Signed Total Domination and Mycielski
Structure in Graphs

Arezoo. N. Ghameshlou!® and Athena Shaminezhad?

! Department of Irrigation and Reclamation Engineering,
University of Tehran, Tehran, I.R. of Iran
a.ghameshlou@ut.ac.ir
2 Department of Basic Science,

Imam Khomeini International University, Qazvin, I.R. of Iran

Abstract. Let G = (V, E) be a graph. The function f : V(G) — {—1,1}
is a signed total dominating function if for every vertex v € V(G),

> veng(y /(@) = 1. The value of w(f) = 3>, oy (q) f(2) is called the
weight of f. The signed total domination number of G is the minimum

weight of a signed total dominating function of G. In this paper, we
initiate the study of the signed total domination numbers of Mycielski
graphs and find some upper bounds for this parameter. We also calculate
the exact value of the signed total domination number of the Mycielski
graph when the underlying graph is a special graph.
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1 Introduction

All graphs considered throughout this paper are simple, finite, undirected and
connected. For the terminology and notations not defined here, we refer the
reader to [7]. Let G be a graph with vertex set V(G) and edge set E(G). The
open neighborhood of a vertex v € V(G), denoted by Ng(v), is the set of vertices
adjacent to v in G. The closed neighborhood of a vertex v in graph G is Ng[v] =
Ng(v)U{v}. Moreover, the open and closed neighborhoods of a subset S C V(G)
are Ng(S) = UyesNg(v) and Ng[S] = Ng(S) U S, respectively. The degree of
a vertex v € V(G) is degn(v) =| Ng(v) |. A vertex v € V(G) is called an odd
(even) vertex if degs(v) is odd (even). For a graph G = (V, E), let V,, and V. be
the set of odd and even vertices, respectively. We denote the mazimum degree
of G with A(G) and its minimum degree with 6(G). A vertex is called universal
if it is adjacent to all other vertices of a graph. In a complete graph, all vertices
are universal.

For a function f : V(G) — {—1,1} and a subset S of V(G), we define
f(S) = > eg f(x). If S = Ng(v) for v € V(G), then we denote f(S) by f[v].
Let Cy = {v € V(G) | f(v) > 1}. A signed total dominating function of G is a
function f : V(G) — {—1, 1} such that for all vertices v of G, v € C. The weight
of a signed total dominating function f is w(f) = X ,cv () f(v) = [(V(G)).
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The signed total domination number (STDN), v4(G), is the minimum weight of
a signed total dominating function of G. A signed total dominating function of
weight v, (G) is called a 5 (G)-function. For a signed total dominating function
f of G wedefine Py = {v € V(G) | f(v) =1} and My = {v € V(GQ) | f(v) = —1}.

The concept of the signed total domination number of a graph was proposed
by Zelinka [8]. Henning in [4] proved that the problem of determining the signed
total domination number for general graphs is NP-hard.

For a graph G with V(G) = {vy,ve, - ,v,}, let U = {ug,ug, -+ ,u,} be a
disjoint copy of V(G) and let w be a new vertex. The Mycielski graph u(G) of
G is defined as follows:

V(u(@)) = V(G)UU U{w},
E(uw(@)) = B(G)U{viu; | viv; € E(G)}U{wu; |1 <i<n}.

The vertex w is called the root of u(G) and the vertex u; = c(v;) is called
the twin of the vertex v;, ¢ = 1,2,--- ,n. The Mycielski graph of a graph G
was introduced by Mycielski in order to construct triangle-free graphs with an
arbitrary large chromatic number [5]. In recent years, there have been results
reported on Mycielski graphs related to various domination parameters. In [1],
it was proved that v(u(G)) = v(G) + 1. This shows that the domination number
of a Mycielski graph can exceed the domination number of its underlying graph
G, but Ghameshlou et al. proved such a result is not true for signed domination
number of Mycielski graphs [2,6].

In this paper, we initiate the study of the signed total domination num-
bers of Mycielski graphs. In Sect.2, we present some preliminary results on
Mycielski graphs and their signed total domination numbers. In Sect. 3, we
calculate the exact value of signed total domination number of a Mycielski
graph, whose underlying graph has at least one universal vertex. Then we cal-
culate the exact values of v (u(G)) when G is a star, a wheel, a fan, a Dutch
windmill or a complete graph. In Sect.4, we prove that if 74 (G) > 0, then
Vst (@) < 2795t (G) + 1, otherwise 75t (u(G)) < v5¢(G) + 3. Finally, in Sect. 5,
we calculate v5(u(G)) when G is a cycle, a path or a complete bipartite graph.
It is worth to note that there are graphs G, such as K, ,, when m =1 or m
and n are both odd, with vs:(1(G)) < vs:(G).

2 Preliminary Results

Proposition 1. Let f be a signed total dominating function of u(G). Then,
w(f)=1 (mod 2).
Proposition 2. Let f be a signed total dominating function of u(G).

1. If G has at least one vertex of degree 1, then for Mycielski graph p(G), w € Py.
2. For v € V(u(G)) if v is an even vertex, then f[v] > 2 while if v is an odd
vertex, then f[v] > 1.
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Ghameshlou et al. proved the following results for signed domination number
of Mycielski graphs.

Theorem 1 [2]. Let G be a graph of order n. If G has at least an universal
vertex, then vs(u(G)) > 3.

Corollary 1 [2]. For every graph G € {K,,, K1, DY, Wy, F,}, 7 (1(G)) = 3.
Theorem 2 [2]. For any graph G of order n,

(G) 12 if3(G) < -
(@) = {;w:) 1 i@ 20

Furthermore, for vs(G) > 0 the bound is sharp for K, when n is odd and for
K,.

Theorem 3 [2]. For every cycle Cy, of order n,

L

g—i—l ifn=0 (mod 8),

”;5@%51,5 (mod 8),
%+2ifn52,6 (mod 8),
Yo (1(Cr)) = AT s (o
S+3ifn=4 (mods),
n_2|—3ifn57 (mod B).

Theorem 4 [2]. For a path P,, n > 8,
n;_’éifnzl (mod 8),
n;r4ifn52 (mod 8),
n+3ifn53,7 (mod B),

WP =4 2,
5 ifn=0,4 (mod 8),
n;rlifnzf’) (mod 8),
% ifn=6 (mod 8).

Theorem 5 [2]. For complete bipartite graph K, ,, with m > n > 2,

VS(M(Km,n)) = 5.
Theorem 6 [6]. If G is a graph of order n, then
[(271 + 1)(0(G)+1) —2A(G)(n — 1) —n,

W) =4 (2n 4+ 1)(5(64)(5)1;3(2()55(1271 —1) —n,

[ A(G)+6(G) + 1

Furthermore, this bound is sharp.

1 if n is odd,

1if n is even.
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Theorem 7 [6]. If G is a r-regular graph, then
2n+2r+1
2
Vs (W(G)) > nrerTs if n is even, r is odd,
2r E 1
2n+3r+1
2r+1
Moreover, this bound is sharp for complete graph K.

if n,r are even,

ifn,r are odd.

3 Graphs with Universal Vertices

In this section, we show that the signed total domination number of a Mycielski
graph, whose underlying graph has at least one universal vertex, is at least 3.

Theorem 8. Let G be a graph of order n. If G has at least an universal vertex,
then

Vst (1(G)) = 3.
Corollary 2. For every complete graph K,

3 if n is odd,
Vot ((EKy)) = {5 if n is even.
Corollary 3‘ FOI' eVery graph G = {K17n7K§n, Wn7 Fn}7 Fth(:U“(G)) == 5

4 A Relation Between v4(G) and 4 (u(G))

Theorem 9. For any graph G of order n,

27st(G) + 1 if 75 (G) > 0,
Yt (1(G)) < {vl(@ £3 (G < 1.

Furthermore, for v5(G) > 0 the bound is sharp for F,, when n is odd, K, ,
when m and n are odd, and K,,.

5 Cycles, Paths and Complete Bipartite Graphs

In this section we find the signed total domination number of ;(G) when G is a
cycle, a path, or a complete bipartite graph.

Theorem 10. For every cycle C, of order n,

%xmcm):{”+1#nia2 (mod 4),

n ifn=1,3 (mod 4).
Theorem 11. If G = P, then

n+1iyfn=0 (mod4),
Yst(W(Pr)) =4 n+2ifn=1,3 (mod 4),
n+3ifn=2 (mod4).

Theorem 12. For complete bipartite graph K, », with m > n > 2,
’yst(N(Km,n)) =5.
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6 Conclusion

Comparing the results presented here shows that there are some underlying
graphs G of order n which can be generalized to Mycielski graph p(G) of order
2n + 1 such that v, (u(GQ)) < vs(G); for instance, if G € {Kj ,, K%'}, then
Vst (1(G)) < 75t(G).
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