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Abstract. The problem of fitting sparse reduced data in arbitrary
Euclidean space is discussed in this work. In our setting, the unknown
interpolation knots are determined upon solving the corresponding opti-
mization task. This paper outlines the non-linearity and non-convexity of
the resulting optimization problem and illustrates the latter in examples.
Symbolic computation within Mathematica software is used to generate
the relevant optimization scheme for estimating the missing interpolation
knots. Experiments confirm the theoretical input of this work and enable
numerical comparisons (again with the aid of Mathematica) between var-
ious schemes used in the optimization step. Modelling and/or fitting
reduced sparse data constitutes a common problem in natural sciences
(e.g. biology) and engineering (e.g. computer graphics).

Keywords: Reduced sparse data - Optimization - Interpolation - Knots
selection + Symbolic computation

1 Problem Formulation

A sequence of interpolation points .# = {zg,21,%2,...,2,} (here n > 2) in
Euclidean space E™ is called reduced data if the corresponding interpolation
knots {t;}7, are not given (see e.g. [6,10,12,13,20,23,25,29,30]). Let the class
of admissible curves v (denoted by .#r) form the set of piece-wise C? curves
v : [0,T] — E™ interpolating .# with the ordered free unknown admissible
knots {t;}1_, satisfying ~(t;) = x;. Here t; < t;41 are free with, upon re-scaling
to = 0 and t,, = T set to an arbitrary constant T" > 0. More precisely, for each
choice of ordered knots, the curve v is assumed to be C? except of being only at
least C1 over {t;}7,. The analysis to follow is not restricted to a thinner class
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of v € C*([to,tn]) due to the ultimate choice of computational scheme (called

herein Leap-Frog - see [18,24,27,28]) which effectively deals with the optimiza-

tion problem (1). However, the computed optimum by Leap-Frog belongs to the

tighter class of functions coinciding with C?([to,t,]) as addressed in [17,18].
Assume now, we search for an optimal yopr € 1 to minimize:

T n—1l .t
Cﬁw=/MWW=Z/ 15(6)|1%dt. (1)
to i=0 “ti

The latter defines an infinite dimensional optimization task over #p. The
unknown interpolation knots {¢;}1, (to = 0 and 0 < ¢, = T can be fixed)
belong to:

QF ={(t1,tay. . tym1) ER M itg =0<ty <to < ...<tp_1 <t, =T < oo} (2)
For any affine reparameterization ¢ : [0,7] — [O,T] defined as ¢(t) = tT/T

(with t = ¢71(s) = sT/T) ¢~ = T/T and ¢~' = 0, formula (1), for 5(s) =
(v 0 ¢ 1)(s) reads:

Z/M 5)|2ds = = Z/M (5 0 6~ (s)2ds

10

= ﬁ/T(V)- (3)

Thus, a curve Yo, € H7 is optimal to _Z7 if and only if a corresponding Y, €
S5 is optimal for ¢#;. Hence ¢, = T can be taken as arbitrary, and with the
additional affine mapping ¢(t) =t — to, one can also set tg = 0.

Recall now a cubic spline interpolant ’y% = 7g|[ti7ti+l] (see e.g. [3]), which for

given temporarily fixed admissible interpolation knots .7 = (to,t1,...,tn—1,1n)
reads as:
’y% (t) = Cl,i + CQwi(t — tl) —+ Cgﬁi(t — ti)2 —+ C47i(t — ti)?), (4)

and fulfills (for i =0,1,2,...,n—1; ¢;; € R™, where j =1,2,3,4)

Y (tik) = Tigws A4S (tisk) = vigr, k=0,1

with the assumed unknown velocities vy, v1,vs,...,0n_1,v, € R™. The coeffi-
cients ¢;j,; (with At; =t,11 —t;) are defined as follows:

Cl,i = Ti, C2,i = Vi,
U+ Vi1 — 25 % — At 5)
Cqy; = c3; = — A — — oy, ALy
4,0 (Atz)2 ) 3,7 Atl 4,1 7
Adding n — 1 conditions 70;‘1 (t;) = 7% (t;) over x1,xa, ..., xy—1 yields m tridi-

agonal linear systems (see [3]) of n — 1 equations in n + 1 vector unknowns
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Vg, U1, - -+, Unp € R™:

Vi1 At + 20;(Ati—y + Aty) + vip1 Aty = by,

Ty — Xj—1 Ti41 — T4
3l Aty——— + Aty ———— . 6
< Al ST A > (©)

In case of the so-called natural cubic spline interpolant (denoted as fyg fyg» ),
two extra constraints involving vy and v, stipulate that ¥5(0) = ¥5(T) =
which leads to:

1= %o Vp—1 + 20, = 3$. (7)

2 —3 :
Yo+ 1 Aty At, 1

The resulting m linear systems (i.e. (6) and (7)), each of size (n 4+ 1) x (n + 1),
determine unique vectors vy, v1, v, . . ., v, (see [3, Chap. 4]), which when fed into
(5) and then passed to (4) determine explicitly a natural cubic spline v5° (with
fixed 7). Visibly all computed velocities {v;}" (and, thus, vJ) with the aid
of the above procedure depend in fact on the interpolation knots {t;}7, and
fixed data .. It is well known (see e.g. [3]) that if the respective knots {t;}1",
are frozen the optimization task (1) is minimized by a unique natural spline vgs
defined by {t;}1, and .#. Therefore, upon relazing all internal knots {t;}7=}"
in (1) (for arbitrarily fixed terminal knots to e.g. to = 0 and t,, = T') one arrives
at the following (see [3,17-19]):

Theorem 1. For a given .4 with points in Fuclidean space E™, the subclass of
natural splines SN C Iy satisfies

. . NS
= 8
min 77 (7) A Hr(r7), (8)
which reduces to the finite dimensional optimization in / = (t1,t2,...,tn—1)

over non-compact 2 introduced in (2):

j (7(])\]{);‘9) = mln jT (t17t27 e 7tn—1)

ﬂeQT
n—1 71
= Jnin 43 (s s =P+ 30+ s = )
—(losl* + llviga I* + <Ui|vi+1>)(Ati)2)» 9)

for which at least one global minimum _Fop = (£, 13" tP')) € QL emists.

PN A |

We take here the computed optimal values of jopt, as estimates {f;}7, ~
{t;}7%o- In this paper, we demonstrate strong non-linearity and non-convexity
effects built-in the optimization scheme (9). The relevant examples and the-
oretical insight is supplemented to justify the latter. Sufficient conditions for
convexity (or unimodality) of (9) are proved at least for n = 2. The complexity
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of the optimization scheme (9) not only impedes its theoretical analysis but also
impacts on the choice of feasible numerical scheme handling computationally
(9). Finally, this work is supplemented with illustrative examples and numerical
tests used to fit input sparse reduced data .# for various n and m = 2, 3.

Related work on fitting reduced data .# (sparse or dense) can also be found in
[8,9,15,16,21,22,26,33,34]. Some applications in computer vision and graphics,
image processing, engineering, physics, and astronomy are discussed e.g. in [1,2,
5,7,11,21,31,32].

2 Non-Linearity of ¢} and Numerical Difficulties

First we demonstrate a high non-linearity featuring the optimization task (9).
This is accomplished by generating an explicit formula for (9) whose complexity
is substantial even for n small and gets complicated for n incremented. The latter
is illustrated by the next two examples followed by pertinent computational tests.

Ezample 1. Consider four data points (i.e. here n = 3) A4 = {xo,x1,22,23} in
E™. Formula for _#] (see (9)) reads here as /g%ﬂ) = Ji+ 73+ 73 (with

T = (to, t1,1t2,t3) and to = 0 and e.g. t3 =T =T, - see (12)), where

3 1

Jo = m(*w%on2 = 3[lz1]1* + (to — t1)(3(volxo) — 3(wo|x1) + 3(v1|zo)
=3(ui]a1) + ([lvoll* + [[or]* + (volv1)) (1 — t0)) + 6(zo|x1)),
1
7= m(—3||x1||2 = 3la2l” + (t1 — t2)(3(v1]x1) — 3(v1]w2) + 3(va|a1)
=3(valaa) + ([[v1]|* + [[val* + (v1]v2)) (t2 — 1)) + 6(z1]22)),
1
I3 = m(—3||m2||2 — 3|aa]|® + (t2 — t3)(3(va|xa) — 3(va|a3) + 3(vs|x2)
—3(vslas) + ([[v2]|* + [[vs]|* + (v2lvs)) (t5 — t2)) + 6(2|z3)). (10)
The missing velocities {vg, v1,va,v3} for natural spline v5 (see (4)) are deter-
mined here by the following four matrix equations, with ¢ = 1,...,m (see (6)
and (7))
. af—xh
2 ! 0 0 g (13—t —sh) , (-to)ehst)
" 8 " 2(tt2 7tt0) Qttl _ t;) t " t ”:1 = 3((:751)?;7 ?) " (tlfttoz)ztgf j))
0 382 (31— 1) 2;1 Zf 3(3t227tf 1i+i2 tlgftg 2)
3 39:3::32
3 2

yielding (with the aid of symbolic computation in Mathematica - see [35]) a
unique solution. For the sake of this example, we consider exclusively the case
of m = 1. This can be easily extended to m > 1, since both square of norms and
dot products (appearing in non-reduced form of _#f (7)) are additive by each
vector component. Upon substituting computed velocities from the last matrix
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equations into j£3 (as previously we set tg = 0 and t3 = T, - see (12)) and
taking into account that m = 1, Mathematica FullSimplify (see [35]) function
yields an explicit formula for

I53 (b, 1) = Na(ty, ) /(8 (t — t2)2(t2 — To)*((t1 + t2)* — 4Tota)),

where

Na(t1,t2) = (3(=T2t3(z0 — z1)* + 2725 (20 — 1)* + Tety(wo — 1) (z1 — o)
H3 (T (o + 1 — 232) + t2(z0 + 21 — 223))(Te (2 — T0) + t2(T0 — 3))
—t3(T2 (w0 — 2)® — 3Tet3(xo — 2)(x0 — x3)
—l—t%(wo —23)(2z0 — 2 — x3)) + tl(QTftg(xo — 1) (zo — x2)
—3T215(x0 — 1) (z0 — 22) + ta(zo — 1) (w0 — 3)

—Tot3(zo — x1)(w2 — x3)) — t1(Te(m2 — 20) + t2(o — 23)) (T2 — 23))).
Note that N3(t1,t2) is a 5th order polynomial in ¢; and ¢s. O

Ezample 2. Let five data points (i.e. here n = 4) .# = {xg,x1, 2,23, 24} be
given in E™. Formula (9) reads here /;:4(9) = 23+ I+ 7+ 73 (for
T = (to,t1,t2,t3,ts) with to = 0 and t4 = T, - see (12)), where #} = #2, for
k=0,1,2 (see (10)) and
1
3= m(—?’HstQ — 3|Jzal|® + (t3 — t4)(3(valx3) — 3(vs|xa) + 3(valz3)
—3(valza) + ([os]l® + [[vall® + (vsloa)) (s — t3)) + 6{ws|zs)).

Again the missing velocities {vg, v1, va, v, v4} for the natural spline ,ygs defined

by (4) are determined here by five matrix equations, with ¢ = 1,...,m (see (6)
and (7)):
2 1 0 0 0 vg
to—t1 2(ts —to) t1—to 0 0 vy
0 ts —to 2(t3 —1t1) to—1t 0 U%‘ = B, (11)
0 0 ty—t3 2(ts —t2) t3 —t2 G
0 0 0 1 2 vl
where
@y —wg
it i i
3((t27tt11)£i[1)7m(.)) n (trttoz):ffﬁ))
B, = 3((t3*tt22)£if*m1) + (t2*tt13)£iz*zz))
(ta—ta)(ws—xy) | (ta—t2)(xi—w3)
(lumipleiosi) . Gotileioed))
3

Again the system (11) renders a unique solution {vg,v1,va,v3,v4} (found e.g.
upon using Mathematica software - see [35]). As previously only the case of m =1
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is here considered. Upon substituting computed velocities from (11) into /TI“Z 4
and setting tg = 0 and t4 = T, (see (12)) Mathematica FullSimplify function
yields an explicit formula for /:,{Z ’4(t1, to,t3) =
Nau(t1,ta,t3)
413 (81 — t2)2(t2 — t3)2(t3 — Te)2(t2(ts — t1) (1 + 2t2 + t3) + Te((t1 + t2)2 — 4tatz))

It can be checked that Ny(t1,to,t3) is an 8th order polynomial in ¢, to and
t3. We omit here to present a full explicit formula for Ny (1, t2,t3) since it takes
more than one A4 format page size. O

Examples 1 and 2 indicate the growing complexity of the non-linearity in (9)
while n increases. Thus, in a search for global minimum of (9), any numerical
optimization scheme relying on derivative computation (irrespectively of an ini-
tial guess) faces the computational difficulties for n getting bigger. The latter
is demonstrated in the next Example 3 for n = 7, where Mathematica Find-
Minimum applied with Newton Method fails (see [35]). Similar effects appear
when Mathematica Minimize[f,constraints,variables] is invoked (see [35]) which
works efficiently for both minimized function and imposed constraints (such as
inequality or equations) expressed as polynomials. The latter happens with the
numerator of the derivative of (9). To alleviate this problem and to efficiently
optimize (9) we invoke first a multidimensional version of the Secant Method (not
relying on derivative computation) given in Mathematica software e.g. for two
free variables as FindMinimum][f, {{varl,2numl}, {var,2num2}}] - see [35].
Its super-linear convergence order (e.g. for m = 1 equal to ((14+/5)/2) ~ 1.618)
though slower than Newton quadratic rate, makes it still both faster and com-
putationally feasible as opposed to most standard optimization techniques based
on derivative calculation. In the last section of this paper, we compare the Secant
Method with a Leap-Frog Algorithm (see [18,27,28])). One of the advantages of
Leap-Frog over the Secant Method is a faster execution time (see also [17,18]).

In order to set up a computationally feasible numerical optimization scheme
a good initial guess is needed. In particular, for the Secant Method for each free
variable, two numbers are needed to be selected. A possible choice is the so-called
cumulative chord T, = {t¢}7, (see e.g. [13,14,20,25]):

t6=0, tiy=ti+]|zgp—x, i=0,....,n—1, (12)

with 7€ = 2?2—01 ||2i+1 —2;||. Cumulative chord parameterization in a normalized
form 7. reads t$¢ = t¢/T° (for i = 0,1,...,n). Here an additional assumption
about reduced data .# i.e. x; # x;41 is also drawn. For the Secant Method and
each free knot ¢; appearing in (9) (here i = 1,2,...,n—1) we choose two starting
numbers as t{ — ¢ and t{ + ¢, with some prescribed small value for ¢.

The next example illustrates expected computational difficulties in optimiz-

ing (9).
Ezample 3. (a) Consider four 2D reduced data points (i.e. here n = 3):

Mz = {(—4,0),(—0.5,—4),(0.5,-3),(—0.5,4)}.
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The cumulative chord knots (see (12)) based on .#3 coincide with 9, =
{0,5.31507, 6.72929,13.8004}. In fact, here we have only two free variables
{t1,t2} corresponding to the unknown knots at points z; (i = 1,2). Find-
Minimum (Newton Method) applied to (9) with the initial guess as cumula-
tive chords .7 yields the following optimal knots (with optimal energy value

IE(Topt) = 0.741614):
Topt = {0,5.3834,8.2118, 13.8004}, (13)

where .7,,, = {5.3834,8.2118}. The execution time T%, = 3.012858s. Find-
Minimum for the Secant Method (with two numbers associated to each free
variables taken as ¢ = +0.5 variation of (12)) gives exactly the same optimal
knots (13) (with the same _#7 ( Fopt) = 0.741614) but shorter execution time
TJS,{S = 0.647756s. Finally, Minimize with constraints 0 < t; < to < 13.8004
gives optimal knots (13) with _#Z/( Fopt) = 0.741614. The execution time
amounts here TJ/( = 9.229526s > T//( > Tﬁ
(b) Consider now six 2D reduced data points (i.e. here n = 5):

AMs = {(0,0), (—0.5,—4), (0.5, —4), (—0.5,4), (0.5,4), (—1,3.8) }.

The resulting cumulative chord knots (based on (12) and .#5) are equal here to
7, = {0,4.03113,5.03113, 13.0934, 14.0934, 15.6067} with internal knots .7, =
{4.03113, 5.03113,13.0934,14.0934}. In this case, there are four free variables
{t1,ta,t3,t4} corresponding to the unknown knots at points x; (i = 1,...,4).
FindMinimum (Newton Method) applied to (9) with initial guess as 7. yields
the following optimal knots (with optimal energy value 7 ( Topt) = 4.65476):

Topt = {0,2.9185,5.12397,11.1964, 13.507}, (14)

where fwt = {2.9185,5.12397,11.1964}. The execution time Tgls = 29.946006 s.
FindMinimum (Secant Method) (here again ¢ = +0.5 is added to cumula-
tive chord initial guess along each free knot t;) yields exactly the same opti-
mal knots (14) (with _#ZF ( opt) = 4.65476) and again shorter execution time
T/S/{ = 6.385922s. As previously, Minimize with constraints 0 < t; < t3 < t3 <
ty < 13.507 yields optimal knots (14) and _#Z ( Fypt) = 4.65476. The execution
time here reads T//Z = 358.390915s >> Tﬂ >T9, .
(¢) Finally, consider now eight 2D reduced data points (i.e. here n = 7):

Mg =1{(0,0), (—0.5,—4), (0.5, —4), (—0.5, 4),
(0.5,4), (—1,3.8),(0.3,0.3), (0.5,0.5)}.

By (12) Z. = {0,4.03113,5.03113,13.0934, 14.0934, 15.6067, 19.3403,19.6231}.
As previously .7, = {4.03113,5.03113,13.0934,14.0934, 15.6067, 19.3403}. For
both optimization schemes FindMinimum (Newton Method) and Minimize no
result was reported within 60 min. FindMinimum (Secant Method) (with as pre-
viously € = £0.5 variations of cumulative chords for each free variable) yields
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optimal knots (with energy #F ( opt) = 8.27118):
Tope = {0,2.67713,4.69731, 10.3221, 12.3943, 14.8132, 19.0316, 19.6231},

where Jpy = {2.67713,4.69731,10.3221,12.3943,14.8132}. The execution time
is T%, = 35.708519s. O

The above experiments illustrate that for n > 7, FindMinimum (Secant
Method) offers a feasible computational scheme to optimize (9). In Sect.4 of
this paper, we compare the performance of already discussed Secant Method
with Leap-Frog Algorithm (see [17,18,27,28]).

3 Non-Convexity of /,ﬁ

We demonstrate in this section that /713; introduced in (9) may not be convex.
In doing so, a simple degenerate case of (9) with n = 2 is examined. Three points
M = {xg, 1,72} are admitted with one relaxed internal knot 1 € [to = 0,2 =
T.] (see (12)).

Ezample 4. For n = 2 and arbitrary natural m > 1 (using Mathematica pack-
age), by (9) the energy Z} (t1) = (Te — to) > (Eaeg © ¢~ ') (t1), where yeg(s1) =
3| 2ot + B2 2 - here £y € (to, t2 = To), and s1 = ¢(t1) = (t—to)(Te—to) ' €

(0, ) Obv1ous~ly since ¢~ =T, —tg > 0 and ¢~ = 0 the convexity (non-
convexity) of &yeq is inherited by /f: . Take now for m = 1 the following points
r9=—1, 71 =0and zp = 20 (here (xo —x1)(x2 —x1) = —20 < 0). The graph of

the energy &ueq(s1) = 3(L 122 )2 over the interval (0, 1) is plotted in Fig. 1(a).

The non-convexity is better visible in Fig. 1(b) with the graph of the energy éiiw
localized over the sub-interval (0.05,0.35). Finally the change of sign in the sec-
ond derivative &y  is also illustrated in Fig.1(c). In fact, & (0.21) = 1338.7

- deg
and é”é;g(O.ZO) = —1640.63. Thus, &yey is not convex which also implies non-
convexity of /fi: in the general case. O

150000
20000 1500 100000

1000 50000
10000

5000 0.0510.1 0.15-0.2 0.25 0.3 0.35
' 0.2 0.4 0.6 0.8 TT005 0.1 0.15 0.2 0.25 0.3 0.35 50000

() (b) (©

Fig. 1. The graph of the non-convex energy g"deg for zo = —1, z1 = 0, and z2 = 20 (a)
over the interval (0,1), (b) in the proximity of non-convexity sub-interval (0.05,0.35)
(c) and the graph of the corresponding changing signs second derivative é?’éég in the
proximity of (0.05,0.35)
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Fig. 2. The graph of the convex energy é;deg for zo = 2, x1 = 0, and 2 = 5 (a) over
the interval (0,1), (b) and the graph of the corresponding second derivative &y, > 0
over (0,1)

The next example formulates sufficient conditions to enforce convexity of
/{ , but only for m = 1 and n = 2. The latter can be extended to the general
case of m > 1 and n = 2. Such general case is here omitted due to the paper
length limitation.

Ezample 5. (i) For m = 1 it is easy to show that g"deg is convex (and so thus jTF
if (g —x1)(22—x1) > 0 - under this constraint, we have exactly one critical point
for &yeq. Indeed, recalling that &yey(s)) = 3f2(31) with f(sp) = Zo=8L 4 Za=21

S1 1—s1
it suffices to show that f is either convex and f > 0 or it is concave and f < 0,

for 51 € (0,1). Indeed the latter combined with &7, = 3(f?)” = 6(f')* + 6 f”
yields the convexity of ch given non-negativity of ff” over s; € (0,1) which

follows from (xg — x1)(x2 — x1) > 0 applied both to f(s1) = xo;;,“ + e

and f. Figure2(a) shows that convexity of &uey(s1) = 3(% + %)Q indeed

follows for g = 2, 1 = 0 and z3 = 5 with (29 — x1)(z2 — x1) > 0 clearly

fulfilled. As expected Z;Q > 0 over (0,1) - see Fig.2(b). The corresponding

sufficient conditions guaranteeing the convexity of égdeg form > 1 and n = 2 can
also be formulated (though omitted here) - see [19]. As it turns out, the vector
generalization (zo — 21]|zg — x1) > 0 of scalar inequality (zo — x1)(z2 —21) >0
assures the convexity of &gy and thus of 7 .

(ii) In case of scalar data (i.e. when m = 1) if (xg — 21)(z2 — z1) < 0 holds
then the existence of exactly one critical point (and thus one global minimum -
see Theorem 1) of &zeq (and so of #Z) follows, which yields the unimodality of
Eueq = 312 (see [4]). Indeed, assume that (zo—z1)(x2 —21) < 0. Since now xo #
z1 and 71 # 5 we have g — 1 # 0 and x5 — 21 # 0. To show unimodality of f2
we need to prove the existence of exactly one critical point s; € (0, 1) satisfying
(£2)(s1) = 2f(s1)f'(s1) = 0. Taking into account (z¢ — x1)(z2 — 1) < 0 we
have that f/(s1) = —“O;ixl + (f:f)lz is either always positive or negative over
(0,1). Hence for unimodality of f? it suffices to show that f(s;) = 0 has one
root s} € (0,1) defining a unique global minimum of f2 = 0 (and of &u,). In
this case as gdeg(sl) = 3f2%(s1) the energy é5d69 also vanishes at s{. The latter
may not be the case for the convexity case, since another factor f’(s;) = 0 may
contribute to (f2)’(s1) = 0. A simple inspection shows that
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O _ (wo — 21)
(o —m1) — (22— a1)’

(15)

Note that the denominator zg —z2 in (15) does not vanish due to (xg—z1)(z2 —
x1) < 0. Of course, s{ > 0 since (v¢g — x1)(x2 — x1) < 0. To justify s < 1
two cases are here considered, namely either xg —x; > 0 and x93 — 1 < 0 or
xo — 21 < 0 and z3 — 1 > 0. In the first (second) case s < 1 in (15) leads to a
true inequality x5 — 21 < 0 (22 — 21 > 0). Figure 1 confirms the unimodality of
Egeg for (xg — x1)(22 — 1) = —20 < 0. As proved the global minimum of (9) is
attained at s = 1/21 ~ 0.047619 nullifying ¢} .

Note that in case of convexity (enforced by (xg — x1)(xze2 — x1) > 0), the
unique global minimum s{ can also be found in analytic form. Indeed as zg # 1
and 1 # xo it suffices to assume a stronger inequality (zg — z1)(z2 — x1) > 0.
The latter results in either f > 0 or f < 0. Consequently for 6f’f to vanish we

need to solve f’(s1) = 0 over (0,1) which leads to s{ = [zo—a1]

S
\/Ixz—rl\-&-\/\mo—zﬂ

(0,1). Thus, f2 is unimodal (and so &) since (f2)' = 2f f' vanishes at exactly
one point s € (0,1). The unimodality of &, can also be proved in case of
(xo — z1]x2 — 21) < 0 for arbitrary data with m > 1 and n = 2. O

4 Numerical Experiments for Fitting Sparse Reduced
Data

All experiments are conducted in Mathematica - see [35]. The numerical tests
compare the Leap-Frog algorithm (see [17,18]) with the Secant Method both used
to optimize (9). Only sparse reduced data points .# in E*3 are admitted here,
though the entire setting is applicable for arbitrary m, i.e. for reduced data .#
in arbitrary Euclidean space.

The first example admits reduced data . in E? (i.e. for m = 2).

R R S

(a) (b) (©) (d

Fig. 3. Natural splines interpolating data points .#.ps (a) v5> = with uniform knots

Tuniy (D) *ygf with cumulative chords 7, (c) 'ygi » with optimal knots ZLpf = z;f,y
- opt

(thus fy];fipf = fyg;%]y) (d) ’ygSLpf and 'y]gv»cs plotted together
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Ezample 6. Assume for n = 6, the following 2D points (see dotted points in
Fig. 3):

Mops = {(—3,-3),(-3.1,-2.6), (2.5, —2.6), (2.4, —2.8), (—3,2.8), (—3,2.6)}.

The uniform interpolation knots, {t; = +T.}_ (rescaled to T, - see (12)) taken
as a blind guess of {t;}5_,, read as:

Tmi = {0,2.84308, 5.68615, 8.52023, 11.3723, 14.2154}
and the initial guess based on cumulative chord . (see (12)) coincides with:

. ={0,0.412311,6.01231,6.23592, 14.0154, 14.2154}.

Here Z,,i (and 7;) is defined as ,,,; (and 7;) stripped from its terminal values.
The natural splines WN . (based on ;) and WN (based on .7) yield the fol-
lovvlng energles /9 ( um) = 15.4253 > jg (T ) = 8.51108. Both interpolants
7-%m and ~ 5 S are shown in Fig. 3(a) and (b), respectively.

One expects that the Secant Method with two initial numbers ¢ + 0.5 may
produce a bad solution as [t§ — 5| < 0.5, |[t2 — ¢3] < 0.5 and |t4 — t5] < 0.5.
Indeed the Secant Method returns t9P* = —8.2211 < to = 0, which is disallowed.
Upon adjusting t¢ £ 0.05 the Secant Method yields (for (9)) the optimal knots

90%\4 augmented by terminal times tp = 0 and t5 = T as:

FSM — £0,0.737027, 6.07314, 7.14642, 13.5208, 14.2154}

opt

with the optimal energy # % 7., ﬂogiw ) = 5.04331. The execution time amounts to

T5M = 9.204045s. The resulting curve 795M is plotted in Fig.3(c). In fact, for
general data it is safer for each free variable optimized by the Secant Method to
choose a pair of numbers #§ 4 0.5 ming<;<n—1{[t{;; — 5|}

Leap-Frog decreases the initial energy to #% (FLF) = 7y (Z5M) (as for

opt opt
the Secant Method) with the iteration stopping conditions 75 = Z.5M (up to

6th decimal point) upon 38 iterations. The respective execution time amounts

to TLF = 3.247230 < T°M. The Oth (i.e. f{_gﬂ(%)) 1st, 2nd, 10th, 18th, and
38th iterations of Leap-Frog decrease the energy to:

{8.51108, 5.91959, 5.23031, 5.04455, 5.04331, 5.04331}

with again only the first three iterations contributing to the major correction of
the initial guess knots .7,. The resulting natural spline fy];fF (clearly the same

as Vg*gM yielded by the Secant Method) based on ﬂpt is shown in Fig. 3(c) and
opt
also visually compared with 'ygus in Fig. 3(d).
Again if Leap-Frog iteration bound condition is changed e.g. to make current
Leap-Frog energy equal to j% (Z.5M) (say up to 5th decimal place) then only 18

iterations are needed here with shorter execution time TP’;:F = 1.785042 < T5M
and with optimal times

TEFe — 10,0.736394, 6.0697, 7.14349, 13.5205, 14.2154}.

opt
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We miss out here a bit on a precise estimation of the optimal knots but we
accelerate the Leap-Frog execution time by obtaining almost the same interpo-
lating curve as the optimal one (as Zﬁf o Z)Spgw ). For other iteration stopping
criteria accelerating the execution of Leap-Frog at almost no cost in difference

between computed and optimal curve see [19]. O

We pass now to an example of reduced data in E? (i.e. with m = 3).

(a) (b) (© (d)

Fig. 4. Natural splines interpolating data points .#sps (a) 'ygfm_ with uniform knots
Tuniy (D) 71;57 with cumulative chords 7, (c) 7‘1;2)5 with optimal knots ﬂom - gof)iw

(thus fygLF fygfspy ) (d) fygLF and 7951\4 plotted together

Ezample 7. Consider for n = 7 the following 3D points (see dotted points in
Fig.4):
Msps = {(0,0,1),(0,0,—1), (0,0, —0.8), (1,0,0), (1,0.2,0), (1,0.4,0), (1,0.8,0.2),
(1,1,0)}.

The uniform interpolation knots {t; = T.}7_, ~ {t;}1_, (rescaled to t, = 0 and
to T, — see (12)) read as:

Tuni = {0,0.658669, 1.31734,1.97601, 2.63467, 3.29334, 3.95201, 4.61068 }
and the initial guess based on cumulative chords 7, is equal to:
. ={0,2,2.2,3.48062, 3.68062, 3.88062, 4.32784, 4.61068}.

Here J,n; = {0.658669,1.31734,1.97601,2.63467,3.29334, 3.95201}, while
the other one 9, = {0,2,2.2,3.48062,3.68062,3.88062,4.32784,4.61068}. The
natural splines v5° o . (based on Fp;) and 3 S (based on .7,) yields the fol-
1ow1ng energleb /y um) = 46.7919 > /9 ( ) = 22.3564. Both interpolants
¥y %m and v 90 are shown in Fig. 4(a) and(b), respectively. Noticeably the energy
based on blind guess of knots (i.e. for uniform knots) is far from the optimal one.

The Secant Method yields for (9) the optimal knots Z,ﬁé‘/f (augmented by
terminal knots to = 0 and t7 = T, - see (12))

T5M = {0,1.34728,1.82093, 3.12718, 3.39487, 3.62307, 4.19613, 4.61068}
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with the optimal energy /g(j,g,{”) = 15.407. The ezecution time amounts to

TSM — 128.804084s. The resulting curve vg*gM is plotted in Fig. 4(c). Note that

op
for each free variable, the Secant Method uses here two initial numbers ¢§ £ 0.1.

Leap-Frog decreases the initial energy to /%(ﬁLF) = /%(95”1) (as for

opt opt
the Secant Method) with the iteration stopping conditions 5" = ﬂoi,f\/[ (up to

5th decimal point) upon 620 iterations. The execution time amounts to T+ =
73.749111s < T5M. The Oth (i.e. #Z (7)), 1st, 2nd, 10th, 50th, 40th and
100th, 200th, 281th and 620th iterations of Leap-Frog decrease the energy to:

{22.3564, 18.5598, 18.274, 17.4628, 15.8596.15.5049, 15.409115.407, 15.407}

with again only the first three iterations contributing to major correction of the
initial guess knots Z.. The resulting natural spline ’ygf r (clearly the same as
opt

7%0% % yielded by the Secant Method) based on Z,5F is shown in Fig.4(c) and

also visually compared with v5% in Fig. 4(d). The optimal curve does not vary
too much from the initial guess curve based on cumulative chord knots.

Again if Leap-Frog iteration bound condition is changed e.g. to make current
Leap-Frog energy equal to 7 ;L (zSM ) (say up to 4th decimal place) then only
281 iterations are needed here with shorter execution time T£" = 33.931990s <
T5M and with optimal knots:

ﬂoﬁf’z = {0, 1.348043, 1.82195, 3.12892, 3.39651, 3.62453,4.19679, 4.6 1068 }.

As previously, we lose here slightly on a precise estimation of the optimal knots
but we accelerate the Leap-Frog execution time by obtaining almost the same
interpolating curve as the optimal one (as Z)Lpf B Zﬁf‘/f ). For other iteration
stopping criteria accelerating the execution of Leap-Frog at almost no cost in

difference between computed curve and optimal curve see [19]. O

5 Conclusions

In this paper, we discuss the method of estimating the unknown interpolation
knots {t;}7, by {#;}7, to fit reduced sparse data .# = {g;}"_, with the nat-
ural cubic spline in arbitrary Euclidean space E™. As indicated here, the above
task is transformed into the corresponding finite-dimensional constrained opti-
mization task (9) in (¢1,ta,...,t,—1)-variables, subject to the satisfaction of the
inequalities tg < t1 < tg,< ... < tn_1 < t,. We first demonstrate a high non-
linearity and possible non-convexity of (9) - Sects. 1, 2, and 3. Consequently, the
latter hinders the use of standard optimization techniques like Newton Method to
deal with such optimization task. Finally, two computationally feasible schemes
are implemented, i.e. Leap-Frog and the Secant Method to examine the quality
of the reconstructed interpolants. The derivation of the explicit formula in (9)
including its particular forms examined in Examples 1 and 2 relies on Mathemat-
ica symbolic computation - see [35]. All numerical computations performed in
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Examples 3, 6 and 7 resort to the numerical functions supplied by Mathematica
software (see [35]). In addition, sufficient conditions to enforce the convexity (or
unimodality) of (9) are generated for the special case of n = 2 - see Example 5.
Future work involves the analysis of a more general case i.e. when n is arbitrary.
Alternatively one may also consider to derive a similar to (9) optimization task
set for a complete spline interpolant (see [3]), with the initial velocities vy and
vy, either a priori given or approximated according to [15].
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