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Abstract. In this paper, we investigated bipolar fuzzy BRK-ideals
in BRK-algebras and discussed related properties. We presented some
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algebras. Finally, we introduced translation, extension and multipli-
cations of bipolar fuzzy BRK-ideals in BRK-algebras and discussed
related results.
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1 Introduction

The fundamental concept of fuzzy set, popularized by Zadeh [1], was used to
generalize several basic concepts of algebra. Fuzzy sets are extremely useful to
deal with the many problems in applied mathematics, control engineering, infor-
mation sciences, expert systems and theory of automata etc. Although, there
are many generalizations of fuzzy sets but none of these deal with the problems
related to the contrary characteristics of the members having membership degree
0. Lee [2] handled this problem by introducing the concept of bipolar fuzzy (BF)
sets. The BF set theory has been widely applied to solve real life problems. The
sweet taste of foodstuffs is a BF set. Assuming that sweet taste of foodstuff as
a positive membership value then bitter taste of foodstuffs as a negative mem-
bership value. The remaining foodstuffs of taste like acidic, saline, chilly etc. are
extraneous to the sweet and bitter foodstuffs. Thus, these foodstuffs are accepted
as zero membership values. Notice that every matter has two sides and bipolar-
ity as well as fuzziness, is an inherent and internal part of human thinking [3,4].
A BF set is a pair of fuzzy sets, namely a membership and a non-membership
function, which represent positive and negative aspects of the given information.

Imai and Iseki investigated two classes of abstract algebras: BC'I-algebras
and BCK-algebras [5]. In 2002, Neggers et al. [6], presented B-algebra
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and discussed related properties. The generalization of B-algebra called BF-
algebra and BG-algebra proposed by Walendziak [7], and Kim [8], respectively.
Recently, Bandaru [9], investigated BRK-algebra which is a generalization of
BCK/BCI/Q-algebras. In [10,11], El-Gendy introduced fuzzy BRK-ideal of
BRK-algebra and cubic BRK-ideal of BRK-algebra. Some properties of n-
dimensional fuzzy subalgebra in BRK-algebras investigated by Zulfigar [12].
Fuzzy translations and fuzzy multiplications of BCK/BCI-algebras presented
in [13]. As a generalization of fuzzy set theory, BF set theory makes descriptions
of the objective world more realistic, practical and very accurate in many cases,
making it very promising. In the past few decades, BF set theory has been suc-
cessfully applied to various algebraic structures. Lee [14], introduced BF ideals
of BCK /BCI-algebras and Akram [15] introduced BF graphs. Recently, Hayat
et al. [16,17], characterized himi-rings by their BF h-ideals and BAF h-ideals.

The contents of the present paper are organized as follows: In Sect.2, we
presented some basic definitions and preliminaries. In Sect. 3, we investigated
bipolar fuzzy BRK-ideals in BRK-algebras and discussed related properties.
In Sect. 4, we presented some results on images and pre-images of bipolar fuzzy
BRK-ideals in BRK-algebras. In Sect. 5, we introduced translation, extension
and multiplications of bipolar fuzzy BRK-ideals in BRK-algebras and discussed
related results. Finally, we presented some conclusions and future work.

2 Preliminaries

In this section, some elementary aspects that are necessary for this paper are
included.

Definition 2.1. A BRK -algebra is a non-empty set X with a constant 0 and a

Ly

binary operation “«” satisfying the following conditions:

(BRK;) 2 %0 =z,

(BRK3) (x xy)*xx =0xy for all x,y € X.

A partial ordered relation =< can be defined by x <y if and only if x xy = 0.
Throughout this paper, X denotes BRK -algebra.
Definition 2.2 [9]. If (X, %,0) is a BRK -algebra, the following conditions hold:

(BRK3):E*:E:O;
(BRKy) (zxy) =0 implies0xx =0xy for all x,y € X,
(BRK5) 0 (axb) = (0*xa)* (0+b) for all a,b € X.

Definition 2.3 [11,12]. A subset S of a BRK-algebra X is said to be BRK -
subalgebra of X, if v,y € S, implies x xy € S.

Definition 2.4 [11]. A subset S of a BRK -algebra X is said to be a BRK -ideal
of X ( briefly Spri X ) if it satisfies:

(i) 0 e S,
(ii)) Ox(zxy) e S andO0xye S = Oxx €S forallz,y e X.
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Example 1. Consider a set X = {0,a1,a2,a3}. We define “«” on X as the
following table:

* 10 ay a2 as
0 (0 GQGQO
aila1 0 0 a9
a2a20 0 as
(13&3(11&10

Clearly, X is a BRK-algebra. Then S = {0,a1, a2} prr X.

Definition 2.5 [11]. Let (X1,%,0) and (Xa,+',0") be two BRK-algebras. A
mapping v : X1 — Xo is said to be a homomorphism if Y(xxy) = ()« Y(y),
forall x,y € X;.

Definition 2.6 [3]. A bipolar fuzzy set is a pair (A\T,\7), where At : X —
[0,1], and A~ : X — [=1,0] are any mappings.

Definition 2.7 [3]. Let By = (A", A7) and By = (u™, ) be two BF sets in X.
Then followingconditionshold :

(i) By < By if and only if \T < pu* and A= > pu~.
(1) max {B1, Ba) = (max {\*, 5}, min (A=),
min {By, Bo} = (min {\", u™} ;max {7, u7}).

3 Bipolar Fuzzy BRK-ideals in BRK-algebras

In this section, we introduced BF BRK-ideals in BRK-algebras and discussed
related properties.

Definition 3.1. A BF set B = (AT,\7) of X is called BF BRK -ideal of X if
it satisfies following conditions hold:

(BF) ™ (0) > A* (), A (0) < A~ (a),
(BF2) AT (0% ) > min {AT (0% (z*y)), AT (0xy)},
AT (0xx) <max{A~ (0x(x*xy)), A" (0xy)}

Example 2. Consider a set X = {0,a1,a2,a3}. We define “x” on X as the
following table:

x| 0 a1 as ag
0(0 aq 0 al
aj|ay 0 ay 0
as a2 aq 0 ai
az|as ag as 0
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Clearly, X is a BRK-algebra. Define a bipolar fuzzy set,

0 aj az as
ATty by to o
AT S1 81 S92 S3

where t1,t2 € [0,1] and s1, 82,83 € [—1,0] with ¢; > t5 and s1 < s3 < s3, routine
calculation gives that B = (A", A7) is a BF BRK-ideal of X.

Lemma 3.1. Let B be a BF BRK -ideal of BRK -algebra X . If y*x < x holds
in X, then AT (0xy) > AT (0x2) and A\~ (0xy) <A~ (0*x).

Proof. Assume that y «x x < z holds in X. Then (y * x) * = 0. By (BRK3),

AT (0xy) > min {AT (0 (y*z)),A\T (0xz)}
AT (0xy) <max{A~ (0 (y*xx)), A\~ (0xx)}.

Also,
AT (0% (yxx)) > min{/\+ (0% (y*z))*2), AT (O*x)}
=min {A* (0),A* (0% 2)}
Nt (0%2),
and

A (0% (yx2)) <max{A ((0x(y*z))*z), A~ (0*z)}
=max {A” (0),A” (0xxz)}
=" (0x*x).
Hence AT (0xy) > AT (0% z) and A~ (0*xy) < A~ (0% ).

Lemma 3.2. Let B be a BF BRK -ideal of BRK -algebra X. If x <y holds in
X, then AT (0xz) > AT (0xy) and A~ (0xx) <A™ (0xy).

Theorem 3.1. Let B; = {(/\j',/\i_) 14 € Q} be a family of BF BRK -ideals in
X. Then B = _/\Q B; is also a BF BRK -ideal in X, where B = (AT, \™) that is
1€

M= AXMNand)d =V A (AT <AL > Vie).
1€Q 1€Q

Definition 3.2. Let B = (u*,u~) be BF set in BRK -algebra X and (a, 3)
€ [-1,0] x [0,1], then

(1) The set E;{ ={zx € R:u" (x) > B} is called positive 3-cut of B.

(2) The set B ={z € R: p~ (z) < a} is called negative a-cut of B.

(3) The set Biapy = {r € R:p~ (x) <« and p* (x) > B} is called (o, B)-cut
of B

For every vy € (0,1] and BI N BZ

>
<

- 18 called y-cut of B.
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Theorem 3.2. A BF set B = (u", ™) is a BF BRK -ideal in X iff the follow-
ings hold:

(i) For all g €]0,1], B; is non-empty this implies B; is a BRK -ideal of X.
(ii) For all € [-1,0], B,

[0

is non-empty this implies B, is a BRK -ideal of X.

Proof. Let B = (u*, ) be a BF BRK-ideal in X. For x € B; sout () >p
where 3 € [0,1]. Now p (0) > () > B. This implies that 0 € B

Next, let 0% (z x y) € Bg and Oxy € B;{, this means that u* (0% (z xy)) >
and pt (0xy) > B. Then AT (0xz) > min {A\T (0 (zxy)),\T (0xy)} > .
Hence BE is a BRK-ideal of X.

Analogously, we can prove that B, is a BRK-ideal of X.

Corollary 3.1. If B= (u*,u~) is a BF BRK -ideal in X, then the sets E;ﬁr

and E;_ (0) are BRK-ideals of X.

(0)

Corollary 3.2. Let B = (u*,u~) be BF set in X. If B = (u*,u~) is a BF
BRK-ideal in X, then for all v € [0,1] the y-cut of B is a BRK-ideal of X.

Proof. 1t is analogous to the proof of Theorem 3.2.

Corollary 3.3. If B = (u",u~) is a BF BRK-ideal in X, then E(aﬁ) is a
BRK -ideal in X,V (o, 8) € [-1,0] x [0, 1]. In particular, y-cut of B is a BRK-
ideal in X, for all v € [0,1].

4 Images and Pre-images of a BF BRK-ideal

In this section, we introduced images and pre-images of BF BRK-ideals and
discussed some theorems.

Definition 4.1. Let v : X1 — Xo be a mapping of BRK -algebras. If B =
(ut 1) and V = (vt,v™) are BF set of X1 and X» respectively. Then

t(x), if Y1 0,
/ﬁ(wl(y)):v*(y):{ Voot (@), if v (y) #

z€YP~1(y)
and

1, Otherwise,
A uT (@), i v (y) #0,
~ (")) = v~ (y) = { *€¥~ W)
: ( (y)) @) { -1, Otherwise,
for all x € Ry is called image of B = (u*,u™) under v, where =1 (y) = {
X ¢ (x) = y}. Also the pre-image B = V o1 in X defined as, v (¢(x)
pt(x), and v~ (Y(2)) = p~(2).

Theorem 4.1. An into homomorphic pre-image of a BF BRK -ideal is also a
BF BRK -ideal.

i
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Proof. Let 1 : X; — X5 be an into homomorphism of BRK-algebras. Suppose
that V = (v*,v7) be a BF BRK-ideal in (X5, *',0’) and B = (u™, 1~ ) be a BF
BRK-ideal in (X1, *,0). Then for all z € X3, u™ (0) = vt (¢ (0)) > vt (¢ (z)) =
it () and i (0) = v~ (6(0)) < v~ (¥ (2)) = ().

Now, let z,y € X;. Then

> min{v™ (¢ (0) ' (¥ (2) ¥ ¥ (y))),v™ (¥ (0) ¥ ¥ (y))}
= min{vT (¢ (0% (x*xy))),vT (Y (0*y))}
=min{p" (0 (z*xy)),u” (0*y)}

and

p (0% 2) = v (¢ (0xx))

=v (¥ (0)« ¢ (2))

< max{v™ (¢ (0) ¥ (¢ () ¥ ¢ (y))),v™ (¥ (0) ¥ ¥ (y))}
=max{v™ (¢ (0 * (z*y))),v™ (¢ (0*y))}
=max{p" (0* (z*y)), u~ (0xy)}.

Hence pre-image of a BF BRK-ideal is also a BF BRK-ideal.

Definition 4.2. Let B = (u™, ™) be a BF set in X. Then for K C X there
exist m,n € K such that u* (m) = \/K,uJr (m) and p~ (n) = /\K,uf (n).
me ne

Theorem 4.2. An onto homomorphic image of a BF BRK -ideal is also a BF
BRK -ideal.

Proof. Let v : X7 — X5 be an onto homomorphism of BRK-algebras and
V = (vt,v7) be a BF BRK-ideal in (Xo,+",0"). Let B = (u", ) be a BF
BRK-ideal in (Xi,*,0) with sup and inf properties. By Definition4.2, we

get v (y) = pt (v7(Y)) = peutiy T @) and 0T = um (v7'(Y)) =

/\1( )/f () for all ¥y € Xs,. Since B = (u™,u~) be BF BRK-ideal in
zep—1(y
X1, we have p (0) > pt(x) and p= (0) < p~ (x). Note that 0 € p~1(0).
Thus v*(0) = p* (070) =V, wtl@) = #t0) 2 (o) and
acyp—1(0
v (0) = pm (p7H(0) = w/\ o ),u’ (a) = p= (0) < p~ (z). This implies that
acyp=1(0’
oF () > VvV Tla)=v(2) and v=(0') < A ~ (a) = v~ (z')for all
@)z v st @ =@ ad @) A e () =@
z e Xo.
Now, let 2’,y', 2" € X5 and 0g € ¥~ 1(0'), zg € ¥~ (2'), yo € ¥v~1(y') be
h that p*(0 = V + d pt(0 = % *
sucl that (00 £ 20) = vt (@) and w00 su) = _ vt a)
and put(0g * (wo * yo)) = vT (00 * (o * v0))) = vH (0 * (2’ xy)) =
(00 * (o * yo)) = N pt(a).

v H
Oo*(o*yo) €Y1 (0x(a'xy")) a€p=1 (0 (' *y"))
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Thus

(0 w0l — +
v (0 xx) = vV a
( ) wew o (a)

= p (09 * zo)
> min{pt (00 * (w0 * o)), u (00 * o)}

= min \ *(a), vV
{ae'w*I(O’*(x’*y/))M ) aew’l(O’*x/)M

= min{vt (0" * (2" x ), v (0" x¢')}.

(@)}

acy 07
ew—l/\(o’ ,)M_ (a) and p~(0g * (o *yo)) = v~ (¥(0g * (xo *yo))) = v~ (0 *
a *y
' xy)) = A ~ (0 * (xo * = A ~(a).
@) = ormed s eyt COF @)= Ay @
Thus,
v (0" x ) aed;*l(o’*m’)ﬂ a)
= p~ (0g * o)
< max{p~ (0o * (xo * o)), 1~ (00 * yo)}

= max A ~(a), A
{aewfl(o’*(m’*y’))ﬂ ( ) aezp*l(o'*z')'u

= max{v™ (0" (2" xy')),v™ (0" xy/) }.
Hence onto homomorphic image of a BF BRK-ideal is also a BF BRK-ideal.

On the other hand, we have = (0g * z¢) = 71/} , m/);f (a) and = (0g * yo) =

(@)}

5 BF Translation and BF Extension on BF BRK-1Ideals

For any BF set B = (AT,\7) in X, we denote T =1 —sup{\*(z) | z € X} and
1 =—-1—inf{A " (2) |z € X}.

Definition 5.1. Let B = (A", A7) be a BF set in X and (v, §) € [0, T] x [L,0].
By a BF (v, §)-translation of B we mean a BF set B(q;)é) = ()\Et/ ) A T)) where

AE":y,T) X — [07 1]3 r— )‘Jr(x) +7,

Aoyt X — [-1,0], z — A7 () 4.

Theorem 5.1. If B = (A", A7) is a BF BRK-ideal in X, then the BF (,
d)-translation B(jjws) = (A /\(_&T)) of Bis a BF BRK -ideal in X for all (v,
5) € [0,T] x [L,0].

Proof. Let a € X. Then )\Z”MT)(O) =AT0)+~ > A(a) +7 = )\&T)(a), and
Aory(0) =A7(0) +6 < A7(a) + 6 = A5 1 (a). Now, let

+
(v.T)

AZ[Y’T)(O xx) = AT (0x2) +7
> min{ AT (0 (2% y)), AT (0% y)} +~
=min{A\T(0x (z*y)) +7, AT (0xy) +~}
= min{/\(t{’T) (0% (z*y)) 7/\(+A,,T) (O*y)},
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and
Ay (0xz) = A7 (0% z) +6
< max{A~(0 % (%), A~ (0 )} 10
— tna{ A (0 % (2 %)) + 6, A" (0% y) + 0}
= max{)\(&T) (0% (z*y)) s A1) (0xy)}.
Hence B = (A",A\7) is a BF BRK-ideal in X.

Theorem 5.2. Let B = (A",\7) be a BF set in X such that the BF (v, §)-
translation B(TWS) =\ ., A ) of B is a BF BRK -ideal in X for some (7,

(7,T)> 7(8,T)
§) €10, T] x [L,0]. Then B = (A*,\7) is a BF BRK-ideal in X .
Proof Let a € X. Then AT (0) + v = )\’YT)( ) > /\'E{T)( a) = A" (a) +~, and
AT(0) 46 = A5 (0) < A5 py(a) = A7 (a) +6. Thus AT(0) > A*(a) and A~ (0) <
A~ (a). Now, let
)\+(O*x)+'y:)\aT)(0*x)
> min{A} 7, (05 (2 1)), N, py (0% )}
=min{AT(0* (z*y)) + 7, AT (0*y) +~}
= min{ AT (0% (2 xy)), AT (0 xy)} + 7,
and
AT (0x2)+d= )\(_&T)(O* x)
max{A s (0 (z5y)), A 5 (0 y)}
=max{A\ (0 (xxy))+ 0,2 (0xy)+ 4}
=max{A\"(0* (z xy)), A" (0*y)} + 4.

Thus AT(0 % z) > min{AT(0* (z xy)),AT(0*y)} and A~ (0 % x) < max{A~(0 x
(xxy)),\"(0xy)}. Hence B = (AT,\7) is a BF BRK-ideal in X.

IN

Definition 5.2. Let By = (AT,A\7) and By = (u*, u™) be two BF sets in X. If
A (x) < pt(z) and X~ (x) > = (x) for all z € X, then we say that By is a
BF extension of By.

Definition 5.3. Let By = (AT,\7) and By = (u, ) be two BF sets in X.
Then Bs is called a BF BRK -ideal extension of By if following conditions are
holds:

(i) By is called a BF extension of By,
(ii) If Bg is a BF BRK -ideal extension of X then By is also a BF BRK -ideal
extension of X.

By definition /\( )
we have following theorem.

> AT (z) and A7

o) < A~ (x) for all x € X. Therefore,
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Theorem 5.3. If B = ()\“‘ A7) is a BF BRK-ideal of X, then the BF (v,
d)-translation B(TW 5 = (A", A ) of Bis a BF extension of X for all (v,

(8,T)
0) €0, T] x [L,0].
Converse of above theorem is not true in general as seen in following Example.

(v.T)

Example 3. Consider BRK-algebra X = {0,a1,a3,a3} defined in Example 2.
Let By = (AT,\7) be a BF set in X defined by

0 aiq as as
AT 04 04 0.2 0.2
A~ —0.2 -0.2 —=0.1 —0.1

Clearly, B is a BF BRK-ideal of X. Let By = (1™, ™) be a BF set of X defined
by

0 a1 as as
ut 042 042 04  0.65
- —0.23 —-0.23 —0.23 —0.66

Then Bs is a BF BRK-ideal extension of By but it is not BF (v, J)-translation
of By, for all (v, §) € [0, T] x [L,0].

Definition 5.4. Let B = (u™, ™) be a BF set in X, (o, ) € [—1,0] x [0,1],
v € [0,T] and § € [L,0]. We define B(Bv) = {zeX: ut(z)>p-1},

B(aTﬁ) ={zeX:u (z) <a—4} and B((a,ﬁ),('y,é)) ={zeX:p (@)<a-—~
and i (z) > 3 — 6}

Theorem 5.4. If B= (u*, ) is BF BRK -ideal of X, then B(+T) and B(a 5)
are BRK -ideal of X for alla € Im(p™) and 8 € Im(u™t) with 3 > v and o < 4.
If we do not take the condition that B = (u*, ™) is BF BRK-ideal of X,

then either both B(JFTV) and B(_a Té) are not BRK-ideals of X, or one of them is

not a BRK-ideal of X.

Example 4. Consider BRK-algebra X = {0, 1,2} with the following operation

Let B = (u™, ™) be a BF set of X defined by

0 1 2
pt 05 02 04
-~ 0.6 -0.4-05

Clearly, B is a BF BRK-ideal of X. Take ﬂ =032, a = —0.35, v = 0.05

and § = —0.04. Then B(J%Tv) = {0,2} and B( 5 = = {0,1,2} are BRK-ideals of

X. On the other hand, BF set B = (u/*, /™) defined by
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0 2 1
T 06 05 07
- 0.9 -0.7-05

is not a BF BRK-ideal of X. Take 8 = 0.55, « = —0.8, v = 0.03 and § = —0.07.

Then B | = {0,1} is not a BRK-ideal of X, but B ;) = {0} is a BRK-ideal

of X
Corollary 5.1. If B= (u*, ™) is BF BRK-ideal of X, then B(:,Ea,ﬁ),('y,é)) is a
BRK -ideal of X, for all (o, 3) € [-1,0] x [0,1] and (v, 6) € [0, T] x [L,0].
Theorem 5.5. Let B = (u™,u~) be a BF set of X. Then the BF (v, §)-
translation of B is a BF BRK -ideal of X if and only if B(ZTA/) and B(;Té) are
BRK-ideal of X for all 3 € Im(u), a € Im(u™) and (v, §) € [0, T] x [L,0]
with a < dand > ~.
Proof. Assume that BY, 5 = (i, 1), 15.1)) 15 a BF BRK-ideal of X. Let z €
B(ﬂ - Then p *(z) > B — 7 such that M?_ Ko (0) > ,u?;y T)( x) > (. This shows
that u* (0) +~ > 3. Thus ut (0) > 8 — v, which implies that 0 € B(ﬁ 5y Now
let 0% (axb) € B(J%Tv) and 0 b € B@Tw for all a,b € X. Since u™ (0*a) 2
min{,uziy ) (0% (a*b)), ,uziy ) (0%b)} > 3. This shows that pt (0xa) 4+~ > 0.
Thus pt (0% a) > B — v, which implies that 0 x a € B,
BRK-ideal of X. Analogously, we can prove that B(% 5) is a BRK-ideal of X.
Conversely, suppose B(B ) and B ) are BRK-ideals of X for all § €
Im(p*), a € Im(p~) and (v, 8) € [O T] x [L,0] with « < § and 8 > 7.
Assume that there exist a € X, such that ,u?:/ m (0) < g < ﬂa ) (@)
and iy, (0) > o > jiyp (@) Then 1= (0) > 7 — 7, wt (0) > 7~ 7,
u (0) < & — ¢ and p (0) < o — 4. This shows that a € B('%Tv) and
a € B( 5 but 0 ¢ B(ﬁ . and 0 ¢ B(a 5) which is contradiction. Hence
,u(%T) (0) > /QL(%T)( a) and ps ) (0) < s (a). Similarly, we can prove
that u?:%T) (0xa) > min{,uziny) (0 (axb)) ,,uzCY’T) (0xb)}, 1.y (0xa) <
max{,u(_é ) (0% (axD)), 15 (0% b)}. Hence BF (v, ¢)-translation of B is a BF
BRK-ideal of X.

(5 e Hence B(J;;,T,Y) is a

Theorem 5.6. Let B = (A",\7) be a BF BRK-ideal in X, (v, 6) € [0,T] x
[L,0] and (v, &") € [0, T] x [L,0]. If (v, §) > (v, &"), then BF (v, §)-translation
B(TW;) of B is a BF BRK -ideal extension of (v, §')-translation B(TV,,(;,) of B.

Theorem 5.7. Let B = (A",\7) be a BF BRK -ideal in X and (v, ¢) € [0, T]x
[L,0]. For every BF BRK-ideals extension B' = (vt,v™) of the BF (v, §)-
translation B ) of B, there exist (v, 8") € [0, T]x[L,0] such that (, §) > (v,
8"y and B’ is a BF BRK -ideal extension of the BF (v, §')-translation B(jjv’,ti/
of B.

)



Bipolar Fuzzy BRK-ideals in BRK-algebras 13

Proof. Assume that for every BF BRK-ideal extension B’ = (v*,v7) of BE’;,(S),
there does not exist (v/, &) € [0, T] x [L,0] (v, §) > (7', §') such that B’ is
not BF BRK-ideal extension of B(Tn/,ﬁ,). Then v (z) > ﬂ@m () =pt (z)+9
and v~ (x) < Hsr my () = p~ (z)+ ¢ for z € R. Since, (v, §) < (7', ¢’) so that
v (z) >pt (2)++ >pt (z) +yand v~ (z) < p= (z) + & < = (z) + 4. This
shows that vt (z) > ,u?r%T) (z) and v~ (z) < Is,m) () which is contradiction.
Thus, there exist (7', ') € [0, T] x [L, 0] such that (v, ) > (7', ') and B’ is a
BF BRK-ideal extension of B(Tv,’é,).

Definition 5.5. Let B = (AY,\7) be a BF set of X and ¢,n € [0,1]. By a BF
(¢, m)-multiplication of B we mean a BF set B, = ()\me, A, ™) express as

AP X [0,1], 7 — A ()€,
A, X — [=1,0], 2 — A7 (7).

For a BF BRK-ideal, BF (0, 0)-multiplication B(T&O) is a BF BRK-ideal of
X.

Theorem 5.8. If B = (A",\7) is a BF BRK-ideal of X, then BF (¢, n)-
multiplication B&Lm of B is a BF BRK -ideal of X.

Theorem 5.9. Let B = (AT,\") be a BF set of X. Then BF (¢, n)-
multiplication B?Z ) of B is a BF BRK-ideal of X if and only if B is a BF

BRK-ideal of X for some (,n € [0,1].
Proof. Necessity obtains from Theorem 5.8. Let ¢, n € [0, 1] such that BF (¢, n)-
multiplication B¢ of B is a BF BRK-ideal of X. Let 2 € X. Then AT (0)¢ =
ALT(0) > AL (2) > AT (2) ¢ AT (0)n = Af™ (0) < AP (2) < AT () n which
implies that A™ (0) > AT (z). Analogously, A~ (0) < A~ (). Next, let for z,y €
X
>\+(O*Z‘)C:>\2_m(0*f£)

> min{A[™ (0% (z+y)), AL™ (0% y)}

— min{AT (0% (%)) (AT (05 1) ¢}

— min{A* (0% (2 % 9)), A (0% 9)}C,

which implies that A™ () > min{A" (0 % (z *y)), AT (0*y)}. And,
AT (0xz)n = A" (0xx)
< max{)\;m (0% (z*y)), A (0xy)}
= max{\~ (0% (z*y))n, A~ (0xy)n}
=max{A\~ (0* (zxy)),A" (0*y)}n,

which implies that A~ (z) < max{A~ (0 (x*xy)), A" (0*xy)} for z,y € X.
Hence B is a BF BRK-ideal of X.
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Theorem 5.10. Let B = (A", A7) be a BF set of X, (v, 6) € [0, T] x [L,0] and
¢, n € (0,1]. Then every BF (v, §)-translation B(j; 5y of B is a BF BRK -ideal
extension of the (¢, n)-multiplication B of B.

Proof. For all a € R, we have u?;’T) (a) =pt(a)+~v>pt(a) > put(a)¢ =
pd™ () and pgy gy (@) = p (@) +6 < p~ (a) < p (a)n = py™ (a). Thus B 5
is a BF extension of the (¢, n)-multiplication BZ" of B. Assume that BF ((,
n)-multiplication B(C ) of B is a BF BRK-ideal of X. Then by Theorem 5.9,
B is a BF BRK-ideal of X. By Theorem 5.1, B(%a) is a BF BRK-ideal of X.
Thus every BF (v, §)-translation is a BF BRK-ideal extension of the (¢, n)-
multiplication of B.

6 Conclusion

In this study, we investigated BF BRK-ideals in BRK-algebras and discussed
related properties. We introduced translation, extension and multiplications of
BF BRK-ideals in BRK-algebras and discussed related results. As an extension
of above results, one could study bipolar anti fuzzy BRK-algebras and BF ideals
in other algebraic structures. Applications of the method to consider the related
problems in machines learning, decision makings, information sciences, cognitive
science, intelligent decision-making system, and so on.
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