € R\ {1/2}. Then for the solutions of equations
(11) and (12) the following representations take place

) = e {}+7dr 2af/ e O ay

2(, _
© (Na(r)en) (1) exp{—/\(t)}dﬂ (33)

4a?

<1:>ﬁexp{<1wt}+/ d1-2 [ @O0,

t) = _
wult) 4a? dr | 2a\/T N
0

+ (@x(T)v) (1) | exp {—MM} dr. (34)

4a?
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Proof. Let X be a finite real number which is not equal to the number 1/2. Then
from (11) and (12) we have:

u 2M/ P = () (), (3)
1—A / p1(T)dT
e1(t) — 2a\/T / (t—7)1/2 = (Da(t)v) (1), (36)
where
(Na(t)er) (1) = 2M/L/Atﬂi;m B, e(ndr, (1)
(dj)\() QG\f./ tith;Q/\TE(taT)l/(T)dT. (38)

We rewrite equation (35) in the form:

A (12
5 (1) ) —2a\f/\/ﬁ

dr = v(t) — (Na()er) (1), £ >0,  (39)

where the left expression is written by using the operator Iéf of Riemann-
Liouville fractional integration of the order 1/2 ([12], 38-39, 41-43, 84-86). Con-

sidering the right side of (39) temporarily known and applying the operator @& f
Riemann-Liouville fractional differentiation of the order 1/2 [12]:

t
12, Li /
0

we find as a solution to Abel equation of the first kind (39) ([12], 38-39, 50, 96,
105):

A ) = 1 d [v(r)dr 1 d/wdr (40)

27T mat ) Vier  Urdt N
0 0

Further, differentiating equation (35) once with respect to t, we obtain:

di/ =dr =v'(t) - % (Na(t)gr) (t), t > 0. (41)
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Now multiplying equation (40) by A/(2a) and adding obtained left and right
hand parts of equations (40) and (41), we obtain the differential equation:

2 / T T
V'(t)f%V(t):% 2a>\\/7?/(NA\(/£( )dw(NA(t)sol)(t) ;o (42)
0

with the finite condition:

A%t AT
li t - = 43
Jim vt exp {3z} = 2 (13)
The solution of the problem (42)—(43) has the form (33).
Similarly, as for equation (35), for integral equation (36) we have (34).
Proof of lemma 4 is completed by this fact. O

3.5 Properties of the Operator Ny (t) (37)

The following lemma is valid.

Lemma 5. The operator Ny (t) (37) boundedly acts on the function p;(t) = %
with a value in the space Lo (Ry; t1/2).

Proof. Let p1(t) = % To solve equation (20), we at first calculate its right-hand
side (Nx(t)e1) (t). We get

¢
1 M+ (1=N)T tr
Niy(t t) = - d
(Ma(B)er) () 2ay/m  TY2(t —T1)3/2 P 4a?(t — ) T
0
t t(z% —t) t? 2t%dz
= = — s = 3 s — :—2’ = 3
z N T . t—1T . dr 2
LT M (1= NI e NIEEL
- 2a+/T t1/2(22 — t)1/2¢323 oxp 4a?t? dz
Vi
1 22 —t+ M ox 2t .
A ) LR
Vit
2 2
o 2 2 PR 1/2
— 1 vt 1+Aex _tﬂil d i 2_1
o aﬁf % 2 P 40’2 \/i
7 7
2
= <2: i _17 Yy @
Vi 2a
U TS VNN S/ s
t /T 1+ ¢2 2 2a
0
1 (1— M)t 1
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From here, using formula

o0

2.2
/de = erfc(ﬁ,u)% exp{B*u?}, Re >0, |argu < Z

from ([10], 3.466.1), we obtain

G IVE {22} erfe (‘;j) or(t) = % (44)

(N (b)) (6) = =

Sl -

Thus, we have

(N Ol y=t-172 =

— \% _ WGXP {Z} erfc (;/E) € Loo(Ry; t1/%),

Lemma 5 is proved. ]

From the proof of lemma 5 it follows that when ¢y () = t~1/2 equation (20)
takes the form:

u(t) — 2a?ﬁ0/t (5(71?172 - % - W exp {422} erfe (2@) . (45)

3.6 Properties of the Solution of Equation (45)

For the solution of equation (45) the following lemma is valid.

Lemma 6. The solution of equation (45) can be represented in the form v(t) =
v1(t) + v2(t), and,

2
v1(t) € Loo (R+; /2 exp {—W}) , €>0, (46)

€ Lo (R {221, "
v(t) € Leo (R+; /2 exp {—(Az;gﬁ}) @® Lo (R+; exp {-i{jﬁ}) . (48)

Proof. We will look for the solution of equation (45) as a sum v(t) = vy (t)+va(t),
where
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if A >0, A#1/2, then

)

TRV WY P
el [ o

if A <0, then

n(t) = = - VT ep {37 err (),

Vi 4a 2a
—)\ - / T)dT
Vz(t) = af ex {4 5 } _ 2a\/7T. (tg£ 7)—)1/2 + g(t)
0

A2 7 N2(r —t) A [ g(n)dn
—— [ expy———2 ¢ |— +
4a? 4a2 2a/7 | (1 —m1)1/2

t 0

are solutions of the following two integral equations:

1

2af/ t—71/27 N

) 2M/”Q s =l

where

g(t) = —u_;\l)\/%exp{zaz}erfc (;/j) .

If A =0, then from (45) we obtain the solution v(t):

u(t) = % - \;fexp{;(ﬂ}erfc (;/j) ,

which belongs to the class Lo, (R+; t1/2).

g(r)| dr;  (50)

9(7)} dr; (52)

(53)

(54)

(55)

(56)

Upon receipt of solutions (49), (51) and (50), (52) of equations (53) and (54),
respectively, we use the formula (33), and we apply the formula (43) in the form:

t—+oo 4a? 2a

N2t A
lim z/j()exp{—}:\/%7 i=12, A>0, A#1/2;
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A%t A%t A
lm (¢ )exp{—4} =0, tETwug(t)exp{—W} = g, A <0

t—+o0 a?

i.e.
. A%t . A%t T
tgng(t)exp{—W}=tl}grnoo[vl(tHVz(t)]exp{—W}— T )

Let us remind that we have considered the case A = 1/2 separately.
Now we consider solution v5(t) (50) and show that the following difference

T 2
VQ(t) — % exp {i\a;} = Il(t) — Ig(t)

is a bounded and continuous function on the semiaxis (0, c0).
For this purpose, we carry out further calculations of the integrals in formula

(50) for the solution v5(t). We have

L) = 2a\f/ t—71/2
t o)
Xp{4“2} eXp{—zQ}dsz

azﬁ / t—T)/2
0 el

exp {7 ) [ exp {-az}d0 dr = I11(t) + I12(t)

a3ﬁ/ t—1)1/2 NG

T

0 6
Ill(t): )‘()‘_1)/ T / Xp{4a }dT do
8a3\/m (t —7)t/2 ’
0

0

I12(t)_)\8(adf / exp{ 4az} /exp{4a21}/2d7-d9.

Further, for I;1(¢) we have

where

AA—1 £ [exp{—i) Vi
In(t) = WQXP{W}/I)W;GZ / exp {—¢*}d¢do
0 Vit—8/(2a)
t s —
= 7)\(/;@_2 D) exp{;ﬂ}/e p{\/{‘ﬂ} [erf (;{f) —erf( t2a 9)] dé.
0

Note that I;1(t) is a bounded and continuous function on the semiaxis (0, c0).
It is enough to prove this assertion for large values ¢ and ¢ — 6; and also for large
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values ¢t and for small values ¢ — 6. Indeed, since in the first case, the following
relationships are valid:

ot (L)t (Y0 e (V7

2a 2a

2a . { t@}
R ————eXpy——5 ¢,
Jivi—0 P a2

then for I11(t) we get:

/ Ay
2af \/T %

Similarly, it is shown that the above statement is true for large ¢t and small
t—0.

Due to the fact that the right side of integral equation (54) (see (55)) is a
bounded and continuous function on a semiaxis (0, c0), then the expression

I:1(t)

G(t)

2(1\/>/ t—T 1/2 +9(t)

is the bounded and continuous function on a semiaxis (0, 00). Consequently, the
following integral

A2 7 A1 —t) g(m1)dm
IQ(t) 4a Z/GXP{ 40,2 } 2@\/7/ T—Tl 1/2 +g(7_) dr
t

will also be the bounded and continuous function of ¢ on the semiaxis (0, 00).
Similar calculations are also valid for solution (52).
This completes the proof of lemma 6. O

3.7 Estimation of the Norm for Operator Nj(t) (37)
We show the the validity of the following lemma.

Lemma 7. The operator N (t) has property of linearity and boundedness in the
space Lo (R+; t1/2), i.e.

Na(t) € £ (LOO (R+; t1/2>) .

Proof. We calculate estimation of the norm for the operator N (¢) in the space
Loo (Ry;tY/?). We have

2ai/% |7>—\f/;_(t(1__7—))\:’>)/2| E(t,7)|[VTer()|dT. (58)
0

[ (Nx(t)g1) ()] < Cy
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Let ||901(t)||Lm(R+;t1/2) = 1. Then from (58) we obtain

1 / M+ (1= N7 it
| (NA(t)pr) (B)] < a/m Tl/—;(lf 7)3)/2| exp {_a)} i
0

¢ RCE) 2 _ 2t%dz

VT 2
T+ ) NEEF 2 5042 WESW
:2af/ YETPE R VETEr R R TE R

1 |z27t+)\t| { th}
= Xp < — dz

z =

a\/ﬁ z(z2 —t)1/2 ¢ 4a?
2 2
=) —14 A z
el
- a\f B Py
(&)
1/2

X

ISH
| — |
TN
<o
~__

(V)

|

—
| S

2:<Z 2_1 :@

C % y Y 2a
12 ¢+ 02\ (Vi
-G [ St -G e (%)
0
1 A1t [ 1

=— |1+ e —y?tdyl.
Vi |t e oty

From here using the following formula

exp{—p2z? _
/ 21 dx elrfc(ﬁy)2
0

from ([10], 3.466.1), we get
L e P R (ﬁ) |

exp{B*1*}, Re3 >0, |arg,u<f

B 4

20 (59)

It is obvious that function (59) belongs to the class Lo, (Ry; t1/2), ie.

Ni(t) € & (Loo <R+; t1/2)) .

Lemma 7 is proved. (Il
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4 The Main Result

The assertions of lemmas in section 3 allow us to formulate the following theo-
rems.

Theorem 1. Let the conditions of Lemma 1 (or Lemma 2) be satisfied. Then
the boundary value problem (1) for Burgers equation has only one solution.

Proof. According to Lemma 1 (or Lemma 2) the solution to boundary problem
(3) by the formula (9) can be found up to a constant factor. However, this
constant does not affect the solution to problem (1) according to Hopf-Cole
transformation (2). Theorem 1 is proved. O

Theorem 2. Let the conditions of Lemma 8 be satisfied. Then the boundary
value problem (1) for Burgers equation has an infinite number of solutions.

Proof. According to Lemma 3 constants C; and Cs are given independently
of each other. Therefore, in the general case, the solution to boundary value
problem (3) is defined by two constants C; and Cj, which under transforma-
tions of the Hopf-Cole (2) do not cancel. From this the statement of Theorem 2
follows. O

Theorem 3. Let the conditions of Lemma 4 be satisfied. Then the boundary
value problem (1) for Burgers equation has only one solution.

Proof. According to Lemma 4 the solution to boundary problem (3) by the
formula (9) can be found up to a constant factor. However, this constant does
not affect the solution to problem (1) according to the transformation of the
Hopf-Cole (2). Theorem 3 is proved. O

5 Solving the System of Integral Equations (11)—(12).
The Case of Variable Coefficients wo(t) and w (%)

We assume that the variable coefficients wo(t) and wy(t) satisfy the following

conditions: "
t t
VEt E wo(t)] <1, Y2 jwo(t)] < 1,
2a
2wy (t) — 1
VT '2”:() L1, 02 oty — 1] < 1, (60)
wo(t) +wi(t) # 19t € Ry, lim 2 wo(t) = tnron+t1/2 [wi(t) —1].  (61)

We will look for solutions of the integral equations (11)—(12) in a weight class of
functions:

tY2u(t) € Loo(Ry); t% 01 € Loo(Ry),
ie. v(t), p1(t) € Loo(Ry; t1/2). (62)
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We write equations (11)—(12) in the operator form. We have:
(I-—A)v=Ngyy, (I-B) ¢ =9, (63)

where [ is the identity operator, and the operators A and B act in the space
Loo(Ry; t1/2), and, the following lemmas 8 and 9 are valid.

Lemma 8. Let the conditions (60) be satisfied. Then the operators A and B
have the properties of linearity and continuity:

Acy (LOO(R+; t1/2)) ,Bey (LOO(R+; t1/2)) : (64)
and for their norms the estimates:
[Al <1, 1B <1 (65)
are valid.
Lemma 9. For the right parts of equations (11)-(12) we have the estimates
(N(@)pr)(t) <72, (@) (t) <t~/
for @1(t), v(t) € Loo(Ry; tY/?). (66)
Moreover, the operators of the right sides N and @ from (63), as well as the

operators A and B, act in the space Loo(Roy, t1/2), and have the properties of
linearity and continuity:

Neg (LOO(R+; t1/2)> Py (LOO(R+; t1/2)) , (67)
also for their norms the estimates:
IVl <1, |2 <1 (68)
are valid.
Proof. For this it is sufficient to establish the first estimate from (66). The second

estimate from (66) is established similarly. We have

1 / T1/2 1
(N()e)(t) < 2aﬁ0/ l(tT)S/Q + Tt —1)

E(t,7)dr

1 t . _ tT dr —
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From here assertion (66) as well as assertions (67) and (68) of lemma 9 follow
immediately. ]

From assertions of lemmas 8 and 9 the validity of next lemma follows.

Lemma 10. Let the conditions of lemmas 8 and 9 be satisfied. Then the oper-
ators I — A and I — B are continuously invertible, i.e. we have

v(t) = (I = AT (Ne1)(t), ¢i(t) = (I = B)"(dv)(1). (69)

The system of the integral equations (11)—(12) is split into the following two
integral equations

v(t) = (I — AN - B)"H(@v)(®), (70)

p1(t) = (I = B)"H(P(I — A)T (No1)(®). (71)

Remark 1. The system of the integral equations (70)—(71) has always the trivial
solution. However, as it is shown above, at some given constant values of the
functions wq(t) and wy(t) this system can have together with the trivial solution
and non-trivial solutions.

Remark 2. The solvability of the system of the integral equations (70)—(71), and,
respectively, and equations (11)—(12) should be investigated further.
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of Semiperiodical Boundary Value

Problem for Systems of Nonlinear
Hyperbolic Equations
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050010, Kazakhstan
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2 Al-Farabi Kazakh National University, 71 al-Farabi avenue, Almaty 050010,
Kazakhstan

Abstract. In this paper we consider a semi-periodical boundary value
problem for a system of nonlinear hyperbolic equations in a rectangular
domain. An algorithm for finding of approximate solution to the semi-
periodical boundary value problem for the systems of nonlinear hyper-
bolic equation is offered. Conditions for the convergence of the approx-
imate solutions to the exact solution of the semi-periodical boundary
value problem for the system of nonlinear hyperbolic equations are estab-
lished.

Keywords: Systems of nonlinear hyperbolic equation -
Semi-periodical boundary value problem - Modification of Euler
method - Family of periodic boundary value problems -
Parametrization method - Approximate solution

1 Introduction

The boundary value problems with nonlocal conditions for hyperbolic equa-
tions are studied by A.M. Nakhushev [16,17], Yu. A. Mitropolsky and L.B.
Urmancheva [15], S.S. Kharibegashivili [13,14], T.I. Kiguradze [8-12], L.S. Pulk-
ina [6] and others. The theory of nonlocal boundary value problems for system
of hyperbolic equations with mixed derivatives are also developed in the works
of D.S. Dzhumabaev, A.T. Asanova and their disciples. A.T. Asanova [1,2] elab-
orated a method of introducing functional parameters for a study of nonlocal
problems for the system of hyperbolic equations with mixed derivatives. This
method is based on the parametrization method proposed by D.S. Dzhumabaev
[3] for investigating and solving of boundary value problems for system of ordi-
nary differential equations.

(© Springer International Publishing AG 2017

T.Sh. Kalmenov et al. (eds.), Functional Analysis in Interdisciplinary Applications,
Springer Proceedings in Mathematics & Statistics 216,
https://doi.org/10.1007/978-3-319-67053-9_13
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In this paper we consider a semi-periodic boundary value problem for systems
of hyperbolic equations. The algorithm for finding of classical solutions to the
semi-periodical boundary value problem for the system of hyperbolic equations
with mixed derivatives is constructed and the coefficient criterions of unique
solvability to considered problem are obtained. The approximate solutions of
semi-periodical boundary value problem for the system of hyperbolic equations
are constructed by the method of Euler’s modification [7] and the method of
functional parametrization [1,2].

2 Formulation of the Problem

At the domain 2 = [0,w]x[0, T] we consider the following semi-periodical bound-
ary value problem for the system of hyperbolic equations with two independent
variables

0?u Ou Ou — n

Bdi :f(a:,t,u,g,%), (z,t) € 2, weR", (1)
w(z,0) = u(z,T), € [0,w] (2)
u(0,t) = (), te]0,T], (3)

where the n vector function f : 2 x R3" — R" is continuous on {2, the n vector
function (t) is continuous differentiable on [0, T, and they satisfy compatibility
condition: ¥(0) = ¥(T). L
We denote by C(§2, R™) the space of functions continuous on 2 u: 2 — R
with the norm ||u(z,-)|1 = max ||lu(x,t)|| = max max |u;(x,t)|.
s = el ) = s mas G )

) € C(f2,R"), having partial derivatives

0%u(x,t) —

— ™) i 11
pr T C(£2,R") 1sia ed
if it satisfies system (1) for all (x,t) € {2 and

Definition 1. A function w

8u((93;, D eecomrmy, 2“0 ¢ om ),

ot
a solution to problem (1)-(3)
boundary conditions (2), (3).

(z,1
x,t)

2.1 A Family of Periodic Boundary Value Problems. Method of
Euler’s Modification. Reduction to an Equivalent Problem

ou(z,t) _ ou(zx,t)

, w(x,t)
ox ot
Then we reduce problem (1)-(3) to the equivalent problem:

We introduce new unknown functions v(z,t) =
ov _

i flz,t,u(z, t), w(x,t),v), (z,t) € 2, (4)

v(z,0) =v(z,T), z € [0,w], (5)

u(a t) = (1) + / Co(E e, w(at) = () + / CuE D ()
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Definition 2. A triple of functions {u(z,t),w(z,t),v(x,t)} continuous in {2 is
called a solution of problem (4)-(6), if the function v(x,t) € C(£2, R™) is contin-
uously differentiable in 2 with respect to ¢ and satisfies the family of periodical
boundary value problem (4), (5), where functions u(z,t) and w(zx,t) are con-
ov(x,t)
ot

The problems (1)-(3) and (4)-(6) are equivalent in that sense: if the func-
tion w(z,t) is the solution of problem (1)-(3), then the triple of functions
{u(z,t), w(x,t),

v(x,t)} is a solution of problem (4)-(6), and vice versa. If triple of functions
{vw*(z,t),w*(z,t),v*(x,t)} is the solution of problem (4)-(6), then the function
u*(x,t) is the solution of problem (1)-(3).
For the problem (4)-(6) we apply the parametrization method [18]. We take
astep hy > 0: N1hy =T, Ny = 1,2,3,..., and make the partition of interval
N
[0,T) = U1 [(r = 1)hq,rhy). By v.(x,t) denote the restriction of v(x,t) on
r=1
[(r — 1)h1,7hy) such that v, : [(r — 1)hi,7h1) — R™ and v, (z,t) = v(z,t) for all
(z,t) € 2, =[0,w] X [(r —1)h1,7h1) and r = 1, Ny.

By A.(z) we denote the value of v(z,t) under t = (r — 1)hy, r = 1, N7 and
make replacement v,(z,t) = v.(x,t) — A\.(x) on each interval [(r — 1)hy,rhy).
Then problem (4), (5) is reduced to equivalent boundary value problem with
parameters

nected with v(x,t),

by functional relations (6).

385; = f(z,t,u(z,t), w(x,t), v, + \-(z)), (z,t) € 20, (7)
Er(xa (T - 1)hl) =0,z € [va] (8)

)\1(35) - t_l)ijrwn_O:JN1 (xat) - )‘N1 (LE) =0, (9)

As(x) + tﬁlsi}rlnio Vs(m,t) — Asp1(z) =0, s =1, Ny — 1. (10)

At fixed Aq(z) the Cauchy problem (7)-(8) is equivalent to the family of
system of Volterra integral equations of the second kind on intervals of length
h1 >0

¢
et = [ femute e @) (1)
(T‘—l)h1
(x,t) €., r=1,Ny.
Substituting v,.(x, 7) in the right-hand side (11) and repeating the process v
times, (v = 1,2,...), we obtain for the function v,.(x,t) the following expression

T1

@(w,t)z/( W f($,7'1,u(.%‘,Tl),’w($,T1),)\T(JZ)+/(

f(x7 T2, U;(J?, 7—2)7
r—1 ’r‘*l)hl

Tv—1

w($,72),)\r(13)+...+/(1)h fla,m,ulz, 7)), w(x, ), A\ (z)+
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—i—ﬁr(x,Tl,))dTl,)...dTQ)dTl, xz €[0,w],t € [(r —1)hy,rhy), 7 =1, Ny.

Determining 1i}an Up(z,t), r = 1, N1, and substituting their in (10), we

t—r 1—0
obtain the system of nonlinear equations with respect to unknown functional
parameters A, (x):

Nihi

Ar(z) — AN, () — f o, m,u(z, 1), w(z, m1), An, () + ..+
(lel)hl

Tv—1

f oz, u(e, ), w(e, ), AN, () + on, (&, 7)) dry... drp =0,
(N1—1)hy

shy

As(z) + f oz, u(e, ), w(z, 1), As(z) + ...+
(S*l)hl

Tv—1

+ [ oz, u(z, ), w(z, ), As(x) + vs(z, 7)) dry... dri — As1(x) =0,
(S*l)hl

S = 1, Nl —1.
Thus we rewrite the equations in the following form

Qu.py (T, u,w, A, 0) = 0. (12)

Consider a family of periodic boundary value problems

ov . . -
5 = [z, t, 4z, t), w(z,t),v), (z,t) € 2, (13)

v(z,0) =v(z,T), z € [0,w], (14)

where the functions @(z,t) and w(z,t) are known and continuous on 2. For

finding the solution to problem (13), (14) we use parametrization method [5].
We denote by C (82, hy, R™V1) a space of systems of functions o(z, [t]) =

= (01(x,t),...,0N, (x,t)), where the functions v,.(x,t) are continuous on {2, and

have the finite left-hand limit \ li}ILn Oﬁr(x, t), r =1, Ny, with the norm

—T

B Dl = max  sup B8] and denote by C([0,u], BM) a
r=1,N1te[(r—1)hi,rh1)

space of vector functions A : [0,w] — R™* continuous on [0, w] with the norm

Mo = meax [IA(x)] = max max [\ (x)].
4 ] z€[0,w] r=1,N;

)

Assume that the parameter A0 (z) = ()\50) (x),...,)\g\?f (z)) € R™ and
I
system functions 2 (z, [t]) = (550) (x,1),... ,55\?1) (x, t)) are known.
Let
v (@, t) = MO (@) + 5 (2, 1), (1) € 2y, v = TN,

v (2, T) = A9 () + lim 05583 (2, 1).
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We take functions p(z) > 0, p(x) > 0, p1(x) = p(z) + p(z), continuous on [0, w]

and construct sets
$(AO (@), pla)) =

= {(A@) = (@), A, (2)) € cuo W], R 1 M) = A @) < pl)},
$ (70 @, 1), lw)) =

— (@ (1), m( D) € C@,hn, B : |5, []) = 7 (@, [z < )},

S(N 1(@) = {vl@,t) € C@) : ol ) = v (@, )l < pr(a)},

GY = {(z, t,u,w,v) : (z,t) € 2, u="da(x,t), w=(zt),||v— ()| < pr(z)}.

Condition Ag. The function f(z,t,a(z,t),w(z,t),v) has uniformly continuous
partial derivative with respect to v in GY and |fv(:1:7t, (x,t), w(z,t),v)| < L(z),
where L(z) is a function continuous on [0,w] .
We take a system (/\Soo) (x),0%(x,t)), r = 1, Ny, and construct the successive
approximations by the following algorithm
Step 1. (a) From equation(12), where u = a(z,t), w = w(z,t), v = 9O (z,1),
we define the functional parameter A(V)(z) = (/\51)( ) /\5\}1) (z)) € RN
(b) Solving the Cauchy problem (7), (8) for u = u(z,t),w = W(x,t), A, = )\gl)(x),
we find 57(-1)(:10715), t € [(r—1)hy,rhy), r =1, Ny.
Step 2. (a) Substituting v for 7! and solving the equation (12), where u =
(z, t),
w = w(z,t), we define A®(z) € R™V1,
(b) Solving the Cauchy problem (7), (8) for u = 4(x,t),w = W(x,t), A, = AP (2),
we find the functions o> )(ﬁlc,t)7 t € [(r —1)hy,rhy), r =1, N7. And so on.
Step k. (a) Substituting o for 7*~1) and solving the equation (12), where u =
iz, t), w = w(z,t), we define \¥)(z) € R*N1,
(b) Solving the Cauchy problem (7), (8) for v = a(x,t),w = w(z,t),\, =
A (@),
we find the functions 7" (x,t), t € [(r—1)hy,rhy), r=1,Ny, k=1,2,....
Sufficient conditions for the existence of solutions to boundary value problem
(7)-(10) are established in the following assertion.

Theorem 1. Suppose that for some A0 (z),70) (z, [t]), p(x), p(x) condition Ag

holds and there exists hy > 0 : Nithy = T,(N; = 1,2,3,...),v € N, such

aQU,hl ($7 ﬁ'a ’LZ), )‘7 v
OA

that the Jacobi’s matriz

(A(m),'ﬁ(z,t)) c
€ S()\(O) (:L'),p(x)) X S(E(O) (, [t]),ﬁ(z)) and the following inequalities hold:

is invertible for all x € [0,w],

H {aQ,,JH (xuw)\ﬂ) B

1 = || =,
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2. q(x,hy) = ’yy(x,hl){eL(z)hl — Z%(L(w)hl)l} <1,
i=0
2 (L) T e ) - e [l
+'Yu(1'7 h’l)”Q’/JLI (1‘, ’d(l‘, ) (ZC, ')’ )‘(0) ('r)ﬂ;(o) (‘T’ []))” < ,0(1‘),
)

b [ (L) (o = 1)+ ][0 - T D

< p(z).
Then sequence of pairs (A®) (z), %) (z, 1)),k = 1,2,3,..., defined by algorithm,
belongs to S()\(O) (x),p(:z:)) X S(E(O)(z, [t]),ﬁ(a:)), converges to (\*(z),0*(x,t))

as k — oo, which is the solution of the problem (7)-(10) under u = t(x,t),w =
w(x,t) and the following inequalities hold:

’YV(‘ra hl) l

@ IX @) =A@ < 72 S 7 (L@ ) 70 @ 1) = 5O [+

+’7V(xa hl)HQan (x, ﬂ(CL‘, ')a ’Lf}($7 ')7 A©) (.’L‘), 5(0)(1‘, H)) H?
S Ly 5O (e 1 < [ (@) 1 Y L _
) 17 (e, 1) = 50 [Dlle < [ 122 s o (B ) (e 1) +1]x
x50 (@, []) = 3 (@, [])]|2-

Proof. By condition 3) of theorem, operator @, , (z, 4(z,-), w(z, -), A(z), ()
(z,[])) satisfies in S(A()(z), p(x)) all the assumptions of theorem 1 of [4]. Then,
for fixed values of Z € [0, w] there exists a number gy > 0 satisfying the inequal-
ities
g0 (Z,h1) < 1/2 and

)6 (i, ) () A @), 50 D) < (@),
1—8071/(%7]11) 511 ) ) ) ) ) ) )
From the uniform continuity of f it follows that the Jacobi’s matrix
OQu, (&0, 2,5
ox
0 do(eo) € (0, %x)} such that, for any A(2), (&) € S(A©(2), p(2)) the inequal-
ity | A(2) — A(&)]|| < do(0) holds. Choosing

aZz oy = max(l, 'Yu(iv h’l)”QVJLI (i‘v ﬁ'('%v ')’ ﬁ}(i‘, ')7 )‘(0) (Sﬁ)vﬁ(m ('i" []))”/50)’

is uniformly continuous in S(A(2), p(#)) and for go >

we construct an iterative process:
AR (3) = XO(2),

0Qu (&, 4, w, \Em) 50 )
A(l,m-i—l)(j) _ )\(l,m) (Lf') _ l( Q ’hl( o) )) 1><
«
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X Ql/,h] (£7ﬁ7/lz)7 )\(17m)7f/l\1/((]))7 j: e [07 w]’ m = 17 2737 R (15)

By theorem 1 of [4], the iterative process (15) in the norm || - ||o converges to

A1) (2) which is isolated solutions of the equation Qu.h, (fc, a, W, A, 5(0)) =0, in

the set S()\(O) (@), p(fc)) and the estimate holds:

IAND (@) = XO@)| < %@ h) [ Quny (81, A, FTO) | < pla).  (16)

By virtue of the arbitrariness of & this estimate is valid for all x € [0,w]. By
our assumptions function ot (Z,1t) is solution of the Cauchy problem (7), (8) for
u(z, t) = 4(Z,t), w(z, t) = (&, t), \r(z) = )\(1)( ). From the operator’s structure
Qu.h, (QA?,’&,UA), )\75) and the equality Q, p, (:mu,w, A1 ),’U(O)) = 0 it follows

%(f,m)\lczy,hl(a:zmw,A“),@(”)H <

Yo (@, 7)1 Quony (&, 1y 0, A TD) = Qupy (21,10, AV, B | < (2, ) X
(1) 200) (4
xrgllax‘/(r 1)h1 /(r 1)h1 Do (&, 1) =0, (&, 1) ||dry .o dmy | <
1 ~ ~ .
ha) — (L(2)h) " [F) (@, []) = 3 (@, [D]e- (17)

IfA(@) € S(A<l><ﬁ>,p<l><@>+é), where p () = |Qu.p, (&, @, 1, A, 50)]
X7y, (Z, h1), the number &€ > 0 satisfies the following inequality

) Q8. 0, ) A ). T 3 ED) + 242

1 ~ V|~ ~ ~ ~ ~ ~

X (L(@)h) " [00) (@, [) = 7Y@, [Dll2 + € < p(2)
for all & € [0,w]; then, by inequalities 3, 4 of theorem and (16), (17), we have
IA@) =A@ < [A@) = AV @) + 1AV (@) - XD @) < 1AV (@) = AV @)1+

0 (8 h)l|Quons (8, 0, A o) | &4 < (8 1) | Qun (3,8 0, A 0+
... . N - .
= L@ha ") (@, [1) = o) (@ [Dll2 + € < p(a), (18)
e, SOAW(z), pM () 4 &) € S(ANO (&), p(2)). From the conditions of Theorem
it follows that the operator Q,, p, (&, 4(x, ), w(z, ), A(2), 7V (2, [])) in SNV (2),
p1(&) + €) satisfies all the conditions of Theorem theol of [4].

Therefore, the iterative process

+’VV(§77h1)

AEO(@) =20 (@),
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1 0Qun, (&8, A T )y
( x

)\(27m+1)(£) = \2m) (&) — = D\
(67

% Quyny (8,0, X2, 5V, &€ [0,0], m =1,2,3,...,
converges to A (%) by the norm | - |lo, where A (Z) is isolated solu-
tion to the equation Q,p,(#,(z,-),w(z, ), \(#),7M(2,[])) = 0, in the set
SAD (&), pM(2) +é), 7 € [0,w] and
H>‘(2) (i') - /\(1)('%)“ < fYV(jv hl)HQVJM (ivﬁ(l‘v ~),’lﬂ(l‘, ')v )‘(1)('%)75(1)(@7 H))” <
N 1 g A\ (1) /4 ~(0)/ 4
< (@, 1)~ (L(@)M) 0D (@, 1) = 5O (@, [Dlle-

Since 57(-2)(:%715) is the solution to Cauchy problem (7), (8) at u = 4, w =

W, A (z) = A2(2), we can evaluate the estimate of difference o )(gc t)— e (Z,t) :

152 (@, 1) = 50 @ [Dll2 < (XD =1)[N2(E) = A(@)]] <
< (XM — 1) (@, ha) - (L)) [0 @, 1) — 5O @, (Do
From the latest estimates, we have
152 (&, 1) = 30 (@ (Dl <
< (14 (MO = 1) (3, ) o (B ) [PO (@, 1) ~ 5O @ (Do

Assuming that the pair (A(kfl)(j),i?(k’l)(:i, [t])) € SO (@), p(z) x
SO (z,[t]), p(x)) is defined and the following estimates are established

INFTD (@) = AED (@) < g, (@, h)|AF2D (@) = A (@) <

< g0 (&, h))* (&, hl)% (L@)h) [0V (@, [) =7 (@, [Dles (19)
Vo (@, B) | Qu s (&, (), b, ), A1 (2), 0D (3, [))]] <
< g (@ h) XD (@) = AFT2 (@), (20)
we find k-th approximation by parameter \(¥) (Z) from the next equation
Quiny (,0(E, ), 0 (&, ), (@), 5D (&, ) = 0.

Using (19), (20) and equality Q, 4, (2, 4(x, ), w(z, ), \*~D(z), 5+~ (&, []))=0,
similarly to (18), we establish the validity of inequality

Vo (&, h)|Qup (£, 0(E, ), (&, -), A (@), 54D (@, [])]| <

< g (& h))* 2y (&, hl)l,(L(ﬂ?)hl)yllﬁ(”(@a [D) = 5@, [])ll2. (21)
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We take p®~D (&) = Qyp (2,a(#, ), (7, ), A&~ (2), 553, [1)) and show
that S(A\F=D (), p*k=(2) 4 &) € S(AO (&), p(2)). Indeed, from the inequalities
(19)-(21) and (3) condition of Theorem, we have

IA@) = AP @) < [A@) = AP @) + A% (@) = A2 @)+

+o V@) =A@ < p* V@) A @) - AV @)+
+o A IND@) =A@ < %(fc,hl); L@hy "o (@, []) = o @ [Dll2x
x lau (@ 0]+ g (@ h)) T L (@ h) [ Quy (8 (), (),
AO(@), v (@, (D) + & + 7 (2, m)% L@hy "o (@, []) = o @ [Dll2 < p(@)-

Since Q,.p, (&, 0(Z, ), w(Z, ), \(&), 0 =D (&, [])) satisfies all the conditions of
theorem 1 of [4] in the set S(A*=1)(2), p(k— 1)( )+£), then there exists \(*) (&) €
S(AE=D (&), pk=1) (&) + &) is a solution to the equation

QV,hl (‘ia ﬁ(il?, ')7 UA)(:L ')7 )‘(‘%)7 E(kil)(fca H)) =0
and the following estimate holds
AP (@) = AV (@)]] <

< FYV(:Z” hl)HQu,m (£7ﬁ(i’7 )7w(j7 ')7 A(kil)(j),,ﬁ(kil)(fcv H))H (22)

In view of the arbitrariness & the estimate (22) is valid for all z € [0, w].
Taking into account that k) (Z,t) is the solution of Cauchy problem (7), (8)
for u(z,t) = a(2,t), w(z,t) = (&, 1), \(x) = AP (&) on € [0,w] x [(r — 1)

hi,h1),r == 1, N7 and using inequalities (19), (22), we set the following estimate

1A (@) = AV (@) <

< (@b ho) o (L@ 50 @ 1) = 5O @ D, (29

1) (@, [1) = oD (&, [Dll2 <
< g (& h) [0V (@, []) = 0% (@, [, k= 2,3, (24)
where(#,t) € [0,w] x [(r — 1)h1,h1), 7 =1, N;. From the 1nequaht1es (23), (24)
and ¢, (Z,h1) < 1 it follows that the sequence of pairs ()\(k) [t]))
&), 0"(, [t ])) as k — oo, the solution of the problem (7)-(10),

(
where u(x,t) = = 4(&,t),w(z,t) = w(&,t). Passing to the limit as k — oo in
inequalities (23), (24), we obtaln estimates (a) and (b) of Theorem. Theorem 1
is proved.

converges to ()\*
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3 Application Method of Euler’s Modification
to the System of Nonlinear Hyperbolic Equations

For finding the approximate solution of semi-periodical boundary problem (4)-
(6) we use a method of Euler’s modification. Divide the interval [0, w] with step
ho on N() parts Noho = W.

Vector functions v(9(t), 00 (t), u(®(t), w® (t) are defined by:

vO) =0, O =0 wO)=9), ) =4@), te0T]
respectively. Solving a system of periodic boundary value problems

do®
dt

= £(0,t,u (), w O (t),vD),t € [0,T], vP(0) = oD (T), (25)

we find a vector function v (¢). By v(Y)(¢) and 9" (¢) we define the functions:
ulD(t) = P(t) + hov'V (1),  w(t) = d(t) + hoo(t), ¢ € [0,T].

Assuming that the functions v~V (¢), v~V (¢), and w1 (t) are known
and solving the boundary value problem
dv®
dt

= f((G — Do, t,ul D (@), w =V (t), D), te0,T], (26)

v®(0) =v(T), i=2Ny+1, (27)
we find the function v (t).
Using vV (t) and 0" (t), we define the functions u((¢), and w(®(t) by the
following equals
1—1 7

uD @) =) +he vD(E), wD () =Pt) +he ¥ (t), te[0,T],i=T1,No.

7=0 7=0

Assuming that the considered periodic boundary value problems for systems
of ordinary differential equations (25), (26), (27) have a solution v(t) for all
i =1, Ny + 1 on the domain {2, we construct the following functions:

Upy (2, 1) = +hOZv(3) )(t)(z — (i — 1)hy), (28)

Why (2, 1) = +hoz G () + 0D () (z — (i — Dhg), (29)

Uy (2, 1) = W“)(t)w + o) O T 1= Dho,ihy). (30)
ho ho

We investigate the periodic boundary value problems for systems of ordinary
differential equations (25), (26), (27) by the parametrization method [5]. Take
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astep hy > 0: Nihy = T, Ny = 1,2,3,..., and make a partition [0,7) =
Ny .

U [( = 1)h1,7hy). The restriction of v(9(¢) on 7 - th interval is denoted by
r=1

o (8) o (1) = oD (1),

t € [(r—1)hy1,rhy). By AY we denote the value of the function v (t) at the
point ¢t = (r — 1)hy, r = 1, Ny,i = 1, Ng, and on each interval [(r — 1)hy,7hy)
make the replacement: v(z)( t) = vﬁi)(t) — )\g), r=1,N1,i =1, Ny + 1. We obtain
the following multi-point boundary value problem with a parameter

d~(z . . s .
o = J( = Dho, t, w9 (), w0 (1), 70 + AD),
te((r—Dhi,rhy), r =T, (31)
TO[(r— V)] =0, r=1,N,i=1,No+1, (32)
A = dim T (1) - AV =0, i =T N+, (33)

AD 4+ lim a;g)() M) =0,s=T, N, —1,i=T,No+1.  (34)

8 t—shy—0

For fixed values of the parameters )\g),z’ = 1, Ny + 1, the Cauchy problem
(31), (32) is equivalent to the nonlinear Volterra integral equations

t
o (t) = / F((i = Dho, 7wl (7),wlV(7), 50 (7) + AL dr,
(

T*l)hl

te [(T*l)hl,’l'hl),Til,Nl,iil,N0+1. (35)

For the problem of (33)-(34) the system of nonlinear equations with respect
to entered parameters (12) has the form:

Qu.y (i = 1)ho, ¥ () + ho Z v (), () + ho Z 09 (), A9, 3D[]) = 0. (36)

Obviously, that if v(?)(t), i = 1, Ny + 1 is a solution to problem (26), (27), then
its corresponding pair (Aﬁ, ) ﬁz)( )) is a solution to problem (31)-(34). Taking

functions Pho (1’) > 0, ﬁho (.’L‘) > 0, P4,ho (37) > 0, and P3,ho (33) = ﬁho (l’) =+ Phg (SL’)
continuous on [0,w], we construct the sets

S(A @), 1o (@) = {A(@) € C([0,0], ™)+ [ A@) = A @)lo < png (@)},
S (T @ 1), v (@) = {5(a, ) € O, ha, RN 5w, [) = B3, (2 [ D2 < g (@)},
S(“ho ($, t)v P4,hg (:l‘)) = {u(:v, t) € C(ﬁ) : ”'I.L(l?, ) — Uhg (:Bv )Hl < P4,hg (1‘)},

S (vho (@,8), P11 (2)) = {0(@,8) € C(R) : 0@, ) = vng (@, )1 < oo (@)}
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S (who (@), pa,ng (2) = {why (2.1) € C) ¢ [[wng (@,) = iy (@, )11 < pang (@)},

Gg(ho, Phg (I)vﬁho (w)’pél,ho (x)) = {(a:,t,u,w,v) : (w7t) S 57 H’LL — Uhg (1'7 )”1 <

< P4,hg (:L‘)7 ”w — Wh (Z‘, )”1 < P4,hg (CE), ”U — Vhq (CE7 )Hl < P4,hg (I)}

Condition B. For some hy > 0 : Nghg = w the periodic boundary value prob-
lems to systems of ordinary differential equations (27)-(29) have solutions
v (1), v@(t),...,0WN0)(¢), vNo+t1)(¢) and the function f(z,t,u,w,v) has uni-
formly continuously partial derivatives in u, w, v on the set GS(ho, pr, (), Pho (),
p2.he (), satisfying the inequalities |fy(z,t, u, w,v)| < Li(z), |fuw(z,t,u, w,v)]
< Lo(), || fo(z, t,u,w,v)| < Lz(x), where L;(z), i = 1,2,3 are functions con-
tinuous

n [0,w]. Taking as an initial approximation of triple {up,(x,?), wn,(x,t), vn,
(z,t)}, we find the solution to problem (4)-(6) as a limit of the sequence of
triples {u® (z,t),w* (x,t), v¥) (2,t)}, k = 1,2, 3... determined by the following
algorithm.

Step 1. (A) We find the function v(Y)(z,t) from the boundary value problem

(4),(5) with u(z,t) = ujy) (2, ), w(z, t) = wy (z,t). Let A"V (2) = A, () =
= vp, (2, (r — 1)hy), and let the function o0 (z,t) be a restriction of function
5}(3))(,@715) to r— th interval t € [(r — 1)hy,7h1), r =1, Ny.

The following approaches are defined by the algorithm:
Step 1.1 a;) Parameter AV (z) is determined from the equation (2) with
v = p(1,0)
V=20
b1) Solving the Cauchy problem (7), (8) for A.(z) = )\gl’l)(x), we find the func-
tion DL )( t).
Step 1.2 ay1) Substituting the found function 57(«1’1)(:1071&), r = 1, N7 in the equa-
tion (12), we solve it and find A(12) ().
b1) For \.(z) = A2 () we solve the Cauchy problem (6), (7) and find
~(1,2)
U 7 (x,t). And so on.

We obtain system of pairs (/\51””)(:5), 57(,1’7”)(3:, t)) ,7=1,N; on m - th step
of the algorithm. Assume that /\S’m) (z) and 7™ (z, [t]) converges to A (z) €
C([0,w], R*N), oM (x, [t]) € C(2, hy, R*M) as m — oo by the norm || - [|o and

|- 1l2.0-
Then the function vM)(z,t) is determined by the equalities

v (2, 1) = A (@) + 50 (2,8), (2,t) € 2o, r =T, N7,
v (2, T) = )\5\2 () + lim_oﬂj(\}l) (z,t).

(B) By vM(z,t), v { )( t) we find the ﬁrst approacheb of functions wu(z,t),

(x t) from the equahtles uM(z,t) = ) + Jy oW )dE 7w (a,t)
)+ [y v (€ e

Step 2. (A) Solving boundary value problem (4),(5) with u(x,t) = v (x,1),

w(z,t) == wM (x,t), we find the function v(? (z,t). We take )\9’0)( )= (1)( ),
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720 (z,t) == ’ﬁﬁl)(x,t), r = 1,N; and we find the solution to an equivalent
boundary value problem with parameter from the following algorithm:

Step (2,1) a1) We determine parameter A\(>1)(z) from the equation (12) for
v =030,
b1) Solving the Cauchy problem (7), (8) with \,.(z) = A 1)(ac), we find function
~(2’1)(x t),r =1, N;.
Step 2.2 a1) Substituting the found functions T 1)(x, t), r =1, Ny in the equa-
tion (12), we solve it and find A(>?)(z).

b1) Solving the Cauchy problem (7), (8) for A.(z) = A2 (x), we find func-

tion 2% (2,¢). So on. We obtain the system of pairs (Ag’m)( ), o m)(a:,t)),

= 1, Ny, on the m— th step of the algorithm. Assume that \(>™)(z) and
@™ (,[t]) converges to A2 (z) € C([0,w], R™1), 53 (x,[t]) € C(2, hy, R™M)
as m — oo by the norm || - || and || - ||270.
Then the function v(®)(z, t) is determined by the equalities v (z,t) = AP (z)+
+o0) (1), (2,t) € 2y 7 =T, Ny, 0@ (2,T) = AQ) (x ) + lim 0(2)(x,t).
(B) By the function v (a; t) we define u® (z,t) = —I— fo v(2) (&,t)d€ and
w® (z,t) = Y(t) + [ v (2 £t

Contlnumg the process, we obtain a system of triples {u(®(x,t),

w® (z,t),v") (z,t)},k =1,2,3,..., on the k-th step of the algorithm. We intro-
duce the following notations:
ay (@, h1) = [L1(2) + La(@)]h1 max(|[v@ ()1, |90 ()[[1)le — (i — 1)holeFs (@),

i) = ) o S 000, 6) + ho S 60, vmg (1= Dho, )~
Jj= Jj=

i—1 i—1
—f((i=Dho, -9 () + ho Zov“’<') + ho zov<ﬂ'>(-)7vho(<i = Dho,-))lle"s@Phy,
Jj= Jj=
. . . . i—1 .
aig(xv hl) = a}b’ol(:l:, hl) + aig(xv h1)7 az}t’ol(xr hl) = ”Qu,h1 (x, w() + ho ’ZO U(j)(’)v Y+
F=
i—1 i—1
+ho 3 6D (), A0 (0 = Dho), T (i = Dho, [1)) = Quony (i — Dho, () + ho 5 000,
=

j=0

B +ho S 5D, M (G = Do), 50 (G = Dhoy [, a2 (@, ha) = oD ()=

j=0
_v(z‘)(.)”l‘x_i’ +a h (z,h1), aho Ha, hy) = max [0+ D[ — 1)hy]—
r=1,N1
i — 1)ho l — 1
_’U( )[(T — 1)h II‘ 3y QZO Z ]7 hl aho (Q? h1)+

Fai (e, h) + (L 3<x>h1)”ail<x B, (e, ) = —(La(@)hn) el (@, ha)+
tap (@, h1), apy (@) = [La(@) + La(o }max(wx s 10O ()l ) x

i—1

X|I—(i—1)h0|+||f($,',1/1(')+hozv(j)(' +hozv(j) (l)

Jj=0
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1—1

—F((i = Dho, () + ho D v (), +hoZv Nlh+

7=0
+Ls(z)ap, (z, hi), © € [(i — D)ho,ihg), i=1,No.

The next theorem establishes the sufficient conditions of existence the triples
{v*(z,t),w*(z,t),v*(z,t)} which is the solution to problem (4)-(6) and estab-
lishes the estimate of the differences ||u* — up, (x, ) |1, [[w* — wh, (2, )1, ||v* —
Uhg (.%', )Hl

Theorem 2. Suppose, for some hg > 0 : Nohy = w,hy > 0 : Nihy =
T(N: = 1,2,3,...), v € N, the condition B holds and the Jacobi matric

8Qy’h1(xé;f’w’/\’v) is invertible for any (z,u(z,t),w(z,t), A(z),v(x,[t])) €
[0,w] x S(uho(x,t),pgyho(w» X S<wh0($,t),/)2,ho($)> X S()\gg)(x),pho(x)) X
S(T)}(L? (x,[t]), Phe (m)), and the following inequalities hold:

H{@Quhl T, U, W, \, U TlH <o h),

2. auach) = e b e =30 (Ly@m) Y <1

i=1
3. apy(x, hy) + c,ll[J (z,h1)Bp,(x, h1) exp (fOT Cho (€, hl)df) < Pho (),
4 bg(z,ha) + ey (2, h1) B (2, he) exp (fom Cho (&5 h1)d£) <6L3(£)’“ —1) <
Pho (),
5. Baglws i) exp (Ji cny (€ h1)d€) < pang (),

1
where b}, (x,h1) = (2, hi)a] (z,h1) + [1 4 7, (z, h1)ﬁ (Lg(l')hl) ]ah (x,h1),
bio (SL’, hl) = 20‘%0(‘%’ hl) + eLg(m)hl - 1) |:b:}lL0 (1'7 hl) + ago (iC, hl)] y Ahyg (1’, hl) =

Y(z, hy) 1

1— (. hn) 0! (L3( )hl)ybio(m,hl),bho(m,hl) _

:7y($,h1)a20($7h1)
Yo (2, hy 1 S(2)hy
= bio(mvhl) {1 + 1_;1/@21)”, (Ls( )1 ) (e" (@) 1)} d}m(fﬁahﬂ =
= ap, (2, h1) + by, (, hl)7dh0 (x,hy) = a%a (x,h1) + Ls(x)dp, (2, h1), c}m(:ﬂ, hi) =
B Y@, h) 1 Yo Ls(@)hy _ 1y] Ls(@)ha
= [L1(2) + Lo(2)]hy [1 ey (Lg(x)hl) (e 1)} e x

v—1

DI TCAI ) o). Gy () = L (@) + Lo(x) + La(w)ch, (2. ).

=0
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T
Chy (T, h1) = max (c}m (z,h1),cp, (a:,hl)), B, (%, h1) = max (/ dp, (&, hy)dE+
0

b [ (€ ha)de) + 3o o max [0, max_[690)]h),
0 i=1,No+1 i=T,No+1
Here aj, (z,h1) = aZ’(j(x,hl), s=1,9 at x € [(i — 1)hg,iho), i = 1, Ny.
Then problem (4)-(6) has the isolated solution {u*(x,t), w*(x,t),v*(x,t)} in

S(uho(z,t),pgﬁo (3:)) X S(who (x,t), p2,ho (x)) X S(vho (x,t), P11 (x)) and the
following estimates are valid:

[[0% = vno (2, ) [[1 <

T
< dio (.’E, hl) + Cfllo (CE, hl)eL(w)hlBho (.’E, hl) exXp (/ Cho (57 hl)d£>a
0

max (HU* — Uhyg (CU, ')Hlv ||U)* — Why (:L’, )”1) < Bho (:L’, hl) €xp (/ Cho (fa hl)dg)'
0
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Abstract. In this paper we consider a nonlinear semi-periodic
boundary-value problem for a partial differential equation. By means
of a replacement, the nonlinear problem is reduced to a linear semi-
periodic boundary-value problem for hyperbolic equations with a mixed
derivative. To solve the obtained problem, partitioning by the first vari-
able is made. Further, in the obtained domains, the parametrization
method proposed in the works of D.S. Dzhumabaev for solving a two-
point boundary value problem for an ordinary differential equation is
applied. A new algorithm for finding the solution to the given problem
is proposed. Sufficient conditions for the unique solvability of a semi-
periodic boundary-value problem with arbitrary functions for a nonlinear
partial differential equation are established.
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1 Introduction

We consider a nonlinear semi-periodic boundary-value problem for a partial dif-
ferential equation. Earlier in work of G.B. Whitham [4] the equations containing
arbitrary parameters of the form

82Z —K%%—Fs%ﬁ—m%
0xdy or Oy Ox dy

are considered. Such equations are encountered in some problems of chemical
technology and chromatography. In the paper, by using a replacement, a non-
linear semi-periodic boundary value problem with arbitrary functions is reduced
(© Springer International Publishing AG 2017
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to a linear semi-periodic boundary-value problem for hyperbolic equations with
a mixed derivative. The obtained problem was investigated in [2,3] by the para-
metrization method [1]. In this paper, we propose a new approach to solving a
linear semi-periodic boundary-value problem, where the partition is made both
with respect to the variable y, and the variable x.

2 Formulation of the Problem

On 2 = [0,X] x [0,Y] we consider the periodic boundary value problem for
nonlinear differential equations with partial derivatives

0%z . 0z 0Oz

m: o%oa—era(x,y%%Jrf(f’y), (1)
2(0,9) = ¥ (y), 2)
z(z,0) = z(z,T), 3)

where k = const, ¥(y) is given function depending on y, a(x,y), f(z,y) are
arbitrary functions depending on z and y.

To solve the problem (1) - (3) u = €¥* we make the replacement, then we
obtain the linear periodic boundary value problem

T alw) Sk ) 0
u(0,y) = W), (5)

u(z,0) = 2(z,Y), (6)

2(r,9) = yinu(z,y). (7)

3 Main Result

We take numbers 7 > 0, h > 0 such that M7 = X, Nh =Y and make a partition
M N
0,X) = Ulli - Drir), [0,Y) = UlG - Dhojh)y M =2 N>2In

i=1 j=1
this case, the domain (2 is divided on M x N parts. We denote u;;(x,y) as the
restriction of the function u (z, y) to £2;; = [(i—1)7,i7)x[(j—1)h, jh), i=1,M,
j=T1,N.
To find the solution to the problem, we introduce a new unknown function
vij(z,y) = %(;’y), i=1,M,j=1,N and we write the problem (4) - (7) in
the form

6vi»
8yj = Az, y)vij + k- f(z,y) -wij(z,y),  (2,y) € 24, (8)
lim vis(z,y) =visyi(x,sh), i=1,M, s=1,N-1, (9)

y—)Sh—O
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Vi1(£70) - tii)r/n—o ViN(xvy) = O’ 1= 17M” (10)

ulj(xay) = ekd)(y) + /0 Vlj(£7y)d£7 Y € [(] - 1)h7.7h)7 ] = LiN, (11)

x

ud-‘rl,j(za y) = _{g}}_oudj(xa y) +/ Vd+17j(£ay)d£’ d= 17 M — 17 (12)

x dr
1
Zij(x»y) = Elnuzj(% )- (13)

We introduce the notation A;j(xz) = v;;(x,(j — 1)h) and make a replacement
vij(x,y) = =vij(z,y) —Nij(z), i=1,M, j=1,N.Then we obtain a bound-
ary value problem with unknown functions \;;(z) :

oV, -
815] = A(z,y)vij + Az, y)Aij (@) + k- f(z,y) - uwij(@,y), (14)
f)ij(x’(j_l)h):(l(xay)E‘Qijv izlaM7 j:LNa (15)
Air(z) = Nin(z) = lim Vn(z,y) =0, i=1M, (16)
y—Y —0
Ais(l‘) + hr}? Oﬁis(xvy) = )‘i,s-‘rl(x)a s = 17N - 17 (17)

y—s

ulj(xvy) =MW +/0 (ﬁlj(&y) + Alj(ﬁ))dfay € [(.] - 1t)h’]h)’] =1, N, (18)

Ugy1,5(7,y) = lidm Oudj(xvy)—'_/ (Var1,5(&y) + Aay1,5(€))dE, (19)
T—aT— dr
1

where d = 1, M — 1. The last problem is distinguished by the fact that initial
conditions have appeared here, that allow us to define v;;(x,y) from the integral
equation

Y

Yy
Vij (T, y) =/ A, m)v; j(x,n)dn + Aij(-r)/ A(x,n)dn+
(G—Dh (G—=1)h

Y _ _
(G—Dh
Passing to the limit as y — jh—0 on the right-hand side of (21) and substituting
into (16), (17), we obtain a system of equations with respect to the parameters
)\ij (ZL’)

Q(z, h)Ai(x) = —F(z, h,u;) — G(z, h,v;), (22)

where

Q(J?, h’) =
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Y
1 0 0 -1+ [ A(z,n)dn]
(N—1)h
Yy
1+ [ A(z,n)dn -1 0 0
0
— Yy
- 0 1+ [A(z,n)dn ... 0 0 ’
h
L
0 0 14+ [ A(m,m)dn -1
(N=2)h

Yy
k— [ flz,n)uin(z,n)dn
(N=1)h

k z f(z,m)uir(z,m)dn

F 7h7 i) = 7 ’
(@, oy us) k[ f(z,n)uiz(z,m)dn
h
y
k[ flzn)u,n—1(z,n)dy
(NZ2)h
y ~
- [ Az, n)vin(z,n)dn
(NZ1)h
Yy
[ Az, n)va(x,n)dn
0
G(xvhvﬁl): i

[ Az, n)via(x, n)dn
h

Yy
| A(z,n)vin—1(z,n)dn
(NZ2)h

To find a system of four functions {\;;(z), vi;(z,y), uij(z,v), zij(x,y)}, i =1

, M
j =1,N, we have a closed system consisting of equations (22), (21), (18), (19)
(20).

On (21; = [0,7) x[(j—1)h, jh) taking as the initial approximation u( )(x y) =
=MW j =1 N, we find as the limit of the sequence {)\g?)( ), \755 (z,y)} the
first approximations on Ay;(x),v1;(x,y) determined by the following algorithm:

Step 1. Assuming the reversibility of the matrix Q(z, h) for all x € [0, 7) from

the equation (22), where \752) (x,y) =0, we find )\gl)(x) = ()\511) (x), .. )\S\),( )

)

)

A (@) = ~[Q(, b)) F(, h, ).

Substituting the found )\( )( ), 7 =1, N into (21), we get:

Yy

W =A@ [ A+ [ @+ s
—1)

(G=Dh (G=Dh
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Step 2. From equation (22), where v1,(z,y) = \NJS) (z,y), we define:

A (@) = ~[Q(z, h)"H{F(z,h,v) + G(z, h,7")}.

Again using the expression (21), we find the function fﬁ-) (x,y):

Y
o (2,y) =/(_ on Al )3 (@, m)dn+
e

y y
D@ [ Ay [ @)+ f)dn
(G—Dh (G=Dh
At the k-th step we obtain the system of pairs {)\Y;) (2), \N/Y;-) (x,y)}, j=1,N.
We suppose that the solution to problem (14) - (17) being the sequence
of systems of pairs {)\Y;)(a:), Gg’;) (x,y)} is defined and converges as k — oo to
continuous functions Aj;(z), v7;(z,y) respectively on = € [0,7), (z,y) € (21;.

The functions u;(z,y), 27;(,y), j = 1, N are determined from the relations

* * ~% * 1
ui;(w,y) = Y(y) +/ (V75 (&y) +A15(6)dE,  z15(z,y) = %lnulj(x,y).
0
On (2; = [1,27) x [(j — 1)h,jh) taking as the initial approximation uég)
(z,y) = = uj;(1,y), j = LN, we find as the limit of the sequence
{)\g;) (x),f/é’;)(z,y)} the first approximations with respect to Aa1;(x), V2;(z, y)
by the algorithm proposed above. And so on.

Sufficient conditions for the unique solvability of a semi-periodic boundary
problem and the conditions for implementability and convergence of the pro-
posed algorithm for finding the solution to problem (14) - (20) the following
theorem is established

Theorem 1. Let for some h > 0 : Nh = Y,N > 2 (Nn x Nn) the matriz
Q(z, h) be invertible for all x € [(i — 1)7,47), i = 1, M, M1 = X and let the
following inequalities hold:

o) I[Q(z, h)] | < ~(x, )

b) q(xz,h) = [1 4+ v(z, h)a(z)h|a(z)h < p < 1.
Then there exists a unique solution of problem (14) - (20) and the following
estimates hold:

~ ~(m) * (m)
1) max sup Vi sy y) =V 7 (e, y)||+ max ([ AT ()= AL s(x)] <
)jzl,N yel(G—1)h.jh) H 1+1,]( ) z+1,j( )H sziN” 1+1,]( ) z+1,]( )”

< é(h) [G(R)]™[1 + (Té(h))l] ) max} Hek?/f(y)”7

y€e0,Y
2) max  sup |l (@y) —ull) (2 y)] <

J=1,N ye[(j—1)h,jh)
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(i+1)7
< max sup Vi &y i &, y)l|de+
[ome s (e - €]
(i4+1)7
[ ma a0 - ME €
. j=1,N
1T
B max sup =y (e,y) - 57 @) =
j=1,N y€[(f—1)h,jh)
_ 4 - _ )
- n maX sup Huz-i-l,] (xvy) ui-}-l,j(xvy)”v
Jj=1,N ye[(G—1)h,jh)
where a(x) = max ||A(z,y)|, g(h) = max  q(z,h),0(h) =

y€[0,Y] z€[(t—1)7,47)

0 h), Bz, h) = [1 ,h)a(z)h JR)q(z, h)| =2k
e (z,h), O(z,h) = [1+ y(z, h)a(x)h + v(z, h)g(x, h)] =t e

I1f (2, y)ll-

From the equivalence of problems (14) - (20) and (8) - (13) it follows that

Theorem 2. Let the conditions of Theorem 1 be satisfied. Then a semi-periodic
boundary value problem for a non-linear differential equation with arbitrary func-
tions (1) - (3) has a unique solution z*(x,y).
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Abstract. An analogue of the Schwarz problem for the Moisil—
Teodorescu system is considered in a domain D. It is shown that this
problem has Fredholm property in the Hoelder class C*(D). If the
domain D is homeomorphic to a ball, then the problem is investigated
in detail. In particular its index is equal to —1 in this case.
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type integral - Singular integral equation

Let us consider the Moisil-Teodorescu system [2] in a bounded domain D C

R? with smooth boundary I for a 4-vector (uy,v), v = (v1,vq,v3) written in the
form

divv =0, rotv+ gradu; =0. (1)

It is well known that components u; and v; are harmonic functions. An analogue
of the Schwarz problem is the following: to find a solution (u1,v) € C(D) of (1)
under boundary value conditions

uf = fi, vin=fs, (2)

where the sign + points out the boundary value, n = (n1,n2,n3) is the external
unit normal and vtn denotes the inner product.

If the domain D is homeomorphic to a ball, then a general problem of Rie-
mann — Hilbert type is investigated in detail by V.I. Shevchenko [9,10]. Another
approach is based on an integral representation of a special type, and it was
described in [7]. These results we can apply to the problem (1), (2).

Using Gauss— Ostrogradskii formula, it follows from (1), (2) that

/ f2(y)ds, = 0. (3)
r
So this orthogonality condition is necessary for a solvability of the problem.

(© Springer International Publishing AG 2017
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Let us introduce a cut as a simply connected smooth surface R C D with a
smooth boundary dR such that RN I = OR.

Theorem 1. Let I' = 0D belong to the class C1¥, 0 < v < 1, and there exist
m disjoint cuts Ry, ..., R, such that the set

DR:D\R, R=RiU...UR,, (4)

18 a simply connected domain.
Then the dimension of a solution space of the homogeneous problem (1), (2)
s equal to m.

Proof. Let (uj,v) be a solution of homogeneous problem (1), (2). Since the
function u; is harmonic in the domain D, then u; = 0 and the second equality
(1) becomes rotv = 0. Hence, in simply connected domain Dp the function v
can be defined as grad w of some function w, which is harmonic by virtue of the
first equality of (1). It follows from the second equality of (1) that

ow™

It follows from (4) that boundary values of w on cuts satisfy the relation

—wi)|, =¢, 1<i<m, (6)

R;

with some constants c;. Nevertheless equalities ¢; = ... = ¢;,, = 0 indicate that
w is univalent function. So it is harmonic in the whole domain D, while in a view
of (5) this is possible only if w is a constant. These arguments prove that the
space of solutions of the homogeneous problem is finite dimensional space and
its dimension doesn’t exceed m.

In fact this dimension is equal to m exactly. Indeed it is sufficiently to prove
that the problem (5), (6) with additional condition

owt  ow~
(871 on )
is always solvable in the domain Dpg. It is easily to establish with help of the
Dirichlet integral. Let W12(Dg) denote a space of all functions ¢ such that
for every Lipschitzian subdomain Dy C Dpg the restriction ¢ |p, belongs to
the Sobolev space W12(Dy). Obviously there exist one-sided boundary values

T € L%(R) for elements ¢ of this space. It is proved by usual way [8] that the
minimum of the integral

=0, (7)
R

9(0) = [ lerad oo

for p € W1’2(Z§R) satisfying (6) gives a generalized solution of the problem
(5) — (7). In fact this solution is a classical one, it completes the proof.
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Let us consider a question on a Fredholm property of the problem (1), (2).
This question is solved with the help of an integral operator I which is defined
for two vector-valued functions ¢ = (p1, o) € C(I") by the formula

- /<|><> R

o x|?

E— d
(/ = ﬂ3¢2 day /‘ |y—aﬁ3 wﬂy)z%

where day is the a surface element and brackets denote a vector product. Note
that the first equality of this formula is the double layer potential for the Laplace
operator.

Lemma 1. The function (u1,v) = I is a solution of (1), under assumption
I € CY the operator I is bounded C*(I') — C*(D), 0 < p < v, and the
following boundary value formula

1 Y — yo)n(y
uf (y0) = ¢1(yo) + m ﬁ%(y)dw, yo €T,

Y — Yo 1 ly — yo,n(y)]
paly)day — 5 LA
rlv—wvol? ®) 2r r ly—yol?

v (yo) = w2(yo)n(y )+ i v1(y)day,

holds, where the integrals of the right-hand side of the second equality are singular
in the sense of the limits of the integrals over I' N {|y — yo| > €} ase — 0 .

Proof. The problem (1), (2) can be written in the form

5 0 & & &
_ & 0 =& &
M <8$> U(ZL') - Ov M(é.) - 62 63 0 _51 ’
&3—6& & 0
) = G f) H0) = (g0 0 ). 0

for the 4-vector u(z) = (u1,v1,va,vs). It is known that the matrix-valued func-
tion M " (z)/|z|®, where T is the symbol of matrix transformation is the funda-
mental solution of this system. So for every 4-vector ¥ = (¢1,...,¢4) € C(I)
the generalized Cauchy type integral

Ty—=z
L[ M0 o)y, o ¢ T (9)
G M

(I°)(x) =

gives a solution of (8). If ¢ satisfies the Hoelder condition and I" is a surface of
Lyapunov type, then there exists the boundary value

+ _ .
wEu) = lim (), wel

and the following analogue Plemelj — Sokhotskii formula

=ttt (10)
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is valid, where u* = I'*t) is defined by the singular integral

1 MT(y*yo)

(I*d’)(yo):% r |y_y0|3

Mn(y)|¥(y)day.

These formulas were obtained by A.V. Bitsadze [1]. As it is shown in [6] under
assumption I' € C1, 0 < v < 1 the operator IV is bounded C*(I") — C*(D),
0O<pu<v.

Putting ¢ = (p1,p2n), we can see that M(n)y = (p2,01n) and
MT(EM(n)p = ((€n)p1, 26 — 1€, n]) so we can write
I°(H"¢) = Ip. (11)

Substituting this expression into (9), (10), we complete the proof.

Theorem 2. Under assumption of Theorem 1 the problem (1), (2) has a Fred-
holm property.

Proof. Denote by S the operator of the boundary value problem (1), (2). By
Lemma 1 the composition of this operator with I gives the formula

(SI)1 =1+ K1, (SIp)2 = @2+ Koro1 + + Koo, (12)

where K;; are the correspondent integral operators on I" with weak singularities.
As it is proved in [7], these operators are compact in the space C*(I"), 0 < u < v.
By the known Riesz theorem [5] the operator 1+ K is Fredholm one and its index
is equal to zero. In particular the image im (1 + K) = im (ST) of this operator
in the space C*(I") has a finite codimension. Since im S D im (ST) the image of
the operator S has the same property. Together with Theorem 1 it follows that
the problem (1), (2) has a Fredholm property.

We can solve the problem of calculating of the index only in the case of the
domain which is homeomorphic to a ball.

Theorem 3. Let the boundary I' = 0D be homeomorphic to a sphere and belong
to C%". Then the problem (1), (2) is one-to-one solvable in the class C*(D) and
the condition (3) is necessary and sufficient for its solvability.

Proof. By Theorem 1 the homogeneous problem has only trivial solution. It
remains to show that (3) is sufficient for solvability of the problem. First we
establish that the kernel of the operator 1 + K in (12) is a one-dimensional
space. Let ¢ + K¢ = 0, then considered in D function u = I°(H "¢) satisfies
the homogeneous boundary conditions (2) and therefore u = 0.

Let us set w = I°(H "¢) in the external domain D; = R3\ D. It is obviously

w(z) =0(|z|7%) as |z| — oo (13)
According to (10) we have also the relation

—w™ =2H"¢. (14)
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Let Iy € I' be a simply connected domain with a smooth boundary 0I.
Under assumption I" € C?" there exist linear independent tangent vectors p, ¢ €
CY¥(Ip). They define 2 x 4 matrix

G- (Opl p2p3>’
04q1 q2 g3

such that GH' =0, where H is defined in (8). From (14) it follows that
Gw™ =0. (15)

The matrix G satisfies the well-known complementary condition which is
guaranteed the Fredholm solvability of the problem. Let g*" be minor defined
by k— and r—th columns of the G. Let us consider the vector s = (s1, $2, S3),
where s; = g'2 4+ g34, 59 = g'3 — g?4, s3 = g'* 4+ ¢g?3, is not tangent to I'. Then
the complementary condition is valid if the vector s is not tangent to I" [10]. In
our case s = [p,q] and this condition is fulfilled.

Let us prove that the function w is continuously differentiable in D; up
to Iy \ 0. For this purpose we consider a domain Dy C D; with smooth
boundary 9Dy € C?¥ such that ’'N9Dy = I'y. Then the matrix-valued function
G can be extended smoothly to Iy such that this continuation G satisfies the
complimentary condition on dDg. The function wy = w’ Do is a solution of the
problem

Go (W0|8Do) = fo,

where fo € C*(0Dyp) and fo = 0 on Iy. This function can be considered as a
weak solution and it belongs to C'1++0 (Fé) on the basis of the theorem on a local
smoothness [4], where the subdomain Dj, C Dy is such that I” = dD{NdD, C Iy
and I"' N oIy = 0.
Let us write w = (uq,v), then the boundary condition (15) for the system
(1) takes the form
v p=v¢g=0 on I. (16)

Arguing as above we prove u; = 0 in D;. In fact by Stokes theorem

/ (o) (e)n(e)ds = | v e,

1220

where e(y) is unite tangent vector to 0. By virtue of (16) the vector v~ is
proportional to n on Iy and hence v~e = 0. Taking into account (15) the above

equality takes the form
u-
/ h ds, = 0.
Ty an

Since the domain Iy C I is arbitrary it follows that

o =0.
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The first coordinate u; of the vector I°(H "¢) is a harmonic function and it
vanishes at co so we have u; = 0. Thus (1) takes the form

divv=0, rotv=0.

The domain D; is not simply connected but by virtue of (13) we can use the same
reasoning and prove that v = grad h with some harmonic function A vanishing
in co. Then the boundary condition (16) transforms into

o _on
op  0q

so the function h™ is a constant on I'. There exists a unique harmonic function
ho € C?(D;) vanishing at oo such that hg =1 on I'. Hence h = Ahg with some
A € R and thus w = (0, Agrad hg). So (15) takes the form

—(0, Agrad ho)™ = 2(p1, pan)
and hence 1 = 0, w3 = \p, where

zb:—(gradho)_n:—aa%. (17)
Conversely if ¢ is a function of such a type, then I = I°(H"¢) = 0 and
therefore ¢ + K¢ = 0.
Since the operator 1 + K has a Fredholm property and ind (1 + K) = 0 the
codimension of its image im (14 K) is equal to 1. In particular the orthogonality
condition (3) is necessary and sufficient for solvability of the equation p+ K¢ = f

and therefore of the original problem (1), (2).

Acknowledgements. The work was supported by Project 1.7311.2017/BCH
Russian Federation and International Project 3492/GF4 Ministry of Education
and Science of Kazakhstan Republic. This publication is supported by the tar-
get program 0085/PTSF-14 from the Ministry of Science and Education of the
Republic of Kazakhstan.

References

1. Bitsadze, A.V.: Spatial analogue of Cauchy type integral and some its applications.
Izv. kad. Nauk SSSR math. 17(6), 525-538 (1953) (in Russian)

2. Bitsadze, A.V.: Foundation of the Theory of Analytic Functions of a Complex
Variable. Nauka (1972) (in Russian)

3. Milnor, J.W.: Topology from the Differentiable Viewpoint. Prinston University
Press, Princeton (1965)

4. Nazarov, S.A., Plamenevskiy, B.A.: Elliptic Boundary Value Problems in Piece-
Wise Smooth Domains. Nauka (1991) (in Russian)

5. Palais, P.: Seminar on the Atiah-Singer Index Theorem. Princton University Press,
Prinston (1965)



170

10.

V.A. Polunin and A.P. Soldatov

Polunin, V.A., Soldatov, A.P.: Three-dimensional analogue of the Cauchy type
integral. Differ. Uravn. 47(3), 366-375 (2011) (in Russian)

Polunin, V.A., Soldatov, A.P.: On the integral representation of solutions for
Moisil-Theodorescu system. Vedomosty. BSU. 5(118), 84-92 (2011) (in Russian)
Rektorys, K.: Variational Methods in Mathematical Sciences and Engineering.
SNTL, Dordrect, Boston (1980)

Shevchenko, V.I.: On the Riemann—Hilbert problem for a holomorphic vector. Dok-
lady kad. Nauk SSSR. 169(6), 1285-1288 (1966) (in Russian)

Shevchenko, V.I.: Some boundary value problems for holomorphic vector. Sborn
Math. Phys. Kiev. 8, 172-187 (1970) (in Russian)



On an Ill-Posed Problem for the Laplace
Operator with Data on the Whole Boundary

Berikbol T. Torebek (&)

Institute of Mathematics and Mathematical Modeling, 125 Pushkin st., Almaty
050010, Kazakhstan
torebekOmath.kz

Abstract. In this paper a nonlocal problem for the Poisson equation
in a rectangular domain is considered. It is shown that this problem is
ill-posed as well as the Cauchy problem for the Laplace equation. The
method of spectral expansion in eigenfunctions of the nonlocal prob-
lem for equations with deviating argument establishes a criterion of the
strong solvability of the considered nonlocal problem. It is shown that the
ill-posedness of the nonlocal problem is equivalent to the existence of an
isolated point of the continuous spectrum for a nonself-adjoint operator
with the deviating argument.

Keywords: Nonlocal problem - Ill-posed problem - Laplace operator -
Well-posedness - Equation with deviating argument - Spectral
problem - Self-adjoint operator

1 Introduction

As it is known, Hadamard [3] constructed an example showing the insta-
bility of the solutions of the Cauchy problem for the Laplace equation. In
[1,7] and others, this Cauchy problem is reduced to integral equations of the
first kind, and the different methods of regularization of the problem are
shown and its conditional well-posedness is installed. In contrast to the pre-
sented results, in this paper a new criterion of well-posedness (ill-posedness)
of nonlocal boundary value problem for a Poisson equation in rectangu-
lar is proved. The principal difference of our work from the work of other
authors is the application of spectral problems for equations with deviat-
ing argument in the study of ill-posed nonlocal boundary value problems.
The present method was first used in [4] for the solution of the Cauchy
problem for the two-dimensional Laplace equation. Further, this method was
developed in [5,6,9]. Let {2 C R™ be a bounded domain with smooth boundary
982 and Q = 2 x (0,1) C R"*! be a cylinder. In Q we consider the following
problem for the Poisson equation

© Springer International Publishing AG 2017

T.Sh. Kalmenov et al. (eds.), Functional Analysis in Interdisciplinary Applications,
Springer Proceedings in Mathematics & Statistics 216,
https://doi.org/10.1007/978-3-319-67053-9_16



172 B.T. Torebek

ZUE _Ax,tu('rat) :f(I7t),(£lE,t) S Q7 (1)
with the Dirichlet condition

u(z,t)=0,t€[0,1], z € 912, (2)
and with nonlocal conditions

u(z,0) — au(z,1) = 0,us (2,0) + auy (z,1) = 0,z € 2. (3)

2 2 .
Here A, = % + % is the Laplace operator and « is a real number.
j=17"%

Definition 1. The function v € Ly(Q) will be called a strong solution of the
nonlocal problem (1)-(3), if there exists a sequence of functions u, € C?(Q)
satisfying the conditions (2) and (3), such that w, and Zu, converge in the
norm Lo (Q), respectively to u (x,t) and f (z,t).

Obviously, when o = 1 problem (1)-(3) is not Noetherian. Therefore, every-
where in what follows, we assume that a2 # 1.
It is known, that Dirichlet-Laplacian eigenvalue problem

—Aup(z) = pp(z), = € L2,
(4)
p(x) =0, x € 042,

is self-adjoint and non-negative definite operator in Lo (£2) and it has a discrete
spectrum. All eigenvalues of the problem (4) are discrete and non-negative, and
the system of eigenfunctions form a complete orthonormal system in Lo (£2) .

By pr, k € N we denote all eigenvalues (numbered in decreasing order) and
by ¢ (z) ,k € N we denote a complete system of all orthonormal eigenfunctions
of the Dirichlet-Laplacian eigenvalue problem (4) in Ly (£2) .

We construct an example showing that the stability of the solution of problem
(1)-(3) is disrupted. By direct calculation, it is not difficult to make sure that

the function
sinh k7t + asinh kn (1 — ¢)
u (2,t) = 1= a2 12 er (),

if a2 # 1 is a solution of the Laplace equation with the boundary conditions (2)
and

or(z)
k

Ouy,
ot

It is easy to see that the boundary data tends to zero as k — oo, but the solution
ug (z,t) does not tend to zero in any norm. Therefore the solution of problem
(1)-(3) is unstable. Therefore, problem (1) - (3) is ill-posed in the Hadamard
sense.

8uk

Uk (l‘,O) — QUg (Z‘, 1) = 07 ot

(x,0) + (x,1) =

;o €[0,1].
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2 Some Auxiliary Statements

In this section we present some auxiliary results to prove the main results.

In the future, the following eigenvalue problem for an elliptic equation with
deviating argument will play an important role: find numerical values of X (eigen-
values), under which a problem for the differential equation with o deviating
argument

Lu=—-Agu(z,t) =du(z,1-1),(z,t) € Q, (5)

has nonzero solutions (eigenfunctions) satisfying conditions (2) and (3). It is easy
to show that the eigenvalue problem (5), (2), (3) is nonself-adjoint. Obviously,
the equivalent representation of equation (5) has the form

ZLPu=)u,(tz)e€Q,
where Pu (x,t) = u(x,1 —t) is a unitary operator.

Theorem 1. If a? # 1, then the spectral problem (5), (2), (3) has a system of
eigenvectors forming a Riesz basis

U (@, ) = Vg, () @1 (), (6)

where k,m € N, vk (t) are nonzero solutions of the problem

’U;c,m (t) — WkVkm (t) = AkmUkm (]. — t) ,0<t <1, (7)
Ok (0) = g (1) = o (0) + w0l (1) =0, (5)

and A are eigenvalues of problem (5), (2), (3). In addition, for large k the
smallest eigenvalue A1 has the asymptotic behavior

Me1 = dppe VAR (14 0(1)) . (9)

For the other eigenvalues of problem (5), (2), (3) there is a uniform estimate
(separated from zero and goes to infinity).

Lemma 1. Let o # 1. For each fized value of the index k a system of normal-
ized eigenvectors Vi, (t),m = 1,2, ... of eigenvalue problem (7)-(8), correspond-
ing to the eigenvalues A, forms a Riesz basis in Lo (0,1) .

The eigenvalues A, are roots of the equation

Vik+A Vi + A Vi — A
———— = coth coth .
\/Mk—)\ 2 2

For each k the system of eigenvectors of problem (7)-(8) can be obtained from
orthonormal basis via bounded invertible transformation <. Here the operator
& does not depend on the index k.

(10)
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Proof. Applying the operator 4 dt2 — 1k to both sides of equation (7), taking into
account the nonlocal condition from (8), we obtain a problem for the equation

d4’l)km dQUkm
a8 2

(t) = (Afm + H2) Vem (t),0 <t <1, (11)

with nonlocal conditions
u(0) = au(l),
u” (1) —au” (0
u///( ) + au///(

u’ (0 ):—cuu’(l)7
)= (1—a?) pu (1), (12)
0) = (1 —a?) upu’ (1).

It is easy to verify that for a? # 1 the boundary conditions (12) are regular
by Birkhoff, and even strongly regular [8]. Then the system of eigenvectors of
the spectral problem (11)-(12) forms a Riesz basis [2]. It is easy to notice that
the eigenfunctions of problem (11)-(12) are also the eigenfunctions of problem
(7). Therefore the system of eigenvectors of the spectral problem (7)-(8) forms
a Riesz basis in L2(0,1).

A system of elements is a Riesz basis if and only if, when this system can be
obtained from orthonormal basis via bounded invertible transformation. Further
we need the exact form of this transformation. Let us consider an operator acting
in Ly(0,1) according to the formula

dp(t) = o(t) — ap(l —1).

It is easy to verify that the operator o/ is bounded and for a # 1 is bounded
invertible. The inverse operator acts by the formula

1

1 -

(o(t) = ap(l = 1)).

Let wvgm(t) be eigenvectors of problem (11)-(12). We denote Opm(t) =
o Yopm(t). By direct calculation is not difficult to make sure that for each
k the system of functions O, (¢) are eigenfunctions of an operator defined by
the differential expression

) = pew (1), v (1) = pew’ (1)

The operator ¢, is self-adjoint. Consequently, for each k the system of normalized
eigenvectors of the operator ¢, forms an orthonormal basis in Ls(0,1). Thus, for
each k the system of eigenvectors of problem (11)-(12) can be obtained from
orthonormal basis Ok, (t) by bounded invertible transformation 7. At the same
time, this operator <7 does not depend on k.
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It is easy to show that a general solution of equation (7) has the form

1 1
v(t):clcosh\/,uk—k)\(t—Q) +CQSinh\//~Lk_>\(t_2>a

where ¢; and ¢p are some constants. Using the nonlocal conditions (7), we arrive
at the system of linear homogeneous equations concerning these constants. As we
know, this system has a nontrivial solution if the determinant of system (10) is
zero. Thus, for determining the parameter A we get (10). The proof is complete.

Let
v A Vi — A / A
wg (A) = Incoth % + Incoth NkT —In g LR + 3= 0. (13)
M —

Lemma 2. There exists a number \g such that for all

Kk
— . k>1,60€(0,1),
dp +60° — 0, 1)

O< A< X<

the following statements are true:

1) the function wy, (\) is of a fized sign;
2) for the function wy (\) we have the inequality |Auxwy, (V)| <1, k> 1.

Proof. By Lemma 1 we have the real eigenvalues of (7) - (8), that is, real roots
Aim of equation (10). It is easy to verify that Ag, > 0. Indeed, let us write the
asymptotic behavior of the smallest eigenvalues Ag.,, at k — co.

Assuming |A| < 1 and taking the logarithm of both sides of (10), we obtain
(13). By calculating the derivative, we get @), (0) = —i. Then the required

boundary of monotonicity of wy(A) can be determined from the relation

Here 0 < \p < 1 and 6 € (0, 1) are arbitrary numbers. Thus, for determining Ay,
we have the condition
Aoﬂ,kwg (9)\0) < 1. (14)

Then the inequality

L2+ (1 - e*vwﬂof’)2

(k= A00) (1 — e~ vim—o0)?

@y (Aof) <

is true. Hence
1 3 — 2e~ViE—Xob + e~ 2Vik—Xo0

1
@k (hof) < (ke — Aob) (1- e*W“FAO")2

(15)

Further, for large values k from (15) we obtain the validity of the inequality
@yl (Aob) < ﬁ. Applying the condition (14) to the last inequality, we obtain
the desired estimate for Ao : A\g < k> 1,0 < 0 < 1. The proof is

223
Apr +6°
complete.
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Consider now the question of an asymptotic behavior of the eigenvalues of
problem (7)-(8) for large k.

Lemma 3. An asymptotic behavior of eigenvalues of problem (7)-(8), not
exceeding Mo, for the large values of k has form (9).

Proof. According to Lemma 2, the monotonic function f(A) in the interval
(0, Ao) can have only one zero. By the Taylor formula we have

(), , O

0 o M<0,0<0<1.

Substituting the calculated values of the function @y and its derivative wj,, we
get
v A A2
@i () = 21n (coth “’“) AN
2 1253 2

Then the zero of the linear part of the function
Ve /\2
e (A) = 2ug In (coth 2%) -2+ 'ukng (6N)

H»e*\/W
1—e VFE ) °

For sufficiently large values k € N, considering the asymptotic formulas, A1
can be written as A\ = 4uge VP (14 0(1)) .

Taking into account the result of Lemma 2 on a circle |A| = 4upe™ VF* (1 +¢),
where ¢ is a greatly small positive number, for sufficiently large k > kq(e) it is
easy to check the validity of the inequality

will be Ag1 = 2ug In (

N < | Lo Vi
wk( )Mk |)\‘:4uke*\/ﬁ(l+s) — ¢ 2‘uk n W

IA|=4puxe™ VPR (142)

Then, by Rouche’s theorem [10] we have that the quantity of zeros of iy (A)
and its linear part coincide and are inside the circle |\| = 4pure™VF* (1 4 ¢) . Con-
sequently, the function (k) @y, (A) for 0 < A < Ag has one zero, the asymptotic
behavior is given by formula (9). The proof is complete.

Proof. (Theorem 1) The system of eigenfunctions ¢ (x),k € N of the Dirichlet-
Laplacian problem (4) forms a complete orthonormal system in Ly (§2). By
Lemma 1 for each fixed value of k& and for a® # 1 the spectral problem (7)
has the system of eigenvectors v, (t),m = 1,2,... forming a Riesz basis in
L5 (0,1). Here the system of eigenvectors vim, (t) of the eigenvalue problem (7)-
(8) can be obtained from orthonormal basis Uy, () by the bounded invertible
transformation 7, which does not depend on the index k. Therefore, the sys-
tem (6) also can be obtained from the orthonormal basis Ok, (t)pr(z) via the
bounded invertible transformation /. Consequently, system (6) forms a Riesz
basis in Ly (Q) . The proof is complete.
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3 Main Results

Theorem 2. Let o # 1. A strong solution of the nonlocal problem (1) - (3)
exists if and only if f (x, t) satisfies the inequality

Z

k=

fm

o (16)

where frm = (f(x, 1 —1t), wpm(z, t)), the system wym(z, t) is orthogonal to
Upm (2,t) . If condition (16) holds, then a solution of (1)-(3) can be written as

u(z,t) = Zifvm t) oz +Z Z fkmvkm t) on (). (17)

k=1 k1m2

Proof. Let u(z,t) € C?(Q) be a solution of problem (1) - (3). Then, by the
basicity of its eigenfunctions wugm (z,t) of problem (5), (2), (3), the function
u(z,t) in Ly (Q) can be expanded in a series [8]

=33 trmtrm(a. 1), (18)

k=1m=1

where a., are Fourier coefficients by the system ug., (z,t). Rewriting equation
(1) in the form

LPu= P (Azu(z,t) + uu(z,t)) = Pf(x,t), (19)

and substituting the solution of form (18) in equation (19) according to repre-
sentation
PAx,tukm(xa t) = )\kmukm(xv t);

we have agy, = {Zm with frm = (f(2, 1 —t), Wem(z, 1)) .
Thus for solutions u(z,t) we obtain the following explicit representation

Z fk:m km x t) (20)

1m=

Note that the representation (20) remains true for any strong solution of problem
(1) - (3). We have obtained this representation under the assumption that the
solution of the nonlocal problem (1) - (3) exists.

The question naturally arises, for what subset of the functions f € Lo (Q)
there exists a strong solution? To answer this question, we represent formula
(20) in the form (17) from which, by Hilbert’s and Bessel’s inequality, it follows

DR 3 3T TR a3y [

k=1m=2 k=1m=2
where 0 < a < b < oo are given constants. By Lemma 3 we have A\, > 1 7 m>1
Therefore, the right-hand side of equality (21) is bounded only for such f (z, t),
when the weighted norm (16) is bounded. This fact completes the proof.

fk:l
A1

fm

fkm
km
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By L, (Q) we denote a subspace of Ly(Q), spanned
by the {vg1 (t) @k(x)}?;p+1, p € N and by Ls (Q) we denote its orthogonal

complement Ly (Q) = Ly (Q) & L2 (Q) -

Theorem 3. Let o® # 1. Then for any f € Ly (Q) a solution of problem (1)-(3)
exists, is unique and belongs to Lo (Q). This solution is stable and has the form

Proof. Obviously, the operator .# is invariant in Lo (Q). By Theorem 2 for
any f € Ly (Q) there exists a unique solution of problem (1)-(3) and it can be
represented in the form (22). Therefore, determined infinite-dimensional space
L (Q) is the space of well-posedness of the nonlocal problem (1)-(3). The proof
is complete.

o0 o0 s
) sin kwa + Z Z vkm ) sin kma. (22)

k=1m=

>a‘km
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Abstract. In the paper certain method for constructing exact solutions
of a class of linear differential equations of fractional order is considered.
Algorithms for constructing solutions of the explicit form are developed
for homogeneous and inhomogeneous differential equations of fractional
order. This method is based on construction of normalized systems asso-
ciated with fractional differentiation operator. 0 - normalized and f - nor-
malized systems are built concerning to the pair of operators connected
with the considered equation. Using 0 - normalized systems, linearly inde-
pendent solutions of the homogeneous equation are constructed. Simi-
larly, with the help of f - normalized systems partial solutions of the
inhomogeneous equation are built in the case, where the right side is a
quasi-polynomial, analytic function and an arbitrary function from the
class of continuous functions.

Keywords: Riemann—Liouville integral - Riemann-Liouville derivative
- Differential equations of fractional order - Homogeneous differential
equations - Inhomogeneous differential equations - New method -
Normalized systems + Operator method - Constructing exact solutions

1 Introduction

One of the priority areas of research in the theory of differential equations of
fractional order is to develop methods for constructing solutions of the explicit
form. To date, there are various methods for constructing explicit solutions and
a solution of the Cauchy problem for differential equations of fractional order.
Such methods include the method of reduction to the integral equation [2,16],
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the method of integral transforms [15], the method of Mikusinski operational
calculus [11-14], Adomayn decomposition method [3]. Detailed description of
these methods is considered in [10].

In constructing an exact solution of differential equations of fractional order
there arise new classes of special functions. In [5,6] properties of the following
functions are studied:

alkm+10)+1] .
E =1,¢, = > 1. 1
ozml CZZ Co ,Ci = F km+l—|—1) 1] , 1 =2 ( )

In [7] on the basis of the composition formula of the Riemann-Liouville fractional
differentiation operator with the function (1), found in [5], algorithm for con-
structing a solution of differential equation of the following form was proposed:

Dy(t) = MPy(t) + f(1),0 < t < d < o0, (2)

where a > 0,\ # 0,08 € R, D® is a differentiation operator of a order in
Riemann-Liouville sense, i.e.

a
dtm

1 t

D%y(t) = I™ (), m =[]+ 1,I%(t) = —=  (t—7)°""'y(r)dr,6 > 0.

Later in [8,9], this algorithm was used to construct exact solutions of some
differential equations of fractional order. Moreover, the cases, where f(t) = 0
and f(t) is quasi-polynomial, were considered.

In this paper, we propose a new method for constructing a solution of the
equation (2). In this case, unlike the work [7], we construct partial solutions of
the inhomogeneous equation for a more general class of functions f(t). Note that
this method is based on construction of normalized systems with respect to the
pair of operators (DO‘, )\tg) (see Section 2). We also note that this method was
used in [1,17] for constructing solutions of some linear differential equations of
fractional order with constant coefficients.

2 Normalized Systems

In this section we give some information about the normalized systems associated
with linear differential operators.

Let Ly and Ly be linear operators, acting from a functional space X to X,
Ly X C X,k =1,2. Let functions from X be defined in a domain 2 C R". Let
us give the definition of normalized systems [4].

Definition 1. A sequence of functions {f;(z)}2,, fi(x) € X is called
f—normalized with respect to (L1, Ly) in {2, with base fo(zx), if on this domain
the equalities Llfo(x) = f(:l?), Llfz(l‘) = Lgf,j_l(I), 7 2 1 hold.

If Lo = 1is a unit operator, then the system of f—normalized functions with
respect to (Li,I) is called f—normalized with respect to the operator Ly, i.e.
Lifo(z) = f(x), L1 fi(x) = fima(x),i > 1.

If f(x) = 0, then the system of functions {f;(x)} is called simple normalized.
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Main properties of f - normalized systems of functions with respect to the
operator (Ly, Lg) in {2 are given in [4]. Consider the main property of the f -
normalized system.

Proposition 1. If the system of functions {f;(x)}2, is f— normalized with

respect to (L1, La) in §2, then the functional series y(x) = Z filz),x € 2
1=0
s a formal solution of the equation:

(L1 — Lo)y(x) = f(x),z € £2. (3)

The following proposition allows us to construct a f—normalized system with
respect to the pair of operators (L1, Lo).

Proposition 2. If for Ly there exists a right inverse operator Lfl i.e. Ll-Lfl =
E, where E is a unit operator and Ly fo(x) = f(x), then a system of the functions

filz) = (Lfl ~L2)if0(m),i > 1 is f—normalized with respect to the pair of
operators (Ly, Lo) in (2.

Proof. Since Ly ~L;1 = F is a unit operator, then for all i = 1,2, ..., we have:
_ _ _ i—1
Lifi(z) = Ly (L' ) f(z) = (L VL) (L7 L) f(2)
_ i— 1
=L, (L - L) = Lafi—1(x).
Consequently, Lifi(x) = Laofi—1(z), and by assumption of the theorem

Ly fo(z) = f(z), i.e., the system f;(z) = (L7 ! Lg) fo(x),i > 0is f—normalized
with respect to the pair of operators (L1, La).

3 Properties of the Operators I* and D“

Let us give some properties of the operators I“ and D®. Denote
d={f(t):36€0,1),t°f(t) € C[0,d]}.
The following proposition is well-known [10].

Lemma 1. Let a > 0. If f(t) € Cs[0,d], then the equality

DI (@) = f(2) (4)
holds for all t € (0,d]. When f(t) € C[0,d], then the equality (4) holds for all
t€10,d].

Lemma 2. Let a« > 0,m = [a] + 1 and s € R. Then the following equalities are

true:
I'(s+1)

I = ———— 5t 5> 1 5

F(S+1+O{) 78 K ( )
I'(s+1) ,_

D = ——————t°7¢ -1 6

I'(s+1-a) 8> (6)

D =0,s=a—j,j=1,2,..m, (7)
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Corollary 1. Let o > 0,m = [a]+ 1. Then the equality D*y(t) = 0 holds if and

m .
only if y(t) = > ¢;t*77, where ¢; are arbitrary constants.
j=1

Lemma 3. Let a > 0,m = [a] +1,0 < <1 and f(t) € Csla,b]. Then
1) if a < 4, then I*f(t) € Cs_4la,b] and the following inequality is true:

e F(l B 5)
11 flles_atar) < M fllesiae, M = m% (8)

2) if a >0, then I*f(t) € Cla,b] and the following inequality is true:

(b—a)*°I(1—9)
I'l+a—-9)

11 fllcra,s) < Ml fllesia, M =

4 Construction of 0— Normalized Systems

In this section we construct 0 - normalized systems with respect to the pair of
operators (Da, At? ) . To do this, from Proposition 2 it yields that it is necessary
to find a solution of the equation Dy(t) = 0 and the right inverse operator
for the operator D®. By assumption of Proposition 1 the right inverse operator
to the operator D* is I, and due to (7), linearly independent solutions of the
equation D*y(t) = 0 are functions t%,s; = o — j,j = 1,2,...,m. Furthermore,
denote L; = D® and Ly = At”. Then the equation (2) can be represented in the
form (3).
Introduce the following coefficients:

Ty Thet+ B +s+l) B
C(a—'_ﬁ?S,Z)_kr:IIF(k(a‘F,B)"'S—'—l—FO[)’ZZ170(&+67S70)_1786R

We assume that C(a+ 3,s,i) #0. Let s; =a— 4,7 =1,2,....,m,6 > —{a}

and 455
()= —— .
fO’J() F(Sj+1)

Due to (7),
L1f075j (t> = O,] = 1,2, cey, M.

Further, consider a system of functions:
filt) = (1% MP)" fo, (t),3 > 1. (10)

Since (D*)~' = I* and D% fos,;(t) = 0, then Proposition 2 implies that the
system (10) is 0 - normalized with respect to the pair of operators (Da, )\tﬁ) .

We find an explicit form of the system of f;(¢). By definition of the operator
I* and due to (4), we get:
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= JoNPTsi] = FB+si+1)  grsita
fu(t) = T°[At ]_)\F(ﬂ+sj+1+a)t .

Similarly,
I'(B+s;+1) .
)=\ J I )\t2[3+sj+oz
fa(t) Ir(B+s;+1+a) [ ]
— AQ F(ﬁ +s5+ 1) F(Qﬁ tsita+ 1) t2(o¢+[7’)+5j

rB+sj+1+a) I (2a+p0)+s;+1)
I ((a+p)+s;+1—a) F(2(a+ﬁ)+sj+1—a)t2<a+ﬁ)+5j
I'l(la+8)+s;+1) I'2(a+pB)+s;+1) '

In general, using the mathematical induction method, we can get the follow-
ing equation:

filt) = NC(a + B, s;,i)t @A+ > 1. (11)

Indeed, for some positive integer i the equality (11) holds. Then for i + 1 we
have:

Fia(#) = (1% 27) ™ o, (1) = (17 M2) (1% M%) fo, (1) = 1 (X7 £i(8)]
= NC(a+ B, 55, ) 1 [AHlet+s4]

; L Tlila+B)+s;+8+1) y
_ )\H-IC S 7 tz(a-{-ﬁ)—i—.sj-‘rﬂ-‘r(x
(@t 5,35 Z>F(z'(o<+6)+sj +B8+1+a)

i AL+ D@+ B) + 55 +1 =) ryarp)es
=\ C(OéJrﬁnSJa ) F((i+1)(a+ﬁ)+8j+1) ¢

= N0 (a + B, 55,1 + 1)tEFDFB s
Therefore, (11) is true and for the case ¢ + 1. Further, since s = o — j, then

Ela+08)+1—j)
Clatfa—j, HF kla+B)+1—j+a)

;0> 1. (12)
Lemma 4. Let a>0,m =[]+ 1,a ¢ N,s; =a—j,j=1,2,...,m, > —{a}.
Then for all values j = 1,2, ...,m the system of functions:

fz(t) — A'Lc(a + ﬂ7sj’i)t(a+5)’i+s]~

is 0—normalized with respect to the pair of operators (Da,)\tﬁ) in the domain
t > 0.

Proof. According to (6), we get Ly fo(t) = D*t% = 0. Let ¢ > 1. Then

F(Z(Oé + ﬁ) + Sj + 1) t(a+ﬁ)i+5j—a
I'ila+p8)+s;+1—a)

Lifi(t) = )\ic(a + 3, 55,1)
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= MPNTIC(a + B, 55,0 — 1)t@FDE—DFs+8 — \B (1),
Further,
Lafio1(t) = M fi1(t) = L1 fi(t).
Consequently, by the definition of the system of functions f;(¢) is 0-normalized
with respect to the pair of operators (Da7 )\tﬁ) . Lemma is proved.

Using the main property of normalized systems, we obtain the following
statement.

Corollary 2. Let a>0,a0 ¢ N,m = [o] + 1,5, = a—j,j=1,2,...,.m, 3 > —{a},
f(@) =0. Then for all values j =1,2,...,m functions

yi (1) = Y NC(a+ B, s, i)t tDits

i=0
satisfy the homogenous equation (2).
Further, we study the coefficients C(« + 3, 55, ). Since

(a+5)k+1—j:a[(1+§> (k_1)+(5;j)

k(a+ﬂ)+1—j+a:a[(1+§> (k—1)+5a‘j+2}+1

+1]+1,

replace the index k — 1 to k, then from (12) it yields that

> 1.

_ 1:[ 11:[0‘((1+5/C¥)k+1+(6—j)/a)+1]

Clatpa=ji) (o (T B/a)k+ (B —)fa+2)+1]

Consequently, denoting 1 +g =m,1+ BQ;J = ¢ for functions y,(t) from (12),
we get the representation by the functions (1) i.e.

y](t) = Z )\iC(a + 67 a — j7 i)t(a+ﬁ)i+a_j = ta_onz,1+ﬁ/a,l+(5—j)/a (Ata-i_ﬁ) )
1=0

j =1,2,...,m. The representation coincides with representations received in [7]
(formulas (19) and (21)).

5 Construction of f— Normalized Systems

Now we turn to construction of a solution of an inhomogeneous differential
equation. Let f(t) € C[0,d]. Then by assumption of Lemma 1 for functions
fo(t) = I*f(t) the following equality is true:

Ly fo(t) = DI f(t) = f(t).
Consider the system

Filt) = (I°MP1) 7 fo(t),i = 1,2, .. (13)
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Lemma 5. Let « > 0,a € N,m = [a] + 1,3 > —{a}, f(t) € C[0,d],d < oo.
Then the system of functions (13) is f(t) - normalized with respect to the pair
of operators (Da, )\tﬂ) in the domain t > 0.
Proof. Since f(t) € C[0,d], then fo(t) = I*f(t) € C[0,d]. Moreover,

¢

(O = 11701 < 775 / (=71 )ldr < [ lcwa

(0%

Hence,
[e3%

d
< —— .
Il follcro,q) < F(a+1)||f|\0[0,d}
Further, when ¢ = 1 we obtain
A
(

A0 = 1 (W h0) < 72 / (t =)~ fo(r)ldr

i
IMILf Nl epo,q /(t_T)a_1T5+ad7_<|/\|||f||C[0,d] I'(a+p+1) joctBa
“I'la)(a+1) ~ Ila+1) I'Na+B+1+a) '
0

This implies that f1(¢t) € C[0,d] and

Willooa < =L _Flot5+1)
) INa+ 1) I'a+pB+1+a)

Analogously, when ¢ = 2 we have that

| fllcpo,q-

)] = 1% (MO Fa(1))] < / (t— 1)L rB £y ()| dr

0

AL
I'(«)

A2 N fllcoa I'(a+B8+1) a—1_2(a+8)
_F(a)F(a—i-l)F(a—l—ﬁ—i—l—I—a)O/(tT) e

_ A flleo,g I(a+B+1) I'(2(a+8)+1) (2atB)ta
Fla+1) INa+B+a+1)I'2(a+p)+a+1) '
Moreover,

AP I(a+B+1) I2(a+f)+1)dtdte
at)Ma+f+a+l) IEa+h)+a+l)

I f2llco.q < T |fllcro,0-

In general, for all k£ > 1 we get:

F®)] = [ (1 MP) fia (1) ?

t
/t—ra LB o (7)|dr
0
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Bk I'((a+p)+1) I'2(a+p)+1)
Fa+1)I'((a+B)+a+1) I'2a+p8)+a+1)

I'(k(a+p8)+1) k(atB)+a
T Ik(a+p)+a+1) '

and for norm the following equality holds:

< I fllego,s)

A T((@+B)+1) T2+ pB)+1)
a+1)I'(a+8)+a+1) I'2a+F)+a+1)

I'k(a+p8)+1)
TIk(a+p8)+a+1)

Further, using representation of the coefficients C'(« 4 3, s,1), we obtain

F((e+p)+1) I'2a+p)+1)
lla+B8)+a+1)I'2a+8)+a+1)

<
I fellcio,q < T

dFOFRF £l o4

I'(ila+p)+1) kE(a+5)+1) .
. = 0,1).
F((O{—f—ﬁ +Oé+1 HF a+ﬁ +CY+1> (Oé+ﬂv ,’L)
Then the last estimation can be rewritten in the form:
Il fllcio.b atB)+a
Ifillopa < PN C (o + 3,0, k)d(erB+e, (14)

~I'a+1)

Thus, if f(t) € C[0,d] and fo(t) = I« f(¢), that at every i = 1,2,... the system
of functions (13) belongs to the class C[0,d], and (14) is true. Moreover,

Ly fi(t) = DI fo(t) = fo(t),
Lufi(t) = D™ (1% - MP)' fos, (£) = DOT* - M2 (1% MP) ™ fo, (1) = M2 £, 4 (8)
=Laofi—1(t),i > 1.
So, in the class of functions X = C[0, d] the following equalities hold:
Ly fo(t) = f(t), L1 fi(t) = Lafi-a(t),i 2 1,

i.e. the system (13) is f— normalized with respect to the pair of operators
(DO‘7 )\tﬁ). Lemma is proved.

Theorem 1. Let o > 0,0 € N,m = [a] + 1,5 > —{a}, f(t) € C[0,d],d < .
If the functions f;(t) are defined by the equality (13), then the function

ys(2) = 3 filt) (15)

is a partial solution of (2) from the class C|0,d].
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Proof. Estimate the series (15). Due to (14), we have

- ) Hf”C[O,d]da - i N\ gi(atB)
lysllcro,q < » Il fi(®)]lclo,q) < Tet1) 1+ . IA"C(a+ 3,0,i)d .
Since
ka+p8)+1) 11 Dla(m(k—1) +6) +1]
Clat5,0,) = U a+ﬂ Ya-+l) Hr[a(m(k—1)+z)+1

= k=1

B o I'la(mk + ¢) + 1)
B gf[a(mk+€)+l]’

where m =1+ g,f =1+ g, then for the function ys(t):

Ifllcrod o N
9O < T P P 28 (),
1/ llcto.d o ot
Iysllena < Frg ) B 2.as2 (W), (16)

Since Eq m,¢(z) is an entire function, then we get convergence of the series
(16) in the class of functions C0, d]. Theorem is proved.

Now we study representation of functions (14) for some particular cases of
the function f(¢).

Lemma 6. Let o > 0,8 > —{a}, f(t) = t*, n > —1. Then partial solution of
the equation (2) has the form:

D(p+ 1)tetn &
(p+1) SONC(a+ B, i+ o, K)EES),

0= P14 a) 2

Proof. Let f(t) =t", u > —1. Then, according to (4), we obtain

I(p+1)
) =Tt = T 7 gpptal
Further,
AL+ 1)
t) = (I¢-\° )= ) regptatp
_ AM(p+1) I'(ptoa+p+1) 208
Flp+1+a)I'(p+B+2a+1) ’

(1o 182 e Lp+1) I(p+a+B4+1) o ioatos _
fa(t) = (I - M) fO(t)*/\F(u+1+a)F(u+ﬁ+2a+1)I r B
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_ NI(p+1l)  Ia+f+p+l) L2a+B)+p+1)  2ats)ratn
Fp+l+a)F(a+B)+a+p+) I'2(a+8)+a+u+1) '

In general, for every k > 1 we have

B I'(p+1) I'a+ B8+ p+1)
fe) = N R T ) Tlat B) ot it D)

I'(k(a+pB)+p+1) h(a+B)+atu
TTkla+B8)+a+p+1) '

Consequently,

(n+1)

k tk(a+ﬁ)+,u+a.
ka u+1+a)2f Cla+p,p+ o k)

Lemma is proved.
This lemma implies the following statement:

P

Theorem 2. Let a > 0,8 > —{a}, f(t) = > \jt*,u; > —1. Then a partial
j=1

solution of the equation (2) has the form:

p M+ 1)tetn >

- ko k(a+p) 1
yr(t) Tl 11+ a) ZA (o + B, pj + o, k)t (17)

j=1

The representation (17) of a partial solution of the equation (2) coincides
with the result of [7] (see Theorem 2, formula (27)).

Now we give an algorithm for construction of partial solutions of the inho-
mogeneous equation (2) in the case when f(¢) is an analytical function.

Theorem 3. Let o > 0,08 > —{a}, f(t) is an analytical function. Then a partial
solution of the equation (1) has the form:

f( ) o)tk
Z (0)

r a+k+1)yk+a()

where Y1 (t) is defined by the equality

Yhtalt) = Z )‘ic(a + 08,k +a, i)ti(a-HB) = Eo148/a,14(k+a+8)/a ()‘t(H_ﬁ)'
=0

Proof. Tf f(t) is an analytical function, then it can be represented in the form

t) = Z
k=0
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Then

oo

f“”( ) jae - FUNO) (k1) pga F0)  kta
Jo(t) = i k! F(k+1+o¢)t+ N F(/~:+1+oe)tJr ’

k=0 k=0 k=0

_ (T \4+B — S w ahtats
fl(t) — (I At )fO(t) _I;)F((X+k+1)1 !

i Af8)(0) Ia+p+k+1) k2048
Fa+k+1) I'((a+B)+k+1+a) ’

k=0

= AfR(0) I'la+pB+k+1)
< I'(a +k+1 I'2a+B+k+1+a)

Fa(t) = (I - M) fu(t

F( (Oé + ﬁ) +k+ 1) tk+2(a+[3)+a.
I'2la+p)+k+1+a)
In general, by mathematical induction method we can prove the equality:

(oo}

A I'la+B8+k+1)
Fa+k+1) I'2a+p+k+1+a)

filt) = (1% /\tﬁ fo

F(z‘(a+ﬂ>+k+1>t"<a+ﬁ>+k+a = N (0)

, Clo+ B,k + a, i)t (@O Hh+e
I'ila+p8)+k+1+«) k:OF(a+k+1) (a+5 o)

Therefore,
= )Jf(k) Cla+ B,k + a,i) &
E fz E E tz(a+6)+ +a
; (a+k+1)
=0 1=0 k=0

ad f(k)(o)tk-‘ra o o
=) )\’C k ¢ +h)

k +a
E t).
Pt F + k+ 1) yk+(¥( )

Theorem is proved.

Theorem 4. Let a > 0,5 = n,n > 0, f(t) € C[0,b],b < co. Then a partial
solution of the equation (2) has the form:

_ / Gralt — 7.7 N f(r)dr, (18)
0

where Gy, o(u,v, ) is defined by the equality:

nau'U)\ ZGnaiuv)\
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Gna,i(u, v, N)

(]1> - ( Z) Cla,jr + ... + ji + a,i)

ula+]1+u~+]i+a*1vkn*j1*~~~*ji .

.71 =0 Ji=0

Proof. It fo(t) = I« f(t), then Lqfo(t) = Dfo(t) = f(t). Let i = 1,8 =n,n =
0,1,.... Then

A0 = (%) o) = o [(€ =1 A folr)dr
0

)O/tTal)\ / F(Z(i;l f(2)dzdr =

I'(a
_ F(*a /f / — 22Nt — 1) e,

Study the integral:

—~

t

I, - /(T )t — 7)o

z

After the change of variables 7 = z + (¢ — z)¢, we have

L= (r—2)(t=7)""r"dr = (t —2)*"" (1-&* Tt —2)E+2)"dE

z 0

n 1
= (=27t At -2y / (1= tgtotde
2 J

= ] + a) +2a—1 _n—j
— L (t—z)] J.
Z J _|_ 204) ( Z) ?

t

_ A . .]1 + Oé J1+20¢—1 n—7ji
hi(t) = ]ZO n I'(j1 + 2a) / ST (R)dz
1 0

Similarly, for f(t) we obtain

fa(t) = (I% - M) f1(2) (t = 1) IAT" fi(r)dr

c\“
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L F(j1+04)/7 H2a—1 n—j
t—7)*" Lpn 0717_ T — z)t2emlon=0 (N dzdr
/ > oy ) £(2)

J1=

(=)

T

F(]l +O‘) / anjl Py T a—1 F— 2 j1+2a717_n rdz
)/ f()/(t Jelr - 2) drd.

)\2
7ﬁ()2 nF(JH-QOé
J1=0 0

Further,

Lia= /(t — 1) = Z)t2es gy
0

1
3a+j1 1/ a 1§j+2a—1(<t _ z)§+z)”d§ —
0

f)a_lé'jl +j2+2a_1d§

1
:( 3oc+]1 120]2 ]2 n— jz/(l_
0

Jj2=0

n F(OZ)F(QOZ +]1 +]2) (t _ Z)3a+j1+j2*12”*j2'

— ]2
732::0 " I'Ba+ 1+ jo2)
Thus,
falt) = -\ L(a+j1) I'(2a + ji + jo)
G I'2a+j1) I'(3a + j1 + j=2)

]1 =0j2=0

x/ z)Setiitiz=1l,2n=01=02 £ ()

0
In general, using the mathematical induction method, we get

I'a+741) I'(ka+j1+ ...+ jr)

S e gt
Jl A " I'a+j1) Tka+ji+ ...+ ji + @)

t

% /(t _ Z)ka+j1+m+jk*122n*j1*m*jkf(z)dz
0

Since
I'(a+ 1) I'(ka+j1+ ... + jk) H I'(pa+j1 + .. + jp)
FQa+ji) " Ikatji+.+jk+a) 5 Llpatji+ ..+ +a)

= C(avjl + ... +jp,k)7
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denoting

Grooni(u,0,0) = o) S Gl CiEC g+ i)
J1=0  j;=0

Xuioé-‘rjl+---+jk+04—1vk7l—j1—---—jk

)

GnauvA ZGnaluv)\)

for the functions (15), when 3 = n, we obtain (18). Theorem is proved.

Example 1. Let n =0. Then j1 =j2=...=j, =0,
k
r r I'(2 r r
Claso ) = [[ L0 Tl) ) Ilh) __I'fa)
st I'lpa+a) TI'(Ca) ') I'ka+a) I'lka+ )
A ;
a,i(U, v, A) = fota—l
Go.ailu, 0, 3) F(ka—!—a)u ’
G A /\ u1a+a 1 N A
i ——1p
OM(uv’Uv Z (ka+a) =t aa( u )

where E, ,(Au®) is Mittag-Leffler type function [10]. In this case

t t

yf(t) - /Gn,a(t - T,T, )\)f(T)dT - /(t - T)ailEa,oz(A(t - T)a)f(T)dT'

0 0

The formula is obtained from [10].
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On Degenerate Boundary Conditions
for Operator D*
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Abstract. The common form for degenerate boundary conditions for
the operator D* (D™) is found. It is shown that the matrix for coeffi-
cients of degenerate boundary conditions has a two diagonal form and
the elements for one of the diagonal are units. Operator D* whose spec-
trum fills the entire complex plane are studied, too. Earlier, examples of
eigenvalue problems for the differential operator of even order with com-
mon boundary conditions (not containing a spectral parameter) whose
spectrum fills the entire complex plane were given. However, in connec-
tion with this, another question arises whether there are other examples
of such operators. In this paper we show that such examples exist. More-
over, all eigenvalue boundary problems for the operator D* whose spec-
trum fills the entire complex plane are described. It is proved that the
characteristic determinant is identically equal to zero if and only if the
matrix of coefficients of boundary conditions has a two diagonal form.
The elements of this matrix for one of the diagonal are units, and the
elements of the other diagonal are 1, —1 and an arbitrary constant.

Keywords: Eigenvalue problems - Differential operator of even order -
Degenerate boundary conditions + Operator * Spectrum -
Characteristic determinant

1 Introduction

Consider the following problem for operator D*:

yW (@) = Ay(z) = s'y(z), xe[01] (1)
Ui(y) =Y ajey®*(0) + > ajppn y* V(1) =0, 5 k=1,234 (2
k=0 k=0

It is known [12, P. 26] that if the coefficients of an ordinary linear differential
equation are continuous on [0, 1], then for the spectrum of the problem (1), (2)

(© Springer International Publishing AG 2017

T.Sh. Kalmenov et al. (eds.), Functional Analysis in Interdisciplinary Applications,
Springer Proceedings in Mathematics & Statistics 216,
https://doi.org/10.1007/978-3-319-67053-9_18
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the following two possibilities occur: 1) there exists at most a countable number
of eigenvalues such that do not have limit points in C; 2) every A € C is an
eigenvalue.

Direct and inverse problems with nonseparated boundary conditions for case
1) have been fairly well studied (see, for example, [14-16]). The degenerate case
2) has been studied little (The boundary conditions are called degenerate if the
characteristic determinant of corresponding eigenvalue problem is constant [11,
p. 29]). It is well known, perhaps, only an example for differential operator of
any even order for which the spectrum fills the entire complex plane [13] (see
also [10]). In this example the boundary conditions (2) have the following form

Ui(y) =y~ D(0) + (-1)7 1y D(1) =0, j=1,2,3,4 (3)

Recently in [1] it is shown that there exist similar differential operators of any
odd order. However, in connection with this, another question arises: are there
other examples of such operators? In the present paper, for the operator D* we
find other examples of such operators and describe all boundary value problems
for the operator D* whose spectrum fills the entire complex plane. The form of
degenerate boundary conditions is found, too.

The question of describing all boundary value problems with degenerate
boundary conditions is related to a description of all Volterra problems. The
problem for operator L is called Volterra problem if inverse operator L~! is
Volterra operator (see [5, p. 208]). In the case of nondegenerate boundary con-
ditions for an arbitrary continuous function ¢(x), the system of eigen-vectors
of the operator L is complete in Lo(0,7) (see [11, p. 29]). Therefore, Volterra
problems are among problems with degenerate boundary conditions.

In [4] it is shown, that all Volterra problems for operator D? with common
boundary conditions have the form

y(0) Fay(m) =0, ¢'(0)+ay'(r) =0, (4)

where a # 1. A similar result is obtained in [3] for Sturm-Liouville problems
with differential equation —y” + ¢(z)y = Ay and symmetric potential
(4() = g(r — 2)).

In [9] it is described all degenerate boundary conditions for D2. In [2] a similar
result is obtained for Sturm-Liouville problems (see also [17], where there are
given examples, in which it is shown that if the potential ¢(x) is not symmetric,
then the spectrum can not fill the entire complex plane).

In [9, p. 556] - [10] it is shown that there can not exist example for the
operators D? and D* with finite (but not empty) spectrum. In [6] it is shown
that the spectrum of common nth order linear differential operators generated
by regular boundary conditions is either empty or infinite.

We denote the matrix consisting of the coefficients a;; in the boundary con-
ditions (2) by A and the minor consisting of the i1th, isth, igth and i4th columns
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of this matrix A by Ai, is.is.i4>
ail @12 a13 A14 a15 G1e A17 A18
A= 21 22 G23 G24 A25 G26 A27 A28 (5)
a31 a32 G33 434 A35 36 A37 A38
A41 Q42 A43 Q44 A45 G46 Q47 A48

A1,4; A1,ip Al A1,iy
A = 2,iy A2,i5 02,5 A2,y (6)
11,22,13,%4 ~ A2 i Q2. G2 i Q25 :

3,11 W3,i9 W3,43 W3 iy

A4.4, Q459 Q445 A4 54

In what follows, we assume that the rank of the matrix A is equal to 4,
rank A = 4. (7)
The aim of this paper is to prove the following theorems:

Theorem 1. Matriz (5) for coefficients of the degenerate boundary conditions
(2) has the following form:

1000a; 0 0 0
/01000 a0 0
A=10100 0as 0 (8)
00010 0 0 ay
or
a; 00 01000
~l0az 000100
Az = 0 0as 00010 ()
00 0a 0001

where a; (i =1,2,3,4) are some numbers.

Theorem 2. The characteristic determinant of problem (1), (2) is identically
equal to zero if and only if matriz (5) of coefficients of the boundary conditions
(2) has form (8) or (9), where {a;} (i = 1,2,3,4) are one of the following 12
sets:

1. a1:C’1, aQ:—l, ang’l_l, CL4:1,
2. al ZCQ, a2=1, a3202_1, Cl4:—17
3. a; = 03, as = —1, asz = 1, a4 = —17
4. a]p = 04, as = 1, az = 71, ay = 1,

5. ay = —1, as = C5, as = —]., ay = ].,
6. a; = —1, as = CG, az = 1, a4 = 06_17 (10)
7. a; = 1, as = 077 as = —17 a4 = 0;17
8. ayp = 1, [ Cg, az = 1, ay = —1,

9. a; = —1, as = 1, as = Cg, a4 = 1,
10. a1 = 1, Ay = —1, az = —1, aqs = —1,
11. a; = 71, ags = 1, as = -1 a4 = Cll,

12. ayp = ]., Ay = —]., az = ]., g = 0127

where C; (j =1,2,...,12) are arbitrary constants.
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Remark 1. Theorem 1 may be generalized for any order n > 2. If n is an order
of differential equation, then the matrix A for coefficients of the boundary con-
ditions has the following form

ail a12 ... 1p A1npn4+1 AG1n42 .- A12n
a21 A22 ... A2n 2n41 A2p42 - .. G22n

= ) . , (11)
Apl1 AQp2 -« . Opp Apn41 OGpn+2 - Ap2n

where rank A = n.
If the matrix A determines degenerate boundary conditions, then it has the
forms:

10...0a; 0 ... 0
01...00ay... 0

Ar=|... .. . (12)
00...10 0 ...a,

or

a1 0...010...0
0ay...001...0

Ao =1\ . .. . ... (13)
00..a,00...1

This statement can be proved similarly to Theorem 1.

Remark 2. The example (3) is a special case of only four solutions (1, 3, 8, 10)
from Theorem 2. And the remaining solutions (10) differ from the example (3).
Note that all 12 solutions (10) contain an arbitrary constant.

This paper is organized as follows: In Sect. 2 we prove Theorem 1, in Sect. 3
we prove Theorem 2, and in Sect. 4 we give conclusions.

2 The Form of Degenerate Boundary Conditions

In this section we prove Theorem 1 and show that the matrix for coefficients of
degenerate boundary conditions has a two diagonal form and the elements for
one of the diagonal are units.

Proof. The eigenvalues of the problem (1), (2) are roots of the entire function
(12, P. 26] A(\):

U1Ey1g U1Ey2§ Ulgyag U1Ey4;

_ | Uz2(y1) Ua(y2) Ua(ys) Us(y.

A =103 2) Us(y) Us(s) U ()| a4
Us(y1) Ualy2) Us(ys) Ua(ya)
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where
1 1 1
=g exp(sx) + 1 exp(—sx) + 5 cos(s x),
1 1 .
V2 = o exp(sx) — E exp(—sx) + 7% sin(s z),
1 1
V=1 exp(sx) + 12 exp(—sx) — 732 cos(sx),

1 1
V=13 exp(sx) — s exp(—sx) — By sin(s x),

are linearly independent solutions of Eq. (1) satisfying the conditions

r— 0 for j #r, .
yr (0, 0) = {Horj.ir jor=1,23 4. (15)

By B, B; and Bs denote the following matrixes

y1(0) ¥1(0) 57 (0) 1"(0) 91 (1) y2 (1) w1’ (1) w1"(1)

5 — |[%2(0) 92(0) 55(0) 5" (0) y2(1) 5 (1) w5 (1) y5"(1)

y3(0) ¥5(0) y5(0) y5"(0) ys(1) y3(1) y5 (1) y5'(1)

y4(0) ¥4(0) y1(0) y4"(0) ya(1) y4(1) w4 (1) yi" (1)
y1(0) ¥1(0) v/ (0) y1"(0) (1) yi (1) vy (1) 1" (1)
B — || 42(0) 92(0) 52 (0) 5" (0) || 5 [lw2(1) wa(1) ya (1) v2' (1)

o |[ws(0) 5(0) w5 (0) wE"(0) || T {fws(1) wh(1) wh (1) ws' (1) ||

v4(0) 94(0) y7(0) y4"(0) ya(1) w4 (1) gy (1) v’ (1)

where

y2(1) = 75 (¢ — 7" +2sin(s)), wh(1) = 3 (e® + e + 2cos(s)),
1s(e*—e® —2sin(s)), y4'(1)=1s*(e® —e*—2cos(s)),
ys(1) = 7z (¢ —e7* = 2cos(s)), w3(1) = 5 (e° — e™* + 2sin(s)),
yi(1) =1 (" + 7" +2cos(s)),  wh'(1) = 7s(e” —e™® — 2sin(s)),
ya(1) = 75 (¢ — 7" = 2sin(s)), 4(1) = 71z (¢" +e7* — 2cos(s)),
yi(1) = &% (e* —e™* +2sin(s)), y{'(1) =% (e" + e+ 2cos(s)),
Note that

gy =P, j=2345 k=1,2,34. (16)



200 A .M. Akhtyamov

From (15) and (16) it follows that

1000y (1) y1(1) y1'(1) 91"(1)

0100y(1) ya(1) ¥ (1) »1'(1)
B = ||B1, Bs| = 17
1B B =110.010 45(1) 121) 1a(1) 24() ()

0001 ya(1) ys(1) y2(1) yi(1)

Using A and B the determinant (14) represents in the form

A(N) = det(A- BT).
It follows from Cauchy-Binet formula [8, 1.14] that

A(N) = > Aiy iz issia Bin yisyis,is = 0 (18)

1<41<i2<13<i14<8

Here we denote by B, i, .i5.is = Biyiis.is (A) the minor consisting of the iith,
ioth, isth and i4th columns of the matrix B (lines of the matrix BT).

By P(s) denote P(s) = Ajssq Bi2ss + Asers Bsers. From the Liouville-
Ostrogradsky connecting the Wronskian for the solutions of the differential
equation and the coefficients in this equation it follows that [7, 17.1] Biagq =
det(Bl) = W(O) = 1, B5678 = det(Bg) = W(l) = 1, and P(S) = A1234+B5678 =
const.

All other functions Bj, iy.is.is = Biy ig.is,is () (except Biags and Bsgrs) are
not constants.

So if A(\) = C = const, then A(X) — P(s) = 0 and one of minors Ajs34 or
Asers are not equal to zero. Assume the converse. Then all minors A, 4, 4.4, of
the matrix are equal to zero. This fact contradicts the condition rank A = 4.

Suppose A1a34 # 0. Then the matrix (5) has the following form:

1000 ai5 A1 A17 A18
0100 Q25 A2¢ A27 A28
0010 ass aze A37 A38
0001 Q45 Q46 A47 A48

A:

(In order not to introduce new notations by a;; we denote other coefficients a;;
than (5)).

Let us remark that the determinant Basgss = yi’(1) and any other deter-
minant B, ;, .4, are linear independent. Suppose A(A) = C' = const, then
A(N) — P(s) =0 and Agges = 0. From this it follows that

000(118
100a
Agzyg = 010 a;z = —a1g = 0. (19)

0010,48

Let us show that ai7 , asg are equal to zero, too. Indeed, Bss7s =
yi (D) y)"(1) — (y{(1))? and any other determinant Bj, i, s, are linear inde-
pendent. Suppose A(A) = C = const, then A(X) — P(s) = 0 and Azyrs = 0.
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From this it follows that

00a;7 O
00asz7 a
Azqrg = 10 az: azz = a7 -azs = 0. (20)
01 ay7 ass
In addition, 82347 = _31348 = —yll/(l) and any other determinant Bi1,i2,i3,i4
are linear independent. This implies that
Agszar — A1zag = —(a17 + agg) = 0. (21)

Combining (20) and (21), we get
a17 = a8 = 0.

Likewise,
aje = agy = azg = 0.
Further, Bya3s = y4(1) and any other determinant B, ;, i,,i, are linear indepen-
dent. So if A(A) — P(s) = 0, then the minor Ajs35 = a45 = 0. As before, we
have
aszy = ag6 = ags = azg = aq7 = 0.

Therefore if Aja34 # 0, then the matrix A has the form A;.

Arguing as above, we see that if Asgrg # 0, then the matrix A has the form
As.

This completes the proof of Theorem 1. O

3 Eigenvalue Boundary Problems for the Operator D*
Whose Spectrum Fills the Entire Complex Plane

In this section we prove that the characteristic determinant is identically equal
to zero if and only if the matrix of coefficients of boundary conditions has a two
diagonal form. The elements of this matrix for one of the diagonal are units, and
the elements of the other diagonal are numbers (10).

Proof. Tf A1a34 # 0 and A(X) = 0 it follows from Theorem 1 that

0=A\) =det(4;-BT) =1+ %(a1a2+a1a4+a2a3+a3a4) + a1 as asz as+
—&—i (aras+ajaqs+azaz+azas+2a1a3+2aza4) (e°+e°) coss+

+1 (a1 + a2 + as + as + a1 az as+

+ajazaq + ajasas +asasay) (e°+e 4+ 2coss).
(22)



202 A .M. Akhtyamov

The functions 1, (e® +e7*%) coss, and (e® + e~ ° + 2 coss) are linear inde-
pendent. So characteristic determinant (22) is identically equal to zero if and
only if the coefficients a1, as, as, a4 are solutions of the following system of the
equations

2+4+aias+ayaq4+asaz+asas+2a1azaz3aq =0,
a1as+ajaq +asaz+asas+2a1a3+2asa4 =0, (23)

a1 +as+az3+ags+ajazsas+ayasas +arasay + asazay =0.

By direct calculation we find the solutions of the system of the equations
(23). This solutions are (10).
If Asers # 0 and A(XA) = 0 it follows from Theorem 1 that

0= A(\) = det(Ay - BT). (24)

From this we have the system of equations (23) , the solutions of whose are (10).
This concludes the proof of Theorem 2. a

4 Conclusion

In this paper it is shown that the matrix for coefficients of degenerate boundary
conditions has a two diagonal form and the elements for one of the diagonal are
units. All eigenvalue boundary problems for the operator D* whose spectrum
fills the entire complex plane are described. It is proved that the characteristic
determinant is identically equal to zero if and only if the matrix of coefficients
of boundary conditions has a two diagonal form. The elements of this matrix
for one of the diagonal are units, and the elements of the other diagonal are
numbers (10).
Let us remark that if

24aias4+aiaqs+asaz+azag+2araz2az3a3 =C #0

in (23), then solving of the new system of equations reduces to solving a sixth-
degree equation, and therefore is no longer analytically. Therefore, we can not
write specific expressions for the coefficients in Theorem 1. The system (23) can
be solved analytically in view of the fact that the coefficients of odd powers van-
ish, and therefore the sixth-degree equation reduces to a three-degree equation.
So specific expressions for the coefficients are given in Theorem 2.
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Abstract. In the present study, the problem of a hyperbolic equation
with the involution is investigated. The stability estimates in maximum
norm in ¢ for the solution of this problem are established.
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value problems + Neuman conditions

1 Introduction

Hyperbolic partial differential equations arise in many branches of science and
engineering e.g., electromagnetic, electrodynamics, thermodynamics, hydrody-
namics, elasticity, fluid dynamics, wave propagation, materials science. The
method of operators as a tool for the investigation of the solution of local
and nonlocal problems to hyperbolic differential equations in Hilbert and
Banach spaces, has been systematically developed by several authors (see, e.g.,
[2,3,5-9,12,13,16,17,23,24] and the references given therein). The theory of
functional-differential equations with the involution has received less attention
than functional-differential equations. Moreover, one of the unstudied areas of
partial differential equations are parabolic differential and difference equations
with the involution (see, e.g., [25]-[1] and the references given therein). For exam-
ple, in the paper [25], the mixed problem for a parabolic partial differential
equation with the involution with respect to ¢

up (6, ) = aUgy (6, 2) + buge (—t,2),0<x <, —00 <t <00 (1)

(© Springer International Publishing AG 2017
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https://doi.org/10.1007/978-3-319-67053-9_19



Stability of a Hyperbolic Equation with the Involution 205

with the Dirichlet condition in x was studied. The Fourier method was used to
get existence of unbounded solutions and non existence of solution dependent
on coefficients a and b. Moreover, in papers [19]-[10], the mixed problem for
a first-order partial differential equation with the involution was investigated.
The Fourier method was used to find a classical solution of the mixed problem
for a first-order differential equation with involution. The application of the
Fourier method was substantiated using refined asymptotic formulas obtained
for the eigenvalues and eigenfunctions of the corresponding spectral problem.
The Fourier series representing the formal solution was transformed using certain
techniques, and the possibility of its term-by-term differentiation was proved.

The paper [11] was devoted to the study of first order linear problems with
involution and periodic boundary value conditions. First, it was proved a corre-
spondence between a large set of such problems with different involutions to later
focus attention to the case of the reflection. Then in different cases, for which a
Green’s function can be obtained explicitly, it was derived several results in order
to obtain information about its sign. More general existence and uniqueness of
solution results were established.

In papers [14]-[15], the basis properties of systems of eigenfunctions and asso-
ciated functions for one kind of generalized spectral problems for a second-order
and a first-order ordinary differential operators. In the paper [21], the notion of
regularity of boundary conditions for a simplest second-order differential equa-
tion with a deviating argument was introduced. The Riesz basis property for a
system of root vectors of the corresponding generalized spectral problem with
regular boundary conditions (in the sense of the introduced definition) was estab-
lished. Examples of irregular boundary conditions, to which the theory of II'in
basis property can be applied, were given.

In the paper [22], a nonclassical operator L in Ly (—1,1), generated by the
differential expression with shifted argument

Lu:=—u"(-2),-1<z<1 (2)
and the boundary conditions
aju’(—l) + ﬂju’(l) + ajlu(—l) + 5j1’u(1) = 07j = 17 2 (3)

was considered. For the spectral problem corresponding to (1), (2), the author
introduces a concept of regular boundary conditions (2). In some sense, the defi-
nition is similar to that of strong (Birkhoff) regular boundary conditions (2) for
second-order ordinary differential equations. The main result of the paper states
that a system of eigenfunctions and associated functions of the operator L forms
an unconditional basis of the space Lo (—1,1). In the paper [20], the spectral
problem for a model second-order differential operator with an involution was
considered. The operator is given by the differential expression Lu = —u”(—m)
and boundary conditions of general form. A criterion for the basis property of



206 A. Ashyralyev and A.M. Sarsenbi

the systems of eigenfunctions of this operator in terms of the coefficients in the
boundary conditions was obtained. In the paper [4], the problem of a parabolic
equation with the involution was investigated. The stability and coercive stability
estimates in Holder norms in ¢ for the solution of this problem were established.
In the present paper, we will study the mixed problem for a hyperbolic equation
with the involution

Pultn) — (a(w)u, (t,2)), + B (a(—2)uq (t, —2)), — ou(t,z) + f (t,2),
—l<zx<l], 0<t<T,

ug (t,—1) = 0,uy (t,1) = 0,0 <t < T,

w(0,2) = ¢ (), u (0,2) =9 (2), =l <@ <1 ge (=) = ¢ () =0,
(4)

where u (¢, z) is unknown function, ¢ () ,% (x),a (x), and f (¢, z) are sufficiently
smooth functions, a > a(z) = a(—x) > 6 > 0 and ¢ > 0 is a sufficiently
large number. The stability estimates in maximum norm in ¢ for the solution of
problem (4) are established.

2 Preliminaries. Main Results

To formulate our results, we introduce the Hilbert space La[—1, (] of all integrable
functions f defined on [, ], equipped with the norm

1
2

1
| llairg= / )Pz b (5)
—1

We introduce the inner product in Ly[—I, ] by the following formula

l
(u,v) = /u(m)v(x)dx (6)
-

Moreover, C ([0,T], H) stands for the Banach space of all abstract continuous
functions ¢(t) defined on [0, T] with values in H equipped with the norm

leleqo i = max, o)l - (7)

Finally, we introduce a differential operator A* defined by the formula

A%v(x) = = (a(2)vs (), = B (a(=2)vs (=), + oV (2) (®)



Stability of a Hyperbolic Equation with the Involution 207

with the domain D(A*) = {u, uz, € La[—1,1] : uy (1) = 0,u, (I) = 0}. We can
rewrite the problem (4) in the following abstract form as the abstract Cauchy
problem for hyperbolic equations

VI(t) + Av(t) = f(t) (0<t<T),v(0) =,V (0) =1 9)

in a Hilbert space H with the self -adjoint positive definite operator A = A®
defined by formula (8). Here, f (t) = f (t,z) and u (¢t) = u (¢, z) are respectively,
known and unknown abstract functions defined on (0,7T) with values in H =
Lo[—0L1] , o = p(x),v = ¢¥(z) and a = a(x) are given smooth elements of
H = Ly[—1,1]. The main result of the present paper is the following theorem on
stability estimates of (4) in spaces C ([0,T)], L2[—1,1]) for the solution of this
problem.

Theorem 21. Assume that § — a|8] > 0,9 (), @ze (x) € Lao[—1,1], ¥ (x), 1y
(x) € Lo[-L1], and f(t,z) € C(l)([O T] Ls[—1,1]). Then for the solution of
problem (4) the following stability estimates

ogltiXT Ju(t, )le [~ S M[Oglta%XT (¢, )HLz[fl,l] +1le ||W21[7l,l] + 1Y o1
(10)

A LURIETE. - A ICR Iy .

< M | max || fi(t, )le[l,l]+||f(07')|L2[l,l}+||90||w22[l,l]+"/)”Wzl[l,l]]

0<t<T

(12)

hold, where M does not depend on f(t,x) and ¢(x), ¥(x). Here, the Sobolev

space Wy [—1,1] is defined as the set of all functions f defined on [, ] such that

f and first order derivative function f’ are both locally integrable in Lo [—1, ],
equipped with the norm

1
2

l
| £ o= / F@)Pde S+ / o)z § (13)
ey

and the Sobolev space W3[—[,1] is defined as the set of all functions f defined
n [—1,1] such that f and second order derivative function f " are both locally
integrable in Lo [—,], equipped with the norm
1 1
l 2 l 2
£ lwzan=1 [1@Pas b+ [If@Pae . a1
=1

—1
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The proof of Theorem 21 is based on the following abstract Theorem on stability
of problem (9) in C([0,T], H) space and on self-adjointness and positive defi-
niteness of the unbounded operator A = A” defined by formula (8) in Lo[—1,]]
space.

Theorem 22. [5]. Suppose that ¢ € D(A) , ¥ € D(A2) and f(t) are contin-
uously differentiable on [0, 7] function. Then there is a unique solution of the
problem (9) and the stability inequalities

e VOl <1 el + 47720, + s 4250, . 9

0<t<T 0<t<T
1/2 < H 1/2 H
e, [42560)| < r [ 2]+ ol + gue 15OL] . 10

ma || Av(t)],; < M [|AsoH + |42+ 17Ol + max ||f’|H] . ()

0<t<T 0<t<T

hold, where M does not depend on f(t), ¢t € [0,T] and ¢, .
In the next Section, the self-adjointness and positive definiteness of the oper-

ator A = A” defined by formula (8) in Ls[—I,!] space will be studied.

3  Self-adjointness and Positive Definiteness

Theorem 31. Assume that § — a|3] > 0, then the operator A = A® defined
by formula (8) is the self-adjoint and positive definite operator in Ly[—I, ] space
with the spectral angle ¢(A, H) = 0.

Proof. We will prove the following identity and estimate
(A%u,v) = (u, A"v) ,u,v € D(A"), (18)

(A%u,u) > o {u,u) ,u € D(A"). (19)
Applying the definition of the inner product and integrating by part, we get

1 l 1

(A%u,v) = 7/‘(a(:v)uz(:p))x v(ac)clmfﬁ‘/(a(fz)uJJ (=), v(z)dx+o/u(w) v(z)dz (20)
2

l
+8 [*a(*l)um(*l)V(*l)+a(l)um(l)V(l)Hﬁ/a(*x)% (—2) ve(z)drto
1

L
<
—
s
N
=
—~
N>
IS9
s
—~
[\
[\
~
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From u,v € D(A”") it follows that
l 1 !
(A%u,v) = a(@)uz(@)ve(z)dz + 8 a()us (2)ve(—2)dr +0  u(z)v(z)ds. (23)
- - —
In a similar manner one establishes formula

(u, A) = a(@)ue(z)ve(z)dz+B  us () a(—2)ve(—z)dz+0o  u(z)v(z)ds. (24)

—1 —1 —1

Therefore, from these formulas and condition a () = a (—z) it follows identity
(18). Now, we will prove the estimate (19). Applying the identity (23), we get

1 1 1
(A%u,u) = a(@)ue(2)us(2)dx+B  ue (z) a(—2)us (—z)dz+o  u(z)u(x)dzr (25)
—1 -1 -l

1 l
> o {u,u) + J/UI(o:)uz(:r)d:c + 65/(1(79:)1% () uy(—x)dx. (26)
Z 2

Using the Cauchy inequality, we get

Nl=
ol

l l l

a(—2)ug () uz(—2z)dz < a lug (z)|? da lug (—z)Pdz = a(us,us).
—1 -l =1

Since 5 > —|f8|, we have that

l

3 / a(—2)y ()t (—2)dz > — 5] @ (e ) - (28)

-1

Then
(A%u,u) > o (u,u) + (6 — |B| a) (ug, ug) > o (u,u) . (29)

Theorem 31 is proved.
4 Conclusion
In the present study, the mixed problem (4) for a hyperbolic equation with the

involution is investigated. The stability estimates in C([0, T, L2[—!,{]) norm for
the solution of this problem are established.
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Moreover, applying results of paper [3] and present paper, we can study the
nonlocal problem for a hyperbolic equation with the involution

P — (a(a)us (t2)), + B (a(—2)uy (t,—2)), — ou(t,x) + f (t,z),
—l<zr<l,0<t<T,
ug (t,—1) = 0,uy (t,1) = 0,0 <t < T,

u (0, 2) —Ofa<p>u<p,z>dp+ 3 a () u () + o (0),

ug (0,2) =

B(p) u (p, ) dp + g"lﬂw)u(xi,x) + (),

—1 <z <1, (_l) =Pz (l) =0,

(30)
where w (¢, z) is unknown function, ¢ (x),v (x),a (), and f (¢, z) are sufficiently
smooth functions, a > a (z) = a(—x) > § > 0 and o > 0 is a sufficiently large
number, and «(s), 8(s), a(s), b(s) are scalar real-valued continuous functions.
Under the assumption

T n n n T n T
14+ fa(s)B(s)ds+ > a(hg) o bk)+ > a(Ak) [B(s)ds+ Y b(Ag) [a(s)ds
0 k=1 k=1 k= 0 k=1 0

> [l + 18 () ds + E la () + b ()],

stability estimates in maximum norm in ¢ for the solution of problem (30) can
be established. Finally, applying the result of the monograph [5], the high order
of accuracy two-step difference schemes for the numerical solution of the mixed
problem (4) can be presented. Of course, the stability estimates for the solution
of these difference schemes have been established without any assumptions about
the grid steps.
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Abstract. In this paper we study the spectral properties of relatively
bounded correct perturbations of the correct restrictions and extensions.
Method for constructing a class of correct perturbations, which spectra
coincide with the spectrum of a fixed boundary correct extension, is
obtained. Examples illustrating the application of the obtained results
are given.

Keywords: Correct restrictions - Correct extensions - Relatively
bounded perturbations - Spectral properties - Volterra correct
extensions

1 Introduction

Let us present some definitions, notation, and terminology.
In a Hilbert space H, we consider a linear operator L with domain D(L) and
range R(L). By the kernel of the operator L we mean the set

Ker L={feD(L): Lf=0}.

Definition 1. An operator L is called a restriction of an operator L1, and L,
is called an extension of the operator L, briefly L C L4, if:

1) D(L) € D(Ly),

2) Lf = Ly f for all f from D(L).

Definition 2. A linear closed operator Lg in a Hilbert space H is called minimal
if there exists a bounded inverse operator Ly ' on R(Lg) and R(Lo) # H.

Definition 3. A linear closed operator L in a Hilbert space H is called maximal
if R(L) = H and Ker L # {0}.

© Springer International Publishing AG 2017
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Definition 4. A linear closed operator L in a Hilbert space H is called correct
if there exists a bounded inverse operator L~! defined on all of H.

Definition 5. We say that a correct operator L in a Hilbert space H is a correct
extension of minimal operator Lg (correct restriction of maximal operator L) if

LoC L (LcCL).

Definition 6. We say that a correct operator L in a Hilbert space H is a bound-
ary correct extension of a minimal operator Lo with respect to a maximal oper-
ator L if L is simultaneously a correct restriction of the maximal operator L and
a correct extension of the minimal operator Ly, that is, Ly C L C L.

Let L be a maximal linear operator in the Hilbert space H, let L be any
known correct restriction of L, and let K be an arbitrary linear bounded (in H)
operator satisfying the following condition:

R(K) C Ker L.
Then the operator L' defined by the formula (see [5])
L f=L"'f+ K/, (1)

describes the inverse operators to all possible correct restrictions Lx of E, ie.,
Lig C L.

Let Lo be a minimal operator in the Hilbert space H, let L be any known
correct extension of Ly, and let K be a linear bounded operator in H satisfying
the conditions

a) R(Lo) C Ker K,

b) Ker (L™ + K) = {0},
then the operator L[}l defined by formula (1) describes the inverse operators to
all possible correct extensions Ly of Ly (see [5]).

Let L be any known boundary correct extension of Ly, i.e., Ly C L C L. The
existence of at least one boundary correct extension L was proved by Vishik in
[7]. Let K be a linear bounded (in H) operator satisfying the conditions

a) R(Lo) C Ker K,

b) R(K) C Ker L,

then the operator Ll}l defined by formula (1) describes the inverse operators
to all possible boundary correct extensions Ly of Lo (see [5]).

Definition 7. A bounded operator A in a Hilbert space H is called quasinilpo-
tent if its spectral radius is zero, that is, the spectrum consists of the single point
Zero.

Definition 8. An operator A in a Hilbert space H is called a Volterra operator
if A is compact and quasinilpotent.
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Definition 9. A correct restriction L of a maximal operator L (L C L), a
correct extension L of a minimal operator Lo (Lo C L) or a boundary cor-
rect extension L of a minimal operator Lo with respect to a maximal operator
L (Lo C L C L), will be called Volterra if the inverse operator L~! is a Volterra
operator.

Definition 10. A densely defined closed linear operator A in a Hilbert space
H is called formally normal if

D(A) € D(A"), [[Af[l = [|A*f]] for all f € D(A).
Definition 11. A formally normal operator A is called normal if

D(A) = D(AY).

2 Main Results

Let Lo be some minimal operator, and let My be another minimal operator
related to Lo by the equation (Lou,v) = (u, Myv) for all u € D(Lgy) and v €
D(Mpy). Then L = M§ and M = L{ are maximal operators such that Ly C L and

—

My C M. The existence of at least one boundary correct extension L was proved
by Vishik in [7], that is, Ly C L C L. In this case, L* is a boundary correct
extension of the minimal operator My, that is, My C L* C M. The inverse
operators to all possible correct restrictions L of the maximal operator L have
the form (1), then D(Lg) is dense in H if and only if Ker (I + K*L*) = {0}.
Thus, it is obvious that any correct extension Mg of My is adjoint of some
correct restriction Lg with dense domain, and vice versa [2]. Finally, all possible
correct extensions My of My have inverses of the form

Mg'f= (L) f= L) f+Kf, (2)

where K is an arbitrary bounded linear operator in H with R(K) C Ker L such
that Ker (I + K*L*) = {0}. It is also clear that R(Mp) C Ker K*. In particular,
M is a boundary correct extension of My if and only if R(My) C Ker K* and
R(K*) C Ker M.

Lemma 1. Let Lk be a densely defined correct restriction of the mazimal oper-
ator L in a Hilbert space H. Then D(L*) = D(L}) if and only if R(K*) C
D(L*) N D(L%), where L and K are the operators from the representation (1).
Proof. If D(L*) = D(L};) then from the representation (1), we easily get

R(K*) ¢ D(L*) N D(Lk) = D(L*) = D(Lk)



216 B.N. Biyarov and G.K. Abdrasheva

Let us prove the converse. If
R(K*) Cc D(L*)ND(L¥%),
then we obtain
(Li) U =L) f+ K f = (L) (I + L*K")f, 3)

(L) f = (L)' f = K" f= (L)' (I - LgK*)f, (4)
for all f in H. It follows from (3) that D(L};) C D(L*), and from (4) it implies
that D(L*) C D(L%). Thus D(L*) = D(L%). Lemma 1 is proved. O

Lemma 2. If R(K*) C D(L*)ND(L3}) then a bounded operators I +L*K* and
I— L3, K* from (3) and (4), respectively, have a bounded inverse defined on H.

Proof. By virtue of the density of the domains of the operators L}, and L* we
imply that the operators I + L*K* and I — L}, K* are invertible. Since from (3)
and (4) we have Ker (I + L*K*) = {0} and Ker (I — L} K*) = {0}, respectively.
From the representations (3) and (4) we also note that R(I + L*K*) = H and
R(I — L3 K*) = H, since D(L*) = D(L%). The inverse operators (I + L*K*)~!
and (I — L3 K*)~1 of the closed operators I + L* K* and I — L% K*, respectively,
are closed. Then the closed operators (I + L*K*)~! and (I — L} K*)~!, defined
on the whole of H, are bounded. Lemma 2 is proved. (]

Under the conditions of Lemma 2 the operators KL and KLy will be (see
[3]) a part of bounded operators KL and KLy, respectively, where the bar
denotes the closure of operators in H. Thus (I — L3 K*)™t = I + L*K* and
(I-KLg) '=I+KL.

Next we consider the following statement

Theorem 1. Let Li be a densely defined correct restriction of the mazimal
operator L in a Hilbert space H. If R(K*) C D(L*) N D(L%;), where L and K
are the operators from the representation (1) then

1. The operator Bx = (I + KL)L is relatively bounded correct perturbations of
the correct restriction Ly and the spectra of the operators By and L coincide,
that is, o(Bk) = o(L);

2. The operator L is a quasinilpotent (the Volterra) boundary correct extension
of Ly, and Bk is a quasinilpotent correct operator simultaneously;

3. If L is an operator with discrete spectrum then the system of root vectors of
the operator L is complete (the basis) in H if and only if the system of root
vectors of the operator Bk is complete (the basis) in H;

4. In particular, when L is a normal operator with discrete spectrum, then the
system of root vectors of the operator By form a Riesz basis in H.

Proof. 1. Note that B! = L' (I-KLk),and (I-KLg)Ly' = L' —K = L™
The correctness of the operator B is obvious. For bounded operators R and
S it is known (see [1]) the property o(RS) \ {0} = o(SR)\{0}. Thus, Item 1
is proved.
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2. Note that B! = (I - KLg) 'L~ Y(I — KLg). Tt follows easily from Lemmas
1 and 2 that the operators I — KLk and (I — KLg)™! are bounded and
defined on the whole of H. It is then obvious that the operators L~! and Bl}l
are quasinilpotent (the Volterra) simultaneously. Item 2 is proved.

3. From the known facts of functional analysis (see [6]) imply that the system of
root vectors of the operators L and By are complete (the basis) simultane-
ously.

4. The system of root vectors of the normal discrete correct operator L form
an orthonormal basis in H. Then the system of root vectors of the correct
operator By form a Riesz basis in H.

Theorem 1 is proved. O

Ezample 1. In the Hilbert space L2(0,1) let us consider the minimal operator
Ly generated by the differentiation operator

Ly=y = f forall f € Ly(0,1).
Then
D(Lo) = {y € W5(0,1) : y(0) = y(1) = 0}.

The action of the maximum operator M= L§ has the form

—

Mv=—v' =g forall g € Ly(0,1).
Then
D(My) = {v € W3(0,1) : v(0) =v(1) = 0}.

As a fixed boundary correct extension L of Ly we take the operator acting as
the maximal operator L on the domain

D(L) ={y € D(L) : y(0) = 0}.

Then all possible correct restriction Lg of L have the following inverse

x 1 7
y=Lf=L""+Kf= /0 f)at +/0 ft)o(t)dt,

where o(x) € L2(0,1) defines the operator K. The domain D(Lg) of Lk is
defined as

1
D(Li) =y € WH0.1): 9(0) = |/ (0)ot0Iat).
0
Then D(Lg) is not dense in L(0,1) if and only if o(z) € W3(0,1), o(1) = 0,
and o(0) = —1. If we exclude such o(z) from L4 (0, 1) then there exists L}, which

has an inverse of the form

v=(Lg) lg=(Lg)g= (L") 'g+ K*g forall g€ Ly(0,1).
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This is a description of inverse operators of all possible correct extensions L7
of My. Let the condition of Theorem 1 holds. Then o(z) € W3 (0,1), o(1) = 0,
and o(0) # —1. Let us construct the following operators

KIf = - / F(t)o' ()t

. 1 1 ,
KInf — _1+(0)/o F(t)o' (1)dt.
Note that ,
Licw = ~0/(a) + s 0(0) = f(a).

D(Ly) = D(L*) = {v € W5(0,1) : v(1) =0}.
Then the operator Bg has the following form

1
Bru=u'(z) — /0 o' (t)o! (t)dt = f(x),
D(BK) = D(Li) = {u € WH0.1): u0) = [ w/(t)a0at).

where o(x) € W3(0,1), o(1) = 0, and o(0) # —1. By virtue of Theorem 1
By is a Volterra correct operator. We know that for a first order differentiation
operator there are no Volterra correct restrictions or correct extensions, except
the Cauchy problem at some point z = d, 0 < d < 1. But the operator Bx
is neither correct restriction of L nor correct extension of Lg. This Volterra
problem is obtained by the perturbation of the differentiation operator itself
and the boundary conditions of Cauchy simultaneously.

Ezample 2. If in Example 1 as a fixed boundary correct operator L we take the
operator L with the domain

D(L) ={y € W3(0,1) : y(0) +y(1) =0},

then L is a normal operator. In this case, the operator Bx has the form

Bry =1 (z) / Y () Dt = f(x),
1
D(Bx) = {y € W2(0,1) : y(0) +y(1) =2 / Y (oDt}

where o(z) € W3(0,1), o(0) + (1) = 0, and ¢(0) # —3. The operator By
is correct and the system of root vectors form a Riesz basis in L2(0,1). The
eigenvalues of the normal operator L and the correct operator By coincide.

Corollary 1. The results of Theorem 1 are also valid for the operator B}, =
Ly (I+L*K*). All four items will take place for a pair of operators B}, and L*.
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Remark 1. The results of Examples 1-2 are also valid for the operator B.

1
@ = o'@) [ oty = .

Biv=—

D(By) ={v e L(0,1) : v(z)— 0'/(37)/0 v(t)dt € D(L*)},

where o(z) € W3 (0,1), o(1) = 0, and 0(0) # —1, in the case of Example 1, and
o(z) € W3(0,1), 0(0) + o(1) = 0, and o(0) # —1, in the case of Example 2. We
recall that the conditions o(0) # —1 and ¢(0) # —3 provide the density of the
domain D(Lk) in H.

Ezample 3. In the Hilbert space Ly(f2), where (2 is a bounded domain in R™
with an infinitely smooth boundary 92, let us consider the minimal Lo and
maximal L operators generated by the Laplace operator

2 2 2
Au_(8u+8u+”.+8u>. (5)

or? = Ox3 0z2,

The closure Lo, in the space La(f2) of the Laplace operator (5) with the
domain C§°(£2), is the minimal operator corresponding to the Laplace operator.
The operator E, adjoint to the minimal operator L corresponding to the Laplace
operator, is the mazimal operator corresponding to the Laplace operator (see [4]).
Note that N R

D(L)={ue€ Ly(2): Lu=—Au € Ly(2)}.
Denote by Lp the operator, corresponding to the Dirichlet problem with the
domain
D(Lp) = {u € W2(22) : ulso = 0}.
Then, by virtue of (1), the inverse operators L™! to all possible correct restric-
tions of the maximal operator L corresponding to the Laplace operator (5) have
the following form:
w=L"'f = Lp\f + KJ,

where, by virtue of (1), K is an arbitrary linear operator bounded in Lo ({2) with
R(K) C Ker L = {u € Ly(2) : —Au = 0}.
Then the direct operator L is determined from the following problem:

zu:_Au:fv fELQ(Q)v

~

D(L) = {ue D(L): [(I - KL)ullo = 0},

where I is the identity operator in Lo(f2). There are no other linear correct

restrictions of the operator L (see [2]). The operators (L*)~!, corresponding to
the adjoint operators L*

v=(L")"g=Lp'g+K"g,
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describe the inverse operators to all possible correct extensions of Ly if and only
if K satisfies the condition (see [2]):

Ker (I + K*L*) = {0}.

Note that the last condition is equivalent to the following: D(L) = La(£2).
We apply Theorem 1 to the particular case when

Kf = w(x) / / J(©)9(E)de, . € QCR™,
N

where w(z) is a harmonic function from Lo (2), and g(z) € La(£2).

K*f = g(0) [[ 1€
(93

From the conditions of Theorem 1 it follows that g(z) € W2(£2), g(z) |ao= 0,
and

/ (Ag)(¢ df # 1.
Then

Breu =~ Au— (o) [ [(A)(©(A9)(€)de = f(o). for all { € La(®),

(P
D(Bx) = {ue W2(0) : (u(z) +w(e // (Au)(€)g(€)de) |on= o}

We obtained a relatively compact perturbation Bi of L which has the same
eigenvalues as the Dirichlet problem Lp. The system of root vectors of Bg forms
a Riesz basis in Ly(£2). If {vg} are an orthonormal system of eigenfunctions of
L (the Dirichlet problem), then the system of eigenvectors {ug} of Bx have the
form

up = (I + KL)vp = vp(x) + w(z) //vk(ﬁ)(ﬂﬁ)(ﬁ)d& k=12,...
2
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Abstract. We are studying the issue of stability and instability of the
basis property of the system of eigenfunctions and associated functions of
the Sturm-Liouville operator with an integral perturbation of one bound-
ary condition. This paper is devoted to a spectral problem for operator
with an integral perturbation of boundary conditions, which are regu-
lar, but not strongly regular. We assume that the unperturbed problem
has system of normalized eigenfunctions and associated functions which
forms a Riesz basis. We construct a characteristic determinant of the
spectral problem with an integral perturbation of the boundary condi-
tions. The present work is the continuation of authors’ researchers on
stability (instability) of basis property of root vectors of a differential
operator with nonlocal perturbation of one of boundary conditions. The
work includes a more detailed exposition of some previous results of
authors in this directive, and there are given new results.

Keywords: Sturm-Liouville operators + Regular boundary condition
- Not strongly regular boundary condition - Integral perturbation -
Spectral problem + Characteristic determinant + Basis property -
Eigenfunctions - Associated functions

1 Introduction

A well-known fact is that the system of eigenfunctions of an operator given
by formally adjoint differential expressions, with arbitrary self-adjoint boundary
conditions providing a discrete spectrum, forms an orthonormal basis in L. The
question of persisting the basis properties under some (weak in definite sense)
perturbation of an original operator has been investigated in many works. For
example, the analogous question for the case of a self-adjoint original operator
has been investigated in [7,11,13], and for a non-selfadjoint operator in [4,18].

(© Springer International Publishing AG 2017

T.Sh. Kalmenov et al. (eds.), Functional Analysis in Interdisciplinary Applications,
Springer Proceedings in Mathematics & Statistics 216,
https://doi.org/10.1007/978-3-319-67053-9_21
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In [19] the spectral properties of operators of the form A = T + B are analyzed
(where B is a non-symmetric operator subordinate to a self-adjoint or normal
operator T') and a survey of research in this area is presented.

Spectral theory of non-self-adjoint boundary value problems for ordinary dif-
ferential equations on a finite interval goes back to the classical works of Birkhoff
[1] and Tamarkin [20]. They introduced the concept of regular boundary condi-
tions and investigated asymptotic behavior of eigenvalues and eigenfunctions of
such problems.

In L5(0,1) we consider an operator Lg, generated by the following second
order ordinary differential expression:

tu = —u"(2) + q(z)u(z), q(z) € C[0,1], 0<z<1 (1)
and the boundary value conditions of the form

U, (U) = 0,1111,/(0) + Cllzu/(l) + algu(O) + a14u(1) =0, ( )
2
UQ(U) = aglu’(O) + GQQU/(].) + aggu(O) + a24u(1) =0.

When the boundary conditions (2) are strongly regular, the results by Dun-
ford [2,3], Mikhailov [14] and Kesel'man [8] provide the Riesz basis property
in Ly(0,1) of system of the eigenfunctions and associated functions (EAF) of
the problem. In the case when the boundary conditions are regular but not
strongly regular, the question on basis property of the system of EAF is not
yet completely resolved. When ¢(x) = 0, the problem about basis property of
the system of EAF of the problem with general regular boundary conditions has
been completely resolved in [10].

2 Statement of the Problem

In the present paper we consider a spectral problem with integral perturbation
of one of the boundary conditions (2). By L; denote an operator given by the
differential expression (1) and by the “perturbed” boundary conditions

Ur(uw) =0, Us(u) = / p@u(x)dr, p(x) € Ly(0,1). 3)

When the boundary conditions (2) are strongly regular, the results by A.A.
Shkalikov [18] provide the Riesz basis property in L(0,1) of the system of EAF
of the operator L.

In the present paper we consider the case when the boundary conditions (2)
are not strongly regular.

3 Classes of Not Strongly Regular Boundary Conditions

We introduce the matrix of coefficients of the boundary conditions (2):

a11 @12 A13 A14
A:( 28 )

@21 22 A23 G24
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By A(ij) we denote the matrix composed of the i-th and j-th columns of the
matrix A, A;; = det A(ij).

Let the boundary conditions (2) be regular but not strongly regular. Accord-
ing to [15, p. 73], if the following conditions hold:

Ajg =0, A+ A3 #0, A+ Ay =TF(Aiz+ An), (4)

then the boundary conditions (2) are regular, but not strongly regular boundary
conditions.

Makin [12] suggested dividing all regular, but not strongly regular, boundary
conditions into four types:

I. Ay = Aoz, A3y =0; I11. Ay # Ags, A3y =0;
II. Ay = Agz, Asa #0; IV. Ay # Aoz, Asg #0.°

For example, periodical or antiperiodical boundary conditions form the type
I, and can be determined in the following form: A4 = As3, A34 = 0. That is,
a11 = —a12, 13 = a14 = G271 = a2 = 0 and a3 = —az4. These conditions will
be equivalent to matrix A, where the following two options are possible:

1-10 0
A‘<001—J

1100
A= <0 01 1)
are antiperiodical.

And the same boundary conditions with “the lowest coefficients” form the
type II. These conditions will be equivalent to matrix A, where the following

two options are possible:
14+1a 0O
A_(OOIiJ’a#O

This case was allocated by Makin [12] as one type of non-strongly regular
boundary conditions, when the systems of EAF of the spectral problem

Lo(u) = —u" (2) + q(x)u(z) = u(z), qlz) e C[0,1], 0 <x <1, (5)

are periodical or

with boundary conditions of type II forms a Riesz basis for any potentials g(z).

4 Adjoint Operator Lj

Just as in [15, p. 20] we complement the system of forms Uy, Us by some forms
Us,U, up to the linearly independent system from 4 forms Uj,...,Us. Then
there exist linear homogenous forms Vj, ..., Vi equal to

EZ[ ]kV +ﬂ]kv ( ) , J=14, (6)

k=0
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for which Lagrange’s formula
1 1
[ €wrEse = [
0 0

0 (v) = —v"(2) + q(z)v(z) (®)

is an adjoint differential expression.
Therefore, operator L, adjoint to the operator Lo, is given by the differential
expression (8) and boundary value conditions

v=3 Ui(y)Vsi(v) (7)

Jj=1

holds. Here

Vi(v) =0, Va(v)=0. 9)

Now we define an adjoint operator Lj. Using Lagrange’s formula (7) for all
functions y € D(L1) and v € D(L7), and taking into account the boundary
conditions (3), we obtain

4
(L1y> ) 7 ZU] ‘/5 7
Jj=1

1
- { / p(@y(z)dx}w+ Us ()Tal0) + Us(u) Vi) =

In view of the linear independence of the forms U;(y) and V3(v), we see that the
operator L is given by a loaded differential expression

Li(v) = —v"(z) + q(2)v(@) + p(z)V3(v) (10)

and the boundary conditions (9). It should be noted that, in the case of integral
boundary conditions, adjoint operators were first constructed in Krall’s paper

[9].

5 Characteristic Determinant of a Spectral Problem

We additionally assume that the potential g(z) is chosen in such a way that
the unperturbed spectral problem (5) with boundary conditions (2) has the
system of EAF generating an unconditional basis in L2(0,1). Let )\2 be eigen-
values (numbered in decreasing order of their modules) of the operator Lg of the
multiplicity my + 1 to which the eigenfunctions y(z) and chains of the adjoint
functions y y (), j = 1, my, correspond. Then the biorthogonal system consists of

the eigenfunctions v}, (z) and the associated fglctions vgj(x), j=0,mp —1of
the operator L corresponding the eigenvalues A}. Obviously that the system of
EAF {ij( ), j=0,my, k=1, oo} of the operator L{; forms an unconditional
basis in L3(0,1).
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Now we construct a characteristic determinant of the spectral problem. Let
y1(z, A), y2(x, \) be fundamental solution system of the equation ¢(y) = Ay sat-

isfying the conditions yj(k_l)(O, A) = 8k, j,k = 1,2. Here §,; is the Kronecker
symbol. Introducing the general solution by the formula

y(x,A) = Cry1(z, A) + Caya(z, N),

and satisfying the boundary conditions (3), we obtain a linear system regarding
the coefficients C1, Cs:
C1Ui (y1(1,A)) + C2Us (y2(1, N)) =

1 1

Cr Us (yi(1,0) — . p(@)y1(z, \)dx + Co Us (y2(1,N)) — i p(2)ya(z, N)dz =0,

And the determinant of this system is the characteristic determinant of prob-
lem (1), (3):

Us ( — Jo P@)ya(a, Nz Uy (ya(-, V)
Ar(A) = ' (11)

Us ( — Jo P@w1 (2, Ndz Uy (y1(-,A)
Tt is easy to see that the characteristic determinant of unperturbed problem (1),

(2) is obtained from (11) by p(z) = 0. We denote it by Ag()).
We shall express the kernel of the integral perturbation p(z) as a series expan-

sion in the basis {vgj (z), 7=0,mg, k=1,00¢ of the eigenfunctions and asso-

ciated functions of the unperturbed adjoint operator Lg:
oo

= Z Zakjvkj , Qg = (p(m)7y1?:.j(x))L2(071) : (12)
k=1

Using (12), we can find a more convenient representation of the determinant
A1 (N). To do this, let us first calculate

Z Za’w Ys(- X)) [ s=1,2. (13)

k=1 | =0

o—__
=
B
<

Taking into account the fact that the chains of eigenfunctions and associated
functions of the adjoint problem are defined by the formulas:

Lo"kmo = A‘évgmgv LSV% = )‘72"23' + V2j+1v Jj= O,mg -1,
we can easily verify the following sequence of equalities for j < mgz
=D (550 0:7,00) = (sl )80 ) = (s ) A, () =
(E(ys) ng) - (937L8V2j> + (ysvvngrl) :



Regular Sturm-Liouville Operators with Integral ... 227

Here let us use Lagrange’s formula (7) and the boundary condition (9). Then,
for all j =0,...,m{ — 1, we obtain

(A= )‘2)(%(-1'7 )‘)’ng(m)) = Bys(j) + (y&vgj+1)>
where we denote
Bia(3) = Us (us) Va (49 ) + U2 () Vs (43 ). (14)
Repeating similar calculations (mg —1—j) times, we can write
my—1—j

Bys(j+1) 1
s 'a)\ 7v0' : = £ 1 0_j
(y ( ) kj( )) ;=0: ()\ N )\2)?”+ ()\ _ )\g)mk,*j

(ys,vg mg)

Similarly for the eigenfunction vg o We get
k

A= A0 Ws (5 ),V 1y, (4)) = Brs(my,).
Combining the last two equalities, we can write

o .
my, —j

Bys(j + )
(ys(U)‘)ﬂ)gj(')): ; ()\k_‘)y\(]i)rﬂ

Substituting expression (14) into the above formula, after elementary transfor-
mations, we obtain

me—j Uy (ys) Vi vojr + Us (ys) V- Vojr
N0 = 3 (hse) e (o) (15)
r=0 ()‘_)‘2)

Now, substituting (15) into formula (13), we can write

/0 P(@)ys (. Nz = Uy (52) A1 (M) + U () As(V),

where we denote

o [ mi eI Vo (V)

Ai(N) = Z ZWJ’ (07“+1> (16)
k=1 |j=0 = (A=AR)
Using the resulting expressions from (11), we obtain
2
Ui(y2) Ui (y2)

A1 (N) = Ag(N) — A (A 17
1) oY) Z ) Ui(y1) Ui(y1) (17)

i=1
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Tt is easy to see that one summand (for ¢ = 1) in (17) vanishes (as determinants
with identical rows). Therefore,

A1(A) = Ao(A) = Ao(A)A2(A) = Ag(A) (1 = Az(N)). (18)

Substituting the value of A2(X) from (16), we obtain the following representation
of the characteristic determinant of the operator L:

mk mg—j V- VO, e
Ar(N) = Ag(N) 1—2 ai| > w (19)
k=1 | j=0 r=0 ()‘_)‘2)

Let us state the obtained result as a theorem.

Theorem 1. Let problem (1), (2) possess the eigenvalues N} and the EAF gen-
erating an unconditional basis in L2(0,1). Then the characteristic determinant
of problem (1), (3) with the perturbed boundary conditions is expressed as (19),
where Ag(X) is the characteristic determinant of the unperturbed problem (1),
(2); Vs is the linear homogeneous form arising from the construction of the
boundary conditions (9) of the adjoint unperturbed problem; {vgj} are the EAF
of the adjoint unperturbed problem; and ay; are the Fourier coefficients of the
biorthogonal expansion (12) of functions p(x) by this system.

First, it is necessary to see that, in the representation (18) the function As(X)
can have poles of maximal order m{ + 1 at the points A = A). However, at these
points, the function Ag()\) has zeros of order m + 1. Therefore, the function
Aq(A) expressed by formula (19) is an entire analytic function of the variable .

Second, it does not follow from (18) that all the zeros A} of the characteristic
determinant Ag(\) will be zeros of A;()), because, at these points, the function
As()) can have poles. The same also applies the multiplicity of the eigenvalues.
And this fact will depend on the behavior of the coefficients a; of the expansion
(12) of the function p(x).

Note that in our paper [16] formula (19) was obtained for the case of linear
ordinary differential operator of n-th order and regular boundary conditions of
general form with the integral perturbation of one of its boundary conditions.

6 Particular Cases of the Characteristic Determinant

The simplest form of formula (19) corresponds to the case in which all the
eigenvalues of the unperturbed problem (1), (2) are simple:

Al()‘) < ZTA )\0 > )
k=1

where vg(m) are eigenfunctions of the adjoint unperturbed problem and aj are
Fourier coefficients of the biorthogonal expansion of the function p(z) in this
system.
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Another case of the simple form of the characteristic determinant is when
p(z) can be expressed as a finite sum in (12). In other words, when there exists
a number N such that ap; = 0 for all £ > N. In this case, formula (19) takes
the form

N mloc m27J V VO .
AN =20 (1> D @ms | D) (;’(ioj)*)l . (20)
Nk

k=1 | j=0 r=0
For this particular case, it is easy to justify the following statement.

Corollary 1. Under the assumptions of Theorem 1, for all given numbers: the
complex A and the natural number m, there always exists a function p(x) such

that \ will be an eigenvalue of problem (1), (3) of multiplicity m.

7 On Stability of Basis Property

It is easy to see from the analysis of formula (20) that A;(A) =0 for all k > N.
In other words, for k£ > N, all the eigenvalues )\2 of the unperturbed problem (1),
(2) are eigenvalues of the perturbed problem (1), (3). In addition it is not difficult
to verify that the multiplicity of the eigenvalues A}, k > N is also preserved.

Moreover, it follows from the biorthogonality condition for the system of EAF
of the adjoint problems that, in this case

17
/p(m)ygj(x,)\)dx:O, j=0,...,m%, k>N.
0

Therefore, for k > N, the EAF ugj (x) of problem (1), (2) satisfy the bound-
ary conditions (3) and, therefore, are the EAF of problem (1), (3). Hence, in
this case, the system of EAF of problem (1), (3) differs from the system of EAF
of problem (1), (2) (forming an unconditional basis) only by a finite number
of first terms. Therefore, the system of EAF of problem (1), (3) also forms the
unconditional basis in Ly (0,1).

In view of the basis property (in L2(0,1)) of the system of EAF vgj(ac) of the
adjoint unperturbed problem, the set of functions p(x) expressible as the finite
series (12) is dense in Ly(0,1). Thus, we establish the following statement.

Theorem 2. Let problem (1), (2) possess EAF forming an unconditional basis.
Then the set of such functions p(x) € L2(0,1), for which the system of EAF of
problem (1), (3) forms an unconditional basis in L2(0,1), is dense in L2(0,1).

Note that, in first time in [11], an analog of Theorem 2 was proved for the
particular case of the integral perturbation of periodic boundary conditions for
the double differentiation operator. In addition, it was proved in [11] that the
set of functions p(x) € L2(0,1) such that the system of EAF of problem (1), (3)
does not even form a usual basis in L(0, 1), is also dense in Ly(0, 1).
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Let us now demonstrate the application of formula (19) to the particular
cases of a problem with integral perturbation of the boundary condition. Since
the case of strongly regular boundary conditions was completely solved in [18],
we shall consider an example from regular, but not strongly regular, boundary
conditions.

8 Type I. Periodic Boundary Conditions

In this section we consider the problem in case whether the basis property
changes under integral perturbations of the boundary condition for the peri-
odic boundary value problem

Liy = —y"(z) + q(2)y(z) = My(z), 0<z <1,
Pl
Ui(y) = y(0) —y(1) =0, Uz2(y) =¢'(0) —y'(1) = [y p(a)y(a)de.
Note that problem (21) possesses specific spectral properties. For p(z) = 0
depending on the coefficient g(z), the system of EAF of the problem can either

form or not form an unconditional basis in L2 (0, 1).
In this case, Lagrange’s formula is of the form

Jy U @pv(@)ds = [ y(@)E () (@)dz = — [y(0) — y(1)]V(0)+
—y() [y - (D]

(21)

+y'(0) =y (W]¥(0) + ¢/ (1) [v(0) - v(1)

[E——1

Therefore
Ur(y) = y(0) —y(1), Ua(y) =4'(0) =4/ (1), Us(y) =4'(1), Ualy) = —y(1),
and
Vi(v) = =v'(0), V3(v) =v(0), Va(v) =v(0) —v(1), Vi(v)=+(0) —v'(1).

On the basis of Theorem 1 we get the characteristic determinant of problem
(21):

oo VO vO VO
Ar(N) = Ag(N) (1 -3 lako <A’“f(gé - o kl(f%z) - aklA’f%D , (22)
-k

k=1

where Ag()\) is the characteristic determinant of the unperturbed problem (21);
{v2,,09,} are the EAF of the adjoint unperturbed problem; and ayo,ak1 are
the Fourier coefficients of the biorthogonal expansion of functions p(z) by this
system:

o0
p(z) = Z {akovgo + aklvgl} .
k=1

Note that formula (22) obtained from Theorem 1 coincides with the results of
[5,17], in which the characteristic determinant was obtained by direct calcula-
tion. In these works on the basis of formula (22) there was also obtained the
following result:
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Theorem 3. (/5,17]). Let unperturbed (i.e., for p(z) = 0) periodic problem (21)
have a system of EAF forming a Riesz basis in Ly(0,1), let the eigenvalues of
the problem be double, and let root subspaces corresponding to double eigenvalues
consist of two eigenfunctions. Then the set of all functions p € L2(0,1), for
which the system of EAF of problem (21) does not form even an ordinary basis
in L2(0,1), is dense in L2(0,1).

9 Type II. Boundary Conditions of Periodical Type

The present section is devoted to the spectral problem of type II:

Ly = —y"(z) + q(2)y(z) = dy(z), 0<z <1,
—
Ur(y) =y'(0) =/ (1) + ay(1) = 0, Uz(y) =y(0) —y(1) = [y p(x)y(z)da.
(23)
Note that problem (23) possesses specific spectral properties. For p(z) = 0 unde-
pending on the coefficient ¢(z), the system of EAF of the problem forms an
unconditional basis in Ly(0, 1) [12]. And for any a # 0 the unperturbed problem

Liy=M\y; Ui(y) =0; Ux(y)=0

has an asymptotically simple spectrum, and the system of its normalized eigen-
functions generates the Riesz basis in Ly (0, 1).
In this case, Lagrange’s formula is of the form

Jo ty)@)v(@)de — f3 y(@)F () (@)dr = [y (0) — ¢/ (1) + ay(1)] v(0) -
= [y(0) = y(WIVO) + /(1) [v(0) = (D] = y(1) V(0

Therefore

Ur(y) =9'(0) — ' (1) + ay(1), Uz(y) =y(0) —y(1), Us(y) =4'(1), Us(y) = —y(1),

and

=
\
<
~
—
—_
~—
+
Q
<
—~
o
=

Va(v) =v(0), Va(v) = =V/(0), Va(v) = v(0) —v(1), Vi(v) =v'(0) —'(1) + aw(0).

On the basis of Theorem 1 we obtain the characteristic determinant of prob-
lem (23):

[e%S) VO ! VO /
Ar(N) = Ag(N) (1 - ; [mw + %W]) : (24)

where Ag()\) is the characteristic determinant of the unperturbed problem (21);
Vo, v, are the eigenfunctions of the adjoint unperturbed problem to which the
eigenvalues )\20, )\21 correspond; and ayg, ar1 are the Fourier coefficients of the
biorthogonal expansion of functions p(z) by this system:

o0
p(z) = Z {arovio + ar1viy } -
k=1
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Note that formula (24) obtained from Theorem 1 coincides with the results
of [6], in which the characteristic determinant was obtained by direct calculation
for the case g¢(x) = 0. In this work on the basis of formula (24) there was also
obtained the result of stability of basis property. By the methods of [6] we prove
the following theorem:

Theorem 4. ([6]). For any function p(x) € W3(0,1) the system of eigen and
adjoint functions of problem (23) forms a Riesz basis in Lo(0,1).

10 Types IIT and IV. Boundary Conditions
of Samarskii-Ionkin Type

In the space L2(0, 1), consider the operator Ly generated by the ordinary differ-
ential expression and the boundary conditions

by = —y"(x) + q(x)y(x), 0< <1,
Ui(y) = y'(O) y'(1) +ay(l) =0, Us(y) =y(0) =0.

For a = 0 these conditions belong to type I, and for a # 0 they are conditions
of type IV.

In the literature, this problem is called the Samarskii-Ilonkin problem. Note
that problem (25) possesses specific spectral properties. Depending on the coef-
ficient ¢(z), the system of EAF of the problem can either form or not form an
unconditional basis in Ly(0,1). As is shown in [12], the EAF of the problem con-
stitute an unconditional basis in L2(0, 1) only if the eigenvalues of the problem
are asymptotically double and the corresponding root subspaces consist of one
eigenfunction and one associated function.

Let Ly be an operator in Ly(0, 1) given by the ordinary differential expression
and the “perturbed” boundary conditions

(25)

Liy = —y"(x) + q(x)y(z), 0<w <1,

Ui(y) = y'(0) —y'(1) + ay(1) = 0, Us(y) =, p(@)

In this case, Lagrange’s formula is of the form

Jo é(y)(x)v )dr — fo )t (v)(z)dz = [y'(0) = y'(1) + ay(1)] v(0)—

and
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On the basis of Theorem 1 we obtain the characteristic determinant of prob-
lem (26): A;(A) =

- VO / vO / VO /
- (1 [ (M (S0 e SELQ).

where Ag()\) is the characteristic determinant of the unperturbed problem (25);
{v25,v9, } are the EAF of the adjoint unperturbed problem to which the eigenval-
ues )\20 correspond; and agg, a1 are the Fourier coefficients of the biorthogonal
expansion of functions p(x) by this system:

(o]
p(x) = Z {arovio + ar1viy } -
k=1

Note that the formula obtained from Theorem 1 is new even for the case
g(z) = 0. On the basis of formula (27) one can obtain asymptotic behavior of the
eigenvalues and eigenfunctions of the problem. On the basis of these asymptotics
we prove the following theorem.

Theorem 5. Let the unperturbed problem (25) possess eigenfunctions and asso-
ciated functions forming an unconditional basis in L2(0,1). Then the set of func-
tions p(x) € L2(0,1), for which the system of eigenfunctions and associated
functions of the perturbed problem (26) does not form an unconditional basis in
L5(0,1), is dense in Ly(0,1).
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Abstract. In this paper we construct a nonlocal integral boundary con-
dition of the volume potential for second order strongly elliptic differen-
tial equations, which generalizes previous known results. We also review
similar results for polyharmonic operators.

Keywords: Non-local boundary conditions - Volume potential -
Polyharmonic operators - Dirichlet boundary conditions - Green
function

1 Introduction

Let 2 C R? be an open bounded domain with a sufficiently smooth boundary
02. We consider the second order uniformly strongly elliptic equation

d d
D(u) = _:2—21 3(361 (aijaaxuj) + Zbi(ﬂv)gz_ +e(x)u=f(x), z€ 2. (1)

i=1

The functions a;;,b; and c are real-valued functions which, for convenience, are
supposed to be C*°-functions.

Definition 1. The second order real-valued scalar linear differential operator
D is called strongly elliptic in {2 if there exists a smooth function v(z) > 0 such

that
d

> &g = y(@)l¢f (2)

4,j=1

for all ¢ € R?. If, in addition, v > 0 is a constant independent of x and (2) holds
for all € £2, then D is called uniformly strongly elliptic.
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Note that strongly elliptic real differential operators are of even order and
are properly elliptic.

Definition 2. Let # € R? be any chosen point. Then the distribution E(z,y) is
called a fundamental solution of the differential operator D (in RY) if it satisfies
the equation

Dy(E(z,y)) = d(z —y) 3)

in the distributional sense, where ¢ is the Dirac distribution.

As usual, in (3) the notation D, stands for differentiation with respect to y.
For strongly elliptic operators it can be shown with the Green’s formula that (3)
implies

Dy (E(z,y)) = 6(z — y) (4)

for any fixed y € RY.
For a general differential operator, the existence of a fundamental solution is
by no means trivial. However, we have

Lemma 1. (Hormander [1].) Let D be a uniformly strongly elliptic differential
operator of even order with real leading coefficients a;; € C*°. Then for every
compact domain 2 C R? with 02 € C™ there exists a local fundamental solution
E(x,y) which is a C* function of all variables for x #y and x,y € 2.

In Section 2 of this paper by using properties of fundamental solutions we
construct a correct boundary value problem for the differential equation (1). In
Section 3 we review similar results for polyharmonic equations, which hints how
to extend results of Section 2 to higher order cases. Throughout this paper we
use notations from [2] and [3].

2 Second Order Strongly Elliptic Equations

Let 2, C ... C 2, C R? be open bounded domains with boundaries 92; €
C* i =1,...,n, respectively. By Hormander’s Lemma there exists a local fun-
damental solution E;(z,y) of D for each 2;. Consider the following function

u(z) = /Q Gl 9) (v)dy (5)

in 2 C 2y, 002 € C*°, where

G(J;,y):ZazEz(x,y), xayega Zaz:l (6)
=1

=1

Here «;,i = 1,...,n are numbers. A trivial observation shows that u(z) is a
solution of (1) in {2. The aim of this section is to find a boundary condition
such that with this boundary condition the equation (1) has a unique solution
in H?(§2), which is u(z).
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Theorem 1. For any f € L2(£2), (5) is a unique solution of the equation (1)
(in H%(£2)) with the boundary condition

/ Oy G, y)u(y)dS, ~ (7)

/ G(z,y){0vyuly) — anb]—u )}dS, =0, x € 012,
=1

o d
where the conormal derivative is 0,y = Zk,j:l njajk% and ny,ns,...,ng are
components of the normal vector on the boundary.

Proof. From (6) it is easy to see that G is a fundamental solution of the operator

D in §2. Therefore,
- /Q G, 9)f (y)dy

is the solution of (1). In addition, the following representation formula can be
derived from the generalized second Green’s formula in Sobolev spaces as in the
classical approach by density and completion arguments [2]

= /Q G(z,y) f(y)dy + /a Qayya(w)u(y)dsy_ (8)

G(z,y){0vyu(y) anb u(y)}dS,
o

for any « € (2. From (5) and (8) it implies that

d
Dy G, y)u(y)dS, — /8 , Gz, y){Buyuly) — Z nibju(y)}dS, =0

o9

for any x € £2.
By using the properties of the double and single layer potentials [2] as z —
012, we find that
M 0, Gl s, -
2 090

d
| G@nu) - S nbu)ds, =0, = < os.
an =
We have shown that (5) is the solution of the boundary value problem (1)
with the boundary condition (7) (in H?(§2)). Now let us prove its uniqueness.
If the boundary value problem has two solutions w and wi, then the function
v =u—u; € H?(£2) satisfies the homogeneous equation

d d
z:: )+ ; bl(x)aaxv2 +c(z)v =0,z € £2, (9)
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and the boundary condition (7), i.e.

v(z)
- [ a6 as, - (10)

d
/ G(z,y){0uyv(y) — anij(y)}dsy =0, z € 0.
o9 =
Since f = 0 instead of (8) we have the following representation formula

v(z) = /3 00,6y ()dS, - (11)

d
/8 G D) - ;njijw)}dsy

for any = € £2. As above, by using the properties of the double and single layer
potentials as x — 92, we obtain

v(x)
Pt [ oG mas, - (12

d
/8 , G(2,9){0uyv(y) = Y _nibjv(y)}dS, =0, x € 9.

Jj=1

Comparing this with (2), we arrive at
v(z) =0, z € 912. (13)

The second order homogeneous strongly elliptic equation (9) with the Dirich-
let boundary condition (13) has only trivial solution v = 0. This shows that the
boundary value problem (1) with the boundary condition (7) has a unique solu-
tion in H2(£2). Theorem 1 is proved.

Example 1. Let D be A-Laplacian, n = 1 and {2; = (2, then

11 __ 4>3
culo — 1) = Br(ay) = { T 125
—%log\x —y|, d=2,
d
is a fundamental solution of Laplacian in (21, sq = 1%’(7; 5 is the surface area of
2

the unit sphere in R?, d > 2, and |z — y| is the standard Euclidean distance
between = and y. In this case instead of (5) we have

u(z) = /Q el — y) f(y)dy, = € 2, (14)
which is a unique solution of

— Au(z) = f(x), z €, (15)
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with the boundary condition

ul@) | [ Oeale- 2045, o,
R P e 6% dS/ s, =0, z € 992, (16)

where 8% denotes the outer normal derivative at a point y on 0f2.
Y

For the first time the boundary condition (16) was mentioned (without proof)
in Kac’s work [4], he called it “the principle of not feeling the boundary” [5]. In [6]
T. Sh. Kal'menov and D. Suragan proved the existence of the boundary condition
(16) and as byproduct the eigenvalues and eigenfunctions of the Newton potential
(14) were calculated in the 2-disk and in the 3-ball.

The boundary value problem (15)-(16) has various interesting extensions and
applications (see, for example, [8-13]).

The boundary value problem (15)-(16) can also be generalized for higher
degrees of Laplacian [7].

3 Polyharmonic Equations

In this paper we present a result of the paper [7] in a different way, which hints
how to extend results of the previous section to higher order cases. Let 2; C
.. C £2,, C R be open bounded domains with boundaries 92; € C>®,i = 1,...,n
respectively. By Hormander’s Lemma there exists a local fundamental solution
E;(z,y) of the polyharmonic equation

(—Ay)"u(z) = f(z), m=1,2,.., (17)

for each 2.
Consider the following function

ulz) = /Q G, 9) () dy (18)

in 2 C (21, 02 € C*°, where

Gm.d(z,y) Zal xz,y € 2, En:aizl. (19)

i=1

Here a;,i = 1,...,n are numbers. A trivial observation shows that (18) is a
solution of (17) in £2. The aim of this section is to find a boundary condition
such that with this boundary condition the equation (17) has a unique solution
in H?™(2), which coincides with (18).

Theorem 2. For any f € Ly(£2), (18) is a unique solution of the equation (17)
(in H*™(£2)) with the boundary conditions

m—i—1
1

Ao+ 3 | o (A" o)) (), ~

ony
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m—1—1

) o .
> [ A" G a5 (A u)ds, =0, (20)
o9 Ty

fori=0,1,...m—1 and x € 912, where % = nlaiquL...Jrnn% is the normal
Yy n
derivative on the boundary and nq, ..., n, are the components of the unit normal.

Proof. By applying the Green’s formula for each x € {2, we obtain

u() = /Q G al, ) f (y)dy = /Q G a(, ) (— Ay u(y)dy =

/Q (=2)Gom (1) (—~ Ay uly)dy +

8Gm,d(xa y)

—A)™ u(y)dS, —
et ) u(y)as,

9(=4y)" tu(y)
Gy gz, ) 22w ulY)
00 ,d( y) 8ny

/ﬂ(—Ay)?Gm,d(a:,y)(—Am*u(y)dw

/ a(—A)Gm,d(wvy) (*A )m72u(y)ds _
o ! !

on,

ds, =

/ (—A)Gnalz, y)wdgy +
a8

ony,

/ M(*Ay)mflu(y)dsy B
00

ony

d(—A,)™ Lu(y)
Gnala,y) 2 2v) W g =
/m oty A2 ,

m—1—j _ J _
+Z AT I Ga(a ) (-4, u(w)as,

> /8 Q(Ay>m1jam,d<x,y>£y<Aywu(y)dSy, re0 (1)

where % =ny 8%1 + ...+ nn£ is the normal derivative on the boundary and
Y n
N1, ...,y are the components of the unit normal. This implies the identity

m—1
Z /8{2 3ny )mflijm’d(Z‘,y)(fAy)ju(yﬁlsy i
Jj=

m—1

/ (A" G a0 y) o (A Y u(y)dS, =0, w € 2. (22)
on ’ Bny

J=0
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By using the properties of the double and single layer potentials as x — 042,
from (22) we obtain

Z /097 (=Ay)" 7 G alz, y) (= Ay) uly)dS, —

on,

Z / (_Ay)miliij d(xvy)i(_Ay)JU(y)dSy = 07 T E 89 (23)
- a0n ’ 8ny

Thus, this relation is one of the boundary conditions of (18).
Let us derive the remaining boundary conditions. To this end, we set

(=A™ (=A)) u(x) = f(x), i=0,1,....m—1, m=1,2,.., (24)

and carry out similar considerations just as above,

(—A)iu(x) = /Q (=AY G () (= A" (— Ay Y uly)dy =

/Q (=) (~ Ay o, 1) (— Ay ™1 (— Ay Youly)dy +

| o (A G ) (=8, (=4, ), -

/(m(*ﬂy) Gm,d(xvy)%

Y

(=4y)" T (=4y) uly)dS, =

/Q (= A2 (= Ay G g, ) (— D)™ =2 (= A, Yiau(y)dy +
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" m i—1—3 [ 0 7 %
Z /6(2 (—4y) Gm,d(xay)T(*Ay) (—=Ay) u(y)dS, =

m—i—1 8 S i ] 1
> / (A (= A G, 9) (— Ay )T (— A, )iu(y)dS, —
m—i—1 — i 8 j i

jZ::O /BQ(_Ay) (_Ay) Gm,d(l’,y)ainy(—Ay) (—Ay) u(y)dsy7

where (—A,)'G, 4(x,y) are fundamental solutions of the polyharmonic equation
(24); i.e

(_A$>m_l(_AU)le7d(‘r7 y) = 6(.’1) - y)v Z = Oa 17 e T — 1.
From the previous relations, we obtain the identities

m—1—1

Z / 5 (FA)" T G a(,y) (= Ay uly)dS, —
a0 ”y

m—1—1

> /8 Q(—Am1J‘Gm,d(w7y>£(—Ayﬁ“u(y)dsy =0

§=0 Y

for any x € 2,9 = 0,1, ..., m—1. By using the properties of the double and single
layer potentials as x — 02, we find that

1 .
S (A u(@) +
m—i—1
Z / 5 (FA)" T G (e, y) (A uy)ds, -
on 8ny
m—i—1 ) ) o
Z / A" TG a(a,y) 5 —(=4,) T u(y)dS, = 0, (25)
80N any

for z € 8(2, 1 =20,1,...,m — 1. These are all boundary conditions of (18). From
this classical approach by density and completion arguments (by passing to the
limit), one can readily show that formula (25) remains valid for all u € H*™({2)
[2]. Conversely, let us show that if a function w € H?™(£2) satisfies the equation
(=A)™w = f and the boundary conditions (20), then it coincides with the
solution (18). Indeed, otherwise the function

v=u—we H™($),
where u is (18), satisfies the homogeneous equation

(—A)™ =0 (26)
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and the boundary conditions (20), i.e

L)) = —5(~A)(x) +
Z /man (2)" G, ) (-4 P v(y) S, -
Z [ (-2 'Gm,d<x,y>£y<—Ay>ﬂ'“v<y>dsy—o, (27)

for any x € 02 and i = 0,1,...,m — 1. By applying the Green’s formula to
the function v € H?™(£2) and by following the lines of the above argument, we
obtain

0= / (=AY G a(,5) (— A" (— Ay Y v(y)dy =
2
/ (—2)) (= Ay G al y) (— D)™ () dy +

/8 (A Gl ) (-4, (), —

any

/ (_Ay)iGm,d(%y)ai(—ﬂy)m_lv(y)dSy =..=
00 n

Y
m—j—1

( Z an 8ny y)miliijad(xvy)(_Ay)jJriV(y)dSy —

7=0
m—j—1

S [ AT Gt ) G (A )i,

for any z € 2 and i =0, 1,...,m — 1. By passing to the limit as x — 9f2, hence
we obtain the relations

(_A$)lv(x) |£E€8.Q: —IZ(V)(.’E) |I€8.Q: 07 1= 07 17 sy T — 17 (28)
The uniqueness of the solution of the boundary value problem
(=A)™ =0,

(=) |zean=0,i=0,1,....,m — L.

implies that v = u —w = 0,Vx € 2, i.e. w coincides with (18). Thus (18) is
the unique solution of the boundary value problem (17), (20) in §2. The proof of
Theorem 2 is complete.
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Abstract. Estimates in various Lebesgue spaces Ls(G), 1 < s < oo,
are obtained for the root functions of an operator which relates to the
differential operation —u"' +p(z)u’ +q(z)u, ¢ € G = (a,b), with complex-
valued singular coefficients. Among these estimates there are also the
so-called anti-a priori estimates that link the root functions in the same
chain. It is supposed that p(z) and ¢(z) belong locally to the spaces L2
and W2_1, respectively, may have singularities at the end-points of G, and
4(x) = q1(x) + Q' (2) while Q(x), p(x), @ (x)w(x), p(z)w(x), a1 (z)w(x)
are integrable on the whole interval G with w(z) = (x — a)(b — z).

Keywords: Second-order differential operator - Singular coefficients
- Potential-distribution - Root functions - L,-estimates - Anti-a priori
estimates

1 Introduction and Main Results

Let G = (a,b) be a finite interval and let L be a general second-order differential
operation of the form

Lu = —u" + p(x)u + q(z)u (1)

with complex-valued coefficients p(z), g(z).

We consider a singular case, namely, we suppose that

a) the coefficient ¢(z) in (1) is a distribution and it could be represented as
the sum

q9(z) = q1(z) + Q'(2), (2)

where ¢ (2), Q*(x) are locally integrable on Gj
b) the coefficient p(z) belongs to the space Ly on each compact subset of G
¢) both coefficients p(z) and ¢(x) may have singularities at the end-points
z = a and z = b which match the conditions
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p(z), Qz) € L1(G), 3)
q(@)w(x), p*(@)w(z), Q*(z)w(x) € Li(G), (4)

with w(z) = (x — a)(b — z).

For example, the admissible coefficients in (1) may have the bounds ¢;(x) =
O((z—a)™ log™ (z—a)™), p(z), Q(z) = O((z—a)*2 log™ (z—a)" ) asz — a+0,
where oy > —2, (3 is arbitrary or y = =2, §; > —1, and as > —1, Gy is
arbitrary or ag = —1, B3 > —1/2.

In the present paper we obtain the estimates for the L;-norms of the root
functions (i.e. eigen- and associate functions) of the operation (1) which are con-
sidered here as solutions of the respective equations with a spectral parameter.

The root function ug(x,\) of the order k > 0 that corresponds to the opera-
tion (1) and the eigenvalue A € C, is defined as an arbitrary nontrivial solution
to the equation

Lug(z, \) = dug(z, A) + sgnk - ugp_1(z, A). (5)

If & = 0 then ug(z,\) is called the eigenfunction of (1), and if & > 1
then ug(x, \) is called the associated function which relates to the eigenfunc-
tion ug(x, \).

The equation (5) is understood in the following regularized sense (see [20]).
The function ug(x, ) and its quasi-derivative

ull (2, ) = ) (2, )) — Q(2)up(z, \) (6)

are absolutely continuous in G and the operation L acts on a function u(x)
according to the rule

Lu=—(u")" + (p(z) = Q(@))ul") + (@1 (z) + p(2)Q(2) - Q*(2))u.  (7)

If Q(z) =0 in (2), then the above mentioned definition transforms into the
conventional definition of the root functions due to V. II'in [8], namely, ux(x, A)
is the almost everywhere solution to (5) which is absolutely continuous in G
together with its first derivative. We note that the absence of any additional con-
ditions (boundary, general non-local ones etc.) on the functions ug(x, \) allows
to span more general systems that relate solely to the differential operation (1)
and consist of the chains of functions ug(z, A), w1 (z, A), ..., um (2, A) that satisfy
(5)—(7) for some set of complex numbers A.

The main result of this paper gives the following assertion.

Theorem 1. There exists such constant C' > 0 which depends solely on the
order k of the root function that, for all A € C, 1 < s,r < 0o, the estimates

k(M5 < €1+ I VAN YYD g ()]s (8)
k(5 Mlls < C(1+ VAD (1 + Tm VA [ (5 N )

hold. Here ||-||s, || |l denote the norms in the Lebesgue spaces Ls(G) and L. (G),
respectively, and \/\ stands for the value of the square root of A € C for which
the inequality Re V>0 holds.
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The estimates (8)—(9) play a key role in the study of spectral properties of
differential operators such as the basis property of root functions, the conver-
gence and equiconvergence of the related spectral expansions. In the regular case
when the coefficients in (1) belong to the classes: ¢(z) € L1(G), p(z) € WE(G),
these estimates were proved in [9,11,15,21]. Taking ¢(x) = p(z) = 0, it is easy to
show that they are sharp with respect to A. Estimates for the general nth-order
differential operation with integrable coefficients were considered in [10,16].

Note that the estimate (9) that links the norms of “adjacent” root functions
in a chain, are essential in the case when the system contains infinitely many
associate functions. These estimates were introduced by V. Il'in [6] and called
the anti-a priori type estimates.

In the self-adjoint case the estimate (8) for the norms with s = oo, r = 2
gives the positive solution to the problem of uniform boundedness of normalized
eigenfunctions of any operator which relates to (1) (see further [1,3,5,7,23]).

The interest to the spectral analysis of operators that are generated by the
differential operations (1) with singular coefficients is motivated by their appli-
cations in the quantum theory (see, e.g., [2]), in particular those that describe
short-range and point interactions. Approaches introduced by A. Shkalikov and
A. Savchuk [19,20] permitted to study operators that correspond to the opera-
tion (1) with arbitrary coefficients in the Sobolev classes with negative derivation
order. These studies revived further research in this area [17,18,22].

Operators that correspond to the operation (1) with p(z) = @Q(x) = 0 and
locally integrable coefficient g; (x) that may have non-integrable singularities on
the end-points of G satisfying (4) were studied in [4] (in the self-adjoint case)
and in [12,13] (in the non-self-adjoint case).

In the present paper, the estimates of Theorem 1 are obtained through inte-
gral representations for regularized by (7) solutions to the equation (5). These
representations are constructed in Section 2. Section 3 contains the proof of the
estimates (8)—(9).

2 Representation for Root Functions
Let us derive an appropriate integral representation for the root functions

ug(z, \) of the operation (1).
We pass from the root functions ug(z, A) to the functions

() = (e Ve~ [ [p(e) - Q) ) (10)
and redefine their quasi-derivatives by the relation

U@, N) = Uk A) - Pl A), (1)
where the coefficient P(z) = 2Q(x) — p(z) belongs to La joc(G).
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It follows from the condition (3) that P(x) is integrable over G and, therefore,
the estimates!
Culltbr (s Mls < llur( Mls < Colltr (-, A)lls (12)

hold.
Moreover, due to the relation

Do =i a e (- [ 6 - Qe ac).

the quasi-derivatives (11) are also connected with the quasi-derivatives (6) of
the functions ug(z, A) by the estimates (12).

It follows from (12) that it is sufficient to proof the estimates (8) and (9) for
the functions ¥y (x, A).

For ¢, (x, \), the equation (5) takes the form

= (@) + @@ (@, ) = Mo (@,0) + sgnk - g 1w, ), (13)

where
a0(z) = qi(z) + p(2)Q(z) — Q*(x). (14)
The condition (4) provides that
qo(z)w(z) € L1(G). (15)

By the standard reasoning [14], the equation (13) yields the relations
Yr(r £, A) = Yp(z, \) cos ut + ,uflw,[j] (z, \) sin ut +

t t
i/ Pz + 1) (x £ 7,A) cos u(t — 7) dT+/ qo(z £ T)Yp(x £ 7,A) X
0 0

¢
x ptsinp(t — 1) dr — sgnk / Yp_1(x £ 7, \)p " sinpu(t — 7)dr, (16)
0

where x € G, 0 < t < min(z — a,b — x) and, for brevity, we use the notation
1=

Let us consider the functions 9 (x £ ¢, A) as the solutions of the integral
equation (17) with respect to the variable ¢. For that purpose, we introduce the
operators that act on a function of variable ¢ by the rules:

t
[Cix] (t) = :I:/ Pz £7)x(1)cosu(t — 7)dr, (17)
0
t
5500 =17 [ £ (st -7 dr, (1)
0
t
[Sox] (t) = —,ufl / X(7)sinp(t — 1) dr. (19)
0
! Here and in what follows we denote by C, Co, C1, Cs, . .. any positive constants that

do not depend on the parameter A.
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Besides we note that, for any given x € G, the extraintegral terms on the
right-hand side of (17):

Y (x, ) cos ut + ,u_lw,[cl] (2, \)sin ut = AE(t) (20)

are the eigenfunctions 2 of the simplest differential operation Lou(t) = —u”(t).
Taking into account the accepted notation, we rewrite the relation (17) in
the form

Yz £t,N) = A5 (t) + TEY(x £, 0) + sgnk - Sothp—1(z £, \), (21)

where T+ = C* + S*.
Thereby, the formal solution to the equation (22) could be written via the
Neumann series:

Yr(z£t,\) = (B —TH) 7 AL(t) + sgnk - (B —TE) 1 Sopn_1(z £1,1). (22)
Lemma 1. The integral operator T* satisfies the estimate
[T*x] ()] < Cw(t) S X (7) cosh (Im pu(t — 7)), (23)
where x(t) is an arbitrary bounded function and w(t) is a non-negative non-
decreasing function that vanishes ast — 0+ 0.

Proof. The estimate (24) directly follows from the relations (15), (16), (18) and
(19) if we set

0= s A 1p©lder [ lm©le - - dc

and use the inequalities | cos z| < cosh (Im z), |sin z| < cosh (Im 2), [z~ sin 2| <
cosh (Im z), z € C, and the inequality coshy; coshys < cosh (y1+y2), y1,y2 > 0.

It is the immediate consequence of the estimate (24) that the equality (23)
is correct for all rather small values of ¢.

Lemma 2. There exists such Ry > 0 that the functions (10) satisfy the relation
(23) for all t € (0; Ro] and x € [a + t,b — t]. Moreover, the functions Vi (x, \)
are absolutely continuous on the closed interval G and continuously depend on
the complex parameter \.

If we solve the recurrent relation (23) then, after extracting the main terms
in each Neumann series, we obtain the equality

Ur(z £, ) = AE(t) + SoAE () + ... + (So)FAT () +

k
3 {vrs @ NEE () £ el e (20 | (24)
=0

2 For brevity, we omit the arguments = and g in the notation AL (t).
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where

FE(t,z, ) =TH(E —T%) Ycosput, DT(t,x,\)=TE —TF) tsinpt, (25)
FE(t,z,\) = (E—T*) 7' So) (B — T%) ™" cos ut — (Sp)? cos put,
5 (ta,\) = (E—T%)""So)/ (E —T%) "' sinpt — (Sp)’ sin put. (26)

Let us introduce the functions
WE() = AL(t) + SoAE_ (1) + ... + (So)*AE(t) (27)

in the right-hand side of (25).

As the function ¢(t) = Sof(t) is a solution to the equation —¢”(t) =
u?p(t) + f(t) while each function (21) is the eigenfunction of the operation
Lo, the sequence Wi (t), Ui (t),. . .,Wki(t) forms the chain of root function for
the operation Lg. The estimates (8)—(9) of Theorem 1 for these functions are
well-known — this fact will be use hereinafter.

Thereby, the relations (20), (24)—(28) could be summarized in the following
assertion.

Lemma 3. There exists the number Ry > 0 such that, for all t € (0, Ry] and
x € [a+t,b—t], the representation

k
k(@ £, N) = TE) + ez, VF (G2, \) £ 7 o (2, NPT (2, \) (28)

=0

holds, where Y (x, \) and ¥y (t) are defined by the relations (10) and (28) respec-
tively, and the coefficients on its right-hand side introduced by (26), (27) satisfy
the estimates

2min (¢, (1 + [Imp|)~t)
14|l

|F;(t,z,\)| < Cw(t)( ) cosh (Im put), (29)

2min(¢, (14 Imp|)~t)
L4 |l

|@;(t, 2, \)| < Cw(t) min(|ult, 1)( ) cosh (Im pt), (30)

here w(t) is a non-negative non-decreasing function that vanishes as t — 0+ 0.

It follows from the estimate (24) that it is sufficient to choose Ry > 0 match-
ing the inequality w(Rp) < 1/2.

3 Proof of the Estimates for the Root Functions

By virtue of Lemma 2, it is sufficient to prove the estimates (8), (9) for rather
large values of |u|. In fact, each norm |Jug (-, A)||s is non-zero for all k > 0 and A €
C and continuous with respect to A. Therefore, if || < po then the inequalities



Estimates for Root Functions of a Singular ... 251

0<Cy < Jug(-, N)|ls < Ca <

hold.

Further we suppose that the inequality |u| > o is satisfied with some positive
number pg. For any R € (0, Ry], we will obtain the estimates of Theorem 1 over
each closed interval K = K(z) = [t — R,z + R], where z € [a + R,b — R], i.e.,
taking into account (12), we will prove that, for any & > 0, the estimates

(s Mlls,e < O (14 [m ) D7 g (4, A) (31)
[ s, < Clpd (14 [T gl hgega (5 A) s, 5 (32)

hold, where || - ||s,x denotes the norm in the space Ls(z — R,z + R).

The estimates for norms on the whole interval G apparently follow from (32),
(33) while the corresponding constants C' in them will depend on R (the choice
of R is clarified further).

First of all we refine the dependence on R of the constants in the estimates
for the functions ¥t (t) in the spaces Ly(0, R).

Lemma 4. For any k > 0 and all 1 < s,r < oo, the following estimates hold
uniformly with respect to R € (0, Ry):
a) if TmpR| > 1, then

125 (1) NG )], 0,): (33)
||Q’;§t(t) An 1955 ()|, 0,7) (34)

b) if Imu| <y, then
175 (2) D YINGE @) 2,0, (35)

¢)if Tmu| <wvy and |pR| > 1, then
15 ()| 0,7) < OBl 1955, (O 2.0, (36)
d) if |l < po, then

1)z, 2 k+1( M L.o,r)- (37)

Proof. Let us make the substitution ¢ = £€R in the equations for the functions
@E(t). Then 0 < € < 1 and the equalities

—OFUE(ER) = (UR)*WE (ER),  —02WE (ER) = (LR)’WE(ER) + R*WE | (€R)

are satisfied.
Hence, the estimates

|R*WE(ER) ||,
HW*(&RM

20,0 S O+ [ImpR|)(1 + R k+1(§R)
(0.1) < C(L+ [Im pR]) /M =0/) ||Wi(€R)

(38)
1 (39)
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hold with constants C' that do not depend on R.
Let us take into account that

15 (|2 0,m) = RY*I5 (ER)]

L.(0,1)- (40)

Thus, the estimate (40) yields directly the estimate (34) if |[Im uR| > 1, and
the estimate (36) if |Im p| < v, since in the latter case |Im pR| < vy R holds.

If Im pR| > 1 then |uR| > 1, and therefore, the estimate (35) follows from
(39) and (41).

The estimate (37) also reformulates (39) since |Im pR| < vy Rp, and, to obtain
(38), it suffices to note that, in this case, |Im u| < || < po holds.

The proof of the estimates (32) and (33) is accomplished separately in the
following cases: 1) when p satisfies the condition |Im u| > vy > 0 (the value of
v is chosen further), and 2) when |[Im p| < 1 holds.

The case |Im u| > vy. Suppose the inequality [Im pgR| > 1 holds. Using the
representation (29) and the estimates (30) and (31) we calculate the norms of
the functions ¢y (z +t,A) and ¢ (x — ¢, A) in the space Ls(0 <t < R):

kG M s < 1% )]z 0,8) + 1% (8)l] 2. (0,7) + Cw(R)[Impa| = x

k ) [1] (2, A
x cosh (Im puR)) > (|pl |Imu|)7]{|wk—j($, )|+ W} (41)
J=0

It is also clear that one can swap the terms |[¢ (-, A)||s, x and ||¢I:- )|
1@ (t)||L.0,r) of this estimate.
Now we apply the representation (29) to the half-sum % (Vr(z+t,A) +9r(z—

t,\)). Since®

L.(0.R)T

k
ST ()4 0 (1) = bl N cos it + e (S0 cospt,(42)

Jj=1

we obtain the relation

i, ) cos it = 2 (Yo +1,0) + (e — 1,3)) -

k k + _
. Fr(t,xz,\)+ F; (t,z,\)
=3 i M) (o) cos pt — > { (2, ) . +
j=1 j=0
QT (t, 2, \) — D5 (t,x,\)
(1] j\ j A\
+ ol (@) 5 JRCE)
Since the condition |Im pR| > 1 provides the inequality
|| cos ut| 1., 0,r) > Co|Im p)~Y/* cosh (Im pR), (44)

3 In the case when k = 0 the sum 5:1 should be omitted.
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and the estimates (30), (31) hold, the definition (20) of the operator Sy and the
relation (43) yield the estimate

Co|Im | ~/* cosh (Im pR) vy, (2, N)| < [0k (-, N[5, +

(1]
+ Cw(R)|Im 1| ~'/* cosh (ImuR){Wk(%)\” + W} +
i (V)]
W=\ Iy
TR

k
+ C|Im p| =/ cosh (Im pR) Z || [T pa]) {kaj(l’,)\ﬂ +
Jj=1
If we repeat the above reasoning for the half-difference %(wk(x—i—t, A)— g (z—
t, /\)) instead of the half-sum and take into account the equality

1 k _
S(@F ) =0 (1) = @, N singut + Y ) (2, ) (So) sin

2 ‘
Jj=1

instead of (42), we obtain the relation for u‘lw,[j] (x, A) sin pt which is similar to
(43). (44), we will actu-
ally get the estimate (45), but with Cy|Im | ~*/* cosh (Im uR)|,u|_1|w,[€1] (z,\)| on
its left-hand side.

Summing these two estimates and choosing R to match the inequality
4Cw(R) < Cp, we finally obtain the estimate

o, V)|
||

k
+ C|Im p| =/ cosh (Im pR) Z o] [T pa]) {kaj(l‘,)\ﬂ +
Jj=1

[T o] ~/* cosh (I uR) { [ (2, V)| + } < Ol Vil +

B z,\
LN

Applying the estimate (46) k + 1 times in the right-hand side of (42), we
primarily get the estimate

9, Ml < N7 Ol g0,m) + 1% Ollz.o,m) +
k
+Cw(R Z I R EONTEP | (47)
=0

which, for rather small R, transforms into the estimate

[0 Mls, e < CLI (1) k(8]

k
+Cw(R Z\ul\lmu\ s (-, Nl -
=1

Hence we get

19w, Ml < CUZE Opeo,r) + 1% O)llz.0,m }+
k

+Cw(R) S (Il T pef) {15, (1)

j=1

coor) 1% Ol or . (48)
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The estimate

(1)

k
(M lsyxc + Coo(R) D (Ll [T al) ™ e (-, Ml re - (49)
j=1

could be derived similar to the estimate (47).

Now we turn directly to the anti-a priori estimate (33).

We take into account the anti-a priori estimate (35) for the functions ¥ (t)
and rewrite the estimate (48) in the form

191, Mlls. e < CLUTE O 0,r) + 1% (Ollz0,m) }- (50)

Then, by virtue of the estimates (35) and (50) with & = 0 and the estimate
(49) with k = 1, we obtain

[P0(-, A)

o Ollr.or} <
< CTm pf || {1257 () T O} <
< Ol ] [p] 191 Ml s, ic + Cw(R) |90 (- M)l 5,5+
This, for rather small R, implies the anti-a priori estimate (33) with & = 0.
Now, by virtue of the estimates (35) and (50) with k& = 1, the estimate (49)

with & = 2, and already justified anti-a priori estimate (33) with k& = 0, we
obtain

o1 (5 Mlls.e < CLIPE (1) L ()
< Cltm o] |l {125 (1) HL 0. T 1% (1)
< Ot ] | [[902 (s Ml s, 1 + Cw(R)|[91. (-5 M)l s,1¢

whence, for rather small R, we again derive the anti-a priori estimate (33), but
with k£ = 1.

Repeating the reasoning, one can obtain the estimate (33) for all k > 2.

Let us proceed with proving the estimates for the norms in (32).

For that purpose, it is sufficient to apply the estimates for the norms (34),
the estimate (50), and also the estimate

195 @)1z 0,m) < Cllw (s Ml

which follows from (49) and the anti-a priori estimate (33).
Summing up the above reasoning, we note that the constant vy for this case
equals R~! where R matches all the mentioned restrictions.

The case |Im p| < vy. We once again use the representation (29) and calculate
the norms of the functions ¥y (x + ¢,A) and ¥r(z — t,\) in the space Ls(0 <
t < R). Applying the estimates (30), (31) and the boundedness of the factors
cosh (Im uR), we obtain

96 C, Ml < I8 Oz 0.0 + 1% ()2 0.m) +
g « i (@, V) !

+CORRY Y 2l RY {[n—s e, N+ =
§=0

(51)
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Similarly one can also swap the norm |9, (-, A)||s,x and the sum of norms
17,5 (Ol 0,r) + 1%, (D)L, (0,r) in this estimate.

Now we take the norms in Ls(0 < ¢ < R) of the both sides of the relation
(43). As the function cos ut is the eigenfunction of the operation Ly, it follows
from (36) that it satisfies the estimate

|| cos put| 1., 0,r) > CoRY*| cos Kl o,r) = CoRY*|| cos Re Lt o (0,R)-
The latter norm on the right-hand side equals 1 if the condition
[WR| = > 1 (52)

is satisfied and p; is chosen to provide ReuR > 7. As a result, we obtain the
estimate

1]

CoR e ) < Wl Dl + Cool R o )+ LB
RV (11 By R SPIC N
+ j}ﬂj(m\ P {loeste, 1+ =L (63)

Reproducing the same reasoning for the half-difference 3 (¢, (z-+t, \) =y (z—

t,\)), we obtain the estimate (53) for R'/*|p|~! |1/),[€1] (x,\)|. Combining these two
estimates together we conclude that the relation

[1]
R (o )+ Y < o e+
RS (R (o] + V) 549
o 1

j=1

holds instead of (53).
Applying successively the estimate (54) in the right-hand side of (51) we
obtain the estimate

Hwk( ) )

k
+Cw(R) Y (I~ R) {IIw; ()
j=1

LR} +

ax < {17 (1) k()]

rj (1)

JOR) } (55)

which replaces (48), and the estimate
k
1ZE@) 1 .0.0) < CllowC Ml + Cw(B) D (1™ RY [ Ml (56)
j=1

which replaces (49).
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Since under the conditions [Im pu| < vy and (52) the anti-a priori estimate
(37) holds, one needs now to repeat the reasoning of the first case and obtain
the anti-a priori estimate (33) in the form

1w (- M)l < C Il R [dhnaa (- A)

The proof of the estimate (32) for the norms in the form

[k (s Mls.e < CRYD=A D gy (N |1 xc

Is,K- (57)

now comes clear by virtue of the estimates (36), (55)—(56).

Summing up the second case, we note that here y should satisfy the condition
|| > po, where pg = py R™! and pq is the constant in (52) while rather small
value of R matches all the mentioned restrictions.

Theorem 1 is completely proved.

Let us conclude with one more estimate that follows from the estimates (8),
(9), (46) and (54).

Theorem 2. For any R € (0, Ry] and all k > 0, there exists a constant Cy =
Ck(R) such that the estimate

up (2, V)|

cosh (ImuR){|uk(u’Ua)\)‘ + l

b < CUR)(1+ [lm ) e V)]

holds for all |uR| > p1 > 1.
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Abstract. In this work a unique solvability of a class of hyperbolic
type partial differential equations with unbounded coefficients is proved
in R2. The estimates of the weight norms of the solution u and its partial
derivatives u, and u, are derived.
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1 Introduction

Consider the equation

Lt =ty — tyy + a(y)ue + c(y)u+ du = f(z,y), (v,y) € R, (1)

where f € La(R?), A > 0. Assume that the following conditions hold:

i) a(y),c(y) are the continuous functions: |a(y)| > dy > 0, ¢(y) > § > 0,
y € R.

In case of a bounded domain an extensive literature is devoted to the ques-
tions of existence, uniqueness and smoothness of solutions of boundary value
problems for the hyperbolic type equation (1) (see [1]-[3]). The solvability of
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hyperbolic type equation, in general, depends on the behavior of the coefficients
a and c¢. For example (see [4], p. 108), the solution of the steady state problem

Ut = Uyy — oy (0 <y <Lt €R), u(0,t) = pi(t),u(l,t) = pa(t),

where the term aus, a > 0, on the right-hand side of the equation corresponds to
the friction which is proportional to speed, may not be unique. Moreover it does
not always exist when o = 0. Minor terms and the right-hand of the equation (1)
characterize forces of a friction which are inherent in any real physical system.
Hence, studying the equation (1) is of practical interest.

In the present work we show that the condition i) provides unique solvabil-
ity and a uniform estimates for the solution in weighted Lo— norms and its
first derivatives. These questions have been investigated only in the cases of the
elliptic and pseudo-differential equations in [5]-[10]. The problem with periodic
conditions with respect to the variable x and in the domain Q = {(z,y) : —7 <
r < m—o0 <y < oo} was studied in [11]-[12] for the equation (1). Unlike the
case considered in [11]-[12] the spectrum of the differential operator correspond-
ing to (1) is continuous. Generally, in case of unbounded domains with the fast
growing coefficients the theory of the differential equations of hyperbolic and
mixed type has a rather short history.

By a solution of equation (1) we mean a function u € Lo for which there exists
a sequence {u, 2, C C§°(R?) such that |lu, — ulla — 0, ||[Lau, — fll2 — 0 as
n — oo (|| - ||2 is the Ly— norm).

The main results of this work are Theorems 1 and 2.

Theorem 1. Let the condition i) be fulfilled. Then there exists a unique solution
u of the equation (1).

Theorem 2. Let the condition i) be fulfilled. Then the solution u of the equation
(1) satisfies the estimate |[ug|2 + ||uyll2 + |lc(-)ull2 < C| fll2, where C >0 is a
constant.

In what follows c¢g,c1,ca,... are positive constants, and (-,-)p is a scalar

product in La(D).

2 Preliminaries

Denote by Ly the closure in Lo— norm of the differential operator

I\U = Ugy — Uyy + a(y)ug + c(y)u+ Au defined on the set C§°(R?). Evidently, I,
is a closable operator. In what follows in Lemmas 1-10 we will assume that the
condition %) holds.

Lemma 1. Assume that A > 0. Then the following inequality holds for all u €
D(L)\) :

[ Laullz > collull2, co = co(do, 0)- (2)
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Proof. Let u € C§°(R?). Transforming the expressions (Lyu,u)g: and
(Lyu,uz) gz, we obtain the following inequalities

1
ssliaul = [ T + O 5/2) (o] dody ~ [ fusfdody, (3
R? R2

I Lxull3 > &5lus 3. (4)

Here we used the e— Cauchy inequality, with ¢ = §/2. From (3) and (17) the
estimate (2) follows. Since Ly is the closed operator the estimate (2) holds for
all w € D(Ly). O

Let —oo <t < +00, A;j =(j—1,j+1) (j € Z), and let y be a constant such
that ya(y) > 0. Denote by ; j  + AE the closure in Ly(A;) of the differential

operator (It j, + \E)u = —u" + [—t% + ita(y) + ity + c(y) + A] u defined on the
set CZ(4;) of twice continuously differentiable functions u on A; which satisfy
the equalities u(j — 1) = u(j+1) = 0.

Lemma 2. Let A > 0 and let v be constants such that

2
Go+ 1) |-
Vo4 A N

Then for any u € D(l; j~ + AE) the following inequalities hold:
a) [[(Uejoy + AUl 0,y 2 €100) ([W/llLoca,) + Ve + Xl ya,)+

ltv/JaF ATulzaay )

b) c2(8)/VO+ A |[(ltjy + AE)ullLy(a) = [[ullLaay);

c) c3(0)/Vo+XN Nljy + AE)ullLya,) > W]lLya,), where i = c1(9),
Co = 02(6), C3 = 03(5).

Proof. Let u € C3(4;). Then we have

[(Uejy + AB)u, u) ;| 2 (]2, 4, +/[C(y) + NJul*dy — /t2|UI2dy :

Ay j
Hence
e + AE)ull Ly ap lull Ly, = | 10/ Pdy — /t2|u|2dy (6)
Ay A
and
1 2 1 2 2112
o5 | Uegy T AENUl, a5 2 5 [ le(y) + Aful*dy — [ t7[ul"dy. (7)

A; iy
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On the other hand, by transforming the expression ((l; j~ + AE)u, —itu)a,, we
have

iy + AE)ull Ly, = 8V 1al) +lullL,(a,), v € C5(4;), (8)
and
[[(Ze,j,y + )\E)“\\%2(Aj) > (0o + |7\)2|t|2||u\|%2mj)»“ € C3(4)). 9)

Combining (7) with (9), then using condition (18), we obtain

a(O)| (s jy + AB)ullLy(a,) 2 [[Ve() + AullLya))- (10)
Hence by the condition i) we conclude:
ca(9)
\/m”(lt,j,v + )‘E)U‘HLQ(A,) > ||UHL2(AJ‘)' (11)
From inequalities (6), (9) and (11) we obtain the following estimate
5) + o+ [v])?
(g + Al 2 0 sy + 8 O 1 Py, (12)

J

The estimate a) follows from inequalities (8), (10) and (12) by using the condition
i) and (18). Further, the estimate (11) implies b). Finally it follows from (12)
that

ca(0) +1
VO + A

This implies the estimate ¢), which completes the proof of the lemma. (I

[ty + AB)ullT a0 = 1017, a,):

Lemma 3. Assume that A\ > 0 and condition (18) holds. Then the operator
ly,j~ + AE is invertible, and the inverse operator (I j .+ AE)™! is defined in all
Lo(4y), j € Z.

Proof. By estimate b) in Lemma 2 it is enough to prove that R(l; j~ + AE) =
Ly(A4;). Assume the contrary. Then there exists a function v € Ly(4;), v # 0,
such that

(lijry + AE) v = v+ [—t* —ita(y) — ity + c(y) + A] v =0. (13)

This implies that v’ € LQ(Aj). By transforming the expression ((l;;~, +
AE)u,v)a; we have u'(j + 1)v(j + 1) — u'(j — 1)v(j — 1) = 0 for any function
u € D(ly j v+ AE). Therefore v(j +1) = v(j — 1) = 0, and using these equalities,
we can derive the similar to (11) estimate:

ey + ABY VT, (4, = eslVIIZ, (4, (14)

From (13) and (14) we conclude that v = 0. O
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By l;4 + AE (—00 < t < 400) we denote the closure of the differential
expression (l;, + AE)u = —u + [—t% + ita(y) + ity + c(y) + A] u  defined on
the set C§°(R).

Lemma 4. Let A > 0 and let condition (5) hold. Then for any u € D(ly .+ AE)
the following estimates hold:

l(Toy + AE)ullLy(r)y = VO + Mull2o(r)

1y + AE)ull Ly m) = (800 + VDIl o(ry, t 7 0.

Lemma 4 is proved by transforming the expression < (l; 4 + AE)u, —itu >,
where u € C§°(R).

Let now {¢;(y) ;f‘ioo C C§°(R) be a sequence of functions satisfying the

“+o0
conditions ¢; > 0, supp ¢; C A; (j € Z2), > gof(y) = 1. Introducing the oper-

j=—o0

+oo +oo
ators Kx o f = > @j(lijr+AE)roif, Bayf = Z ©; (Lt jy+AE) Lo f+

j=—o00 j=—o00

+to
2 Y wd/dy(lyjn +AE) i f, f € La(R), X > 0, we can prove that

j=—00

(ley + AE)KN 1 f = f — Bayf- (15)

Lemma 5. There exists a number Ao > 0 such that ||Bxy
| Lo(R)—La(r) < 1 for all X > Ao, where v satisfies condition (18).

Proof. Let f € C§°(R). Since only the functions ¢; 1, ¢, ¢;+1 can be nonzero
on A; (j € Z) we have

+oo TR 41
IBx~fll70m) < D / > [‘Pk(lt,k,'y'i')‘E)_l‘Pkf"'

J=—00_ " |k=j—1

2
dy.

d
2cp,gd—y(lt,k,7 + )\E)l@kf:|

Hence using the inequality (ag + by + do)? < 3(a3 + b3 + d2) and estimates b),

¢) in Lemma 2, we obtain ||B,\;yf||2L2(R) <cg {()\ +0) 2+ (A + 5)*%} Hf||2L2(R)7

where the constant ¢g depends on Inax{|<,0;-|}7 max{|g0;-,|}, ¢2(0), and ¢3(d). Now
i€z i€z

choose A\g = 16¢¢ + 1 — 6. This completes the proof. O

In what follows in Lemmas 6-10 \g is a constant as in Lemma 5. From the
representation (15) by Lemmas 4 and 5 follows the next lemma.
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Lemma 6. Let us assume that A > Ao and condition (18) holds. Then the
operator I, + AE is continuously invertible, and for the inverse operator (I; , +
AE)~! the following equality holds:

(liy +AE) P = Ky (E - By,) ™" (16)

Lemma 7. Let us assume that X > Ng, v satisfies condition (5), and p(y) is
a continuous function defined on R. Then for = 0,1 the following estimate
holds:
It ey + AE) I,y ror) <
< cr(N) sup It (Ut jy + AE) T4y La(a,)- (17)

Proof. For f € C3°(R) from representation (16) and by the properties of the
functions ¢; (j € Z), we conclude:

oIt ey + AE) T Iy ) <

2

+oo j+1
> / WPl + AE) (B — Ba )7 ]| .
J=—00 g |k=1— 1

Hence by the obvious inequality (ag +bo +do)? < 3(a2 + b3 + d3) and by Lemma
5, we obtain estimate (17). O

The result below follows from Lemma 2 and the estimate (17).

Lemma 8. Let A > X\g and let condition (18) hold. Then
a)[Ve+ My + AE) | py(r)—La(r) < 003

D) lit(ly + AE) | Lo(r)—La(r) < 003

olld/dy(l + AE) M| Ly(r)—La(r) < 00

Consider the equation
(s + AE)u = —u" + [~t* +ita(y) + c(y) + N u = f, (18)

where f € Ly(R). The function u € Ly(R) is called a solution of the equation
(18) if there exists a sequence {u, }5>; C C§°(R) such that ||u, — ul|,r) — 0,
|(ls + AE)un, — fllz,ry — 0 as n — oo. The closure in Lo(R) of the operator
lt + AE is denoted by I; + AFE, too.

Lemma 9. Let us assume that X > Ag. Then the operator l; + AE, t € R is
boundedly invertible, and for the inverse operator (I; + N\E)™! the equality

(Lt + AE) ' f = (luy + AE) " H(E — Ay )"V f, f € La(R), (19)

holds for any t # 0, where ||Ax5||Ly(rR)—Lo(r) < 1, and v satisfies condition

(5)-
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Proof. First assume that ¢ # 0. We rewrite the equation (I; + AE)u = f in the
form v — Ay ,v = f, where v = (l; 5 + AE)u, Ay, = ity(ls, + AE)™!, and v
satisfies condition (5). From Lemma 4 it follows that ||Ax,|/1,(r)—r1.(r) < 1.
Then there exists the inverse operator (I;+AE) ™!, and u = (l4+AE) " f = (I, 4+
AE)"YE—A\,)"'f, f € La(R). Further, since lo+ AE is a self-adjoint operator
[13] (p. 208), then the estimate ||(lo + AE)ul|z,r) = (6 + A)||ul|z,(r) holds for
any u € D(lp + AF). These implies that the operator Iy + AE is boundedly
invertible. g

Lemma 8 and the equality (19) imply the following lemma.

Lemma 10. If A > Ao, then

a) Ve + Ml + AE) M| Ly (Ry— Lo (r) < 005
b)Hlt(lt + )‘E)71|‘L2(R)—»L2(R) < 00;
o)lld/dy(ly + XE) M| Ly(r)—La(r) < 00

We will use also the following well-known lemma [14] (p. 350).

Lemma 11. Let us assume that 0g > 0 is a constant and the operator L +
OoE is boundedly invertible in Ly(R), and the estimate ||(L 4+ 0E)ullr,r) >
csllul| 1, (r), w € D(L +0F) holds for 6 € [0,0¢). Then the operator L : Ly(R) —
L2(R) is also boundedly invertible.

3 Proofs of Theorems

Proof of Theorem 1. Applying the Fourier transform with respect to the
variable z from the equation (1), we obtain:

(l+ AE)ia = =" + [~1* +ita(y) + c(y) + A @ = f, (20)

where

+oo
i = (Fy—)(tyy) = % / w(,y)e e, f = (Foonf)(ty)

+oo
zizw/f(x,y)e*”zdx.

If A > Ao (Ao is a constant as in Lemma 5, then by Lemma 9 there exists a unique
solution of equation (20). Then from Lemma 11 it follows that equation (20) is
uniquely solvable for all A > 0 and @ = (I; + AE) ! f is a solution. Therefore by
Lemma 1

u=F=! (I, +\E)'f (21)

t—x

is the unique solution of equation (1). O
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Proof of Theorem 2. Using the representation (21), we obtain

+oo
s < / it + ME) 2, i | U2,y <

— 00

sup ||it(ly + AE) 7Y - 2
tegH (L ) HL2(R) LQ(R)Hf||2

+oo d 2
lg < [ |50+ am) 1718 sy
. Y Lo(R)—La(R)
d 2
<sup || (I + AB) IF13,
teRr || AY Ly(R)— L2 (R)

“+oo
/) + M3 < / IVEF N+ AE) L FI2, oyt

< sup [VeF Xl + X)) 1B

The proof of Theorem 2 follows from these estimates, by taking into account the
assertions a) — ¢) of Lemma 10. O
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Abstract. In this paper we extend results on regularized trace formulae
which were established in [9,10] for the Laplace and m-Laplace operators
in a punctured domain with the fixed iterating order m € N. By using
techniques of Sadovnichii and Lyubishkin [21], the authors in the papers
[9,10] described regularized trace formulae in the spatial dimension d =
2. In this remark one is to be claimed that the formulae are also valid
in the higher spatial dimensions, namely, 2 < d < 2m. Also, we give the
further discussions on a development of the analysis associated with the
operators in punctured domains. This can be done by using so called
‘nonharmonic’ analysis.

Keywords: Regularization - Trace formulae - Laplacian + m-Laplace
operator + Punctured domain + Nonharmonic analysis

1 Introduction

In this note we study a differential operator in a punctured domain. For motiva-
tion, we refer to the manuscripts [1,4,5,11,13,14,22,23] and references therein,
where different model differential equations in punctured domains or with é—like
potentials are investigated, and some spectral properties, for example, formulae
for the resolvents and regularized traces, are also established.

Here, we observe that the results of the paper [9] are also true when the
spatial dimension is greater than two.

Let D C R? be a simply connected domain with the smooth boundary dD.
Denote by s = (s1,...,54) a fixed point of the domain D. Then we define a
punctured domain Dy := D\ {s}. During this paper, we deal with the differential

expression
d o\
0%u
(=A)"u:= | - 922 (1)
j=1 "7
in a punctured domain Dj.

© Springer International Publishing AG 2017
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Since Dy is not simply connected, we need a special functional space for (1)
to define an operator correctly. For this, we introduce the functional class %,
that can be represented in the following form

w(z) = wo(x) + kG (x, 8), (2)

where k is some constant. The function wg is from the functional space F,,
consisting of the functions v € H*™(D) such that

<3an>7 U’{)D =0, 3)

for all j = 0,...,m — 1, where % is the outer normal derivative. Here H?
stands for the usual Sobolev space with the parameters (2,q), and G,,(z, s) is
the Green’s function of the Dirichlet problem for the equation (1) in the whole
domain D with the boundary conditions (3).

Now, we define a functional for our further investigations. To this, we consider
the parallelled

Oy s ={x: =6 <|z—s| <o}

Then for the function h from the space %, defined as (2) we introduce the
following functional

am(h) = lim / {‘wlh@] dse. (@)

6—+0 8715
Il s

Remark 1. We note that the functional (4) is defined for all d € N. Moreover,
the value of a, from the function G(z, s) exists.

For our convenience, we denote

and

2 Main Results

In this section we repeat the results of the paper [9]. However, here we formulate
them also for the case d < 2m.

Now, we are in a way in the Hilbert space H2(D) to introduce an operator
associated with the differential equation (1), that is, (—A)™u. We denote by
J); the operator defined as

Ju = (—A)"u,
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in the punctured domain Dy for all functions u € %#,,. Assign %, as the restric-
tion of the operator 3, to

D(Jn) = {ulu € Fp, £ (u) = 0,67 (u) = 0}.
Discussing as in the works [7,9,10], we get the following statements:

Proposition 1. Let d < 2m. Assume that u,v € %,,. Then, we have
< Hu,v >=< u, Hv > +E (u)ET (v) — € (v)ET (u).
Moreover, the operator #y defined on %,, by the expression
(=4)"u = f,
i the punctured domain Dq with the condition
016" (u) = 0267 (u) ()

is a self-adjoint extension of A, in the functional space Fy,. Here 8 = (01, 03),
01,02 € R with the property 6% + 03 # 0.

In the Hilbert space H?(D) consider the operator
Hou(z) = (—A)™u(x), =€ Dy (6)
on u € %, with

() + / Q) (— A)" o) (x)dz = 0, (7)
where ) € H?(D). Here we can write

/ Q) (— A)™uo) (2)dr = (Q, (—A)™ug),
D

where (-,-) denotes inner product of H?(D).

Now, we consider the operator JZ; as a perturbation of J¢,. Here % stands
for the Dirichlet problem for m—Laplace operator in the whole domain D. Then,
we assume that {u,}02, are the eigenvalues of J¢; ordered in the increasing
order of their absolute values taking into account the multiplicities, and suppose
that {\,, }22; are the eigenvalues of J#) ordered in the increasing order by taking
into account their multiplicities.

Theorem 1. Let the spatial dimension d < 2m. Suppose that p,e > 0 are fixed
numbers. Assume that Q € D(Xg™), Jf/om_lQ € HP(I;,.), and Q(s) # —1.
Then, we have the following regularized trace formula
S 3
n—Ap) = —————. 8
;(u )= T3 00 (8)

Here Q(s) = — lim Hm Q).

r—S

The proof of Theorem 1 follows directly from the proofs of the main theorems
of the papers [9,21].
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3 Further Discussions

Finally, we note that Proposition 1 implies the following corollary, which gives
a way to find out self-adjoint operators from the class of operators {75 : @ €
H2(D)}, namely:

Corollary 1. Suppose that 61 # 0 and Q(z) = —uGn,(x,s) with p = 63/6;.
Then the operator Jg is self-adjoint with the parameter (61,62) in the space
G

H G ~ K1) = H(01,02)-

Thus, we observe that the class of operators given by the equation (6) and
condition (7) has a huge number of self-adjoint operators in a punctured domain.
One can be started a 'nonharmonic’ analysis connected with the singular, in the
above sense, operators. Note, that the nonharmonic analysis is developed in the
works [2,3,12,15,17] with applications given in [16]. Also, the reader is referred
to [20] and the monograph [19], where the analysis on the torus was developed by
Ruzhansky and Turunen. For more general setting of the nonharmonic analysis,
see for instance [8,18].
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Internal Boundary Value Problems for the
Laplace Operator with Singularity Propagation
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S. Seifullin Kazakh agrotechnical university, 62 Zhenis avenue, Astana 010011,
Kazakhstan
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Abstract. We consider well-posedness issues of problems of the Laplace
operator in the unit circle with two internal points. For boundary value
problems, one of the main issues is the well-posedness of the problem.
When the problem is considered in a non-simply-connected domain, there
usually appear additional conditions depending on the features of the
domain under consideration. If for the well-posedness of the problem, in
addition to the boundary conditions, one requires to take into account the
internal communications of the domain, then such problems are called
internal boundary value problems. For such problems there is written out
a class of functions in which there exist such kinds of well-posed problems.
A constructive method for constructing solutions to such problems is
developed. As an illustration, examples are considered.

Keywords: Differential operator - Internal boundary value problems -
Non-simply-connected domain - Well-posed problems - Green
function - Dirichlet problem - Laplace operator

1 Introduction

In the theory of differential operators, one of the key questions is the well-
posedness of the operator. At the end of the 20th century, the question of the
correct perturbation of differential operators in a simply connected domain was
actively researched [8,10,12]. In these problems, an essential important point was
the development of a mathematical apparatus, which would allow us to obtain
correct differential operators perturbing the original correct differential operator
in a simply connected domain.

At that time, there was simultaneously developing a theory of explicitly solv-
able models associated with the problems of quantum mechanics, the physics of
solids [2,9]. These problems were considered in non-simply-connected domains
[5]. The Sturm-Liouville problem with delta-shaped potential

(© Springer International Publishing AG 2017

T.Sh. Kalmenov et al. (eds.), Functional Analysis in Interdisciplinary Applications,
Springer Proceedings in Mathematics & Statistics 216,
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ly) =—y" +0(x—n/2)y(x) = \y, x€(0,m), (1)

with the Dirichlet conditions

y(0)=y(r)=0 (2)
is transformed to the problem (this is known from [4])
L(y) =~y —ul(2)y) —u(@) (¢ — u(@)y) — v’ (x)y, (3)
where L if
_ , if x> 35
u () {0, if e<T

y' € AC [O, %} U [%ﬂf] } (4)
v (5+0) -y (5-0)=y(5), y(O)=y(m=0f
The regularized trace of problem (1) - (2) was calculated in [24,25]. A further
generalization of the Sturm-Liouville problem with singular coefficients was stud-
ied in papers [26]. In the case of the Schrodinger operator T+ @, where T' = —A
(or T = (—A)") is Laplace operator, @ is the operator of multiplication by the
generalized function, an abstract generalization of the following result is given:
if the sequence of functions ¢, converges to ¢ in the space of multipliers, then
the sequence of operators —A + ¢, converges to —A + ¢ in the sense of uniform
resolvent convergence and there is a convergence of spectra [21].

In the early 2000s there was a question about the existence of well-posed
problems in a multiply connected domain. In Kazakhstan, this issue is addressed
by the scientific school of professor B.E. Kanguzhin. In [14,15] there are written
out all well-posed solvable problems and an explicit form of the resolvent for
ordinary differential operators in a multiply connected domain. The regularized
trace of two-fold differentiation operator in a multiply connected domain with a
correct perturbation is calculated in [1]. In [13] all well-posed solvable problems
for the Laplace operator in the unit circle with one punctured point are written
out. An explicit form of the resolvent is obtained in [3]. In [17] self-adjoint
extension of the Laplace operator in a punctured circle is described. In [18§]
regularized trace formula of correctly perturbed Laplace operator in a circle
with one punctured point is calculated. The properties of the Green’s function
for such problems are researched in [16]. In [6,19], for a polyharmonic differential
Laplace operator with a one punctured point, there is written out the resolvent
formula of well-posed solvable problems. In [11] properties of the Green’s function
for the Dirichlet problem of polygarmonic equation in a sphere are researched. In
[23] a representation of the Green’s function of the classical Neumann problem
for the Poisson equation in the unit ball of any dimension is obtained.

The main purpose of this work is a description of all well-posed solvable
problems for the Laplace operator in the unit circle with two punctured points.
Note that this paper is a continuation of the work [13].

D(L):{yeAC
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2 Statement of the problem

Let 2 = {x2+y2 < ]-}7 20 = ‘Q\{(xO»yO)v (xlvyl)}a (.’E1—$0)2+(y1—y0)2 2 4527 Y
be sufficiently small positive number, and let (z¢, yo), (1, y1) be internally fixed
field points of {2. In this paper we consider the internal boundary value problem
for an non-homogeneous Laplace equation in the punctured area of {2

AW (z,y) = [ (z,y) ()
with the boundary condition
W('T7y)|6(2 = <AW (m,y) 7J($,y)> (6)

and the internal boundary conditions

yi+d

{ 5~ — B¢ "}dn—i—

z;+0
3 gim 7 [ OWIEn 0] e — (AW (2.y) 04(a.9))

0—=+04,—5 on
. Yyi+6
s [ W (s = 8m) = Wi + 8,m)]dnp = (AW (2,9) , 0i12(, )
Yi—

51—1}2 {6[ (§7yz_5)_W(€7y2+6)] d§: <AW (ﬂc,y),ai+4($,y)>, i:O>17
(7)

where o, (§,m) € Lo (2), i = 0,1, k = 0,2,4,(-,-) is a scalar product in
Lo(02).
Let 2 be a set of all functions

h(ﬂj’,y) = hl (-’E,y) + Oé()G (xayazﬂvy()) + alG(xayaxlvyl) ) (xay) € QO

o € Rji = 0,1,hy € D = {hy € W§(£2), hy|y, =0}. Here and below
G(z,y,&,n) is the Green’s function of the Dirichlet problem for the Laplace
operator in (2. The properties of these types of operators are studied in [13,20].

It is convenient to introduce the class of functions W21 (£20), which consists
of the function h(x,y) € &, that in a neighborhood of (z;,y;) have the following
behavior:

sup sup 5(‘M‘+|h (i + 6,m)| +
0<9<9; yi—0<n<y;+6

(8)
+ [Pt s - 6,m)]) < C,
sup  sup 8 (|2EBD] e+ 0)] +
0<6<8; 1;—6<E<w;+6 " ©

+ [P 4 (e, g - 9)]) < C,
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(C = const, ¢ is a sufficiently small positive number) and there are limits

+
o (h): lim f [ah(%g-&n) ah(g:g-%s—(s,n)}dn_F

x;+0
19 Oh(&,yi+d) _ Oh(&,yi—9)
g <o
. yi+6
0—=+04,—5
- :Ei*(;

3 Auxiliary Statements

We introduce a new function by the formula

2

where G (x,y,&,n) is the Green’s function of the Dirichlet problem in (2,
Aey = g—; + 86722 is a Laplace operator with relative to variables &, 7.
From [7] it is known that

G(%yyf’nﬂ(m,y)ean,(g,n)eg =0 (12)

for the Dirichlet problem in (2. Then the function I (z,y) has properties:

Am,yI (x,y) = Am,yh (:L'vy) ) (xa y) €N (13)

I(2,)]p0 =0 (14)

On the other hand, remembering the Green’s formula [ f Auvdzxdy =

[ [uAvdzdy— [ (u2e — Zv) ds, function I (z,y) can be rewrltten in the form
0 09

= fgﬂs,nG(x,y,é“,n) h(&,m) dédn+ (15)

OG (x,y,&,
+8£ (G (%yafﬂ?) aggn - éﬁgf n)h(&??)) ds&,n,

where 7¢,, is an outer normal to the circle 942 in point (§,7). Note that
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holds. Similarly, by the symmetry of the Green’s function G (z,y,&,n) with
respect to pairs (z,y) and (£, 1), we have the equality

A57,7G(.’1?7y,§777) =dpn ((x’y)a(fan))v (16)

where dp ((z,y), (§,7)) is the Dirac delta function in the domain (2.
From (15) and (16) it follows

ple! 7
I(z,y) = h(z,y) — / (;T’lgy’g ”)h(g,n) dse. (17)
X7

o

From [13] the following theorem is known

Theorem 1. Function

W(x,m://G(:fc,y,s,n)f(g,n)dfdmh(x,wff(x,w (18)
0

is the solution of the following problem:

AW (2,y) = f (2,y), (z,y) € 2
{ W (z,9)]50 = h(z,9)]s0 (19)

where h (x,y) is an arbitrary sufficiently smooth function.

Also in [13] all well-posed solvable problems for the Poisson equation in the
domain {2 are written out. Our purpose is to generalize this result in the
domain (2.

It is required to describe all well-posed internal boundary value problems for
the Poisson equation in the class W3 (£2).

We take an arbitrary function h (z,y) from 2 and consider the function
I(z,y) as follows

Iew) = Jim [ G a.6n) Aegh (6. ded
25

where Q25 = 2\ {115 (My), IIs (M)}, § is a sufficiently small positive number.
s (M;) ={(§n) 2 =6 <E< i+ 6,y —6<n<y;+6},i=0,1
(x4,y;) are coordinates of a point M;.

Then from (15) and (16) similarly to equality (17) it follows

I(xz,y)=h(z,y) —8{2 %ﬁf’n)h (§,m) dsg.n—

(20)
1

—dim S [ (Gay g B — 2L (¢ ) ) dse,,

—>+OZ:06H6(Mi) ) )
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for (z,y) # M;. Write out the limit in the neighborhood of the point Mj.

h(&m)) dse =

. Oh(&m)  0G(w,y,&m)
61—15—10 f (G(Ivy7€7n) ey - One y
OIls(Mo)
yo+5G( +68,m)—G( Oh( +6 )
— lim f z,Y,T0 ma T,Y,20,Y0) .- 10 n dn+
5H+Oyo—5
Yyo+0 a a S Oh( 4,
+ lim f ("Jf/’,y,ﬂfo,yn)iS (z,y,20—96,1) .- 170 ’7)d77+
5~>+0y075

+G (z, y,xo,yo) lim f |:8h(x0+57])
+

¢

3,0-’1-5

o) =9,

+ lim J" G(w,yJo7y0)—6G(w,y,5,y0—6) 5. 8h(€éyno_6) de+

5~>+0x0_6

zo+

G(2,Y,20,Y0)

+ lim f (z, y’§»y0+5)6*

—>+Om s

Oh(&,y0+9)

.- ah(féynOJrfs) de+

zo+0
|5

+G (CE y7$07y0) llr}’: f

Iots

Yo+ 0G(z.y.zq.yg) 8G(z,y.x0+8,1)
R €

+ hm

Yo +0 9G (x,y,20—8.1)

9G(z,y,20,Y0)

_ ah(féz;o—@} dé+

-8 h(xg+ 6,m)dn+

+ lim 98 _ 9¢
§—+0 1)
Yyo—0

Yo+6

oG (Ia Y, Zo, yO)
0¢ 5—+0

Yo—0

xo+0 9G(z,y,6,90—8) _ 9G(z,y,20,y0)
on 9n

+ lim

[ @ -s.0)-

5_)+Oz0—5 4

zo+0 8G(z,y,2z0,y0)
an

+hm f

_ 9G(z,y,8,y0+9)
on

wO

Zo+5

+8G (.’I}, Y, Zo, yO)
on 6—+0

l‘g—(s

<6 h(xo—d,m)dn+

h (&, yo + 0) dé+

tin, [ 060~ 0) = (€0 +0)) e
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Since by assumption for the function h (£, n) there exists dp and C' > 0 such that
the relations (8), (9) hold, then the limit relation is true

Oh(&n) 9G (z,y,§n)
Mg, g

lim / (G (z,9,&m)

6—+0
OI1s(Mo)

h (fa 7])) dSEJI =

oG (LL', Y,To, yO)
23
Similarly, in the neighborhood of the point Mj.

Oh(&m)  OG (z,y,&,m)
aﬁgm 3ﬁ57n

oG (1‘, Y,To, yO)

= ag (h) G (z,,70,50) + Bo (h) a1

+70 ()

5—+0
OIls(My)

i, [ (G (2, ,€,1) h (&n)) dse =

aG(xayvxlayl) aG(ZZZ,y7l’1,y1)
= h)G h) —————= —_—
0[1( ) (xvyaz17y1)+61( ) 85 8’[] )
where a; (h), B; (h), vi(h), (i=0,1) are defined by formulas (10).
It is taken into account that the function G (z,y,&,n) for (z,y) # (§,n) is a
sufficiently smooth function. Then we get

IG (x,y,E,
Iy =hy)- | SEL LS b (¢, 1) e~

+ 71 (h)

6G Z,Y,Ti,Yq 8G T,Y,Tq,Yi
- (0 (1) G (., i, i) + B () 29gzet) oy () 2] ),

Hence

h(z,y) — I (z,y) = [ 2ELveDp (¢ p)dse ,+
o0n

ong

1
+% (0 () G (2, i, i) + B () 29gzet) oy () 2] ),

Then the analogous function (18)

W) = [ [Glay.&m f (& m)dsdn+ [ SEL Lt p (¢, ) dise,+

(21)
1
+% (0 (1) G (2., i, i) + B () 28z () 2 egeinn) )

gives the solution of the non-homogeneous Laplace equation in the punctured
domain {29. We formulate the result in the form of a separate statement.

Theorem 2. A boundary value problem for the non-homogeneous Laplace equa-
tion in the punctured domain (2

AW (JZ, y) =f (ﬁvy) (22)



Internal Boundary Value Problems for the Laplace ... 279

with boundary conditions

W (xvy)‘&(? = h’ (.13, y)|8()7

1 7: OW (zi+d,y)  OW(xzi—6,y)
2 51320%[5 { ow @ } dy+
1 q: itd OW (z,y:+9) OW (z,y;—9)
3 lim .{5 [ oy oy } dz = i (h),
yi+0
Jim [0V (i = ) < W i+ G dy = 5 1),
Yyi—0
Jim [ OV = 6) =W i+ 0l = (1), (=0.1) (23
x,i—é

for any right-hand side of f (x,y) € L2 (§2) has a unique solution W (x,y) from
W3 ($2), and it is given by formula (21). We have four internal boundary con-
ditions in (23).

To prove Theorem 2, we give the following lemmas.

Lemma 1. For any continuously differentiable function F (xz,y) the following
equalities hold:

. Y P (eitby) | OF(@i—8) d
L s
(24)
1 S (i) OF(zi—)
3 fimy 5{ oy oy }dxzo
Yyi+o
6lirr+10 [F(z; —6,y) — F(x; +0,y)]dy =0 (25)
yi—6
51111;0 / [F (z,y; — ) — F (x,y; + d)]dz = 0. (26)
Lemma 2. For G (z,y,2;,y:;), (i=0,1) the following equalities hold:
1 li vitd G (z;+0,y,%i,yi) OG (i —08,y,%,y:) d
2 5_1>I}+10yi5 ou - Ou vt
(27)
1 li i to OG(z,y;+6,x:,yi) O0G(z,y,—8,:,Y:) dr = 1
t3 532070[5 oy - Oy v



280 D.B. Nurakhmetov and A.A. Aniyarov

yi+o
/ [G<x175aya$zayl) *G($Z+5,y,.’£“y1)] dy:()

yi—0

lim
5—-+0

51“5:0 / (G (2,y; — 6, 24,y:) — G (z,y; + 0,74, y;)] dx = 0.

Cl)i*(;

0G(z,y,2i,Y:)
¢

Lemma 3. For , (1 =0,1) the following equalities hold:

Ly il G (wi+6,y,x:,y:) 9*G(zi—3,y,mi,y:) d
2 5_{1110%{ 5 00z - o€0a y+
1 7: 32G(I,yi+5,zi,yi) _ BZG(z,yif&zi,yi) _
talm, S b b <t e =0
yi+0
§—+0 0¢ 0¢
Y;i—0
lim 0G (,yi —d,zi,ys)  OG(@,yi +6,2i,9:) | o
5—+0 3 0¢
xifé

OG (z,y,2i,Y:)
on

Lemma 4. For , (i=0,1) the following equalities hold:

Ly vito ?*Glzitdywiy) _ 9°Glzi=dyziyi) | g
2 5—1»1203,.,5 onoe - ono v
;40
T *Gwyitdwiy) _ *Clryi—dwii)] g
+3 6132% f§ [ ondy B Indy ] =0
yi+o
5—+0 n on
Yi—0
;40
hm aG (JC7yi _57xi7yi) _ 8G (x’yZ_F(S’ mi’yi) dﬂ: =1
540 on In .
I,;*(;

Lemmas 1-4 are proved similarly as in [17].

(33)

Proof. We show that for W (z,y) defined by the formula (21) the following
equation (22) is true. The validity of (22) follows from the fact that the rela-

tions (16) are true, and also that A, G (z,y,2;,y:;) = 0, Ay,

9G(2,Y,2i,Yi)
¢

:O’
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and Am’y%f“yi) = 0 for (z,y) # (z5y), (i=0,1). Verify that for
W (x,y) the first relation from (23) is true. Let (z,y) € 0f2. Then from
the properties of the Green’s function G(P,Q) = 0, P € 02, Q € 2 and

. o o
relation. G r. &) = dgg (@), (€n) from [20] and

G (x,y,25,y:i) = 0, %ﬁ’y’) =0, wx’é’if“yi) =0 for (z,y) € 092 it follows
the required first boundary relation from (23).

Denote by

aG (x’ y? 57 T])

G (6 ) dses, (36)

F(xvy)=//G(xvy,&n)f(i,n)dﬁdnﬂt/
2

on

then F' (x,y) satisfies the limit relations of Lemma 1. Indeed, F' (z,y) is a contin-
uously differentiable function. Since the first term on the right-hand side of (36)
is a solution of the Dirichlet problem for the non-homogeneous Laplace equation,
then it can be differentiated twice. Consequently, the conditions of Lemma 1 for
the first term on the right-hand side of (36) are satisfied. As («,y) changes in the
neighborhood (zg, yo), and (§,7) is on the external border, that is (x,y) # (£, 1),
then W function is continuously differentiable. The conditions of Lemma

1 for the second term on the right-hand side of (36) are satisfied.
Now we show the implementation of the second internal boundary condition
from (23)

yi+0
L lim [ [

OW (zi+6,y) QW(1i767y):| dy+
? 6H+Oyi—5

ox ox

+1 lim f+ [8W(az,yi+5) GW(w,yi—é)]dx:
s

25590 9y 9y
1 Y o P(ei4sy)  OF(mi—by)
— 3 Zi+0,Y Ti—0,Y
=1 611m J [ T — o } dy—+
=30, " 5
i
1 7; OF (x,y;+96) OF (x,y;—0)
+2 lim [ - dx+
2 5H+o$i5 9y 9y

1 Yi+o

1 : OG (zi+90,y,xk,yx) _ OG(2i—06,Y,%k,Yk)

+3 2 ax(h) lim o[ [ o G dy+
k=0 +0 |y, —s

G (z,yi+0,xk,yr)  OG(x,¥i —6,%k,Yk)
9y oy dr y +
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1 yitd -, 2
+% S Be (k) lim f {3 G(a%;-g%z,wkvyk) _ 90 G(xia_;éi/:vﬂkvyk)} dy +
k=0 0—=+0 |, s

z;+6

+ *G(@,yi+8,ak,yr)  0°G(,yi—6,Tk k) de b+
0Edy &y
zi—é
1 Yito o o 5

1 : 0°G(zitdy.zr,yr) _ O-G(xi—6,y, %k Yk)

+§ Z Tk (h) lim f |: onox - onox dy+
k=0 6—=+0 1,75
G (z,yi+3,2k,Yk) G (@,yi =8,k Yk) A

+ 6[ gotdoeie) gt dr b, (i=0,1).

Ti—

Respectively using the limit equalities (24), (27), (30), (33) from Lemmas 1, 2,
3 and 4, we obtain the required second equality in (23), then

Yi+o
i 5hm f {BW(ggé,y) _ BW(J(;E—&Z/)} dy+
4>+0 _5
1 et OW (w,yi+8)  OW( 5)
Ty z,yi— _
o glim f5 [ w o Oy ]dm =i (h).

Since the above function F (z,y) is equal

Fay) - / / G (2, &,m) f (€, m) ded + / G @Y &M () dse.n.
0

one
a0 )

then F'(z,y) satisfies the limit relations of Lemma 1. This statement has been
proved in the above proof of the second boundary condition from (23). Let us
check implementation of the third internal boundary condition from (23)

yi+d
lim [ [W (i —d,y) = W (z; +6,y)] dy =
6_}+Oya‘,—5
yi+o
§~>+Oyi_§
y1+5
+ Z 875 hm f _57y7xkayk) _G(x1+5’yazkayk)] dy+

U 0G (@i =Sy ,miyk) | OG(wit8,y,wk k)
*Zmﬁﬁf[ ¢ el dy

+Z’}/k hm f

yi+d
[ an on

3G(£1*5y Tk, Yk) QG(Iz‘Jr&y’mk’yk)} dy, (i=0,1).



Internal Boundary Value Problems for the Laplace ... 283

Respectively using the limit equalities (25), (28), (31), (34) from Lemmas 1, 2,
3 and 4, we obtain the required third equality in (23), then

yi+d
ggo/[Wﬁm—&m—de+&wMy=&Uw
Yyi—0

Since the above function F (z,y) is equal

me=//G@w@meM%m+/
2

o

aG (x? y? 57 ,'7)
Ong

h (&, 77) dsfan’
then F'(z,y) satisfies the limit relations of Lemma 1. This statement has been
proved in the above proof of the second boundary condition from (23). Let us
check implementation of the fourth internal boundary condition from (23)

lim [ [W(z,y; —0) =W (2,y; + )| dz =
0—40," 5
= lim [ [F(2,y; —0) — F(2,y; + )] dz+
§~>+Oxi_6
1 z;+9d
+ Z Qg (h’) 611%0 f [G (.’L’, Yi — 57 mknyk) -G (:E>yi + 67 xkuyk)] d.’L’+
k=0 — V-6

+ 2 By () lim [ [2Cvsds)  0Gesbmnn) | gy
k=0

6—)+O:L’i75
! R e 5 ) 0G(x,yits )
3 ZT,Yi —0, Tk Yk Z,Yi 3Tk, Yk ;o
£ 3 () fim [ |Gt tb) _ 00beny) | 4y, (i =0,1).

Respectively using the limit equalities (26), (29), (32), (35) from Lemmas 1, 2,
3 and 4, we obtain the required fourth equality in (23), then

wi—é

Problem (22) - (23) in the punctured domain has a unique solution at f (z,y) =
0, h (z,y) = 0. This follows from the theorem on the removable singularity of a
harmonic function [22]. O

4 Main result

Further, we consider operators K (may be npnlinear), mapping the elements of
the space Lo (£2) into the elements of space W3 (£2p) and continuous in the sense
of LQI
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If the sequence of norms Hfj||L2(_Q) tends to zero as j — oo, then
HKfjHL2(Q) also tends to zero as j — oo.

In this case we will say that K is continuous in the sense of Lo, which maps
Ly (22) into Wy (£20). And we write h = K (f).

Now we show how, using Theorem 2, we can obtain new boundary well-posed
solvable problems for the non-homogeneous Laplace solution in the punctured
domain (2. For this it is sufficient that the function h (x,y) € 2 continuously
depends on the function f (x,y) € La (£2).

Suppose that there exists operator K continuous in the sense of Lo, mapping
fx,y) € Ly (£2) into h(z,y) € 2. Let h = K (f). Then problem (22) - (23)
takes the form

AW(.’E,y):f(I,y), (Jf,y) E'(20 (37)
W (xvy)bﬂ - K(AW)‘BQ =0,
Yyi+o
% lim j‘ |:8W(ﬂgim+5;y) _ 6W(gix—5xy)} dy+
5~>+0yi_6

: oW Z,Y; § ow X, 7;—5
o, T [ ] 4y ¢ ),

Yyi+o
JEIEO f(; W (z; —6,y) — W (z; + 6,y)] dy = B; (K (AW)),
Yi—

(38)
;40
51}20 f(; W (@,y; —0) = W (2, yi + 0)] do = v (K (AW)), (i=0,1).

The conditions (38) imposed on the function W (z,y) can be interpreted
as additional conditions in order that equation (37) for any right-hand side of
f(x,y) € L2 (£2) has a unique solution. Thus, problem (37) - (38) represents
a well-posed solvable problem with an internally “boundary” condition of the
form (38).

We also need the concept of a stable solution in the sense of Lo: The solution
of problem (37) - (38) will be called stable in the sense of Lo, if from the fact
that the sequence of norms of the right-hand sides of || f;[|, () tends to zero
as j — oo it follows that the sequence of norms of solution [[W;l|,, ) tends to
zero. So, it is fair

Theorem 3. For any operator K continuous in the sense of Lo mapping the
space {f} € Lo () into the set of smooth functions h(z,y) € 2 the problem
(37) - (38) has a unique stable solution W (x,y) € W3 (o) in the sense of Lo
for all right-hand sides of f from Lo (£2)

Now we prove the converse statement.
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Theorem 4. If equation (37) for all right-hand sides of f from Lo (£2) with
some additional conditions has a unique stable solution W (xz,y) € Wy (£20) in
the sense of Lo. Then there exists an operator K continuous in the sense of Lo,
mapping the space {f} € Lo (£20) into the set of smooth functions {h} € D, such
that the additional condition is equivalent to the condition of the form (38) with
the operator K.

Proof. Suppose that equation (37) with some additional conditions is uniquely
solvable for any right-hand side of f(z,y) € Lo (§2). The corresponding
unique solution we denote by W (x,y, f). Introduce the function u (z,y, f) =
S/ f G (x,y,&,m) f (€,m)dédn and make up the difference

v(x,y):W(x,y,f)—u(x,y,f). (39)

It is clear that v (z,y) is a solution of the homogeneous equation Av =0 and is
uniquely determined by f € Ls (£2). Thus, to any element of f € Lo (£2) there
corresponds a single function v, which is a sufficiently smooth function and is a
harmonic function. By K denote an operator, putting each f € Ly ({2) in
accordance with v € Wy (£2), that is v = K (f). Consider an entirely new
function according to the formula

OG (s
w(,y) = u(@y, )+ [ Py (& n) e+
o0 ’

(40)

1
0G(2,y,%i,Y; 0G(2,y,%i,Y;
30 (00 () G (0, 3) + s () PEEREL oy () D) ),

) 1 1i vito Jv(xzi+o,m)  Ov(xzi—6,m) d
a; (v) =3 lim f(s 52 o n+
Y

é

25540, " ‘9’7 on
1. yi+0
Bi(v) = tim [ [v(z; = 0,m) —v(; +0,m)]dn,
~>+0yi_6
x,+5
Y (v) = Jim [0 (65— 6) — 0 (€ yi + 9)] de.
H+Oz -9

Formula (40) is similar to formula (21). In this case, the function v (z,y) plays
the role of h (x,y). Consequently, the above arguments from Theorem 2 show
that

Aw (Sﬁ',y) = f(%y) (41)

w (x7y)‘8.(2 = (xay)|8()7
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1 7: vi+d Ow(x;+6,y) Ow(z;—6,y)
3 lim f |: éz - E;z , ]dy+

+1 lim [ [BWW‘” - 8“’(“*%—‘”} dz = a; (v)

~>+OI 5 9y 9y
) yi+o
—+0,7 5
(42)
611H+10 f [w(x7yz _5) —w(x,yi+5)]dx =% (V)7 (Z = 031),

where v (z,y) = K (f) or v(z,y) = K (Aw).

On the other hand, from the representation (39) it follows that W (z,y, f) =
u(z,y, f) + v (z,y) also satisfies the relation (41). Therefore, from the unique-
ness theorem it follows that W (z,y, f) = w (x, y). Consequently, the additional
conditions for unique solvability have the form (42). O

Note that by the Riesz theorem [27] on the general form of a bounded linear
functional h = K (AW) in a Hilbert space Lo (£2) takes the form (6)-(7).

The resulting explicit solution of the problem makes it possible to analyze
the behavior of an analytic solution in the neighborhood of singular points and
to perform a comparative numerical analysis. For clarity in this section, we will
look at a few examples.

Ezample 1. Let f(x,y) = 0, My, = (%’
2, m (h> =1, h(.%‘,y)bg =0, G (h) =0, %

Ezample 2. Let f(z,y) = 0, My = (—l —%), My = (5,
L a1 (h) = =2, h(z,y)lpo =0, Bi(h) =0, v (h)=0, (i=0,1).

ofed

a) b)

Fig. 1. a) Two jumps are positive, b) one jump is positive and the other one is negative
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Spectral Properties of Degenerate High-Order
Differential Operator

Kordan N. Ospanov(®)

L.N. Gumilyov Eurasian National University, 2 Satpaev st., Astana 010008,
Kazakhstan
kordan.ospanov@gmail.com

Abstract. In this paper we investigate a singular high-order differen-
tial operator with rapidly growing intermediate coefficients. We give suf-
ficient conditions for complete continuity of its resolvent in the space
Ly(—o00, +00). Furthermore, we show that this resolvent belongs to the
Schatten class 0,, 1 < p < o0, and give the uniform estimate for the
resolvent norm.

Keywords: Singular differential operator - Separable operator -
Discrete spectrum - Resolvent - Schatten class - Hilbert-Schmidt
operator + Nuclear operator

1 Introduction

We consider the following linear differential operator with variable coefficients
Loy — y(Zn) + aly(2n—1) + azy(2n—2) + oo+ Aony

defined on the set C’ézn)(R), R = (—o00, +00) of 2n-times continuously differen-
tiable functions with compact support. We denote by L its closure in the space
Ly = Ly(R).

There are questions: when the spectrum of L is discrete and its resolvent
belongs to Schatten class under some conditions for the coefficients? These ques-
tions are important goals of the spectral theory of operators. In present paper,
we study above questions for the singular nonselfadjoint differential operator L.
The singularity of the operator L is that its coefficients are unbounded on R.

Series of practical problems lead to study the linear operator L in an
unbounded domain. It is well-known that a representative of these operators
is the Sturm-Liouville operator. This is the fundamental operator of quantum
mechanics. A large number of papers was devoted to the questions of self-adjoint
and spectral properties of the Sturm-Liouville operator. We note that in the gen-
eral case, the operator L with unbounded coefficients can not lead to self-adjoint

© Springer International Publishing AG 2017

T.Sh. Kalmenov et al. (eds.), Functional Analysis in Interdisciplinary Applications,
Springer Proceedings in Mathematics & Statistics 216,
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form. The singular higher-order operator L began to be studied in the first half
of the twentieth century. Powerful methods for constructing the asymptotics of
the eigenfunctions, the study of the Green’s functions and computing the index
of the defect have been developed in [1-5]. However, the results of these works
were obtained only in the case, where the operator L is self-adjoint and inter-

mediate coefficients as (s = 1, 2, ..., 2n — 1) are nearly constant or at infinity
they are controlled above by some degree of |ag,|. We are not impose similar
restrictions on as (s = 1, 2, ..., 2n — 1) in this work, so previous methods not

useful for this case.

We give results on the compactness of the resolvent L™! of L, as well as
estimates for its singular numbers. Our results (Theorem 1, Theorem 2 and its
corollaries) extend some results of [4,6] on the differential operators with rapidly
growing intermediate coefficients.

For the Sturm-Liouville operator (the case n = 1), the problems of compact-
ness of the resolvent and when it belongs to the Schatten class are studied in
a lot of works (see [6,7]) and the references therein. These problems for other
differential operators were considered in [6,8-11,14].

2 Auxillary Statements

First, we give sufficient conditions of continuous invertibility of L obtained in
[12]. Let

1/2

a0 = [ t e(6)as] - I +°° PO as| (> 0)

1/2

Bom () = / i |g<u>|2du} [ | 52<l—1>h<5>|—2d§] <o,

Ye,n; = INAX <sup g 1, (), sup Be n, (T)) (1=1,2,..2n—-1),
t>0 7<0

where g and h are given functions. Let C®)(R) (k € N) be the set of all bounded
functions with bounded continuous derivatives up to order k. Let Cl(ol? (R) denote

the set of all f such that ¢ f € Cék)(R) for all ¢ € C(gk)(R) (k€ N).

Lemma 1 [12]. Let the coefficients a; € Cl(ffﬂ)(R) (=1, 2, ..., 2n) satisfy
the following conditions:

lai| > 1,717 (\/@) < 00, Yap, (a )y < F00 (k= 2,3,..,2n). (1)

2n—1

Then L is invertible bounded , and the inverse L™ is defined on entire space Lo
and for any y € D(L) the following estimate holds:
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2n—2
V] + 3 o], < i
j=1

where || - [|2 is the norm in Lo.
Lemma 2 [12]. Let a; € C’l (2n=4) (R) (j =1, 2, ..., 2n) satisfy the conditions
(1). If there is a constant ¢ > 1 such that

—1 S al(x) Sc (2)

1(n)

for all x,n € R: |z —n| < 1 holds, then for y € D(L) the following estimate
holds:

S

(2n)

2n
e+ D2 a2, < ex izl 3)
j=1

Equation (3) is called a separability estimate, and if (3) holds, then L is
called a separable operator in Ly. Lemma 2 shows that under the conditions (1)
and (2) the inverse L™! is bounded from Lj to the following weighted Sobolev
space

W3 (R) =< y€Ly: Hy(2")

2n
E o], <
) JZ:; a]y ) 0

3 Main Results

We give some conditions under which the resolvent L~! has some spectral and
approximation properties.

Theorem 1. Let a; € Cl2n 7 (R) (j =1,2, ..., 2n) satisfy (1) and (2). If

oc

L |azn (z)| = +o0 (4)
or
A an o), () =0, lim B a,),, (1) =0 (5)
hold for at least one s of s =1, 2, ..., 2n — 1, then L™ is completely continuous
operator in the space Lo.
To prove this theorem we consider the set M = {ye D(L):

|Ly|l, < 1}. By Lemma 2, M is bounded in W3", (R). Using Theorem 3 in [13]
(Chapter IX), we obtain the desired result.

Under the conditions of this theorem the self-adjoint positive definite oper-
ator (L_l)* (L_l) is also completely continuous. The existence of the operator
(L_l)* conjugate to the operator L' follows from the smoothness of the coef-
ficients a; (j =1, 2, ..., 2n).
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We number the eigenvalues of the operator \/(L=1)" (L~1) in decreasing
order in accordance with their multiplicity and denote by s (L’l). They are
called s-numbers of the operator L~!. It is known that

ceey

sp(L71) = Kei%lfk_l HL_l - KHLZHLZ , k=12

where T, _, is a set of operators, whose ranks do not exceed k — 1. If
oo
[sk (Lfl)]p < 00,
k=1

then we say that the operator L~! belongs to the class 0,. In this case L™! is
called a finite type operator. Operators of the class o5 are called Hilbert-Schmidt
operators, and o is a class of nuclear operators. We denote by WQQZ(R) the
Banach space with norm

2n
, (2n—j>H _
2l

Under the conditions of Lemma 2, the operator L~! is bounded from Lo to
W3 (R), in additional, if the conditions (4) or (5) are fulfilled, then it is com-
pletely continuous.

In the next statement we find sufficient conditions such that the resolvent
L~! of a singular high-order differential operator L belongs to Schatten class Op,
1 < p < o0, and we give the uniform estimate of the resolvent norm.

Theorem 2. Suppose that a; € C(Znﬂ)(R) (=1, 2, .., 2n) satisfy the condi-

loc

tions (1), (2) and (4). Let 4nf > 1 and

“+ o0

/ A
|a2n(x)|\9— 1/4n .

— 00

Then L=' € 0y and

1/6

Li(R)

o0 1/6
{Z [Sk (L1)]9} <C H |a2n(')\9_1/4"

k=1
This statement implies the following:

Corollary 1. Let a; € C(znfj)(R) (j =1, 2, ..., 2n) satisfy the conditions

loc

(1), (2) and (4). Then L~! is a nuclear operator, if

“+oo

/ dx <
—_———— .
|a2n(x)|1— 1/47l
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For the trace of the operator L~! the following estimate holds:

50174 5 e

=1

Li(R)

Corollary 2. Let a; € 01(02: ])( R) (j =1, 2, ..., 2n) satisfy the conditions
(1), (2) and
lim  |agp(z)| = 4o0.
|z|—+00
Then L~! is a Hilbert-Schmidt operator, if

“+o0

/ & .
 aga(@)P T M '

For the Hilbert-Schmidt norm of the operator L' the following estimate holds:

oo 1/2 1
Z sk (Lil)]2 <C H |aon( )|72+1/4n
k=1 Li(R)’

Example. We consider the following minimal closed operator
loy =y + (1422 + (@* = 6)y' + (327 + 5)y

in the space Lo. Since the coefficients are fast growing, intermediate terms y”’
and y’ in the expression lyy does not obey to the operator ly = y* + (322 +5)y in
the operational sense. Therefore, [y is similar to L, which we considered above.

A simple verification shows that all conditions of Theorem 1 are satisfied. So,
there is a bounded inverse [ Lof Iy and it is completely continuous in the space
Ls. It is easy to check that

“+o0

/d—x < o
(3z2 +5) 1-1/8 '

—0o0
By Corollary 1, I ! is the nuclear operator, and the following estimate holds:

“+o0

= dx
P (322 +5)
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of first order singular differential equations. Using coercive estimates for
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1 Introduction

It is well known that if A(t) is the (n x n)-matrix with continuous elements, and
—00 < a < b < 0o, then the resolvent of the linear differential operator

d
L= o A(t) 1,
in the space C([a, b], R™) is compact, where R = (—o00, +00) and I,, is an identity
(n X n)—matrix.

There is natural question whether the result also holds for the case a =
—o0 and b = 4007 In this paper we study the operator L in continuous and
bounded vector-valued function space Cy(R, R"), where A(t) = (a;;(t))} ;= is
the (n X n)— matrix with continuous, in general, not bounded elements.

The compactness is one of main problems in the theory of bounded linear
operators in a Banach space. For differential operator usually it is considered
the compactness of its resolvent. The compactness of the resolvent allows to
apply the approximate methods for solving the corresponding differential equa-
tion LV = F. The compactness of the resolvent of a self-adjoint Dirac operator
was investigated by Dzhumabaev [1]. Dzhumabaev [2] has studied the more gen-
eral self-adjoint system of differential equations. With respect to the compactness
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of resolvents of the singular elliptic operators we refer to [3,4,7-10] and the ref-
erences therein. But these works are devoted to the Hilbert case. There is a
growing interest to the study of non-selfadjoint operators and the case of non-
Hilbert space.

First, we give sufficient conditions for the existence and uniqueness of a
bounded and continuous solution V' = (Vi, Vs, ..., V;,) of the equation LV = F.
Under some conditions we prove that the solution V' has bounded derivative and
satisfies the following estimate:

av
1%+ 1avi < ot

where [[V(-)[l; = sup [[V(2)[| = sup max [V; ()] .
teR teRi=1,n
Using this result, we prove that the inverse L~! is compact.

2 Auxillary Statements

We denote by Cy(R, R"™) the set of all continuous and bounded vector-valued
functions on R. We consider the following system of differential equations

av
where V' = (Vi(t), Va(t), ..., Vo(t)). We assume that elements of the (n x n)—
matrix A(t) = (a;;(t));';—; and the vector-valued function F(t) are continuous.
We only study the solution of (8), which satisfies the following condition

V(t) € Cy(R, R"). (2)

A continuously differentiable function V (t) €Cy(R, R™) is called a solution
of the problem (8), (2), if it satisfies the system (8) for all ¢t € R.
Let the matrix A(t) satisfy the following conditions:
i) the diagonal dominance holds by rows and a continuous function 6(t) > 6y >
0, i.e.,
laii(t)] > > lai ()| +6(t) (i =1,n), where §(t) > 6y > 0;
J#i

i) 0(t) = nlaii(t)] (i=1,n), 0<n<1.
Let a;(t) <0 (¢ =1,n1) and a;;(t) >0 (j =nmi+1,n ), and T > 0. We
consider the following auxiliary problem

% =A@+ F(t), t e (-T,T), (3)
P(l)’l)(—T) =0, P(Q)U(T) =0, (4)
0 0

(I, 0
where P(l) - ( 0 0) 3 0 In—n1

A continuously differentiable function v(¢) in [T, T is called a solution of
the problem (3), (4), if it satisfies the system (3) and the condition (4).

Py = ( ) are (n X n)-matrices.
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Lemma 1. Let the condition i) hold. Then, for each T > 0 the problem (3), (4)
has a unique solution vr(t) and for vy the following estimate holds:

F,»(t)‘

max_|Jor(t)| < H & %XT] m?x
=1L,n

te[—T5T] te[ TT]
Using the parameterization method (see [5]) and Hadamard’s lemma [6], one
can prove this Lemma.

Theorem 1. Let conditions i) and i) be fulfilled, and let columns of the matrix
A(t)

10} and the vector-valued function % belong to Cy(R, R™). Then the problem
(8), (2) has a unique solution V*(t) and

v el <) 50 ©)

holds.

Proof. By Lemma 1, for each T" > 0 there is a unique solution V;i(t) of the
problem (3), (4). By estimate (5) and the condition F(t) € Cy(R, R™), we obtain

that the sequence {V}i(¢)} is bounded uniformly Wlth respect to T. Then using
the standard diagonal method, we can get a subsequence which converges to the
solution V*(t) of the equation (8) for all ¢t € R:

lim Vi, (t) =V*(t) YVt € R.

T’ —o0

Moreover, here the convergence is uniform with respect to [—T,T]. Passing to
the limit as ' — oo in (5), we obtain (6). -

_ Next, we prove that the solution of (8), (2) is unique. Suppose that V(¢) and

V (t) are its solutions. Then AV (t) = V(t) — V(t) is a solution in Cy(R, R™) of
the following system of differential equations:

dAv;
dt

sl
-
I
J—‘
S
-
m
oy

= ay(t) AV + Zaz]
J#i

(7)

Since (7) satisfies conditions of the theorem, we can prove the existence of the
solution of (7) as above. Thez homogeneous system corresponding to (7) is

dAV;
dt

= a”(t)Af/;, 1=1,n, te R.

It is well known that if |a(t)] > v > 0 is a continuous function in R, and Z is

the bounded solution of the equation %2 = a(t)z, then Z = 0. Hence AV (t) =

V(t) - ?(t) =0 and V(t) zﬁ(t). The theorem is proved.
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Theorem 2. Suppose the conditions i) and ii) are fulfilled, and
a) columns of the matric % and wvector-valued function F(t) belong in
Cyo(R, R");

b) there exists the constant ¢ > 1 such that

(t
(

>
~

ct<

<c

S
N/

holds for t, t € R with |t —t| < d.
Then the solution V(t)€Cy(R, R™) of (8) satisfies the following estimate:

Hd‘gt” SMH’;‘(()) HIFOIL ®)
e St Hg(()) HIFOL-
Proof. Let

We put wr(t) = 6(t)vr(t), where vp(t) is a solution of (3), (4). The equality

DI — A(tyor(t) + F(t),t € [T, T] implies

—_

dw;;(t) = ~[0(t+d) —0@]vr(t) + 0(t)A(tyvr(t) + () F(t) .

So, the function wr(t) is a solution of the following problem

dw ~

i Alt)w+ F(t),t € (=T,T), 9)
P(l)w(fT) = 0, P(Q)W(T) = 0, (10)

where F(t) = L0(t+d) — O(t)|ur(t)+0(t)F(t). Tt is clear that

S 11 P (/R R o) [ LLGYA0)
te[-T,17|| () te[-T,7] d 0(t) te[-T.71|| 0(t)
c+1 E(t)
< — F(t .
- d teI[IiaT},(T] 0(t) H * Cter[riaf},(T] IE @I < 00

Thus %GC&,(R, R"™). Then, by Lemma 1, there exists the unique solution wr(t)

of problem (9), (10) and the following estimate holds:

max _|wr(t)]| < M,
te[—T,T)
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where M’ = (¢+1)/d max ||F()/6(t)||+c max || F(t)||. We replace T with
te[—T,T) te[—T,T)
T’ and take the limit as 7" — oo in the last inequality. Then, taking into account

the equality Tlim wp (t) = B(t)v*(t) (t € R) (the convergence is uniform with
/—>OO

tt t [=T,T)), btai )| = Hét*tH<
respect to compact | 1), we obtain teI[IiaT},{T] [lw™ (@®)]| ter[riaTi(T] B (@) <

M'. This implies sup ||w*(¢)|| = sup Hé(t)v*(t)H < M’. Furthermore,
teR teR

o [A0200);
supA(t;(V)( ) Z’?' sV < N
t t ~ t
<o |15 e | 5 | sem oo o] < o | 565 |
From (8) it follows that
dv (t) 1 A(t) x
ten || dt H<cfél§ o(0) || Sop I @)+ sup [F@] -

By this estimate and condition a) and w(t) €Cy(R, R™), we obtain d‘git) €

Cy(R, R™) and the inequality (8). The theorem is proved.
Equations (8) and (11) imply the following estimate:

3 The Main Result and Its Proof

T AV, < Co || Fly - (12)

Consider the differential operator L = A(t)I, in continuous and bounded
vector-valued function space Cy (R, R"), where A(t) = (a; ;(t));' ;=1 is the (nxn)-
matrix with continuous elements.

d
t

Theorem 3. Let the matriz A(t) satisfy the following conditions:
i) > laii(@)] +60(t) < lau(t)] < %Q(t) (i = 1,n), where 8(t) > 6y > 0 is
i

continuous, and 0 < n < 1;
it) there exist the constant ¢ > 1 such that

el

— o)

holds for t, t € R with |t —t] < 1;
wi) lim  0(t) = +oo.
[t|— 400
Then the resolvent L™ of the operator L is a completely continuous in the space
Cy»(R,R™).
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Proof. Let C’SL(R, R™) be the space of all functions that are bounded and have
a bounded and continuous derivative, with finite norm

av

Vlha= %] +14vih-

1

By Theorem 2, there exists the inverse L' of the operator L, which is defined on
the whole C, (R, R™) and is continuous from Cj(R, R™) to the space C,S}L(R, R™),
and ||[L7'F||, , < Cy [|F||, holds.

We show that the set T' = {U € Cy(R,R"): ||U[l;, 4 <Co ||F||1} is compact

in Cp(R, R™). Let a > 0, then, according to the condition %), there is n € N
such that

(0%
Wiyn=suw U<z, YUE) €T (13)
teR\[—N, N]

Let on(t) € C’él)(—n—l, n+1) satisfy 0 < ¢, (t) < land ¢, (t) = 1, Vt € [-n, n].
We consider the set T,, = {Ug, : U € T}. By (13) T, is the a-net for 7. On
the other hand, T, is a subset of C’é}i‘([fn, n], R")( Co([-n — 1, n+ 1], R™).
Then by Hausdorff theorem (see [7], Ch. 1) T is compact. The theorem is proved.
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Abstract. In this paper, we aim to present the improved version of
the reverse Holder type inequalities by taking (k, s)—Riemann-Liouville
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1 Introduction

Fractional integral inequalities involving (k, s)— type integrals attract the atten-
tions of many researchers due their diverse applications see, for examples, [1-4].
In [5], Farid et al. an integral inequality obtained by Mitrinovic and Pecaric was
generalized to measure space as follows.

Theorem 1. Let (£21, X1, 11),(22, X, u2) be measure spaces with o— finite mea-
sures and let f; : 2 — R, 1 = 1,2,3,4 be non-negative functions. Let g be the
function having representation

g(x) = [ Kz, t)f({t)dpa (1),

21

(© Springer International Publishing AG 2017
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where k @ {25 x 1 — R is a general non-negative kernel and f : 7 — R is
real-valued function, and po is a non-decreasing function. If p,q are two real
numbers such that % + % =1,p>1, then

) fi(@) fa(2)g(x)dps(x) (1)

q

( 5 A=)

1
P

<o 5 A@@)dia(z))

where

tey

b
C = sup { ( / k(x,t>f1<x>f2<x>du2<x>> )

( / k(x,wfg(x)dm(m) : ( / k(x,t>f4(x>du2<x>> q }

The following definitions and results are also required.

2 Preliminaries

Recently fractional integral inequalities are considered to be an important tool
of applied mathematics and their many applications described by a number
of researchers. As well as, the theory of fractional calculus is used in solving
differential, integral and integro-differential equations and also in various other
problems involving special functions [6-8].

We begin by recalling the well-known results.

1. The Pochhammer k-symbol (z), 5 and the k-gamma function I, are defined
as follows (see [9]):

(@i =z(@+k)(x+2k)---(x+(n—-1)k) (nmeN;k>0) (3)

and e )I )
n' k™ (nk)s~
I.(z) .= lim ———————

k(%) = lim ()i

(k>0; 2 eC\kZy), (4)
where kZ, = {kn ' n e Za}. It is noted that the case k = 1 of equation

((3)) and equation ((4)) reduces to the familiar Pochhammer symbol (z),, and
the gamma function I'. The function Iy is given by the following integral:

() = /0 Tl fa (R > 0). (5)
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The function I defined on R is characterized by the following three prop-
erties: (i) Ip(z + k) = o I'v(z); (i) Ik(k) = 1; (i) I'k(x) is logarithmically
convex. It is easy to see that

T

Ii(a) = k%—lr(k

)(mm>mk>m. 6)
2. Mubeen and Habibullah [10] introduced k-fractional integral of the Riemann-
Liouville type of order « as follows:

1

kg [f ()] = Tl

t
/(%¢F4fhmnm>ax>ak>m, (1)
which, upon setting £ = 1, is seen to yield the classical Riemann-Liouville
fractional integral of order a:

JoAS@O)} = 1Jg {f ()} = m/ (t=7)*"'f(r)dr  (a>0;t>a). (8)

3. Sarikaya et al. [11] presented (k,s)-fractional integral of the Riemann-
Liouville type of order «, which is a generalization of the k-fractional integral
(7), defined as follows:

(s+1)'°F

WO =

t o
/ (¢t — oty ® ' T f(r)dr, T €[a,b], (9)
where k > 0, s € R\ {—1} and which, upon setting s = 0, immediately reduces
to the k-integral (7).
4. In [11], the following results have been obtained. For f be continuous on
[a,b], k>0 and s € R\{—1}. Then,

PSR )]) = FISTP () = G GIe ()], (10)
and

ZJ((;K (.Z‘S+1 _ as—&-l)%*l _ l;k(ﬁ) 25t _as-l-l)aTW*l
(s + )F Iy(a + 5)

for all o, 3 >0, x € [a,b] and [}, denotes the k—gamma function.

5. Also, in [12], Akkurt et al. introduced (k, H)—fractional integral. Let (a,b) be
a finite interval of the real line R and R(«) > 0. Also let h(x) be an increasing
and positive monotone function on (a, b], having a continuous derivative h'(z)
on (a,b). The left- and right-sided fractional integrals of a function f with
respect to another function h on [a,b] are defined by

)

(ke f ) (@) (11)

e .
::EEEJA[M@—h@W () f()dt, k>0, R(a) >0
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(k52 S ) (@) (12)
1

b
= m/z [h(z) — h(t)]E 1R () f(t)dt, k> 0 ,R(a) > 0.

Recently, Tomar and Agarwal [13] obtained following results for
(k, s)—fractional integrals.

Theorem 2 (Holder Inequality for (k,s)-fractional integrals). Let f,g :
[a,b] — R be continuous functions and p,q > 0 with % + % = 1. Then, for all

t>0, k>0, a>0,seR—-{-1},

I Fg (O] < [T 1F ®)P]F [0 g ()] . (13)

Lemma 1. Let f,g : [a,b] — R be two positive functions and %—i—% =1,a,k>0
and s € R — {—1}, such that for t € [a,b], 3 JSfP(t) < o0, 5J&g1(t) < co. If

OSmSéK:))SM<m,TE[a,b], (14)
then the inequality
s Ja Ls o 1 M ﬁ s T 1 1
s Razatolt < (50)" 12 [0k 0] (15)

holds.

Lemma 2. Let f,g : [a,b] — R be two positive functions o,k > 0 and s €
R — {—1}, such that for t € [a,b], ;I fP(t) < oo, §J5g(t) < co. If

fr(7)
Ogmggq(T)§M<oo,T€[a,b], (16)
then we have
gzl Gl < (3) 802 ae), D

wherep>1and%+%:1.

Motivated by this work, we establish in this paper some new extensions of the
reverse Holder type inequalities by taking (k, s)—Riemann-Liouville fractional
integrals.
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3 Reverse Holder Type Inequalites

In this section we prove our main results (Theorems 3 and 4).

Theorem 3. Let f(z) and g(x) be integrable functions and let 0 < p < 1,
% + é = 1. Then, the following inequality holds

LI fg(D)] = 3P0 IS Fw)]T (18)

Proof. Set c = %, q = —pd. Then we have d = _%;. By the Holder inequality for
(k, s)—fractional integrals, we have

ISP = I | fg 9P (1)
< G 1F 9P [1ag o)™
= IS 1 fg(OIIF [ g(0)] " (19)
In equation (19), multiplying both sides by (3J |g9(t)])* ™", we obtain

RSP G g @)D
< RIE g - (20)

Inequality (20) implies inequality

1
d

1

1 1
pa 19 = 23 P @) RJ8 1)) (21)
which completes this theorem.

Theorem 4. Suppose p,q,l > 0 and % + % + % = 1. If f,g and h are positive
functions such that

g

i.)0<m§f SM<oofors0mel>0such?fhat%—i—%:l

s’

-y
o fo|

ii.) 0<m < Y9 < M < oo,

then

1
-

(RIS FP ()7 (IS FIE)T (I (1))

< (M>+ LIS (fah)(t). (22)

m

"c —
I T

)

Proof. Letl+l:1forsomes>O.Thus,§+§:1and%+%:1.lfweuse

S

it and Lemma 2 for H = fg and h, then we get

ozt )t Gz o) < (5) 7 qozEme) (23)
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which is equivalent to

1

oz o) < () st e

w =

(o[ @)g*(#)])

Now, using ¢ and the fact that IS; + 3 =1, and applying Lemma 2 to f* and ¢°,
we also have

. s s (M
o) e < () @ereen) e
which is equivalent to

o) Gz 0) < (3r) G0 0)

w |-

(26)

Combining equations (24) and (26), we obtain desired inequality equation (22),
which is complete the proof.

4 Applications for Some Types Fractional Integrals

Here in this section, we discuss some applications of Theorem 1 in the terms of
Theorems 5-7 and Corollary 1-5.

Theorem 5. Let p,q be two real numbers such that Zl) + % =1,p>1 and let
f be continuous on [a,b], k>0 and s € R\{—1} . Then

b
/ (@) fa ()32 f (2)d (27)

) .
<c< / f3<x>zJ3f<x>dx> ( / f4(w)ZJ3f(w)dw> 7
where

b o
= sup {( [ et fl(x)fz(ar)dx> (28)

t€la,b]

b . . . T
(/ (xs—irl _ts—&-l)i—l fg(x)d:c> </ (l.s-i-l _ts+1)k—1f4(x)dx> }

Proof. In Theorem 1, if we take 21 = 25 = (a,b), duy(t) = dt,dps(z) = de and
the kernel

Q=

(s+1)17%(t5+1775+1)%_175 .
k(. t) = FTn) fasisa
0 ifx <t <b,

then g(x) becomes 3 J¢ f(t) and so we get desired inequality (27). This completes
the proof of Theorem 5.
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Corollary 1. In Theorem 5, if we take s =0, then we get

/ F1(2) o) I f () e (29)

o o) ([ o)

where

—1

b S =+
(/ (x—t)%lfg(x)dx> (/ (x—t)k1f4(x)dx> }

Remark 1. In Corollary 1, & = k = 1, Theorem 1 reduces to Theorem 3.1 in [5].

Corollary 2. In Theorem 5, if we take f3(z) = fV(z) and fi(z) = fi(z), then
we get

2

b
/ f1(2) fol@)} 12 () de (31)
<0(/ f@)3Ie f ) (/ fE(0)I0 f )
where
b (e

=1 =1

b a_q P b a_q q
(/ (:Cerl . ts+1) k ff(a:)d:c) </ (xs+1 _ terl) k fg(g:)dq;> }

Corollary 3. In Corollary 2, if we take s = 0, then we get

b
/ £1(2) o) JE f () da (33)

</ (@) o f( ) (/ @)k Jg f( ) )
C—;%{Uab(m—w e )fz():v) (34)

-1 1

</“b e flp(m)dx>p (/b (@—t)F " él(x)dx>_q }

Q=

where
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Remark 2. In Corollary 3, o = k = 1, Corollary 3 reduces to Corollary 3.2 in [5].

Theorem 6. Let (a,b) be a finite interval of the real line R and R(a) > 0.
Let h(zx) be an increasing and positive monotone function on (a,b], having a
continuous derivative h'(x) on (a,b). Also, let p,q be two real numbers such that
%+% =1,p>1 and let f be continuous on [a,b], k > 0 and s € R\{—1} .
Then

[ 1@ (192 7) )0 (3)

<C (/ab f3(z) (ngﬂhf) (J?)dx> v </ab Ja(x) (ng‘ﬂhf) (z)dx) ’

where

b o3
C = sup { (/ (h(x) = h(t))k1h'(t)f1(x)fz(x)d$>

te(a,b]
1

x ( / (h(x) — h(t))* ! h’(t)f3<x>dx) ,,

b Ta
(/ (h(ff)h(t)):lh'(t)fzx(ﬂ:)dw) } (36)

Proof. Applying Theorem 1 with 2; = 25 = (a,b), duy(t) = dt,dus(z) = dx
and the kernel

k}Fk (OL)

(h(@)=h()E W) s e p <
k(z,t) = -
{O ifx <t<b,

then g(x) becomes (k,]g; hf) (z) and so we get desired inequality (35). This
completes the proof of Theorem 6.

Corollary 4. In Theorem 6, setting f3(x) = f(x) and fi(z) = fi(z), we get

[ @15 (1505) @ 7

1
q

<C </ab fi(x) (ng+,hf> (w)dx> ’ </ab Fi(x) (ng+7hf) (x)dx) ’
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where

b o
C'= sup { (/ (h(x) = h(t))* ! h’(t)fl(f)fz(x)diU)
t€(a,b] a

1

b +
x ( / (h(x) — h())F " h’(t)f{“(x)daf)

b q
(/ (h(x)—h(t))%1h'(t)f§(x)dx> } (38)

Theorem 7. Under the assumptions of Theorem 6, we have

[ @5 (5 1) @ (39)

X a
C(/ f3(x) ka hf > </ fa(z ka hf z)d ) )

where

b «
C = sup {( / (h(az)—h(t))k‘lh’(t)ﬁ(x)fz(x)dx)
t€la,b] a

b =
x ( / (h(z) — h(t))* ! h’(t)fs(fv)dx>

-1

( / (h(z) — h() E1 1 (1) f4(x)dx> ' } (40)

Proof. In contrast to Theorem 6, if we take the kernel

(@) =hO)F W (E) e g o
k:(xt)z{ fa<t<b

kI ()
0 ifa<t<u,

we obtain desired inequality.

Corollary 5. In Theorem 7, setting f3(x) = f1(x) and fi(z) = f3(z), we get

[ 1@ 10 (w5 0) 1 (a1)

C(/abff(ﬂj s hf ) (/ fz ka hf z)d )év
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where
b .
C= s { < [ (hia) = hie h'(t)fl(m)fz(m)dx>
tela,b a
b &
< ( [ ) = ment e f(x)dz>
b X 3
( [ ) = nient e §<x>dx> } (42)
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Abstract. In this work we suggest a new method for investigating the
model Volterra type integral equation with super-singularity, the kernel
of which consists of a composition of polynomial functions with super-
singularity and functions with super-singular points. The problem of
investigating this type of integral equation for n = 2m is reduced to
m Volterra type integral equation for n = 2, and for n = 2m + 1 it
is reduced to m Volterra integral equation for n = 2 and one integral
equation for n = 1.

Keywords: Volterra type integral equation - Super-singular kernels -
Asumptotic behavior - Explicit solution + Representation manifold
solution - Characteristic integral equation * n-order degenerate
ordinary differential equation

Let I' = {z:a <z <b} be a set of points on real axis and consider an
integral equation

n

e+ [ L a0 @) | 2w, o

j=1

where A;(1 < j < n) is given constants, f (z) is a given function in I" and ¢ (z)
to be found , w¢ (z) = {(a —1)(z— a)a_l} 71, a = const > 1.

The works [1-7] are dedicated to the problem of investigating integral equa-
tions of type (1) with kernels K (z,t) = Z?:l Ajln? ™! (m) (t —a)~'. Mono-

t—a
graph [1] and the case n = 2 of the work [8] are devoted to the problem
investigation integral equation (1) for n = 1.
The solution of the integral equation (1) we will seak in the class of function
¢ (x) € C (I') vanishing at the singular point t = a, i.e

p@)=ol(x—a)"], m1>n(a—1) at = — a.

(© Springer International Publishing AG 2017

T.Sh. Kalmenov et al. (eds.), Functional Analysis in Interdisciplinary Applications,
Springer Proceedings in Mathematics & Statistics 216,
https://doi.org/10.1007/978-3-319-67053-9_30
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Assume that, the solution of the equation (I) is the function ¢ (z) € C™ (I').
Besides let the function f(z) € C™ (I') in equation (I). Then differentiating
integral equation (I) n times and every time multiplying by (z — a)“, we obtain
the following nth order degenerate ordinary differential equation

(D)"p () + AL(D)" o () + A2(DF)" ¢ ()
(2)
+2143(D)" P () + ... (n = D! Anp (2) = (D) f (),
where D2 = (z —a)* L.
The homogeneous differential equation (2) is corresponding to the following
characteristic equation

A AN T R AN T2 L 2ANT T L BIA N (=114, =0 . (3)

To the investigation problem of different cases (n = 1, n = 2) for the integral
equation (1) the papers [1,8] are devoted. The case of equation (1) when the
parameters A;(1 < j < n) are such that the roots of the characteristic equation
(3) are real, different and positive is investigated in [8]. In this case we have the
following confirmation

Theorem 1. Let in the integral equation (1) the parameters A;(1 < j < n) be
such that the roots of the characteristic equation (3) A;(1 < j < n) are real,
different and positive, let the function f(z) € C(I'), f(a) = 0 with asymptotic
behavior

f@)=ole™@(z—a)],y>a—1at z—a,

where A = max (A, Ag,...oo... An ). Then integral equation (1) in the class
of function ¢ (z) € C (f) vanishing in point x = a is always solvability and its
solution is given by the formula

o (x) = 35— Ciexp [-Ajwg ()] + f (2)

o [ ()T A enp [ (g (1) —wi (@)} Gt (4)

= Z?:1 Cjexp [—\jws (z)] + Ko (f),

where Ag is a Vandermond determinant, Aj, is minor of (n — 1) —order, which
is obtained from Aq by dividing n—th lines and j—th column, C; (1 < j < n) are
arbitrary constants.

But in investigating other cases for the roots of the characteristic equation
(3) and obtaining the manifold of solutions to equation (1) there arise great
difficulties of analytical character.

In this connection we offer here a method for representing the manifold of
solution of integral equation (1) for n = 1 and n = 2. This theory was con-
structed in [1] for n = 1 and in [8] for n = 2. In [8] other possible cases were
investigated for n = 2. Depending on the cases n = 2m and n = 2m+ 1 we give
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a representation of the manifold of solutions to equation (1) with respect to m
of second order algebraic equations.

Here a new method is offered. Let n = 2m. In this case a general solution of
the integral equation (1) is represented by the solutions m of integral equation
of the type

75 (9)=1 (), (5)
where

AN
(t—a)
and when n = 2m + 1 the general solution of (1) we represent by the solution

m of the integral equation of the type (5) and by one solution to the integral
equation

Pj.a;

75, =@+ [ byt a e 0 -t @)

I3 (p) = g(2), (6)
where

Hﬁ‘(cp)zgo(m)-i—)\/x (f_(?)adt.

The respective theory is constructed in [1,8].

Let n = 2m in integral equation (1). Then we represent the integral equation
in the form

H 1., (@) =[(2) (7)

where p;, ¢; (1 < j < m) are constants , which are the coefficients of the following
characteristic equation

(M) 4+ pA0) + gy =0(1 < j <m). (8)
Later on we denote the roots of the characteristic equation (6) by
AW k=12, 1<j<m).
We can represent the integral equation (1) in the form (5) when the roots of

the characteristic equation (6) are connected with the parameters A4;(1 < j < n)
of equation (1) by

Ar=-57, (W +29),
Ap=57_ (W) 4 () 5 (),

J#k Ji#Fk J#Fk (9)
m k j s m k J

o= g () ST, o (6N
i#FkFs J#Fk#s

(= 1A, =TT AP
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Equation (5) is written as the system

() =Ty . (#),
(x

s
<3

S

m—1 ) pmlqml(wm)’
Wm 2 (21?) pm 242 (wm—l)a (10)

W (0) = T8, (%), T8 (%) = f(x).

So, in this case the problem of finding the general solution of the integral equation
(1) is reduced to the problem of finding the solution of the system (6) of the
Volterra integral equations.

In particular if the roots of the characteristic equation (6) are real, equal and
negative and the constants p; (1 < j < m) satisfy the following inequities

|pm| > |pm_1| > \pm_2| ........ > \pl\, (11)

and the function f (z) € C (I') , f (a) = 0 with asymptotic behavior

f(:c)zo[exp<p7m wff(w)) (x —a)” },’yg>n(a—1) at  — a, (12)

then the solution of the integral equation (1) is given by the formula
m acm 1 or- 1 -1
H ( Pm—j+1, Q1n j+1 ) (f) 9 (]‘3)

where C’{n_jﬂ, C’;n_jH (1 < j < m) are arbitrary constants

aCm=itl gmeitl \ 1
Tom=jt1, dm—jt1 S
AR D .
= cap [7'” AL e (m)} [c{” It L ue (@) o ”1} +f(2)

— [ eap [PRFEL (08 (@) - wE )] i at.

. 2
Pm—j41+ (”L}@ (0 (@) - wg <t>)]

So, we have proved the following confirmation

Theorem 1. (Main Theorem). Let in integral equation (1) n = 2m, let para-
meters A;(1 < j < n) be connected with the coefficients of the algebraic equation
(8) given by formula (9). Moreover, let the function f(x) € C(I'), f(a) =0
with asymptotic behavior (12) and let in (8) the parameters p; (1 < j < m) sat-
isfy conditions (11). Then the integral equations (1) in the class of function
p(x) el (f) vanishing in the point * = a is always solvable, and its general
solution contains 2m arbitrary constants and is given by formula (13), where
CZ%]H (k=1,2, 1 <j<m) are arbitrary constants.

Remark 1. The representation of the manifold of solution of the integral equa-
tion (1) in form (5) for the case n = 2m gives the possibility to write the general
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solution in dependence of the roots of the characteristic equation (5). When
n = 2m + 1, we represent equation (1) in the form

17, @=fw, (14)
j=1
where
v (2) =1, (), (15)
3, (9) =0 @)+ o [ ’ - (?)a dt,

pj, ¢; (1 < j < m) are the coefficients of the algebraic equations

A 2 .
(89) 4+ pjut? + ;= 0(1 < j <m). (16)
In this case equation (14) is represented in the form

v+ [ S B (1) - e @)yt | 2

j=1

dt = f (x), (17)

t—a

where the parameters B;(1 < j < 2m) are connected with the roots of the
algebraic equations (16) defined by the formula

BlZ—Z;’;( (j) ('))
By = }rik:1((k)“éﬂ))+ 7;7]{::1((’“) (J))+ij_1<(k) (J))

i#k iFk i#k 18
m k s k j s

ﬂ&=2$h$ﬂ(()M()+Z’7Hﬂ@yﬁmy) (18)
JF#EkFs J#Fk#s

ceey

(n—1)!B, = H"L um,u;]),

where ,ug ), ,u(J)(l < j <'m) are the roots of the algebraic equations (16).

Substituting ¥ (x) from (15) into formula (17) and taking into account the equa-

tion
C e apiot | [f_e) dt
[ -wr@r| [ ] o
_1 ¢ W& — W (z J QD(t)
< [ o —ot @)
we obtain
z | 2m+1 )
et [ X s @ et @) | = @) (9
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where
A1 = pmy1 + By,
As = By + Bipm+1,
A3 — B3 + szm+1
Ay = By + Bspm+1

B2 1-Pm+41

A - B2m w;m 1m )
_ Bom-pm+1
Agm41 = 25

Substituting into these equations B; (1 < j < 2m) from formula (18), we have

A1 =P — ST 1( () 4 (j)>
Ay = Zk: ( (k) (J))+Z ( (k) (J))+Zm ( ék)uéﬂ)
j#k J#k £k
" ( (J)Jr‘ugJ)>pm+17

20)
_ (k) () (S) (k) (3), (s) (
2lA3_Zj,k,s:1( / )+Z]k s—l( MJHQ)

jFEk#s j#kFs .
+pm+1[z7;’k:1( (J))+z ( (k) (J))+Zm ( (k)'uég))L
j#k o Ak

where ,ug ), ,u(J) are the roots of the algebraic equations (16).

So, we proof the following confirmation

Theorem 2. (Main Theorem). Let the parameters A;(1 < j < n) in integral
equation (1) be connected with the roots of the characteristic equation (16) and
the number p,,+1 given by formula (20). Then the problem of finding the solution
of the integral equation (1) for n =2m+ 1, or the integral equation (19) reduces
to the problem for finding the solution of the integral equation

H o (9) = £ (). (21)

By introducing in the integral equation (13) the new unknown functions

Uy (x) = 5 4 (¥),
U () =Ty (Uint1)
Um-1(z) = T;m Lam_1 (Tm) , (22)
U2 (z) = T;in a0 (Wm—l) )
(2 ( ) T;?;,qg (Wl)?
T 0 () = f(2), (23)

we reduce the problem of finding of the general solution of this integral equation
to the solution m of integral equation of type (5) and one integral equation of
the type (6).
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In particular case, if all the roots of the characteristic equations (16) are real,
equal, negative and

[Pmt1l > Pml > [Pm—1| > [Pm—2|. ... ... > |p1], (24)

function f (z) € C (I') , f (a) = 0 with asymptotic behavior
f(x)y=o0 [e:cp <me+1wg (z) ) (z— a)“’?’] ;Y3 > |[pm+1|, at x — a, (25)

then the solution of the integral equation (1) for n = 2m + 1 is given by the
formula

o -1 o, Gl om—itl -1
@) == (g ) I (d e ) . o)

j=1

where C7" 71 C* 77T (1 < j <m), Cpyi are arbitrary constants,

-1
(15:557) (@) = eap s (@)] Cnga +w ()
P [ €xp [pmir (WG (2) — w8 ()] 2T dt.

So, we have proved the following confirmation

Theorem 3. (Main Theorem). Let n = 2m+1 in integral equation (1), let the
parameters A;(1 < j < n) be connected with coefficients of the algebraic equa-
tion (16) by formula (20). Moreover, let the roots of the characteristic equation
(16) be real, equal and positive, and let the function f (z) € C(I') , f(a) =0
with asymptotic behavior (25) and let in (16) parameters p; (1 < j < m), pm41
satisfy conditions (24). Then integral equations (1) in the class of function
p(x) el (T), vanishing at the point x = a are solvable, and its general solu-
tion contains 2m + 1 arbitrary constants and is given by formula (26), where
C’;”_]'H (k=1,2, 1<j<m), Cpy1 are arbitrary constants.
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Abstract. In this paper we review our previous isoperimetric results for
the logarithmic potential and Newton potential operators. The main rea-
son why the results are useful, beyond the intrinsic interest of geometric
extremum problems, is that they produce a priori bounds for spectral
invariants of operators on arbitrary domains. We demonstrate these in
explicit examples.

Keywords: Logarithmic potential operator - Newton potential
operator + Geometric extremum problem - Schatten p-norm -
Rayleigh-Faber-Krahn inequality - Polya inequality - Luttinger type
inequality

1 Introduction

In a bounded domain of the Euclidean space 2 C R%, d > 2, it is well known
that the solution to the Laplacian equation

— Au(z) = f(x), z €, (1)

is given by the Newton potential formula (or the logarithmic potential formula
when d = 2)

u(w) = | ealla = )W)y, @ € 2 )
Q
for suitable functions f with suppf C (2. Here
(o —y) = { 7P, 4 =2 )
Eallr —Y|) = 1 1
(d—2)$d |x7y‘d727 d Z 37
d
is the fundamental solution to —A and sq = sz(r;) is the surface area of the unit
2

sphere in R%.
(© Springer International Publishing AG 2017
T.Sh. Kalmenov et al. (eds.), Functional Analysis in Interdisciplinary Applications,

Springer Proceedings in Mathematics & Statistics 216,
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An interesting question having several important applications is what bound-
ary conditions can be put on u on the (Lipschitz) boundary 9{2 so that equation
(1) complemented by this boundary condition would have the solution in {2 still
given by the same formula (2), with the same kernel €4 given by (3). It turns
out that the answer to this question is the integral boundary condition

1 Oza(|z —yl) / du(y) _
2u(x)—l— o 8ny y)dS,y a(Jx—yl) an, dS, =0, z € 012, (4)

where % denotes the outer normal derivative at a point y on 2. A converse
question to the one above would be to determine the trace of the Newton poten-
tial (2) on the boundary surface 9f2, and one can use the potential theory to
show that it has to be given by (4).

The boundary condition (4) appeared in M. Kac’s work [1], where he called
it “the principle of not feeling the boundary”. This was further expanded in
Kac’s book [2] with several further applications to the spectral theory and the
asymptotics of the Weyl’s eigenvalue counting function. Independently in [3]
T.Sh. Kal’'menov and the second author proved the existence of the boundary
condition (4) and as byproduct the eigenvalues and eigenfunctions of the New-
ton potential (2) were calculated in the 2-disk and in the 3-ball. In general, the
boundary value problem (1)-(4) has various interesting properties and applica-
tions (see, for example, [1-7]). The boundary value problem (1)-(4) can also be
generalised for higher degrees of the Laplacian, see [8,9]. In the present paper we
consider spectral problems of inverse operators to the nonlocal Laplacian (1)-(4),
namely the logarithmic potential operator on L?(§2) defined by

Zof@) = [ oty [€I¥Q). 2CEL ()

and the Newton potential operator on L?(§2) defined by

— 1 1 d
Naf(x) .7/9(d_2)8d |m_y|d_2f(y)dy, feL?n), NcR? d>3. (6)

Spectral properties of the logarithmic and the Newton potential operator have
been considered in many papers (see, e.g. [4,9-15]). In this paper we are inter-
ested in isoperimetric inequalities of these operators, that is also, in isoperimetric
inequalities of the nonlocal Laplacian (1)-(4). A recent general review of isoperi-
metric inequalities for the Dirichlet, Neumann and other Laplacians was made
by Benguria, Linde and Loewe in [16]. In addition to [16], we refer G. Pélya and
G. Szegd [17], Bandle [18] and Henrot [19] for historic remarks on isoperimet-
ric inequalities, namely the Rayleigh-Faber-Krahn inequality and the Luttinger
inequality.

We review an analogue of the Luttinger inequality for the Newton potential
operator 45, and provide related explicit examples. It is a particular case of our
previous result with G. Rozenblum in [20] for the Newton potential (see also
[21-23] for a non-self adjoint operators). In Section 3 we present:
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e Luttinger type inequality for 45;: The d-ball is a maximizer of the Schatten p-
norm of the Newton potential operator among all domains of a given measure
in R?, d > 3, for all integer % < p < 00.

In Section 2, we review the following facts for the logarithmic potential from
[24]:

e Rayleigh-Faber-Krahn inequality: The disc is a minimizer of the characteristic
number of the logarithmic potential ., with the smallest modulus among
all domains of a given measure.

e Pdlya inequality: The equilateral triangle is a minimizer of the first charac-
teristic number of the logarithmic potential %, with the smallest modulus
among all triangles of a given area.

e Luttinger type inequality for Zp,: The disc is a maximizer of the Schatten
p-norm of the logarithmic potential operator among all domains of a given
measure in R?, for all integer 2 < p < oo.

e Luttinger type inequality for £, in triangles: The equilateral triangle is
a maximizer of the Schatten p-norm of the logarithmic potential operator
among all triangles of a given area in R?, for all integer 2 < p < oo.

2 Isoperimetric Inequalities for %, and Examples

In this section we review our results for the logarithmic potential from [24] and
for the Newton potential [20]. Let 2 C R? be an open bounded set. We consider
the logarithmic potential operator on L?({2) defined by

Lof@) = [ G-y fe L), @

where In is the natural logarithm and |z — y| is the standard Euclidean distance
between x and y. Clearly, £, is compact and self-adjoint. Therefore, all of
its eigenvalues and characteristic numbers are discrete and real. We recall that
the characteristic numbers are inverses of the eigenvalues. The characteristic
numbers of Z; may be enumerated in ascending order of their modulus,

()] < |p2(2)] < .oy

where p;(£2) is repeated in this series according to its multiplicity. We denote the
corresponding eigenfunctions by w1, us, ..., so that for each characteristic number
u; there is a unique corresponding (normalized) eigenfunction w;,

w; = pi(2)ZLou;, i=1,2,....

It is known, see for example [3], that the equation

mwzﬁﬁwzj’l Lty

Sl
02m |z —y
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is equivalent to the equation
~ Aulz) = f(z), wED, (8)

with the nonlocal integral boundary condition

1 0 1 1 1 1 Ou(y)
— —u(x) + ——1n u(y)dSy — — dSy =0, z € 012,
2O M T My o, o
9
where a% denotes the outer normal derivative at a point y on the boundary
y

012, which is assumed piecewise C' here.

Let H be a separable Hilbert space. By .#*°(H) we denote the space of
compact operators P : H — H. Recall that the singular numbers {s,} of P €
S°(H) are the eigenvalues of the positive operator (P*P)'/? (see [25]). The
Schatten p-classes are defined as

SP(H) = {P e S®H): {s,} P}, 1<p< oo

In P(H) the Schatten p-norm of the operator P is defined by

1
oo P
ety () r<ron (1)
n=1

For p = oo, we can set
[Plloc := [P

to be the operator norm of P on H. As outlined in the introduction, we assume
that 2 C R? is an open bounded set and we consider the logarithmic potential
operator on L?(§2) of the form

Lofw) = [ gen = rwidy. [ <L) (1)

It is known that %y, is a Hilbert-Schmidt operator. By |£2| we will denote the
Lebesque measure of (2.

Theorem 1. Let D be a disc centred at the origin. Then
1<l < £l (12)
for any integer 2 < p < 0o and any bounded open domain 2 with |2| = |D|.

Let us give several examples calculating explicitly values of the right hand
side of (3) for different values of p.

Ezample 1. Let D = U be the unit disc. Then by Theorem 1 we have

1
oo

1Zally < -0l = (Z Sy 2) , (13)

m=1J0,m =1 m=1Jl,m
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for any integer 2 < p < oo and any bounded open domain {2 with [£2| = |U|.
Here jp,, denotes the m'" positive zero of the Bessel function J;, of the first kind
of order k.

The right hand sight of the formula (21) can be confirmed by a direct calcu-
lation of the logarithmic potential eigenvalues in the unit disc, see Theorem 3.1
in [10].

Ezample 2. Let D = U be the unit disc. Then by Theorem 1 we have

1
[Zell < |<vll = & (14)
Jo1

for any bounded open domain {2 with |2| = |U|. Here || - || is the operator norm
on the space L2.

From Corollary 3.2 in [10] we calculate explicitly the operator norm in the right
hand sight of (23).

In Theorem 1 when p = oo, the following analogue of the Rayleigh-Faber-
Krahn theorem for the integral operator %y, is used.

Theorem 2. The disc D is a minimizer of the characteristic number of the
logarithmic potential Lo with the smallest modulus among all domains of a
GLUEN, MEAsure, i.e.

0 <[m(D)] < |pm(2)|
for an arbitrary bounded open domain 2 C R* with |2| = |D|.

In Landkof [26] the positivity of the operator .y, is proved in domains 2 C U,
where U is the unit disc. In general, %y, is not a positive operator. For any
bounded open domain (2 the logarithmic potential operator %, can have at
most one negative eigenvalue, see Troutman [13] (see also Kac [12]).

In other words Theorem 2 says that the operator norm of %, is maximized
in a disc among all Euclidean bounded open domains of a given area.

It follows from the properties of the kernel that the Schatten p-norm of the
operator %y, is finite when p > 1, see e.g. the criteria for Schatten classes in
terms of the regularity of the kernel in [27]. Our techniques do not allow us to
prove Theorem 1 for 1 < p < 2. In view of the Dirichlet Laplacian case, it seems
reasonable to conjecture that the Schatten p-norm is still maximized on the disc
also for 1 < p < 2. However, In Section 3 by using different method we prove
such conjecture for the Newton potential operator, see also [20].

We can ask the same question of maximizing the Schatten p-norms in the
class of polygons with a given number n of sides. We denote by &, the class of
plane polygons with n edges. We would like to identify the maximizer for Schat-
ten p-norms of the logarithmic potential %, in &2,,. According to the Dirichlet
Laplacian case, it is natural to conjecture that it is the n-regular polygon. Cur-
rently, we have proved this only for n = 3:
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Theorem 3. The equilateral triangle centred at the origin has the largest Schat-
ten p-norm of the operator Ly for any integer 2 < p < oo among all triangles of
a given area. More precisely, if /\ is the equilateral triangle centred at the origin,
we have

1Lally < 121, (15)

for any integer 2 < p < co and any bounded open triangle 2 with |§2] = |A|.

When p = 0o, Theorem 3 implies the following analogue of the Pélya theorem
[28] for the operator Zp.

Theorem 4. The equilateral triangle /\ centred at the origin is a minimizer
of the first characteristic number of the logarithmic potential £ among all
triangles of a given area, i.e.

0 <[pa(D)] < | (£2)]
for any triangle 2 C R? with |2] = |A.

In other words Theorem 4 says that the operator norm of %y, is maximized
in an equilateral triangle among all triangles of a given area.

3 The Newton Potential

Let 2 c R?, d > 3 be an open bounded set. We consider the Newton potential
operator A : L?(£2) — L?(§2) defined by

Nof(z) = /Q calle —y)fw)dy,  f e (), (16)
where e4(|z — y|) = mW’ d>3.

Since g4 is positive, real and symmetric function, .44, is a positive self-adjoint
operator. Therefore, all of its eigenvalues and characteristic numbers are posi-
tive real numbers. We recall that the characteristic numbers are inverses of the
eigenvalues. The characteristic numbers of .#f; may be enumerated in ascending
order

0<p(2) <pe(2)<...,

where p;(£2) is repeated in this series according to its multiplicity. We denote the
corresponding eigenfunctions by w1, us, ..., so that for each characteristic number
w; there is a unique corresponding (normalized) eigenfunction wu;,

U; = MZ(Q)JVQU“ 1= 1,2, e

This spectral problem has various interesting properties and applications (see
[1] and [5], for example). In particular, one can prove that in the unit ball its
spectrum contains the spectrum of the corresponding Dirichlet Laplacian by
using an explicit calculation (cf. [9]).
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Kac [1] proved that

o0

) 1
1= %E%j; T Mj5uj(y) /Quj(x)d:r, y € {2, (17)
where p;,7 = 1,2,..., and u;,j = 1,2,... are the characteristic numbers and

the corresponding normalized eigenfunctions of the Newton potential operator
(16), respectively. The purely analytic fact (17) expresses that the expansion of
1 in a series of orthonormal functions u; is summable to 1 for every y € 2.
In [29] Kac gave asymptotic formulae for the characteristic numbers in R d >
3. In this section we discuss some other pure analytic facts for the Newton
potential. It should be noted that similar results are already known for the
Dirichlet Laplacian.

By using the Feynman-Kac formula and spherical rearrangement, Luttinger
proved that the ball £2* is the maximizer of the partition function of the Dirichlet
Laplacian among all domains of the same volume as {2* for all positive values of
time [30], i.e.

ZG(4) = exp(—t\7(2)) < Z&-(1) = exp(—tAT(27)), |2]=|27|,¥t >0,

i=1 i=1

where A7 (£2),i = 1,2, ... are the eigenvalues of the Dirichlet Laplacian A in 2.
The partition function and the Schatten norms are related:

G 1 e —_ G
1431 = 77 [ ' ZB 0

where I" is the gamma function. Hence it easily follows that
1AZ 1, < I1AZ-1lp, |92 =127, (18)
when p > d/2, 2 C R%. Here the Schatten p-norm of the Dirichlet Laplacian is

defined by
0o P
5 1
1AG Il == (Z W) , d/2<p<oo.

i=1 7%

The right hand side of the inequality (18) gives the exact upper bound of the
Schatten p-norm and it can be calculated explicitly.

Ezxample 3. Let U be the unit disk, then
| AZ|12 = 0.0493....
Therefore, from (18) we have
A3 < 0.0493..., || = |U].
This inequality is better than the inequality conjectured in [31]

. I'(p— 9 vol|n|# d
AZ|IP < 2 - 1
1AZIE < I (am P>, (19)
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which implies that
1AZ)2 < 0.7853...,
when |2| = |U].
However, it is important to note that in (19) p is an arbitrary real number greater
than %
The condition p > d/2 in (18) is necessary to absolute convergence of series,

but in case p < d/2 one may use regularization process to get an absolute
convergent series.

Ezample 4. ([32]). In 2 C R? the sum

o0

1
1AG|: = =00, 2 CR2
257

However, using the following regularisation, we find that if U = 2 C R? is the

unit disk, then
i (1 — 1) = —0.3557
— N (U) 4k

As usual by |£2| we will denote the Lebesque measure of 2 [33-37].
Theorem 5. Let B be a ball centred at the origin, d > 3. Then

[A2ly < 75l (20)

for any integer & < p < oo and an arbitrary bounded open domain 2 with

2
2] = |B].
Let us give some examples:

Ezample 5. Let B = U be the unit 3-ball. Then by Theorem 5 we have

oo oo

21+ 1
A2l < 140l = | D° D = ; (21)

=0 m=1 Jl—%,m

for any real 2 < p < co and any bounded open domain (2 with |2| = |U|. Here
jrm denotes the m'" positive zero of the Bessel function Jj, of the first kind of
order k. The right hand side of the formula (21) can be confirmed by a direct
calculation of the characteristic numbers of the Newton potential in the unit
3-ball, see Theorem 4.1 in [10] (cf. [3]).

Ezample 6. For the Hilbert-Schmidt norm we have

7
48’
for any bounded open domain {2 with |£2| = |U|, where B = U is the unit 3-ball.
Here, when p = 2, we have calculated the value on the right hand side of the

inequality (22) by using the polar representation. We omit the routine technical
calculation.

[A2ll2 < |40]l2 = (22)
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Ezxample 7. When p = oo by Theorem 5, we have
4
lA2llop < lABllop = — (23)

for any domain (2 with |2| = |B|, where £2* = B is the unit ball. Here || - ||op is
the operator norm of the Newton potential on the space L2.
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Abstract. We consider a problem on finding a solution of an initial-
boundary value problem for a heat equation with regular, but not
strongly regular boundary conditions. It is shown that in the case of
the potential parity ¢(z) = q(1 — x) the researched class of problems can
always be reduced to a sequential solution of two analogous problems,
but with strongly regular boundary conditions. Herewith the proof does
not depend on whether the system of eigen- and associated functions of
a corresponding spectral problem for an ordinary differential equation
arising in applying the Fourier method forms a basis. The suggested way
of the problem solution can be applied for constructing as classical, and
for various types of generalized solutions. The solution method earlier
suggested by the author is modernized. Due to this fact input data of
the problem do not require an additional smoothness.

Keywords: Initial-boundary value problem - Heat equation - Regular
boundary conditions - Not strongly regular boundary conditions -
Spectral problem - Eigenfunctions + Associated functions - Fourier
method - Basis

1 Introduction

A solution of initial-boundary value problems for partial equations (which
describe a great amount of physical, chemical, biological and other processes) by
the Fourier method leads to a question of possibility of expansion of an initial
function in series by eigen- and associated functions of some boundary value
problem for an ordinary differential equation. This question is the basis of the
spectral theory of differential operators.

Let 2 = {(z,t): 0<z <1, 0<t<T} bea plane rectangular domain.
Consider a problem on finding a solution of the heat equation

up(x,t) — Uge (2, t) + q(x)u(z, t) = f(a,t), (1)

(© Springer International Publishing AG 2017

T.Sh. Kalmenov et al. (eds.), Functional Analysis in Interdisciplinary Applications,
Springer Proceedings in Mathematics & Statistics 216,
https://doi.org/10.1007/978-3-319-67053-9_32
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satisfying the initial condition
u(z,0) =p(z), 0<x <1 (2)
and the boundary conditions of the general type

a1uz(0,t) + byug(1,t) + apu(0,t) + bou(1,t) = 0,

3)
1z (0,t) + diug (1,t) + cou(0,t) + dou(1,t) = 0.

The coefficients ag, by, cx,di, & = 0,1 of the boundary condition (3) are,
generally speaking, complex numbers.

The problems of a parabolic type with two-point boundary conditions of the
general type (3) were earlier investigated in works of N.I. Tonkin and E.I. Moissev
[1].

Applying the Fourier method for solving problem (1)-(3) leads to the fol-
lowing problem: under which conditions the arbitrary initial function o(z) is
expanded in a convergent series by eigenfunctions or by eigen- and associated
functions of an operator given by the differential expression

I(y) = —y"(x) + q(x)y(z), 0 <z <1 (4)

and the boundary conditions

{a1y'(0) + b1y’ (1) + aoy(0) + boy(1) = 0, 5)
a1y (0) + d1y' (1) + coy(0) + doy(1) = 0.

In the case, when the boundary conditions (5) are strongly regular, the Riesz
basis property in Lo of the system of eigen- and associated functions of the
problem follows from the results of V.P. Mikhailov [2] and G.M. Kesselmann [3].
Basing on this fact, in [1] under assumption of the strong regularity of conditions
(5) the solution of problem (1)-(3) is constructed by the method of separation of
variables, its uniqueness and stable dependence on initial data in various norms
are proved.

But in the case, when boundary conditions are regular but not strongly
regular, the question on the basis property of the system of eigen- and associated
functions is not solved by the end yet. In this connection we note the work
of A.S. Makin [4], where it is distinguished one type of not strongly regular
boundary conditions under which the system of eigen- and associated functions
of the problem forms a Riesz basis for any potentials g(x). In a more simple
case g(x) = 0 the question on the basis property of the system of eigen- and
associated functions of a problem with not strongly regular boundary conditions
is fully solved in [5].

The most sufficient contribution to the spectral theory of non-selfadjoint dif-
ferential operators is the cycle of works of V.A. Il'in, fully enough cited in the
review [6]. Particularly, he established necessary and sufficient conditions of the
unconditional basis property of the system of eigen- and associated functions of
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the differential second order operator (4) regardless of type of boundary condi-
tions. If the system of root functions of problem (4)-(5) satisfies conditions of
the theorem of V.A. Il'in, then problem (1)-(3) can be solved by the Fourier
method.

The well-posedness of problem (1)-(3) in the particular case ¢(x) = 0 under
not strongly regular boundary conditions

Uy (0, 1) — uz(1,¢) = 0,u(0,t) =0, (6)

known in the literature as the boundary conditions of Samarskii-Ionkin, for
which the system of eigen- and (specially chosen) associated functions of the
corresponding problem (4)-(5) forms a Riesz basis, was established in [7].

Another particular case of problem (1)-(3) was investigated in [8] by the
method of separation of variables in the case when ¢(z) = 0, and boundary
conditions have the form

Uz (0,t) — ux(1,t) + au(l,t) =0, u(0,t) =0, a # 0.

The boundary conditions of this problem are not strongly regular and the system
of eigen- and associated functions of the problem does not form a basis.

We must also note that the Abel means of spectral expansions satisfy the
heat equation and a solution of the problem of type (1)-(3) can be obtained
in the form of a reduction series, if these expansions are summed by the Abel
method with brackets. It is also known that the system of root functions of
an ordinary differential operator of an arbitrary order with regular boundary
conditions forms a block-basis [9]. A lot of works are published in this direction,
but in this paper we will not focus on them.

In the present paper we identify a new property of the not strongly regular
boundary conditions (1)-(3) which allows in case ¢(x) = ¢(1 — z) to reduce an
arbitrary problem for the heat equation with any regular, but not strongly reg-
ular boundary conditions to a sequential solution of two analogous problem, but
already with strongly regular boundary conditions. Herewith the proof does not
depend on whether the system of eigen- and associated functions of the corre-
sponding spectral problem (4)-(5) for an ordinary differential equation arising
in applying the Fourier method forms a basis. The suggested way of the prob-
lem solution can be applied for constructing as classical, and for various types
of generalized solutions. Therefore we will not focus on concrete conditions of
smoothness existing in the formulating the problem of functions.

2 Not Strongly Regular Boundary Conditions

The boundary conditions (5) are regular ([10], p. 73), if one of the following
three conditions holds:
a1d1 — b161 7é 0;

ardi —bici =0, |a1]|+ |b1] >0, aido+ bico # 0;
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a1:b1201=d1:0, aodo—boco#o.

The regular boundary conditions are strongly regular in the first and third cases,
and in the second case under the additional condition:

aico + bido # [a1do + bicg).

Let us distinguish a class of regular but not strongly regular boundary con-
ditions in the form convenient for us.

Lemma 1. If the boundary conditions (5) are reqular, but not strongly regular,
then the boundary conditions (3) can always be reduced to the form

{ a1tz (0,t) + brug (1,t) + apgu(0,t) 4+ bou(l,t)

cou(0,t) + dou(l,t) =0, lai] 4 1b1] >0 (7)

of one of the following four types:

I a1+b1:0,00—d07é0;
II. a1 —b1=0,co+dy#0; 8)
IIl.co—dy=0,a1 + by #0;
1V. Co+do:0,a1—b17é0.

Proof. According to ([10], p. 73), if the boundary conditions (5) are regular,
but not strongly regular, then ¢; = d; = 0 and

bico + ardo # 0, (9)
aico + bidy = £[ar1dy + bicg]. (10)
In its turn, condition (10) can be written in the form
(a1 £b1)(co £do) =0,

that is, even one of the equalities of condition (8) holds. If one of this equalities
holds, condition (9) provides the fulfillment of the corresponding inequality from
(8). The lemma is proved.

It is necessary to note that the regularity and strong regularity of boundary
conditions do not depend on coefficients of a differential operator and on coeffi-
cients in boundary conditions. The first variant of the lemma for ¢(z) = 0 was
firstly formulated in our paper [14]. By virtue of the remark mentioned above,
this result remains true and for an equation with lower-order coefficients. It was
used for solving inverse problems for the heat equation (1).

Further we will consider only the boundary conditions of type (7) satisfying
one of conditions (8).

For applying the suggested method we need the parity of a function of the
potential:

a(2) = g(1 - o). (11)

In what follows we will assume that this condition is fulfilled.



334 M.A. Sadybekov

3 Reduction of the Problem to a Sequential Solution
of Two Initial-Boundary Value Problems
with Non-homogeneous Boundary Conditions
of the Sturm Type

Let us consider the even C(z,t) and odd S(x,t) parts of the function u(x,t) with
respect to z: u(z,t) = C(x,t) + S(x,t), where

20 (z,t) = u(z,t) + u(l — z,t); 25(x,t) = u(x, t) — u(l — z,t). (12)
Herewith for all (z,t) € {2 the equation holds

C(z,t) = C(1 —x,t), S(x,t) =—-5(1 — z,t),

Co(w,) = —Co(l — 1), Sy, 1) = Su(1 — ,1). (13)

It is obvious that for constructing a solution of u(z, t) it is sufficient to determine
the functions C(x,t) and S(z,t) on “a half” of {2, i.e., in the subdomain
20 ={(z,t): 0<2x <1, 0<t<T}

Taking into account requirements (11), it is easy to make sure that the func-
tions C(xz,t) and S(x,t) are solutions of the heat equations in 2q:

Ci(z,1) = Coulz,t) — q(2)C(z,t) + folz, 1), (14)
Si(2,t) = Sea(z,t) — q(2)S(z,1) + fi(z, 1), (15)
and satisfy the initial conditions
C(x,0) = go(z), 0 <2z <1, (16)
S(x,0) = ¢y (z), 0< 2z < 1. (17)

Here it is denoted
2f0(l‘,t) = f(x’t) + f(l - Ji,t), 2f1(56,t) = f(l‘,t) - f(l - J?,f),

2p0(z) = p(x) + (1 — ), 2p1(z) = p(z) — (1 — z).

Now for the functions C(z,t) and S(x,t) find boundary conditions on the
boundary of the domain (2y. By satisfying the function u(z,t) = C(z,t)+S(x,t)
to the boundary conditions (7), taking into account (13), we get:

(CLl — bl)Cm(O,t) + (a1 + bl)Sm(O,t) + ((10 + bo)C(O,t)
+(ap — by)S(0,t) =0, (18)
(CO + do)C(O,t) + (CO — do)S(O,t) =0.

Under fulfillment of each of conditions (8) of regularity, but not strongly
regularity of the boundary conditions, one of “the main” coefficients of relation
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(18) always turns to zero. Using this property, for each of types (8) we obtain for
C(z,t) and S(z,t) the following boundary conditions on the left-hand boundary
of Q()Z

1. Ifa1—|—61 :0, C()—d() 7&0, then

(a1 - bl)(CO - do)Cz(Oﬂf) - (aodo — boCQ)C(O,t) = 0, (19)
(o +do)
“Q”_@;Igcm”' (20)

II. Ifal—bl :0, Co+d07é0, then

(a1 + bl)(C() + do)SI(O, t) + (aodo - boCO)S(O, t) = 0, (21)
(co — do)
C(0,t) = ~—2—2.5(0,1). 22
0. = oy SO0 (22)
II1. IfCO —do :0, ai +b1 7&0, then
C(Oa t) =0, (23)
(a1 + bl)Sx(O, t) + (ao - bo)S(O, t) = —(a1 - bl)Cx(O, t) (24)
1V. If60+do :O, ay 7b1 #0, then
5(0,t) =0, (25)
(a1 — bl)Cx(O,t) + (ao + bo)C(O,t) = 7(&1 + bl)Sz(O,t) (26)
Additionally, from relations (13) we get the boundary conditions
cH;nza (27)
1
S(z:H) =0 (28)

on the right-hand boundary of the domain (2.

Consequently, each of types (8) of the not strongly regular boundary value
problems is reduced to the sequential solution of two boundary value problems:

Problem I. In 2y find a solution C(x,t) of equation (14) satisfying
the initial condition (16) and the boundary conditions (19), (27). Using the
obtained C(z,t), in 2 find a solution S(z,t) of equation (15) satisfying
the initial condition (17) and the boundary conditions (20), (28).

Problem II. In (2 find a solution S(z,t) of equation (15) satisfying
the initial condition (17) and the boundary conditions (21), (28). Using the
obtained S(x,t), in 2y find a solution C(x,t) of equation (14) satisfying the
ingtial condition (16) and the boundary conditions (22), (27).

Problem III. In (2 find a solution C(z,t) of equation (14) satisfying
the initial condition (16) and the boundary conditions (23), (27). Using the
obtained C(z,t), in 2 find a solution S(x,t) of equation (15) satisfying the
ingtial condition (17) and the boundary conditions (24), (28).
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Problem IV. In (2 find a solution S(z,t) of equation (15) satisfying
the initial condition (17) and the boundary conditions (25), (28). Using the
obtained S(z,t), in 2y find a solution C(x,t) of equation (14) satisfying
the initial condition (16) and the boundary conditions (26), (27).

It is easy to see that all new boundary conditions obtained on the boundary
of 2y for the functions C(z,t) and S(x,t) will be separated. Therefore they
are the boundary conditions of the Sturm type and consequently, are strongly
regular.

Thus, it is proved.

Theorem 1. A solution of problem (1)-(3) in case of reqular, but not strongly
reqular conditions for q(x) = q(1 — x) can be always equivalently reduced to
the sequential solution of two boundary value problems with the strongly reqular
conditions of the Sturm type.

By the solutions of the boundary problems found in {2y a solution of problem
(1)-(3) is constructed by the formula

| C(z,t) + S(z, 1), 22 <1
we,t) = {0(1 —z,t) 4+ S(1 —x,t), 20 > 1.

Herewith the smoothness of the obtained solution in the whole domain (2 is
provided by conditions (13).

By using this theorem, the existence of the solution of problem (1)-(3), its
uniqueness and stable dependence on the initial data in the various considered
classes of solutions can be obtained from theorems for corresponding problems
with strongly regular boundary conditions.

Particularly, the Samarskii-Tonkin problem (1), (2), (6) is reduced to the
sequential solution of two boundary value problems. First of all, in {2, we solve
equation (14) with the initial condition (16) and the homogeneous boundary
conditions of Neumann

C(0,4) = 0, Cx(%,t) ~0.
Further, using the found value C(z,t), in {2y we find a solution of equation (15)
satisfying the initial condition (17) and the inhomogeneous boundary conditions
of Dirichlet

S(0,4) = C(0,1), 5(%@ ~0.

The method of separating solutions onto the even and odd parts is not new.
Earlier it was successfully applied by, for example, E.I. Moissev in [11] for solving
one non-classical boundary value problem of type of the Tricomi generalized
problem for an equation of elliptic-hyperbolic type; it was applied by T.Sh.
Kal'menov in [12] for constructing the system of eigenfunctions of a boundary
value problem with displacement for a wave equation; and it was applied in [13]
for proving the well-posedness of the boundary value problem of Bitsadze for a
multidimensional wave equation on a half of a characteristic cone.
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This method was worked out by us and firstly applied in [14] in solving
inverse problems for the heat equation (1). In [14] we considered a class of
problems modeling the process of determining the temperature and density of
heat sources given through initial and finite temperature. Their mathematical
statements involve inverse problems for the heat equation, in which solving the
equation, we have to find the unknown right-hand side depending only on the
space variable. We proved the existence and uniqueness of classical solutions to
the problem. We solved the problem independently on whether the corresponding
spectral problem (for the operator of multiple differentiation with not strongly
regular boundary conditions) has a basis of generalized eigenfunctions.

Later, other problems were solved by this method. For example, in [14,15]
we considered one family of problems simulating the determination of target
components and density of sources from given values of the initial and final states.
The mathematical statement of these problems leads to the inverse problem for
the diffusion equation, where it is required to find not only a solution of the
problem, but also its right-hand side that depends only on a spatial variable. One
of specific features of the considered problems is that the system of eigenfunctions
of the multiple differentiation operator subject to boundary conditions of the
initial problem does not have the basis property. The other specific feature of
the considered problems is that an unknown function is simultaneously present
both in the right-hand side of the equation and in conditions of the initial and
final redefinition. We proved the unique existence of a generalized solution to
the mentioned problem.

This method also allowed constructing new stable difference schemes for solv-
ing heat problems. In [16] we proposed a new method of solving non-local prob-
lems for the heat equation with finite difference method. The main important
feature of these problems is their non-self-adjointness. This non-self-adjointness
causes major difficulties in their analytical and numerical solving. The problems,
which boundary conditions do not possess strong regularity, are less studied. The
scope of study of the paper justifies possibility of building a stable difference
scheme with weights for above-mentioned type of problems.

We need to note once more that by this method problem (1)-(3) can be solved
independently on whether the corresponding spectral problem (4), (5) has the
basis property of root functions.

However, the main difficulty is that the second of two obtained boundary
value problems is a problem with non-homogeneous boundary conditions. For its
solution it is required that the input data of the problem have such smoothness
that traces of the solution of the first of two problems (for example, S, (0,t))
have higher smoothness. For this we have to require the smoothness of the input
data which will be higher than it is required in similar problems.

For correcting such difficulty, in the next section we suggest modification of
the method under which problems with homogeneous boundary conditions are
obtained.
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4 Reduction of the Problem to a Sequential
Solution of Two Initial-Boundary Value Problems
with Homogeneous Boundary Conditions
of the Sturm Type

The method of solution, consisting in reducing the initial problem to a sequential
solution of two initial-boundary value problems with homogeneous boundary
conditions of the Sturm type with respect to a spatial variable, will be formulated
separately for each of types mentioned in Lemma 1.

4.1 Reduction of the Problem of Type I to a Sequential
Solution of Two Problems with Homogeneous Boundary
Conditions of the Sturm Type

Consider a problem of type I. Since a; + by = 0, and herewith |ai| + |b1]| > 0,
then without loss of generality we can assume a; = —b; = 1. Since ¢g — dg # 0,
then without loss of generality we can assume ¢y — dy = —1. To simplify writing
(omitting additional indexes) we denote ¢y = ¢. Then dyp =1 + c.

Therefore the problem of type I can be formulated in the form:

In 2 = {(z,t): 0<2x<1, 0<t<T} find a solution u(z,t) of the heat
equation (1) satisfying the initial condition (2) and boundary conditions of type
I:

{um (0,t) — uy (1,8) + au (0,t) + bu (1,t) =0, (29)
cu(0,t) + (1 +c)u(l,t) =0.
Here the coefficients a, b, ¢ of the boundary condition are arbitrary complex num-

bers.
To solve the problem we introduce the auxiliary functions:

v(z,t) = [u(z, ) +u(l —2,1)] /2, (30)

w(z,t) =u(x,t) —[1—(1+2¢) (22— 1)]v(z,t). (31)
Note that if the solution has been searched in the form of the sum of even

and odd parts u (z,t) = C (x,t) + S (x,t) in the initial version of the method
(see section 3), then now in a variant suggested by us:

o the function v (z,t) is even on the interval 0 < z < 1, and is the even part of
the function u (x, t);

e and the function w (x,t) is not the odd part of the function w (x,t), though
it is the odd function.

The last follows from the fact that w (z,t) can be represented in the form

1
’LU(x,t) = 5 [U(Z‘,t) - U(l - l’,t)] + (1 + 20) (21‘ - 1)’(} (l‘,t), (32)
that is, in the form of the sum of the odd part % [u(z,t) — u (1 — z,t)] of the
function w (z,t) and of the summand (1 4 2¢) (22 — 1) v (x,t), which (it is easy
to verify) is also the odd function on the whole interval 0 < z < 1.
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From (31) it is easy to see that if we find the functions v (z,t) and w (z,t),
then the solution of the initial problem can be reestablished by the formula

w(z,t) =w(x,t)+[1—(1+2¢) 2z — D]v(z,t). (33)

Thus, if in the previous variant the solution is represented in the form of the
sum of even and odd parts of the solution, then in the new variant suggested
by us it is not quite so. In representation (33) the first summand is even on
the interval 0 < = < 1, and the second summand is neither even, nor odd for
1+42¢#0.

It is easy to make sure that in virtue of the symmetry conditions (11) the
functions v (z,t) and w (x, t) are solutions of the heat equations, satisfy the initial
and homogeneous boundary conditions in 2.

For the function v (z,t) we obtain the initial-boundary value problem which
we need to solve first:

Ut(x7t)7sz(z7t)+q(x)v(xat):fO(Ivt)7
v(z,0) =g (z), 0<z<1,

vz (0,8) +[a(l+¢)—bc]v(0,t) =0, 0<t<T,

vy (1,t) = [a(l4+¢) —bcv(1l,t) =0, 0<t<T.

Here we use the notations

folet) =3 [f @)+ fA-20],  pol@) =3 lo@) +e-2)]. (9)

Having the solution v (x,t) of this problem, for the function w (x,t) we get
the initial-boundary value problem which we need to solve second:

w (X,1) — Wee (x,1) + g () w (2, ) = f1(z,t), (39)
w(z,0)=¢p(x), 0<z<1, (40)
w(0,6)=0, 0<t<T, (41)
w(l,t)=0, 0<t<T. (42)

Here we use the notations
filz,t) = f(x,t) = [1 — (14 2¢) 2z —1)] fo (z,t) —4 (1 + 2¢) vy (x,t), (43)

o1 (x) = (x) = [1 = (142¢) (22— 1)] po (). (44)
By direct checking from (38) and (44) it is easy to make sure that if the initial
data ¢ (z) of problem (1), (2), (29) satisfy necessary (classical and well-known)
consistency conditions, then the initial data ¢g (z) and ¢; (x) also satisfy the
necessary consistency conditions of their corresponding problems.
Thus the solution of the problem of type I (1), (2), (29) is reduced to the
sequential solution of two problems with homogeneous boundary conditions of
the Sturm type with respect to the spatial variable:
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e At first for the function v (x,t) we solve the initial-boundary value problem
(34) — (37) with the homogeneous boundary conditions of the Sturm type
with respect to the spatial variable;

e Then, using the obtained value v (x,t), for the function w (x,t) we solve the
initial-boundary value problem (39) — (42) with the homogeneous boundary
conditions of the Sturm type (in this particular case they are the Dirichlet
conditions) with respect to the spatial variable.

Therefore the main result on the existence and uniqueness of the solution of
the problem of type I (1), (2), (29) in classical and generalized senses follows
from the well-known theorems on corresponding solvability of boundary value
problems with conditions of the Sturm type. We will formulate this main result
at once for all the four types of not strongly regular boundary conditions at the
end of the section.

4.2 Reduction of the Problem of Type II to a Sequential
Solution of Two Problems with Homogeneous Boundary
Conditions of the Sturm Type

Consider a problem of type II. Since a3 — b; = 0, and herewith |a;| + [b1| > 0,
then without loss of generality we can assume a; = by = 1. Since ¢y + dg # 0,
then without loss of generality we can assume ¢y + dy = 1. To simplify writing
(omitting additional indexes) we denote ¢y = ¢. Then dy =1 — c.

Therefore the problem of type I can be formulated in the form:

In 2 = {(z,t): 0<ax<1, 0<t<T} find a solution u(x,t) of the heat
equation (1) satisfying the initial condition (2) and boundary conditions of type
1I:

(45)

{ux (0,t) + ug (1,t) + au (0,t) + bu (1,t) = 0,
cu(0,t) + (1 —c)u(l,t) =0.

Here the coefficients a, b, ¢ of the boundary condition are arbitrary complex
numbers.
We introduce the auxiliary functions:

U(Iat) = [u(zvt)iu(lfxvt)]v (46)

DN |

w(z,t) =u(z,t) —[1—(1—2¢) 2z —1)]v(z,t). (47)

Note that if the solution has been searched in the form of the sum of even
and odd parts u (z,t) = C (x,t) + S (x,t) in the initial version of the method
(see section 3), then in a new variant suggested by us:

o the function v (x,t) is odd on the interval 0 < z < 1, and is the odd part of
the function u (z,t);

e and the function w (z,t) is not the even part of the function w (z,¢), though
it is the even function.
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The last follows from the fact that w (z,¢) can be represented in the form

w(x,t) == [u(x,t) +u(l—z,t)]+ (1 —2¢) 2z — 1) v (z,t), (48)

N =

that is, in the form of the sum of the even part  [u(z,t) —u (1 — x,t)] of the
function w (z,t) and the summand (1 — 2¢) (22 — 1) v (x, t), which (it is easy to
verify) is also the even function on the interval 0 < z < 1.

From (47) it is easy to see that we find the functions v (z,t) and w (z,1),

then the solution of the initial problem can be reestablished by the formula
w(z,t) =w(x,t)+[1—(1—2¢) 2z —D]v(z,t). (49)

Thus if in the previous variant of the method the solution is represented
in the form of the sum of the even and odd parts of the solution, then in the
new variant suggested by us it is not quite so. In representation (49) the first
summand is even on the interval 0 < z < 1, and the second summand is neither
even, nor odd for 1 — 2¢ # 0.

For the function v (z,t) we obtain the initial-boundary value problem which
we need to solve first:

vy (,1) — Vo (2,8) + g (2) v (2,1) = fo (,1),
v(x,0) =po(z), 0<z<1,
vy (0,8) + [a(l—¢) —bcv(0,t) =0, 0O
v (Lit) —[a(l—c)=bcv(l,t) =0, 0<t<

50

o1
92

)
)
)
53)

(
(
(
(
Here we use the notations

[p(2) = —a)].  (54)

N | =

L@t - fa-nb), o) =

fo (l‘,t) = 9

Having the solution v (x,t) of this problem, for the function w (x,t) we get
the initial-boundary value problem which we need to solve second:

w (2,1) = Wag (2,1) + q () w (2, 1) = fi(z, 1), (55)
w(x,0) =@ (z), 0<a<1, (56)
w(0,8) =0, 0<t<T, (57)
w(l,t)=0, 0<t<T (58)

Here we use the notations
fi(z,t) = f(z,t) — [1— (1 —2¢) 2z — )] fo (z,t) + 4 (1 — 2¢) ve(,t), (59)
p1(z) =¢(z) —[1—(1—2¢) 2z —1)]po (z). (60)

By direct checking from (54) and (60) it is easy to make sure that if the initial
data ¢ (x) of problem (1), (2), (45) satisfy necessary consistency conditions, then
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the initial data ¢g (z) and ¢ () also satisfy the consistency conditions of their
corresponding problems.

Thus the solution of the problem of type II (1), (2), (45) is reduced to the
sequential solution of two problems with homogeneous boundary conditions of
the Sturm type with respect to a spatial variable:

e At first for the function v (z,¢) we solve the initial-boundary value problem
(50)—(53) with the homogeneous boundary conditions of the Sturm type ( in
this case they are the Dirichlet conditions) with respect to the spatial variable;

e Then, using the obtained value v (x,t), for the function w (x,t) we solve the
initial-boundary value problem (55)—(58) with the homogeneous boundary
conditions of the Sturm type (in this case with conditions of the Dirichlet
problem) with respect to the spatial variable.

Therefore the main result on the existence and uniqueness of the solution of
the problem of type II (1), (2), (45) in classical and generalized senses follows
from the well-known theorems on corresponding solvability of boundary value
problems with conditions of the Sturm type. We will formulate this main result
at once for all the four types of not strongly regular boundary conditions at the
end of the section.

4.3 Reduction of the Problem of Type III to a Sequential
Solution of Two Problems with Homogeneous Boundary
Conditions of the Sturm Type

Consider a problem of type IIL. Since ¢o + do = 0, and herewith |co| + |do| > 0,
then without loss of generality we can assume ¢y = —dg = 1. Since a; — by # 0,
then without loss of generality we can assume a; —b; = —1. To simplify writing
(omitting additional indexes) we denote a; = ¢. Then by =1+ ¢.

Therefore the problem of type III can be formulated in the form:

In 2 ={(z,t): 0<z <1, 0<t<T} find a solution u(x,t) of the heat
equation (1) satisfying the initial condition (2) and the boundary condition of
type III:

{cuz (0,8) + (14 ¢)u, (1,t) + au (0,t) =0, (61)
u(0,t) —u(1,t) =0.

Here the coefficients a, b, ¢ of the boundary condition are arbitrary complex
numbers.
We introduce the auxiliary functions:

% fw (2,8) —u (1 — 2,8)], (62)

w(z,t) =u(z,t) —[1—(142¢c) (22 —1)]v(x,t). (63)

v(x,t) =

Note that if the solution has been searched in the form of a sum of even and
odd parts u (z,t) = C (z,t)+ S (z,t) in the initial version of the method (section
3), then in a variant suggested by us:
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e the function v (z,t) is odd on the interval 0 < x < 1, and is the odd part of
the function u (x,t);

e and the function w (z,t) is not the even part of the function w (z,¢), though
it is the even function.

The last follows from the fact that w (z,¢) can be represented in the form

w(x,t) = = [u(x,t) +u(l—2,t)] — (1+2¢) (22— 1) v (z,t), (64)

DN | =

that is, in the form of the sum of the even part 3 [u(z,t) +u (1 — z,t)] of the
function u (z,t) and the summand — (1 + 2¢) (22 — 1) v (x,t), which (it is easy
to verify) is also the even function on the interval 0 < z < 1.

From (63) it is easy to see that if we find the functions v (z,t) and w (z,t),
then the solution of the initial problem can be reestablished by the formula

u(z,t) =w(x,t)+[1—(1+2c) 2z —1)]v(z,t). (65)

Thus if in the previous variant of the method the solution is represented
in the form of the sum of the even and odd parts of the solution, then in the
new variant suggested by us it is not quite so. In representation (65) the first
summand is even on the interval 0 < z < 1, and the second summand is neither
even, nor odd for (14 2¢) # 0.

For the function v (z,t) we obtain the initial-boundary value problem which
we need to solve first:

U (2,1) — Vg (2, 8) + ¢ (2) v (2, ) = fo (2,t),
v(x,0) =po(z), 0<z<1,
v(0,t) =0, 0<t<T,

v(l,t) =0, 0<t<T.

Here we use the notations
folet) =S 1f et) = F(-20],  wole) =3 lo@) —p(-n). (1)

Having the solution v (z,t) of this problem, for the function w (x,t) we get
the initial-boundary value problem which we need to solve second:

w (,1) = Wag (2,1) + ¢ (x) w (2,1) = fi(z, 1), (
w(z,0) =¢1(z), 0<x<l1, (

wy (0,t) —aw (0,t) =0, 0<t<T, (73
wy (1,8) +aw(1,t) =0, 0<¢<T. (

Here we use the notations

fi(z,t) = f(a,t) = [1 — (1+2¢) (2 —1)] fo (x,t) — 4(1 + 2¢)v.(x,t), (75)
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p1(2) = ¢ (2) = [1 = (1+2¢) 2z — D] po (2) - (76)

By direct checking from (70) and (76) it is easy to make sure that if the initial
data ¢ (x) of problem (1), (2), (61) satisfy necessary consistency conditions, then
the initial data g (z) and @1 () also satisfy the necessary consistency conditions
of their corresponding problems.

Thus the solution of the problem of type IIT (1), (2), (61) is reduced to the
sequential solution of two problems with homogeneous boundary conditions of
the Sturm type with respect to a spatial variable:

e At first for the function v (x,t) we solve the initial-boundary value problem
(66)—(69) with the homogeneous boundary conditions of the Sturm type (in
this case with conditions of the Dirichlet problem) with respect to the spatial
variable;

e Then, using the obtained value v (x,t), for the function w (x,t) we solve the
initial-boundary value problem (71)-(74) with the homogeneous boundary
conditions of the Sturm type with respect to the spatial variable.

Therefore the main result on the existence and uniqueness of the solution of
the problem of type III (1), (2), (61) in classical and generalized senses follows
from the well-known theorems on corresponding solvability of boundary value
problems with conditions of the Sturm type. We will formulate this main result
at once for all the four types of not strongly regular conditions at the end of the
section.

4.4 Reduction of the Problem of Type IV to a Sequential
Solution of Two Problems with Homogeneous Boundary
Conditions of the Sturm Type

Consider a problem of type IV. Since ¢y — dy = 0, and herewith |co| + |do| > 0,
then without loss of generality we can assume ¢y = dy = 1. Since a1 + b; # 0,
then without loss of generality we can assume a; + b; = 1. To simplify writing
(omitting additional indexes) we denote a1 = ¢. Then by =1 —c.

Therefore the problem of type IV can be formulated in the form:

In 2 = {(z,t), 0<z <1, 0<t<T} find a solution u(x,t) of the heat
equation (1) satisfying the initial condition (2) and the boundary conditions of
type IV:

{cuz 0,t) + (1 =c)u, (1,t) + au (0,t) = 0, (77)
u(0,t) +u(1,t) =0.

Here the coefficients a, b, ¢ of the boundary condition are arbitrary complex
numbers.
We introduce the auxiliary functions:

[u(z,t) +u(l —=zt)], (78)

DN =

v(z,t) =

w(z,t) =u(x,t) —[1—(1—2¢) 2z —1)]v(z,t). (79)
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Note that if the solution has been searched in the form of the sum of the even
and odd parts u (z,t) = C (x,t) + S (x,t) in the initial version of the method
(section 3), then in the variant suggested by us:

e the function v (x,t) is even on the interval 0 < x < 1, and is the even part of
the function u (x,t);

e and the function w (z,t) is not the odd part of the function wu (x,t), though
it is the odd function.

The last follows from the fact that w (z,¢) can be represented in the form

w(x,t) == [u(x,t) —u(l—2z,t)] — (1 —2¢) (22 — 1) v (z,t), (80)

1
2
that is, in the form of the sum of the odd part % [u(z,t) — u (1 — z,t)] of the
function u (z,t) and the summand — (1 — 2¢) (22 — 1) v (x,t), which (it is easy
to verify) is also the odd function on the interval 0 < x < 1.

From (79) it is easy to see that if we find the functions v (z,t) and w (z,t),
then the solution of the initial problem can be reestablished by the formula

u(z,t) =w(x,t)+[1—(1—2¢) 2z —1)]v(z,t). (81)

Thus if in the previous variant of the method the solution is represented
in the form of the sum of the even and odd parts of the solution, then in the
new variant suggested by us it is not quite so. In representation (81) the first
summand is odd on the interval 0 < x < 1, and the second summand is neither
even, nor odd for (1 — 2¢) # 0.

For the function v (z,t) we obtain the initial-boundary value problem which
we need to solve first:

vy (2,1) — Vg (2,8) + ¢ (z) v (2, 8) = fo (2,t), (82)
v(2,0)=¢o(z), 0<z<1, (83)

v(0,t) =0, 0<t<T, (84)

v(l,t) =0, 0<t< (85)

Here we use the notations

folw,) =51 @0+ f(1=20),  pole)=3lp(@)+ol-2)]. (50)

Having the solution v (x,t) of this problem, for the function w (x,t) we get
the initial-boundary value problem which we need to solve second:

Wy (xat)fwzz (z,t)Jrq(:r)w(x,t):fl(:r,t), (87)

w(z,0) = (x), 0<z<1, (88)
wy (0,t) +aw (0,t) =0, 0<t<T, (89)



346 M.A. Sadybekov

wye (L,t) —aw (1,t) =0, 0<t<T. (90)

Here we use the notations
filzt) = fx,t) —[1—(1—2¢) 2z —1)] fo (z,t) — 4(1 — 2¢)v,(x,t), (91)
p1(z) =¢(@)—[1—(1-2c) 2z —1)] o (z). (92)

By direct checking from (86) and (92) it is easy to make sure that if the initial
data ¢ () of problem (1), (2), (77) satisfy necessary consistency conditions, then
the initial data @q () and 4 (2) also satisfy the necessary consistency conditions
of their corresponding problems.

Thus the solution of the problem of type IV (1), (2), (77) is reduced to the
sequential solution of two problems with homogeneous boundary conditions of
the Sturm type with respect to a spatial variable:

e At first for the function v (x,t) we solve the initial-boundary value problem
(82)—(85) with the homogeneous boundary conditions of the Sturm type (in
this case with boundary conditions of Dirichlet) with respect to the spatial
variable;

e Then using the obtained value v (z,t), for the function w (x,t) we solve the
initial-boundary value problem (87)—(90) with the homogeneous boundary
conditions of the Sturm type with respect to the spatial variable.

Therefore the main result on the existence and uniqueness of the solution of
the problem of type IV (1), (2), (77) in classical and generalized senses follows
from the well-known theorems on corresponding solvability of boundary value
problems with conditions of the Sturm type. We will formulate this result as
well as the results of sections 4.1, 4.2, 4.3 at once for all the four types of not
strongly regular boundary conditions in the next subsection.

4.5 Formulation of the Main Result on Solvability of the Heat
Equation with not Strongly Regular Boundary Conditions

For completeness of exposition we formulate the considered problem:
In 2 = {(z,t), 0<z <1, 0<t<T} consider a problem on finding the
solution u (x,t) of the heat equation

g (,) = Uae (2,1) + g (2) u(x,t) = f(2,1), (1)
satisfying the initial condition
u(z,0)=¢(x), 0<z<1 (2)
and the not strongly regular boundary conditions of the general form

{alux(() ,0) + brug (1,1) + agu (0,t) + bou (1,1) = 0, M)
cou((), t) + dou (1,t) = 0.
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The coefficients ay, bk, ck, di, (k=0,1) of the boundary condition (7) are
arbitrary complex numbers, and ¢ (z) and f (z,t) are given functions.

We consider the boundary conditions which are regular, but not strongly
regular, that is, cases when one of the conditions holds:

I. a1+b=0,co—do#0;
II. a1 —b1=0,co+dy#0; (8)
IIl.cog—dy=0,a1 + by #0;
1V. Co+d0:0,a1—b17é0.

As shown in sections 4.1-4.4, the solution of the problem with the not strongly
regular boundary conditions of all the four types has been reduced to the sequen-
tial solution of two problems with the homogeneous boundary conditions of the
Sturm type with respect to the spatial variable. Herewith one of these problems
has the Dirichlet boundary conditions with respect to the spatial variable, that
is, it is a classical first initial-boundary value problem.

On the basis of this fact, using the known results from [1], now we can
easily formulate a theorem on well-posedness of the general problem with the
not strongly regular boundary conditions with respect to the spatial variable.

We formulate the main result in the form of two theorems.

Theorem 2. Let q(z) = q(1 —x) and let one of conditions (8) hold. That
is, the boundary conditions (7) are regular, but not strongly regqular. If ¢ (z) €
C?[0,1], f(z,t) € C*(£2) and the functions ¢ (x), f(x,t) satisfy the boundary

conditions (7), then there exists a unique classical solution u(x,t) € Citl (2) of
problem (1), (2), (7).

Theorem 3. Let q(z) = ¢q(1 —x) and let one of conditions (8) hold. That
is, the boundary conditions (7) are regular, but not strongly reqular. If v (x) €
WZ(0,1) and satisfies the boundary conditions (7), then for any f (x,t) € La(£2)
there exists a unique generalized solution u(x,t) € Wy (£2) of problem (1), (2),
(7).

Thus in the present paper the method suggested by us in [11] has been modi-
fied such way that it can be applied to an equation with lower-order coefficients.
Herewith the solution of problem (1), (2), (7) in case of regular, but not strongly
regular conditions can be always equivalently reduced to the sequential solution
of two problems with the strongly regular homogeneous boundary conditions of
the Sturm type. Thus we have no need in having the estimate of traces of solu-
tions of boundary value problems with boundary conditions of the Sturm type
with respect to the of spatial variable.

Note that by this method, problem (1), (2), (7) can be solved regardless
whether a corresponding spectral problem for an operator of multiple differenti-
ation with the not strongly regular boundary conditions has the basis property
of root functions.

It is easy to see that the suggested method can be used in solving a wide
range of problems for equations of the form

At)u(z,t) = uge(z,t) — q(z)u(z, t) + f(z,1)
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with the operator coefficient A(¢t) and with the regular, but not strongly regu-
lar boundary conditions (7). For example, initial-boundary value problems for
hyperbolic equations belong to the problems of such type [17].
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On S-Number Inequalities of Triangular
Cylinders for the Heat Operator

Tynysbek Kal’'menov, Aidyn Kassymov(®™), and Durvudkhan Suragan

Institute of Mathematics and Mathematical Modeling, 125 Pushkin st., Almaty
050010, Kazakhstan
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Abstract. In this paper we prove that the first s-number of the Cauchy-
Dirichlet heat operator is minimized in the equilateral cylinder among
all Euclidean triangular cylindric domains of a given volume as well
as we obtain spectral geometric inequalities of the Cauchy-Dirichlet-
Neumann heat operator in the right and equilateral triangular cylin-
der. It is also established that maximum of the second s-number of the
Cauchy-Neumann heat operator is reached by the equilateral triangular
cylinder among all triangular cylinders of given volume. In addition, we
prove that the second s-number of the Cauchy-Neumann heat opera-
tor is maximized in the circular cylinder among all cylindrical Lipschitz
domains of fixed volume.

Keywords: Isoperimetric inequalities - Non-selfadjoint operator -
S-Number - Polya inequality - Heat operator

1 Introduction

In G. Pélya’s work [6] he proves that the first eigenvalue of the Dirichlet Lapla-
cian is minimized in the equilateral triangle among all triangles of given area.
Our aim (see, e.g. [3]) is to extend those similar known results of the self-adjoint
operators to non-self adjoint operators. Thus, first of all, we prove a Pdlya type
inequality for the Cauchy-Dirichlet heat operator, that is, the first s-number of
the Cauchy-Dirichlet heat operator is minimized in the equilateral triangular
cylinder among all triangular cylinders of given volume.

In [11] the author proves certain (isoperimetric) eigenvalue inequalities for
the mixed Dirichlet-Neumann Laplacian operator in the right and equilateral
triangles. As many other isoperimetric inequalities these inequalities have phys-
ical interpretation. Note that one can also think about eigenvalues as related to
the time dependent survival probability of the Brownian motion on a triangle,
reflecting on the Neumann boundary, and dying on the Dirichlet part (see [11]).
In this context, it is clear that enlarging the Dirichlet part leads to a shorter sur-
vival time. It is also reasonable, that having the Dirichlet condition on one long
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side gives a larger chance of dying, than having a shorter Dirichlet side. In this
paper we generalize these inequalities for the mixed Cauchy-Dirichlet-Neumann
heat operator in the right and equilateral triangular cylinders.

R. S. Laugersen and B. Siudeja [4] proved that the first nonzero Neumann
Laplacian eigenvalue is shown to be maximal for the equilateral triangle among
all triangles of given area. Below we also obtain a version of R. S. Laugersen and
B. Siudeja’s inequality for the Cauchy-Neumann heat operator in the triangular
cylinders.

The Szegs-Weinberger inequality (see [2,12,14]) shows that the second eigen-
value of the Laplacian with the Neumann boundary condition is maximized in
a ball among all Lipschitz domains in R?, d > 2, of the same measure. In this
paper analogue of Szego-Weinberger inequality is also proved for the heat oper-
ator. That is, we prove that the second s-number of the Cauchy-Neumann heat
operator is maximized in the circular cylinder among all Euclidean cylindric
Lipschitz domains of a given volume. Spectral isoperimetric inequalities have
been mainly studied for the Laplacian related operators, for instance, for the
p-Laplacians and bi-Laplacians. However, there also many papers on this sub-
ject for other type compact operators. For instance, in the recent work [7] the
authors proved Rayleigh-Faber-Krahn type inequality and Hong-Krahn-Szego
type inequality for the Riesz potential (see also [8-10]). All these works were
for self-adjoint operators. As mentioned our main goal is to extend those known
isoperimetric inequalities for non-self-adjoint operators (see, e.g. [3]). Summa-
rizing our main results of the present paper, we prove the following facts:

e The first s-number of the Cauchy-Dirichlet heat operator is minimized in the
equilateral triangular cylinder among all triangular cylinders of given area.

e Isoperimetric inequalities of s-numbers for the mixed Cauchy-Dirichlet-
Neumann heat operator in the right and equilateral triangular cylinders.

e The second s-number of the Cauchy-Neumann heat operator is maximized in
the equilateral triangular cylinder among all triangular cylinders with given
area.

e The second s-number is maximized in the circular cylinder among all cylindric
Lipschtiz domains of the same volume.

In Section 2 we give preliminary discussions and fix notations. In Section 3 we
present main results of this paper and their proofs. In Section 4 we give some
geometric extremum results on the circular cylinder.

2 Preliminaries

Let D = §2 x (0,1) be cylindrical domain, where 2 C R? is a triangle. We
consider (see, for example, [13]) the Cauchy-Dirichlet and Cauchy-Neumann heat
operators $p, On : L2(D) — L?(D) respectively, by the formulae
w — Ayu(z,t),
Opu(x,t) == u(z,0) =0, = € (2, (1)
u(z,t) =0, x € 992, vt € (0,1),



On S-Number Inequalities of Triangular ... 351

and

augt — Agu(z,t),
Onu(z,t) = u(z,0) =0, z € £, (2)

dunl) — 0,z €90, Ve (0,1),

Here 02 is the boundary of {2 and % is the normal derivative on the bound-
ary. The operators $p and {x are compact, but these are non-selfadjoint oper-
ators in L?(D). Adjoint operators {}, and {% to the operators {p and {n can
be presented as

—2@t) A v(z,t),
Opv(x,t) = v(z,1) =0, z € £, (3)
v(z,t) =0, z€dR, Vie (0,1),

and

_%ﬁvt) — A;L-V(xa t)7
Onv(z,t) = v(z,1) =0, z €, (4)

92ael) — 0, x € 902, Vt € (0,1).

Recall that if A is a compact operator, then the eigenvalues of the operator
(A*A)Y/? ) where A* is the adjoint operator to A, are called s-numbers of the
operator A (see, e.g. [1]).

A direct calculation gives that those operators {7, $p and {3 <Oy have the
following formulae

_8 u(Tt)+A2 ( )

Wz 0) =0, xe 0,
ulx = x e
OpOpulz,t) = q 24D Au(a,t)|mr =0, z €, (5)

u(z,t) =0, x € 992, vt € (0,1),
Azu(z,t) =0, €082, Vte (0,1),

and

8 u(x,
Ei + AZu(x, 1),
u(z,0) =0, z € (2
Ononulz,t) = ¢ 2452 oy — Agu(a, )= =0, z € 2, (6)
dunl) — 0, xedn, Vte(0,1),
92:ulel) — 0 3 € 0, Vit € (0,1).
Let Do = A x (0,1) be a cylindrical domain, where A C R? is a right
triangle with the sides of length L > M > S (that is, with the boundary 9A =
{L, M, S}). We also denote by L, M, S sides of the right triangle with respect to
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their lengths (cf. [11]). We consider the heat operator with the Cauchy-Dirichlet-
Neumann problem {a : L2(Da) — L?(Dp) in the form

8(ud) Azu(z, 2

u(x,0) =0, x €

Caul@t) =N yz6) =0, xe D c{L,M,S}, Vt e (0,1) (™)
ulet) — 0, € dA\D, Vit € (0,1).

Here D € {L, M, S} means D is one of the sides, where we set the Dirichlet
condition. Its adjoint operator )\ can be presented as

_(‘%g;;) - Al.v(x,i),

N . z,1) =0, z € A,

Oav®:1) =0 Ay(zt) =0, e D (L, M,S}, ¥ € (0,1) (8)
9wt — 0, &€ OA\D, Vt € (0,1).

A direct calculation gives that the operator {\ & A has the following formula

~2eD 4 M)
u(z,0) =0, a:EA
Gu@l) |,y — Agu(z,t)]m1 = 0, z € A,
OnOnulz,t) = u(z, t)—O xeDcC{L,M,S}, Vte (0,
dulat) — (0, 2 e dA\D, Vit € (0,1),
Agu(x,t) =0, x € D C{L,M,S}, vVt (0,1),

aATgﬁx,t) =0, z € dA\D, Vt € (0,1).

1), 9)

Let s&¥ and s be the first and second s-numbers of the Cauchy-Neumann
problem, respectively. Let s{?% be first s-number of the spectral problem with the
Dirichlet condition to this side. That is, s7% would correspond to the Dirichlet
conditions imposed on the shortest and longest sides. s is the first s-number
of the Cauchy-Dirichlet heat operator. Thus, we will use these notations in the
following sections.

3 Main Results and Their Proofs

We denote an equilateral triangular cylinder by Ca = 2*x (0, 1), where £2* C R?
is an equilateral triangle. Here and after | - | is measure of a domain.

Let us introduce the operators T, Lp : L2(£2) — L?(£2) respectively, by the
formulas

Tpa(x) = {z(m) = 0,7;3 € on. (10)

and
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Lemma 1. The first eigenvalue of the operator Lp is minimized in the equilat-
eral triangle among all triangles with given area.

Proof. Pélya’s theorem [6] for the operator T says that the equilateral triangle
is minimizer of the first Dirichlet Laplacian eigenvalue among all triangles {2 of

the same area with |2*| = |£2|. It is easy to see that
A?z(z) = piPz(),
T32(x) =3 2(x) =0, x €99, (12)

Az(x) =0, z € 012

That is, T2 = Lp and p? = X. Thus, we establish A\ (2%) = p2(02%) < p2(02) =
)\1(0) ThUS, )\1(.(2*) S )\1(0)

Theorem 1. The first s-number of the operator {$p is minimized in the equi-
lateral triangular cylinder among all triangular cylinders of given volume, that
18,

s7(Cn) < s7 (D),
with |D| = |Cal.

Proof. Let u be a nonnegative, measurable function on R?, and let V be a line
through the origin of R?. Choose an orthogonal coordinate system in R? such
that the a'-axis is perpendicular to V = 22.

Recall that a nonnegative, measurable function u*(z|V), z = (x!,2?), on
R? is called a Steiner symmetrization with respect to V of the function u(z),
if u*(z',22%) is a symmetric decreasing rearrangement with respect to x! of

u(xl,2?) for each fixed z2. The Steiner symmetrization (with respect to the

rl-axis) 2% of a measurable set (2 is defined in the following way: if we write

x = (z!,y) with y € R?, and let 2, = {2 : (z',y) € 2}, then
2 :={(z',y) e Rx R:z' € 2}},

where (27 is a symmetric rearrangement of (2.

The domain D = {(z,t)lzr € 2 C R? t € (0,1)} is a cylindrical domain
and we can have u(z,t) = X(x)p(t), so that uy(z,t) = X1(x)p1(t) is the first
eigenfunction of the operator {3, p, where ¢;(t) and X, (z) are the first eigen-
functions of variables ¢ and z, respectively. Therefore, we have

— o1 (X1 (2) + o1 () A2 X1 (2) = sP 1 (£) X1 (2). (13)

By the variational principle for the operator {},<{p and after a straightforward
calculation, we obtain

_ o A OBt fo Xe@)de + fy G (Odt [ (AXa (w))*d
Joy At [, X7 (w)da

_ o eL Wi ()it J X3 (@) + [y GR(0dE o (—m () Xa(x))dx

fol pi(t)dt [ X (z)dx

s1 (D)
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:—ﬁd@wmﬁth%wwﬂﬂk% )t [ (X (2))?dx
[y @2(t)dt [, X2(x)dx

_ o1 (e (B)dt [ X3 (@)dz + Ai(R2) [y PA(B)dt [o)(Xa(2))*de
fo e3(t)dt [, X3 (x)dx

where A1 (£2) is the first eigenvalue of the operator Lp given by the formula (11).
For each non-negative function X € L?(2), we obtain

)

/Q|X1(x)\2dx:/9 | X7 (z)|?dz with |2%] = |02]. (14)

By applying Lemma 1 and (14), we get

P (D) = —do £rOL 0 o X @) + 0 (D) Jy (1)t Jo (X ()"
1 fo ei(t)dt [, X¢(x)da
L~y P11t [ (X7 (@) + M (27) [y PR (Bt 5. (X () *de
) Jy A0t [ (X} (2))2de
- _ fol 90,1/ ()p(t)dt fm (X7 (2))*dx + fol pi(t)dt fm X7 (2) (A (£29) X7 (%)) da
fol ei(t)dt [ (X{(x))2dx
=y AL et [y (X5 (@))% + fy GOt . X (2)A°X; (w)da
Iy #R(B)dt [ (X7 (2))2da
_ fo Jo- - ualt; D dadt + fol S wi(z, ) A2u (z, t)dadt
fo Jo- (Wi (z,t)2dxdt
> inf —fol Jo- zt(x,t)z(x,t)dmdt+f01 [ 2(x,6) A22(x, t)dadt
T z(=,t)#0 fol fg* 2 (x7 t)dxdt

The proof is complete.

Now let us introduce operators Th, La : L?(A) — L?(A\), respectively, by

—Az(z) = Bz(x)
TAZ(LL’) = Z(LL’) = 0, zeDC {L,M, S}, (15)
%:r) — 0, 9A\D,
and
A%%(z) = nz(z),
z(x)=0, x € D C{L,M,S},
Laz(z) = %) — 0, x € dA\D, (16)
Az(z) =0, z € D C {L,M,S},

92:8) — 0, x € dA\D.
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Lemma 2. For the operator La and any right triangle N with the smallest
angle o with § < a < 7 we have

0=n < <m’ <my <ni <™ <pgt<m™<af. (A7)
When a = %, nM = nl, and for a = T (right isosceles triangle) we have

S = M and ny < nF. All other inequalities stay sharp in these cases. For
arbitrary triangle

min{n?, nt’ i} <ny <™ <Pt <t (18)

for any length of sides. However, it is possible that nY > nt (for any small
perturbation of the equilateral triangle) or nY < nM (for the right triangle with
a< %)

6

Proof. 1t is easy to see that La = TZ. It means that n = $%. From [11] for any

right triangle with smallest angle a € (g, 7) we have the following inequalities

0=p51 <67 <p" <8 <pf <pM < Bt <t <l
Using this fact, we obtain

ML _ D
<ny-
s

0=n" <nf <nl' <ng < <ni™ <ni* <
When a = &, we have pM = BN then nM = nd¥ and for a = 7 (right isosceles
triangle) we have S = M and Y < ¥, then ) < n¥. For arbitrary triangle

min{A7, B, B} < B3 < AP < gyt < e
for any length of sides. Moreover,

.S M L N SM SL ML
min{ng,ny,nF <my <t <mpt <.

However, it is possible that Y > B in the case n > nFf (for any small
perturbation of the equilateral triangle) or B < M after that nY¥ < nM (for
right triangle with o < %). This completes the proof.

Theorem 2. For any right triangular cylinder D, with the smallest angle «
with § < a < 7,

2

I_Sl < sV <sM < sl < sl <M < 578 < ML < 5. (19)

When o = %, sM = sl and for a = T (right isosceles triangular cylinder)
we have S = M and s < st. All other inequalities stay sharp in these cases.

For arbitrary triangular cylinder
min{s?, 517, s71 < s) < s7M < 570 < ML (20)

for any length of sides. However, it is possible that 52 > 31 (for any small per-
turbation of the equilateral triangular cylinder) or sY < s (for right triangular
cylinders with o < ).
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Proof. Let us prove first step of the inequality (19). To do it we solve the following
problem by Fourier’s method:

8u(wt)+A2( )

(:EO)—O xeA
Qe — Agu(z,t)im1 =0, =€ A,
OnOnau(z,t) = u(z,t) =0, € D C{L,M,S}, vt e (0,1), (21)

duwt) — o, € dA\D, Vi€ (0,1),
Agu(z,t) =0, z € D C{L,M,S}, vte (0,1),

98:uled) — o 2 € OA\D, Vit € (0,1).

Thus, we arrive at the spectral problems for ¢(t) and X (x) separately, i.e

A?X (z) = (N X (z), z €A,
X(z)=0, €D cC{L,M,S}, vte (0,1),
X — 0, x € 9A\D, (22)
AX(z) =0, x€ D C{L,M,S},
9aX(x) =0, x € dA\D,

and

’

@ (1) + B(D)e(1) = 0.
It also gives that

o= Y 21

We have (see, [11]) 0 = ni¥ < nf <M < nd <nF <pf™ < it < gML < P
and

—_ 32
an /50— =~ O (25)
It is easy to see that,
2 2 _ 732
§(8) = s(f) cos® /s — 5% (26)
B2 4 Bcos? /s — 2
The s-numbers and (3 are positive, then
s1(08) > 0. (27)
It means the function s(n) is monotonically increasing. If 3 = 0 from (23) we
take siV = %2 and [11] and from Lemma 2 we take 0 = nl¥ < n{ < nM < nf <

M < Pl < nME < 1, and thus get

2
T
Z_Sl<sl<81 < sb < sPM < P < sME < 4. (28)
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Let us prove the second part of inequality (19) sM < s < sl and from

Lemma 2 we get 7} < nd¥ < nf. The operator {3 $a is a self-adjoint and
compact operator. Hence, we have complete orthonormal system in L2(Da),

therefore,
/ uujdrdt = {0’ ’ 7 A
Da 1, 1=3.

Now using Lemma 2, we obtain

— Lol edt (XY (@)%dr+ L @dt , XM AXN (0)da

si! = -
0 A(u{”(az,t)ydacdt
_ 0w Wedt+ XXM @)dr — U () (t)dt + i
01 A (z,t))2dxdt 01 A (z,t))2dadt
e e 0p0d  (E @+ e On i, XE @K (@)
1

o A(ué\’ (z,t))?dzdt

= oot e dt+ 0 (X3 (@) da
B U (ud (x,t))2dadt

0o A
_ o s Wedt <o o1 ()1 (t)dt + nt
b (d (x,t)2dedt 5 (uk (1)) dedt

— o1 (Der()dt , (XT(2)d)® + ) er(t)er(dt , XE(2) A X (2)dw |

— =S7.
o a(ub(z,t)2dzdt

The rest of equalities and inequalities imply from the monotonicity prop-
erty (27).

Theorem 3. For all triangular cylinders the second s-number of the Cauchy-
Neumann heat operator (2) satisfies

472 2
N 2 =
s5 (£2) < (2.78978609910027)“ + )
2 ( ) - ( ) (3\/5)

and equality if only if the triangular cylinder coincides with the equilateral tri-
angular cylinder 2* x (0,1), that is, |£2| = |£2*].

Proof. By using the fact that s-numbers are monotonically increasing (see (27))
and the main result of [4], we obtain

472
N N
Ny < sV [ —=). 29
s <o (57) (29
A straightforward calculation in (25) gives
472 472 2
sN(02) < s (—=) = (2.78978609910027)% + <> ) 30
2()_2(3\/3)( ) 33 (30)
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4 On Szego-Weinberger Type Inequality

Let D = 2x (0, 1) be a cylindrical domain, where {2 C R? is a simply-connected
Lipschitz set with smooth boundary 0f2. We consider the heat operator with the
Cauchy-Neumann problem < : L?(D) — L?(D) in the form

ng’ﬂ — Apu(z,t)
t T ) )
Qulx,t) := u(z,0) =0, z € (2, (31)

dunt) — 0, x e dn, vt e (0,1).

The operator <) is a non-selfadjoint operators in L?(D). Adjoint operator {>*
to operator  is

78‘)5’;7” - Aﬂv(z7t)a
O v(x,t) == v(z,1) =0, x € {2, (32)
Mt — 0, xedn, Vte(0,1).

A direct calculation gives that the operator {*<{ has the following formula

TR+ (1),
u(z,0) =0, er
O*Qulw, t) = U A u(a,t)]im =0, z € £, (33)
M_O x €90, Vt € (0,1),

BA;TETt>_o x €00, vt e (0,1).

We consider a (circular) cylinder C = B x (0,1), where B C R? is an open
ball. Let {2 be a simply-connected Lipschitz set with smooth boundary 02 with
|B| = |£2|, where |£2] is the Lebesgue measure of the domain f2.

Let us introduce the operators T, L : L?(§2) — L?*(2), respectively, by

—Az(z) = pz(x),
Tz(x) := { 827(”3:) (: ()), a:ue(a)ﬂ, (34)

and

A%z (z) = \2(2),

Lz(z) == 28 —0, zed0, (35)
92:0) — 0, 2 € 00

Lemma 3. The second eigenvalue of the operator L is maximized in the ball B
among all Lipschitz domains 2 of the same measure with |2| = |B|.

Proof. The Szegt-Weinberger inequality is valid for the Neumann Laplacian,
that is, the ball is a maximizer of the second eigenvalue of the operator 7" among
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all Lipschitz domains {2 with |B| = |£2|. A straightforward calculation from (34)
gives that

A?z(x) = p2z(x),
Tzz(m) = Z(.’E) = O, xr € 607 (36)
%n(z) =0, €91

Thus, T2 = L and p? = )X. Now using the Szegd-Weinberger inequality, we
establish \o(B) = p3(B) > 1u3(£2) = X\a(02), i.e. A\a(B) > \a(02).

Theorem 4. The second s-number of the operator { is maximized in the cir-
cular cylinder C' among all cylindric Lipschitz domains of a given measure, that
is,

sy (C) > 3 (D),
for all D with |D| = |C].
Proof. Recall that D = §2 x (0,1) is a bounded measurable set in R4t1. Its
symmetric rearrangement C' = Bx (0, 1) is the circular cylinder with the measure
equal to the (Lebesgue) measure of D, i.e. |D| = |C|. Let u be a nonnegative
measurable function in D, such that all its positive level sets have finite measure.
With the definition of the symmetric-decreasing rearrangement of u we can use
the layer-cake decomposition [5], which expresses a nonnegative function u in
terms of its level with respect to the space variable x sets as

(o, t) = / Nu(ersnydz, Vi€ (0,1), (37)
0

where x is the characteristic function of the domain. The function

u*(xﬂt) = /O X{u(z,t)>z}*dzv vt e (07 1)7 (38)

is called the (radially) symmetric-decreasing rearrangement of a nonnegative
measurable function u.
Consider the following spectral problem

O Ou = su,

~ Pt 4 A2u(a,t) = sVu(a, 1),
u(z,0) =0, z € 12,
O Qu(z,t) == 24| Az, t)]m = 0, T € 2, (39)
% 0, €09, Vt € (0,1),
L%“(“)—o x € 9.

We can set u(z,t) = X (2)p(t) and ug(z,t) = Xa(z)p1(t) is the second eigen-
function of the operator {*<, where ¢1(t) and X5(z) are the first and second
eigenfunctions with respect to variables ¢ and x. Consequently, we have

— @1 () X2(2) + o1 (A Xo(2) = 501 (1) Xa (). (40)
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Now by the variational principle for the self-adjoint compact positive operator
$FO, we get
— Lol eyt , X3 (x)dr + ) @i()dt , Xo(x) A2 Xa(x)de
o P2 o X3 (x)da
— L Wt X3@)da LGB, Ma(2)(Xa(2)da
o PAB)dt , X3 (x)dz
_ 0 1 Opa()dt , X3(@)de + M (R) o pI(D)dt [, X3 (z)da
o PAt)dt , X3(x)dx ’

where A2(f2) is the second eigenvalue of the operator L. For each non-negative
function X € L?(£2), we have

/Q\Xl(x)|2dx:/B|Xf(x)\2dx, with 2] = |B|. (41)

53 (D) =

By applying Lemma 3 and (41), we get

oy Lot i)t (Xa(2))?de + Aa(2) L 3(t)dt ,(Xa(w))2da

< — t - )
B )

— o 91 OpL()dt (X3 (@) da+ o @l (B)dt X5 (2)AX3 (a)de

o PB)dt (X3 (x))2da
1 * 82u;(z,t)d d 1 A dad
- % Bu2(x,t)T xdl + Buz(m t) 5(z, t)dxdt

B o sz, t)2dedt

— 01 g V(z,t) azgg’t) dxdt + 01 pv(x, ) Adv(z, t)dadt N
< sup T . =s5 (O).
v(@,£)#£0 o pVi(z, t)dzdt

The proof is complete.

Remark 1. The norm of the operator ! is equal to % in any circular cylinder
C with |C] = [D], ie. [0 e =07 D=2

Proof. Let us consider the following spectral problem by Fourier’s method

6 u(x
Pulet) y A2u(x,t) = sNu(z, 1),

u(z,0) =0, x € 2(B),
O*Qu(z,t) == 24 A ()= = 0, = € 2(B), (42)
‘""“gf D =0, z€dRdB), Vte (0,1),
4, “@ =0, x€dnoB).
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Thus, we obtain two spectral problems with respect to variables x and t¢:

and

A*X (z) = p*X (@),
92 — 0, 2 € 00B), te(0,1), (43)
92X @) — 0, € dN(IB), te (0,1).

=0, te(0,1),
0, (44)
(1

o)+ <§>

We have ;1 = 0 in any simply-connected bounded domain. Thus, we substi-

tute it to the second spectral problem (44) and we establish s; = %2. According
to [1], \/% gives the norm of the operator. Thus, we arrive at

_ _ 2
107 le = 1107 Ip = =
™
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Abstract. We describe different aspects of the theory of pseudo-
differential equations on manifolds with non-smooth boundaries. Using a
concept of special factorization for an elliptic symbol we consider distinct
variants of this approach including asymptotic and discrete situations.

Keywords: Pseudo-differential equation + Wave factorization
- Solvability + Asymptotical expansion - Discrete equation

1 Introduction

From the 90s the author develops the theory of boundary value problems based
on two principles [10]. These are a local principle and factorizability principle at a
boundary point like [2,5,9]. The first principle was known earlier and it also was
known as a freezing coefficients principle. Usually the second name corresponds
to partial differential equations theory but the first name was introduced for mul-
tidimensional singular integral equations and more general for pseudo-differential
equations. Main difference between differential and pseudo-differential operator
is the following. A differential operator 2 has a local property i.e. if one takes
two smooth functions ¢, 1) with non-intersecting supports and compose the oper-
ator ¥ - Z -, then it leads to a zero operator. For a pseudo-differential operator
& this property does not hold and we obtain for ¢ - & - ¢ a compact operator
only. This case permits to obtain rough properties for pseudo-differential equa-
tions and related boundary value problems namely Fredholm properties only in
comparison with differential operators and boundary value problems, where one
has as a rule results on existence and uniqueness.

There are a lot of approaches to construct such a theory (see for example
papers [4,7,8]). T have written many times [12,14] what is difference between
this consideration and others, it is choice of distinct key principles. In any case
one needs to declare an invertibility of so-called local representatives of an initial
pseudo-differential operator to describe its Fredholm properties.

Local principle and factorizability was first introduced in papers of I.B.
Simonenko [9] (for multidimensional singular integral operators in Lebesgue L,-
spaces) and M.I. Vishik — G.I. Eskin [2] (for pseudo-differential operators in
(© Springer International Publishing AG 2017
T.Sh. Kalmenov et al. (eds.), Functional Analysis in Interdisciplinary Applications,

Springer Proceedings in Mathematics & Statistics 216,
https://doi.org/10.1007/978-3-319-67053-9_34
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Sobolev — Slobodetskii H*-spaces). For manifolds with a smooth boundary one
uses an idea of “rectification of a boundary*“, and the problem reduces to a
half-space case, for which a factorizability principle holds immediately because
under localization at a boundary point and applying the Fourier transform we
obtain well known one-dimensional classical Riemann boundary value problem
for upper and lower complex half-planes with a multidimensional parameter.
This approach does not work if a boundary has at least one singular point like
a conical point. One needs here other considerations and approaches.

2 Domains and Operators

Our main goal is to describe possible solvability conditions for the pseudo-
differential equation

(Au)(z) = f(z), z € D,
where D is manifold with a boundary, A is pseudo-differential operator with the

symbol A(z,§).
Such operators are defined locally by the formula

u(z) — A(z, Ou(y)e v dgdy, (1)
/1l

if D is a smooth compact manifold, because one can use “freezing coefficients
principle”, or in other words “local principle”. For manifold with a smooth
boundary we need new local formula for defining the operator A: more pre-
cisely in inner points of D we use the formula 1, but in boundary points we need
another formula

u(z) — / / Al Oyuly)e @V dgdy, )

RZL R™

For invertibility of such operator (2) with symbol A(:,¢) non-depending on
spatial variable z one can apply the theory of classical Riemann boundary prob-
lem for upper and lower complex half-planes with a parameter £’. This step was
systematically studied in the book [2]. But if the boundary 0D has at least one
conical point, this approach is not effective.

The conical point at the boundary is a such point, for which its neighborhood
is diffeomorphic to the cone

Ct={zeR™: z, >alr/|, 2’ = (21,...,xp-1), a >0},

hence the local definition for pseudo-differential operator near the conical point
is the following

ulz) — / / Al yuly)e @V Ededy, 3)

Ci RrR™
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We consider the operator 1 in the Sobolev — Slobodetskii space H*(R™) with
norm

[l = / ()21 + J¢])* de,
Rm

where @(§) denotes the Fourier transform for u, and introduce the following class
of symbols non-depending on spatial variable x: ¢y, co > 0, such that

e <A+ €)Y < e, E€R™. (4)

The number « € R we call the order of pseudo-differential operator A.

It is well-known that pseudo-differential operator with symbol A() satisfying
3, is linear bounded operator acting from H*(R™) into H*~*(R™) [2].

We are interested in studying invertibility operator 3 in corresponding
Sobolev — Slobodetskii spaces. By definition, H*(C%) consists of distributions
from H*(R™) with support in C§. The norm in the space H*(C%) is induced
by the norm H*(R™). We associate such operator with corresponding equation

(AU+)(Z‘) = f(l‘), T e Civ (5)

where right-hand side f is chosen from the space H5 *(C¢).
H§(C4) is the space of distributions S’(C%), which admit continuation on
H*(R™). The norm in H§(C?) is defined by

1113 = inf [[L£]]s,

where infimum is chosen for all possible continuations .

3 Complex Variables and Wave Factorization

Below we will consider the symbols A(€) satisfying the condition 4.

Definition 1. Wave factorization of symbol A() is called its representation in
the form

A(§) = Ax(§)A=($),

where the factors A (§), A=(&) satisty the following conditions:
1) Ax(€), A=(§) are defined everywhere without may be the points {{ € R™ :

€17 = a%eh b

2) Ax(§), A=(€) admit an analytical continuation into radial tube domains

T(C$),T(C?) respectively, which satisfy the estimates

A2 (E+im)| < er(L+ €] + [7)*=,

[AZH (€ —im)| < co(L+ [ + 7)), vr ey .

The number e is called index of wave factorization.
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*

Here C'¢ is conjugate cone to C'¢, and C¢= — C%.

Ezample 1. Let

9? o 2
A=y m o 5.2 TF keR\{0},
1 m

and then according to some properties of the Fourier transform the symbol of
this operator has the form

A =G+ &+ + G+

The following equality is the wave factorization of the Helmholtz operator.
We will write it as
Em ISP+ K =

(« [a2 ¥ 16 + \Ja2e2 — € — k2) (\/aQ 16, — Ja2e — e - kz)
meaning for \/a2£2, — [¢']2 — k2 the boundary value

V@ (&m +i0) — [P — k2.

4 Pseudo-differential Equations and Solvability

To describe a solvability picture for a model elliptic pseudo differential equation
(5) in 2-dimensional cone C¢ = {z € R? : 25 > a|z1|,a > 0} the author earlier
considered a special singular integral operator [10]

a . u(y)dy
(Kou)(@) = 22 Tli}%/)l-‘r/ (x1 —y1)? — a®(xe — yo +i7)%’ (©)
R2
This operator served a conical singularity in the general theory of boundary
value problems for elliptic pseudo differential equations on manifolds with a non-
smooth boundary. The operator K, is a convolution operator, and the parameter
a is a size of an angle, zo > alx1|,a = cot a.
One of author’s main result [10] is the following (we formulate it for m = 2
for simplicity)

Theorem 1. If elliptic symbol A(§) admits wave factorization with respect to
the cone C¢ and |&e — s| < 1/2, then the equation (5) has a unique solution

U(€) = AL (&) (Kalv)(€),

where lv is an arbitrary continuation of v on the whole H*(R?).
A priori estimate holds

llurlls < cllfI13-a-

Below we will mention other possible situations.
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4.1 Boundary Value Problems

Ife—s=n+d,n e N,|§| <1/2, then one has the formula for a general solution
of the equation (5), and this formula contains a certain number of arbitrary
functions from corresponding Sobolev—Slobodetskii spaces [10]. To obtain the
uniqueness theorem one needs to add some complementary conditions as a rule
these are boundary conditions.

Some classical variants are considered in [10], some new constructions are
described in [15].

4.2 Equations with Potentials

It is possible that & —s = n + §,—n € N,|d] < 1/2, then the equation (5)
is over-determined so that one needs to add some unknowns. According to the
special representation for a solution of the equation (5) these unknowns should
have a potential like form [10].

5 Asymptotical Variants

For | — s| < 1/2 one has the existence and uniqueness theorem [10]

(€)= AL (O (Kalv)(©),

where [v is an arbitrary continuation of v on the whole H*(R?).

5.1 Preliminaries
The formula (6) can be treated as a convolution of the distribution

a 1
Bl =g —wg
with a basic function u(&). If so it is interesting to study behavior of the operator
(6) for limit cases (a = 0,a = +00) from convolution point of view.

Let S(R?) be the Schwartz space of infinitely differentiable rapidly decreas-
ing at infinity functions, then S’(R?) is a corresponding space of distributions
over S(R?).

When a — +00 one obtains [11] the following limit distribution

a 1 i 1
lim ——5——-5=—%—Q9 7
oo 272 €2 — 26 217 & ©0(%), (™)
where the notation for distribution & is taken from V.S. Vladimirov’s books
[16,17], and ® denotes the direct product of distributions. Here § denotes one-
dimensional Dirac mass-function which acts on ¢ € S(R) in the following way

(6,) = »(0),
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and the distribution ,@% is defined by the formula

1 “+ o0 ( )d —€ + o0
p(z)dz .

— =v.p. — =1

(Z=.9) VP/ . i /+/

Our main goal in this paper is obtaining an asymptotical expansion for the
two-dimensional distribution

a 1
51 ‘1252
with respect to small a~!. It is defined by the corresponding formula Vo € S(R?)

1352 df
(K. ) /£1 (8)

- a2§2

Ka(§17§2) =

5.2 Asymptotical Representation for a Solution
Below we denote lv = V.

Theorem 2. If the symbol A(§) admits a wave factorization with respect to the
cone C¢ and |ee — s| < 1/2, then the equation 1 has a unique solution in the
space H*(C), and for a large a it can be represented in the form

. +oo 15
— ¢ 1(£)V.p./ (A: V)(7717§2)d771+

&1 —

+oo
O nal@ / (&1 — )™ (A2 D) (r, €2)dms (9)

assuming V € S(R2), AZ'V means the function AZ*(€)V ().

Proof. Let ¢ € S(R?).
A formal using the Maclaurin formula for the first integral in 4 will lead to
the following result

thdt
( aa(p 27_[_2 Z k' S0§2 gla (/ g 2 dfla (10)

and we need to give a certain sense for the expression in brackets.

Let us denote
+N

thdt
T n(61) = m
1
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and reproduce some calculations.
First Ty, n(&1) = 0,Vk = 2n—1,n € N. So the non-trivial case is k = 2n,n €

N. Let us remind Tp o (&) = 7i271¢; ! [11,12]. For other cases we can calculate
this integral. We have the following

k=2,
1.1, N=& .
Ton(&) = —2N —271¢; 11nN+§1 + mi27 e
k=4,
_ N-& -
T = —2/3N3 —2¢2N — 27131 2~ 1g3.
4,N(51) /3 & & nN_|_§1+7” &L
k=6,

Ty v(€1) = ~2/50° — 23EN° — 26N — 27 e = o e,

and so on. One can easily write all expressions for arbitrary 7o, n(&1).
In general one can write

Tonn(&1) = Pon—1(N, &) — 275" 1 In x;? 27t

where Py, _1(N, &) is a certain polynomial of order 2n — 1 on variables N, ;.
Therefore instead of the formula (10) we can write

i1
Ka,p) = — (P — ® (&), 11
(Ko,9) = 5 (P @0(&) 9)+ (11)
> b2 o N—¢
2n — n— —G1 e — n—
%2 Z . G /wgg (€1,0) (PQn_mN,gl)—z T G 1) dé1

Let us describe the polynomial Py,_1(N,&;) more precisely. Obviously
Pan1(N,&) = con i N*" ' 4 o sN?" 36 + - + e NG
Further we rewrite the equality (11) in the following form

A 1
g(r@g ®6(82), )+

+N
-1

(Kav 50) =

Pl (1,067 dea -
n=1 N
+N o p2n +N

1o b (2n) 2n—1 &1 { n) on—1
) ./5052 (&1,0)¢7 In N_l_gld{l‘f‘gnz::l@n)! /‘sz (61,0)¢7 déy.
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We will start from two last summands. The second summand does not play
any role because
lim In N =& =
N—+oo N +&
The third summand we will represent according to lemma 1 (see below)
taking into account that we can pass to the limit under N — +o0

i b (2n—1) (2n)

n=1

For the first summand we consider separately the case Nb ~ 1(N — o00,b —
0). In other words we consider a special limit to justify the decomposition. Then

o - +N
3 R (22)!;@'«—1N2’”_4 i (61, 0)€3 1 de ~
| = +00
TZ Zczk 102 2kl / @éf”)(&,O) fk71d§1~
n=1 —oo
Therefore
I & 1 In—2k+1 T (2n) 2k—1
ﬁ;wkﬂc%—lb 4%2 (61,0067 d&y =

3

3
.

1 —
- _ b2n—2k+1 §5(2k—1) 5(211) .
7 2 G 2 (BCFD(6) © 3% (&) )

One can note if desirable
1 1
=214+ =4 )
Cok—1 A+ g+t o)

Further details one can find in [13]. A

6 Discrete Variants

6.1 Discrete Functions and Operators: Preliminaries
and Examples

Given function ug of a discrete variable & € Z™ we define its discrete Fourier
transform by the series

(Faua)(§) = > eTfuy(z), £eTm,
zezZm

where T™ = [—m, 7| and partial sums are taken over cubes

Qn={F € 2" 5 = (F1,+ ,m), max |ax] < N},

One can define some discrete operators for such functions ug.
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Ezample 2. If K(z),z € R™ \ {0} is a Calderon-Zygmund kernel, then the
corresponding operator is defined by the formula

(Kqua)(@) = > K(&—§)ua(f), &€z
JEZ™ ,jF#%
Ezample 3. If a first order finite difference of a discrete variable Z is defined by
Okua(Z) = ua(Tk + 1) — ua(Tr),

then the discrete Laplacian is

(Aqug)(z Z uq(Tp +2) — 2ug(Tr + 1) +ua(Tr)) .
k=1
and its discrete Fourier transform is the function
(Fulaua)(€) =Y (e —1)°.
k=1

Let D C R™ be a sharp convex cone, Dy = DNZ™, and let Ly(D,) be a space
of functions of discrete variable defined on Dy, and let A(Z) be a given function
of a discrete variable £ € Z™. We consider the following types of operators

(Aqug) (& / > TN A (©)aa(§)dE,  F € D, (12)
" yEDy
and introduce the function

Ad(€) = ) eTEA@F), £eT™

TezZm

Definition 2. The function Zd(g) is called a symbol of the operator A4, and
this symbol is called an elliptic symbol if A4(§) # 0,VE € T™.

Remark 1. If D = R™, then an ellipticity is necessary and sufficient condition
for the operator A4 to be invertible in the space Lo(Z™).

Remark 2. One can define a general pseudo-differential operator with symbol
A(Z,€) depending on a spatial discrete variable & by the similar formula

()@ = [ 3 T DG Ouale)de. 5 D,

yE€Dqg

but taking into account a local principle [5], the main aim in this situation
is describing invertibility conditions for model operators like (12) in canonical
domains Dy.

Below we will refine the lattice Z™ and introduce more convenient space
scale.
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6.2 Discrete Sobolev—Slobodetskii Spaces

We consider here refined lattice hZ™,h > 0, and define corresponding discrete
Fourier transform. If a function of a discrete variable is defined on a lattice hZ™,
then its discrete Fourier transform can be introduced by the formula

(@) (€)= Y wa(@)eTEh™, &€ nT™,
Fehzm
where h = h™1,
Let H*(hZ™) denote the space of functions of a discrete variable for which
luall2 = [ [GAOP +loa, ()] ds < +x,
hT”YL

where

oau()(€) = b2 (e —1)2, ¢ e pT.

6.3 Solvability for Discrete Equations

6.3.1 Conical Case and Periodic Bochner Kernel Let D be a sharp
*

convex cone, and let D be a conjugate cone for D, i.e.,

ﬁ:{xERm:x~y>O, y € D}.

Let T(ﬁ) C C™ be a set of the type T™ + ¢ D. For T™ = R™ such a domain
of multidimensional complex space is called a radial tube domain over the cone

*

D ([1,16,17]). We introduce the function

Ba(z)= S %, z=¢+ir, £€T™ 7TeD,
Z€Dy
and define the operator
(Bqu)(§) = lim [ Ba(z —n)ua(n)dn.
Tm
Lemma 1. For arbitrary ug € Lo(Z™), the following property
FaPp,uq = BiFquq

holds.
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Let us define the subspace A(T™) C Lyo(T™) consisting of functions which

admit a holomorphic continuation into T'(D) and satisfy the condition
sup / g (& + iT)|?dé < +oo.
TGD Tm

In other words, the space A(T™) C Ly(T™) consists of boundary values of

holomorphic in T( ) functions.
Let us denote
B(T™) = Ly(T™) © A(T™),

so that B(T™) is a direct complement of A(T™) in Lo(T™).
6.3.2 A Jump Problem We formulate the problem in the following way:
finding a pair of functions #*, &+ € A(T™),d~ € B(T™), such that

PH(E) —D7(&) =g(¢), £eT, (13)
where g(€) € La(T™) is given.

Lemma 2. The operator By : Lo(T™) — A(T™) is a bounded projector. A
function ug € La(Dq) iff its Fourier transform g € A(T™).

Theorem 3. The jump problem has unique solution for arbitrary right-hand
side from Lo(T™).

Ezample 4. If m = 2 and D is the first quadrant in a plane, then a solution of
a jump problem is given by formulas

+ZT —t +ZT
(e = 47m T—»O//C tgl —c 52 2 (tlat2)dt1dt2

—_—T =T

P& =27 (§) —9(§), 7=(r,m)€ED.

6.3.3 A General Statement It looks as follows. Finding a pair of functions
o+ ot € A(T™), &~ € B(T™), such that

T(E) =GP (§) +9(5), €T, (14)

where G(£),g(€) are given periodic functions. If G(£) = 1, we have the jump
problem (3).

Like classical studies [3,6], we want to use a special representation for an
elliptic symbol to solve the problem (4).
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6.3.4 Periodic Wave Factorization Let us denote by H*(D,) a subspace
of H*(Z™) consisting of functions of discrete variable Z for which their supports
belong to Dy, and H*(Dg4), H*(Z™) are their Fourier images.

Lemma 3. For |s| < 1/2, the operator By is a bounded projector H*(Z™) —
H*(Dy), and a jump problem has unique solution &+ € H*(Dy), ®~ € H(Z™\
Dg) for arbitrary g € H*(Z™).

Definition 3. Periodic wave factorization for elliptic symbol fl(f) is called its
representation in the form

Aa(§) = A2 () A=(9),
where the factors Ail(é ), AZ1(¢) admit bounded holomorphic continuation into

domains T'(+ ]5)

Theorem 4. If |s| < 1/2 and the elliptic symbol Ay(€) € So(T™) admits peri-
odic wave factorization, then the operator Ay is invertible in the space H*(Dg).

7 Conclusion

As it was shown all aspects of this problem of solving the equation (5) are closely
related and use similar ideas and methods. Author hopes that in future it will
be possible to unit these considerations in a general theory of elliptic pseudo-
differential equations on manifolds with non-smooth boundaries.
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Abstract. The mathematical model describing the axisymmetric elec-
tromagnetic field and the constriction resistance of the semispace with
AC electrical current passing through a ring-shaped contact is presented.
It is based on the system of the Maxwell equations with the special
boundary conditions. The analytical formulas for the electric and mag-
netic fields are obtained. The asymptotic expression for the constriction
resistance is found and the corresponding expression for the DC current
may be derived from this general expression as a special case. Compari-
son of this expression with the well known classical formula shows very
good approximation.

Keywords: Electromagnetic field - Constriction resistance *
Ring-shaped contact - Skin-effect - Maxwell equations

1 Introduction

A ring-shaped electrical contact appears in special types of circuit breakers and
fuses [1,2], in a hollow liquid metal bridge at contact opening at great opening
velocities [3] and many others contact systems. It is very important also at the
modeling of skin effect when the real circle contact spot is replaced by a ring
[4]. However the information about electromagnetic field and contact resistance
in this case is known in an approximate form only [5]. This paper is an attempt
to construct a mathematical model of a ring-shaped contact.

2 Electromagnetic Field

Let us consider two conductors occupied the semi spaces D1(—o00 < z < 00,0 <
r < 00) and Di(—o0 < z < 00,0 < 7 < 00) with the contact on the ring-shape
Dy =(2=0, ri <r <ry). The plane z = 0 is a plane of the symmetry,
thus we consider the electromagnetic field in the domain D5 only caused by the

© Springer International Publishing AG 2017

T.Sh. Kalmenov et al. (eds.), Functional Analysis in Interdisciplinary Applications,
Springer Proceedings in Mathematics & Statistics 216,
https://doi.org/10.1007/978-3-319-67053-9_35
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current I(t) = ige’™! entering the ring-shape Dg. The axisymmetric component
of the electrical field E, = (r, z,t) satisfies the equation

popOE, 19 O, 0%E,

p Ot 7“87"( 87") 022"’ (1)

where p is the relative magnetic permittivity, po is the permeability of vacuum,
and the boundary conditions

0, 0<r<mr 9E.( Ny oE )
200, 2, 2(2, 00,
EZ(T707t) = ﬂ(ﬁé(_tq)p%)a r1 <r<ry or = 92 = 0.
0, re <1 < 00

(2)
There is no initial condition because it is supposed that the AC current is pass-
ing through the contact for all time.The electrical and magnetic fields can be
represented in the form

E(r,z,t) = emE(T, z), H(r,z,t) = ei“’tH(r, z).

Applying the Hankel transform
/Ez r, z)Jo(sr)rdr
0

to the equation (1) and conditions (2), we get

%E. (s, 2)

52 (s> + k> E.(s,2) =0 (3)

E.(s,0) = ﬁ [%Jl(srg) — %Jl(srl)} , (4)

where k? = w The solution of the problem (3)-(4) can be found in the form

. i0p T2 1 —Vs2F k22
EZ(S,Z) == m |:§J1(S7"2) - gjl(srl):l e +h . (5)

Using the inverse Hankel transform, we get

(o)

E.(r,2) = / 2 Jy(sra) — —Jl(srl)} e VIR J(sr)sds  (6)

m(r: — 7"1 s
0

The magnetic field can be found from the Maxwell equation

rotH = -F

D=
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For axial z-component it means that

19(rH, 1

OrH,) 1 E. T

r or  p

Substituting here the expression (6) and integrating with respect to r on the
interval [0, 7], we get

H,(r,z) = / 2Ty (sry) — —Jl(srl) e VIR Jo(sr)sds  (8)
m(r3 — 7"1 s
0
The radial component of the electrical field E, is defined from the Maxwell
equation ~
_ 0H
tE = —pop——
ro ot ot

Taking the p-component of this equation and using the obtained expressions for
E. and H,, we get

<)

Hy(r,z) = __top / —Ji(sr2) — %Jl(srl)} eV S2+k22J0(sr)\/ s2 +k2sds  (9)

7’77’
10

3 Constriction Resistance

The constriction resistance can be found using the expression [6]

o0
/ BH)| = RI) (10)
0 z=0

Integration of this expression is very difficult problem, thus we try to find asymp-
totic formulas for the constriction resistance R.

Let us consider first the case when 7 >> rg, all the more r >> r;.The integral (6)
can be calculated if we us the asymptotic formulas for J; (sr2) and J;(sr1).Then
we can reduce the expression for E, to form

iop O 1
B.(r9) =~ 32 0 (e )

21 0z
Using this formula, we can find H,(r, z) and E,(r, 2):

Hy(r,z) = _top 8 |:€—k 2242 e—kz:| _ o

[77 — k22412 +k6_kz:|
2knr 0z 2kmr VZ22 £ 12

op [ 0 1 ke k [ — k22 —kz:|
Ep(ryz) = 2548 ———— = - =
(r,2) - { 92 U3 +r2€ + 1€ e
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o2 2472 1 (22412)3/2

— _M {ke—kz + e—kw kr ﬁ r :| } (11)
Substituting these expressions in the formula (10) and replacing the upper limit
of integration oo for the radius of conductor r3 which is sufficiently greater than

the radius of the contact spot r, we get

oo oo
—kz
P —kry  kp dr kp e dr P _kry  kp, T3 kp
— — — = — 1 — = —E k
27re € 2T r 2 r 27re € + ) i =kr2)

T2 T2

(12)
where Ei(kry) is the integral exponential function.

Similarly for the condition 7 << r; we get

0 —ky/7Tr3 _ k\/T}
Z

o
m(r3 — i) az

Bor, ) = ook {efk\/m B efk\/m}

23 — %)

E.(r,z)=—

ior —k/ 2241 —ky/224r3
H,(r,z) = 9 [8,2 k23403 k\/T}

2rk(r3 —r?)
However at this condition R = 0 since H,(r,0) =0

4 Direct Current

Let us consider the special case of the direct current. For this case w = 0 and
the fields E,(r,0) and H,(r,0) can be obtained from the expressions (8), (9) if
we put k = 0:

r J
E.(r,0) = / roJi(sra) — r1J1(sr1)] 1(s7) ds (13)
0
H,(r,0) = o / 2 Jy(sr2) — ;Jl(srl)} Ji(sr)sds =
3—11) ]
. 0, 0<r<m
io
= ° — <r< 14
QW(T%—T%) (; 7’1/7' ), 1 <71 <mr (14)

(r3 —rd)/r, >y

Substituting the expression (13), (14) into (10), we get the expression for the
constriction resistance



Electromagnetic Field and Constriction Resistance ... 381

2p 4

2

4 11 r2
3 3 .2 1
— - 377rr2 + —ry —ryrmF ( 2, 2)} , (15)

3 227 2
where F' is the hypergeometric function.

Tt is interesting to note that if we put in (15) 71 = 0 this expression should give
the formula for the traditional circle contact spot of the radius r5. We obtain in

this case

8p P
R = ~ 0.27T—.
37‘(27"2 T2

That is very good approximation for the well-known formula for the construction
resistance of the semispace

R=" —025".
47‘2 T2
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Abstract. In this work we consider an inverse problem of finding a
coefficient of right hand side of pseudo-parabolic equation. By successive
approximation method the existence and uniqueness of a strong solution
are proved. Under the integral overdetermination condition, which has
important applications in various areas of applied science and engineer-

ing.

Keywords: Inverse problem - Pseudoparabolic equation -
Kelvin-Voigt fluids + Successive approximation method - Strong
solution + A priori estimate * Integral overdetermination condition

1 Introduction

In this work we consider an inverse problem of identifying the coefficient of
right hand side of pseudo-parabolic equation from the integral overdetermination
condition, which has important applications in various areas of applied science
and engineering,.

Statement of the problem. Consider the pseudo-parabolic equation

Ut — VUge = XUgat = [ (1) g (2,8),  (2,t) € Qr (1)

with initial condition
u(z,0) =up (z), z€(0,1), (2)

boundary conditions
w(0,t) =u(l,t) =0, te0,T], (3)

and with additional condition in the integral form

l
/u(x,t)w(ac)dx:e(t), (4)
0

(© Springer International Publishing AG 2017
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where ug (2), w (x), e(t),and g (z,t) are given functions, while u (x,t) and f (¥)
are two unknown functions to be determined.

Equations of this type arise in many areas of mechanics and physics. Such
equations are encountered, for example, these equations are included in a model
for Kelvin-Voight fluids [3,6,7]. The unique solvability of the inverse problem
for Kelvin-Voight equation with overdetermination condition over time variable
is considered in [2]. The existence and uniqueness of the strong solution of
the direct problem (1)-(3) are proved in [12]. For a discussion of existence and
uniqueness results of inverse problems for parabolic and pseudo-parabolic equa-
tions see [1,2,4,5,8] (see also the references cited in them).

We understood the strong solution to (1)-(4) as follow.

Definition 1. A pair of functions (u(x,t), f (¢)) is called a strong solution to
problem (1)-(4), if
(u(@,t), (1)) € Lo (0,751 (0,0)) N W3 (0,75 W (0,0)) x L2 (0,T)

and (3), (4) hold, and for any ¢ (z,t) € L (O,T;I/ff%(o,l)) n ws
(0,T; W3 (0,1)) the integral identity

T 1 T 1
[ [ twe+vic txwotasii= [ [10g@00 @ 6
0 0 0 0

Assume that the given functions in the problem (1)-(4) satisfy the following
conditions:

x) 5(0,), w(z) € W3 (0,1),
) €W5(0,T), g(x,t) € Lo (0,15 L2 (0,1)),

2
l
go(t) = /w(x)g(x,t) dr >k >0, Vtel[0,T].
0

2 Main Results

Lemma 1. If (6) holds, then the function f (t) can be determined by the explicit

formula
l

1
£(O) = [0+ [ s + xun) da @
go(t) J
and the inverse problem (1)-(4) is equivalent to the problem (1)-(3) and (7).

Proof. Multiply (1) by w () and integrate by = from 0 to ! using 4. In conse-
quence, by the last condition in (6), we get the (7). The main result in this work
is the following theorem.
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Theorem 1. Assume that the condition (6) holds and

o1 1\ 12w
S ) el g
e ol (5 + 1) g < 0

Then there exists a unique strong solution (u(x,t), f(t)) of the inverse problem

(1)-(4)-

Proof. We use the successive approximation method. Let us take u® = 0 as start
approximate. We construct the sequence {(u™, f™)} as follow: At fist determine
the function f™ (t) by the relation

!
fm) = g%(t) e (t) + O/ (vl twy 4+ xully  w,) da | (9)

and substituting f™ (¢) into the right hand side of the following equation, we
determine a function «™ (x, t) as a strong solution of the following direct problem
with given right hand side F' (x,t) = g (x,t) f™ (¢):

U = Vi — XUy = [ (t)g(ib,t), (m7t) € Qr, (10)
u™ (x,0) =wug (x), z€]0,l], (11)
u™(0,t) =0, v (,t)=0, te€]0,T]. (12)

By [1], the direct problem (10)-(12) for every m has a unique strong solution.
Hence, the sequence {(u™, f™)} is well constructed. If we now prove that the
sequence {(u™, f™)} is a Cauchy sequence in Vs (Q1) x L2 (0,T), then it follows
from completeness of the space V, (Qr) x Lo (0,T) that the sequence {(u™, f™)}
has a limit {(v, f)} as m — oo, and the limit is a strong solution of (1)-(4), here
Vo = Lo, <O,T; W Lo, l)) AW (0, T; W (0,1)).

Let us introduce the notation

Um — um _ um—l, Fm — fm _ fm_l.

Then we get from (9)

l

1

F™(t) = D / (VU wy + UL w,) da (13)
0

90
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and from (10) -(12) the following initial-boundary value problem

Utm - VU;Z Umt - Fm( ) (x,t)a (x7t> € QTa (14)
U™ (x,0)=0, z¢€]0,]], (15)
U™(0,t) =0, U™(,t) =0, te0,T]. (16)

We estimate (13) by Holder inequality

l

1
[F™ ()] = Tgol VU e + XU we de <

[[wa ||

v UMY +x Ut
ko

0

If one squares both sides of the last inequality and integrates the resulting
expressions over 7 from 0 to ¢, then

t 2 t
m Wy 112 me12
/|F 2ar < | kQH /(VHUm T x| )dT. (17)
0 0 0
Now we multiply Eq. (14) by U™ and integrate over [0,]:
1d m m m|2 m,7rm
52 (101 +x 10z 1P) + v o) = [ Fmgu™da. (18)

Q
Using the inequality (Poincare inequality)

| < Yuew 5(0,1),

L )
\/5 xT )

and Cauchy inequality, we estimate right hand side as follows

FrgUde < U™ - [F™]]lg]l < U2 [HE™ ] Nlgll < *IIUx I® +*|Fm| lgll® .

\[II

Q
Substituting this inequality into (18) and multiplying both sides of the result

by 2, and integrating over 7 from 0 to ¢, we obtain

l2

U umr Ur|)®dr < — 2 E™Pdr. (19
s (J0m 7 4 x U2 7) +v / Uz dr < 5 max lgl® [ 1™ dr. (19)
0

Multiplying (14) by U;™ and integrating over x from 0 to [, we obtain

m m 2 m m
5 WP+ 10+ x Uzl = [ Frurd.
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Estimate the right hand side by Hoélder, Poincare and Cauchy inequalities as
above. Then we have

v max U142 [ 107 dr o [ U1 dr < o ma ol / P
te[0,T7] tel0,T)
0

(20)
Adding the inequalities (19) and (20), we obtain the estimate

t

[ (1w logi?) e < 5 e fal® (5 +3) / PR (o)

0

Combining (17) and (21) for every m = 1,2, ..., we get

m|2 m—1(2 m||2 m—1[|2
IE™ 200y < B|F ||L2(07T)’ 0™ s @y < U HVz(QT)’ (22)
where p = H%ao;] lgll® ( + i) % and by assumption (8) p < 1.
0

Hence the convergency of infinite decreasing geometrical progression implies
that {(u™, f™)} is the Cauchy sequence in V5 (Qr) x Lo (0,T). By virtue of the
above arguments, there exists the unique pair of functions (u, f) in V2 (Qr) x
L (0,T), such that

u™ (z,t) —u(x,t) in Vo (Qr),
f@)— f@#) in Ly(0,7T)

as m — o0.

Using these information, take the limit of (9)-(12) as m — oo. Then by
convergence of {(u™, f™)} and by Lemma 1, we see that the pair of limit func-
tions (u, f) is the strong solution of the inverse problem of (1)-(4). Proof of the
Theorem is complete.
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Abstract. The purpose of this study is to test the elaborated theory for
inverse two phase spherical Stefan problem by using Integral Error Func-
tion and check effectiveness of the suggested solution form for engineering
purposes. It was shown that by collocation method we can achieve small
error which doesn’t exceed 8 percent for three points, which substantially
eases calculations. Investigation of such problems enables one to analyse
diverse electric contact phenomena.

Keywords: Two-phase Stefan problem - Free boundary value
problems - Inverse problem * Flux conditions + Test problem

1 Introduction

This study is the continuation of previous studies [1-4] and an attempt to obtain
exact solution and develop an easy way for engineers to find approximate tem-
perature distribution function with relatively small error and to find heat flux
function. Nowadays, Stefan type problems are widely used for modelling elec-
tric contact phenomena [5-9] and it looks expedient and important to conduct
research studies in this field as from theoretical as well as from practical point
of view.

Due to the Holm’s ideal sphere (b < 10~%m) spherical Stefan problem nicely
fits as a mathematical model for describing electric contact phenomena with
small electric currents.

2 Problem Statement

The contact spot in mathematical model is given by the spherical domain with
radius b. P(t) is heat flux which passes through liquid zone b(t) < r < «(t) and
then through the solid zone a(t) < r < co.

(© Springer International Publishing AG 2017
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a0, 0%0, 200,
ot <W+r8r)’ b<r<aft), (1)
a0y %0, 206,
&f_a<87"2+7"(9r)’ alt) <r< oo (2)
with initial condition
91 (ba 0) = Ov (3)
02(r,0) = f(r), (4)
f(T):9m+T—b, f(b):@m (5)
and boundary condition
B d90:(b,t)
r==b A1 o = P(t), (6)
r=oat): 01(at),t) = Omn, (7
Oa(a(t), t) = Oy, (8

the Stefan’s condition

NGO,

or ar

M +L7% ) 9)

as well as the condition at the infinity
02(00,15) =0 s (10)
where 6, and 6, is an unknown heat functions, P(t) is an unknown heat flux

coming from electric arc of radius b. 6,, is a melting temperature of electrical
contact material, f(r) is a given function, A1, A2, a1, as and Ly are constants.

3 Problem Solution

We can expend the initial and boundary functions in Maclaurin series as

= i Pntn/27 f(?") = i f(tzl(O) (T - b)n
n=0 ’

n=0

and a(t) = b+ ay/t. The solution of (1)-(10) we represent in the new form of
series

01(r,t) = 1;(2a1ﬂ [Aninerf02ra;;£+B i"erfec al\/]
Oa(r,t) = 1 Z(QGQ\[) [Cninerfc;a;\;)i + D,i"erfc CLQ\[]

n:O
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where coefficients A,,, By, Cy, and D,, have to be found and as the same analogy
of previous study we determined

1
D, = 5f(“)(b), n=0,1,2,.., (11)
1
Co = §9m(2b - 1), (12)
O ier fes
C]_ = N a o . f 2012 ) (13)
2@267’ch 2ier feqe
1 i"erfes2
Cp = —= [ () — 202 =2,3,4,.... 14
2f ( )Z’nerfcﬁ’ n K ) Y b ( )

a? Lyai\/Tab o\’
By=A _ 1
0 0 eXP <2(a1)2> 2\ P <2a1> ’ (15)

0,mb Lvyai/7mab a \2
AO = 5 — Y 1\/7 5 exp (204) 5 (16)
1+exp(\/§‘al> 2)\1(1+exp<\/§‘al> )
A = L’ya%erfc% B ierfc% )\gierfc%
. . _ 2ier fes2— . . _
2\ | derfeqo- +ierfeg ™ 202 Ay | der fesg- +ier feg
Xoter fes2
- 27 Oy , (17)
21 (ierfcﬁl + ierfc;(ff)
o terfes® Ny Lya?
Bi=A+-—2 4+ = — , 18
P N B T 2n (18)
i"erfe<
A, = — LQ;I n=2234,... (19)
z“erfcm

From Stefan’s condition we get expression

— A1 (2a7)" ! [ — Ani"_lerfc% + Bnin_lerfc;j]

= —Xo(2a0)" | — Cni"_lerfci + Dni"_lerfc_—a , n=2,3,4,..(20)
2(12 2&2
A
P, = ?1(2@)”(/1““ — Bpy1)i"erfc0, n=0,1,2,3,.... (21)

Thus coefficients Ag, By are found in (15),(16) and A; and B; are found in
(17),(18), A,, By, can be determined in (19),(20) when n = 2,3,4, ..., Cy, Cy, D,,
from (11),(12) and (14), P, from (21).
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5
0f
exact Flux P(b.t) -5
approx_Flux P(b,t) _,of —

0 1077 ax10” P ex107 7 8x1073 0.0
0 t 0.01

Fig. 1. Exact and approximate values of flux function at small t

Fig. 2. Relative error

Test result We use Mathcad 15 for calculations and get following exact val-
ues Ag = 043, A; = —2,576, A5 = 0,By = —0.43,B; = 0.429 and By = 0,
then approximate values Ag = 0.579, A; = —3.004, A5 = 7.582 x 10715, By =
—0.183, By = 0.5 and By = 0. At last we have exact and approximate values of
heat flux function as in Fig. 1 and relative error function which reaches maximum
value 7.9 percent as in Fig. 2.

4 Conclusion

As a result of the current approach we receive the approximation function, con-
vergent to the exact solution. The heat flux P(t) is determined from expression
(21) in electric contacts on the base of two phase spherical inverse Stefan prob-
lem. Temperatures 61,0, are found by determining coefficients A,,, B,,, C,, and
D,, from equations (11),(12),(19) and (20).

Acknowledgements. The authors would like to thank Prof. S. N. Kharin (IMMM
and KBTU, Kazakhstan) for his valuable comments and suggestions which were help-
ful in improving the paper. This publication is supported by the target program
0085/PTSF-14 from the Ministry of Science and Education of the Republic of Kaza-
khstan.
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Abstract. We present an alternative proof for the classification of semi-
stable representations of a linear quiver and of a circular quiver with three
vertices and briefly discuss the meaning of this result for the study of
quiver sheaves.

Keywords: Quiver - Representation - Stability parameter -
Semiinvariant + Twisted quiver sheaf - Generically semistable/totally
unstable - Boundedness - Variation of moduli spaces

1 Introduction

The theory of quiver sheaves over a smooth projective variety has been developed
by Alvarez-Cénsul and Garcfa-Prada [2-4], Gothen and King [19], the author
[29,31,32], and many others. In this note, we will focus on the notion of slope
semistability.! If n is the number of vertices of the quiver, the notion of slope
semistability depends on an n-tuple x of positive real numbers and an n-tuple y
of real numbers. If X is a curve and one fixes the ranks and degrees of the vector
bundles under consideration, then one may attach to each stability parameter
(k, x) a moduli space. It is a fundamental problem to understand the variation
of the moduli spaces with the stability parameter. This involves the question
for which stability parameters the moduli space is non-empty. Explicit examples
were studied in [5,9,25] . In those papers, « has the fixed value (1, ...,1) and only
x varies. General properties of the chamber decomposition and related bounded-
ness questions were discussed in [6]. An important step was made in the papers
[33,35]. The main result of these papers is that, in the circumstances outlined
above, there are only finitely many distinct notions of slope semistability. This
implies that there are only finitely many distinct moduli spaces.

! In the case that X is a curve, the notion of slope semistability is the “right” one for
constructing moduli spaces.

(© Springer International Publishing AG 2017

T.Sh. Kalmenov et al. (eds.), Functional Analysis in Interdisciplinary Applications,
Springer Proceedings in Mathematics & Statistics 216,
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Let us fix a polarized smooth projective variety (X, O'x (1)) over the complex
numbers, a quiver @ = (V, A,t,h), and a tuple of line bundles M = (M,,a € A)
on X.2 We let K := C(X) be the function field of X. Recall that an M-twisted Q-
sheaf is a tuple Z = (&,,v € V, p4,a € A) in which &, is a coherent &x-module,
veV,and g,: My ® &q) — Ep(a) is a twisted homomorphism, a € A. The
tuple (r,d) with r = (rk(&,),v € V) and d = (deg(é&,),v € V) is the type of Z.
We may restrict Z to the generic point 1 of X. Then, M, ®¢, K is isomorphic
to the constant sheaf K, and we choose isomorphisms M, ®g, K = K. Next,
W, = &, ®p, K is a K-vector space of dimension rk(&,), v € V, and, using
the above trivializations, we get the linear maps fo := ¥q (i1 Wia) — Wh(a),
a € A. In other words, R = (W,,v € V, f,,a € A) is a K-representation of
Q. With the help of this construction and King’s theory of semistability for K-
representations [23], we may divide the class of M-twisted @Q-sheaves into two
subclasses:

e the class of generically totally unstable ones, i.e., those for which there is
no non-zero stability parameter with respect to which the K-representation
R of @ is semistable, and

e the class of generically semistable ones, that is, the class of M-twisted Q-
sheaves for which the associated K-representation R of () is semistable with
respect to some non-zero stability parameter.

For the first class, one may use the theory of the instability flag of Ramanan
and Ramanathan [26] in order to get bounds for the stability parameters x ([35],
compare [30,33]). In addition, we were able to reduce the case of generically
semistable M-twisted Q-sheaves to the case of M-twisted Q-sheaves which are
generically totally unstable in a different sense and obtain bounds on the stability
parameters x in this case, as well. Applying Harder-Narasimhan filtrations of
quiver sheaves for the stability parameter s, an argument introduced in [18], and
the analysis of the chamber structure from [6], we obtained the finiteness result
explained above.

There is another interesting aspect in the above distinction. The region of sta-
bility parameters (&, x) for which generically totally unstable (&, x)-slope semi-
stable quiver sheaves may exist is a priori bounded, by the results discussed
before. If there are slope semistable quiver sheaves which are generically semi-
stable with respect to the stability parameter, say, 1, then the region of stability
parameters may stretch out to infinity in the direction specified by 7. This gives
rise to an interesting question on representations of quivers over a field, namely,
for which quiver representations does there exist a stability parameter y # 0,
such that the representation is x-semistable in the sense of King? N

In order to deal with this question, let us briefly review the basic set-up for
studying the classification of quiver representations. Fix a field K and a quiver
Q= (V,A,t,h), let r = (r, € Nyv € V) be a dimension vector, and set

R :=Rep,(Q) := ) Homg (K"t | K"®),
a€A

2 In general, one may allow vector bundles of arbitrary rank.
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G :=GL,(V):= X GL,,(K), S:=8L,(V):= X SL,, (K).

veV veV
The group G acts in a natural way on the vector space R, and the set of G-
orbits in R corresponds in a natural way to the set of isomorphy classes of
representations of () with dimension vector r. In order to study the question
just raised, we need to look at the action of S on R, more precisely at the
invariant ring K[R]®. For r = (f,,a € A) € R, there exists a non-trivial stability
parameter x # 0, such that 7 is y-semistable if and only if there exists a non-zero
S-invariant function F' € K[R]® with F(r) # 0. So, in order to answer the above
question, we may try to compute the invariant ring K[R]S . By work of Schofield
and Van den Bergh [36,37], Derksen and Weyman [11], and Domokos and Zubkov
[13], the ring K[R]® is generated by determinants (see Remark 6). This implies
a satisfactory answer to our question although it still may be difficult to make
it explicit for a concretely given quiver.

Let us turn to a basic example, the quiver®

an

An—1 a
Api1: n n—1 2

1 —2 0.

This case was studied by Koike [24]. Koike’s paper is a predecessor to the work
of Schofield, Van den Bergh, Derksen, Weyman, Domokos, and Zubkov. His
result implies that, for r = (f,,a € A) € R, there exists a non-trivial stability
parameter x # 0, such that r is y-semistable if and only if there are indices
n >m > 1 >0, such that f,,,, o 0 f,, : C"sn — C" is an isomorphism.
Koike’s proof is based on an analysis of the representation of SL,, (C) x SL,., (C)
on Mat,, ,,(C), r1,72 € N.

In this note, we will provide a different proof based on the Hilbert—Mumford
criterion. It works well for linear quivers, because we know the decomposition
into indecomposable objects in this case. The technique is similar to the one
used by Abeasis and Del Fra [1] in the investigation of degenerations of orbits in
Rep, (An+1)- In our set-up, we need less detailed information than Abeasis and
Del Fra. On a representation space of a quiver, the Hilbert-Mumford criterion for
semistability holds over an arbitrary field (see Remark 1, v). So, an advantage of
our method is that we get a characterization of semistable quiver representations
over any field. Recall that, in the applications we have in mind, the field K will
be the field of rational functions on an algebraic variety X. Linear quiver sheaves
play an important role in the theory of Higgs bundles (see, e.g., [5,106]).

Koike also deals with the case of circular quivers. For circular quivers with
three vertices, it is possible to work out everything by hand. Let us point out
that quiver sheaves associated with circular quivers appeared in the form of
cyclotomic or cyclic Higgs bundles in work of Simpson [38], Collier [10], and
Garcia-Prada and Ramanan [17].

3 We choose this labeling of the vertices in order to comply with the standard notation
for holomorphic chains.
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2 Quiver Representations

A quiver @ is a quadruple (V, A, ¢, h) in which V' and A are finite sets, called the
set of vertices and the set of arrows respectively, and ¢,h: A — V are maps,
associating with an arrow a € A its tail t(a) and its head h(a), respectively. The
dual quiver is Q¥ = (V, A, tV,hY) with t¥ = h and hY =, i.e., QV is obtained
from @Q by reversing all arrows.

Obviously, a quiver is the same as a category with a finite set of objects and
finite morphism sets. Given an abelian category A, one may study the functors
from @ to A. These form again an abelian category. The classical case is when
A is the category Vecty of finite dimensional vector spaces over a field K. A
theorem of Gabriel’s [15] (compare [7], Theorem II.3.7) asserts that, for any
finite dimensional algebra </ over an algebraically closed field K, there is a
unique quiver @, such that the category of representations of <7 is equivalent to
the category of representations of @) in Vecty, obeying certain relations.

The classification of quiver representations reduces to the classification of
indecomposable representations. Another famous result of Gabriel’s ([14], 1.2,
Satz, [28], Chap. 8) characterizes quivers of finite representation type, i.e., quiv-
ers which admit only finitely many isomorphy classes of indecomposable repre-
sentations. In addition, it provides a classification of the indecomposable repre-
sentations. This should be a valuable result for studying quiver sheaves.

In this section, we will briefly review the formalism of quiver representations
and the parameter dependent theory of semistability, due to King [23]. Since sta-
ble representations are indecomposable, this is an important tool for partially
understanding indecomposable representations for wild quivers. For applications
to quiver sheaves, it will be important to characterize those quiver representa-
tions for which there exists a non-zero stability parameter with respect to
which they are semistable in the sense of King. For circular and linear quivers,
these characterizations were obtained by Koike ([24], Theorem 1 and 2). In fact,
Koike determined generators for the whole ring of semi-invariants. Here, we will
give different proofs for circular quivers with three vertices and A, 1-quivers
(compare Sect. 2.5).

2.1 Representations

Let K be a field. A K-representation of @ is a tuple R = (W,,v € V, fs,a € A) in
which W, is a finite dimensional K-vector space, v € V, and f,: Wy(q) — Wiy(a)
is a K-linear map, ¢ € A. The tuple dim(R) := (dimg(W,),v € V) is the
dimension vector of R. A K-subrepresentation of R is a collection (U,,v € V)
in which U, is a linear subspace of W,, such that f,(Uya)) C Up(q) is sat-
isfied, a € A. It is non-trivial (proper), if there is an index vg € V with
Uy, # 0 (Uy, # W) A quotient K-representation of R consists of a tuple
(qv: Wy — Qu,v € V) of surjective K-linear maps, such that (ker(g,),v € V) is
a K-subrepresentation. We will often denote it in the form (Q,,v € V). It is non-
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zero (proper), if (ker(q,),v € V') is proper (non-zero). The dual K-representation
is RV := (WY, veV, fY: Wiay — Wiia)- It is a K-representation of the dual

quiver QV of Q.

2.2 Semistability

Semistability of K-representations depends on a tuple x = (xv,v € V) of real
numbers. For a collection (T, v € V) of finite dimensional K-vector spaces which

are not all trivial, we define the yx-dimension as dim, (T,,v € V) := > xy -
- - vevV
dimg (7,) and the x-slope as

dim, (T, v € V)

S dimg(T))
veV

px(Tyyv € V) =

We say that a K-representation R = (Wy,v € V, fq,a € A) of Q is x-(semi)stable,
if
N&(vav € V)(S)/‘K(vau ev)

holds true for any non-trivial, proper K-subrepresentation (U,,v € V) of R.

Remark 1. i) Note that any K-representation of @ is semistable with respect to
the parameter 0 € R™. It will be O-stable if and only if it is simple, i.e., does not
have a non-zero, proper K-subrepresentation.

i) One readily checks that, for a stability parameter xy = (x.,,v € V) € R™,
a real number ¢, and x¢ := (x, + ¢,v € V), a K-representation R = (W,,,v €
V, fa,a € A) is x-(semi)stable if and only it is x°-(semi)stable. One may use this
observation to assume without loss of generality that

> X - dimg (W) = 0.
veV

Under this assumption, R is x-(semi)stable if and only if
Z Xo - dimg (U,)(£)0
veV

holds for every non-zero, proper K-subrepresentation (U,,v € V') of R.

iii) Since the dimension of K-vector spaces behaves additively on short exact
sequences, one sees that a K-representation R = (W,,v € V, f,,a € A) is x-
(semi)stable if and only if B

HK(WQHU € V)(S):ux(QvaU ev)

holds true for any non-trivial and proper quotient K-representation (g,: W, —

Qy,v e V) of R.
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iv) Part iii) implies that a K-representation R of @ is (semi)stable with
respect to the parameter xy = (x,,v € V) if and only if the dual K-representation
RY of QV is (semi)stable with respect to the parameter —x = (—x.,,v € V).

v) There exists a Harder-Narasimhan filtration for K-representations with
respect to the stability parameter x ([21], Theorem 2.5). As in [22], Theorem
1.3.7, one uses it to show that a K-representation of @ is y-semistable over K if
and only if it is y-semistable over the algebraic closure K. This is not necessarily
true for y-stability (see Example 1).

vi) For a tuple (Ty,v € V) of K-vector spaces, we define the support as the
set Supp(Ty,v € V) := {v € V|T, # 0}. Likewise, we define the support of a
tuple x = (xv,v € V) of real numbers as Supp(x) := {v € V| x» # 0}. When
studying (semi)stability of a K-representation (W,,v € V, f,,a € A), it clearly
suffices to restrict to stability parameters x with Supp(x) C Supp(W,,v € V).

vii) Let R = (W,,v € V, fu,a € A) be a K-representation. Define

N::{gz(wv,veV)eR#V] Zwv-dimK(Wu)zt)} (1)

veV

and
S = {g € N | R isw-semistable }

Note that S is a cone in N, ie., for x*,x* € S and Aj, A2 € Rxg, the tuple
A1 -Xl + Ao -XQ also lies in S.
viii) Fix a tuple r = (r,,v € V') of non-negative integers. A test configuration

is a tuple e = (e, v € V) of integers with 0 < e, <7,,veV,and 0< > e, <
veV

> r,. With a test configuration e, we associate the wall

veV

%::{g:(wv,vé\/)’ Zwvoev:0}.

veV

These walls induce a decomposition

N=|]%

veV

into locally closed subsets, called chambers, such that, for i = 1,...,w, x,x €
%, a K-representation R of @ is x-(semi)stable if and only if it is y/-
(semi)stable. Note that every chamber contains integral vectors. This means
studying (semi)stability with respect to real stability parameters amounts to
the same as studying it with respect to integral stability parameters. A result
of Derksen and Weyman ([12], Theorem 5.1, see also [27], Theorem 3) explains
how to compute this decomposition in terms of the quiver Q.

The last result we would like to emphasize is the existence of Jordan—Holder
filtrations.
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Proposition 1. For every stability parameter x = (xv,v € V) € N and every
x-semistable K-representation R = (W,,v € V, fo,a € A), there exists a filtra-
tion

0=R'CR'C---CR'CRT™:=R

by K-subrepresentations, such that

a) dimX(Ri) =0,7=0,...,s+1,
b) R*/R' is x-stable, i =0, ..., s.

Furthermore, the isomorphism class of
i=0

depends only on R and x.
Proof. See [21], Proposition 2.7.

The filtration in Proposition 1 is the Jordan—Hélder filtration of R (with respect
to x), and the representation in (2) is denoted by gr, (R) and called the associated

graded K-representation of R (with respect to x).

Remark 2. i) Note that gr, (R) is x-semistable.

ii) If K is not algebraically closed, the Jordan-Hélder filtration and the asso-
ciated graded object may change when passing to an algebraic extension LL of K
(see the following example).

Ezample 1. We look at the quiver Using the normalization from Remark 1, ii),
we see that 0 is the only relevant stability parameter for K-representations of
Q. A K-representation of @ is a finite dimensional K-vector space W together
with an endomorphism f: W — W. If dimg (W) = 2, then a one dimensional
K-subrepresentation is spanned by a non-zero eigenvector of f. So, we may take
K = R and an endomorphism f: R? — R? with characteristic polynomial
22 + 1. Then, (R?, f) is O-stable (Remark 1, i), but its extension to C isn’t.
The Jordan-Hélder filtration over R is 0 C R?, and, over C, the Jordan-Hélder
filtrations are of the form 0 C (v) C R?, v being a non-zero eigenvector of f.

A K-representation R is x-polystable, if it is x-semistable and isomorphic to
gr, (R). We say that a K-representation R is totally unstable, if it is unstable
with respect to any non-zero stability parameter x € R#YV. We will present
the classification of totally unstable K-representations of certain quivers in the
section after next.
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2.3 The GIT Set-Up
Fix a tuple r = (r,,v € V) of non-negative integers and set
U:= Repz(Q) = ED HOHIK(KT‘(“) , Krh(a)).
veV

It parameterizes K-representations of ) with dimension vector r. Every K-repre-
sentation of ) with dimension vector r is isomorphic to one in Rep, (Q). Next,
introduce the reductive affine algebraic group

G := GL,(K) := X GL,, (K).
veV

It acts on Rep,(Q) via
GL,(K) x Rep,(Q) — Rep,(Q)
(g7u) = ((BU?U € V)v (fava € A)) U (Bh(a) o fa © Btzi)aa € A)

Note that two K-representations in Rep, (Q?) are isomorphic if and only they lie
in the same GL, (K)-orbit. Let

S::K[U]G:{feK[UHVgeG, ueU:f(g.u):f(u)}.
The affine algebraic variety
U//G := Spec(S)

parameterizes semisimple, i.e., 0-polystable, K-representations of ¢ with dimen-
sion vector r.

Remark 3. Suppose x € R#Y \ {0} is a non-trivial stability parameter and R =
(Wy,v €V, fa,a € A) is a x-semistable K-representation. Let

0=R'CR'C---CR°CR' :=R

be the Jordan-Holder filtration of R with respect to x and write R/ = (Wi, v €
V), i =1,...,s. We may pick bases { wy1, ..., wyq, } for W, such that

<w”1’ ""w'udimK(Wg)> = W57 -] = 15 8, VE V.

Using these bases, I? and gr, (R) define points u and v’ in Rep,. (A1), r being
the dimension vector of R. We also choose integral weights v < -+ < 75 < V1.
One may use these data to define a one parameter subgroup

A Gy (K) — GL,(K)

with
Jim A(t) -u=nu'.

This shows that «' lies in the closure of the orbit of w.
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Let x: GL,(K) — G;,(K) be a character. A x-semi-invariant is a regular
function
f:U—K

with the property

Vge G, uelU: f(g-u)=x(g)- f(u).

Remark 4. Let f be a y-semi-invariant. The open subset

Up:={ueU|f(u)#0}
is invariant under the G-action on U.

We let
K[UJX := {f e K[U]| fis ax—semiinvariant}

be the sub vector space of y-semi-invariant functions. The ring

is a finitely generated K-algebra. We set
U//xG := Proj(K[U]y).
Since K[U]X" = K[U]%, we have a projective morphism

m: UG — UJG.

Remark 5. i) The natural rational map U --» U/, G is defined in a point u €
U if and only if there exist a positive integer d > 0 and a y%-semi-invariant
f € K[U]X" with f(u) # 0. This is the GIT notion of semistability defined with
respect to the linearization of the G-action in &y defined by the character x (see

[23], Sect. 2).
i) Let x = (xv,v € V) € Z#V be a tuple of integers. It yields the character
x: GLy(K) — G (K) (3)
(Bp,v €V) — H det(B,)x".
veV

Theorem 1. ([23], Theorem 5.1) Let x = (x,,v € V) € (NNZ#V) be a tuple
of integers and let x: GL,.(K) — G,,(K) be the character from (3). Then,
for a point u = (fq,a € A) € Rep,.(Q), the K-representation R = (K™, v €
V, fa,a € A) is x-semistable if and only if there exist a positive integer d > 0

and a y~%-semi-invariant* f € K[U]Xﬁd with f(u) # 0.

4 Take note of the sign.
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In view of Remark 1, viii), this gives the GIT interpretation of the notion of
semistability introduced before.

Remark 6. i) An obvious way to construct semi-invariants is the following: For

a given dimension vector r = (r,,v € V), look for tuples A = (\,,v € V),

A = (Ay,v € V) of non-negative integers with > A\, -7, = >, X -7, and
veV veV

paths in @, including those of length zero, connecting points in Supp(}) to

points Supp()’). Given these data, we may assign to every K-representation
R=(W,,veV, f,ac A) of Q a linear map

Pwr — Pw.

veV veV

Mapping R to the determinant of this linear map, gives a semi-invariant function
Rep, (@) — K. It was shown by Schofield and Van den Bergh [36,37], Derksen
and Weyman [11], and Domokos and Zubkov [13] that, for a quiver without
oriented cycles and an infinite field K, all semi-invariants may be generated
from semi-invariants of the above shape. This implies that semistability can be
characterized by basic linear algebra conditions, stating that at least one linear
map from a certain list must be an isomorphism.

ii) Set
SL,(K) := X SL,, (K).
veV
The ring
K [Rep, (Q)] ™™

consists of all semi-invariants. Koike determined in [24] generators for this ring
for circular quivers and quivers of type A, ;1.

2.4 Quivers of Type a

Let n > 1 be a natural number. We write A, 11 for the quiver

n % o1 It %2 o Y L, (4)

For a K-representation (W;,i = 0,...,m, fo,,i = 1,...,n) of Ay y1, weset f; := fa,,
t=1,...,n.

Lemma 1. Let R = (W;,i = 0,...,n, f;,i = 1,...,n) be a K-representation of
Aps1 and x = (X4, = 0,...,n) € N a stability parameter, such that R is x-
semistable. Set $ := Supp(W;,i = 0,...,n) N Supp(x), m := min($) and M =
max(®). Then, xm <0< xum. N

Proof. The tuple (U;,i = 0,...,n) with U; = W;, i = 0,...,m, and U; = 0,
i=m+1,...,n, is a K-subrepresentation. It satisfies

in ~dimg (U;) = X - dimg (Wy,).
i=0
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By our conventions, dimg(W;,) > 0. The tuple (V;,i = 0,...,n) with V; = W,
1=0,.... M —1,and V; =0, i = M, ...,n, is also a K-subrepresentation. We find

in dll’nK(VZ) = —XM dlm]K(WM)
=0

Again, our set-up grants dimg (W) > 0.

Our considerations regarding semistability of K-representations of A,,; will rely
on the classification of indecomposable K-representations. Let us briefly recall
it.> For j = 0,...,n, we let I;; be the K-representation (W;,i = 0,...,n, f;,i =
1,..,n) with W; = K and W; = 0, ¢ € {0,...,n} \ {j}. Moreover, for 0 <
j < k < n, we have the K-representation L, = (W;,i =0,...,n, fi,i =1,...,n)
with W; = K, i = 4,..,k, W; = 0,4 € {0,....,n}\ {4,....,k}, and f; = idg,
i =354 1,..., k. Graphically, we have

L:0—-+—0—K-—0-—---—0,
]Ijk:0_,..._>0_>KM_K>...M_K>K_,O_>..._,0_

Proposition 2. Every K-representation of A,11 is isomorphic to a direct sum
of K-representations of the form L, 0 < j <k < n.

Proof. For n =0, 1, one knows the result from basic Linear Algebra. We proceed
by induction on n. Let R = (W;,i =0,...,n, f;,i = 1,...,n) be a K-representation
of A,+1. We form the K-subrepresentation S = (U;,i = 0,...,n) of R, by setting
Uy =0, U; :== ker(fyo---0f;), i = 1,...,n. Since Uy = 0, we may view
S as a K-representation of A, and apply the induction hypothesis to it. To
conclude, we will construct a direct complement 7" to S which is a direct sum of
indecomposable K-representations from the above list.

Set ¢; := codimy, (U;), i = 0,...,n, and ¢p41 := 0. Note that ¢; < ¢;_1,
i=1,..,n. In fact, let i € {1,....,n} and X; C W; be a direct complement to
Ui. Then, Xz = fz(Xz) and fz(Xl)ﬁU1_1 =0. Next, let n 2 jl > > jr Z 0 be
the indices where the codimension jumps, i.e., ¢;,+1 < ¢;j,, p = 1,...,7. Choose
vectors uj,...,uy € Wj, which form the basis of a direct complement X, of

Uj,. Define T = (I}",i =0, ..., j1) with I;? := (u}) and I]"" = ((fix1 0+ 0
fi)(uy)), v =0,...,j1 — 1. Next, choose vectors u3 ,1,...,u3, € W;, which form
together with the vectors (fj,—10---0f;,)(u}), ..., (fj,—10-- -0 f5,)(u},) the basis
of a direct complement X, for Uj,. Then, we may define I*", v = d; + 1, ..., da,

similarly as before and iterate the construction. Now,’
T dp
D D
p=ld, 1+1

5 The general classification scheme for indecomposable representations of a quiver of
finite representation type is given by Gabriel’s theorem (see [28], Chap. 8).

6
Set do = 0.
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clearly is a K-subrepresentation of R and a direct complement to S. Finally,
note that, if j, = 0, then 1% = Igg, v = d,_1 + 1,...,d,, and that, otherwise,
v = ]IOj,,a vV = dp—l + 1, ...,dp, p = ]., ey T

Remark 7. 1) For 0 < j < k < n, the K-subrepresentations of I;; are I;;, [ =
Jyeeer k.
ii) For [ = 1,...,n, define the stability parameter x! = (x},i = 0,...,n) by
xi:=1,x1-1:=—1,and x; =0,i € {0,....,n}\ {{—1,1}. The K-representation
I is semistable with respect to the stability parameters XLl=441,..k,
0<j<k< n

iii) Let R = (W;,i =0,...,n, f;,i = 1,...,n) be a K-representation of A, 11
and x = (xi,7 =0,...,n) € N a stability parameter, such that R is y-semistable.
If ]Ij; occurs in the decomposition of R into indecomposables, then x; = 0,
Jj =0,...,n. If Lj; occurs in the decomposition of R into indecomposables, then

k

> xi = 0,0 < j <k < n. These conditions follow, because the respective
i=j

indecomposable K-representation is both a K-subrepresentation and a quotient
K-representation of R (compare Remark 1, iii).

Lemma 2. Fiz 0 < j < k < n, and let x = (xs,i = 0,...,n) be a stability

k
parameter with Y x; = 0 and Supp(x) C {j,....,k }. Then, Lj; is x-semistable if
i=j - -
and only if x is a linear combination of the Xl, l=3j4+1,..., k, with non-negative
coefficients.

Proof. If x is a linear combination of the x!, I = j + 1, ..., k, with non-negative
coefficients, then Remarks 7, ii), and 1, Viij, show that L;; is y-semistable.

Suppose conversely that I is x-semistable. We apply induction on k — j.
For k — j = 1, there is nothing to show. According to Remark 7, i), I;; is a
K-subrepresentation, so that x; < 0. Set ¥’ = (x},i = 0,...,n) :== x + x; - X°.
In order to apply induction, we need to show that Ltk is x'-semistable. For
l=75+4+1,....k, we find N

! I !
Z Xi = ( Z Xi> + (Xi+1 +Xj):ZXi > 0.
i=j

i=j+1 i=j+2
So, the K-subrepresentation I;41; is not destabilizing, [ = j +1,..., k.

Remark 8. 1) Using the decomposition of a K-representation R into indecompos-
ables, Lemma 2 enables one to determine all stability parameters y with respect
to which R is semistable. B

ii) A K-representation which is stable for some stability parameter y is inde-
composable. This follows from Remark 1, iii), because a direct summand is both
a K-subrepresentation and a quotient K-representation. For j = 0, ...,n, the K-
representation I;; is O-stable, by Remark 1, i). Now, let 0 < j < k < n and

E
X € R#V be a stability parameter with > y; = 0. Using the description of the
i=j
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K-subrepresentations of I, (Remark 7, i), we see that the following conditions
are equivalent:

o I;; is x-stable.

l
o S xi <0, 1=k —1.
i=j
k
. xi>0,l=75+1,...k.
i=1

1=

Lemma 3. Let 0 < j <k <n,0<1<m<n, andlet&ER#V\{O} be a
k m

stability parameter with > x; = 0 = > x;. Suppose that L, and 1, are both
i=j i=l

X—stable.7 Then, one of the following conditions is satisfied:

j=1land k=m.
k<l
m < j.
j<landm <k.
l<jandk <m.

Proof. Suppose that none of the above conditions is satisfied. Then, after
exchanging the roles of (j,k) and (I, m), if necessary, we have j <l <k <m
and j <[ or k < m. Let us assume j < [. Then, by Remark 8, ii),%

k
0<> xi 0.
1=l

This is clearly impossible. A similar argument applies if j =1 and k& < m.

The following result gives a characterization of the totally unstable K-represen-
tations of A,41.

Proposition 3. Let R = (W;,i = 0,....,n, fi,i = 1,...,n) be a K-representa-
tion of Ant1. Then, there exists a stability parameter x € N \ {0} for which
R is semistable if and only if there are indices 0 < j < k < n, such that
figr0---0 fr: Wi, — W is an isomorphism.

Proof. Suppose there exist indices 0 < j < k < n, such that fj;q0---0
fi: Wi — W is an isomorphism. Then, R is semistable with respect to the
stability parameter xy = (x;,¢ = 0,...,n) with x; = —1, xx = 1, and x; = 0,
i € {0,...,n}\ {4,k}. In fact, let (U;,i = 0,...,n) be a K-subrepresentation.
Then, dlmK(Uk) < CliIIl]K([]j)7 i.e.,

n
> xi - dimg (U;) = dimg (Uy) — dimg (U;) < 0.
i=0
" Then, Ijx @ Lim is x-semistable.
8 The second inequality is an equality if and only if k = m.
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Pick a non-trivial stability parameter xy € N\{0}, such that R is y-semistable,
and let gr, (R) = (W/,i =0,....,n, f],i =1, ...,n) be the associated graded K-re-
presentation of R with respect to y. We contend that it is sufficient to prove the
assertion for gr, (W) which is also X—semistable. To this end, we may choose bases
for the W, i = 1, ..., n, which are compatible with the Jordan-Hélder filtration,
so that they induce bases for the vector spaces W/, ¢ = 1,...,n. So, we may
think of R and gr, (R) as points of Rep,.(A,41), r = (dimg(Wp), ..., dimg (W},))
(compare Remark 3). Suppose that 0 < j < k < n are indices, such that f]/‘+1 o
-~ o fr: Wi, — Wj is an isomorphism. Then, necessarily r; = rj, and we may
study the function

ik : Rep,(Anp1) — K (5)
(hiyi=1,...,n) — det(hjq10---0hy). (6)

It is a semi-invariant for the GL, (K)-action with respect to the character

Xjk: GLL(K) — Gm(K)
(Bi,i=0,...,n) — det(B;) - det(By,) "

The set where v, does not vanish is open and GL,(K)-invariant. By Remark 3,
gr, (R) is contained in the closure of the GL,(K)-orbit of R. Therefore, ;) does
not vanish in R. This means that fi+10---0 fr: Wi, — W is an isomorphism.

By the above discussion, we may suppose that R is y-polystable. By Remark
8, ii), x-stable K-representations are indecomposable. This means that the direct
sum decomposition of R into y-stable K-representations is the decomposition
into indecomposable K-representations. If I;; appears in the decomposition, then
x; =0, j=0,...,n. Since we assume X to be non-trivial, there must be indices
0 < j < k < n, such that I occurs in the decomposition. Pick 0 < jo < ko < n,
such that I x, is a direct summand of R and ko — jo takes the minimal value
among the index pairs (j, k) with 0 < j < k < n and I;; appearing in the direct
sum decomposition. We assert that fj 41 0o fi, is an isomorphism. In fact,
this follows from Lemma 3 and the fact that R is y-polystable.

Remark 9. The argument given at the end of the above proof shows, more pre-
cisely, that, if I;; appears in the decomposition of gr, (R), then fjij 00
frx: Wi, — Wj is an isomorphism. B

ony fiyi = 1,...,n) be a K-representation of
<

Ezample 2. Let R = (W;,i = 0, .. ,
(Wg), for 0 < j < k < n. Then, R is totally

An+1 with dlmK(Wj) 75 dlmK
unstable.

Remark 10. 1) Given a quiver ) and a dimension vector r, one may ask for
which stability parameters x there do exist y-semistable K-representations of
Q with dimension vector r. The results mentioned in Remark 6 and the cone
decomposition of N discussed in Remark 1, viii), both give a general answer to
this question. I have not checked, if these methods can be applied to classify
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totally unstable representations. (Note that the quoted results all start from a
given dimension vector. The answer we are looking for should not mention the
dimension vector explicitly but rather imply conditions for it being eligible as
the dimension vector of a semistable representation of the quiver.)

ii) The above reasoning can, in principle, be carried out for all quivers of
finite representation type. However, already for other orientations of the graph

the conditions may become much more complicated to state. They can be
extracted from [24], Theorem 3.

iii) Note that for every stability parameter x € N there exists — up to
isomorphy — at most one y-polystable K-representation of dimension vector
r. So, a moduli space for y-semistable K-representations of A, of dimension
vector 7 is either empty or consists of just one point.

2.5 The Invariant Ring

We would like to recover Koike’s computation of the invariant ring K[U]%. We
will apply the following classical result of Hilbert.

Theorem 2. Let K be an algebraically closed field of characteristic zero, S a
reductive algebraic group, U a finite dimensional K-vector space, and p: S —
GL(U) a rational representation. Suppose that fi,...,fs € K[U]® are invari-
ants whose common vanishing locus is the set of nullforms. Then, the invariant
ring K[U]® equals the integral closure of K[fi,..., fs] in the field of invariants
QKIUT®).

Proof. [20], §4, [39], Theorem 4.6.1.

Let n be a positive integer, r a dimension vector, and K a field. As before,

we define U := Rep,(4,41), G := X GL,,(K). and S := X SL,,(K). For
- i=0 i=0

0<l<m<nwithr,=rp,r, >rm,v=I01+1,...m—1,let v,: U — K be

the invariant defined in (5). We say that v, is a basic invariant, if

Ywe{l+1l,..,om—1}: 1, >r,.

Remark 11. Let 0 < I; < m; < n, ¢ = 1,2, be such that v,,,, and v, are
distinct basic invariants. If #({ly,...,m1 } N {la,....ma}) > 2, then l; < I3 <
me < mq orly <li <myp <ms.

Proposition 4. (Koike) Assume that K is infinite. Then, the basic invariants
are algebraically independent.

Before we start with the proof, let us compare G-orbits and S-orbits in U. For
0 <l <m<mnand \; € K*, ¢« =1+ 1,...,m, define the indecomposable
representation

Am -idg

Am—1-idg )\l+2~idK >\l+1'id]K
K 2 . K

Hlm()\l+17m7)\m) : K K.
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We assume that K admits r-th roots of unity, for € {rg,...,7, }. This implies
that
Gn(K)*tD) x § — G
((zi,i =0,..,n),(B;i=0, ,n)) — (2; - By, i =0,...,n)

is surjective. In view of Proposition 2, we see that every S-orbit contains a
representation of the form

@Hlimi()\li+l7"'7)\mi)®yi’ (7)
i=1

satisfying (I;,m;) # (I;,m;), 1 <i<j<s,andy; >0,i=1,...,s.

Remark 12. For fixed values of s, and (I;,m;), v;, i@ = 1,...; s, there might be
distinct tuples (A1, ..., As), (A],...,A,) which define, via (7), representations in
the same S-orbit. This applies, for example, if A; and A} differ by an r;-th root
of unity, i = 1, ..., s. More identifications will appear in the proof of Theorem 3.

Proof. (of Proposition 4) We will prove by induction on k that any set of k basic
invariants is algebraically independent. For k = 1, there is nothing to show.
For the induction step, let us suppose we are given 0 < I; < m; < n, such

that v;,,,,, is a basic invariant, ¢ = 1, ...,k + 1. We choose the indexing in such a
way that

Mp+1 — lgp1 = pi=min{m; —l;|i=1,...,k+1}
and

Mi41 zmax{mi|i e{l,.,k+1}:m; —1; :M}-
Set I; := %,m,, ¢ = 1,...,k + 1, and assume that s € K[zy,...,z541] \ {0} is a
polynomial with

S(Il, ) Ik+1) =0.

We write
s=uag- :Z:Z_H +- Fa1 - Tpyr Far with a; € K[ty,..., 8], j=0,...,t

By the induction hypothesis, A; := a;(I, ..., I) # 0, for those j € {0, ..., ¢ } with
a; # 0. Since we are working over an infinite field, we may pick a representation
r = (fa,a € A) € U with A;(r) # 0, for those j € {0,...,¢t } with a; # 0. Define

Y= {2 € {1,k 3 [ Dims (1) 2 O A ({Liy ooy i } O { L1, oo i }) > 2 }
By Remarkl11, this set is ordered by the relation “<” with
V(ll,ml), (l2,m2) e NxN: (ll,ml) < (127m2) = Iy <li <m1 < mao.

Let us first assume T = @. For A € K, we define 7 = (f,i = 0, ...,n), such

that ff‘ = fi, 1 E {O,,TL} \ {lk+1 + 1,...,mk+1}, and fl/)\c+1+1 0---0 f;)\@qul =
A idKT77lk+1 . Then,

Ii(?A) = Ii(T), i=1,...,k, and Ik-l—l(?)\) = ANkt
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This is clearly impossible.

Next, we look at the case T # @. Let iy be the index, such that (I;,,m;,)
is minimal with respect to “<” among the pairs (I;,m;), i € Y. Without loss
of generality, we may assume ig = k. We may also suppose that r has the form
specified in (7). For A € K, we define 7 = (f,i = 0,...,n), such that f* = f;,
i€{0,...,n I\ {lgx1+1,...,mpy1}, and fl/;\e+1+1 0.0 7/7\Zk+1 is given by the block

matrix
((flk+1+1o"'°fmk+1)|]1(mk 0 )

0 DT PE——

Then, I;(7) = Li(r), i =1, ..., k, and
Ik+1(F/\) = Nkt T Tmy Det((flk+1+1 0.--0 fmk+1)\K""k )
Again, this is impossible.

Theorem 3. (Koike) Let K be an algebraically closed field of characteristic
zero. Then, the invariant ring K[U]® is (freely) generated by the basic invariants.

Proof. Proposition 3 implies that the basic invariants cut out the set of nullforms.
By Theorem 2, it remains to show that the field Q(K[U]%) is generated by the
basic invariants, too. Let B C K[U]® be the K-subalgebra generated by the basic
invariants. We know that

Spec(K[U]®) — Spec(B)

is a finite morphism. Since we are working in characteristic zero, Zariski’s main
theorem ([8], AG 18.2, Theorem) implies that it suffices to verify that this mor-
phism is (generically) one-to-one. This amounts to showing that the basic invari-
ants separate closed S-orbits.
So, we need to understand what the closed S-orbits are. Let us look at a
representation r as in (7). In the obvious labeling, there is a basis
eb,c

a

a=lp,.ccomp, c=1,...1, b=1 ..s,

2T
for Ki=0 | corresponding to the presentation of r in the form (7). Suppose we
have two distinct indices 7,5 € {1, ..., s} with

(Note that [; < I; or m; < m;.) Let A: G,,(K) — S be the one parameter
subgroup which acts on e’¢ with weight —Vvj, a=1;,..,mj,c=1,..., v on el
with weight v;, a = [;,...,m;, ¢ = 1,...,;, and on all other basis vectors with
weight zero. Let

Too 1= lim A(2) - 7.

Then, we obtain ro, from r by replacing

]Il'imi ()‘li-i-la ) /\mi)@w ® Hljmj (A{j+1’ e )‘gnj )EBVj
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by
Ty +1)m; 425 00 Ami )OI (M 41, 0 Ay ) EEIT9) @I 1, 1) g1, o0 Ay 1) B9,

and leaving all the other summands unchanged.
Now, let us assume that r is as in (7) and that the S-orbit of r is closed. Set

By our previous argument, we have, for 1 < i < j <5, ; <m; <l < my,
i <my <l <my, (L;,m) < (I;,my), or (I;,m;) < (l;,m;). It is now clear
that the basic invariants, evaluated at r, determine II. Then, v4, ..., v, are also
determined.

Applying induction on s, we will prove that Aq,..., A, can be recovered from
the basic invariants evaluated at r.” For s = 1, the assertion is trivial.

For the induction step, we may assume without loss of generality that IT
has a unique maximal element with respect to “<”. We choose the labeling
in such a way that (l,11,mpt1) is minimal with respect to “<” among the
elements of IT. Let ig € {1, ..., s } be an index with (Ip41,mp+1) < (L, m4,) and
“((Ligymig) < (Liymi) < (lpg1,mps1)), @ = 1, ..., 5.'% We may choose the labeling
in such a way that (I;,,mi,) < (Li,m;), i =ip+1,...,;8, and ls41 < mgepg < -+ <
lig+1 < myg41. If there is an index j € {9 + 1,...,s }, such that [; — mj4q1 > 2,
then we may directly apply the induction hypothesis. If [; — mj;1 =1, j =
i0 + 1, ..., s, the induction hypothesis shows that all )\; are determined, except
for, possibly, A\; with j € {l;|i = ip +1,....,s + 1} U{mj,41 + 1}. Let s € S

be the element which multiplies e2¢ by Masrs @ = lsp1,ymgyr, ¢ = 1,0,
be B = {1, el | (ls+1,ms+1) < (l“ml) }, and €Z+1’Czl:)y un, a = l5+1, vy Mgt 1,
— 1%

b
c=1,...,Vs41. Here, p € K satisfies ps+1 = (N, ,) *<#’ . If we apply s to r,
we get ' with \j | =1, A = pu~t- )., and the remaining numbers unchanged.
Continuing this way, we see that we may assume without loss of generality
Ay =1, j=do+1,...,s + 1. We recover A, 41 from v —1y(m, 041)(r)-

2.6 Circular Quivers

Iiet n > 2 be a natural number. In this section, we will work with the quiver
A, =({1,...,n} At h) whose arrow set is A ={ay,...,an }, t(a;) =4, and

i+ 1, fori=1,...,n—1
1, fori = n

)

t=1,...,n.

9 There might be different sets of numbers giving isomorphic representations. This
will become clear in the proof.
10 As an example, look at the picture

e — 0 —> @ e — @ e — @

* — 0 — 06— 0 — 0 — 06— 00— 00— 0 — 0

1 Bear in mind Remark 12.
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Remark 13. Note that the dual quiver of a circular quiver is also a circular
quiver.

For a K-representation (W;, fa,,% = 1,...,n) of a circular quiver ﬁn, we will write
fi instead of f,,, i =1,...,n, and denote it as (W}, f;,i = 1,...,n). We start this
section with two observations which work for any n € N.

Ezample 3. Let (W;, fi,i =1,...,n) be a K-representation of A, such that there
exist indices 1 < j < k < w, such that fr_i0---0 f;: W; — Wy is an
isomorphism. Then, (W;, f;,i = 1,...,n) is semistable with respect to the stability
parameter X = (Xixt = 1,..,n) with x; = 1, xp, = =1, and x; = 0, ¢ =

,n\ {j,k}. To check this, let (U;,i = 1,...,n) be a K-subrepresentation.
Then dimg (U;) < dimg (Ug), 1

D xi - dimg (U;) = dimg (U;) — dimg (Ux) < 0

veV
If dimg (W;) = dimg(W) > 1 and K is algebraically closed, then (W;, fi,i =
1,...,n) is not x-stable. In fact, let v € W) be a non-zero eigenvector of
ficio-rofiofpo-iofir Wy — W;, U; == (v), Uy == (fi—10---0
fiofano---o fj)(U;), i = 1,..,n\ {j}. This is a K-subrepresentation with
dimg (U;) = dimg (Uy) = 1.

Lemma 4. Let (W, fi,i =1,...,n) be a K-representation of the circular quiver
A, i = dimg (W;), ¢ = 1,...,n, and x = (xi,i = 1,...,n) a non-zero stability
parameter with > x; -r; = 0, such that (W;, fi,i =1,....n) is X-semistable.
veV

i) Assume that 1 < j < k < w are indices with x; > 0 and x; > 0, i =
J+ 1.k Then, fyro---o fj: W — Wiy is injective.

ii) Ifl <j< k < w are indices with xx <0 and x; <0,1=7,....,k—1, then
fr—10--0 fr=p: Wimg — Wy is surjective.

Proof. i) Assume that V :=ker(fro---o f;) is a non-zero subspace of W;. Then,
(Us,i=1,..,n) with U; =0, ¢ & {j,...,k}, and U; :=V, Ujy; := (fj1-1 0

-0 f;))(V), 1l =1,....,k — j, is a non-trivial proper K-subrepresentation which
desemistabilizes (W, f;,4 = 1,...,n) with respect to .

ii) This statement follows from i), by passing to the dual K—representation
(see Remark 1, iv). Concretely, we define Uy, := (fx—10- -0 f=7)(Wj—1), Up—; =
(fec1o 0 foi) Y Up),i =1,k —j,and U; := W;, i & {j, ...,k }. Then,
(Ui,i = 1,...,n) is a K-subrepresentation which desemistabilizes (W;, f;,i =
1,...,n) with respect to x, if Uy is a proper subspace of Wj. This can be
most easily seen by looking at the corresponding quotient K-representation
(cf. Remark 1, iii).

Proposition 5. Let r = (r1,72,73) be a dimension vector with r; > 0, i =
1,2,3, x = (X1, X2, x3) a stability parameter with x1 -r1 4 X2 - 12 + X3 - 13 =
0, x3 <0, x1 > 0,2 and (W;, fi,i = 1,2,3) a K-representation of As with

12 For any non-trivial stability parameter, this holds true for a suitable cyclic relabeling
of the vertices.
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dimg(W;) = ry, @ = 1,2,3. Then, the K-representation (W, fi,i = 1,2,3) is
x-semistable if and only if one of the following conditions is satisfied:

a) r1 =719 =73, and f1 and fy are isomorphisms.

b) r1 =13, fao f1 is an isomorphism, and x = A - (1,0,—1), for some positive
real number \. N

c) ro = r3, fo is an isomorphism, and x = A - (0,1, —1), for some positive real
number \. B

Proof. Let us first check that the stated conditions are sufficient. We start with
Case a). Note that y2 + x3 < 0. For any K-subrepresentation (Uy, Uz, Us), we
have dimg (U1) < dimg (Usz) < dimg (Us), so that

x1 - dimg (U1) + x2 - dimg (U2) + x5 - dimg (Us)
= x2 - (dimg(Us) — dimg (Uy)) + x3 - (dimg(Us) — dimg (Uy))
< x3 - (dimg (Us) — dimg (Uz)) < 0.

Cases b) and c¢) are included in Example 3.

Let (W, fiyi = 1,2,3) be a x-semistable K-representation of As. Note that
X3 < 0 implies that f, is surjective, by Lemma 4.

If f1 is not injective, then y; = 0, for the same reason. But then, yo > 0 and
f2 must be injective, i.e., fa has to be an isomorphism, and we have Case c).

Next, suppose fi is injective. If yo < 0, then f; must be surjective, i.e.,
an isomorphism. Thus, r; = r2 and x1 + x2 > 0. This implies that f; o f is
injective. Indeed, a non-zero element v € ker(f; o f1) would provide us with the
K-subrepresentation (v, f1(v),0). Its dimension vector is (1, 1,0), so it would be
destabilizing. Since f; is an isomorphism, f has to be injective. Since this linear
map is also surjective, it is an isomorphism, and we are in Case a).

We have already seen that y2 > 0 implies that f; is an isomorphism. If
x1 > 0, then x2+xs < 0. This forces f; to be surjective. If it were not surjective,
(0, Wa/ f1(W1),W5/(f2 o f1)(W1)) would be a quotient K-representation with
dimension vector (0,79 — r1,72 — 71), i.e., it would be destabilizing. So, x2 > 0
leads to Case a) or Case c).

It remains to look at the case y2 = 0. The same argument as before shows that
f20f1 is injective. If it were not surjective, then (0, Wa/ f1(W1), W3 /(fao f1)(W1))
would again be a destabilizing K-quotient representation. This leads to Case a)
or Case b).

Ezample 4. Proposition 5 shows that every K-representation (W;, f,i = 1,2,3)
of Az with r; #r;, 1 <14 < j <3, is totally unstable.

We refer to [24] for more general results, including the analog of Proposition 5
for arbitrary n.

3 Quiver Sheaves

Let (X, 0x (1)) be a polarized smooth projective variety over the complex num-
bers. The general formalism of quiver sheaves on X has been surveyed in [6].
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We will stick to the notation in that paper.!® In this section, we will assume
that all twisting sheaves are line bundles, that is, in M = (M,,a € A), we have
rk(M,) =1, a € A (see Remark 14, iii). We let K := C(X) be the function field
of the variety X. The restriction of a quiver sheaf % to the generic point of the
variety X is a representation of the quiver in the category of K-vector spaces.
In this way, the theory of quiver sheaves becomes related to the theory of quiver
representations. In [5], this observation was used to get an understanding of
the shape of parameter regions of semistable As-sheaves.!* In this note, we will
slightly expand this method.

For the following, let @ = (V, A,t,h) be a quiver, M = (M,,a € A) a
collection of line bundles on X, r = (r,,v € V) a tuple of positive integers,
and d = (d,,v € V) a tuple of integers. We say that an M-twisted @Q-sheaf
B = (60,0 € V, 0,0 € A) has type (r,d), if tk(&,) = r,, deg(&,) = dy, v € V.

3.1 The Generic Representation of a Quiver Sheaf

An M-twisted Q-sheaf Z = (&,,v € V, ¢4, a € A) can be restricted to the generic
point of X. This restriction will be denoted by R = (W,,v € V, fo,a € A). Tt is
a K-representation of @). It makes sense to study its stability properties. So, let
a = (a,,v € V) € R*V be a stability parameter. We say that Z is generically
a-semistable, if R is a-semistable.!®

Remark 14. 1) Assume that o satisfies > a, - 1k(&,) = > a, - dimg(W,) =
veV veV
0. Then, an M-twisted @Q-sheaf Z = (&,,v € V,p4,a € A) is generically a-

semistable if and only if, for every @Q-subsheaf (%,,v € V), we have Y « -
veV
rk(:%#,) < 0. This is because any K-subrepresentation of R can be extended to a

Q-subsheaf (Z,,v € V) of %.16

i) Any M-twisted Q-sheaf is generically 0O-semistable, by Remark 1, i).

iii) If we allow twisting sheaves of higher rank, then the restriction of a Q-
sheaf Z to the generic point of X will be a K-representation of the quiver Q(M)
in which the arrow a is replaced by rk(M,) copies of it, a € A. Note that the
analysis of totally unstable K-representations of the quiver @ and the quiver
Q(M) may be quite different. For example, look at e —* e and rk(M,) = 2.

It is now clear how the subdivision of the family of semistable quiver sheaves
into two classes described in the introduction works. The results of Sect. 2 make
this subdivision explicit for the quivers A,, 41, n € N, and As. The reader should
compare this with [5]. From the detailed investigation of the stability parameters,

13 An exception is the case of the quiver A, ;. Here, we use the labeling of the vertices
according to [3].

14 In that work, only the stability parameter xy was used, more precisely, x; := 1,
i=0,1,2. B

5 We do not look at stability, because stability is not well-behaved on non-algebraically
closed fields.

16 The extension is unique, if we require that &,/.%, be torsion free, v € V.
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we, thus, obtain important information on the shape of the region of stability
parameters for which semistable quiver sheaves might exist. The reader may
consult [5,25], for specific examples, [6] for generalities on the chamber decom-
position of the region of stability parameters, and [33,35], for general results on
boundedness of stability parameters and semistable quiver sheaves.
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Abstract. The force function is constructed for the given properties of
motion, independent from velocities. Previously the stochastic Ito equa-
tion is built for a given integral manifold by quasi-inversion method.
Further, the equivalent equation of Lagrangian structure is built accord-
ing to stochastic Ito equation, and then the force function is defined by
Lagrange’s function.

Keywords: Inverse problems + Stochastic Ito equation - Integral
manifold - Force function

1 Statement of the Problem
On the basis of a given set
At): Mz,t) =0, AN€R™ xz€R", \cC% (1)

it is necessary to construct a generalized force function U = U (x, ,t) so that
A (t) is the integral manifold of the stochastic equations of the Lagrange structure

d (0L oL o ) N
% (amy> o 87% - O'uj(x,l‘,t)fy, (l/— 1,n’ ] — 177‘) ] (2)

Here, the system of random processes with independent increments {&; (¢, w), . . .,
&-(t,w)}, as in [16], can be represented as the sum of the processes: £ = =
& + [c(y)P°(t,dy), where & = (& (t,w),...,&(t,w))T is vector process with
independent increments, &y = (£10(t,w), - . ., &o(t,w))T is vector Wiener process;
PV is Poisson process; P°(t,dy) is the number of jumps of the process P° in the
interval [0, ] into the set dy; c(y) is vector function mapping the space of R?"
into the space of values R" of the process £(t)for any t.

(© Springer International Publishing AG 2017
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The problem posed above is one of the inverse problems of differential sys-
tems. The theory of inverse problems for differential systems and its general
methods go back to works [2,3] and have been further developed in [1,7-10] for
deterministic systems described by ordinary differential equations (ODE). Thus,
the set of ODE with given integral curve was constructed in [2]. The cited paper
plays a fundamental role in the formation and development of the theory of
inverse problems in the dynamics of systems described by ODE. The statement
and classification of the inverse problems for differential equations and their
solutions in the class of ODE are discussed in [1,3,7-10].

The solving of inverse problems of differential systems (problems of construc-
tion of set of the differential equations according to a given integral manifold)
is based on two methods: the Erugin method and the quasi-inversion method.
Firstly, the Erugin method (the method of introduction of auxiliary Erugin func-
tion) provides necessary and sufficient conditions in order that given set is inte-
gral manifold [2,3]. And, secondly, the quasi-inversion method, developed in
[8,9], allows to write out the common solution of the functional-algebraic equa-
tion, to which the problem of construction of set of the differential equations for
a given integral manifold is reduced.

However, the increasing requirements to the accuracy of description and ser-
viceability of material systems lead to the situation in which numerous observed
phenomena cannot be explained on the basis of the analysis of deterministic
processes. Thus, in particular, the probability laws should be used for the sim-
ulation of the behavior of actual systems.

Thus, the problem of generalization of the methods used for the solution of
inverse problems for differential systems to the class of stochastic differential
equations seems to be quite urgent [6,13].

Stochastic differential equations of the Ito-type are used to describe vari-
ous models of mechanical systems taking into account the action of external
random forces and important for numerous applications, e.g., the motion of
artificial satellites under the action of gravity and aerodynamic forces [12], the
fluctuation drift of a heavy gyroscope in the gimbal suspension [14], and many
others. In [5,6,16], the inverse problems of dynamics are studied under the addi-
tional assumptions of presence of random perturbations from the class of Wiener
processes. In particular, the following problems are solved by the method of
quasi-inversion:

(i) the main inverse problem of dynamics, i.e., the construction of the set of
Ito-type second-order stochastic differential equations with given integral mani-
fold,;

(ii) the problem of reconstruction of the equations of motion, i.e., the con-
struction of the set of control parameters contained in a given system of Ito-type
second-order stochastic differential equations according to a given integral man-
ifold, and

(iii) the problem of closure of the equations of motion, i.e., the construction
of the set of closing Ito-type second-order stochastic differential equations for a
given system of equations and a given integral manifold.
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The problems of construction the Lagrange, Hamilton, and Birkhoff equa-
tions on the given properties of the motion (1) were considered in the class of
ordinary differential equations in [2—4], and in the class of Ito stochastic differ-
ential equations in [5,6]. In [6], Lagrange, Hamilton and Birkhoff equations are
constructed for the given properties of motion in the class of stochastic differen-
tial equations of Ito-type under the assumption that random perturbations are
from a class of Wiener processes.

In this paper, in contrast to [6], the force function is constructed under
the assumption that random perturbations are from a more general class than
Wiener processes, namely, from the class of processes with independent incre-
ments.

Previously at the first stage, the Ito equation

&= f(z,2,t)+o(z,2,t)¢ (3)

is constructed so that the set (1) is an integral manifold of the constructed
equation (3). For that, we use the quasi-inversion method [7,8] in combination
with the Erugin method [9,10] and the stochastic differentiation of a composite
function [1].

We say that a function g(y, t) belongs to the class K, g € K, if g is continuous
in t, t € [0,00], satisfies the Lipschitz condition with respect to y in the entire
space y = (27, 27)T € R?", i.e.,

lg(y, 1) — g(y, tll < Mlly —yll

and satisfies the condition of linear growth

lg(y, )l < M+ [lyll)

with a certain constant M.

It is assumed that the vector functions f and also the matrix o belong to the
class K that guarantees the existence and uniqueness (to within the stochastic
equivalence) of the solution y(t) = (a:(t)T,i:(t)T)T of the equation (3) with
the initial condition y(to) = (z(to)7, Jb(to)T)T = = (zf,#%)T. This solution is a
strictly Markov process continuous with probability 1 [[5], p.107].

Then, in the second stage, on the basis of the obtained Ito equation of the
second order, we construct equivalent stochastic equations of the Lagrange type.

And in the third stage, under the assumption that the generalized Lagrangian
has the form

L=T(z,%,t)+U (z,2,t), where T =ay;&;&;, (i,5=1,n), (4)
we define the desired force function in the form

U (l’,i’7t) =1L (1’7.’t,t) - aij:'vix'j.
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2 Construction of the Force Function on the Basis
of Given Properties of Motion

Previously, using the rule of Ito stochastic differentiation, we compose the equa-
tion of perturbed motion

O\

. : 0%\ N 0%\
_ 9 .T .
A= ox (f+0€) T

2 -
gz T ouot T o
Then, following the Erugin method [9], we introduce a vector function A and

a matrix function B such that A(0,0,z,,t) =0, B(0,0,z,2,t) =0, and

A=A\ Mz, @, t) + B A, z, 2, 1) €. (5)
Comparing Egs. (5) and (7), we obtain

ON . . p 9\ . 9\ 0%\

AR T P T TR T (6)

2,

"~

Using these relations, we determine the vector-function f and the matrix o by
the method of quasi-inversion [[6], p. 12]:

O\ ON\ T o PN 9PN 92
f= k[a C]+(8:r) (A_x 8x8xx_28x8t_8t2)’

A AT
g; = S; |:gx0:| + <(‘;x> Bi7 1= 1,7’7 (7)
where o; = (ali,agi,...,om)T is the ith column of the matrix ¢ = (0,;),

(v=T,n, j=1,r); B; = (Bi, Bai, . .., Byi)T is the ith column of the matrix
B=(By;), (n=1,m, j=1,r); s; and k are arbitrary scalar values.

Thus, it follows from (9) and (10) that the set of It6 differential equations of
the second order with given integral manifold (1) has the form

. X oM\ " o 02X PN 92\
E=k [&vc} + (ax) (A T ozor”  Zozot aﬁ) +

)N " )N Nt
Using the rule of Ito stochastic differentiation, we write

d (0L 782L+ 82L$+ 2L
dt T 0&,0t | 0i,0rn " 01,00k

Zp 4+ S1p + Sov + S5, (8)

i,
1 0L OL(x,% + oc(y),t) OL(w,d,t)
where Sly = im(ﬁua’k], SQV f{ xu - 8$V }dy,

OL(z, i +oc(y),t) OL(z,i,t)
Oty O,

S?w = f[ ]Po(t,dy).
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With regard for (11), Eq. (2) takes the form

d (oL oL .. . .. PL &L . PL
% _qu(x?xat)g = + + +

9t, ) 9z, B R R
oL , .
+ Slu + S2u + 531/ - a.’IJ - Guj (Jf, jf, t)fa (9)
or, with regard for (12) and Eq. (9),
9%L 0’°L . 0’°L .
9,0t 0n0ms T Gy oy ok TS Sz S =
- axy - O-Vj($7x’t)§ =Ty — f,,(x,l‘,t) - O'Vj(l‘,J?,t)f, (10)

where f, is the vth component of the vector function f (9), and the jth column
of the matrix o = (0,;) has the form (10).
Using relation (13), we obtain

0%L 0’L . oL
83:,,8t + 8iuaxkxk+51y+S2y+SSV_ 87% - _fl/v (11)
0%L

—_ sk ! ; — )
0505, oy, a,,j(xm,t) =0y,
Conditions (14) ensure the solving of the problem of direct representation of
the equivalent stochastic equation of a Lagrangian structure of the form (2) by
the constructed Ito equation (5).
Now let us consider the problem of indirect representation of a Lagrange-type

equation. To this end, we introduce a matrix H = (h%) and consider the relation

.. o d (0L oL Y
hy (ffk—fk—Ukjf]) Edt(@x ) —%—ijfj- (12)

By analogy with the analysis of the direct representation of the Lagrange-
type equation (10) for identity (12) to be true following conditions must be
satisfied:

2
52%3 hzlio-kao-v'v
01,01y, J (13)
0%L L . oL
_hzlifk = Tk + Slu + SQU + S3l/ -

92,0l T 91, 00n e

For the Lagrange function of the form (4) and, correspondingly, the force
function of the form (5), conditions are equivalent to the following system of
partial differential equations

02U
0%, 0%k,

U _ U, 90U
dz,  0&,0t ' Ob,0x,

:hlyc_ayk; ik+§1y+§2y+g3u+h§fka (14)



On Construction of the Force Function ... 421

’

O.Vj(x7j"7t) = hlzjo-kﬁ

where
~ 10U ~ oU(z, &+ oc(y),t) OU(z,,t)
S, = imgzgm@ysb = /{ o, - o, }dy,
aU(l‘,I‘—FO'C(y),t) 8U(£1I7t) 50
v = 5 - 5 P B .
S0, = [P S POt dy)

Thus, it is proved [11,15,17-21].

Theorem 1. For the construction of the set of stochastic equations of the
Lagrangian structure (2) on the basis of the given set (1) in the indirect rep-
resentation such that set (1) is the integral manifold of Eq. (2), it is necessary
and sufficient that

1) the generalized force function U = U (z, &,t) satisfies the conditions,

2) the vector-function f and the matriz o satisfy respectively conditions (9),

(10).
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An Inverse Coefficient Problem

for a Quasilinear Parabolic Equation
of High Order

Asal V. Yuldasheva®
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Abstract. In this paper an inverse problem of finding the time-
dependent coefficient of heat capacity together with solution of high-
order heat equation with nonlocal boundary and integral overdetermina-
tion conditions is considered. The existence and uniqueness of a solution
of the inverse problem are proved by using the Fourier method and the
iteration method. Continuous dependence upon the data of the inverse

problem is shown.

Keywords: Inverse problem - Quasilinear parabolic equation -
Overdetermination data - Classical solution - Fourier method -
Iteration method

1 Introduction

Denote the domain D by
D={0<z<m 0<t<T}

We consider quasilinear high-order parabolic equation

ou v 207U
at (=1)a Ox2k

with initial condition

u(z,0) = p(x), 0 <z <m,
the nonlocal boundary conditions

d'u d'u .
@ ‘$:0: @ |:D:7Ta 1= O7 1772k - 1, 0 S t S T,

and the integral overdetermination data

/ u(z,t)de = E(t), 0 <t <T.
0
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The functions E(t), ¢(x) and f(z,t,u) are given functions on [0,T], [0, ]
and D x (—o0, 00), respectively.

The problem of finding the pair {p(¢),u(x,t)} in (1)-(4) are called inverse
problem.

Definition 1.

The pair {p(t),u(z,t)} from the class C[0,7] x (C?*1(D)NC2k-10
(D)), for which conditions (1)-(4) are satisfied and p(t) > 0 on the interval
[0,T], is called the classical solution of the inverse problem (1)-(4).

The problem of indentifying a coefficient in a nonlinear parabolic equation is
an interesting problem for many scientists [1-3].

Inverse problem for parabolic equations with nonlocal conditions are inves-
tigated in [4,5]. This kind of conditions arise from many important applications
in heat transfer, life sciences, etc.

Using the Fourier method and the iteration method we prove the existence,
uniqueness and continuous dependence upon the data of the solution under some
natural regularity and consistency conditions on the input data.

2 Existence and Uniqueness of the Solution
of the Inverse Problem

The main result of the existence and uniqueness of the solution of the inverse
problem (1)-(4) is presented as follows. We have the following assumptions on
the data of the problem (1)-(4):

(C1)E(t) € CH0,T), E(t) > 0, E’(t) O,

(Ca)p(x) € C¥[0,7], o1 (0) = ”(W) =0,1,..,k+1,
(C3)f(z,t,u) € C(D x (—00,00)), | LLEbul _ SILLE | < b(y t)|u — 1,
n=0,1,...,2k

where b(x,t) € Ly(D), b(x,t) = 0, fO@tu)le—o =
FO (@, t,u)|or, i =0,2k, fo(t) >0, te[0,T], where

= /07r %f(a:,t,u)dm

A solution of (1)-(3) for arbitrary p(t) € C[0,T] we find in following form:

(') (t)
2

+ Z(ucn(t)COSQn:p + usp (t)sin2nz), (5)

n=1

u(x,t) =

It is clear that (5) satisfies conditions (3). In order to determine unknown
functions ug(t), ten (t), usn (t) using equation (1) and condition (2) with

),
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we get the infinite system of integral equations:

‘ 2 [trr -
un(t) = poe 570 1 2 [ [ g mweli vagar
™ Jo Jo

t ™
Uen (t) = <Pcn€_a2(2n)2kt_f(§ p)ds 2 / / f&, u)e_a2(2”)2k(t_7)_fft P(s)ds cosanededr
m™Jo 0

t ™
Ugn () = Spsne_az(Q”)Zkt_f(f p(s)ds + g / / 1, u)e—a2(2n)2k(t—r)—f;f p(s)dsSiTLandde.
m™Jo JOo

Under conditions (C1) — —(C3), the series (5) and its derivatives converge
uniformly in D since their majorizing sums are absolutely convergent.
Differentiating (4) under condition (C4), we obtain

/ﬂ ui(z,t)de = E'(t), 0 <t <T. (6)
0

Equations (5) and (6) yield

Definition 2. Denote the set

{u(t)} = {uo(t), uer (t), usi (t), vy Uen (t), Usn (t), ...},

of continuous on [0, 7] functions satisfying the condition

max_|ug(t) [ max |uen ()] + max |ugsy(t)]] < oo
te[0,T] ot te[o, ] te[0,T]
by B;. Let
t)|| = t cn sn t
lu®ll = max fuo(®) +;[t§3§] [ten(B)] + max fuen (8)]

be norm in Bj.
Let us denote
By = {p(t) € C[0,T]: p(t) > 0},

lp(t)]| = max;c(o,71 |p(t)| to be the norm in Bs.
It can be shown that B; and B> are Banach spaces.

Theorem 1. Let assumptions (C1) — —(C3) be satisfied. The inverse problem
(1)-(4) has a unique solution.
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Proof. An iteration for (5) is defined as follows:

2 t ™ .
ug () = ug” () + - F(m,u™)eld P O gy,
0 0
t ™
R B R )
0 0
t T ot
uby V(1) = ul)(8) + % F(& 7 uN))em @ G == [E e (s i o e dr,
0 0

where N =0,1,2,.. and
W01) = e 7
U (1) = e @I

w0 (t) = wsne_az(Q")%t—fJ p(s)ds

From the conditions of the theorem, we have u°(t) € By and p® € Bs. Let us
write N =0 in (8)

B0 =0+ 2 [ [ sera®aar

Adding and subtracting 2 fot Jo f(&,7,0)dédT to and from both sides of the last
equation, we obtain

2 [t [m 9 [t pm
a0 =0+ 2 [ [T nu®) — sen o+ 2 [0 [7 e m0paean

Applying the Cauchy inequality and the Lipschitz condition to the last equa-
tion and taking the maximum of both sides of the last inequality yield the
following:

T T
masx [ug” (6)] < 9ol + 4/ 0]y 4 O3, + 14/ 11,0 L(o)-

t€[0,T)
Analogously, we get
) VT T2t orm 0y _ 2,5 31/2
01 = leenl + o0 ([ 2 [ 5670 — sta 1 Ocosznsdeyam 2+
VL N 2g7)1/2
+\/§a(2n)k (/(; 7T/0 (/0 f(z,t,0)cos2néde)?dr)H/? (9)
Applying the Cauchy inequality, the Holder inequality, the Bessel inequality,

the Lipschitz condition and taking maximum of both sides of the last inequality
yield the following
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o] o]

nax. [u& (OIS lpenl + M6t @)ooy [0 Ol 5y + 1f (£ 2, 0)l| 220)];
=1 ’ n=1

Where M = \/g n=1 m)l/Q.
Applying the same estimations, we obtain
max Hu(l)( )| < |90571| + M[”b(tax)HL2(D)||u(O)(t)HBl + Hf(t,LE,O)HLQ(D)],

_, tE0.T] I

Finally, we have the following inequality:

1) _ () <
(), = . |+Ztg[1ax 0]+ o []R0)]) <

lpol + Y (enl + [@snl) + 2M[[1b(t, )|y 0y [ (D)1 3, + 1f (£, 0) ()]

n=1
Hence u!(t) € B;. In the same way, for a general value of N, we have
o0

(M) (4 _ <
[w™ (@) B, = HES”%WO :tg%ggs]\lu )I+tg[lg>;]|lu )] <

ol + Y (enl + l@snl) + 2M [1b(t, )|y 0y ™ @)1, + 11£ (2,2, 0) | o)

n=1

Since uN~1(t) € By, we have u™ (t) € By

{u(®)} = {uo(t), uer (t), us1(t), .. ten (t), usn (t), ...} € By.

An iteration for (7) is defined as follows:

PV = gl O +3 [ fE6nu™)e

where N =0, 1,2...

P00 = g E 0+ [ et

Applying the Cauchy inequality, we get

—E'(t) 1

P ()8, = |W| + B()

(16t )| ooy ™D (Ol 5y + 1 (E 2, 0) 2]
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Hence p™")(t) € By. In the same way, for a general value of N, we have

—E®), 1

(16t @)1 20y 4™ (O 5y + [1F (E 2, 0) 0],

we deduce that p(V)(t) € Bs.
Now we prove the iterations uN () and p(N*+1)(¢) converge as N — oo in
By and B, respectively. Analogously as above for arbitrary N, we have

1
PN+ () = (1)1, < m[llb(t, )|l o(p) IIU(N“)(t) M @)p,

M
[ () — u™(0)]5, < (M1 + )T

\ﬁ (t. )|l Ly (py- (10)
Using (Cy) — —(C3) and the comparison test, we deduce from (10) that the

series Y x_, [u™M V) (2) — u™)(2)] is uniformly convergent to an element of Bj.

However, the general term of the sequence {uV+1)(#)} may be written as

[e )

(N+1)( + Z N+1) U(N)(t)]
=1

So the sequence {uN*+1 ()} is uniformly convergent to an element of B;
because the sum on the right-hand side is the Nth partial sum of the aforemen-
tioned uniformly convergent series. Therefore uN*1(t) and pV+1 () converge in
B; and B, respectively. Furthermore these limits satisfy (8).

For the uniqueness, we assume that problem (1)-(4) has two solution pairs
(p,u), (g,v). Applying the Cauchy inequality, the Holder inequality, the Bessel
inequality, the Lipschitz condition to |u(t) — v(t)| and |p(t) — ¢(t)|, we obtain

10— @ < s ([ [ 9 PNutr) v(r)Paca 2

T
[N 6) — w™ @), < (gl + M) + 5M)

(ALKE%&ﬂWhJ—Wﬂﬁ%MV”~ (11)

Applying the Gronwall inequality to (11), we have u(t) = v(t). Hence p(t) =
q(t). The theorem is proved. O

3 Continuous Dependence upon the Data

Theorem 2. Under assumptions (C1)—(C3), the solution (p,u) of problem (1)-
(4) depends continuously upon the data @, E.
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Proof. Let @ = {p,E,f} and ® = {p, E, f} be two sets of the data, which
satisfy the assumptions (Cy) — (C2). Suppose that there exist positive constants
M;,i=0,1,2 such that

0<M0§‘E|, 0<M0§|E|,
12l crjo,r) < My, [[E|lcrjo,r < Ma,
lellcrtijon < Mo, ([Bllor+ijo,n < Ma.

Let us denote 8] = (|Ellcor) + I@lcxerom + I flgano ). Let (p,u)
and (P, u) be solution of inverse problem (1)-(4) corresponding to the data @ =
{p,E, f} and & = {@, E, f}, respectively.

Using results of section 2, we get

lp(t) = ()| < Ms||E — Ell 0,1 + Ma( o b2 (&, )lu(r) — a(r)Pdedr)* 2,

. t T
lu(t) — a(t)]| < 2Ms | — B|Pexp2M2( / / b (€, 7)dedr),

here M;,i = 3,4,5 are constants that are determined by Mo, M; and M. If
® — @, then u — w. Hence p — p. Theorem is proved. O
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Abstract. Here the two-component medium of M. Biot consisting of
solid and fluid components is considered under action of moving loads.
The fundamental and generalized solutions of Biot equations have been
constructed for subsonic and supersonic velocities of loads.

Keywords: Continuum mechanics - Medium of M. Biot - Wave
propagation - Hyperbolic equations + Fundamental solutions - Fourier
transform -+ Moving loads + Subsonic velocities

1 Introduction

A special class of dynamic problems of continuum mechanics is transportation
problem in which the acting external forces and loads move with certain some
velocities and their shape does not change over time. This class of problems is a
model in the study of impact various transport load in mediums. Real mediums
are usually multi-component, so the study of the transport problems in such
mediums is actual. Type of equations system motion of the medium depends on
the ratio of the motion velocity of the moving load ¢ to the sound velocities of
disturbances propagation in the medium c¢;, which may be several.

For transonic and supersonic velocities there exists the load in the medium
shock waves. This class of problems in elastic media were studied by M.V.
FEisenberg-Stepanenko, Sh.M. Aytaliev, L.A. Alexeyeva, V. Katsumi, V.N.
Ukrainec etc. Medium of Biot is more difficult than isotropic elastic medium.
In mainly by the Fourier method a class of solutions was studied in the works
Kh.L. Rakhmatullin, Ya.U. Saatov, I.G. Philippov, T.U. Artykov, I.A. Kiyko,
V.V. Shershnev [1-3] etc.

Here two-component medium of M. Biot consisting of solid and fluid compo-
nents is considered under action of moving loads. This medium has three sound
velocities [4] which describe the propagation velocities of longitudinal waves in
solid and fluid components of medium, and the propagation velocity of shear
wave. The fundamental solutions of Biot equations have been constructed for
subsonic and supersonic velocities of loads.

(© Springer International Publishing AG 2017
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2 Motion Equations for Medium of M. Biot

The motion of a homogeneous isotropic two-component medium of M. Biot in
the absence of fluid viscosity are described by the following system of second
order hyperbolic equations [1,4]:

N s i + s 5 +Qul i +G5 = puaiis + praii (1)
Quj?]’b +Ru;a]z +G,f = Pl2uf + 0227.1{, (J?, t) c R3 X [07 OO) ) (2)

where u; and u{ are the elastic components and the fluid components of the
displacement vector, G, sz are the body forces acting respectively on the solid
and fluid components. The constants A, 4, @, R have the dimension of stress,
P11, P12, p2o are related to the particle mass density of the elastic component
ps and fluid component p; by relations: p11 = (1 —m)ps — p12, P22 = Mpy — p12,
p22 = mps — pi2, m is the porosity of the medium. The elastic stress tensor
components and the fluid pressure are

Oij = ,u(uf,j +uzf7j ) + ()\Uz,k +Qu£7k )(sija

p=- (QUZ,k +RU£7k) /m,

here §;; is Kronecker delta, u; ; = Ou;/0x;. Everywhere summation is carried
over like indexes from 1 to 3.
In this medium there are three sound velocities of wave propagation:

2 (A+2u)pa + Rp11 — 2Qp12
Cla= +

2(p11p22 — pis)

V(A +20)p22 = Rp11)? + 4((A + 2)p1z — Qpu1) (Rpra — 2Qp22)
2(p11p22 — pis)

cg = / Hp22
(p11p22 — P%z) ,

where c1, co describe the propagation velocity of longitudinal waves and the
third ¢3 is the propagation velocity of shear wave (¢ < c¢3 < ¢1). For these
velocities take place the following relations:

+

o, o (A+2u)pe+ Rpu —2Qp12 5,5 (A+2u)R-Q?

C + cs5 = cics =
1 2 2 o F1%2 2
P22P11 — P12 P22P11 — P2

We introduce Mach numbers M; = ¢/c;, j = 1,2,3 and we have ¢ < min
{c1,¢2,¢c3} = M; <1 Vj for subsonic load and ¢ > max{ci, c2,c3} = M; > 1
V4 for supersonic load. For transonic loads there is ¢ € (¢g, ¢1), ¢ # c3. In the
case of sound there is c =¢c; = M; = 1.



432 G.K. Zakiryanova

When communication fails between the fluid and the elastic solid

Q_>07 P12_>07

we have c3 — /p/p11, c1 — cs, ca — ¢y, where ¢ = /(A +2u)/p11 is the

longitudinal wave velocity in a dry porous skeleton, ¢y = \/R/pa2 is the velocity
of longitudinal waves in the liquid, and

_A+2u—cipn _ Q—cipi

= — 0,
G Ap12 — Q cipe2 — R
_ 2 2
G2 = R2 ah 3 Qoo — 0,
cap12 —Q  czpin — A —2p
G=-"2 o
P22

3 Motion Equations for Moving Loads

It is assumed that the mass forces in the medium of M. Biot move with constant
velocity ¢ along the axis x3 and are represented as

G; = Gi($1,$2,$3 + Ct).

Solutions for u; have the same structure:
w; = u; (21, e, T3 + ct).

In the coordinate system (z], x5, 25) = (21, x2, 23 + ¢t) motion equations of Biot
equations (1), (2) are

(A +2p)uj,ji JrQU;,ji Hpus g +GE = A priuf a3 +pr2ul 3 ), (3)

Quy i +Ruf,ji +G] = A(p12uf 53 +p22u! 33), (4)

here u; ; = 8ui/8w;

For subsonic load we have elliptic equations. Equations (3), (4) are strong
hyperbolic for supersonic load. In the case of transonic loads and sound equations
are of mixed type depending on j.

Thereafter, for notational convenience, we introduce the vector u =
{uw*,uf} = {uy,us,us, uq, us,ug} of dimension 6, assuming that wu; are the
displacement components of the solid phase for ¢ = 1,2,3 and fluid for
i = 4,5,6. Similarly, we introduce the vector of mass forces G = {G*, G/} =
{G1,G2,G3,G4,Gs5,Gg}.
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4 Fourier Transform of Fundamental Solutions

Let mass forces in medium of Biot be concentrated impulse functions:
GZ(.’E) = 5”6(.231)(5(1,‘2)5(1‘3 + Ct).

In this case, the system of equations (3), (4) for the fundamental solutions Uj;
(of dimension 6 x 6) can be rewritten as

(A +20) Uik 5 +QUi(k43) k5 +1Uij 5k —

p11Uij,33 —¢*p12Ui(j43).33 +0:56(2') = 0,

QUikkj +RU; 113y k) —*p12Usj,33 —*p2aUij3),33 +0igj43)0(2') = 0

Green’s tensor components have the following physical meaning: at 1 < 7 < 3
it is j-component of solid phase displacement, at 4 < j < 6 we have (j — 3)-th
components of displacements of the liquid from the action of a concentrated force
along the i-th coordinate axis on a solid phase (at 1 < ¢ < 3) or from the action
of a concentrated force along the (i — 3)-th axis of coordinates on the liquid (at
4 <i<06).

In the construction of the Green’s tensor it is commonly used apparatus of
integral Fourier transforms allowing you to transfer from the differential equa-
tions for the tensor to linear algebraic equations for his image. Allowing the
latter to determine the transform of the tensor in the form of fractional - ratio-
nal function of the variables of integral Fourier transforms and then to restore
the original tensor, using the inverse transformation.

It is constructed its Fourier transform, which is as follows:

Uy = g bi30k;j & Z for k=T3. j = 16;
o\ G- MIE) g = 8- M2§2 Y o

— Okj c2 d30p; Er—3€i=3 dy
T, — i .3 J _ J 5
YT e <C§ (62 — M3€3) c*€3 ; & - Mg )

3
U,=U, for k=135 j=13; &=3 &¢.
j=1
where ) ) ) )
i —c 5 — ¢
bk1: P 12‘7 bk27 P £7 bk’3*7]~a k= 737
1~ C 1~ C



434 G.K. Zakiryanova

2 2 2 2
‘¢ c3p11 — C;
bk1:<1 5 2 bk2:_<—2 5 2 bk3:_<—37 k:4767

(&5 —Cf Cip22 — C5

2 2 2 2
Cip11 — Cs C3pP11 — C

dy = 5 5 dy = 5 PR d3:_<37 k:4a6

C1p22 — G2 C1p22 — €3

In (5) M; = ¢/¢ (I = 1,3) are Mach numbers, m; = /1 — M?. For subsonic
load we have M; < 1 and for supersonic load there is M; > 1.

5 Fundamental Solutions of the Motion Equations of
Biot Medium

Using the properties of the inverse Fourier transform of generalized functions
and the original of functions

_ 1 _ foi 1
Foi®) = oy [2() = —5 = ,
TR (e -Mpg) T (Fig) (@ - M) &
which are constructed in [5] for various M, it is obtained the original of funda-
mental solutions Uy;(x).
For M; <1 we have

1

;&) = foj(rms,my) = ————oe
! dry fm3r? + a3
r=\xxrE, k=12,
72]'(5) A
(\mg\ +/mir? + x%)
foi(rixs,m;) = | |zs]In —/m3r? + a3 | [dm.

ij'

For M; > 1 we have
H(—z3 —m;r)
2my /23 — m?rQ

?2]'(5) — f2l(r’x3’mj):_Wx

?Oj(f) o fo(r,xs,m;) =
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For M; = 1 we have
- 1 1
foj(§) <= foj(r,xs) = g&%)ln ot
- 1
f2;(6) < fulr,zs) = —%H(—xg) |zs|In.

So, fundamental solutions of the motion equations of Biot medium at subsonic
velocities are

_ i3l -
4 pn/mir? + a3
_ C3 i b (mgl'kifj — 1'3(5k31'j + 5j3xk)r2 + 5k35j3714) B
kl

4rpc? — rdy/mZr? + 22

U,

2
m; r? 4 a3 — mlr) ((5ij — xkxj)

2
- Zlﬂ'cﬁ Z b ( rd ’ (6)

k=123, j=16

Ujr =Uxj, k=4,5,6, j=1,2,3

_ Ok |xs] d30k; N
2p22¢?  dmpn/mr? + 13

- i d (xgmkxj - x3(6k3$]‘ + 5j3$k)7‘2 + 5k-35j37“4)
2 l
C

4 2,2 2
4 Pt rE/mir? + x3

2
3 3 ( mir? + a5 mlr) (62 — wpw;)
2 Z d; 1 )
4 pc r

k=456, j=4,5,6.

Fundamental solutions (6) for ||z|| — oo have the following asymptotics

UM:OOMA)
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6 Generalized Solutions of M.Biot Equations

A generalized solution of equations (1), (2) for arbitrary mass forces can be
represented as a convolution

U; = jk*le

which for regular functions G(x) have the following integral form:

ai - /3 Uzk(w - y)Gk(y)dylddey37 ia k= 17 "'763
R

where u = {u®,u/} = {uy,...,us}, G={G* G’} ={G,..,Gg}.

For concentrated source such singular generalized functions with point sup-
port (dipole, multipole etc.) it is necessary the convolution to take by rules of
the theory of generalized functions.

Acknowledgements. This publication is supported by the target program
0085/PTSF-14 from the Ministry of Science and Education of the Republic of
Kazakhstan.

Appendix

The constructed fundamental solutions can be used for solving boundary-value
problems in a Biot medium with cylindrical boundaries on the basis of methods
of boundary equations and boundary-element. A similar problem for an elastic
medium is considered in [6].

The solutions obtained here can also be used for investigating the dynamics
of the massif in the neighborhood of underground constructions such as tun-
nels, transport pipelines depending on the properties of water saturation of the
medium, the velocity and type of existing transport loads.
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Abstract. The methodology of stability analysis is expounded to the
systems automatic control feedback at presence of non-linearity. The
conditions of asymptotically instability of the basic control systems are
considered in the neighborhood of a program manifold. Nonlinearity sat-
isfies to generalized conditions of local quadratic relations. The sufficient
conditions of instability of the program manifold have been obtained rel-
atively to a given vector-function by means of construction of Lyapunov
function, in the form “quadratic form plus an integral from nonlinearity”.
It is solved more general inverse problem of dynamics: not only builds
the corresponding system of differential equations, but also investigates
the instability, which is very important for a variety of mathematical
models mechanics.

Keywords: Instability + Program manifold + Baswic control systems -
Lyapunov function

1 Introduction

The problem of the construction of the complete set of systems of differential
equations with given integral curve was posed in [1],where a method for its solv-
ing was also presented. This problem further developed to the construction of
systems of differential equations on the basis of a given integral manifold, to
solving various inverse problem of dynamics, and constructing systems of pro-
gram motion. It should be noted that, in the course of investigation of these
problems, the construction of stable systems (which is one of the main problems
in the theory of stability) was developed into an independent theory. A detailed
survey of these works can be found in [2]. The works [6-8] are devoted to the con-
struction of automatic control systems on the basis of a given manifold. In these
works, control systems were constructed for a scalar nonlinear function ¢(o),
and sufficient conditions for absolute stability were established. The problem
of the construction of automatic control systems for a vector nonlinear function
with locally quadratic relations was solved in [5,10].In this paper it is studied the

(© Springer International Publishing AG 2017

T.Sh. Kalmenov et al. (eds.), Functional Analysis in Interdisciplinary Applications,
Springer Proceedings in Mathematics & Statistics 216,
https://doi.org/10.1007/978-3-319-67053-9_42



438 S.S. Zhumatov

inverse dynamics problem: for a given manifold to restore a force field, which lies
in the tangent subspace to a manifold. It is solved more general inverse problem
of dynamics: not only it is built the corresponding system of differential equa-
tions, but also it is investigated the instability, which is very important for a
variety of mathematical models mechanics.

The frequency conditions of instability are received in [3,9] for nonlinear
control systems with respect to zero position of equilibrium. In this paper the
conditions of instability of the basic control systems are investigated in the neigh-
borhood of a program manifold.

Consider the problem of the construction of a stable control of the form

i:f(t,a:)—B{, 5:@(0—)7 U:PTwa tEI:[0,00), (1)

on the basis of a given (n—s)-dimensional smooth integral manifold {2 (¢) defined
by the vector equation
w(t,z) =0, (2)

where x € R" is a state vector of the object, f € R™ is a vector-function,
satisfying conditions of existence and uniqueness of a solution z(t) = 0, B €
R P € R°*" are constant matrices, w € R*(s < n) is a vector, £ € R"
is a vector-function of control on deviation from the given program manifold,
satisfying conditions of local quadratic relations

@(0)=0 A T0(c — K~1p) >0, Vo#0,

3)
0 = diag ||01,...,0.]|, K=K >0

0
differentiable in o and ar satisfies the conditions

0o
dyp . ,
K, < o < K,, K;=diag|ny,...,n.|| (=12, Ky>0. (4)
o

The given program (2(t) is exactly realized only if the initial values of the
state vector satisfy the condition w(t,z) = 0. However, this condition cannot
always be exactly satisfied. Therefore, in the construction of systems of program
motion6 the requirement of the stability of the program manifold (2(¢) with
respect to the vector function w should also be taken into account.

Actuality of studying these problems is caused by existence of number of the
inverse dynamics problems.

To the construction of the systems of equations on the given program man-
ifold, possessing properties of stability, optimality and establishment of estima-
tions of indexes’ quality of transient in the neighborhood of a program manifold
and to solving of various inverse problems of dynamics there was devoted a great
number of works, for example, see [1,2,4-8,10,11]. The detailed reviews of these
works were shown in [2,4,11].

In this paper we use Lyapunov function in the form “quadratic form plus
integral from nonlinearity” and estimates of positive defined quadratic form.
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In the space R"™ we select the domain G (R):
G(R)={(t,z): t e IN[lw(t,z)] <p<oo}. ()

Taking into account that (2(t) is the integral manifold for the system (1)-(3),
we have

w:%—‘;j—i—Hf(t,m):F(t,x,w), (6)
dw

where H = %% is the Jacobi matrix and F(t,x,0) = 0 is a certain s-dimensional
Erugin vector function [1].

Assuming that the Erugin function F(t,z,w) = —Aw, —A € R**® is Hurwitz
matrix and differentiating the manifold (2(¢) with respect to time ¢ along the
solutions of system (1)-(3), we get

Ww=—-Aw—-HB¢, ¢=¢(0), o=Pluw. (7)

Statement of the problem To get the condition of instability of a pro-
gram manifold {2(¢) of the basic control systems in relation to the given vector-
function w.

The system (7) has only a position of equilibrium = = ¢ = 0 if and only if|
when

det ||[A+ HBhPT|| #0, VY he(0,K].

Definition 1. A program manifold {2(¢) is called instable on the whole in rela-
tion to vector-function w, if in phase space there is an unlimited open domain
G(R), including a neighborhood of the given program manifold and possessing
such property, that all solutions in relation to a vector-function w beginning in
this domain, are unlimited at ¢ — oco.

Definition 2. A program manifold §2(¢) is called absolutely instable in relation
to a vector-function w, if it is instable on the whole at all functions (o) satisfying
the conditions (3).

Definition 3. The continuous function V(w) will be called positive in the
domain (5) if V(0) =0 and lim V(w) = oo at least for one value k < s.
Wg—00

Definition 4. The function V(¢,w) will be called positive and admitting a pos-
itive upper limit in the domain G(R) if there exist two continues functions
Vi(w), Va(w) such that for V w are valid the following inequalities

Vi(w) SV (tw) < Va(w) (8)

2 The Main Theorem on Instability

Theorem 1. If for the system (7) there is found a positive function V(t,w)
admitting a positive upper limit in the domain G(R) derivative which is

Vit,w)>y>0 VweGR)ANte I 9)

then the program manifold 2(t) is instable as a whole with respect to vector-
Sfunction w.
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Proof. Assume that w = w(t;tg, zo) is non-trivial solution of the system (7)
defined by the initial conditions

w(t; to, xo) = wo # 0. (10)

Since the function V' (¢,w(t)) is positive in the domain G(R) the next inequality
holds
V(to,wo) =a>0,

where « is a certain number.
At V(t,w(t)) > 0 owing to conditions (9), we have

V(t,w)>0 YweEAtel
Hence at t > ty we get
V(t,w(t)) > V(to,wo) = .

If the solution w(t) leaves the domain G(R), then for some t; > to we will get
V(t1,w(t1)) = 0. Moreover

Vt,wt) >a>0 for tog<t<t. (11)
Going to the limit in (11) at ¢ — t; — 0, we will have V (t1,w(t1)) > a > 0, what

is impossible. Therefore the solution w(¢) lies entirely in the domain G(R).
Taking into account condition (9), we have an inequality

Vitbw)>y>0 YweEAtel (12)
Integrating the inequality (12) term by term, we will have at t > tg
V(t,w(t)) > V(to,w(to)) +7(t — to). (13)
From the inequality (13) follows

lim V(t,w(t)) = oo.

t—o00
Then by definition
lim Vi(wi,...,ws) =00
Wp— 00
and (13) we have
Jim [l to, wo))I| = oc.

Therefore program manyfold {2(¢) is instable as a whole with respect to vector-
function w.
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3 Asymptotical Instability of the Program Manifold

Consider the case when Erugin’s function F(f,z,w) = F(t,w) is non-
autonomous, then we get system

&= F(t,w), (14)

where F'(t,0) = 0 and F(t,w) satisfy the conditions of existence and uniqueness
of the trivial solution of the system (14).
Assume that there exists a nonnegative local quadratic relation:

S=5(,w)>0AS0,w)=0. (15)
Theorem 2. Suppose that there exist a positive-definite function
V=V({w) >0 (16)

and a nonnegative number o such that

Mlt, w(t)] =V(t,;w) + / S(r,w(T))dr >0, (17)

to
where w(t) is an arbitrary solution satisfying condition (15) and
M](M) = Wlw(t)] > 0, (18)
then the program manifold 2(t) is asymptotically instable at conditions (15) with
respect to vector-function w.

Proof. By virtue of (18) we have

dM

where aq is a certain number.
Then, for any t > to, with regard for inequality (15), we get

Mw(t)] = Mlw(to)] + / S(r.w(m))dr < Mlw(to)] + aolt — to).  (20)

For sufficiently large ¢, it follows from (15) that M[w(¢)] becomes more large.
Therefore
tlim Mw(t)] = 0. (21)

By virtue of supposition (13) relation (21) holds if and only if
i {lw(t; o, zo))|| = oo

Therefore program manyfold (2(¢) is asymptotically instable with respect to
vector-function w.
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The following theorem can be proved similarly.

Theorem 3. If there exist a positive-definite function V =V (w) > 0 that pos-
sesses the property

V=V(w)—o0o as |w(tte,zo))| — (22)

and a nonnegative number « such that relations (16) and (18) are true, then
program manyfold (2(t) is asymptotically instable as a whole at conditions (15)
with respect to vector-function w.

Now consider system (7) in the case, where the control is direct and scalar:
w=—Aw—bt, E=¢(0), o=clw. (23)

Using Theorem 2, one can obtain sufficient conditions for the program manyfold
£2(t) to be asymptotically instable as a whole if

0(0)=0 A kio? <op(o) < kio?, VYo#0, (24)

where k1 and ko are certain constants, inequality (16)-(18) are true, and condi-
tion (24) is satisfied for

V(w, &) =wlLw + 6/@(0)d0 > 0, (25)
0

where 3 is a nonnegative number.
In other words, the following theorem is true:

Theorem 4. If there exist a real matriz L = LT > 0 and nonnegative numbers
a and B such that one of the conditions

2G g
- 26
o= || (20
2pG — gg" <0, (27)
2G>0 A p—2"4TG g <0 (28)

is satisfied, then program manyfold Q2(t) is asymptotically instable as a whole
with respect to vector-function w at the conditions

S(w) = (0 — k3 '¢(0))(¢(0) — k10) 2 0, (29)
where k > 0 and ko < 0o, and
ATL 4+ LA+ Ejacc” = 2G (30)
g=Lb+27"[BATc— a(l + kiky )] (31)
p=aky' + BT, (32)
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Abstract. Some generalizations of the Landau-Lifschitz equation are
integrable, admit physically interesting exact solutions and these inte-
grable equations are solvable by the inverse scattering method. Investi-
gations of the integrable spin equations in (141)-, (241)-dimensions are
topical both from the mathematical and physical points of view. Inte-
grable equations admit different kinds of physically interesting equations
as domain wall solutions. We consider an integrable spin equation. There
is a corresponding Lax representation. Moreover the equation allows an
infinite number of integrals of motion. We construct a surface correspond-
ing to domain wall solution of the equation. Further, we investigate some
geometrical features of the surface.

Keywords: Inegrable equation * Lax reprezentation - Integrals of
motion - Exact solution - Domain wall solutuin - Surface

1 Introduction

We use the geometric approach to one of the generalized Landau-Lipshitz equa-
tion [1-4]

S: = (S xS, +uS),, (1a)
uy = —(S,(Sz x Sy)), (1b)

where S is a spin vector, S 4+ S2 4+ 52 = 1, x is a vector product, u is a scalar
function. The equation allows an infinite number of motion integrals and has
several exact solutions. One of them is the domain wall solution [3]. We identify
the spin vector S and vector r, according to the geometric approach [4]

S=r,. (2)

Then (1a), (1b) take the form
Iyt = (ry X Tpy +Ury)s (3a)
Uy = —(Ta, (Fox X Tay)). (3b)

(© Springer International Publishing AG 2017
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If we integrate (3a) by x, then it takes the form
Iy =Tz X gy + Uy,

Taking into account Gauss-Weingarten equation and E = r2 = 1, the system is

defined as MF v
ﬁ)rw — ﬁry + F122\/Zn,

Uy = \/Z(LFIQQ - MF121)7

rt:(u—i—

where
9 2FF, — FE, — I'E,
Fn = 21 s
EG, - FE;
F122 = 2/1 9

A= EG — F?. Equations (1a), (1b) is integrable equation and has solutions.

2 Construction of Surface Corresponding
to Domain Wall Solution

Here we present the domain wall solution of the equation (1a), (1b) [4],

SH(x,y,t) = Cosh[ae(};pﬁz)_ Pl (4a)
S3(x,y,t) = —tanh[a(x — bt — x0)], (4b)

where a, b are real constants.
Theorem. Domain wall solution (4a)—(4b) of the spin system (la), (1b)
can be represented as components of the vector r,,, where

1
n=- cos(by) arctan(sinh|a(z — bt — z0)]) + c1, (5a)
ro = 1 sin(by) arctan(sinh[a(z — bt — x9)]) + c2, (5b)
a
r3 = 1 In | coshla(x — bt — x0)]| + c3, (5¢)
a

where c1, ca, c3 are constants. Solution of the form (5a)—(5c) corresponds to the
surface with the following coefficients of the first and second fundamental forms

2 + sinh?[a(z — bt — x0)]

_ . F=0, 6
(1 + sink2[a(z — bt — 20)])2 (6a)
2
G= % arctan®(sinh[a(z — bt — 2¢)]), L =0, (6b)
3 2(g; bt —
M=0 N-= _ b’ arctan®(sinh[a(z — bt — xo)]) (6¢)

V/Aa? cosh[a(z — bt — x)]
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Proof. From (2) we have

(S1,52,53) = (T2, 22, 732), (7)
i.e.
Tz = S1, Tox = S2, T3, = S3. (8)
Hence
Ty = /S1d9€+61, (9a)
ro = /SzdI + ¢, (9b)
r3 = /Sgdl’ + c3, (9¢)

where ¢, co, c3 are constants of integration. Note
St = S1 + 159 :’I";,
then

rt =7 +iryg = /S+d:r +ct, (10)

where ¢ is constant of integration. Substituting (4b) to the equation (9¢), we
have

r3 = /Sgdx +eg=— /[tanh[a(:c — bt — zp)]dr + c3 =
= —%1n|cosh[a(x—bt—xo)}| + cs, (11)
where c3 is constant. Thus
ry = —é In| coshla(x — bt — x0)]| + c3. (12)
Substituting (4a) to (10), we have
rT =1 Firy = /S+da:+c+ =

) exp(iby) .
N / coshla(z — bt — xg)] gz +c,

then
1
r* = = cos(by) arctan(sinh[a(x — bt — x¢)]) + ¢1+
a

—H’(% sin(by) arctan(sinh[a(z — bt — x9)]) + c2),
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i.e. we have obtained

ry = %cos(by) arctan(sinh[a(x — bt — x¢)]) + ¢1,

ro = % sin(by) arctan(sinh[a(z — bt — z¢)]) + ca. (13)
Thus, (12), (13) give us (5a)—(5¢).

We proceed to prove the second part of the theorem. From (12) and (13) we
have

cos(b sin(b
= __ (by) = _ (by)  (14a)
1+ sinh?[a(z — bt — )] 1+ sinh“[a(x — bt — )]
1 b
T3y = — r1y = —— sin(by) arctan(sinh|a(z — bt — =

0 = ot S ey "=~ Sty arctan(sinbla( ol
(14b)

b
oy = — cos(by) arctan(sinh[a(z — bt — x¢)]), 734 = 0. (14c)

a

Then we can calculate
E=xy=riy+rd, +713, =
_ cos” (by) n
(1 + sinh2[a(z — bt — x¢)])? (15)
sin? (by) N 1 _ 2 + sinh?[a(z — bt — z0)]
(1 + sinh2[a(z — bt — x0)])2 cosh2[a(z — bt — x)] (1 + sinh2[a(z — bt — x0)])2 ’
Similarly, using (13) and (14c¢), we obtain
2 2 2 2 v 2

G=r,=ri,+r3, +r35, = ) arctan”(sinh[a(z — bt — z)]), (16)
F = (rg,ry) = rigriy + rogToy + 73473y = 0. (17)

Formulas (15)—(17) give us the first three equations (6a)—(6¢). Using (15)—(17),
we compute

b2(2 + sinh?[a(z — bt — 0)])

A=EG-F?=
a2(1 + sinh?[a(x — bt — x0)])2

arctan?(sinh[a(z — bt — xo)]).

We calculate the components of the vector n

ry X Ty Iy X Ty

B s x ry| - VA N \F(nl’m’ng)

1 b cos(by) arctan(sinh[a(z — bt — x¢)])
ny = ToxT, 32T : 18
! \/Z( 22Ty = ToaTay) = VAach[a(z — bt — x0)] (18)

Similarly, for the components

1 bsin(by) arctan(sinh[a(z — bt — x0)])
Ng = —=(r3.71y — T12T3y) = ) 19a
? \/Z( 32Ty ~ T1aTay) VAachla(z — bt — x¢)] (192)

1 barctan(sinh|a(x — bt — x

ng = f(rerQy TQTle) ( [ ( O)D (19b>

VAa(1 4 sinh?[a(x — bt — z0)])
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Now, from (14a), (14b) we have

= 2 arccos(by) sinh[a(z — bt — xg)] cosh[a(x — bt — x¢)] (200)
o (1 + sinh®[a(z — bt — z0)])2 '

ry = 2 arcsin(by) sinh[a(z — bt — )] cosh[a(z — bt — )] (20b)
o (1 + sinh®[a(z — bt — 0)])? ’

_ashla(z — bt — x0)]
Taee = s a(z — bt — o)’ (20c)

Thus, using (18), (19a), (19b), (20a)—(20c), we can compute
L =(n,r52) = 17100 + N2T200 + N3T300-
It follows that
L=0. (21)
Similarly, we calculate other coefficients of the second fundamental form

M=o, (22)
b3 arctan?(sinh[a(z — bt — x¢)])

N=- V/Aa2 coshla(z — bt — x¢)]

(23)

The formulas (21)—(23) give us the last three equations (6a)—(6¢). Finally, The-
orem is proved.

Finally, we use possibilities of the editor Maple and construct the surface at
some values of the parameters. The components of the vector r, (5a)—(5¢) can
be represented as a function r5 = f(r1,r2), i.e.

3 = _2 1n‘\/tanh(a((7”1)2) + (r2)?)) + 1|’ (24)

under ¢; = ¢z = c3 = 0. By varying the parameter a and by choosing the
segments for the values 1,79, we obtain the figures presented below.

3 Conclusion

Based on the results of work [4], where Gauss-Codazzi-Mainardi equation is con-
sidered in multidimensional space, we have studied generalized Landau-Lipshitz
equation and built the surface corresponding to domain wall solution. Thus, this
work fully reveals the meaning of the geometric approach in (2+1)-dimensions
(Figs.1 and 2).
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Fig. 1. The surface is illustrated at a := 1,71 : [-2,2],72 : [—2, 2]

Fig. 2. The surface is illustrated at a := 1,r1 : [=5,5],72 : [=5, 5]
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