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Abstract. In the present paper, the L-fuzzy filter theory on Ry-algebras
is further studied. Some new properties of L-fuzzy filters are given. Rep-
resentation theorem of L-fuzzy filter which is generated by a fuzzy set
is established. It is proved that the set consisting of all L-fuzzy filters
on a given Rp-algebra, under the L-fuzzy set-inclusion order €, forms a
complete distributive lattice.
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1 Introduction

To make the computers simulate beings in dealing with certainty and uncertainty
in information is one important task of artificial intelligence. Logic appears in
a “sacred” (resp., a “profane”) form which is dominant in proof theory (resp.,
model theory). The role of logic in mathematics and computer science is twofold—
as a tool for applications in both areas, and a technique for laying the founda-
tions. Nonclassical logic [1] including many-valued logic and fuzzy logic takes the
advantage of classical logic to handle information with various facets of uncer-
tainty [2], such as fuzziness and randomness. At present, nonclassical logic has
become a formal and useful tool for computer science to deal with fuzzy informa-
tion and uncertain information. Ryp-algebra is an important class of non-classical
fuzzy logical algebras which was introduced by Wang in [3] by providing an alge-
bra proof of the completeness theorem of the formal deductive system £*. From
then, Ry-algebras has been extensively investigated by many researchers. Among
them, Jun and Liu studied the theory of filters in Ry-algebras in [4]. The concept
of fuzzy sets is introduced firstly by Zadeh in [5]. Liu and Li in [6] proposed the
concept of fuzzy filters of Ry-algebras and discussed some their properties by
using fuzzy sets theory. As an extension of the concept of fuzzy filter, in [7] the
author and Xu propose the notion of L-fuzzy filters of Ry-algebras in terms of
the notion of L-fuzzy set in [8], where the prefix L a lattice. In this paper, we
will further research the properties of L-fuzzy filters in Rg-algebras. The lattice
structural feature of the set containing all of L-fuzzy filters in a given Ry-algebra
is investigated. It should be noticed that when L = [0, 1], then [0, 1]-fuzzy sets
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are originally meant fuzzy sets. Since [0, 1] is a special completely distributive
lattice, to investigate properties of L-fuzzy filters, sometimes we assume that the
prefix L is a completely distributive lattice.

2 Preliminaries

Definition 1 (cf. [3]). Let M be an algebra of type (—,V,—), where - is a
unary operation, V and — are binary operations. (M, -, V, —, 1) is called an Rg-
algebra if there is a partial order < such that (M, <, 1) is a bounded distributive
lattice with the greatest element 1, V is the supremum operation with respect
to <, — is an order-reversing involution, and the following conditions hold for
every a,b,c € M:

) a— —b=0b—a;

M2)1—a=aa—a=1,

M3)b—c<(a—b) — (a—c);

M4)a—(b—c)=b— (a — ¢);

M5)a— (bVe)=(a—b)V(a—c),a— (bAc)=(a—b)A(a— c);
(M6) (a = b)V ((a = b) = (ma VD)) =

Lemma 1 (cf. [3]). Let M be an Ryp-algebra, a,b,c € M. Then the following
properties hold.

(Pl)a<bifand only if a — b= 1;

P2)a<b—>01fandonly1fb a— ¢

)(avb) mc=(a—c)AN(b—c),(aNb) = c=(a—c)V(b—c);
JIfb<c¢, thena - b<a—c andif a < b, thenb - c<a— ¢
)a—b>-aVband a A-a < bV b
J(@—=bVb—a)=landaVb=((a —=b) —=bA(b—a)—a);
Ja— (b—a)=1and a — (—a—b) =1;
Ja—b<aVe—bVcanda—b<aAc—bAg

Ja—b< (a—c)V(c—b).

Lemma 2 (cf. [3]). Let M be an Rp-algebra. Define a new operator ® on M
such that a®b = —(a — —b), for every a,b,¢ € M. Then the following properties
hold.

(P10) (M, ®,1) is a commutative monoid with the multiplicative unit element
(P11) fa < b, thena®c<b®¢;

(P12) 0® a =0 and a ® —a = 0;

(P13)a®b<anband a® (a —b)<band a <b— (a®Db);
(PH4)a®b—c=a— (b—c)anda® (bVec)=(a®b)V(a®c).

Let X be a non-empty set and L a lattice. A map &/ : X — L is called an
L-fuzzy subset on X. The set of all L-fuzzy subsets on X is denoted by Fp,(X).
(cf. [8]). Let o and £ be two L-fuzzy subsets on X. We define o7 m %, o/ U A
, o €@ PB and & = A as follows:
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x), for all z € X;
x), for all z € X;

< HB(x), for all z € X;
(iv) ¥ =B <— (J € B and B € ).

3 On L-fuzzy Filters in Ry-algebras

In this section, we recall the definition of L-fuzzy filters and give their some new
properties.

Definition 2 (cf. [7]). Let M be an Ry-algebra and L a lattice. An L-fuzzy
subset @ on M is said to be an L-fuzzy filter of M, if it satisfies the following
conditions:

(LF1) &/ (1) > </ (a) for all a € M ;
(LF2) &/ (b) > o/ (a) AN (a — b) for all a,b e M.

The set of all L-fuzzy filters of M is denoted by LFil(M).

Theorem 1. Let M be an Ry-algebra, L a lattice and &/ an L-fuzzy subset on
M. Then &/ € LFil(M) if and only if it satisfies the following conditions:

(LF3) a < b implies &7 (b) > </ (a) for all a,b € M;
(LF4) o/ (a®b) = o/ (a) A (b) for all a,b € M.

Proof. Assume that &/ € LFil(M). From Theorem 6 in [7], we know that </
satisfies the condition (LF3). Let a,b € M, since a < b — (a ® b), by (LF2)
and (LF3)), we have that & (a ®b) > (b)) A (b — (a®b)) = (a) N (D).
Thus & also satisfies the condition (LF4). Conversely, Assume that o/ satisfies
the condition (LF3) and (LF4). since a < 1, by (LF3) we have &/(1) > </ (a).
Thus & satisfies the condition (LF1). From a ® (¢ — b) < b, (LF3) and (LF4),
it follows that <7 (b) > & (a ® (a — b)) > & (a) A &/ (a — b). Thus &7 satisfies
the condition (LF2). Therefore </ € LFil(M) by Definition 2.

Definition 3. Let M be an Ry-algebra, L a lattice and &/ an L-fuzzy subset
on M. An L-fuzzy subset «/* on M is defined as follows:

JZ{A(CL) — d("’)? a # 13 (1)
A(1)VA a=1,
for all @ € M, where A € L.

Theorem 2. Let M be an Ry-algebra, L a lattice and &/ € LFil(M). Then
/™ € LFil(M) for all A € L.

Proof. Firstly, for all a,b € M, let a < b, we consider the following two cases:

(i) Assume that b = 1. If @ = 1, we have that &*(b) = (1) VA = &*(a). If
a # 1, by using &7 € LFil(M) and (LF1), we have that &/*(b)=4/(1) VA >
(1) > o (a) = o a).
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(ii) Assume that b # 1, then a # 1. It follows that @/*(b) = &/ (b) > o/ (a) =
2/ a) from & € LFil(M) and (LF3).
Summarize above two cases, we conclude that a < b implies &7*(b) > &/*(a),

for all a,b € M. That is, o/* satisfies (LF3).
Secondly, for all a,b € M, we consider the following two cases:

(i) Assume that a®b=1.If a = b =1, it is obvious that
dMNa®@b) = (1) V= a) A N0b).

Ifa=1,b#1ora#1,b=1, then a ® b # 1, it is a contradiction.

If a # 1 and b # 1, it follows that &7*(a) A (b) = & (a) Ao (b) < o (a®b) =
d(1) < A1) VA= Na®b) from &/ € LFil(M), (LF4) and (1).
(ii) Assume that a® b # 1. If a = b =1, it is obvious a contradiction.

Ifa=1,b#£1ora#1,b=1,let’sassume a =1,b# 1, then a®@ b = —(1 —
—b) = b, and so &*(a) A (b)) < FAb) = A (b) = A (a@b) = ZNa@D).

If a # 1 and b # 1, it follows that #*(a ® b) = & (a ®b) > o/ (a) A Z(b) =
aa) A /*(b) from &/ € LFil(M) and (LF4).

Summarize above two cases, we conclude that @/*(a ® b) > &*(a) A F*(b),

for all a,b € M. That is, &/* satisfies (LF4).
Thus it follows that &/* € LFil(M) from Theorem 1.

Definition 4. Let M be an Rg-algebra, L a lattice and o7, & two L-fuzzy sub-
sets on M. Defined L-fuzzy subsets &7 and %< on M as follows: for all a € M,

iy = [ 7). a1, _ 7, 7L
"Q{@(“)_{w(nv@(l), am1, MM ‘@d(a)_{%’(l)v%(l)» a=1.

(2)
Corollary 1. Let M be an Ry-algebra, L alattice and <7, 2 two L-fuzzy subsets
on M. If o/, % € LFil(M). Then &%, 2% < LFil(M).

Definition 5. Let M be an Ry-algebra, L a completely lattice and <7, % two
L-fuzzy subsets on M. An L-fuzzy set &/ W% on M is defined as follows: for all
a’ m7 y 6 M’

(FwB)(a)= \/ [(x)AB(y). 3)

zQy<a

Theorem 3. Let M be an Ry-algebra, L a completely distributive lattice and
o, B two L-fuzzy subsets on M. If o/, % € LFil(M). Then /% & B9 €
LFil(M).
Proof. Firstly, for all a,b € M, let a < b, then {zQylzrRy < a} C{zrRylry <
b}, and so

(@Zwz”)(0)= \| [#%@) A2 >)
zQ®y<b

> \/ [@%@) 37 ) = (778 B7)(a).

zRy<a
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Hence /% & 7 satisfies (LF3). Secondly, for all a,b € M, we have that
(77 %7 (a®Db)
=V [@7@nr27©y)

TRy<La®b
> \/ [«5&7‘@(% ®y1)/\¢%”‘2¢(x2®y2)}
z1®z2<a and y1 ®y2<b
> V [/ % (21) A2 (y1) N B (22) A B (1))

z1®z2<a and y1 ®y2<b

=V [Parz?@)n [ ) n B )

z1®T2<a Y1 ®y2<b

— (%8 B7) (a) A (77w BY) (),

and so 7/ ? WA also satisfies (LF4). Hence &/ ?+%< € LFil(M) by Theorem 1.

4 Generated L-fuzzy Filter by an L-fuzzy Subset

In this section, we give the notion of generated L-fuzzy filter by an L-fuzzy
subset and establish its representation theorem.

Definition 6. Let M be an Ry-algebra, L a lattice and &/ an L-fuzzy subset
on M. An L-fuzzy filter & of M is called the generated L-fuzzy filter by <7,
denoted (&), if & € & and for any € € LFil(M), &/ € € implies # € %

Theorem 4. Let M be an Ry-algebra, L a completely distributive lattice and
o/ an L-fuzzy subset on M. An L-fuzzy subset 4 on M is defined as follows:

\/{%Jfl (a:n)|x1,x2,~--,xneMandx1®--~®xn§a},

(4)
for all a € M. Then £ = ().

Proof. Firstly, we prove that # € LFil(M). For all a,b € M, let a < b. Then

\/{4273:1 o (xp)|z1, 22, ,xn E M and 11 @12 ® -+ @ 2, < a}
<\/{sz (x1) A A (xn)|T1, T2, 20 € M and 21 ® -+ - @ z,, < b} = B(D).
Thus £ satisfies (LF3). Assume that there are xy,22,---,x, € M and

Y1, - ,Ym € M such that 1 Q22+ Rz, <aand y1 QYs - - R Yoy < b, We
have that 21 @22 ® - @z, QY1 QY2 ® -+ - Yy, < a®b by (P11). Thus, we can
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1 Table 1. Def. of “—”
—|0la blc|d|1l
a b
O ' 1/1/1]1/1/1
a |c|l]|blc|b|1l
d ¢ b da lblal
0 c lalall|l|all
d |[b/1]1]|b|1]1
Fig. 1. The Hasse diagram of M 1 |0jla|b|c d|l

obtain that

B(a) A B(b)
=\/{F (@) A+ (xn)|a1, 02, 20 €M and 21 @ 22 @ -+ - @ 0 < a}
AN AL @) A (Y)Y, 42, ym € M and y1 @ y2 ® -+ @ ym < b}
=\A{F (@) N A (@) AN () Ao Al (ym)|a1, - T, g1, ym €M
such that 1 ® 22 ® -+ Qzn < aand y1 QY2 ® -+ @ Ym < b}
<\/{,Qf(ﬂc1)/\--~/\%(mn)/\<®7(y1)/\---/\,Qi(ym)|x1,--- J Ty YL, Ym € M
such that 21 ® 22 ® - R, QY QY2 ® - R Ym < a @ b}
g\/{%(zl)/\~~~$zf(zk)|zl,22,--- 2k €Mand 21 ®@ - @ zp < a ® b}
=%B(a®D).
Hence # also satisfies (LF4). It follows from Theorem 1 that % € LFil(M).
Secondly, For any a € M, it follows from a < a and the definition of & that
o (a) < HB(a). This means that o € A.

Finally, assume that ¢ € LFil(M) with &/ € €. Then for any a € M, we
have

PB(a) :\/{d(m)/\~~-/\,Qi(:vn)|:c1,x2,~-~ ,Zn €EMand 21 Q22 ® -+ Q@ zn, < a}
<VAC@) A AC(@n)|o1, 32, ;20 € M and 21 ® 72 @ -+ ® Tn < a}
<V A{€@ @ @an)ler, 22, ,2n €M and 11 ® 22 ® -+~ @ 2 < a}
<V % (@)} = ¢ (a).

Hence # € € holds. To sum up, we have that Z = ().

Ezample 1. Let M = {0,a,b,¢,d,1}, =0 = 1,-a = ¢,—-b = d,—¢ = a,~d =
b,—1 = 0, the Hasse diagram of lattice (M, V, A, <) be defined as Fig. 1, and the
binary operator — of M be defined as Table 1.

Then (M, —,V,—,1) is an Ry-algebra. Take L = ([0, 1], max, min) and define
an [0,1]-fuzzy subset &7 on M by &7 (1) = &/(¢) = o, & (a) = & (b) = &/ (d) =
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2 (0)=0,0< < a<1. Sincec<bbut (b)) = % a=(c), we know that
of ¢ LFil(M ) s easy to verify that (&) € LFil(M) from Theorem 4, where

It i
()(1) = () (b) = () (c) = o, () (a) = (Z)(d) = () (0) = 3.

5 The Lattice of L-fuzzy Filters in a Given Ry-algebra

In this section, we investigate the lattice structural feature of the set LFil(M)
under the L-fuzzy set-inclusion order €.

Theorem 5. Let M be an Rp-algebra and L a complete lattice. Then
(LFil(M), €) is a complete lattice.

Proof. For any {2, }aca C LFil(M), where A is an indexed set. It is easy to
verify that Myea e, € LFil(M) is infimum of {47, }oen, where (Moea %) (a) =

N\ “o(a) for all a € M. ie., N\ o = MacaPy. Define U,ecpo, such that

acA aEA

(Upera) (a) = V Hp(a) for all @ € M. Then (Uner %) is supermun of
acA

{ s} aen, where (Unen ) is the L-fuzzy filter generated by U,cp o, of M.

V o = (Upeprdy). Therefor (LFil(M),€) is a complete lattice. The
aEN
proof is completed.

Remark 1. Let M be an Ry-algebra and L a complete lattice. For all &/, % €
LFil(M), by Theorem 5 we know that & A% = ' MAB and &/ VB = (o U B).

Theorem 6. Let M be an Ry-algebra and L a completely distributive lattice.
Then for all &7, % € LFil(M), o/ VB = (o U B) = o/ % W B in the complete
lattice (LFil(M), €).

Proof. For all &/,% € LFil(M), it is obvious that &/ € &% v %% and % €
AP Y B thatis, o (a) < (% W BY) (a) and B(a) < (F¥ W B7) (a) for all
a € M. Thus(« U B)(a) = #(a) V B(a) < (4% & B7) (a), that is, ¥ U B €
A% W B, and thus (/W B) € /% W B € LFil(M) by Theorem 3. Let
% € LFil(M) such that & U % € €. For all a € M, we consider the following
two cases:

(i) If a = 1, then (ZZwB7)(1) = \ [FP(@x)NBY(y)] = d%(1) A
z®y<1

B9 (1) = (1) V B(1) = (o U B) (1) < C(L).
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(ii) If @ < 1, then we have

(P9 B”) ()= \| [7%@)AB7{y)]

rRyLa

=V  [#Z?@)rz7@) vV {g@ A7)V B}

rRyLa,r#1l,y#1 r<a

v\ {7 (1) v 2(1)] A B(y)}

Y (% () N B7 (] V |\ (@ ] vV %(y)]

ry<La,x#l,y#1 z<a y<a
<V  EB@acwlv|\V @) vV Ew

TRy<a,r#l,y#l z<a y<a

V [E@)ngwy)< \/ Cey) <E),

z@y<a z®y<a
thus &% W B € € for above two cases.
By Definition 6 and Theorem 4 we have that &/ V% = (& U B) = o/ PWRB7 .

Theorem 7. Let M be an Rg-algebra and L a completely distributive lattice.
Then (LFil(M), €) is a distributive lattice, where, # A#B = /MNP and o'V B =
(o U AB), for all o7, B € LFil(M).

Proof. To finish the proof, it suffices to show that € A (o V B) = (€ NA)V
(€ NB), for all o/, B, € € LFil(M). Since the inequality (€ A o)V (€ N B) €
€ N (A V PB) holds automatically in a lattice, we need only to show the inequal-
ity € N (FINVAB) € (ENA)V (€ NPB). ie, we need only to show that

(€0 (72w B7))(a) < ((% n )"y (g %’)%W) (a), for all a € M.
For these, we consider the following two cases:

(i) If a = 1, we have
(“n(Z?wBY)) (1) =¢1) A (F?w27)(1)
=)\ [F%@)AB7(y)] =CQ) A [P (1) A 27 (1)]

z®y<1
=[C)AA D) VI[E1)ABQ) = (€n) 1)V (€ nB) 1)
(€ n) " (1) A€ nB) ™ (1)
=V [@aa) ™ @) n@nz) ™ o)

Tz@y<1

= ((% 0 )"y (¢ @)‘mﬂ) (1).
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(ii) If @ < 1, we have
(€0 (7% wB7)) (a) =C(a) A (77 & BY) (a)
=Ca)n | [#%@)r2B7(y)] =
T®y<a rRy<a
= \/ (€(a) N/ (z) N B (y)] v
rz@y<a,x#ly#l
\ [Ga)ra? ) nBy)| v\ [€(a) Aot (x) N2 (1)]

- \V {[€(a) N (2)] A[€(a) N B(y)]} v

e@y<a,a£ly#1

\/ {[@(a) A/ ?(1)] A[€(a) A B(y))} v

\ {[€(a) Ao ()] A [€(a) A 27 (1)]}
\/ {[€(aVa)Nd(aVx)N[E(aVy) NBlaVy)}V
r@y<a,rx#ly#l
VA€W A (1) VB A[E(aVy) A Blavy)}V

y<a

N

\/ {[(aVa) A d/(ava) AlEQ) A (B Y (1))}
= \ (En)(aVz)A(EnB)(aVy)V
rQy<La,x#l,y#1
VAl(@na)1)v(€nB) ()] A(E02B)(aVy)}V
VA{@na)(ava)r[(€ns) 1)V (€n) 1)}
-V [(% 0 ) (v z) A (ENB)™ (av y)] v
c@y<a,a#l,y#1
\/ [(% 0 )" (1) A (€ 0B (av y)} v
\/ [(% 0 )" (v z) A (€ 0B (1)}
-V [(%@d)m‘@ (@Vz)AEnB) ™ (avy).

zRy<La
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Let aVez=wand aVy=wv,since z ®y < a, using Lemma 2 we get that

u@u=(aVz)®(@Vy)=(aVz)®a)V(aVz)ey)
=(e®@a)V(e®z)V(@ay)V(roy)
<aVaVaV(r®y)
=aV(z®y)<aVa=a.

Hence we can conclude that

(@ (@?wz7) (@< \/ [(% M) " (ava) A (EnB) ™ (av y)}

T®y<a

<\ [(% 0 )" (u) A (€ 0 B)°" (v)}

u®@v<a

—(@n )" w (¢ n2)") (o),
To sum up, we have that
(€ n (7% wB7)) (a) < ((% n )"y (g %)%@”) (a),

for all a € M. The proof is completed.

6 Conclusion

As well known, filters is an important concept for studying the structural features
of Rg-algebras. In this paper, the L-fuzzy filter theory in Ry-algebras is further
studied. Some new properties of L-fuzzy filters are given. Representation theorem
of L-fuzzy filter which is generated by an L-fuzzy subset is established. It is
proved that the set consisting of all L-fuzzy filters in a given Rp-algebra, under
the L-fuzzy set-inclusion order €, forms a complete distributive lattice. Results
obtained in this paper not only enrich the content of L-fuzzy filters theory in
Ry-algebras, but also show interactions of algebraic technique and L-fuzzy sets
method in the studying of logic problems. We hope that more links of fuzzy sets
and logics emerge by the stipulating of this work.
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