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Abstract. Let G = (V, E) be a graph. The function f : V (G) → {−1, 1}
is a signed total dominating function if for every vertex v ∈ V (G),∑

x∈NG(v) f(x) ≥ 1. The value of ω(f) =
∑

x∈V (G) f(x) is called the
weight of f . The signed total domination number of G is the minimum
weight of a signed total dominating function of G. In this paper, we
initiate the study of the signed total domination numbers of Mycielski
graphs and find some upper bounds for this parameter. We also calculate
the exact value of the signed total domination number of the Mycielski
graph when the underlying graph is a special graph.
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1 Introduction

All graphs considered throughout this paper are simple, finite, undirected and
connected. For the terminology and notations not defined here, we refer the
reader to [7]. Let G be a graph with vertex set V (G) and edge set E(G). The
open neighborhood of a vertex v ∈ V (G), denoted by NG(v), is the set of vertices
adjacent to v in G. The closed neighborhood of a vertex v in graph G is NG[v] =
NG(v)∪{v}. Moreover, the open and closed neighborhoods of a subset S ⊆ V (G)
are NG(S) = ∪v∈SNG(v) and NG[S] = NG(S) ∪ S, respectively. The degree of
a vertex v ∈ V (G) is degG(v) =| NG(v) |. A vertex v ∈ V (G) is called an odd
(even) vertex if degG(v) is odd (even). For a graph G = (V,E), let Vo and Ve be
the set of odd and even vertices, respectively. We denote the maximum degree
of G with Δ(G) and its minimum degree with δ(G). A vertex is called universal
if it is adjacent to all other vertices of a graph. In a complete graph, all vertices
are universal.

For a function f : V (G) −→ {−1, 1} and a subset S of V (G), we define
f(S) =

∑
x∈S f(x). If S = NG(v) for v ∈ V (G), then we denote f(S) by f [v].

Let Cf = {v ∈ V (G) | f(v) ≥ 1}. A signed total dominating function of G is a
function f : V (G) −→ {−1, 1} such that for all vertices v of G, v ∈ Cf . The weight
of a signed total dominating function f is ω(f) =

∑
v∈V (G) f(v) = f(V (G)).
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The signed total domination number (STDN), γst(G), is the minimum weight of
a signed total dominating function of G. A signed total dominating function of
weight γst(G) is called a γst(G)-function. For a signed total dominating function
f of G we define Pf = {v ∈ V (G) | f(v) = 1} and Mf = {v ∈ V (G) | f(v) = −1}.

The concept of the signed total domination number of a graph was proposed
by Zelinka [8]. Henning in [4] proved that the problem of determining the signed
total domination number for general graphs is NP-hard.

For a graph G with V (G) = {v1, v2, · · · , vn}, let U = {u1, u2, · · · , un} be a
disjoint copy of V (G) and let w be a new vertex. The Mycielski graph μ(G) of
G is defined as follows:

V (μ(G)) = V (G) ∪ U ∪ {w},

E(μ(G)) = E(G) ∪ {viuj | vivj ∈ E(G)} ∪ {wui | 1 ≤ i ≤ n}.

The vertex w is called the root of μ(G) and the vertex ui = c(vi) is called
the twin of the vertex vi, i = 1, 2, · · · , n. The Mycielski graph of a graph G
was introduced by Mycielski in order to construct triangle-free graphs with an
arbitrary large chromatic number [5]. In recent years, there have been results
reported on Mycielski graphs related to various domination parameters. In [1],
it was proved that γ(μ(G)) = γ(G)+1. This shows that the domination number
of a Mycielski graph can exceed the domination number of its underlying graph
G, but Ghameshlou et al. proved such a result is not true for signed domination
number of Mycielski graphs [2,6].

In this paper, we initiate the study of the signed total domination num-
bers of Mycielski graphs. In Sect. 2, we present some preliminary results on
Mycielski graphs and their signed total domination numbers. In Sect. 3, we
calculate the exact value of signed total domination number of a Mycielski
graph, whose underlying graph has at least one universal vertex. Then we cal-
culate the exact values of γst(μ(G)) when G is a star, a wheel, a fan, a Dutch
windmill or a complete graph. In Sect. 4, we prove that if γst(G) ≥ 0, then
γst(μ(G)) ≤ 2γst(G) + 1, otherwise γst(μ(G)) ≤ γst(G) + 3. Finally, in Sect. 5,
we calculate γst(μ(G)) when G is a cycle, a path or a complete bipartite graph.
It is worth to note that there are graphs G, such as Km,n, when m = 1 or m
and n are both odd, with γst(μ(G)) < γst(G).

2 Preliminary Results

Proposition 1. Let f be a signed total dominating function of μ(G). Then,

ω(f) ≡ 1 (mod 2).

Proposition 2. Let f be a signed total dominating function of μ(G).

1. If G has at least one vertex of degree 1, then for Mycielski graph μ(G), w ∈ Pf .
2. For v ∈ V (μ(G)) if v is an even vertex, then f [v] ≥ 2 while if v is an odd

vertex, then f [v] ≥ 1.
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Ghameshlou et al. proved the following results for signed domination number
of Mycielski graphs.

Theorem 1 [2]. Let G be a graph of order n. If G has at least an universal
vertex, then γs(μ(G)) ≥ 3.

Corollary 1 [2]. For every graph G ∈ {Kn,K1,n,Dn
3 ,Wn, Fn}, γs(μ(G)) = 3.

Theorem 2 [2]. For any graph G of order n,

γs(μ(G)) ≤
{

γs(G) + 2 if γs(G) ≤ −1,
2γs(G) + 1 if γs(G) ≥ 0.

Furthermore, for γs(G) ≥ 0 the bound is sharp for Kn when n is odd and for
Kn.

Theorem 3 [2]. For every cycle Cn of order n,

γs(μ(Cn)) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

n

2
+ 1 if n ≡ 0 (mod 8),

n + 5
2

if n ≡ 1, 5 (mod 8),
n

2
+ 2 if n ≡ 2, 6 (mod 8),

n + 7
2

if n ≡ 3 (mod 8),
n

2
+ 3 if n ≡ 4 (mod 8),

n + 3
2

if n ≡ 7 (mod 8).

Theorem 4 [2]. For a path Pn, n ≥ 8,

γs(μ(Pn)) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

n + 5
2

if n ≡ 1 (mod 8),
n + 4
2

if n ≡ 2 (mod 8),
n + 3
2

if n ≡ 3, 7 (mod 8),
n + 2
2

if n ≡ 0, 4 (mod 8),
n + 1
2

if n ≡ 5 (mod 8),
n

2
if n ≡ 6 (mod 8).

Theorem 5 [2]. For complete bipartite graph Km,n with m ≥ n ≥ 2,

γs(μ(Km,n)) = 5.

Theorem 6 [6]. If G is a graph of order n, then

γs(μ(G)) ≥

⎧
⎪⎪⎨

⎪⎪⎩

	 (2n + 1)(δ(G) + 1) − 2Δ(G)(n − 1) − no

Δ(G) + δ(G) + 1

 if n is odd,

	 (2n + 1)(δ(G) + 1) − Δ(G)(2n − 1) − no

Δ(G) + δ(G) + 1

 if n is even.

Furthermore, this bound is sharp.
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Theorem 7 [6]. If G is a r-regular graph, then

γs(μ(G)) ≥

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

2n + 2r + 1
2r + 1

if n, r are even,

n + 2r + 1
2r + 1

if n is even, r is odd,
2n + 3r + 1

2r + 1
if n, r are odd.

Moreover, this bound is sharp for complete graph Kn.

3 Graphs with Universal Vertices

In this section, we show that the signed total domination number of a Mycielski
graph, whose underlying graph has at least one universal vertex, is at least 3.

Theorem 8. Let G be a graph of order n. If G has at least an universal vertex,
then

γst(μ(G)) ≥ 3.

Corollary 2. For every complete graph Kn,

γst(μ(Kn)) =
{
3 if n is odd,
5 if n is even.

Corollary 3. For every graph G = {K1,n,Km
3 ,Wn, Fn}, γst(μ(G)) = 5.

4 A Relation Between γst(G) and γst(μ(G))

Theorem 9. For any graph G of order n,

γst(μ(G)) ≤
{
2γst(G) + 1 if γst(G) ≥ 0,
γst(G) + 3 if γst(G) ≤ −1.

Furthermore, for γst(G) ≥ 0 the bound is sharp for Fn when n is odd, Km,n

when m and n are odd, and Kn.

5 Cycles, Paths and Complete Bipartite Graphs

In this section we find the signed total domination number of μ(G) when G is a
cycle, a path, or a complete bipartite graph.

Theorem 10. For every cycle Cn of order n,

γst(μ(Cn)) =
{

n + 1 if n ≡ 0, 2 (mod 4),
n if n ≡ 1, 3 (mod 4).

Theorem 11. If G = Pn, then

γst(μ(Pn)) =

⎧
⎨

⎩

n + 1 if n ≡ 0 (mod 4),
n + 2 if n ≡ 1, 3 (mod 4),
n + 3 if n ≡ 2 (mod 4).

Theorem 12. For complete bipartite graph Km,n with m ≥ n ≥ 2,

γst(μ(Km,n)) = 5.
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6 Conclusion

Comparing the results presented here shows that there are some underlying
graphs G of order n which can be generalized to Mycielski graph μ(G) of order
2n + 1 such that γst(μ(G)) ≤ γst(G); for instance, if G ∈ {K1,n,Km

3 }, then
γst(μ(G)) ≤ γst(G).

Acknowledgements. 1. We greatly appreciate to the Research Council of Faculty of
Agriculture Engineering and Technology in University of Tehran, through grant No.
322870/1/02.

2. The authors would like to thank from Professor S.H. Nasseri chair of International
Conference of Mathematics and Decision Science which was held on September 12–15,
2016 in Guangzhou, China for his valuable comments to improve the earlier version of
this manuscript.

Recommender: 2016 International workshop on Mathematics and Decision Science,
Dr. Hadi Nasseri of University of Mazandaran in Iran.

References

1. Fisher, D.C., McKenna, P.A., Boyer, E.D.: Hamiltonicity, diameter, domination,
packing and biclique partitions of Mycielski’s graphs. Discrete Appl. Mathe. 84,
93–105 (1998)

2. Ghameshlou, A.N., Khodkar, A., Vatandoost, E., Shaminezhad, A.: Signed domi-
nation and Mycielski’s structure in graphs. (Submitted)

3. Haynes, T.W., Hedetniemi, S.T., Slater, P.J.: Domination in graphs. Advanced top-
ics, Marcel Deker Inc

4. Henning, M.A.: Signed total domination in graphs. Discrete Mathe. 278, 109–125
(2004)

5. Mycielski, J.: Sur le coloriage des graphes. Colloquium Mathe. 3, 161–162 (1955)
6. Shaminezhad, A., Ghameshlou, A.N., Vatandoost, E.: Signed domination parameter

in some generalized graphs and networks. In: The 1st National Conference on Opti-
mization and Decision Making, University of Mazandaran, Babolsar, Iran (2016)

7. West, D.B.: Introduction to Graph Theory. Prentice-Hall (2000)
8. Zelinka, B.: Signed total domination number of a graph. Czechoslovak Mathe. J.

51(126), 225–229 (2001)


	Signed Total Domination and Mycielski Structure in Graphs
	1 Introduction
	2 Preliminary Results
	3 Graphs with Universal Vertices
	4 A Relation Between st(G) and st((G))
	5 Cycles, Paths and Complete Bipartite Graphs
	6 Conclusion
	References


