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Abstract. In this paper, a footstep planning algorithm for a lower limb
exoskeleton climbing stairs is presented. The algorithm relies on having a height
map of the environment, and uses two procedures: partial decomposition of the
supporting surface into convex obstacle-free regions, and optimization of the
foot step position implemented as a quadratic program. These two methods are
discussed in detail in the paper, and the simulation results are shown. It is
demonstrated that the algorithm works for different staircases, and even for the
staircases with obstacles on them.
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1 Introduction

Exoskeletons have been a focus of many studies in robotics for the past few decades
because of the significant range of possible practical applications that this technology
has. This variety of applications has already lead to a significant interest in the industry,
resulting in a number of successfully working exoskeleton designs [1–3]. The lower
limb exoskeletons are an especially important example of this development. They can
serve to restore mobility to patients, and enable workers and soldiers to perform more
physically demanding tasks [3].

At the same time, there is still a number of challenging problems for exoskeletons.
One of the most important examples of such a problem is climbing stairs [4]. The
challenges associated with climbing stairs include the problem of maintaining vertical
balance of the mechanism, higher demands on the mechanical design and motors (as
compared to walking on a horizontal plane) and the footstep planning problem [5, 6].
Here we consider the latter. A footstep planning algorithm should be able to produce a
feasible sequence of steps using the information about the exoskeleton’s position and
the environment. The problem of processing the sensory data in order to construct a
map of the environment, and find robot’s location on it, is closely related to footstep
planning [7]. This problem is usually being solved before the footstep planning
algorithm can start working and is often associated with simultaneous localization and
mapping methods or constructing the so-called height map [7, 8]. In this paper, we
assume that the robot has access to the height map of the environment, and we focus on
using this information in order to plan a sequence of steps.
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There are a few different approaches to footstep planning. In the paper [9] an
optimization-based footstep planner is discussed. One of its features is the use of
mixed-integer programming for planning and IRIS algorithm for the decomposing the
supporting surface into convex regions (see [10] for details). Alternative approach
based on stereographic projection is shown in [11]. In [12, 13] a footstep planner was
realized using quadratic programming (QP) for different types of walking robots. In
[14] a footstep planner for Honda’s biped robot was designed based on the A* search
algorithm. This planner does not guarantee optimality of the chosen path, but works at
a satisfactory speed. We should note that significant progress in numerical techniques
for solving quadratic programs has been made over the last decades, making the use of
QP in real time control loops a viable solution. Examples of this can be found in works
[15, 16]. In this paper, we use also use quadratic programming as a part of the footstep
planning algorithm. Our algorithm also requires partial decomposition of the sup-
porting surface (or its height map) into convex regions. The algorithm used for this
decomposition is described in the following chapters.

2 Exoskeleton Description

In this paper, we focus on a footstep planner algorithm for a lower limb exoskeleton.
We consider the exoskeleton ExoLite, which has two legs divided into four segments
(hip, thigh, shin and foot). This exoskeleton has 10 actuated joints, one in each hip,
thigh, and knee, and two in each foot [17–23]. Each joint is equipped with sensors for
measuring joint angles and the exoskeleton’s feet are additionally equipped with
pressure sensors and inertial measurement units. A general view of the exoskeleton is
shown in Fig. 1.

In papers [17–19] the task of controlling the robot while maintaining its vertical
balance is discussed. Papers [20–23] are studying the problem of controlling the
exoskeleton during the execution of prescribed trajectories, as well as the problem of
tuning the controller.

Fig. 1. General view of the ExoLite exoskeleton; 1 – torso link, 2 – thigh link, 3 – shin link, 4 –

foot link
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The contact surface of the exoskeleton’s feet has the form of a non-convex polygon.
In this study, we consider an algorithm that finds a new placement position for the
exoskeleton’s feet. The new position should guarantee that the foot lies inside an
obstacle-free region on the supporting surface. If we only consider obstacle-free
regions that are convex, then we can modify this condition in the following way: the
convex hull Fc of the points on the exoskeleton’s foot should lie inside an obstacle-free
region on the supporting surface. To show the equivalence of the two conditions we
can observe that if all points on the exoskeleton’s foot lie inside a convex region, then
any convex combination of these points also lies inside that region, which in turn
means that their convex hull lies inside the mentioned region.

In the following chapters, we assume that the robot has access to the height map of
the supporting surface. The height map is a function zmap ¼ zmapðx; yÞ that returns a
height z for a given point on the supporting surface with coordinates x and y.

3 Supporting Surface Partial Decomposition Algorithm

In this chapter, we consider an algorithm that we use to partially decompose the surface
into convex obstacle-free regions. By obstacle-free region we mean a region where the
heights of any two points are different by no more than e, the height variation threshold.
We say that the surface is partially decomposed to indicate that the procedure is meant
to provide us with a few convex obstacle-free regions, but these regions do not need to
tile the whole surface.

The first step of the algorithm is to generate a set of seed points R ¼ frig, where
ri ¼ ½ xi yi � is a seed point with Cartesian coordinates xi and yi. To generate the set R
we can use a grid, a set of random numbers or a low-discrepancy sequence of points,
such as the Sobol sequence [24].

The second step is to take one seed point ri and construct an approximation of the
convex obstacle-free region it belongs to. This is done in the following way. First we
construct a sequence of n rays that originate from the point ri. The first ray can be
chosen randomly, and every other ray in the sequence is constructed by rotating the
previous one by 2p=n radians. We can parametrize these rays by a parameter n that
represents the distance from the seed point ri. For the case when the first ray is chosen
to lie along the positive x axis on the xy plane every point on each ray can be described
by the next formula:

vi;jðnÞ ¼ ri þ ½ n cosð2jp=nÞ n sinð2jp=nÞ �; ð1Þ

where vi;j is a point on the j-th ray and n is a variable that determines the distance from
vi;j to the seed point ri. Then for each ray we find a point mi;j (where i is the index

number of the seed point, and j is the index number of the ray, j ¼ 1; n) closest to point
ri out of all points on the ray which lie outside the obstacle-free region. His can be
formulated as follows:
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mi;j ¼ vi;jðnminÞ
nmin ¼ minfn : zmapðvi;jðnÞÞ � zmapðriÞ

�
�

�
�[ e=2g ;

�

ð2Þ

where nmin is the minimum value of n, such that the point vi;j lies on an obstacle. To
determine whether or not vi;jðnÞ lies on an obstacle we use the height map zmap to check
if the height difference between point vi;j and the seed point ri is greater than e=2,
which gives us a conservative estimation.

Thus we can construct an approximation of the convex obstacle-free region as a
convex hull of the points mi;j (for a given i and all j). We denote this region as Xi:

Xi ¼ Convfmi;jg j ¼ 1; n: ð3Þ

We should note that the quality of this approximation depends the shape of the actual
obstacle free region and on the number of rays n. If the region is convex, then as the
number of rays grows the approximation will approach the exact shape of the region.

Because Xi is a convex hull of a finite number of points it is a polygon with vertices
mi;j, and as any convex polygon it can be represented as a set of linear inequalities:

Xi ¼ fr : Air� big; ð4Þ

where Ai and bi are a matrix and a vector that correspond to a linear inequality repre-
sentation of Xi, and r is a radius vector for a point in the polygon Xi. For the discussion
of algorithms for computing Ai and bi from the given set of vertices mi;j, see [25].

The third step of the algorithm is the improvement of the obstacle-free region
approximation. Since Xi was chosen as a convex hull of the points mi;j, it can contain
some of these points in its interior. During this step we add new inequalities to the
system Air� bi and construct a new convex polygon X�

i , such that every point mi;j is
either outside X�

i or lie on its boundary.
Let us assume that a vertex defined by its radius vector min lies in the interior of Xi.

Then, we can add the following linear inequality to the system Air� bi to make it lie
on the boundary of a new polygon X�

i :

aTnewr� bnew
anew ¼ ðmin � riÞ= min � rik k
bnew ¼ mink kþ aTnewri

8

<

:
; ð5Þ

where ri is the radius vector defining the position of the point ri. Then the new polygon
X�

i is defined as follows:

X�
i ¼ r :

Ai

aTnew

� �

r� bi
bnew

� �� �

: ð6Þ

We iteratively add new constraints to the polygon X�
i until all vertices mi;j are

outside X�
i or lie on its boundary.
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4 Quadratic Programming-Based Footstep Planning
Algorithm

In this chapter, we discuss a footstep planning algorithm for climbing stairs based on
quadratic programming. We denote as rd ¼ ½ xd yd �T a desired step. A desired step is
determined by the user, and the planning algorithm tries to find a feasible step that would
be as close as possible to rd . We formulate it as the following optimization problem:

minimize rTs rs
subject to A�

i ðrd þ rs þ re;jÞ� b�i
; ð7Þ

where rs ¼ ½ xs ys �T is a shift from the desired foot position rd , re;j is the relative
position of the j-th vertex of the polygon Fc, which corresponds to a vertex of the
exoskeleton’s foot, and A�

i and b�i are a matrix and a vector in the linear inequality
representation of the obstacle-free region X�

i . This problem is solved for all
obstacle-free regions X�

i that were found using the previously discussed decomposition
procedure, and then the solution with the smallest value of the cost function is chosen.

This algorithm can be modified by changing the cost function to be a quadratic
form of rs. Then by using an appropriate quadratic form matrix we can chose the
preferred direction of the shift rs.

5 Simulation Results

In this chapter, we look at simulation results obtained using the presented algorithm.
First, we consider two different staircases with pitch angles p/6 and p/12. Both stair-
cases have a rise height of 0.12 m. The desired step length was chosen to be 0.32 m.
The obtained footstep plans are shown in Fig. 2.

Fig. 2. The exoskeleton climbing staircases with pitch angles: (a) p/6, (b) x/12
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We can note that for the steeper staircase (Fig. 2a) the footstep plan has hit every
step of the staircase exactly once. For the other staircase, the footstep plan has hit every
step three times. This happened because of the greater length of the steps. By doubling
the desired step length, we can obtain a footstep plan that would skip every other step.

The proposed algorithm can also handle cases when there are additional obstacles
on the staircase. Figure 3 shows the footstep plan generated for the case when the
staircase has a pitch angle of p/8, and there are 3 obstacles lying on the stairs.

We should note that the third step of the partial decomposition algorithm is mainly
used to handle this type of problem. Stairs with no obstacles naturally provide convex
regions, so only the first two steps of the decomposition algorithm are needed. On the
other hand, addition of the third step to the decomposition algorithm allows to handle the
problem offeet collision, by checking if the vertices of the stationary foot lie in the interior
of the obstacle-free regions X�

i , and augmenting X�
i with new inequalities if they do.

6 Conclusions

In this paper, a footstep planning algorithm for climbing stairs was presented. The
algorithm relies on having a height map of the supporting surface. It can be decom-
posed into two independent methods: first is the method for partial decomposition of
the supporting surface into convex regions and the second is an algorithm for finding
an optimal foot placement in these regions using quadratic programming.

It is shown that the footstep planning algorithm works for different staircases, and
that it can handle the situation when there are obstacles lying on the stairs. It shows that
the algorithm can be used as an alternative to the method presented in [26] for obstacle
avoidance. The version of the algorithm presented in the paper plans for only one step
ahead, but it is possible to extend it for planning multiple steps ahead.

Fig. 3. The exoskeleton climbing a staircase with obstacles
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