Chapter 1
Commutator Calculus

In this chapter, we introduce the commutator calculus. This is one of the most
important tools for studying nilpotent groups. In Section 1.1, the center of a group
and other notions surrounding the concept of commutativity are defined. Several
results and examples involving central subgroups and central elements are given.
Section 1.2 contains the fundamental identities related to commutators of group
elements. By definition, the commutator of two elements g and / in a group G is the
element [g, h] = g~ 'h~!gh. Clearly, [g, h] = 1 whenever g and 4 commute. This
leads to a natural connection between central elements and trivial commutators. The
commutator identities allow us to develop properties of commutator subgroups. This
is the main focus of Section 1.3.

1.1 The Center of a Group

The commutator calculus is an essential tool which is used for working with
nilpotent groups. In this section, we collect various results on commutators which
will be used throughout the book. This material can be found in various places in
the literature (see [1-6]).

1.1.1 Conjugates and Central Elements

We begin by defining the conjugate of a group element.

Definition 1.1 Let g and & be elements of a group G. The conjugate of g by h,
denoted by g”, is the element 2~ ' gh of G.
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2 1 Commutator Calculus

The conjugate of g~! by 4 is written as g~". Notice that
s = () =hts = () = ()
Furthermore, if £ € G, then
(gh)* = k~'ghk = (k™' gk) (k™' hk) = g*h*
and
(&) = (" gh)" = k™'~ ghk = ()™ g (k) = ¢

We summarize these in the next lemma.

Lemma 1.1 Suppose that g, h, and k are elements of any group. Then (gh)* =
—1\h -1 k
&FHk, (g 1) _ (gh) . and (gh) = g,
The notion of conjugacy extends to subgroups in a natural way.

Definition 1.2 Two subgroups H and K of a group G are called conjugate if
g 'Hg = K for some g € G.

In particular, every normal subgroup of G is conjugate to itself.

Definition 1.3 Let G be a group. An element g € G is called central if it commutes
with every element of G. The set of all central elements of G is called the center of
G and is denoted by Z(G). Thus,

Z(G) ={ge G| gh= hgforallh e G}
={geG|g" =gforallh e G}.

It is easy to verify that Z(G) is a normal abelian subgroup of G, and the conjugate
of a central element g € G by any element of G is just g itself.

If G and H are groups, then the (internal and external) direct product of G and H
will be written as G x H.

Lemma 1.2 If G| and G, are groups, then Z(G1 X G,) = Z(Gy) x Z(G,).

Proof Suppose that (g1, 82) € Z(G1xG,). Then (g1, g2)(x, y) = (x, y)(g1, g2) for
all (x, y) € G; x G;. This implies that (gx, gy) = (xg1, yg2), and thus g;x = xg;
and goy = yg,. Hence, g1 € Z(G;) and g, € Z(G,). Therefore, (g1, g2) is contained
in Z(G1) x Z(G3). And so, Z(Gy X G3) C Z(G1) X Z(G3). In a similar way, one can
show that Z(G) x Z(G,) C Z(G; x Gy). O

Lemma 1.3 If G| and G, are any two groups, then

Gl X Gz ~ G1 « G2
Z(G] X Gz) - Z(Gl) Z(Gz).
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Proof The map from G| X G; to (G/Z(G1)) X (G2/Z(G>)) defined by

(81, 82) = (812(G). :2(G))
is a surjective homomorphism whose kernel is Z(G; x G,). The result follows from
the First Isomorphism Theorem. O

Let G and H be any two groups. The set of homomorphisms from G to H will
be denoted by Hom(G, H), and the group of automorphisms of G by Aut(G). The
kernel and image of ¢ € Hom(G, H) are abbreviated as ker ¢ and im ¢ = ¢(G)
respectively. If G and H are isomorphic groups, then we write G = H.

Let G be a group and & € G. Using Lemma 1.1, it is easy to show that the map
¢ : G — G defined by ¢,(g) = g"

is contained in Aut(G).

Definition 1.4 The map ¢, is called the conjugation map or inner automorphism
induced by A.

It is easy to see that the set of all inner automorphisms of G forms a group
under composition. This group is denoted by Inn(G). There is a natural connection
between the center of a group and the inner automorphisms of the group.

Theorem 1.1 Let G be a group and h € G. The map
0: G — Aut(G) defined by o(h) = ¢, where @,(g) = g",

is a homomorphism with ker 0 = Z(G) and im o = Inn(G).
Proof The result follows from Lemma 1.1. O
By Theorem 1.1 and the First Isomorphism Theorem, we have:

Corollary 1.1 If G is any group, then G/Z(G) = Inn(G).

1.1.2 Examples Involving the Center

In the next few examples, we give the center of various groups.
Example 1.1 A group G is abelian if and only if Z(G) = G.

Example 1.2 Let S, be the symmetric group on the set S = {1, 2, ..., n}, and let
“¢” denote the identity element of S,,. Clearly, S; has trivial center because S; = {e}.
Furthermore, Z(S;) = S, since S is abelian.

We show that Z(S,) = {e} for n > 2. Suppose, on the contrary, that Z(S,)
is nontrivial. Let o € Z(S,) be a nonidentity element. There exist distinct elements
a, b € Ssuchthat o(a) = b. Choose an element ¢ € S different from @ and b, and let
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7 be the transposition (b c¢). A direct calculation shows that (g ot)(a) # (to0)(a),
contradicting the assumption that o is in the center of Z(S,,).

Example 1.3 Let A, be the alternating group on the set S = {1, 2, ..., n}. Thisis
the subgroup of S, consisting of all even permutations. Note that A; = A, = {e},
and Aj; is cyclic since it has order 3. Thus, Z(A,) = A, forn = 1,2, and 3 according
to Example 1.1.

The center of A4 is trivial. The proof is similar to the one used in Example 1.2.
Assume that Z(A,) is nontrivial, and let o be a nonidentity element of Z(A,,). There
exist distinct elements a, b € S such that o(a) = b. Choose two elements ¢ and d
in S different from a and b, and let T = (b ¢ d). It is easy to see that (o o 7)(a) #
(t 0 0)(a), contradicting the assumption that the center is nontrivial.

Using the same argument as above, one can show that A, has trivial center
whenever n > 5. We provide an alternative proof which uses the fact that A,
is a simple group whenever n > 5. Since this is the case, either Z(A,) = {e}
or Z(A,) = A,. If it were true that Z(A,) = A,, then A, would be abelian by
Example 1.1. However, a quick calculation shows that

(1 23)3 45 #@ 4 51 2 3).

Thus, A, is non-abelian and Z(A4,) # A,. We conclude that Z(A,) = {e} forn > 5.

Example 1.4 Let D, be the dihedral group of order 2n, the group of isometries of
the plane which preserve a regular n-gon. If y is a reflection across a line through a
vertex and x is the counterclockwise rotation by 27 /n radians, then the elements of
D, are

-1 2 n—1
Lox, x5 oo, X7y, xy, X7y, o, Xy,

and the equalities
X'=1y"=1, andxy = yx !

hold in D,,.
Both D; and D, are abelian, so Z(Dy) = D; and Z(D,) = D,. We determine
Z(D,) when n > 3. Since xy = yx~!, we have

Xy=y™" (reZ. (1.1)

We claim that no element of the form x'y for any + € {0, 1, ..., n — 1}
is central. Assume, on the contrary, that x'y € Z(D,) for some such ¢. Then x'y
commutes with x. Hence, x~! (x'y) x = x'y, and thus x'~'yx = x'y. Applying (1.1)
to both sides of this equality yields yx'~'x = yx™'. After canceling the y’s, we get

x>~" = x7'. This means that x> = 1, a contradiction. Therefore, x'y ¢ Z(D,,) for any
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t€{0, 1, ..., n— 1}. Consequently, an element of Z(D,) must take the form x' for
somet € {0, 1, ..., n—1}. Clearly, x° = 1 € Z(D,).
Suppose x' € Z(D,) for some ¢t € {1, ..., n— 1}. By (1.1), we have
v’ =xly = yx7.

Hence, ' = x*; that is, x> = 1. Since x has order n, it must be that n divides 2.
Hence, there exists k € N such that 2t = nk. If k > 2, then 2¢ > 2n. This cannot
happen since 1 < ¢ < n — 1. This means that k = 1, and thus 2r = n. Now, if n
is odd, then no such ¢ exists. We conclude that Z(D,,) is trivial when n is odd. If n
is even, then t = g and consequently, X2 e Z(D,). Therefore, Z(D,) is the cyclic
group of order 2 generated by x*/? when n is even.

Example 1.5 Let 77 be the group of 3 x 3 upper unitriangular matrices over Z with
the group operation being matrix multiplication. Thus,

L app aiz
H = 01 anrs
00 1

aijEZ

This group is called the Heisenberg group. The identity element in J is clearly the
3 x 3 identity matrix and will be denoted by I5. It is easy to show that

10c¢
Z() = 010
001

cEZ

1.1.3 Central Subgroups and the Centralizer

Definition 1.5 A subgroup H of a group G is called central it H < Z(G).
Related to the center of a group is the centralizer of a subset of a group.

Definition 1.6 The centralizer of a nonempty subset X of a group G is
Co(X)={geG|g 'xg=xforallx € X}.

It is easy to verify that Cg(X) is a subgroup of G. If X = {x}, then we write
Cs(x) for the centralizer of x. Clearly,

Ce(G) = [ Celx) = Z(G).

x€G
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Notice that Cg(x) is just the stabilizer of x under the action of G on itself by
conjugation. The orbit of x under this action, called the conjugacy class of x, is the
set {g7'xg | g € G}. When G is finite, we get the class equation of G :

Gl = 2(G)| + ) _[G : Co(x)], (1.2)
k

where one x; is chosen from each conjugacy class containing at least two elements.
Here, |G| stands for the order of G and [G : H] is the index of a subgroup H in G.
These notations are standard and will be used throughout the book. We will also
write |g| for the order of an element g € G.

1.1.4 The Center of a p-Group

Definition 1.7 Let p be any prime. A group G is called a p-group if every element
of G has order a power of p.

Finite p-groups are the building blocks of finite groups. The next fact regarding
their central structure is important in the study of finite groups.

Theorem 1.2 If G is a nontrivial finite p-group for some prime p, then Z(G) # 1.

Proof Suppose that |G| = n. Consider the class equation (1.2) of G. If x; € G is
not central for some 1 < k < n, then Cg(x) is a proper subgroup of G. Hence,
[G : Cs(xy)] is a positive power of p. Consequently, each summand in the sum

Z[G : Co ()]

k

is divisible by p. Since p divides |G| by hypothesis, p also divides |Z(G)|. Therefore,
Z(G) contains nontrivial elements. O

Remark 1.1 Tt is important to emphasize that G must be finite in Theorem 1.2. An
infinite p-group does not necessarily have nontrivial center. This notion is discussed
in Remark 2.8.

1.2 The Commutator of Group Elements

One can determine whether or not two group elements commute by calculating their
commutator.

Definition 1.8 Let g and /4 be elements of a group G. The commutator of g and h,
written as [g, 4], is

[g. =g 'h~'gh=g"'g".
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Clearly, g and h commute if and only if [g, ] = 1. Thus, the center of G can
also be characterized as

Z(G)={g€G|[g h = 1forall h € G}.

Definition 1.9 Let S = {gi, g2, ..., gn} be a set of elements of a group G.
A simple commutator, or left-normed commutator, of weight n > 1 is defined
recursively as follows:

1. The simple commutators of weight 1 are the elements of S, written as g; = [g;].
2. The simple commutators of weightn > 1 are [g1, ..., g:] = [lg1, ---» &—1]> &l

We collect some commutator identities which are of utmost importance.

Lemma 1.4 Let x, y, and z be elements of a group G.

(i) xy = yx[x, y].

(ii) ¥ = x[x, y].
(i) [x, y] = [y, 27"

(iv) [x, yJF =[x, ¥].

) [xy, 2] =[x, 2Py, 2] = [x, 2lx, 2z, ¥y, 2]
i) [x, yzl = [x, 2llx, yIF = [x, 2lx, y[x, v, 2]

i) [ ] = (e ™)
iy [, y] = (1. 1)
Proof
(i) xy = yx(xfly”xy) = yxlx, y].
() » =y lay = x(x_ly_lxy) = x[x, y].
(iii) [x, y] =x7'yly = ( ‘lx‘lyx)_l = [y, A"
(iv) We have
[, yf =2 (x_'y_'Xy)z
= (z_lx_lz) (z_ly_lz (z_lxz> (z_lyz)
= (z_lxz>_1 (z_l yz)_l (z_lxz> (z_' yz)

= ¥, ¥,
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(v) Observe that

[ry, 2] = () "'z vz

1

=y x—lZ—lxyZ

-t ()
=y"'[x, 2Dy, 7]

=[x, 2Py, 7]

=[x, Z[x, z, Y[y, z] by (ii).

A similar computation gives (vi). By (vi), we have

1= [x, yy_l] = [x, y_l] [x, y]f1 . (1.3)

This establishes (vii), and (viii) follows from (v) in a similar way. |

Lemma 1.5 (The Hall-Witt Identities) If x, y, and z are elements of a group,

then
oot oo o] =
,y aZ y,Z »-x Z5x 7)7 -

and

S [

Proof By Lemma 1.4 (iii), we have

y
[x, y !, z] =y

Similarly,

-1 T N
[y, Z ,x] =<yxy zy) 27Xz
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and
Z, x Lyl =(zyz "xz) xzx yx.

y z x
It follows that [x, y7!, z] [y, [ x] [z, x7!, y] = 1. One can prove the other
identity in a similar way. O

1.3 Commutator Subgroups

The notion of the commutator of elements of a group can be generalized to the
commutator of subsets of a group.

Definition 1.10 Let G be a group with subset S = {5y, 52, ...}. The subgroup of
G generated by S, denoted by

gp(S) = gp(s1, 52, ...),

is the smallest subgroup of G containing S. We call S a set of generators for gp(S).

The subgroup gp(S) of G can be obtained by taking the intersection of all
subgroups of G that contain S. A typical element of gp(S) is of the form

&1 &2 en
Siy Siy in

where s; € Sand g; € {—1, 1} for 1 <j <n.If g € G, then gp(g) is just the cyclic
subgroup of G generated by g. If S;, ..., S, are subsets of G, then the subgroup
gp(S1U---\US,) is written as gp(Sy, ..., Sy).

Definition 1.11 Let X; and X, be nonempty subsets of a group G. The commutator
subgroup of X, and X; is defined as

(X1, Xo] = gp ([x1, x2] [x1 € X1, 2 € X2) .
Thus, [X;, X;] is the subgroup of G generated by all commutators [x;, x,], where x;

varies over X and x, varies over X;. In particular, [G, G] = G’ is the commutator
subgroup or derived subgroup of G.

Remark 1.2 The set of all commutators
S = {[xl, Xz] |X1 EX], X2 GXz}

does not necessarily form a subgroup of G. For instance, [x;, x]~' may not be in §
for some [x1, x;] € S.
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If X; = X, = G, then the inverse of every element of S is contained in S by
Lemma 1.4 (iii). However, it may be that S is not a subgroup of G because the
product of two or more commutators in S is not necessarily a commutator in S.
Consider, for example, the special linear group SL,(R) whose elements are the
2 x 2 matrices with real entries and determinant 1 (the group operation is matrix
multiplication). Let I; denote the 2 x 2 identity matrix, and set

10 11
A_(—ll) andB—(Ol).

A routine check shows that —I, = (ABA)?,

[ GO] =-[6Y)-6D]

Thus, —1I, is a product of commutators. However, —I, is not the commutator of two
elements of SL,(R). To see this, assume, on the contrary, that —I, = [C, D] for
some C, D € SL,(R). Rewriting this gives C'DC = —D, and thus D and —D are
similar matrices. Since the trace of a square matrix equals the trace of any matrix
similar to it, D and —D have equal trace. Consequently, the trace of D equals 0. Since
the determinant of D equals 1, the characteristic polynomial of D is f(1) = A% + 1.

And so, D has eigenvalues +i. This means that D is similar to the matrix ( 01 (1)) .
. . 01
Without loss of generality, we may as well assume that D = 10) Suppose that

C = (a fl) . Since CD = —DC by assumption, a computation shows that d = —a
c

and ¢ = b. Using the fact that C has determinant 1, it follows that —a®> — b = 1.
This contradicts the fact thata, b € R.

Definition 1.11 can be generalized. If {X;, X5, ...} is a collection of nonempty
subsets of G, then

X1, ..., Xl =X, --., Xu1], Xul,

where n > 2. Note that [X], ..., X,] contains all simple commutators of the form
[x1, ..., x,], where x; € X1, ..., x, € X,,. Thus,

X1, ..., Xu] = gp(x1, ..., xa] | x1 €X1, ..., x, € X,).

However, [Xi, ..., X,] may not equal gp([x1, ..., x,] | x1 € X1, ..., x, € X, if
n > 3. For example (see [6]), consider the cyclic subgroups

Hy =gp((1 2)), Hy=¢gp((2 3)), and H3; = gp((3 4))
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of the symmetric group S,. A routine check confirms that [H;, H,, H3] equals Ay,
while gp([hl, hy, ]’lg] | hy € Hy, hp € Hy, h3 € H3) equals gp( (1 3 4) ) Thus,

[Hi, Hy, H3] # gp([h1, ho, h3] | hy € Hy, hy € Hy, h3 € H3).

Lemma 1.6 Let G be any group.

(i) IfH < Gand [G, G] < H, then H < G and G/H is abelian. Thus, |G, G] < G
and G/|G, G] is abelian.
(it) If N < G and G/N is abelian, then |G, G] < N.

Thus, the commutator subgroup of a group is the smallest normal subgroup
inducing an abelian quotient. The factor group Ab(G) = G/[G, G] is called the
abelianization of G.

Proof
(i) Letg € Gand h € H. By Lemma 1.4 (ii),

h =g 'hg =hlh, gle H

because H contains [G, G]. Therefore, g~'Hg = H, and thus H is normal in G.
If g1 H and g,H are elements of G/H, then

(g1H)(g2H) = g182H = g281lg1, g2]H = g281H = (g2H)(g1H)

by Lemma 1.4 (i). Therefore, G/H is abelian.
(i) If gN, hN € G/N, then (gN)(hN) = (hN)(gN). Hence,

(eN)~'(hN)~'(gN)(hN) = N.

We thus have g7 'h~'gh = [g, h] € N. It follows that [G, G] < N. i

Lemma 1.6 allows one to conveniently calculate the derived subgroup. This is
illustrated in the next few examples.

Example 1.6 Any two elements of an abelian group G commute. Thus, [G, G] = 1.

Example 1.7 We compute the commutator subgroup of the alternating group A, on
theset S = {1, 2, ..., n}. Clearly, [A,, A,] = {e} forn =1, 2, 3 by Example 1.6.

We find the commutator subgroup of A4. It is well known that A4 contains a
unique nontrivial normal subgroup

K={e. (1 223 4. (1 3)2 4. 1A 492 3},

which is an isomorphic copy of the Klein 4-group (see [1]). Since [A4 : K] = 3, the
quotient A4/K is abelian. Therefore, [A4, A4] < K, and thus [A4, A4] = K.
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Lastly, we consider the case when n > 5. In this case, A, is simple. Thus, the
only normal subgroups of A, are {¢} and A,,. Since A, is not abelian, [4,, A,] = A,.

Example 1.8 We find the commutator subgroup of the symmetric group S, on the
set S = {1, 2, ..., n}. By Example 1.6, [S,, S,] = {e} forn =1, 2.

In order to find [S,, S,] for n > 3, we use the fact that A, is a normal subgroup
of index 2 in §,, and thus S, /A, is an abelian group. First, we find [S3, S3]. Since
S3/A3 is abelian, we know that [S3, S3] <0 As. Furthermore, each element of Aj
can be written as a commutator of elements in S5 (this is obvious for the identity
permutation):

(123)=[2 3,03 2]add 3 2)=[2 3), 1 2 3).

Therefore, A3 is contained in [S3, S3], and consequently, [S3, S3] = As.

Next, we show that [Sy, S4] = As. Let (a b c¢) be any 3-cycle for some distinct
elements a, b, ¢ € S. This 3-cycle can be written as a commutator of elements in
S4 as

(@ b ¢)=1[(a b), (@ c D).

It follows that Ay < [S4, S4] because Ay is generated by 3-cycles. Since S4/Ay4 is
abelian, [S4, S4] <X A4. We conclude that [Sy, S4] = Ay.

Finally, consider the case when n > 5. Once again, [S,, S,] < A, because S,/A,
is abelian. Since the only nontrivial normal subgroup of S, is A, it must be that
[Sn, Sa] = An.

Example 1.9 We find the derived subgroup of the dihedral group D,. Recall from
Example 1.6 that

n—1

Dn:{]sxv-xzv~'-sxn_lsy5-xy’x2y7""x y}’
where
¥'=1y" =1, andxy = yx .. (1.4)

It follows from the last equality in (1.4) that

r

Yy=y  andxXy = Xy (reZ). (1.5)

Now, it is clear that [Dy, D] = [D,, D,] = 1 by Example 1.6 because D; and D,
are abelian. We claim that [D,, D,] = gp (x*) forn > 3.

From this point on, suppose n > 3 and let r and s denote integers. Choose x* €
gp (x*) . and observe that this element can be written as a commutator as follows:

x2r — xry—lyxr — xry—lx—ry — [x—r’ y]’
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where the second equality is a consequence of (1.5). Thus, gp (xz) < [Dy,, Dy].
To prove that [D,, D,] < gp (xz) , we use (1.4) and (1.5). Suppose that [a, b] €
[D., D,]. There are four possible cases for a and b.

e Ifa=x"andb =x",then[x", x*] =1€gp (xz) .
e Ifa =x"and b = x°y, then
1 _r.s 1

[, Xyl =x"(Fy)T Xy =x"y x XXy

1

— x—ry— xry — x—ry—lyx—r — x—2r cgp (x2) .

e Suppose a = x"y and b = x*. Then
Wy, @] =, 257" € gp ()
by the previous case and Lemma 1.4 (iii).
* Suppose a = x"y and b = x*y. Then
[y, 'yl = ()7 (@) Ty = Ay vy

— xrx—syyxrx—syy — x2r—25 €gp ()C2) .

It follows that [D,. D,] < gp(x*). And so, [D,, D,] = gp (x?) forn > 3 as
claimed. In fact, [D,, D,] = gp (x*) = gp (x) whenever n > 3 is odd.

Example 1.10 We show that the derived subgroup of the Heisenberg group 7
equals its center. By Example 1.5, the center of J7 is

10c 101
zZ(#)=31010]| |cezy =gp||o10]]. (1.6)
001 001
Let
1(11612 1b1b2
a=|01ay)and b=[01 b
001 001

be elements of 7Z°. A simple calculation shows that

10a1b3 —b1a3
[a, b =01 0
00 1
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Hence, each commutator of elements of .# is central, and thus [, S| < Z(F).
In addition, the generator of Z(7) in (1.6) is a commutator of elements of 77 :

101 110 100
010]) = 010),(011
001 001 001

It follows that [J7°, ) = Z(57).

1.3.1 Properties of Commutator Subgroups

We collect several properties of commutator subgroups.
Definition 1.12 Let G be any group, and let S be a nonempty subset of G. The
normalizer of S in G, denoted by N;(S), is

N6(S) = {g € G| ¢S = Sg}.

If H is a subgroup of G, then Ng(H) is the largest subgroup of G in which H is
normal. If K is another subgroup of G, then K normalizes H if K < Ng(H). Clearly,
Ng(H) = Gifandonly if H < G.

Theorem 1.3 Let G be a group and H < G. Then Cg(H) < Ng(H) and the factor
group Ng(H)/Cg(H) is isomorphic to a subgroup of Aut(H).

In particular, we obtain Corollary 1.1 when H = G.

Proof By Theorem 1.1, the map
0:G — Aut(H) defined by o(h) = ¢,, where ¢;(g) = g",

is a homomorphism. Thus, o|ys#). the restriction of ¢ to Ng(H), is a homomor-
phism. It is easy to verify that o|y, @) has kernel Cg(H). The result follows from
the First Isomorphism Theorem. O

Proposition 1.1 Let G be any group with subgroups H and K.
(i) [H, K] = [K, H].
(ii) [H, K] < H if and only if K normalizes H. In particular, [H, G| < H if and
onlyifH < G.
(iii) If Hy < G and Ky < G such that Hl < H and K| < K, then [H, K] <
[H, K].

We point out that (i) is valid for any two subsets H and K of G.
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Proof
(i) By Lemma 1.4 (iii),

[H, K] = gp([h, k] |h € H, k € K)
= gp ([k. W' |heH, ke K)
= [K, H).
(i) If [H, K] < H, then [h, k] € H for any h € H and k € K. This means that
k~'hk € H, and consequently, Kk 'Hk < H. Similarly, we have kHk™! < H.
Therefore, kK 'Hk = H; that is, k € Ng(H). Conversely, if k € Ng(H), then

[h, k] € H for all h € H. A routine check confirms that [H, K] < H.
(iii) The proof is straightforward. O

Definition 1.13 Let G be a group with H < G, and let A C Aut(G).

(i) If ¢(h) € H for every ¢ € A and h € H, then H is called A-invariant.
(ii) If H is Aut(G)-invariant, then H is called characteristic in G.
(iii) If every endomorphism of G restricts to an endomorphism of H, then H is fully
invariant.

Clearly, every fully invariant subgroup must be characteristic. Furthermore, every
characteristic subgroup is normal. We record this as a lemma.

Lemma 1.7 Let G be any group. If H is a characteristic subgroup of G, then
H<QG.

Proof If H is a characteristic subgroup of G, then ¢(H) = H for every ¢ € Aut(G).
In particular, ¢,(H) = H, where g € G and ¢, is the inner automorphism induced
by g. Thus, g~'Hg = H for every g € G; thatis, H < G. i

The next property of characteristic subgroups will be useful later.

Lemma 1.8 Let G be a group with subgroups H and K. If H is characteristic in K
and K <1 G, then H < G.

Proof Choose any element g € G. Since K <1 G, there is an endomorphism

¢, : K — K defined by ¢,(x) = x°.
It is easy to verify that ¢, € Aut(K). Since H is characteristic in K, ¢,(H) = H.
And so, g7'Hg = H. This is true for all g € G since g was arbitrarily chosen. O

Proposition 1.2 Let G and H be groups, and let G| and G, be subgroups of G.

(i) If 0 € Hom(G, H), then 0([G1, G2]) = [0(G1), 0(G2)].
(ii) LetA C Aut(G). If G| and G, are A-invariant, then (G, G3] is also A-invariant.
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Proof
() If g1, € G1, g3, € Gy, and g € {—1, 1} for 1 <j <k, then

()
o(er) " o(er) "o )o()]
o(e). o))

(i) We show that ¢ ([Gy, G;]) < [G;, G,] forany ¢ € A. Let

1=

ﬁ [81/, gz,] =

j=1 j=1

>~

.

Il
:I»

~.
Il
-

Il
-:1’”

—_

J

k .
1_[ [81]-, 82,»] " e[G1. G
j=1

as above. Since G; and G, are A-invariant subgroups, a computation similar to

(1) gives
k k .
(p(l—ll:glia gz] ) HI: (gl,)5 (gZJ)] (S [Gl7 GZ].
j=1 j=1
This completes the proof. O

It follows from Proposition 1.2 (i) that the derived subgroup of any group is
always fully invariant.

Corollary 1.2 Let G be a group and N < G. If H < G and K < G, then
[HN/N, KN/N] = [H, K|N/N.

Proof If : G — G/N is the natural homomorphism, then (H) = HN/N and
(K) = KN/N. Apply Proposition 1.2 (i). O

Lemma 1.9 Let G be a group, and suppose that N I G and H < G. Then
[H, G] < N ifandonly if HN/N < Z(G/N).
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Proof Suppose that HN/N < Z(G/N).If h € H, then (hN)(gN) = (gN)(hN) for
any g € G. This means that [hN, gN] = N. Since [AN, gN] = [h, g]N, it follows
that [, g] € N. Consequently, every commutator of an element of H and an element
of G is contained in N. It follows that [H, G] is a subgroup of N.

Conversely, suppose that [H, G] < N and let htN € HN/N and gN € G/N. Since
[AN, gN] = [h, g]N and [h, g] € N by hypothesis, we have [AN, gN] = N. Thus,
hN € Z(G/N). o

Theorem 1.4 Let G be a group. If H and K are normal subgroups of G, then
[H, K] < G and [H, K| < H N K. In particular, every element of H commutes
with every element of K whenever HN K = 1.

Proof Suppose that g € G and [['_,[h;, k] € [H, K], where h; € H, k; € K, and
g € {—1, 1}. By Lemmas 1.1 and 1.4 (iv),

e S A ) e (I R N (S N (T

(b ) 40 )

is contained in [H, K] since H and K are normal in G. Thus, [H,K] J G.
Furthermore,

n

- L RE — =1 ,—14.8"
E[h,, ki* =TT (" (k7 mik)) " e 1

i=1

and
n n &
[Tim. k=] ((hi_lki_lh,-)k,-) k.
i=1 i=1
Thus, [T—,[A:. k]% € H N K, and therefore, [H, K] < HN K. O
An easy induction argument gives:
Corollary 1.3 If Gy, ..., G, are normal subgroups of a group G, then the
subgroup [Gy, ..., G| is normal in G.

Lemma 1.10 IfH, K, and L are normal subgroups of a group G, then

[HK, L] = [H, L|[K, L] and [H, KL] = [H, K][H, L].
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Proof The result follows from Lemma 1.4 (v) and (vi), together with
Theorem 1.4. |

More generally, we have:

Lemma 1.11 If{G,, ..., G,, H|, H,} is a set of normal subgroups of a group G,
then
2
(i) [Gr. ..., Gu. HiHo] = [ [[G1. ..., Gy, Hil;
i=1
2
(ii) [HiHy. Gy, ... G| =[[Hi. Gi. ... G,;
i=1
(iii) [G1, ..., Gu—1, HiHs, Gpy1, ..., Gy =
2
[1Gr. ... Guor. Hi Gyt Gl for1 <m <n.
i=1
Proof
(i) Note that [Gy, ..., G,] < G by Corollary 1.3. The result follows from

Lemma 1.10.
(i) Setn = 2. By Lemma 1.10,

[HiH>, Gi, Go] = [[HiH>, Gi], G]
= [[H, G][H2, Gi], G2].

Now, [H,, Gi] and [H,, Gi] are normal in G by Theorem 1.4. Another
application of Lemma 1.10 gives

We iterate this procedure for any n to obtain the desired result.

(iii) Let C =[Gy, ..., Gu—1]. By Corollary 1.3, Lemma 1.10, and (ii) above, we
have
[C, HiHy, Gut1, .., Gp) = [[C, HiH2], Gt .., Gyl
= [[C, H][C, Ha], Gu+1, - .., Gy
=[[C, Hi], Gu+1, ---» GJl[C, Ha], Gu1,
. Gyl

= [C, Hl’ Gm-'rlv ceey GVL][Cv HZ» Gm"rl’ ceey
Gl

This completes the proof. O
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The next two lemmas pertain to central commutator subgroups.

Lemma 1.12 (P. Hall) Ler G be a group with subgroups H and K, and suppose
that [H, K| < Z(G). For any a € H and b € K, the maps

0. : K — Z(G) defined by ¢,(k) = [a, k]
and
oy : H— Z(G) defined by ¢,(h) = [h, b]

are homomorphisms.

Proof Suppose that ki, k, € K. By Lemma 1.4 (vi),
[a, klkg] = [a, kg][a, kl]kz = [a, k2][a, kl]

Therefore, ¢, is a homomorphism. In a similar way, one can show that ¢, is a

homomorphism. O
Lemma 1.13 Let G be any group. If [g, h] € Z(G) for some g, h € G andn € Z,
then

[¢". Al = [g. H" = [g. K"].

Proof The result is obvious for » = 0 and n = 1, and Lemma 1.12 gives the result
when n > 2. Suppose that n < 0. Since [g, /] is central, so is [g, #]™". This, together
with Lemma 1.4 (viii), implies

" A= [ 1] = (g )
= (e ) = g W)

= [g, H]".

In a similar way, one can show that [g, /"] = [g, h]". O

1.3.2 The Normal Closure

Let S and T be nonempty subsets of a group G. Denote by S7, the subgroup of G
generated by all conjugates of elements of S by elements of T :

st = gp(t_lst ’ ses, te T).
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It is easy to see that if H < G, then S is the smallest normal subgroup of gp(S, H)
containing S. We call S* the normal closure of S in gp(S, H).

We record some fundamental properties on normal closures and commutator
subgroups.

Proposition 1.3 Let G be a group with H < Gand @ # S C G.
(i) S" =gp (S, [S. H]).
(ii) [S, HI =[S, H].
(iii) If H = gp(T) for some @ # T C G, then [S, H] = [S, T|" and [H, S] =
[T, S
Proof
(i) Note first that S € S¥ because H < G. Moreover, any generator of [S, H] can
be written as [s, 1] = s~'s" with s € Sand h € H. Thus, gp (S, [S, H]) < S".
It follows from Lemma 1.4 (ii) that ¥ < gp (S, [S, H]).

(i) Since H < G, [S, H] < [S, H]®. We establish the reverse inclusion. By
definition and Lemma 1.1,

S, H]Hzgp(xh)xe[s, H],heH)

=gp ([s, )"

seS, heH, hzeH>.
By Lemma 1.4 (vi),
[S, /’ll]hz = [S, hz]_l[s, hlhz].

Consequently, [s, #,]" € [S, H], and thus [S, H]" =[S, H].

(iii) It is enough to prove that [S, H] = [S, T]". First, observe that [S, T] < [S, H]
because T C H. This implies that [S, T]7 < [S, H]. By (i), [S, T]" < [S, H].
It suffices to show that [s, h] € [S,T]" for any s € S and h € H. Since
H = gp(T), we can write

— ££1.82 Em
h=1t't?--t

m

for t; € T and ¢; € {—1, 1}. The proof is done by induction on m. If m = 1

and g, = 1, then[s, 1] € [S, T]. If m = 1 and &; = —1, then [s, tl_l] =
PN |

([s, 1]’ 1 ) is also contained in [S, T717.

Assume that the result is true for m — 1. If m > 1, then Lemma 1.4 (vi),
together with induction, implies that

Em

tm
— E1 €2 Em—148m | Em €1 12 Em—1
[s, h] = [s, A SR tm] = [s, tm][s, 0 ~--tm_1]

is contained in [S, 777 . O
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Corollary 1.4 If G is a group with H < Gand K < G, then [H, K] < gp(H, K).

Proof By Proposition 1.3 (ii), [H, K]X = [H, K] and [K, H]" = [K, H]. Hence,
[H, K]* = [H, K] = [H, K]"

by Proposition 1.1 (i). Consequently, both H and K normalize [H, K]. O

The next two corollaries follow from Proposition 1.3 (iii).

Corollary 1.5 Let H and K be subgroups of a group G, and let S and T be nonempty
subsets of G. If H = gp(S) and K = gp(T), then [H, K] = ([S T]H)K.

Corollary 1.6 If G is a group and Hy, ..., H, are normal subgroups of G, then
Hy, ..., H)l=gp(h, ..., i) | hi€H; for i=1, ..., n).
References

1. B. Baumslag, B. Chandler, Schaum’s Outline of Theory and Problems of Group Theory
(McGraw-Hill, New York, 1968)

2. P. Hall, The Edmonton Notes on Nilpotent Groups. Queen Mary College Mathematics Notes.
Mathematics Department (Queen Mary College, London 1969). MR0283083

3. D.J.S. Robinson, Finiteness Conditions and Generalized Soluble Groups. Part 1 (Springer, New
York, 1972). MR0332989

4. D.J.S. Robinson, A Course in the Theory of Groups. Graduate Texts in Mathematics, vol. 80,
2nd edn (Springer, New York, 1996). MR1357169

5.1.S. Rose, A Course on Group Theory (Dover Publications, New York, 1994). MR1298629.
Reprint of the 1978 original [Dover, New York; MR0498810 (58 #16847)]

6. M. Suzuki, Group Theory. II. Grundlehren der Mathematischen Wissenschaften, vol. 248
(Springer, New York, 1986). MR0815926. Translated from the Japanese



	1 Commutator Calculus
	1.1 The Center of a Group
	1.1.1 Conjugates and Central Elements
	1.1.2 Examples Involving the Center
	1.1.3 Central Subgroups and the Centralizer
	1.1.4 The Center of a p-Group

	1.2 The Commutator of Group Elements
	1.3 Commutator Subgroups
	1.3.1 Properties of Commutator Subgroups
	1.3.2 The Normal Closure

	References


