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Abstract. In this paper, the triple valued fuzzy set is selected as the cut set of
intuitionistic fuzzy set and four kinds of cut sets of intuitionistic fuzzy sets are
selected to investigate the intuitionistic fuzzy rough set. The intuitionistic fuzzy
rough set is constructed by using the representation theorem of intuitionistic
fuzzy set, and it is proved to be equivalent to the original intuitionistic fuzzy
rough set. These works give a new perspective on intuitionistic fuzzy rough sets,
which promotes the further research and development of the theory of intu-
itionistic fuzzy sets and rough sets.
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1 Introduction

Atanassov expanded the fuzzy set [1] and put forward the concept of intuitionistic
fuzzy sets [2] in 1986. Intuitionistic fuzzy set takes membership and non-membership
into consideration, which makes it more accurate and effective in dealing with
uncertainty. Rough set theory proposed by Professor Pawlak [3] in 1982 is a mathe-
matical tool to deal with imprecise, inconsistent, incomplete information and knowl-
edge. In 1998, Chakrabarty proposed the theory of intuitionistic fuzzy rough sets [4],
which is the generalization of the concept of rough sets of Pawlak. At present, the
combination of intuitionistic fuzzy sets and rough sets is a hot research topic [7-12]. In
2009, based on intuitionistic fuzzy implication operator and intuitionistic fuzzy model,
L. Zhou and W.Z. Wu established the theory framework of intuitionistic fuzzy rough
set by using constructive method and axiomatic method [6]. In 2011, Thomas studied
Rough intuitionistic fuzzy sets in a lattice [13].

In this paper, we select triple valued fuzzy sets [5] as the cut sets of intuitionistic
fuzzy sets. Taking the triple valued fuzzy sets as the theoretical basis, we use the way
‘cut set—operate—bond together’ to construct the intuitionistic fuzzy rough sets.
Comparing with the original theory, we use the representation theorem for two cut sets,
triple fuzzy set and triple fuzzy equivalence relation.

This paper is structured as follows: In the second section, the preparation knowl-
edge required in this paper is introduced. In the third and fourth section, we provide
four kinds of methods to investigate the upper and lower approximation of intuitionistic
fuzzy sets by using the representation theorem.
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2 Preliminary

Definition 2.1 [1]. Let X be a set. The mapping A : X — [0, 1] is called a fuzzy subset
of X.

Definition 2.2 [2]. Let X be a set. If the two functions, pt4 : X — [0,1],v4 : X — [0, 1]
satisfy 4 (x) +va(x) <1, for all x € X, we call A= (X, f4,v4) is an intuitionistic
fuzzy set of X, which is denoted as A(x) = (14 (x), va(x)). Then we have the following
operations:

A C B < (pa(x) < pp(x), va(x) = va(x)), Vx € X;
A =B & (ua(x) = pg(x), va(x) = vp(x)), Vx € X;
A = <X, Va, Uy >

Definition 2.3 [5]. Let 3¥ = {A|A : X — {0,1,1} is a mapping}. If A;,A; € 3* and

17 Ha (x) > i; l> Ha ()C)
Ax) =05, @) <A<T—w(x); Aix) =<3, u(x) <)u<1 — va(x);
0, l>1—VA(X), O7 )EI—VA( )

We call A; and A; the 4 — upper cut set and /4 — strong upper cut set of A.
If A* A% € 3¥ and

1, va(x)>4; A 1, va(x) > 4
A =L ) <Al - AR =L ) <A<l — gy
Oa ;“>1_:uA(x)’ 07 )‘Zl_:u()

We call A* and A% the 4 — lower cut set and A — strong lower cut set of A.
If A[;L],Aw € 3% and

13 MA(X)+/1217 17 :U'A(x)+/b>1a
Ap@ =L @ <i<l—pm; Ag® =L, wl<i<l— @
0, A<wa(x), 0, A<vs(x).

We call Aj;j and Ay the 2 — upper quasi cut set and 4 — strong quasi upper cut set
of A.
If AW AZ € 3% and

1, VA(X)—F)LZI; ) 1, VA(X)—FXZI;
Al =93 @) <a<l—wa); AY) =93 ) <A< —va();
Oa /1<,UA(X), 07 ;LS:uA(x)v

We call A and A the /. — lower quasi cut set and 1 — strong quasi lower cut set
of A.



Intuitionistic Fuzzy Rough Set 39

Definition 2.4 [5]. Let A € 3%, 2 €[0,1] and f; : [0, 1] x 3% — X, (J,A) — fi(1,A)
be the following mappings (i = 1,2,...,8) :

0,1,  Ax)=0: (L1—7), Alx)=0:
(LA x) =< (4L, 1=2), Ax)=1; f£(4LA)(x) =< (1,0), A(x) = 1;
0,1-2), A(x)=3% (4,0), Ax) =1
(1 _;“’;“)7 A(x) = 0; (170)7 A(x) =05
£(4,4)(x) =< (0,1), Ax)=1; fi(LA)(x) =< 1=442), Alx)=1;
(0, 4), Alx) =1 (1-2,0), A(x)=3%
(0,1), A(x) =0; (1—24,4), A(x)=0;
fS()wA)(x) = (1 - ;“7/“)7 A(x) =1 f6(}‘7A)(x) = (170)7 A(x) =1
(0, 4), Ax) =3 (1-2,0), A(x) =3
(4 1=17), Alx) =0; (1,0), A(x) = 0;
f7(}“7A)(x) = (Oa 1)’ A(x) =1 fS()“7A)(x) = ()7 1 - /“)a A()C) =1
(O’ - ;“)7 A(x) :% ()“7 )7 A(x) :%

Definition 2.5 [7]. Let U be a set, R is an equivalence relation in U. That is
R C U x U, for Vx,y, z € U satisfying:

() (x,x) €R;
2) (x,y) ER= (y,x) €R;
(3) (x,y) €ER,(v,2) ER= (x,2) ER.

Definition 2.6 [3]. Let X C U and R be an equivalence relation in U. We call
R(X) = U{x|x € U,[x]NX # 0} the upper approximation of X
R(X) = U{x|x € U, [x] C X} the lower approximation of X.

Definition 2.7 [5]. Let H : [0, 1] — 3% be a mapping. If 2, </ = H(41) D H(4),
we call H a triple valued inverse order nested sets on X.

Let H : [0,1] — 3% be a mapping. If A; </, = H(A;) C H(/2), we call H a triple
valued order nested sets on X.

3 The Upper Approximation of Intuitionistic Fuzzy Set

First of all, we give a kind of cut set and cut relations to construct the upper
approximation of intuitionistic fuzzy sets.

Let U be a finite non empty set, X = (uy, vx) is an intuitionistic fuzzy subset over
U, R = (ug, vg) is an intuitionistic fuzzy equivalence relation over U, for A € [0, 1], then
X is the triple valued fuzzy set over U, and R is the triple valued fuzzy equivalence
relation over U. Let H;(4) =R;(X;), that is for xe UH(4)(x)=
Vyev (X5 (y) A R, (x,y)), then H; (1) is the triple valued inverse order nested sets on U. Let

RX)= U fihHi(A)or () fo(4 H{(A)). Then we get the following theorem:
2€[0,1] 2€[0,1]
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Theorem 3.1. Let X € [F(U),x € U, then

R(X)(x) = (y;/U(ux(y) A tig(x, y))»yeAU(vX(y) Vvg(x, ).

Proof
RX)W = v Al H(2)0)
() (Vi1 = AEA)(x) = 1}V {v(0,1 — A)|HT(4)(x) :%}
= (VU () (x) = 1}, A{1 = 2[H(2) (x) > é})
Because

< 3y € UX;(vo) ARy(x,30) = 1)
< o € U(px(vo) A pg(x,y0) > 4)
&V (ux(y) A pg(x,5)) = 4
Thus V{Z[HI(2)(x) = 1} =, (1x() A e, )).
And
(0> 54V (60) AR > 3

& 30 € UX:00) AR (5,30 2 )

(1 — vx(yo) > Aand 1 — vg(x,yo) > )
22N Elyo € U(va(yo) V ver(x,y0) <1 —4)
x(V) Vvr(x,y)) <1 — 4

Thus A{1 = AJH(2)() 2 3} = A 04(0) V veley))

Therefore R(X)(x) = (y;/U(HX(y) A g (x, }’)),yé\U(Vx(y) Vvg(x,y)))-
RO() = A A H())

) ={A(, 1=2)[H{(2)(x) = 0} A {A(4,0)[H{ (2)(x) :E}

= (MAH (A () < 5}, V{1 — Z|H\(2)(x) = 0})
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Because

Thus AF2)() < 8 = v, (80) A sg ().
And

Hi(2)(x) =0 V (X:() AR(x,y)) =

S Vy e U, X, (y) ARy(x,y) =
Sy e U(l —vx(y) <4 orlva(xy0)</1)
& A0x()Vrlny) =1 -2

Thus V{1 — A|H;(%)(x) = 0} = vé\U(vX(y) V vg(x,y)).

Therefore R(X)(x) = (( v (1x(¥) A se(x,)); A k() V V().

In the following, we construct the upper approximation of intuitionistic fuzzy sets
by three different methods.

Let U be a finite non empty set, X = (uy, vx) is an intuitionistic fuzzy subset over
U,R = (lig, V&), is an intuitionistic fuzzy equivalence relation over U, for 1 € [0, 1],
then XH],X’A“,X 4 are the triple valued fuzzy sets over U, and R[;,],R;', R are the triple
valued fuzzy equivalence relations over U.

Let H,(/) = R*(X*). That is for x € U, Hy(1)(x) = /\U(X’l(y) V R*(x,y)), thus
ye

H>(4) is the triple valued inverse order nested sets over U. Let R(X) =

U AL H(2)) or () fa(4,Ha(2)).

J€0,1] Jef0,1]
In addition, let H3(4) = R;(X};;). That is for x € U, H3()(x) = VU(XH](Y)/\
ye

Ryj(x,y)), then H3(J) is the triple valued order nested sets over U. Let R(X) =

U fS(;HE(;“)) or ﬂ fﬁ(iam(}))

2€[0,1] 7€[0,1]

Similarly, let Hy(A) = RA(XY). That is for x € U, Hy(A)(x) = AU(XW(y)v
ye

RV (x,y)), thus Hy(1) is the triple valued order nested sets over U. Let R(X) =

U £(2Hy(4) or ) fs(Z,Ha(2)).

7€[0,1] 2€[0,1]
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By the three methods above, we get the same theorem:

Theorem 3.2. For X € IF(U),x € U, then
R(X)(x) = (v (x(0) A pp(e,3)); A (x(0) V vr(x,3)))-

The proof of Theorem 3.2 is similar Theorem 3.1.

4 The Lower Approximation of Intuitionistic Fuzzy Set

In this section, we select the corresponding cut sets and cut relations to construct the
lower approximation of intuitionistic fuzzy sets.

Let U be a finite non empty set, X = (fiy, vx) is an intuitionistic fuzzy subset over
U,R = (ug, vr) is an intuitionistic fuzzy equivalence relation over U, for 4 € [0, 1],
then X; is the triple valued fuzzy set over U, and Ry is the triple valued fuzzy
equivalence relation over U. Let H(4) = (Ry)‘(X;). That is for xe U,

H(2)(x) = /\U(Xi(y) V (Ry) (x,y)), then H,(A) is the triple valued inverse order
o A a1
nested sets on U. Let R(X) = |J fi(4,Hi(4)) or () fo(4,Hi(4)). Then we get the
2€[0,1] 2€[0,1]

following theorem:
Theorem 4.1. Let X € IF(U),x € U, then

RX)(x) = (A (1x(v) Vve(x,3)), V. (vx(3) A ptg(%,)))- )

yelU yeU
Proof
RX)(x) = |J fi(kHi(2)(x)
2€[0,1]

(D ={ (2, 1-AEL ()0 = T}V VO, 1) [a()(x) = 5

= (V{4

Hy()(0) = 1M1= 2/ ()0 > )

Because

Hi(A)() =14 A (G0)V (Ry) (x.3) = 1

Sy e UX(y) vV (Ry) (x,y) =1)
< Vy € U(uy(y) >4 or vg(x,y) > 1)
A VQU(MX()’) Vo pig(x,y)) > A

Thus VUAHL(D() = 1} = A (x0) Y (x.3).
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And

1
=)
1
X0)V (Ri) (x,7) = 5)
< Vy e U(l —vx(y)>dorl — pug(x,y) > 1)
(va(y)

A :uR(x7y) <1- })
x,y)) <1-12

—~

Thus A{L = ZH1(2)() > 3} = V. (5x(5) A kel 7))-
Therefore R(X)(x) = ( A (,ux(y) V Vg (2, y))’yé/U(VX(y) A Ug(x,¥))).-
RX)x) = A (4 Hi(2))x)
€[0,1]
@ ={A(4 1 = A)Hi(2)(x) = 0} A{A(4,0)[Hi (A)(x) = 5}
= (MAHL(2) @) < 5, VAL~ 2| () = 0))

Because

X;00) V (Rig ) (5, 30) < 3)

Thus ACZIFT(A() < 3 = A (1) V (. 3).
And

§i
<
=

) (x,50) = 0)
<Zand 1 — pg(x,yo) <A)
)>1-1

Thus V{1 — A|H;(%)(x) = 0} = yé/U(vX(y) A Vr(x,¥)).
Therefore R(X)(5) = ( A, (8() Y 1(5.9), ¥ (5(3) A (5. 3)

43
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In the following, we construct the lower approximation of intuitionistic fuzzy sets by
three different methods.

Let U be a finite non empty set, X = (uy, vx) is an intuitionistic fuzzy subset over
U,R = (ug, vg) is an intuitionistic fuzzy equivalence relation over U, for / € [0, 1],
then X*, X[;;, X/ are the triple valued fuzzy sets over U, and R;, R, R are the triple
valued fuzzy equivalence relations over U.

Let Hy(4) = (RY)‘(X1"). That is for x € U, Hy(2)(x) = VevU(Xi(y) A (RE)(x,y)),

thus H,(Z) is the triple valued inverse order nested sets on U. Let R(X) =

U f3()‘7ﬂ(/1)) or ﬂ f‘*(’“aﬂ(}))

J€(0.1] J€f0,1]
Similarly, let H3() = (R;)(X};)). That is for x € U, H3(/)(x) = /\U(X[A](y)\/
a3 2 a3 A

(R;)“(x,y)), thus H3(Z) is the triple valued order nested sets on U. Let R(X) =

U fS()Hé(/L)) or ﬂ ]f6(;“7&(}>)

2€[0,1] 2€[0,1

In addition, let Hy(4) = (R%)(X). That is for x € U, Hy(1)(x) = vU(XW A
Hy Hy "

(R%)°(x,y)), thus Hy(4) is the triple valued order nested sets on U. Let R(X) =

U fi(4 Ha(4)) or () fs(% Ha(2)).

2€[0,1] 2€[0,1]
By the three methods above, we get the same theorem:

Theorem 4.2. Let X € IF(U),x € U. Then

ROO() = ( A (1560 V ve(x.9)). ¥, (5x0) A s, )):

The proof of Theorem 4.2 is similar to Theorem 4.1.

5 Conclusion

In this paper, triple valued fuzzy sets are selected as the cut sets of intuitionistic fuzzy
sets, and four methods are provided to construct the upper and lower approximations of
intuitionistic fuzzy sets by using the representation theorem. Zhou et al. [6] and Zhang
et al. [7] construct the upper and lower approximations of intuitionistic fuzzy sets by
different intuitionistic fuzzy implicators. Jena et al. [9], Zhou et al. [10] and Samanta
et al. [11] investigate intuitionistic fuzzy rough through the extension of fuzzy rough
set. We get the same result as the original intuitionistic fuzzy rough set given in [6—11]
and provide a theoretical support for the extension from fuzzy rough set to intuitionistic
fuzzy rough sets [9-11]. From the results in this paper, we notice that (1) Cut sets and
representation theorems play an important role in the research of intuitionistic fuzzy set
theory and rough set, and a lot of fuzzy theories can be studied by means of nested set.
(2) The triple fuzzy set is an efficient tool to study intuitionistic fuzzy rough set, which
deserve our more attentions.
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