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Preface

It is the aim of this book to motivate young mathematicians at the postgraduate
level to start studying different topics of the theory of partial differential equations.
The book is addressed to Master and PhD students with interest in this theory.
After attending introductory courses on PDE’s, usually at the end of undergraduate
studies, the backgrounds of those students may vary widely. Sometimes the theory
on PDE’s is reduced to Fourier’s method and integral transformations only.

The main purpose of this book is to amplify an advanced course on PDE’s during
graduate studies. The book provides an overview on different topics of the theory
of partial differential equations. As it is announced in the title, the explanation of
qualitative properties of solutions of linear models, the introduction to phase space
analysis on the one hand and modern methods how to treat semilinear models on
the other hand, form the core of the book. The authors have chosen these subtitles
because a deeper knowledge of these topics is an important base from which to
apply or develop the theory of PDE’s.

Usually, introductory courses on PDE’s contain only very few properties of
solutions to basic PDE’s. We will illustrate qualitative properties of solutions of
model equations showing fundamental differences between properties of solutions
to Laplace, heat, wave or Schrodinger equations. A deep knowledge of such prop-
erties helps in understanding the applicability of different methods or techniques to
treat more complex models.

Phase space analysis is widely applied in a lot of branches of the theory of
PDE’s. Only a very careful description of Fourier transform of functions or even
distributions together with decomposition techniques of the phase space allows
for attacking a lot of problems from the theory of partial differential equations.
Without having tools from WKB analysis, the theory of pseudo-differential or para-
differential operators, a lot of models can not be treated in an optimal way. For this
reason the authors included chapters on basics of phase space analysis.

The move from linear models to nonlinear ones is a big challenge. Even if one
adds the most simple nonlinearities |u|? or +|u|’~'u as a nonlinear right-hand side in
a linear model it causes a lot of new difficulties. Sometimes such a term determines
new trends in the theory. The authors show by semilinear heat, wave or Schrodinger
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viii Preface

models the big influence of these nonlinearities on methods, trends and expected
results. A deep knowledge of how to treat semilinear models simplifies the move to
understand quasi- or nonlinear models as well.

The authors have years of experience giving courses on PDE’s at undergraduate
and graduate level and supervising PhD students. The book contains their combined
teaching and supervising expertise. The courses were held at various universities
throughout the world.

In 2009, the first author gave a course about the Cauchy problem for partial
differential operators within the 27th Brazilian Mathematics Colloquium at Instituto
Nacional de Matemaitica Pura e Aplicada (IMPA) in Rio de Janeiro. Upon the
invitation of Prof. Sandra Lucente, the second author stayed at the University
of Bari in Italy during November 2013, and gave a series of lectures on partial
differential equations within the “Project Messaggeri della Conoscenza 2012,
ID424”, supported by the government of Italy. The audience was composed of
Master and PhD students not only from University of Bari. This comprehensive
course was only one of a series of nine courses on “Basics of Partial Differential
Equations” the second author gave during the period 2007-2016 at the Shanghai
Jiao-Tong University, Kazakh National University Al Faraby Alma-Aty in Kaza-
khstan, the Eurasian National University L.N.Gumileva Astana in Kazakhstan, the
Hanoi National University of Education and the Hanoi University of Science and
Technology in Vietnam. The second author since 2002 gives the course ‘“Partial
Differential Equations 1/2” at the Faculty for Mathematics and Computer Science
of Technical University Bergakademie Freiberg, and here he supervised 15 PhD
students, several of them from abroad. The first author spent the period July 2014—
July 2015, his sabbatical year, in Freiberg. During this time he gave advanced
seminars on “Partial Differential Equations” for Master students. From all activities
arose the joint idea to write this book.

It will be our great pleasure should this book stimulate young mathematicians to
become familiar with the beautiful theory of partial differential equations.

Ribeirao Preto, Sdo Paulo, Brazil Marcelo R. Ebert
Freiberg, Germany Michael Reissig
June 2017



Acknowledgements

The idea to write this book arose during the stay of the first author (July 2014-July
2015) at the Institute of Applied Analysis at TU Bergakademie Freiberg. The stay
of the first author was supported by Fundacdo de Amparo a Pesquisa do Estado
de Sdo Paulo (FAPESP), grant 2013/20297-8. The book was completed within the
DFG project RE 961/21-1 and FAPESP Grant 2015/16038-2.

The authors thank Vladimir Georgiev, Sandra Lucente, Winfried Sickel, Mitsuru
Sugimoto, Hiroyuki Takamura and Karen Yagdjian for fruitful discussions on the
content of some parts of this book. Moreover, the authors thank former PhD students
Abdelhamid Mohammed Djaouti, Christian Jdh, Wanderley Nunes do Nascimento,
Alessandro Palmieri and Maximilian Reich for reading some of the chapters.

Finally, we thank the staff from Birkhéuser publishing house, in particular, Sarah
Goob and Dr. Thomas Hempfling, for the fruitful co-operation in preparing the final
version of this book.

ix



Contents

Part I
1 Introduction............. ... 3
2 Partial Differential Equations in Models ................................ 7
2.1 A General Conservation Law..............oooiiiiiiiiiiiiiiiinn.. 7
22 Transport or CONVECHION .....oouuuuiiiti it 8
2.3 Diffusion .. ... 9
24 Stationary Models............ooooiiiiiiiiii 10
2.5 Waves 1N ACOUSHICS ... uuu e 11
2.6 Quantum Mechanics .........ooiiiiiiiiiiiii i aeen 13
2.7 Gas- and Hydrodynamics............coooiiiiiiiiiiiiiii i 14
2.8 Concluding Remarks. ... 14
3 Basics for Partial Differential Equations ................................ 17
3.1 Classification of Linear Partial Differential Equations
of Kovalevskian Type ..........uuuiiiiiiiiiiiiiiiiiiiiiiiiiiees 17
32 Classification of Linear Partial Differential Equations
0f Second Order...........uuuuiiiiiiiiiiiieeeees 19
33 Classification of Linear Systems of Partial Differential
EqQUations ... ... 21
34 Classification of Domains and Statement of Problems............ 26
34.1 Stationary Processes ...........cccooiiiiiiiiiiiiiii.. 27
342 Nonstationary Processes...........ccooviiueeieeiiinnn.. 28
3.5 Classification of SOIUONS .........oooiiiiiiiiiiiiiii i, 32
4  The Cauchy-Kovalevskaja Theorem ..........................cooi 37
4.1 Classical VerSION ........uuuuuiiiiiceeeees 37
42 ADSLIaCt VEISION ...t 40

xi



xii Contents
4.3 Concluding Remarks............ooooiiiiiiiiiiiiiiiiiiic s 43
4.3.1 Generalizations of the Classical
Cauchy-Kovalevskaja Theorem ....................oe.. 43
432 Generalizations of the Abstract
Cauchy-Kovalevskaja Theorem ....................oe.. 44
433 Applications of the Abstract
Cauchy-Kovalevskaja Theorem ....................o... 45
5  Holmgren’s Uniqueness Theorem ........................................ 49
5.1 Classical Version ...........ccovviiiiiiiiiiiiiiiii i 49
52 ADbStract VErsion ..........oeiiiiiiiiiiiiiiiiiiiii i 52
53 Concluding Remarks........ ..ot 53
5.3.1 Classical Holmgren Theorem ..............cccoooiiiiiee 53
532 Abstract Holmgren Theorem ...............ccooviiuniee 54
6  Method of Characteristics ... 57
6.1 Quasilinear Partial Differential Equations of First Order ......... 57
6.2 The Notion of Characteristics: Relation to Systems
of Ordinary Differential Equations...................oooeiiiini. 58
6.3 Influence of the Initial Condition...................oooiiiiiii.n. 59
6.4 Application of the Inverse Function Theorem ..................... 61
6.5 SUMMATY oo 64
6.6 EXamples .....oooeii 65
6.6.1 Continuity Equation ... 65
6.6.2 An Example of a Characteristic Cauchy Problem...... 65
6.7 Concluding Remarks............ooooii 66
7  Burgers’ Equation.................coiiiii 69
7.1 Classical Burgers” Equation ..., 69
7.2 Other Models Related to Burgers’ Equation....................... 73
7.3 Concluding Remarks. ..o 74
Part IT
8 Laplace Equation—Properties of Solutions—Starting Point
of Elliptic Theory ... 79
8.1 Poisson Integral Formula ..................oo 79
8.1.1 How Does Potential Theory Come into Play?.......... 79
8.1.2 Green’s Function and Poisson Integral Formula ....... 82
8.2 Properties of Harmonic Functions .......................oooooa 87
8.2.1 Mean Value Property ..............ccoiiiiiiiiiiiiiii 87
822 Maximum-Minimum Principle.......................... 87
823 Regularity of Harmonic Functions...................... 88
824 Weyl’s Lemma and Interior Regularity ................. 89
83 Other Properties of Elliptic Operators or Elliptic Equations...... 91
8.3.1 HypoelliptiCity ........ooiiiiiiii i 91

832 Local Solvability .........ccoooiiiiiiiiiiiii 92



Contents

10

Xiii
8.4 Boundary Value Problems of Potential Theory.................... 93
8.4.1 Basic Boundary Value Problems of Potential
ThEOTY ..ttt 93
8.4.2 How to Use Potentials in Representations
of Solutions? ... 96
8.4.3 Integral Equations of Potential Theory ................. 99
Heat Equation—Properties of Solutions—Starting Point
of Parabolic Theory .............ccooiiiiiiiiiiiiees 103
9.1 Potential Theory and Representation Formula .................... 103
9.2 Maximum-Minimum Principle.................cooo 105
9.3 Qualitative Properties of Solutions of the Cauchy Problem
for the Heat Equation ...............cooiiiiiiiiiiiiiiiiiiiiinnn. 107
9.3.1 Non-reversibility in Time..............oooooeiiiiii. 108
9.3.2 Infinite Speed of Propagation ........................... 108
9.33 Smoothing Effect ... 109
9.3.4 Uniqueness of Classical Solutions to the Cauchy
Problem ... 110
9.4 Mixed Problems for the Heat Equation ............................ 111
9.4.1 Basic Mixed Problems.................oooooo 111
942 How to Use Thermal Potentials
in Representations of Solutions? ........................ 113
9423 Integral Equations of Mixed Problems
for the Heat Equation ..o 114
Wave Equation—Properties of Solutions—Starting
Point of Hyperbolic Theory .......................o.. 119
10.1  d’Alembert’s Representationin R! ............................ ... 119
10.1.1  Regularity of Solutions ............ccoviiiiieeeiiinnnnn. 120
10.1.2  Finite Speed of Propagation of Perturbations .......... 121
10.1.3  Domain of Dependence............cccovvviieeenninnnn. 121
10.1.4  Huygens’ Principle ...........oooiiiiiiiiiiiiiiiii, 121
10.2  Wave Models with Sources or Sinks ...t 122
10.3  Kirchhoff’s Representation in R® .......................cccoeee.. 122
10.3.1  How Can the Reader Guess Kirchhoff’s Formula?..... 123
10.3.2  Verification of Kirchhoff’s Formula .................... 125
10.4  Kirchhoff’s Representation in R? ..................cccoeininn.. 127
10.4.1  Method of Descent............coovvviiiiiiiiiiiieiinnn.n. 128
10.5  Representation Formulas in Higher Dimensions .................. 129
10.5.1  Odd Space Dimension .............cceevviuiieeeeennnnnnns 129
10.5.2  Even Space Dimension ............ccooviiiieeeninnnnnn. 130
10.6  Propagation of Singularities ...........ccooviiiiiiiiiiiiiieenn. 131
10.6.1  More About Propagation of Singularities............... 133
10.7  Concluding Remarks..........c.oooiiiiiiiiiiiiii i 135
10.7.1  Derivation of Wave Layer Potentials.................... 136

10.7.2  Basic Mixed Problems for the Wave Equation ......... 138



Xiv

Contents

10.7.3  How to Use Wave Potentials in Representations

of Solutions? ... 139
10.7.4  Integral Equation for the Interior Dirichlet
Problem for the Wave Equation ......................... 140
10.7.5  Final Comments to Mixed Problems.................... 141
11 The Notion of Energy of Solutions: One of the Most Important
Quantities.... ... 147
11.1  Energies for Solutions to the Wave Equation...................... 147
11.2  Examples of Energies for Other Models........................... 151
11.2.1  One Energy for Solutions to the Elastic Wave
EqQuation ........oooiiiiii 151
11.2.2  Energies for Solutions to the Heat Equation............ 152
11.2.3  Energies for Solutions to the Schrodinger Equation ... 152
11.2.4  Energies for Solutions to the Plate Equation ........... 153
11.2.5  Energies for Solutions to Special Semilinear
Wave Models........cooviiiiiiiiiiiiiii 153
11.2.6  How to Define Energies in General?.................... 154
11.3  Influences of Lower Order Terms to Qualitative Properties
of SOIUtIONS ....ooiiiii i 155
11.3.1  Wave Models with Terms of Lower Order.............. 155
11.3.2  Classical Damped Wave Models ........................ 156
11.3.3  Wave Models with Viscoelastic Damping .............. 157
11.3.4  Klein-Gordon Equation.............cc.oooiieiiiiiiinnn. 158
11.3.5  Plate Equations with Lower Order Terms .............. 160
11.4  Behavior of Local Energies...........cccovviiiiiiiiiiiiiiieenn. 160
11.4.1  Behavior of Local Energies for Solutions
to the Free Wave Equation.................ocooiiiiiie 162
11.4.2  Behavior of Local Energies for Solutions
to the Elastic Wave Equation ..................coooiuie 163
11.4.3  Behavior of Local Energies for Solutions
to the Klein-Gordon Equation....................ooueee 164
11.4.4  Behavior of Local Energies for Solutions
to the Classical Damped Wave Equation ............... 165
11.4.5  Behavior of Local Energies for Solutions
to the Viscoelastic Damped Wave Equation............. 166
11.4.6  Behavior of Local Energies for Solutions
to the Heat Equation ...............ccoiiiiiiiiiiiiis 167

11.4.7  Behavior of Local Energies for Solutions
to the Schrodinger Equation................oooiiiiiie 169



Contents XV

Part III
12 Phase Space Analysis for the Heat Equation ............................ 173
12.1  The Classical Heat Equation .............cooooiiiiiiiiiiiiienn. 173
1211 L% — L2 BSUMALES .. vvvieeiiieieeieieaeieaeaieaeeaens 174
12.1.2 7 — L7 Estimates on the Conjugate Line............... 175
12.1.3 I — L7 Estimates Away of the Conjugate Line ........ 175
12.2  The Classical Heat Equation with Mass ........................... 178
13 Phase Space Analysis and Smoothing for Schrodinger Equations .... 181
13,1 L7 — LYESHMALES ..ottt it e ee et e e 181
13.1.1  The Classical Schrodinger Equation .................... 181
13.1.2  The Classical Schrodinger Equation with Mass......... 184
13.2  Smoothing Effect for Solutions ................cooiiiiii.. 185
13.2.1  Local Smoothing Properties of Solutions............... 186
13.2.2  Global Smoothing Properties of Solutions ............. 186
14 Phase Space Analysis for Wave Models .................................. 191
14.1  The Classical Wave Model ............cooiiiiiiiiiiiiiiiiiinn 191
14.2  The Classical Damped Wave Model ............................... 196
14.2.1  Representation of Solutions by Using Fourier
Multipliers......oouieiii e 196
14.2.2  Decay Behavior and Decay Rate of the Wave
ENergy .o 198
14.2.3  The Diffusion Phenomenon for Damped Wave
MOAEIS. ..t 206
14.2.4  Decay Behavior Under Additional Regularity
of Data......ooiiiiiiiiiiii e 210
143 Viscoelastic Damped Wave Model..........................oo.. 211
14.3.1  Representation of Solutions by Using Fourier
MUItIPHETS. . . et 212
14.3.2  Decay Behavior and Decay Rate of the Wave
ENergy ...oovii e 214
14.3.3  Decay Behavior Under Additional Regularity
of Data.....cooiiiiiiiiiiiiii e 215
14.4  Klein-Gordon Model............oooiiiiiiiiiiiiiiiiiiiiiiiiaa 217
14.4.1  Representation of Solutions by Using Fourier
MUItIPHETS . .. e 217
14.5  Klein-Gordon Model with External Dissipation................... 219
14.6  Klein-Gordon Model with Viscoelastic Dissipation............... 220
147 Concluding Remarks..............oooooiiiiiiiiii 221
15 Phase Space Analysis for Plate Models................................... 227
15.1  The Classical Plate Model ............ccooiiiiiiiiiiiiiiiiinn, 227
15.2  The Classical Damped Plate Model................................ 228

15.2.1  Representation of Solutions by Using Fourier
Multipliers......oouuiiie e 228



XVi

16

15.3

15.4
15.5

Contents

15.2.2  Decay Behavior and Decay Rate of a Suitable

ENergy ...oovvi e
15.2.3  Energies of Higher Order...................ocooiiiie
The Viscoelastic Damped Plate Model ............................
15.3.1  Representation of Solutions by Using Fourier

MUltiplers. .« o oottt
15.3.2  Conclusions from the Representation Formulas........
The Classical Plate Model with Mass...................ooveeen.
The Classical Plate Model with Mass and Dissipation............
15.5.1  The Classical Damped Plate Model with Mass.........
15.5.2  The Classical Plate Model with Mass and

Viscoelastic Dissipation ...........ccooviiiieeiiiinnn.

The Method of Stationary Phase and Applications.....................

16.1
16.2

16.3
16.4

16.5

16.6

16.7
16.8

16.9

16.10

L2 — L2 BSHMALES . .vveveeeteeeiieeieeieieeieeeteeeneaneneenens
Philosophy of Our Approach to Derive L7 — L? Estimates
on the Conjugate Line for Solutions to the Wave Equation........
A Littman Type Lemma ..o
[P — L1 Estimates for Fourier Multipliers with Amplitudes
Localized in the Pseudo-Differential Zone ........................
[P — L1 Estimates on the Conjugate Line for Fourier
Multipliers with Amplitudes Localized in the Hyperbolic
ZOME .o
[P — L1 Estimates on the Conjugate Line for Solutions
to the Wave Equation ..o,
[P — L1 Estimates Away from the Conjugate Line ................
[P — L1 Estimates on the Conjugate Line for Solutions
to the Schrodinger Equation ..o,
16.8.1  Philosophy of Our Approach to Derive I/ — L9

Estimates on the Conjugate Line for Solutions

to the Schrodinger Equation................oooiiiii
16.8.2 A Littman Type Lemma ...........ccooiiiiiiiiiiinnn.
16.8.3 [7 — L7 Estimates for Fourier

Multipliers with Amplitudes Localized

in the Pseudodifferential Zone ..........................
16.8.4 L7 — L7 Estimates on the Conjugate Line

for Fourier Multipliers with Amplitudes

Localized in the Evolution Zone ........................
16.8.5 L7 — L7 Estimates on the Conjugate Line

for Solutions to the Schrédinger Equation..............
[P — L1 Estimates on the Conjugate Line for Solutions
to the Plate Equation .............ooooiiiiiiiiiiiiiiiiiiiiiii e,
Concluding Remarks............ccooiiiiiiiiiiiiiiic s
16.10.1 Littman’sLemma ...........ccooiiiiiiiiiiiiiiiiie...



Contents

Part IV
17 Semilinear Heat Models....................ooiiiiiiiiii i

18

19

17.1

17.2

Semilinear Heat Models with Source Nonlinearity ...............
17.1.1  Fujita Discovered the Critical Exponent................
17.1.2  Self-Similar Solutions ..............coooviiiiiiiie.n.
17.1.3 A Useful Change of Variables.....................o...e
17.1.4  Blow Up Via Global Existence..............cccovvuuuns
Semilinear Heat Models with Absorbing Power Nonlinearity ....
17.2.1  Well-Posedness Results for the Cauchy Problem ......
17.2.2  Influence of the Fujita Exponent on the Profile

of Solutions ...

Semilinear Classical Damped Wave Models .............................

18.1

18.2

18.3

Semilinear Classical Damped Wave Models with Source
NONINEATILY « .o e ettt
18.1.1  Global Existence of Small Data Solutions..............
18.1.2  Application of the Test Function Method...............
Semilinear Classical Damped Wave Models with
Absorbing Nonlinearity..........ceeeeviiiiiieiiiiiiieennninns
18.2.1  Global Existence of Large Data Solutions..............
18.2.2  Large Time ASymptotiCs «...ouvvvveeeinniiiieeeennnnnnns
Concluding Remarks............ccooiiiiiiiiiiiiiiiiiii s
18.3.1  Semilinear Classical Damped Wave Models

with Mass Term ..o,
18.3.2  Semilinear Damped Wave Models

with Scale-Invariant Damping and Mass Term.........

Semilinear Wave Models with a Special Structural Dissipation.......

19.1

19.2
19.3

19.4

19.5

Semilinear Wave Models with a Special Structural
Damping Term ... ......
I?” — L7 Estimates Not Necessarily on the Conjugate Line .......
Structurally Damped Wave Models with Nonlinearity
[ID)UUIP e
193.1 MainResult ...
1932 Proof......c.ooiiiiii
1933 Optimality ......ooviiniiiiiiiiiiiii e
Structurally Damped Wave Models with Nonlinearity |u|” ......
1941 MainResult ...
19.42  Proof........oiiiii
Concluding Remarks. ...
19.5.1  Semilinear Viscoelastic Damped Wave Models ........
19.5.2  Semilinear Structurally Damped o-Evolution

MoOdEIS. ...

XVvii



xviii Contents
20 Semilinear Classical Wave Models.............................ooo 351
20.1  Semilinear Classical Wave Models with Source Nonlinearity.... 351
20.1.1  Local Existence (in Time) of Sobolev Solutions ....... 352
20.1.2  Nonexistence of Global (in Time) Classical
SOIULONS «.neveiii i 355
20.1.3  Some Remarks: Life Span Estimates ................... 357
20.2  Semilinear Classical Wave Models with Absorbing
NONINEATILY « .o eeeet et 358
20.3  Concluding Remarks. ..o 362
20.3.1  Strauss Exponent Versus Fujita Exponent.............. 362
20.3.2 A Special Class of Quasilinear Wave Equations
with Time-Dependent Speed of Propagation ........... 363
21 Semilinear Schrodinger Models...............................eelL L. 367
21.1  Examples of Semilinear Schrodinger Models ..................... 367
21.2 How Do We Arrive at a Critical Exponent? ....................... 368
21.3  Semilinear Models with Power Nonlinearity in the
Subcritical Case With L2 Data .............oveineininaininainanins. 369
21.4  Semilinear Models with Power Nonlinearity in the
Subcritical Case with H! Data .............cocveviiriiiniinannnn. 375
21.5 Concluding Remarks...........oooooiiiiiiiiiii i 380
21.5.1  Some Remarks to Critical and Supercritical Cases..... 380
21.5.2  Some Remarks to Critical Cases ........................ 381
21.5.3  Some Remarks to the Asymptotical Profile ............ 381
22 Linear Hyperbolic Systems..........................oooo.. L. 383
22.1  Plane Wave SOIUtionS .........covuiiiiiiiiiiiiiiiii i 383
222 Symmetric Systems with Constant Coefficients................... 384
22.3  Hyperbolic Systems with Constant Coefficients .................. 386
22.4  Linear Strictly Hyperbolic Systems in 1d: Method
Of Characteristics. .......oouviiiiiiiii i 389
22.5  Energy Inequalities for Linear Symmetric Hyperbolic
1S5 11 396
22.6  Concluding Remarks............oooooiiiiiiiiiiii s 398
22.6.1  Well-Posedness for Linear Symmetric
Hyperbolic Systems...........oooooiiiiiiiiiiiiiii. 398
22.6.2  Well-Posedness for Linear Strictly Hyperbolic
N 1S5 11 L 399
Part V
23 Research Projects for Beginners ... 405
23.1  Applications of the Abstract Cauchy-Kovalevskaja
and Holmgren Theorems ... 405
23.2  The Robin Problem for the Heat Equation in an Interior

DOMaAIN .o 407



Contents Xix
23.3 [P — L7 Decay Estimates for Solutions to the Heat
Equation With Mass .......coooiiiiiiiiiiiiiiiii e 408
23.4  The Cauchy Problem for the Free Wave Equation
in Modulation SPaces .........uuueeeeiiii i 408
23.5 The Diffusion Phenomenon for Classical Damped
Klein-Gordon Models ...........coiiiiiiiiiiiiiiiiiiiiii s 409
23.6  The Diffusion Phenomenon for Classical Damped Plate
MOEIS ... 410
23.7  The Diffusion Phenomenon for Damped Wave Models
WIth SOUICE. ..o 411
23.8  Profile of Solutions to Classical Damped Waves with Source .... 413
23.9 [P — L7 Estimates for Solutions to Structurally Damped
o-Evolution Models .........oooiiiiiiiiiiiiiiiiiiii 415
23.10 Semilinear Heat Models with Source Power Nonlinearities ...... 416
23.11 Semilinear Structurally Damped o-Evolution Equations ......... 418
23.12 Semilinear Structurally Damped Wave Equations................. 418
23.13 Scale-Invariant o-Evolution Models with Mass,
Dissipation and a Power Nonlinearity ................cooeeeeeennn. 419
24 Background Material ............................ 423
24.1  Basics of Fourier Transformation ................oooviieiiiiinn.. 423
24.1.1  Application to Spaces of Infinitely Differentiable
Functions ...t 424
24.1.2  Application to LP SPaces .........ceevviuiiieieeiinnnnns 427
24.1.3  Application to Tempered Distributions ................. 431
24.1.4  Application to H® Spaces .........cccevvviiiieeeinnnnnn. 432
24.2  Theory of Fourier Multipliers .............coeeviiiiiiiiennnnnn. 434
24.2.1  Modified Bessel Functions .............cooeeeiviiinnn. 434
24.2.2  I? Estimates for Model Oscillating Integrals........... 435
243 FUNCHON SPACES ... uuuttttt ettt e 445
24.4  Some Tools from Distribution Theory ................cooiviiiie. 451
245  Useful Inequalities ........covvuuiiiieiiiiii i 455
References.......... ... 465
NOtations ... 475
INdeX ... .o 477



Part I



Chapter 1 )
Introduction Check for

The present book is addressed to Master’s and PhD students. The authors assume
that readers have already attended basic courses on analysis, functional analysis
ODE theory and a basic undergraduate course on PDE’s. This book is our attempt
to strike a balance between self-contained presentations of several aspects of PDE’s
and sketches of other aspects, in some cases we restrict ourselves to list results
only. We hope that this approach motivates the reader to study the cited references
and to complete in this way the non self-contained presentations. In following this
way the reader becomes familiar with using mathscinet database, other textbooks
or monographs to study several topics of the theory of PDE’s, and develops skills
useful in working independently.

One of the aims of the book is to familiarize advanced students with research.
In order to reach this goal, some research projects for beginners are proposed in
Chap. 23. Such projects are a good opportunity to apply mathematical methods and
concepts which are presented in the book. Solving the proposed exercises at the end
of each chapter, reading not only chapters of this monograph, but also studying the
cited references and dealing with some of the research projects will help the reader
become more involved in research activities. The authors used this philosophy in
teaching their PhD and Master’s students to think independently.

The book consists of 24 main chapters. Chapter 23 contains 13 research projects
of different levels. All chapters have a short introduction. Most of the chapters
contain concluding remarks and exercises. Here the authors collect on the one hand
some knowledge which is not considered basic. On the other hand, recent trends,
concepts and results, as well as results of the authors are listed. Some general
remarks about the overall organization of the text are in order. The book is organized
into five parts as we now describe.

Part I is considered as an introductory part of the book. Here the authors repeat or
refresh some basic knowledge and mathematical prerequisites including a detailed
discussion of classification of partial differential equations and systems of partial
differential equations as well, classification of domains in which a process takes
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place, of notions of solutions and additional conditions as initial or boundary
conditions to the solutions. Moreover, two of the most fundamental results in the
theory of partial differential equations are given, the Cauchy-Kovalevskaja theorem
and Holmgren’s uniqueness theorem. In general, textbooks or monographs contain
only the classical versions. The authors present here abstract versions as well in
scales of Banach spaces and explain applications to fluid dynamics. Finally, the
method of characteristics is introduced in detail. This method is applied in studying
general quasilinear partial differential equations of first order as, for example,
convection or transport equations. One of the most interesting applications of the
method of characteristics is the study of Burger’s equation. Notions as blow up,
geometrical blow up, or life span of solutions to Burger’s equation with and without
mass term are introduced and discussed.

Part IT is focused on qualitative properties of solutions to basic partial differential
equations. Usual properties of solutions to elliptic, parabolic or hyperbolic equations
we explain with the aid of the Laplace equation, heat equation or wave equation.
Here the reader learns different features of each theory. A good knowledge of such
properties helps develop some feeling for applicability of methods or tools within
each theory. The reader should know some of the properties from basic courses
on PDE’s, but the authors explain, for example, such properties as hypo-ellipticity
or local solvability, smoothing effects, finite or infinite speed of propagation
of perturbations, existence of a domain of dependence, existence of forward or
backward wave fronts and propagation of singularities, too. Moreover, relations to
potential theory are explained. In this way the reader will understand how to apply
potential theory to treat boundary value problems or mixed problems. Finally, the
notion of energy of solutions, a very effective tool for the treatment of non-stationary
or evolution models, will be discussed. The authors introduce energies for different
models. Sometimes the choice of a suitable energy seems to be a miracle, sometimes
one has different choices. All these issues are discussed. The reader can even find
in addition to the description of the behavior of total energies the behavior of local
energies as well, an issue one can not find generally in textbooks or monographs.

Part III is on phase space analysis, an efficient tool as was already pointed out
in the preface. This part makes up Chaps. 12, 13, 14, 15, and 16. We illustrate the
method for the treatment of the heat equation, Schrodinger equation, wave equation
and plate equation. The main concern is to show how phase space analysis and
interpolation techniques can be used to prove L7 — L7 estimates on and away from
the conjugate line. Such estimates are an essential tool for the study of nonlinear
models. The reader learns how terms of lower order (mass or dissipation) or
additional regularity of the data may influence expected results. Phase space analysis
allows for proving the so-called diffusion phenomenon, a very interesting relation
between classical damped wave models and heat models from the point of view of
decay estimates. Finally, the method of stationary phase and applications is Covered.
This method is used to derive LP — L? estimates of solutions to dispersive equations
(applications to wave and Schrodinger equations are presented). Key lemmas of this
method are Littman-type lemmas. Two such lemmas are proved. In general, it is not
easy to find such a proof in detail in the literature.
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In Part IV we mainly discuss the treatment of semilinear models. More or less we
focus on nonlinearities of power type on the right-hand side. Here we distinguish
between source and absorbing power nonlinearities. In opposition to source power
nonlinearities, one can “absorb” absorbing power nonlinearities in the definition of
an energy. This implies benefits in the treatment of these models. The main goal here
is to determine critical exponents. Two very famous critical exponents, the Fujita
exponent and the Strauss exponent come into play. Depending on concrete models,
these critical exponents divide the range of admissible powers in classes which
allow for proving quite different qualitative properties of solutions, for example,
the stability of the zero solution or blow up behavior of local (in time) solutions.
One can also describe quite different asymptotic profiles of solutions (close to the
Gauss kernel or close to self-similar solutions). To prove blow up results the authors
introduce two methods, the test function method and the average method coupled
with Kato type lemmas. Chapter 22 is a short introduction to linear hyperbolic
systems. Here we have mainly in mind two classes of systems, symmetric hyperbolic
and strictly hyperbolic ones.

In the last part (Chap.24) we gather some background material as “Basics
of Fourier transformation”, some aspects of the “Theory of Fourier multipliers”,
some “Function spaces”, “Some tools from distribution theory”, and “Useful
inequalities”. There is no temptation to present these sections in a self-contained
form. The readers are encouraged to study these topics in more detail by using
related literature.

We hope this text will serve as an inviting source for further study by Master’s
and PhD students with interest in the theory of partial differential equations and
as a useful future reference. The authors encourage students to solve the exercises
proposed at the end of the chapters. Then it is the right moment to deal with one or
two research projects from Chap. 23.



Chapter 2 )
Partial Differential Equations in Models Shethie

We begin with a discussion of various demands on mathematical modeling. We
explain how to model technical processes as convection, diffusion, waves, or
hydrodynamics. For this reason we introduce partial differential equations as
Laplace equation, heat equation, wave equation or Schrodinger equation that play a
central role in applications. These models are treated in later chapters.

2.1 A General Conservation Law

A general conservation law is a mathematical description of the following observa-
tions we often meet in nature or techniques.

Let G be an arbitrary domain in R" and let u be a quantity in G. The amount of the
quantity u in G is given by fG udx. Let us denote by ¢ the flux vector of the quantity
u. Then

qzz—/ ¢ -ndo,
3G

is the amount of the quantity per unit time flowing across the boundary 0G of G
with exterior unit normal n.
Then the rate of change of the amount of quantity u in G with respect to the time

t > 0, that is,
d,/ udx = / 0u dx,
G G

is equal to the flow q of the quantity u through the boundary 0G of the domain G
and the integral on the density f of sinks and sources of u inside of G.
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A mathematical description of this conservation law is given in the form

/B,dez—/ ¢-nda+/fdx.
G 3G G

Thanks to the divergence theorem we may write

/ (0iu + dive — f) dx = 0.
G

Under the assumption of smoothness of the integrands and the fact that G can be
arbitrarily chosen we conclude the general conservation law

du+diveg =f(t,x), xeG, t>0.

2.2 Transport or Convection

In the case of linear convection the relation between the flow ¢ and the quantity u
is given in homogeneous media by ¢ = cu. Here ¢ = (cy,--- ,¢,) is a constant
vector. So, every component ¢ of the flow ¢ is proportional to the quantity u. In
this way we obtain the equation of linear transport or convection

ou + ch Oy u = f(t,x).

k=1

In the case of nonlinear convection the relation between the flow ¢ and the quantity
u is given in homogeneous media by ¢ = ¢ (u). So, every component of the flow
depends nonlinearly on the quantity u. We obtain the equation of nonlinear transport
or convection

o + Z Oy, Pr(u) =0
k=1
if we assume no sources or sinks inside of the domain G.
Remark 2.2.1 The partial differential equation

du+dive(u) =0

is called Burger’s equation (see Chap. 7).
In non-homogeneous media we have the relation ¢ = c(x)u. Here it is allowed that
the vector ¢ may depend on the points x of the domain G. We get the equation of
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linear convection in non-homogeneous media as

ou + Xn:ck(x) Oy u + (2”: axkck(x))u =0,
k=1 k=1

if we again assume no sources or sinks inside of the domain G. The last equation
can be written in the form

diu+c¢-Vu+udive = 0.
We are interested in “solutions” of the linear transport equation in homogeneous

media without any sources or sinks.
For this reason we choose the ansatz for solutions

u(t,x) =F(p-x—1) = F(Zpkxk—t),
k=1

where F is a real differentiable functionon R and p := (p1,--- , p,) is a given vector
in R". Then we get

ou + ch Oy u = (— 1+ chpk)F/(p~x—t) =0.
k=1 k=1
Consequently, u(t, x) = F(p - x —t) is a (classical) solution of

u +¢-Vu=0

for any differentiable function F if ¢ - p = 1. Such solutions are called plane waves
or traveling waves for some direction p € R” with velocity \113| and with profile F.

2.3 Diffusion

Let us come back to the general conservation law
du + div ¢ = f(t,x).

Now we assume ¢ = —D Vu. The constant D is called coefficient of diffusion. Then
we obtain

oiu —DAu = f(1,x),
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where A := Y /_, 3)2% is the Laplace operator. This partial differential equation is
called diffusion equation (see Chap. 9). Diffusion of particles into media is described
by the more general partial differential equation (among other things we use Fick’s
law of diffusion)

P — div (D) Vi) + qCou = f(1,),

where

e p = p(x) is the porosity, D = D(x) the coefficient of diffusion, and ¢ = g(x) the
absorption
* u = u(t,x) is the density of a particle in the point x for the time ¢.

The diffusion equation is also used to describe heat conduction. For this reason
the equation is also called heat equation. Due to Fourier’s law the heat flux is
proportional to the gradient of temperature, that is, ¢ = —K VT. Here T = T(t,x)
describes the temperature in a point x for the time 7. In this way we obtain

T + divg =0T — KdivVT =9,T —KAT = f(t.x).

The thermal conductivity K depends in non-homogeneous media on x or, if big
differences of temperature may appear, it depends on 7 also. Due to Fourier’s law
we have ¢ = —K(x, T) VT. Moreover, we conclude the nonlinear heat equation

0T — div(K(x,T) VT) = f(1,x).

2.4 Stationary Models

Stationary (time independent) models are of special interest. If we observe, in
general, a nonstationary process over a long time interval, then the solution might
converge to a solution of the corresponding stationary model. Therefore, it is
reasonable to suppose that sources or sinks are independent of time. The stationary
models to the ones of Sect. 2.3 are

~DAu = f(x), —KAT = f(x),

—div (D(x) Vu) + g(x)u = f(x) and

—div (K(x, T) VT) = f(x).
The partial differential equation Au = f(x) is called Poisson equation (see Chap. 8).
In the case we have no sources or sinks, it is the Laplace equation Au = 0.
The Poisson equation is the basic equation of potential theory. Solutions of the

Laplace equation describe potentials (gravitational potentials, single- or double-
layer potentials, see Sect. 8.4.2) outside of sources or sinks.
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2.5 Waves in Acoustics

We are interested in the propagation of sound waves in a tube with a circular cross-
section. The tube is filled with gas and we suppose the state variables are constant
along the cross-section, consequently depending on the length variable x and time
variable ¢, only. The state variables are the mass density p = p(z, x), the velocity
v = v(t, x) and the pressure p = p(t, x). To derive the system of partial differential
equations of acoustics we recall the general conservation law du + 0,9 = f
of Sect.2.1. Taking into consideration the mass conservation, we choose u = p
and ¢ = pv, the so-called mass flow. We assume no sources or sinks. The mass
conservation is then described as

d;p + 3;(pv) = 0.

This is the so-called continuity equation. If a given fluid is supposed to be
incompressible, that is, the density p is supposed to be constant, then the continuity
equation simplifies to d, v = 0.

Now, let us devote consideration to the conservation of momentum. We choose the
density of momentum u = pv and the flow of momentum ¢ = (pv)v. Moreover,
there is a source f. This source appears due to the gradient of the pressure along the
axis of the length variable. It holds f = —d,p. In this way we get the conservation
of momentum

3 (pv) + d.(pv*) = —dp.

Besides these two conservation laws, there is a third equation, a constitutive
equation, connecting pressure and density by p = F(p). It is reasonable to assume
F'(p) > 0. So, pressure increases with increasing density. A usual example is the
constitutive equation p = kp” with constants k > 0 and y > 1. To derive the
model of acoustics we neglect thermal effects. So, the temperature is supposed to be
constant and the conservation of energy can be omitted in the final model.

The theory of propagation of sound studies small perturbation of a homogeneous
gas. Let us assume the gas is in an ideal state, that is, p = po, v = 0, po = F(po),
where py is a positive constant. There appears a small perturbation at one end of the
tube. This perturbation is described by p = py + p(t,x), v = v(t,x), p and v are
small perturbations. The constitutive equation implies

F"(po) .

p = F(p) = F(po + p) = F(po) + F'(po)pp +
=p0+C2ﬁ+---,

where ¢ = \/ F’(po) is the speed of sound. Terms with 5> are negligible with respect
to terms with p, only. Together with the conservation of mass we obtain

3 (po + P) + 0x((po + P)T) = 0.
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Setting the continuity equation into the conservation of momentum implies

3:(pv) + d:(pv*) = v 3ip + p v + V> 0up + p 20050
= —p? 00— p Vv + pdv+ v23x,0 + 2pvdv
= p oV + pvdv = —0p.

Summarizing, we conclude the relation
pov 4+ pvdv+ dyp =0.
Setting the terms for p, v and p into the last relation yields
(po + P) 8,0 + (po+ p)B 3, T + dx(po + *p+--+) = 0.
The conservation of mass gives

3;,54',003xl~)+ax(,51~))=3;5+P03xl~)+,53xl~)+1~)3x

_——

(G}
Il
(]

(these terms are small
because p and v are small)
Taking account of the conclusion of conservation of mass and momentum we get

~ 24 ~ small and therefore
po 00 + ¢ 3p + .. =
negligible terms

There appears at least one of the terms v or p in the negligible terms. In this way we
get the linear approximation

0:p + po 00 = 0, po 0;0 + C2 0o = 0,
\ \
differentiation according to ¢ differentiation according to x
36 + pod; 0 = 0, po 20 + 2 #p =0
Let us assume 9> ¢ = 02,0. Then we verify the equation

3?p — 2 3p = 0.
Analogously we derive

#Zo — 2% = 0.
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So, we derived the wave equation 9>u — ¢20>u = 0, or in higher dimensions 0?u —
¢ Au = 0. We will study properties of solutions in Chap. 10.

Remark 2.5.1 The wave equation models, for example, transversal vibrations of an
elastic string or of a membrane. If we are interested in the model of vibration of a
string in an oil, then there appears additionally a damping term & d,u, where k is a
positive constant. Then we arrive at the classical damped wave equation

3t2u—czAu+k3,u =0

(see Sects. 11.3 and 14.2). Moreover, we find wave equations in the description of
small displacements of an elastic bar. The model is

p(x)S(x)atzu — BX(E(x)S(x)axu) = F(t,x),

where S(x) is the area of cross-section of the bar and E(x) denotes Young’s modulus.

2.6 Quantum Mechanics

Let us consider a particle with mass m that moves along the real axis by a force
F = F(x). Due to Newton’s second law the position x = x(f) is described by
md? x = F(x). This relation does not hold any more in the atomic scale when
taking into consideration Heisenberg’s uncertainty principle. The state of a particle
is explained by the aid of a so-called wave function ¥ = (¢, x). Here we restrict
ourselves to the one-dimensional case. The function |/ (z,x)|? is the probability
density. Consequently, fa b [ (1, x)|>dx describes the probability of a particle being
for a fixed time ¢ in the interval [a, b]. The wave function i is a solution of the
Schrodinger equation

h2
Py + Vx)y
m

R =-,

forz > 0and x € R, where V = V(x) is the potential energy, m the mass and h= 2';
Planck’s constant. The equation

iy =—-Ay

is called free Schrodinger equation in all dimensions (see Chap. 13).
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2.7 Gas- and Hydrodynamics

Now we are interested in the description of a flow of an ideal fluid with
vanishing viscosity. Let us restrict ourselves to the three-dimensional case.
Let v = (v1,v2,v3)(t,x,v,2) be the velocity, p = p(t,x,y,z) the density,
p = p(tx,y,z) the pressure, f = f(t,x,y,z) a source and G(t,x,y,7) =
(G1(t,x,y,2),Ga(t,x,¥,2), G3(t, x,y,z)) the weight. The basic equations of gas-
or hydrodynamics are consequences of the conservation of mass and momentum.
We obtain the system of partial differential equations

9;p + div(pv) = f (conservation of mass),

1
v+ (v,V)u+ Vp=G (conservation of momentum),
P

where

(U, V)U = ((Uls U2, U3) ° (axv ayv az))(vlv V2, U3)
= (v10,V1 + V20,V1 + V30;v1, V19502 + V20,2 + V30,02,

V10,03 + v28yv3 + v3azv3).

Additionally, we have a constitutive equation @(p, p) = 0 (cf. with Sect.2.5). We
devote more to the mathematical treatment of the system of gas- and hydrodynamics
in Chap. 22.

2.8 Concluding Remarks

The Navier-Stokes equations are the equations of motion for a Newtonian fluid. If
the fluid is supposed to be incompressible, that is, the density is supposed to be
constant, the Navier-Stokes equations read as follows:

pov+p(v,V)Iv—puA,v+ Vp=G, divv=0.

Here the viscosity u is supposed to be constant. The first system of partial differ-
ential equations follows by the conservation of momentum, the second equation
follows by the conservation of mass. If the velocity of the flow is small (|v| is small)
or if the gradient of the velocity is small ((|0v|, |0,v], |d,v|) is small, so we avoid
any turbulence), then we may neglect the term p(v, V)v. In this way we get the
Stokes equations

pov—uAv+Vp=G, divv=0.
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In the case of non-Newtonian fluids (slurry or floor screed) the viscosity is no longer
constant. Without any elastic behavior the equations of motion are

p 3V + p(v, V)V — div(2u(v2tr D)D) + Vp = G, divv =0,

where the viscosity u = ,u(«/ 2 tr D?) depends on V2t D2
Here D = é(L + LT) denotes the symmetric part of the velocity gradient tensor L,
where

Ju; Ouy Jduy
ax dy 0z
_ Jup Oup Juy T - .
L=1"7; R L" s the transposed matrix to L
Jus Ouz Jus
ax dy 0z

and tr D? is the trace of D?.

If the non-Newtonian fluid has an elastic behavior, the fluid has a memory for former
strains, then, in the case of rheological elementary materials (rheology studies
deformations and flow rating of matters), we have the model

t

p 9, v+ p(v,V)v— div (2/ G(t— t)D(z, x,y, z)dr) +Vp=gG,
o0

divv =0,

where G = G(¢) is the so-called relaxation function for isotropic fluids.

We will not present methods on how to treat the Stokes system or the system of
Navier-Stokes equations. The interested reader can find comprehensive explanations
to these research topics in the monographs [58, 203] or in the introductory papers
[57, 218].

Exercises Relating to the Considerations of Chap. 2

Exercise 1 Try to find solutions to the wave equation 9%z — ¢ Au = 0 in the form
of plane waves or traveling waves.

Exercise 2 Try to find solutions to the classical damped wave equation d*u —
¢ Au + kd;u = 0 in the form of plane waves or traveling waves.



Chapter 3 )
Basics for Partial Differential Equations Shethie

This chapter is devoted to mathematical prerequisites, including a detailed dis-
cussion of classification of partial differential equations and systems of partial
differential equations, as well as classification of domains in which a process
takes place, of notions of solutions and additional conditions as initial or boundary
conditions to the solutions.

3.1 Classification of Linear Partial Differential Equations
of Kovalevskian Type

Consider the linear partial differential equation of Kovalevskian type

D'u + Z o (t, X)D*Dru = £(1, %),

k+|a|<m, km
where D, = —id, and D,, = —idy.k = 1,---,n, 2 = —1. Here ¢« =
(051 e ,an) € N" is a multi-index and m € N. We introduce the notions principal

part of the given linear partial differential operator, it is the linear partial differential
operator

D'+ > arl(t.x)DD},
k+|a|=m, k#m

and part of lower order terms, it is the linear partial differential operator

Z ar o (t, x) DD,

k+|a|<m
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To decide which type a given partial differential equation of Kovalevskian type has,

we study the principal symbol of the principal part. We replace in the principal

part D, by 7, Dy, by &. Consequently, we replace DYDf = D% D% -.- DD} by
11Ey? - gtk =: g%k In this way the principal symbol is given by

™"+ Z o (1, X)E" TF.

k+|o|=m, k#m

Definition 3.1 Consider the above differential operator of Kovalevskian type where
the coefficients of the principal part are assumed to be real in a domain G C R"*!,
Then the operator is called

* elliptic in a point (ty, x9) € G if the characteristic equation

™+ Z ar g (10, X0)E* T = 0
k+|o|=m, k#m

has for £ # 0 no real roots 7 = 11 (fo, X0, £), -+ , Tw = T (0, X0, §)
* elliptic in a domain G if the operator is elliptic in every point (fy, x9) € G
e hyperbolic in a point (ty, xo) € G if the characteristic equation

Y ara(te. x0)E T =0
k+|o|=m, k#m

has for & # 0 only real roots 7y = 71(to, X0, &), "+ , T = T (0, X0, &)
* strictly hyperbolic in a point (ty, x9) € G if the characteristic equation

™+ Z kg (10, X0)E* T = 0
k+|a|=m, k#m

has for £ # 0 only real and pairwise distinct roots 71 = 71(t9, X0, &), , Ty =
Tm(th X0, é)

* hyperbolic (strictly hyperbolic) in a domain G if the operator is hyperbolic
(strictly hyperbolic) in every point (%, x9) € G.

Now we are interested in which type does the nonstationary plate operator 9> + A?
have?
At a first glance we are not able to give an answer because this operator is not of
Kovalevskian type, so it does not fit into the class of operators from Definition 3.1.
This operator is not hyperbolic, but it is a so-called 2-evolution operator.

Let us introduce the notion p-evolution operator. For this reason we consider the
non-Kovalevskian (if p > 1) linear partial differential equation

Dl'u+ Y Aj(t.x, DD u = f(1.%),

J=1
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where A; = A;(t, x, D,) = j,;p=0 Ajx(t, x, D) are linear partial differential operators
of order jp for a fixed integer p > 1, and A;x = A;«(t,x, Dy) are linear partial
differential operators of order k. The principal part of this linear partial differential
operator in the sense of Petrovsky is defined by

D' + ) Ajp(t.x. D)D"

Jj=1

Definition 3.2 The given linear partial differential operator

m
D'+ Y Ai(t.x. D)D"
j=1

is called a p-evolution operator if the principal symbol in the sense of Petrovsky

"+ Y A (tx E)T

j=1

has only real and distinct roots 71 = 71(¢,x, &), , T = Tw(t, x, §) for all points
(¢, x) from the domain of definition of coefficients and for all £ # 0.

Remark 3.1.1 The set of 1-evolution operators coincides with the set of strictly
hyperbolic operators. The p-evolution operators with p > 2 represent generaliza-
tions of Schrodinger operators.

Remark 3.1.2 One of the later goals is to study Cauchy problems for p-evolution
equations. Taking account of the Lax-Mizohata theorem for the principal symbol
[140], the assumption that the characteristic roots are real in Definition 3.2 is
necessary for proving well-posedness for the Cauchy problem.

3.2 Classification of Linear Partial Differential Equations
of Second Order

Let us consider the general linear partial differential equation of second order

n

Z a,-k(x)aﬁ_/_xku + Zbk(x)axku + c(x)u = f(x)

Jk=1 k=1

with real and continuous coefficients in a domain G C R”". Let u be a twice
continuously differentiable solution. Then we may assume the matrix of coefficients
(ajx(x))} 4=, to be symmetric in G. Consequently,
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e all eigenvalues Ay, --- , A, are real
* the numbers of positive, negative and vanishing eigenvalues remain invariant
under a regular coordinate transformation.

These properties allow for the following definition.

Definition 3.3 Let

n

> @@+ Y b+ c@u = f()

Jk=1 k=1

be a given linear partial differential equation with real and continuous coefficients
and right-hand side in a domain G C R". The matrix (ajx(x))};~; is supposed to be
symmetric in G. Let xy € G.

e IfAy,---, A, are non-vanishing and have the same sign in xo, then the differential
equation is called elliptic in xo.

e If A4,---, A, are non-vanishing and if all eigenvalues, except exactly one, have
the same sign in xp, then the differential equation is called hyperbolic in xg.

e If A4,---, A, are non-vanishing and if at least two are positive and at least two
are negative in xy, then the differential equation is called ultrahyperbolic in xy.

» If one eigenvalue is vanishing in xp, then the differential equation is called
parabolic in xy.

» If exactly one eigenvalue is vanishing in xo and if the other eigenvalues have the
same sign in xo, then the differential equation is called parabolic of normal type
in x.

Example 3.2.1 Consider in R? the partial differential equation
*u — 0*u = 0.

The characteristic roots t;, are given by 7;(f,x,£) = t£ and 0o(t,x, &) = —t£.
Due to Definition 3.1, this partial differential equation is hyperbolic in R? and
simultaneously strictly hyperbolic away from the line {(t,x) € R? : t = 0}. On
the other hand, the eigenvalues in Definition 3.3 are given by A;(f,x) = 1 and
Aa(t, x) = —1>. Hence, with respect to Definition 3.3 this partial differential equation
is hyperbolic away from the line {(, x) € R? : ¢ = 0}. On the line ¢ = 0 this partial
differential equation is parabolic of normal type. For this reason, this line is called
a parabolic line, too.

Example 3.2.2 Let

n

2
D aple, %) 0,

k=1
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be a linear differential operator with real and continuous coefficients and symmetric
matrix (a(x))?;=; in a domain G C R". If its symbol satisfies the estimate

n

Z ajk(xl, ,xn) Sjgk = C|é§-|2’

k=1

that is, the quadratic form on the left-hand side is positive definite, then:

1. the differential equation

Y ap u+ Y bi()dgu + c@u = f(x)
jk=1 k=1

is elliptic in G, if f is defined in G;
2. the differential equation

n

Fu— Z ap(x1, -+, xp) 3fjxku + Zbk(x)axk“ + cu = f(t,x)

Jjk=1 k=1

is strictly hyperbolic in every cylinder (0,7) x G, T > 0, if f is defined in
0,T) x G;
3. the differential equation

n

al‘u - Z ajk(-xls e 7-xn) a)zchku + Zbk(x)axku + C(-x)u :f(tv -x)
k=1

k=1

is parabolic of normal type in every cylinder (0, 7) x G, T > 0, if f is defined in
0,7) x G.

3.3 Classification of Linear Systems of Partial Differential
Equations

In this section, we firstly study linear systems of m first order partial differential
equations in m unknowns and two independent variables of the form

o,y + Z (akj(t, x)0xuj + by(t, x)uj) =fit,x),k=1,--- ,m.
j=1
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In matrix notation this system takes the form (U = (uy,---,un)’, F =

(fioe o)D)
;U + A(t,x)0,U + B(t,x)U = F(t,x),
where we denote
A =A(t,x) := (ag(t,x)) =1 and B = B(t,x) 1= (by(t, X)) ;=

Just as in the case of a single partial differential equation, it turns out that most of
the properties of solutions depend on the principal part 0,U + A(t,x)d, U of this
system. Since the principal part is completely characterized by the matrix ¢/ + A¢
(9, is replaced by t and 9, is replaced by &), this matrix plays a fundamental role in
the study of these systems. There are two important classes of systems of the above
form defined by properties of the matrix A.

Definition 3.4 Let us consider the above system of partial differential equations,
where the entries of the matrix A are assumed to be real and continuous in a domain
G C RR2. Then the system is called

e elliptic in a point (ty,xp) € G if the matrix A(#y, xp) has no real eigenvalues
A= Ai(to, X0), -+, Am = Aw(to, Xo0)

* elliptic in a domain G if the system is elliptic in every point (fy, x9) € G

e hyperbolic in a point (ty,xo) € G if the matrix A(#, xo) has real eigenvalues

A = A1(to, Xx0), -+ » Am = Am(t9, Xo) and a full set of right eigenvectors
 strictly hyperbolic in a point (ty,xo) € G if the matrix A(fy, xo) has distinct real
eigenvalues Ay = A(f9,Xx0), "+ , Am = Anm(t0, X0)

* hyperbolic (strictly hyperbolic) in a domain G if the operator is hyperbolic
(strictly hyperbolic) in every point (#, x9) € G.

Now we would like to present a classification for linear systems of partial differential
equations of first order having the form

0U + > Ar(t.x)05 U + Ag(t.x)U = F(t.x) in [0,00) x R",
k=1

where Ag, k = 0,1,---n, are continuous m X m matrices, subject to the Cauchy
condition

U0,x) = Uy(x).

For the following we introduce the notation

A(t.x.€) ==Y & Atx) for t>0, (x.§) e R™
k=1
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Just as in the case of scalar partial differential equations, it turns out that most of the
properties of solutions depend on the “principal part” of the differential operator. So,
the matrix A(z, x, £) plays a fundamental role in the study of these systems. There
are two important classes of systems of the above form defined by properties of the
matrix A.

Definition 3.5 Let us consider the above differential system where the entries of
the m x m matrix A are assumed to be real and continuous in a domain G C R!*".
Then the system is called

e elliptic in a point (ty,x9) € G if the matrix A(f, xo, £) has no real eigenvalues
A= Ai(to, x0,8), -+ s Am = Aw(to, X0, §) forall § € R" \ {0}

* elliptic in a domain G if the system is elliptic in every point (ty, x9) € G

e hyperbolic in a point (fy, x9) € G if the matrix A (%, xo, £) has m real eigenvalues
Ao, %0,8) < Aa(to,x0,&) < -+ < Au(fo,x0,&) and a full set of right
eigenvectors

e hyperbolic in a domain G if the system is hyperbolic in every point (¢, xo) € G.

There are two important special cases.

Definition 3.6 We say that the above system is strictly hyperbolic if for each x, § €

R" & # 0, and each r > 0, the matrix A(t, x, £) has m distinct real eigenvalues:
At x,8) < Aa(t,x,§) < -+ < Aw(t,x, §).

We say that the above system is a symmetric hyperbolic system if all m x m matrices

Ay(t, x) are symmetric fork = 1,--- ,m.

Example 3.3.1 In the complex function theory holomorphic functions w = w(z),
which are defined in a given domain G C C, are classical solutions of d,w =
(0« + idy)w = 0. If we introduce w(z) =: u(x,y) + iv(x,y), then this elliptic
equation is equivalent to the Cauchy-Riemann system

RU+AJU = 0,

where U(x,y) = (u(x,y), v(x,y))T and the matrix

a= (")
10
The Cauchy-Riemann system is an elliptic system in the domain G C R?.

Example 3.3.2 The study of long gravity waves on the surface of a fluid in a channel
leads to the linear system

du+gadp = 0,
dip + 9 o+ 5y = o,
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where b and g are positive constants and Sy = Sp(x) is a given differentiable positive
function representing the equilibrium cross-sectional area of the fluid in the channel
(for more details see [120]). This system is strictly hyperbolic in the domain of the
definition of the coefficients in the (, x)-plane.

Example 3.3.3 In electrical engineering the modeling of transmission lines leads to
the system

Lo + 0.E+RI = 0,
Co.E+ 0, + GE = 0,
1(0,x) = Iy(x), E0,x) = Ey(x), xe€R.

Here C denotes the capacitance to ground per unit length, G is the conductance to
ground per unit length, L is the inductance per unit length and R the resistance per
unit length. The unknowns I = I(¢, x) and E = E(t, x) are, respectively, the current
and potential at point x of the line at time ¢. This system is strictly hyperbolic in the
whole (z, x)-plane (see [231] and for its solvability Example 22.4.1).

Example 3.3.4 The equations governing the electromagnetic field in R? are given
by

0B+ VXE=0, 0,E—VxB=0,

where B := (B}, B»,B3) and E := (E|, E, E3) denote the magnetic and electric
fields, respectively. This system of partial differential equations forms a symmetric
hyperbolic system for U := (B}, By, B3, E|, E3, E3)".

The class of symmetric hyperbolic systems can be enlarged to general symmetric
hyperbolic systems with continuous coefficients of the form

Ao(t,x)9,U + ZAk(t, x)d, U + B(t,x)U = F(t,x),
k=1

where the real matrix Ay is supposed to be positive definite uniformly with respect
to (t,x) from the domain of definition of the coefficients, and the matrices A; are
real and symmetric.

In a lot of cases we are able to transform a single linear partial differential equation
of higher order to a linear system of partial differential equations.

For example, every linear hyperbolic equation of second order with smooth coeffi-
cients and smooth right-hand side can be transformed into a symmetric hyperbolic
system. Let us consider the special class of linear hyperbolic equations of second
order

9*u — Z a;x(t, x)ijXku + Z bj(t,x)dyu + c(t,x)0,u + d(t, x)u

Jk=1 Jj=1

=f(t.%),
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where all coefficients are real-valued and (a;(t, x))]'.fk=l is a symmetric positive
definite n x n matrix (we assume smoothness of solutions) uniformly with respect
totrand x. Letuy := Oy u, -+ , Uy 1= Oy, U, Upt1 := 0glt, Up42 := u. We then obtain
the following system of partial differential equations for the N := n + 2 functions
Up, ==+, Up42:

Zaj,k(t,x)a,uk — qu,k(t,x)axkunﬂ =0, k=1,---,n,
k=1 k=1

Orllyy1 — Z aj,k(t, X)axl(l/tj + ij(l, x)uj + c(t, X)uy+1 + d(t, X)up+2

Jk=1 j=1
=f(t.%),

Osltyy2 — Upy1 = 0.

Setting U = (u1,--+ ,up42)" and F = (0,---,0,f,0)7, this system is equivalent to
a symmetric hyperbolic system

Ao(t,x)9,U + ZAk(t, x)d, U + B(t,x)U = F(t,x),

k=1
where
al,l...alanO 0...0 00
A= gy ...am00] B=lo...000]
0 ...010 by...b, ¢ d
0 ... 001 0...0-10
0 0 —al,kO
A= 0 . 0 —ay0 for k=1,---,n.
—aik ... —nk 0 0
o ... 0 0 1

The matrix Ay is positive definite. The matrices Ay are symmetric.

Remark 3.3.1 There are other approaches to reduce scalar hyperbolic equations of
higher order to systems of first order. Consider

D'u + Z o (t, X)D*Dru = f(1, x).
ko) <m.k#Em
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If we introduce U = ((Dy)" ', (D) *Dyu,--- (DX)D’t"_Zu,D’t"_lu)T and F =
(0,---,0,f)7, then we get the system of first order

D,U - A(t,x,D,)U = F(t,x),

where
0 —(Dy)
0
—A(t,x, DX) =
0 0
Y a0a(tODUD) T Y ana(t DYDY
ol <m lal<m—1
0 0
_(Dx> 0
0 _<Dx>
Y an2a(tODYD) T Y et ot 0D
‘0“52 ‘0(‘51

The matrix A has the so-called Sylvester structure. Here we used the pseudodiffer-
ential operator (D, ).

There is a difference between both systems of first order.

The second system is a pseudodifferential system of first order. After the reduction to
the Sylvester structure, the theory of pseudodifferential operators should be applied.

3.4 Classification of Domains and Statement of Problems

Models in nature and technique are often described by partial differential equations
or systems of partial differential equations. In general, we need additional conditions
describing the behavior of solutions of such models. First we shall distinguish
between stationary processes and nonstationary processes. Moreover, we shall
distinguish between different domains in which a process takes place.

On the one hand we have interior domains (e.g. transversal vibration of a string
which is fixed in two points, bending of a plate, or heat conduction in a body),
exterior domains (e.g. potential flows around a cylinder), whole space R" (e.g.
propagation of electro-magnetic waves, potential of a mass point, potential of a
single-layer or a double-layer), wave guides (e.g. propagation of sound in an infinite
tube), wave guides are domains {(x,y) € R"™" : (x,y) € R"xG, G C R™}, where G
is an interior domain, the exterior to wave guides (e.g. diffraction of electromagnetic



3.4 Classification of Domains and Statement of Problems 27

waves around an infinite cylinder), or, finally, the half-space (e.g. reflection of waves
on a large plane obstacle).

If we have a stationary (nonstationary) process, then the process takes place in a
domain G (in a cylinder (0, T) x G), where G is one of the above described domains.
We are only interested in observing the forward (in time) process. If we observe the
process for a long time, we set T = oo. Depending on a given domain, we have to
pose different additional conditions.

3.4.1 Stationary Processes

We pose boundary conditions on the boundary dG of the domain G. If we have an
interior domain, then the usual boundary conditions are those of first, second, or
third kind. These are called boundary conditions of Dirichlet, Neumann or Robin-
type, respectively.

If we study boundary value problems for solutions to the elliptic equation

n

D ap(0)u+ Y bi(0)dyu+ c@u = f(x)

kj=1 k=1

in an interior domain G, then we state, instead of the Neumann boundary condition,
the co-normal boundary condition

n

Z aji (x)dy;u cos(n, e;) o= g(x).

k=1

This boundary condition is related to the structure of the given elliptic operator. If
we consider the special case

Au + Z br(x) 0y u + c(x)u = f(x),
k=1

then the coefficients aj (x) are equal to the Kronecker symbol 8. Hence, the co-
normal derivative is equal to

n n
Zajj(x)f)xju cos(n, ej)‘ac = 21: 0, u cos(n,ej)‘ac = Onut
=

j=1

o= g(x),

and this is the classical Neumann condition.
If we study boundary value problems in exterior domains, then decay conditions
(conditions for the solution if |x| tends to infinity) might select the physical one
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among all solutions. Thus, the problem

Au =0, u|aG:g(x), u(x)zO( )forx—>oo,

1
||
in G = {x € R?: |x| > 1} is of interest in the potential theory. Both conditions
determine the solution uniquely.

If we are interested in boundary value problems for solutions to the Helmholtz
equation Au + k*u = 0,k* > 0, then spectral properties of the Helmholtz
operator require an additional condition for the boundary and the decay condition to
determine the solution uniquely.

Example 3.4.1 Let us study the boundary value problem

Au+ 2n)*u=0, ”|aG:0’ u(x)zO( )forx—>oo

1
x|
in the exterior domain G = {x € R? : |x| > 1}. Then, the family of functions
{uc = uclx), C € R} with uc(x) = —Csin(2x|x|)/(4x|x|) is a family of
radial solutions to this Dirichlet boundary value problem. Sommerfeld proposed
Sommerfeld’s radiation condition,

either rd,u —i2mru — 0 or rdu+ 2rxru—0 for r=|x| > o0,
and for solutions to the general Helmholtz equation,

either rd,u—ikru -0 or rd.u+ikru—0 for r=|x] - o0

to select the solution u = 0.

3.4.2 Nonstationary Processes

We state boundary conditions on the lateral surface (0,7) x dG of the cylinder
(0, T) x G and initial conditions on the bottom {r = 0} x G. The number m of initial
conditions corresponds to the order m of partial derivatives with respect to ¢ in
=

In general, it is permissible to state the initial conditions u(0, x) = uy(x), 9,u(0, x) =
ur(x), -+, 3 1u(0,x) = wup—1(x) on { = 0} x G. The number of boundary
conditions on the lateral surface is half of the order of the elliptic part if we consider
0"u — P(t,x,Dy)u = f(t,x), where P = P(t,x,D,) is supposed to be an elliptic
operator in (0, 7) x G. Problems consisting of partial differential equations, initial
conditions and boundary conditions are called initial boundary value problems
or mixed problems. Finally, we have to pay attention to so-called compatibility
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conditions between initial conditions and boundary conditions on the boundary of
the bottom {t = 0} x 0G.

Now let us look at to initial value problems, also called Cauchy problems, in the
strip (0, ) x R”" or in the half-space (0, co) x R". Consider the model linear partial
differential equation of p-evolution type

m
Dl'u+ Y Y aa(t.0)DID) U= f(1.x).

J=1 la|=<pji

Then, the Cauchy problem means that for the solution to this equation we pose m
initial conditions or Cauchy conditions on the hyperplane {(z,x) € { = 0} x R"} in
the following form:

(D;u)(O,x) =u,(x) for r=0,1,---,m—2,m—1.

A usual question is whether or not the Cauchy problem is well-posed. Here well-
posedness means the existence of a solution, the uniqueness of the solution and the
continuous dependence of the solution on the data ug, uy, « -+ Uy—2, Uy—1, the right-
hand side f(t, x), and the coefficients ay. (¢, x). However, all these desired properties
depend heavily on the choice of suitable function spaces.

Definition 3.7 The Cauchy problem

m
Dru+Y Y aja(t.0)DD)Vu = f(1.x).

J=1 |a|<pj
(D,’u)(O,x) =u(x) for r=0,1,--- . m—2,m—1
is well-posed if we can fix function spaces Ag,Aj,:-:,Anu—2,An—1 for the
data wuo,uy, -, Up—2,uy—1, B and M for the right-hand side f = f(t,x),

By,By, - ,B,—,B,—1 and My, M;,--- ,M,,—>,M,,— for the solution u in such
a way that for given data and right-hand side

up € Ao, u1 €A1, ,um— € Ap—z, Um—1 € A1, f €M([0,T)],B),
there exists a uniquely determined solution

u € Mo([0, T], Bo) N M:([0, T], B1)
n---N Mm—Z([Os T], Bm—2) nM, —1 ([07 T]v Bm—l)'

Moreover, the solution is required to depend continuously on the data and on the
right-hand side, that is, if we introduce small perturbations of the data and the right-
hand side according to the topologies of Ag, Ay, - -+ , Ay—2, A—1 and of M ([0, T1], B),
then we get only a small perturbation of the solution with respect to the topology of
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the space of solutions My([0, T], By) N M{([0,T],By) N --- N M,,—>([0, T], Bju—2) N
Mm—l ([07 T]7 Bm—l )

But what are the usual function spaces to prove well-posedness?

The choice of the function spaces depends on the one hand on the regularity of
coefficients of the partial differential equation and on the other hand on the partial
differential equation itself. Let us suppose that the coefficients are smooth enough,
thus having no “bad influence” on the choice of the function spaces. The usual
spaces of functions or distributions to prove well-posedness are (for the definition
of spaces of functions or distributions see Sect. 24.3)

e inthecasep = 1: Ay = K, By = H* K, B=H"T! M; = C*, M = Cor
Ay =C" B, =C*",B=C"" M, =C* M =C'm,wherek=0,--- ,m—1
 inthecasep > 1: Ay = H* Pk, By = H* Pk, B = H*=?"=D M, = CK, M = C.

Let us introduce some examples.
Example 3.4.2
1. For strictly hyperbolic Cauchy problems (p = 1)

Dl'u + Z aro(t, X)D*Dru = f(1, %),
ko) <m.k#Em

(D;u)(O,x) =u.(x) for r=0,1,--- ., m—2,m—1,
one can prove well-posedness for solutions

ue C([0, 7], H" ' (R") n C'([0, T], H"*(R"))
N---nc" ([0, T), H' (R") n ¢"~'([0, 7], L*(R"))

for given data and right-hand side
up € H" '(R"), uy € H" *(R"), -+~ ,ty— € H'(R"), up—1 € L*(R"),
f e c(l0.7T],L*(R"))

if the coefficients are smooth enough.
2. For strictly hyperbolic Cauchy problems (p = 1)

Dl'u + Z .t x)Df:Dl;u = f(t,x),
k+|e| <m.k#Em

(D;u)(O,x) =u(x) for r=0,1,--- . m—2,m—1,
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one can prove well-posedness for solutions

ue C’O([O, T], co (Rn)) ncn ([0, T], cn (R"))
NC™=2([0, 7], C"=2(R") -+ N NC™ ([0, 7], €™~ (R"))

for given data and right-hand side

up € C"™R"), u; € C"(R"), -+, Uy € C""2(R"), up_; € C"(R"),
fec™([0,T],C"(R"))

if the coefficients are smooth enough.
3. For the Cauchy problem to p-evolution equations (p > 1, p € N)

m
Dru+ Y Y aja(t.)DID! Vu = f(1.x),

J=1lal=<pj.

(Dfu)(O,x) =u(x) for r=0,1,--- . m—2,m—1,
one can prove well-posedness for solutions

u € C([0, 7], H*"""D(R")) N C' ([0, T], H*"" P (R™))
N---N " 2([0. T], H*(R")) N ¢"~'([0, T]. L*(R"))

for given data and right-hand side

up € HP™ DR, u; € HP" 2D (R"), -+, tp_r € HP(R"),
Un—1 € Lz(Rn)v f € C([Ov T]’Lz(Rn))

if the coefficients are smooth enough.

In general, it is impossible to choose for the Cauchy problem to the p-evolution
equation with p > 1 the function spaces Ay = C™(R"), By = C*(R"), B =
C"(R"), M, = C"™*(R"), M = C™(R"). The reason is that in this case the solutions
do not possess the property of finite speed of propagation of perturbations (compare
with Sects. 10.1.2 and 10.1.3 of Chap. 10). So, we are not able to apply localization
techniques to reduce this case to the case explained in the third statement of
Example 3.4.2.

Remark 3.4.1 Without new difficulties, we can consider for p-evolution equations
instead of forward Cauchy problems (only t > 0 is of interest) backward Cauchy
problems (only t+ < 0 is of interest). This is different from parabolic Cauchy
problems which, in general, can be only studied in one time direction (see
Sect.9.3.1).
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3.5 Classification of Solutions

In this section we explain different notions of solutions for partial differential
equations or systems of partial differential equations. Consider the linear partial
differential equation (not necessarily of Kovalevskian type)

L(t,x,D;,Dy)u := D}'u + Z Ao (t, X)D*Dru = £(1, ).

k4ol <r, k<m

Classical solutions are all functions satisfying this partial differential equation in the
classical sense, that is, taking a function, forming all partial derivatives appearing in
the partial differential equation and setting these into the partial differential equation
gives an identity. The notion of classical solutions is, however, too restrictive in
general. If some of the coefficients, or the right-hand side, or the initial, or the
boundary data are not smooth enough, then we can not, in general, expect classical
solutions. Even a non-smooth boundary (with corners, cusps and so on) of a given
domain has an influence on regularity properties of the solution.

Definition 3.8 (Notion of Sobolev Solutions) Let G ¢ R"*! be a domain and
let u € L} .(G) be a given function. Then, u is called a Sobolev solution of
L(t,x,D;, Dy)u = f(t,x) if for all test functions ¢ € C;' () (G) the following
integral identity holds:

/u(l,x)L*(t,x, D, Dy)¢(t,x)d(t,x) = /f(t,x)¢(t,x) d(t, x),
G G

where L* (¢, x, D;, D) denotes the adjoint operator to L(t, x, D,, D,). Here we assume
that all coefficients a; , belong to C™*"™)(G),

Definition 3.9 (Notion of Sobolev Solutions with Suitable Regularity) Let G C
R"*! be a domain and let u € W' (G) C Lj,.(G) be a given function. Then, u is

loc

called a Sobolev solution from W'(G) of L(t,x,D;, Dx)u = f(z,x) if for all test
functions ¢ € C’ () (G) the following integral identity holds:

/u(t,x)L*(t,x, D,,D,)¢(t,x)d(t,x) = /f(t,x)¢(t,x) d(t,x),
G G

where L*(¢, x, D,, D,) denotes the adjoint operator to L(¢, x, D,, D,). Here we assume
that all coefficients a; o, belong to C™*("™(G).

For the notion of Sobolev solution compare with Remarks 24.4.1 and 24.4.2.
Sometimes one is interested in solutions of Ly = f which can not be Sobolev
solutions, that is, for some reasons these solutions do not belong to L}OC(G). One

possibility would be to introduce distributional solutions (cf. with Definition 24.29
and Remark 24 .4.1).
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Definition 3.10 (Notion of Distributional Solutions or Solutions in the Distribu-
tional Sense) Let G C R"*! be a domain and let u € D'(G) be a distribution.
Then, u is called a distributional solution of L(t, x, D;, Dy)u = f(t,x) if for all test
functions ¢ € C{°(G) the following identity holds:

u(t,x) (L (t.x, Dy, D) (1,x)) = f(t.0)(¢(t.%)).

where u(¢) denotes the action of the distribution u on the test function ¢». Here we
assume that all coefficients a; o, belong to C*°(G).

Sometimes one is interested in Sobolev solutions having additional properties.
Consider, for example, the wave equation u;; — Au = 0. Then, one can ask for
solutions having an energy E(u)(f) (cf. with the energy Ew(u)(¢) of Sect. 11.1), that
is, for almost all ¢ € (0,T) we have u(t,-) € H'(R") and u,(t,-) € L*(R"). Such
solutions are called energy solutions.

For strictly hyperbolic Cauchy problems

D'u + Z aro(t, X)D*Dru = f(1, %),
k+|o|<mk#m

(Dt’u)(O,x) =u,(x) for r=0,1,---,m—2,m—1,
one can study the existence of energy solutions

u e C([0,T), H"'([R™) n C'([0, T, H"*(R"))
N---NCc" ([0, 7], H' (R") n C"7'([0, T], L*(R")).

We will not discuss in detail how boundary or initial conditions need to be
understood in a weak sense. We only mention that one has to use the notion of
traces. In the case of energy solutions for hyperbolic Cauchy problems we have a
regular behavior with respect to the time variable ¢. Thus, Cauchy conditions on the
hyperplane + = 0 are understood in the classical sense, that is, the restriction of
D¥u(t,x) ont = 0 exists in a given function space.

Finally, we want to remark that different notions of solutions can be transferred
directly to systems of partial differential equations.

Definition 3.11 (Notion of Sobolev Solutions for Systems) Let G C R"*! be a
domain and let U = (uy,---,u,)7 € W (G)" C (L} .(G))" be a given vector

function. Then, U is called a Sobolev solution from (W;”(G))” of

Ao(t.X)0,U + Y Ae(t. )05 U + B(t, x)U = F(t.%)
k=1

with real and continuously differentiable matrices Ao and Ay, with a real and
continuous matrix B, and with a real, integrable vector F' if for all test vector
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functions @ = (¢1,--- . ¢,)" € (C)(G))" the following integral identity holds:
/ Ut,x) - (— 0(AJ®) — 0, (A{ ®) + B" @) (1. x) d(t,x)
G
= / F(t,x) - ®(t,x) d(t,x),
G

where AT denotes the transposed matrix of A.
Exercises Relating to the Considerations of Chap. 3

Exercise 1 Find elliptic, hyperbolic and strictly hyperbolic operators. What type
has the stationary plate operator A?? Is the heat operator d, — A elliptic or
hyperbolic or something else? Find an operator with constant coefficients which
is hyperbolic but not strictly hyperbolic. Is there an elliptic operator of order 3?

Exercise 2 Show that the classical Schrodinger operators }8, + A and the non-
stationary plate operator 9 + A? are 2-evolution operators. Is the heat operator
d; — A a2-evolution operator? No, it is a parabolic operator. Compare this with the
classification of linear operators of second order by using the principal symbol.

Exercise 3 Find one example of an ultrahyperbolic partial differential equation that
is not hyperbolic. Find one example of a parabolic partial differential equation which
is not of normal type.

Exercise 4 How many boundary conditions can we pose for solutions to A™u = 0
in an interior domain?

Exercise 5 Find in R" \ {0} a classical radial solution u = u(r) of the Laplace
equation Au = 0 (cf. with Example 24.4.4 from Chap. 24).

Exercise 6 Study the boundary value problem of Example 3.4.1. Use the Laplace
operator in polar-coordinates

Au = ! 8,(;’28,14) +

2 3o (sin 6 dgu) +

. 32 u.

r2sin 6 r2sin? 0 ¢

How do we interpret the radiation condition in the case k = 0 in the Helmholtz
equation?

Exercise 7 What kind of additional conditions to solutions may we pose for
solutions to the nonstationary plate 3’u + A%u = 0 in the interior domain {x €
R3 : |x| < 1} or in the exterior domain {x € R? : |x| > 1}?

Exercise 8 Explain the compatibility conditions for the model of a vibrating string
which is fixed in two points x = 0 and x = 1. Explain compatibility conditions for
the model of a potential inside of a rectangular

R = {(x,y) € R?: (x,y) € [0,a] x [0, b]}.
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Exercise 9 In which time directions are we able to study the Cauchy problems
u, — Au = f(t,x), u(0,x) = up(x), u;+ Au = f(t,x), u(0,x) = uy(x)?

Exercise 10 Look for a classical solution u in the form u(t,x) = "/ 2h(l’}‘r) for

the heat equation 4, — Au = 0 for t > 0 and x € R”. Here £ is a suitable chosen
function (cf. with Example 24.4.5 from Chap. 24).

Exercise 11 What is the definition of a Sobolev solution of the Poisson equation
Au = f? Determine all Sobolev solutions of d;u = f, where f(#) = 0 if + < 0 and
f(t) =1fort>0.

Exercise 12 Find all distributional solutions of d,u = &, in R! and of —Au = §, in
R”, where 8 denotes Dirac’s delta distribution at the origin.

Exercise 13 Suppose that we have an energy solution
u e C([0, 7], H*(R") n C'([0, 7], H* ' (R"))

of the Cauchy problem for the wave equation with s > 1. For which s do we have a
classical solution?

Exercise 14 Show that any classical solution of L(¢, x, D;, D,)u = 0 is a Sobolev
solution. Show that any Sobolev solution of L(t, x, D;, Dy)u = 0 is a distributional
solution. Here L = L(t, x, Dy, D,) is a linear partial differential operator with smooth
coefficients.



Chapter 4 )
The Cauchy-Kovalevskaja Theorem Shethie

The classical Cauchy-Kovalevskaja theorem is one of the fundamental results in the
theory of partial differential equations. This theorem makes two assertions. On the
one hand it yields the local existence of analytic solutions to a large class of Cauchy
problems and on the other hand it yields the uniqueness of this solution in the class
of analytic functions. This chapter deals not only with the Cauchy-Kovalevskaja
theorem in its classical form but in its abstract form in scales of Banach spaces as
well. Some applications in the theory of Hele-Shaw flows complete this chapter.
These applications serve as an interesting field for verifying the importance of the
tool of an abstract form of the Cauchy-Kovalevskaja theorem.

4.1 Classical Version

The Cauchy-Kovalevskaja theorem is one of the oldest results in the theory of partial
differential equations. We explain this result for the linear Cauchy problem

Nut Y ket 00 u = f(t.x),
k+|o|<m, ksm

(07u)(0,x) = @, (x) for r=10,1,-+- ., m—2,m—1,

where the coefficients ay, = aiq(t, x), the right-hand side f = f(¢,x), and the
data ¢, = ¢,(x), r = 0,--- ,m — 1, are real and defined in a cylinder [-7,T] x G
containing as an interior point the origin in R"*!, It is important that the operator is
given as an operator of Kovalevskian type, that is, an operator of the form

N+ D (X))

k+|o|<m, ksm
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Example 4.1.1 The operators 3> + A or 3> — A are of Kovalevskian type. The
operators d, + A or 3> & A? are not of Kovalevskian type. Here A denotes the
Laplace operator in R”".

Theorem 4.1.1 Let us assume that the coefficients ayo and the right-hand side f
are analytic in a neighborhood U of the origin in R"T'. Moreover, we suppose that
the data @y, @1, , Om—2, Pm—1 are analytic in U N {t = 0}. Then, there exists a
neighborhood W C U of the origin and a unique analytic solution u = u(t, x) of the
Cauchy problem

07w + Z Apa(t,x)07 31;1/1 = f(t,x),

k+e|<m, k#m

(3;u)(0,x) =@ (x) for r=0,1,--- , m—2,m—1,

inW.

Remark 4.1.1 This theorem is independent of the type of the differential operator.
What is only important is that the operator is of Kovalevskian type.

The proof of the Cauchy-Kovalevskaja theorem is based on the assumption of
analyticity, which allows local representations of the coefficients, the right-hand
side, and the data into a power series. Let us briefly sketch the proof for the 1d case
in x only. We consider the Cauchy problem

Nut+ D a(t.x)d0fu = f(.x).
k+i<m, k#m

(E);u)(O,x) =¢,(x) for r=0,1,--- . m—2,m—1.
The assumption of analyticity allows us to represent the coefficients, the right-hand

side, and the data in a neighborhood of the origin in R? in form of a power series.
So we have

a)(t.x) = Y aripgt X, ftx) =Y frgt'x,

p.q=0 p.q=0
o0
or(x) = Z(pr,qx‘f for r=0,1,---, m—2,m—1.
q=0

All these power series’ converge in a small neighborhood U; C U of the origin in

o0
R2. For the solution u, we make the ansatz u(f,x) = > upqt’x?. Now we have
P.q=0
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to determine the unknown coefficients u,, ;, by the given coefficients a4, fp.4» and
¢r.q- This procedure works as follows:

1. The coefficients u,, forr = 0,--- ,m — 1 are determined by the coefficients ¢, 4
from the initial conditions by forming in the ansatz for the solution (d/u)(t =
0,x).

2. Plugging all power series’ into the differential equation then, by the method of
comparison of coefficients, we can determine the coefficients u,, for p > m
step by step. First we determine u,, , by the already determined coefficients u, 4,
r=0,---,m— 1 and known coefficients ay 4, fp4- Then, we determine u,+1 4
by the already determined coefficients u, 4, r = 0, - - - , m, and known coefficients
Arip.g> Jp.g» then, o4, then u,, 43,4, and so on. The uniform convergence of
the power series on compact subsets of U; allows to interchange the order of
differentiation and summation, that is, a term by term differentiation of all power
series is allowed.

3. After the determination of all coefficients u, 4, we have to show that the power
o0

series Y up,1"x? is converging in a small neighborhood W of the origin. This
p.g=0
is done by applying the method of majorants.
It is impossible to generalize the Cauchy-Kovalevskaja theorem to non-analytic
classes. If we are interested in the Cauchy problem

Ofu+ 0u =0, u(0.x) = ¢(x), du(0,x) = Y (x)

with data ¢, ¥ € C®(R'), then the property of interior analytic regularity of
harmonic functions (see Theorem 8.2.4 of Sect. 8.2.3) shows that there exists, in
general, no classical solution. But, if ¢, ¥ are analytic in a neighborhood of the
origin, then there exists a unique analytic solution of this Cauchy problem in a
neighborhood of the origin.

An important contribution to the Cauchy-Kovalevskaja theory has been given by
Hans Lewy (see [121]).

Lewy’s Example There exists a non-analytic infinitely differentiable function F =
F(t, x,y) such that the differential equation

Oxt + i0yu — 2i(x + iy)ou = F(t,x,y)

has no Sobolev solution in any neighborhood of any point (f, xo, o) € R>. Take
into consideration the fact that the coefficients are complex in Lewy’s example.
Lewy’s example tells us that we can not expect any Cauchy-Kovalevskaja type
theorem for C*° spaces. One can even show that the operator
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is not locally solvable in any neighborhood of any point (fo,xo,y9) € R? (see
Sect. 8.3.2).

4.2 Abstract Version

There exists an abstract version of the linear Cauchy-Kovalevskaja theorem (see, for
example, [206] or [211]). To formulate this theorem, we introduce a so-called scale
of Banach spaces {B;, || - ||s}s with parameter s € [0, 1]. This scale has the following
properties:

e BiCByfor0<ys <s<l1,
o Jlully < ||u||sforallu € Byandfor0 < s <s < 1.

There exist operators which are unbounded on all function spaces B; but which are
bounded on the scale of Banach spaces {By}e[o,1], that is, which are bounded as
mappings from B, to By with s’ < s. Let A be a linear operator acting in {Bs}sefo.1]
in the following way:

* the operator A maps By into By forall0 < s’ <s <1
¢ the norm of the operator A € L(B; — By) can be estimated by

a
thatis, |JAully < ulls for 0 <5 <5 <1,
s—s

’ —
—

where the constant a is independent of s and s'.

Then, the norm of A in L(B; — By ) is defined by

1Al L, —8,) = sup(s — ") |Aully llull7.
UEB;

Finally, we assume that the family {A(r)}, t € [0, T], of linear abstract operators
from L(B; — By) depends continuously on ¢, that is, to every ¢ > 0, t, € [0, T],
0 < s’ < s < 1 there exists a constant § = §(¢, 19, s, 5’) such that

IA@) — A(to) | s, —8,) < € if [t —1o] < 8.

Theorem 4.2.1 (Abstract Cauchy-Kovalevskaja Theorem)
Let us consider the abstract Cauchy problem

diu = A(Hu + f(t), u(0) =up

under the following assumptions:

* uy € By
* feC(0,7].By)
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* the family {A(t)}, t € [0,T], of linear abstract operators from L(B; — By),
0 <" < s < 1, satisfies the above introduced conditions.

Then, there exists a unique solution u € C([O, TS),BS) fors € [0,1), where Ty =
min{7T; K(1 — s)} and with a suitable positive constant K.

Proof The proof is based on ideas for treating nonlinear ordinary differential
equations.

Existence of a Solution We transform the abstract Cauchy problem to an equivalent
abstract integral equation

u(t) = up + /Otf(l')d‘l,’ + /(;tA(‘L’)M(‘L’)d‘C.

We apply the method of successive approximation to get for k > 1 the iterates

u V@) = uy + /Otf(l')d‘l,’ + /(;tA(‘L’)M(k)(‘C)d‘E, u @) = uo + /Otf(‘l,')d‘lf.

All iterates u® belong to C([0, T], By) for s € [0, 1). Let
vi(0) := u® (1) —u* V() for k> 1, vo(r) := u®(r).
We show the uniform convergence of Y ;o vi(z) in B, for all ¢ € [0, Ty — ¢], where

e < T is an arbitrary small positive number. We may then conclude that u(f) =
limg— 00 (%) is a solution of the abstract integral equation. Using

t
Vi+1(1) = / A(®)v(r)dt for k=0,1,---
0
we show the estimates
aet \k
|W@MSMQ ) for 1€ [0,7] and s € [0, 1)
—s
where e is the Euler’s number. The constant M is defined by M := |uo|; +
fOT Ilf () ||1dt. The desired estimate is true for k = 0 due to the definition of v (Z).
Let us assume that the estimate is valid for k = p. Then, we show its validity for

k = p + 1, too. Using the definition of v, () and the assumptions for the family
of operators {A(f) },c[0,7], We obtain

t a t
N Dy < / A@u@lvdr < / oy (0.
0 §—5 Jo
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Taking account of the desired estimate for v,(f), it follows

p+1
bl < “ ()
ST s 1—-s/ p+1

Now let us choose a suitable s < s, namely, p(s —s') = 1 —s. Then, p(1 — §') =
(» + (1 — s). The last inequality implies

a \rtl at \,tl/p+1\r

lop@le =mer(L 4 )T Pt = mer ()T (P

1—s p+1 1—ys p
aet \rtl
=mu(,; 5
- 1—-¢

which is the desired estimate for v,1. It is clear that the series Y oo [[vk(?) | is
converging for ¢ € [0, 1(;5) N [0, T]. Hence, we have the existence of a solution

u e C([0,Ty),By) fors € [0,1) and Ty = min{T; K(1 —s5)}, where K = ! .

ae
Uniqueness of the Solution Let us assume the existence of two different solutions,

uy,uy € C([0,T'), Bs). Then, the difference u = u(¢) of both solutions belongs to
C([0,T"), By), too and satisfies

t
u(t) = / A(t)u(t)dr.
0
As in the proof for existence of a solution we can show
aet \k ,
lu@®llsy < M(s)( ,) for k>0 and s € [0,s),
S—S

where M(¢) is taken from the estimate |u(r)||; < M(e) forall r € [0, T" — ¢]. If we
let k — oo in the inequality for ||u(f)||y, then it leads, together with the continuity
int, to u(r) = Oin the interval £ € [0, min{7T" —&; * * }]. If t;y = ¥ 7 < T’ — ¢, then

we repeat our approach for the abstract integral equation

t

u(t) = / A(t)u(t)dr.
151

A finite number of such steps gives the uniqueness of solutions in the evolution

space C([0, T" —¢], By). The arbitrary choice of ¢ implies the uniqueness of solutions
in C([0, T"), By). This completes the proof.

Example 4.2.1 Consider the Cauchy problem for the first order system of complex
partial differential equations

a,U — ZAk(t, 2)0., U — B(t.2)U = F(t,z), U(0,2) = Up(z).
k=1
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where z = (21,22, , Zn—1, Z») and the matrix functions A; and B are holomorphic
in the poly-cylinder K = K; x K X - - - X K,,—1 X K,, and continuous on its closure K,
where K; denotes the unit disk with respect to the variable z;. Finally, the matrices Ay
and B and the vector function F are continuous with respect to ¢, that is, Ay, B, F €
C ([O, Tl,HK)NC(K )) With a small positive constant ag let us introduce the family
of poly-cylinders Ky = Ky X Ky X --- X K15 X K}, 5, where K ; denotes the disk
around the origin with radius 1 —ao(1 — s) for s € [0, 1] with respect to the variable
zj. Now we are able to introduce B, := H(K;) N C(K), that is the space of functions
which are holomorphic in the poly-cylinder K; and continuous on the closure K.
Introducing the family of operators

A() =) Ax(t.2)d, + B(t.2)
k=1

and applying Cauchy’s integral formula, one can show that
a
AD | L,—~8,) < ,
S— 8

with a positive constant a (see Exercise 2 of this chapter). Consequently, all
assumptions of Theorem 4.2.1 are satisfied and one has a unique solution u €
C((~Ty.Ty), By) for s € [0,1) with Ty = min(T,M(1 — s)) and with a suitable
positive constant M. All constants are independent of s and s'.

We may transform the above complex system of first order to a real system of first
order. Thus, in general, one can expect for type independent real systems of first
order with analytic coefficients only solutions possessing a conical evolution. Here
conical evolution means the larger the domain of existence Kj, the smaller the life
span (—Tj, Ty).

The difference between the statements of Theorems 4.1.1 and 4.2.1 is that in Theo-
rem 4.1.1 we suppose analyticity of the coefficients in 7, where as in Theorem 4.2.1
we suppose only continuity of the coefficients in r. What property does the solution
from Theorem 4.2.1 have with respect to ¢?

4.3 Concluding Remarks

4.3.1 Generalizations of the Classical Cauchy-Kovalevskaja
Theorem

The Cauchy-Kovalevskaja theorem holds for the Cauchy problem for linear systems
of the form

O+ ) A1, X)dgu + Ag(t, X)u = f(t, %), u(0,%) = ¢(x).
j=1
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The coefficients A; and Ag are m X m matrices with entries which are analytic in
the spatial variables and thanks to the abstract Cauchy-Kovalevskaja Theorem 4.2.1
only continuous with respect to the time variable.

We have also a Cauchy-Kovalevskaja theorem for nonlinear Cauchy problems which
are of Kovalevskian type (see [117]). A complete proof of this general result based
on the comparison of coefficients method can be found in [27] or [163].

4.3.2 Generalizations of the Abstract Cauchy-Kovalevskaja
Theorem

There exists also an abstract Cauchy-Kovalevskaja theorem for nonlinear Cauchy
problems of the form

diu = A(t,u), u(t =0) = uy.

The reader can find a first proposal for such a theorem in [148] under special
assumptions to the right-hand side A(#, u). In [149] the author proved the following
more general abstract form of the nonlinear Cauchy-Kovalevskaja theorem:

Theorem 4.3.1 Consider in a scale of Banach spaces {By, || - ||s}sef0.1] the abstract
Cauchy problem

du=A(t,u), ut=0)=0

under the following assumptions:

e The mapping (t,u) — A(t, u) is a continuous mapping of
{t:t€[0,T]} x {u € By : ||u|ls < R} into By

for some positive T and R and forall 0 < s’ < s < 1.
» The above mapping is Lipschitz continuous in u, that is,

C
4G =A@l = T lu=vl.

where the constant C depends only on T and R.
o The function A(t,0) is a continuous function of t € [0, T| with values in By for
every s € [0, 1). Moreover, it satisfies the estimate

K
ol < |~

with a fixed constant K = K(T) which is independent of s.
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Then, there is a uniquely determined solution
u e Cl((—a(l —s),a(l — s)),BS), s€[0,1), |lulls <R,

with a suitable positive constant a.
An alternative proof of this result was given in [211].

4.3.3 Applications of the Abstract Cauchy-Kovalevskaja
Theorem

We have a lot of applications of Theorem 4.3.1. The operator A(¢, u) can be linear,
nonlinear or even non-local as well in a scale of Banach spaces. It can be applied
to real or complex models. Such abstract versions are very useful in studying,
among other things, problems of fluid dynamics (for example Hele-Shaw flows),
transient wave-body interaction, filtration problems, Korteweg-de Vries equation
and Boussinesq equation of water surface waves or motion of the oil contour (see,
for example, [81, 166, 170, 173, 175] and references therein).

Let us explain one of these applications of [166].

4.3.3.1 The Model

Our starting point is the problem of finding the velocity vector field v = (vy, vy)
of a two-dimensional flow driven by a single sink at the origin with continuous
intensity qo = qo(?), that is, divv = —qo (7). Here, and in the following Jy is
the two-dimensional Dirac distribution centered at the origin (see Example 24.4.2).
Moreover, we suppose that the vector field is irrotational, meaning, rotv = 0. Both
conditions together imply the existence of a potential function p satisfying v =
—gradp, Ap = qo(1)8. If I'(¢) denotes the smooth moving boundary of the simply
connected domain £2(7) which is occupied by liquid, then the kinematic condition
is written in the form ‘”;t(t) = v. This condition explains the fact that a particle of
the fluid on the free boundary stays on it during the whole period of the motion. If
p = 0on I'(7), thenp < 0in £2(¢). Consequently, dpp > 0 on I"(¢), where n denotes
the outward normal to the boundary I"(¢). Thus a nonlinear kinetic undercooling
condition (dynamic condition) for the suction problem should be written in the form

p+ F(0ap) =0 on I'(¢)

under the constraint d,p > 0. The function F = F(v) stays for a class of nonlinear
functions containing as a typical example F(s) = s, B > 1. For this reason we
suppose the following assumptions for F:

* Fis defined on [0, 00) and F(0) = 0
* F is strictly monotonic increasing on [0, co)
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e lim F(s) = o0
§—>00

e Fis analytic on (0, 00).

4.3.3.2 Mathematical Formulation
Now we formulate the problem under consideration for Hele-Shaw flows with
a nonlinear kinetic undercooling effect on the boundary starting from a similar
formulation of the problem via the parametrization

I :={w(t,xy): (t.x,y) €I x 93U},
where I = (—e&, &) and U := {(x,y) € R?: |(x,y)| = 1}.

The problem NKUR (nonlinear kinetic undercooling regularization) is introduced
by several conditions which we explain as follows:

* the parametrization condition:
w(t,x,y) € I'(t) forall (t,x,y) € I x U
* the analyticity condition:
w(t,-): dU — I' (1)
is an analytic diffeomorphism for ¢ € 1
* the equation of motion:
0;w(t,) = VGo(w(t,x,y)) forall (t,x,y) € IxdU,
where Gy is the solution of the nonlinear Robin problem
AG = qo(t)dp in £2(t), G+ F(0,G) =0 on I'(?)
with d,, taken along the outward normal to I"(¢)
* the initial condition:
I'(0) := {w(0,x,y) = wo(x.y) : (x,y) € dU}.

A model based on parameterizations of I'(f) was firstly proposed for the two-
dimensional case with Dirichlet boundary condition p = 0 on I"(¢) in [71].
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4.3.3.3 The Result

Now we should define a suitable scale of Banach spaces of analytic functions
{Bs, || - lls}sefo.1- The main work consists in showing that our problem NKUR
can be interpreted as a special abstract Cauchy problem in the scale of Banach
spaces {By, || - ||s}sefo.1] Which satisfies the assumptions of Theorem 4.3.1. Then,
the application of Theorem 4.3.1 yields the following result.

Theorem 4.3.2 Let the initial fluid region be a simply connected domain containing
the origin such that the boundary of the domain is parameterized by an analytic
diffeomorphism. Then, for a small period of time (backward and forward) there
exists a unique classical solution of the problem NKUR. The fluid region remains
simply connected and has an analytic boundary. If go = qo(t) is continuous in t, then
the solution is continuously differentiable in t on the life span interval (backward
and forward in time).

Exercises Relating to the Considerations of Chap. 4
Exercise 1 Apply the classical Cauchy-Kovalevskaja theorem to the Cauchy prob-
lems

d,u + 20u = 6x°, u(0,x) = 2,

du + tdu = x, u(0,x) = 2.
Find the power series representation of the solutions in a neighborhood of the origin
in R2. Use the methods of Chap. 6 to find the exact solutions.

Exercise 2 Show that the Cauchy-Kovalevskaja theorem does, in general, not hold
for the Cauchy problem for non-Kovalevskian equations. For this reason study for
t > 0 the Cauchy problem

1
ou = 8)2(14, u(0,x) = 1 for |x| < 1.
—x

Exercise 3 Show the scale type estimate for {By, | - ||s}seo,1] of Example 4.2.1, that
is,

a n
lully < 7 llulls for Ar) =3 Au(t, 9)ds,.
k=1

To solve this exercise it is sufficient to understand that the operator of complex
differentiation d, is continuous as a mapping from By into By for0 < s’ < s < 1
with the norm estimate ||d; [|.8,—»5,) < Sﬁ,. Here B; denotes the space of functions
which are holomorphic in K, and continuous on its closure K. By K; we denote the
disk around the origin with radius 1 — ao(1 — s) for s € [0, 1] and g € (0, 1).
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Exercise 4 Show that the Cauchy problem
du=0, (tx)eR" xR, 0,2 =9k, xeR!,

where ¢ is an odd non-vanishing analytic function, has no analytic solution at
any neighborhood of the origin. Is this observation a contradiction to the Cauchy-
Kovalevskaja Theorem 4.1.17

The answer to this question is related to the notion of a non-characteristic initial
manifold, see Definition 6.2.
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Holmgren’s Uniqueness Theorem Shethie

Holmgren’s uniqueness theorem is one of the fundamental results in the theory
of partial differential equations. It is related to the Cauchy-Kovalevskaja theorem.
Theorem 4.1.1 implies a uniqueness result in the class of analytic solutions to a
large class of Cauchy problems for partial differential equations. This uniqueness
assertion still allows for the possibility that there may exist other classical or even
distributional solutions which are not necessarily analytic. The classical theorem
of Holmgren states that this can not happen in the set of classical solutions. As in
Chap. 4, we explain the classical version and the abstract version in scales of Banach
spaces as well.

5.1 Classical Version

Holmgren was interested in the Cauchy-Kovalevskaja theorem. Due to this theorem
we know that in the class of analytic solutions we have a unique solution.
Holmgren posed the very reasonable question asking if the Cauchy problem from
Theorem 4.1.1 has non-analytic solutions (see [82]).

Theorem 5.1.1 (Classical Theorem of Holmgren)
In the set of m times differentiable solutions, that is, in the set of classical solutions,
the analytic solution from Theorem 4.1.1 is the only one.

Proof Let us assume in Theorem 4.1.1 the existence of two classical solutions u;
and u, in a neighborhood W of the origin. Then, the difference u := u; —uy is a
classical solution of the homogeneous Cauchy problem

Nut Y aret.x)0Fu=0 in W,
k4| <m, k#m

(afu)(O,x) =0 forall xe WN{t=0}and r=0,1,--- , m—2,m—1.
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Our goal then is to show that # = 0 in a (possible smaller) neighborhood W, C W
of the origin. We prove it only on the set {(t,x) € Wy : t > 0}. The same proof
gives the vanishing behavior of u in {(z,x) € Wy : t < 0}. We take u for r > 0. The
homogeneous Cauchy conditions allow for setting # = 0 for + < 0. Consequently,
we obtain a classical solution u € C"(W;) with supportin {(¢,x) € Wy : t > 0}. We
divide the proof into several steps.

Step 1. Application of Holmgren transformation

Introduce the change of variables (Holmgren transformation) v(s,y) = u(t, x) with
y = xand s = ¢ + |x|%. This change of variables makes a bijective mapping of (a
possible smaller) Wy onto a neighborhood Vj of the origin in the (s, y)-space. Let us
fix & sufficiently small. We introduce the set M, := {(s,y) € Vy : |y|*> < s < &}. By
taking into account that ¢ = 0 is transformed onto {(s,y) : s = |y|?}, it follows that
v e C"(Vy).

Step 2. The new Cauchy problem

After the change of variables, our new Cauchy problem has the same form with
respect to the variables (s, y) as the starting one, the coefficients are analytic, too.
But there is a big difference. We know that v(s,y) = 0 outside M, and v(s, -) has
compact support for all s € [0, €]. This allows us to restrict our further considerations
(we use again (¢, x) instead of (s, y)) to the following Cauchy problem:

L:=09"v+ Y  bea(t.x)0%v =0 in V,
k+le|<m, km

suppv C M,,

where the coefficients by, = by (2, x) are analytic in V with M, C V).
Step 3. Influence of the adjoint operator

Let us recall the adjoint operator L* (cf. with Remarks 24.4.1 and 24.4.2) which is
defined by

L*v = (=1)"9"™v + Z (=D %02 9% (bra (1. x)v).
k+|a|<m, km

If w € C"™(M,) is a solution of L*w = 0, then
/ (vL*w — wLv) d(x,1) = 0.
M,

Furthermore, if (d/w)(e,x) = 0 forr = 0,1,--- ,m — 2, then after integration by
parts we have

/ (vL*w —wLv) d(x.t) = [ (—1)"v(e,x) (3" 'w)(e,x) dx = 0,
M, K

where K, = supp v(e, x) is a compact subset.
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Step 4. Application of Weierstral} approximation theorem

Now, we prescribe besides the Cauchy conditions (d;w)(e,x) = 0 for r =
0,1,---,m — 2 the Cauchy condition (3" ~'w)(e,x) = P(x), where P = P(x) is
an arbitrarily chosen polynomial. One can then apply the Cauchy-Kovalevskaja
theorem as now the data are prescribed on ¢+ = &. In this way we obtain for all
P an analytic solution in M, for all small e, where ¢ is independent of P. Here, if
the initial data P in the Cauchy condition (9”~'w)(e,x) = P(x) is a polynomial,
then the life span in time of the existence of analytic solutions is independent of P
(see page 249 in [139]). So, we may conclude

/ v(e,x)P(x)dx =0,

K

for an arbitrarily chosen polynomial P(x). Due to the Weierstra3 approximation
theorem (polynomials are dense in the set of continuous functions with compact
support) we may conclude v(e, x) = 0. This we may conclude for all small ¢ > 0.
Hence, v = 0 in M, and we obtain u(t,x) = 0 for all (¢,x) € W,. The proof is
completed.

The Holmgren theorem remains not valid for non-Kovalevskian equations. Let us
consider, for example, the Cauchy problem

ou — Bfu =0, u(0,x) =0.

Then, there exists the solution u = 0. Let us try to construct a second solution.
For this reason we choose the non-analytic function ¥ (f) = exp(—t2) fort > 0
and ¥ () = 0 for ¢ < 0. Then

o

u=u(tx) = Z (2;{)!x2kw(k) (1)

k=0

is a second (formal) solution which is infinitely times differentiable, so a classical
solution which is non-analytic.

The statement of the classical theorem of Holmgren can be used to conclude the
following uniqueness result for Cauchy problems with non-analytic data and right-
hand side.

Corollary 5.1.1 Let us consider the Cauchy problem
07'u + Z Ao (t,x)07 31;14 = f(t,x),
k+e|<m, k#m

(3;u)(0,x) =u(x) forr=0,1,--- , m—2,m—1,
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where the real coefficients arq = arq(t,x) are analytic in a neighborhood of
the origin in R""1, Then, there exists at most one uniquely determined m times
differentiable solution in a neighborhood of the origin even if the smooth data and
smooth right-hand side are supposed to be non-analytic.

5.2 Abstract Version

Section 4.2 is devoted to an abstract Cauchy-Kovalevskaja Theorem 4.2.1 in a
scale of Banach spaces {B;, || - ||s}se[0,1- This theorem is applied to abstract Cauchy
problems

diu = A(Hu + f(t), u(0) = uy,

where {A(?)}/eo,7] is a family of operators acting in this scale as follows:

lA@ally < “s, lull, for 0<s' <s<1,ueB,.
In this section we will deal with the question as to whether an abstract Holmgren
theorem does exist (see [206]).

To answer this question we assume an important assumption:

The scale of Banach spaces {By, || - ||s}sejo,1] is dense into itself, which means that
every space By is dense in By for0 < s’ <s < I.

Lemma 5.2.1 Let us assume that a given scale of Banach spaces {B, || - ||s}sefo.1]
is dense into itself. Then, the family of Banach spaces {Fy, | - ||\ }se[0.1), where Fy :=
B)_,, forms the so-called dual scale of Banach spaces to the given scale {B, | -
”s}sE[O,l]-

Proof The assumption of density implies that the dual operator of the natural
injection of By into By is an injective continuous linear mapping of the dual B/,
of By into the dual B, of B,. We shall refer to the latter mapping as the natural
injection of B, into B;. Since the dual operator preserves the norm of the natural
injection, we conclude immediately the statement that {F5, || - ||\ }sej0.1] is a scale of
Banach spaces.

Now let us explain mapping properties of the family {A(r)'},c[o,7) of dual operators
to the given family {A(r)}/cjo.77 in the dual scale {Fs, || - ||’} se[0.1]-

Lemma 5.2.2 Let {A(f)}ieo,1 be a family of operators belonging to L(B; — By)
and mapping in a dense into itself scale of Banach spaces {Bs, ||+ | s}sef0.1] as follows:

a
IA(@®ully < oo llulls for 0 < s’ <s <1, u € B,.
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Then, the family of dual operators {A(f)/}re[o,r] maps in the dual scale
{Fss ” : ”;}A‘E[O,l] asfollOWS.'

a
A v]l < oo v} for 0 <s' <s<1,v €F,

Proof We use the identity A(¢)'v(u) = v(A(f)u) for all v € Fy and u € By—y. Then,
A(H)u € B)—; and the functional v(A(?)u) is well-defined on B;_;. Consequently,
A(t)'v belongs to Fy. Moreover,

AO v = [vAOW| < [l IA@uU]L - < IIUIILSj lleell s

S/

The last inequality implies together with
A@) v@)] <A@ V]|, lulli—y the estimate [A@Y V], < © vl
: : s—

This we wanted to prove.
With these preparations in hand we are able to formulate and prove an abstract
Holmgren theorem.

Theorem 5.2.1 (Abstract Holmgren Theorem)
Let us consider the abstract Cauchy problem

diu = A(u+ f(t), u(0) = uy,
under the assumptions of Theorem 4.2.1. Moreover, we assume that the scale of
Banach spaces {By, || - ||s}sejo.1] is dense into itself. Then, there exists at most one
solution v € C([0,T], F) for s € (0, 1] of the abstract Cauchy problem
dv = A(H)'v, v(0) =0.

Here, {Fy. || - ||\ }sej0.1] denotes the dual scale to the given scale {By, || - ||s}sefo.1)-

Proof The statement follows immediately after application of Lemma 5.2.2 and
Theorem 4.2.1.

5.3 Concluding Remarks

5.3.1 Classical Holmgren Theorem

The statement of Theorem 5.1.1 can be generalized to the set of distributional solu-
tions (see, for example, [85] or [206]), cf. with Definition 24.29 and Remark 24.4.1.
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There exists a Holmgren type theorem for the Cauchy problem for the nonlinear
partial differential equation of first order

ou = F(t,x,u, du), u(0,x) = up(x),

where F is a holomorphic function in its arguments, the variables (¢, x) are taken
from some set in R*+! (see [133]).

In general there exists no Holmgren type result for Cauchy problems to nonlinear
equations of higher order or to nonlinear systems (see [134]). Let us now explain
the basic idea of [134].

It is well-known that a uniqueness result does, in general, not hold for linear Cauchy
problems of Kovalevskian type with C* coefficients. The proof of non-uniqueness
results involves the construction (see, for instance, [86]) of a nontrivial classical
solution u to the homogeneous partial differential equation of first order

du + a(t,x)ou = 0,

together with the construction of a coefficient a of the equation. Such a nontrivial
solution satisfies

u(t,x) =0 forr <0 and 0 € supp u.
In [134] the author added an extra variable such that the vector («, a) can be seen as
a solution of a system or to eliminate the coefficient a so to reveal u as a solution
of an higher order nonlinear equation. Let us now explain the idea for systems. For
s € R! we define

v(t,x,5) = y(s)u(t —s,x) and w(t,x,s) = a(t — s, x),

where y € C°(R!) vanishes for s < 0 and y(s) # 0 for s > 0. Then,

v(t,x) =0 for ¢t <0 and O € supp v.

Therefore, U = (0,w) and V = (v,w) are different solutions of the following
nonlinear system of first order with analytic coefficients:

;v +wd,v =0, dw—dyw = 0.

5.3.2 Abstract Holmgren Theorem

If we really want to apply the abstract Holmgren Theorem 5.2.1 to a given Cauchy
problem we should at first find a suitable scale of Banach spaces. Then, we should
show that a family of operators {A(f)},cjo,7] is acting in this scale as required in
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Theorem 4.2.1. We then need the density into itself property. This step can cause
difficulties. Then, we are able to apply the abstract Holmgren theorem. Finally, one
has to understand which functions or distributions belong to the scale of dual spaces.
In many examples this step is not trivial. The research projectin Sect. 23.1 is devoted
to the application of this abstract theory to one concrete example.

Exercises Relating to the Considerations of Chap. 5

Exercise 1 Study the Gevrey property of the nontrivial non-analytic solution u to
ou — Bfu =0, u(0,x)=0

of Sect. 5.1. Show, that u is really a classical solution.
Exercise 2 Show, that u(f,x) = 0 for t > 0 and u(t,x) = ¢/ fort < Ois a
nontrivial classical solution to the Cauchy problem

dou =0, (t,x)€R+le, u(0,x) =0, xe R

Is this observation a contradiction to Holmgren’s uniqueness Theorem 5.1.1?
The answer to this question is related to the notion of a non-characteristic initial
manifold, see Definition 6.2.



Chapter 6 )
Method of Characteristics Chack for

The method of characteristics is applied in studying general quasilinear partial
differential equations of first order such as, for example, convection or transport
equations. It is shown how the notion of characteristics allows for reducing the
considerations to those for nonlinear systems of ordinary differential equations.
An application to the continuity equation describing mass conservation completes
this chapter.

6.1 Quasilinear Partial Differential Equations of First Order

Let us consider the following quasilinear partial differential equation of first order:

Zak(x, u)0yu = b(x,u).

k=1
The real coefficients a; = ay(x, u) = ax(xy,--- ,x,, u) and the real right-hand side
b = b(x,u) = b(xy,--- ,x,, u) are continuously differentiable in a domain G of the
(n + 1)-dimensional space Rﬁjl with (x, u) = (x1,%2,- -+ , X, ). We try to find real

solutions u = u(x). Here, one of the variables is allowed to be the time variable.
If we are interested in the model

ou + Zak(z‘, X, u)0xu = b(t,x,u),

k=1

then it is hyperbolic and it is allowed to prescribe an additional initial condition or
Cauchy condition.
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Remark 6.1.1 Transport or convection processes are special cases of the above
model (see Sect.2.2). A typical example is the mass conservation law

3ip(t,x) + div (p(z, x) v(t, x)) =0, p(0,x) = pp(x).

By x = (x1,---,x,) we denote the vector of spatial variables in R" by ¢ the time
variable, by v = v(t,x) the velocity field and by p = p(t,x) the density. Finally,
po = po(x) denotes the density for + = 0. The velocity field is supposed to be
known.

We write the conservation of mass in the form

a0 + Z U (t, x) 0y, p + p div v(z,x) = 0.
k=1

This linear model for the density p is a special case of our given quasilinear model.

6.2 The Notion of Characteristics: Relation to Systems
of Ordinary Differential Equations

In every point (x;, -+, x,,u) € Gy we construct the so-called characteristic vector
(a1(x,u), -+, ay(x,u),b(x,u)). The direction of this vector is called characteristic
direction. The given quasilinear partial differential equation can be written in the
form

n

Z ax(x, u)dyu — b(x,u) = 0.

k=1
Hence, the normal to the surface given in R;‘j;l by the equation
u(xl,--- 7xn)_“ =0

(form the gradient with respect to x and u) is orthogonal to the characteristic
direction. But this implies that the characteristic vector lies in the plane tangent
to the surface. We obtain a so-called field of directions in Gy, which is formed by
all characteristic directions in all points of G (compare with the field of directions
from the course “Ordinary differential equations™).

Our goal is to construct curves in this field of directions having the property that in
every point of the curve the tangent vector coincides with the characteristic vector.

A curve in R"!! is given by the parameter representation

{(‘xls-XZs e 7-xnsu) € Rn+l

2x1 = x1(1), % = x2(1), -, Xy = x,(7),u = u(r), T € I},
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where the parameter 7 is taken from an open interval / in R!. The vector

(% e ). 5 w)
gives the direction of the tangent vector in the point (x;(zp), -+ , X,(70), u(70)),
where 7( is from the parameter interval I for 7. Due to our goal, the tangent
vector should coincide with the characteristic vector in the point (x;(zp),- -,
X, (70), u(70)). For this reason, the following system of ordinary differential equa-
tions should be satisfied:

d.
= ap(x1(x). -+ xa(0) u(r)), k=1, ,n,
dt
du
= b N LIRS . n , .

= b () (). u(D)
Let (xo1, -+ ,Xon, o) € Go be a given point. Let us find a solution of this nonlinear
system of ordinary differential equations satisfying for ¢ = 0 the Cauchy condition
x¢(0) = xo¢, k = 1,--- ,n, and u(0) = uy. Then, such a solution is a curve passing
through (xop, - -, Xon, o) and having the property that in every point the tangent

vector coincides with the characteristic vector.
Definition 6.1 Every curve having these properties is called a characteristic.

Remark 6.2.1 Let us assume that the given partial differential equation of first order
is linear, that is,

Z ax(x)0x, u = b(x)u.

k=1

In general, to describe the characteristics we get nevertheless a nonlinear system
of ordinary differential equations. Thus we lose the linear structure of our Cauchy
problem in the case of non-constant coefficients ay.

6.3 Influence of the Initial Condition
We are not only interested in the construction of solutions to a given quasilinear
partial differential equation of first order

n

Z ar(x, u)dyu = b(x, u),

k=1

but want to pose a Cauchy condition to the solutions.
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How do we prescribe such a Cauchy condition? We will not only construct a
characteristic through a point, but through all points of a (n—1)-dimensional smooth
surface My C Gy. A parametrization of such a surface is given by n+1 real functions

0 0 0 0 0 0
Xq :-xl(tlv"' st}’l—l)s". X, = n(tlv"' stn—l)s u =u (tlv"' st}’l—l)
with parameters (¢;,--- ,#,—;) from a compact closure B C R"™! of a domain of
parameters. Moreover, for every point (¢, - - , #,—1) from B the corresponding point
0 0 0
(Y1, )y X ) U0t Tamr))

must belong to M.
Let us determine the characteristic for every point from M. Then, this set of
characteristics depends on 7 and the n — 1 parameters #;,--- ,#,—; as well. So we
have characteristics

xk:xk(tstlv”' st}’l—l)s k= 15"' 1, M:u(tstlv”' stn—l)'

These characteristics define a n-dimensional surface in R"!. Due to our principle of
construction, every characteristic vector in every point of this n-dimensional surface

lies in the tangential plane to this point. The vector (8xlu, oo, Oy U, —1) to the
surface u(xy,---,x,) —u = 0 is orthogonal to the tangential plane. This follows
from

n

Z ax(x, u)dyu — b(x,u) = 0.

k=1
Summary We have shown that all functions
Xk :xk(f,t],"' 7tn—l)7 k: 17”' s, U= M(Tvtls"' 7tn—l)

define a n-dimensional surface in R"*! which is a solution to our given quasilinear
partial differential equation,

n

Z ar(x, u)dyu = b(x, u),

k=1

satisfying a Cauchy condition on a (n — 1)-dimensional surface My C Gy. We may
conclude this from

du " Qu dx Z":
= Z = ax(x, u)0y,u = b(x,u).
dt P oxy dt P

The reader expects that this surface, the solution, respectively, can be represented in
the form u = u(xy,--- ,x,). Let us return to this problem in the next section.
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6.4 Application of the Inverse Function Theorem

We are interested in under which conditions representations 7 = t(xy, - ,x,),
= ti(xy,---,x,), 1 = 1,--- ,n— 1, can be derived from the representations
xy = xi (T, 11, ,th—1), k = 1,--- , n. Using such representations

u=u(t,ty, -+ ,t,—1) implies immediately

w=u(xr, %) =u(t(ep, o X)), (g, X)), fa1 (X1, -+, X,)), Which is

what we wanted to have. If any two different characteristics appearing in different
points of the surface My do not intersect, then such representations exist. But, in
general this property does not hold. For this reason we restrict ourselves to a locally
(in t) defined solution. The question of the existence of local solutions in 7 is
connected with the behavior of the Jacobi matrix

a(.XI,“‘ 7'xn)

=:Ju(z, 1, ty—1).
a(f,t],"' stn—l) X( : ! )

For T = 0 we get

0 p) 0 p) 0
a0, )0

0 0
ax;, ax;,

Jx(oa [SPRRE atn—l) = ) 0
an(xk (tlf" atn—l)au (Z‘l’"' atn—l)) o Aty

Here we assume that the functions xg = xg (t1,--- , t,—1) depend continuously differ-

entiable on #1, - - - , t,—1, that is, we choose a sufficiently smooth parametrization of
the initial surface. Let us assume, that J,(0, ¢, --- , t,—1) is a regular matrix. Then,
the continuous dependence of J, with respect to T implies that J,(z,t;,--- , f,—1)
remains regular for small |t|. The application of the inverse function theorem gives
a locally defined solution for small values of |7|.

Geometric Explanation of the Condition “J,(0,#;,---,#,—1) is Regular in
T = 0”

* The surface (or initial manifold) M has the parameter representation

x(l) =x(1)(t1,--- sIn—1), - ,X,(l) =X,(1)(f1,"' )t =0 ).

Then, the tangential plane at every point

xO :xo(tls"' 7tn—l)7 (tlv"' st}’l—l) S B,

is (n—1)-dimensional in the space R. Consequently, one has to choose a suitable
smooth parametrization of M.
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* The projection of the characteristic vector

0 0
(@ (X1 tm) d00, 1t (B e tm),

WOt 1)) b (11 b)) (01, 1))

in R?F! on {u = 0}, is the vector

0 0
(al(x;(( Yty ) (01, cn1))s 7an(x](()(tly"' s In—1)s

Wt 1y-1)),0)

and can be associated with the vector

0 0
(Cl] (-x](( )(tls"' 7tn—l)7uo(tls"' 7tn—l))s"' 7an(-x](()(tlv"' st}’l—l)s

Wty 1y1)))
in R, which does not belong to the tangential plane to every point

xO :xo(tlv"' stn—l)v (tlv"' stn—l) S B

Definition 6.2 If the surface (or initial manifold) M, satisfies the last two condi-
tions, then it is called non-characteristic.

The notion of non-characteristic surfaces can be generalized to partial differential
operators of higher order. For this reason we choose now (n — 1)-dimensional
surfaces My C R which are defined by ¢(x) = 0 with Vg # 0, where ¢ is a
real function.

Let us first explain this for linear partial differential operators of order m having the
representation

P(x,D,) = Z ag(x)D%, xeR".

lo|<m

Now, the principal symbol of P is given by

Pu(x.6) = Y ai(x)E", £€R"

loe|=m

Definition 6.3 If a (n — 1)-dimensional surface My C R is defined by ¢(x) =
0 (Vo # 0) and satisfies P, (x, Vo(x)) # 0 for all x € My, then we say that M is a
non-characteristic surface. If P,,(x, Vo(x)) = 0 for some xy € My, then we say that
M, is a characteristic surface at x = xy.
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Remark 6.4.1 The property of the surface M to be non-characteristic with respect
to the above introduced operator P(x, D,) is invariant under a regular change of
variables. In this way, if our analysis is restricted to a neighborhood of a point on My,
then we may assume, without loss of generality, that this neighborhood coincides
with a neighborhood in the hyperplane {x € R" : x; = 0}.

Definition 6.4 Let My, C R be a (n — 1)-dimensional surface. If M, is a non-
characteristic surface with respect to P(x, D,), then we say that the Cauchy problem

P(x,D)u = Z ag(x)D%u = f(x),

lo|<m

onu |pmy=u,(x) for r=0,1,--- . m—2,m—1,

is non-characteristic. Here, d, denotes the normal derivative on M.

Example 6.4.1 Consider the Cauchy problem

D'u + Z Aot x)Df:Dl,‘u = f(t,x),
k+e|<m, k#£m

(D;u)(O,x) =@, (x) for r=0,1,--- , m—2,m—1,

with Cauchy conditions on the set My := {(t,x) € R""! : ¢t = 0}. Due to
Definitions 6.3 and 6.4 this Cauchy problem is non-characteristic. Consequently,
the statements of Theorems 4.1.1 and 5.1.1 hold for this class of non-characteristic
Cauchy problems.

Remark 6.4.2 Thanks to Remark 6.4.1, if the initial surface M| is supposed to be
analytic, then the statements of Theorems 4.1.1 and 5.1.1 are still valid for non-
characteristic Cauchy problems. Indeed, if we look for solutions which are defined
in a neighborhood of some point xo € M, then a suitable regular and analytic
change of variables maps x( to the origin and a neighborhood of xy in M, onto a
neighborhood of the origin in {x € R" : x; = 0}.

We will discuss a special characteristic Cauchy problem in Sect. 6.6.2.

For nonlinear partial differential operators the definition should also depend on the
solution and it’s derivatives prescribed on the initial surface Mj. If for the quasilinear
partial differential equation of first order

Z ar(x, u)dyu = b(x, u)

k=1

with prescribed initial data u = u” on a surface M, (see Definition 6.1 in the case that

M) has a parameter representation), the surface My is given by ¢(x) = 0 (Vg # 0).
Then, the non-characteristic condition can be written as follows:

(al(x, ul), - an(x, uo)) -Vo(x) #0 forall x e M,.
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6.5 Summary

Summarizing the considerations of the previous sections leads to the following main
result:

Theorem 6.5.1 Let us assume that a given (n — 1)-dimensional surface (initial
manifold) My is non-characteristic in R;‘j;l and can be described by

0 0 0 0 0 .0 0
M():{(x,u):(xl,'-',xn,u)eRﬁj;l.xl:xl(tl,u-,t,,_l),

X =20, ), W =0, ,tn_l)},

where (t1,--+ ,t,_1) belongs to a compact parameter set B in R"™'. Then, there
exists a neighborhood of the initial manifold My with the following property:
To a given continuously differentiable data u® = u®(ty,--- ,t,_1) there exists a
uniquely determined classical solution u = u(x,--- ,x,) of the quasilinear partial
differential equation of first order

n

Yy, e X w)dgu = b(xr, X 10).

k=1

The unique solution is the solution of the system of in general, nonlinear ordinary
differential equations

dxk

d‘[ = ak('xls"' 7-xnsu)s

dl‘j = b('xls"' 7-xnsu)

with the initial values

(0,11, ) = X0 ) k=1, o,

M(Ovtls"' st}’l—l) = Mo(tlﬂ"' 7tn—l)'

One has to solve the equations x;, = xi(T, 11, , t,—1) with respect to T, ty, -+ , t,—1.
The solutions t = t(xy,-+- ,X,),t; = ti(x1,+++ ,x,), l = 1,--- ,n— 1, are substi-
tuted in u(t,ty, -+ ,t,—1). Finally, the solution u = u(xy,--- ,x,) is continuously
differentiable in a neighborhood of the initial manifold if we assume that the
functions ay, b, the data, and the initial manifold are continuously differentiable.

Remark 6.5.1 We omitted the proof of the uniqueness. To conclude this property
the initial manifold is supposed to be non-characteristic. Moreover, we need the
uniqueness of the characteristics which follows from standard arguments of the
theory of ordinary differential equations.
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6.6 Examples

6.6.1 Continuity Equation

Let us consider the Cauchy problem for the mass conservation
3,p(t,x) + div (p(t, x) v(1,x)) =0, p(0,x) = po(x), x = (x1,%2,x3) € R>.
We write the mass conservation in the form
00 + v1(2,x)0x, p + V2(2,X)0x, p + V3(f,X)0x, 0 + p div v(t, x) = 0.

Then we obtain the system of ordinary differential equations

dt dx, dxy dx;

= 1’ = t’ bl = t? 9 = t? 9
e Ie vi (2, x) Je 2 (2, x) e v3(t, x)
I(O) =0, xl(O) =1, XQ(O) = 1y, X3(0) =13,
dp

P —(div v(t,x))p, p(0) = po(t1, 12, 13).
T

The initial manifold is isomorphic to R3. It is non-characteristic. Here we use

1 000
Ul(l‘l,tz,t3,0) 100
Uz(l‘l,tz,t3,0) 010
U3(l‘1,t2,t3,0) 001

JX(Ov tls t25 t3) =

The first column vector is linear independent to a subspace formed by the second up
to the fourth column vector. Let us put the velocity field v (f,x) = x;, va(t,x) =
v3(t,x) = 0 and the initial condition for the density po(x) = x3. Then we obtain

dt dx; dp

= 17 = X1, =—p,
dt dt dt
1(0) = 0, x1(0) =11, p(0) =13,

t=1, x(t) =te', p(t) =te™", p(t,x) = xje ™.

6.6.2 An Example of a Characteristic Cauchy Problem

Let us discuss a typical example of a characteristic Cauchy problem.
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Consider the following Cauchy problem for a quasilinear partial differential
equation of first order:

ai(x, y, u)dyu + ar(x,y, w)dyu = b(x,y, u), u(o(n),y(®) =f@), tel.

Here [ is an interval in R!. Suppose that the Jacobi matrix

_ (a0, y0).£0) o’(r))
(0.9 (az(o(r), Y (0-£©) ¥ ()

vanishes att =ty € I, i.e.,
a1 (o (to), y(10).f(t0))y' (t0) — az(0 (1), y (t0).f (t0))o” (t0) = 0.

The Cauchy problem is then a characteristic one. Let us assume that a; and a, do
not vanish. We may conclude that

o’ (to) _ Y/ (to) _
ai(o(to), y(to).f(t0))  az(o(t), y(%).f (%))

with a real constant ;. By using the initial data we obtain

n

o= jtu(a(t), y(@) =o' (0o (1), y(1) + ¥ ()0yulo (1), y (1))

Finally, by using the partial differential equation at + = ¢, we derive the
compatibility condition

f'(to) = pb(o (o), y (t0).f (10)).

Therefore, if f'(t9) # ub(o (1), y(to),f (%)), then a solution of the initial value
problem does not exist in any neighborhood of (o (%), y(2))-

Remark 6.6.1 If the initial manifold M, is characteristic, then there is, in general,
no solution to the Cauchy problem. But, if there exists a solution, then there are, in
general, infinitely many solutions for the Cauchy problem (see Exercise 3 below).

6.7 Concluding Remarks

We complete this chapter with some remarks concerning generalizations of the
Cauchy-Kovalevskaja and Holmgren theorem for characteristic Cauchy problems.
To find additional conditions in order to have existence and uniqueness of solutions
for characteristic Cauchy problems has been of interest. After one of the pioneering
papers [73], in [5] the authors introduced the class of partial differential operators
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of so-called Fuchsian type and proved for this class some generalizations of the
classical Cauchy-Kovalevskaja theorem and the Holmgren uniqueness theorem. In
[127] the author considered characteristic Cauchy problems for some essentially
non-Fuchsian partial differential operators whose principal parts are essentially
of Fuchsian type. Considering functions that are of class C*° with respect to the
variable ¢ and holomorphic with respect to x, the author proved some theorems
that are similar to the Cauchy-Kovalevskaja theorem and the Holmgren uniqueness
theorem.

Exercises Relating to the Considerations of Chap. 6

Exercise 1 We recall from the course “Ordinary differential equations” that the
Theorems of Peano and Picard-Lindelof yield the existence (Peano) and uniqueness
(Picard-Lindelof) of locally defined solutions in an open interval around t = 0 of
the Cauchy problem for nonlinear systems of ordinary differential equations. But,
under which assumptions do we get a globally defined solution in t?

Exercise 2 Find the globally (in time) classical solution to the following Cauchy
problem for the transport equation:

du+b-Vu=f(tx), u0,x) =gk,

where b is a real constant vector, f € C(R"*!) and g € C!(R").

Exercise 3 Consider the Cauchy problem

O = 2xy, u(x,x?) = f(x).

Decide, if there exists or does not exist a locally defined classical solution in the
following cases:

1. fx) =1,
2. f(x) = x,

3. f is an odd function on R'.

Can we expect uniqueness of solutions if the existence of at least one solution is
verified?

Exercise 4 Solve the Cauchy problem
X0yu — yoyu = W, u(x,1) =1

and find the interval of existence of a classical solution with respect to y.

Exercise 5 Solve the Cauchy problem

X0yu + yoyu = u + 1, u(x, x%) = x%.
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Conclude that, although the equation is linear, we have no classical solution on R?.
What happens if we change the initial condition to u(x, x) = x*?

Exercise 6 Solve the Cauchy problem
o + udyu =0, u(x,0) = f(x).

Show that if f/(x) < «, a > 0, then after a finite time the classical solution does not
exist any more (see Chap. 7 for a generalization of this model).

Exercise 7 Let P(D,) be a homogeneous partial differential operator with constant
coefficients in R” and let N # 0 be a real vector. Show that the plane Hy = {x €
R" : x- N = 0} is characteristic with respect to P(D,) if and only if there exists a
solution u of the equation P(D,)u = 0 with u € C*°(R") and suppu = {x € R" :
x-N > 0}.



Chapter 7 )
Burgers’ Equation Shethie

In the previous chapter the method of characteristics was introduced. This method
allows among other things, a precise description of the life span of solutions to
Cauchy problems for quasilinear partial differential equations of first order. We will
now elaborate such an application by means of Burgers’ equation. Johannes (Jan)
Martinus Burgers (1895-1981) was a Dutch physicist. He is credited with being the
father of Burgers’ equation. Notions as blow up, geometrical blow up or life span
of solutions to Burgers’ equation with and without mass term are introduced and
discussed.

7.1 Classical Burgers’ Equation

Now let us apply the method of characteristics to the treatment of an important
model equation, the so-called Burgers’ equation

u; + a(w)u, = 0.

Here a = a(u) is a real function. Consequently, the partial differential equation is
hyperbolic. Moreover, we prescribe the Cauchy condition u(0, x) = f(x).
We assume that the functions a = a(s) and f = f(s) belong to C®(R'), that is, they
are infinitely times differentiable on R'.
Let us consider the forward Cauchy problem. We are interested in finding infinitely
differentiable solutions in the largest possible strip [0, T) x R!.

We shall apply the method of characteristics to the forward Cauchy problem
u; + a(wu, =0, u(0,x) = f(x). So, we obtain the characteristic system

dt dx du
=1, = a(u), =0,
dt dt dr

x(0,5) = s, u(0,s) = f(s).
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We may set t = r. Let u = u(t, x) be a given continuously differentiable solution
on the strip [0, T) x R!. We introduce the characteristic Iy by

d
L= {x(): ) = a(w), x(0.5) = s}.
dt
Then we have, along I, the identity

d d d
- tu(t,x) =u, + xux =u, + a(u)u, = 0.

dt d dt
It follows that u(t, s) = u(0, s) = f(s) is constant along I';. Hence,

dx

g = A6 or x(ts) =s+alf(9))r

Summary Let u = u(t, x) be a given continuously differentiable solution. Then this
solution is implicitly defined by u = f(x — a(u)t). This follows from

u(t.s) = u(0.5) = f(s) = f(x(t.5) — a(F($))1).

What do we conclude from this implicit definition?
Case 1:  We assume d'(f(s))f"(s) > O forall s € R!,

Then we have Z;‘ =1+d(f(s))f'(s)t > 1 foralls € R' and ¢ > 0.

So, two different characteristics I'5, and I,, 51 # 57, never intersect each other. This
follows from the fact that for all times 7y > 0 the position x = x(%, s) is a strictly
monotonous increasing function with respect to the parameter s.

Summary In the first case the solution u = u(t, x) exists globally in ¢, that is on the
upper half plane (0, o0) x R'.

Case2: Let us assume x := sup(—a'(f(s))f'(s)) > 0. Then Z’; =1+
seR!

d'(f(s))f'(s)t > Oforalls € Rl and ¢ € [0,T), T := |. Thus, two different
characteristics Iy, and I,, s1 # s2, never intersect each other for all r € [0, T).
Due to our assumption, there exist two different intersecting characteristics I,
and Iy,, 51 # s2, fort =T.

Summary The solution exists only on the strip (0, 7) x R!.

If two characteristics I, and [y,, 51 # $», intersect each other, then we have, in
general, two different values in the intersection point. This follows from the fact
that the solution is constant along characteristics. One value f(s;) is transported
along I, , a second value f(s,) is transported along I,. For this reason the solution
fails to exist in the intersection point. But, the solution remains bounded along the
two different characteristics up to the point of intersection.

But what about the behavior of the derivative u, = u,(t,x) fort — T — 0?
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To answer this question we introduce w := u,. Then, we have along the character-
istic I'y the equation

aw 0%u N dx 0%u
dt  Oxdr  dr 9x?

= d(—a@uy) + a@uy = —d' Wu; = —d'(f(s))w’.

= Uy + a(“)uxx

Consequently, u, satisfies along I’y the semilinear ordinary differential equation

dw

P —d'(f(s))w?.

For t = 0 it holds that u, (0, s) = w(0, s) = f'(s). Applying the method of separation
of variables implies

e
L+ (FOF O

Uy =W

Under the assumptions of the second case the modulus |u,(f, x)| of the partial
derivative u, tends to infinity on some [, for t — T — 0. Such a blow up
behavior is called geometrical blow up: solutions themselves remain bounded if ¢
tends to the point of intersection (to the life span time t=T) along two different
characteristics, but derivatives are unbounded in a certain sense along these two
different characteristics.

Example 7.1.1 Let us consider the Cauchy problem
u; 4+ uu, = 0, u(0,x) = —x.

The characteristics Iy are given by x(¢,5) = s(1 — f). So, all characteristics I
intersect each other at the point (¢p, xo) = (1, 0). The life span time 7 is equal to 1.
Consequently, the solution exists only on the strip (0, 1) x R!. Indeed, the solution
has the representation u(t,x) = %, forall 0 < ¢ < 1. We conclude that not only
uc(t, x(t,8)) = r_ll blows up at + = 1 but also the solution u = u(t, x) itself. It
is clear that u(z, x(t, s)) = —s, i.e., the solution remains bounded along arbitrarily
chosen intersecting characteristics [.

Summary

Case 1: The life span T = o0, the solution exists globally (in 7).

Case 2: The life span T < oo, the derivative u, has a blow up for t = T
(geometrical blow up) along two different intersecting characteristics while the
solution u itself has no blow up along these intersecting characteristics, it remains
bounded approaching the blow up time. This follows from the implicit definition
of the solution u = f(x — a(u)t).
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Case 3: If inf1 (@ (f(s))f'(s)) = —oo, then there is no classical solution in any
s€R
strip (0, T) x R! with T > 0 chosen arbitrarily small.

Example 7.1.2 Let us consider the Cauchy problem
u—uny =0, u(0,x) =1+ x°.
By using the method of characteristics we derive the solution

2+ 2x?

u(t,x) = .
1 —2mx 4+ /1 — dtx — 422

Therefore, there is no classical solution in any strip (0, T) X RL T >0, as already

summarized in Case 3.

Let us turn again to the Cauchy problem

u+ au, =0, u(0,x) =f(x).

But now we assume only a smooth data f in C°(R"), that is, the data has compact
support and is infinitely times differentiable.

Definition 7.1 Burgers’ equation u, + a(u)u, = 0 is called genuinely nonlinear if
d'(0) # 0 (a(u) =~ a(0) + @’ (0)u + - - -, the nonlinear term uu, really appears).
Let us assume that Burgers’ equation is genuinely nonlinear and the nontrivial
data has compact support and is infinitely times differentiable. Although we have
a smooth data, the condition a’(f(s))f’(s) > 0 for all s € R! from Case 1, is never
satisfied. We will not prove this result, but leave it as an exercise for the reader.

Corollary 7.1.1 Assume that Burgers’ equation u, + a(u)u, = 0 with a’(0) # 0 is
genuinely nonlinear. Moreover, the data has compact support and is infinitely times
differentiable. Then, classical solutions have, in general, a geometrical blow up at
some time T > 0. The time T = T(f) depends on the data f.
If the data u(0,x) = 0, then the solution u = u(t,x) = 0 exists globally in 7 €
(0, 00). Intuitively we expect that a compactly supported infinitely differentiable
data u(0, x) = &f (x) leads to a solution in an interval (0, T) in ¢, where the life span
time T, tends to infinity for ¢ — +-0.
Let us choose the data u(0, x) = ef (x) with f = f(x) € CPR").
Mathematicians are interested in the following question:
How does the life span time T, = T(g) behave for ¢ — +0?

We get

lim 7 () = (sup(—d' (0)f'(s)))”" > 0.

seR!

It follows that 7, = 0(;) for ¢ — +0. Hence, T, tends to oo.
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If Burgers’ equation is not genuinely nonlinear, that is a’(0) = 0, then classical
solutions to smooth compactly supported data do not necessarily blow up. Choosing
a coefficient a(u) which is 0 in a neighborhood of 0, we do not necessarily have a
blow up behavior of the solution. If we assume for not genuinely nonlinear Burgers’
equations a”’(0) # 0, then we may conclude

lim £°7(¢) = sup (= d'Ofs)f'(s)) " >0, T, = 0(812)-

7.2 Other Models Related to Burgers’ Equation

Let us study some modified Burgers’ equations. First we address to the following
Cauchy problem for a special Burgers’ equation with a mass term:

w+ uuy +u =0, u(0,x) =f(x), feCPR.

The mass term u should have an improving influence on the life span time of
classical solutions. Applying the method of characteristics leads to the system of
ordinary differential equations

dx du
=u, x(0,5) =, = —u,
dt dt

u(t,s) = f(s)e™", x(t,s) = s +f(s)(1 - e_’).

Consequently, if f'(s) > —1 for all s € R!, then f’i’; > 0 for all t+ > 0. Thus the
solution exists globally. We feel the improving influence of the mass term. There
exist global (in time) solutions for classes of nontrivial compactly supported smooth
data.
Let us suppose that a geometrical blow up appears. Then, we get for the blow up
time

_ (s
rtoe (| pg)

Let us explain this formula. The derivative u, satisfies along the characteristic I’y the
equation

duy,
dt
du,
dt

X
2 .
= Uy + dt Upy = Uy + Ullyy = —Ulyy — U, — Uy + uityy;

= —u? — u, with the Cauchy condition u,(0, x) = f(x).
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Separation of variables yields

f(s)e™
L+ /()1 —e™)

u(t,s) =

In consequence, the solution possesses a geometrical blow up with the above
introduced blow up time.
Finally, we are interested in the model problem

w4 u = u?, u(0,x) =f(x), feCPR.
The function w := u, solves the quasilinear Cauchy problem
wr + (1 =2w)w, =0, w(0,x) = f'(x).

We have for a nontrivial f € C{°(R') the blow up time 7 = ( sup 2f” (s))_l. The
seR!
solution u and the partial derivatives u, = w and &, remain bounded along two

different intersecting characteristics. Only second order derivatives blow up along
these characteristics for t — T—0. Thus, it may happen that a higher order derivative
of a solution blows up in a certain sense. Let us summarize the blow up definitions
in the following remark.

Remark 7.2.1 A solution of some differential equation has a blow up behavior in
t = T if the solution tends pointwise to infinity or some norm ||u(t,-)| g of the
solution tends to infinity for t — 7'—O0. If a solution remains bounded for ¢t — T —0,
but some partial derivative tends pointwise to infinity or the norm of some partial
derivative of the solution tends to infinity for ¢ — 7 — 0, then the solution has a
geometrical blow up. The life span time of the solution is 7.

7.3 Concluding Remarks

The method of characteristics shows that, in general, there do not exist global (in
time) smooth solutions to the Cauchy problem for Burgers’ equation. If u € C!(G),
then Burgers’ equation can be written in G C R? in divergence form as a class of
conservation laws

u; + 0f (u) = 0.
Then it is clear to say that a function in L}OC (G) is a weak (Sobolev) solution. But, as
one can verify in Exercise 5 below, the uniqueness property may fail if we look for
weak solutions to the Cauchy problem. Hence, one has to include additional criteria
to ensure uniqueness. Such a kind of criterion is, for example, the entropy condition.
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Several authors are devoted to this topic for the Cauchy problem to the general class
of conservation laws

u; 4+ 0,f (u) =0, u(0,x) = @(x).

For further discussions we refer to [87] and the references therein.
Exercises Relating to the Considerations of Chap. 7

Exercise 1 Consider the Cauchy problem u,+a(u)u, = 0, u(x,0) = f(x) with data
f € CP(RY) and f(x) = 0 for |x| > r. Is it true that u(z,x) = 0 forx < —r + a(0)z
and for x > r 4+ a(0)¢?

Exercise 2 Assume that Burgers’ equation is genuinely nonlinear and the nontrivial
data has compact support and is infinitely times differentiable. Show that the
solution has a geometrical blow up.

Exercise 3 Prove the formula for the life span time 7, if we assume for not
genuinely nonlinear Burgers’ equations the condition a”’ (0) # 0.

Exercise 4 Compare the results for Burgers’ equation with and without mass term.
Why does the mass term have a positive influence on the existence of classical
solutions? What happens with this influence if we study Burgers’ equation with
a negative mass term, for example, the equation v, + uu, —u = 0?

Exercise S Consider the Cauchy problem for Burgers’ equation in the form

1
u; + Zaxuz =0, u(0,x) = ¢(x),
where ¢(x) = 0 for x < 0 and ¢(x) = 1 for x > 0. Show that u;(z,x) = 0 forx < }
and u;(t,x) = 1 forx > ; is a weak solution. Verify that u,(¢,x) = 1 forx > ¢,
uy(t,x) = 7 for 0 < x < rand uy(t, x) = 0 for x < 0 is another weak solution.
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Chapter 8 )
Laplace Equation—Properties Shethie
of Solutions—Starting Point of Elliptic

Theory

There exists comprehensive literature on the theory of elliptic partial differential
equations. One of the simplest elliptic partial differential equations is the Laplace
equation. By means of this equation we explain usual properties of solutions.
Here we have in mind maximum-minimum principle or regularity properties of
classical solutions. On the other hand we explain properties as hypoellipticity or
local solvability, too. Both properties are valid even for larger classes than elliptic
equations. Moreover, a boundary integral representation for solutions of the Laplace
equation shows the connection to potential theory. Boundary value problems of
potential theory of first, second and third kind are introduced and relations to the
theory of integral equations are described.

8.1 Poisson Integral Formula

8.1.1 How Does Potential Theory Come into Play?

The notion of fundamental solution or elementary potential is known from the
course “Theoretical Physics” (cf. with Definition 24.30 and Example 24.4.4). Let
A be the Laplace operator. Then, a practical relevant fundamental solution is

1 1
H)(y,x)=—_ In in R2
2 |y — x|

1 1

d Hn s = -
and B0 == ) by — 2

in R" for n > 3,

where o, denotes the n-dimensional measure of the unit sphere.
Let a point mass of amount 1 or a point charge of amount 1 be located in the
point x € R”". The practical relevant fundamental solution or elementary potential
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is the potential made by this mass or charge. A straight forward calculation implies
AyHy(y,x) = AyH,(y,x) = 0fory # x.

Let G C R" be a bounded domain with smooth boundary dG. Let u € C*(G) be
an arbitrary given function. Moreover, let x be a point in G and /C(x) the closed
ball around x with radius &. We suppose that /C.(x) belongs to G. Let us introduce
the domain G, := G \ K, (x). The functions u = u(y) and H,, = H,(y, x) belong as
functions in y to the function space C?(G,). Let us now apply the second Green’s
formula. Then we get

[ .0.9200) = u)4,8,5.9) s

where n, denotes the outer normaliny € dG, to G,. Using A H,(y, x) = 0in G, and
the fact that the fundamental solution has in x a weak singularity (the exponentn —2
is smaller than the dimension n of G,) and, consequently, an integrable singularity,
we may conclude

lim (H (v, x) Au(y) — u(y) AH,(y, x) dy = / H,(y,x)Au(y) dy.

e—>0
The boundary dG. consists of two parts, dG and 9K, (x). Let us turn to

u 0H,(y, x
lim (Ha ) ag) —uty ))dffy

=0 Jorc. () on,
u dH,,
— lim H(0.9)", (y) " doy + lm (u(x) — u(y)) 02 %) o,
e=0 JoaKc, (x) e=2>0 JoKC (x) on,
3Hn ,
—u(x) lim 0 o

&0 Jorcn  Omy

We treat the terms on the right-hand side separately.

. : du(y) _ :
Term 1: It holds 8121(1) fmg(x) H,(y,x) ani doy, = 0 after using H,(y,x)

O(e~"2) on 9K, (x) and doy, = O(e"™1).
Term 2: It holds hm falc - (u(x) — u(y)) aH”O ) doy, = 0 after using |u(x) —
u(y)| < Lix —y| = 0(e), ‘“’"0 %) ‘ — O(s~ 1>) on 9K, (x) and doy, = O(e"™).
. 0H,, (y.x) _
Term 3: Itholds lim Jox. o doy, = —1.

ony,
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Lemma 8.1.1 It holds with the above introduced notations

0H,(y,
lim R
=0 Jok.o My
Proof We have
oH,(y, ) a 1
lim 09 4o = —tim

doy.
e—0 Ca (x) 3ny e—0 A, (x) 3ny (}’l — Z)Unly — X|n_2 Y

The exterior normal vector is opposite the radial vector. For this reason

d 1 1 d 1 1
g) =

= — r= .
ony (n — 2)o,ly — x|"2 (n—2)o, dr =2 "o,

So, we may conclude

0H, (v, x )
lim w0 %) do, = —lim / ldoy, = —1.
e=0 Jox, ) Oy e=0 " 1o, Jox, )
This we wanted to prove.

Summary If u € C*(G) is an arbitrary given function and G C R” a bounded
domain with smooth boundary dG, then we have the following representation for u :

u(x)
d 0H,(y,
:/Hn(y,x)Au(y)dy—/ u() Hn(y,x)day+/ u(y) 0 o
G oG omy 9G ony
volume potential single-layer potential double-layer potential

Here we used the notions
. . . 1
volume potential (with the density u = u(y)): n®») | 2 doy,
G X —=y"

1
single-layer potential (with the density u = u(y)): / w() | -2 doy,
3G x—=y|"

double-layer potential (with the density u = w(y)):

d 1
w() doy.
/30 my e —y|=2

Consequently, every twice continuously differentiable function u# on G is the sum

of a volume potential with the density — (n_lz)% Au(y), a single-layer potential with
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the density (n—lz)a,, aii:‘v

n > 3. A corresponding representation exists in the case n = 2.
If the given function u = u(y) is harmonic in G, then the volume potential
vanishes. Here we recall the following definition.

and a double-layer potential with the density u for

_ 1
(n—2)o,

Definition 8.1 Let G be a domain in R”. Then, every twice continuously differen-
tiable solution of the Laplace equation

Au—zazu—O

in G is called a harmonic function.

Remark 8.1.1 There exist other possible ways to define harmonic functions. In
Sect. 8.2.1 we will introduce the so-called mean value property. Let G be a domain
in R". Let xo € G be an arbitrary given point and Kg(xp) be an arbitrary closed ball
around the point xy with radius R which belongs to G. Then, a function u is called
harmonic in G if it satisfies the mean value property for all xo and Kz (xo) in the sense
of Sect. 8.2.1. Both definitions are equivalent. It holds the following statement:

“If a continuous function u satisfies the mean value property in a given domain
G C R”, then it is a twice continuously differentiable solution of Au = 0 in G and
vice versa.”

Theorem 8.1.1 Letu € C*(G) be a harmonic function in a bounded domain G with
smooth boundary 0G. Then, u is the sum of a single-layer potential with the density

(n— 12)(7 381:‘ forn >3 (2; aal': for n = 2) and a double-layer potential with the
density — (n— 2)6 uforn>3 (— oy U forn=2).

What kind of information do we have from this theorem?

If we know a harmonic function on the closure G of a bounded domain G, then
some knowledge of this function on dG implies immediately the harmonic function
in the domain G itself. The value u(xy) of u in x9, xo € G, can be determined by
the boundary behavior of gr"l and u on dG. This hints at the opportunity to study
boundary value problems for harmonic functions (see Sect. 8.4).

8.1.2 Green’s Function and Poisson Integral Formula

Opinion of a Physicist It is impossible to reconstruct a potential « in a bounded
domain G by arbitrary given data for # and gﬁ on dG. To reconstruct the potential it
is permissible to prescribe only data for u# on 0G.

Is this opinion a contradiction to the statement of Theorem 8.1.17

No! In Theorem 8.1.1 we only claim a representation of a given harmonic function
on G by the known behavior of u and gfi on dG. It was not our goal to reconstruct
harmonic functions.
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How can we verify the opinion of the physicist? The main idea is the use of
Green’s function for the Laplace operator A with respect to a given bounded domain
G C R". Green’s function G,, = G, (y, x) has the following properties:

* G,(y,x) = H,(y,x) + hy(y,x), where h,, = h,(y,x) is a solution to the Laplace
equation Ayh,(y,x) =0in Gforallx € G
e Gy(y,x) =0fory € dGand x € G.

If we use Green’s function G, (y, x) in the representation from Theorem 8.1.1 instead
of the fundamental solution H,(y, x), then the single-layer potential vanishes. In this
way we obtain for a given harmonic function u with a suitable behavior on the
boundary dG the representation

_ ; G, (y, x)
u(x) = /ac ») 5 doy.

ny

This formula is called Poisson integral formula and verifies the opinion of the
physicist that a potential in a domain G can be determined by Dirichlet data on
the boundary 0G.

Theorem 8.1.2 Let u be a twice continuously differentiable solution of the Poisson
equation Au = f in a bounded domain G with smooth boundary 0G, where the
right-hand side f is supposed to be continuous on G. Then this solution has the
following representation:

w) = [ G ar+ [ ue "0 o,
G 9G ny

Here G, = G,(y,x) is Green’s function for the Laplace operator A with respect to
the given domain G C R".

For the construction of Green’s function we have to solve the Dirichlet problem
Ayhy(y,x) = 0in G, h,(y,x) = —H,(y,x) on dG. We are able to determine
explicitly Green’s function for the Laplace operator A in balls. This leads to the
Poisson integral formula.

Theorem 8.1.3 Let Kg(xo) be the ball with radius R around xy € R". Let g be a
given continuous function on d0Kg(xo). Then

2 2

_ 1 rxox
u(x) = g(y) ., doy for n>2
Roy Jokpixo) I

defines a harmonic function in the interior of Kg(xo). Here ry, denotes the distance of
a point x to a point y. If yo is an arbitrarily chosen point on the boundary 0Kg(xo),
then u has in yo the limit g(yo). Consequently, u is continuous on Kg(xo) and a
solution of the Dirichlet problem

Au =0 in Kg(xp), ”|3Kk(xo) =8
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Proof The proof is divided into several steps.
Step 1: A solution of the Laplace equation

First we verify if u = u(x) is really a classical solution of the Laplace equation
and a harmonic function, respectively. We apply the Laplace operator to both sides
of the Poisson integral formula. For a fixed x € Kg(xp) the integrand has no
singularity (y belongs to dKg(xo)). This allows changing the order of integration
and the action of the Laplace operator. It holds

Rz_r,%ox
=0

X
n
ryx

for all x € Kg(xp) and all y € dKg(x). Hence, u is a harmonic function.
Step 2:  Constant boundary data
Let g(y) = ¢ for y € dKg(xo). Then it holds

1 R? —
u(x) = / c " doy, =c,
RO',, KR (x0)

that is, the harmonic function u is even constant in Kg(xp). We shall prove this
statement in the following.

(a) Let x and x’ be two different points in Kz(xo) having the same distance to the
center xy. There exists a rotation around the center which transfers x in x’. If
y € 0Kg(xo) is an arbitrary point, then we denote by y' € dKg(xo) the image of y
by carrying out this rotation. Due to our assumption we have g(y) = g(y) = c.
A rotation does not change any distance. Hence, ryx = 7y and ry, = ryy.
Denoting by dcry’_ the image of the surface element do, after rotation around the
center xy we obtain

1 RZ _ }’2
u(x) = / c * do,
0KR(xo)

I
Ro, L

RO'n rn//

1 R? - r)%ox/ ’

= / c doy = u(x’).

KR (x0) yx

Taking into consideration that the distances of x and x’ to xo coincide, the
harmonic function depends only on the polar distance r if the data g is constant
on BKR ()C()).

(b) The Laplace operator in spherical harmonics and the dependence of # only on
the polar distance r imply that u = u(r) solves the ordinary differential equation

d2u+n—1 du

=0.
dr? rdr
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The method of separation of variables leads for n > 3 to the solution u(r) =
— r,flz + ¢, with real constants ¢; and ¢;. Forn = 2 we getu(r) = —c; logr+c;.
The harmonic function u = u(x) is finite in the center x = x¢. So, ¢; = 0, and
u(x) = ¢, in Kg(xp). Taking account of g(y) = c, we get by the Poisson integral
formula for the center xy:

1
u(xg) = cdo, = c.
( 0) Rn_lan /i;KR(xo) y

Consequently, u(x) = c in Kg(xp).
Step 3:  Verification of boundary behavior

Let x; be an arbitrarily chosen point on dKg(xp). We shall prove that u has
the limit g(x;) in x;. After proving this limit behavior, the harmonic function u is
continuous on the closure of the ball Kz(x() after defining u in the boundary points
of Kg(xo) by g(x1). The results of the second step imply

2 2

1 R T
= [
Ro, dKRr(x0) ry ’

VX
We form the difference with the Poisson integral formula and get

2 2

1 R* — Tox
) —gl) = [;()(g@)—g@n) "

yX
So, we may estimate
1 R? — rf{)x
w0~ = o [ o) -] T o
On T

KR (x0) yx

The integration over the sphere is divided over two sets, S; and S,. Here S| denotes
the part of the sphere lying inside of a small ball Ks, (x;) around x;, the remaining
part is denoted by S,.

(a) Let us study the integral over S;. It holds

n
ryx

! R =
ko, . 1600 =500 o

! ? =
< sup [g(y) — g(x1)| / L doy
Si RU” 9KR(xo) ryx
= sup lg(y) — g(x1)]
1

due to the results of the second step.
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(b) Let us turn to the integral over S,. We choose only points x € Kg(xo) having a

distance to x; smaller than 6,. Choosing now 8, < é81 we have ry, > §; — 8, >
éé’ 1. Hence, rl, < 821 for all y € S,. For x € Us,(x;) we use the estimate

R*—r} <R*—(R—8)" = 2R, —§; < 2RS,.
This estimate leads together with

SUPIg(y) gxp)| <2 Sup lg]

0KR(x0)

/ do < / do = o,R"™!
$2 0KR(x0)

and

to the estimate

—rk,
/ 120) — gem| X " do,

}X

2
<~ sup |g(x)|2R52( ) k!
ROw aKk(xo) 81

2 ot 02
=2 R, sup [g().
1 0Kg(x0)

Let us take ¢ > 0 as sufficiently small. The continuity of g in the point x; allows the
&

choice of §; = §;(¢) so small that sup [g(y) — g(x1)| < 5 is valid. After this choice
N

we choose 8, = §,(81) so small that

8
22 Rl 72 qp |g(x)|<

n
1 0Kg(xo)

Summarizing we conclude |u(x) — g(x;)| < e for all x € Us,(x;) belonging to
Kgr(xp), that is, lim u(y) = g(x;). This completes the proof.
Yy

Remark 8.1.2 The statements of Theorem 8.1.3 yield an existence result and a
representation of one solution for the Dirichlet problem for harmonic functions in
balls of R”, n > 2. Up to now we have no statement on the uniqueness of classical
solutions.

Remark 8.1.3 The second Green’s formula

ou v
/G(vAu—uAv)dyz/BG(v — an)dcry



8.2 Properties of Harmonic Functions 87

allows for deriving a necessary condition for the solvability of the Neumann
problem

ad
u:gonaG
n

Au=f in G,
u=f in 5

in bounded domains with smooth boundary. The Neumann problem is in general
ill-posed (cf. with Sects. 8.4.1.2 and 8.4.1.5). Setting v = 1 implies

[ras=] can.
G G

This means that the integral |, oJ dy over all sources in the domain G is equal to the
flow f 4G & doy through the closed surface 9G.

8.2 Properties of Harmonic Functions

8.2.1 Mean Value Property

Setting x = xg in the Poisson integral formula of Theorem 8.1.3 leads to

1
u(xp) = / u(y)doy.
ouR"! 0KR(x0) ’

This is the so-called mean value property in balls.

Theorem 8.2.1 Let u = u(x) be a given harmonic function in the ball Kg(xo),
which is continuous on its closure Kg(xo). Then, the value u(xy) of u in the center x
is equal to the mean over all values of u on the surface 0Kg(xo) of the ball Kg(xo).

8.2.2 Maximum-Minimum Principle

The mean value property is an essential tool for proving the next statement.

Theorem 8.2.2 (Maximum Principle)

Let u be a given harmonic function in a bounded domain G with smooth boundary
0G. Let u be continuous on G. Moreover, we suppose that u is not a constant function
in G. Under these assumptions, the harmonic function u takes its maximum on the
boundary 0G. This means there is no point xo € G and no neighborhood U(xo) C G
such that u(xo) = u(x) for all x € U(xo).

If u is harmonic, then —u is harmonic, too. So, we have the maximum principle for
—u, but this gives a minimum principle for u itself.
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Theorem 8.2.3 (Minimum Principle)

Let u be a given harmonic function in a bounded domain G with smooth boundary
dG. Let u be continuous on G. Moreover, we suppose that u is not a constant function
in G. Under these assumptions, the harmonic function u takes its minimum on the
boundary 0G. This means there is no point xo € G and no neighborhood U(xp) C G
such that u(xy) < u(x) for all x € U(xop).

8.2.3 Regularity of Harmonic Functions

Let u be a harmonic function in a bounded domain G and continuous on its closure
G. Using the Poisson integral formula we obtain

P ux) = / u@y) 260D g / u) 3G, (y. x) do,.
3G Bn 3G any

y

Here we use properties of Green’s function G,, = G,(y, x). On the one hand G,
is infinitely differentiable in x. On the other hand G, is even analytic in x, that is,
G, can be represented locally in x by its Taylor series. These properties in x are
transferred to the behavior of solutions in x. Because x € G and y € dG the order
of integration and differentiation is allowed to change. After a formal change of the
limiting processes of differentiation and integration, we take account of the uniform
convergence of the integral with respect to x in a small neighborhood of a given
point xg € G. These explanations lead us to expect the following result.

Theorem 8.2.4 Let u be a harmonic function in a given domain G. Then, u is
analytic in x, that is, for a given xo € G the function u can be represented in a
neighborhood U (xy) of xo by its Taylor series

ux) = Y % L;(!XO) (x—x0)? forall x € Ux).

la|=0

Proof Let xg € G and Kz (xp) be a ball such that its closure is contained in G. Then
we apply Theorem 8.1.3 and follow the above explanations for the general Poisson
formula.

The statement of Theorem 8.2.4 can be used to determine zero sets of harmonic
functions.

e If a harmonic function u« vanishes in a subdomain Gy C G, then u vanishes in G.
* From the theory of holomorphic functions we know that a holomorphic function
f = f(z) vanishes in a domain G C C if f vanishes on a set M C G having an
accumulation point in the domain G. This statement does not hold any more for
harmonic functions. Let us choose the harmonic function u = u(x, y) = x> —y2.

This function vanishes on the set {(x,y) : |x| = |y|}. The point (0,0) is an
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accumulation point of this set, but u does not vanish in any neighborhood of
0,0).

8.2.4 Weyl’s Lemma and Interior Regularity

Due to Theorem 8.2.4 we know that every harmonic function « in a domain G is
even analytic in G.

These assertions still allow for the possibility that there may exist Sobolev or even
distributional solutions of Au = 0, that is, the equation Au(¢) = u(A¢) = 0 is
valid for a distribution u € D'(G) and arbitrary test functions ¢ € C5°(G) (cf. with
Definitions 3.10 and 24.29). Weyl’s lemma states that this can not happen.

Theorem 8.2.5 (Weyl’s Lemma)

Every distributional solution u € D'(G) of Au = 0 is a classical solution of
Au = 0, that is, the solution is twice continuously differentiable and, consequently,
due to Theorem 8.2.4 even analytic in G.

Summary We have only “beautiful solutions” (analytic solutions) of Au = 0. We
shall prove Theorem 8.2.5 in a special case only.

Theorem 8.2.6 Let u be a continuous Sobolev solution of Au = 0. Then u is a
classical solution, that is, there exist continuous partial derivatives up to the second
order. Consequently, u is even analytic in G.

Proof We prove the statement in the two-dimensional case n = 2. For n > 2 the
proof works in a similar way. Let u be a continuous Sobolev solution of Au = 0.
Then, the relation |, ¢ U A¢ dx = 0 is satisfied for all test functions ¢ € C3(G) (cf.
with Definition 3.9).

Step 1:  Choice of a special test function

Let us choose an arbitrary point xo € G, but after this choice it is fixed. Then,
we can find a closed disk Kg(xp) around x( with a possibly small radius R which
belongs to G. Let r be the distance of a point x to xo. Then we choose

(R? —7r?)? if r <R,
0 otherwise.

P(x) = {

So, ¢ € C3(G) and Ap = —12(R* — 4R*r* + 3r*). Using the Definition 3.9 for a
continuous Sobolev solution of Au = 0 we get

/ u(x)(R* — 4R*r* + 3r*) dx = 0.
Kr(xo)
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Step 2:  Properties of an auxiliary function

We define the auxiliary function F(R) = |, Ke(xo) f(x, R) dx, where the function
f(x, R) is continuously differentiable in R.

Lemma 8.2.1 It holds

dF af
(R) _ / g (x, R) dx + / f(_x, R) ds.
dR Kr(xo) OR dKR(x0)

Proof For the proof we only take into account

R 2
F(R) = / ( f(rcosw,rsin@,R)dgo)rdr.
0 0

Hence,

dF R 2 9 )
IR (R) —/0 (/0 aRf(rcos<,o,rsmgo,R)dqo)rdr

2w
+ f(Rcosg,Rsing, R)Rdyp
0

d
_ / Ry du+ / F(x,R) ds.
Kr(rg) OR KR (x0)

This we wanted to prove.
Using the identity of Lemma 8.2.1 gives

d
/ u(x)(R* — 4R*r* + 3r*) dx = / u(x)(4R* — 8Rr*) dx = 0.
dR Jig (o) K(x0)

Here we have taken account of the vanishing behavior of the boundary integral.
Division by 4R and differentiation with respect to R yield

ZR/ u(x) dx — R* / u(x)ds =0,
Kg(xo) KR (x0)
o) wwas= [ uwd tvel
u(x)ds = u(x) dx, respectively.
27R KR (x0) nR? KR (x0)

Step 3:  Relation to the mean value property (see Sect. 8.2.1)

After differentiation of the last identity with respect to R we obtain

d ;1
d
dR(2nR /BKR(xo) u(x) s)

-2 / 1
= u(x) dx + / u(x)ds = 0.
TR Jkxo) TR Jokuo)
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Hence, the mean value of u on dKg(xo) is independent of R. Using the continuity of
u this mean value is equal to u(xp). Summarizing, we have shown the mean value

pl"OpE}'Ty

1
u(xg) = / u(x) ds.
2R Joki(xo)

In Sect.8.2.1 we discussed the mean value property. It holds some converse
statement:
If a continuous function u satisfies the mean value property in a given domain G C
R”, then it is a twice continuously differentiable solution of Au = 0 in G (cf. with
Remark 8.1.1).

From this it follows together with Theorem 8.2.4 the desired statement. In this
way the proof is completed.

8.3 Other Properties of Elliptic Operators or Elliptic
Equations

In the previous sections we explained properties of solutions to the Laplace
equation. Some of these properties as interior regularity or maximum-minimum
principle are also valid for solutions of large classes of elliptic equations.

In the following we will explain some more typical properties for solutions to
linear elliptic equations. For this reason let us consider P(x, Dy)u = f, where

P(x.D,) = Y ag(x)DS

|| <m

is a linear elliptic operator in a domain G C R" (see Definition 3.1). The right-
hand side f is defined in G, too. As a special example we have in mind the Poisson
equation Au = f. Weyl’s lemma (Theorem 8.2.5) tells us that if f = 0, then we have
only analytic solutions of the Laplace equation Au = 0. In the next two sections
we explain some results which describe how a behavior of the right-hand side f
influences properties of solutions to P(x, Dy)u = f.

8.3.1 Hypoellipticity

Let G C R" be a given domain and P(x, D,) = Z\a\ <m e (x)DY be alinear partial
differential operator. The coefficients are supposed to be analytic in G. Now let us
consider the inhomogeneous linear partial differential equation P(x, D,)u = f. Let
us assume that f € C*°(G).
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Can we exclude the existence of non-smooth solutions # € D’(G)? This is the
problem of hypoellipticity or interior regularity. Let us be a bit more precise.

Definition 8.2 We say that the given linear partial differential operator

P(x.D) = Y ay(x)D*

|| <m

with analytic coefficients in a domain G is hypoelliptic in G if for any subdomain
Gy C G and for all distributional solutions u € D’(G) the following property holds:
If f = P(x, Dy)u € C*°(Gy), then we also have u € C*°(Gy).

Elliptic Operators are Hypoelliptic, But the Converse Is Not True If P(Dy) is a
linear differential operator with constant coefficients, thanks to the well-known
Malgrange-Ehrenpreis’ Theorem, there exists a fundamental solution E, that is a
distributional solution of P(D,)E = &y (cf. with Sect. 8.1.1 and Definition 24.30).
Moreover, if some fundamental solution E belongs to C*°(R" \ {0}), then every
fundamental solution has the same regularity and P(D,) is hypoelliptic. In this way
we understand that the Laplace operator A, the Cauchy-Riemann operator d, and
the heat operator d, — A are hypoelliptic.

The theory of hypoelliptic operators is a modern topic of research. The following
example of Mizohata operators shows, that this theory needs deep understanding for
applying the results in other fields of Mathematics.

Example 8.3.1 Letus consider the Mizohata operator d,+ix"d, in a domain G C R?
containing the origin, where & > 1 is a fixed integer. If /2 is an even number, then the
operator is hypoelliptic (see [138] or [130]). If 4 is an odd number, then the operator
is not hypoelliptic. The Mizohata operators themselves are not elliptic operators.
Why?

8.3.2 Local Solvability

Let G C R" be a given domain and P(x, D,) = Z\a\ <m e (x)DY be alinear partial
differential operator. The coefficients are supposed to be analytic in G. Now let us
consider the inhomogeneous linear partial differential equation P(x, D,)u = f. We
shall content ourselves with finding only one solution. This problem may turn out to
be very difficult in general. Much depends on the space of functions or distributions
where the right-hand side is chosen and to the space of functions or distributions the
solution u is allowed to belong.

Definition 8.3 We say that the given linear partial differential operator

P(x.D) = Y ay(x)D*

|| <m
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with analytic coefficients in a domain G is solvable in G if for any f € C5°(G) there
exists a distributional solution u € D'(G) of P(x, D,)u = f.

We say that P(x, Dy) is locally solvable at xy € G if it is solvable in a neighborhood
of X0.

Elliptic Operators Are Solvable, But the Converse Is Not True If P(Dy) is a linear
differential operator with constant coefficients, then P(Dy) is solvable in R” and,
consequently, locally solvable at any point xo € R”". Thus the classical heat, wave
and Schrodinger operators are locally solvable.

Example 8.3.2 Let us consider the Mizohata operator d, + ix" dy in R2, where h > 1
is a fixed integer. If % is an even number, then the operator is solvable. If % is an odd
number, then the operator is not locally solvable at any point (0,y), y € R! (see
[138] or [130]).

If we have a Kovalevskian type operator (cf. with Sect.3.1) with analytic coeffi-
cients, then these operators are locally solvable at any point of a domain G. This
follows from the Cauchy-Kovalevskaja theorem. Lewy’s example (see Sect.4.1) is
not locally solvable. There exist hyperbolic operators 3 —a(f)3* with a suitably high
oscillating coefficient a = a(f) in a neighborhood of ¢+ = 0 which are not locally
solvable at any point (x, 7 = 0) € R? (see [49]).

8.4 Boundary Value Problems of Potential Theory

In this section we address boundary value problems of potential theory. First, we
propose some boundary value problems. Then, we explain the approach to use
single or double-layer potentials as representations of solutions (cf. with Sect. 8.1.1).
Finally, we shall point out how functional analytic tools are used to treat the
corresponding integral equations.

8.4.1 Basic Boundary Value Problems of Potential Theory
8.4.1.1 Interior Dirichlet Problem
Let G C R" be an interior domain, that is, a bounded domain. We suppose that the

boundary dG is smooth. Find a harmonic function u in G with prescribed continuous
data g for u on 9G.

Mathematical Formulation

Au=0 in G, u=g on dG.
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Let us restrict ourselves to balls Kg(xp) C R". Then the statement of Theorem 8.1.3
implies the existence of a solution. Together with the statements of Theorems 8.2.2
and 8.2.3 we conclude the uniqueness of solutions and continuous dependence
on the data as well in the space of continuous solutions on the closure Kg(xo).
Consequently, the interior Dirichlet problem is well-posed.

Remark 8.4.1 We are able to study the interior Dirichlet problem in more general
domains G. Using Theorem 8.1.2 implies formally the solution

B 3G, (y. x)
ww = [ 50 " do

y

This is a harmonic function in G, but we have to clarify in which sense the boundary
condition is really satisfied. This requires choosing suitable spaces for the data g
which allow for verifying the boundary behavior as a restriction of the solution on
dG or in the sense of traces. In this way one is able to prove well-posedness results.

8.4.1.2 Interior Neumann Problem

Let G C R” be an interior domain with smooth boundary dG. Find a harmonic
function u in G with prescribed continuous data g for the normal derivative (in the
direction of the outer normal) d,u on 0G.

Mathematical Formulation
Au=0 in G, dyu=g on dG.

We have no uniqueness of solutions. If u solves the interior Neumann problem,
then u + c is a solution, too. Consequently, we have ill-posedness. We learned in
Remark 8.1.3 the necessary condition [, . g do, = 0 for the existence of a solution.
The sufficiency of this condition is explained in Sect. 8.4.3.

8.4.1.3 Interior Robin Problem

Let G C R” be an interior domain with smooth boundary dG. Find a harmonic
function # in G with prescribed continuous data g for dpu + c(x)u (in the direction
of the outer normal) on dG. Here ¢ = c(x) is supposed to be a continuous function
on 9G.

Mathematical Formulation

Au=0 in G, dgu+ c(x)u =g on JG.
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To get well-posedness of this boundary value problem we assume c(x) > 0 on
dG and c¢(x) > 0 on some subset of dG with positive Lebesgue measure. These
conditions are important for showing that a maximum principle is valid. As pointed
out in Remark 8.4.1, one has to discuss suitable regularity of ¢ = c(x) and of g =
g(x) on the boundary 0G to prove well-posedness results.

8.4.1.4 Exterior Dirichlet Problem

Let G C R" be an exterior domain, that is, the complement in R” is the closure of
an interior domain. We suppose the boundary dG to be smooth. Find a harmonic
function u in G with prescribed continuous data g for u on dG. Moreover, the
solution satisfies the decay condition u(x) = O(|x|~"?)) for |x| — oo and n > 3.

Mathematical Formulation

Au=0 in G, u=g on JG,

and u(x) = O(|x|7"?) for |x| — oco.

Let us restrict to the exterior of balls Kz(x9) C R”. Then, a solution is given by the
following Poisson integral formula for the exterior domain R” \ Kg(x):

1 r2 _ R2
u(x) = / gy) ™ doy
Ro” 0KR(x0) ryx

if the data is supposed to belong to C(dKg(xp)). This function is harmonic and
satisfies the decay condition u(x) = O(|x|~"=?) for |x| — oo and n > 3. The
uniqueness can be concluded by the following modified maximum principle:

Let u be a harmonic function in the exterior domain R" \ Kg(xo). If the solution is
continuous on the closure of this domain and if u(x) — 0 for |x| — oo, then it holds

sup  [u(y)| = sup  fu(x)].
€R"\K (x0) €)(R"\Kx (x0))

Consequently, the exterior Dirichlet problem is well-posed. For more general
exterior domains we recall Remark 8.4.1.

8.4.1.5 Exterior Neumann Problem

Let G C R”" be an exterior domain with smooth boundary dG. Find a harmonic
function u in G with prescribed continuous data g for the normal derivative (in the
direction of the outer normal) d,u on dG. Moreover, the solution satisfies the decay
condition u(x) = O(|x|~"=?) for |x| — oo and n > 3.
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Mathematical Formulation

Au=0 in G, Jdyu =g on JG,

and u(x) = O(|x|""?) for |x| — oo.

We do not have any trouble with constant solutions because the only constant
solution satisfying the decay condition is the solution # = 0. One can prove well-
posedness results (see Sect. 8.4.3 and Remark 8.4.1).

8.4.1.6 Exterior Robin Problem

Let G C R”" be an exterior domain with smooth boundary dG. Find a harmonic
function u in G with prescribed continuous data g for dpu + c(x)u (in the direction
of the outer normal) on dG. Here ¢ = c(x) is supposed to be a continuous function
on dG. Moreover, the solution satisfies the decay condition u(x) = O(|x|~"=?) for
|x| > coandn > 3.

Mathematical Formulation

Au=0 in G, Onu+ c(x)u=g on 9G,

and u(x) = O(|x|""?) for |x| — oo.

To get well-posedness of this boundary value problem we assume c(x) < 0 on
dG and c(x) < 0 on some subset of dG with positive Lebesgue measure. Here we
take into consideration that the direction of the outer normal for exterior domains is
opposite of that for interior domains. These conditions are important for showing
that a maximum principle is valid. As pointed out in Remark 8.4.1, one has to
discuss suitable regularity of ¢ = c(x) and of g = g(x) on the boundary dG to
prove well-posedness results.

8.4.2 How to Use Potentials in Representations of Solutions?
8.4.2.1 Dirichlet Problems

Let us consider the interior or exterior Dirichlet problem for harmonic functions in
a domain G C R” with smooth boundary dG and n > 3. The key idea is to choose
the ansatz for a solution as a double-layer potential, that is,

1

fe— ypr2 4

u(x) = /a )
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Here we assume that the density is taken from a suitable function space on dG such
that the integral really exists for all x € G. By using the Poisson integral formula
of Sect. 8.1.2, the function u is harmonic in G. What remains is to find the density
function p on dG. Therefore, we apply the Dirichlet condition

1
= 1 = 1 ad doy,

g(XO) x—)qul)lelaG u(X) x—);lql)lelac 3G M(Y) ny |x _ y|n—2 Uy
where x € G. In general, it is not allowed to form the limit under the integral sign.
The main reason is jump relations for the double-layer potential after crossing the
layer (see [135]). After some calculations one can show for all boundary points x
the relation

1

= 1l On, do,

8(xo) Jim_ aGu(y) m e ez 40

(n_z)an
2

1
—+ poa + [ oo, do
oG [xo — ¥

The negative sign appears in the case of the interior, the positive sign in the case
of the exterior Dirichlet problem. The last relation implies a Fredholm integral
equation of second kind (see Sect. 8.4.3).

Remark 8.4.2 Solutions of the exterior Dirichlet problem as double-layer potentials
satisfy the decay condition u(x) = O(|x|~"~D) for |x| — oco. But we require only
the decay behavior u(x) = O(|x|~"=?)) for |x| — oo. For this reason we can not
expect that every solution of an exterior Dirichlet problem is given as a double-layer
potential.

What do we conclude if we choose a single-layer potential as an ansatz for the
solution to an interior or exterior Dirichlet problem? Is it a good idea to choose such
an ansatz?

8.4.2.2 Neumann or Robin Problems

Let us consider the interior or exterior Neumann or Robin problem for harmonic
functions in a domain G C R" with smooth boundary dG and n > 3. The key idea
is to choose the ansatz for a solution as a single-layer potential, that is,

u(x) = /a o)

0y.
e —y|=2

Here we assume that the density is taken from a suitable function space on dG such
that the integral really exists for all x € G. The explanations of Sect.8.1.1 imply
that the function u is harmonic in G. What remains is to find the density function p



98 8 Laplace Equation—Properties of Solutions—Starting Point of Elliptic Theory

on dG. Therefore, we apply at first the Neumann condition

1
glxo) = lim Odpu(x) = lim a,,X/ w() _, doy,
9G lx—y["

x—>x0€0G x—>x0€0G

where x € G. In general, it is not allowed to change the order of differentiation
and integration and to form the limit under the integral sign. The main reason is
jump relations of the normal derivative of the single-layer potential after crossing
the layer (see [135]). After some calculations one can show for all boundary points
Xo the relation

8xo) = lim
X—>Xx0€

anx w (y)
le;

(n—2)o,
2

Oy
0G e —y|=2

-+ 11(x0) + /8 ) p,(y)(BnX )(x = xo) do,.

[x —y["—2

The positive sign appears in the case of the interior, the negative sign in the case
of the exterior Neumann problem. The last relation implies a Fredholm integral
equation of second kind (see Sect. 8.4.3).

What happens if we choose a double-layer potential as an ansatz for the solution
to an interior or exterior Neumann (or Robin) problem? Is it a good idea to choose
such an ansatz?

We can choose a single-layer potential as ansatz for solutions to the interior and
exterior Robin problem as well. In this way we obtain on the one hand

g) = _lim (i, + c(0)u()

1
= lim (0n, + c(x) / nw() doy,
(0 ) G b —yp=2 7

x—>x0€0G

where x € G, and on the other hand

1
glxo) = lim (anx + C(x)) /aG w() T do,

x—>x0€0G
(n - 2)Un
2

[0 e )

The positive sign appears in the case of the interior, the negative sign in the case of
the exterior Robin problem. The last relation implies a Fredholm integral equation
of second kind (see Sect. 8.4.3).

==+ p(xo)
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8.4.3 Integral Equations of Potential Theory

In the last section we derived the following integral equations of potential theory:

interior Dirichlet problem:

2 1 2
0= 0 /a T St

exterior Dirichlet problem:

2 1 2
KO+, oy h O s = D

interior Neumann problem:

2 1 2
0+ /3 ) de =

exterior Neumann problem:

2 1 2
R e

interior Robin problem:
2 1 c(x)
ad doy
10+, g J (0 s, Ss)
- (n—2)o, 8(x);
exterior Robin problem:
2 1 c(x)
- On, doy
0= 4 St O s b, )
2
= - 2)ang(X)-

Consequently, the density p is determined as a solution of an integral equation.
All these integral equations “living on the boundary dG” are Fredholm integral
equations of second kind. We can write them in the abstract form

) — A /3 KG)p0)doy =)
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where A is a complex parameter. To solve this integral equation we have to

1. Investigate properties of the integral operator

T:ueB—>Tu:= / K(x,y)u(y) doy,
3G

in particular, we should fix function spaces B which allow for proving that the
integral operator T € L(B — B) is a compact operator mapping B into itself.
2. Choose the right-hand side f from suitable function spaces related to B.

3. Understand the role of the parameter A = + ( _22 in the integral equation.
n—2)o,

In this way we get the opportunity to apply Fredholm alternative from functional
analysis.

One can, for example, show that a suitable choice of the function space B allows
for proving, that A = (n—zz)a,, is a regular value for 7', that is, it does not belong to the
spectrum of 7. This implies the well-posedness of the interior Dirichlet and exterior
Neumann problem in suitable function spaces. Opposite to this, it turns out that A =
— (n—22)0,, is an eigenvalue of 7. This implies ill-posedness of the exterior Dirichlet
or interior Neumann problem (for the exterior Dirichlet problem take account of
Remark 8.4.2).

If we apply Fredholm alternative to the integral equation for the interior
Neumann problem, then we know that the integral equation is only solvable if
the right-hand side f (or better g) is orthogonal to all solutions of the adjoint

homogeneous integral equation

2 1
z2(x) + z(y) On, do, = 0.
OF =20, /ac O) Ony g2 900

One can show that this equation has in suitable function spaces only constant
solutions. Hence, faG g - ldo, = 0 is a sufficient condition for the solvability of
the interior Neumann problem. The necessity is already explained in Remark 8.1.3.

Exercises Relating to the Considerations of Chap. 8

Exercise 1 What are harmonic functions in R'? Check all the above introduced
properties.

Exercise 2 Prove the relation

RZ_rZ
Xox
ac =0
yx

of the first step of the proof to Theorem 8§.1.3.

Exercise 3 Write the Laplace operator in spherical harmonics. Compare with the
second step of the proof to Theorem 8.1.3.



8.4 Boundary Value Problems of Potential Theory 101

Exercise 4 Prove the following statement:
If a harmonic function u vanishes in a subdomain Gy C G, then u vanishes in G.

Exercise 5 Study zero sets M, for harmonic functions. Try to understand possible
structures of My which imply that a harmonic function vanishing on My C G will
vanish in all G. From the previous exercise we know that every subdomain Gy of a
given domain G is a zero set, but there exist, of course, “smaller zero sets” (cf. with

(4D.

Exercise 6 Study the proof of the following statement:
If a function u satisfies the mean value property, then it is a twice continuously
differentiable solution of Au = 0 (see [135]).

Exercise 7 Is it reasonable to study the property of hypoellipticity for the
Schrodinger equation or the wave equation?

Exercise 8 Verify the relation

lim w(y) On, doy
G )

x—>x0€0G Fl |.x - yln_2

1

o) + / 1), _ do,
G |x0 - )’|

— 2o,
_ (=20
2

for double-layer potentials after crossing the layer.
Exercise 9 Verify the relation

1
lim  dy, doy
x—>x0€0G n,\ 9G M(y) |X — y|"_2 Y

(v _22)0"u(xo) + /a IO, (

1
=4 B —y|"_2)(x = xo) doy

for single-layer potentials after crossing the layer.



Chapter 9 )
Heat Equation—Properties of Shethie
Solutions—Starting Point of Parabolic

Theory

There exists comprehensive literature on the theory of parabolic partial differential
equations. One of the simplest parabolic partial differential equation is the heat
equation. By means of this equation we explain qualitative properties of solutions
as maximum-minimum principle, non-reversibility in time, infinite speed of propa-
gation and smoothing effect. Moreover, we explain connections to thermal potential
theory. Thermal potentials prepare the way for integral equations for densities in
single- or double-layer potentials as solutions to mixed problems.

9.1 Potential Theory and Representation Formula

By Zr = (0, T) x G we denote a space-time cylinder. Here G C R" is supposed to be
a bounded domain. We try to find solutions of the heat equation in this cylinder. By
St = (0, T) x dG we denote the lateral surface of Zr and by By = StU({r = 0} xG)
the so-called parabolic boundary.

Usually different regularity in x and ¢ (one time derivative corresponds to two spatial
derivatives) is assumed for classical solutions to the heat equation.

Definition 9.1 By C*'(Z;) we denote the space of functions which are in Zr twice
continuously differentiable in x and continuously differentiable in ¢. By C(Zy) we
denote the space of continuous functions on the closure Zr of Zy.

Similar to the considerations in Sect.8.1.1 one can define thermal potentials for
solutions to the heat equation. To introduce these potentials we choose the following
fundamental solution or elementary potential for 9, — A (cf. with Definition 24.30
and Example 24.4.5):

0(0) |x[?
Hult:x) = @moyz P ( & )
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here & = 6(t) denotes the Heaviside function. Similar to the considerations in
Sect.8.1.1 one can show the following identity for all functions u from C>!(Z7) N
C'(zr):

u(t,.x) = [ Hy(t—7,.x=y)(u; — Ayu) d(z.y)
Z

+ / (Hu(t — 7,x — y)n,u — u dn, Hy(t — T.x — y)) d(z, 0y)
St

+/1ﬂ@x—wwaw@.
G

In the following we shall use the notions

thermal volume potential (with the density u = u(t,y)):

., Hn(t —TXx— y),LL(l', y) d(ts y)v

thermal single-layer potential (with the density u = u(t,y)):

j H,(t —t,x = y)u(r,y) d(z, 0y),

thermal double-layer potential (with the density p = u(z,y)):
/ any Hn(t_ TsX—)’)M(Ts)’) d(t’ Uy)-
S

Theorem 9.1.1 Letu € CZ’I(ZT) n CI’O(ZT) be a classical solution to u, — Au =
h(t,x) in Zy, where the right-hand side h is supposed to belong to C(Zr). Then, u
can be represented as a sum of a thermal volume potential

H,(t—7,x=y)h(r,y)d(z,y),
7

a thermal single-layer potential with the density On,u, a thermal double-layer
potential with the density —u and the integral

‘mea—wmaw@

over the given domain G.

Remark 9.1.1 We can verify the meaning of the parabolic boundary by these
integrals because the layer potentials are taken over by the lateral surface S7, the
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domain integral is taken over by the lower base {f = 0} x G. The union of both
of these sets forms the parabolic boundary. The representation from Theorem 9.1.1
shows that mixed problems are appropriate for solutions to u;, — Au = h(t, x).

9.2 Maximum-Minimum Principle

Lemma 9.2.1 Let us assume that u € C*'(Zr) solves the differential inequality
u,—Au > 0in Zy. Then, there does not exist any local minimum of u in Zy. Moreover,
there does not exist any local minimum in the set {t = T} x G.

Lemma 9.2.2 Let u € C(Zr) N C*'(Zr) be a function satisfying the differential
inequality u, — Au > 0 in Zy and u > 0 on the parabolic boundary Br. It then
holds that u > 0 on the closure Zt of Zr. Analogously, the differential inequality
u,— Au < 0inZr andu < 0 on By imply u < 0 on Zr.

Proof After introducing the auxiliary function w = u + ¢f, ¢ > 0, we obtain
wy— Aw = u; — Au+ ¢ > 0 in Zr. Using Lemma 9.2.1, the function w takes its
minimum on By. Taking account of # > 0 on By implies w = u + ¢t > 0 on Zy.
Passing to the limit ¢ — 0 leads to u > 0 on Z7. The second statement follows from
the first one after applying it to —u.

Theorem 9.2.1 (Maximum-Minimum Principle for Classical Solutions to the
Heat Equation) Let u € C(Z7) N C>'(Zr) be a classical solution of u; — Au = 0
in Zr. Then it holds

minu(t,x) < u(t,x) < maxu(t,x).
BT BT

Consequently, maximum and minimum are taken on the parabolic boundary.
The maximum-minimum principle is useful for proving uniqueness and a priori
estimates for solutions of the interior Dirichlet problem for the heat equation.

Theorem 9.2.2 Let us turn to the Dirichlet problem

u — Au = h(t,x) in Zr, u(t,x) = g(t,x) on Sr,
u(0,x) = ¢(x) on {t =0} xG,

where h € C(Zy), g € C(St) and ¢ € C(G). Moreover, we suppose the
compatibility condition g(0,x) = ¢(x) for x € 9G.

1. Then, the Dirichlet problem has at most one classical solution u € C(Zr) N
> (Zr).

2. If there exists a classical solution u € C(Zr) N C*'(Zr) and if |h(t,x)| <
N,|g(t,x)| < M and |p(x)| < M on the corresponding domains of definition
for h, g and @, then it follows |u(t,x)| < M + NT on Zr.
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Proof The first statement follows from Theorem 9.2.1. The functions M + Nt F
u(t, x) satisfy the first pair of inequalities from Lemma 9.2.2. Hence, M + Nt >
+u(t, x). So, it follows |u(t, x)| <M + NT on Zr.

Corollary 9.2.1 If there exists a classical solution of the Dirichlet problem, then
this solution depends continuously on the data with respect to the norms given by
Theorem 9.2.2.

The maximum-minimum principle is also used to prove the uniqueness of
bounded solutions for the exterior Dirichlet problem. Let us explain.
Let G be an exterior domain. Let us define the cylinder Z; and its lateral surface
St as before. Let us assume the existence of two bounded classical solutions.
Then, the difference w = u; — u, satisfies an exterior Dirichlet problem with
homogeneous data. From the boundedness of #; and u, there exists a constant M
with M > |ui(t,x)| + |ua(t,x)| > |w(t, x)|. Let us restrict ourselves to the 3d case.
Choosing R large enough guarantees that the interior domain G; := R?\ G belongs
to Kz(0). Here Kg(0) denotes the closed ball around the origin with radius R. Then

W=w oM x|

= W(,x) = R ( 6 +t)

is a classical solution of W, — AW = 0. Let us introduce the family of cylinders
Zrr = {(t,x) : 0 <t < T,x € Kg(0) N G}. Then v := W F w is a solution to
v, — Av = 0 in Zg 7. Moreover, v > 0 on {f = 0} x G and on S7. For |x| = R and
t > 0 it holds [w| < M < W. Hence, v > 0 on the parabolic boundary of Zg 7 and

Iw(t, x)| <

0

6
Let us fix a point (¢, x). Let the radius R tend to infinity. Then, w(z,x) = 0. Hence,
w = 0 in Zp, which is what we wanted to prove.

One can prove uniqueness also for classical solutions to other mixed problems
(see Exercises 2 and 3 below).

+ l) on Zgrr.

Remark 9.2.1 In [147] the maximum principle for the heat equation was extended
to second order parabolic equations of the form

Lu = L(t,x,0;, V)u

= Z aj(t, x)ijXku + Z bj(t,x)0yu + c(t,x)u — du =0

jk=1 j=1
in Zr =(0,7) x G,

with sufficiently regular coefficients in Zr, where G C R" is supposed to be a
bounded domain. Moreover, c¢(z,x) < 0 in Z7 and

n

> ap(t.0)&k = ClE)* in Zy forall & € R"
Jk=1
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with a nonnegative constant C. Later, in [54] a maximum principle (Theorem 9.2.3)
was proved for weakly sub-parabolic solutions to Lu = 0 which are defined as
follows:

Definition 9.2 A bounded measurable function u in Zr is called weakly sub-
parabolic if for any compact subset K C Zr (the set K is chosen as the closure
of a domain) with piecewise smooth boundary

/ u(t,x)L*(t,x, 0;, V)v(t,x) d(t,x) > 0
K

for any function v satisfying the properties

1. v>0inZr,

2. v, 050, 8)26/_”1), d,v are continuous in K and vanish on the boundary 0K of K.

Here L* is the adjoint operator to L (see Remark 24.4.1).
Before stating the result we introduce some kind of necessary regularity to the
solutions.

Definition 9.3 For any point P = (#,x0) in Zr we denote by C(P) the set of all
points (¢, x) in Zr such that there exists a differentiable curve connecting (fy, xo) to
(¢, x) and along which the t-coordinate is non-increasing. A function u is said to be
continuous from below at a point P = (f, xo) if u is continuous as a function defined
in C(P).

Theorem 9.2.3 Let u be weakly sub-parabolic in Zr. If u takes its essential
supremum M (in Zy) at a point P = (ty, xo) at which u is continuous from below and
if M > 0, then u = M almost everywhere in C(P).

9.3 Qualitative Properties of Solutions of the Cauchy
Problem for the Heat Equation

Let us discuss the Cauchy problem

oru — 8)2(14 =0, u(0,x) = p(x).
We assume that the data ¢ = ¢(x) is nonnegative, continuous and has compact
support on an interval [a, b]. Then, a classical solution of this Cauchy problem is

given in the form

_—y)?

1 b
w9 =, / " oy dy

for (t,x) € (0,00) x R
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9.3.1 Non-reversibility in Time

Consider the Cauchy problem d,u — d?u = 0, u(0,x) = ¢(x) with data from a
suitable function space. We are only interested in the forward Cauchy problem, that
is, the Cauchy problem for r > 0. We are able to prove well-posedness results for
the forward Cauchy problem.

But, in general, we are not able to prove some well-posedness results for the
backward parabolic Cauchy problem, that is, the data is given for t = 0 and we
solve the Cauchy problem for t < 0. In some sense we would like to reconstruct the
solution for t = 0 from its behavior in the past t < 0. But this backward parabolic
Cauchy problem is, in general, ill-posed.

The main reason is that for + > 0 the kernel function exp( — (X;ty)z) remains
uniformly bounded with respect to (¢,x) € (0,00) x R!. This implies together
with data ¢ from a suitable function space the existence of the integral for all
(t,x) € (0,00) x R'. We get a uniform estimate up to ¢+ = 0. This implies
lim,— 1o u(t, x) = @(x).

On the other hand, in the case t < 0 the kernel function is unbounded for t — —0 it
increases faster than any power ¢~ for every fixed x. It is clear that the representation
gives a solution of the heat equation, but it does, in general, not satisfy the given
Cauchy condition.

Remark 9.3.1 If we consider instead the backward parabolic Cauchy problem
o:u + afu =0, u(0,x) = ¢(x),

then the solvability behavior is converse. We are able to derive general well-
posedness results for # < 0, but not for # > 0. For this reason the operator 9, + A
is called a backward parabolic operator in comparison to d; — A which is called a
(forward) parabolic operator.

9.3.2 Infinite Speed of Propagation

The considerations of the previous subsection allow us to explain another important
property, the so-called infinite speed of propagation of perturbations. Let us assume
that the nonnegative data ¢ #% 0 is small in the norm of C[a, b]. Thus, the data is a
small perturbation of the zero data. Nevertheless, we feel this perturbation for any
positive time ¢ in any point x € R!. This follows from the fact that

1 [P _ew?
/ e_( W @(y)dy > 0 forany (t,x) € (0,00) x RL.
2/nt J,

Hence this small perturbation propagates with an infinite speed.
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Remark 9.3.2 This property does not allow for proving a result for C*° well-
posedness for the forward Cauchy problem. The main reason is that the infinite
speed of propagation of perturbations does not allow for having a domain of
dependence (see Sect. 10.1.3 for wave equations). Thus, we are not able to reduce
the study of C*° well-posedness to that for H*® well-posedness (see also Exercise 1
of Chap.5).

9.3.3 Smoothing Effect

Let us turn to the Cauchy problem
u;— Au =0, u(0,x) = ¢(x) in R* for > 0.

Let us assume low regularity for the data, let us say, ¢ € LP(R") for p € [1, co].
Then the solution is very regular, namely, C*° with respect to ¢ and x in the set
(0, 00) x R". This effect is called smoothing effect. The smoothing effect follows
from properties of the kernel function in the representation of solution

=12

1 I
u(t,x) = )’ /Rne © (y)dy.

This kernel function is C* in any neighborhood of any point (¢, xo) € (0, co0) x R".
Consequently, this behavior is transferred to the solution.

In the treatment of nonlinear models one is interested in a global smoothing
behavior. That is, we expect some behavior of u(z, ) in some function spaces of
smoother functions than the given data. The next lemma is a key lemma in these
considerations.

Lemma 9.3.1 Let us suppose ¢ € LF(R") for p € [1,00]. Then, the solution u to
the above Cauchy problem satisfies for t > 0 the following inequalities:

|

lute ) < el 19505t e < €355 ]I,

where 11) = 31 + i, 1 < r,g < oo. The constant C = C(p,q,r,|a|, k) is a
nonnegative constant.

The proof to this lemma is given in Sect. 12.1. The statements of this lemma imply
the smoothing effect. If the data ¢ belongs to L”(R"), then the solution belongs to
all spaces C*((0, 00), W™4(R")) for all k,m € Ny and all p, g satisfying ¢ > p.
But we have, of course, no smoother regularity up to ¢t = 0. We can only prove
u € C([0, 00), LP(R™)) if the data is supposed to belong to L?(R") (see Sect. 12.1).
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9.3.4 Uniqueness of Classical Solutions to the Cauchy Problem

Let us discuss the Cauchy problem
o — Au =0, u(0,x) = ¢(x) in R" for ¢ > 0.

We assume that the data ¢ = @(x) is continuous and has compact support in R”.
Then, a classical solution of this Cauchy problem is given by the convolution of a
suitable fundamental solution (cf. with Example 24.4.5) with the initial data, that is,

_h—yl?

1
u(t,x) = ! /R e 4 g(y)dy.

In Sect. 5.1 one can find with a suitable function ¢ = ¥ (¢) a classical non-analytic
solution

o

u(t,x) =) (ZL)!xz"w“‘) ()

k=0
to the Cauchy problem
ou — 8)2614 =0, u(0,x) =0.

After some considerations, one can show that this solution can not be bounded by
Ce™ with positive constants a and C (see [100]). As one can expect from this
example, in order to derive a maximum principle and the uniqueness of classical
solutions to the Cauchy problem for the heat equation we have to impose some
control on the behavior of solutions for large |x]|.

Theorem 9.3.1 (Maximum Principle for Classical Solutions to the Cauchy
Problem)
Let

ue C([0,7T] x R") N C*'((0,T) x R?)
be a classical solution to the Cauchy problem
du— Au=0, u(0,x) =¢@kx) in R" for t >0,
which satisfies the growth estimate
u(t,x) < CeH’ for (t,x) € [0,T] x R",
where a and C are positive constants. Then it holds

max u(t,x) = max .
[0,T]XR" (%) e
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Proof A proof can be found in [100]. It uses, among other things, Theorem 9.2.1.
As a corollary of the maximum principle we have the uniqueness of classical
solutions for the Cauchy problem.

Corollary 9.3.1 (Uniqueness)
Let
ue C([0,7T] x R") N C*'((0,T) x R")
be a classical solution of the Cauchy problem
du—Au=0, u(0,x) =0 in R" for t >0,
which satisfies the growth estimate

u(t,x) < Ce“l"‘2 for (t,x) € [0,T] x R",

where a and C are positive constants. Then, u is identically zero.

This corollary shows that for continuous initial data with compact support in R”
the solution given by the convolution represents the only bounded solution to the
Cauchy problem for the heat equation.

9.4 Mixed Problems for the Heat Equation

First, we propose some mixed problems for the heat equation. We restrict ourselves
to mixed problems with Dirichlet or Neumann boundary condition. Then, we
explain the approach of using heat potentials in representations of solutions. We
derive the corresponding integral equations. Finally, we point out how to use
functional analytic tools to treat the corresponding integral equations.

9.4.1 Basic Mixed Problems
9.4.1.1 Interior Domain and Dirichlet Boundary Condition

Let G C R” be an interior domain. We suppose that the boundary 0G is sufficiently
smooth. Find a solution u of the heat equation in (0, 00) <G with prescribed Dirichlet
data g = g(t,x) for u on (0, 00) x dG and prescribed initial data ¢ = ¢(x) for u
on {t = 0} x G. The compatibility condition between boundary and initial data is
satisfied on {r = 0} x JG.
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Mathematical Formulation

o — Au = h(t,x) in (0,00) x G,
u(t,x) = g(t,x) on (0,00) x dG, u(0,x) = ¢(x) for x € G,
compatibility condition g(0,x) = ¢(x) on {t = 0} x JG.

9.4.1.2 Interior Domain and Neumann Boundary Condition

Let G C R” be an interior domain. We suppose that the boundary 0G is sufficiently
smooth. Find a solution u of the heat equation in (0,00) x G with prescribed
Neumann data g = g(t, x) for u on (0, co) x dG and prescribed initial data ¢ = @(x)
for u on {t = 0} x G. The compatibility condition between boundary and initial data
is satisfied on {t = 0} x 0G.

Mathematical Formulation

o — Au = h(t,x) in (0,00) x G,
onut(t,x) = g(t,x) on (0,00) x G, u(0,x) = ¢(x) for x € G,
compatibility condition g(0,x) = dp@(x) on {t = 0} x IG.

9.4.1.3 Exterior Domain and Dirichlet Boundary Condition

Let G C R” be an exterior domain. We suppose that the boundary 9G is sufficiently
smooth. Find a solution u of the heat equation in (0, 00) x G with prescribed Dirichlet
data g = g(t,x) for u on (0, 00) x dG and prescribed initial data ¢ = @(x) for u
on {t = 0} x G. The compatibility condition between boundary and initial data is
satisfied on {r = 0} x 0G.

Mathematical Formulation
o — Au = h(t,x) in (0,00) x G,

u(t,x) = g(t,x) on (0,00) x dG, u(0,x) = ¢(x) for x € G,
compatibility condition g(0,x) = ¢(x) on {t = 0} x JG.

9.4.1.4 Exterior Domain and Neumann Boundary Condition

Let G C R” be an exterior domain. We suppose that the boundary 9G is sufficiently
smooth. Find a solution u of the heat equation in (0,00) x G with prescribed
Neumann data g = g(t, x) for u on (0, co) x dG and prescribed initial data ¢ = @(x)
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for u on {r = 0} x G. The compatibility condition between boundary and initial data
is satisfied on {r = 0} x 9G.

Mathematical Formulation
o — Au = h(t,x) in (0,00) x G,
Onu(t,x) = g(t,x) on (0,00) x 0G, u(0,x) = ¢(x) for x € G,
compatibility condition g(0,x) = dp¢(x) on {t = 0} x 9G.

9.4.2 How to Use Thermal Potentials in Representations
of Solutions?

We introduced already thermal potentials in Sect. 9.1. In the following we will use
the thermal single-layer potential with density u = u(z,y)

i H,(t —t,x = y)u(r,y) d(z, 0y),

and the thermal double-layer potential with density u = u(z,y)

s an,"Hn(t — T, X y)/"L(ts )’) d(‘l,', Uy)

to treat the above formulated mixed problems.

9.4.2.1 Mixed Problems with Dirichlet Boundary Condition

To treat mixed problems with Dirichlet boundary condition we use thermal double-
layer potentials with unknown density. As in Sect. 8.4.2.1, jump relations for thermal
double-layer potentials after crossing (0, c0) x dG are used. After some calculations
(see [135]) one can show for all (¢, xg) € (0, 00) x dG the relation

lim Bn),Hn (to — T, x=y)u(r,y) d(z,0y)

x—>x0€0G S’()

1
= :i:zu(to,xo) + On, Hy(to — 7,%0 — y) (7, y) d(7, 0y).
Sto

The negative sign appears in the case of an interior, the positive sign in the case of
an exterior domain.
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9.4.2.2 Mixed Problems with Neumann Boundary Condition

To treat mixed problems with Neumann boundary condition we use thermal single-
layer potentials with unknown density. As in Sect. 8.4.2.2, jump relations for the
normal derivative of thermal single-layer potentials after crossing (0, co0) x dG are
used. After some calculations (see [135]) one can show for all (, xo) € (0, 00) xdG
the relation

lim 0y, H,(to — t,x —y)u(t,y) d(z, 0)

x—>x0€0G St()

=+ ulio. ) + / (BnHallo — 7. — ) (x = x0)u(z.y) d(z. 03).
St

The positive sign appears in the case of an interior, the negative sign in the case of
an exterior domain.

9.4.3 Integral Equations of Mixed Problems for the Heat
Equation

We write the solution u in the form u = w + v. The function w = w(t,x) €
C>Y(Zr) N C(Zr), T > 0, which is defined for all # € (0, T) by

w(t.x) = [ Hylt— tox — yh(z.y) d(z.y) + / Hy(t.x — )o () dy
Z; G

and satisfies
ow— Aw = h(t,x) in Zr, w(0,x) = ¢(x) on {r =0} xG.

Here we assume that the right-hand side 7 and the data ¢ are continuous and
bounded on Zy and G, respectively. So, it remains to study the above mixed
problems for d,v — Av = 0 with a homogeneous initial condition and corresponding
boundary condition.

If we choose the ansatz of solutions in the form of thermal single or double-layer
potentials with density from suitable function spaces, then these thermal potentials
solve the homogeneous heat equation with homogeneous initial condition. Thus, it
remains only to determine the density of thermal potentials in such a way that the
boundary condition is satisfied. Taking into consideration the jump conditions for
the normal derivative of the thermal single-layer potential or for the thermal double-
layer potential, we obtain the following integral equations where w is defined as
above:
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interior domain with Dirichlet condition:

g(t,x0) —w(t,xo) = lim v(t,x)
x—>x0€0G

= lim / On, Hy(t — 7, x —y)p(z,y) d(z, 0y)
s

x—>x0€0G '

1
= —zu(t, x0) + [ On Ha(t — 7, x0 —y)u(7,y) d(7, 0y);
St

exterior domain with Dirichlet condition:

g(t,x0) —w(t,x0) = lim v(t,x)
x—>x0€0G

= lim / On, Hy(t — 7, x —y)u(z,y) d(z, 0y)
5

x—>x0€0G ,

1
2M(t,)m) + : On, Hy(t — 7,0 — y) (7, y) d(t, 0y);

interior domain with Neumann condition:

g(t,x0) — (Onw)(t,x0) = lim  dp v(t,x)
x—>x0€0G

= lim dy, / H,(t—t,x—y)u(r,y)d(z, oy)
St

x—>x0€0G

;M(L x0) + / (On Ha(1 — 7.x = y)) (x = x0) () d(z. 0y);
S

1

exterior domain with Neumann condition:

g(t,x0) — (On,w)(t,x0) = lim  dn v(t,x)
) x—>x0€0G h

x—>x0€0G

= lim anA_/ H,(t—t,x—y)u(r,y)d(z, oy)
Si

= —;u(t, %) + / (3n, Halt — 7.5 = ) (x = 20)a(7,) d(z, 3.
St

There is a difference in the integral equations of potential theory from Sect. 8.4.3.
Now, the integral equations “living on the lateral surface S, for all # > 0 are Volterra
integral equations of second kind (the domain of integration S; depends on ¢). They
have the abstract form

p(r,x) — A : K@ —t.x—yu(z.y)d(z,0y) = [(t.%),
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where A is a complex parameter. To solve this integral equation we may apply the
principle of successive approximation. Thus, we define for allp > 0

HO(tvx) :f(tv-x)s :u“p-l—l(tsx) =21 s K(t - Tv-x_y)“p(ts y) d(ts Uy) +f(tv-x)'

These are the main steps in studying mixed problems for the heat equation with
Dirichlet or Neumann boundary condition. We omit more in detail discussions about
regularity of solutions. But, we can expect well-posedness results for all these mixed
problems if we investigate the following problems.

1. Study properties of the family of integral operators

T,:neB —Tu:= / K@t —t,x—yu(r,y)d(z,oy),
Si

in particular, we should fix spaces B, which allow to prove that T, € L(B, — B;)
are bounded operators for all 7 > 0.

2. Choose the right-hand side f, the data g, respectively, from suitable function
spaces related to B;.

3. Discuss the regularity of w to verify the necessary regularity of f.

The main concern of the research project in Sect.23.2 is to solve step by step the
interior Robin problem for the heat equation. Following all the steps one can solve
in the same way the other mixed problems taking account of the specific character
of any of these problems.

Exercises Relating to the Considerations of Chap. 9
Exercise 1 Prove the statement of Lemma 9.2.1.
Exercise 2 Let us suppose the usual assumptions for /4, g and ¢ (cf. with Sects. 9.1
and 9.2). Show that there exists at most one solution u € C>!(Zy) N C'(Zr) of the
Neumann problem
u,— Au = h(t,x) in Zr, Oqu(t,x) = g(t,x) on Sr,

u(0,x) = ¢(x) on {f =0} xG.
Hint Let w be the difference of two classical solutions. Define the energy
functional 1(f) = } [, w(t,x)* dx and show I'(t) < 0.

Exercise 3 Let us consider the Dirichlet problem

u;— Au+b-Vu+ cu = h(t,x) in Zr, u(t,x) = g(t,x) on Sr,
u(0,x) = ¢(x) on {t =0} xG,



9.4 Mixed Problems for the Heat Equation 117

where ¢ > 0 on Z7 and b is a constant vector. The usual assumptions for %, g and ¢
are supposed to be satisfied (cf. with Sects.9.1 and 9.2). Show, that there exists at
most one classical solution u# € C>'(Zy) N C(Zy).

Exercise 4 Prove that

_—y?

1 b
9= / " oy dy

is a classical solution to the Cauchy problem
du— *u =0, u(0,x) = p(x).

To which function space is the data supposed to belong?
Exercise 5 Prove the statements of Lemma 9.3.1.

Exercise 6 Verify the relation

lim an)yHVl (t —T,X— y)/*’L(ts )’) d(ts Uy)

x—>x0€0G S;
1
= :izzu(t, X0) + / On, Hy (t — 7, x0 — y) (7, y) d(7, 0y)
St

for thermal double-layer potentials after crossing the layer.

Exercise 7 Verify the relation

lim BHX/H,,(t—r,x—y)u(r,y)d(r,oy)
St

x—>x0€0G

= i;u(t, x0) + / (On, Ha(1 — 7.2 =) (x = x0) (2. ) d(7. 0y)
S

for thermal single-layer potentials after crossing the layer.



Chapter 10 )
Wave i
Equation—Properties of Solutions—
Starting Point of Hyperbolic Theory

There exists comprehensive literature on the theory of hyperbolic partial differential
equations. One of the simplest hyperbolic partial differential equations is the
free wave equation. First, we introduce d’Alembert’s representation in 1d and
derive usual properties of solutions as finite speed of propagation of perturbations,
existence of a domain of dependence, existence of forward or backward wave fronts
and propagation of singularities. There has been a long way to get representation
of solutions in higher dimensions, too. The emphasis is on two and three spatial
dimensions in the form of Kirchhoff’s representation in three dimensions and by
using the method of descent in two dimensions, too. Representations in higher-
dimensional cases are only sketched. Some comments on hyperbolic potential
theory and the theory of mixed problems complete this chapter.

10.1 d’Alembert’s Representation in R!

We turn to the Cauchy problem
Uy — Uxx = 0, M(O,X) = QD(X), M,(O,X) = W(x)

Replacing ¢ by —t we see that this model is time reversible. In the following we
restrict ourselves to the forward Cauchy problem, that is, to # > 0. A change of
variables £ = x —t, n = x + t (motivated by the notion of characteristics if we use
92 —02 = (3,—9x)(d; + d,), see Definition 6.1 in Sect. 6.2) leads to —4ug, = 0. This
partial differential equation has the classical solution u = u(&, 1) = u;(§) + ua(n)
with arbitrarily given twice continuously differentiable functions #; and u,. The
backward transformation gives u = u(t,x) = wu;(x — 1) + us(x + ). The general
solution u is a linear superposition of two waves, the wave u; (x — 7) is moving with
velocity 1 to the right-hand side. The wave u,(x + £) is moving with velocity 1 to
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the left-hand side. Both solutions are called traveling wave solutions (see Sect.2.2).
Using both Cauchy conditions we obtain

u(0.x) = p(x) = w1 (¥) + ua(x).  u(0,x) = Y (x) = =1t (x) + ur (x).

Integration of the second equation yields

S0 () + ) = / Y r.

where xy is an arbitrary real number. Hence,

L[ Y (r)dr.

* 1
POr, w0 = 0 +

X0

W) = Lo~

Summarizing, we derived the so-called d’Alembert’s representation of solution in 1d

x+

1 1 d
u(t,x) = (px—0) 4+ ox+1) + Y (r)dr.

2 Ji

From d’ Alembert’s representation formula we conclude remarkable properties for
solutions of wave equations which in most cases are typical properties for solutions
of hyperbolic partial differential equations, too. The free wave equation is one
representative of this class.

In the following sections we explain what kind of properties we have in mind.

10.1.1 Regularity of Solutions

Let us consider the Cauchy problem

Uy — Uy = 0, M(Ov-x) = QD(X), M,(O,X) = W(x)

with data ¢ € CK(R!) and ¥ € C*'(R'). To understand the statement of the
following theorem and its proof we recommend the reader review the Defini-
tions 24.16, 24.25 and 24.26.

Theorem 10.1.1 This Cauchy problem possesses one and only one classical solu-
tionu € C*([0, 00)xR"), k > 2. The solution depends continuously on the data, that
is, if we change ¢ and r a bit with respect to the topologies of C*(R') and C*~'(R"),
then the solution u changes a bit with respect to the topology of C*([0, 00) x R').

Proof The existence of a solution is given by d’ Alembert’s representation formula.
The uniqueness follows from the fact that the general solution of u,; — u,, = 0 is
given by the formula u(t, x) = u;(x —t) + up(x + ). The continuous dependence of
the solution on the data is concluded from the representation formula.
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10.1.2 Finite Speed of Propagation of Perturbations

Let us turn to the Cauchy problem with data ¢ € C*(R') and v € C'(R'). We
perturb these data by the aid of data ¢, € C*(R!) and ¥, € C'(R') supported
on the interval [a, b]. We are interested in the propagation of these perturbations.
The superposition principle allows for restricting ourselves to studying the Cauchy
problem

Uy — e = 0, u(0,x) = ¢s(x), u,(0,x) = P(x)

with ¢; = ¥, = 0 outside of [a, b]. We get the solution

1 1 x+t
w0 = (o= + e+ D) + / o

When do we feel the perturbation in a given point x, € R! lying outside of [a, b]?
For small times ¢ we have of course u(t, xp) = 0 in x.

But we feel the perturbation after the finite time 7 = dist (xo, [a, b]). This property
is called finite speed of propagation of perturbations or existence of a forward wave
front.

10.1.3 Domain of Dependence

Which information on the data has an influence on the solution in a given point
(f0,x0)?

To determine the solution u(#y, xp) in the point (#y, xo) we need the data ¢ in the
points xo — fo and xo + fp and the data i on the interval [xy — to, xo + fo]. The interval
[xo—10, X0 +1o] is called domain of dependence for the solution u in the point (¢, x¢).

10.1.4 Huygens’ Principle

The Huygens’ principle describes the existence of a backward wave front, that is,
the property that in a point xp € R! the solution vanishes after the time T'(xo) if
we are interested in the propagation of perturbations located in an interval [a, b]. In
general, we can not expect the existence of a backward wave front having in mind
that the domain of dependence for the solution u in the point (#y, xo) is the interval
[xo — t0, X0 + to]. If we choose the data v such that fab ¥ (s)ds = 0, then the solution
u in (tp, xp) is determined by the values of ¢ in xy — #y and xy + . Consequently,
after time 7 = max{xo—a, b —xo} we have u = 0 in xo. Summarizing the Huygens’
principle holds under the assumption |’ lb Y(s)ds = 0.
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10.2 Wave Models with Sources or Sinks

Consider the Cauchy problem
Uy — Uy = F(t,x), u(0,x) = p(x), u/(0,x) = ¥ (x).

We suppose that the source or sink F is integrable. Let us say F € L} ([0, 00) x R!)

loc
(cf. with Definition 24.20). Thus we are interested in non-classical solutions. For

the solution u# we choose the ansatz 1 = v + w, where v and w are solutions of the
Cauchy problems (here we take account of the linearity of the homogeneous wave
equation)

Uy — Uy = F(t,x), v(0,x) =0, v,(0,x) =0,
Wi —wee = 0, w(0,x) = @(x), w(0,x) = ¥ (x).

The Cauchy problem for w is studied in Sect. 10.1. So, we restrict ourselves to
the study of the Cauchy problem for v. Straight forward calculations (cf. with
Exercise 3) imply the representation of solution

(t ) 1 /1‘ (/X-‘r(r—s) F( ) J ) J
v(t,x) = 5,y)dy) ds.
2 Jo NJi—(—s)

In which domain of dependence do the values of F' determine the solution v in a
given point (¢, x)?
Denoting the domain of dependence by £2(ty, xo) we conclude

2(to, x0) = {(t,.x) € R?: (t,x) € [0, 10) x {|x —x0| < to — 1}}.

Summarizing the considerations of Sects. 10.1 and 10.2 we have a basic knowledge
on properties of solutions to wave equations in 1d. What about a corresponding
knowledge in higher dimensions? We devote the following sections to this question.

10.3 Kirchhoff’s Representation in R*

As in the previous section our main concern is the treatment of the Cauchy problem
Uy — Au=0, u0,x) =@®), u(0,x)=vy(x), xeR,

but now in the 3d case. To find a representation of solution is more complicated than
in the 1d case. A first observation tells us the following:

Lemma 10.3.1 Ifu, = u,(t, x) solves the Cauchy problem

uy — Au=0, u(0,x) =0, u(0,x)=px), xR,
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where p = p(x) is sufficiently smooth, then 0;u, =: v solves the Cauchy problem
vy —Av =0, v(0,x) =px), v,(0,x) =0.

From this lemma we may conclude the following statement.

Corollary 10.3.1 The solution u = u(t, x) of
uy— Au=0, u(0,x)=¢kx), u0,x)=1v(kx), xeR",

has the representation u(t,x) = uy (t,x) + 0u,(t, x), where the data ¢ and Y are
supposed to be smooth.
Thus, it is enough to derive a formula for u, = u, (¢, x) as follows. In a first step we
derive a formula for u,. In a second step we verify for u, to be the desired solution
to the Cauchy problem

uy—Au=0, u(0,x) =0, u,(0,x) =p(x), xR

10.3.1 How Can the Reader Guess Kirchhoff’s Formula?

Let us consider the auxiliary Cauchy problem
uy—Au=0, u0,x) =0, u,(0,x)=¢pe(x), xR,

where

Pe(x) = (47f€)_% exp(— ) &> 0.

4e

Here the reader might recall Example 24.4.2. It holds

/ ¢(x)dx =1, lim ¢.(x) =0 forall x# 0, and lim ¢, = &
R3 e—>+4+0 e—>—+0

in the sense of distributions. This data depends on the polar distance only, so it is
radially symmetric. Then, we may expect the solution to be radially symmetric too,
thus it depends only on » = |x| and .

Consequently, u = u(t, r) satisfies the wave equation if and only if

2

Uy — y— up =0.
r
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One can verify (cf. with Exercise 6) that this partial differential equation has the
general classical solution

u(r+1) n ur(r—1t)
r r

u(t,r) =

3

with arbitrarily given twice differentiable functions uy, u,.
Using the Cauchy conditions then, one integration leads to

2

uy(r) = /Or_; (4ns)_% exp ( — ig)ds

2
=¢ (4ns)_% exp ( — : ) —& (47[8)_%.
&

It follows the representation of solution

u(t,x) = I.(t,r) = Je(t, 1) :=

1 1 . ( (r—t)z) 1 1 . ( (r+t)2)
xp ( — — xp | — )
drr J4me P 4e dnr JAme P 4¢

The data p = p(y) is supposed to be continuous. Thus it is nearly constant in a small
cube. Hence, the solution u = u(t, x) to the data

P Pe(Ix —y) Ay,

where Ay describes a localization near y, is
u(t, x) = pO)(L:(2, [x = y]) = Je(t, [x — y])) Ay.
The superposition of all influences of localized data leads to
) = [ PO =) = St v yD)
R,
The desired formula results from
) = Tim [ pO) 0L =3 — e b= 3D) dy
e—>+0 JR3

= lim | pOI(, |x—y|) dy.
e—>—+0 R3
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Introducing spherical harmonics we get with y = x + p w, @ is a unit vector in R?,

: 1 1 (Ix—yl—1)?
t,x) =1 — d
u(t, %) 8_1>I£_10/R3P(Y) A |x —y| /4re exp( 4¢ ) 4

S Y e (=% 1 (1 2
=1 — do,, ) dp.
Jim 4]{/0 eXp( 1e )\/Lm(p /|w|=1p(x+pw)p Uw) o

Finally, setting p — r = 2.,/¢z and changing the order of integration it follows

u(t, x)
1 1 o
= 0 /a):l Jr (EEIEO/ p(x+ (1 + 2ve2)w) (t + 2/62) exp(—zz)dz) do,

275
t
= / px + tw) do,,.
4 lw|=1

The element of the surface of a ball with radius ¢ around the center x is do, = 2do,.
Setting x 4 tw = y we arrive at the equivalent representation

1
t,x) = do,,
o= [ oy

where S;(x) is the surface of a ball of radius ¢ and center x.

Remark 10.3.1 The above heuristic considerations serve to derive a representation
of solution to the Cauchy problem

uy — Au=0, u0,x) =0, u,(0,x) =px), xeR.

This formula was proposed by Kirchhoff in [113].

10.3.2 Verification of Kirchhoff’s Formula

Theorem 10.3.1 Letp € CK(R3) with k > 2. Then a classical solution u, = u,(t, x)
of the Cauchy problem

Uy — Au=0, u(0,x) =0, u(0,x)=pl),
is given by Kirchhoff’s formula
0=, [ b
u,(t,x) = 0y.
! 4t S,(x)p Y

The solution belongs to Ck([O, 00) X R3).
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Proof We introduce y = x + ta, o = (¢, o2, ®3), where « is a unit vector in the
direction y — x. Using do, = *do gives

t
up(t,x) = / plx + ta) doy .
Ar Jsi0)

Thus, we get limO uy(t,x) = 0. Differentiating with respect to ¢ implies together
t—>+

with the supposed regularity for p the relation

1 t
Osuty (1, x) = / px + ta) doy + / Vpx + ta) - o doy.
4 Jsi0) 4 Jsi(0)

The regularity of p allows for changing integration and passage to the limit 111110 in
—

the last equation. Hence, it follows limO 0:u,(t,x) = p(x). It remains to show that
t—>+

u, solves the wave equation, that is, (9> — A)u,(#, x) = 0. We use the representation

1 1
Oty (1, x) = , up(t,x) + Azt /;t(x) Vp(©) - o doy.

Now, using the fact that ¢ is the exterior unit normal vector to S;(x) and applying
the Divergence Theorem we obtain

1 1
s (2, x) = t, Ap(y) dy.
w0 = w60+ [ apoay

Here B(x,f) C R? denotes the ball around the center x with radius 7. Differentiation
with respect to ¢ yields

1 1
atzup(t, X) = —n up(t,x) + , 0suy (2, x)
! / Ap(y)dy + Lo Ap(y)d
472 Jpen PV pnt o B(x.1) PRI
Setting into this equation the above relation for 9,1, we obtain
0%u,(t,x) = ! 8/ Ap(y)d
tUpth ) =y O s 4 Y-

Taking account of

t
8,/ Ap(y)dy = 8,/ / Ap(x + ra)do, dr = / Ap(x + ta) do,
B(x,1) 0 JS(x) Si(x)
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we derive
5 1 t
07 up(t,x) = Ap(y)do, = Ap(x + ta) doy.
4t Js(x) 41 Js 0
Finally, the relation
t
Auy(t, x) = / Ap(x + ta) do
4 Jsi0)

completes the verification that u, = u,(¢,x) is really the solution of our Cauchy
problem.

Corollary 10.3.2 The Cauchy problem
uy —Au=0, u(0,x)=0kx), u(0,x)=vy(x)

with data ¢ € CKR3) and v € C'(R?), k > 3, has a classical solution
ue CHl ([0, o0) X R3). This solution has the representation

u(t,x) = 1 ; V(y) doy + 3,(4:” / o) dcry).

4mt Js, $:(x)

Do we see differences between the statements of Theorem 10.1.1 and Corol-
lary 10.3.2?
We have no uniqueness result in the statement of Corollary 10.3.2. Moreover,
the solution from Corollary 10.3.2 belongs only to the function space
C*1([0.00) x R®). Thus we lose one order of regularity in comparison with
the data ¢ € CK(R?).

But, using Kirchhoff’s representation formula from Corollary 10.3.2 we may
conclude the following qualitative properties of solutions:

1. finite speed of propagation of perturbations

2. existence of a domain of dependence

3. Huygens’ principle is valid, which means, there exists not only a forward but also
a backward wave front. This is one of the main reasons that human beings are
able to hear.

10.4 Kirchhoff’s Representation in R?

One can derive Kirchhoff’s representation formula in the 2d case from the Kirch-
hoff’s formula in the 3d case. Therefore, we shall apply the method of descent.
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10.4.1 Method of Descent

Let us explain the method of descent. First, we turn to the 2d case. The data p(x) =
@(x1,x2) and ¥ (x) = ¥ (x1,x2) are considered as data in R?, which are independent
of x3. The application of Theorem 10.3.1 gives

1 1 p(y)
o=, / PO o) = / PO
Sp(x1,x2,0) B(x1.x2.t) /T |y x|

To get the last relation we transfer the surface integral to an integral over the set
=01y Rt y—x <2}, x= (x1.x2).

Therefore, we choose the parameter representation of the upper or lower half sphere
in the following way:

D1(1.y2) = y1, P21 )2) =2, ¥3 = D31 y2) = £ — [y — )V

For transferring the surface element we calculate the Gauf3 fundamentals E, G, F
and obtain

VEG = F2 = \J1 4 (0,37 + (0,397,

and, finally,

2tdy
V= ly=a?
Using Corollary 10.3.2 we have the following result.

Theorem 10.4.1 Under the assumptions ¢ € C*(R?) and € C*(R?) there exists
a classical solution u = u(t, x) € Cz([O, 00) X RZ) to the Cauchy problem

do/(y) =

ug — Au=0, u(0,x)=¢x), u0,x)=vy(x), xeR>

having the representation

1 V() a1 / o)
t,x) = dy + dy).
u(e,%) 27 /B(x,r) V2 =y —x|? Y 3f(27f Bty /12— |y — x? y)

Kirchhoff’s representation formula from Theorem 10.4.1 yields the following
qualitative properties of solutions:

1. finite speed of propagation of perturbations
2. existence of a domain of dependence
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3. existence of a forward wave front, but we do not have any backward wave front
4. we have a loss of regularity of order 1 of the solution in comparison with the
data ¢.

Applying the method of descent again one can even derive d’ Alembert’s representa-
tion formula in the 1d case (see Sect. 10.1) by means of the representation formula
for the 2d case. Therefore, we write

1
o / pO1) dO1, y»)
B(x1,0,1) \/tz _ (Yl _xl)z _y%
1 [at V=11 1
) / P(y1)(/ dyZ) dy
T Ja—t —VR=pi—a? g (1 —x1)? — y%
1 X1+t
—, | povan
x1—t
by using

a 1
/ dy, = m forall a > 0.
—a \/02 _ y%

This leads, together with Corollary 10.3.1, to d’ Alembert’s representation formula

x+

u(t,x) = ;(qo(x —0)+ex+1)+ ! tlﬁ(r)dr.

2 Jit

10.5 Representation Formulas in Higher Dimensions

In this section we shall expound explicit representations of classical solutions to the
Cauchy problem for the wave equation in higher dimensions. The formulas are taken
from [214]. Moreover, we draw conclusions for qualitative properties of classical
solutions.

10.5.1 0Odd Space Dimension

Let us consider the Cauchy problem

uy — Au=0, u0,x) =@x), u(0,x) =y, xR n>1.
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Theorem 10.5.1 To given data ¢ € CK(R*'') and v € C'(R>*) with k >
n+ 2, n > 1, there exists a classical solution u € Ck_”([O, ) X R2”+1). The
solution has the representation

n—1
L . : 1
u(t.x) = ((,' + Dai#d] + a,»tf“a;“) / o(x + ty) do,
=0 02n+1 Jy|=1
n—1 ) 1
+) aft'o) Y (x + 1y) doy,
; ! ' O2m+1 Jy|=1 ’

where a; = aj(n) are constants with a,—; # 0 and where 02,41 denotes the measure
of the unit sphere in R"+1,

What do we conclude from this representation of solution?

We may immediately conclude the following properties of solutions:

* The loss of regularity of solutions in comparison with the data ¢ is n.

* The solutions have the properties of finite speed of propagation of perturbations,
of existence of a domain of dependence and of existence of a forward and of a
backward wave front as well. Consequently, Huygens’ principle is valid.

Example 10.5.1 If n = 1, then agp = 1, and we conclude Kirchhoff’s representation
formula in the 3d case:

1
u(t.x) = (1+19,) 4n/ o(x + ty) do, + 4; ¥ (x + 1y) do,.

lyl=1 Iyl=1

10.5.2 Even Space Dimension

Let us consider the Cauchy problem
Uy — Au = Os M(O,X) = (p(-x)s uT(Ov-x) = w(x)v X € RZV!, n Z 1

Theorem 10.5.2 To given data ¢ € CK(R*) and v € C*"\(R?) with k>n+2,
n > 1, there exists a classical solution u € Ck_"([O, 00) X RZ") having the
representation

n—1

u(t ) =Y ((j + b0 + bjtj+18£+l)G¢(t, X)

J=0

n—1

+ ) bt Gy (1),
Jj=0
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where bj = bj(n) are constants with b,_1 # 0, 09, denotes the measure of the unit
sphere in R*" and

2F(2n;—1) t rzn_

Gy(t,x) =
$(02) VL ()=t Jo  00a (£ —

1
¢(x + ry)doy, dr.
r2)1/2 /y|=1 y

What do we conclude from this representation of solution?
We may immediately conclude the following properties of solutions:

* The loss of regularity of solutions in comparison with the data ¢ is n.

* The properties of solutions as finite speed of propagation of perturbations, of
existence of a domain of dependence and of existence of a forward wave front
are fulfilled.

* But we do not have any backward wave front. Thus, Huygens’ principle is not
valid.

Example 10.5.2 For n = 1 we get Kirchhoff’s representation formula in the

2d case:

r

21"(3) !
u(t,x) = (bo + bot 9,) /0 o (2 — 12)1/2

(1)t
21—’(;) !
Vrlr(1) Jo o2

2r(3) o(y) V()
= at
% \/nF(l)( /B(t,x) V2 —ly —x? e /B(t,x) V2 — |y —x]? dy)

after a suitable choice for the constant by # 0.

/ o(x + ry) doydr
lyl=1

r
+b / x +ry)do,dr
0 _r2)1/2 b/lzl W( ry) y

10.6 Propagation of Singularities

In this section we will discuss an important property for solutions to wave
(hyperbolic) equations, the so-called propagation of singularities along charac-
teristics. Let us recall d’ Alembert’s representation of solution to the 1d free wave
equation (see Sect. 10.1)

x+t

1 1
u(t,x) = 5 (=0 +p(x+1) + Y (r)dr.

2 Jit

We assume that the data ¢ has a jump in x = x¢. Then, there still will be a jump
in the solution and the jump propagates along the characteristics x — xop = ¢ and
x —xo = —t. If there is a jump in ¥, then we do not feel this jump in the solution,
but in its first Sobolev derivatives d,u and d,u. This observation can be generalized
to higher-dimensional cases.
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Thus, singularities in the data propagate along the lateral surface of the forward
characteristic cone for r > 0 (or along the lateral surface of the backward character-
istic cone for ¢ < 0) (see Sect. 11.1).

If we have obstacles, for example, domains with boundaries (so boundary conditions
become important), then singularities from the data for solutions of the wave
equation will be reflected on the boundary. There exist special models where the
study of propagation of singularities for solutions of mixed problems, and thus
the property of reflection of singularities on the boundary, can be explained from
the study of the propagation of singularities for solutions to Cauchy problems. Let
us introduce two such models.

Model 1:  Vibrations of an infinite string with fixed end

The mathematical model is

uy — e =0, u(0,x) = p(x), u,(0,x) =y¥(x) for (z,x) € (0,00) x (0, 00),
and u(t,0) =0 for r> 0.

The compatibility conditions imply ¢(0) = ¥(0) = 0. Let ¢ and ¥ be odd
continuations of ¢ and ¥ onto the negative part of the real axis. Instead we consider
the Cauchy problem

Uy — Upe = 0, U(O,X) = QZ(X), UT(Osx) = &(X)

From d’ Alembert’s formula we get the solution

x+

1 1 L
v(t,x) = 5 (=0 + g +1)+ Y (s) ds.

2 St

Thus the boundary condition v(z,0) = 0 is satisfied. The solution of our given
mixed problem is

1 . . 1 X+t
u(t,x) = 5 (=1 + g +1)+ ) /_ Y (s) ds

for (¢,x) € (0,00) x (0, 00). Now let us suppose that ¢ has a jump in xo > 0. Then
¢ has a jump in xo and —x¢. Thus, from the propagation picture we know that the
jump propagates along the characteristics x — xo = ¢ (propagation of the jump into
the direction of larger x), x + xo = —¢ (virtual picture, because the string is only
modeled for x > 0), x — xo = —t (only real for ¢ € [0, x¢]) and x 4+ xo = ¢ (only real
for t € [xy, 00]). The last two observations explain the propagation and reflection of
singularities issuing from x = xo.
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Model 2:  Vibrations of an infinite string with a free end

The mathematical model is

uy — e =0, u(0,x) = o), u,(0,x) =y¥(x) for (z,x) € (0,00) x (0, 00),
and u,(¢t,0) =0 for r > 0.

The compatibility conditions imply ¢’(0) = ¥'(0) = 0. Let ¢ and ¥ be even
continuations of ¢ and ¥ onto the negative part of the real axis. Instead we consider
the Cauchy problem

Ve — v =0, v(0,x) = @(x), v,(0,x) = ¥ (x).

We then get the solution

x+

u(t,x) = ;(qb(x )+ @¢kx+1)+ ! t&(s)ds.

2 Jet

We verify that the boundary condition u,(z, 0) = 0 is satisfied for > 0. We explain
the propagation and reflection of singularities as for Model 1.

10.6.1 More About Propagation of Singularities

The above introduced propagation of singularities along characteristics is one
possibility to describe this phenomenon. Mathematicians are often interested in
more precise descriptions, so-called micro-local descriptions. Let us briefly sketch
the main ideas of this concept.

This is based on the notion of wave front set. Let xo be a pointin R” and let u = u(x)
be a function which is C* in a neighborhood Uy (xy) of xy. Further, let us choose a
cut-off function y € C§°(Uy(xp)) which is identical to 1 in a smaller neighborhood
Ui (x0), Ui(xo) C Up(xo), of xo. If we form the Fourier transform of yu, then this is
a Schwartz function (see Definition 24.1). So, we have, due to Theorem 24.1.1, the
following estimate:

to each N there exists a constant Cy such that
|F(xu)(§)] < Cy(§)™" forall £ € R".
If a function is not smooth, then the last estimate fails. This is one way to motivate
the following definitions for the notion wave front set. We use the notation 7*G \

{0} := G x (R"\ {0}). In the following definition we use the notion of distributions.
Basics of distribution theory are introduced in Sect. 24.4.
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Definition 10.1

1. Let us consider a distribution u € D'(G). A point (xo, &) € T*G \ {0} does not
belong to the wave front set WF u if there exist two functions ¢ and y with the
following properties:

* x € C(Uo(xo)), x = 1 on aneighborhood Ui (xo), Ui(xo) C Up(xo), of xo

* Y € C*®°(R"), ¥ =1 on a conical neighborhood V(&) of &, ¢ = 0 outside
a larger conical neighborhood Vy (&), V1(&) C Vo(&), of &

* Y(D)(qu) € CZ(RY).

2. Let us consider a distribution u € D'(G). A point (xo, &) € T*G \ {0} does not
belong to the wave front set WF u if there exists a function y with the following
properties:

* x € C5°(Up(x0)), x = 1 onaneighborhood U;(xg), Ui (xo) C Up(xo), of xg
* to each N there exists a constant Cy such that |[F(yu)(§)] < Cy{(§)™V in a
conical neighborhood V(&) of &.

The term ¥ (D) is a pseudodifferential operator and v (D) (yu) is defined as follows:

YD) () () = F~ (Y (E)F(u) () ().

Example 10.6.1 Let 6y, be the Dirac §-distribution in a point xy € R”" (cf. with
Example 24.4.2). Then WF§,, = {xo} x (R" \ {0}). If x # xo, then 6,, = 0
(in the sense of distributions) in a small neighborhood U(x) of x, so any point
(x,&) € T*({x}) does not belong to the wave front set WF §,,. By Example 24.1.2
we have

oo
Fow =

From Definition 10.1 it follows that all points (xg, §),& # 0, belong to the wave
front set WF .

To apply the concept of wave front set to solutions of wave equations we introduce
an important result that explains the structure of the wave front set for Fourier
integral operators.

Theorem 10.6.1 Let A be the Fourier integral operator

Aulx) = /R D a(x, £)F () E)dE.

where the amplitude a = a(x, §) is from S™(G) and u € E'(G) is a distribution with
compact support in G. Let us suppose that the set

{(y, £) e WFu: thereexists x€e G:y = Vep(x,§), Vip(x, &) = 0}
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is empty. Then it holds that

WF Au C {(x, €) . there exists n € R" \ {0} such that
£ = Vip(x.n), (Vyp(x,m),n) € WFuj.

This tool in hand, we are able to consider the propagation of microlocal singularities
for the solutions to the Cauchy problem

ug — Au =0, u(0,x) = ¢(x), u(0,x) =Y (x).

In Sect. 14.1 we shall explain how the solution to this Cauchy problem is represented
using Fourier multipliers.

Theorem 10.6.2 The wave front set of u(t,-) is described for t # 0 as follows:
WFu(t.) C {(x £ 1[5 ") : (x.6) € WF@ UWF g},

This result explains that microlocal singularities of the solution are contained on
the lateral surface of the characteristic cone with apex in the singularities of the
data, that is, in those points having no small neighborhood where the data are C*°.
More precisely, if (xg, &) € WF ¢ U WF ¢, that is, in the direction & the estimate
from Definition 10.1 (second part) does not hold, then the wave front WF u(z, -)
is contained in the set (with respect to x) of points on the lateral surface of the
characteristic cone with apex in xo in the direction wy := &|&o|~!. With respect to
& the & direction is a bad one.

Proof From the representation of the solution to the wave equation by Fourier
multipliers (see Sect. 14.1) we know we have to take account of phase functions
¢+(t,x, &) = x- & % t|€]. These phase functions satisfy the assumption from
Theorem 10.6.1 because V¢ (t,x,17) = n = 0 is excluded in the Definition 10.1
for £ = 1. Hence, with £ = n we get from (x¢, &) € WF ¢ U WF ¢ immediately

Ve (1, x0. &0) = xo =+ t6o|&| .

This proves the statement.

10.7 Concluding Remarks

In the following sections we sketch how hyperbolic potential theory can be applied
to treat mixed problems for the wave equation.
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10.7.1 Derivation of Wave Layer Potentials

First we need fundamental solutions or elementary potentials to the operator 3,2 —A,
these are distributional solutions of (3,2 —A)H, = §yin R"*! (see Definition 24.30).
The results depend on the dimension n as was shown for the representations of
solutions and qualitative properties of solutions in Sects. 10.5.1 and 10.5.2.
For this reason, let us restrict in the following to the case n = 3. Our goal is to
sketch the main ideas of hyperbolic potential theory (see [70]).
How can we obtain fundamental solutions for n = 3?
Here we recall the considerations in Sect. 10.3.1. There, we derived for small
positive ¢ the representation of solutions u, = u,(t, x) to the Cauchy problem

uy — Au =0, u(0,x) =0, u(0,x) = ¢:(x)

in the form

dre
ug(t,x) = (¢s(t_r)_¢£(t+r))s r=|xl.
4mrr
Let ¢ tend to 4-0. Taking account of
lim dreg (1 F 1) = b
we arrive at the fundamental solution

1
Hi(t,x) = 47{}’8t_r’ r=|x|.

Here we take account of 6,4+, = 0 because of ¢ + r > 0. In this way we obtain the
distributional solution to the Cauchy problem

uy — Au=0, u(0,x) =0, u(0,x)= .
As in Sect. 9.4.2, we need the distributional solution to the Cauchy problem
uy —Au=0, u(0,x) =0, u(0,x) =9,,
where y € R? is a parameter. The same approach implies
1
H3(tsx_y): 81‘—}’5 r= |x_y|
4mrr

Now we are able to introduce wave potentials.
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The wave single-layer potential (with the density p = p(t,y)) is formally
defined by

t
Hs(t — t.x— yu(r.y) d(r.0,) = / / Ha(t — .3 — y)p(z.y) doy dr.
Sy 0 G

The wave double-layer potential (with the density u = pu(z,y)) is formally
defined by

an),H?)(t - tv X = Y)M(Ta Y) d(Tv G}’)
S

t
:// On, H3(t — 7, x —y)u(z,y) doy dr.
o Jac

Here S; denotes the lateral surface of the space-time cylinder Z;. Both wave layer
potentials involve Hj3 delta distributions. Consequently, we have to clarify the
meaning of both potentials.

First we assume that the density is zero for t < 0. Proceeding formally, we may
conclude after the change of variables n := t — v — r for the wave single-layer
potential

1 1
1
/ / H;(t — 7, x — y)u(z,y) doydt = / / S8i—c—rpt(z, y) dr doy
0 Jac oG Jo 4mr

! 1 1
- /BG/ 471r&’“(t_ r=n.y)dndoy = /BG 4]Tr'u(t — 1Y) doy.
—0o0

Similarly, we get for the wave double-layer potential

t
// On H3(t — T, x — y)pu(t,y) doy dt
0o Jog

t
1
= On, 8i—r—rp(t,y) dt do,
/86/0 n g0 p(z.y)dr doy

t
1
= —div, L J— s ,dt do,
iv /BG/_OO 47 u(r,y)n,dr do,
|
= —div, ot —r—n, ,dndo,
1v. /E)G/—oo Ay p(t —r —mn, y)ny dndoy

1
= —div, t—r, ,doy.
iv /BG 4]”#( r,y)n, doy
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Summarizing, we derived the exact definitions for the wave single-layer potential
(with density & = p(z,y)) in the form

1
t—r,y)doy
/BG 4]”,“( r,y) doy

and for the wave double-layer potential (with density u = u(t,y)) in the form

1
—div, t—r,y)n,do,.
iv /BG 47”;1,( r,y)n, do,

Here n, describes the outer unit normal to aG.

10.7.2 Basic Mixed Problems for the Wave Equation

Interior Domain and Dirichlet Boundary Condition

Let G C R” be an interior domain. We suppose that the boundary 0G is sufficiently
smooth. Find a solution u of the wave equation in (0,00) x G with prescribed
Dirichlet data g = g(¢,x) for u on (0,00) x dG and prescribed initial data ¢ =
@(x), ¥ = ¥(x) for u, u, respectively, on {t = 0} x G. The compatibility conditions
between boundary and initial data are satisfied on {t = 0} x 9G.

Mathematical Formulation

uy — Au= h(t,x) in (0,00) X G, u(t,x) = g(t,x) on (0,00) x IG,
u(0,x) = ¢(x), u(0,x) =y (x) for x € G,
compatibility conditions: g(0,x) = ¢(x), £:(0,x) = ¥(x) on {r = 0} x G.
Interior Domain and Neumann Boundary Condition
Let G C R” be an interior domain. We suppose that the boundary 0G is sufficiently
smooth. Find a solution u of the wave equation in (0,00) x G with prescribed
Neumann data ¢ = g(¢,x) for u on (0,00) x dG and prescribed initial data

¢ = @), ¥ = ¥(x) for u, u, respectively, on {t = 0} x G. The compatibility
conditions between boundary and initial data are satisfied on {r = 0} x dG.

Mathematical Formulation

Uy — Au = h(t,x) in (0,00) x G,  dnu(t,x) = g(t,x) on (0,00) x 9G,
u(0,x) = ¢(x), u;(0,x) = ¥(x) for x € G,
compatibility conditions:

8(0,x) = dnp(x), £(0,x) = 9, (x) on {r=0} x JG.
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Exterior Domain and Dirichlet Boundary Condition

Let G C R” be an exterior domain. We suppose that the boundary 9G is sufficiently
smooth. Find a solution u of the wave equation in (0,00) x G with prescribed
Dirichlet data ¢ = g(t,x) for u on (0,00) x dG and prescribed initial data
¢ = @), ¥ = ¥(x) for u, u, respectively, on {t = 0} x G. The compatibility
conditions between boundary and initial data are satisfied on {r = 0} x JG.

Mathematical Formulation

uy — Au = h(t,x) in (0,00) x G, u(t,x) = g(t,x) on (0,00) x 9G,
u(0,x) = ¢(x), u,(0,x) =y (x) for x € G,
compatibility conditions: g(0,x) = ¢(x), £:(0,x) = ¥(x) on {r = 0} x G.
Exterior Domain and Neumann Boundary Condition
Let G C R” be an exterior domain. We suppose that the boundary dG is sufficiently
smooth. Find a solution u# of the wave equation in (0,00) x G with prescribed
Neumann data ¢ = g(t,x) for u on (0,00) x dG and prescribed initial data

¢ = ¢x), ¥ = ¥(x) for u, u, respectively, on {t = 0} x G. The compatibility
conditions between boundary and initial data are satisfied on {t = 0} x 9G.

Mathematical Formulation

Uy — Au = h(t,x) in (0,00) x G,  dnu(t,x) = g(t,x) on (0,00) x 9G,
u(0,x) = ¢(x), u,(0,x) = ¥ (x) for x € G,
compatibility conditions:

2(0,x) = dnp(x), £:/(0,x) = 0a¥(x) on {t= 0} x IG.

10.7.3 How to Use Wave Potentials in Representations
of Solutions?

We introduced wave single- and double-layer potentials in Sect. 10.7.1.

Mixed Problems with Dirichlet Boundary Condition

In order to treat mixed problems with Dirichlet boundary condition we use wave
double-layer potentials with unknown density. As in Sect. 8.4.2.1, jump relations
for wave double-layer potentials after crossing dG are of interest. After some
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calculations (see [70]) one can show for all xo € dG the relation

1
li —div, t—r,y)n,do,
im iv /ac 4]”#( r,y)n, doy

x—>x0€0G

. 1 1
im f e () (0= ) e = ) doy

1 1 1
£+ u(t, On,
2 x0)+/30 47r( " Ixo—yl)

x(p(t = |xo = yl.y) + |xo — Y|t — |x0 — y|, y)) doy.

The negative sign appears in the case of the interior, the positive sign in the case of
the exterior domain.

Mixed Problems with Neumann Boundary Condition

In order to treat mixed problems with Neumann boundary condition we use wave
single-layer potentials with unknown density. As in Sect.8.4.2.2, jump relations
for wave single-layer potentials after crossing dG are of interest. After some
calculations (see [70] or [135]) one can show for all xo € dG the relation

1
lim 0 t—r,y)doy
x—nl(irelac " Jag 47rr“( r.) doy
1 1
=+ ultx)+ [ on(, pt=ry)x=x)do,.
2 9G 4rr

The positive sign appears in the case of the interior, the negative sign in the case of
the exterior domain.

10.7.4 Integral Equation for the Interior Dirichlet Problem
Jor the Wave Equation

In Sect.8.4.3 we showed how the Fredholm theory can be applied to treat the
Fredholm integral equations of potential theory. In Sect.9.4.3 we explained that
successive approximation is applicable to treat Volterra integral equations of mixed
problems for the heat equation (see the research project in Sect. 23.2).

Here we restrict ourselves to sketching how to treat the integral equation which
appears in the study of the interior Dirichlet problem (see [70]).

Consider the interior Dirichlet problem for the wave equation. Setting the ansatz
of solutions in the form of a wave double-layer potential in the Dirichlet condition
and using the above jump relation we obtain for (z,x) € (0, 00) x dG the integral
equation

1 1
e = /36(1 o) —r, y)(any r) do, — 2g(t.%).
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The general Fredholm theory (compare with Sect. 8.4.3) does not apply to this
integral equation because we have u on the left-hand side, but u, on the right-hand
side. Starting successive approximations

fo(t, x) = g(t. x),

1 1
pen(t0 = o [ (@ o= (o, ) doy ~ 2500,
T JoG r

for k > 0 requires that the data g is supposed to be infinitely times differentiable
as a function of . This we assume in the following. Then, we are able to express
i by a finite number of integrals, where in the integrands there appear the partial
derivatives 8ﬁg, I =0,1,--- k. To get suitable estimates for u; it is reasonable to
assume the following:

1. the boundary dG is sufficiently smooth

2. there is an a priori control of all derivatives d'g(#, x) for (t,x) € (—oo, T] x 9G,
for example, g is continuous and g(¢,x) = 0 for ¢+ < 0, all partial derivatives
dlg are continuous, there exist positive constants C and § € (0, 1) such that
10lg(t,x)| < CT1(1 4+ 1)IFIEFD (gee [70]).

Under these assumptions one can conclude the absolute and uniform convergence
of the sequence {{x = Ui(?,X)}k>0 to a function u = w(t,x). This allows us to
prove the following result.
The interior Dirichlet problem for the wave equation
uy— Au=0 in (0,00) X G, u(t,x) = g(t,x) on (0,00) x G,

u(0,x) =0, u;(0,x) =0 for x € G,

compatibility conditions: g(0,x) =0, g,0,x) =0 on {t = 0} x 4G,
has a classical solution u = u(t,x) in form of a wave double-layer potential with
density u = u(t,x). The density is the solution of the integral equation for the

interior Dirichlet problem for the wave equation and can be found by successive
approximation.

10.7.5 Final Comments to Mixed Problems

We define for a given interior domain G C R” the so-called local energy (see also
Chap. 11 for the discussion of the mathematical tool energy)

Ew(u, G)(1) := ;/G(W,(t,)c)l2 + |Vu(t,x)|2)dx.
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In the following result we assume that G is a domain with smooth boundary such
that the divergence theorem is applicable.

Theorem 10.7.1 (Conservation of the Local Energy) Let u € C2([0, c0) x G) be
a solution to the wave equation

uy—Au=0 in (0,00) x G,
satisfying the initial conditions
u(0,x) = p(x), u(0,x) =v(x) for xegG,

with data ¢ € H'(R") and ¢ € L*(R") and one of the boundary conditions, either
the homogeneous Dirichlet condition

u(t,x) =0 on (0,00) x 9G,
or the homogeneous Neumann condition
onu(t,x) =0 on (0,00) x 0G.

Then the energy of u contained in G remains constant, i.e.,

1
Ew(u, G)(1) = Ew(u, G)(0) = 2(Illﬁllfz + |Vell,) forall 1= 0.

Remark 10.7.1 By using a density argument (see the proof of Theorem 11.1.2) the
conclusion of Theorem 10.7.1 is still true for energy solutions having the regularity
C([0, 00), H'(R™)) N C'([0, 00), L*(R™)).

Proof LetZy = (0,T) x G, T > 0, be a cylinder and let S7 be the lateral surface of
Zr. The proof is based on the identity

0=2u Ou=-V. (2M,Vu) + 8,(|Vu|2 + utz)

Here O denotes the d’ Alembert operator 9> — A. It holds

0= / (v - (2u,Vu) — 3,(|Vul + uf)) d(1,x).
Zr

The integrand is equal to the divergence of the vector field

Q2uVu, —(|Vul* + u?)).
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After application of the divergence theorem it follows
0= / (Zu, Vu, —(|Vu|2 + utz)) -nd(t,0,),
aZ]'

where n is the outer unit normal vector to dZz. The surface 0Z7 consists of three
parts. We study how the above integral can be written on each of the three parts.

1. On the top of the cylinder {t = T} x G, heren = (0, --- , 0, 1), the above integral
is equal to

—/G (|Vu|2 + utz)|r:de.

2. On the bottom of the cylinder { = 0} x G, heren = (0,0, ---,0,—1), the above
integral is equal to

/G (|Vu|2 + ul‘z)it:O dx.

3. On the lateral surface Sy, here n = (n,, 0), where n, = (ny,--- ,n,) is the outer
unit normal vector to G, the above integral is equal to

/ (2u, Vi, —(|Vul® + uf)) nd(t, oy
Sr

T
=/ 2u,Vu-n,d(t,oy) :/ / 2u,0n,u doy dt.
Sr 0 G

If 95, u(t, x) = 0 on (0, 00) x JG, then the last integral is obviously zero. If u(z, x) = 0
on (0, 00) x G, then d,u = 0 on dG for t > 0, too. Hence, the last integral is again
zero. Summarizing, we have shown Ey (1, G)(T) = Ew(u, G)(0) for all T > 0 and
the statement is proved.

The conservation of the local energy is a basic tool for deriving uniqueness results
for initial-boundary value problems for the wave equation.

Corollary 10.7.1 (Uniqueness) Under the assumptions of Theorem 10.7.1 there is
at most one classical solution of the initial-boundary value problem.

Proof Let us assume the existence of two classical solutions u; and u,. Then, the
difference u := u; — u, is a solution with vanishing initial data. Since ¢ vanishes in
G, then Vg must also vanish in G and Theorem 10.7.1 implies that Ew (u, G)(f) = 0
for all + > 0. Thus all first order partial derivatives of # must vanish and therefore u
must be a constant. Since u(0, x) = 0 forx € G, then u = 0 on the region [0, c0) x G
and the statement is proved.

We can employ, for example, the method of separation of variables and Fourier
series to obtain a formal solution of the general initial-boundary value problem. This
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formal solution will involve series expansions of the initial data ¢ and ¥ in terms
of the eigenfunctions of an associated eigenvalue problem for the Laplace operator.
For the sake of brevity we will not develop this approach, but the interested reader
can find more on this topic in the textbooks [189] and [231].

A second possibility is to write mixed problems for the wave equation as Cauchy
problems for the abstract wave equation u, + A(f)u = f(¢). This approach is
developed in [105] and applied to linear (and even nonlinear) systems of generalized
wave equations in interior domains of R" with boundary conditions of Dirichlet,
Neumann or Robin type. The main tools of the approach are Hilbert space theory,
scales of Hilbert spaces, operators in Hilbert spaces and semigroup theory.

Exercises Relating to the Considerations of Chap. 10

Exercise 1 Explain the statement of Theorem 10.1.1 on the continuous dependence
of the solution from the data by formulas.

Exercise 2 Let us consider the Cauchy problem
up — ey = 0, u(0,%) = ¢(x), u,(0,x) = ¥ (x)

with smooth data ¢ = ¥ = 0 outside of the interval [/, []. Show that for each
xo € R! there exist constants T(xy) and U with u(t,xg) = U for t > T(xp).
Determine these constants.

Exercise 3 Derive the representation of solution

1 x+(t—t)
v(t,x) = / (/ F(t/,x’)dx’)dt’
2 0 x—(t—t")

for solutions to the Cauchy problem
Uy — Uy = F(t,x), u(0,x) =0, u(0,x) =0,

where the right-hand side F is supposed to belong to L}, ([0, 00) x R!).

Exercise 4 Find the domain of dependence §2(#y, xo) for solutions to the Cauchy
problem of Exercise 3.

Exercise 5 Prove the statement of Lemma 10.3.1.
Exercise 6 Show that every classical radial symmetric solution u = u(t,r) of

uy — Au =0, x € R3, has the following representation:

u(r+1) n ur(r—1t)
r r

u(t,r) =

with arbitrarily given twice differentiable functions u;, u,. Here u; = u;(r + 1) is
called contracting wave and u, = uy(r — t) is called expanding wave.
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Exercise 7 Find the solution of the Cauchy problem

1
uy— Au=0, u(,x)=1, u(0,x)= L4 2 x € R3.

Try to find two different ways to derive the representation of the solution.

Exercise 8 (Duhamel’s Principle) Show that the solution u of
uy — Au = F(t,x), u(0,x) =u;(0,x) =0, xeR

is given by

t
u(t, x) :/ w(t, T, x)d,
0

where w = w(t, T, x) solves the following Cauchy problem:
wy—Aw =0, w(r,t,x) =0, wdr,1,x) = F(1,%).

Exercise 9 Use Duhamel’s principle and Kirchhoff’s representation of solution to
derive a solution to the Cauchy problem

uy — Au=F(t,x), u(0,x) =u;(0,x) =0, xeR.

We assume F € C2([0, T], C*(R?)). Why?
Exercise 10 Study in the literature the method of descent.

Exercise 11 Model the propagation of sound in 3d in the half-space {(x,y,7) €
R? : z > 0}. Hereby the sound is reflected on the plane {(x,y,z) € R? : z = 0}.
Explain this reflection by solving the mixed problem.

Exercise 12 Determine the wave front set of g(y)é,,, where g € C5°(R™).
Determine the wave front set of dy, as a distribution on R} x RT".



Chapter 11 )
The Notion of Energy of Solutions: One Shethie
of the Most Important Quantities

The main issue of this chapter is the notion of energy of solutions, a very effective
tool for the treatment of nonstationary or evolution models. We introduce energies
for different models and explain conservation of energies, if possible. Sometimes,
the choice of a suitable energy seems to be a miracle, sometimes one has different
choices. Do we have energy conservation? Do we have blow up of the energy
for t — o0? Do we have a decay of the energy for t+ — o00? These and related
questions will be answered in this chapter. Moreover, it is shown how lower order
terms may influence the choice and the long-time behavior of a suitable energy.
Here we restrict ourselves to mass and different damping terms. Finally, we explain
for several models the long-time behavior of local energies for solutions of mixed
problems with Dirichlet condition in exterior domains.

11.1 Energies for Solutions to the Wave Equation
Let us come back to the wave equation u,; — Au = 0. We assume that
u € C([0,00), H'(R")) N C'([0, 00), L*(R"))
is a given real-valued Sobolev solution. Then we denote by
1 2 2
Ew@) @ = | (Ju.0P +[Vutt. 0P )dx
]Rn
1 2 1 2
= e + ) IVute ),

the energy, or total energy of the solution u. The energy Ew(u)(f) depends only
on the time variable 7. Here é ||ee, (2, )||i2 models the kinetic energy (which appears
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due to the term u, in the wave model) and ;||Vu(t, ) ||§2 models the elastic energy
(which appears due to the term Au in the wave model).

We define for a given set K C R” (K is the closure of a domain) the so-called
local energy

Ew(u, K)(f) = ;/K(m,(z,xnu |Vu(t,x)|2) dx.

Let (o, xo), to > 0, be a fixed point in R"*!. Then, the set {(¢,x) : |x—xo| = |t—1o}
describes the lateral surface of a double cone with apex at (7, xo). The forward
(backward) characteristic cone is for t > ty (t < ty), the upper (lower) cone with
apex at (fo, xo). Let T € [0, #y). The part of the plane {(¢,x) : t = T} lying inside
the backward characteristic cone with apex at (f, xo) will be denoted by K(xo, T).
This part is a closed ball around the center x = xo with radius #y) — 7. The following
remarkable statement holds for local energies Ew (u, K(xo, t)):

Theorem 11.1.1 (Domain of Dependence Energy Inequality) Ler (f,xo) €
R with ty > 0. We denote by $2 the conical domain bounded by the backward
characteristic cone with apex at (ty, xo) and by the plane t = 0. Let u € C*(£2) be
a classical solution of the wave equation u, — Au = 0. Then, the following domain
of dependence inequality holds:

EW(u, K(xo, t)) < EW(u,K(xo, O)) for t € [0, ).

What consequences may we draw from this result?

The base of the conical domain §2 is exactly the domain of dependence with respect
to the data of a solution u in the point (7, x9). If we pose Cauchy conditions on
t = 0, then the local energy Ew (u, K (xo, 0)) can be calculated by using the data ¢
and ¥ as follows:

Ew (0. K(30,0)) = ) /K (P £ V) ax

Then, the local energy Ew (u, K (xo, t)), t € (0,1), of the solution is estimated on
the set K(xo,?) by Ew (u, K (xo, 0)). The local energy may concentrate in K (xo, t),
but its amount is never larger than Ey (u, K (xo, 0)). The proof of this observation is
similar to the proof of Theorem 10.7.1.

Proof Let 27 be the part of £2 below the planer = T, T € (0, ty), and let Cr be the
lateral surface of £27. Let u be a classical solution of the wave equation. The proof
is based on the identity

0=2u Ou=-V. (ZM,VM) + 3,(|Vu|2 + utz)
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Here [ denotes the d’ Alembert operator 3,2 — A. The key idea of the multiplication
method is to multiply the left-hand side Clu by a function (here we multiply it by
2u,) such that we get on the right-hand side the divergence of a vector field (here we
get the divergence of the vector field (—2u,Vu, [Vu|? + u?)). It holds that

0= /Q (V - (2u,Vu) — 3;(|Vu|2 + urz)) d(t, x).

Applying the Divergence Theorem we obtain

0= / (24 Vi, ~(1Vul? + 1)) -ndo,
9827

where n is the outer unit normal vector to d§27. The surface 9527 consists of three
parts. We study how the above integral can be written on each of the three parts.

(1) Top ball K(xp,7) : m = (0,---,0,1). The above integral is equal to

- fK(xo,T) (|V”|2 + ”rz) dx.
(2) Bottom ball K(xp,0) : n = (0,0,---,0,—1). The above integral is equal to

fK(xo,O) (|V”|2 + ”rz) dx.
(3) Lateral surface Cy :m =1n = (n1,---, n,+1) The above integral is equal to

/ (2ur Vu, —(|Vul* + u})) - n do
Cr
= ~/2/ (2wt Nugrmt + <+ + 20, Nyt 1 M
Cr
_(”il +oeet “yzrn + ”rz)ni+l) do

= _‘/2/ ((”xl Mn+1 — ur’]l)z +-+ (ux,,rln-l—l - Mtrln)z) do < 0.
Cr

Here we used n2, | = n? + -+ +n2 = ) and 9,4 > 0.

Summarizing, we have shown for all T € (0, ) the energy estimate
2 2
/ (iVu(x, T)| + u(x, T) ) dx
K(x0.T)

< / (|Vu(x, 0% + ui(x, 0)2) dx.
K(x0.0)

Hence, the statement is proved.

The domain of dependence energy inequality is a basic tool for deriving uniqueness
results for classical solutions to the Cauchy problems for the free wave equation
from Theorems 10.5.1 and 10.5.2.



150 11 The Notion of Energy of Solutions: One of the Most Important Quantities

Corollary 11.1.1 The Cauchy problem
uy — Au =0, u(0,x)=¢x), u(0,x)=v(x)
has a unique classical solution
ue Ck_"([O, 00) X R2”+1), u e Ck_"([O, o0) X RZ"),

respectively, fork > n+ 2 andn > 1.

After learning the domain of dependence energy inequality, we ask for the behavior
of the energy of solutions to Cauchy problems for the wave equation in the whole
space R". In R" waves may propagate freely. We do not expect a loss of energy,
consequently, we believe in energy conservation. This we shall explain in the
following theorem.

Theorem 11.1.2 (Conservation of Energy) Let
u € C([0, 7], H'(R") n C'([0, T], L*(R"))
be a Sobolev solution of
ugy — Au=0, u(0,x)=¢x), u0,x)=1v(x)

with data ¢ € H'(R") and ¥ € L*(R"). It then holds that

1
Ew(u)(t) = Ew(u)(0) = 2(IIl/fIIfz +Velp) forall t=0.

Proof Using the density of the function space C3°(R") in H'(R") C L*(R") we
are able to approximate the given data ¢ € H'(R") and ¢ € L*(R") by sequences
of data {@i}r, {Vitx with @i, ¥ € Ci°(R"). We consider the family of auxiliary
Cauchy problems

Uy — Au=0, u(0,x) =@r(x), u(0,x) = Yy(x).

From Theorems 10.5.1 and 10.5.2 we obtain for all 7 > 0 a unique solution u; €
C°°([O, T], C§° (R”)). Differentiating Ew (uy)(¢) gives

E;V(uk)(t) = /Rn (B,Mk(t, x)atzuk(z‘, x) + Vu(t, x) - Vou(t, x)) dx.

Taking into consideration the property of finite speed of propagation of perturbations
(see Sects. 10.1.2 and 10.5), the function u(t, -) belongs to C§°(IR") for each ¢ > 0.
After integration by parts (all boundary integrals vanish) we obtain immediately,
after seeing that uy is a classical solution to the wave equation, that

Ey(u) (1) = /1;" (8,uk(t, X) Aug(t, x) — Aug(t, x)0uy (2, x)) dx = 0.
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Hence,

Ew(u)(1) = Ew(u)(0) = ;(Illﬂklliz + 1Veel72)-

Together with the assumption for the data we have klim Ew(ur)(0) = Ew(u)(0).
—>00

From the well-posedness of the Cauchy problem in Sobolev spaces (see Corol-
lary 14.1.1) it follows klim Ew(u)(t) = Ew(u)(?). This completes the proof.
—>00

Remark 11.1.1 We proved the energy conservation for the whole space R”. But the
energy conservation remains true for classical solutions to the wave equation in
bounded domains G C R" if we prescribe some regime on the boundary. Such
regimes are, for example, a homogeneous boundary condition of Dirichlet type
(solution has to vanish on (0,00) x dG) or Neumann type (the “flow” through
(0,00) x 9G has to vanish). The energy conservation holds also for unbounded
domains G, for example, for exterior domains, if the initial data have a compact
support and if classical solutions to the wave equation satisfy a homogeneous
boundary condition of Dirichlet or Neumann type. In the proof we see that the initial
data influence, due to the finite speed of propagation of perturbations, the solution
only in the set {x € G : |x| < R+ ¢, t > 0}. Here R denotes the radius of an
arbitrarily chosen ball around the origin containing the support of the data.

11.2 Examples of Energies for Other Models

11.2.1 One Energy for Solutions to the Elastic Wave Equation

In the previous section we introduced Ey (u)(f) as one energy for special Sobolev
solutions to the wave equation. If we are interested in studying solutions to the
elastic wave equation, then some modification of the energy Eyw (u)(f) would seem
appropriate.

Let us consider the Cauchy problem for elastic waves

Uy — a*Au— (b* —a®)Vdivu = 0, u(0,x) = ¢(x), u,(0,x) = ¥ (x),

where the positive constants a”> and b? are related to the Lamé constants and satisfy
b*> > a?>. We will explain one energy. The term u, suggests the kinetic energy
é ||u (2, -) ||iz, the term a® Au suggests the elastic energy éa2|| Vu(t,-) ||i2 and, finally,
the term (b*> — a?)V div u gives the part ;(b2 —a?)||div u(t, -) ||i2 Summarizing, we
obtain one energy Egw (1)(¢) of solutions of the elastic wave equation as follows:

1 1 1 .
Eew((0) = (el + @ Vult ) + ) 07 = ad)Jdivate, ) [
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11.2.2 Energies for Solutions to the Heat Equation
Let us consider the Cauchy problem for the heat equation

u,— Au =0, u(0,x) = ¢(x).

We will explain different energies, even those of higher order.

A first proposal for an energy could be Ey (u)(f) := ; [|lu(z,-) ||i2 This energy arises
from the term u, in the heat equation. If we differentiate E (1) (¢) with respect to ¢,
then integration by parts gives

E@@Xﬂs-1@JVumxn%u.

Consequently, this energy is decreasing.
One can also define higher order energies Efi,(u)(t) = ; I1D|Fu(, -) ||i2 with k € N.
Here, the action of the pseudodifferential operator | D|* on functions u(z, -) is defined

by |D|fu(t,x) = Fg_l)x(|§|kFy_)g(u(t, y))) (see Sect.24.1 for basics of the Fourier
transformation).
11.2.3 Energies for Solutions to the Schrodinger Equation
Let us consider the Cauchy problem for the Schrodinger equation
1
ur £ Au=0, u(0,x) = @(x).
1

Solutions are expected to be complex-valued. For this reason, the term u, in the
Schrodinger equation implies the energy

1 1
Eson(u)(0) = ut. )7 = ().
Differentiation with respect to ¢ and integration by parts give immediately
Eg,(u)(®) = R(u,u) = R(Fidu,u) = R(£iVu, Vu) = 0.

Thus, we have energy conservation. Higher order energies

1 1
Eg,(w)(1) = 2|||D|ku(t, N = 2(IDII‘M, |DIFu) >
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satisfy E’gch(u) (= E’gch(u) (0) because |D|*u solves the Schrédinger equation, too.
Indeed, we have

1
- (IDI"u), £ A|D[*u = 0, |DI*u(0,x) = |DI*¢(x)
1

if the data ¢ is sufficiently regular.

11.2.4 Energies for Solutions to the Plate Equation

Let us consider the Cauchy problem for the plate equation

Uy + (_A)zu = 07 M(O,X) = (p(x), ul‘(ov-x) = W(X)

7. the kinetic energy.

| Au(t, -)||iz, which is connected with the momentum.

We will explain one energy. From the term u, we get é o (2, ) ||
The term (—A)?u implies é|
Summarizing, we get one energy

1 1
Epp(w)() == lus(r, Mz + , llAutz, M-

This energy is reasonable if we take into account the fact that u, + iAu is a
distributional solution to the Schrodinger equation if u solves the plate equation
in the distributional sense.

11.2.5 Energies for Solutions to Special Semilinear Wave
Models

Let us consider the Cauchy problem for semilinear wave models with time-
dependent speed of propagation

uy —a(0)* Au = f(w), u(0,x) = p(x), u(0.x) =¥ (x).

We will explain the definition of energies. The term u, yields the kinetic energy
;||ut(t, -)||§2, the term a(f)>Au implies the elastic type energy (we should take
into account the time-dependent coefficient) ;a(t)2||Vu(t, -)||§2. But how does the
nonlinear term f(«) influence the definition of the energy? Let us define the primitive
F(u) = 0” f(s)ds. It could be an idea to include this term into the energy, so we

could propose as a suitable energy

Ew@® = 5 lu(t) s + a0 | Tute. ) + [ —FGs.
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Is this a good idea? It depends heavily on —F(u). The energy is supposed to be
nonnegative, so we expect nonnegativity of —F () for all u. But this is not always
satisfied. For this reason we distinguish between (see Sects. 18.1 and 18.2 or 20.1
and 20.2)

1. An absorbing nonlinearity f(u): —F(u) > 0 appears (is absorbed) in the
definition of the energy. A typical example is f(u) = —|u[P"'u, p > 1.

2. A source nonlinearity f (u): —F (u) is not nonnegative, thus, it does not appear in
the definition of the energy. It should be treated as a source. Typical examples
are f(u) = |ulP~'u, p > 1, orf(u) = |ul’, p > 1.

If we have an absorbing nonlinearity, then one can prove E}, (1)(f) = 0, Ew(u)(f) =
Ew(u)(0), respectively, for all times ¢. Hence the energy is conserved. This allows
us to control all three parts of the energy, among other things. We are able to
control fRn —F(u)dx < Ew(u)(0). Such a control is very helpful in the treatment
of nonlinear wave models.

The main goals of such a treatment depend on the kind of power nonlinearity we
find in the model. Let us explain this difference for global (in time) solutions for
Cauchy problems to semilinear wave models.

1. If we have an absorbing nonlinearity f(u) = —|ul’~'u, p > 1, for example, then
the proof of global (in time) large data solutions is often a topic of interest. If the
data in the initial condition u#(0, x) = ¢(x) is large, then f(¢) becomes large for
large p. For this reason one is often able to prove such a global (in time) existence
result only for some p < pg, where py depends on the concrete model (cf. with
the considerations in Sects. 17.2, 18.2,20.2, 21.3 and 21.4).

2. If we have a source nonlinearity f(u) = |ul’~'u, p > 1, or f(u) = |ul’, p > 1,
for example, then the proof of global (in time) small data solutions is often a
topic of interest. If the data in the initial condition u(0, x) = ¢(x) is small, then
f(¢) becomes small for large p. For this reason one is often able to prove such a
global (in time) existence result only for some p > pg, where py depends on the
concrete model (cf. with the considerations in Sects. 17.1, 18.1, 19.3 and 20.1).

11.2.6 How to Define Energies in General?

Atthe end of Sect. 11.2 we want to show by an example that the definition of suitable
energies needs some experience. Sometimes it seems to be a miracle for beginners
as the following example shows:

Example 11.2.1 Letus consider in (0, 00) x G, where G C R" is a bounded domain,
the nonlinear Kirchhoff type wave equation (8 > 0 is a constant) with source
nonlinearity

Uy — (1 + ,3/ |Vu|2dx)Au = ulu|’ in (0,00) x G,
G
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with the initial conditions
u(0,x) = ¢(x), u/(0,x) =¥ (x) in G,
and the boundary condition
u(t,x) =0 on (0,00) x I,
Ontt + /Otk(t — 8, X)u;(s, x)ds + a(x)g(u;) = 0 on (0,00) x I7.
Here, the boundary I" = dG is supposed to be the union of Iy U I, where

the “interior” of Iy and Iy are disjoint. On Iy we pose a homogeneous Dirichlet
condition, on I} we pose a boundary condition with given linear memory term

/T k(t — s, x)u: (s, x)ds
0

and given nonlinear dissipation term a(x)g(u;). Some mathematicians propose the
following energy:

E(u)(f) := ;(/G(|u,(t,x)|2 n |Vu(t,x)|2)dx) n f(/cwu(t,x)pdx)z

—;(1 + 5 /G |Vu(t,x)|2dx>/r (/Otk,(t—s,x)|u(t,x) — u(s,x)|2ds>dcr

+;(1 +,3/G|Vu(t,x)|2dx) /n k(t, x)|u(t, x) — uo(x)|*do

1
— / |lu(, x)|PT2dx.
p+2Je

But, here we pose the question as to whether this energy is nonnegative. Take into
consideration that the nonlinearity has to be considered as a source nonlinearity.

11.3 Influences of Lower Order Terms to Qualitative
Properties of Solutions

11.3.1 Wave Models with Terms of Lower Order

We are able to characterize terms of lower order in wave models. Klein (1927) and
Gordon (1926) derived the following Klein-Gordon equation describing a charged
particle in an electro-magnetic field:

Uy — Au+ m*u = 0.
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The term m?u, m? is a positive constant and is called mass or potential. Another

well-known equation is the telegraph equation
Uy — Uy + au; + bu = 0,

where a and b are constants. This equation arises in the study of propagation of
electric signals in a cable of transmission line, in the propagation of pressure waves
in the study of pulsatile blood flow in arteries and in one-dimensional random
motion of bugs along a hedge. Here bu is a mass term and au, is a damping or
dissipation term. A higher-dimensional generalization of the telegraph equation is

Uy — Au~+ au; + bu = 0.

Finally, we mention wave equations with a convection term or a transport term
> i ar(t,x)dy,u, that is,

uy — Au + Zak(z‘,x)axku =0.
k=1

11.3.2 Classical Damped Wave Models

First of all, we have to say that the appearance of a damping term in the classical
damped wave model has no influence on well-posedness results in Sobolev spaces.
So, if we have a well-posedness result for the wave model, we expect the same
for the classical damped wave model (see, for example, Theorem 14.2.1 and
Remark 14.2.1). However, a damping term should influence the behavior of the
wave type energy.

Let us turn to the Cauchy problem

uy— Au+u, =0, u(0,x) =), u0,x)=1(x).

As for solutions to the classical wave equation we introduce the total energy

Ew(u)()) = ;/R (|u,(t,x)|2 + |Vu(t,x)|2) dx.

Then we are interested in estimates of Ey (u)(¢) following from differentiation of
the energy Ew (u)(f) with respect to ¢ and integration by parts. We assume that all
these steps can be carried out, that is, the data are supposed to be smooth enough (it
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is sufficient to assume for our purpose that the data (¢, ¥) belong to the so-called
energy space H' (R") x L>(R")). Then, we derive

1
Ey(u)(r) = 5 / (2uuy 4+ 2Vu - Vu,) dx
RVI

= / (u,(Au —u)+ Vu- Vu,) dx = / —u, (1, x)%dx < 0.

n

Thus, the energy is decreasing for increasing t. We can not expect energy conserva-
tion. This seems to be no surprise because of the damping term. It raises the question
for the behavior of the energy for t — oo. Of special interest is the question as to
whether the energy Ew (u)(f) tends to O for 1 — co. Such behavior is called decay.
By using phase space analysis we will study the decay behavior for Eyw (u)(f) in
Sect. 14.2.2, Theorem 14.2.2.

11.3.3 Wave Models with Viscoelastic Damping

In the last 20 years mathematicians studied intensively wave models with structural
damping

Uy — Au+ (—A)Pu, = 0.

Here § € (0, 1]. If § = 1, then we get the viscoelastic damped wave model. If § = 0,
then we get the classical damped wave model.
Let us turn to the Cauchy problem for the wave model with viscoelastic damping

uy — Au— Au; = 0, u(0,x) = ¢(x), u(0,x) = ¥(x).

Firstly, let us understand the model itself.

What is the principal part of the viscoelastic damped wave operator? Using the usual
definition it is Ad,. What does it mean? It is better to interpret the term —Au;, as a
damping term for the model. Thus, the wave operator is in some sense the “principal
part”. This interpretation proposes the use of the wave energy Ew(u)(f). But how
does it behave? If we follow the ideas from the previous section, then we get

Ey@® == [ Vu(t0fdr <0

for data (¢, ) with suitable regularity. The energy is decreasing, but is it also
decaying? What about well-posedness in Sobolev spaces? What regularity for the
data do we propose? These and other questions will be studied in Sect. 14.3.
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11.3.4 Klein-Gordon Equation

The Cauchy problem for the Klein-Gordon equation is
up — Au+m*u=0, u0,x)=px), u0,x)=yx)

with a positive constant m?.

How can we define the total energy of a solution?

The mass term, or potential, requires including, besides the elastic and the kinetic
energy, a third component into the total energy. That is the so-called potential energy
(which appears due to the term m?u). Thus, we define the total energy of a Sobolev
solution belonging to

C([0, 00), H'(R")) N C' ([0, 00), L*(R"))

Exc(u)(f) = ;/R (|u,(t,x)|2 + |Vu(t,x)|? +m2|u(t,x)|2) dx.

n

Repeating the proof of Theorem 11.1.2 one can show the following result.

Theorem 11.3.1 (Conservation of Energy) Let
u € C([0, 7], H' (R") N C' ([0, T]. L*(R"))
be a Sobolev solution of
Uy — Au+ m’u = 0, u(0,x) = o(x), u,(0,x) = Y¥(x)

with data ¢ € H'(R") and € L*(R"). Then, the conservation of energy holds.
That is,

1
Exa()(t) = Exg@)(©) = (113 + Vel +nlel}) forall 1= 0.

Do we have a corresponding statement to Theorem 11.1.1 if we are interested in
local energies?
Yes, we have. Let K C R" be the closure of a domain. We define the local energy as

Exc(u, K)(1) := 1/(|u,(t,x)|2+|Vu(t,x)|2+m2|u(t,x)|2) dx.
K

2

Using the same notations as in Sect. 11.1 the following remarkable result holds.
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Theorem 11.3.2 (Domain of Dependence Energy Inequality) Ler (tp,x0) €
R with ty > 0. We denote by $2 the conical domain bounded by the backward
characteristic cone with apex at (to,xo) and by the plane {(t,x) : t = 0}. Let
u € C*(2) be a classical solution of the Klein-Gordon equation

uy — Au+ m*u = 0.
Then, the following inequality holds:
Exc(u, K(xo,1)) < Exg(u, K(xp,0)) for t € [0, t].

The domain of dependence energy inequality implies the following uniqueness
result.

Corollary 11.3.1 The Cauchy problem
ug — Au+m*u =0, u(0,x)=¢x), u0,x) =1y
has at most one classical solution u € C2([O, 00) X R”) if the data are supposed to

be sufficiently smooth.

Remark 11.3.1 The von Wahl’s transformation allows for transforming Cauchy
problems for the Klein-Gordon equation to Cauchy problems for the wave equation.
With x = (x1,---, x,), let us consider the Cauchy problem

Uy — Au+mPu =0, u0,x) =@x), u(0,x) = V(x).
We introduce
V(E, X1, Xy X 1) 1= € (8, X, e, X).
Evidently, the function v = v(#, x) is a solution to the Cauchy problem

Vy — AU = O,
v(0,x) = vo(x) := e " Hp(x), v,(0,x) = vi(x) = e MY (x)

but now with complex-valued data. If the data (¢, ) are chosen from the function
space C*(R") x C*~1(R"), then, after application of von Wahl’s transformation, the
complex-valued data (v, v1) belong to the function space CK(R"1) x CK~1(R"*1),
Hence, we are able to apply, for example, Theorems 10.5.1 and 10.5.2 to get
complex-valued solutions v = v(t, x). After the backward transformation one has
to prove the optimality of the obtained results.



160 11 The Notion of Energy of Solutions: One of the Most Important Quantities
11.3.5 Plate Equations with Lower Order Terms

The Cauchy problem for plate models with mass and dissipation terms is
g+ (=8 2u +mPu 4w =0, u(0,0) = p(x), u(0,x) = Y (x).

Model 1: m> = 0 Then, we introduce the total energy for solutions as follows:

En@® = 5 [ (Wt +|au¢.0P) s

Solutions having for all ¢ the energy Ep.(u)(7) are called energy solutions of the
classical damped plate model. Some straight forward calculations imply (here we
have to verify that for energy solutions it is allowed to carry out integration by
parts)

Ep (0)(1) = — /R ) u?(t,x) dx < 0.

Consequently, the energy decreases if 7 tends to infinity. But, does it decay?
Model 2: m*> > 0 Then, we introduce the total energy for solutions as follows:

Errc® = ) [ (1n 0P +1400.9F +nluce 0P s

Solutions having for all ¢ the energy Ep; xc(u)(f) are called energy solutions of the
classical damped plate model with mass term. Some straight forward calculations
imply (here we have to verify that for energy solutions it is allowed to carry out
integration by parts)

EIIDL,KG(M)(t) = - A&ﬂ M,Z(t, x)dx < 0.

Consequently, the energy decreases if ¢ tends to infinity. But, does it decay?
These and other issues will be studied in Chap. 15.

11.4 Behavior of Local Energies

In the last sections we have given several results on the behavior of total energies
of solutions to different models. Now we come back to local energies (see, for
example, Sect. 11.1). The authors’ impression is that, in general, results on the
behavior of local energies of solutions to different models do not belong to an
expected basic knowledge on PDE’s. For this reason, the main goal of this section
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is to list results on the behavior of local energies of solutions to mixed problems for
quite different models. To have the possibility of comparing the results we choose
the same boundary condition of Dirichlet type and exterior domains in all models.
Sometimes we will only sketch the proofs of the results, sometimes we will even
omit them. The interested reader will find for all models references which help in
studying the topic of behavior of local energies in more detail.

First of all, let us introduce a mathematical model whose treatment uses local energy
decay estimates. The following explanations are taken from [141].

Consider the following mixed problem in an exterior domain G:

uy — Au~+ a(x)u; = 0 in (0,00) X G, u(t,x) =0 on (0,00) x G,
u(0,x) = ¢(x), u(0,x) = ¥(x) in G,

where G C R” is an exterior domain with compact obstacle V := R" \ G.
The dissipation is supposed to only be effective near infinity. This assumption is
described by the following condition:

The coefficient a = a(x) is a bounded nonnegative function on G and satisfies

a(x) > Cy forall x: |x| > L

with some positive constant Cyp and some large positive constant L.
Here we may assume

V C BL(0) ;= {x e R": x| <L}.

So, the damping term behaves as in the case of a classical damped wave only outside
of a large ball around the origin. But, we do not require any dissipative effect around
the boundary dG (study in the literature the notions of trapping and non-trapping
domains). The question of existence and uniqueness of solutions to the above mixed
problem is of interest. The authors mention the existence and uniqueness of energy
solutions belonging to the function space

C([Os OO)? WZI,O(G)) m Cl ([07 OO), Lz(G))
to given data (¢, ¥) € Wzl’0 (G) x L*(G) (see Definition 24.22). The data space for ¢
takes into consideration the homogeneous Dirichlet condition on (0, co) x dG. Now,

let us discuss energy estimates. We define the total wave type energy (for the given
exterior domain G) by

Ew(u,G)(t) := ;/G(|u,(t,x)|2 + |Vu(t,x)|2) dx.

Then, straight forward calculations imply

Ey(u,G)(1) + /Ga(x)|u,(t, x)|>dx = 0.
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It follows that Ew (u, G)(¢) is a decreasing function for ¢t — oo. Therefore it seems
to be of necessity to ask whether or not Ew(u, G)(f) decays, that is, tends to 0 for
t — 0o. The main goal of [141] is to show that this really is true. The proof is based
on the following steps:

1. Let Gg := G N Bg(0) and let Ew(u, Gg)(¢) be the local energy for Gg. Then it
holds lim;—, o Ew (u, Gg)(¢) = 0.

2. Let¢ = ¢(x) be a smooth function localizing to large values for x. So, we assume
¢(x) = 1 for |x| > 2L and ¢(x) = O for x € Gr. Then we get for w := ¢u the
wave equation with “effective damping term”

wy — Aw +a(X)w, = —Vu - Vo —u A¢.

Defining the energy Ew(w)(f), there exists a sequence {#}, tending to infinity
such that the sequence {Ew (w) ()}« tends to 0.

3. Combining both results yields {Ew(u,G)(#)}x tends to 0 for k& — oo.
The decreasing behavior of Ew(u,G)(t) implies the desired decay behavior
lim;—o0 Ew(u, G)(t) = 0.

In the following sections we list results on local energy decay for solutions to several
models.

11.4.1 Behavior of Local Energies for Solutions to the Free
Wave Equation

Consider the following mixed problem for the free wave equation:

Uy — Au =0 in (0,00) x G, u(t,x) =0 on (0,00) x IG,
u(0,x) = ¢(x), u/(0,x) =y (x) in G,

where G C R” is an exterior domain with C*® boundary and compact obstacle V :=
R"\ G C Bg,(0). Due to Remark 11.1.1, the total energy Ew (u, G)(t) is conserved.
So, it is suitable to ask for decay estimates of the local energies Ey (1, Gg)(t), Gg :=
G N Bg(0). From a physical point of view the energy propagates along the wave
fronts (forward or backward). Hence, the motion stops after time passes unless the
wave front is trapped in a bounded set. Consequently, geometrical conditions to
the exterior domain G are expected. One reasonable condition to assume is that the
domain is non-trapping. For example, if V is not star-shaped we can, in general,
not expect any decay behavior of local energies. This was proved in [169]. It was
shown there that if there is a closed ray solution, then there is no rate of decay.
It is mentioned in [41] that the local energy decays exponentially fast if # is odd
and polynomially fast if n is even for non-trapping exterior domains G. One of
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the first contributions is the paper [142]. The author proves the following result in
dimensions n = 2 and n = 3.

Theorem 11.4.1 Assume n = 2 or n = 3. The data (¢, ¥) are supposed to satisfy
the condition (Vo, V) € L*(G) x L*(G). Moreover, the data have compact support
in Gg with R > Ry. Finally, we assume the existence of a smooth convex function
in G with positive normal derivative on 0G and equal to the distance sufficiently far
from the origin. Let u be an energy solution of the above mixed problem. Then, the
following energy inequalities hold for large t:

Ew(u, Gr)(t) < Ct2Ew(u, Gg)(0) for n =2,
Ew(u, Gg)(t) < Ce " Ey(u, Gg)(0) for n =3,
where the positive constants C and § depend on 0G, Gg and the support of the data.

One can find less precise decay estimates for local energies Ew (1, Gg)(¢) in higher
dimensions n > 4, too. The following result is taken from [90].

Theorem 11.4.2 Assume n > 2. The data (¢, ) are supposed to belong to the
function space Wzl,0 (G) x L*(G). Moreover; the data have compact support in Gg
with R > Ry. Finally, we assume that V is star-shaped with respect to the origin.
Let u be an energy solution of the above mixed problem. Then, the following energy
inequality holds for large t:

Ew(u, Gg)(1) < C(t — R) 'Ew(u, Gg)(0) forall t > R,

where the positive constant C depends only on R and the data.

11.4.2 Behavior of Local Energies for Solutions to the Elastic
Wave Equation

In Sect. 11.2.1 we introduced the total energy

1 1 1 .
Ew(0(0) = (1.3 + @ Vu(t ) + ) 2 = @) Jdivate. ) [

for solutions to the elastic wave equation. The paper [102] is devoted to the
following mixed problem for the elastic wave equation in an exterior domain
G C R
uy —a*Au— (b*> —a*)Vdivu = 0 in (0, 00) X G,
u(t,x) =0 on (0,00) x 3G, u(0,x) = ¢(x), u;(0,x) =¢¥(x) in G,
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where the positive constants a”> and b? are related to the Lamé constants and satisfy
b*> > a*. Here, G C R? is an exterior domain with C° boundary and compact
obstacle V := R*\ G C Bg,(0). The interior of V is supposed to be star-shaped
with respect to the origin. We recall that if the interior of V is not star-shaped, then
we can not expect any uniform decay rate of the energy (see [169]). In [102] the
following modified energy to Egw (u)(¢) is introduced:

1 1 1 .
Epy(u, G) (1) = 2||u,(t, .)||22(G) + 2a2||rotu(t, .)||22(G) + 2b2||d1V u(t, .)||22(G).

This energy is, in the case G = R?, equivalent to Egw(u)(z). Then, the energy
conservation ELy, (u, G)(t) = ELy(u, G)(0) holds. So, it is appropriate to ask for
decay properties of local energies. Using the local energy ELy, (u, Gg)(t), Gg :=
G N Bg(0), the following result was proved in [102]:

.
Theorem 11.4.3 The data (g—l;, ¥) are supposed to belong to the function space
Wzl,0 (G) x L*(G). Moreover; the data have compact support in Gg with R > Ry. Let
u be a weak energy (with respect to the energy Epy, (u, G)(t)) solution of the above
mixed problem. Then, the following decay estimate of the local energy holds:

Epy(u, Gp)(t) < Ct" for large 1,

where the constant C depends on R.

11.4.3 Behavior of Local Energies for Solutions
to the Klein-Gordon Equation

Consider the following mixed problem for the Klein-Gordon equation:

uy — Au+m*u =0 in (0,00) x G, u(t,x) =0 on (0,00) x G,
u(0,x) = ¢(x), u(0,x) = ¥(x) in G,

where m? is a positive constant, G C R” is an exterior domain with C* boundary
and compact obstacle V := R" \ G C Bg,(0). If we define the total energy of

Sobolev solutions to this mixed problem (cf. with Sect. 11.3.4) by

1
Exo(t, G0 =  (IVu(t.) s gy + 1) gy + 7t ) )

then, after using the homogeneous Dirichlet condition and integration by parts, we
obtain the conservation of total energy, that is, Exc(u, G)(f) = Exc(u, G)(0) for all
t > 0. Consequently, the behavior of local energies is of interest.
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To the authors’ knowledge the literature does not provide estimates of the local
energies Exg(u, Gg)(t), Gg := G N Bg(0), in the case of large classes of exterior
domains. But, we have such estimates for the domain G = R” (see [155]), so we
are interested in solutions to the Cauchy problem

Uy — Au+ m*u =0 in (0, 00) x R",
u(0,x) = ¢(x), u,(0,x) =Y (x) in R,

Theorem 11.4.4 Assume n > 1. The data (¢, ) are supposed to belong to the
Sunction space C§° (R") x C5° (R") with compact support in a bounded domain Gy C
R". Let u be a classical solution of the above Cauchy problem. Then, the following
energy inequality holds for large t > Ty > d(Gy):

Exc(u, Go)(1) = Ct™"Exg(u, Go)(0),

where the positive constant C depends on Gy and Ty. By d(Gy) we denote the
diameter of Gy.

The main tools used in proving this statement are explicit representations of classical
solutions, the existence of forward wave fronts of solutions and the fact that for large
times the integration is over the domain Gy only and taking account of the compact
support property of the data.

11.4.4 Behavior of Local Energies for Solutions
to the Classical Damped Wave Equation

Consider the following mixed problem for the classical damped wave equation:

Uy — Au+u, =0 in (0,00) X G, u(t,x) =0 on (0,00) x 9G,
u(0,x) = ¢(x), u(0,x) = ¥(x) in G,
where G C R” is an exterior domain with C°*° boundary and compact obstacle

V:=R"\ G C Bg,(0). Now, the damping term is effective in the whole domain G.
In [41] the authors proved the following result.

Theorem 11.4.5 Assume n > 2. The data (¢, V) are supposed to belong to the
function space Wzl.0 (G) x L*(G). Moreover; the data have compact support in Gg =
G N Bg(0) with R > Ry. Let u be a weak solution of the above mixed problem. Then,
the following energy inequality holds:

Exc(u, Gr)(t) < C(1 + 1) "Egc(u, Gr)(0)

with a constant C = C(R).
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Here the local energy of Klein-Gordon type is defined as in Sect. 11.3.4 for m?> = 1
by

Exc(u, K)(t) := ;/K<|u,(z‘,x)|2 + IVu(z‘,)c)I2 + |u(t,x)|2) dx

for all domains K C R".
The proof relies on spectral (semi-group) methods.

Remark 11.4.1 Compare the statements of Theorems 11.4.5 and 14.2.2. As opposed
to the estimates of Theorem 14.2.2, the dimension n appears in the local energy
estimate of Theorem 11.4.5.

11.4.5 Behavior of Local Energies for Solutions
to the Viscoelastic Damped Wave Equation

Consider the following mixed problem for the viscoelastic damped wave equation:

uy — Au— Au, =0 in (0,00) X G, u(t,x) =0 on (0,00) x G,
u(0,x) = ¢(x), u,(0,x) = ¥(x) in G,

where G C R” is an exterior domain with C*° boundary and compact obstacle V :=
R"\ G C Bg,(0) containing the origin. The total energy Ew (u, G)(¢) is decreasing
taking into consideration the following result (see [89]).

Theorem 11.4.6 Assume n > 2. The data (¢, ) are supposed to belong to the
function space (W3(G) N Wzl,0 (G)) x (W3(G)NW) o(G)). Then, there exists a unique
solution of the above mixed problem. The solution belongs to C' ([O, o), W2 (G) N
Wzlq0 (G)). Moreover, the total energy Evw (u, G)(t) satisfies the relation

Ew (1, G)(1) + /0 IVit(5. ) s gy ds = Ew(u. G)(0).

But, does the total energy Ew (u, G)(f) decay? If not, do we have at least some decay
of local energies?

To the authors’ knowledge there are no decay results for the behavior of local
energies Ew(u, Gg)(t), Gg :== G N Br(0). But, there are contributions on the decay
behavior of the total wave energy Ey (u, G)(¢) under special assumptions to the data
(see [89]). To explain these special assumptions we need a function d = d(|x|)
which is defined as follows:

d(|x|) = |x| for n> 3,
d(|x|) = |x|log(B|x|) for n =2,
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where B is a positive constant satisfying B|x| > 2 for all x € G. Besides a certain
regularity for the data ¢, ¥ (cf. with Sect. 14.3), we assume the compatibility-decay
condition

Id(-)(Ap — V)l 126y < oo
The following statement was proved in [89]:

Theorem 11.4.7 Assume n > 2. The data (¢, V) are supposed to belong to the
function space (W3(G) N Wzlq0 (G)) x (W3(G)N Wzlq0 (G)). Moreover, the data satisfy
the above introduced compatibility-decay condition. Let u be an energy solution of
the above mixed problem. Then, the following energy inequalities hold for all t > 0:

3
I+ DEww.G)(0) = C + G,

t
1
/ Ew(u,G)(s)ds < 2C2 + Cs, |u(t, -)||22(G) < 2C,.
0
The constants C, to Cs are defined as follows:

1
Ci = _Ew(u,G)(0) - 2(@5¢)L2(G)v

Cr= el + ColdO(Ag =)l -

— N =N W

1
G = ZEW(M’ G)(0) — 2(% V)ir) + Cas

where Cy is a suitable positive constant.
The constant Cj is related to the application of Hardy’s inequality. It seems
interesting to explain the sharpness of the compatibility-decay condition.

1. What about the behavior of the total energy if we use the assumption (Ap —) €
L?(G) only? Do there exist data (¢, ¥) such that the total energy does not decay?

2. What about the behavior of the total energy if we use the condition d(-)*(A¢ —
V) € L*(G) with a € (0, 1) only, assuming a weaker decay? Is there a relation
between the decay rate in the compatibility-decay condition for the data and the
decay rate of the total energy?

11.4.6 Behavior of Local Energies for Solutions to the Heat
Equation

Consider the following mixed problem for the heat equation:

u;— Au =0 in (0,00) X G, u(t,x) =0 on (0,00) x dG,
u(0,x) = ¢(x) in G,
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where G C R” is an exterior domain with C°*° boundary and compact obstacle
V = R"\ G C Bg,(0). Due to [20], for each ¢ € WZI’O(G) there exists a unique
Sobolev solution

u € C([0,00), Wi 1(G)) N C'((0, 00), L*(G)) N C((0, 50), W2(G))

to the above mixed problem.
If we define the total energy of Sobolev solutions to this mixed problem (cf. with
Sect. 11.2.2) by

1
En(u.G) 1) = u(t.) 726

then, after using the homogeneous Dirichlet condition and integration by parts, we
obtain the estimate

dEn(u, G)(1) + | Vu(t, ) |I72 (6, = 0,

that is, the total energy Ep(u, G)(¢) is decreasing. But, does it decay? Here we
refer to the paper [91]. To formulate the result we recall the function d = d(x)
of Sect. 11.4.5.

Theorem 11.4.8 Assume n > 2. The data ¢ is supposed to belong to the function
space Wzl,0 (G) and satisfies ||d(-)p|l12(G) < 0c. Then, the following decay estimates
are valid for the total energy and fort > 0:

C 1
Enw.G)0) = | 1d0¢lze. En(VeG@ < |, lelwe.
where the constant C depends only on G.
It seems interesting to explain the necessity of the condition “p € Wzl’0 (G) satisfies
the additional condition ||d(-)¢||;2(G) < 00.”

1. What about the behavior of the total energy if we use the assumption ¢ € Wzl,O (G)
only?

2. What about the behavior of the total energy if we use the condition
ld()¢lli2@) < oo with a € (0,1) only, assuming a weaker decay? Is there
a relation between the decay rate for the data and the decay rate of the total
energy?

To the authors’ knowledge the literature does not provide any estimates for the local
energies Ey(u, Gg) (1), Gg := G N Bg(0), in the case of exterior domains.

But, there might be a connection to local energy decay estimates for solutions to
the nonstationary Stokes system in exterior domains (see [97]). Consider in an
exterior domain G C R” the mixed problem for the nonstationary Stokes system
(see Sect. 2.8)

uy— Au+ Vp =0, divu =0 in (0,00) x G,
u(t,x) =0 on (0,00) x dG, u(0,x) = ¢(x) in G,
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where G C R” is an exterior domain with C*® boundary and compact obstacle V :=
R"\ G C Bg,(0). Taking into consideration the compatibility between conservation
of mass and initial condition the data ¢ is supposed to belong to the completion in
Li(G) of the set {f € (C{°(G))" : divf = 0} (cf. with the Helmholtz decomposition
of L1(G), [76]). The following result is taken from [97]:

Theorem 11.4.9 Let n > 3 and q € (1, 00). For any R > Ry there exists a positive
constant C = C(q, R) such that the following local energy decay estimate is valid:

lut, G < CA + 1) % ||l@llLe6)-

Remark 11.4.2 There are deeper relations between solutions to the heat equation
and the Stokes system. If we restrict ourselves to G = R”, then some of the results
of Chap. 12 can be generalized to solutions to the Stokes system (see [218]).

11.4.7 Behavior of Local Energies for Solutions
to the Schrodinger Equation

Consider the following mixed problem for the free Schrddinger equation:

1
;= Au=0 in (0,00) X G, u(t,x) =0 on (0,00) x 9G,
i

u(0,x) = ¢(x) in G,

where G C R” is an exterior domain with C°*° boundary and compact obstacle
V := R"\ G C Bg,(0). If we define the total energy of Sobolev solutions to this
mixed problem (cf. with Sect. 11.2.3) by

1 1
ESCh(”? G)(t) = 2 ||M(t, ')”iZ(G) = 2(“’ M)LZ(G)v

then after using the homogeneous Dirichlet condition and integration by parts
we obtain the conservation of total energy, that is, we may conclude the relation
Esen(u, G)(t) = Esan(u, G)(0) for all > 0. Consequently, the behavior of local
energies is of interest. Here we refer to the paper [208].

The domain G is supposed to be “non-trapping”. In this way we may exclude
the existence of closed ray solutions. The “non-trapping” condition is described
by Green’s function of the wave equation in G. It is assumed that singularities of
Green’s function tend to infinity for ¢ to infinity. This condition is satisfied in the
case where the interior of V is convex.

The following result is proved in [208].

Theorem 11.4.10 Assume n > 3. The data ¢ is supposed to belong to the function
space L*(G). Moreover, ¢ has compact support in Gg with R > Ry and Gy :=
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G N Bg(0). Finally, we assume the above conditions for the domain G. Let u be an
energy solution of the above mixed problem. Then, the following energy inequality
holds for large t:

Esen(u, Gor) (1) < Ct"Esen(u, Gr)(0),

where the positive constant C depends on 0G, G, R and n.

The proof relies on an explicit representation of the evolution operator associated
with solutions of the mixed problem and resolvent estimates for the operator (is &
AL

Exercises Relating to the Considerations of Chap. 11
Exercise 1 Show that the energies of higher order Ef{,(u)(t) of solutions to the
Cauchy problem

u;— Au =0, u(0,x) = p(x)

decay faster and faster, that is, an increasing k gives a faster decay.
Exercise 2 Prove the statement of Theorem 11.3.1.
Exercise 3 Prove the statement of Theorem 11.3.2.

Exercise 4 Prove the equivalence of the energies Epw(u, R*)(7) and EL,, (u, R*)(z)
introduced in Sect. 11.4.2.
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Chapter 12 )
Phase Space Analysis for the Heat Shethie
Equation

This chapter explains in an elementary way via the Cauchy problem for the heat
equation without and with mass term how phase space analysis and interpolation
techniques can be used to prove I” — L? estimates on and away from the conjugate
line ! + (11 =1, p € [1, oco]. Here we distinguish between L¥ — LY estimates for low
regufar and for large regular data.

12.1 The Classical Heat Equation

Let us consider the Cauchy problem for the heat equation
u, — Au =0, u(0,x) = p(x).

Applying the partial Fourier transformation yields for v(t,§) = F,¢(u)(t,§) the
Cauchy problem

v+ €70 = 0, v(0,) = F(g)(&).
Its solution is given by
v(1.§) = e FF(p)®).

After application of inverse Fourier transformation we obtain

u(t.x) = FL (P F () (6)).
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12.1.1 L?* — L? Estimates

Theorem 12.1.1 We study the Cauchy problem
u,— Au=0, u(0,x) = ¢(x).

Then, we have the following estimates for the derivatives d*0%u(t,-) of the solution
u(k+|a| >0):

1332t M < Ceat™ % g2,
133t o < Cral+ 07 % gl st
Proof Using the properties of the Fourier transformation it holds
O dule.x) = FL (D4 g P R (o) ©).
By Parseval-Plancharel formula (Remark 24.1.2) we get for ¢t > 0
2
2

e )l = |6 P E@ @ < |16 e @) @)

B | |2+l ot la]
B H p:

+ \sz\

P E(p) (€)

2
2

The term
Jar|
|2t el ot 5 glePr — (|§|2t)k+ 2 el

is uniformly bounded for a given k and « for all positive 7 and |§| by a constant Cy 4.
Consequently,

195 u(t, ) 7> < Crat > F(@)II}2 = Crat ™ @]},

This implies the first desired estimate.

Now we use the above estimate for > 1 only. We change our argument for small

times ¢ € (0, 1] as follows. We assume further regularity of ¢ and conclude the
estimate

2 2

10t )3 = | lgPe e P E@ @, < [1eP e @)

L L

2 2
2 < llellgaetial-

< |IEP I F ) @)

This implies the second desired estimate.
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Remark 12.1.1 Let us discuss the difference between both estimates. The ﬁ‘r‘st
estimate requires only L? regularity for ¢. We get for large ¢ the decay + %~ 2 .
But, this term becomes unbounded for + — 0. To avoid this singular behavior we

assume additional regularity H2*1?l Then, the decay is described by (1 4 7)~*~ 5 ,
a function that remains bounded for t — +0.

12.1.2 I? — L1 Estimates on the Conjugate Line

To derive L' — L estimates we use the representation of solution

u(t.x) = FL (e F() () = FiL (e7F7) + 0.
Here we applied the convolution rule and supposed the Fourier inversion formula

for ¢. Using Young’s inequality of Proposition 24.5.2 and the statements of
Theorems 24.2.1, 24.2.2 and 24.2.3 yield

ez, Iz < [FL (75 | oo Il < €72 @]l

for data ¢ € L'(R"). In the same way we conclude together with the statements of
Corollaries 24.2.1, 24.2.2 and 24.2.3 the following estimates for the derivatives:

|00 u(t, ) oo < |Fit (€% | ollolln < Coat™ % gl

This estimate and the L? — L? estimate of Theorem 12.1.1 allow us to apply
Proposition 24.5.1 to conclude a I’ — L? decay estimate on the conjugate line.

Theorem 12.1.2 We study the Cauchy problem
u,— Au =0, u(0,x) = p(x).

Then, we have the following estimates for the derivatives 3*0%u(t,-) of the solution
u(k+|a| =0):

o _k_\or\_n(l_l)
[10;0%u(t, e < Crat ™ 2 20 |l

forp € [1,2] and; + 31 =1

12.1.3 I? — L1 Estimates Away of the Conjugate Line

In the previous section we restricted our considerations to I’ — L? decay estimates
on the conjugate line. But, the range of admissible p and g is determined due
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to Young’s inequality taking account of the results of Sect.24.2.2. This issue is
discussed as follows. By the approach of the previous section we arrive immediately
at the following result.

Theorem 12.1.3 We study the Cauchy problem
u,— Au =0, u(0,x) = p(x).

Then, we have the following estimates for the derivatives 3*0%u(t, -) of the solution
u(k+ o) =0):

el _ngq_1
195 9%u(z, e < Crat™ 2 7207 |l

foralll <p<g<ooandl+ ! = l-1—117.
This result contains the interesting special case p = q.

Corollary 12.1.1 Under the assumptions of Theorem 12.1.3 we conclude the
estimates

el
I0f0%u(t, Yo < Crat™ 2 @l

forall 1 < q < oo.

This corollary is used to derive, for example, L’ — L? decay estimates with decay
function 1 + 7 instead of 7 (cf. Theorem 12.1.1). On the one hand, 3*9%u solves the
Cauchy problem for the heat equation if u does, supposing that the data A¥9%¢ have
the required regularity. While on the other hand we use the embedding of W} (R")

into L>°(R"). Both together give, with the previous corollary,
10705 (e, Yloe < ClA' O plloe < CIA R pllwy < Cllllytaesie

for all + € (0,1]. For t > 1 we apply Theorem 12.1.3 for ¢ = oo and p = 1.
Summarizing implies the following estimate:

o

el _n
1805 u(z. )loe < Cra(l + 077272l yarattier

Due to Proposition 24.5.3, interpolation between this estimate and the L? — L2
estimate of Theorem 12.1.1 leads to the following I — L7 decay estimate on the
conjugate line.

Corollary 12.1.2 Under the assumptions of Theorem 12.1.3 we conclude the
estimates

el _no1_1
1885 u(t. s < Cra(1 4077272072 ]|y ot
P

forallqufoo,ll)+; = 1,N,,>n([1)—611)f0rq€(2,00),N2=OandN1 =n.
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We are able to derive corresponding L’ —L7 decay estimates away from the conjugate
line. On the one hand we have the estimate of Theorem 12.1.3. Interpolating the
estimate of Corollary 12.1.1 for || = k = 0 and ¢ = oo with the embedding

WP (R™) < LP(R") for N, > . pe(l.00), Ny = .pe{liool,
p p

gives (see Definition 24.8 for the Sobolev-Slobodeckij space W;,V ")
(2. llzee = Cllgll 195 9% u(z, ) oo < Cllllyp+2etia

respectively, for all p € [1,00] with N, > [”7 forp € (1,00) and N, = [”7 for

p € {1;00}.
For ¢ € [1,00) we may conclude directly by using embedding theorems only.
Thanks to Remark 24.3.3 and the identity modulo norms (see Remark 24.3.1)

B, ,(R") = W,(R") for p € [l,00) and s ¢ Z
we have the embedding

(=)

W, (R") — LI{R") for 1 <p < g < oo.
Using the L? — L? decay estimate from Theorem 12.1.3 gives
llult, )z < C||<P||W;(},7},>a ||3ﬁ‘3f§u(n M < C||<P||W;(},—},>+2k+\aw
respectively, for 1 < p < g < oo. Summarizing all these estimates implies the

following statement.

Theorem 12.1.4 We study the Cauchy problem
u,— Au=0, u(0,x) = ¢(x).

Then, we have the following estimates for the derivatives 0*0%u(t,-) of the solution
u(k+|a| >0):

|l

k —k— |_n l_l
”at a,(rl“(n ')“L‘l < Ck,a(l +t 2 —2(1=) ||(P||Wn(171,>+2k+\a\
P

foralll§p§q<ooand1+;: l—}—[lj.

We complete this section with a corresponding result to Theorem 12.1.4 for Bessel
potential spaces H,(IR") (see Definition 24.9). If p € (1,00) and s, > 51 >
0, then we can choose the following chain of embeddings (see [179] and the

Definitions 24.8, 24.9, 24.11):

H2(R") = F([R") <> F2 (R < F3, (R") = W' (R").
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The embedding of H;?(R") into W;! (R") remains valid for nonnegative integers s, .
For this reason the following result is a consequence of Theorem 12.1.4.

Corollary 12.1.3 We study the Cauchy problem
u,— Au =0, u(0,x) = p(x).

Then, we have the following estimates for the derivatives d*0%u(t,-) of the solution
u(k+|a| >0):

el _ngq_1
089 (e, e < Cra 4+ 07 220D g paci

foralll<p§q<oo,1+;:i+11)andN,>n(1—i).

12.2 The Classical Heat Equation with Mass

Now we study the Cauchy problem for the heat equation with a mass term. We are
interested in understanding the influence of the mass term on L’ — L estimates. Let
us turn to the Cauchy problem for the heat equation with mass term

u— Au+mu =0, u(0,x) = ¢(x),

where m? is a positive constant. Applying the partial Fourier transformation yields
for v(t,§) = Fx-¢(u)(t, §) the Cauchy problem

v+ (E7 +mP)v =0, v(0,8) = F(p)(&).
Introducing the notation (£),, := /|£|? + m2, its solution is
v(t.§) = ¢ OF () ©).
After application of inverse Fourier transformation we obtain
u(t.x) = FeL (7O F(9) (6)).
Theorem 12.2.1 We study the Cauchy problem

u— Au+ m*u =0, u(0,x) = @(x).
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Then, we have the following estimates for the derivatives 3*d%u(t,-) of the solution
u(k+ o) >0):

la

el _m?
197 0% u(t. )z = Crat™ 2 € g2

2
198 8%u(t. Iz < Crae™ 1@l e

Proof We follow the proof to Theorem 12.1.1 to estimate

_ 2

197 3ute. )2 = ()56 e Fp)®)] -
_1m2 o _1 2
< e (e E e E () @) o
Remark 12.2.1 Comparing the estimates of Theorems 12.1.1 and 12.2.1 we see
that the mass term has an improving influence on L?> — L? estimates. We have
an exponential decay for t+ — oo in comparison with the potential decay of
Theorem 12.1.1.

We expect this exponential decay in more general L” — L9 decay estimates, too (see
the research project in Sect. 23.3).

Exercises Relating to the Considerations of Chap. 12

Exercise 1 Verify that the solution u = u(t, x) to the Cauchy problem for the heat
equation with mass

uy— Au+mPu =0, u(0,x) = p(x)

can be given by u(t,x) = e_’”z’w(t, x), where w = w(t,x) solves the Cauchy
problem

w,— Aw =0, w(0,x) = @(x).

Then derive L’ — L7 decay estimates not necessarily on the conjugate line for the
heat equation with mass.

Exercise 2 Let
K(t.) = FL (1§|7e 7).
Verify that for all r € [1, oo] and a > 0 it holds
1K = 30775 KA, ) o,

Hence, applying Young’s inequality to conclude the statement of Theorem 12.1.3, it
is sufficient to prove that ||K(1, -)||.- is finite.



Chapter 13 )
Phase Space Analysis and Smoothing for s
Schrodinger Equations

Consider this chapter as a brief introduction to some properties of solutions to
the classical Schrodinger equation with or without mass term. We continue the
discussion of I — L7 estimates for this special example of a dispersive equation.
In particular, we explain differences between expected results for the Schrodinger
equation and for those of the heat equation. In addition to these applications of
phase space analysis we discuss the topic “Smoothing effect” for solutions, local
and global smoothing as well.

Many thanks to Mitsuru Sugimoto (Nagoya) for useful discussions on the content
of this chapter.

13.1 17 — L1 Estimates

13.1.1 The Classical Schrodinger Equation

Let us consider the Cauchy problem for the Schrodinger equation
Diu— Au=0, u(0,x) = ¢(x).

We recall that D, := —id, (see Sect.3.1). Then one can show (cf. with the
representation of solution for the heat equation of Sect. 9.3) that

1
Q~/mit)

u(t,x) =

;=i
e w p(y)dy

is a solution of this Cauchy problem for a suitable class of data, let us say, for data
¢ from L' (R").
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One can derive a second representation of solutions by using Fourier multipliers.
Applying the partial Fourier transformation yields for v(¢,§) = F,¢(u)(t,§) the
Cauchy problem

v+ iEPv =0, v(0,§) = F(p)(©).

Its solution is

v(t, ) = e ¥R () (§).

After application of inverse Fourier transformation (we assume the validity of
Fourier’s inversion formula) we obtain

u(t,x) = FL (7P F (p) ().

13.1.1.1 L2 — L? Estimates
Theorem 13.1.1 We study the Cauchy problem
D — Au=0, u0,x) = @(x).

Then, we have the following estimates for the derivatives 8’;3?14(1‘, -) of the solution
u(k+ || =0):

198 0% u(e. )2 = NP0 @l < llll et

Proof Here we use the energy conservation Es.,(1)(t) = Esc,(u)(0) of Sect. 11.2.3
and the property that 3*3%u solves the Cauchy problem

D,(3¥0%u) — A(0F0%u) = 0, (3¥0%u)(0,x) = i*A* 3% (x)

under the assumption that A% belongs to L*(IR"). The proof is complete.

Remark 13.1.1 Let us discuss the difference between the statements of Theo-
rems 12.1.1 and 13.1.1. In Theorem 12.1.1 we explain the so-called parabolic
effect, that is, higher order partial derivatives decay faster and faster for r — oo,
where the order of derivatives appears in the decay rate. We can not expect
such an effect for solutions to the classical Schrodinger equation. One of the
reasons is that the conservation of energy Es.;,(u)(f) of Sect. 11.2.3 is in opposition
to the energy Egy(u)(r) of Sect.11.2.2, which is decreasing. Thus solutions to
Schrodinger equations behave similar to solutions to wave equations where higher
order derivatives of solutions do not decay faster (see Theorem 16.1.1 in Sect. 16.1).
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13.1.1.2 I? — L1 Estimates on the Conjugate Line

First we derive L! — L™ estimates.

Theorem 13.1.2 We study the Cauchy problem
Diu— Au=0, u(0,x) = ¢(x).

Then, we have the following L' — L™ estimates for the derivatives 3*3%u(t, ) of the
solution u (k + || > 0):

19585 ut, ) oo < Cr 2 IDI* 82|l
Proof Again we use 3*0%u which solves the Cauchy problem
D, (350%u) — A(070%u) = 0, (3}0%u)(0,x) = i*A*3%p(x)

under the assumption that Akac‘(p has the required regularity. So it remains to derive
the desired estimates only for u itself. Using the representation of solution

1 i \X—A;\'I2
= o [ e

we immediately obtain ||u(z, -)||zec < Cr™2||@||;1. The proof is complete.

Using the interpolation argument in Proposition 24.5.1, the statements of Theo-
rems 13.1.1 and 13.1.2 imply the following result on 7 — L? estimates on the
conjugate line for solutions to the Cauchy problem for the classical Schrodinger
equation.

Theorem 13.1.3 We study the Cauchy problem
Diu— Au=0, u(0,x) = ¢(x).

Then, we have the following [P — Li estimates on the conjugate line for the
derivatives 00 u(t, -) of the solution u (k + || > 0) for q € [2, 00]:

_nol__1
|13%0%u(z, )|ra < C 2%~ |ID*8% |10,

1 1
where =1.
P + q

Remark 13.1.2 By using a Littman type lemma (see Theorem 16.8.1) we may, at
least for p > 1, avoid in the last theorem the singular estimate at 1 = 0 by asking
for higher regularity for the data ¢, (see Theorem 16.8.4).

Remark 13.1.3 Contrary to the heat equation, one may not expect L’ — L estimates
for p # 2 for solutions to the Schrodinger equation (see page 63 of [122]).
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The last remark is one reason to introduce other classes of estimates, so-called
Strichartz estimates.

Remark 13.1.4 The solution to the Cauchy problem
Du— Au=0, u(0,x) = ¢(x)
satisfies the Strichartz estimates

lullr @t Lo@gnyy < Cl@llz@n
provided that

2
+"<" 2<r<c, (n,r) # (2,2).
r q 2

Every such pair (r,q) is called an admissible pair, sharp admissible pair if the
equality holds (see, for example, [109], the authors proved Strichartz estimates for
solutions to wave equations, too). Such estimates describe a certain regularity for
the solutions in terms of summability, but they do not contain any gain of regularity
(see next section). If we choose r = co and g = 2, then we get the same estimate
as in Theorem 13.1.1 for |a| = k = 0.

Remark 13.1.5 One has also Strichartz estimates for solutions to the Cauchy
problem

Dy — Au = F(t,x), u(0,x) =0
(see [109]). For any admissible pairs (r, ¢) and (7, g) we have the estimates
”"‘”L’(R‘,M(R”)) = C”F”L?/(RI,L&/(Rn))v

1 1 _ 1 1 _
Where;+;,—1anda+zj,—l.

13.1.2 The Classical Schrodinger Equation with Mass

Let us consider the Cauchy problem for the classical Schrodinger equation with
mass term

D — Au+ m*u =0, u(0,x) = (), m* > 0.

Defining the energies E%, (1) (f) we obtain, as in Sect. 11.2.3, the energy conserva-

tion EY, (u)(1) = EX,,(u)(0). If we introduce the change of variables v := ey,
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then the above Cauchy problem is transformed into
D, — Av =0, v(0,x) = p(x).
Consequently, we arrive at the following representations of solutions:

1 vy
el 4 d ,
Q+/mit)n / " 0 dy

u(t,x) = Fib (e F (p)(§)).

u(t,x) = emim’t

These representations allow us to apply the statements of Theorems 13.1.1 to 13.1.3.
In this way we may conclude the following result.

Theorem 13.1.4 We study the Cauchy problem
Dt — Au+ m*u =0, u(0,x) = ¢(x), m> > 0.

Then, we have the following [P — L1 estimates on the conjugate line for the
derivatives 050%u(t, -) of the solution u (k + || > 0) for g € (2, 00):

_nol__1
850%u(t, )| e < Cr 2~ | (D)% ]| .

X

1,1
where =1.
p + q

13.2 Smoothing Effect for Solutions

In Sect. 9.3.3 we explained the smoothing effect for solutions to the Cauchy problem
for the heat equation

u, — Au =0, u(0,x) = ¢(x).

There exist several ideas describing the smoothing effect. Using the representation
of solution

_l—yl?

1
= [ e

is one way to describe the differentiability behavior of u = u(t, x) in a neighborhood
of a point (#y, xo) with #p > 0 and xp € R".

In the treatment of nonlinear models one is interested in a global smoothing
behavior, that is, we expect some behavior of u(z,-) in some function spaces of
smoother functions than the given data. Such a global smoothing behavior was
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introduced already in Lemma 9.3.1. We will discuss these issues for solutions to
the Cauchy problem for the classical Schrodinger equation in the next two sections.

13.2.1 Local Smoothing Properties of Solutions

The paper [187] is one of the first studying this issue. One can find the smoothing
behavior (D)2u € L2 (R"*1) (cf. with Definition 24.20) for solutions to the Cauchy
problem

Du— Au =0, u(0,x) = ¢(x)

if the data ¢ is supposed to belong to L?>(R"). This result was, among other things,
independently obtained in [25] and can be described in the following form:

1
Ix{D)zull2 = Cyll@llr

for all test functions y = y(t,x) € C°(R"F1).
If we assume more regularity for the data ¢, then one can find, for example in [68],
the estimate (cf. with Definition 24.12)

1 o0
sup / Vu(t, )2 dxdr < Cllol, .
Re(0,00) R J 00 JBp H?

Here By denotes the ball around the origin of radius R. All these results hint to local
smoothing with an extra gain of regularity ; with respect to spatial variables.

13.2.2 Global Smoothing Properties of Solutions

On the one hand we have the energy conservation Egq,(u)(f) = Esen(u)(0) in
Sect. 11.2.3 for all + > 0. On the other hand, if we restrict ourselves to the one-
dimensional case n = 1, then after integrating the solution in # we conclude

sup | IDI2uC, )| 2(ery < Cligll
x€R

for any fixed x € R!. One can find this result in [111], see also [199]. The reader
can find an overview of results for global smoothing in dimension n > 2 in [181].
Among other things, the following estimates are given:

_ 1
LD ] ooy < Clllge fors > 1.

This type of estimate was given in [6] for n > 3 and in [23] for n > 2.
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2. (x)_‘(D)iu”Lz(R,,ﬂ) < Cll¢ll2@n fors > 1andn > 3 orfors > 1andn = 2.
This type of estimate was given in [106] for n > 3 and in [213] for n > 2. Here
one can also find the necessity of the conditions for s. That is, the estimate is not
true for s < 1 in the case n > 3 and for s < 1 in the case n = 2.

3. el D] o gy < Cllg e forae (1=1. 1),

This type of estimate was given in [106] for n > 3, « € [0, ;) orn =2, €

(0, ;) and in [199] for n > 2 for all admissible values of «. In [216] it is shown

that the estimate is not true for o = é

Remark 13.1 Let us explain some tools for proving the above estimates. One
possible tool is the so-called restriction property for Fourier transforms.
Suppose that M is a given smooth submanifold of R"” and that do is its induced
Lebesgue measure. We say that the L restriction property for the Fourier transform
is valid for M if there exists a parameter ¢ = ¢( p) so that the inequality

IF () ooy < ApgMo) || fllewn)

holds for all Schwartz functions f whenever M) is an open subset of M with compact
closure in M.
Authors are interested in proving restriction results as

IFA* N2 o1y < C/ Pl fllz@n)
for p > 0, where
pS"' ={E eR": |E| = p}.

This estimate implies the dual estimate to

sup [Au(x) | oy = Cllell)
x€R!

where A* is the adjoint operator to the operator A appearing on the left-hand sides
of the above explained estimates for global smoothing.
Another important tool is resolvent estimates of the type

$0p [(ROAT.AD] = CU sy

where R(¢) = (—A — ¢)™ ! is the Laplace transform of the solution operator e of
D;u — Au = 0, that is,

1 [ . .
R@) = . / ele! dr for I¢ > 0.
tJo

Other tools can be found, for example, in [181].
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For applications to nonlinear models it is useful to have smoothing results for
solutions to the Cauchy problem for the inhomogeneous Schrodinger equation

o —iAu = f(t,x), u(0,x) =0.

We explain only some results of [199]. Using Duhamel’s principle we get the
representation of solution

t
u(t,x) = / O (1, x) dr.
0

This representation implies immediately the estimate

t
|lue(z, ')”LZ(RK) 5/0 Il (s, ')”LZ(Rn)dS for any fixed t.

Integrating the solution in ¢ leads in the one-dimensional case n = 1 to the following
estimate (see [112]):

sup 1D Dl = [ 1l

x€R!

If n > 2, then we have the following global smoothing result (see [199]):

“ |x|a_l|D|S+a”“L2(Rﬂ+l) = C” |x|l_sf||L2(Rﬂ)

fora,s € (1 — ;,é .

Remark 13.2.1 The last estimate explains the effect “decay implies smoothing”.
The solution may gain regularity of positive order s if we assume a suitable decay
order of the source term f. Moreover, we may gain an additional regularity of
positive order o if we measure the regularity of solution in a suitable weighted L?
space.

The considerations of smoothing properties of solutions are not only restricted to
the model

Dt — Au = Du + ZkaM =1,
k=1
but are also done for more general models of Schrodinger type

Dtu + a(DX)u =fv

where the operator a(D,) is supposed to be elliptic. For instance, the interested
reader can find smoothing results in [212] for a(D,) = |D.|? with p > 0. In [199]
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one can find results for a(Dy) = p(D,)?, where p(§) > 0 is positively homogeneous
of order 1 and belongs to the class C*°(R"\ {0}). Moreover, a geometrical condition
for the level set X, = {£ € R" : p(§) = 1} (cf. with the stationary phase method of
Chap. 16) is supposed to be satisfied.

Finally, we mention further studies in this direction. We have already remarked that
estimates listed in 1. to 3. above are not true for critical indices, but sometimes are
true under a structural condition for smoothing factors. For example, on the one
hand the estimate

1 1
[1x172 D12 ]| o g1y = Clilli2eny
is not true, but on the other hand the estimate
_3 1
[1x72 e A D)IDI 21| o gty = Cll@ll 2y
is true for solutions to the Cauchy problem
Diu— Au=0, u(0,x) = ¢(x).

Here x A D = (x;Dy — x¢Dj)j<k denotes the rotating vector fields. This observation
was first found in [83] and a generalization for the Cauchy problem

D —a(Dy)u =0, u(0,x) = ¢@(x)

is also discussed in [181].
Exercises Relating to the Considerations of Chap. 13

Exercise 1 Determine a suitable class of data such that

1 i‘x_ztivlz
= o [ o

is a solution of the Cauchy problem
Du— Au=0, u(0,x) = ¢(x)

(cf. with Exercise 4 of Chap.9).

Exercise 2 Prove the statement of Theorem 13.1.4.



Chapter 14 )
Phase Space Analysis for Wave Models Shethie

This chapter treats in detail phase space analysis for wave models. We begin with
the elementary proof of well-posedness results for solutions to the Cauchy problem
for the free wave equation. The classical damped wave model serves as an example
of how to prove sharp decay estimates for the wave energy of solutions by using
phase space analysis.

Moreover, the so-called diffusion phenomenon is explained. This phenomenon
allows for a relation between classical damped wave models and heat models from
the point of view of decay estimates. From this point of view classical damped waves
are parabolic-like models. For the same model we show how additional regularity
of the data implies a better decay, an idea that is often used in the literature.

Then, the same issues are discussed for Klein-Gordon models and viscoelastic
damped wave models. Viscoelastic damping is introduced as a special structural
damping.

In the concluding remarks we describe some recent results of the authors, too. These
results are devoted to the question or the influence of time-dependent coefficients in
wave models on energy estimates.

14.1 The Classical Wave Model

We are interested in the Cauchy problem
Uy — Au =0, u(0,x) =), u(0,x) =v¥(x), xeR", n>1.

After application of partial Fourier transformation (v(t, §) = Frse(u(t, x))), we
get the auxiliary Cauchy problem

v + 1§70 =0, v(0,§) = Fp)(€), v(0,§) = F¥)()

© Springer International Publishing AG 2018 191
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for an ordinary differential equation depending on the parameter £ € R". For £ #£ 0
we have the general solution

0(1.8) = c1(E)e N 1 cy(E)el

The Cauchy conditions imply

c1(§) + c2(§) = F(@)(§), —ilElc1(€) + ilglca(§) = F(¥)(E).

It follows then that

1 1 1 1
A =, FOO ~ 0 FOIO. @@ =, FOE + . FO)E)

Setting these coefficients into the general solution gives

0(1,£) = cos([E|NF(@)(E) + Smgf'” F)(©).

Supposing for a moment the validity of the Fourier inversion formula (see
Sect. 24.1.4) u(t,x) = F ‘- _Lx(Fx_,g(u(t, x)) (the validity must be checked at the
end of our considerations) we arrive at the following representation for u:

sin(|§[2)
I§]

Sometimes we shall use instead the equivalent representation

u(t,x) = FE4, (cos(EIDF(@)(®)) + F2, FW®)).

ule.0) = FEL (70 F@I©) = FEL (79 P @)

| ; 1
(M F@@©) + FL(A ) FO®).

This representation consists of so-called Fourier multipliers

FL (a1, §) F(uo) (§)).

Here ¢ = ¢(t,&) is part of the so-called phase function and a = af(t, §) is the
so-called amplitude function.

For the given data we assume ¢ € H*(R") and v € H*"'(R") with s > 1
(see Definition 24.9). Taking into consideration Theorem 11.1.2 we know that any
solution (if it exists) possesses an energy Ey (u)(¢) for all £ > 0.
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Theorem 14.1.1 Let ¢ € H*(R") and ¥ € H*'(R"), s > 1, n > 1 in the Cauchy
problem

uy — Au =0, u(0,x) = @), u,(0,x) =Y(x).
Then, there exists a uniquely determined energy solution
u e C([0.T],H'(R")) N C'([0,T]. H*~'(R")) forall T > 0.
Proof The uniqueness follows by Theorem 11.1.2. A solution is given in the form

sin(|§]2)
I§]

For this reason it remains to verify that this solution satisfies the desired regularity.
First, we explain how the assumptions for the data are transmitted to the Fourier
transforms of the data. We have

u(t, x) = F, (cos((ENF(@)®) + Frb (0 FONE)).

F(p) = F(p)(§) € L**(R"), thatis, (£)°F(¢) € L*(R"),
F(y) = F(y)(€) € L**7'(R"), thatis, (§)'F(y) € L*(R").

In the further considerations we use the following estimates:

o Jeos(lg|N] =1,
o Isin(|§[n)| = [§]r < |§|T for [§] < eand 7 € [0, T],
o |sin(|€]f)] < 1for || > eand 1 € [0, T).

Thus, we may conclude
[F(y) ()]
(&
()o@, §)| < (E)'|F(@)(©)] + Cle, D{E) T IFW)(©)I,

[v(@.§)| = [F(p)()] + C(e.T)

respectively. These estimates lead to v € L™ ((0, T),L>* (R”)). In the same way we
are able to derive the property d,v € L™ ((0, T), L[>~ (R”)). It remains to prove

v e C([0, 7], L**(R")) N C' ([0, T], L*>* " (R™)).
The property v € C ([O, T),L** (R”)) follows from the relation

lim ||v(t1,-) — v(f2,*)||;2s = O for 1,5, € [0, T].
n—n
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Using the explicit representation of solution we conclude as follows:
[ w6 = e P> d
< [ Jsin () sin (1) rer e ae
+/n cos (|§|(l1 + 1)
Let Kz(0) C R” be a sufficiently large ball around the origin with radius R. We

2
divide the integral [, in or into the two integrals |, e T f]R”\ Kz (0) - Using the above
estimates it holds

/” ‘ Iél(tl + tz)) (ISI(tl — n))‘le(w)(E)lz(g)Zf "
=/K(0J““(|§|(tlz+t2)) Y S R IRGRE

# L ()i () i i i

) <|§|(t1 tz))‘ |§|2|F(w)($)|2(§)zsd5.

2 _ 2
<[ T rgopera s [ Reere
Kr(0)

4 R\K (0)

for |t} — 1| < &(R). The first integral at the right-hand side is estimated by Cg(#; —
5)?||F(@)||? 72+ Using the continuity of the Lebesgue measure, the second integral
is estimated by 2(R), where (R) tends to O for R to infinity. Summarizing we obtain

S NEOIGIRGRE

. (|§|(l12+ lz)) sin (|$|(l1

lim sin
1—>n n

< lim Cr(t — 0)*|[F(9)|[7., +ER) =E(R).
n—n
Taking account of 2(R) — 0 for R — oo we conclude

lim
n—n Rn

Sin(|é§|(l1 + 1)

Y sin (B 7Y Firiy@eeas = o

Repeating this approach yields

cos (611412 g (810 =02 PO
2

, oo &dE=0.

lim
n—n R
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Consequently, we have shown v € C ([O, T),L** (R")). The validity of the Fourier
inversion formula for functions from H*(R") (see Sect.24.1.4) implies u €
C ([O, T, H* (R")). The same reasoning implies

ve ([0, 7],L2*7'(R"), ueC'([0,T],H'(R")),

respectively. Here we again use the Fourier inversion formula.
The above considerations imply that the Cauchy problem for the free wave equation
is H* well-posed, even for all s € R'.

Corollary 14.1.1 The Cauchy problem
uy — Au =0, u(0,x) =9pkx), u(0,x) =v(), xeR", n>1

is H well-posed, s € R, that is, for given data ¢ € H*(R"), ¥ € H'(R") there
exists a uniquely determined (in general) distributional solution

u e C([0,T],H'(R")) N C'([0, 7], H* ' (R")) forall T > 0.

The solution depends continuously on the data, that is, to each ¢ > 0 there exists a
8(g) such that

ey = @allis + 1¥1 = Vallpe—r < 8 implies

w1 — wall o, 5500 qo.1 - 1) < E-

Up to now we have become aquainted with two different ways to represent solutions
of wave equations. On the one hand we know the representations from Theo-
rems 10.1.1, 10.5.1 and 10.5.2. On the other hand we got to know representations
consisting of Fourier multipliers. Is it possible to transfer one representation to
another?

In the 1d case we have the representation of solution

utt0) = 2 (¢ 4+ ) Fio))

(- ) L FONG).

How can we derive from this representation formula the d’ Alembert’s representation
formula from Sect. 10.1? To answer this question the reader should solve Exercise 2.
What about generalizations to higher dimensions? From the representation

SInCEID gy )
£l

sin(|§]2)
I§]

v(2.§) = cos(|§[)F(p)(§) +

_ at(sin(lélt)

€| F(y)(©€)

Fl)®) +
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it follows

sin([&])
&1

Therefore, we only have to study

sin(|§[1)

(e, ) = 8,75 ¢

F@)®)+F, (70 F®).

(M F®).

What is the main difficulty in the discussion of the last Fourier multiplier? Which
methods do we find in the literature to overcome these difficulties?

What are the advantages and disadvantages of the application of the method of
Fourier transformation to study wave equations?

Choosing data from Sobolev spaces we have no loss of regularity (see Theo-
rem 14.1.1) with respect to the spatial variables. The approach is independent
of the spatial dimension n. But, special qualitative properties of solutions of the
wave equation as existence of forward or backward wave front, or finite speed of
propagation of perturbations or domain of dependence are much more difficult to
get by using Fourier multipliers in the representation of solution.

14.2 The Classical Damped Wave Model

First of all, we mention that solutions to classical damped wave equations have
qualitative properties as existence of a forward wave front, finite propagation speed
of perturbations or existence of a domain of dependence.

14.2.1 Representation of Solutions by Using Fourier
Multipliers

Let us turn to the Cauchy problem
M” - AM + M[ = O, M(O,x) == @(-x)v M[(Os'x) = W(x)'

Step 1 Transformation of the dissipation term into a mass term

We introduce a new function w = w(t, x) by w(z,x) := e2! u(t, x). Then, w satisfies
the Cauchy problem

Wy — Aw — iw =0, w0.x) =), w(0,x) = ;w(X) + ¥ (x).



14.2  The Classical Damped Wave Model 197
Opposite to the Klein-Gordon equation now appears a negative mass term. This
negative mass needs some special considerations.

Step 2 Application of partial Fourier transformation

The application of partial Fourier transformation gives the following ordinary
differential equation for v = v(t, §) := Fre(w(t, x))(t, §):

vt (6P = v =0, v(0.6) = w(®) = Flo)®).
w(0.8) = vi(®) = ) F@)E) +FW)(E)

We make a distinction of cases for {§ € R" : |§| > é} (the coefficient |§|*> — i is
positive) and for {§£ € R" : |§| < é} (the coefficient |£]? — }1 is negative).

Case ] {&:]€|> 1}

Using |§|*> > | we define a new positive variable || by [n]* := [§> — } > 0.
So, we get the ordinary differential equation v, + |n|?v = 0. Taking account of
the results from Sect. 14.1 we obtain immediately the following representation of

solution v (¢, §):

sin (+/|E]2— 1 ¢
v(r,s)zcos(\/w-ir) 0(§) + (Viee=2) 01(8).
Jler =1
Case2 {&:|&] < ;}
The solution to the transformed differential equation is
(@ u® i
6= (57 e )
wE | n® e
H e
= vg(£) cosh (;\/1 — 4|$|2t) + \/fv_l(j)gp sinh (;\/1 — 4|.§|2t).

If we consider the Cauchy problem
uy — Au+u, =0, u(0,x) =), u(0,x)=v(x)

with data ¢ € H*(R") and v € H*"'(R"), then we conclude from the above
representations of solutions the next result after taking into consideration that only
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the behavior for large frequencies is important for the regularity of solutions. The
continuity with respect to ¢ is proved as in the proof to Theorem 14.1.1.

Theorem 14.2.1 Let the data ¢ € H*(R") and v € H7'(R"), s € R, n > 1 be
given in the Cauchy problem

uy — Au+u; =0, u(0,x) = @x), u,(0,x) = Y (x).

Then, there exists for all T > 0 a uniquely determined (in general) distributional
solution

u e C([0,T],H'(R") n C'([0, 7], H*'(R")).
We have the a priori estimate

leat, ) lrzs + Metr (2, ) | gs=1 = CD (@ llars + 19 1 zs-1)-

Finally, the solution depends continuously on the data.

Remark 14.2.1 The statements of Corollary 14.1.1 and Theorem 14.2.1 coincide.
The dissipation term has no influence on the regularity of solutions. Dissipation
terms have an essential influence on energy estimates as they produce a decay of the
energy. This will be explained in the next section.

14.2.2 Decay Behavior and Decay Rate of the Wave Energy

From the considerations in Sect. 11.3.2 we know that the wave energy Ey (u)(?) of
Sobolev solutions to the Cauchy problem

Uy — Au + Uur = O, u(O,x) = (p(-x)s ul‘(ov-x) = W(X)

is a decreasing function if Ey (1)(0) is finite.

Applying phase space analysis allows us verify that the energy Ew(u)(f) is even
decaying for + — oo. We are able to derive for Ew (u)(¢) an optimal decay behavior
with an optimal decay rate.

Theorem 14.2.2 The solution to the Cauchy problem

uy — Au+u, =0, u(0,x) =¢x), u(0,x)=y¥(x)
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with data ¢ € H'(R") and y € L*(R") satisfies the following estimates for t > 0:

lut. )l < Clllz + 1V lla-1).
V(. )z < €+ 072 (el + 1¥]2).
et )2 <= €A+ D7 (ll@llen + 1 122)-

Consequently, the wave energy satisfies the estimate

Ew()(®) = A+~ (llelzy + 1v1Z)-

Remark 14.2.2 We see that the kinetic energy decays faster than the elastic energy.
To get these estimates we suppose for the data (¢, ) the regularity H' (R") x L2 (R")
which is stronger than the regularity H' (R") x L2(R"). The last regularity guarantees
a Sobolev solution becoming an energy solution. Try to understand what kind of
estimates we would have in the case of data belonging to H'(R") x L2(R"). In
which step of the following proof do we use the assumption ¢ € L*(R")?

Proof Step 1  Transformation of energy in the phase space
Let &t be the Fourier transform of u, that is, i(t,§) = Fye(u(t,x))(t,£). We
transfer the energy in the phase space as follows:

1
Ew()(@) = (IVu(. )13 + lue. )1 )
1 . N
= (gl )13 + . l1)-
Here we applied the formula of Parseval-Plancherel from Remark 24.1.2. After

introducing u(t, x) = e‘étw(t, x) and v(t,§) = Fyz(w)(1, §), it follows u(z, §) =
e‘é’v(t, &). For the elastic energy we will use

~ _1
|Eli(r, &) = e72" |Ev(. §),
for the kinetic energy we will use
(1. = ¥ (w06 — ) v(.6).
! 2

Step 2 Estimate of the solution itself

We divide the phase space Rg‘ into several regions.
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Casel {§: |5z 1}

The representation of solution yields

|U1(§)|)'

a6 = e (@l +

Case2 {§: [ e (}.D)

The representation of solution yields

a2, §)] < Ce™ (|vo (&) + [v1(£)])

with a suitable positive constant 8.
Case3 {&: |E| =}

The representation of solution yields

la(t, £)] < C(lvo(®)] + [vi(&)]).

Summarizing, we conclude the first estimate.
Step 3 Estimate of the elastic energy

We divide the phase space Rg‘ into several regions already motivated in
Sect. 14.2.1 (cf. with Cases 1 and 2 there). We shall use the notations from the
previous section.

Casel {£: |§]> 1}

First we notice

sin (/1612 = 1)
I =L

Using the formula of Parseval-Plancherel from Remark 24.1.2 helps us to estimate
the elastic energy ||Vu(t, -) ||i2 We have

£la(r, ) = e cos (\/mz — 1) Felu®) + 1 E01(®))

JePlacoP g <2( [ e de

&> 5

NENE O oo 1y = /g

sin? (y/|€]2 — ¢
4 / (Vi =11 P EP v (8) 2 d
1<lgl=1 (\/mz_ zltt)z

sin®
<C
o2 =

-
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e PO )

4
-~ -

<C
<20 [ eP@Pds + e [ m@Pde + et [ P e

Summarizing, we obtain an exponential decay for large frequencies. It holds

/s [Pl €) d < Ctze"/ (IEP1vo®)* + [v1(§)I) dE.

2 R

We need the regularity H'(R") x L2(R") for the data (¢, /).
Case2 {&:|¢| < é}

To estimate the elastic energy we use

|E|iu(t, &) = |z§|e—£t((vo(§) _ vi(§) )e_£\/1_4‘5‘2t

2 V-agp
W@ 06\ )i
0 1 D) )

1 |
= vo(£)|€] cosh (2¢1 _ 4|g|zt)e—2,

2v1(6)[é|
+
V1 - 4gP

We divide the interval (0, é) for |&| into two subintervals.

Case2a {§:[§| €[], ;)}:

Here we estimate as follows:

sinh (; V1 —4jg)? t)e—i’.

Ellite. O] = | @)l cosh (V1 — 4l 1)

_—

§cosh({3 1)
sinh(;\/l —4|g|2z)

+
2 V1 —4lE P

< Ct cosh( “{3 1)

ANGIE

-

-

3 3
§‘v0(§)|$|cosh(\: t)e—i’ +CU1(g)|g|cosh(*: z) et |,
< e:}:-8>0 S < e:;:-5>0
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and obtain with a suitable positive constant § the estimate

[ 1 EP i )17 dE < Ce“”/ (IEP o ®)1” + [v1(§)*) dé.
4 <lEl< R

2

Here we get an exponential decay and use again the regularity H'(R") x L*(R") of
the data (¢, ¥).

Case2b {&:|£| € (0, i)}5
By using the property

y

2./x

ity < Jx+ forany x >0 and y > —x,

it follows the inequality
1
—4EP < — 1+ V1 - 42 < <208 for [£] < .

With this inequality we proceed as follows:

RGRERUIRE

_~
e <20

= /|E| 1 (|U0(§)|2|‘§|2 + |vl(§)|2|§|2)(e:r_\/l_‘”é‘z_:+e:’+\_<i_—4lél":) g

sce [ (n@PKF + I ©PIE?) ds
6l
+ C/ (100(®)2 + [v1(6) ) £ Pe2E g
6l

For + > 1, we may estimate the second term on the right-hand side of the last
inequality by

c / (b0 (®) + [v1 ()) g2 a
GEY

2
<c s T [ (u@F + @) de

El<l =1 !

1 _
sl s g A; ([00@®)P + [v1(§)P) de.
lel<}, =1 !

<cC
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For ¢ € [0, 1], we use ||~ 2" < C. Summarizing, we have shown for small
frequencies

[ i oras = ca o [ (n@F + 1w

In this case we need the regularity L?>(R") x L?(R") for the data (¢, ¥).
Summarizing all estimates of the Cases 1 to 2b we may conclude the desired decay
estimate for the elastic energy.

Step 4  Estimate of the kinetic energy
. . 2 _ A 2 .
We use the identity | u,(t, ')”LZ(R;?) = ||lu (2, -)||L2(R,§) with

w(t, &) = e_ér (v,(t, £) — ; v(t, {:))
Case I {&:1€|> )}

Using

vi(t,§) = \/IEI2 Sln \/I%‘I2 vo(%‘)+COS \/IEI2 vl(E)

we obtain

. 1
B (1, §) ze‘i’(vl(é)(COS(\/E'z_ 41; 1) - ;sm(\/l?z_ jt))
Jige -

— 0@ beos (Il = | 1) + il — | in (e -

Repeating the approach for estimating the elastic energy gives

”’%(L ')”iz{\fbé}

sin (/2 - |
sc/> @) ((cos ( \/|s|2 - \/\/sv v ) dt

- -

SC(l+t)2
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+ C/s>; e—’|vo(s>|2(\/ls|2— f‘sin(\/lél2 - 411 )

+ écos(\/|§|2— i tz)zdé.
<C

The inequality (|£]> — ) sin® (\/léﬁl2 - t) < |&|* implies for {¢ : |§] > }}

J.

We need the regularity H'(R") x L?>(R") for the data (p,¥) and obtain an
exponential decay in time.

Case2 {&:1€| <)}

N OF d < 1+ 0% [ (EPI@F + [n©P) .

> Rn

We get immediately
u(t,§)
_ ;e—%f(\/l — 4|¢|? sinh (;\/1 — 4|g|2t) — cosh (;\/1 - 4|$|2t))v0(§)

+e—£f(cosh (; V1 — 4fg]? t) - sinh (; V11— 4jg)? t))vl(g).

1
Vi-4gp
Again we divide the interval [0, é) into two subintervals.

Case2a {§:[§| €[}, ;)}:

Here we show the exponential decay of the kinetic energy. On the one hand we
use

cosh(;\/l - 4|§|2t) + sinh(;\/l - 4|§|2z) < 2cosh(‘fr),

on the other hand we use

‘\/1 _14|§|2 sinh(;\/l —4|§|2t)‘ < C,t for ;\/1 —4EPr<e.

Both estimates lead to

18t sy = € /R (EPO® P + [ @) dt
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with a suitable positive §. Here we need the regularity H'(R") x L?(R") for the data
(¢, ¥). Moreover, we derived an exponential decay in time.

Case2b {£:)¢| < }1}:

In this case we obtain

ilt(t, S) _ (UO(E) + Ul(g) )(\/1 —4|§|2 _ 1)e_£[+%\/1_4|5|2t

4 2,/1—4|g?
_(v@  n® AR — =3 1-4fel
(", 2\/1_4%_'2)(\/1 452 + 1)e .

Hence, we can estimate as follows:

|t (2, )| < )(2\/11)1554)%'2 N vof))(l/l _ﬁ|z_l)€—;r+ﬁl_4|g|z

<-2l¢? <eml6P1 Jgl< )

Recalling the estimates for the elastic energy, a similar approach leads to

it ) 7221y < € [ (w0 P + i @P)IEN (e + ) a

l§l< 4

< e / (I00®)? + 1)) dé
€<}

4

+ C/E \ (|v0(§)|2 + |v1(§)|2)|§|4€_2|§|2tdg

< e / (I00©)? + 1)) de
€<}

4

1 a2
+CL sup Plgfte / (0@ + [ ©)P) dé
i<l 21 lEl<}
N :: -

sce [ (n®F + ln©P) de
|§1<

4

C ) 5
oo [ (@ + @)

<4 ft)z /R (@) P + i ©F) .
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Here we need the regularity L?(R") x L*(R") for the data (¢, ¥). Summarizing all
the estimates from the Cases 1 to 2b we have proved the third inequality for the
kinetic energy.

Thus, all statements from the theorem are proved.

Which part of the phase space does the decay behavior of the energy influence?
The decay behavior is influenced by the small frequencies. But, which properties
of solutions do the large frequencies influence? The large frequencies influence the
necessary regularity of the data.

The reader can find a detailed discussion on the classical damped wave model in
[131].

14.2.3 The Diffusion Phenomenon for Damped Wave Models

We discussed in Chaps. 9 and 10 properties of solutions to heat and wave equations,
respectively. At first glance the properties of solutions to heat or wave models are
completely different. One does not expect any relation between heat and wave
models. In general this is true, but, already Exercise 5 at the end of this chapter
hints at something.

So, to what does this exercise hint?

From time to time mathematicians use instead of the heat equation w, — w,, = 0,
which solutions possess an infinite speed of propagation, the damped wave equation

Uy — e + u, = 0, €2 > 0 is small. Now, solutions have a finite speed of
propagation. The speed depends on €. One can prove the relation lim,_ u(z, x, £) =
w(t, x).

The main result of this section is a relation between solutions of the heat and
of the classical damped wave equations. Recalling estimates from Chaps. 9 and 10
motivates this desired relation. On the one hand we have from Theorem 12.1.1 the
a priori estimate

lwt, )2 < Cllell;z for solutions to w, — Aw = 0, w(0,x) = ¢(x).
On the other hand we have from Theorem 14.2.2 the a priori estimate

lle(t, )2 < C(||<p||Lz + ||1ﬂ||H—1) for solutions to
Uy — Au+u, =0, u(0,x) =), u(0,x) = v¥(x).

Problem Let (¢, V) be given data in the Cauchy problem for the classical damped
wave equation. Can we find a data ¢ in the Cauchy problem for the heat equation
such that the difference of the corresponding solutions u(t, ) — w(z,-) decays for
t — oo in the L?-norm? Take into consideration that the estimates for ||u(z, )| 2
and ||w(t,-)||;2 are optimal, thus we can not expect any decay for r — oco. If we
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show that the difference decays in the L2-norm, then it is said that the asymptotic
behavior of both solutions coincide for t — oo.

In the following we give a positive answer to this last question. This effect is
called diffusion phenomenon, which was originally observed in [88] and was, for
example, studied among other things in the papers [150, 228], and for an abstract
model in [93].

To apply the above a priori estimates for solutions to the Cauchy problem for the
heat and for the wave equation as well we assume ¢, € L>(R"). Then let us turn
to the Cauchy problems

Uy — Au~+u, =0 and w,— Aw =0
u(0,x) = (),  u(0,x) = Y(x) w(0,x) = @(x) + ¥ (x).

We introduce a cut-off function y € CF°(R") with x(s) = 1for |s] < § < 1
and y(s) = 0 for |s| > & which localizes to small frequencies. Then, we have the
following remarkable result.

Theorem 14.2.3 The difference of solutions to the above Cauchy problems satisfies
the following estimate:

[P (@ Pt (w0 = wie)) |, = €A+~ 10 W)z

Proof We use for small frequencies |§] < ; the following representation for the
solution u = u(t, x) from Sect. 14.2.1:

Fx—)é(”) (ts E)
V@) + F(w)(s))e_; i
V- 4lgP
F@)(®) + F(Iﬁ)(é))e; Vi)
V1= 4gP

We have for w = w(t, x) the representation of solution

= ((F e -

+(LFO© +

Fisew)(1,6) = e EP1(F(p)(§) + F(W)(§)).

Taking into consideration the relations

2
~/1+s=1+;—s8 + 0(s%)

1 K
and =1—"_"40(? for s > 40
J1+s 2 (")
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we get

V1I—4g2 =1-2[8 - 20¢]* + 0(€|*)

1 _ 2 4 R
and \/1 _4ep =1+ 2| + O(|§|") for |E] — +0.

These relations allow us to conclude

[P (@ e (.0 = wie.0) ) |, = | 1@ F e (wte.5) it 0)

H L2 L2

= [x@((Fe® - (Fe)© + F)©)
HLF@® + F@)©)0(leP)) e ot
+ (GF@® + (LF@)© + F®) + (FO)© + 200 ®) &
H(SF@E) + F@)©)0(lel) )bk o=
— ¥ (Fo)© + FO®))

2
On the one hand we have

1)~ Fan @ + (L Fo)E) + Fu)©)0gE ) el +oER

< Ce (@, ¥)llr2

12

with a positive constant ¢ < 1 depending on the support of y. On the other hand we
have

[ 1® ((F@@© + FO)@© + (F@)® + 2P @)1
+(LFO©) + F©)olEr)
« e~ lsP =181 0g1%) e _ e—\E\Zt(F((p)(g) + F(I//)(g)))

12

= HX@) (F(@)(€) + F(y)(§)) (e_|§|2t—|§|4t+0(\§\6)t _ler t)

12

o ((Fo@© + 2rwr@)er
+(;F(¢)(E) + F()(©)O[g[*) ) e ¥ ety

2
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We denote the two norms on the right-hand side of the last inequality by J; and by
J>. Let us assume ¢ > 1. So, we obtain the estimates

= | x®F@E + FO@) el + 0(gl*) ne

1
o / ol 10U s g
0

~ —_ —
<l

12

4.2
§1°7 —jeps
t

= 1@ (F@)® + F)©)

L= Wl

and

L= @ ).

2
1 = @ F@)© |+ IFp) @) T e

For ¢t € (0, 1] and for k = 1,2 we have

Ji = Cll(@. )2

Summarizing all derived estimates gives
Je < CA+ 7@, ¥)ll 2 for k=1,2.

The proof is complete.
The diffusion phenomenon contains the information that the solution to the Cauchy
problem

Uy — Au + us = O, u(O,x) = (p(-x)s M,(O,X) = W(X)

has asymptotically a parabolic structure (compare with the behavior of solutions to
the Cauchy problem for the heat equation) from the point of view of L?-estimates
for the solution itself.

Why do we consider the diffusion phenomenon only for small frequencies?

Due to the considerations from Sects. 12.1.1 and 14.2.2 we conclude for large
frequencies and for large times ¢ the estimates

IFL (L= X @) 2 < Coe™ [l (0, ) I.2

and

IFL (1 = 2@t )z = Coe™ (@, ).z

with some positive constants C; and C;.
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Thus we already have an exponential decay. This is optimal. There is not any reason
to study in detail the difference of Fourier transforms localized to large frequencies
for a better decay than the exponential one.

14.2.4 Decay Behavior Under Additional Regularity of Data

We learned in Theorem 14.2.2 that the energy of solutions to classical damped wave
models decays. This decay becomes faster under additional regularity of the data
(¢, ¥). Let us turn again to the Cauchy problem

Uy — Au + Uur = O, u(O,x) = (p(-x)s ul‘(ov-x) = W(X)

under the additional regularity assumption (¢, ¢) € L™(R") x L"(R"), m € [1,2).
In the following we restrict ourselves to explaining modifications in the treatment,
in particular, how to use this additional regularity. For large frequencies we do not
change our approach because under regularity H' (R”) x L*(R") of the data we have
an exponential decay. But, for small frequencies the additional regularity L™ (R") x
L™(R") leads to better decay estimates.

Setting

and after using Holder’s inequality we get
A &2
IIElat )12y, < € /I%_| e P (o @)P + i @) d
<4

(|§|2€—|§|2t)5 dS) r

2—m

(&Pes) " ag) ™

< (ol + o) ([

1
l§l<4

< (Il + i) ([

l§l< 4

Here, m’ € (2, 00] is the conjugate exponent to m € [1,2) (see also Sect.24.1.2.1).
Let us only estimate the integral on the right-hand side. By using polar coordinates
we obtain for large ¢ the estimate

1
2 2 4 2 2
/ |2 e P g = ¢ / P e A L i
lel< 0

m

S e Rl R
tm 0 2—m
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Summarizing implies

_ n2—m) 1

1+tm) m

8l &)1 a1, < €( -

(lellzn + 1 117n)
_ n@2—m) _
< Cu(1 4072 Yllgl2n + l¥]12).

Mapping properties of the Fourier transformation (see Remarks 24.1.2 and 24.1.3)
explains why we suppose additional regularity L™ (R") for m € [1, 2), only.

Similar estimates can be derived for ||8£ft(l, $)||i2{\s\< » withj =0, 1.
4

All these estimates together imply the following result.

Theorem 14.2.4 The solution to the Cauchy problem
Uy — Au+u, =0, u(0,x) =), u(0,x)=y¥(x)

satisfies the following estimates for t > 0:

—m)

_n(2
fu(t, Mz < Cu(l+1)~ (”(p”HlﬂL”’ + ||W||L20Lm)a
1 _ne—m
Vu(t, ) < Cu(1 +1)727 an (||</’||H10Lm + |W||L20Lm)»
_1_n@2—m)
lurt, Mz < Cu(L+ 87 " (l@llgar + 1 l2amm)-

Consequently, the energy satisfies the estimate

n(2—m)

EW(“)(I) f Cm(l + t)_l_ 2m (”(p”%]lmLM + ||W||i2erm)‘

Remark 14.2.3 The statement of the last theorem coincides for m = 2 (we suppose
no additional regularity for the data) with the statement of Theorem 14.2.2.

14.3 Viscoelastic Damped Wave Model

Here we are interested in the Cauchy problem for the viscoelastic damped wave
model

uy — Au— Au; = 0, u(0,x) = ¢(x), u(0,x) = ¥(x).
In the following we interpret the term —Au, as a damping term for the wave operator.

Does the viscoelastic damped wave equation fit into the classification of partial
differential equations of Sect. 3.1?
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Of course not. This becomes clear after writing the given equation as
n
2 2. P2 2. 2
D}u— |DPu—ilDP’Du =0, [D]>:=) D..
k=1

The principal part of the operator, —i|D|*D;, is treated as a damping producing term.

The main goal of this section is to compare the influence of the classical damping
term u, with that of the viscoelastic damping term —Au, on qualitative properties of
solutions to wave models. The reader can find a detailed discussion on the above
viscoelastic damped wave model in [184].

14.3.1 Representation of Solutions by Using Fourier
Multipliers

A formal application of the partial Fourier transformation gives the following
ordinary differential equation for v = v(t,§) = F.¢(u(t,x)) depending on the
parameter |£|:

v + [EPv 4+ [EPv = 0, v(0,8) = vo(§), vi(0,8) = vi(%),

where vo(§) 1= F(¢)(€) and v1(§) := F(¥)(€). The solution is given on the set
{6 e R": [§[ > 2} by

vif) = o (vo(s)(|sw|s|z 4+ I6P) + 20®) g

201 VIEP — 4
w0 (IE1VIEP =4 = [8F) —201®) _mglz_m)
e 2
201 VIEP — 4
e (1§ @) +2018) - IEIVIEP 4
= 2 h t
( avier s 02 )

+vo(§) cosh ( ¢ \/lip —4 t))
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and on the set {§ € R" : |§| < 2} by

e (1P + 200®) 1€l /A~ gl
Ve = (|s|¢4—|5|2 n (7, )

+vo(§) cos ('SI‘/42_ &7 t))

In these representation formulas there appear the two characteristic roots

IR IEVIEP -4

ra(§) = ) )

For our further considerations the asymptotic behavior of the roots for small and
large frequencies is of interest.

Lemma 14.3.1 The characteristic roots A\ 5 behave as follows:

1. Ry, = —Iilz for small frequencies,
2. A ~ =1, Ay ~ —|£|? for large frequencies.

To prove H® well-posedness we consider the representation for large frequencies
only. Repeating the proofs of Corollary 14.1.1 and Theorem 14.2.1 implies imme-
diately the following result.

Theorem 14.3.1 Let the data ¢ € H*(R") and ¢ € H2(R"), s € R, n > 1 be
given in the Cauchy problem

Uy — Au— Auy = 0, u(0,x) = ¢(x), w(0,x) =Y (x).

Then, there exists for all T > 0 a uniquely determined (in general) distributional
solution

u € C([0,T], H'(R")) N C'([0, T]. H**(R")).
We have the a priori estimate

et ) lzs + Metr (2, ) o= = CO (s + 191 zs—2)-

Finally, the solution depends continuously on the data.

Remark 14.3.1 There is a difference between the statements of Theorems 14.3.1
and 14.2.1 or Corollary 14.1.1. In the classical wave or classical damped wave
model the difference of order of Sobolev regularity of data is 1. In the viscoelastic
damped wave model the difference is 2.
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14.3.2 Decay Behavior and Decay Rate of the Wave Energy

To study the decay behavior of the wave energy Ew(u)(¢) (see Sect. 11.1) we can
follow the proof to Theorem 14.2.2 by taking account of the representation of
solutions for small and large frequencies as well. From Lemma 14.3.1 we conclude
for large frequencies an exponential type decay for ¢ — oo of the elastic energy if we
suppose data (¢, V) € H'(R") x H~'(R"). If we study v,(t, £) for large frequencies,
then we conclude an exponential type decay for + — oo of the kinetic energy, but
now we assume for the data (¢, ) € L? x L?. Here we use the relation

AM(E)A2(E) ~ A1(E) — Ap(§) for large frequencies.

More interesting is the study of the behavior of |&|v(z, &) or v,(t,&) for small
frequencies. This behavior will determine the decay behavior (cf. with the end of
Sect. 14.2.2). As in the case of classical damped waves, the behavior of characteristic
roots for small frequencies of Lemma 14.3.1 coupled with suitable powers of |£|
gives the desired decay. Some straight forward calculations lead to the following
estimates for small frequencies:

El[0(.5)] < Ce™' (1€l [vo(®)] + [v1©)]).

€%

.5 < Ce™ = ([Elo®] + i ©)]).

Combining all these considerations from different regions of the phase space we
immediately get the desired result.

Theorem 14.3.2 Every energy solution (with respect to the wave energy Ew (u)(t))
to the Cauchy problem

Uy — Au— Au, = 0, u(0,x) = p(x), u(0,x) = ¥(x)
satisfies the following estimates for t > 0:
IVa(e. e < (A + 072 lgllg + ¥ l:2).
(e, )2 < C(A+ 072 el + 19 122).
Consequently, the wave energy satisfies the estimate
Ew()(1) = C((1+ 07 elZ + 1v17)-
Remark 14.3.2 Opposite to the decay behavior for the wave energy of solutions to

the Cauchy problem for classical damped waves we can, in general, not expect a
decay behavior of the energy of solutions to the Cauchy problem for viscoelastic
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damped waves. If ¥ = 0, then we have a decay behavior for both energies as
well, even with the same decay behavior. But, in the above estimates we require less
regularity of ¢ in the estimate of the kinetic energy than in the estimate of the elastic
energy.

In the same way we obtain the following result for the elastic and kinetic energies
of higher order.

Corollary 14.3.1 The solution to the Cauchy problem
uy — Au— Au, =0, u(0,x) = p(x), u/(0,x) =¥ (x)

satisfies the following estimates for the elastic energies and kinetic energies of
higher order fort > 0:

I1DIFute, )2 < (1 4+ 07 l@l2 + (1 + 0" Dy l2e) for k> 2,

DI ue(t, )72 < C((1+ 07 Vlglfe + A+ 0 I lz) for k= 1.

Remark 14.3.3 From the last theorem we conclude the parabolic effect for solutions
to the viscoelastic damped wave model. This means the wave energy of higher order
of solutions decays faster and faster with increasing order (cf. with Theorem 12.1.1
for the heat equation). The reader can also observe this parabolic effect for solutions
to the classical damped wave model.

14.3.3 Decay Behavior Under Additional Regularity of Data

We learned in the previous section that the wave energy, in general, does not decay.
There exist several ideas of generating a decay under additional assumptions. What
we have in mind is to suppose additional regularity of the data (¢, ) (cf. with
Sect. 14.2.4). Let us turn again to the Cauchy problem

Uy — Au— Au; = 0, u(0,x) = p(x), u(0,x) = ¥(x)

under the additional assumption (¢, ) € L™(R") x L"(R"), m € [1,2). In the
following we restrict ourselves to explaining modifications in the treatment, in
particular, how to use this additional regularity. For large frequencies we do not
change our approach because under the assumption that the data (¢, ) belong to
H'(R") x L*(R") we arrive at an exponential decay. But, for small frequencies the
additional regularity leads to decay estimates.
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By using Holder’s inequality we verify that

NEWE O gep<ry < C/Iél 1e—‘f‘zf(|fg|2|u()(s)|2 + |vi(§)I?) d§

2—m
m

= vl ([ (6 )™ dg)

2—m
—g2 m m
il ( / (7)™ a)
lél<1

2—m
< Cllolin( [ (sPe) ag) *

l§l<1

2—m

—_|&]2 tm m

+||w||im(/ e ag)
lgl<t

Here, m’ € (2, o] is the conjugate exponent to m € [1,2). Let us only estimate the
last integral on the right-hand side. By using polar coordinates we have for large ¢

1
/ e—\f\z zxinm dég— — C/ e—rzzxfm rn—l dr
lEl<1 0

_ n o0 _n
§C(2 m)Z/ s"_le_szdst(l—f_tm) .
0

tm 2—m

In the same way we estimate the first integral on the right-hand side. Summarizing
implies

1EI @ )72 4011y

_n(2—m) _

1+mm o 1 1+m
=c(52,,) (5 )
= r—m ||(P||L + 7_

_ n(2—m)

2m
112
_ nQ2—m) 1 2 _ n(2—m) 2
=Cu(+07 > el + Cu(L+ 07 2 Y ]7m.

Mapping properties of the Fourier transformation (see Remarks 24.1.2 and 24.1.3)
explain why we suppose additional regularity L™, m € [1,2), only. All these
estimates together imply the following result.

Theorem 14.3.3 Let us suppose for the data (¢, V) to belong to the function space
(H'NL™ x (L2NL™), m € [1,2). Then, every energy solution (with respect to the
wave energy Evw(u)(t)) to the Cauchy problem

ug — Au— Au, = 0, u(0,x) = @(x), u,(0,x) = Y (x)
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satisfies the following estimates for t > 0:

_1_nQ2—m) _ n(2—m)

[Vu(t, )2 < Cm((l +0)727 e @llgiap + A+ ”W”LZHL’")v
_1_n@2—m) _ n(2—m)

s (2, )| 2 < Cm((l +0)727 e ollzam + (1+17 ||W||L2an)-

Consequently, the wave energy satisfies the decay estimate

@

—1—n@=—m) 2 _ n(2—m) )
EW(“)(I) = Cm((l + t) 2m ”(p”Hlan + (1 + t) 2m ||I//||L2r]Lm)‘

14.4 Klein-Gordon Model

The Cauchy problem for the Klein-Gordon equation is
Uy — Au+m*u =0, u0,x)=@x), u(0,x)=V(x)

with a constant m?> > 0. The mass term or potential forces us to include into the total
energy, apart from the elastic and the kinetic energy, a third component, namely the
potential energy. Thus, we define the total energy for a solution to the above Cauchy
problem as

Exg(u) (1) := ; /R (IVu(t,x)|2 + lu(t.0)” + m2|u(t,x)|2) dx.

This we already learned in Sect.11.3.4. The total energy is conserved (Theo-
rem 11.3.1). Moreover, a domain of dependence energy inequality holds (Theo-
rem 11.3.2). Finally, solutions have the qualitative properties such as existence of
a forward wave front, finite propagation speed of perturbations or existence of a
domain of dependence.

Now let us apply phase space analysis to study other quantitative and qualitative
properties of solutions to the Cauchy problem for Klein-Gordon equations.

14.4.1 Representation of Solutions by Using Fourier
Multipliers

Applying the partial Fourier transformation (v(t,§) = F,—¢(u(t, x))) we obtain the
auxiliary Cauchy problem

ve + (E)50 =0, v(0.6) = F(p)(§). v,(0.§) = F(y)(&).
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Following the approach of Sect. 14.1 implies

n({§)m?)
(Eh F(@)(©).

Supposing for the moment the validity of Fourier’s inversion formula
u(t,x) = F; (Fig(u(t,x))) (this we check at the end of our considerations, see

0(1.8) = cos(E)DF@)(E) +

Theorem 245_{ .x7) brings
u(t,x) = FEL, (cos(€)n F () (©) + ngx(sm((g””” FA®).

This is the desired representation of solutions by Fourier multipliers.

Theorem 14.4.1 Let ¢ € H*(R") and € H*'(R"), s > 1, n > 1 in the Cauchy
problem

uy — Au+m*u =0, u(0,x) = ¢(x), u(0,x) = ¥ (x).
Then, there exists a uniquely determined energy solution
u e C([0.T],H'(R")) N C'([0,T]. H*~'(R")) forall T > 0.
Proof The uniqueness follows from Theorem 11.3.1. A solution is defined by

sin((€)uf)
o, FW®)

If this solution satisfies the desired regularity, then we can follow the proof to
Theorem 14.1.1 step by step. The proof is simpler because we do not have to take
into special consideration the behavior of Fourier multipliers for £ — 0. Here the
relation (£),, > m > 0 helps. In this way we complete the proof.

We obtain a corresponding statement to Corollary 14.1.1.

u(t,2) = Fl (cos(()nDF (@) ©) + Feb(

Corollary 14.4.1 The Cauchy problem
up — Au+m*u =0, u0,x) =@x), u,0,x) =y¥x), xeR", n>1,

is H*® well-posed, s € R, that is, to given data ¢ € H*(R"), ¥ € H~'(R") there
exists a uniquely determined (in general) distributional solution

u € C([0.T],H'(R")) N C'([0.T]. H*~"(R")) forall T > 0.
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The solution depends continuously on the data, that is, to each € > O there exists a
8(¢) such that
o1 — @alles + |11 — Yallg— < & implies

flur — “2||c<[o,T],Hs)mc1([o,T],HH) <é.
Remark 14.4.1 The statements of Theorems 14.1.1 and 14.4.1, Corollaries 14.1.1
and 14.4.1, respectively, coincide. So, the mass term or potential has no important
influence on the regularity of solutions. But, mass terms have an influence on energy
estimates, as one can see in Theorems 11.1.2and 11.3.1or 11.1.1 and 11.3.2. We are

able to control the elastic and kinetic energy in classical wave models. Additionally,
we are able to control the potential energy in Klein-Gordon models.

14.5 Klein-Gordon Model with External Dissipation

In this section we study quantitative properties of solutions for the Cauchy problem
to a classical damped Klein-Gordon model

Uy — Au + mu + u, =0, u(0,x) = @), u(0,x) = ¥(x).

What kind of results do we expect?

The total energy of solutions is the Klein-Gordon energy Exg(u)(f) of Sect. 14.4.
Taking account of the statements of Theorems 14.2.1 and 14.4.1 we expect the
following result.

Theorem 14.5.1 The Cauchy problem
Uy — Au~+m*u+u, =0, u(0,x) = @), u;(0,x) =y¥(x), xeR", n>1,

is H® well-posed, s € R, that is, to given data ¢ € H*(R"), ¥ € H~'(R") there
exists a uniquely determined (in general) distributional solution

u € C([0, 7], H*(R") n C'([0. T]. H*""(R")) forall T > 0.

The solution depends continuously on the data, that is, to each ¢ > 0 there exists a
8(g) such that

ler — 2l + 11 — Y2llgs—1 < 8 implies
lur — wall o, m9nc (o, 151y < &-

The proof of this result is part of the research project in Sect. 23.5. What about the
decay behavior of the Klein-Gordon energy? We expect exponential decay of the
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energy Exg(u)(f). Let us explain why. For the partial Fourier transform & of u we
obtain the Cauchy problem

iy + (§)3i + iy = 0, (0,8) = F(9)(§), #(0.8) = F(Y)(&).

The characteristic roots are Ay, = —é + \/ i — (£)2. We have, in general, the
following representation of solution u = u(t, x):

u(t,x) = Fi (1) + ca(§)e),

where ¢ (§), k = 1,2, are determined by the characteristic roots, F(¢) and F(y).
Consequently,

1. If m? > }1, then for all frequencies || > 0 the characteristic roots are complex
conjugate with A, = — é, this hints to an exponential type decay.

2. If m* < i, then for large frequencies || we have %A, = —;, for small

frequencies we use similar as in Case 2b in the proof to Theorem 14.2.2 the

equivalence —é + \/ i — (£)2 ~ —(£)2. Hence, there exists from the point of

view of decay estimates for solutions a relation between the classical damped
Klein-Gordon model and the heat model with mass term of Sect. 12.2.

Theorem 12.2.1 contains an exponential decay of L?>-norms of all partial derivatives
of solutions. Hence, the above sketched relation hints to a corresponding result for
solutions to the Klein-Gordon model with classical dissipation (see Sect. 23.5).

14.6 Klein-Gordon Model with Viscoelastic Dissipation

In this section we will study quantitative properties of solutions for the Cauchy
problem to a viscoelastic damped Klein-Gordon model

uy — Au+ mPu — Au; = 0, u(0,x) = ¢(x), 1,(0,x) = ¥ (x).
What kind of results do we expect?

The total energy of solutions is the Klein-Gordon energy Exg(u)(f) of Sect. 14.4.
Accounting for the statements of Theorem 14.3.1 we expect the following result.

Theorem 14.6.1 The Cauchy problem
uy — Au+ mPu— Au, = 0, u(0,x) = ¢(x), u,(0,x) =vY(x), xeR", n>1,

is H*® well-posed, s € R, that is, to given data ¢ € H*(R"), ¥ € H2(R") there
exists a uniquely determined (in general) distributional solution

u € C([0.T],H'(R")) N C'([0,T]. H**(R")) forall T > 0.
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The solution depends continuously on the data, that is, to each € > O there exists a
8(¢) such that

ler — @2llas + 11 — V2llgs—2 < 8 implies

lur — w2l cqo. .90t (0,11, 15-2) < -

The proof of this result is similar to the proof of Theorem 14.3.1.
What about the decay behavior of Ex(u)(¢)? For the partial Fourier transform & of
u we obtain the Cauchy problem

iy + ()it + 117 = 0, (0,§) = F(9)(§), &(0,£) = F(y)(§).

The characteristic roots are

2 2 2
ha= KL ¥ ¢1_4<|§>|;;.

We have, in general, the following representation of solution u = u(t, x):
u(t.x) = FL (e1®)en" + ca(E)e ),

where ¢ (£), k = 1, 2, are determined by the characteristic roots, by F(¢) and F().
Thus we may observe that:

1. For small frequencies the characteristic roots are complex conjugate with
— &P
mklyz —_ o - ) o
2. For large frequencies the characteristic root A; behaves as —|£|> + 1, the
characteristic root A, behaves as —1, both hinting towards an exponential type
decay.

Consequently, the decay will be determined by the behavior of the characteristic

roots MAj, = —‘52‘2 for the small frequencies as we observed for viscoelastic
damped waves in Sect. 14.3.2. All these explanations lead to a corresponding result
to Theorem 14.3.2, at least for the kinetic and elastic energy. The reader may solve
Exercise 7 below.

14.7 Concluding Remarks

During the last decade a lot of progress has been made in the treatment of wave
models with time-dependent mass or dissipation. This development has been caused
by relations among this theory and other fields of mathematics, like harmonic
analysis, for instance, and by a strong connection with problems of mathematical
physics.
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The study of the long time asymptotical behavior of solutions and, moreover,
the study of the long time behavior of suitable energies of solutions has been a
topic of interest in the recent years. In this section we focus on models with time-
dependent coefficients, shedding light on new phenomena which appear in dealing
with time-dependent coefficients. These phenomena may also help getting a better
understanding of classical results for constant coefficient models, as well, as giving
hints or possible generalizations.

In order to obtain energy estimates for solutions to the Cauchy problem for
linear wave models, particular attention is devoted to phase space analysis, and it
is convenient to distinguish between low and high frequencies, in general. To derive
estimates on the L? basis for linear wave models with time-dependent coefficients
one may use Fourier transformation with respect to spatial variables and the formula
of Parseval-Plancherel (see Remark 24.1.2) reducing our problems in estimating
Fourier multipliers in function spaces related to Sobolev spaces. It is convenient
to choose a partition of the extended phase space {(z,§) € [0,00) x R"} into
zones. One may use different approaches in different zones taking advantage of
properties of the zones themselves. Under suitable assumptions to the smoothness
of the time-dependent coefficients, this partition is given by smooth curves in
{(,|€]) € [0,00) x Rﬂr}, which shapes are related to the coefficients. Therefore,
we have to distinguish between low and high frequencies with respect to suitable
time-dependent functions.

Let us consider the following Cauchy problem for a wave equation with time-
dependent propagation speed a = a(r):

Uy — a(t)zAu =0, u(0,x) =), u(0,x) = ¥(x).

The wave type energy of weak solutions u = u(t, x) is given by

1
Ew.a(u)(1) = 2(a(t)zllw(h MNZa + Nt )I7)-

One can observe many different effects for the behavior of Ey ,(u)(f) as t — oo
according to properties of the speed of propagationa(7). If 0 < ap < a(f) < a; < o0
for any ¢ > 0, then the energy Ew ,(u)(t) is equivalent to

1
Ew1() (1) = Ew(u)(1) = 2(IIVM(L iz + Nl (eI

Although Ew(u)(¢) is a conserved quantity for the classical wave equation (see
Theorem 11.1.2), oscillations of the time-dependent coefficient a(f) may have a
deteriorating influence on the energy behavior of solutions (see [24] and [176]).
Interested readers can try to understand by themselves (see [176]) the influence
of oscillations in the time-dependent coefficient a = a(¢) on a possible blow up
behavior of Ew ,(u)(r) for t — oo for solutions to the Cauchy problem

Uy — (2 +sin0)>Au =0, u(0,x) = @(x), u;(0,x) = ¥ (x).
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For this reason, it is necessary to control the oscillating behavior of the coefficients.
Such a classification was proposed in [176] and can be used to control suitable
energies.

If, for example, a € C?[0, o) and

la® @) <= C(1+07" fork=1,2

(due to the proposed classification only very slow oscillations are allowed), then the
so-called generalized energy conservation property holds (see [174] or [77]). This
means that there exist positive constants Cy and C; such that the inequalities

CoEw.a()(0) = Ew.a(u)(t) = CiEw.q(u)(0)

are valid for all ¢ € (0, co) and all energy solutions where the positive constants C
and C; are independent of the data. This generalized energy conservation property
excludes decay and blow up of Ey ,(u)(?) for t — oco.

If a(f) > ap > O is an increasing function satisfying a suitable control on the
oscillations, then one can prove the estimate (cf. with [17])

Ewo(u)(®) < Cra(t) (Ew.a)(0) + [l@[2).

We remark that in the case of an increasing a = a(¢) in the derived energy estimate
for Ey ,(u)(f) the H'-norm of ¢ appears, not only the L?>-norm of its gradient as in
the case of bounded a = a(r).

One can allow for faster oscillations of the coefficients if further structural prop-
erties of the coefficients are supposed. One possibility is a so-called stabilization
condition [77] and, possibly, more regularity of the coefficients [78]. The situation
becomes more complicated if one considers an unbounded propagation speed a(t),
but it does remain possible to prove the boundedness of suitable energies [80].

The control of oscillations of a bounded or unbounded propagation speed a =
a(?) is also relevant if one is interested in L’ — L7 estimates (on the conjugate line)
where g = pfl is the Sobolev conjugate of p € [1,2) [132, 176, 177]. By this
notation we mean that we estimate the L7-norm of the solution and its derivatives
by the [”-norm of the data (¢, ) with some loss of regularity as also happens for
the classical wave equation (see, for example, [180]).

On the other hand, if we add a time-dependent damping term in the classical
wave equation,

up — Au+b(0u; =0, u(0,x) = ¢(x), u,(0,x) = ¥ (x),

then the asymptotic behavior of solutions and their wave energy Ew (u)(¢) change
accordingly to the positive coefficient b = b(¢) in the damping term. The dissipative
term is said to be effective when the solution has the same decay behavior as the
solution of the corresponding parabolic Cauchy problem

—Av +b()v, =0, v(0,x) = x(x),
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for a suitable choice of initial data y (see [224]). In this case we say that a diffusion
phenomenon appears (cf. with Sect. 14.2.3). This latter effect has been extensively
studied for the case b = 1 in [128, 145, 151]. Moreover, in the case b = 1, the
energy for the solution to the damped wave equation decays as ¢ — oo and higher
order energies decay with faster speed (the so-called parabolic effect) as do the
solutions to the corresponding parabolic Cauchy problem. In some effective cases,
with suitable control on oscillations, one may expect the same effect for effective
damping terms b(f)u,, in particular, if b(f) = pu(l + )™ with u > O and o €
-1L1).

However, in the limit case b(f) = (1 + £)~!, which generates a scale-invariant
damping b(t)u,, the parabolic effect only appears for large values of pu [221], that
is, the dissipation term becomes less effective. If b(t) decays faster than (1 + )~ as
t — oo, the dissipation becomes non-effective [223]. In particular, if b € L'(RL),
then the damping term has no effect on the energy behavior anymore in the sense
that scattering to free waves can be proved. In the case of non-effective dissipation,
a stabilization condition may be used to control stronger oscillations [79].

As in the case b = 1, if the damping term is effective, then the decay behavior
becomes faster under additional regularity of the data. These estimates have been
derived in [38] and applied to prove results on the global existence (in time) of
small data solutions to semilinear Cauchy problems (cf. with Chaps. 18 and 19).

In [17] the authors proposed a classification of the damping term b(7)u;, in terms
of an increasing speed of propagation a = a(t) for the model

g — a(t)’ Au+b(Ou, = 0, u(0,%) = ¢(x), w(0,%) =Y ().

Besides others things, they proved energy estimates in the cases of non-effective and
effective dissipation, respectively. In the case of non-effective dissipation, energy
estimates were also proved in [31] under the weaker condition ‘(’;((t’)) + b(¢) > 0 with
a=a(r) ¢L1(Rﬂ_).

In the paper [46] the authors treated a completely new case. They assume the
propagation speed a € L! (Rﬂ_), then introduce a classification of damping terms
b(t)u, in terms of the propagation speed. They derive estimates for a suitable
wave type energy and show optimality of these decay estimates. Moreover, a new
phenomenon for these models is observed, the so-called loss of regularity appearing
in the derived energy estimates.

If we add a time-dependent potential in the classical wave equation,

g — Au+m()*u =0, u(0,x) = ¢(x), u(0,x) =Y (x),

then the asymptotic behavior of the solution and a related energy change accordingly
to the positive coefficient m(f)? in the mass term. For the classical Klein-Gordon
equation, i.e. m(t) = 1, [’ — L1 estimates were proved in [129]. In [10] the authors
proved 17 — L4 estimates for the scale-invariant case m(f) = (1 + £)~'. In [11]
and [172] the authors proved energy and L7 — L? estimates for solutions to a Klein-
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Gordon model with a so-called effective mass term, i.e., the solutions have the same
asymptotical behavior as those of the classical Klein-Gordon model. Recently, in
[47] the authors proved some scattering result to free waves and explain qualitative
properties of the energy for Klein-Gordon models with non-effective masses, i.e., a
class that is “below” the scale-invariant mass term but does not allow for proving
scattering to free waves. Finally, in [156] L7 — L? estimates are derived for non-
effective time-dependent potentials. Also, as was done for the wave equation with a
dissipative term [79], the assumptions to the oscillations of the mass term m(z)*u
may be weakened if one assumes a stabilization condition and, possibly, more
regularity for the coefficients.

Exercises Relating to the Considerations of Chap. 14

Exercise 1 Complete the step

. /’ (160 +12) g (I =DV EFDO o

2 1§12

Hh—>n

in the proof to Theorem 14.1.1.

Exercise 2 How can we derive d’Alembert’s representation formula (see
Sect. 10.1) from the following representation of solutions by Fourier multipliers:

— i —ier) |
u(t.x) = FA (5 + e7) JF@)©)
(5 =) PO ),
Exercise 3 Let us consider the Cauchy problem for a very large damped membrane

Uy — Au+ ku, = 0, u(0,x) = o(x), u/(0,x) =v(x), x¢€ R2.

Solve this problem with the aid of the following changes of variables:

u(t,x) = exp ( — ];t>w(t,x), v(t, x1,x2,x3) = wl(t, x1,X2) exp (k;;)
Exercise 4 We are interested in the Cauchy problem
Uy — e + e, = 0, u(0,x,8) = p(x), u;(0,x,€) = Y(x), xeR!
with sufficiently smooth data ¢ and ¥. Let u = u(t,x, €) be the unique solution
of this Cauchy problem. Show that we have for every fixed (#,x) the relation

limg—q u(t, x, &) = w(t,x), where w = w(t, x) solves the Cauchy problem

wi —wie =0, w(0,x) = @), wi(0,x) =v(kx), xe R'.
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Exercise 5 Let us consider the mixed problem

&y — e + 1, = 0, u(0,x,8) = 9(x), (0, x,8) = Y(x), x € (0,L),
u(t,0,8) = u(t,L,e) =0 for t > 0,
with sufficiently smooth data ¢ and yr. We assume that the compatibility conditions
are satisfied. Let u = u(z, x, €) be the unique (distributional) solution of this mixed
problem (without explaining the precise regularity). Prove that for every fixed (¢, x)
the following relation holds: lim,_.¢ u(t, x, ) = w(t,x), where w = w(t, x) solves
the mixed problem
w,—wy =0, w(0,x) =), xe(0,L),
w(t,0) = w(t,L) =0 for > 0.

Exercise 6 Prove the statements of Corollary 14.3.1.

Exercise 7 Let us consider the Cauchy problem to the viscoelastic damped Klein-
Gordon model

gy — Au+ mu— Auy =0, u(0,x) = ¢(x), u,(0,x) = V¥ (x).

Derive an estimate for the Klein-Gordon energy Exg () (7).

Exercise 8 Consider the Cauchy problems

Uy — Au+u, =0 and w,—Aw =0
u(0,x) = p(x),  u(0,x) = Y(x) w(0,x) = @(x) + ¥ (x),

with ¢, ¥ € L'(R"). By following the proof of Theorem 14.2.3, prove that the
difference of solutions to the above Cauchy problems satisfies

[ (@ P () = wae)) | = €+ 075 @ )l

where y € C{°(R") is a cut-off function which localizes to small frequencies.
Moreover, if |D|g, ¥ € L*(R"), with |D|p(£) = |£|@(£), conclude that

Hu(t, ) —wl(t, ") HLZ <C(+ f)_‘n‘_l(”@”mml + ¥ ll2nn)-



Chapter 15 )
Phase Space Analysis for Plate Models Shethie

This chapter is devoted to the application of phase space analysis to plate models.
Our main focus is on the discussion of different damped plate models. On the one
hand we study classical damped plate models with and without additional regularity
of the data and derive estimates, even for the energies of higher order. On the other
hand, we study a viscoelastic damped plate model and show a different influence
of this special case of structural damping in comparison with the influence of a
classical damping term on qualitative properties of solutions. Finally, we discuss
the interaction of several terms in plate models such as mass and classical damping
or mass and viscoelastic damping.

15.1 The Classical Plate Model

In this section we are interested in the Cauchy problem
uy + (—A)?u =0, u0,x)=¢k), u0,x)=vx), xeR", n>1.

After application of partial Fourier transformation (v(t,§) := Fiog(u(t,x))) we
get the auxiliary Cauchy problem

v +1E['v =0, v(0,§) = Fp)(§), vi(0,§) = F(y)(§)

for an ordinary differential equation depending on the parameter £ € R". Repeating
the approach of Sect. 14.1 we arrive at the following representation of solutions by
using Fourier multipliers:

sin(|§[*1)

) = FEL (cos(EP0F@)®) + FeL (T

FO)(®).
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Instead though, we shall use the equivalent representation

e ] e 1
) = Feb (7 Flp)©) = Feo () FOO @)
_ g2 1 _ age 1
(A F@®) + R (67, FON®).

Remark 15.1.1 The last relations hint towards a connection of plate operators to
Schrodinger operators. The functions +i|£|?# are part of the phase function in the
representation of solutions to the Schrodinger equation (see Chap. 13)

1
ot Au=0.
i

By the approach of Sect. 14.1 we are able to prove the following result:
Theorem 15.1.1 The Cauchy problem
Uy + (=A)?u =0, u(0,x) = p(x), u,(0,x)=vy(x), xeR", n>1

is H® well-posed, s € R!, that is, to given data ¢ € H*(R") and € H*"*(R") there
exists a uniquely determined (in general) distributional solution

u € C([0, 7], H'(R")) N C'([0. T], H**(R")) forall T > 0.

The solution depends continuously on the data, that is, to each € > 0 there exists a
positive (&) such that

lor — @2llus + Y1 — V2llgs—2 < 8 implies

w1 — wallco.m.m99nc qo.1,H5-2) < €-

The solution is a Sobolev solution for s > 0, an energy solution for s > 2 (see
the definition of the energy Ep.(u)(f) of Sect.11.2.4) and a classical solution for
s>7 +4.

15.2 The Classical Damped Plate Model

15.2.1 Representation of Solutions by Using Fourier
Multipliers

Let us turn to the Cauchy problem

ug + (—A u+u, =0, u0,x)=¢x), u0,x)=y(x).
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We follow the approach of Sect. 14.2.1. The dissipative transformation w(t, x) :=
1
e2'u(t, x) transfers the above Cauchy problem to

W A =0, w00 = (), w00) = el + Y ().

The application of partial Fourier transformation gives the following ordinary
differential equation for v = v(t, §) = Fye(W(t,x))(2, §):

vt (16— ) )0 =0, 000.8) = w(®) = F@)E),
w(0.6) = () = ) F@)E) + FW) ).

We use a similar distinction of cases if the coefficient |£|* — i in the mass term is
positive or negative, respectively.

Case 1 {£:|€]* > i}

We obtain the following representation of solution v(t, £):

sin (\/|g|4— L)
Jler -1

v(1,§) = cos (\/ g~ 1) wi® + vi(6).

Case2 {&:[€* <)}

The solution to the transformed differential equation is

vo(£) v1(§) — L S1—4|E]4 ¢

vo(£) vi(§) VAR
0 +\/1—4|s|4)

= vo(£) cosh (;\/1 — 4fg)* t) + \/fv—l(j)gﬁ sinh (;\/1 — 4fg)* t).

To prove H* well-posedness we use the representation for large frequencies only.
Analogous to the considerations in Sect. 14.2.1, we can prove that for the Cauchy
problem for classical damped plates the statements of Theorem 15.1.1 remain true.
This we expected. The damping term has only an influence on an energy decay.
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15.2.2 Decay Behavior and Decay Rate of a Suitable Energy

As in Sect. 11.3.2, we are able to prove for the energy Ep; (u)(t) of Sect. 11.2.4 the
estimate

Ep ()(1) = /R ) —u;(t,x)?dx < 0

if we assume a suitable regularity of the data. Hence, the energy Ep.(u)(f) is
decreasing in time. Therefore, it is reasonable to ask whether the energy is decaying.
To give an answer we may follow the approach of Sect. 14.2.2. We get the following
representations:

Case 1 {£: |E|* > i}

We obtain for the two parts of the energy in the phase space

&%, £)

| sin /161~ }1)
=ez(cos(/|5|4—4r)|s|2vo<s)+r \/|$|4_i: £P01(®))

. 41
,;,(t,s)=e—5’(v1(§)(cos(\/ls|4—it) B ;sm(\/lil_ 14t))
Jigr =

s (es(r= 1)+ i (=)

Case2 {£:|&]* < i}

We obtain for the two parts of the energy in the phase space

wE)  u@ )e—%/l—‘”f“"
2 V1—4fEf

3] ) L/1-4lgl* 1
ERPEMEEE

= w(@)lP cosh (V1 — 4l )

62, &) = lePe((

2019187 ] _1
IR (1)
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(1, £)
- ;e—%f(\h — 4|¢|*sinh (; V1 — 4jg)* t) — cosh (; V1 —4)g)* t))vo(g)

+e—%’(cosh (; J1— 4|§|4t) _ sinh (; J1— 4|g|4t))v1(g).

1
V1= 4lgl

We can follow all the steps of the proof to Theorem 14.2.2 and conclude immedi-
ately the following result:

Theorem 15.2.1 The energy solution
u € C([0, 00), H*(R")) N C' ([0, 00). L*(R"))
to the Cauchy problem
g + (=A)u+u, =0, u0,x) = k), u,(0,x) =)

with data ¢ € H*(R") and € L*(R") satisfies the following decay estimates for
t>0:

| Aute )z < €1+ 072 (el + 1Y ]2).
lur(r, )2 <= CA+ D7 (lellgz + 1V 1l.2)-

Consequently, the energy Ep;(u) (1) satisfies the decay estimate

Epr(u)(t) < C(L+ 07" (llel7z + 1V 1172)-

15.2.3 Energies of Higher Order

In Sect.11.2.2 we introduced energies of higher order Ef{,(u)(t) for solutions to
the heat equation. We encouraged readers to prove in Exercise 1 of Chap. 11 the
parabolic effect, that is, higher order energies decay with increasing order faster
and faster. In Sect. 11.2.3 we introduced the energies of higher order E’gch(u) (1) for
solutions to Schrodinger equations. We have no parabolic effect any more and have
even conservation of all these energies of higher order.

The situation is similar for waves or plates with or without classical damping. For
classical waves or classical plates one can prove conservation of energies of higher
order, too. But, an additional classical damping term allows for one to prove a
parabolic effect. The diffusion phenomenon of Sect. 14.2.3 hints at this property for
classical damped waves. In the following we restrict ourselves to classical damped
plates, only (see also Sect.23.6). There exist different possibilities of introducing



232 15 Phase Space Analysis for Plate Models

energies of higher order for plates or classical damped plates, for example,
k Ly 2 Ly et 2
Ep ) (1) = 2 HA u(t, ") ”LZ + 2 ”A u(t,-) ”Lz or
k 1 k 2 1 k 2
Epp,(u)(@) = 2“ ID["u(t, ‘)“Lz + 2H|D| Aut, ')HLz for k> 0.

We shall consider only EﬁL,z (u)(f). After writing the representation of both parts of
the energy in the phase space and following the proof to Theorem 14.2.2 we obtain
the next statement.

Theorem 15.2.2 The energy solution to the Cauchy problem
e+ (=AY u+u; =0, u(©0,x) = ¢(x), u(0,x) =y (x

with data ¢ € H*">(R") and € H¥(R"), k > 0, satisfies the following decay
estimates fort > 0:

+2

DA, |, < €A+ 07 % (@l + 19 1),
IDFu(r, )] o < €O+ 075 (l@lers + 19 l).

Consequently, the energies of higher order satisfy the decay estimates

k2
Epp(0) (@) < CA+ 072 (l9llurs + 1V 17).

Remark 15.2.1 We observe the parabolic effect, that is, higher order energies
EﬁL,z (u)(f) decay faster and faster with increasing order k > 0.

15.3 The Viscoelastic Damped Plate Model

In this section we turn to the Cauchy problem
Un + (=AY u + (=A)u; = 0, u(0,x) = ¢(x), u(0,x) =y (x)

for plates with viscoelastic damping. We do not expect essential new difficulties in
the treatment in comparison to the viscoelastic damped wave models of Sect. 14.3.
For this reason we formulate only the main results and sketch briefly their proofs. It
seems interesting to compare the result for viscoelastic damped waves with those of
viscoelastic damped plates.
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15.3.1 Representation of Solutions by Using Fourier
Multipliers

Formal application of partial Fourier transformation gives the following ordinary
differential equation for v = v(t,£) = Fx-¢(u(t,x)) depending on the parameter
EeR™

vy + 1€['v + [§]'0 = 0, v(0,8) = wo(&), v,(0,§) = vi(§),

where v(§) := F(¢)(§) and v1(§) := F(¢)(§).
The solution is given on the set {£ : || > +/2} by

vo@® (IERVIEF =4+ IE1*) +2018) oy

V(L E) = e '“24’(

20€12V/|6]4 — 4
w0 @ (IEPVIEE = 4= 8') =2018) oy
+ e )
20€12V/|6]4 — 4
el o) 20 PV -4
- (|s|2¢|s|4—4 snh (71750 )

€12/ |E]* —
V),

+vo(§) cosh (

and on the set {£ : |£] < +/2} by

El0(6) + 2006 IRV e
epyioge 0 )

(IEIZ\/‘;— ).

vty =

+v9(§) cos

There appear the two characteristic roots

E1* | 6P Vgl —4

A2(§) = — ) )

in these representation formulas. The asymptotic behavior of the roots for small and

large frequencies is of interest for our further considerations.

Lemma 15.3.1 The characteristic roots A\ 5 behave as follows:

1. Ry, =— |52|4 for small frequencies,
2. Ay ~ =1, Ay ~ —|&|* for large frequencies.
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15.3.2 Conclusions from the Representation Formulas

Repeating the considerations of Sects. 14.3.1 to 14.3.3 we arrive at the following
results:

Theorem 15.3.1 (H° Well-Posedness) Let the data ¢ € H'(R") and €
H™*(R"), s € R!, n > 1 be given in the Cauchy problem

ug + (=AY u+ (=A%, =0, u(0,x) = ), u(0,x) = ¥(x).

Then, there exists for all T > 0 a uniquely determined (in general) distributional
solution

u € C([0. 7], H'(R")) N C'([0, T]. H**(R")).
We have the a priori estimate

e, e = CAOY (@l + 1 llz—2)-

Finally, the solution depends continuously on the data.

Theorem 15.3.2 (Decay of the Energy Epp(u)(f)) The energy solution to the
Cauchy problem

g + (=8)%u+ (=AY u; = 0, u(0,x) = (x), u(0,x) = Y (x)

with data ¢ € H*(R") and € L*(R") satisfies the following estimates for t > 0:

| Au(e. )2 < (14 D72 @l + 1¥]12).

(e, )2 < €A+ 072 llgllze + 1 l22).-

Consequently, the energy Epy(u)(t) satisfies the estimate

EpL(u)(t) < C((1L+ 07 oll2 + 1¥132).

The energy Epy(u)(t) decays only under the assumption ¥ = 0. But, an additional
regularity of the data may imply a decay behavior of the energy Epy (1) (¢).
Theorem 15.3.3 (Additional Regularity of the Data) The energy solution to the
Cauchy problem

tn + (=8)%u+ (=AY u; = 0, u(0,x) = ¢(x), u(0,x) = Y (x)
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with data ¢ € H*(R") NL"(R") and € L*(R") N L™(R"), m € [1,2), satisfies the
following decay estimates for t > 0:

_1__n@2—m) _ n2—m)

[Au(t. )z = Cu((A+D727 8 @l + (L+ 07 s [Yll20m).
_1__n@2—m) _ n(2—m)

et )z = Cu((L+ D727 50 [l 2apm + (L0730 Y]l 20.0)-

Consequently, the energy Epy(u) (1) satisfies the decay estimate

11— n(2—m) 2 _ n(2—m) 2
Ep,(u)(1) < Cu((L+ 077 o @l zonm + A+ [¥l720,0)-

15.4 The Classical Plate Model with Mass

In Sect. 11.3.5 we introduced the energy

Erwc@® = 5 [ (0 + 1400 + nlute P ) .

2

This is a suitable energy for solutions to the plate model with mass
g + (=) %u+m*u =0, u(0,x) = ¢(x). u(0,x) = Y ).
Following the proof to Theorem 11.1.2 leads to the conservation of energy

Epp xc(u)(t) = Epp kc(u)(0)

(cf. with Theorem 11.3.1). If we define for k > 0 the higher order energies

E;L,KG (u)(1)
1

=5 | (PP ute. + 1P dute. 0 + Dt )

then energy conservation remains true after taking into consideration that |D|fu is a
solution of the above plate equation with mass term with data

(IDI"u)(0.x) = |Df*¢(x) and (ID[u),(0,x) = |D*y (x).

The benefit of the mass term is that the potential energy can be controlled for all
times.

Now let us say something about the application of phase space analysis to the above
model. Here we follow the considerations of Sect. 14.4.1. We may conclude the
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representation of solution
u(t,x) = F, ((cos (VIE* + m2 1) Flg) €))

sin (\/|§|4 + m? t)
VIEP +m?

The same arguments as in the proof of Theorem 14.4.1 allow us to prove the
following statement.

+FL FW)(®).

Theorem 15.4.1 The Cauchy problem
uy + (A u+mPu=0, u0,x) =), ,(0,x) =v(x), xeR", n>1,

is H® well-posed, s € R!, that is, to given data ¢ € H*(R") and € H*"2(R") there
exists a uniquely determined (in general) distributional solution

u € C([0, 7], H*(R") N C'([0, T], H**(R")) forall T > 0.

The solution depends continuously on the data, that is, to each ¢ > 0 there exists a
positive constant §(¢) such that

lor = @allas + 1¥1 = Yallps— < & implies

w1 — wall o, m9nc (o.11,15—2) < &-

15.5 The Classical Plate Model with Mass and Dissipation

The Cauchy problem for the general damped plate model with mass reads as
follows:

g+ (=AY u+ mu+ (=8)u; = 0, u(0,%) = p(x), u(0,x) = Y(x),

where § € [0,2]. If § = 0, then we have the classical damped plate model with
mass. If § € (0, 2], then we get structurally damped plate models with mass. Among
these structurally damped plate models with mass we shall discuss only the case of
8 = 2, the viscoelastic damped plate model with mass.

15.5.1 The Classical Damped Plate Model with Mass

The mass term m?u and the dissipation term u, have no influence on the H*® well-
posedness. So, we get the same result as in Theorem 15.4.1.
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Moreover, we can expect an exponential decay of the energy Epy xc(u)(?). Let us
explain why. For the partial Fourier transform v := F,_.¢(u) of u we obtain the
Cauchy problem

v + (|E]* + m)v + v, =0, v(0,§) = F(9)(€), v,(0,€) = F(Y)(£).

The characteristic roots are A, , = —) =+ \/i — (I€1* + m?).

1. It m? > }1, then for all frequencies |£| > O the characteristic roots are complex

conjugate with R, , = —;, this hints at an exponential type decay.
2. If m* < i, then for large frequencies || we have %A, = — é, for small

frequencies we use similarly to the Case 2b in the proof to Theorem 14.2.2

the equivalence —) =+ \/i — (I€]* + m?) ~ —(|€|* + m?). This hints for small
frequencies at an exponential type decay, too.

15.5.2 The Classical Plate Model with Mass and Viscoelastic
Dissipation

The mass term m’u and the dissipation term (—A)?u, have no influence on the H*
well-posedness. So, we expect the same result as in Theorem 15.3.1.

Theorem 15.5.1 The Cauchy problem
uy + (—A)u + m*u + (—A)*u; = 0,
u(0,x) = ¢(x), u,(0,x) =vY(x), xeR", n>1,

is H® well-posed, s € R!, that is, to given data ¢ € H*(R") and € H*~*(R") there
exists a uniquely determined (in general) distributional solution

u € C([0, T, H'(R")) N C' ([0, T], H*"*(R")) forall T > 0.

The solution depends continuously on the data, that is, to each ¢ > 0 there exists a
positive constant §(¢) such that

o1 — @alles + |11 — Yallgs—s < & implies
lur — wallco.rm9ncr (o.11.15—4) < &-

The proof of this result is similar to the proof of Theorem 15.3.1.
What about a decay behavior for a suitable energy? For the partial Fourier transform
v 1= Fy¢(u) of u we obtain the Cauchy problem

v + (181" + mH) + [€['v, = 0, v(0,8) = F(p)(§), vi(0,§) = F(¥)(©).
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The characteristic roots are

I A
M= E T e

We have, in general, the following representation of solution u = u(t, x):
u(t,x) = ngx(cl(é)el‘(g)r + cz(é)e“(g)’),
where ¢ (§), kK = 1, 2, are determined by the characteristic roots, by F(¢) and F (/).

Thus, we may observe the following.

1. For small frequencies the characteristic roots are complex conjugate with
4
i, = -1
2. For large frequencies the characteristic root A; behaves as —|£|* + 1, the
characteristic root A, behaves as —1, each one hints at an exponential type decay.
Consequently, the decay will be determined by the behavior of the real parts

" 4 . . .
NRAi, = —‘i‘ of the characteristic roots A, for the small frequencies as we

observed for viscoelastic damped plates in Sect. 15.3. All these explanations lead
to a corresponding result to Theorem 15.3.2, at least for the kinetic energy and the
energy related to momentum. Solve Exercise 9.

Exercises Relating to the Considerations of Chap. 15
Exercise 1 Prove the statement of Theorem 15.1.1.

Exercise 2 Let us consider the Cauchy problem for the classical damped plate
model of Sect. 15.2. Which Sobolev regularity of the data ¢ and ¥ do we need
to prove the energy estimate Ej,(u)(r) < 0? Here Ep.(u)(t) is defined as in
Sect. 11.2.4.

Exercise 3 Prove the statement of Theorem 15.2.2.
Exercise 4 Prove the statement of Theorem 15.3.1.
Exercise 5 Prove the statement of Theorem 15.3.2.
Exercise 6 Prove the statement of Theorem 15.3.3.

Exercise 7 In Sect. 14.5 we explained from the point of view of decay estimates a
relation between the classical damped Klein-Gordon model and the heat model with
mass term of Sect. 12.2. What about a reference model to the classical damped plate
model? Explain the relation from the point of view of decay estimates.

Exercise 8 Verify that if u solves

ug + (—APu =0, u0,x)=¢x), w0,x)=vykx, xeR", n>1,
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then w := u, + iAu solves
wy—iAw =0, w(0,x) = Y¥(x) +idAe(x),

i.e., w is a solution of the linear Schrodinger equation (see Sect. 13.1). By using
Theorem 13.1.3 conclude that

1A ) () e < 260 Ag, vl

forall2§q§ooand11,+;:1.

Exercise 9 Let us consider the Cauchy problem to a viscoelastic damped plate
model with mass

ug + (—A)u+ m*u+ (—A)%u, =0, u(0,x) = @(x), u,0,x) = ¥ (x).

Derive an estimate for the energy Epy xc (1) ().



Chapter 16 )
The Method of Stationary Phase s
and Applications

In Sects. 12.1.2 and 12.1.3 we derived L7 — L? decay estimates on and away from
the conjugate line for solutions to the Cauchy problem for the heat equation.
The basic tools of the approach are tools from the theory of Fourier multipliers,
Young’s inequality and embedding theorems. This approach can not be applied to
the free wave equation. The goal to derive 1P — L? decay estimates for solutions
to the Cauchy problem for the wave equation requires a deeper understanding of
oscillating integrals with localized amplitudes in different parts of the extended
phase space. In particular, L° — L estimates of such integrals are of interest. One
basic tool to get such estimates is the method of stationary phase. We will apply this
method to prove [7 — L7 decay estimates for solutions to the Cauchy problems for
the free wave equation, for the Schrédinger equation and for the plate equation. The
key lemmas are Littman-type lemmas in the form of Theorems 16.3.1 and 16.8.1.
All these tools and interpolation arguments together yield L7 — L? estimates on the
conjugate line.

Many thanks to Karen Yagdjian (Edinburg, Texas) for useful discussions on the
stationary phase method and the content of this chapter.

16.1 L2 — L? Estimates

First we explain L? — L? estimates.

Theorem 16.1.1 We study the Cauchy problem
uy — Au =0, u(0,x) = ¢(x), u,0,x) = ¥ (x).

We assume that the derivatives VA'3%p, AlT10%, Ald%y, VAII*Y of the data
@,V belong to L*(R"). Then, we have the following energy identities for the

© Springer International Publishing AG 2018 241
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https://doi.org/10.1007/978-3-319-66456-9_16


http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-319-66456-9_16&domain=pdf
https://doi.org/10.1007/978-3-319-66456-9_16

242 16 The Method of Stationary Phase and Applications

derivatives (afﬁgu)(t, -) of the solution u (k + || > 0):

1
Ew (07w = (IVA'S@lL + |40 Y (7).
1
Ew(@ 0w = (14" 00llL + IV A IL)

for |a|,1 > 0.

Proof Here we use the energy conservation

Ew(u)(1) = Ew(u)(0)

of Sect. 11.1 and the property that 3%/ 9%u and 3*19%u solve the wave equation, that
is,

(070%u), — A(07'9%u) = 0, (977'9%u), — A(07"F0%u) = 0,
with data

(87'9%u) (0.x) = A'BTp(x). (87'9%u),(0.x) = ALY (x),

(0741 9%u) (0,x) = A'BY (x), (97F10%u) (0.x) = A8 (x).

The proof is complete.

16.2 Philosophy of Our Approach to Derive 17 — L1
Estimates on the Conjugate Line for Solutions
to the Wave Equation

We use the following representation of solutions for the Cauchy problem for the free
wave equation of Sect. 14.1:

) = FE2 (¢4 4+ 50) LR ()®)
(=) F ).

Let us turn to the model Fourier multiplier

FL (e (p)(8)).
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What kind of tools do we apply to derive L7 — L7 estimates on the conjugate line?
Let us apply the convolution theorem of Sect. 24.1.3. Then we get

Fs__lm(e_”E") * Q.

Even if we choose ¢ to be very smooth, there is no hope of applying Young’s
inequality as in Sect. 12.1.2 because of the first term. This term belongs for all
positive ¢ to §'(R") only. We should modify our approach to derive some decay
estimates. The main ideas are as follows:

1. We add an amplitude function in our model Fourier multiplier. Our model Fourier
multiplier instead takes the form

— —il&|t 1
F(e p FO)®).

where the parameter r is determined later.
2. We decompose the extended phase space (0, co) x R’g into two zones. For this

reason we introduce a function y € C* (R’g) satisfying (&) = 0 for |§] < é,

_ 3 . .
x(&) = 1for|&| = ;,and y(§) € [0, 1]. Then we define the pseudo-differential
zone

Zpa = {(1,§) € (0,00) x R} : 1| < 1},
and the hyperbolic zone
Znyp = {(,€) € (0, 00) x Rg‘ ctE] = 13

3. In the next steps we shall study model Fourier multipliers. In both multipliers the
phase function

¢ =¢(t.x§) =x-§—[Et

appears. The stationary points of the phase function are of importance. These
points are determined by the equation

8
“lel T

So, we have to distinguish both the following cases:

Vep(t,x,8) =x 0.

a. If 7 =: yis lying on the unit sphere in R", then there exist non-isolated
stationary points, namely, the ray {§ € R" : & = Ay forall A > 0}. But
in the set of all stationary points, that is, on the ray, there is only one which is
lying on the unit sphere.
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b. If 7 =: y is not lying on the unit sphere in R", then there do not exist any
stationary points.

4. In Sect. 16.4 we shall derive L7 — L? estimates for the model Fourier multiplier

_ —ilg)r 1 — x(#&])
e (e o FOE©).
The amplitude function
1 — x(l§])
&[>

vanishes in the hyperbolic zone.
5. In Sect. 16.5 we derive 7 — L9 estimates on the conjugate line for the model
Fourier multiplier

—ilele XIED)

FL (7 o F@®).

The amplitude function

x (1§D
&[>

vanishes in a large part of the pseudo-differential zone.

6. After all these preparations we are able to derive in Sect. 16.6 the desired LV — L4
estimates on the conjugate line for solutions to the Cauchy problem for the wave
equation.

Remark 16.2.1 Decompositions of the phase space Rg‘ or extended phase space
(0, 00) xR, respectively, are used very often in modern analysis. Here we use a very
rough decomposition into two zones only. We take into consideration the behavior
of the term el in the corresponding Fourier multipliers. This term allows for
symbol-like estimates in the pseudo-differential zone. So, —|&|¢ has no contribution
to the phase function of the Fourier multiplier, but contributes to the amplitude
function instead. In the hyperbolic zone —|&|¢ is part of the phase function of the
Fourier multiplier.

16.3 A Littman Type Lemma

Littmann type lemmas are a key tool in getting time decay in the expected L/ — L4
estimates on the conjugate line for solutions to the Cauchy problem for the free
wave equation. The classical Littman lemma can be found in [126]. The proof of
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this lemma is a bit complicated for most readers, so we prefer to present a Littman
type lemma which is related to our model Fourier multiplier and give a simpler
proof in this special case. The main tools in the proof are stationary phase method
and Morse lemma.

Theorem 16.3.1 (A Littman Type Lemma) Ler us consider for t > 1y, 79 is a
large positive number, the oscillating integral

Fn__l)x(e_”l”‘ v(n)).

The amplitude function v = v(n) is supposed to belong to C5°(R") with support in
{neR":|n e [é, 21}. Then, the following L*° — L*° estimate holds:

|2 (e o) ey < €A +1)7"2 3 D20 () oo @,

|| <s

where s > "+3

Proof The method of stationary phase is explained, in [190] and [193] for example.
We follow the proof of Theorem 4.1 from [177]. The proof is divided into several
steps.

Step 1:  Change of variables and a property of the kernel

After the change of variables y := 7 we have to estimate

sup ‘/ eir(y"n—\nl)v(n) dn|.
yeRll n

We choose the operator L = L(z, y, 0, d,) in such a way that it reproduces the kernel,
that is,

Leton=Inh — irGra=Inl)
Introducing the vector-valued function

¢ =P(z,y.n) = f(y— |Z|)

the operator L is defined as follows:

|q>(f yoml Z“’ S

Here @; denotes the j-th component of @.
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Step 2:  Application of integration by parts

If y satisfies |[y| > 1 + § or |y| < 1 — 6, where § is a small positive constant,
then |y — \ZI | > § for all n € R" \ {0}. So, we may apply an arbitrary number N of
integration by parts. Here we use the smoothness and support assumption for v to
conclude

)/ eiTon— ‘”I)v(n)dn‘

lyl€[o, oo)\[l —8,144]

— ‘/ et ‘”l)(LT)Nv(n)dn‘

lyl€[o, oo)\[l —8,144]

Every application of the transposed operator L’ to v generates the decay '. This
follows by the estimate |@(z,y, n)| > 8. Summarizing, we get the estimate

sup ‘/ ei’()"”_‘”l)v(n)dn‘

[y|€[0,00)\[1—8,1+45]

< eV Y D% ()00 ey

lo| <N
The constant C depends only on §, which later will be fixed.

Step 3: A useful property of the phase function

Let us discuss the above integral for y € {y € R" : |y| € [l — 45,1 4+ 6§]}. It
is sufficient to estimate it for vectors y = (s,0,---,0) with s € [1 — 4,1 + §]. If
this is done, then a rotation of the spherical shell { € R" : || € [; 2]} does not
essentially change the above oscillating integral. The special structure of the phase
function allows us to transfer this rotation to a rotation of y without any changes in
the phase function. In this way we derive estimates of the integral for all y.

Step 4:  Application of Morse lemma
We study for s € [1 — §, 1 4 §] the integral

/ eir(sm—\nl)v(n) dn.
Inlel}.2]

Here we distinguish two cases:

Case I  The vector n does not belong to a conical neighborhood Kj of the vector
y = (s,0,---,0). Here § is a small positive constant which can be chosen as
small as necessary. Then we can apply the approach of step 2. Integration by
parts and the fact that |y — |Z‘ | > ¢ > 0, where the constant ¢ is independent of
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all admissible 7 outside of K, implies the estimate
‘/ eir(s'?l—\m)v(n) dﬂ‘ <ctV Z ||Dzv(77)|ll°°(R'r§)‘
Inle{[} 21\Ks} la|<N

Case 2 The vector 1 belongs to Ks. Then 7, is positive and we can apply Taylor’s
formula to obtain for all n =: (1, 7n’) € K; the relation

|77| = |(nlv Nayeee snn)| = |(n1705"' 50)| + (Vn’|77|)(’71»0s 50) 77/

1
o, 1 Hy (D (1,0, 0" + R().

Here H,y denotes the Hessian with respect to 1’ and R(7) is the remainder in Taylor’s
formula. Taking account of

1
(VyInl)(11,0,-+-,0) =0, n'Hy(n1.0,--- ,0)n" = " In'|?

we get

/ e”(‘m"”‘)v(n) dﬁ — / eir(sm—\'m—z,l” ‘n/\2+R(ﬂ))v(n) dn
[nl€Ks

Inl€Ks

2
=/ (/ om0 E4R0)y ) do, ) dr.
3 N IMs0)

By M;(r) we denote the intersection of K5 with the sphere {n € R" : || = r}, do,
is the surface measure of Ms(r). Now, let us turn for a fixed r € [; 2] to the integral

/ (A PHRD) o
Mjs(r)

There exists a coordinate system with variables (p,w) = (p, w1, - ,Wy—1)
centered at (r,0,---,0) such that the tangent plane to Ms(r) is given by p = 0
and M;(r) can be represented in the following way:

n—1

Ms(r) := {(,0,0)1, s Wp—1) € R™: p= Zaka)lf —HT?(a)), |a)| < 8(8)},
k=1

where £(8) is small for small § and the small remainder R(w) behaves as O(|w|?).
The quadratic form Zz;ll akw,f is positive definite (it is related to the curvature of
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M;(r)). Using this change of variables we obtain

/ (PRI 0y 6,
Ms(r)
N / L) v(n(p, ) (p,w) do.
loo|<e

The surface element is transformed as do, = J,(p, w)dw. Now, the Morse lemma
(see [143]) comes into play, explaining a suitable change of variables for the phase
function

1
_2 W(Ps w)|2 + R(rs P> w)
r

Due to Taylor’s formula the remainder R(r, p, w) is only a small perturbation of
—21r|77’ (p. )|*. Using the above representation formula for Ms(r) by coordinates
p, w there exist a small neighborhood V = {|w| < &} of the origin in R?™! (if
necessary we can choose a smaller ¢) and a small neighborhood U = {|y| < «}
of the origin in R;f_l (the smallness of ¢ guarantees the smallness of «, too) and a
diffeomorphism

H=H,0):weV—>y=H,w)eU

such that the phase function is transformed to é|y|2, y = (1, ,¥n—1). All the
terms appearing in this change of variables y = H, ,(w) can be estimated uniformly
with respect to the variables p, r from the admissible sets introduced above. This
change of variables transforms the above integral into

- Iyl? - Iyl?
/ ¢ u(r.p.y)dy = / ¢ u(r, p.y) dy
lyl=« Ryt

after using the compact support property of # with respect to y.

Step 5:  Conclusion
. 2
The last integral is equal to (e o ur p, ¥))(x = 0) because we have

o2 2
(¢ urp.3)) ) = i () / ¢ 3 ulr.p.x+ y) dy,
Rn—l
where

—1 7(n—1) —1
i () = 2m) "2 & "
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D

D2
Then, we approximate e'* 2 by a differential operator of order 0. We use

(¢ utr. p.3)) e = 0) — utr p.0)

_ 1
<lei @I Y | ADsum)|

bl
< (]R;{*l)

where s > ”;1. In the second step we need only N > "El derivatives to have the

desired decay. Thus, totally, we need s > ’”2'3 derivatives of u# with respect to y and

of v with respect to 5, respectively. This completes the proof.

16.4 [? — L1 Estimates for Fourier Multipliers
with Amplitudes Localized in the Pseudo-Differential
Zone

Now we estimate the Fourier multiplier

— —i zl_X(tIgD
(e D Fe®)

with an amplitude function localized in the pseudo-differential zone. The main tool
is a Hardy-Littlewood type inequality.

Theorem 16.4.1 Let us consider for ¢ € C5°(R") the Fourier multiplier

e L — x(ED)

b FO©)

F__lm(e
from Sect. 16.2. We assume 1 <p <2 <qg<ooand0 <2r < n(; — (11) Then, we

have the [P — L1 estimates

1= x(lg)
§1>

for all admissible p, q. The constant C depends on p and q.

2r—n(l—1
<" g @

P (e Fg)©) g =

Proof In some steps we follow the approach of [12] and [177].
We introduce the notation

oilEle 1 — x(1[&])

i FOO)]

q
r’

fo:= [
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The change of variables 1 := £ and #z := x implies

F,,_iz(e_”"' 1 —I’ﬁgrlnl)F((p)(fti))

o e ) e ()]

IO — t2rq—nq+n 4

Ld

— t2rq—nq+n

For the oscillating integral

—1 (=i L= 2C1D)
Ti=F (e by )

we have with an arbitrarily chosen positive real / the estimate
meas{n eR": |F,5y(T)| > l} < meas {77 eR":|n| < l_zlr} <Clr .
Due to Theorem 24.1.6 we may conclude F(T) € M (cf. with Definition 24.3) for

all 1 < p <2 < g < oo satisfying 2r < n([l7 — (1]) Hence, T € L (cf. with
Definition 24.2) and

[T« F L (F@)(T))],, = G leenls < G gl

Summarizing, we have shown
2rg—n(f=1) | 114
Iy = Gt Vol

This leads immediately to the desired Hardy-Littlewood type inequality

(e L ), <

for all admissible 1 < p <2 < g < oo. The proof is complete.

16.5 I7 — L7 Estimates on the Conjugate Line for Fourier
Multipliers with Amplitudes Localized in the
Hyperbolic Zone

Now we estimate the Fourier multiplier

—ilele X&)

e FO©)

FE__1>X<e
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with an amplitude function which is more or less localized in the hyperbolic zone.
What is important is only that the amplitude vanishes for ¢|&| < é The main tools
are a refined decomposition of the extended phase space, the Littman type lemma in
the form of Theorem 16.3.1 and an interpolation argument.

Theorem 16.5.1 Let us consider for ¢ € C5°(R") the Fourier multiplier

G
it (e s Flg)(©)

from Sect. 16.2. We assume ”42'1 (11) - [11) < 2r. Then, we have the following [P — L1
estimates on the conjugate line:

(e S o)

for all admissible 1 <p <2, [17 + 611 =1

2r— n( )
< Ct Poa n
L@ = ||</’||U(]R )

Proof In some steps we follow the approach of [12] and [177].
To estimate

s o),

we choose a nonnegative infinitely differentiable function ¢ = ¢ (§) having compact
support in {§ € R" : |§] € [}.2]}. We set ¢ (§) := ¢(27%€) for k > 1 and
Po(§) :=1— 3722, $u(6).

L' — L™ estimates:
Due to Theorem 24.1.3 we have for all k < k( the estimates

—L\s\t x(t|EDPr(1]E])
&>

Here ko can be chosen arbitrarily large. To estimate for all k > kg

el XEDG(rE D
§[

|Fet(e F®)] . = P lgl

7 Fo®)| .

we introduce the change of variables £ =: 2%5. Then, we obtain

HF—l —L\g\;X(f|§|)¢k(f|§|)

g—x\€ |2 HLoo

— 2k (n—2r) t2r—n

k
1 —i2¥| |¢k(2 7))
Fn_m(e 1

[n|?r HLOO

_ Zk(n 2r) 2r—n

Fl ( —zzk\n|¢(|'7|)

n—>x |n|2r HLoo ’
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The last oscillating integral is estimated by the Littman type lemma in the form of
Theorem 16.3.1 with 7 := 2*. Taking into account the properties of ¢ (smoothness
and compact support) we may conclude

—1 _izkm|¢(|77|) H —"5"
e = 27

Summarizing all estimates gives, together with Young’s inequality of Proposi-
tion 24.5.2, the desired L! — L™ estimate

HFE_—LX(E_”E'[ X(t|§||§<|}52kr(l|$|)F((p)(s)) HLOO < kD=2 prmy

L? — L estimates:
After application of the formula of Parseval-Plancherel from Remark 24.1.2 we
immediately get the desired L> — L? estimate

H Fo (e_,mt x(tlélléﬁ(tlél) F(o) (S)) HLz < 22 o,

LP — L1 estimates on the conjugate line:

Using the L' — L™ and L?> — L? estimates, the application of the Riesz-Thorin
interpolation theorem Proposition 24.5.1 yields the desired L — L7 estimates on
the conjugate line

1_

. t t _1y_ _
HF__IM(@_I‘E‘TX( [EN e ( |$|)F((p)(g))HLq < Czk(;(n+1)(}, §)=2r) 2r=n ) ‘I’)H(PHUH

&[>

where p € (1,2].

After choosing — 1Y < 2r, summarizing all these estimates, applying
Theorem 24.1.4 and Remark 24.1.4, the desired I” — L4 estimates follow. This
completes the proof.

1,1

16.6 I7 — L7 Estimates on the Conjugate Line for Solutions
to the Wave Equation

Now let us return to the representation of solutions to the Cauchy problem for the
free wave equation

) = FE2 (¢4 4+ 50) P () ®)

L (=) F0 ).



16.6 L” — L9 Estimates on the Conjugate Line for Solutions to the Wave Equation 253

We explain how to proceed with the Fourier multiplier

FZL (e8P (p)(8)).

Casel te€(0,1]
We need regularity of the data ¢. We add in the amplitude function the term
and study instead

l¢[>1
[

e |17
|& ]2

o FIDP0)(6)).

F (eI FP() ©) = F2, (e Fg)(®))

=Fl (e—ilslr
d 1§

Here we used (cf. with Theorem 24.1.1) the relation

€7 F(¢)(§) = F(IDI*"¢).

11
To avoid a singular behavior of 17" 74) at t = 0 we choose the parameter 2r; =

n( 11) — 611 ) in Theorems 16.4.1 and 16.5.1. Both statements imply immediately the
I[P — L9 estimate

|FeL (e (o)) [0 < CNIDI" Pl

for all admissible 1 < p < 2, [17 + ; =1.

Case2 te[l,o0)

We need regularity of the data ¢. We add in the amplitude function the term
and study instead

|72
[]%72

e _ ot (ilele E177
FL (T F@)®) = R (7 L FO)©)
— —i|&|t 1 r
= Fl (¢ FUDP0)@).

Here we used (cf. with Theorem 24.1.1) the relation

€2 F(p)(§) = F(ID|*>¢).

To obtain the fastest decay behavior we choose the parameter 2r, = "*2'1 (= (1])
in Theorems 16.4.1 and 16.5.1. Both statements imply immediately the I’ — L9



254 16 The Method of Stationary Phase and Applications

estimate
_ i _a—l1_1 n+
|Fel (P @) ©)) ], < €U+~ 672D > G Dp],
for all admissible 1 < p < 2, 11) + 31 =1.

Summarizing the last estimates and taking account of Remark 24.3.1 we arrive at
the following statement.

Theorem 16.6.1 Let ¢ belong to C°(R"). Then, the Fourier multiplier

FZL (e F(p)(6))

satisfies the following 1P — L1 decay estimates on the conjugate line:
|FEL e F @O gy = O+ 07 5 gl

where the real number M, > n(ll) — Ll]), l<p<2, [17 + =1,

In the same way we can treat the other Fourier multipliers appearing in the
representation of solutions to the Cauchy problem for the free wave equation. For
example, by using the same approach we get the following result.

Theorem 16.6.2 Let 3 belong to C3°(R"). Then, the Fourier multiplier

Ff_—lm (e—i|§|t F(li/;(g) )

satisfies the following 1P — L1 decay estimates on the conjugate line:

1 (i FW)(E) —n

1 il§|t ;)

“Ff")‘(e &1 ) oy = €T N 10 oy

where n(ll, — {l]) >1,1<p<2 11,+ = 1, and the real number M, n(l 1)—1.

Remark 16.6.1 In Theorem 16.6.2 appears the restriction n(; — (11) > 1 due to the
fact that we are applying the Riesz potential operator

FOE)

w=F (g
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However, one can remove this condition by using some cancelation property for the
multiplier

GlEl _ il
2i[§|

and allowing some loss of decay in time in the expected estimates.

Theorem 16.6.3 Let v belong to Ci°(R"). Then, we have the following I/ — L1
decay estimates on the conjugate line:

GlEl _ il

(T e FO®)] g = OO+ g,

La(R")
where M), Zn(; - [11) l<p< 2and11) + (11 =1
Proof Due to the fact that for |£]¢ < 1 we have
eilélr — o—ilgle
2i¢]

After following the proof to Theorem 16.4.1 we get in the pseudodifferential zone
the 7 — L7 estimates

H ((e“s" — eI (1= x(1l€])
s 2i|&| &[>

11
< Ctl+2r n(, q)”|D|2rw”U7

< Ct

P F®©)| |

foralll <p<2<g<ooand0 <2r<n(! — ).
In the hyperbolic zone, applying Theorem 16. 5 1, we get

H - ((e"‘f"—e""f") x(t|ED)
§ox 2il¢| €[>

11
< Ct1+2r n(‘[7 q)“|D|2rw”U7

P F®©)| |

foralll <p<2<g=oo, + =land2r+12="7'(, — ).
For t € (0, 1] we apply the derived estimates in both zones with 2r = n(; )
to verify

H 5_, ((et\é\t_e tlé‘lt)

2iE] F@)®)]|, = clipro=y

foralll<p§2and;+;=1.
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Now, for t € [1,00) we apply the derived estimates in both zones with 2r =
"*2'1 (11) - (1]) to verify

e ()|

1=zt n+1(1_1)
=C+n 2 d|[D] 2 YL

L4

forall 1 <p <2and 117 + (1] = 1. This completes the proof.
Summarizing the estimates of Theorems 16.6.1 and 16.6.2 we are able to conclude
the following result.

Theorem 16.6.4 Let ¢ and v belong to Ci°(R"). Then, the solution u to the Cauchy
problem for the free wave equation satisfies the following I? — L1 decay estimates
on the conjugate line:

_n—l/1_1
e, e < €A+ 0772 57 (g + 1V 1)

where n(ll) — Ll]) >1,1<p<2 [l) + 611 = 1, and the real number M, satisfies
Applying the derived estimates in Theorems 16.6.1 and 16.6.3 we are able to
conclude the following result.

Theorem 16.6.5 Let ¢ and v belong to C°(R"). Then, the solution u to the Cauchy
problem for the free wave equation satisfies the following L7 — L1 decay estimates
on the conjugate line:

_n—l/1_1
(. ) les = CA+ 072 07 (gl + AVl ).

where 1 <p <2, 117 + ' =1, and the real number M, satisfies M,, > n(ll) — Ll])
Analogously, we are able to conclude ¥ — L? decay estimates for d,u and Vu which

are defined by

Ju(t, x) = ngx( - (ei\sv - e—ilél’) E ! F(<p)(é‘))

1
e (94 ) P @),
e, = F (i (15 + 1) L r ) 0))

L (=) P ®).
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Theorem 16.6.6 Let ¢ and  belong to C3°(R"). Then the partial derivatives 0;u
and Vu of the solution to the Cauchy problem for the free wave equation satisfy the
following I? — L1 decay estimates on the conjugate line:

_n—l/1_1
Mz = €O+ 0772 07 (gl o + 1] p-1)

_n—lg1_1
IVute. Y = €A+ 07207 (gl + 191 m).

where the real number M), fulfils M, > n(ll) — (l]) +1,1<p<2, [17 + (1] =1.

16.7 I7 — L7 Estimates Away from the Conjugate Line

Let us consider the Cauchy problem for the free wave equation
Uy — AM = 0, M(O,x) = (p(-x)s uT(Ov'x) = W(x)-

From Sects. 16.4 and 16.5, by taking ¢ = 0 and without asking for additional
regularity of the data, one still may expect some singular 7 — L? estimates. Indeed,
by putting r = ; into the statements of Theorems 16.4.1 and 16.5.1 we conclude
the following I” — L? estimates on the conjugate line:

1—"4n
et Miee < C ' =rFa o

uniformly for any ¢ > 0 and for

D)

: i 11 . 1 11 1 : :
In particular, it is true for (p, q) =P, .= (2 i 2T ) Since these estimates
1

are true for (11), (1]) = Py = (2, é), by interpolation we conclude it on the line with
end points Py and P;.

More in general, the estimates in [161] and [198] imply that the solution to the above
Cauchy problem satisfies I” — L7 estimates if and only if the point (! (1]) belongs to

r’
the closed triangle with vertices

Pl:(;-’_n-}—l’;_n-}—l)’ P2=(;_n11’;_n11)’

and Py = (5 + 5.5 +,5)-

n—1

In the case n = 1 or n = 2 we define P, = (0,0) and P3 = (1, 1). Moreover, the
asymptotic behavior in ¢ follows by homogeneity, namely, that there exists a positive
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constant C such that the 17 — L7 estimates

[
lut. e = C e a |9l

hold uniformly for any ¢ > 0.

If we ask for additional regularity of the data, besides avoiding singular estimates
at t = 0 as was done in Theorem 16.6.4, we can also enlarge the admissible range
for p, g in the I — L7 estimates. For instance, combining results from [188] and
[137], the estimates

_ 1_1 . _ 1_1)_
lu(z. ) < €1+ D" 2 gy + (1 4 ™D =210 g,

hold for p € (1, 00) if and only if
1 1 1 1
(n—l)‘ — ‘fs and (n—l)‘ — )fr—l—l,rzo.
p 2 p 2

Therefore, apart from the case p = 2, in general, one can not expect L” —[7 estimates
for the solutions of the free wave equation.

It is interesting to compare L7 — L7 estimates for the solution to the Cauchy
problem for the free wave equation with the ones for the Klein-Gordon equation

vy —Av+v =0, v(0,x) =¢kx), v(0,x)=v(x).
In [129] the authors proved that for every ¢t > 0 the operator 7; : (¢, ¥) — v(t,-)

(¢ = 0) is bounded from L7 (R") to L7(R") if, and only if, the point ( [17 , 611 ) belongs
to the same closed triangle P; P, Ps.

16.8 7 — L1 Estimates on the Conjugate Line for Solutions
to the Schrodinger Equation

Theorem 13.1.3 contains I” — L? estimates on the conjugate line for solutions to
the Cauchy problem for the Schrodinger equation under the assumption of low
regularity of the data. In the following we are interested in deriving such estimates
for high regular data. We use the representation

_ —ilg?
u(t.2) = FL (e (9)(6)
of solutions to the Cauchy problem
Du— Au=0, u(0,x) = ¢(x)

under a suitable regularity assumption for the data ¢.
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16.8.1 Philosophy of Our Approach to Derive [P — L1
Estimates on the Conjugate Line for Solutions
to the Schrodinger Equation

We can follow, with some modifications, the approach explained in Sect. 16.2.
1. We add an amplitude function in our Fourier multiplier. Instead, our Fourier

multiplier takes the form

1
&[>
where the parameter r is determined later.

2. We decompose the extended phase space (0, 00) x Rg‘ into two zones. We define
the pseudodifferential zone

F‘ix(f”é‘zr F((p)(é))’

Zpa = {(1,£) € (0,00) x R 1 1]* < 1},
and the evolution zone
Zey = {(1,§) € (0,00) x RY : 1]§]> = 1}.
3. In the Fourier multiplier there appears the phase function
¢ =¢(x.§) =x-& |5
The stationary points of the phase function are determined by
Vep(t,x,6) =x—2t£ =0.

So, we have only one case.
If we introduce the notation , =: y, then we have the isolated stationary point
E=y.

4. In Sect. 16.8.3 we shall derive L? — L? estimates for the Fourier multiplier

_ —i| |2,1 - X(t|§|2)
Feb (e TR F®).
The amplitude function
1= x(tlgl?)
&[>

vanishes in the evolution zone.
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5. In Sect. 16.8.4 we shall derive I7 — L7 estimates on the conjugate line for the
model Fourier multiplier

_ _i\gm)((flﬂz)
Fl (e P ®).
The amplitude function
X&)
&[>

vanishes in a large part of the pseudodifferential zone.

6. After all these preparations we are able to derive in Sect. 16.8.5 the desired L/ —
L7 estimates on the conjugate line for solutions to the Cauchy problem for the
Schrodinger equation.

16.8.2 A Littman Type Lemma

In further considerations we shall use the following Littman type lemma related to
the phase function ¢ of the previous section.

Theorem 16.8.1 (A Littman Type Lemma) Let us consider for T > 19, 19 is a
large positive number; the oscillating integral

F,]__l,x (e_"r‘”l2 v (7])) .

The amplitude function v = v(n) is supposed to belong to C3°(R") with support in
{neR":|n e [é, 21}. Then, the following L*° — L*° estimate holds:

|F L (e o) sy < €A +1)72 > ID20() 0o e,

|| <s
where s > ";4.

Proof The method of stationary phase is explained, for example, in [190] and [193].
We can follow the steps of the proof to Theorem 16.3.1. For this reason we only
sketch modifications in the steps of the proof.

Step 1:  After the change of variables y := 7 we have to estimate

sup
yER”

/ eif(Y'U—lﬂ\z)v(n) dn|.
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Introducing the vector-valued function

® = &(r.y.n) = t(y - 2n)
the operator L is defined as follows:

1

. 1
L:= Di(t,y,1) . 0.
|¢(r,y,n)|2j; ! i

Here @; denotes the j-th component of @.

Step 2:  Letus fix y € R". If n ¢ B.(3), where B(3) denotes the ball centered
at n = 5 with radius ¢, then [®| > 2z¢ for all n € R" \ B(3). We may apply
an arbitrary number N of integration by parts. Here we use the smoothness and
support assumption for v to conclude

sup

i (ven—|nl2 _
[ e Py an] < co Y I0gum e
verr | Jri\g,(3)

|| <N

The constant C is independent of y € R" and depends only on &, which is later fixed.
We do not need Step 3.

Step 4: It remains to estimate

sup

/ veir(y'n—ln\z)v(n)dn‘_
yeR" ' JB.(3)

For a given y the phase function has the only stationary point = Z Using

by
y-n—Inl"= n-

4

(in fact this follows from application of Taylor’s formula around the stationary point)
it remains to estimate the integral

/ | e—irm_§|2v(n) dn = / e—irln\2v<,} + y) dn
B(3) B.(0) 2

= _itlﬂ‘z ( y d
/1;"6 v 7]—}—2) Ui

forally € R".
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Cp2
Step 5:  The last integral is equal to (e_” g u(r, p, y))(x = 0) taking into
consideration

o 2
(e—” g u(r,p,y))(x) =cu(r) | e 2 ulr, px +y)dy,
]er
where

cn(t) = (27t)gei71“n =y

D|

. 2
Then, we approximate et by a differential operator of order 0. We use

(" utr.p.3)) 6= 0) — utr. p.0)

<l Y |, antue|

ki
lal<s (RY)

where s > 7. In the second step we need only N > 7 derivatives to have the desired

decay. Thus, totally, we need s > ”*2'4 derivatives of u with respect to y and of v

with respect to 7, respectively. This completes the proof.

16.8.3 L7 — L1 Estimates for Fourier Multipliers
with Amplitudes Localized in the Pseudodifferential
Zone

We can follow step by step the proof of Theorem 16.4.1 to derive L7 — L7 estimates
for the Fourier multiplier

1 (—iepe L = XCER)
F§—1>x(e el |S|2r

with localized amplitude in the pseudodifferential zone. In this way we may
conclude the following result.

Flg)))

Theorem 16.8.2 Let us consider for ¢ € C3°(R") the Fourier multiplier

Pl (e—i\s\ztl — X&)

. b @)
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from Sect. 16.8.1. We assume 1 <p <2 <qg<ooand(0 <2r < n(; - (11) Then,
we have the [P — L estimates

[t (et~ U ki)

for all admissible p, q. The constant C depends on p and q.

nel_1
<0y ’
L = (K272

16.8.4 17 — L1 Estimates on the Conjugate Line for Fourier
Multipliers with Amplitudes Localized in the Evolution
Zone

Now we estimate the Fourier multiplier

_i|g|2r)((t|§|2)
|§1>

with an amplitude function localized more or less in the evolution zone. It is only
important that the amplitude vanishes if #|§|? < é The main tools are a refined
decomposition of the extended phase space, the Littman type lemma in the form of
Theorem 16.8.1 and an interpolation argument.

Felo(e F@)®)

Theorem 16.8.3 Let us consider for ¢ € Ci°(R") the Fourier multiplier

_i|g|2r)((t|§|2)
|§1>

from Sect. 16.8.1. We assume O < r. Then, we have the I — L1 estimates on the
conjugate line

Fedo(e F@)(®)

<3070 ol
LI(R7) —

[t (e poie)

for all admissible 1 < p <2, [17 + 611 =1.

Proof We can follow, with some modifications, the proof to Theorem 16.5.1. So,
we sketch the modifications only.

L' — L™ estimates:

We introduce the change of variables tég =: 22 n to estimate the L°°-norm of the
oscillating integral

_,.|§|z,x(z|s|2)¢k(r|s|2))'

F__lm(e
& |S|2r
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Then we obtain

HFng(e—ﬂaztx(tlé |2|§<Iﬁzkr(tlé IZ)) HLoo
= 2G5 Fo (720 ¢|(7|]’|72|r2)) HLOO.

The last oscillating integral is estimated by the Littman type lemma in the form of
Theorem 16.8.1 with 7 := 2*. Taking into account the properties of ¢ (smoothness
and compact support) we may conclude

HF”__I,X(e_QkI’I\Z ¢|()L’I72|f)) HLOO <c(+2575

Summarizing all estimates gives, together with Young’s inequality of Proposi-
tion 24.5.2, the desired L' — L estimate

E—x

(e_imzt paGHRINGIER!

= 1

F@®)| . =2 gl

L? — [? estimates:
After application of the formula of Parseval-Plancherel from Remark 24.1.2 we
immediately get the desired L? — L? estimate

H o (e—ilflzrX(l|§|2|§(iﬁzkr(t|§|2) o) (S)) HLz < ]l e.

L7 — L1 estimates on the conjugate line:

Using the L' — L™ and L? — L? estimates the application of the Riesz-Thorin
interpolation theorem Proposition 24.5.1 yields the desired I’ — L estimates on
the conjugate line

[t (e SRR pgye)] < 230 Dol

where p € (1,2].
Summarizing all these estimates, applying Theorem 24.1.4 and Remark 24.1.4, the
desired 7 — L? estimates follow. This completes the proof.
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16.8.5 I? — L7 Estimates on the Conjugate Line for Solutions
to the Schrodinger Equation

Now, let us come back to the representation of solutions to the Cauchy problem for
the Schrodinger equation

u(t.x) = Fi (7P F(9) (€)).

We explain how to proceed with the Fourier multiplier

FoL (7P R (p) (8)).

Case I: t€(0,1]
We follow the approach of Sect. 16.6. We need regularity of the data ¢. To avoid

a singular behavior of M0 Aty = 0 we choose 2r; = n(l) — Y in
Theorems 16.8.2 and 16.8.3. Both statements imply immediately the 17 — L9

estimate

— —ilg]? n 1_1
|Fet (e F@)®) ], < CNID ™ gl
for all admissible 1 <p <2, | + jj =1.
Case2: te][l,o0)
We do not need higher regularity of the data ¢. To obtain the fastest decay

behavior we choose r = 0 in Theorems 16.8.2 and 16.8.3. Both statements imply
immediately the [/ — L? estimate

|t (e P @) ©) ], < €U+ 07207 gl

for all admissible 1 < p < 2, [17 + ; =1.
Summarizing the last estimates and taking account of Remark 24.3.1 we arrive at
the following statement.

Theorem 16.8.4 Let ¢ belong to Ci°(R"). Then, the solution u to the Cauchy
problem for the Schrodinger equation satisfies the following IP — L1 decay estimates
on the conjugate line:

_ngl_1
lu(t. s < CA+ 07207 ]| .

where the real number M, > n(; — [11) l<p< 2and11) + (11 =1.

Remark 16.8.1 Let us compare the estimates of Theorems 13.1.3 and 16.8.4. If we
choose @« = 0 and k = 0 in Theorem 13.1.3, then we get on the conjugate line the
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L7 — L1 estimate (p € (1,2])

_n¢l_1
lut, e < €727 gl
This inequality explains a decay behavior of |u(t, )|« for t — oo under L
regularity for the data ¢. But, for t — +0 the L7-norm of the solution may blow up.

To avoid such possible blow up behavior we measure the data in fractional Sobolev
spaces of higher regularity. This implies the L7 — L? decay estimate

_nol__1
(. ) les = CA+ 07207 gl .

In both estimates the decay functions are equivalent for t — oo.

16.9 I7 — L7 Estimates on the Conjugate Line for Solutions
to the Plate Equation

The considerations of the last sections allow us to conclude immediately L’ — L9
decay estimates on the conjugate line for solutions to the Cauchy problem for the
plate equation

ug + (=2)%u =0, u(0,x) =), u(0,x)=1vx), xeR", n>1.

We recall the representation of solutions

_ _i1epe 1 _ _iepy 1
w0 = F2 (8 Fl)®©) = Pl () FOO®)
1 (it ] 1 (ilepe 1
FEL(T F@®) + FL (6, ) FO®),

The statements of Theorems 16.8.2 and 16.8.3 yield the following result.

Theorem 16.9.1 Let ¢ and v belong to C3°(R"). Then, the solution u to the Cauchy
problem for the plate equation satisfies the following L7 — L1 decay estimates on the
conjugate line:

_ngl_1
(. ) les = CA+ 07207 (gl + 11| -2)-

where n(; — [11) >2,1<p<2 11) + (11 = 1, and the real number M, satisfies
M, > n() — (11)

Following the goal of Theorem 16.6.3 and the steps of its proof one may conclude
the following result.
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Theorem 16.9.2 Let 3 belong to Ci°(R"). Then, we have the following 17 — L1
decay estimates on the conjugate line:

e (s F)], = 0D

where M), Zn(})—{l]), 1 <p§2cmd[17 + 611 =1
As a consequence of Theorems 16.8.2, 16.8.3 and 16.9.2 we have the following
statement.

Theorem 16.9.3 Let ¢ and v belong to C°(R"). Then, the solution u to the Cauchy
problem for the plate equation satisfies the following L7 — L1 decay estimates on the
conjugate line:

_n(l_l)
lut, Me < CA+1) 20074 (||</)||H,§4p +l||1ﬁ||H,§4p),
where 1 <p <2, 117 + 611 = 1, and the real number M), satisfies M, > n({l) — Ll])

Analogously we are able to conclude L” — L? decay estimates for d,u and Au (terms
appearing in the energy Epy (1)(%), see Sect. 11.2.4) which are defined by

qe2
it v = Pt (T Poy®) 4 L (e F @)

1 (i \Zr"|5|2 1 (el ]
+ F (0T F)®) + L (¢H ) Fan®).

(e
Auft, ) = FH( “‘5‘2"5' F)©) - F2, (e —"‘f‘zf,jl. FON(E))
( il t|§|

i 2
) FQ©) + F (5 F®),
Theorem 16.9.4 Let ¢ and  belong to C°(R"). Then, the derivatives 0,u and Au

of the solution to the Cauchy problem for the plate equation satisfy the following
[P — L1 decay estimates on the conjugate line:

_nol_1
et )ller < €+ 072072 (Il + 1Y 1-2).

_ngl_1
| Au(e. ) e = CA+D7207 (gl + 1] pom2).

where the real number M), fulfils M, > n(; — 31) +21<p<2 and; + (11 =1.
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16.10 Concluding Remarks

16.10.1 Littman’s Lemma

For the method of stationary phase bases on the so-called Littman’s lemma please
see [126] and Theorem 16.10.1 below. In this paper W. Littman studied the linear
transformation

T.f € CR™Y) > Tf = / £ = Du@do, € CR™),
M

where M is a given n-dimensional surface (possibly with boundary) embedded in
R**! and u is a mass density on the surface, vanishing near the boundary. He
discusses the question under which assumptions for f, u and M the following P — L7
estimate is true:

15T fller < CallfllLr.

The answer to this question is related to the behavior at co of the Fourier transform
of the measure pi. For this reason the following result is proved in [126].

Theorem 16.10.1 Let M be a sufficiently smooth compact n-dimensional surface
(possibly with boundary) embedded in R"*!, 1 a sufficiently smooth mass distribu-
tion on M vanishing near the boundary of M. Suppose that at each point of M, k of
the n principal curvatures are different from zero. Then,

/ o, = O(ly|~2) for y — oo.
M

This result was very often used in the study of nonlinear partial differential
equations. For example, in [160] one can find the following result which can be
concluded from Theorem 16.10.1.

Theorem 16.10.2 Let us consider for T > 1y, 19 is a large positive number, the
oscillating integral

Fn_—lnc (e—iTP(ﬂ) v (77)) .

The amplitude function v = v(n) is supposed to belong to C5°(R") with support
in{n € R" : |n| € [;,2]}. The function p = p(n) is C* in a neighborhood of
the support of v. Moreover, the rank of the Hessian Hy,(n) is supposed to satisfy
the assumption rank H,(n) > k on the support of v. Then, the following L*® — L*°
estimate holds:

||Fn__l>x(e_hp(n)v(7l))||L°°(R;) <C(+ T)_é Z D5 v () [|zoe )

le|<L
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where L is a suitable entire number:

In Theorems 16.3.1 and 16.8.1 we determine the number L in the special cases
p(n) = |n|'. 1 = 1,2, and hope to give for the beginners a proof in detail for the
desired L*>° — L™ estimates.

Exercises Relating to the Considerations of Chap. 16

Exercise 1 Study the approach from [168] to derive L7 — L7 estimates of solutions
to the Cauchy problems for the Schrédinger and for the plate equation.

Exercise 2 Let (¢,¥) € H'(R") x H*"'(R") and f € L'((0,T), H*"'(R")) with
s > 1. Here we denote the function space H;(R") by H*(IR"). Prove that there exists
a uniquely determined energy solution
u € C([0,T], H'(R")) N C'([0, T], H'(R"))
to the Cauchy problem for the non-homogeneous free wave equation
uy — Au = f(t,x), u(0,x) =), u(0,x) = ¥(x)
which satisfies for each ¢ € [0, T] the estimates

llaee, M azs + N (2, )|

5C0+0@Mm+HWMA+LHﬂ$Nmﬂﬁ)

Moreover, for each 7 € [0, T] and s > 1 the solution satisfies
t

e M+ e s = (Ui + 10 + [ 1765 ).
0

Suggestion: Putting K(,0,x) = Fz!

E—x

(sin(lélt)

] ), one may write

u(t,”) = K(t,0,-) * ¢ + K(£,0,) x ¥ + /tK(t— 5,0,°) % f(s,-) ds.
0
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Chapter 17 )
Semilinear Heat Models Creck o

In this chapter we consider the semilinear heat model with power nonlinearity
u— Au = £ulP"u, u(0,x) = @(x).

Here +|u|’~'u is an example of a source nonlinearity (positive sign) and of an
absorbing nonlinearity (negative sign) (see, for example, [153]).

First of all we show how the Fujita exponent pr,;j(n) = 1 + ’21 appears. In the
case of a source power nonlinearity this exponent is the threshold between global
existence of small data solutions for exponents larger and blow up behavior of
solutions for exponents smaller or equal to the Fujita exponent. In both results
the sign of a functional of the data plays a fundamental role. One main goal is to
discuss the issue of global existence (in time) of solutions. Besides global existence,
we explain blow up of solutions, too. The situation is quite different in the case
of an absorbing power nonlinearity. In this case, we have well-posedness results
even for large data because the right-hand side can be included in the definition
of a suitable energy. The Fujita exponent influences the profile of a solution. For
exponents above the Fujita exponent, the profile of solutions is close to the Gauss
kernel. For exponents below the Fujita exponent the profile of solutions is close to
that of a self-similar solution. Decay estimates for solutions complete this chapter.

17.1 Semilinear Heat Models with Source Nonlinearity

In this section we consider the Cauchy problem

ur - AM - |u|p_1u7 M(O,x) = qﬂ(.x).
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In Sect. 11.2.5 we learned that the nonlinear term |u|’~'u is a source nonlinearity.
For this reason the global existence (in time) of small data solutions is of interest.
This means, that we try to prove that the steady-state solution u = 0 of the Cauchy
problem with homogeneous data is stable. Small perturbations of data in suitable
Banach spaces preserve the property of the Cauchy problem to have global (in time)
solutions. It turns out that there exists a critical exponent p.,;, a threshold between
global and non-global existence of small data solutions. For the above semilinear
heat model this critical exponent is the Fujita exponent pp,j(n) = 1 + ’21

17.1.1 Fujita Discovered the Critical Exponent

In his pioneering paper (see [56]) Fujita proved the following two results.

Theorem 17.1.1 Let us consider the Cauchy problem
u— Au=u’, u(0,x) = ¢(x).

The data ¢ does not vanish identically and is supposed to be nonnegative and to
belong to the function space B>(R"). Let p € (1,1 + i) Then, there is no global (in
time) classical solution satisfying for any T > 0 the estimate

lu(t,x)| < Mrexp(|x|?) forall (1,x) € [0,T] xR", B € (0,2).

Here B?(R") denotes the space of functions with continuous and bounded deriva-
tives up to order 2.

Theorem 17.1.2 Let us consider the Cauchy problem

u,— Au =1, u(0,x) = p(x),
where the data ¢ is supposed to be nonnegative and to belong to the function space
B*(R"). Letp € (1+ ’21 , 00). Take any positive numbery. Then, there exists a positive
number § with the following property.

If p(x) < 8G,(y,x), then there is a global (in time) classical solution satisfying
the estimate

0 < u(t,x) < MG,(t + y,x) forall (t,x) €[0,T] xR".

Here

1 |x[?
Gn Z = n -
D= gyt &P ( 4 )

is the Gauss kernel.
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Both Theorems 17.1.1 and 17.1.2 imply that pp,(n) is really the critical
exponent. The case p = pp,;(n) remained open. A blow up result for p = pg,j(n)
has since been proved in [75] or in [116].

17.1.2 Self-Similar Solutions

The following explanations for the semilinear heat model with source nonlinearity
are taken from [21, 74] and [107]. Let us come back to the Cauchy problem

u — Au = alul’'u, u(0,x) = ¢(x),

where p > l anda = 1 ora = —1. If u = u(t, x) is some classical solution, then
2

s0is uy = uy(t,x) := Ar—1u(A%t, Ax) for any fixed positive A. In [74] the authors

looked for such solutions invariant under this transformation, that is, u = u; for all

positive A. Such solutions are called self-similar solutions. Letting A = 2, then a

necessary and sufficient condition for u = u, is

u(t,x) = o u(l, :;t)

For this reason, the authors have chosen the ansatz
_ 1 X

u(t,x) =t 1’—1f<\/ ),
t

where f = f(y), y := jt, satisfies the semilinear elliptic equation

1 1
A=y =alfPTi L f >0

on RY. Moreover, if f has spherical symmetry, that s, if f (x) = g(|x|), then g satisfies

r n-—1 o 1
—g”—( + )g’—algl‘ ‘g=p_ g £0)=0.

2 1

In order for f(x) = g(]x|) to be well behaved at x = 0 it is intuitively clear that we
need g'(0) = 0.If p > pp,;(n), Then, there exist due to [74] positive solutions of
the form

u(t,x) = t_l’l1f< :;t)

Remark 17.1.1 Here we used the notion of a self-similar solution. These are
solutions being invariant under the dilation scaling u(t,x) = A%u(Ar, APx) with
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suitable & and B. Such special solutions are useful in the treatment of linear or
even nonlinear partial differential equations (cf., for example, with Theorem 17.2.8).
They depend on variables which interlink the given variables in space-time.
Therefore, some symmetry or homogeneous asymmetry in the problem is used.
Often self-similar solutions solve “easier” partial differential equations or ordinary
differential equations (see the above considerations).

If u = u(t, x) is such a self-similar solution, then u = u(f+ 7, x) is for any positive t
a self-similar solution, too. So, we have an infinite number of self-similar solutions.
Later it was observed in [217] and in [50] that the semilinear elliptic equation has
infinitely many solutions which are dominated by the Gaussian. But among these
there is a positive one if and only if p > pg,;(n).

17.1.3 A Useful Change of Variables
We introduce the operator

Lf == Af = vV == V(KO

1
K@)

where

K@) := exp(bf).

The domain D(L) of L is contained in the weighted L? space
L*(K)(R") := {f € *(R") : | fVK]|2 < 00}.
Then, there is an interesting relation between the solutions of the Cauchy problems

vy + Lv = v v + Av, v(0,y) = vo(y), (s.y) € (0,00) x R",
u— Au = |ulP"'u, u(0,x) = @), (1,x) € (0,00) x R".

If u = u(t, x) is a classical solution, then

v(s,y) = exp (pi 1)u(exps — l,exp(;)y)

is a classical solution with A = pil and vyp = ¢. Conversely, if v = v(s,y) is a

classical solution with A = » ! |» then

u(t,x) = (1 4+ 1) r v(log(l + 1), ¢1x+ t)

is a classical solution with ¢ = vy.
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Remark 17.1.2 The interest in this change of variables lies in the fact that the
operator L has in suitable function spaces a compact inverse, is self-adjoint and
its least eigenvalue is 7. Therefore, the problem for v can be studied in the same
manner as the problem for «, but in a bounded domain G C R".

17.1.4 Blow Up Via Global Existence

We turn now to the interplay blow up via global existence. First we prove a blow up
result (see [107]).

Theorem 17.1.3 Let us assume p € (1,pr,j(n)). Then, any positive classical
solution of

1
vy + Lv = vy + v, v(0,y) = vo(¥), (s5,¥) € (0,00) x R",
p—

1

blows up in finite time.

Proof The function

$1=$103) == exp - |Y4|2)

is an eigenfunction of the operator L to the eigenvalue /), that is, L¢; = ¢;. Then
we define ¥ = ¢ (y) = c(e)q&l”g. We choose ¢ in such a way that

| vokoyas =1.
Then,
Ly < (1 +s)’;w.

After multiplying the differential equation by ¥ (y)K(y), integrating over R" and
integrating by parts we get

d, / V(s )V OIKG) dy = / V(5 )Y IK() dy
R» R»

+ /Rn v(s,y)<pi 1Kﬁ(y) —Lw(y))K(y) dy.
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By Jensen’s inequality and the fact that

Lo oz (L —asel)yo

p—1 “\p—1 2
we may conclude
P
d, | v VOKO dy= ([ v v IKe) )
1 n
H( 1 —asa)) [ venvmre
pP— 1 2 R~
Taking account of p € (1, pr,j(n)) a sufficiently small & implies
1 n
- > 0.
b1 1+ 8)2 >

Introducing the functional

FO) = [ oW OKO) &
we derived the differential inequality
F'(s) > F(s)", F(0) > 0.

Let us assume that the positive solution v = v(s,y) exists on every time interval
[0,L]. Then, with p > 1 and F(s) > O for all s we obtain from the differential
inequality

1 ) L F'(s)
_IF(O)1 ! 3/0 F(s)pdszL

This is a contradiction. So, we may conclude a blow up behavior. The proof is
complete.

Using the relation between both Cauchy problems of Sect. 17.1.3 we get the same
blow up result for positive solutions to the Cauchy problem

u— Au = [ulP"'u, u(0,x) = @(x), (1.x) € (0,00) x R".

Now we are interested in the large time behavior or the asymptotic behavior of
solutions u to the last Cauchy problem. Again we consider instead the asymptotic
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behavior of solutions to the evolution equation for v. We use weighted Sobolev
spaces

H*(K)(R") = {f € H*(R") : 3f € L*(K) for |a| <2}

with K(y) = exp ( ‘yf) and L*(K)(R") as introduced in Sect. 17.1.3. The domain of
the operator L is H*(K)(R"). For

v e PPUK)(R") N H (K)(R")

and fixed real A we introduce the functional
1 2 A 2
E;(v) := Vo) |"K(y) dy — [v()|°K(y) dy
2 R” 2 Rn
1
— v)IPTIK () dy.
it Lotk

This functional is also called energy, although now the energy might become
negative. To formulate the next results, let A; := 7 be the least eigenvalue of L
on H?(K)(R"). The life span T* of a solution v belonging to

([0, 7). LI K)(R") N HY(K)(R™) N C'([0, T), L*(K)(R"))
is defined by

T* :=sup {v € C([0,T), L’ (K)(R") N H'(K)(R")) N C' ([0, T), L*(K)(R"))}.
>0

Finally, for p € (1, T_‘;] and fixed A we define

w=am= it | [ Gorked-a [ 110PKe B

feH\(K)
: / O KO dy = 1),
]Rn

Theorem 17.1.4 Assume that A < Ay. Let us choose a non-vanishing data vy €
LPTHK)(R™) N H'(K)(R") in the Cauchy problem

e+ Lv = [P 'v 4+ Av, v(0,y) = vo(y). (s.y) € (0,00) x R".
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Then, the following statements hold:

1. IfEj(vg) < 0, then T* is finite, so we have blow up.

p+1
2. IfEx(vo) € (0., ay™") and

p+1
[ 1vw0Pko a2 [ PRy <af
R R
then T* = 00, so we have global (in time) existence.
Theorem 17.1.5 Assume that A > A and the non-vanishing data v is nonnegative
in the Cauchy problem
vs 4+ Lv = v v 4+ Av, v(0,y) = vo(y), (s5,¥) € (0, 00) x R".

Then every solution

v e C([0,7), "1 (K)(R") N H' (K)(R") N C'([0,T), L*(K)(R"))

blows up in finite time T*.
Both of the last theorems imply immediately the following two corollaries due to
the change of variables of Sect. 17.1.3.

Corollary 17.1.1 Assume that p > pr,(n). Let us choose a non-vanishing data
¢ € PTHK)R™Y) N HY(K)(RY) in the Cauchy problem
u— Au = |ulP"'u, u(0,x) = @(x), (t,x) € (0,00) x R".

1.

Then, the following statements hold with A = 1

1. IfE)(¢) <0, then T* is finite, so we have blow up.

p+1
2. IfEx(p) € (0,0} jay™") and

p+1

/ V() PKG) dy — A [ COIPKG) dy < al™ |
R R"

then T* = o0, so we have global (in time) existence.

Corollary 17.1.2 Assume that 1 < p < ppg,j(n) and the non-vanishing data ¢ is
nonnegative in the Cauchy problem

u— Au = |ulP""u, u(0,x) = @(x), (t.x) € (0,00) x R".



17.1 Semilinear Heat Models with Source Nonlinearity 281

Then every solution
ue C([0,7), LT (K)(R") N H' (K)R")) N C' ([0, T), L*(K)(R"))

blows up in finite time T*.

Remark 17.1.3 In [107] it is shown that Corollary 17.1.2 remains valid for p =
pryj(n). The statements of Corollary 17.1.1 explain that a nonpositive “energy”
Ep . (¢) of the data ¢ has a deteriorating influence on global (in time) existence
results while a positive small energy E o (¢) has an improving influence on global
(in time) existence results. '
Besides global existence results, the question of the long time behavior or the
asymptotic profile of solutions is of interest. We shall only explain two results from
[107]. The interested reader can follow the results with proofs in this paper.

On the one hand, it is shown in [107] that under the assumptions ¢ € H'(K)(R")
andp € ( DPruj(n), T_‘;) every classical solution u of

u— Au = |ulP"'u, u(0,x) = @), (1.x) € (0,00) x R"
satisfies the estimate

1
sup 177! (e, Yoo + [Vae(t, )lloe + IV2u(t, ) |o) < oo
=

On the other hand, it is shown that there exists a close connection from the profile
to a self-similar solution

1 X
t of u, — Au = |ul’"'u.
£ of = du=

It is shown that there is a self-similar solution with f € H'(K)(R") and a sequence
{t;}x tending to infinity such that the relation

I .
. p—1 N —
Jim [ ) =1, )] =0

is true.

In the case of a source nonlinearity we renounced, up to now, to present some
I7 — L9 estimates for global (in time) solutions. We expect the following result
on global (in time) small data solutions to be similar to Theorem 18.1.1 under the
assumption of additional regularity for the data.

Theorem 17.1.6 Consider the Cauchy problem with source power nonlinearity

uy— Au = |ulP"u, u(0,x) = p(x).
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Let p > pp,j(n) =1+ i and ¢ € L'(R") N L®(R"). Then, the following statement
holds with a suitable constant €y > 0:
If |@llinree < €0, then there exists a unique global (in time) energy solution

u € C([0,00), L*(R") N L™ (R")).

Moreover, there exists a constant C > 0 such that the solution satisfies the decay
estimates (see also [152])

lut, )l < CA+ D74 @llLingee,
lut, Yoo < C(1+ D72 (@]l p1nzes-

The interested reader will find a research project related to semilinear heat models
in Sect. 23.10.

17.2 Semilinear Heat Models with Absorbing Power
Nonlinearity

Consider for p > 1 the Cauchy problem with absorbing power nonlinearity (cf. with
Sect. 11.2.5)

Uy — Au = _|M|p—lu, M(Ov-x) = @(‘x)'

Suppose that we choose the data ¢ = 1. Then, there exists the time-dependent

_ 1 . .
solution u; (f) = ((p — 1)t)” »—1. Moreover, there exists the super-solution

=2

1
e = [

that is, a solution of the differential inequality
u, — Au + |u|”_1u > 0.

Let us compare the asymptotical behavior of both solutions for t — oo. If p €
1,1+ i), then the asymptotical behavior of u; prevails, but oppositely, if p >
I+ ﬁ, the asymptotical behavior of u, prevails. Both behavior coincide in the case
p=1+ ﬁ = pruj(n). Consequently, for this Cauchy problem the critical exponent
with respect to the asymptotical behavior is the Fujita exponent. The results of the
following sections can be found in [52] and [67] (see also the survey article [153])
and references therein.
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17.2.1 Well-Posedness Results for the Cauchy Problem

We introduce the notation Li°(R") as the closure of C§°(IR") with respect to the
L*>-norm. Define for ¢ € [1, co] and p > 1 the family of operators

A;u€D@Ay) = A= —-Au+ Mia?
with the domain of definition

D(Ay) = {u € LY(R") N IM(R") : Au € LY(R")} for g € [1,00),
D(A) = {u € LPR") : Au € LP(R")} for g = oo.

In the following some properties of the family {A,}, of elliptic operators A, is used.
Due to [15], the operator A, is m-T-accretive in LY(R") for g € [1, 0o) or in Lg°(IR")
in the sense that for any A > 0 the operator / + AA, is surjective. Moreover, the
estimate

[ —v)F e < (T + AA)(u—v)) V| forall u,v € D(A,)

is valid. Here ()™ denotes the positive part of u.

To get the existence of a solution to the Cauchy problem for the semilinear heat
equation with absorbing power nonlinearity a result of [28] is used. Rothe’s method
(semi-discretization in time) is applied. Therefore, we fix T > 0 and consider the
implicit iteration scheme

(k=1)

uld —ull ®
© 1 TAguy =0for k=1, N,
0 —ty

0 n n
uy' = ¢ € LIR") (€ LPR"),
where 0 = tl(\(,)) < tz(\}) < < tI(VN_l) < tI(VN) = T. The property of A, to be of m-
T-accretive implies that the sequence {u,(\l,() }r 1s well-defined. If we call uy the step

(k) (k=1)
N

function taking the value uy” on (fy ', tz(\;() ] and if

lim max (£9 — %) = 0,
N—00 | <k<N (5" =iy )

then the sequence {uy }y converges uniformly on [0, 7] to a continuous function u =
u(?). Introducing the notation u(f) =: S(¢)p, the family of operators {S()};>0 defines
a semigroup of order-preserving contractions on L(R"), L5°(R"), respectively.
When ¢ € [1, co) the function u is even a strong solution (the reader should become
familiar with this notion of solutions in the theory of semigroups) of the abstract
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Cauchy problem
u +Au =0, u0) =9.

Summarizing all these observations we may conclude the following result.

Theorem 17.2.1 Suppose q € [1,00). Let ¢ € D(A,) and u = u(t, -) be the solution
to the abstract Cauchy problem

u +Agu =0, u) = e.

Then, u(t,-) € D(A,), u,(t,-) € LY(R") and u satisfies a.e. on (0, 00) xR" the Cauchy
problem

ur — Au = _|M|p—lu, M(Ov-x) = @(‘x)'

Moreover, the following L? — L estimates can be proved (see [67]).
Theorem 17.2.2 Consider for p > 1 the Cauchy problem with absorbing power
nonlinearity
u— Au = —|ulP"u, u(0,x) = p(x).
Let ¢ € LY(R"), g € [1, 00). Then, there exists a Sobolev solution satisfying
u(t,-) € LY(R") N L (R").

Moreover, we have the estimates

_ngl__1
(e, )l < Cye 2| 1a

forallt € (0,00) and r € [q,00]. If g € [1,2], then u,(t,-) € L*(R") N L (R") and
the following estimates hold:

_ncl__1 —1
(2, ) | < C)e 27 gll1e

forallt € (0,00) andr € [2, ).

Remark 17.2.1 Let us compare the estimates of Theorems 17.2.2 and 17.1.6. In the
case of an absorbing nonlinearity we have the global existence of large data Sobolev
solutions in all dimensions for all p > 1 and for all data ¢ € LY(R"), g € [1, 00).
Oppositely, in the case of a source nonlinearity we have the global existence of
small data Sobolev solutions for some range of admissible p > pp,j(n) only if the
data is supposed to belong to L' (R") N L% (R"). We note the Fujita exponent in
Theorem 17.1.6.
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17.2.2 Influence of the Fujita Exponent on the Profile
of Solutions

Now let the data ¢ belong to L'(R"). Then, due to Theorem 17.2.2, there exists
a global (in time) solution u(z,-) € L'(R") N LP(R") with u,(t,-) € L*(R") N
L&°(IR™). Using the estimates of Theorem 17.2.2 we may conclude that the solution
u belongs to C([T, oo], L§® (R")) for all T > 0. The following theorems give some
more precise statements about the asymptotical profile of solutions (see [67]). Here
we feel an influence of the Fujita exponent at some threshold. For exponents larger
than the Fujita exponent the profile is described by the Gauss kernel. On the contrary,
for exponents below the Fujita exponent the profile is described by the aid of a self-
similar solution.

Theorem 17.2.3 Consider the Cauchy problem with absorbing power nonlinearity
u— Au = —|ulPtu, u(0,x) = p(x).

Suppose ¢ € L'(R") and p > pryj(n). Then, the solution u = u(t,x) satisfies the
relation

lim sup
T =cvi

n 1 |X|2
t2u(t,x) — 6 n — ‘ =0,
u(t, x) 0(4n)2 exp( it )

where C is an arbitrary positive constant and

6o :/ (p(x)dx—/ lulP~ ud(t, x).
Rr R

+

Proof In order to prove this result we introduce for all k¥ € N the scaling
transformation

u(t,x) = kgu(kt, \/kx).

Then, every 1 is in [0, co) x R” is a solution to the Cauchy problem

p—Dn

o,y — Auy + kl_( > g g = 0, uk(0,x) = kguo(x/kx).

Step 1:  An auxiliary result

Theorem 17.2.4 The sequence {u}x converges uniformly on any compact set of
R’_‘:‘l to the function

1 x|
W(t,x) =6 0 - )
=6 401 eXp( 4t )

where 0y is defined as in the statement of Theorem 17.2.3.
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Step 2:  Proof of Theorem 17.2.3

From the statement of the last Theorem 17.2.4 it follows that {u (', x') }; converges
to W(#,x’) uniformly on every compact subset of R'_’:’l. If we take ¥ = 1 and
replace k by ¢, then 2u(t, /1x’) converges for 1 — oo to W(1,x’) uniformly on
compact sets, in particular, on closed balls around the origin in R”. Introducing
x := /1t allows us immediately to conclude the statement of Theorem 17.2.3.

Step 3:  Sketch of the proof of Theorem 17.2.4
The proof is divided into several steps.
Step 3.1:  Estimates for {uy}

From Theorem 17.2.2 the following estimates hold for k € N and 7 > 0:

(2 )iz < CE2 i@, 19t )lee < CE2 7 g,
llux (0. ) = Nl

Using the definition of u; we have

1— (p—Dn p—1
Aup = e + k 2 [P g

Taking account of 1 — » _21)" < 0, the above uniform estimates for u; and 9,1y yield

| Aui(t, ) ||re < Cs forall ¢ €[5, 00),

where the constant Cj is a suitable nonnegative constant which depends on § > 0.
Step 3.2:  Convergence of a subsequence

Applying the regularity theory for solutions to the Poisson equation Au = f,
compact embeddings in Sobolev spaces and a diagonalization procedure, there
exists a function W = W(t,x) € C! (R’fl) such that a subsequence {uy,}, of
{ug}x converges to Win C }OC(RTI). Moreover, the sequences {d,uy, }, and { Auy, },
converge to d,W and AW, respectively, in the weak-star topology of L>® ((5 ,00) X
R”) for any positive § (see also [1]). Finally, we have

[ (1,20 (2, ) = [ (k. )| d(t.x) < gl
(0,T)xR"

(0.7) xR

for any positive 7', which implies

/ W) d(t.x) < Tl
(0,T)xR"
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Step 3.3:  Integral relation for the limit

We choose T > 0 and a test function ¢ € C3°([0,7) x R"). so ¢ has compact
support in [0, T) x R". Using the Cauchy problem for u; we have

/ Buunep (1. x) — / Augp d (1. )
(0,T)xR" (0,T)xR"
I / P ugp (2, x) = 0.
(0,T)xR"

The estimate for Auy of Step 3.1 and the compact support property of ¢ allow us to
verify

—/ Aupp dx = —/ ur A¢ dx.
RV! n

Integration by parts gives
/ Qi d(t, x) = —/ ui0:¢ d(t, x) — / ur (0, x)¢ (0, x) dx.
(0,T)xR" (0,T)xR" R"
But
/ ur(0,x)9 (0, x) dx = / o(x)p (0, x/ x/k) dx.
R" R"

After applying Lebesgue’s theorem, it follows

kll>nolo /]R” ur(0,x)¢ (0, x) dx = ¢(0,0) /R” o(x) dx.

In the same way we have
1— (P hn p—1
k 2 [ [P uy @ d(t, x)
(0,T)xR"
=/ Wl (1) k. x/ VK) d(1,%).
(0.KT)XR?
Due to Theorem 17.2.2 the solution u belongs to L (R’f’l). Hence,

fim &= /(0 Il d) = 9000 P~ d(t, %),
,T)XR"

k=00 (0,00) xIR™
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Finally, we derive an integral relation for W. Set ¢ > 0. Then,
‘ / (ux — Wi d(z, x)‘ < ‘ / (ux — Wi d(z, x)‘
(0,T)xR" (e,T)xR"
+‘ / Mkat¢d(t,.x)‘ + ‘ / Wa,qﬁd(l‘,x)‘
(0,6) xR (0,6) xR
Together with the estimates of the previous step we deduce

[ w-wagdeo] <] [ w-wogd
(0.T) xR (6. T)XR"
2l 19l

If we replace u; by uy, and choose ¢ arbitrarily small, then we may conclude

lim uy, 0, d(t,x) = / Wa,¢ d(t, x).
kn—=00 J (0, 1)xRn (0.T)xR"
In the same way we obtain
lim u, Ag d(t, x) = / WA d(t, x).
kn—=>00 J (0, 7)xRn (0.T)xR"

Finally, if we replace k by k, in
—/ up ;¢ d(t, x) —/ ux (0, x)¢ (0, x) dx
(0,T)xR" R"
- / wAd(t,x) + k=" / lugl” g  d(t, %) = 0
(0,T)xR" (0,T)xR"

and using all the relations of this step, we conclude the desired integral relation
for W:

- / Woid d(t,x) — 6o $(0,0) — / WA d(t,x) = 0,
(0.T)xR"

(0,7)xR"

where

0o :/ (p(x)dx—/ lulP~ ud(t, x).
n R"J"l

+
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Step 3.4:  Conclusion

From the last integral relation we get that W = W(, x) is a solution of
E),W — AW = 0, W(O,x) = 9050,

where & is Dirac’s delta distribution in x = 0 (see Example 24.4.2). Thus,

1 |x[*
W(t,x) = 6 (4 exp(— 4 )

Taking into consideration the uniqueness of solutions to our Cauchy problem with
absorbing power nonlinearity our convergence result is true for the whole sequence

73S

Remark 17.2.2 The statement of Theorem 17.2.3 shows in the supercritical case,
p > pr,j(n), a relation between the solution of

u— Au = —|ul’u, u(0,x) = p(x)

and the Gauss kernel as explained at the beginning of this section. If we set p =
pryj(n) =1+ ’21, then under the assumptions of Theorem 17.2.3 we have

/¢®ﬂ=/ P ud(t, ).
R R’:rl

that is, 6y = 0 (see also the following result and [67]).

Theorem 17.2.5 Consider the Cauchy problem of Theorem 17.2.3. Suppose ¢ €
LY (R") and p = pr,j(n). Then, the solution u = u(t, x) satisfies the relation

lim sup 2|u(t,x)| =0,
T =cvi

where C is an arbitrary positive constant.

Proof As in the proof to Theorem 17.2.3 we define a sequence {u;};, where every
ug is in [0, 00) x R" a solution to the Cauchy problem

oy — Auy + |uk|5uk =0, u(0,x) = k;uo(\/kx).

Because of

lim (0, x) = 50/ o(x) dx,
k—00 R



290 17 Semilinear Heat Models

we conclude from a result of [14] that {uy = ux(¢', x')}x converges to 0 for k — oo
uniformly on any compact set of R’;,fc}. If we take ¥ = 1, k = t and +/tx’ = x, then
we deduce the desired result.

We do not know the exact decay rate in the last result. Though at least, for
nonnegative solutions we have some kind of optimality.

Theorem 17.2.6 Consider the Cauchy problem of Theorem 17.2.3. Suppose that
the non-vanishing ¢ € L'(R") N D(A,) is nonnegative and p = pr,j(n). Then, the
solution u = u(t, x) satisfies the following estimate:

inf tlog?)2u(t, x) > C(T. K
{(t,x)e[T,oo)xK}( g) u(t x) z C( )

for all compact sets K € R" and all T > 1.

Proof Fix T > 1. We define v(t,x) := (log(t + T)) gu(t, x). Then v satisfies the
semilinear heat equation

n 1 142

dv — Av —
VA e+ T logt+T) " logt+1)"

Let W = W(t, x) be the solution of the Cauchy problem for the heat equation with
nonnegative data W, € L'(R") N L$°(R™). So,

1 Ix —y|?
W(t,x):(4m)g / ”exp(— B )Wo(y)dy.

Then,

0,(W—v)— AW —v) (W —v)

S 2(t+T)log(t+T)
1

1 n 2
wits —ylta ( —Wn)W =0.
+10g(t+T)( v )+

log(t+T)\2(t+T)

The above representation for W (W, is nonnegative) implies the estimates

1
Wit x) < 2 IWollr, Wt x) < ||[Wollree.
(4re)2

Now we choose the data W) in such a way that the following conditions are satisfied:

n

n
) Wl = Gy,

AT
Wo(x) < (logT) 2 @(x) almost everywhere.

IWollzse =< (
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Taking into consideration the first two conditions we get

(W(t,x))n < Z(ti I

Together with the above equation for W — v, it follows

n

W =) =AW =) = T log(t + T)

(W —v)

1

W1+§_ 1+2 <0.
+log(t+T)( v )_

In the next step we use two conditions for a given function f € Wzl, loc ((0 00) X R”)
(this implies f € W], ((0,00) x R"), too) (cf. with Definitions 24.22 and 24.24).

1,loc

Iff € W3 ,.((0,00) x R"), by using that f*f = f2 if f > 0 and zero otherwise, we
get on the one hand for ¢ € C3°((0, c0) x R") the relation

/ 8,/ d(t.x) = — / Pogbd(.x)
(0,00)xRR"

{00 (1.x)>0}
-/ OB — $,) d(t.3)
{00 (1.x)>0}
-/ yanpden = [ otaspdan
{00 (1.x)>0} (0,00) xR™
The last relation implies

3:(ftf) =2f10,f in the weak sense.

On the other hand we have for f € L* ((0 00), sz,z(;c (R”)) and ¢ € C{° ((0 o0) X
R”) the relations

[ ewrtesden = | 2 fp ()
(0.00)xR1 " {0 (=04
= / £y [0, d(1.)
{0 ((1.x)=0}
=] (0,(F9) — B34 1), £ d(1,)
{0 ((1.x)=0}
=2 / (fO3.f = 8y f f)p d(2,5)
{(t.0):f (1.x)=0}

=2 (RGP de.
(0,00)xR"
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The last relation implies
8§j((f+)2) =fT 8fjf — (('ixjﬂ')2 in the weak sense.

Multiplying the above inequality for W — v by the positive part (W —v)* of W — v,
taking account of

W —v € W, ,,.((0,00) x R") N L®((0, 00), W3, (R")).
SO

(W—=v)To,(W—v)=_3,(W—-0v)")>2,

N = N =

(W —0)TAW —v) = AW —v)*)* = [V(W —v) )%,

. .. . 2 .,
and using the monotonicity of the function r — r|r|» yield

N2 N2 n N2
(W —=v)")" = A((W—-0v)") (t+T)1og(t+T)((W v)T)" <0.

After putting Z(¢, x) := (log(t + T))"((W — v)* (¢, x))? we derived
0Z—AZ <0.

Thanks to Theorem 17.2.5, we have that Z(z, x) goes to zero for large ¢. Hence, by
using the weak maximum principle (cf. with Remark 9.2.1) we conclude

sup Z(t,x) <supZ(0,x).
{(t,x)€[T,00) XK} x€K

But the third condition for W, from above yields (W —v)™ (0, -) = 0, consequently,
(W —v)T(t,-) = 0. It follows Z = 0. Thus W(z,x) < v(¢,x) almost everywhere in
R'_’:’l. Let K be a compact subset of R” and T > 1. Then, we have for all (z,x) €
[T, o0) x K the estimate

n 1 d? + |y]?
W, x) = 0 - Wo() dy =: C(T, K),
oz o [e (=0 Mo e = cak)

where d := max{|x| : x € K}. Summarizing all estimates we conclude the desired
estimate

(tlogn)2u(t,x) > C(T)t>v(t,x) > 1> W(t,x) > C(T, K)
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for all (¢,x) € [T, 00) x K, where K is an arbitrary compact set in R” and 7 > 1 is
an arbitrary given constant. This gives the desired estimate. The proof is complete.

Finally, let us devote some discussion to the subcritical case p € (1, ppyi(n)).
Here we have no relation between the profile of solutions and the Gauss kernel
anymore, but instead the profile of the solution is similar to the profile of a self-
similar solution of u, — Au + |u|’~'u = 0 (see [52]). Actually, it has been proved in
[16] that forall p € (1, pr,j(n)) there exists a family of positive self-similar solutions
v, = Vp(t, x) such that for all # > 0 the limit

2
lim |x|r—'vp(t,x) =:b >0
|x|]—>00

exists (for the case b = 0 see also [52]). These solutions are of interest because
they describe the asymptotical behavior of solutions of the Cauchy problem
for a classical heat equation with absorbing power nonlinearity under additional
assumptions on the data ¢ for |x| — oo.

Let us assume in the following

peL'R"), ¢ #0, Jim |71 o(x) = b > 0.
X[—> 00

Note, that if p € (1, pr,j(n)), then the decay condition of ¢ at infinity is compatible
with the condition ¢ € L'(R").

Recall Sect. 17.1.2 where we introduced spherically symmetric self-similar
solutions to semilinear heat models with power nonlinearity. Following those given
explanations we are now interested in solutions to

1

_1g’

2
g(0) =a, ¢'(0)=0.

r n—1
—g" — ( + )g’ + gl g =
r p

For the following results we refer to [52]. To formulate the first result we define
1

with a* := (p — 1) »—! the value a¢ := inf{a : a € (0, a*)} such that there exists a

positive solution g, = g,(r) to the last Cauchy problem.

Theorem 17.2.7 Let p € (1, ppyj(n)). Then, ap € (0,a*) and for any a € [ag, a*)
there exists a positive and decreasing solution g, = g,(r). Moreover, the limit

C(a) := lim rr’ilga(r)
r—00
exists, C(a) € [0,00) and C, = 0 if and only if a = ao. The mapping a — C(a) is

continuous, increasing and convex.
In the further considerations we use the notation g, c(4) instead of g,.
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Theorem 17.2.8 Let the non-vanishing data ¢ belong to L'(R"). Moreover, we
assume

lim |x|7~ 1 g(x) = b >0,
|x|]—00
and ¢ is supposed to be nonnegative ifb = 0. If 1 < p < pg,j(n), then the asymptotic
profile as t — o0 of the solution to
w— Au+ [ulP"'u =0, u(0,x) = p(x)
can be described as follows:

1
lim 7= |u(t, ) — vp(t, )|z = O,
—>00

where vy, is a self-similar solution with the profile g, », that is,

vp(t,x) = (1 + ﬂ_”l‘gﬂ*buﬂ )

The profile g, satisfies the following ordinary differential equation with additional
conditions:

1

_1g,

r n—1
¢ = (" )e s =
r p
g(0) =a, ¢(0) =0, lim rﬂilg(r) = b.
r—00
Finally, the self-similar solution v, satisfies for all g € [1, 00| the decay estimates

_ 1 n
lop(t,)||e < Ct 112 for t — oo.

Proof Let us sketch the proof.
Step 1: A useful change of variables and properties of an elliptic operator

For a given solution u = u(t, x) we define a new function

w(s,y) i= (1+ 0t ut,x), s =log(1+1), y= \/lx—i-t'

Then, w satisfies on RT‘I the following Cauchy problem for a parabolic equation:

ws + Lw + wiwP~! =

e w0.) = ¢0).



17.2  Semilinear Heat Models with Absorbing Power Nonlinearity 295

If w is nonnegative, then it satisfies

1

Here (cf. with notations of Sects. 17.1.3 and 17.1.4)

1
y-vyw:

Lw:=—-Aw—
2

1 2
“KO) V, - (K(y)Vyw), where K(y) = exp ( b;' )
Due to [50], the operator L is a self-adjoint operator and has a compact inverse on

the weighted Lebesgue space L?(K)(R"), its domain of definition is H*(K)(R").
Finally, the eigenvalues of L are

k—1
Ap = " +2 for integers k > 1.
Step 2:  On the mapping a — C(a)

In this step it is shown that the mapping a — C(a) from Theorem 17.2.7
is continuous, increasing and convex for a € [ag,a*). Moreover, C(a*) :=
lim,— 4+ C(a) = oo and C(a) = 0 if and only if a = ay.

Step 3:  Invariance property in L' spaces with asymptotical behavior at infinity

For a € [ay, a*] we introduce the sets
. 2
A= {f e L'(R"), f£0, lim |y]»~1f(y) = C(a)}.
[yl—o00

Let ¢ € A, be nonnegative. Then, for all s > 0 the solution w = w(s,y) of the
Cauchy problem

1

is nonnegative and satisfies w(s,-) € A,. Consequently, the trajectories of the
solution w remain in the set A, if ¢ belongs to A,. This observation implies the
same invariance property for u.

Step 4. Properties of solutions to the auxiliary Cauchy problem
Consider the Cauchy problem

1
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Then the following statements are valid:

1. Let us choose with A > 1 the spherically symmetric data

h= Agao,O + 8a.C(a)-

Then, the solution w with w(0,y) = h(|y|) satisfies w(s2,y) < w(s;,y) for all
s» > §1. Moreover,

lim [lw(s, ) = ga.c@(l - Dllzee = 0.
§—>00

2. Let ¢ € A, be such that ¢(y) > Sexp(—y|y|?), where § and y are positive
constants. Then, the solution w satisfies g4,c() (|y]) < liminfi— o w(s, y).

Step 5. Proof of the theorem for nonnegative data

Additionally, as to the conditions for ¢ we assume the data is nonnegative. Step
2 implies the existence of a unique a € [ap, a*] satisfying C(a) = b. Then the
following statements are valid:

1. It holds lim sup,_, o, w(s,¥) < ga.c@ (I¥])-
2. It holds gucw(ly]) < liminf, o w(s,y). To verify the last inequality the
following result from [51] is used.
Let u be solution to

u— Au+ [uf~lu =0, u0,x) = p),

where @ is nonnegative and not identical to 0. Then, there exist positive constants
8 and y such that

u(1,x) > §exp(—y|x|*) on R".

The convergence of w(s,y) to g.,(]y|) takes place in L' (R") N LY(R") for all ¢ <
00. One can show that w(s, -) is bounded in H'(R") N L>®(R"). Moreover, w(s, y)
converges to g4.,(|y|) in C2(R"), too.

Step 6:  Proof of the theorem for general data

In this step it is shown that if ¢ belongs to some class A, with a > ay, then, after
a finite time, the solution w(s, -) which still belongs to the same class A, becomes
positive. The following statement allows us to reduce the case of general data to the
case of nonnegative initial data which is treated in Step 5.

1. Let w be a solution with ¢ € L!'(R") (not necessarily with a constant sign)

satisfying lim, o [y]?~7@(y) > 0. Then, there exists a time ¢y such that for
all s > 1y we have w(s,y) > 0 on R".
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Step 7:  Decay estimate for the self-similar solution

The desired decay estimate for the self-similar solution v, follows immediately after
taking into account the representation

vp(t.x) = (1 + f>_”1‘g“v”(¢|1X|+ )

and the properties of g, and g, ; of Theorem 17.2.7.

Remark 17.2.3 The statement of Theorem 17.2.8 remains valid for any initial data
@ € L'(R") for which the corresponding solution # = u(z, x) enters the set A, for
some fy > 0 and some a € (ag, a*).

Choosing g = oo in the statement of Theorem 17.2.8 we get in the subcritical

1 - . . .
case the asymptotical behavior ¢ »—! of the self-similar solution which coincides
with the behavior of the special solution #; = u;(¢) from the beginning of this
section.

Exercises Relating to the Considerations of Chap. 17

Exercise 1 Prove the relation

d, / V(s )V OIKG) dy = / V(5. )Y (DK () dy
R? RY
[ oo (L o) -o)km @
R2 p—1

is used in the proof of Theorem 17.1.3.
Exercise 2 Follow the proof of Theorem 17.1.4 in the paper [107].
Exercise 3 Prove Theorem 17.1.5 (cf. with the proof of Theorem 17.1.3).

Exercise 4 Prove Corollary 17.1.2 for p = pp,j(n). Why are we not able to follow
the proof to Theorem 17.1.3?



Chapter 18 )
Semilinear Classical Damped Wave Shethie
Models

The diffusion phenomenon between linear heat and linear classical damped wave
models of Sect. 14.2.3 explains the parabolic character of classical damped wave
models with power nonlinearities from the point of decay estimates which are
discussed in this chapter. For this reason, the reader expects an influence of the
Fujita exponent as well (cf. with Sect. 17.1). Section 18.1 shows that this is really
so, where a general approach is proposed to prove global (in time) existence of
small data energy solutions under additional regularity of the data for source power
nonlinearities. One of the tools is the Gagliardo-Nirenberg inequality. The sharpness
of the result (at least in dimensions n = 1, 2) is proved by application of the so-
called test function method. This method yields sharp results for models with a
parabolic like decay for solutions. In the case of an absorbing power nonlinearity
we prove global existence of energy solutions and decay behavior. Moreover,
the issue of a relation between the asymptotic profile and the Gauss kernel is
explained. Finally, the critical exponent for other wave models, with additional mass
or with scale-invariant time-dependent mass and dissipation term, is discussed in the
concluding remarks. In particular, the influence of the time-dependent coefficients
on the critical exponent is of interest.

18.1 Semilinear Classical Damped Wave Models with Source
Nonlinearity

In this section we consider the Cauchy problem
uy — Au+ u, = ul’, u(0,x) = @), u,(0,x) = Y(x).

In Sect. 11.2.5 we learned that the nonlinear term |u|? is a source nonlinearity. For
this reason the global existence (in time) of small data solutions is of interest. This
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means that we try to prove that the steady-state solution # = 0 of the Cauchy
problem with homogeneous data is stable in a suitable evolution space. Small
perturbations of the data in suitable Banach spaces preserve the property of the
Cauchy problem to have globally (in time) solutions. It turns out that there exists a
critical exponent p.,;;, a threshold between global and non-global existence of small
data solutions. For the above semilinear damped wave model this critical exponent
is actually the Fujita exponent pr,j(n) = 1 + i We shall discuss this issue in the
next two sections.
Due to Sect. 11.3.2, a suitable energy of solutions is the wave energy Ey (u)(f).

18.1.1 Global Existence of Small Data Solutions
18.1.1.1 Main Result

To formulate the following theorem we need the abbreviation pgy(n) = ", for
n > 3. This number is connected with the Gagliardo-Nirenberg inequality of
Proposition 24.5.4 from Sect. 24.5. The space for the data (¢, V) is defined as
follows: A; 1 := (H'(R") N L' (R")) x (L*(R") N L'(R")).

Theorem 18.1.1 Letn < 4 and let

p >pFuj(n) ifn=12,
2<p=<3=pen3) ifn=23,
p=2=pen4) ifn=4.

Let (¢, V) € Ay 1. Then, the following statement holds with a suitable constant
g > 0: lf

”(q)v W)HAH f €0,

then there exists a unique globally (in time) energy solution u belonging to the
function space

C([0, c0), H'(R")) N C' ([0, 00), L*(R™)).

Moreover, there exists a constant C > 0 such that the solution and its energy terms
satisfy the decay estimates

lutt, Mz < CA+D74HI(@ ¥)llay,,
IVt )z < €A+ D742 (0, ¥4y
et )2 < CA+ D747 (@, ¥) 4y -
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Remark 18.1.1 We obtain the global (in time) existence of energy solutions only
in low dimensions n < 4. This depends on the weak assumptions for the data,
which are chosen from the energy space only with an additional regularity L'. More
restrictions on the data space or using estimates on L” basis with p € [1, 2) allow, in
general, to prove the global existence of small data solutions in higher dimensions
for p > pryj(n), too (see, for example, [94, 95, 145, 205]).

18.1.1.2 Main Steps in Our Approach

We explain the main steps in our approach to prove Theorem 18.1.1. This approach
can be used in studying large classes of semilinear models.

Linear Cauchy Problem Let us consider the corresponding linear Cauchy problem
wy — Aw +w; =0, w(0,x) = @(x), w:(0,x) = ¥(x).
Then, the solution w = w(t, x) can be written in the following form
w(t,x) = Ko(t,0,x) *) @(x) + K1 (2,0, x) %) ¥ (x).

Here Ko(#,0,x) *@) ¢(x) is the solution of the above Cauchy problem with second
Cauchy data ¢y = 0. On the contrary, K/ (¢, 0, x) * () ¥ (x) is the solution of the above
Cauchy problem with first Cauchy data ¢ = 0. Now let us turn to the following
classical damped wave model with source

Ve — Av + v, = f(t,x), v(0,x) =0, v,(0,x) = 0.

Using Duhamel’s principle we get the solution

v(t,x) = /OtKl(t, 5,X) *(y) f(s,x) ds.

The family of terms {K(t,s,x) * f(s,%)}s>0 is the solution of the family of
parameter-dependent Cauchy problems

wy — Aw+w, =0, w(s,x) =0, wd(s,x) = f(s,x).

So, Duhamel’s principle explains that we have to take account of solutions to a
family of parameter-dependent Cauchy problems where the parameter appears in
the description of the hyperplane {(z,x) € R""! : t = s}, where Cauchy data
are posed. The classical damped wave equation has constant coefficients. Using
the change of variables + — ¢ — s in the last Cauchy problem implies the relation
Ki(t,s,x) = K;(t —5,0,x) forl = 0, 1.
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Choice of Spaces for Solutions and Data This is a very important step. The choice
of the space for the data is, in general, connected with the choice of the space for
solutions. On the one hand the choice of data (the choice of / in the function spaces
below) may cause some additional difficulties in the treatment. On the other hand the
space of data may influence qualitative properties of solutions (e.g. compact support
for all times or decay behavior for all times). We propose as space for solutions the
evolution space

X(t) := ¢([0. 4, H,,(R") N C'([0,4], H, ' (R"))

form € (1,2],1 € N, I > 1 and for all # > 0. The data are taken from the function
space

(H,,(R") N L'(R") x (H,, ' (R") NL'R")).
So, we assume an additional regularity L' for the data (¢, V) (see Sects. 14.2.4,

14.3.3 or Theorem 15.3.3).

Estimates for Solutions and Some of Its Partial Derivatives To fix a norm in X(f)
we need so-called (L N L') — L™ estimates for solutions and some of their partial
derivatives

Haj‘iu(t, N = el D@, Y@t ayxi—iney for e <1,

[0%ui(t, )| 1 < CIt D122 V)l a2, 02ty aat1 ) for ] < 1—1.

Then, we introduce in X(¢) the norm

lellxy = sup (3 fi@ 10w, M+ Y ot () e () ).

0=T=! Vo)< o i1

Fixed Point Formulation We introduce for arbitrarily given data
(p.¥) € (H,(R") N L'(R") x (H, ' (R") N L)(R")
the operator
N:ueX(t) = Nu:= Ko(t,0,x) % @(x) + Ki(£,0,x) *) ¥(x)

t
+/ Ki(t—5,0,x) %y |u(s, x)|” ds.
0
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Then, we show that the following estimates are satisfied:

INullx < Coll @ W)t reyeiam—iony + Ll -
—1 —1
INu = Nvllxay < Co0)llu— vllxyio (Il + 0I5

for t € [0, 00) with nonnegative constants Cy, C;(¢) and C,(f). Here we used the
evolution space Xo(7) := C([0, 1], H',) with the norm

lellxa = sup (Y (@)~ 132w e ).

<1<
0=T=l *1<s

Application of Banach’s Fixed Point Theorem The estimates for the image Nu
of the last step allow us to apply Banach’s fixed point theorem. In this way we
get simultaneously a unique solution to Nu = u locally in time for large data
and globally in time for small data. To prove the local (in time) existence we use
C1(7), Cy(¢) tend to O for ¢ tends to 0, while to prove the global (in time) existence
we use Ci(f) < Cs and C,(f) < Cj; for all ¢ € [0, c0) with a suitable nonnegative
constant C3.

Let us only verify how to prove the global existence in time.

In fact, taking the recurrence sequence u—; = 0, uy = N(up—) for k =
0,1,2,--- into account, we apply the estimate for || Nu||x(, with small norm

(@, V)t neyx @i ey = &

Then, we arrive at ||u||x) < 2Cse forany € € [0, g9] with &9 = £0(2C3) sufficiently
small. Once this uniform estimate is established we use the estimate for ||Nu —
Nv||x( and find

k1 — uellxey < C3e"1 Nurr — wellxey < 27" |k — i 1o

for ¢ < g sufficiently small. We get inductively |lux — wi—1|lx¢) < C527* so that
{ur}r is a Cauchy sequence in the Banach space X(f) converging to the unique
solution of Nu = u for all + > 0. Here we recognized that the constant C; appearing
in the last estimates is independent of 7 € [0, c0).

18.1.1.3 Proof of the Main Result

Proof Now let us prove Theorem 18.1.1 by following all the steps of the approach
of the previous section.

The space for the datais A;; := (H'(R") N L'(R")) x (L*(R") N L'(R")). The
space of energy solutions is X(¢) = C([0,#], H' (R")) N C'([0, 7], L*(R")). Taking
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into consideration the estimates of Theorem 14.2.4 we choose

_ n+2|a| _n+4
S =A+0" +« for |a| <1, go() =1 +01)" ¢+ .

So, we introduce in X(#) the norm

n n+2
lullxe = sup ((1+0)¢llu(z. )z + (1 +7) ¢ [[Vule, )2

0<t<t
n+4
+(1 4 1) ¢ [luc(z. ) 12).

Moreover, we define the evolution space Xo(f) = C([0, 7], H' (R")) with the norm

n n+2
lullxo == sup ((1+2)llu(z,)llz + (1 +7) + [ Vulz, ) 2).

o<rt<rt
It remains to show the estimates
INullx@y < Co (@, W)l et netyxenery + Cr@) ull, o
—1 —1
INu— Nollxy < CoOllu — vllxyo (el + 10l

for the operator N of the previous section. These estimates follow from the next
proposition in which the restriction on the power p and on the dimension n of
Theorem 18.1.1 will appear.

Proposition 18.1.1 Ler u and v be elements of X(t). Then, under the assumptions
of Theorem 18.1.1, the following estimates hold for j + 1= 0, 1:

n ] :
(A +0'A + 052 VINu(. |2 < C . )l + Clluly, -
n_J . — —
(1 + 0/ + 052 V(Nut. ) — No(2.) 2 < Cllu— vllxoen (el + 0115 )-

Here the nonnegative constant C is independent of t € [0, 00).

Proof We have
VIOINu(t,-) = VI9!Ko(t,0,x) *( o(x) + V0K (2,0, x) % ¥ ()
+Vi8£/0tK1(t —5,0,x) * |u(s,x)|P ds.
The estimates of Theorem 14.2.4 imply immediately
IV 97Ko (£, 0,%) %) (x) + VK1 (£,0,%) % Y ()| 12

<CU+07A 4072 ()] 4,
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for the admissible range of j and /. So, we restrict ourselves to the integral term in
the representation of V/d!Nu(t, -). Using K; (0,0, x) = 0 it follows

t
Viaﬁ/ Ki(t—5,0,x) %y |u(s,x)|" ds
0
! .
= / VI3IK (2 —5,0,x) *(y |u(s, x)|P ds.
0

We shall use different estimates of solutions to the family of parameter-dependent
Cauchy problems

wy —Aw +w, =0, w(s,x) =0, wi(s,x) = |u(s,x)|’.
On the Interval [0, }] Here we use the L*> N L' — L? estimates of Theorem 14.2.4,

so additional regularity of the data is required.

On the Interval [;, 1] Here we use the L> — L? estimates of Theorem 14.2.2, so no
additional regularity of the data is required.
Following this strategy we get

12

t
H / VIAK (1 — 5,0, %) % [u(s. )] ds
0
é n j
< c/ (141—s)~Gt2tD uCs. )7 || oy ds
0
! j
+c/ (14 1=5)"2"||u(s. )7 || ds.
2

We use

Huts, || e = Nuls. )G, + luts, I,

[uCs, 1| 2 = lluCs. )]

Gagliardo-Nirenberg inequality (see Proposition 24.5.4) now comes into play. We
may estimate

1-6 0
s, )G, < Clluts, ISP [ Vs, ) 1252,

1-0(2 (2
s, )2, < Clluels, PSP [ Vu(s, ) 1252,
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where

e@z”ﬁ;”, m@ﬁﬁﬁgn.

We remark that the restriction 8(p) > 0 implies that p > 2, whereas the
restriction 8(2p) < 1 implies that p < pgy(n) if n > 3. So, we use the estimates for
u(t,-) and Vu(t, -) only. This is the main motivation for introducing the space Xy (?).
Taking into consideration 6(p) < 6(2p) implies

_(n 0p)
(G g

4 p _(p—Dn
H|u(s,x)| ”LzﬂLl < Cllully, oI+ 2,

0

(2p—1)n

_ (4 02p) _
[lets. )17 2 < Cllulyy (1 4+ PEFED = ullf (1497 7+

- 0

After summarizing and using ||u||x,) < ||¢|lx,@) for s < t we may conclude

t
H / VK (1 — 5,0, %) %o |u(s. x) ] ds
0

12

é nJ (p—Dn
< C||u||‘;0(r)/0 (1+1t—s)"GHatd(q +5) 2 ds

! i _@p—bn
+C”“”§(o(t)[(1+t_s) 21 +5)7 4 ds.
2

The first integral is estimated by (1 + t)_(iH'JiH). Indeed, since p > pp,i(n), the
function (1 + )~ s belongs to L! (RL_). We treat the second integral as follows:

t ) . N )
/(1+t—s)—é—l(1+s)—“”4” ds<Cl+n"s /(1+z—s)—%—1ds
2 2

<1+~ (log(1 + 1) < C(1 + = GFatD

for j + 1 = 0, 1. This completes the estimates for V/ 3£Nu(t, -). In Exactly the same
way we prove the desired estimates for V/ 3£(Nu(t, ) — No(s, )) The considerations
are based on the following relations:

t
Vjaif Ki(t—s5,0,x) %y (|u(s,x)|p — |v(s,x)|”) ds
0

t
= / VjaiKl(t—s,O,x) *(y) (|u(s,x)|” — |v(s,x)|p) ds,
0
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and

[, )17 = [0 (s, )| 1 < CllaeCs, ) = s, ) lew (luls DG + oG, 1),

|G, )7 = [o(s, 0 [ 2 < CluaCs, ) = vs, 2w (s, )5, + o Gs, ).

We conclude by Proposition 18.1.1 the statements of Theorem 18.1.1.

18.1.2 Application of the Test Function Method

In this section we shall show that the Fujita exponent p,;(n) is really the critical
exponent. Here we apply the test function method which was introduced in the paper
[232]. Our main concern is the following result.

Theorem 18.1.2 Let us consider the Cauchy problem for the classical damped
wave equation with power nonlinearity

utt - Al/l + ut = |u|[7’ M(O’x) = (p('x)’ ut(o"x) = W(x)
in[0,00) X R" withn > landp € (1,1 + i] Let (¢,v¥) € Ay, satisfy the

assumption

/]R” (go(x) + I/I(X)) dx > 0.

Then, there exists a locally (in time) defined energy solution
u e C([0.7),H'(R") N C'([0,T), L*(R")).

This solution cannot be continued to the interval [0, o0) in time.

Remark 18.1.2 Following the proof to Theorem 18.1.1 we obtain a local (in time)
energy solution

u e C([0,7),H'(R") N C'([0,T), L*(R")).
For this reason we restrict ourselves to proving that this solution does not exist
globally on the interval [0, c0) in time.

Proof We first introduce test functions n = 7(¢) and ¢ = ¢ (x) having the following
properties:

1. n € C§°[0,00),0 < n(®) <1,

1 for 0<r<]),

1) =
n(@) 0 for r>1,
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2. ¢ € CP(RM), 0= ¢(x) =1,

1 for |x| < é,
0 for |x| >1,

Px) = {

3. 70" < Cfor ) <r<Land VO < Cfor ] < ] <1.

Let R € [0, 00) be a large parameter. We define the test function

16, = e () = 1( 1 )9 ()
We put
Or :=[0,R*] xBg, Bg:={xeR":|x| <R}

We note that the support of y is contained in the set Qr. Moreover, yg = 1 on
[0, Rzz] X Bg . We suppose that the energy solution u = u(t, x) exists globally in time.
We define the functional

I = / (e, D xa(t,x)7 d(x. 1) = / (1t = A+ ) xr (2, )7 dCx. ).
Or Or

Here g is the Sobolev conjugate of p, that is, 11) + [11 = 1. After integration by parts
we obtain

Iy = _/B (o + ¢)¢,‘§dx+/ ud? (x%) d(x, 1)

Or

- / w3, (D) d(x. 1) — / uA() d(x. 1)
Or Or
= —/ (¢ +v)pidx+Ji+ o + Ja.
Br

By the assumption on the data (¢, ¥) it follows that Iz < J; 4+J, +J3 for sufficiently
large R. We shall estimate separately J;, J, and J3. Here we use the notations

. R? .
Ori =" R xBr. Ors:=[0.K) x (Bk\ By).

We first estimate J3. Noting

2
Al = R2q(q = Dges " 0|Vo ()| + K2 anbwes e ()
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and the assumed properties for the test functions we may conclude

sl < CR™ / 4 dr, ).
QR.x

Application of Holder’s inequality implies

[J3] < CR_Z([
%)
+2_2

1 1/q 1 n
< CR_ZI,QX< / 1d(x, t)) <c R,
A, :

R.x

wesosen) ([ 1)

R.x

where

Ip ::[ lul? x4 (2, x) d(x, 7).
QR.x

1
Since 1 < p <1+ 2/n, the last inequality gives |/3| < CIy . Next, we estimate Ji.
Noting

1 —. / 2 1 - 1
RO = eata— Dot 0 (1 () + peatini o' ( L)

and using the properties of the test functions again we estimate J; as follows:

= €[, o) ([ rawn)”

R.t

L
:I;,,m(/é

1/q 1 nt2_, 1
1d(x, t)) <cpp R <,

R,

where
I, = / lul? x4 (2, x) d(x, 1).
OR.t
Finally, we estimate J,. By

1 _
0 = gasheon o ().

we have

1 -1
Wl <C / 4 dx, 1)
R? o,
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1 4 1/p 1/q
<cC 2( e t)) (  ld(x, t))
R ORr.t ORr.t
L1 n R 1/q 1 n+2 ) 1
< CI;QJRZRq( L , lar) = cp R <,
2
Putting the estimates of J;, J> and J3 together we obtain
Ie < C(I} + 1Y)

for large R. It is obvious that I, Iz . < Ix. Hence, we have
Ip < L.

This means Ig < C, that is, I is uniformly bounded for all R. By letting R — +00
one may conclude

o0
/ / |ulP dxdt = lim Ig < oo.
0 n R—00

Now we recall the inequality
I < C(! + D).

By the integrability of |u|” and noting the shape of the region QR,, and QR,X we
conclude

lim (47 4+ 147) =o.

R—00

This implies

o
/ |ulP d(x,t) = lim Ig = 0.
0 Rn R—o00

Hence, u = 0. But this is Contrary to our assumptions for the data.

Remark 18.1.3 The test function method is based on a contradiction argument.
Under suitable assumptions for the data, no global in time solution exists. Here
one has to explain what kind of solutions we have in mind. We formulated
Theorem 18.1.2 in correspondence with Theorem 18.1.1. Both results are related
to energy solutions. Following the proof of Theorem 18.1.2 we see that the same
statement holds for Sobolev solutions as well. We may also exclude global in time
Sobolev solutions under suitable assumptions for the data. But, we do not get any
information about blow up time or life span estimates or about blow up mechanisms.
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The test function method was originally developed for proving sharpness of the
Fujita exponent as the critical exponent for semilinear parabolic equations. It was
later recognized that this method can also be applied for classical damped wave
models, which are models with a “parabolic like behavior” from the point of view
of decay estimates. Attempts to apply this method to classical wave models fail in
the sense that sharpness of critical exponents cannot be expected, in general.

18.2 Semilinear Classical Damped Wave Models with
Absorbing Nonlinearity

In the previous section we studied the global existence (in time) or blow up behavior
of small data solutions for semilinear classical damped wave models with source
nonlinearity. In this section we consider instead the Cauchy problem

uy — Au~+u, = —ulul’™", u(0,x) = @(x), u(0,x) = Y (x)
with absorbing power nonlinearity —u|u[P~! (see Sect. 11.2.5). Our main goal is to

explain the positive influence of an absorbing nonlinearity in comparison to source
nonlinearity on properties of solutions to the above Cauchy problem.

18.2.1 Global Existence of Large Data Solutions

In the next sections we discuss on the one hand the global existence (in time) of
energy solutions (see [194]) and on the other hand decay estimates for the solution
or a suitable energy of solutions (see [108]) under additional regularity of the data.

18.2.1.1 Global Existence of Weak Solutions

Applying the steps of the proof to Theorem 20.2.1 we may derive the following
result.

Theorem 18.2.1 Consider for p > 1 the Cauchy problem
Uy — Al/l =+ uy = —M|M|p_1, M(O,x) = QD(X)7 ut(ov-x) = 1/f(x)

The data (¢, V) are supposed to belong to (H'(R") N LPT1(R™)) x L>(R"). Then
there exists a global (in time) weak solution

u € L=((0, 00), H'(R") N LTI (R")) N Wi ((0, 00), L*(R™)).
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Remark 18.2.1 If 1 < p < T_’; forn > 3,1 < p < oo forn = 1,2, respectively,
then the solution of Theorem 18.2.1 is unique and belongs to C([0, c0), H!(R")) N
C'([0, 00), L2(R™)) (cf. with [62] and [13]).

Remark 18.2.2 We have global (in time) solutions even for large data if the power
nonlinearity is absorbing which is in opposition to the results of Theorem 18.1.1, and
the results of Chap. 19 which are only valid for small data if the power nonlinearity
is of source type.

18.2.1.2 Decay Estimates

The power nonlinearity is supposed to be absorbing. We learned in Sects. 11.2.5
and 11.3.2 that a suitable energy is given by

1 1 1
Eyu)(t) = 2||u,(t, )||i2 + 2||Vu(t, )||i2 + bl /R |u(t,x)|l’+1 dx.

Due to the presence of a dissipation term we might expect a decay of the energy, but
what about the long time behavior of the solution itself? We turn to these items in
the following. Here we refer to [108].

Theorem 18.2.2 Consider the Cauchy problem
wy — Au 4w, = —ululP™', u(0,x) = @(x), u,(0,x) = V¥ (x),
where 1 < p < T_’; forn > 3,1 < p < oo forn = 1,2, respectively. The data
(@, V) are supposed to belong to H' (R") x L>(R"). Then, there exists a global (in
time) weak solution
u € C([0,00), H'(R")) N C'([0, 00), L*(R"))
satisfying the following estimate:

llu(z. Iz = Clo. ¥).

Proof The existence and uniqueness of solutions is mentioned in Remark 18.2.1.
We restrict ourselves to proving the desired estimate. We note that

Ey@)(0) = —llu(t. )72

which implies

Ew(u)() + /0 (5. )1 ds = Ew () 0).
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Moreover, multiplying the semilinear partial differential equation by « and integrat-
ing over R” we get

d |
dr ((ur(t, D, u(t, ) + 5 [lue(t, -)||§2) — [l (2, )12,
wanm;+/m@@wHw=a
Rll

where (-,-) = (-,-);2 denotes the scalar product in L?>(R"). After integration over
(0, 7) and application of Cauchy-Schwarz inequality we derive

1 1 d
 llutt, Wiz = el + (0, ) + llu(, )2 ue. ) 2 +/0 e (s, )17 ds.

and

I = 1ol + @) + En@(O) = Clo.9),

which is what we wanted to have.

For the damped wave model with absorbing nonlinearity, by including the nonlin-
earity in the energy Ew (1) (¢) (cf. with the beginning of this section), one may prove,
without any essential changes in the proof of Proposition 4.2 of [108], the following
result.

Proposition 18.2.1 If we assume in addition to the assumptions of Theorem 18.2.2
that

lut. )z < CA+073, a >0,
then the energy for the solution of Theorem 18.2.2 satisfies

Ew(u)(1) < C(p, y)(1 + 1)1+,

Remark 18.2.3 A possible influence of additional regularity of data is already
explained in Sects. 14.2.4, 14.3.3 for linear and in Sect. 18.1.1 for semilinear
models. We can also derive some benefit of additional regularity of data for
semilinear classical damped wave models with absorbing power nonlinearity. The
following result is taken from [108].

Theorem 18.2.3 Besides the assumptions of Theorem 18.2.2, we assume the
additional regularity (¢, V) € L™(R") x L"(R"), where m € [1,2). Ifp > 1 + 2
forn < 3withp < ", forn = 3, then the solution of Theorem 18.2.2 satisfies the
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following estimates:
lut, )z < Clp. v) (1 + 17202,
Ew() (1) < Clp, ¥)(1 + 7',

Proof Using the notations of Sect. 18.1 and Duhamel’s principle the solution can
be represented as

u(t,x) = Ko(t,0,x) ¥ @(x) + Ki1(2,0,x) *¢) ¥ (x)

t
—/ Ki(t,5,x) %y u(s, x)|u(s, x)|P~" ds.
0

By using the derived linear estimates in Sect. 14.2.4, namely, form € [1,2), L" — [?
estimates for low frequencies and L? — L? estimates for high frequencies, we get

t
lu(t, )2 < Clo, ¥)(1 + 1)~ 2 =) 4 C / (1 +1—5)"4 luls, )|, ds
0

t
e /0 ¢ u(s. ), ds.

For2 <p < niZ and 2 < p < oo, if n = 1,2, we may apply Gagliardo-Nirenberg

inequality to obtain

P o n(PZ—Z) p_"(Pz—Z)
l[uCs, Iy = ClIVuls, )22 lluls, )l ;

and

po— v W(P;I) p_ﬂ(P;I)
lluCs, 2 = ClIVuls, ) Nuls, ),

We already proved the estimates

lu(r, )2 < Clp, ¥) and ||Vu(t, )|l < Clo, v)(1 +1)"2.

Thanks to p — "(‘"2_ D> 1 we may conclude

_nol_1
lut, )2 < Clp. Y)(1 + 072072
n(p—2)

! _n _n(p—2) p— 3
+c/(1+r—s) 497" a5 ds
0

o _nlp—1) _np=1)
+C / eI+ us,)IE, ? ds.
0
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Forp > 1+ : >2andn = 1,2,3 we have

-2
n+n(p )—1>0 and >
4 4 4 4~ 2

m 2/

-1 1 1
np—1) S ( )
By applying Proposition 24.5.8 of Sect. 24.5 we conclude that

_nol_1
lu(t, Y2 < Clo, ¥)(1 + 1)~ 2m™2),

Moreover, applying Proposition 18.2.1 we get

Ew(w)(®) < Cl, v)(1 + 7' 7

and the proof is complete.

18.2.2 Large Time Asymptotics

We explained in Sect. 14.2.3 the diffusion phenomenon for classical damped waves.
The statement of Theorem 14.2.3 describes a connection between solutions to the
Cauchy problems

Uy — Au~+u, =0 and w,—Aw =0
u(0,x) = ¢(x),  u(0,x) = Y(x) w(0,x) = @(x) + ¥ (x).

In this section, we answer the question of a connection between solutions to the
Cauchy problems

g — Au+ u, = —ululP™! and wi = Aw = —wlw™!
u(0.%) = ¢(x),  u,(0,x) = ¥ (x) w(0,x) = x(x).

Consider for p > 1 the Cauchy problem
g — Au+u; = —ulul””", w(0,x) = @(x), u,(0,x) = V¥ (x).

We introduce results which are related to the statements of Theorems 17.2.3
and 17.2.8. The first result describes the asymptotic profile of solutions under the
assumptions of Theorem 18.2.3 (see [103]).

Theorem 18.2.4 Let n < 3. Assume the assumptions of Theorem 18.2.3 with m =
1. Then, the asymptotic profile of the solution is described as follows:

lu(t, ) — 0o G(t, )|l 2 = o(" %) for t — oo,



316 18 Semilinear Classical Damped Wave Models

where
G(t,x) ;== (2m)"2 / e EIER g

and
Oy 1= /Rn ((p(x) + I/I(X)) dx — /000 (/n u|u|"_ldx) dr.

Proof Thanks to the research project in Sect. 23.8, it is sufficient to prove that for
g(u) = u|ulP~" there exists a constant &€ > 0 such that

lg@(t, N < CA+0717%, |lgut, )|lp < C(1 4771

for all > 0 and with a nonnegative constant C which is independent of ¢. Applying
Theorem 18.2.3 for m = 1 we have

lut, )2 < €1+ )7+,
Then, the energy for the solution satisfies the estimate
Ew()(n) < C(1 + 072!

for all + > 0 and with a nonnegative constant C which is independent of ¢. Hence,
Gagliardo-Nirenberg inequality implies that there exists a constant & > 0 such that
» n(p;Z) p— n(p;Z)
lg(u Nl = llu. ) = CIVue > lulz ),
n(p—1)
<c+n"" =1+,
for all t > 0 provided thatp > 1 4 i Similarly, there exists a constant ¢ > 0 such
that
p ”(P;l) p— n(p;l)
lg(u@ Nz = llu@. ) = CIVule )" u ),
_n@p=1) g
<CA+n" ¢+ =0+0"4 ,

forall t > O provided thatp > 1 + i

The next result can be found in [154] and is related to Remark 18.2.1 and
Theorem 17.2.8. The data have an “additional regularity”, too. The space for data is
described by the condition

R =Ly = / M (02() + Vo2 + ¥2(0) dx < 00

n

for some y > 0.
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Theorem 18.2.5 If the data satisfy the condition IS <ooandifl <p < ", for
n>3,1<p<ooforn=1,2, then there exists a unique solution

u € C([0, 00), H'(R")) N C'([0, 00), L*(R")).

Moreover, if 1l <p <1+ :, then the solution satisfies the estimate

lu(z, )2 < Ch(1 + t)_pil +Z‘

Proof We omit the proof (see Exercise 4 at the end of this chapter).

Remark 18.2.4 The decay rate coincides with that of Theorem 17.2.8 with g = 2
for the self-similar solution

vp(t, x) 1= t_l’ilfa,b( :;t)

to
w, — Aw = —w|w]P !,
where f,,(x) =: g.»(r), r = |x|, is the unique positive solution of the Cauchy
problem
r n—1 1
(e s = s
2 r p—1

g(0) =a, g/(O) =0, rl_l)rglo rﬂzlg(r) = b,

where r € (0, 00) (cf. with Theorem 17.2.8, see [16]).

Remark 18.2.5 If p > 1 + i forn <3andp < ", forn = 3, then the asymptotic
profile of both solutions to semilinear heat and classical damped wave models is
described by the Gauss kernel. If 1 < p <1 + ’21, then both solutions satisfy the
same decay estimates. These estimates are related to those for self-similar solutions
to semilinear heat models with absorbing power nonlinearity.

Remark 18.2.6 'We have a gap in the previous remark. This gap was filled by the
paper [96]. Roughly speaking, the authors proved among other things for 1 4 i <

p=<1+ i and n < 3 the relation

ut,-) — 6o Gu(t, ) |ze = 0(r 217 4)) for g € [1,00] and 7 — oo

under additional assumptions to the data ¢, as additional regularity, higher
regularity and decay behavior for |x| — co.
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Remark 18.2.7 We introduced connections between solutions to semilinear heat
and classical damped wave models with absorbing power nonlinearity. There might
be the question of such connections in the case of source power nonlinearity
and global (in time) small data solutions. If the reader follows the proof to
Theorem 18.1.1, then it will be clear that the source nonlinearity is considered for
small data as a small perturbation of solutions to the corresponding linear models
with zero right-hand side. So, we recall the diffusion phenomenon of Sect. 14.2.3.
Consequently, a relation to Gauss kernels can be expected (see [153]).

18.3 Concluding Remarks

The approach of Sect. 18.1.1 was also applied to other semilinear models in studying
the global (in time) existence of small data solutions.

18.3.1 Semilinear Classical Damped Wave Models with Mass
Term

The Cauchy problem for semilinear classical damped wave models with mass term
wn — Au A+ mPu 4w, = |uf’, u(0,x) = @), w(0,x) =Y (x)

was studied in [165]. In Sect. 14.5 we explained the exponential type decay (in time)
for energy solutions from Theorem 14.5.1. This exponential type decay gives a big
benefit in the treatment of the above Cauchy problem by following the approach of
Sect. 18.1.1. We may expect global existence (in time) of small data solutions for all
p > 1. That this expectation is really true shows in the following result from [165].
Here we need the abbreviation pgy(n) = ", for n > 3 (see Proposition 24.5.4
from Sect. 24.5).

Theorem 18.3.1 Letn > 2 and let

1<p ifn=2,
1 <p<pen(n) ifn=>3.

Let (¢, ) € H'(R") x L*(R"). Then, the following statement holds with a suitable
constant gy > 0: if

(@, V)l <2 < €o,
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then there exists a uniquely determined global (in time) energy solution
u € C([0, 00), H'(R") N C' ([0, 00), L*(R")).

Moreover, there exist positive constants Cy and Cy = Cy(m) such that the solution
and its energy terms satisfy the decay estimates

et 2 + 1Vue Yz + et )2 < Cre” (@ ) lxe-

Remark 18.3.1 'We have global existence (in time) of small data solutions for all
p > 1. Then one could think if it were possible to weaken in Theorem 18.3.1 the
asymptotic behavior of the right-hand side to |u|f(Ju|) with a suitable f = f(u),
where |u|? = o(|ulf(|u])) for |u] — +0and all p > 1.

18.3.2 Semilinear Damped Wave Models with Scale-Invariant
Damping and Mass Term

In Sect. 14.7 the reader was introduced to the research topic “Wave models with
time-dependent dissipation and mass”.

Some results are explained for qualitative and quantitative properties of solutions
to

uy — Au + b(Hu, + m(l‘)2M =0, u(0,x) = ¢(x), u(0,x) = Y(x).

It turns out that it is reasonable to begin the study by analyzing properties of
solutions to the linear model with scale-invariant dissipation and potential. The
research project in Sect. 23.13 addresses this issue if we choose there 0 = 1 and a
homogeneous right-hand side. If we are interested in the global (in time) existence
of small data solutions to the Cauchy problem

M1 M%

— Au+ +
M AT LT

u=lul’, u©.x) = ¢x), u,(0,x) =9 x),

then, due to the explanations in Sect. 23.13, we divide our study into two cases.
Case 1 (1 —1)> — 4,u% < 1: In this first case the mass term is dominant. In [156]
a classification of mass terms is proposed for the Cauchy problem

Uy — Au+ m)*u =0, u(0,x) = p(x), u,0,x) =y (x).

We omit explaining some structural assumptions for the time-dependent coefficient
in effective or non-effective mass terms as well. We only hint at the asymptotical
behavior of the coefficient for t — oo.
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1. The mass term m(f)u is effective if lim,— o tm(f) = oc.
2. The mass term m(z)%u is non-effective if

& 1
limsup(1 + ¢) m(s)>ds < A

—>00 t

This classification tells us that the mass term is “almost effective”, at least not non-
effective, for large values of p,% Hence, there might be a relation to properties of
solutions to the Cauchy problem

g — Au+ piu = [ul’, u(0,x) = @), u(0,x) =Y (x).

The critical exponent could be p(n) = pry(n) = 1 + i (see [110]). But, on the
other hand, we have a damping term 1’;‘ .4: which has an improving influence on
the critical exponent (cf. with [39] or Sect. 20.3). The following result is proved in

[156], see also [157].
Theorem 18.3.2 Consider the Cauchy problem

2
Mtt_AM"‘ # u; + HZ

141¢ 1+ t)2u = |ul’, u(0,x) = ¢x), u, (0,x) = y¥(x)

under the constrain (j; — 1)> — 4;1,% < 0. Let n < 4 and suppose that 1| > 4.
Finally, let

p>2 if n=1,2,
25[753:[7(;1\/(3) lfi’l=3,
p=2=pen4) if n=4.

Then, there exists a constant &y > 0 such that for all
(@, ¥) € Ap == (H'(R") N L' (R") x (L*(R") N L'(R"))
with
(0. ¥)ll.ar, < €0
there exists a uniquely determined global (in time) energy solution belonging to
C([0, o), H'(R")) N C' ([0, 00), L*(R™)).

Moreover; there exists a nonnegative constant C such that the solution satisfies the
following decay estimates:

(2, -), Valt, NIz < CA+ 072 (@, ¥)llay
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lu(t. )z < CA+ 072 GaOl(@. ¥)]4,,

Jorallt > 0, where' ga(t) = 1 forn > 1 and'q(t) = (log(e + t))%forn =1

Remark 18.3.2 We explained in Theorem 18.3.2 only results under the assumption
M1 > 2. One can find in [156] results in the cases of small positive values for uy,
too. But these results seem far from being optimal, although we have not determined
the critical exponent in Case 1.

Case 2 (1 — 1)> — 4;1,% > 1 In this second case the dissipation term is dominant.
In [222] a classification of dissipation terms is proposed for the Cauchy problem

uy — Au+ b(t)u, = 0, u(0,x) = ¢(x), u,(0,x) = ¥(x).

We omit explaining some structural assumptions for the time-dependent coefficient
in effective or non-effective dissipation terms as well. We only hint at the asymptot-
ical behavior of the coefficient for t — oo.

1. The dissipation term b(?)u;, is effective if lim,—.o th(f) = oo.
2. The dissipation term b(f)u, is non-effective if

limsupb(r) < 1.

—>0o0

This classification tells us, that the dissipation term is “almost effective” for very
large 1. Hence, there might be a relation to properties of solutions to the Cauchy
problem

g — Auu = [ul’, u(0,%) = ¢x), w(0.x) =9 (x).

For this model, the critical exponent iS pc.ii(n) = prj(n) = 1 + i (see
Theorems 18.1.1 and 18.1.2). We have the same critical exponent for the model

M1

Mtt_AM"‘ 1+t

up = [ul?, u(0,x) = (), u/(0,x) =9 (x),
if u; > n+ 2, n > 3 (see [30] and [35]). But, on the other hand, we have a mass
2

term (1}42)2 u which might have an improving influence on the critical exponent. The
following result is proved in [158].

Theorem 18.3.3 Consider the Cauchy problem

2
Uy — Au + H u; + Ha

1 +1¢ 402"~ lulP, u(0,x) = (x), u(0,x) = Y (x)
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under the constrain 1 + \/(,ul —-1)2 - 4,u% > n+ 2. Let n < 4 and suppose that
1 > 1. Moreover, let

(p.¥) € Ary := (H'(R") N L'(R") x (L*(R") N L'(R")),
and let

pER,0) ifn=1,2,
pel2..",] ifn=23.4.

Finally, let us assume

= G =12 = 4123
2

D > pryj(n —y) with y = < 0.

Then, the following statement holds with a suitable constant gy > 0: if

(@, ¥)lla.s < €o.

then, there exists a uniquely determined global (in time) energy solution
u € C([0, 00), H'(R") N C'([0, 00), L*(R")).

Moreover; there exists a nonnegative constant C such that the solution and its energy
terms satisfy the following decay estimates:

lut, Y2 < CA+0721 (@, ¥) ] ay, s
IVu(t, )2 < CA+ 0727 (@, )4y,
et Y2 < CA+ 0727 (0, ) |ay -

Remark 18.3.3 We explained in Theorem 18.3.3 only results for the case of large
values of 1 + \/(,ul —1)?2- 4;1,%. One can find in [158] results in the cases of small
positive values for \/ (g —1)2— 4,u%, too. But these results are not optimal because
our approach of Sect. 18.1 to attack semilinear models is an appropriate one only

for large values of \/ (g —1)2— 4,u% (see also [30] and the next case).

Case 3 The “grey zone” is formed by the above models with the condition

\/(ul —1)2—4u} € [0,n + 1]. We cannot expect results like those in Theo-

rems 18.3.2 and 18.3.3. The critical exponent might be changed. We will discuss
the case (i1 —1)> —4u3 = 1, only. The following blow up result is proved in [156].
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Theorem 18.3.4 Assume that u € C*([0,T) x R") is a classical solution to the
Cauchy problem

2
Uy — Au + I'L:i e + R izt)zu = |ul’, u(0,x) = ¢(x), u, (0,x) = ¥(x)

with (1 — 1)> — 4p3 = 1. The data (p,y) # (0,0) are supposed to belong to
C2(R") x CJ(R"), where @,y are positive in the interior of their support. If p €
(1, pp, ()], then T < oo, where

Dy, (n) := max {ppuj(n -1+ V; );po(n + Ml)}-

_ 2 . .. .
Here p F,Aj(.n.) = 1 + ; is the Fujita exponent and po(n) is the Strauss exponent, that
is, the positive root of

(n—1p*—(n+1p-2=0.

Remark 18.3.4 The statement of the last theorem implies that p., (i1, n) > py, ().
In the paper [39] the number p,,, (n) was calculated as follows:

L pu, (1) = pryj (le ),

prg (1+1) if pp > 2,
po 2+ 1) if wy €10,2],
3. pu(n) = po(n+ 1) if n > 3.

If u; = 2 and u, = 0, then due to [39], the critical exponent p.,;;(2, n) coincides
with p,(n). So we have, in general, a shift of 2 in the Strauss exponent (px(n) =
po(n+2) in alot of cases). For general p; we have at least a shift of Strauss exponent
by ;. So, a large ju; requires a large u,, the interplay produces at least a large shift.

2. P (2) =

Exercises Relating to the Considerations of Chap. 18

Exercise 1 Prove Duhamel’s principle for solutions to the Cauchy problem
ug — Au+u; = f(t,x), u(0,x) =@(x), u,(0,x) =¥(x),
that is, derive the representation of solution
u(t,x) = Ko(t,0,x) * @(x) + Ki(2,0,x) %) ¥(x)

t
+/ Ki(t,s,x) *x) f(s,x) ds.
0

The notations are chosen as in Sect. 18.1.1.
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Exercise 2 Prove the statement of Theorem 18.3.1.
Exercise 3 Think on the Remark 18.3.1.
Exercise 4 Study the proof to Theorem 18.2.5 in [154].



Chapter 19 )
Semilinear Wave Models with a Special s
Structural Dissipation

The considerations of this chapter are take in conjunction with the preceding
chapter. This helps to clarify and extend the approach of Chap. 18 to different classes
of semilinear wave models. On the one hand a special structural damping term is
included in the linear part of the model, while on the other hand different power
nonlinearities of modulus of partial derivatives of the solution are allowed. First we
explain L” — L? estimates not necessarily on the conjugate line for linear structurally
damped wave models. Then we discuss different treatments of the nonlinear term
and application of fractional Gagliardo-Nirenberg inequality or fractional powers
as well. The optimality of the results is proved by application of the test function
method. That this approach can also be applied to treat semilinear viscoelastic
damped wave models or semilinear structurally damped o-evolution models is
verified in the concluding remarks.

19.1 Semilinear Wave Models with a Special Structural
Damping Term

In Sect. 18 we explained an approach to study the Cauchy problem for classical
damped waves with power-nonlinearities. In this section we will show that the same
approach can be used to study Cauchy problems for semilinear wave models with a
special structural damping and other nonlinearities. The Cauchy problems we have
in mind are

Uy — Au+ (=) 2w, = [|DIup’, u(0,x) = (x), u,(0,x) = ¥(x),
Uy — Au+ (=) 2w, = [, 1w(0,%) = o(x), 1,(0,%) = Y (x),
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where the parameter p is positive and a € [0, 1). Structurally damped wave models
were already introduced in Sect. 11.3.3. In the following sections we will

1. derive L — L9 estimates not necessarily on the conjugate line for solutions to the
linear Cauchy problem

vy — AV + pu(=4)2v, =0, v(0,x) = p(x), v,(0,%) = Y (x),

2. show how the approach of Sect. 18.1.1 is modified to prove the global (in time)
existence of small data solutions to semilinear structurally damped wave models.

19.2 [I? — L1 Estimates Not Necessarily on the Conjugate
Line

In this section we are interested in obtaining L” — L7 estimates not necessarily on
the conjugate line for solutions to the Cauchy problem

vy — Av + u(—A)év, =0, v(0,x) = ¢(x), v:,(0,x) = ¥ (x),
where ;> 0. After application of partial Fourier transformation we get

Wi + [EPw + pl€lwe = 0, w(0,8) = F(@)(§), wi(0,8) = F(¥)(§).

Here we introduce the notation w(z, §) := Fy—¢(v)(t, §). We apply ideas from [146]
(see also Sect. 24.2.2). We divide the considerations into two sub-cases: u = 2 and

w# 2.
Special Case i = 2 We have a double root A, 2(§) = —|&|. The solution w is
w(t.§) = e 1 (w(0.§) + 1(§1w(0.8) + wi(0.£))).

Transforming back we get the following representation for v = v(t, x):

v(t,x) = F (6750 (w(0, &) + 1(|£|w(0, £) + w, (0, £))))
= F () w o+ P (18178 w1+ B (e750) 2oy

where we suppose that the Fourier inversion formula holds for the data ¢ and .
In this representation there appear oscillatory integrals which can be estimated
by using Corollaries 24.2.1-24.2.3 of Sect.24.2.2. Applying Young’s inequality of
Proposition 24.5.2 we may conclude immediately the following statement:

Corollary 19.2.1 The solutions to

vy — Av 4+ 2(=A)2v, = 0, v(0,x) = ¢(x), v,(0,x) = ¥,
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satisfy the 1P — L1 estimates

1 1
lo. ) < =D ol + ==y

1 1
forl <p<g<oo, 14+ = 4+ andjfor general dimensions n.
rp

In our further considerations we are not only interested in estimates for solutions,
but also of their energy Ew (1)(¢). By choosing the valuesg = r = mand p = 1 for
t € [l,00),and then p = ¢ = mand r = 1 for ¢ € (0, 1] in the representations
of solutions for v, v, and |D|°v, respectively, we may conclude the following
statement.

Corollary 19.2.2 Let m € (1,2]. The solutions to
Vi — Av +2(=4)2v, = 0, v(0.x) = p(x), v,(0,x) = Y (x),

satisfy the following (L' N ™) — L™ estimates:

—n(1=1) 1-n(1=))
lo( ) len < C(L+1) mHl@llpnapr + C(1 4 1) m Yl pmap s
1 1
14Dl vt e = €+ 070 m llgr i+ €+ 070 1y e,

and the following L — L™ estimates:

[v(@ )ln < Cll@llen + CA + DYl
1D (. ), vit, Nliew < CA+ D7 gl + ClIY |

for all dimensions n.

Remark 19.2.1 There is a difference in the estimates from Corollaries 19.2.1
and 19.2.2. In Corollary 19.2.2 we assume additional regularity for the data which
was in opposite to our assumptions in Corollary 19.2.1, where data are supposed to
belong to L? spaces only. This is the reason we can use 1 + ¢ in Corollary 19.2.2
instead of ¢ only which is what we have in the estimates from Corollary 19.2.1 (cf.
with Theorem 14.2.4).

Corollary 19.2.3 We are able to prove estimates which are similar for the solutions
and their energies (even of higher order) to those in Corollary 19.2.2. Namely, for
any a > 0 we have the following (L' N L™) — L™ estimates (m € (1,2]):

1
D1 vt ) < €1 + om0 ;”)Ilgoqu,,wl
e+ 07 ) g e .
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1
Dt ) o < €1 + =0 qumml
+C(1 + t)l_a_n(l_m) ”w”HI‘:l“‘X(“_LO)mLI .

Moreover, we have the L™ — L™ estimates (m € (1,2])

1D (2, ), [DI“v,(t, Dllen < €+ 07 @l ot + CL+ 07N lag,-

Case |4 € (2,00) We have the roots A1 ,(§) = ;|§|( == \/uz — 4).
Proposition 19.2.1 The solutions of the Cauchy problem
Vi — Av + p(=4) v, = 0, v(0.%) = 9(x). v(0.x) = Y(x). p € (2,00)

satisfy the following [’ — L1 estimates:
1 1
o < 0Dl + =0y,

1 1
forl <p<qg<oo, 14+ =+ andfor general dimensions n.
rp

Proof We have v = Ko * ¢ + K * ¥, where the partial Fourier transforms Ko and
K, of the fundamental solutions K and K are defined as follows:

R Alelzl‘ _ Azelll‘ n el]t _ elzt
Ky = , K= if A As.
0 A — 2, 1 AL — A if A1 # A,

The functionsf{j = kj(l, ), j = 0, 1, are smooth with respect to {£ € R" : |§] > 0}.
Let us assume that the Fourier inversion formula is applicable for the fundamental
solutions and the data. We may then conclude

v = Fg_l)x(f(o) * @+ Fg__l,x(ffl) * .

On the one hand Ky ~ ¢~¥" with a positive ¢ = ¢(u), while on the other hand the
Newton-Leibniz formula implies

1
oo [ i
0

By estimating

2
—u+ Q- —d<—p+Jput-4<-" <0
m

and after using Corollaries 24.2.1-24.2.3 of Sect.24.2.2 for estimating both oscil-
lating integrals we get the desired L — L9 estimate.



19.2 1P — L9 Estimates Not Necessarily on the Conjugate Line 329

Case v € (0,2) This remaining case is of special interest since the characteristic
roots are

hia®) = I~ + VA p2)

The related multipliers are of trigonometric type as e ~“'l'h(z, &), where h(t, £) =
cos(cz|&|?) or h(t, &) = sin(cy|&|f). Here ¢; = c¢1(u) > 0 and ¢; = c2(u) # 0, are
real constants. So, we shall discuss the oscillatory integrals

F7L (e cos(ca|£[1) and F L (e KV sin(cal€]).

We use the following result of [146].
Lemma 19.2.1 The following estimates hold in R" forn > 2 :

[Pt (e cos(eal€10) | 1y < €70,
[Pt (e sin(eal€10) | gy < G0

forp e [l,00]andt > 0.

Proof Here we can follow the proofs to all theorems of Sect.24.2.2. Let us only
sketch how to obtain the estimate for

”Fs_—lm(e_"‘ I§le cos(c2|£]1)) HU’(R")'

The change of variables from the proof to Theorem 24.2.1 reduces the considera-
tions to the Fourier multiplier

FyL (e cos(ealn).

The integrand is radial symmetric with respect to 7. Hence, the inverse Fourier
transform is radial symmetric with respect to x, too. Modified Bessel functions of
Sect. 24.2.2 are applicable and we get the representation

. 1 [ :
F L (e cos(ealn])) = " / d, (e cos(car)r) cos(r|x|) dr.
X1~ Jo

In the next step of partial integration we use sin(r|x|) = 0 for r = 0. A fourth step
of partial integration gives immediately the estimate

— —C 1 * —C|r
IF, L (e cos(ealn)))| = ‘|x|2/o di(e™ cos(czr)r) Cos(r|x|)dr‘

)t
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This implies
—1 —
HFW]—»c(e “ MI COS(C2|77|)) ||L1 (R3) E C

(cf. with the proof to Theorem 24.2.1), which follows the desired statement.
Taking into consideration Lemma 19.2.1 we conclude the following results.

Corollary 19.2.4 The solutions of the Cauchy problem
Ve — Av 4+ u(=A) 20, = 0, v(0,x) = @(x), v,(0,x) = ¥(x), pe(0,2),
satisfy the following L — L7 estimates:

1 1
1o < =D gl + 0=y,

1 1 1
forl <p<g<oo, 14+ = 4+ andjfor general dimensions n.
rop
Corollary 19.2.5 The solutions to
1
vy — Av + u(—=A)2v, =0, v(0,x) = ¢(x), v,(0,x) = P¥(x),

satisfy for positive w and m € (1,2] the (L' N L™) — L™ estimates and L™ — L™
estimates from Corollaries 19.2.2 and 19.2.3.

19.3 Structurally Damped Wave Models with Nonlinearity
[ID|“uf?

19.3.1 Main Result

Theorem 19.3.1 Let us consider the Cauchy problem
iy = At p(=24)2u; = DIl u(0.2) = ¢(). (0.%) = Y()
with a € [0, 1) and u > 0, where the data (¢, V) are taken from the space
(H,, (R") M LY (RY) x (L"(R") N L' (R"))
with m € (1, 2]. We assume for the dimension n the condition

- m*(1 —a)

m—1
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Moreover, the exponent p satisfies the conditions

2—a

+a-1

n

1
’[n—l—m(a—l)]*‘] and p > +n

pE [m
Then, there exists a constant gy > 0 such that for any small data (¢, V) satisfying
the condition

(@, ¥l ezt ety @mnrty < o
we have a uniquely determined global (in time) small data Sobolev solution
u € C([0, 00), H),(R")) N C'([0, 00), L™ (R™)).

Moreover, the solution satisfies the following L N L' — L™ estimates:

—n — l
(e e < €1+ 0" 0=0) @, Wl nLyxannny,
—n — l
(Dt ), ue(t, Nlem < C(1 + 1) ( m)”((/”I/f)“(HnlﬁLl)X(L”’ﬂLl)‘

Remark 19.3.1 Let us explain the conditions for p and n of the last theorem.
The condition p > 1 + | i;il provides the same decay estimates of solutions to
the semilinear model as for the solutions to the corresponding linear model with
vanishing right-hand side. In some cases we, know that this lower bound is optimal
(see Sect. 19.3.3). So, the nonlinearity is interpreted as a small perturbation. We
apply the tool of fractional Gagliardo-Nirenberg inequality (see Corollary 24.5.1).
For this reason, the other conditions for p come into play. The upper bound for n
arises from the admissible range for the power p. Smaller p imply that this set is
not empty. In the case a = 0 (we do not have a pseudodifferential action on the
right-hand side) and m = 2 we conclude the assumptions n € [2,4], p € [2, "]

andp > 1+ nil (see [37]).

Example 19.3.1 Let us choose n = m(1 — a). Then, the admissible p are from the

interval [m, oo). Taking into account 1 + (m_zl)_(‘{ _g) > M, we can apply the theorem

2_
forp e (1+ (m_l)(‘i_a),oo).

19.3.2 Proof

We explained the philosophy for proving the existence of global (in time) small data
solutions in Sect. 18.1.1.2. We can follow this approach to prove Theorem 19.3.1,
too. For this reason we skip some details, sketch some steps and describe only the
changes in the proof which are necessary due to the presence of the nonlinearity
[|D]%ulP with a € [0, 1).
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We introduce the space of data
A= (H (R") N L' R") x (L"(R") N L'(R")).
Moreover, we introduce for all # > 0 the function spaces
X(1) == C([0. 4, H,,(R") N C'([0, 1], L"(R"))
with the norm

lullxa = omry (fo@ (e ) lew +A @ NIDlu(e. len +go() ™ ur(e. )llzn).

and the space
Xo(1) := C([0, 1], H),(R"))
with the norm

lullxoy := sup (fo(@)™ llu(z, Ylw + fi (@)~ 1Du(e, ) [1),

o<rt<rt

where we choose from the estimates of Corollaries 19.2.5, 19.2.2 and 19.2.3 the
weights

—n(1—1! —n(1—1
fo(@) = 1+ )0 fi() = go(r) i= (1 + 1)),
We define for any u € X(r) the operator
N:ueX(t) - NuecX(t) by
Nu(t,x) = Ko(,0,x) *) @(x) + K1 (2,0, %) *) ¥ (x)
t
+/ Ki(t—1,0,x) %y ||D|“u(r,x) |pdr.
0
To apply Banach’s fixed point theorem we have to prove the required estimates
for [|Nu(t,-)|lx and ||[Nu(t,-) — Nv(t,)||x(- In this way we may simultaneously
conclude local (in time) large data solutions and global (in time) small data solutions

as well. The decay estimates for the solution and its partial derivatives of first order
follow immediately the definition of the norm in X ().
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Following the strategy to estimate the integral term in the representation of Nu
the estimates of Corollary 19.2.5 allows us to get

| L
1BDINu(e, )l < €+ )0 (@ )| ki it

1
1

T R e [
0

e

t
+c/ (1+1=0)"" | ||D|“u(z.)["| .
2

where j,k = 0,1 and (j,k) # (1,1). It is required to estimate ‘|D|“u(r,~)‘p in
L"(R")NL'(R") and in L™ (R"), so we estimate ||[D|“u(z. )|, and |||D|“u(z. )| -
Here, fractional Gagliardo-Nirenberg inequalities come into play (see Proposi-
tion 24.5.5). The condition

pelm I+ m(’; - 1)1+]

allows us to apply this inequality for ¢ = p and g = pm. After using the estimates
of Corollary 19.2.5, Proposition 24.5.5 and Remark 24.5.2, we may conclude

—n(1—1)—
<Cc( + 1—)P(l n(l— ) 9a,1(p,m))||u(t’ ,)”P

” ||D|a”(t’ ) |p HLanl = Xo(z)

_ —p(n+a—1)+n Y14
=C(+r1) [|u(z, )”Xo(r)

because of 6,1(p,m) < 60,1(pm,m). Here we use 0,1(g,m) = n(rln - ‘11 + Z),
whereas

HIDFu(. ) [ < €1+ DOm0t gz,

_ —p(nta—1)+ Y4
=c+1) (e, ) oy
Summarizing both estimates yields

IADEN i < CC1+ 00D @ ) i -

t

(1 1Y (i 2 _ _
+C(1 + l‘)l n(l— ) (k+«7)||u||§0(,)/ (1 + 1—) p(n+a—1)+n dr
0

t
+C(1 4 7P | f / (1+1t—1)~*Dgr,
2
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Ifp> 1+ nf_;fl , then the term (14 7)P("+te=D¥n g integrable over R, . Moreover,
we have

t
(1 4 ryPlrta=bt, / (1 +t—0) ¢ gr
t/2

t/2
= (1 + ) Plrta=D+] / (1+ 1)~ * D gr < c(1 + t)l—n(l—,L)—(k+j)'
0

In this way we derived the desired estimate for |Nu(t,-)|x). Analogously, the
necessary estimate for || Nu(t,-) — Nv(t, )| x; can be derived. Therefore, we need

to prove suitable estimates for 9; | D|* (Nu(t, ) —Nu(t, ')). We arrive at the following
relations:

X t
a{|D|"/ Ki(t = 7,0.%) ¢y (IID|“u(z.x)” = ||DI*v(z. 0)|") d
0
t .
:/ 3/|DI*Ki(1 = 7,0,x) %y (/|D“u(z. x)" = ||D|"v(z. 0)|") d,
0

and

[11DI“u(z, )P = [ID|*v (. )|

< DI (u(z, ) — v(z, Nlee (11D u(z, ) 5" + 11D v, ) 7).

[11D1u(e. ) = (1D v (. 0|

< CIIDI(u(e.) = (@ Dlww (1D u(. ) w + P10 (E ) w)-
Repeating the above considerations we are able to estimate the terms
DI (u(z.) = v(@. Dllee. (D[ *ulz, ) lw, 11D"v (T, )l
forr=1,m.

Finally, we mention that the upper bound for the dimension #n is determined by
the range of admissible powers p. These observations complete the proof.

19.3.3 Optimality

We are able to prove the optimality of the results of Theorem 19.3.1 only in the
special case a = 0. In this case, the condition for admissible p is p > pgiy =
1+ nfl . We are going to prove the following result from [29] (see also [37]).
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Theorem 19.3.2 Let us consider the Cauchy problem
Uy — Au+ 2(=A)2u, = [ul?, u(0,x) =0, u,(0,x) = ¥ (x).

If the nonnegative data € L} (R"), n > 1, and if 1l <p < perix = 1 + . 1, then
there exists no global in time nontrivial Sobolev solution belonging to IOC(R"H)

This result shows the optimality of the critical exponent p.,;; = p¢ri;(n). The main
tool of the proof is the application of the test function method (see [232] and [229])
we introduced in Sect. 18.1.2. But now we have a new difficulty, the linear operator
contains a pseudodifferential operator (—A) 2. Nevertheless, we may apply the test
function method due to the following observation (see for example [26] or [37]).

loc

Lemma 19.3.1 Let u be a local or global (in time) Sobolev solution to the Cauchy
problem of Theorem 19.3.2 with nonnegative initial data \ for some p > 1. Then,
u = u(t, x) is nonnegative.
This allows us to write the above Cauchy problem in the form

— Au + 2(—A)%u, =u’, u(0,x) =0, u(0,x) = ¥(x).
Now let us prove Theorem 19.3.2.

Proof We assume by contradiction that u € L (R%"') is a global nontrivial
Sobolev solution. Therefore, for any test function y € C§°([0, 00) x R") it holds

o0
/ / u(er—A)(—2(—A)é)(,)dxdt
0 Rll

:/Ow/nupxdxdtJrAn () 7(0,x) d.

Let ¢ € C3°[0,00) be a nontrivial, non-increasing function which is compactly

supported in [0, 1], and let £ > p’, where p’ = i P is the conjugate exponent to p.

First, we assume that 1 < p <1 + 2 . For any R > 1, we choose yz(t,x) :=

¢( 1te) q&(‘xl) for some £ > p’. Recalhng that ¢, —¢’, and ¥ are nonnegative and
that (see [26])

oo (M) <o (M) care (M)

forany 6 € (0, 1] and £ > 1, we may derive

IR—/ /nup)(Rdxdt<R2€/ /nu)(R‘hR Rl)d dt,

@70)
o )P0

—p () Ap(1x]) — 2L (1)(—A) 2 ().

Wt ) = (970 + (€= 1)
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We notice that the function y}(, x)h( ;, |1’§‘) is a bounded function with compact
—1 _ ¢

support in [0, R] X Bg for any « > 0 since & is bounded. After setting k = »
by Holder’s inequality we obtain

o [F . NN v
Ir < CR™I (/0 /BR (XR(t,x))h(R, p ))) dxdt)

_ nt1 1
<CRY/ I

This gives Iz < CR™%'+"+! which vanishes as R — oc. By applying Beppo-Levi
convergence theorem it follows that u = 0.

Nowletn >2andp =1+ nil ,1.e.2p’ = n + 1. The previous approach gives
only a uniform bound for I, that is, u” yz € L'(R"). Now we fix ¢ such that it also

satisfies ¢ (p) = 1 for any p € [0, é] Moreover, we define ygs(t, x) 1= qb(t)[q&(‘g;i)[
with some § > 0. Following the above reasoning, we may derive, in particular,

o0 o0
—/ / uAyrsdxdt = —/ / uAygsdxdt
0 n 0 |x|>8 %
1 o0 1
<CJ} E(/ / u”){R,&d}Cdt)”—)O as R — oo,
0 \x|>8§

thanks to u” yg s € L'(R") for any fixed § > 0. For the other two terms we proceed
as before. Taking into account the presence of § > 0 in the definition of ¥ we obtain

1 n 0 1
Ig < CIL +C@S7 + 87 NIk,

Being § arbitrarily small and n = 2p’ — 1 > p’ we conclude again u = 0. This
completes the proof.

19.4 Structurally Damped Wave Models with Nonlinearity
|eec [P

19.4.1 Main Result
Theorem 19.4.1 Let us consider for n > 1 the Cauchy problem

1
uy — Au~+ u(=A)2u, = |u,)’, u(0,x) = @(x), u/(0,x) = ¥(x),
with > 0. The data (¢, ) are assumed to belong to the space

(H,,(R") N L'(R") x (H, ' (R") N L'(R")
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with s > 1+ " andm € (1,2]. Moreover, the exponent p satisfies the condition
1
p> max{s;m; 1+ }
n

Then, there exists a constant &y > 0 such that for any small data (¢, V) satisfying
the condition

[l (e, 1/f)||(H;10L1)x(H;1—1ﬂL1) = &o
there exists a uniquely determined global (in time) small data Sobolev solution
u € C([0, 00), H3,(R") N C'([0, 00). HS, ' (R™)).

Moreover, the solution satisfies the following decay estimates:

1_n(m—l)
u@@, Hew < CA+0)" m (@, ¥l Aty <1 0Ly

n(m—1)
u(t, ) < CA+1)" m (e, 1//)||(H;10L1)X(H;7—10L1)7
(D u(t, ), DI (2, ) |

n(m—1)+

( ms
1_
<C(+0y m @ Yl s, nLtyx s 0L -

Remark 19.4.1 Letus explain the conditions for p and s. If we want to use fractional
powers (see Corollary 24.5.2), then p > s is a necessary supposition. We apply
the tool Gagliardo-Nirenberg inequality (see Proposition 24.5.4), but we are not
interested in having a restriction above for p. For this reason we assume s > 1+ .
The restriction below p > m is a straight forward condition related to this tool.
The remaining condition for p implies the same decay estimates of solutions to
the semilinear model as for the solutions to the corresponding linear model with
vanishing right-hand side. So, the nonlinearity is interpreted as a small perturbation.
In the case of m = 2 we assume s > 1 + 7 and p > max {s; 2}.

19.4.2 Proof

We explained the philosophy for proving the existence of global (in time) small data
solutions in Sect. 18.1.1.2. We can follow this approach to prove Theorem 19.4.1,
too. For this reason we skip some details, sketch some steps and describe only the
changes in the proof which are necessary due to the presence of the nonlinearity
Joac P
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We introduce the data space
A= (H,(R" N L' R") x (H (R N L' (R").

The statements of Corollaries 19.2.5, 19.2.2 and 19.2.3 suggest using for r > 0 the
solution space

X = c([0,1. H;,(R") n C'([0. 4, H} ' (R"))

with the norm

n(m—1)—m
Jute.)lx = swp (140" m " (e, s
T€[0,1]
n(m—1) n(m—1)+m(s—1)
+(A4+1) m Ju(z, ) + (14 1) m DI uy(z, ) ||

m—1)+m(s—1

n )
+1+7) DU ).

As in the previous section, we define the operator N and prove for Nu the required
estimates for applying Banach’s fixed point argument. The decay estimates for small
data solutions and some derivatives follow immediately by the definition of the norm
in X(1).

We begin to estimate the L™-norm of Nu itself. We apply the (L! N L™) — L™
estimates on the interval [0, }] and the L™ — L" estimates on the interval [}, 7] to
conclude

_ n(m—1)
INu(t, ) en < CA+0'" " " [[(@, ) a

: _n(m—1)
+ C/ A +t=0)' m [ ) Pl o de
0

t
+C/ 1+t —)|uz,)|P||pn dz.
2

We have

et (T )P Nl < Cllue ()L + Nl () -

To estimate the norm |u,(z,-)||w,k = 1, m, we apply the Gagliardo-Nirenberg
inequality in the form

_ 6o.s—1(q. 1—6p s—1(q.
(T, e < CHDE w(z, o™ 4" (e, - 0 @

with w(z, ) = u,(z, -), where for ¢ > m, as in Corollary 24.5.1 and Remark 24.5.2,
we have to guarantee

n 1 1
90,3—1(‘15 m) = s—1 (m - q) S [Os l]s
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that is,

<g< mn < if n <1
m or m i .
_q_n—m(s—l) =4 (s—1Dm —

orm<pif " <1,

Since 8 s—1(p,m) < By —1(mp,m), herem < p < (= =

n
n—m(s—1)
we have on the interval (0, ) the estimate

t
2 _n(m—l)
/(Lu—ﬂl o ate (e WP Nl de
0

m—1) n(m—1)

nn é
< +0"0 ully, / (1 4+ (" o) g
0

where
A o) o ) <

n+1
for p > .

The last condition is satisfied due to an assumption for p. On the interval (é, ) we
have

t
[ = ollute P de
2
t (" + 0,1 (mpmy 1)
< O+ Dl [ 140 (o) g
2

where

(”(mm_ D + Bo,5—1(mp, m)(s — 1))

=_p(n(m—1) +n(1 3 r;p)) <_n(m—l) 1

m m m

n+1

due to the assumption p > "7 . Combining the last two estimates we arrive at the

following desired estimate:

)—m

n(m—1
L+ 0" INu( )l < Cll@)la + Clully, forall T e [0.1.

In the next step we consider

t
8,Nu = 3,U(t,x) + / at(Kl(t_ T, O,X) *(X) |M[(T7 )lP) dT,
0



340 19 Semilinear Wave Models with a Special Structural Dissipation

where we introduce
v =v(t,x) := Ko(t,0,x) %) @(x) + K1 (2, 0,x) %) ¥ (x)

as the solution of the corresponding linear Cauchy problem with vanishing right-
hand side and with initial data (¢, ¥). Using the same approach as above we may
conclude

m—

n(m—1)
(I+7) m [@Nu)(T, ) = Cli(e, Y)lla + Cllully,, forall « € [0,1]

under the same assumptions for p.
Now let us turn to estimate ||d,|D|*~'Nu(t, -)||». We use

t
3D~ Nu = 3,|DI" v(r,x) + / DI (Ki(t = 7,0,%) %y [ui(z, -)) dr.
0

Taking into account the estimates of Corollaries 19.2.5 and 19.2.3 witha = s — 1
and using again the (L' N L) — L' estimates on the interval (0, ») and the L" — L™
estimates on the interval (;, t), we obtain

1 _ n(m—=1)+m(s—1)
[10:DI"™" (Nu)||pn < C(1 +1) m (@, ¥)lla
5  nm—=1)+m(s—1)
+C/ (I+1-1) m (e (T )P Nl g + |||Mr(f,')|p||1i1;7‘)dr
0

t _ n(m—1)+m(s—1)
+C / (+1-1) w (M Pl + ()Pl ) d.
2

The integrals with |||u,(z, )|’ ||zmart or |||uc(z,-)|P||» will be handled as before if
we apply as above

(" p o rme =) = (""" (1)) <

m m p

n+1
for p > .

To estimate the integrals with |||u;(z, )|”|| ;,—1 we apply Corollary 24.5.2 withp > s.
So, we may estimate

t

2 _n(m—l)+m(s—l)
[ =0T el e
0

t
2 n(m—1)+m(s—1)
_ —1
sc[Tari=oT" T g el de
0
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é _ n(m=1)+m(s—1) p—1
sc[Tari=o™" T g el de
O m
5 _ n(m—1)+m(s—1)
sc [T e g
0

p—1
% (@ e + (. Vg ) e

Here we used s — 1 > s > . This implies only the restriction p > m. Using again
the estimates of Corollaries 19.2.5 and 19.2.3 gives

é _ n(m=1)+m(s—1)
[ =0T el ae
0

5 n(m—1)+m(s—
= Clllfyy [+ =07 @ 07 e
0

_ nln=1)ms—1) 2 N
< C(1+t) m ”u”;(t)/ (1_’_1,) (s—1) pn(l ”’)dl'.
0
The assumption s > 1 + " yields the condition s > n(mf’l”) +.- This condition and

the assumption p > s imply (s — 1) + pn(l — rln) > 1. In an analogous way we
estimate

¢ _ n(m—1)+m(s—1)
=0 e P g e
2

_ n(m—1)+m(s—1) ¢
e+ [ e Pl de
>
n(m—1)+m(s—1) ! (1) — _1
<Cl+n" IIMII'J«r)[ 1+ (=) g,
2

Summarizing, we have shown for all 7 € [0, 7] the estimate

n(m—1)+m(s—1) s—1 p
I+ DP (Nu)(z, )|m < Cll(@. ¥)lla + Cllully,-

By using the same approach we arrive for all 7 € [0, #] at

n(m—1)+m(s—1)
(I+1) m DI (Nu) (T, )l < Cll(e, ¥)lla + Cllullk,-

From all these estimates we may conclude

INullxy < Cli(e. ¥)lla + Cllull,.-
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In principle, one can use the same approach to prove the estimate
—1 —1
INu— Nvllxiy < Cllu— vllxa (lullg) + I10150)-

There are some minor modifications however. First of all, we use the representation
. t
8,’|D|k/ Ki(t—17,0,x) *y (|u,(r,x)|p — |v,(r,x)|p) dt
0
4 .
= / 3/ |DI*Ky (t — 7,0, %) *¢o (Jurlz. x)|P — lvi(z, x)|") dt
0

t 1
= P/ 3,]|D|kK1(t —7,0,X) *y (/ [v; + r(u; — Ut)lp_z(vt + r(u, —vy)) d”)
0 0

x(u; — v;) dr.

If we choose j = 1 and k = s — 1, then it remains to estimate the following norms:

sz, 01 = vz, )| 1,

H ( /Ol v 4 (e = v) P (v + 1 = v))) dr) (T, %) (u; — v,)(f,x)‘

s—1°
Hy;

To estimate the L'-norm and the L™-norm we proceed as at the end of the proof
to Proposition 18.1.1 if we replace there L?> by L™ and L? by L. To estimate the
an_l-norm we use the algebra property of HS!(R"), the embedding of H:~!(R")
into L*°(R") and Proposition 24.5.6 as follows:

H ( /01 v 4 (g = v) "7 (v + 1 = v1)) dr) (®. 2 = v)(7.3) HH;Z_‘

=c|( /O Jor = P20, + s — ) dr)(z. ) HH&_I

X[ (s — 0) (T, ) || g

1
< [ o+ =0l =) ar
0 m

x| (e — v) (T, %) || =1

= C/OI llvr + e — v) [l gt 00 + 1y — )17 dr
X[ (ur = v) (T, ) || g1

= C(||v, + r(u — v Z;_ll + llve + r(u, — v,)||’2;l)

x (It = v @ D + Ny = v) (@) n).
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Applying fractional Gagliardo-Nirenberg inequality (see Proposition 24.5.5) and the
decay estimates for the corresponding linear Cauchy problem with vanishing right-
hand side (see Corollary 19.2.3) we arrive at the desired inequality

—1 —1
INu = Nvllx < Cllu = vllxe (lullyq,) + vlke)-

All these explanations complete the proof.

19.5 Concluding Remarks

The approach of Sects. 19.3 and 19.4 was applied to other structurally damped
semilinear models to study the global (in time) existence of small data Sobolev
solutions.

19.5.1 Semilinear Viscoelastic Damped Wave Models

The Cauchy problem for viscoelastic damped wave models with different power
nonlinearities was studied in [165]. One of the models of interest to us is

uy — Au— Auy = ||D|ul’, u(0,x) = ¢(x), u/(0,x) = ¥(x),
where
(p.¥) € (H'(R") NL'(R")) x (H*>(R") N L'(R"))

for a certain s > 2 and a € (0, 2) (cf. with Sects. 14.3 and 19.3).

First we suppose low regularity of data, we choose s = 2. This choice of
regularity of data implies more restrictions on the exponent p, on the parameter
a and on the spatial dimension n. Following the steps of the proof of Sect. 19.3.2,
the following result is proved in [165].

Theorem 19.5.1 Let

A= (H*R") N L'(R") x (L*(R") N L'(R") for n > 2.
Leta e (2— ;,2— Z) andp € [2, n+2:’a_2)] orac (0,2— ;] and p > nij;fl.
Then, there exists a constant g > 0 such that for any small data (¢, V) € A
satisfying the condition ||(¢, ¥)|la < &o there exists a uniquely determined global
(in time) energy solution

u € C([0, 00), H*(R")) N C'([0, 00), L*(R")).
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Moreover, the solution, its first partial derivative in time and its partial derivatives
in space of the second order satisfy the following decay estimates:

A+ 07" @ )l ifn >3,
log(e + D[, ¥)lla  ifn=2,
(e, Y2 < CA+D74H(@, ¥)las

IIDPRu(t. )|z < €A + 57" (@ ) a-

llu(, )2 = C

In the last theorem we assume some restrictions on the parameter a and on the
dimension n. If we want to avoid such restrictions, then one way is to require more
regularity for the data. Combining the steps of the proofs of Sects. 19.3.2 and 19.4.2,
the following result is proved in [165].

Theorem 19.5.2 Let

A= (H'(R") N L' (R") x (H2(R") N L'(R")).

Let p > max{s; 2} and max{a + }; n”fzi} <s<n

Then, there exists a constant g > 0 such that for any small data (¢, V) € A

satisfying the condition ||(¢, V)|la < &o there exists a uniquely determined global
(in time) energy solution

u € C([0, 00), H*(R")) N C' ([0, 00), H**(R")).

Moreover, the solution, its first partial derivative in time and its partial derivatives
which are connected with the corresponding energy of higher order satisfy the
following decay estimates:

U e (R PO
logle + 0l ¥)lla  ifn=2.

et Y2 < CA+ D740, ¥) as

(s—1)

NDPut e < €+ 07" 4 @ v)las

(s—2)

_ _n+2
HDP (e, Mz < CA+D7 4+ (@, ¥)lla-

llutt, )2 <

Finally, the model
uy — Au— Au, = |u,)?, u(0,x) = ¢(x), u,(0,x) = ¥(x)
was discussed in [165] (cf. with Sect. 19.4). This model can be treated as the

previous model assuming large regularity for the data. Consequently, the following
result is similar to Theorem 19.5.2.
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Theorem 19.5.3 Let
A= (H'R") NLY(R") x (H2(R") N L' (R")).

Lets>2+ " forn>2andp > s.

Then, there exists a constant g9 > 0 such that for any small data (¢, ) € A
satisfying the condition ||(¢, ¥)||la < &o there exists a uniquely determined global
(in time) energy solution

u € C([0, 00), H*(R")) N C' ([0, 00), H**(R")).

Moreover, the solution, its first partial derivative in time and its partial derivatives
which are connected with the corresponding energy of higher order satisfy the
following decay estimates:

A+ 07" @ )l ifn >3,
log(e + DI, ¥)lla  ifn=2,

(2, )l 2 < €A+ D74 [(@, ¥)las

(s—1)

DPue )z < ¢+ 07" . v)lla.

(s—2)

_ _n+2
IIDF (e )z < CA+07 % l(9, ¥)la-

llut, )2 = C

19.5.2 Semilinear Structurally Damped o -Evolution Models

In this section we discuss the global existence of small data solutions for semilinear
structurally damped o-evolution models of the form

wn + (=8)7u + (=AY u; = F(IDu,ur), u(0,%) = ¢(x), w(0,x) = Y (x)

witho > 1, u > 0 and § € [0,0]. This is a family of structurally damped o-
evolution models (in the case 0 = 1 we have structurally damped wave models)
interpolating between models with friction or exterior damping § = 0 and those
with viscoelastic type damping § = o. The function f(|D|*u, u,) stands for different
power nonlinearities. If we choose ||D|“u|? for a € [0, o], then we have in mind a
model power nonlinearity with pseudodifferential action. If we choose |u|?, then we
have in mind a model power nonlinearity with derivative. Our goal is to propose a
Fujita type exponent dividing the admissible range of powers p into those allowing
for the global existence of small data solutions (stability of zero solution) and those
producing a blow up behavior, even for small data.

The beginner becomes familiar with this topic during the study of the projects in
Sects. 23.9, 23.11 and 23.12. One can find more information in [34, 37] or [164].
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There the authors proved L7 — L7 estimates not necessarily on the conjugate line for
solutions to the linear Cauchy problem

Vi + (=2)70 4+ (=AY, = 0, v(0,x) = (x), v,(0,%) = Y (x)

witho > 1, u > 0 and § € (0,0). The main tools to prove such estimates are the
ones of Sect. 24.2. Applying the approach of Sects. 19.3.2 and 19.4.2, the following
two results are proved in [164]:

Theorem 19.5.4 Let us consider the Cauchy problem
g+ (= 2)7u+ p(=28) 2wy = |IDI*ul’. w(0.2) = ). u(0.2) = ¥ (x).
witho > 1, a € [0,0) and i > 0, where the data are taken from the space
A= (H2(R") N L' (R") x (L"R") N L' (R™)) with m € (1,2].
We assume for dimension n the condition

2
m (0 —a
< (0 —a)
m—1
Moreover; the exponent p satisfies the conditions
20 —a
n+a—o]t’

n

[n+m(a—cr)]+] and p>1+

pE [m,

Then, there exists a constant &y > 0 such that for any small data (¢, V) satisfying
the condition ||(¢, ¥)|la < &0 we have a uniquely determined global (in time) small
data Sobolev solution

u € C([0, 00), H3(R")) N C'([0, 00), L™ (R™)).

The following estimates hold for the solution and its “energy terms”:

n 1
Jute. e < €1+ 05 =) i),
n 1
10Dt ). e Dl < €075 (). 9l
Remark 19.5.1 Let us explain the conditions for p and n. The condition

20 —a

> 14+
P [n+a—o]*
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implies the same decay estimates as for the solutions to the corresponding linear
model with vanishing right-hand side. So, the nonlinearity is interpreted as a
small perturbation. We apply the tool fractional Gagliardo-Nirenberg inequality (see
Proposition 24.5.5). The other conditions for p come into play for this reason. The
upper bound for » arises from the set of admissible range for p. Smaller p imply that
this set is not empty.

Theorem 19.5.5 Let us consider the Cauchy problem
g + (A u+ (=243 u = P, u(0.x) = p(x). u(0,x) = Y (x)
witho > 1 and . > 0. The small data (¢, ) are assumed to belong to the space
A= (Hy,(R") N LY(R") x (H,°(R") N L' (R"))
with s > max{ n(mz_”i‘)’+m;0 + yandm > 1, thatis, ||(¢, ¥)|la < 0. Then, for any

p > max{s;m; 1 + 7} there exists a uniquely determined global (in time) small data
Sobolev solution belonging to

C([0, 00). HS,(R™)) N C' ([0, 00), H3° (R")).

Moreover; the following estimates hold:

_ n(m—1)
lut, M < C (A +0"" mo |[(@,¥)]a,

_n(m=1)
luet, M em = C A+ mo l(@, ¥)lla.

] . _ n(m—=1)+ms
(DI u(t. ). DI u(t. N < C A+ mo (9. ¥)]a-

Remark 19.5.2 Let us explain the conditions for p and s. If we want to use
fractional powers (see Proposition 24.5.6 and Corollary 24.5.2), then p > s is
a necessary Supposition. We apply the tool Gagliardo-Nirenberg inequality (see
Proposition 24.5.4). But, we are not interested in having a restriction above for the
admissible powers p. For this reason we assume s > o + . The restriction below
p > mis a straight forward condition related to this tool. The remaining conditions
for s and p imply the same decay estimates as for the solutions to the corresponding
linear model with vanishing right-hand side. So, the nonlinearity is interpreted as
a small perturbation. In the case 0 = 1 and m = 2 we assume s > 1 +  and
p > max {s;2}.

The loss of regularity in L? — L estimates, with g € (1, 2), for solutions to the linear
Cauchy problem

Vi + (=A)70 + p(=4) v, = 0, v(0,%) = p(x), v(0,%) =YX
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witho > 1, u > 0 and 2§ € (0, 0) is related to the wave structure of the evolution
equation for high frequencies. However, the presence of the structural damping
when § > 0 generates a smoothing effect for the solution which does not appear for
the classical damping or friction v,. This smoothing effect allows us to recover the
additional regularity by using estimates which are singular at + = 0. The singularity
order is proportional to "(02_825). Hence, it vanishes at ¢ = 2§ (see Proposition 4.3
of [34]). This effect explains, roughly speaking, the possibility to employ singular
L" — L9 estimates for | < r < g < oo to derive the global existence of small
data solutions for semilinear problems in higher space dimensions when o = 24.
In Theorem 5 of [34], using estimates also on the L°° basis, the authors avoid the
restriction on the space dimension coming from Gagliardo-Nirenberg estimates and

derived the following result:

Theorem 19.5.6 Let us consider the Cauchy problem
y + (A u+ (=4) 2 = |8ul’, u(0.x) = p(x), u(0.x) = Y ().
withk = 0,1 and o > 1 is an integer. Letn > 1 andp > po = 1 + (n_zg)Jr ifk=0,
orp>p1=1+"7ifk=1
Then, there exists a sufficiently small &y > 0 such that for any data
(p.¥) € A= (W] (R") N WE(R™) x (L'(R") N L¥(R") with [|(p. ¥)]a < o,
there exists a global (in time) small data Sobolev solution

u € C([0, 00), W{ (R") N WZ,(R")) N C'([0, 00), L'(R") N L™ (R")).

For any g € [1, o] the solution satisfies the decay estimates

1D ) (e, e < €+ 075 0= (@ ) .

Moreover, the solution itself satisfies the estimate

e e < €+ ' =D @, ) .

The interested reader can also find in [34] the critical exponent for global small data
solution to the Cauchy problem

uy + (—A)u + (—A)‘gu, = |3fu|", u(0,x) = p(x), u,(0,x) = ¥(x),

withk = 0,1, 0,6 € N\ {0} and 26 € (0, o). The nonexistence of global (in time)
solutions in the critical and subcritical cases is proved by using the test function
method (under suitable sign assumptions on the initial data) (see Sect.18.1.2).
Finally, life span estimates are obtained.
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Exercises Relating to the Considerations of Chap. 19

Exercise 1 Prove for all T € [0, ¢] the estimate

n(m—1

)
(I+7) m [@Nu)(T, ) = Clite. Y)lla + Cllully,

appearing in the proof to Theorem 19.4.1.

Exercise 2 Prove for all 7 € [0, 7] the estimate

n(m—1)+m(s—1)
a0 IDE MW@ s < Cl@ )l + Cllully,

appearing in the proof to Theorem 19.4.1.
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Exercise 3 Prove the statement of Theorem 19.5.1 by following the steps of the

proof of Sect. 19.3.2.

Exercise 4 Prove the statement of Theorem 19.5.2 by combining the steps of the

proofs of Sects. 19.3.2 and 19.4.2.



Chapter 20 )
Semilinear Classical Wave Models Chack for

In the previous Chaps. 18 and 19, we investigated semilinear wave models with
different types of damping mechanisms. The main concern of this chapter is to give
an overview on results for semilinear wave models without any damping, a never
ending story in the theory of wave models. Here we distinguish between semilinear
models with source and those with absorbing power nonlinearity. First we explain
the Strauss conjecture for the case of source power nonlinearity. We give an
overview on results for the global (in time) existence of small data solutions and
for blow up behavior of solutions as well. Moreover, an overview on life span
estimates completes the discussion. We explain in detail the local (in time) existence
of Sobolev solutions and show for special models how Kato’s lemma is used to prove
blow up of classical solutions. For wave models with absorbing power we have
a more efficient energy conservation which allows for proving a well-posedness
result for large data. The description of recent results on critical exponents (Strauss
exponent versus Fujita exponent) for special damped wave models with power
nonlinearity and on the influence of a time-dependent propagation speed in wave
models on the global existence of small data weak solutions completes this chapter.

Many thanks to Sandra Lucente (Bari) and Hiroyuki Takamura (Hakodate,
Hokkaido) for useful discussions on the content of this chapter.

20.1 Semilinear Classical Wave Models with Source
Nonlinearity

The application of estimates for solutions to linear equations is a very useful tool
on studying the global (in time) existence of small data solutions for semilinear
equations. A lot of activities have been devoted to the Cauchy problem for wave
equations with power nonlinearity

g — Au = [ul’, u(0,x) = @(x), u(0.x) =¥ (x).

© Springer International Publishing AG 2018 351
M.R. Ebert, M. Reissig, Methods for Partial Differential Equations,
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For 1 < p < px(n) = T_’ll (pk(n) denotes the Kato exponent) the nonexistence of

global (in time) generalized solutions for data with compact support was proved in
[104]. On the other hand, in [99] it was shown that p.,;;, = 1 + V/2 is the critical
exponent for the global existence of classical small data solutions when n = 3. Here
classical solution means u € C2([O, 00) X R”). It was later conjectured in [196] that
the critical exponent p; (1) (peri(3) = 1+ V' 2) is the positive root of the quadratic
equation

n—Dp*—(n+1p—-2=0.

This critical exponent is called the Strauss exponent. In the further considerations
we use the notation po(n) for the Strauss exponent. This conjecture was verified in

[66] and [65] for classical solutions when n = 2. For n > 3, the paper [186] proved
the nonexistence of global (in time) solutions in C([O, 00), LZ(n”jll) (R”)) for suitable

small data and for 1 < p < po(n). Later, the supercritical case p > po(n) was treated
in [125]. There the authors proved the existence of global weak solutions belonging
to L*°([0, 00), LY(R", d)) with a weighted measure dju up to n < 8 and for all
n in the case of radial initial data. In [59] the authors removed the assumption of
spherical symmetry. The global existence also breaks down at the critical exponent
p = po(n) as was shown in [183] for n = 2,3 and in [229] and, independently, in
[236] for n > 4.

Some results verifying Strauss’ conjecture are summarized in the following table
which is taken from the paper [202].

p<po(m)  p=po(n) Po(n) < p < peonf(n)
=2 Glassey [66] Schaeffer [183] Glassey [65]
n =73 John [99] Schaeffer [183] John [99]

>4 Sideris [186] Yordanov-Zhang [229], Zhou Yi [236] Georgiev-Lindblad-Sogge [59]

Remark 20.1.1 The power peonr(n) = :’:f is well-known as “conformal power”

and one can obtain (see [124]) the global (in time) existence of small data solutions
when p > peoyr(n), too, under suitable regularity assumptions for the data.

In the following two sections we are going to derive a local (in time) existence result
(Sect.20.1.1) and show a blow up result in the special case n < 3 (Sect.20.1.2). We
skip describing methods of how to prove the global (in time) existence of small
data solutions for p > po(n). The reason being that due to the lack of L' — L9
estimates (see Sect. 16.7), the necessary tools are more complicated (see for instance
[191]) than the ones for the classical damped waves of Sect. 18.1.1 or for the special
structurally damped waves of Sect. 19.3.

20.1.1 Local Existence (in Time) of Sobolev Solutions

According to Duhamel’s principle, the Sobolev solution u of the Cauchy problem

g — Au = [ul’, u(0,%) = ¢(x), w(0,x) =y (x)
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satisfies
t
u(t, x) = uo(t,x) + / Ki(t—5,0,x) %y |u(s, x)|" ds,
0

where

ug(t,x) = Ko(t,0,x) *¢ @(x) + K1 (2,0, x) *) ¥(x),
sin(#/£[)
&l

To derive a local (in time) existence result we are going to use the L" — LY estimates
from Sect. 16.7. So, in the next two results we fix P = (i, (1]) with

Ko(£,0, [§]) = cos(t[£]) and K, (1,0, €]) =

2(n+1) 2(n+1)
= and r = .
n—1 n+3

Lemma 20.1.1 If (¢, ) € H' (R") x L>(R"), n > 2, with supp ¢, C {|x| <R},
then ug € C([0, T], LY(R")) for all T > 0 with supp uo(t,-) C {|x| <1+ R}.

Proof The statement of Theorem 14.1.1 implies uy € C ([O Tl,H 1(}R”)) for all
n > land T > 0. The conclusion of the lemma follows by using the well-known
domain of dependence property of solutions to the wave equation (see Sects. 10.1.3
and 10.5) and that H' (R") C L(R"), thanks to Sobolev’s embedding theorem.
Now we shall prove the existence of a uniquely determined local (in time) Sobolev
solution for compactly supported data.

Theorem 20.1.1 Let (¢, ) € H'(R")xL*(R"), n > 2 with supp ¢, ¥ C {|x| < R}.
If1 <p< ’:lf3, then there exists a positive T and a uniquely determined local (in
time) Sobolev solution

ue (0. 7).L " (R™) with supp u(r.’) C {|x| <1+ R},

Proof With g = 2(’;1;}—11) we define the space

X(T) := {u € C([0, T],LY(R")) : supp u(t,-) C {|x| <+ R} for t € [0, T]}.

This is a Banach space with the norm ||u||x(r) := maxejo,r [lu(t, -)||zs. We introduce
the operator

t
N:ueX(T)— Nu:= ug +/ Ki(t—5,0,x) (g |u(s,x)|Pds, t€(0,T].
0

As in Sect. 18.1.1.2, our goal is to show that for some T = T'(¢, ¥) the operator N
maps X(7) into itself and is Lipschitz continuous for all (u,v) € X(T) x X(T).
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In other words, we are going to prove the estimates

|Nullx) < Cole, ¥) + Ci(p, W)T”J“ ||u||X(T),
[Nu—Nv|xz) < Ca(p, W)T”““‘ [ — U”X(T)(”u”X(T) + ||U||X(T))

Lemma 20.1.1 shows that uy € X(T'). Now we use the L" — L? estimate, away of the
conjugate line, from Sect. 16.7 for solutions to the free wave equation. Here we take
account of the fact that (i , 611 ) coincides with the point P; from Sect. 16.7. Then we
have

1K1 (2,0,%) o Y ()lze < C 1 o |yl for 1> 0.

Hence, the integral term can be estimated as follows:

t t
H/ Ky (t—5,0,%) %y |u(s, x)|" ds L S/ 1K1 (2 = 5,0,°) o [uls. )P, ds

<c/a 9 (s, )P ds = € /u O (s [ ds

1_n+n 2
<mwmjh—nrqwsaww&w

because of 1 — f + Z > —1 for n > 2. Here we use, on the one hand,
the compact support property of u(z,-) and suppose, on the other hand, that
rp < gq. The last inequality implies the condition 1 < p < T_’f This leads to
Nu € L*® ((O, T), L1 (R”)). Moreover, using similar arguments as in the proof to
Lemma 20.1.1 we conclude that N maps X(7') into itself.

Thanks to Young’s inequality we have

[l = [0I”] < Clu—v[(jul~" + [o]"™).
Using Holder’s inequality we conclude
lul? = ol e < Cllu = vl (lull7" + I0175").
Therefore,

2 p—1
INu— Nvllxary < CT flu—vllxen (lullyon + Tole)



20.1 Semilinear Classical Wave Models with Source Nonlinearity 355

forany u, v € X(T). The term Tot implies that N is a contraction mapping on X (7')
if T is sufficiently small. This completes the proof of the existence of a uniquely
determined local (in time) Sobolev solution after applying a contraction argument
for, in general, a small 7.

20.1.2 Nonexistence of Global (in Time) Classical Solutions

Now our aim is to introduce tools to show that the Strauss’ conjecture is really true.
We restrict our attention to lower space dimensions only. For higher dimensions,
besides the result in [186], we also refer the reader to [98] for a more elementary
treatment.

The main idea is to consider the functional

F() = /n u(t, x) dx,

and to verify that this functional satisfies a nonlinear ordinary differential inequality
and, additionally, admits a lower bound in order to apply a version of Kato’s lemma
in the form of Proposition 24.5.9 given in Sect. 24.5 and taken from [186]. We apply
Proposition 24.5.9 to prove that a solution can not exist beyond a certain time.

Theorem 20.1.2 Letn < 3 and u € C*([0, T) x R") be a classical solution of
Uy — AM = |u|P7 M(Ov-x) = @(X), M[(O,.X) = W(x)

Assume that ¢, € Ci°(R"), supp(e, ¥) C {|x| < R}, where

C, = / o(x)dx >0 and Cy = ¥(x) dx > 0.
n Rll

If1 <p <po(n) (p > 1forn=1) then T is necessarily finite.

Remark 20.1.2 Under the assumptions of Theorem 20.1.2 and the hypothesis
@, ¥ € Cg°(R") it is well-known that there exists a unique local (in time) classical
solution to the semilinear wave equation with power nonlinearity for all p > 1. For
simplicity, we prove the nonexistence of global (in time) classical solutions, but the
argument does not use at all the smoothness of the solution. For more details see
[186].

Proof We will not explicitly consider the case n = 1. The proof we will give can be
easily extended to the case n = 1 (see Exercise 1). If n = 1, then no critical value
of p appears because the solution does not decay uniformly to zero as t — oo. So,
one can expect blow up forallp > 1.
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Let n = 3. By Theorem 20.1.1 we have supp u(t,-) C {|x|] < ¢t + R}. Hence,
after integration with respect to the spatial variables (boundary integrals vanish), we
obtain

F'(1) =dt2/ u(t,x)dx:/ Btzu(t,x)dxz/ lu(z, x)|P dx,
R" Rr Rr

thanks to the divergence theorem. Using the compact support property of u(z, -) and

Holder’s inequality with g = pf | we get

P P
‘/ u(t,x)dx‘ = ‘/ u(t,x)dx‘
n |x|<t+R

P
= ( / ldX)q( / Ju(t, )1 dx) < C@t+R)"P7VF"(1).
|x|<t+R R

Thus, we have obtained the following differential inequality:
F'(1) > C(t + Ry """ V|F()|P forall 0<r7<T.

If uy = up(t,x) is a classical solution to the Cauchy problem for the free wave
equation u,, — Au = 0 with data ¢ and ¥, then the divergence theorem implies

/ ug(t,x)dx = Cyt + C,.

In three or lower dimensions the Riemann function K (¢ — s, 0, -) is non-negative. So,
we may conclude u(#,x) > uy(z, x). Moreover, in three dimensions the Huygens’
principle states that

suppug(t,) CR2 ={xeR’:t—R < |x| <t+ R} for t > R.

Therefore, using Holder’s inequality we have
Cyt+C, = / uo(t, x)dx = / uo(t, x)dx
R 2

< /9 u(t, x)dx < (vom)”?l( A; 3 |u(t,x)|de)l/p

p—1) p=1)

2( 1, 2(
<C@E+R) » (/ |u(t,x)|de)1 =C(t+R) » (F”(t))rl)_
R3
By our hypothesis we have Cy > 0, thus, we may conclude

F"(t) = C*™P for large 1.
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Integrating twice gives, under the assumption p < 3, the estimate
F(t) > Ct*™P for large t.

Proposition 24.5.9 implies that T < oo, provided that I < p < 1 + +/2. Indeed,
for n = 3, the functional F(¢) satisfies a nonlinear ordinary differential inequality
and, additionally, admits a lower bound as in Proposition 24.5.9, where we choose
g =3(p—1)and r = 4—p. Moreover, (p—1)r > g—2ifand only if p < 1 + +/2.
Hence, the application of Proposition 24.5.9 implies T < oo.

By the lack of Huygens’ principle, the proof for n = 2 is more delicate and we
refer to Glassey [66] for more details.

20.1.3 Some Remarks: Life Span Estimates

Remark 20.1.3 Let us explain the solvability behavior of the Cauchy problem
g — Au = |ul”, u(0,x) = ¢(x), u(0,x) =¥ (x)

in the 3d case. Due to Theorem 20.1.1, we know that for p € [1,3] we have
a local (in time) solution belonging to the evolution space C ([O T, L* (R3)).
Theorem 20.1.2 yields that this solution has, in general, a blow up behavior for
p € (1,14 +/2). It is known by [183] that for p = 1 4 +/2 the solution may blow
up in finite time for suitable small data. The existence of global (in time) classical
solutions for sufficiently smooth initial data with compact support is proved in [99]
for p € (1 4+ +/2,3]. In [59] the authors proved the existence of global (in time)
Sobolev solutions in the space 7T (R3*! du) with a weighted measure du for
p € (1++/2,3] and for initial data in CS° (R?). More recently, under the assumption
of radial initial data ¢ € L*(R3) N L7 (R?) (for simplicity take ¢ = 0), in [48] the
authors obtained the existence of global Sobolev solutions u € C ([O 00), L} (R3))
without any assumption on the support of the data.

Remark 20.1.4 In Remark 18.1.3, we verified that the test function method is based
on a contradiction argument. So, this method does not give any information about
blow up time or life span estimate or about the blow up mechanism.

The application of Kato type lemmas (see Proposition 24.5.9) gives information
that the functional

F(t) = /]R” u(t, x) dx

may blow up in finite time. This describes a blow up mechanism. We can expect
also estimates for the life span time 7'(¢) (see Remark 20.1.5).
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Remark 20.1.5 The conclusion of Theorem 20.1.2 is true even by assuming small
data, let us say, u(0,x) = e¢(x) and u,(0,x) = ey (x) with small &. An important
topic of recent research is determining the lifespan T = T'(¢) of solutions. Here we
define T(¢) = sup{ryp > 0}, where the solution exists on the time interval [0, 7]
for arbitrarily fixed (¢, ¥). One should pay attention to in which sense solutions
do exist, as classical ones, energy solutions, Sobolev solutions or distributional
solutions. In order to have a good overview about results on lower and upper bounds
for the lifespan we refer to the paper [200].

The following estimates for the lifespan 7'(¢) were conjectured for 1 < p <
po(n) (n>3)or2 < p < pe(2) (n = 2) in [200]:

2p(p—1) —1)

2p(
ce vm <T(e) < Ce vom | y(p.n) =2+ (n+ p— (n— )p

where the positive constants ¢, C are independent of e. Results verifying this
conjecture are summarized in the following table from [200]:

Lower bounds for T'(¢) Upper bounds for T'(¢)
= Zhou [234] Zhou [234]
n=3 Lindblad [123] Lindblad [123]
> Lai-Zhou [119] (Rescaling argument of Sideris [186])

In [200] the author presents a simpler proof for upper bounds for 7'(¢) by using
an improved Kato type lemma without any rescaling argument.
If p = po(n), it was conjectured that

exp (¢ e PrD) < T(e) <exp (Cs_P(P_”),

where the positive constants ¢, C are independent of e. Results verifying this
conjecture are summarized in the following table from [200]:

Lower bounds for T'(¢) Upper bounds for 7'(¢)
=2 Zhou [234] Zhou [234]
n=3 Zhou [233] Zhou [233]
>4 Lindblad-Sogge [125] Takamura—Wakasa [201]

(for n < 8 or radially symmetric solutions)

20.2 Semilinear Classical Wave Models with Absorbing
Nonlinearity

In this section we study the Cauchy problem for wave models with so-called
absorbing nonlinearity

uy — Au = —ululP™", u©0,x) = o(x), u(0,x) = V¥ (x),
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with p > 1. In order to state a result on the existence of global (in time) Sobolev
solutions, following Sect. 11.2.5, one can verify that the energy

1 1 1
Ew@® = Il + a1 [ o ax

is conserved. We are going to prove the following result from [194].

Theorem 20.2.1 Consider for p > 1 the Cauchy problem
g — Au = —ulul’™", u(0,x) = o), u,(0,x) = ¥(x).
The data (¢, ) are supposed to have compact support and belong to the function

space (H'(R") N LPTY(R™)) x L>(R™). Then, there exists a global (in time) energy
solution

u € L=((0,00), H'(R") N LT1(R")) N Wi ((0, 00), L*(R™)).

One important step in the proof to Theorem 20.2.1 is the following lemma
(see [194)):

Lemma 20.2.1 Let us consider the Cauchy problem
uy — Au~+f(u) =0, u0,x) =px), u(0,x) =),

where the data (¢, ) € H'(R") x L*(R") have compact support and f is globally
Lipschitz continuous such that uf (1) > 0 and f(0) = 0. Then, there exists a uniquely
determined energy solution

u € C([0,T],H'(R") N C'([0, T], L*(R")).

Moreover, the energy equality Ew(u)(t) = Ew(u)(0) is valid where
1 2 1 2
Ew@) (@) = u ()2 +  IVault. )l + A F(u(t,)) dx,

and F(u) = [ f(s)ds.
Proof The solution is constructed by successive approximations in the follow-
ing way:

Define up(z,x) = 0 and ur = u(t,x) inductively as the solution to the linear
Cauchy problem

Fur — A = —f (1), ux(0,x) = p(x), (0. x) = Y ().

The Lipschitz condition on f implies that the operator u(t,-) — f(u(t,-)) is
Lipschitz from L?(R") to L?(R"). Thanks to Exercise 2 in Chap. 16 we obtain for



360 20 Semilinear Classical Wave Models

vr = uy — uy— the inequality

1 1 !
Ew@)® = 5 10t + 19010l = € [ e ()1 ds
Using the domain of dependence property and Poincaré’s inequality implies
[vi—1(s, )2 = CA + )V (s. )l 2

Hence,

t t
Ew(vi)(1) < C/ (1+ 92 Voei(s. )72 ds < C(1 + t)z/ Ew(vi—1)(s) ds.
0 0
Therefore,

Ew0 < ()" 1 (o))

and the sequence {u;}; converges to the uniquely determined energy solution u.
The assumption for f to be globally Lipschitz continuous may be reasonable for
a significant class of applied mathematical problems. It excludes the interesting
case of power nonlinearities with exponent larger than one. In [194], the author
considered a class of semilinear models including absorbing power nonlinearities
as well that can be approximated by a sequence of globally Lipschitz continuous
functions.

Lemma 20.2.2 Let f = f(x,u) be a continuous function such that uf (x,u) > 0.
Then f can be approximated by a sequence of continuous function { fi }x such that:

1. fi tends to f uniformly on bounded sets;
2. there exist continuous functions c; = ci(x) with

|feCx, ) = fie(x, v)| < () u = vl

3. ufi(x,u) > 0.

Proof For k™! < u < k we define
&
fiCe,u) = sk(F(x, u+ k) — F(x, u)),

where ¢ = sign(u) and F(x,u) = [, f(x,s)ds. Foru > k and u < —k, we define
fi(x,u) independent of u. For 0 < u < k™! and —k~! < u < 0 we define it to be
linear and to vanish at u = 0.

Now let us turn to the proof of Theorem 20.2.1.
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Proof (Theorem 20.2.1) We only sketch the proof. For further details see [194].

Step 1 By applying Lemma 20.2.2 with f(x,u) = ulul’™", p > 1, there exists
a sequence of global Lipschitz functions {f;}; that tends uniformly to f. Let
d,Fi(u) = fi(u) with Fi(0) = 0. It is clear that the sequence {F}; tends to F
uniformly as k — co. Moreover, there is a subsequence of {F}}, such that

/ |Fr(u) — F(u)| dx — 0.
RV!

Step 2 By Lemma 20.2.1, for each f; given in Step 1 there is an energy solution
ux = uy(t, x) to the Cauchy problem

gy — Au+ fir(u) =0, u(0,x) =), u(0,x) = ¥(x).

The energy equality asserts Ey (u) () = Ex(ux)(0), where

1 1
B0 = e, + 191 + [ PGt ) ds

Thanks to ufi(#) > 0, this energy is well-defined. Thus each term in Ej (u)(?) is
bounded and {u} is also bounded in Lgfi,([O, oo),Lz(R")). Therefore, there is a
convergent subsequence u; — u weakly in LSO ([O, 00), H l(R”)) and o,y — w

loc
weakly in L ([O 00), LZ(R")).

Step 3 By compactness, the subsequence can be chosen to converge strongly and
therefore fi. (ur) — f(u) almost everywhere. Taking into consideration the inequality
ufr(ur) > 0 it follows that

T
/ / i (uy) dx dt
0 Jix|<R+T

is bounded. Applying Theorem 1.1 of [194] we conclude that f(u) is locally
integrable and is the limit of f;(u;) strongly in L'(R") on any bounded set. In
particular, a passage to the limit yields w = u, and

uy — Au+f(u) =0, u(0,x) = ¢(x), u(0,x) = ¥(x).

In addition, by using Fatou’s lemma the following energy inequality is valid:
1 2 1 2
Ew@)(@) = llut. )72 + , IVult. )l + 5 F(u(t,-)) dx < Ew(u)(0).

Finally, we may conclude that u € L™ ([O 00), [P F! (R”)).

Remark 20.2.1 'We have global (in time) solutions even for large data if the power
nonlinearity is absorbing in opposition to the results with power nonlinearity of
source type.
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Remark20.2.2 If 1 < p < :’:5 forn > 3,1 < p < ocoforn = 1,2,
respectively, then the solution of Theorem 20.2.1 is uniquely determined and
belongs to C([0, 00) x H'(R")) N C'([0, 00) x L*(R")) (cf. with [13] and [62]).

Remark 20.2.3 The conclusion of Theorem 20.2.1 is still true for more general
semilinear models. Consider

Uy — Au :f(u)s M(O,X) = (p(-x)s ul‘(ov-x) = W(X)v

where the right-hand side f(u) satisfies uf (1) < 0 (see [194]). Then, a conserved
energy is

Ew@® = 5 (el + S IVute )l + [ Py,

where F(u) := — [, f()d.

Remark 20.2.4 If one is interested in classical solutions, it turns out in space
dimensionsn > 3,thatp = 1+ niz is a critical exponent as explained in [197]. This
critical exponent is one less than the Sobolev number nz_”z. Moreover, this critical
exponent is important for semilinear Schrodinger equations in H'-theory (cf. with

Theorem 21.4.1).

20.3 Concluding Remarks

20.3.1 Strauss Exponent Versus Fujita Exponent

In Sect. 20.1 we introduced the Strauss exponent po(n) as a critical exponent for the
Cauchy problem for the wave equation with source power nonlinearity

uy — Au = |ul’, u(0,x) =), u,(0,x) =y¥(x).

A dissipation term may have an improving influence on the critical exponent. If we
are interested in the Cauchy problem for the classical damped wave equation

Uy — Au + Ur = |u|pv M(Ov-x) = (p(x), M,(O,X) = w(—x)s

then it is shown in Sects. 18.1.1 and 18.1.2 that the critical exponent is the Fujita
exponent pr,;(n). It holds pr,;(n) < po(n). In this way we may understand the
improving influence of the classical dissipation term u,. There exists a class of
damped wave models for which the critical exponent depends somehow on the
Fujita exponent and the Strauss exponent as well. This class is described by
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scale-invariant linear damped wave operators and reads as follows:

"

Uy — Au + L+t

Uy = |M|Pv M(va) = (p(-x)s M,(O,X) = w(—x)s

where ;> 0 is a real parameter (cf. with the research project for scale-invariant
p-evolution models in Sect.23.13). It was recently shown in [30] and [35] that
pruj(n) is still the critical exponent when yu > g ifn =1, u>3ifn = 2 and
u>n+2ifn>3.

It seems to be a challenge to determine the critical exponent in the case u €
(0,n + 2). In particular, it seems to be interesting to understand the transfer of
pruj(n) to po(n). The interested reader can find a first result in [39]. The authors
consider the above model for . = 2, that is, the Cauchy problem

2
uy — Au + - = [ulP, u(0,x) = ¢(x), u(0,x) = ¥(x).

In this special case a change of variables transforms this Cauchy problem in to the
Cauchy problem

vy — Av =14+ P D, v(0,x) = vo(x), v,(0,x) = v;(x).

So, one can apply tools for wave models with power nonlinearity and a time-
dependent coefficient. The authors prove the conjecture p.,;(1n) = po(n + 2), so we
have a shift of the Strauss exponent by 2 in dimensions n = 2, 3. Later, the first two
authors of [39] proved this conjecture for all odd dimensions [36]. We still feel an
improving influence of the dissipation term because of pr,;(2) = po(4) = 2 < po(2)
for n = 2 and pr,;j(3) < po(5) < po(3) forn = 3.

To prove the conjecture for n = 2, 3 the authors use the following tools:

1. the blow up technique of Glassey (see [66]), in particular, a Kato type lemma
(see Proposition 24.5.9) and the considerations in Sect. 20.1.2,

2. forn = 2, Klainerman’s vector fields are used to derive a suitable energy estimate
in Klainerman-Sobolev spaces (see [115] and [235]),

3. for n = 3, radial data are supposed and the existence of small data radial
solutions is proved by the aid of pointwise estimates (see [2] and [118]).

20.3.2 A Special Class of Quasilinear Wave Equations
with Time-Dependent Speed of Propagation

To find the influence of a time-dependent propagation speed on the global (in time)
existence of weak solutions we consider the special class of Cauchy problems

Uy — a()?Au = u? — a(t)*|Vul*, u(0,x) = (), u(0,x) = ¥ (x),
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where the propagation speed a = a(r) is sufficiently regular and positive for
t > 0. The special structure of the right-hand side allows us to apply Nirenberg’s
transformation (see, e.g., [114])

v(t,x) = 1 — e 09,

Under the constrain condition v(#,x) < 1 in Rﬂ_ x R” the equation is transformed
into the linear wave equation with time-dependent propagation speed

vy — a(t)*Av = 0.

The constrain condition requires small data (in a suitable function space) as a natural
assumption to have global (in time) Sobolev solutions.

Let us briefly discuss the influence of the time-dependent propagation speed on
the global (in time) existence of solutions.

Using Floquet theory, in [226] it was proved that if a is a non-constant, 1-periodic
and positive coefficient belonging to C*®°(R'"), then the Cauchy problem has no
global (in time) classical solution even for suitable small initial data.

On the other hand, if a(r) = (1 + 1)* with £ > 0, by applying the theory
of confluent hypergeometric functions the following a priori estimate is proved in
[171]:

l(e. )llzee < C(IKDY vollr + (DY vi 1)

for every t+ > 0 and s > 1. Here C depends on £ and s, but is independent of ¢.
This implies a global existence result for small data Sobolev solutions to the above
Cauchy problem.

These examples tell us that there is an interesting interplay between the improv-
ing influence coming from a strictly increasing coefficient a(f) and the deteriorating
influence coming from the oscillating behavior of a(f) on the global existence of
small data solutions. In [45] and [220], under the assumption that a(t) is sufficiently
regular and has some control on its oscillations, the authors derived results about
global (in time) existence of small data classical solutions to the above Cauchy
problem. Also, the question for optimality of the results is discussed.

Finally, we want to mention the paper [227]. In [227] the author proved results
on the existence and nonexistence of global (in time) small data solutions to the
Cauchy problem for the more general wave equation

Uy — a(t)? Au + f () (u] — a(®)?|Vul*) =0, u(0,x) = (x), u,(0,x) = ¥ (x).

The constant coefficient case a« = 1 was studied in [144]. There, the authors
proposed necessary and sufficient conditions on f () for which the Cauchy problem
has a global (in time) smooth solution for any smooth initial data.
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Exercises Relating to the Considerations of Chap. 20

Exercise 1 Prove the statements of Theorem 20.1.2 forn = 1.

Exercise 2 The reason that we stated Theorem 20.1.2 only for n < 3 is that for
higher dimensions n the Riemann function is no longer nonnegative. Follow the
proof of Theorem 20.1.2 for n > 4, verify that F(f) > Cy ¢ for large ¢, and conclude

ablow up result for 1 < p < :’:11

Exercise 3 Under the assumption of small data (in a suitable function space), prove
the global existence (in time) of classical solutions to the Cauchy problem

Uy — Au = ur2 —|Vul®, u(0,%) = p(x), u,0,x) = ¥(x).



Chapter 21 )
Semilinear Schrodinger Models s

In this chapter we introduce results for semilinear Schrédinger models with power
nonlinearity in the focusing and defocusing cases as well. First of all, we show
how by a scaling argument a proposal for a critical exponent appears. This critical
exponent heavily depends on the regularity of the data. The issue of L? and H' data is
explained. As for the linear Schrédinger equation (see Sect. 11.2.3), some conserved
quantities are given. Then, a global (in time) well-posedness result is proved for
weak solutions in the subcritical L? case. This result is valid for both cases focusing
and defocusing, respectively. Finally, the subcritical H' case is treated. Here the
main concern is to show differences between both focusing and defocusing cases.
A local (in time) well-posedness result is proved. This result contains, moreover, a
blow up result in the focusing and a global (in time) well-posedness result in the
defocusing case.

Many thanks to Vladimir Georgiev (Pisa) for useful discussions on the content
of this chapter.

21.1 Examples of Semilinear Schrodinger Models

A large class of problems of the theory of waves is described by systems of
semilinear differential equations of Schrodinger type

oy = iagAuy + fr(u,u), x€R", t>0, k=1,---,m.

Here u(t,x) = (u1(t,x), -+, uy,(t,x)) is an unknown vector-function, ay, k =
1,---,m, are non-zero real constants. Additionally, we prescribe Cauchy conditions

ur(0,x) = up(x), xeR", k=1,---,m.

© Springer International Publishing AG 2018 367
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The question of singularities arising in the solution to this Cauchy problem might
be of interest. This phenomenon is called collapse, blow up, and also nonlinear
focusing in the literature. Singularities arising in solutions describe phenomenons
for many physical problems such as self-focusing bundle of waves, self compression
of wave packets in a nonlinear medium, self-focusing electromagnetic waves in
plasma and Langmuir wave collapse (see [43]). Therefore, on the one hand blow
up considerations for solutions and on the other hand global (in time) existence of
solutions are of interest. We will give only a short overview beyond some of the
known results.

For this reason we consider the semilinear Schrédinger model with power
nonlinearity

i, + Au = £ulu, u(0,x) = ().
Here +|u[’~'u is an example of a focusing nonlinearity (negative sign) and a
defocusing nonlinearity (positive sign).
The following treatise of this chapter is based on [61, 209] and the lecture

notes “Properties of solutions to the semilinear Schrodinger equation” written by
N. Tzirakis (University of Illinois).

21.2 How Do We Arrive at a Critical Exponent?

Consider the semilinear Schrodinger model with power nonlinearity
i, + Au = AulP " u, u(0,x) = ¢(x),
where A is a positive constant and p > 1.

If u = u(t, x) is, for example, a classical solution on the time interval [0, 7], then
the family of functions {u; = u, (¢, x)}1>0 with

up(t,x) := )L—,,Elu(;’ /{2)

is a family of classical solutions to the family of Cauchy problems
. —1 _ 2 X
i, + Au = AMulP'u, up(0,x) =g@oa(x):= A P—lgo()k).
The computation of the Hs-norm of ¢ 3 for s > 0 leads to

— n 2
leorllgs = A *|l@ll s, where sei = 2 o1
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Now, let us fix s € [0, 7). In this way we require some regularity of the data ¢. If we
form A — oo in the last relation, then the following three cases can be observed:

. . 4. .
1. The subcritical case s > sy, corresponding top < 1+ ° : The norm |[@o  [| s

can be made small while at the same time the solution exists on the time interval
[0, A2T]. The time interval becomes larger with larger A. This is the best possible
scenario for local well-posedness.

2. The supercritical case s < Sq;, corresponding to p > 1 + n_42S: The norm
|91l 4s grows as the time interval is made longer. For this reason we can not
expect local well-posedness.

3. The critical case s = s, corresponding to perir = perir(n,s) = 1 + n_42X: The
norm ||¢o 1|4 Temains invariant as the time interval is made longer. So, we are
between both scenarios which are described by the first two cases. In general, the
treatment of the critical case needs very precise tools.

Example 21.2.1 If s = 0, then p.iy = perie(n,0) = 1 4 3. If s = 1, then pgiy =

pcrit(nv 1) =1+ niZ'
In the following sections we discuss results of subcritical L? and H' theory.

21.3 Semilinear Models with Power Nonlinearity in the
Subcritical Case with L? Data

In this section we discuss the Cauchy problem for the semilinear Schrodinger
equation with power nonlinearity

iy + Au = AulP"u, u(0,x) =¢kx), AeR p>1.

The data ¢ belongs to L>(R"). We are interested in weak solutions. Therefore, we
study the integral equation

u(t,x) = G(t,0,x) *q) @(x) — i/ot G(t,5,X) *(x) A(|ulP" u) (s, x) ds,
where
v(t,x) 1= G(t,5,X) %) @(x)
is the solution to the linear Cauchy problem
v, —iAv =0, v(s,x) = @(x).

We have G(t, s,x) = G(t — s, x) due to the invariance of the linear Cauchy problem
by the shift in time. The integral is the Bochner integral in H~! (the Bochner integral
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generalizes the Lebesgue integral to functions with values in a Banach space, see,
for example, [9]). If u € C([-T, T]. L*(R")) solves the integral equation, then we
call u = u(t,x) a weak solution to the given semilinear Cauchy problem. This is
the integral version of the given semilinear Cauchy problem. We applied Duhamel’s
principle. We discuss the questions for global (in time) existence of weak solutions.
One important tool is the following conservation law.

Lemma 21.3.1 Let us assume that u € C([—T, T],LZ(R")), T > 0, is a weak
solution to the given semilinear Cauchy problem

iy + Au = AulP"'u, u(0,x) =), AeR!, p>1.

Then, the L>-norm of the solution u is conserved, that is, |u(t,")||2 = ||¢| 2 for all
te[-T,T].
We are going to prove the following well-posedness result from [209].

Theorem 21.3.1 Assume thatp € (1,14 2) Then, for any ¢ € L>(R") and A € R!
there exists a uniquely determined global (in time) weak solution u = u(t, x) of
iy + Au = AulP"'u, u(0,x) = ¢(x).

The solution belongs to

C(R,L*(RY) N L

loc

(R, ZF(RY).

— 4p+D
where r = (1)

and 13.1.5)

Moreover; the solution belongs to (cf. with Remarks 13.1.4

L. (R, LY(R")

for every sharp admissible pair (r, q). Finally, the solution u depends continuously
on the data ¢ in the following sense

If the sequence {@i}x converges to ¢ in L*>(R"), then the sequence {u;}x of the
corresponding weak solutions converges to u in the following sense:

lim |ur(t,-) — u(t, )2 = O forall teR".
k—>o00

Proof We will sketch the proof. The proof is divided into several steps.
Step 1:  Some auxiliary results

In later steps of the proof the following statements will be used (the reader can find
the proofs in [209]).
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Proposition 21.3.1 Let I be an open interval in R'. Let r,q € (1,00) and a, b > 0.
We introduce the set

Map = {v € L°(I,L*(R")) N L' (I, LY(R"))

||U(t, ')”LOO(I’LZ) f a and ||U||Lr(],Lq) f b}

M, is a closed set in L” (I, Lq(R”)).

Proposition 21.3.2 Let T| and T, be constants with Ty < T,. Assume that u €
C([Tl, 7], H™! (R”)). Moreover, with some positive constant K it holds ||u(t, -) ||z <
K a.e. on [T\, T,]. Then, u € CW([Tl, Tz],Lz(R")) and |u(t,*) ;2 < K holds for all
te [Tl, Tz].
Here we use the notation C,,(I, H) for a closed interval I € R! and a Hilbert space
H, which denotes the set of all weakly continuous functions from /7 to H.

A function u : t € I — u(t) € H is called weakly continuous on the interval I if
for all #p,t € I and v € H it holds lim,_,,, v(u()) = v(u(to)).
Step 2: A local (in time) existence result
By I, 1., t > 0, we denote an open interval (ty—t, ty +1), closed interval [ty —t, o+ 1],
respectively. In the following we set r = n(p—1 ))

Proposition 21.3.3 Assume thatp € (1,1 + i). Then, for any ty € R! and ¢ €
L>(R") there exists a positive constant T = T(p,n, A, |¢|;2) such that the Cauchy
problem

iy + Au = MulP"lu, u(to,x) = p(x), A € R!

has a uniquely determined local (in time) solution u as a solution of the integral
equation

t
u(t,x) = G(t, 10, x) *(x) 9(x) — i/ G(t, 5, %) % A(Jul""'u)(s.x) ds for 1 € Ir,

4]

where G(t,s,x) = G(t — 5,0,x) and the integral is the Bochner integral in H™'
(the Bochner integral generalizes the Lebesgue integral to functions with values in
a Banach space, see, for example, [9]). The solution u belongs to

C(iT, LZ(R”)) N L (Ir, L”+1(R”)) and satisfies
lue, )z = llgllz for 1 € Ir.

Proof We sketch the main steps of the proof.

Step 2.1:  Construction of a sequence of solutions with data from H' (R")

First we choose g, = }( and the functions g, as in Sect. 24.1.1. Then we introduce

the sequence of data {gi}x = {Je(¢)}. This sequence belongs to H'(R").
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Applying Proposition 2.5 of [209] or Theorem 3.1 of [61] we get a sequence {uy }«
of solutions to

t
ur(t,x) = G(1, 1o, X) *x) @i (x) — i/ G(t,5,%) *(o) A" i) (s, x) ds
to

belonging to C(R, H! (R”)).
Step 2.2: A closed set in L’(IT, L”+1(R”))

Let p = |l¢l;2- By 8 = d8(n,p) we denote the constant C appearing in
Remark 13.1.4 withg=p+ land r = i((‘;i'll)) . Then we define the set

M, 250 := {v € L®(I. L*(R")) N L' (I, "' (RY)
vt oo @rr2y < p and ([l 1) < 25/0}»

where 7 is a small constant to be determined later. We note that by Proposi-
tion 21.3.1 this set M, s, is closed in L"(I7, L’ (R")). The main goal of this step
is to show that the sequence {u}; belongs to M, »s, if T is small enough. On the one
hand we have

et )2 = lgellz < lellz forall k and 1 € Ir.

To show that the second estimate for u; belongs to M/, 55, we define for s > 0 a new
sequence of functions {u; }x with u} = u; on the interval /; and 0 otherwise. By using
the integral equation for u;, Young’s inequality, Theorem 13.1.3, Remark 13.1.4 and
the convolution structure of G(t, fy, x) = G(t — ty, 0, x) in time (which follows from
the invariance of the linear Cauchy problem by shifts in time) we may conclude for
all k the estimates

ller ity < 80 + ClI s iy < 80+ Claelly, o i,

4p(p+1)
n+4—(n—4)p°

(1,14 3). Applying Holder’s inequality yields

where ¢ = The exponent g; belongs to the interval (1,7) for p €
1
”I/lk”qu (I.LPF1) < CT» “uk”L"(lx,U’J"l) forall k£ and s € (0, T],

/4

4
where go = | dmnp

. Summarizing both estimates leads to

P
”"‘k”L’(Ix,U"*“) < 5,0 + CT« ||uk||Lr(IS,l/’+l) forall k and s € (O, T],

where C = C(n, p) is used as a universal constant.
Putting Xy (s) := [[ul| (s, 1p+1) We have

X (s) < 8p + CT2 X, (s)” forall k and s € (0,7], X(0) = 0.
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Then, a sufficiently small 7" allows us to prove Xi(s) < 28p for all k and s € (0, T].
Finally, from Lebesgue-Fatou Lemma (see [230]), it follows |[ul|;- ;. 1p+1) < 28p
for all k and a sufficiently small 7. So, we arrived at u € M, 5, for all k.

Step 2.3:  Convergence properties of the sequence of solutions with data from
H'(R")

The same tools as in the previous step allow us to prove
P .
llu; — “k”L"(IT,U’JFl) <éllg; — illz + CT 2 |Ju; — uk”L"(IT,U’JFl) for all j, k,

where g, = and C = C(n,p, A, 8p). After the choice of a sufficiently small

T we have

4p
n+4—np

[|uj — “k”L"(IT,U’JFl) < 28(l¢; — @il forall j, k.

Hence, |luj — ukllpry1p+1) — O for j,k — oo for a small 7. Furthermore, the
definition of {uy},, Sobolev embedding theorem and Holder’s inequality imply for
all test functions ¢ € H'(R") the estimates

| (2. -) — (2. ). §)| = llgj — el |l 2

to+T
+Clp / (o (s P+ NG, ) s, ) — wie(s, ) | 41 dis

to—T

< lloj = ell2llplie + CTEN Dl ey — wicll i iy 141y

where g3 = 4+(Z$ﬁ';"‘"2 and C = C(n,p,A,8p). We note that g3 > 0 for

p € (1,1 + :). Since by Proposition 21.3.2 the sequence {u;}; belongs to
C(Ir, H™'(R")), the last inequality implies that {u;}; is a Cauchy sequence in
C(Ir, H~'(R")). Passing to the limit k — co we get a limit element u which, due to
Proposition 21.3.1, belongs to M, »5,. Consequently, we have shown for this u the
following properties:

L ue L®(Ir, [*(R") N L (Ir. T (R") N C(Ir, H(RY)),
2. |lu(t,)|l;2 < lell2 for almost all r € I7.

These properties for u# and the Proposition 21.3.2 imply thatu € C,, (77, L? (R”)).
Step 2.4:  Uniqueness of the solution

It remains for us to prove the uniqueness, but to do this requires only standard
considerations. Let us assume the existence of two different solutions. Then, we
derive corresponding estimates to those of the previous steps to show that both
solutions coincide on Ir. In fact, we assume that

t; := sup {t €[0,T] :u=v on [0, t]}
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Then, with a suitable #, > 1y, 1, is close to #; by using the above mentioned estimate
for [lu — vl 1r (4 .4y).20+1)> We conclude u = v on (1, 1), too. So, both solutions
coincide on iT. Finally, reversing the roles of the initial time #y and the solution u
in ¢ (we solve the backward Cauchy problem) we obtain ||u(z,-)|;2 > |l¢|;2 for
almost all 7 € Ir. Summarizing, it follows ||u(z, )| ;2 = |l¢||;2 for all # € Ir. Hence,
u € C(Ir, L*(R")). The proof is complete.

Step 3:  Continuous dependence on the data

The unique global existence of L*-solutions for the Cauchy problem
iy + Au = AlulP "', u(0,x) =pk), AeR!, p>1

follows directly from Proposition 21.3.3 which shows the unique local solvability
in L?(R") and the a priori bound of the L>-norm of these solutions.

It remains only for us to prove the continuous dependence of L?-solutions on
the initial data. Let {¢;}; be a sequence from L?(R") converging to ¢ in L?(R").
Let {u;} and u be the corresponding global L?-solutions with 1; (0, x) = ¢4 (x) and
u(0,x) = ¢(x). We put p = sup,{|l¢ll;2, ll¢kllz2}- Then, we choose T small enough
as in Steps 2.2 and 2.3. Following the approach as in the proof to Proposition 21.3.3
we have

u(t,) = u(t,-) in C(f,,H_l(R”)) for k — oo.
This implies, among other things,
(u(t,-), ) — (u,¢) forall rel, and ¢ € L*(R").

Together with the boundedness in L*(R") of the sequence of solutions {u(t, )} it
follows

u(t,-) = u(t,-) weakly in L*(R") for k — oo, t € I,.
Finally, using ||u (¢, -)||;2 — ||lu(z,-)||;2 we may conclude
u(t,-) = u(t,-) in Lz(R”) for k — oo, t € I.
The length of the interval (=T, 7) is determined only by n,p, A and p. The L*-
conservation law allows us to apply the above arguments with the initial time 7,

—T, respectively, to obtain

ue(t,”) = u(t,-) in L*(R") for k — oo, t € Ir.
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Repeating this procedure we obtain

Jim[lug (1, ) — (e, )|z — O forall + € R!.
—>00

This completes the proof.

Remark 21.3.1 Using a TT* argument (see [109]), the property

u e C(R,L*(R") NL;

loc

(R, ZT(RY).

4(p+1)

n(p—1) allows us to conclude

where r =

uel

loc

(R,L1(R"))

for every sharp admissible pair, that is, for every admissible pair (r, ¢) satisfying
2 n _n

r + q 2

Remark 21.3.2 The statements of Theorem 21.3.1 imply a global well-posedness
result for weak solutions in both focusing and defocusing cases as well.

What could be the next step? One possibility could be a regularity result for weak

solutions. This can be expected. The following result is from [61].

Theorem 21.3.2 Assume thatp € (1,1+ 3). Then, for any ¢ € H'(R") there exists
a uniquely determined global (in time) weak solution u = u(t, x) of

iy + Au = AulP"'u, u(0,x) = o(x), A e R

The solution belongs to C(}R1 JH! (R”)).

But, due to Example 21.2.1, we know that for s = 1 the critical exponent is
Perie(n, 1) = 14 niz" Hence, the subcritical case covers the interval (1,1 + niz) for
p instead of (1,1 + :) only. So, the result of Theorem 21.3.2 is incomplete for the
subcritical case for H' data.

21.4 Semilinear Models with Power Nonlinearity in the
Subcritical Case with H! Data

In this section we discuss to the Cauchy problem for the semilinear Schrodinger
equation with power nonlinearity

i, + Au= Alul”"'u, u(0,x) =9¢kx), LeR, p> 1.

Now the data ¢ is supposed to belong to H'(R"). We are interested in weak
solution, which were introduced in Sect.21.3. Let u € C ([—T, T),H! (R”)) be a
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weak solution to the given semilinear Cauchy problem. Due to Lemma 21.3.1 we
have one conservation law, but there exists a second one.

Lemma 21.4.1 Let us assume that u € C([—T, T),H' (R")), T > 0, is a weak
solution to the given semilinear Cauchy problem

iy + Au = AulP'u, u(0,x) =¢kx), LeR!, p>1.

Then, the functional

1 A
E@)(t) := ) | Vulr, .)||i2 + . /l; (e, )7+ dx

is conserved, that is, E(u)(t) = E(u)(0) forallt € [-T,T)].

Here we feel a difference between the defocusing and focusing case. In the
defocusing case A > 0 (it corresponds to an absorbing power nonlinearity that is
explained and studied in Sects. 11.2.5, 18.2 and 20.2), the functional E(u)(¢) defines
an energy. So, we may expect global (in time) weak solutions. In the focusing case
A < 0 (it corresponds to a source power nonlinearity that is explained and studied
in Sects. 11.2.5, 18.2 and 20.2), the functional might become negative. This hints
to local (in time) solutions, only. For this reason we discuss the questions for local
(in time) existence of solutions and a possible blow up behavior as well. The blow
up behavior for solutions is rather deeply studied. In particular, in [64] it is proved
that in the focusing case forp > 1 + 3 a solution with certain initial data becomes
infinite in a finite time in the norm of the spaces L>°(R") and H' (R").

Remark 21.4.1 The blow up behavior for solutions to the system

8,u1 = ia; Au; + i)/lbl_zu3, 3,142 = iay Auy + i)/zbl_lu3,
0;u3 = iaz Auz + iysuiuy,
is studied in [182]. It is proved thatif n > 4, ayyxy = A, k = 1,2,3, y1 + Y2 = y3,
and for suitable initial data, a solution becomes infinite in a finite time in the norm

of the spaces L (R") and H'(R").
Now, let us come back to our model of interest

iy + Au = AulP"'u, u(0,x) =¢kx), AR p>1.

We are going to prove the following result from [61]. We restrict ourselves to the
forward Cauchy problem.

Theorem 21.4.1 Assume thatn > 2,p > landp € (1,1 + niz)forn > 3. Then,
forany ¢ € H'(R") there exists a uniquely determined local (in time) weak solution
u = u(t, x) of

iy 4+ Au = AulP"'u, u(0,x) =), AR
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The solution belongs to C([O, Tax), H'! (R”)). Moreover; the solution belongs to (cf.
with Remarks 13.1.4 and 13.1.5)

L, ((0. Typar). W) (R"))

for every sharp admissible pair (r, q). In addition, the following blow up behavior
is only valid for Ty, < 00:

lim u(t,- = 00.
lim _ u(e, )|l

1= Tipax—

Finally, the solution depends continuously on the data ¢ in the following sense: If
the sequence {g;} converges to ¢ in H'(R"), then it holds for the sequence {u;}
and u of the corresponding weak solutions

lim |Jug(t,-) —u(t, ) cqomuy = 0 forall T < Tyay and k > ko(T).
k—00 T

Proof We only sketch the proof. The proof is divided into several steps.
Step 1:  Integral equation

We find for ¢t > 0 a solution of the integral equation

u(t,x) = @) := G(1,0,x) *q) ¢x) — i/ot G(t,5,x) %) A(lul’""u)(s, x) ds.

Here G(t,s,x) = G(t — s, 0, x).
Step 2: A closed set in L’((O, 7), W‘;H(R"))

Let p = ||@||z. We choose ¢ = p+ 1 and r = i((ﬁfll)) This follows from the

admissibility condition 3 + ’; = 7. Then we define the set
My = {v € L®((0.7), H'(R") N L'((0. 7). W,,, (R")) :

lv(t, )l zoo .11y <A and ||U||Lr((o,T),Wp‘+1) <A},

where A, T are constants to be determined later.
Step 3:  Some useful estimates

Now we give some useful estimates for the further reasoning. Let 7 and ¢’ be the
conjugate exponents to r and ¢. Since p € (1,1 + niz) we have r > 2 and, thus,
r > r, too. Notice that for g = p + 1 we have

("~ ) (2. ) = Cllue, )17
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After integration with respect to time it follows

(| 2]~ u”L»((o 7.0y = C||u| LOO((() T),L9) ”M”L’((O,T),Lq)-
By Sobolev embedding it holds

et Miptr < Clluaz, )| -

After integration with respect to time it follows

[l P~ u”Lr((o 7).Ld) = C”u”LoO((O 7),H) ”M”L’((O,T),L‘I)-
Similarly, since the nonlinearity is differentiable, we get

”V(I"‘Ip_l”)”Lr((o L) = C||“||Lo<:((0 7),H") ”V"‘”L"((O.,T).,L")‘

Summarizing, we derived the estimate

™ sy = N s Nl

< car! el 0.7, w1 -

Finally, using Holder’s inequality in time we have

_l —
el 2l 0.y, = T lul? ullir o, wh)

<CT'w ||“||Loo((0 . H1)||M||Lr((0,T),W;)-

Step 4:  Application of Banach’s fixed point argument

Now we have all tools to study the mapping

u e MA,A —> dﬁ(u)
Applying Theorem 13.1.3, Duhamel’s principle together with Strichartz estimates
from Remarks 13.1.4, 13.1.5 with two admissible pairs gives the following estimates
for @(u):

D) |l 200 (0.1).11) = CIIG(2,0,%) %) () || 200 0.7).11) + C|||u|p_lu||y’((oj),w;,)

=< C‘”(p”H1 + CT ! ||Lt| LOO((O T), Hl)”””L’((O,T),Wé)’
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and
—1
”d)(u)”U((O,T),W;H) = C[G(2,0,x) *x (p(x)”U((O,T),qu) + Cll|ul® MHU’(((),T),qu/)

V—/V/ _l
= C‘”(p”H1 +CT ”u”ioo((oj)’[_]l)||u||L"((0,T),WL;)'
Consequently,

||¢(”)||L°°((0,T),H1) + ”qb(”)”Lr((o,T),W;_‘_l)

< Cllpla + CT'7 47 ulyonm)-

The constant C is independent of ¢. We choose A := 2C||¢| 5. Then, we can
choose T = T(¢) small enough such that @(u) € My 4 for all u € My 4. Thus @
maps My 4 into itself. As above, we can show that a probably smaller T allows for
showing that @ is a contraction on M} 4, that is, for arbitrary u, v € My 4 we have

() — @) |00 0.1).m1) + 1P W) — ¢(U)||L’((0~T)~W,1+1)
< CO(||M — Voo o,y my + llu— U||U((0,T),Wp‘+1))’

where the positive constant ¢y is smaller than 1. Banach’s fixed point theorem
provides a uniquely determined solution in My 4 which is a solution of u =
®(u). The right-hand side and the derived estimates for the solution yield u €
C([0. 7). H' (R")), too.

Step 5:  Uniqueness on the whole space and continuous dependence on the data

To prove uniqueness in the solution space C ([O T),H! (R”)) one proceeds as in the
previous steps. First we show, as above, uniqueness of both solutions on a small
interval [0, §]. Then, we iterate the argument finite times to cover every compact
interval of [0, T). The proof of continuous dependence is almost identical to the
arguments to prove uniqueness. For this reason we skip it and leave it as an exercise
to the reader.

Step 6:  Discussion of blow up

Let us define
Tax = sup{T > 0 : there exist, a weak solution on [0, T)}.

We suppose T,,qx < 00. Moreover, we assume the existence of a sequence {#;}; —
T,nax and a positive constant K such that ||u(#, -)||;n < K. We choose, as in Step 4,
the constant A := 2CK. Then, for all data ¢ satisfying ||¢|;1 < K there exists a
uniform time T = T'(A) such that the solution exists in the time interval [t, t, + T).
If we choose #;, close to Tyuqy, then i, + T > T4 and we contradict the definition
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of Tngx. Thus, lim,7,,
infinity.

Finally, in the defocusing case A > 0 the mass and energy conservation in
Lemmas 21.3.1 and 21.4.1 provides an a priori bound sup,¢(o 7y [u(z, )| < C(¢).
By the blow up alternative we may conclude 7,,,, = oo and the Cauchy problem is
globally (in time) well-posed.

This completes the proof.

—o |lu(t, ) |1 = 00 if Ty is supposed to be smaller than

Remark 21.4.2 Using a TT* argument (see [109]), then the property
u e C([0,7), H'(R") N L'((0, T), W, (RM),

4(p+1)

n(p—1) allows to conclude

where r =

u € L'((0.7), Wi (R")

for every sharp admissible pair, that is, for every admissible pair (7, g) satisfying

2 n _n

Remark 21.4.3 Theorem 21.4.1 contains different statements. In the defocusing
case we conclude T, = oo after applying Lemmas 21.3.1 and 21.4.1. So, we
have a global result with well-posedness in this case. In the focusing case we get a
local well-posedness result together with a blow up mechanism for ¢t — T, — O.

21.5 Concluding Remarks

21.5.1 Some Remarks to Critical and Supercritical Cases

In Sects.21.3 and 21.4 we derived results about local or global (in time) existence
of solutions in the subcritical case, where the range of admissible powers p depends
on the L? or H' regularity of the data. As it was pointed out in the previous chapters
about semilinear heat models and wave (or damped wave) models, the assumption
of small initial data in a suitable function space may have some influence on the
range of the power nonlinearity for which one is able to prove the global (in time)
existence of small data solutions.

The same effect can be observed for semilinear Schrodinger equations. Regard-
ing to the L? theory, under the assumption that the norm of the data [|¢||,2 is
supposed to be small, the conclusion of Theorem 21.3.1 is still true in the critical
casep =1+ 3 (see for instance Corollary 5.2 in [122]).

Related to the H' theory, differences between the focusing nonlinearity (nega-
tive sign) and defocusing nonlinearity (positive sign) become evident. Thanks to
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Theorem 21.4.1, in the case of a defocusing nonlinearity we already concluded
the existence of global (in time) solutions in the subcritical case, i.e., for p €
1,1+ niz), even by taking large data. But, in the case of a focusing nonlinearity
we have to split the analysis for p € (1,1 + 3) andp € [1 + 3, 1+ niZ)' In the
first interval we have global (in time) existence of solutions even for large data, but
in the second interval this is true only under the assumption that ¢ ||z is supposed
to be small (see Section 6.2 of [18]). We recall that in [64] it is proved that in the
focusing case forp > 1 + 3 a solution with initial data ¢ = kyr € H'(R"), with
0 # ¥ € H'(R"), becomes infinite in a finite time in the norm of the spaces L™ (R")
and H'(R"), provided |k| is large enough.

Finally, in the critical case p = 1 + niZ if ||@|lz is small, then the solution
is global (in time) with the same regularity given by Theorem 21.4.1 (see Corol-
lary 5.4. of [122]).

21.5.2 Some Remarks to Critical Cases

In this chapter we restricted ourselves to data belonging to L?(R") or H'(R"). But,
2

one can assume different regularity and remember the relation s..; = g -0
introduced in Sect.21.2. The regularity of data in H*(R") with s = —; (it
corresponds to pm,(n,—;) =1+ nil) is, for example, discussed in [60] in

connection with cubic semilinear Schrodinger equations in the 1d case.

21.5.3 Some Remarks to the Asymptotical Profile

In Sects. 17.2.2 and 18.2.2 we explained the asymptotic profile of solutions to semi-
linear heat and classical damped wave models with absorbing power nonlinearity.
The main part of the profile is given by the Gauss kernel of the heat operator.
Let us now turn to the issue of the asymptotical profile of solutions to semilinear
Schrodinger equations with defocusing power nonlinearity. Our main concern is in
explaining a relation to solutions of the free Schrodinger equation. Here we follow
the considerations of [210]. Due to Theorem 21.4.1 and Remark 21.4.3 we know
that the Cauchy problem (here the factor é has no influence on the statement of
Theorem 21.4.1)

1
iu; + ZAu = AMul/'u, u(0,x) = p(x), A >0,

has forp € (1,1 + niz) and ¢ € H'(R") a global weak solution u belonging to
C([O, 00), H! (R”)). The following result is then proved in [210].
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Theorem 21.5.1 Letp € (1 + i, 1+ niZ)’ n > 2. Moreover, let ¢ belong to the
function space

Hly = {p € H'®) - | (wul,» < oo
Then, there exist uniquely determined functions o+ = @+(x) € L*(R") such that
lim |lu(z,-) —w (1, )2 = 0,
t—>%o00
where wi are solutions to the Cauchy problem for the free Schrodinger equation
} 1
iw; + 2Aw =0, w(0,x) = @+ (x).

Remark 21.5.1 Ttis shown by [63] and [195] that forp € (1, H—ﬁ] andp € S(R") C
H|,, any nontrivial solution u of

1
iu; + 2Au = AMulP'u, u(0,x) =), A >0,

does not satisfy the statement of Theorem 21.5.1. Consequently, the range of
admissible p is optimal there.

Exercises Relating to the Considerations of Chap. 21
Exercise 1 Prove the statement of Lemma 21.3.1 (cf. [19]).
Exercise 2 Prove the statement of Lemma 21.4.1 (cf. [19]).

Exercise 3 Prove the property of “continuous dependence on the data” in Theo-
rem 21.4.1.



Chapter 22 )
Linear Hyperbolic Systems Shethie

This chapter is devoted to aspects of linear hyperbolic systems. We have in
mind mainly two classes of systems, symmetric hyperbolic and strictly hyperbolic
ones. First we discuss these classes of systems with constant coefficients. Fourier
analysis coupled with function-theoretical methods imply well-posedness results for
different classes of solutions. Then, we treat such systems with variable coefficients.
On the one hand we apply the method of characteristics introduced in Chap. 6
to derive a local existence result in time and space variables. On the other hand
we discuss the issue of energy estimates and well-posedness for both cases of
symmetric hyperbolic and strictly hyperbolic systems.

22.1 Plane Wave Solutions

We investigate in this chapter hyperbolic systems of linear first-order partial
differential equations having the form

U + > Ax(t.x)9, U = 0 in [0,00) x R"
k=1
subject to the initial condition
U(0,x) = Up(x).

For our further considerations we introduce the notation

A(t.x.£) =) & Au(t.x) for t>0 and (x.§) € R™.
k=1
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384 22 Linear Hyperbolic Systems

From the beginning we assume that A(z,x,&) = A(§). Thus all matrices Ay are
constant. Let us look for plane wave solutions, that is, we try to find a solution U
having the form

Ult,x) =V(x-£§—Ar), L€ R!,

for some direction £ € R”, with velocity ‘Igll , and with profile V (cf. with Sect. 2.2).
Plugging this ansatz into the system we compute

(—u+ Zn:g:kAk)v/ - 0.

k=1

This equality asserts that V' is an eigenvector of the matrix A(§) corresponding to
the eigenvalue A. The hyperbolicity condition (see Definition 3.5) requires that there
are m plane wave solutions to the starting system for each direction § # 0, where
the matrices Ay, k = 1,--- , n, are supposed to be constant m X m matrices.

22.2 Symmetric Systems with Constant Coefficients

In this section we apply the partial Fourier transformation to solve the Cauchy
problem for the constant coefficient system

WU+ Y Ay U =0, U0.x) = Up(x).
k=1

The energy E(U)(t) of a weak solution is defined by

EW)@) = UG

We assume that Ay, k = 1,---,n, are constant m X m symmetric matrices.
Thanks to [219], the matrix A(€) := Y ;_, &Ay has m real continuous eigenvalues
A1) < A(¢) < -+ < A,(8) and a complete set of corresponding Lebesgue
measurable eigenvectors {e;(§),--- ,e,(£)} with |e;(§)| = 1. Applying the partial
Fourier transformation with respect to x, solving the auxiliary Cauchy problem for
the parameter-dependent system of ordinary differential equations we obtain

FU)(t.§) = e ™OF(Uo)(§).

Now, we may write

F(Uo)(§) = Y F(U))(€)e;(€) with F(Uo))(€) = F(Uo)(€) - ¢;(§).

J=1
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Thanks to
A(§)ej(§) = 24,(©)e;(€)
we derive
e MO¢i() = e ey E)
and
F(U)(t,§) = ) F(Up)(E)e ™ ®e;(&).
=1
Here we used the matrix exponential series 8 = 3" 5.

Theorem 22.2.1 Assume that Uy € H*(R") with s > 0. Then, there is a uniquely
determined Sobolev solution (cf. with Definition 3.11)

U € €([0,00), H*(R"))

possessing an energy for all t > 0.

Proof Taking account of |e¢;(§)| = 1 and that the eigenvalues A; = A;(§) are real,
the conclusion of the theorem follows immediately from the formula

F(U)(t.§) = ) F(Up)(E)e ™M Oe;(£).

j=1

Example 22.2.1 Consider the Cauchy problem for the free wave equation in n
spatial dimensions

g — Au =0, u(0,x) = p(x), u(0,x) = ¥ (x).

Setting U = (uy,, -+ , Uy, )" and Uy = (¢y,, "+ , @y,, ¥)T, then

03U = AU, UO,x) = Up(),
k=0

k

where each Ay is an (n + 1) x (n 4+ 1) symmetric matrix whose entries a;; are given

by

k 1l for k=iandj=n+1lork=jandi=n+1,
a; =
! 0 otherwise.
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22.3 Hyperbolic Systems with Constant Coefficients

In this section we consider the Cauchy problem for the constant coefficient system

U+ Y Ay U =0, U0.x) = Up(x).
k=1

We assume that the m x m matrix A(§) := Y ;_, &Ax has, for each § € R" \
{0}, m real eigenvalues A;(§) < Ay(§) < --- < A,(§). There is no hypothesis
concerning the eigenvectors, so we suppose in this section instead of Definition 3.5,
the fulfilment of a very weak sort of hyperbolicity, the so-called definition for weakly
hyperbolic systems.

Theorem 22.3.1 Assume that Uy € H*(R") with s > 7 + m. Then, there is a
uniquely determined classical solution U € C! ([O, 00) X R").

Proof The proof follows [53]. It is divided into several steps.
Step 1:  Formal representation of the solution

Applying the partial Fourier transformation with respect to x, solving the
auxiliary problem and assuming the validity of Fourier inversion formula we obtain

oo U ¥ E it AE)
v = 0 /R n F(Uo)(€) d.

First we have to check that this integral really converges. Since Uy € H*(R"), it
holds (£)*F(Uy) € L*(R"). So, in order to investigate the convergence we shall
estimate [l ®)|. By ||B|| we denote the max-norm |B|| = max;;|b;| of the
matrix B.

Step 2:  Convergence of the integral

For a fixed &, let I" denote the path dB,(0) in the complex plane, traversed coun-
terclockwise, the radius r selected so large that the eigenvalues A1 (), -+ , 1,,(§) are
located within I". Then we have the formula

1
2mwi

e—itA(g) —

/ e (d — A(€)) dz.
r

Indeed, let us introduce the notation

B(1,£) := zj”, /F e — AE)) " dz



22.3 Hyperbolic Systems with Constant Coefficients 387

Then, for a fixed w € R™ we have

AQBEW = / A — A©) wdz
i Jr

_ ! / e (Z(zl —AE)™! —I) wdz = i0,B(t, E)w
r

 2mi
thanks to [ e™ dz = 0. Hence,

(3: + iA§))B(t.§) = 0.

Moreover, it can be proved by function-theoretical methods that B(0, £)w = w.
Therefore, we may conclude B(t, ) = ¢ #® Define a new path I" in the complex
plane as follows: For fixed & draw circles By = Bj(Ar(£)) of radius 1 centered
at A;(§), k = 1,---,m. Then take I" to be the boundary of | J;_, B, traversed
counterclockwise. Deforming the path I" into I" we deduce that

) 1 i
oA — 2ni/~e_”z(zl—A(§))_ldz‘
F

Using that A, (&) are real foreach & € R"and k = 1,--- , m we arrive at the estimate
le~#| < e’ for z € I'. Now,

cof (zI — A(§))T

det(zl — A(E)) det(zl —A§) = [ [ — (8,

k=1

@ —AE) ™ =

where “cof” denotes the cofactor matrix. Taking into consideration the relations
|det (zI —A(§))| = 1 forz € I" and |A(§)| < C|&| fork =1--- ,m we get

Izl = AE) "]l = Clleof (2 = AE)| = € (§)"" for €T,
Summarizing, we derived the estimate
e ®| < et (g)™" for & € R".

To show the convergence of the integral

[ emsemmor ) de
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we proceed as follows:
THOPUN©ld < C [ 1O U0 ©) dg
R~ Rn
<ce [ @ IF U@ ds
12
< ceuoln( [ @+ 2ag)",

Taking account of s > 7 + m — 1 the integral converges and the function

_ _ 1 ivE —itA(E)
v=veo= /R MO () €) de

is continuous on [0, c0) x R".
Step 3:  Existence of a classical solution
To show that the vector U belongs to C' observe that for 0 < || < 1 we have

Ut +hx)—Ult,x) 1

_ ivE (,=iHRAE) _ ,=iA®YF(UV(E) dE.
) i / (e O F(U) (£) d

Since
t+h
o IFWAE) _ —itA€) — _; / AE)e™A® g,
t
we can estimate as in Step 2 to get

Ul(e—i(t+h)A($) . e—irA(é))) < Cetl(g)m,

Therefore,

U h,x) — U(t, . . 172
PRI < eyt ([ 6mae)

From s > g + m it follows that d,U exists and is continuous on [0, c0) X
R". The same statement can be concluded for d, U. According to Lebesgue
Convergence Theorem we can furthermore differentiate under the integral sign in

the representation for U = U(¢,x) to confirm that U solves our Cauchy problem.
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In general, the conclusion of the previous theorem may not be true if we consider
systems with variable coefficients having an additional lower order term AoU. To
verify this statement let us turn to the next example.

Example 22.3.1 Consider the example due to Qi Min-You (see [167]),
3,2u—t23)2cu—b3xu =0,7r>0, xR,
with the initial conditions
u(0,x) = (), u,(0,x) =0,

where b = 4m 4 1, m > 0 is an integer. The uniquely determined distributional
solution has the form

- Jt

WD =D G 4 )

J=0

; 1
3/ ( tz).
W+,
The loss of regularity increases on m. Setting U = (u,, u;)” and Uy = (¢’,0)7, then

01 0 0
hU = (t2 O) 0.U + (4m . 0) U, U©,x) = Us(x).

It is clear that we have real eigenvalues At (f) = =, but even by taking Uy € H*(R)
with large s the solution U may not be in C' ([0, c0) x R!) for large m > 0.

Remark 22.3.1 1f we consider weakly hyperbolic systems with non-vanishing lower
order term AgU, then so-called Levi conditions may be of importance (see, for
example, [225]). Such conditions imply the solvability of the Cauchy problem
in suitable function spaces. To avoid Levi conditions one can, on the one hand,
require stronger assumptions to the system. For instance, that the system is strictly
hyperbolic and, on the other hand, choose the data from special function spaces (see
[140] or [178]).

22.4 Linear Strictly Hyperbolic Systems in 1d: Method
of Characteristics

In this section we shall restrict ourselves to linear strictly hyperbolic systems of first
order in one space variable (see Definition 3.4)

LU := 3,U + A(t, x)3.U + B(t,x)U = F(1, ).
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We assume that the m x m matrices A and B belong to C!(G) in a domain G C R?.
We will show that in a neighborhood of a point (f,x9) € G the system can be
transformed into a very simple canonical form by introducing new unknowns. We
make use of the eigenvalues and the eigenvectors of the matrix A in a neighborhood
of (l‘o,xO) e R2.

Lemma 22.1 Let us assume that the system LU = F is strictly hyperbolic in G.
Then, every point (ty, x0) € G has an open neighborhood Gy C G and there exists
an invertible matrix-valued function N = N(t,x) € C'(Gy) such that the following
identity is satisfied for all (t, x) € Go:

N7 (#, x)A(t, x)N(t, x) = D(t,x),
where D = D(t,x) := diag(Ai(t, x))j—, is a diagonal matrix and A, = Ai(t,x) €
CY(G), k=1,--- ,m, are the distinct real eigenvalues of A = A(t, x).

Proof For the proof we follow [206]. Applying the implicit function theorem we
conclude that 1, = A(t,x) € C'(G) fork = 1, ---m. Now, let us define

Py =Pt = Cai [ (a-an) " de

I

where I} is a circle in the complex plane on which no eigenvalues of A are located
and whose interior contains one and only one eigenvalue, the j’th one, A; = A;(z, x).
Itis clear that P; is a C'(G) function and is the j’th spectral projector of A. The range
X; = X;(t,x) of the matrix P; is the one-dimensional j’th eigenspace of A. For each
(¢, x), the vectors X, (¢, x), - - - , X; (¢, x) span the whole space R”. Now, let us define
the diagonalizer N = N(t, x). For each j we select a non-zero vector vj(.) in X;(to, xo)
and we set

vi(t.x) = Pi(1.X)v).
It is clear that Pj(to,xo)v]o = v? and that {v;(¢,x) : 1 <j < m} form a basis of R"
in a neighborhood of (fy, xo). Let us write

m
vi(t,x) = Z vii(t, x)ex,
k=1

where (e, -+ , en) is the canonical basis of R™. Therefore N = (yk)7i—;-
We are now in a position to prove the following result.

Theorem 22.4.1 Let us consider the strictly hyperbolic Cauchy problem

LU = F(t,x), U(0,x) = Up(x), (t.x) € G CR?,



22.4 Linear Strictly Hyperbolic Systems in 1d: Method of Characteristics 391

where A € C'(G), F,B € C°(G) and Uy € C'(I) with G = (=T, T) x I is a domain
in R? and I is an open interval. Then, there is a classical solution U € C'(Gy) with
Go = (=48, 68) x (a,b) C G is a subdomain of G.

Proof The proof is divided into two steps.
Step 1:  Diagonalization procedure

After setting U := NV, where N = N(,x) is the matrix given by Lemma 22.1
when we apply it to (0, xp) € G, there exists an open neighborhood Gy = (—§, §) x
(a, b), with xy € (a, b), such that the Cauchy problem can be transformed into the
following strictly hyperbolic Cauchy problem with diagonal principal part

0;V + D(t,x)0,V + Bo(t,x)V = H(t,x), V(0,x) = Vy(x),

where
F(t,x) =: N(t,x)H(t,x), Up(x) =: N(0,x)Vo(x), D = diag (Ax(t,x));—,
is a diagonal matrix and
By = By(t,x) = N"'(Ad:N + BN + 0,N).
The simplicity of the canonical form
0;V + D(t,x)0,V + Bo(t,x)V = H(t, x)

becomes apparent if we write it out in component form

&W+M@ﬂmw+§pmmwﬁﬁbk=L~wm

=1

where V. = (vi,---,v,)7, H = (hy, - ,h,)T and By = (bgj /=1~ The principal
part of the k’th equation involves only the k’th unknown vy.

Step 2:  Existence of a solution

To solve the transformed system in canonical form we apply Picard’s successive
approximation scheme. Namely, let us define for k > 0 a sequence {V® =
V& (1, x)} as follows:

(10, + D(t,x)3,) VW = H(t,x) — Bo(t, x) VD,
VR ©0,x) = Vo(x), VED(t,x) = Vo(x)
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We shall show that for § > 0 sufficiently small, the sequence {V®}; converges to
a solution V uniformly in C'((—§,8) x (a,b)). For k = 0,1,--- we set W® =
v® — y&=D and derive
WO + D1, x)9, WO = H(t,x) — Bo(t, x) Vo — D(1,x)3x Vo, W(0,x) =0,

and for k > 0

WO 4 D1, x)9, WP = —By(r, ) W* D, wh(0,x) = 0.
Let us denote by

wi, {Bo(t. )W DY and {Bo(t.x)Vo — D(1,x)9, Vo)
the j'th component of
ww, Bo(t, x)W(k_l) and By(t,x)Vo + D(t,x)0, Vo,
respectively. Then, for k£ > 0 we have the following m scalar equations:
L = (@, + Ai(1. 000w = ~{Bo(t, )WV}, wi¥(0.x) =0,
whereas for k = 0 we get
Liw” = hi(t.x) — {Bo(1.x)Vo}j — {D(t.x)3, Vo}j. w"(0.x) = 0.

Remember that the characteristic curve I (see Definition 6.1) is given by the
solution x = x(t,5) of dix = A;(t,x), x(0,5) = s (cf. with Sect.7.1). The solution

x = x(t,s) is defined and C' is a neighborhood of {0} x (a,b). Along I} the j’th
equation of the system

Liw? = (@, + Ai(t.x) 2w = —{Bo(t, y WV},
is the ordinary differential equation
d (k) B (k=D —
wi +A{Bo(t, )W} = 0.
The hypothesis of strict hyperbolicity implies that the characteristics do not inter-
sect, at least for |7| < § for a sufficiently small §. Moreover, the set (6, 8) X (a, b)
will be covered by these curves. This allows us to introduce the set §2(¢, x) as the

smallest compact set containing the point (¢, x) and having the following property:

If (7, x") € §2(1,x), then every curve [(f',x'),j = 1,--+ ,m,

passing through (¢, ') is contained in £ (z, x).
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Now, we introduce the following norm for W = W(, x):

[W(t,x)||lzo0 200y =  sup  |W(,X)|.
(¥ X')eR(tx)

Integrating along the characteristics of L; we derive for k > 0 the estimate
WO )o@ < ClUIWED @ 20) o 2.0)-
Hence, by iteration,
IWO 1,0 |z2e(200) < (CIED W (2.2) |2 (@) for k> 0.
On the other hand, ||[W© (¢, x)|| o (@(x) < C|t| and we conclude
WO )]l @) < (Cl T for k=0,1,---.

Therefore, for C|t| < 1, the series

o0
> wh( )
k=0

converges uniformly to V(z,x) — Vy(x), where V = V(z, x) is the required solution.
Similarly, using A; € C'(G), one may also show that v® (t,x) and V,(k) (t,x)
converges uniformly on the domain Gy to V,(t, x) and Vi(t, x), respectively.

Example 22.4.1 Finally, let us explain how the method of characteristics is used to
solve the following system from electrical engineering with an infinite transmission
line (see Example 3.3.3):

Lo + 0.E+ RI = 0,
Co,E+ 0, +GE = 0,
I1(0,x) = Ih(x), E(0,x) = Ep(x), xeR.

This system is strictly hyperbolic in the whole (¢, x)-plane with constant eigenvalues

A1 = 1/+/LC and A, = —1/+/LC. Our first step is to transform this system into its
canonical form. In terms of the new variables v; and v, relating to / and E by

(1) = (8 I ()=, e 290,
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the canonical form is
1
20 (e )
t\vy — JIC X \ Uy
1 RC+LG RC-LG v 0
+ ()= (o)

2LC \RC—LG RC+LG) ‘v 0

The new unknowns satisfy for x € R! the initial conditions

1

11(0,%) = @1 (x) := 2 JLC (VLIy(x) + v CEo(x)),
12(0,%) = @a(x) := 2\/1LC (VLIo(x) — v/ CEp(x)).

Following the method of characteristics for solving this initial value problem, let
(t,x) be an arbitrary but fixed point in the upper-half (s, x)-plane. The characteristic
curves I} and I corresponding to A; = 1/+/LC and A, = —1/+/LC and passing
through the point (z, x) are the lines

1

I:x; =x(s,t,x) =x+ JLC (s—1),
1

I ix = x(s,t,x) =x— JLC (s—1).

These lines intersect the x-axis at the points (set s = 0)

1 1
t, x(0,t,x) =x+ t.
N TR JLC

In this case we obtain the system of Volterra integral equations

x1(0,t,x) = x—
v(t,x) = qol(x— ! t)
VvLC
1 t
_2LC/0 (@vl(s,xl(s, t,x)) + Yvals, x1(s, t,x)))ds,
1
va(t,x) = @2 (x + JLC t)

1 t
_2LC/0 (Tvl(s,xz(s, £,x)) + Ova(s, x2(s, t,x)))ds,
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where ® := RC + LG, T := RC — LG, x; and x; are given. In general, in order to
proceed any further with the computation of the solution it is necessary to know the
specific functional form of the initial data and apply the successive approximation
scheme. However, in the special case in which the electrical parameters of the
transmission line satisfy the relation

RC—-LG=0

it is possible to obtain a general formula for the solution. This is due to the fact that
when this condition holds, the canonical form is separated in the sense that each
equation involves only one of the unknowns v; or v,. These unknowns restricted by
the characteristics are

1
VL

They satisfy the corresponding ordinary differential equations

1

Wi(s, t,x) = v (s,x + JLC (s— t)).

c (S—t)), Ws(s, t,x) = v2<s,x—

dW1 R dWZ R
Wy =0, W, =0,
ds + L ! ds + L 2

and the initial conditions
W1(0,t,x) = (pl(xl(O, t,x)), W,(0,1,x) = (pz(xz(O,t,x)).

Solving these two initial value problems we obtain

Wi(s, t,x) = ¢ (xl(O, t x)) et 5 Wals, t,x) = (pz(xz(O, t x)) eLs,
We have

vi(t,x) = Wi(t, t,x), va(t,x) = Wa(t, 1, x).

Consequently we get, under the condition RC — LG = 0, the solution
L

t

1 _R, 1 _
vi(t,x) = ¢ (x— JLC t)e Lt u(tx) = (pz(x + JIC t)e
The solution of the original problem is obtained in the form
I(t,x) = (l(lo(x— ! t)+10(x+ ! t))
2 JVLC VvLC

STH IR
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E(t,x) = (;\/é(lo(x— \/ILCI) —Io<x+ JlLCt))

+;(Eo<x—\/zct)—FEo(x—i—\/iCt)))e_Lt.

Note that this solution shows that in the case RC = LG the initial data propagate
along the line without distortion with exponential decay in time. It is for this reason
that a line for which RC = LG holds is called a distortionless line.

22.5 Energy Inequalities for Linear Symmetric Hyperbolic
Systems

The main concern of this section is to derive energy inequalities for solutions to
the Cauchy problem for linear symmetric hyperbolic systems. Here we follow the
lecture notes “Théorie des équations d’ évolution” written by J. Y. Chemin (Paris 6).

We consider the Cauchy problem for a system of partial differential equations of
first order

0U + ) Adt.x)dy U + Ao(t.0)U = F(1.2). U(0.x) = Up().
k=1

where the matrices Ay = Ax(t,x), k = 0,1,---,n, are real, smooth, and together
with all of their derivatives with respect to the spatial variables are bounded in
[0, 00) x R". We assume that Ay, k = 1,--- , n, are m X m symmetric matrices.

Proposition 22.5.1 Let s be a nonnegative integer. Then, any energy solution
U € C([0. T], Wt (R")) N C' ([0, T], W* (R"))

to the Cauchy problem

0,U + ) At.x)y U + Ap(t.0)U = F(1.2)., U(0.x) = Up()
k=1

satisfies the energy inequality

t
0@ = . D(1alR + [ 1 fude) sor 1 0.7
0
Proof At first we prove the desired inequality for s = 0, that is, we assume that

U € C([0, 7], W' ([R") N C' ([0, T]. L*(R")).
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Multiplying the system by U and integrating the space variables we derive ((-, -);2
denotes the scalar product in L?)

1d .
5 IV EE = (F.U) = (AU, Uz = 3 (A U, Uy,
k=1

By using the fact that the matrices Ay, k = 1,--- ,n, are symmetric and that U €
c([0. 7], WH(®R") n C'([0, T], L*(R")) we have

1
—(A0, U, U)2 = 2((E)XkAk)U, U).
Hence, we get

1d

2 n
L hve = (| 2 dar.) [ + 21400 e ) 10,
21U

Applying Schwarz inequality and Gronwall’s lemma we conclude

t
061 < (1ol + [ 17 IRadr) for r€ 0.7,

where the constant C(7T") depends on

e | gaxkAk(r, )| e+ 2M0 e .

We prove the energy estimates of higher order by induction on the integer s. Suppose
that the energy inequality is valid for some s = s9 > 0. Then, we can prove it for
s = 5o + 1. For this reason let us assume that

U € C([0, T], wot(®")) n C' ([0, T], WO (R")).
We introduce the vector-function U = U(t, x) defined by

i]: (UvaxlUs"' saXnU)'

By differentiation of the original system we obtain for any j € {1,---,n} the new
system

00U == Ay 0yU— > (0400, U — 0 (AgU) + 0 F.

k=1 k=1
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Hence, we may write all these n + 1 systems (the original one and the n new ones)
as the following new system:

0,U + Y Bu(t.x)05, U + Bo(t. )T = F(t.),
k=1

where

A 0
F=(F,0,F,---,0.F) and By = Ag
0 A

The entries of By = By(t,x) depend on Ay, k = 0,1,---,n, and their first order
derivatives. The energy inequality for s = so + 1 follows by applying the induction
hypothesis for s = s to the derived symmetric system for U.

22.6 Concluding Remarks

22.6.1 Well-Posedness for Linear Symmetric Hyperbolic
Systems

Let us point out that the proof of the inequality of Proposition 22.5.1 done in the
previous section demands exactly one additional derivative for the solution. This
leads us to use a smoothing method, the so-called Friedrich’s mollifiers method,
which consists of smoothing both the initial data and the terms appearing in the
given system. More precisely, let us consider the family of linear systems

U+ Y xu(Aj05Ux) + xi(AoUs) = JiF,
j=1
1U(0,x) = xUp(x).

Here the matrices A; = A;(t,x),j = 0,1,--- , n, satisfy the same hypotheses as in
Sect.22.5 and y; = yx(D) is a cut-off operator defined on L*(R") by

XDy = FzL (x8,0)(E) Fast (),

where yp,0) = xB.0)(§) denotes the characteristic function on the ball of center 0
and radius k. The operator y;(D) is the orthogonal projection of L*>(R") on its closed
subspace L?(R") having the property that the Fourier transforms of its elements are
supported in the ball B;(0). Bernstein’s inequality (see Proposition 24.5.7) implies
that the operator E)Xj is continuous on L,% (R") and, thanks to the boundedness of A;,
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each system of the above family of linear systems is a linear system of abstract
ordinary differential equations on L?(R"). This implies the existence of a unique
solution

Ui € C([0, T], L*(R")).
Moreover, using the fact that A; are smooth functions, we get that
U € C*=([0, T], W*(R™))

for any integer s. In addition, one may prove that the functions Uy satisfy an energy
inequality as derived in Proposition 22.5.1.

By taking the limit in the case of smooth enough initial data we get the following
well-posedness result (for more details see the lecture notes “Théorie des équations
d’ évolution” written by J. Y. Chemin (Paris 6)):

Theorem 22.6.1 Let us consider the linear symmetric system
U+ Y Ai(t.x)0,U + Ao(t.0)U = F(t.x). U(0.x) = Up(x),
j=1

where the matrices A; = A;(t,x), j = 0,1,--- ,n, satisfy the same hypotheses as in
Sect. 22.5. If Uy € W*(R") and F € C([O, 7], W‘Y(R")), where s > 1 is an integer,
then there exists a uniquely determined energy solution

U € C([0.T], W*(R") n C'([0, T]. W* ' (R")).

22.6.2 Well-Posedness for Linear Strictly Hyperbolic Systems

Now we only explain some well-posedness result for solutions to the Cauchy
problem for linear strictly hyperbolic systems. For this reason, we consider linear
systems of first order having the form

LU :=0,U+ Y Ai(t.x)0 U + B(t.x)U = F(t.x) in [0,00) x R",
k=1

where A, k = 1,---n, and B are m X m matrices, subject to the initial condition

U(0,x) = Up(x).
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Recalling the definition of strictly hyperbolic systems, that is, we assume that the
matrix

A(t.x.€) ==Y & At.x) for t>0 and (x.§) € R™,
k=1

has m distinct real eigenvalues:
At x,8) < Aa(t,x,§) < -+ < Aw(t,x, §).

In addition to the assumption of L being strictly hyperbolic, in order to have similar
results in the case of symmetric hyperbolic systems we introduce an additional
definition (see [139]).

Definition 22.1 We say that the systems of partial differential equations of first
order

LU = F(t,x)
are regularly hyperbolicin G = [0, T] xR" if they are strictly hyperbolic and satisfy
the following conditions:
1. the matrices Ay, k = 1,--- , n, are bounded in G

2. for arbitrary (¢,x) € G, § # 0andj, k = 1,--- ,m we have

inf Ai(t, x, &) — Ai(2, x, — > 0.
(oo 10 8) = At 3. )]

The meaning of regularly hyperbolic in the definition refers to the fact that the
difference between distinct eigenvalues has a positive lower bound uniformly on G.

We denote by B*(R") the function space with the property that all derivatives
until order s are bounded and continuous. If p = 2, then we denote W, (R") just by
W*(R"). Moreover, W;(R") is the closure in this space of all infinitely differentiable
functions with compact support in R". The following result is proved in [139] (cf.
with Theorem 6.9. in [139]).

Theorem 22.6.2 Let us consider the Cauchy problem
LU =F, U(0,x) = Up(x),

where L is regularly hyperbolic in G = [0, T] x R". For a fixed s € N, let us assume
with an entire o > 0

Ar € C([0, T], BmxHosi(RM)) 9,4, € C([0, T], B* (R")),
B € C([0,T], B*(R")).
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IfUg € Wi(R") and F € C([O, T, W (R”)), then there exists a uniquely determined
energy solution

U € C°([0, T], Wy(R™) N C'([0, T], W3~ (R"))

satisfying the following energy inequality:
t
06 = (10 + [ 1P IRdr).

Exercises Relating to the Considerations of Chap. 22

Exercise 1 Let us consider the strictly hyperbolic Cauchy problem
hU+A0,U=0, U@O,x)= U(x),

where A is a constant m X m matrix. Show that there is a uniquely determined
classical solution U € C'(R?) if Uy is supposed to belong to C!(R').

Exercise 2 Consider the symmetric hyperbolic system

0,U + ) Ady U+ AU = Ft.x). U(0.x) = Up(x),
k=1

where the initial data Up(x) has compact support. Assuming that a solution has
compact support (domain of dependence property holds), prove that there exists at
most one Sobolev solution belonging to C ([O T, L? (R”)).
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Chapter 23 )
Research Projects for Beginners Shethie

In this chapter we propose research projects for beginners of PhD study. After
reading chapters of this monograph these research projects serve as a preparation
for ones own scientific work. This serves as a first attempt to apply mathematical
techniques or basic knowledge and develop new ideas. It has been the authors that
our PhD students, who were able to treat such research projects have gone on to
complete their PhD theses on a certain level within a reasonable period.

23.1 Applications of the Abstract Cauchy-Kovalevskaja
and Holmgren Theorems

We are interested in the study of the Cauchy problem
du — a(t,x)0u — b(t,x)u = f(t,x), u(0,x) = up(x),

under the following assumptions:

1. the data ug belongs to the function space
By := {u € C®[hy. hy] : |diu(x)| < CR*k! forall k € N}

with nonnegative constants C and R, so the data is supposed to be analytic on the
interval [hy, K]

2. the coefficients a and b and the right-hand side f belong to the function space
C([0,T], B;) (see Definition 24.25).
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The norm in Bj is defined by

1
=5 d* .
||Lt||1 kEuI\II?) H XM(X) HC[hl,hz] REE!
Let us introduce the scale of Banach spaces of analytic functions {By, || - || }sejo,1] by

By := {u € C®[hy, by

el == kS;lI\II) 27 dyu) HC[hl,hz] (1 +9R) k!)_1 < 0of.

. Show that {B, || - ||s}sef0,1] is a scale of Banach spaces (see Sect.4.2).
. Let us define the family of linear operators

N —

{A(l‘) = a(t,x)0 + b(t, x)}te[O,T]‘

Show that this family satisfies the assumptions of Theorem 4.2.1 (cf. with
Exercise 2 of Chap. 4) in the scale {By, || - ||s}sefo,1]-
. Apply the statement of Theorem 4.2.1. What kind of results do we conclude?
. Try to prove that the scale {By, || - [|s}sejo,1] is dense into itself (see Sect. 5.2).
5. If one is able to prove the density into itself, next try to understand what
distributions do belong to F, := B/__. The elements of these distribution spaces
are called analytic functionals.

B~ W

Analogous to Remark 24.4.1, we may introduce the family of dual operators A(z)’.
This family is defined by

(a(t, x) 0 u(t, x) + b(t, x)u(t, x))¢(x)
= u(t,x)(— 0x(a(t, ) (x)) + b(t, x)$ (x))

for all test functions ¢ € B, and all u € C([0, T], F1—y). Then we can show, that the
family of dual operators

{A(0) == —al(t,x)0, — da(t,x) + b(z, x)}te[oﬂ
satisfies the assumptions of Theorem 4.2.1 in the scale {F|_,, ||- |||_, }se[0.1], too. The
family of dual operators {A(r) },c[o.7) satisfies the assumptions of Theorem 4.2.1 in
the scale {By, || - ||s}seo.1]- If the scale {By, || - [|s}sefo,1] is dense into itself, then we
can form the dual of A(z)" and obtain A(¢) itself. Hence, we can apply the abstract
Holmgren Theorem 5.2.1. In this way we obtain the uniqueness of solutions of the
Cauchy problem

o — a(t,x)0u—b(t,x)u =0, u(0,x) =0
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in C([0, T, F1—s) for all s € [0, 1]. The main difficulties are in proving the density
into itself of the scale {By, || - ||s}sepo,1] and understanding which distributions do
belong to the dual scale {F_y, || - [|1_,}sef0.1]-

23.2 The Robin Problem for the Heat Equation
in an Interior Domain

This project addresses to the issue of mixed problems for the heat equation. Study
the interior Robin problem (G C R” is an interior domain)
o — Au = h(t,x) in Zyr =(0,T) x G, u(0,x) = ¢(x) for x € G,
Onu(t,x) + c(t, x)u(t,x) = g(t,x) on (0,T) x G,
compatibility condition g(0,x) = dp@(x) + ¢(0,x)¢(x) on {t = 0} x IG.
1. Fix assumptions for the regularity of the data ¢ = ¢(x), the right-hand sides
h = h(t,x) and g = g(¢, x), and the coefficient ¢ = c(t, x).
2. The assumptions for all the “data” have an influence on the choice of the space

of solutions. What space of solutions seems to be reasonable?
3. Introduce the function

wlt.x) = /Z Hy(x — o1 — Oh(r.y) d(r.) + /G Hy(x— y. 00() dy.

Verify that w = w(¢, x) is a solution of the auxiliary problem
ow— Aw = h(t,x) in Zy, w(0,x) = ¢(x) on {t =0} xG.

4. Determine regularity properties of the solution w depending on the chosen
regularity for 4 and ¢.

. Define v := u — w. Derive the mixed problem for v.

6. Choose the ansatz for v in the form of a thermal single-layer potential, that is,

W

v(t,x) = : H,(t—t,x=y)u(r,y)d(z, o)

with an unknown density p. Study the jump condition for the normal derivative
of the thermal single-layer potential (see Sect. 9.4.2.2).

7. Establish the corresponding integral equation (see Sect.9.4.3) after setting the
ansatz for v into the Robin boundary condition for v and using the jump condition
in the case of an interior domain.
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8. Fix a solution space for w. The choice depends on the regularity of g and w.
Solve the Volterra integral equation of second kind by successive approximation
(cf. with [135]).

9. Finally, determine the regularity of u.

23.3 I? — L7 Decay Estimates for Solutions to the Heat
Equation with Mass

We are interested in the Cauchy problem for heat equation with mass (cf. with
Sect. 12.2)

U, — Au+ mPu =0, u(0,x) = ¢(x).
Our goal is to derive [7 — L? decay estimates not necessarily on the conjugate
line (cf. with Sects. 12.1.2 and 12.1.3) (see also Exercise 1 from Chap. 12). As in
Sect. 12.1.2, we use the corresponding representation of solution
_ _ 2
u(t,x) = FE—l>x(e (f)mt) * Q.

Applying Proposition 24.5.2 implies the estimate

lu(t, o < ||FE—_1>x(e—(s)%nr)

el

To reach our goal we have to derive L™ estimates for the oscillating integral
Fg__lm(e_(f)ﬁl ’). Here we may apply ideas and methods from Sect. 24.2.2.

23.4 The Cauchy Problem for the Free Wave Equation
in Modulation Spaces

Consider the following Cauchy problem:
uy — Au =0, u(0,x) = p(x), u(0,x) = ¥(x).
Suppose that the data ¢, ¥ are taken from the modulation spaces M, ,(R") for 1 <

p.q < ooand s € R! (see Definition 24.15).

1. Show that the Cauchy problem has a classical solution in time with values in the
space of tempered distributions if we assume ¢ € M, (R") and ¢ € M;;;II (R™)
forl <p,g<ooands e R
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2. What can we say about the regularity of the solution with respect to the spatial
variables?

Now consider the semilinear Cauchy problem for the wave equation
= Au = Aul*u. u(0.x) = ¢(x). u,(0.x) =y (),

where A € R! and k € N,

1. Show that this semilinear Cauchy problem is locally (in time) well-posed in the
solution space

c([o, 71, My, (RM) n C'([0, T), M; ' (R"))

if we assume for the data ¢ € M, | (R") and ¢ € M;;HI(R”) forl <p <ooand
s> 0.

2. What do we know about the solution if we additionally assume s > 2?

3. Can we replace the condition ¢ = 1 by ¢ € [1, oo] and obtain the same well-
posedness result for the semilinear Cauchy problem as in 1? Consider the weight
parameter s.

23.5 The Diffusion Phenomenon for Classical Damped
Klein-Gordon Models

Prove the statement of Theorem 14.5.1 for solutions to the Cauchy problem
—Au+mPu+u, =0, u0,x) = @x), u0,x) =y (x), xeR", n>

Prove a similar statement to Theorem 12.2.1, but we want to be more precise.
We recall the diffusion phenomenon of Sect. 14.2.3 between solutions to heat and
classical damped wave models. We could prove that the difference of solutions of
both models has a better decay than solutions to heat and classical damped wave
models have. We want to transfer this observation to

Uy — Au+ mPu+u, =0, and wy — Aw + m?*w = 0,

u(0,x) = ¢(x),  u,(0,x) =¥ (x) w(0,x) = p(x).
We introduce a cut-off function y € C5°(R") with y(s) = 1for [s| < < 1 and

x(s) = 0 for |s| > &. Then we pose the following question:
How should we choose the data p = p(x) such that the differences

[T

[FE2 (= 2@ Fim (u(t, ) = wie.))



410 23 Research Projects for Beginners

have a better decay behavior than

[Pt OF e (we) |, and |FEL (o) Femse (w1, 0)

2’

[P (= 3@ F gt ) |, and

HFS_—LX((l - X(S))Fx—ﬂg (W(l‘, x)))

12

have? Although all Fourier multipliers already have an exponential type decay in
time, this is a very good exercise for understanding diffusion phenomena. One
can find in the literature papers in which authors distinguish between diffusion
phenomena for small and large frequencies in their considerations (see [145]).

23.6 The Diffusion Phenomenon for Classical Damped Plate
Models

Before we study the diffusion phenomenon for plate models let us answer the
following questions:

1. To which class of differential equations does the classical damped plate model
belong?

2. What do we know about H* well-posedness?

3. How do we define suitable energies (even those of higher order)?

4. What do we know about decay estimates for energies (even those of higher
order)?

After these preparations we recall the main result Theorem 14.2.3 of Sect. 14.2.3.
Now we are interested in a corresponding result for solutions to

wy + (=A)u+u, =0, u(0,x) = ), u,(0,x) = Y(x).

To complete the project we proceed as follows:

1. How do we choose the related parabolic Cauchy problem? How do we choose
the differential equation and the data?

2. Prove L? estimates for solutions to this Cauchy problem.

3. Prove L? estimates for solutions to the Cauchy problem for classical damped
plates.

4. Pose a conjecture for the diffusion phenomenon between solutions to both
Cauchy problems.

5. Prove this conjecture.

6. Interpret this diffusion phenomenon.
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23.7 The Diffusion Phenomenon for Damped Wave Models
with Source

Consider the Cauchy problems

Uy — Au + u, = f(t,x), and wy — Aw = f(t,x),
u(0,x) = ¢(x),  u(0,x) = Y (x) w(0,x) = ¢(x) + ¥ (x),

where the data ¢ and v satisfy the following regularity properties: ¢, v € L'(R")
and |D|g, ¥ € L*(R"). Moreover, we suppose that there exists a constant & > 0
such that

£ < G +0775 £ )l < G+ 07477 forall > 0.

Prove that the L?-norm of the difference of solutions to the above Cauchy problems
behaves as follows:

Jutt, ) —w(t, )|, = o(r™%) for t - oo.

One may proceed as follows:

1. Following the notations of Sect.18.1.1.2, by using Duhamel’s principle the
solutions are given by

u(t,x) = uo(t, %) + /0 'K, (t — 5,0,x) %o f(5.) ds
with
uo(t,x) = Ko(t,0,x) *¢x) @(x) + K1 (2,0, x) *) ¥(x),
whereas
w(t, x) = G(1,0,x) *( (9(x) + ¥(x)) + /Ot G(r = 5,0,%) *( f(s,%) ds
with

G(t,0,x) = 2n)™? / e EIER g
Rn
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2. Thanks to Exercise 8 from Chap. 14 it is sufficient to prove

H /Ot (Ki(t—s5.0.) = G(t—5.0.")) % f(s.°) dsHL2 =o(f" %) for t— oo.

To derive the last relation, it is convenient to split the integral f(; into (;/ 24 f[t/z

and to carry out the analysis for small and large frequencies as well.

* Verify that x(§)F (K (t—s,0,x)), where y € C3°(R") is a cut-off function
which localizes to small frequencies and is a bounded Fourier multiplier on
L? satisfying

t

HF;X(;(@)RHE(//2 Ki(t—5.0,) % f(s. ") ds))HLz —o(r %) as 1 — oo.

t

Similarly, show
1 ! n
[Pt (@ Fee( // Gl=5.0. %o (5. ds) )| = o) as 1 oo

+ Applying L! — L? estimates to
(K1 (t—s,0,x) — G(t — s, O,x)) *(n) f(5,%)
and the estimate
If@& ) < CA+07"7,

one may conclude

12

[P (@ Foe( /O ” (Ki(t = 5.0.) = Glt = 5,0,1)) %0 f(5.) ds) )
= o(t_z) as t — oo.

* For large frequencies we no longer have an exponential decay, but one may
still prove

|reta(a - r@rmse( [ (K1 5.0, = Gt - .0.9) w5, ds)

12

:o(t_if) as t — oo.
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23.8 Profile of Solutions to Classical Damped Waves
with Source

Consider the Cauchy problem
Uy — Au + U :f(t, -x), M(Oy -x) = @(-x)v M[(Oﬂx) = w(x)’
where the data ¢ and ' satisfy the following regularity properties: ¢, ¥ € L'(R"),
|D|g, ¥ € L*(R"). Moreover, we suppose for the source term f = f(t,x) the
existence of a constant ¢ > 0 such that
£l < C(U+ 07" I f (@) < C2(1+ 0747 forall 12 0.
Prove that the solution to the above Cauchy problem satisfies the estimate
lu(t, ) — 80 G(1,0,-)||,2 = o(t™ %) for t — oo,

where

G(1.0.x) = (27) ™" / e dg

n

and

0o = / @ + v @) dx + /0 ) /R”ﬂw) d(t, %).

One may proceed as follows:

1. Following the notations of Sect. 18.1.1.2, by using Duhamel’s principle the
solution is given by

t
u(t,x) = uo(t, x) + / Ki(t—5,0,x) % f(s,x) ds,
0
where

uo(t, x) = Ko(t,0,x) *( o(x) + K1 (2,0, x) * ¥ (x).
By using the derived estimates in Exercise 8 of Chap. 14 for

(Gi(t.0,x) — G(1,0,x)) %y h(x), j =01,
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conclude that

Juo(t. ) — G(2,0,°) ) (9() + ¥ ()] 2
=Cc+ t)_x_l(”(p”HlﬂL‘ + 1Y ll2a0)-

2. For h € L'(R") verify that
HG(t, 0,) % h(-) — ( / h(x) dx)G(t,O,-)H —o( %) as 1 — oo
R® 2
(for a more general version, see [44]). Then conclude that

Huo(t, ) - (An(w(') L) dx)G(t, 0, ')Hp —o( %) as 1 — oo.

3. Under the assumptions imposed on f we have

H /0 Ki(t—5.0.) ko £(5.7) ds — ( /0 ” /R ) d(t,x))G(t, 0, ')Hu

= o(t_z) as t — oo.

Indeed, to derive the last estimate it is convenient to split the integral fot into

fot/ 24 ftt/z and the analysis for small and large frequencies as well.

» Thanks to the previous research project in Sect. 23.7, we have

! n

H/ (K= 5.0.) = G(t — 5.0.)) %) f(s.) dsHL2 — o(t™4) for 1 — oo.
0
o Using [|f(t )|lp < Co(1 + 1)7'7¢ verify
o0 n
H( / £(t, %) d(t,x))G(t,O,-)H — o(t™4) for 1 — oo.
é R~ 12

* Summing up we have

H /0 K= 5.0.) x0 S5, ds — ( /0 = /R ) d(t,x))G(t,O, )

12

= H /0’ (Ki(t—5,0,-) — G(t — 5,0,°) *( f(s,7) ds

12

+H /0r G(t—15,0,°) *() f(s,°) ds — (/Ooo /R,,f(t’x) d(t,x))G(z,o, )

12

2

<o(h)+| /0 éG(z—s,o, ) # £,y ds — /0 5 /R F.0d0.2)66.0.)
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The project is completed after showing that

H /05 G(t—5,0,°) % f(s,-) ds — (/0é /Rnf(t’x) dth)G(t’ 0.) HL2

= H /0 : / (G(=5.0.=y) = G(1.0.))f(s.y) dyds

_n
b= o(t™4).

For further details and for L' — L” estimates with p > 2 see [103].

23.9 [’ — L7 Estimates for Solutions to Structurally Damped
o -Evolution Models

Consider the Cauchy problem for the o-evolution equation with a structural
damping term

Uy + (_A)Gu + 2/"'(_A)8Mt = 07 M(O,X) = QD(X), u,(O,x) = w(—x)s

where (¢t > 0 is a constant and § € (0,0). The goal of this project is to derive
suitable (L7 N L%2) — L% estimates for the solutions with 1 < ¢; < ¢g» < oco. By
this notation we mean that the low frequency part of the L?2-norm of the solution or
its derivatives is estimated by the L?'-norm of the data, whereas its high frequency
part is estimated by the L?-norm of the data.

For 0 # 2§ it is not restrictive to assume p = 1 after a suitable change of
variables. Using the Fourier transform we may write

T + |E[2°0 4 2|E%8, = 0, 7(0,8) = (E), w(0,8) = ¥(£).

The roots A+ = A1 (|€|) of the full symbol of the differential operator are radial
symmetric, have nonpositive real parts and are given by

(=1 V1= ER0D) g if g7 <1,
the roots are real-valued,
(=1 iVIEPC™ — 1) [§7 i [§772 > 1,

the roots are complex-valued.

Ax(E]) =

Therefore, we may write

u(t,x) = Ko(t,0,x) *) @(x) + Ki(2,0,x) *¢) ¥(x),
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where
~ _ Ag(EDer-EDT— A (g ])er+EDs
Kolt.0.6) = A(Eh—a (E)
_ A (lED _ (gD
,0,8) = .
Ki®0-9=5 Gen —a_qen

Long time decay estimates for solutions have been deeply investigated in recent
papers. It has been shown that a different asymptotical behavior of solutions or their
derivatives appears if § € (0,9) or § € (9,0]. In the special case ¢ = 2§, the
analysis of the asymptotical behavior depends on the size of the constant ;& > 0, too
(see Sect.23.11).

In the case of wave equations (¢ = 1) with a structural damping term, by
assuming additional L' regularity of the data, energy estimates and estimates for
the L?-norm of the solution have been derived in [22, 37, 92], whereas estimates
for the L'-norm of the solution have been derived in [146]. In the case § € (O, é),
the diffusion phenomenon proved in [103] has been extended to the general [/ — LY
setting, | < p < g < oo, in [32]. For wave equations with viscoelastic damping,
i.e.,,0 = 1 and § = 1, the asymptotical behavior of solutions has been investigated
in [184].

For o-evolution equations with a time-dependent structural damping of the form
2b(t)(—A)%u,, energy estimates and 7 — L9 estimates on the conjugate line have
been derived in [101]. Moreover, in [33] the authors proposed a classification of the
damping term, which clarifies whether the solution behaves like the solution to an
anomalous diffusion problem.

In this project, the goal is to derive for § € (0,0), L’ — L7 estimates for the
solutions and their partial derivatives not necessarily on the conjugate line. One
may proceed as follows:

1. Study L” — L1 estimates derived in [164] for the scale invariant case 0 = 24.

2. Study the I” — L9 estimates derived in [34] for 26 € (0, o). For large frequencies
the authors apply a multiplier theorem from [136]. Hence, they derive L? — L7
estimates only for g € (1, 00). Try to develop new strategies to derive L' — L!
estimates for high frequencies for o # 1.

3. Consider the case 2§ € (o, 20).

23.10 Semilinear Heat Models with Source Power
Nonlinearities

We proposed in Theorem 17.1.6 a first result for solutions to the Cauchy problem

u— Au = |ulP"u, u(0,x) = p(x).



23.10 Semilinear Heat Models with Source Power Nonlinearities 417

In this research project we ask to prove well-posedness results for this Cauchy
problem (see also the paper [152]).

First of all, we deal with the problem of formally transferring the result of
Theorem 18.1.1 to the above Cauchy problem. It seems difficult to prove the
following conjecture, why?

Conjecture 1 Letp € (pr,;(n), ,",]and ¢ € L'(R") N L*(R"). Then the following
statement holds with a suitable constant gy > 0: if ||@||piaz < €0, then there
exists a uniquely determined global (in time) energy solution u in C([O, 00), L? (R”)).
Moreover, there exists a constant C > 0 such that the solution satisfies the decay
estimate

lut, e < CA+D74H @l

An answer to the above question depends heavily on different results on L/ — L4
decay estimates for solutions to the Cauchy problem for the linear heat and classical
damped wave equation (cf. with Theorems 12.1.3 and 14.2.4). A correct answer at
to the special role of L in the next conjecture (see Theorem 17.1.6).

Conjecture2 Let p > pp(n) = 1+ i and ¢ € L'(R") N L*®(R"). Then the
following statement holds with a suitable constant &g > 0: if ||@| 10 < €0,
then there exists a uniquely determined global (in time) energy solution u in
C ([O, 00), L2(R") N LOO(R”)). Moreover, there exists a constant C > 0 such that
the solution satisfies the decay estimates

A

lut, )z < CA+ 074 l@llunzee.
lut, e < C(1+ 1) 2]l@llpinzes.

Prove this conjecture by following the ideas of the approach from Sect. 18.1.1.2.
Explain differences in the approach to studying semilinear classical damped waves
with power nonlinearity.

Finally, we would like to include regularity in the data ¢. We suppose that ¢
belongs to H"(R") N L' (R") N L>®(R") for r > 0. So, we propose a third conjecture.

Conjecture 3 Let p > pp,(n) and ¢ € H'(R") N L'(R") N L®(R") for r €
(0,p). Then the following statement holds with a suitable constant &g > 0: if
lellgrarinzee < €o, then there exists a uniquely determined global (in time) energy
solution u in C([0, 00), H"(R") N L= (IR")). Moreover, there exists a constant C > 0
such that the solution satisfies the decay estimates

lJu(t, )2 < C(1+ f)_Z @l prarAzee

lu(t, )lzse < C 1+ D72 @l gram azees
lu(t, M < CA+ 075720 gran aree-
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Prove this conjecture by following the ideas of the approach from Sect. 18.1.1.2.
Understand, how to treat the nonlinear term by using Corollary 24.5.2.
How to rewrite Conjecture 3 if > 7 orif r > § + 27

23.11 Semilinear Structurally Damped o -Evolution
Equations

We are interested in the Cauchy problem for structurally damped o-evolution
equations (o > 1)

i+ (= A) w4+ p(=A) 2w, = Jul, u(0,%) = (x), u:(0,x) = ¥ (),

where > 0. Our goal is to determine the critical exponent p.;; = peri;(1). One can
follow the approach of Sect. 18.1.1.2. We proceed as follows:

1. Derive linear L — L9 decay estimates of solutions or their partial derivatives not
necessarily on the conjugate line. Here one can apply the results and techniques
of Sects. 19.2 and 24.2.2.

2. Prove the global existence of small data solutions for an admissible range of p by
using the approach of Sect. 18.1.1.

3. Study the method of test functions (see Sect. 18.1.2) and prove at least in special
cases for o that the critical exponent is sharp. So, one has to prove blow up of
weak solutions for, in general, (even) small data and for p < p.,;;. One can utilize
the papers [40] or [35].

One can compare their own considerations with those of [37] and [34].

23.12 Semilinear Structurally Damped Wave Equations

We are interested in the Cauchy problem for structurally damped wave equations
1
uy — Au+ p(=A)2u, = [|Dlul’, u(0,%) = ¢(x), w(0,x) =¥ (x),

where ;1 > 0. This is the model of Sect. 19.3 with a = 1. After a careful reading of
Theorem 19.3.1 it is clear that this theorem is not applicable to the above Cauchy
problem. Try to understand which steps of the proof to Theorem 19.3.1 can not
be generalized to the case a = 1. But, if we take account of the statements of
Corollary 19.2.5, in particular, that we have the same estimates for |D|u(z,-) and
us(t,-), then we might have the idea that it is reasonable to prove a corresponding
result to Theorem 19.4.1. For estimating the term ||D|u|” we use Proposition 24.5.6
for fractional powers. On the other hand, we suppose data (¢, ) belong to the
function space

(H;,(R") N L'(R") x (Hy ' (R") N L' (R))
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with a suitably “large” regularity s. Formulate and prove a result for global existence
(in time) of small data solutions to the above Cauchy problem with sufficiently
regular data.

23.13 Scale-Invariant o -Evolution Models with Mass,
Dissipation and a Power Nonlinearity

We restricted our considerations up to now to semilinear models with constant
coefficients in the linear part. In this project we will discuss the following Cauchy
problem:

2

M1 U + M3 "
141 (1+1)?

u(0,x) = p(x), u(0,x) =¥ (x),

g + (—A)7u + = [|D|“ul",

where a € [0,0). We have time-dependent coefficients making the analysis more
difficult, but the linear operator of the left-hand side is scale-invariant. This means,
if u = u(t, x) is a solution of the partial differential equation

1231 M%

Uy + (_A)UM + 14 tur + (1 + t)zu =0,

then
it x) 1= u(A(1 + 1) — 1, Aox)

is for all A > 0 a solution of the same partial differential equation, too. The
fact that this model is scale-invariant makes it possible for us to derive explicit
representations of solutions to the corresponding linear Cauchy problem in terms
of known special functions. We divide our considerations into two cases.

Case 1: (1 —1)> — 4u3 < 1: In this first case the mass term is dominant.
Consequently, we expect that the above equation behaves like the following scale-
invariant Klein-Gordon type equation:

7
vy + (—A4)°v + 1+ t)2v =0

Indeed, after a dissipative transformation we see that the solution of the linear
Cauchy problem is related to a solution of the equation

o

Wi + (=4)°w + 1+ t)ZW =0,
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2
where I = “2‘ — ’1‘ + p,% Then, we can proceed as in [10] or [156]. Thus using

confluent hypergeometric functions we are able to describe the behavior of the
solutions of the previous equation and, consequently, the behavior of the solution
of our given equation, but only under the assumption 7 > 0. Let us observe
that this condition is exactly the restriction given for @; and w, in this case. If
(= 1?2 —4p3 <0, (1 — 1> =43 = 0, (1 — 1)2 — 43 € (0, 1), then 77 >},
n= }1, e (0, }1), respectively. The latter case implies a Klein-Gordon model with
non-effective mass (see [10] or [156]). If (u; — 1)> — 4;1,% = 1, then & = 0, so, the
change of variables leads to the free o-evolution equation

Wy + (—A)UW =0.

Case2: (u1—1)2 —4,u% > 1: In this second case the dissipation term is dominant.
As in [221], we transform the study of the corresponding linear Cauchy problem to
the study of a Bessel equation. More precisely, we reduce the considerations to those
for the equation

wi + (=A4)°w + tWt =0,

where p = 1+ \/(ul —1)2—4ud > 2.1f (uy — 1)*> —4p3 > 1, then u > 2. Asin
[39], we are able to transform this equation in the case ;. = 2 to the free o-evolution
equation

Wyt + (_A)UW == 0.

If we are interested in using estimates for solutions to the linear Cauchy problem
to study the semilinear case with power nonlinearity, then we also need to derive
estimates for solutions to the family of linear Cauchy problems depending on a
parameter s:

2

o M1 M3 _
vtt+(_A)v+1+lvt+(l+t)2v_0’ t>s,

v(s,x) =0, v(s,x)=v;(x),

in order to use Duhamel’s principle. Here we have to take into consideration that
our scale-invariant linear o-evolution equation is not invariant by time-translation.

Our research project is related to the case where the dissipation term is dominant
(Case 2). Let us propose the following project.

1. How do you define the energy of solutions in both cases (mass is dominant or
dissipation is dominant)?
2. Derive energy estimates in both cases.
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3. Try to clarify, in both cases, if an additional regularity of the data (let us say the
data (¢, ¥) belong to the function space

(H° (R") N L'(R") x (L*(R") N L' (R"))

allows us to prove energy estimates with a better decay.
4. Derive estimates for solutions to the family of parameter-dependent Cauchy
problems

n
1 +1¢
v(s,x) =0, v(s,x) =v1(x),

vy + (—A)UU + v, =0, t=s5,

where > 0.
5. Prove the global (in time) existence of small data solutions to the Cauchy problem

1231 H%
o _ a,,|r
uy + (—A4) M+l+tut+(l+l‘)2u_||D| ul",

u(0,x) = p(x), u(0,x) = ¥ (x),

a € [0,0). Use the explanations provided in Sect. 19.3.

For more information we refer to [158] and [157].



Chapter 24 )
Background Material Shethie

In this chapter we gather together some background material such as “Basics of
Fourier Transformation”, some aspects of the “Theory of Fourier Multipliers”,
some “Function Spaces”, “Some tools from distribution theory” and “Useful
Inequalities”. There is no attempt mode to present these sections in a self-contained
form. Readers are encouraged to study these topics more in detail by utilizing the
related literature.

24.1 Basics of Fourier Transformation

The Fourier transformation is a special integral transformation. Usually it is defined
by (classical definition)

1 .
rn© =, [ e

with x - § = ) x&. The inverse Fourier transformation is defined by (classical
I=1
definition)

1) (x) ‘= 1 e
Flow= [ et
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24.1.1 Application to Spaces of Infinitely Differentiable
Functions

Let us choose the function space C*°(R") (see Definition 24.16). Functions f from
this space could become unbounded for |x| — oo, for example, f(x) = el
Such unbounded behavior does, in general, not imply the convergence of the
above integrals for F(f) or for F~'(g). For this reason, let us choose the function
space C3°(R") (see Definition 24.18). Then, elements f have a compact support.
Consequently, the above integrals for F(f) or for F~!(g) exist. We can not expect
that F(f) or F~!(g) belong to C3°(R") if nontrivial f or g are taken from this space.
Why?

However, there does exist a kind of “intermediate function space” between
CS°(R™) and C*°(R") which has the property, assuming f and g to belong to this
function space, that implies that F(f) and F~!(g) belong to the same function space.
This is the so-called Schwartz space S(R"), the space of fast decreasing functions.

Definition 24.1 By S(R") we denote the subspace of C*°(R") consisting of all
functions f which satisfy the conditions

1w®=%WWW<w
xER"

for all multi-indices o and B. The topology in S(R") is generated by the family of
semi-norms { po g (f)}a.p-

The Schwartz space is the largest subspace of L! (R") which is invariant with respect
to the operations differentiation 3* and multiplication by x*.

Theorem 24.1.1 The Fourier transformation and the inverse Fourier transforma-
tion map continuously the Schwartz space into itself. The Fourier transform of 0y, f
is i& F(f) and the Fourier transform of x f is i0g, F (f). In this way, a differentiation
in the physical space, that is in the space R, corresponds to a multiplication by
the phase space variable in the phase space, that is in the space R}, modulo a pure
imaginary factor and conversely.

Proof We restrict ourselves to showing that for a given f from S(R") the image F(f)
belongs to S(R"), too. Straight forward calculations imply

Baa _ 1 —ivEgB (e
Srrp© = [ T i i

1

= 2! / iIP19B (e7€ (—ix)?f (x) dx
7T)2 n
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N (271r)§ /R ™8 (=) P18f (=) *f (x)) dx
= (271’)n / e_ixf(l + |-x|2)_”_§1 (_i)ml(l + |x|2)”_§1 85 ((—ix)af(x)) dx.
2 Jgre

Here the assumption f € S(R") yields that during partial integration in the above
improper integrals boundary integrals (during the process of passaging to the limit)
are vanishing. Moreover, we have

sup (1 + [x2)" 0 (—i0)*F ()| < oc.

xER”

Taking account of
/ a1+ |)c|2)_”é_l dx < 00

gives in the phase space the estimate

Pap(F(f) = sup EPOLF(f)(§)] < o0

for all multi-indices  and B. In the same way we can show that p, g(fi —f) — 0 for
k — oo implies po g(F(fir)—F(f)) — 0 for all multi-indices « and 8. Consequently,
F: f — F(f) maps the space S(R") continuously into itself. The rules

F(3yf) = i&F(f) and FQuf) = idg F(f)

are proved in the same way.
Intuitively, we would expect the following Fourier inversion formula,

FYF(N) &) = f(x).

This inversion formula holds for all functions f € S(R"). For proving this statement
we use so-called regularizations. For a given function

g € G (R"), g(x) =0, / g)dx =1,
]er
we define the function

(X
gsze”g< ) for & > 0.
e
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Letf € LP(R"), p € [1, 00). Then, we define the regularization J (f) of f by the aid
of the convolution integral

I i= [ a=nro)ds

For every ¢ > 0 the regularization J(f) belongs to C*°(R"). Such a regularization
satisfies the following remarkable property:

gim V() =Sl = Tim flge f = flr = 0.

Remark 24.1.1 The assumption g € C{°(R") implies J.(f) € C*°(R"). But,
J:(g) € C*(R") holds even for all functions g € L' (R").

By Remark 24.1.1 we are able to prove the Fourier inversion formula for all
functions f € S(R"). We introduce a function y € Ci°(R") with x(n) = 1 for
|n| < 1 and y(n) = O for |n| > 2. Then, we have

FUE@ = [ ([ @0 d) de

= 1. (
5—1>n':0 Rn R~ (27[)”

1 x—y
SEIEO /]Rn f(y)g_n ( /]th (27T)" ¢ ¢ '7)((]7) d?]) dy - SEIEOf * 8 (X)

with the function

O (3) 1 (05) dy ) d

1 - u
g=s = oo [ Epmane i@,
)" Jrn
By Remark 24.1.1 we conclude the Fourier inversion formula
FY(F(f)) =f forall f e S(R").

Example 24.1.1 (Important for [” — L estimates)
In applications appear Fourier transforms of Gauf3’ functions. Let (Ax,x) =

> apxx; be a positive definite quadratic form. Then we have
ki=1

1

) e i EATIE)
22 4/detA

F(e—(Ax,x)) —
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Let us choose A = él . Then

2 1 _ g2
2 2

n n e
SO

_ g2
= e 2

So, the density of the standardized normal distribution remains invariant under
application of the Fourier transformation.

24.1.2 Application to I? Spaces

This section is devoted to the Fourier transformation in L’ spaces for p € [1,00)
(see Definition 24.6). We recall the classical definition

1 4
o —ix-§
FH® = ) /R e () dx,
Let f € L'(R"). Then, F(f) belongs to L (R"). Moreover, F(f) is continuous on

R" and glim F(f)(&) = 0 (see [42]). Moreover, it holds the following convolution
—>00
result for f, g € L'(R"):

F(f % 8)(§) = 2n) F(NEF(R)(E).

Here we use the property of L!(R") to be a Banach algebra with the operation of
convolution.

Letf € L?(IR"). Then, the classical definition for F(f) is not applicable any more.
Let us explain a suitable definition for F(f) if f belongs to L?(IR"). For this reason
we choose functions f, g € S(R"). Then, the classical definitions for F~!(f) and for
F(f) are applicable. We obtain the relations

/ F () (0)g(0) dx = / FEF(5)(E) de.
R» Rn

/ F()(0)g(x) dx = / FEF-1()(€) de.
R» Rn

The first relation follows from
—1 _ 1 ix-§
[t nmswa= [0 ([ eted)seas

= [ r© oy ([ 5w ) de

1

= [.7® 5

([ etsman)ds = [ roreie d



428 24 Background Material

if we use the classical definition for F~'(f)(x) and change the order of integration.
So, the first relation can be written as

(F7'(f).8)2 = (f. F(g)),> forall f.g € SR").

Now let us choose f € L*(R"). Then, the scalar product (f, F(g))2 is defined
for all g € S(R"). Taking account of the density of C°(R") C S(R") in L*(R"), the
identity

. & = (f, F()r2

defines a functional on L?>(R"). By Riesz theorem about representation of function-
als in Hilbert spaces there exists a uniquely determined w € L?(R") such that the
last relation is fulfilled for all g € S(R"). We define this function w as the inverse
Fourier transform F~!(f) of f € L?>(R"). Using the second relation, by a similar
reasoning we are able to define the Fourier transform F(f) € L?(R") for a given
function f € L?(R"). Summarizing, we explained F(f) and F~'(f) for a given
function f € L*(R") by the aid of the relations

(F~'(f). )2 = (f.F(g))p> forall g € S(R"),
(F(f). &) = (f,F(g)> forall geSR".

Theorem 24.1.2 The Fourier transformation is a unitary operator on L*(R").
Proof By the above relations and the Fourier inversion formula for g € S(R") it
holds that

(FUF(N. @z = F(N.F@)e = (f F (F@)Ne = (f.8)r-

The density of S(R") in L?>(R") implies immediately the Fourier inversion formula
for f € L2(R") because it follows F~' (F(f)) = f from the above described identity
for functionals. Consequently, F maps L?(R") onto itself. Moreover, F is isometric.
Here we use again the above relation. It follows

(F().F@) = (f.9)r2

forall f € L?>(R") and all g € S(R"). Applying again the density argument gives this
relation even for all f, g € L>(R"). We obtain, in the special case f = g, the relation

IFHIZ, = [LF117.-
Remark 24.1.2 The formula

(F().F@)z = (f.8)r2 forf.g € L*(R")

is called the formula of Parseval-Plancherel.
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24.1.2.1 Mapping Properties of the Fourier Transformation

An argument from interpolation theory:
Up to now we know the following properties of the Fourier transformation:

fe’[R") = F(f) e *(R"),
f e L' (R") = F(f) e L®(R").

By Proposition 24.5.1 we conclude, for 1 < p < 2 and (p, ¢) on the conjugate line
; + (11 = 1 the mapping property
fel’(R") = F(f) € L'(R").

Moreover, the following norm estimate is true:

IF(P) e < @)™~ £l for p e [1,2].

The estimate follows for p = 2 by Remark 24.1.2. For p = 1 the estimate follows
by using the classical definition of the Fourier transformation.

Remark 24.1.3 1f we choose p > 2 and ; + (11 = 1, then the statement
feP(R") = F(f) € LY(R")

is not true.
In the following we present some basic estimates for Fourier multipliers (see [12]).

Theorem 24.1.3 Let us suppose a given function g = g(x) belongs to L' (R"). Then
the following statements are true:

1. If|F7'(g)||zoe < Coand v € L'(R"), then
IF (@F ()l < Collvllp-
2. If||gllze < Cy and v € L*>(R"), then
IF~ (gF )2 < Cillv]l 2.
3ANF (@)l < Co, llgllee < Crand v € L'(R") N L*(R"), then
IF~" (gF()lle < €3 CL > [|v]|1

where p € [1,2],;+[11:1and5::11)—é.

The third statement follows from the first two after applying Proposition 24.5.1.
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We choose a nonnegative function ¢ = ¢(§) having compact support in {E €
R": || € [;, 2]} We set ¢ (§) := ¢(2_k§) fork > land ¢y (§) := I—Z,fil o (§).
Theorem 24.1.4 Let m € L>°(R"). With p € (1,2] we assume on the conjugate line

the estimates

|F~ (mguF(9)) e < Cll@lly forall k>0,

where C is independent of k and ¢. Then, for some constant M which is independent
of m we have the estimate

|F~" mF (@) lag, < MCllgllsy,

forall r > 1 (see also Definition 24.10).

Remark 24.1.4 Choosing r = 2 in Theorem 24.1.4 and taking into consideration
LP(R") C Bg,z(R”) and Bg,z(R") C L1(R") on the conjugate line with p € (1, 2],
then, we may conclude from Theorem 24.1.4 the estimate

IF~ (mF(@)llze < MClig]l1-

24.1.2.2 Fourier Inversion Formulas

Up to now we learned the Fourier inversion formula for functions belonging to
S(R™) and L>(R"). In the following we present some inversion formulas for other
function spaces. Here we restrict ourselves to the one-dimensional case.

1. Let f € L'(R") be of bounded variation on every compact interval [a, b] and
continuous there. It then holds that

_ 1 ixE
0= e /R FEF(f)(E) de.

Here the integral exists in the sense of Cauchy’s principal value. Without
assuming the continuity we only have

FOA+0) +f(x—0) _

1 ix§
: oy P L FDE 8

2. Letf € I’(RY), p € [1,2]. It then holds that

1

fx) = i
(2m)2

lim. A FEF(F)(E) 1(e8) di
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with a function y € CP(R!), where y(n) = 1if [n| < 1 and y() = 0 for
Inl = 2.
3. Letf € I’(RY), p € (1,2]. Then

1 .
X) = e”g .
s= /R F()E) de

2

24.1.3 Application to Tempered Distributions

The dual space to S(R") is denoted by S’'(R"). Functionals from §’(R") are called
tempered distributions (cf. with Definition 24.28). We already applied the theory
of functionals for defining the Fourier transform and inverse Fourier transform of
a function from L?(R"). In §’'(R") we have no scalar product. But, we can use
the representation of functionals f(g) for f € S'(R") and arbitrary g € S(R")
for defining the Fourier transform and inverse Fourier transform of a tempered
distribution. Here f(g) denotes the action of a tempered distribution f on a Schwartz
function g. We define

F()(g) =f(F'(g)) and F~'(f)(g) = f(F(g)).

For tempered distributions the Fourier inversion formula F~' (F(f)) = f holds. This
follows from the Fourier inversion formula for Schwartz functions g to get

FTUF(N))(8) = F(N)(F(g)) = f(F'(F(g))) = f(8)

and the definition when two tempered distributions coincide. The convolution
theorem holds for tempered distributions G € S'(R"), T € E'(R"): F(GxT) =
(27)2 F(G) F(T). Here we denote by E'(R") the subspace of tempered distributions
having a compact support.

Example 24.1.2 (Fourier transform of Dirac’s distribution §y,)

Dirac’s distribution &, has compact support {xo}, so it belongs to E'(R"). Actions
of 8y, to arbitrary functions from S(R") are defined by 6,,(f) = f(xo) for all
functions f € S(R"). Consequently, &, generates a functional on S(R"). To define
the Fourier transform F(8,,) we use for all functions f € S(R") the relations

FGo)(f) = 8 F' () = F (D) = o [ ¥ dx
(27[) 2 Rn
eixof eix()'é
= - (27{); f(x) dx = (271_); (f)
0k

Hence, we may conclude F(§,,) = "
(2m)2
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Example 24.1.3 Let us determine a fundamental solution to the operator —A
in R3. Such a fundamental solution is a distributional solution of —Au = §
(cf. with Definitions 24.29 and 24.30). We apply the Fourier transformation and
get |E|°F(u) = o 1)%. This is our auxiliary problem in the phase space and

1
£2(2n)3

F_1(|g|2(; 3 ) By using, among other things, arguments from function theory
v

longer calculations imply u(x) =

has the solution F(u) = . The main difficulty consists in determining

1
4 |x|*
24.1.3.1 Linear Operators Generated by Tempered Distributions

In this section we are interested in translation invariant operators in L/ = L[F(R")
spaces (see [84]). There one can find the following explanations:

Theorem 24.1.5 If A is a bounded translation invariant operator from LF to L1,
then there is a unique distribution T € S'(R") such that

Af =T xf forall f e SR").

Definition 24.2 By L! = LI(R") we denote the space of tempered distributions T
satisfying the estimate

T *flie < Clliflle

for all f € S(R") with a constant C which is independent of f.

Definition 24.3 The set of Fourier transforms 7 of distributions T € LI‘{ is denoted
by M) = M(R"). The elements in M}] are called multipliers of type (p, ¢).

Theorem 24.1.6 Let f be a measurable function. Moreover, we suppose the follow-
ing relation with suitable positive constants C, b € (1, 00) and all positive I:

meas {§ € R" : |f(§)| = 1} < CI"".
Then, f € M if 1 <p§2§q<ooand11)—(l] :}7.
24.1.4 Application to H® Spaces

Let us introduce the space H"(R"), m € N. This is the set of functions

R = {7 e S@): 1l = ([ PP+ 5P dg) " < o,
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This space is equivalent by norms to the Sobolev space WJ'(R") (see Defini-
tion 24.7). Indeed, applying Parseval-Plancherel’s formula and due to the rules for
the Fourier transformation we have

05/ 112 = NIE“F()lz2 forall |af < m.

The quantities Zlal <m 1§ |> and (1 + |£|?)™ are comparable. Therefore,

/1;" IF()E P+ 1) dé < o0
if and only if

D19l < oo

lor| <m
Defining H™(R") by using the behavior of the Fourier transform has an advantage.
It can be generalized to all real s € R! (cf. with Definition 24.9).

Definition 24.4 By H*(R"), s € R!, we define the set of tempered distributions

wE) = {1 es @)l = ([ IFO©PA+ ) < ool

Applying Sobolev’s embedding theorem, the space H*(R") is embedded in the
space Cg(R") if s > 5 + 2. Here C%(R") denotes the space of twice continuously
differentiable functions with bounded derivatives. For s > 0 all elements from
H*(R") belong to L*(R"). For s < 0 we have spaces of distributions. To which
spaces H* does Dirac’s distribution §y belong?

Definition 24.5 By L>*(R"), s € R!, we define the set of tempered distributions
2,8 n / n 2 2\s 172
LR = {f e S®Y : [ fll2e = ( [ 1P+ Iy de) < ool

An important tool is the Fourier inversion formula on H*(R"), s € R!.

Theorem 24.1.7 The Fourier inversion formula holds on H*(R"), that is,
F™Y(F(f)) = f forf € H*(R").

Proof 1ff € H*(R"), then (D)°f € L*(R"). Here (D)*f is defined by F~' ((§)*F(f)).
Then we use the Fourier inversion formula for functions belonging to L?(R") and
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get

F7Y(F(D)'f)) = (D)*f.

Applying (D)™* to both sides of the last identity and taking into consideration
standard rules of the Fourier transformation we may conclude for s € R! and
f € H*(R") the relations

f=(D)"F(FUDY'f)) = F~'({(§) " F((D)f))
= F~{(F(D)™(DY’f)) = F ' (F(f)).

Using Definitions 24.4 and 24.5 we are able to prove the following result.

Theorem 24.1.8 The Fourier transformation maps continuously the space H*(R")
onto L**(R") for s € R!.

The inverse Fourier transformation maps continuously the space L**(R") onto
H*(R") fors € R\

Proof The first mapping property follows by Definition 24.4. To prove the second
mapping property we use the Fourier inversion formula for H*(R"), s € R!.

24.2 Theory of Fourier Multipliers

24.2.1 Modified Bessel Functions

Here we summarize some rules for modified Bessel functions.

Let J, = J.(s) be the Bessel function of order ;1 € (—00,00). Then, let us
define jﬂ (s) := Ju(s)/s* when p is not a negative integer. These functions are
called modified Bessel functions.

Proposition 24.2.1 Let f € L[P(R"), p € [1,2], be a radial function. Then, the
Fourier transform F(f) is also a radial function and satisfies

o0
FO© =¢ [ e Tl an gl =100,
0
Proposition 24.2.2 Assume that | is not a negative integer. Then, the following
rules hold for the scale {J,,},, of modified Bessel functions:

(1) sdyJy (s) = Tu—1(s) = 2 u(s),
(2) diJu(s) = —sJu+1(5),

3) j_é(s) = \/72r cos s,
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(4) we have for any | the relations

()| < Ce™ ™l |5 < 1,

Juls) = Cseos (s= D =) + 00sI72) if Isl = 1,
~ 1 ~
5) Jur1(rlx)) = —r|x|28,JM(r|x|), r#0, x#0.

Let us only verify the third relation. We have
j_;(s) = s%J_é(s).

Taking into consideration the definition of J—; (s) we have

S _1 o0 k 2k
1 i (=¥ 8§\ 2k=; (—D)s
sz]—é(s) s Z Ta 1 (2) \/22 I 1y92k
im0 K (k+ ) im0 KT (k4 5)2

The definition of I'(k + }) and I"(}) = +/m imply

00 Nk 2k
T4 = \/yzt > (Zﬂ - \/i o

24.2.2 I? Estimates for Model Oscillating Integrals

In this section we derive L estimates for the oscillating integral
Fi(emcle).

Our main goal is to show how the theory of modified Bessel functions coupled with
some new ideas can be used to prove the desired estimates. In Theorem 24.2.1 we
study the 3d-case. The 2d-case is studied in Theorem 24.2.2. In Theorem 24.2.3 we
will explain how the higher-dimensional case can be reduced to one of the basic
cases from Theorems 24.2.1 and 24.2.2.

Theorem 24.2.1 The following estimates hold in R3:
— —c|E|?x _ 3’( (1— 1 )
|F~ (e S HU:(R»?) =G

fork > 0,p €[l,00] and t > 0. Here c is supposed to be a positive constant.
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Proof Using the radial symmetry of e=<¥/** we have

o0
F1 (el ) = / P (rla]) dir,
0

where J ! (r|x]) is a modified Bessel function of Sect. 24.2.1. For k = ; the explicit

representation of F~! (e~<I¢I") for r = 1 gives

1

F~' (e <kly ~ (1)

Hence, our strategy is the following: First we prove

1 3
<C forall x € R”.

|F=1 (e e

Then, after a change of variables we derive the representation

F1 (el ) = 13 G( > )
12

12

where
G(y) = / eiyne—c\nlkdn'
R3
So, from the first step we have
IGlp@y) = C

and after backward transformation

—1( —clg|? _ 1 x
”F l(e clg ’)HLI(R;) = ) HG(tzlx )HLI(R;) < C,

1/ —cle|2e 1 x IR
“F l(e " t) “U)(Ri) N t23K HG(tzlk) LP(R3}) =« )

for p € (1, o], respectively. Let us turn now to show the basic estimate

1

_ —c 2K
|F 1(e €] ) g

<C
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If |x| <1, then

[ (el 5/ P gg < ¢
R”

For |x| > 1 we take account of the radial symmetric representation and study for
t = 1 the integral

© 2K ~
/ e 2T (rlx]) dr.
0 2
Using for the modified Bessel functions the relation

Tyl =~ |23 T (rlxl)

and for x € R? the explicit representation J_ ! (rlx]) = \/ 721 cos(r|x|) (for both see
Proposition 24.2.2) we arrive at

G(x) = \/ 2 / e cos(r|x|)dr
\/ 2Kcr2K)e_"’2K cos(r|x|) dr.
s |X|2

To get the decay rate (x) 3% we will apply two more steps of partial integration.
First

G(x) = _\/2 ! /ood,((l — 2icer™) e ) sin(r|x|) dr
0

™ |xf?

21 *° .
= \/ P / (c2k + dex® — 4c2/c2r2’()r2’(_1e_”2 sin(r|x|) dr.
T |X 0

To estimate the integral

o0 2K
/ P Le™er™ sin(r|x|) dr
0

we divide it into

1
xl o0
/ el ger™ sin(r|x|) dr + / p2el gmer® sin(r|x|) dr.
0 1

[x]
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The first integral is estimated by (x)~2¢. In the second integral we carry out one
more step of partial integration and we obtain

o0 2—1 — 2k, 1 o0 2—1 — 2K
r e sin(r|x|) dr = —l | r e 9, cos(r|x|) dr
1 X 1
[l

Ix]

1 [ "
= ] /1 (26— D)r¥ 2 — 02/<r4"_2)e_”2 cos(r|x|) dr + R(x),
&l

where the term R(x) can be estimated by (x) 2¢. Dividing the last integral into

o
/ (26— 1)r¥ 2 — c2/cr4’(_2)e_"’2K cos(r|x|) dr
1

[x]

1
= /1 (k= 12— c2/cr4"_2)e_”2K cos(r|x|) dr

Ix]

o
+ / (2k — 1) 2 — c2/cr4"_2)e_"2K cos(r|x|) dr
1

straight forward estimates lead to

1 1
()2 for 0 <k < 2
o0
" 1
/ plger® sin(r|x|])dr < C 0g{x) for k = é,
0 (x)
1 1
(x) for , <K

Summarizing, we have shown ||G||;»®3) < C. This completes the proof.

Corollary 24.2.1 The following estimates hold in R3:
”F—l (|g|ae—c\é\2‘t) “U’(R}) <ct 32 (17))

fork > 0,p e [l,00] andt > 0. Here c and a are supposed to be positive constants.

Theorem 24.2.2 The following estimates hold in R?:
— —c|E|?x _ 2/< (1— 1 )
|F~ (e S “U’(]RZ) =G

fork > 0,p €[l,00] and t > 0. Here c is supposed to be a positive constant.
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Proof As in the proof to Theorem 24.2.1 we shall, finally, study for |x| > 1 the
integral

o0 2k~
/ e " rdo(r|x]) dr.
0

From Proposition 24.2.2 we have the relation

~ ~ d -~

Jo(s) =2J1(s) + s . Ji(s).

ds
Instead of the last integral we will now study
© 2K ~ ~
/ e r (2]1 (r|x]) + ro.Jy (r|x|)) dr.
0

After partial integration, this integral is equal to

o0
2kc / e et Ji(r|x|) dr.

0

We divide this integral into
CR 2+l T e et
e Ji(r|x]) dr + e Jy(r|x]) dr.
0 1
[x|

Using the boundedness of J;(s) for s € [0, 1], the first integral can be estimated
by (x)_(z’(“j. To estimate the second integral we apply the following asymptotic
formula for J; (s) for s > 1:

~ 1 3 1
Jils)=Cy , cos(s— n)—i—O( )
52 4

BE

Consequently, this integral can be estimated as follows:

1 1
(x)2e+2 for 0 <k < 4
o K 1 10 X
/ e Jdrsc 0 k=1,
¥ (r|x])> <x>12
for ! <«.
(x)3 !
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It remains to estimate the integrals

1

|2

OO 2 gl 1 R

e " r* 72 cos(r|x|) dr, R e " r* 2 sin(r|x|) dr.
1
[x]

1
2
x Il

Here we proceed as in the proof to Theorem 24.2.1. We explain only the first
integral, which we split into

1

|x|g x|2

1 00
K 1 K
/ ) cos(rlx|)dr+ / o 2= cos(r|x|) dr.
‘ |x|2 J1
&l
The first integral is equal to

Lot
/ e T2, sin(r|x|) dr.

5
lx[2

After partial integration, the integral limit terms behave as (x)~?**2. The new
integral is estimated by

1
(x) 242 for 0 <k < .
1 . lo
15 / e P2 gy <C g(ic) for « = 4117
|x|2 Ill (x)lz
( )5 for 411 < K.
X)2

The second integral is equal to

1

|2

o0
D D
/ e~ 729, sin(r|x|) dr,
1

and can be estimated by (x)_g. In the same way we treat the integral

1

|2

© 2K 1

/ e~ P72 sin(r|x|) dr.
1
[x|

This completes the proof.
Corollary 24.2.2 The following estimates hold in R?:

”F—l (|S|ae—c‘f‘2'(f) “U?(]RZ) < Cct zi_zzx(l_;lz)

fork > 0,p € [1,00]andt > 0. Here c and a are supposed to be positive constants.
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The next goal is to prove the following generalization of Theorems 24.2.1
and 24.2.2.

Theorem 24.2.3 The following estimates hold in R" for n > 4:

—1 (oelelr —3.0=,)
|F~ (e )“LI’(R”) =Cr >ty
ork >0,pe[l,oo]landt > 0. Here c is supposed to be a positive constant.
p PP p

Proof 1f n > 4is odd and |x| > 1, then we carry out "erl steps of partial integration.

We apply in ”;1 steps the rules of Proposition 24.2.2, in particular,

1

LA VOIS

Jus (rlxl) = —
for real nonnegative u to conclude
2K o0 2K ~
F_l(e_clé| ):/0 e r'”_ng_l(r|x|)dr
11 ® 3 IN"Y o s
=(-1) 2 |_x|n—l/0 (8r r) (e )J_%(r|x|) dr.

Among all integrals, the integrals

o 2Kk *© 2k
/ e cos(r|x|) dr, / e 2 cos(r|x|) dr
0 0

have a dominant influence. The same approach as in the proof to Theorem 24.2.1
gives immediately ||G||;»®3) < C. This completes the proof for odd n > 4. Let us
discuss the case of even n > 4. Analogous to the odd case, we carry out 5 — 1 steps
of partial integration by using again the rule

1

rix?

T (rlxl) = = 8, (rlx]).

Among all integrals, the integrals

© 2k~ © 2Kk ~
/ e " rdo(r|x]) dr, / e r1+2KJ0(r|x|)dr
0 0

have a dominant influence. The same approach as in the proof to Theorem 24.2.2
gives immediately ||G||;»g3) < C. This completes the proof.

Corollary 24.2.3 The following estimates hold in R", n > 4:

1
< Ct_llll(_ll:((l_p)

|F (61 ) | ey <
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fork > 0,p e [l,00] andt > 0. Here c and a are supposed to be positive constants.
In this section we derived several L” estimates for the oscillating integral

F—l (|%.|ae—c|§'|2’<t)

under the assumptions @ > 0, x > 0 and ¢ > 0. Our main goal was to show how
the theory of modified Bessel functions coupled with some new tools can be used to
prove the desired estimates. Up to now our goal was not to find some optimal range
for the parameter a under which we can prove some L” estimates. The following
considerations are devoted to this issue.

Theorem 24.2.4 The following estimates hold in R" forn > 1:

|F (11 e ) | gy < G077

fork >0, p €[1,00] and t > 0 provided that
a+ n(l - 1) > 0.
p

In particular, if a > O, then the statement is true for all p € [1, 00]. Moreover, in the
special case a = 0 the statement is still true for p = 1.

Proof Let us put
Gealt,r) = F! (|g|a e—tlélz’()’

where a € R!. By scaling properties of the Fourier transform we get

_n _1)_a
1Gealt. M = ()5 G a1 ),

for any p € [1,o0], so it is sufficient to study cases in which the norm on the
right-hand side is finite. It is clear that G ,(1,-) € L*°(R") by using the Riemann-
Lebesgue theorem since |£|* e 6 belongs to L' (R") for any a > —n. Hence, by
interpolation it is sufficient to prove that G, 4(1,-) € L'(R") fora > 0 and, ifa < 0,
that G 4(1,-) € LP(R") for p € (1, n) satisfying a + n(l — ;) > 0.

Firstly, we consider the case a = 0. In [8] the authors proved, after using Polya’s
argument, the relation

| }im x| T2 pt (e_lglk)(x) =k 4 7 CHsin(ri) I
x| —>00

(n +22K)F(K)

for all k > 0. Hence, using the last relation for large |x| we get that G, o(1,-) €
LY(RM).
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After using the property

n .
it _ (=) o e
et = E e dge
j=1

and integrating by parts, we may write

Geall) =™, Z(ix)y/ e O (|81 ) ag
2 n

@m)} 2\l
for any / € N. Moreover, we estimate
|ag (|§|a e—\E\ZK)| < C|§|a—|lf|(1 + |§-|2K)h/\e—|§|2'< < C|§|a—|y|e—c|§|2'<
with some constant ¢ € (0, 1).

Now, let us prove that G, ,(1,-) € L! (R") for a > 0 and that G, ,(1,-) € L/ (R")

fora < 0 and p € (1, n) satisfying a + n(l - 117) > 0. Let |x| > 1 and « € N" with
|a| = [, where ! = [”7 ifz € N. Otherwise, let / be an integer satisfying [”,—1 <l< Z
Ifa+n>1[141> ", in particular this includes the case a > 1 since we take [ = n,

we may trivially estimate
|Geal1,0)] < Clx| =0+ / |4 Dl gg < Clx 04D,
Rll
If I+ 1 > a + n, then we divide the integral

ixe a —|g]*
/ e Eag(m o8l )d§
]er
into two parts
Io(x) + I (x)

= f e T Yl [ et

On the one hand, we estimate

llo(x)] < C /

§1=<lxI~

|£1°7 dg < Clx|mUr,
1
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On the other hand, we perform one additional step of integration by parts in /. If
[+ 1 > a + n, then we obtain

nwi=on™ [ o

T [l dg < clat ),
1§]= !
whereas, if [ + 1 = a + n, then we split each integral into two parts ( for large |x|):
ixe &2«
/ et 3sj3§(lél Y dE =11 () + 12 (v)
RVI

= / e 05,0 (1€ e K1) d + / ¢ 05,0 (1§ 1) at,
Ix~1<l¢l<1 ' '

E]=1

directly estimating /; ;, and performing one additional step of integration by parts
in /1 ». This leads to the estimates

[I11(x)| < Clog(1 + |x]), [I12(x)] < C.

Summarizing, we proved that

|x|~¢+D for [+ 1< a+n,
|Gie.a(1,%)] < C 4 |x|~F) for [+1>a+n,
x|~ DIn(1 + |x|) for I+1=a+n.

Finally, using that / = n for a > 0 and thanks to a + n(1 — 117) > 0, there exists a
positive constant € such thata 4+ n = ”:‘E. We may conclude

|x|—(n+1) ifa>1,
o] < ¢ TR D ifa= 1.
K.,a s — |x|—(n+a) lfa S (Oa 1)’
n+e
™ ifa <0 anda+n(l-))>0.

Recalling that G, ,(1,-) € L>(R"), we conclude G, ,(1,-) € L'(R") fora > 0 and
Gea(l,+) € IP(R") fora < 0 and p € (1,n) satisfying a + n(1 — 117) > 0. This
completes the proof.
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24.3 Function Spaces

In this section we introduce function spaces, or spaces of distributions, which are
used in this monograph (see also [179]).
First we introduce the Lebesgue spaces L = LP(R") for p € (0, co].

Definition 24.6 Let 0 < p < oo. Then, the Lebesgue space L (R") is the set of all
Lebesgue measurable complex-valued functions f on R" such that

1

I = ( [ 17@Pas)" < o0 for p e (0.00)

[fllzee = esssup | f(x)| < oo.
xER”

Now we define Sobolev spaces of integer and fractional order as well.

Definition 24.7 Let 1 < p < oo and m € N. Then, the Sobolev spaces W"(R") are
defined as

WyRY = {f € @) 5 I flwp = Y 1937 < oo,

| <m

Here the derivatives are defined in the Sobolev sense (cf. with Definition 3.9).

Definition 24.8 Let 1 < p < oo and s > 0 be a not positive integer number. By
m we denote the integer part [s] of s. Then, the Sobolev-Slobodeckij spaces W5 (R")
are defined as

W (R") = {f € WIR") :

g = i+ 2 ([ [ AT BIOF ) < o).

& |X _ y|n+(x—m)p
a|=m

Here the derivatives are defined in the Sobolev sense (cf. with Definition 3.9).
If p = 2, then we also use the notation W*(R").

Definition 24.9 Letl <p <ocoands € R!. Then, the Sobolev spaces of fractional
order H,(R") are defined as

Hy(R") := {f € SR") : | fllmy := [F ({6 F() ], < o0}

Here (£) denotes the Japanese brackets with (§)? := 1+ |£|2. If p = 2, then we also
use the notation H*(R").

Let us introduce Besov and Triebel-Lizorkin spaces. For this reason we introduce
a dyadic decomposition of the phase space.
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We choose a Schwartz function ¥ = (&) with ¥ (§) € [0,1], v(§) = 1 if

€] < Tand y(§) = 0if |§] = Z Then we put ¢o(§) = ¥ (§), p1(§) = W(i)—l/f(é)
and ¢;(§) = ¢1(27711§) forj > 2. These functions satisfy

M
> i) = y(27"¢) and

supp;(€) C {§ e R": |£| € [271,3-2771]} for j> L.

Using this dyadic decomposition we define Besov spaces.

Definition 24.10 Let0 < p,g < ocoand s € R!. Then, the Besov spaces B
are defined as

g (R

1761

oo 1
B} (R") = {f e S®") < I/l = (X2 @F I < oo}.
j=0
Triebel-Lizorkin spaces are defined as follows:

Definition 24.11 Let0 < ¢ < oo and 0 < p < oo. The weight parameter is given
by s € R!. Then, the Triebel-Lizorkin spaces F 7q(R") are defined as

F @) = {f e S®")

1

Al = ( A; (Zzw 1(¢>,F(f))(x)|") dx)" < oo}.

=0
Remark 24.3.1 'We have the following identities (in the sense of equivalent norms):
WHR") = F,5(R") if 1 <p<oo,meN,
W (R") = R") =B, R") if 1 <p<o0, 0<s¢Z,
H,(R") =F,,(R") if 1 <p < oo.

1’[’(

Remark 24.3.2 Letp € (1,2] and [{ + jj = 1. Then, the following inclusions hold
(see [12] or [185]):

F),(R") = IP(R") C BY,(R"), BY,(R") C LY(R") = F,(R").

Remark 24.3.3 Let 1 < p; < p, <oocand1 < ¢q; < q» < oo. Then, we have
1
for any real number s the continuous embedding of BS _ (R") in B,,2 qi” ") R"

(see [3]).

[’l 41
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Next we introduce homogeneous versions of Sobolev spaces (see also [179]). For
this reason we introduce the function space

Z[R") = {f € S(R") : DEF(f)(§ = 0) = 0 for all multi-indices a}.

By Z'(R") we denote the topological dual to Z(R"). Hence, if a distribution u
belongs to S’ (IR"), then the restriction of u to Z(R") belongs to Z'(R"). Furthermore,
if p is a polynomial, then the actions (# + p)(f) of u € Z'(R") on f coincide with
u(f). Conversely, any u € Z'(R") can be extended linearly and continuously from
Z(R™) to S(R"), that is, to an element of S§'(R"). If u; and u, are two different
extensions of u, then the support of F(u; — uy) is equal to {0}. This implies that
u; — up is a polynomial. Consequently, the space of distributions Z'(R") may be
identified with the factor space S’'(R")/{all polynomials}.

Definition 24.12 Let 1 <p <o and s € R'. Then, the homogeneous Sobolev
spaces of fractional order H,,(R") are defined as

HyR") :={f € Z®R") : || fllgy := |F'(EPF(N)],, < o0}.

To define homogeneous Besov and Triebel-Lizorkin spaces we introduce another
dyadic decomposition of the phase space.

We choose a Schwartz function ¥ = (&) with supp ¥ (§) C {& : |&] € [1,4]},
w(&) = 1if || € [2, 3]. Then, it holds

1< Y y@e =<3

Jj=—00
We define for j € Z the functions
2=+l )
pe) = 1 —g.
Y v@e
Jj=—00

These functions satisfy
supp¢;(§) C {§ e R" 1 |§] € [, 2F!]} for j € Z.

Using this dyadic decomposition we define homogeneous Besov spaces.

Deﬁnitipn 2413 Let0 < p,g < o0 and s € R!. Then, the homogeneous Besov
spaces By, ,(R") are defined as

Bya®) = {£ € Z@®) el = (3 27 GFOIG)" < oo,

j=—00
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Homogeneous Triebel-Lizorkin spaces are defined as follows:

Definition 24.14 Let 0 < g < 0o and 0 < p < oo. The weight parameter is given
by s € R!. Then, the homogeneous Triebel-Lizorkin spaces F’ »q(R") are defined as

F @) = feZ®")

W, = (/Rn (,i Z‘Y’”’IF‘1<¢,~F(f))(x>|‘1)Zdx)’l’ < oo},

J=—00

Remark 24.3.4 We have the following continuous embeddings for the spaces
B, (R") and F}, (R"):

ZR") — B} (R") = Z'R"), Z[R") — F} (R") — Z'(R").
Remark 24.3.5 In general, homogeneous spaces can not be compared for inclusion.
Nevertheless, we have, for example, the following relations:
1. Let sy < s < s;. Then, H*® RN H (R™) is included in I;IS(]R”) and we have
(cf. with [3])

luall g < Nl NG, with s = (1= 0)s0 + Os1.

2. The inequality
o< 1-0 4
lullgy, < Cllal? s

holds for all u € B;%’OO(R”) N BS' __(R") under the assumptions of Propo-

P1,00
sition 24.5.5. For a special case see also the reference for the theory of

homogeneous Besov spaces [162].

Remark 24.3.6 These homogeneous spaces have the following “property of homo-
geneity’”:

1
C

1 J_Vl S_”
AT, < 1), < CPTHIFON,

XN, < 1fG) g, < CET IOl

for all positive A with a suitable positive constant C.

Remark 24.3.7 The property of homogeneity is an important tool for proving
embeddings between spaces H5(R") and L7 (R") (see [3]). Among other things, we
have the following embeddings.
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1. If s € [0,7), then the space H;(R") is continuously embedded in L?(R") if
and only if ¢ = ni"h. Take into consideration the following embedding for
non-homogeneous spaces: if s € [0, }), then the space H3(R") is continuously
embedded in L7(R") if and only if g € [2, ni”%].

2. If p € (1,2], then L (R") is continuously embedded in #5(R") with s = n(}— 1‘) ).

The above introduced function spaces are based on dyadic decompositions. There
is another possibility of dividing the phase space, namely, we can use the so-
called frequency-uniform decomposition. The frequency decomposition technique
is explained in [69]. A special case, the so-called frequency-uniform decomposition,
was independently introduced by Wang (e.g. see [215]). For that, let ¥ = ()
with ¥ (§) € [0, 1] be a Schwartz function which is compactly supported in the cube
{6 e R" : & € [~1,1]} fork = 1,---,n. Moreover, y(§) = 1if [§] < ). We
introduce the shifted functions y;(§) := ¥ (§ — j) for j € Z". and then we put

v;(§)
> vi§)

jezr

;&) = for je Z".

These functions satisfy
suppi(§) C{E e R" 1 & —jix € [1,1], k=1,--- ,n} for jeZ",

Y v =1

jezr
We introduce the family {{J;};cz» of uniform decomposition operators, where
O := FH(%F ().

By using this uniform decomposition of the phase space some scales of weighted
modulation spaces are introduced, for example, in [215].

Definition 24.15 Let | < p,q < oo and s € R'. Then, the weighted modulation
space M,, ,(R") is the set

MR = {f € SR : ||flluy, < 00},
where the norm || f]| sy, is defined by
1
17y, = (10715 )
jezn

with obvious modifications when p = oo and/or g = oo.
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Finally, let us introduce function spaces of differentiable (in classical or Sobolev
sense) functions.

Definition 24.16 Let G be a domain in R” with smooth boundary dG. Let m € N.
Then, C"(G) is the space of m times continuously differentiable functions in G. By
C*°(G) we denote the space of infinitely times differentiable functions.

Definition 24.17 Let G be a domain in R" with smooth boundary dG. Let m € N.
Then, C"(G) is the space of m times continuously differentiable functions on the
closure G.

Definition 24.18 Let G be a domain in R” with smooth boundary dG. Let m €
N. Then, Cj'(G) is the space of m times continuously differentiable functions in
G with compact support there. By C;°(G) we denote the space of infinitely times
differentiable functions with compact support in G.

Definition 24.19 Let G be a domain in R” and 0 < p < oco. Then, the Lebesgue
space L”(G) is the set of all Lebesgue measurable complex-valued functions f on G
such that

1

11 = ([ 1w as)’ <o for p e 0.00),

| fllzee = esssup | f(x)] < oo.

x€G

Definition 24.20 Let G be a domain in R” and 0 < p < oco. Then, the Lebesgue

space L, (G) is the set of all Lebesgue measurable complex-valued functions f on

G such that ¢f belongs to L7 (G) for all test functions ¢ € C3°(G).

Definition 24.21 Let G be a domain in R”, 1 < p < oo and m € N. Then, the
Sobolev spaces W'(G) are defined as

W2(G) = {f € (@) Iflwy = Y 1Dl < oo}.

|| <m

Definition 24.22 Let G be a domain in R”, 1 < p < oo and m € N. Then, the
Sobolev spaces W;’O(G) are defined as the closure of C3°(G) with respect to the
norm of W'(G). The Sobolev spaces W', (G) are defined as the space of functions

p.loc

f with the property that ¢f belongs to W;” (G) for all test functions ¢ € C3°(G).

Definition 24.23 Let G be a domain in R", 1 < p < oo and s > 0 be a not
positive integer number. By m we denote the integer part [s] of s. Then, the Sobolev-
Slobodeckij spaces W (G) are defined as

W3(G) = {f e WG :

RO
b = Uty + 30 ([ 7T ) < o,

loe|=m
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Definition 24.24 Let G be a domainin R", 1 < p < oo and s > 0 be a not positive
integer number. Then, the Sobolev-Slobodeckij spaces W;,O(G) are defined as the
closure of C5°(G) with respect to the norm of W;(G). The Sobolev-Slobodeckij
spaces W;,ZUC(G) are defined as the space of functions f with the property that ¢f
belongs to W;,(G) for all test functions ¢ € C°(G).

Let us define evolution spaces at the end of this section. Let B be a Banach space or
a locally convex space.

Definition 24.25 By C*([0, T], B) we denote the space of all distributions f which
are k times continuously differentiable in ¢t and where all derivatives Ff,0<p<k,
are continuous in ¢ with values in the space B. By C¥([0,00), B) we denote the
projective limit of all spaces C*([0, T],B), T > 0.

Many thanks to Winfried Sickel (Jena) for useful discussions on the content of this
section.

24.4 Some Tools from Distribution Theory

First we define the convergence in the space C{°(G). Let G C R” be a given
domain. A sequence {K,}, is called a sequence of regular compact sets exhausting
monotonically the domain G if G = Un K, and K,, C K,, for n < m. A function
u € C™(G) has the property that all semi-norms

Pk, m(#) = max ||3§M||C(Kn) <0
la|<m

for all K,,. If u even belongs to C*°(G), then all pk, ., (u) are finite for all K, and all
m e N.

Definition 24.26 A sequence {u;}; tends to u in C"(G) if

lim pg, m(ux —u) = 0 forall K,.
k—00

A sequence {u}, tends to u in C*°(G) if

lim pg, m(ux —u) =0 forall K, andall m € N.
k—o00

This definition is independent of the chosen sequence {K,},. To introduce the
convergence in Cj'(G) or in C5°(G) we need an additional assumption. We say that
a sequence {¢}; of functions from Cj'(G) satisfies the support condition if there
exists a compact set K C G which contains all supports of the functions ¢.

Definition 24.27 Let {¢;}, be a sequence of functions from Cj'(G) which satisfies
the support condition. Then, {¢} tends to ¢ in CjJ'(G) if it converges to ¢ in C"(G).
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Let {¢:}x be a sequence of functions from C{°(G) which satisfies the support
condition. Then, {¢}« tends to ¢ in C5°(G) if it converges to ¢ in C*°(G).
Now we have all the tools to introduce the definition of a real distribution. A
distribution u is characterized by its actions u(¢) on test functions ¢.

Definition 24.28 A real distribution on a domain G C R” is a real linear functional
u on C§°(G) that is continuous, i.e.,

u(A1g1 + Az22) = Au(dr) + Aoru(en),

for all real constants A1, A, and for all test functions ¢y, ¢, € C5°(G) and if the
sequence {¢ } tends to ¢ with respect to the topology of C5°(G), then the sequence
{u(¢r)}x of real numbers tends to the real number u(¢) with respect to the Euclidian
metric in R'. The set of all real distributions which are defined on a given domain
G is denoted by D' (G).

Due to Definition 24.28, the space D'(G) is the dual space to C;°(G). One can
also define complex distributions, but in the following we restrict ourselves to real
distributions only.

Example 24.4.1 Let G C R" be a domain and consider any real function u €
L. .(G). Then, the linear functional

Ay ¢ € CP(G) — Au(g) € R

made by the given function u and defined by

Au(¢>)=/cu¢dx

is a real distribution.
All distributions made by functions u € L} (G) are called regular distributions.
Any other distributions are called singular distributions.

Example 24.4.2 Let G = R" and define for fixed xo € R" the functional
8iy 1 ¢ € CP(R") — 84(#) := ¢(x0) € R'.

It is clear that 8y, is linear and continuous. This distribution is the well-known
Dirac’s § distribution centered at xo. It is a singular distribution.

Now let us explain relations and operations for distributions. Let # and v be two
distributions from D’(G). Then,

1. u =vifu(p) = v(¢) forall € C°(G);
2. u + v is the distribution from D’(G) which is defined by

u+v:¢ € Ce(G) — (u+v)(@) = u@) + v(@):
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3. Au is the distribution from D’(G) which is defined by

Auz ¢ € C(G) — (Au)(9) := Au(9),

here A is a real constant;
4. u can be multiplied by a function a = a(x) € C*°(G), the product au is the
distribution from D’(G) which is defined by

au: ¢ € CP(G) — (au)(¢p) := u(ag);

5. there exist all partial derivatives d%u in the distributional sense, the partial
derivative 0%u is the distribution from D’(G) which is defined by

Fu: e CC(G) — (Bu)(9) := (—1)u(3%¢).

Now we have all the tools for introducing the notion of a distributional solution, or
a solution in the distributional sense of a linear partial differential equation.
Consider the linear partial differential equation of order m:

L(x, 0,)u = Z ag(x)07u = f,

|| <m

where the coefficients a, are supposed to belong to C*°(G). The source term f is
supposed to belong to D' (G).

Definition 24.29 A distribution © € D'(G) is called distributional solution of
L(x, 0,)u = f if the distributions L(x, d,)u and f are equal, that is, L(x, d,)u(¢) =
f(¢) for all test functions ¢ € C5°(G).

Remark 24.4.1 Applying the above rules for distributions we may conclude

Lix. 0)u(@) = > Fu(aa®) = > u((=D)"9%(as(x)$)).

|oe|<m loe| <m

The linear partial differential operator

L*(x,00¢ = Y (=102 (au(x)9)

|| <m

is called the adjoint or dual operator to L(x, d,). Using Definition 24.29, a distribu-
tion u € D'(G) is a distributional solution of L(x, d,)u = f if and only if

u(L*(x,9:)¢) = f(¢)

for all test functions ¢ € C3°(G).



454 24 Background Material

Remark 24.4.2 In the previous remark we introduced the notion of a solution u €
D' (G) of L(x, 0,)u = f in the distributional sense, that is,

u(L*(x. 9:)¢) = f(¢)

for all test functions ¢ € C3°(G). If u and f belong to L}, (G), then both make
regular distributions. So that u(L* (x, ax)qb) exists we only assume a, € C"(G) and
¢ € C(G). Then, a distributional solution of L(x, d,)u = f is defined by the integral

relation
/ u(x)L* (x, 9,)¢ (x) dx = /f(x)¢(x) dx forall ¢ € Cj'(G).
G G

It turns out that the distributional solution u is even a Sobolev solution (cf. with
Definition 3.8).

The notion of fundamental solution is helpful in studying the existence and
regularity of solutions of differential equations.

Definition 24.30 Let

L(x,0y) i= Y au(x)d"

lo|<m

be a linear partial differential operator of order m with infinitely differentiable
coefficients a, € C*°(R"). A fundamental solution for L is a distribution K €
D’ (R") being a distributional solution of

L(x,0,)K = 8o, thatis, K(L*(x,Dy)p) = 8o(¢) = ¢(0)

for all test functions ¢ € C3°(G).

Example 24.4.3 Let us consider the operator L = jt on R'. Then, a fundamental

solution is given by the Heaviside function defined by 6(f) = 0 for + < 0 and
0(r) = 1fort > 0.

Example 24.4.4 The functions

1 1
K(x)= _ In in R?
2 x|
1 |
and K(x) = in R" for n > 3,
(n —2)oy x|

which are defined for x € R" \ {0}, where ,, denotes the n-dimensional measure of
the unit sphere, are fundamental solutions for the Laplace operator A.
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Example 24.4.5 The function

@) x|
KOO = iy (-~ )

where 6 = 6(t) denotes the Heaviside function, is a fundamental solution for the
heat operator d, — A.

24.5 Useful Inequalities

First we remember a corollary of the Riesz-Thorin interpolation theorem (see [204])
for linear continuous operators

T € L(L”(R") — LY(R"))

mapping L”(R") into L7(R"). The main concern of the Riesz-Thorin interpolation
theorem is to explain that if a linear operator T is defined on both L°(R") and
[P'(R") and maps boundedly into L% (R") and L9'(R"), respectively, then the
operator can be interpolated to yield a bounded operator on L? (R") into L% (R"),
where py and gy are appropriately defined intermediate exponents.

Proposition 24.5.1 Let 1 < po,p1,qo,q1 < oo. If T is a linear continuous operator
from

L(Lp()(Rn) N qu(Rn)) N L(Lpl(Rn) — 4 (Rn)),
then T belongs to
L(L”" (R") — L (R”)) foreach 6 € (0, 1),

too, where

12 Po P 6 90 a1

Moreover, the following norm estimates are true:

1-6 0
||T||L(U9(R”)—>L"9(R”)) = ||T||L(U’0(R”)—>L¢IO(R”))”T”L(U’l(R”)—>L¢II(R”))'

One application of this proposition is in proving Young’s inequality.
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Proposition 24.5.2 (Young’s Inequality) Letf € L' (R") and g € L7 (R") be two
given functions. Then, the following estimates hold for the convolution u := f x g:

1 1 1
lulliee < 1 fllerllgllzr forall 1 <p < g <oc and 1+ T

Proof First, we use

el < A ligln and fluflzoe < [Ifllztllgllzoe.

Proposition 24.5.1 implies
lulle < I flleligllee forall g € [1, o0].

Finally, taking account of Holder’s inequality

1 1
lellicee < WA Mrllgle, + =1,
q D

and again of Proposition 24.5.1, leads to the desired statement.
Sometimes one needs interpolation between Sobolev spaces (see Sect. 12.1.3). Here
we refer to the following interpolation result from [168], Theorem A.10.

Proposition 24.5.3 Let the linear operator T satisfy:

T : W{R") — L*®(R"), bounded with norm M,
T : L*(R") — L*(R"), bounded with norm M;.

Then, there exist constants C1 = Ci(q, n) and C; = Cy(q, n) such that the operator
T satisfies the following mapping properties, too:

Z\IP

T : W,"(R") — LYR"), bounded with norm M, < ClMé HMf,

T : HP”(R”) — LY(R"), bounded with norm M, < CZMO_GMi9
withp € (1, 2)[1) q—l 6 =2 ande>n(1l )
The following inequality can be found in [55], Part I Theorem 9.3.

Proposition 24.5.4 (Classical Gagliardo-Nirenberg Inequality) Let j,m € N
withj < m, and let u € Cj(R"), i.e. u € C"(R") with compact support. Let
0 €[/ .1], and let p,q.r in [1,00] be such that

j—: =(m—’Z)0—Z(1—9).
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Then,
1D ullzs < ComjprolD"ullf; lull
provided that
(m—n> —j €N, thatis, " >m—j or " & N.
r r r
If
ny oo
(m — ) —jeN,
r

then Gagliardo-Nirenberg inequality holds provided that 6 € [YL, 1).

Remark 24.5.1 Let us give some explanations. If j = 0, m = landr = p = 2,
then the Gagliardo-Nirenberg inequality reduces to the special Gagliardo-Nirenberg
inequality

6(q) 1-6(q)
lullze < CUVull" Hluell

where 0(qg) is given from the equation
n

n n n
- =(1-3)0@ - 5(1-0@) =00 -,

It is clear that 6(q) > 0 if and only if ¢ > 2. Analogously, 8(g) < 1 if and only
if eithern = 1,2 org < nz_"z. Applying a density argument, the above inequality
holds for any u € H'(R"). Assuming g < oo, then the special Gagliardo-Nirenberg
inequality holds for any finite ¢ > 2 if n = 1,2 and for any ¢ € [2, nz_"z] ifn > 3.
Numerous generalizations of the classical Gagliardo-Nirenberg inequality exist.
As an example, we present the following fractional Gagliardo-Nirenberg type
inequality from [72].

Proposition 24.5.5 The generalized Gagliardo-Nirenberg inequality
) 1-6 9
||”||B;}_q = C||”||B;%loo||””g;11loo
holds for all u € B . (R") N B3} (R") if and only if
" -5 = (1—0)(n —so) —}—Q(n —sl), " — 50 # " — 51,
p Do p1 Po p1
s <(1—=0)so+ 0s1, and po=p1 if s= (1 —0)so+ sy,

where 0 < g < 00, 0 < p,po,p1 < 09, 5,580,851 € R!, 0 € (0,1).
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We use the following corollary from Proposition 24.5.5.
Corollary 24.5.1 Let a € (0,0). Then, we have the following inequality for m €
(1, 00):
a o, 10a0(q.m) —ba,0(q.m) o n
DI ulle < DIl ™ el forall u € HJ(R"),

where

1 1
“ = QCI,G(Qs m) <1 and Qaﬁ(q,m) — n ( _ + 61)7
o o \m q n

mn

hence, m <qg < .
TS it ma— o)t

Proof We use the notations from the monograph [179]. The operator |D|* generates
an isomorphism from L”(R") onto H;“(R”) for p € (1,00) and a € R! (see [7] or
[207]). The space H;“(R") coincides with F‘“(R”) for p € (1, 00) (see [192]). The
continuous embedding

Bs

p,min{ p,2

J(R") > F3 ) (R") < B o (R")
(see [207]) implies the inequality

D ullze < Cllul| 3o

¢min{q,2}

Now we apply the Gagliardo-Nirenberg inequality from Proposition 24.5.5 in the
form

(g.m) 1=04,6 (4. )
lullge = Clluller ™ uf o4

where all assumptions for its application are satisfied. Finally, the desired inequality
follows by the chain of inequalities

aa( ) 1_9(1.6( » ) aa( ) 1- 0110( )
DI ullze < Cllaal " lu] = N ull 5T " ul o

Bg’too F() F()
(l 0'( 0[1 o
< ClIDI”ull; ’“”n [P

This completes the proof.
Remark 24.5.2 The statement of Corollary 24.5.1 remains true for

a mn

< 0uo(qg.m) <1, hence, m < g =<
o n+ m(a—o)

(see [159]).
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Sometimes the following result from [179] for fractional powers is very helpful.

Proposition 24.5.6 Letp > 1 and v € H,,(R"), where s € (n , p). The following
m

estimates then hold:

—1
Mol Nz, < Cllvllmg, lvli7e

—1 —1
1ol gy, < Cllvllag lvl7s -

We derive the following corollary from Proposition 24.5.6.

Corollary 24.5.2 The following estimates hold under the assumptions of Proposi-
tion 24.5.6:

—1

1ol llg, < Cllvllg vl
—1 —1
[ofo g = Clollg, ol

Proof We only prove the first inequality. For this reason we write the estimate from
Proposition 24.5.6 in the form

—1
ol + Mol < C(Ivllg, + ol [0l -

A

Using instead of v the dilation vy (-) := v(A-) in the last inequality, we obtain with
luxllig, = A ull g, and uxlln = A5 Jullen

and with A to infinity the desired inequality. The other inequality can be proved in
the same way.

The Littlewood-Paley decomposition is a localization procedure in the frequency
space for tempered distributions (cf. with Definitions 24.10 and 24.11). One of the
main motivations for introducing such a localization when dealing with nonlinear
partial differential equations is because the derivatives act almost as homotheties
on distributions with Fourier transform supported in a ball or an annulus. More
precisely, we have the following proposition.

Proposition 24.5.7 (Bernstein’s Inequalities) Let D be an annulus and B a ball.
Then, there exists a constant C such that for any nonnegative integer k, any couple of
real (p, q) such that g > p > 1 and for any function u € L? (R") with supp (F(u)) C
AB for some A > 0, we have

1_

k1 kHn(, ) el -

sup [[0Fullre <
la|=k
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On the other hand, if supp (F(u)) C AD for some A > 0, then

C MM lully < sup 8Fully < AN Jull.

loe|=k

The proof of decay estimates or blow up behavior of solutions to nonlinear Cauchy
problems often relies on ordinary differential inequalities.

Proposition 24.5.8 Let y = y(t) be a bounded nonnegative function on the interval
[0,T), T > 0, satisfying the integral inequality

y(@) < ko(1 +0)7% + k¢ /Ot(l +r— s)_ﬂ(l + ) Vy(s)* ds

for some constants ko, k; > 0, «, B,y > 0and 0 < pu < 1. Then, we have the
estimate

¥ =+~
for some constant C > 0 and

-1
9=min{a;,3; Y ;,3+)/ }
1—up 1—u

with an exception given in the case of « > 0 and

- -1
9:=min{,3; v }:,3+y <1,
1—n 1—n
whereas

() < €1+ )7 (log(2 + 1)1,

Remark 24.5.3 The conclusion of Proposition 24.5.8 is also true for the case © = 1.
In particular, if y > 0 and 8 4+ y — 1 > 0, we may take 8 = min{c; 8}.

Proof First we consider the case u = 0. Let us divide the interval [0, ¢] into two
subintervals [0, }] and [, 7]. It holds

t
A+1<(1+4+t—s)<1+1t forany s e [0,2],

N =N =

t
14+1=<(0+s) <141t forany se[z,t].
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Hence, using the change of variables t = ¢ — s, if needed, we get
t
1(r) := / (A+t—s) P +57"ds
0
3 t
<(1 +t)—/3/ (1+s)7ds+(1 +t)_V/ (141—s)Pds
0 3
2 2
=(1+F / A+s)7ds+ (A +1)7 / (141 Pdr
0 0

~ (1 4 t)—min{ﬂQV} /2(1 + s)—max{ﬂW} ds.
0

Therefore,
(1 4 )~ mintfrs if max{B;y}>1,
I(t) < C (1 + )~ minlB} Jog(2 + 1) if max{B;y} = 1,
) el if max{B;y} < 1.

The proof of the desired estimate follows immediately for u = 0. If 0 < p < 1,
then we define

M(t) := sup (1 + 5)?y(s).

0<s<t

So, we may write
t
y(t) <ko(1 4+ + K / A 4+1—57PA + 57 ds M()".
0
If max{B;y + uf} # 1, following the ideas to estimate I(z), we get

(1) < ko(1 + 1) + C(1 + ™" M@)*,

with % = min{B:;y + u6; B + y + u6 — 1}. One may verify that min{e; 6%} = 0.
Hence,

(14 0°y(t) < ko + CM()".

Thanks to 0 < p < 1, this inequality implies M(#) < C and the proof is concluded.
The exceptional case max{f;y + u8} = 1 can be treated in a similar way.

In Sect. 20.1.2 we applied the following version of Kato’s lemma to prove a blow
up behavior of solutions to the Cauchy problem for semilinear wave equations.
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Proposition 24.5.9 Suppose F € C*[a, b) and assume that for a < t < b we have
F() = Cok+0)", F'(1) = Ci(k+ D F@),

for some positive constants Cy, Cy and k. Ifp > 1, r > 1 and (p— 1)r > q—2, then
b must be finite.

Proof By the hypotheses of the lemma we get
F'(t) = Ci(k+ 0)7ICy(k + 1)P" > C(k + 1)’ .

After integration one has
t
F'(H)—F'(a) > C/ (k + s)P" "1 ds.

Taking into consideration pr — g > —1, the last inequality implies that unless b is
finite, F’(r) must be positive for ¢ sufficiently large. Thus, one may assume that there
exists an ag such that a < ay < b and

F'(f) > 0 forall t € [ag, b).
It follows from the assumptions on p, g and r that

1 -2
<1_q .
p pr

Hence, there is a 6 € (0, 1) such that

-2
<9<1—q .
P pr

By interpolating between the assumed inequalities, one has
F'(1) > Ci(k + D79 F ()T~ > C(k + 1)?1=0=9 F(5)%P

Our choice of 8 impliese = 6p > 1 and § = g — rp(1 — 0) < 2. Without loss of
generality one can set 8 > 0. This leads to

F'()F (1) > Clk+ )P F(t)* F ().
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Integration of the last inequality yields

;(F/(t)z —F(a)*) = C a:(k +5)PF(s)"F'(s) ds
> Cok + )P (F(1)'™* — F(ag)'™).
Note that we can choose the constant C, so small such that
F'(ag)* = 2C(k + ao) P F(ag)'**.
Here we take account of F'(ag) > 0. It follows that
F'(1)’ 2 2Co(k + )P F(n)' e,
and, therefore,
FOy- Y F() = Clk+ ="
for all ay < t < b. One final integration yields (@ > 1)
Flap) ™ —F() > > C((k+ "7 = (k + ap)'""").
Since B < 2, it is clear that the time variable ¢ can not be arbitrarily large.

Many thanks to Winfried Sickel (Jena) for useful discussions on the content of
this section.
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