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Preface

Our foremost objective in writing this book was to present a reasonably self-
contained treatment of the classical theory of nilpotent groups so that the reader
may later be able to study further topics and perhaps undertake research on his or
her own. We have also included some recent work by two of the authors.

The theorems and proofs that appear in this work can be found elsewhere in some
shape or form, but they are scattered in the literature. We have tried to include some
of the omitted details in the original sources and to offer additional computations
and explanations whenever we found it appropriate and useful. It is our hope that
the examples, constructions, and computations included herein will contribute to
a general understanding of both the theory of nilpotent groups and some of the
techniques commonly used to study them. With this in mind, we have attempted to
produce a single volume that can either be read from cover to cover or used as a
reference. This was our main motivation several years ago, when the idea of writing
such a book began to materialize.

We expect both working mathematicians and graduate students to benefit from
reading this book. We demand from the reader only a solid advanced undergraduate
or beginning graduate background in algebra. In particular, we assume that the
reader is familiar with groups, rings, fields, modules, and tensor products. We
expect the reader to know about direct and semi-direct products. We also assume
knowledge about free groups and presentations of groups. Some topology is
certainly useful for Chapter 6.

We declare that the choice of topics is based on what we consider to be a coherent
discussion of nilpotent groups and mostly responds to our own mathematical
interests. We emphasize that some of the more recent developments in nilpotent
group theory (especially from the algorithmic, geometric, and model-theoretic
perspectives) have been completely excluded and are well-suited topics for future
volumes. Furthermore, major results such as the solution of the isomorphism
problem for finitely generated nilpotent groups and the Mal’cev correspondence
are only mentioned or discussed briefly.

We adopt certain conventions and notations. We sometimes write “1” for the
trivial group, the group identity, and the unity of a ring. All functions and morphisms

vii



viii Preface

are written on the left unless otherwise told. For example, we write '.x/; rather than
x' or x': The n � n identity matrix is always denoted by In: Whenever we have a
field of characteristic zero, we identity its prime subfield with the rationals. All rings
mentioned in this book are associative.

The book is organized in the following manner. In Chapter 1, we discuss the
commutator calculus. Chapter 2 is meant to serve as an introduction to nilpotent
groups and includes some interesting examples. Chapter 3 deals with the collection
process and basic commutators, leading to normal forms in finitely generated free
groups and free nilpotent groups. In Chapter 4, we show that finitely generated
nilpotent groups are polycyclic, allowing us to obtain another type of normal
form in such groups. Chapter 5 is about the theory of isolators, root extraction,
and localization. Chapter 6 is a discussion of a classical paper by S. A. Jennings
regarding the group ring of finitely generated torsion-free nilpotent groups over
a field of characteristic zero. Finally, Chapter 7 contains a selection of additional
topics.

We take full responsibility for any errors, mathematical or otherwise, appearing
in this work. We have made every effort to accurately cite all pertinent works and
do apologize for any omissions.

Brooklyn, NY, USA Anthony E. Clement
Brooklyn, NY, USA Stephen Majewicz
New York, NY, USA Marcos Zyman
October 2017
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Chapter 1
Commutator Calculus

In this chapter, we introduce the commutator calculus. This is one of the most
important tools for studying nilpotent groups. In Section 1.1, the center of a group
and other notions surrounding the concept of commutativity are defined. Several
results and examples involving central subgroups and central elements are given.
Section 1.2 contains the fundamental identities related to commutators of group
elements. By definition, the commutator of two elements g and h in a group G is the
element Œg; h� D g�1h�1gh: Clearly, Œg; h� D 1 whenever g and h commute. This
leads to a natural connection between central elements and trivial commutators. The
commutator identities allow us to develop properties of commutator subgroups. This
is the main focus of Section 1.3.

1.1 The Center of a Group

The commutator calculus is an essential tool which is used for working with
nilpotent groups. In this section, we collect various results on commutators which
will be used throughout the book. This material can be found in various places in
the literature (see [1–6]).

1.1.1 Conjugates and Central Elements

We begin by defining the conjugate of a group element.

Definition 1.1 Let g and h be elements of a group G: The conjugate of g by h;
denoted by gh; is the element h�1gh of G:

© Springer International Publishing AG 2017
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DOI 10.1007/978-3-319-66213-8_1

1



2 1 Commutator Calculus

The conjugate of g�1 by h is written as g�h: Notice that

g�h D �
g�1�h D h�1g�1h D �

h�1gh
��1 D �

gh
��1

:

Furthermore, if k 2 G; then

.gh/k D k�1ghk D .k�1gk/.k�1hk/ D gkhk

and

�
gh
�k D �

h�1gh
�k D k�1h�1ghk D .hk/�1g.hk/ D ghk:

We summarize these in the next lemma.

Lemma 1.1 Suppose that g; h; and k are elements of any group. Then .gh/k D
gkhk;

�
g�1�h D �

gh
��1

; and
�
gh
�k D ghk:

The notion of conjugacy extends to subgroups in a natural way.

Definition 1.2 Two subgroups H and K of a group G are called conjugate if
g�1Hg D K for some g 2 G:

In particular, every normal subgroup of G is conjugate to itself.

Definition 1.3 Let G be a group. An element g 2 G is called central if it commutes
with every element of G: The set of all central elements of G is called the center of
G and is denoted by Z.G/: Thus,

Z.G/ D fg 2 G j gh D hg for all h 2 Gg
D fg 2 G j gh D g for all h 2 Gg:

It is easy to verify that Z.G/ is a normal abelian subgroup of G; and the conjugate
of a central element g 2 G by any element of G is just g itself.

If G and H are groups, then the (internal and external) direct product of G and H
will be written as G � H:

Lemma 1.2 If G1 and G2 are groups, then Z.G1 � G2/ D Z.G1/ � Z.G2/:

Proof Suppose that .g1; g2/ 2 Z.G1�G2/: Then .g1; g2/.x; y/ D .x; y/.g1; g2/ for
all .x; y/ 2 G1 � G2. This implies that .g1x; g2y/ D .xg1; yg2/; and thus g1x D xg1
and g2y D yg2:Hence, g1 2 Z.G1/ and g2 2 Z.G2/: Therefore, .g1; g2/ is contained
in Z.G1/� Z.G2/: And so, Z.G1 � G2/ � Z.G1/� Z.G2/: In a similar way, one can
show that Z.G1/ � Z.G2/ � Z.G1 � G2/: ut
Lemma 1.3 If G1 and G2 are any two groups, then

G1 � G2

Z.G1 � G2/
Š G1

Z.G1/
� G2

Z.G2/
:
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Proof The map from G1 � G2 to .G1=Z.G1// � .G2=Z.G2// defined by

.g1; g2/ 7! .g1Z.G/; g2Z.G//

is a surjective homomorphism whose kernel is Z.G1 � G2/: The result follows from
the First Isomorphism Theorem. ut

Let G and H be any two groups. The set of homomorphisms from G to H will
be denoted by Hom.G; H/, and the group of automorphisms of G by Aut.G/: The
kernel and image of ' 2 Hom.G; H/ are abbreviated as ker ' and im ' D '.G/
respectively. If G and H are isomorphic groups, then we write G Š H:

Let G be a group and h 2 G: Using Lemma 1.1, it is easy to show that the map

'h W G ! G defined by 'h.g/ D gh

is contained in Aut.G/:

Definition 1.4 The map 'h is called the conjugation map or inner automorphism
induced by h:

It is easy to see that the set of all inner automorphisms of G forms a group
under composition. This group is denoted by Inn.G/: There is a natural connection
between the center of a group and the inner automorphisms of the group.

Theorem 1.1 Let G be a group and h 2 G: The map

% W G ! Aut.G/ defined by %.h/ D 'h; where 'h.g/ D gh;

is a homomorphism with ker % D Z.G/ and im % D Inn.G/:

Proof The result follows from Lemma 1.1. ut
By Theorem 1.1 and the First Isomorphism Theorem, we have:

Corollary 1.1 If G is any group, then G=Z.G/ Š Inn.G/:

1.1.2 Examples Involving the Center

In the next few examples, we give the center of various groups.

Example 1.1 A group G is abelian if and only if Z.G/ D G:

Example 1.2 Let Sn be the symmetric group on the set S D f1; 2; : : : ; ng; and let
“e” denote the identity element of Sn: Clearly, S1 has trivial center because S1 D feg:
Furthermore, Z.S2/ D S2 since S2 is abelian.

We show that Z.Sn/ D feg for n > 2: Suppose, on the contrary, that Z.Sn/

is nontrivial. Let � 2 Z.Sn/ be a nonidentity element. There exist distinct elements
a; b 2 S such that �.a/ D b: Choose an element c 2 S different from a and b; and let
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� be the transposition .b c/: A direct calculation shows that .� ı�/.a/ ¤ .� ı�/.a/;
contradicting the assumption that � is in the center of Z.Sn/:

Example 1.3 Let An be the alternating group on the set S D f1; 2; : : : ; ng: This is
the subgroup of Sn consisting of all even permutations. Note that A1 D A2 D feg;
and A3 is cyclic since it has order 3: Thus, Z.An/ D An for n D 1; 2; and 3 according
to Example 1.1.

The center of A4 is trivial. The proof is similar to the one used in Example 1.2.
Assume that Z.An/ is nontrivial, and let � be a nonidentity element of Z.An/: There
exist distinct elements a; b 2 S such that �.a/ D b: Choose two elements c and d
in S different from a and b; and let � D .b c d/: It is easy to see that .� ı �/.a/ ¤
.� ı �/.a/; contradicting the assumption that the center is nontrivial.

Using the same argument as above, one can show that An has trivial center
whenever n � 5: We provide an alternative proof which uses the fact that An

is a simple group whenever n � 5: Since this is the case, either Z.An/ D feg
or Z.An/ D An: If it were true that Z.An/ D An; then An would be abelian by
Example 1.1. However, a quick calculation shows that

.1 2 3/.3 4 5/ ¤ .3 4 5/.1 2 3/:

Thus, An is non-abelian and Z.An/ ¤ An: We conclude that Z.An/ D feg for n � 5:

Example 1.4 Let Dn be the dihedral group of order 2n; the group of isometries of
the plane which preserve a regular n-gon. If y is a reflection across a line through a
vertex and x is the counterclockwise rotation by 2�=n radians, then the elements of
Dn are

1; x; x2; : : : ; xn�1; y; xy; x2y; : : : ; xn�1y;

and the equalities

xn D 1; y2 D 1; and xy D yx�1

hold in Dn:

Both D1 and D2 are abelian, so Z.D1/ D D1 and Z.D2/ D D2: We determine
Z.Dn/ when n � 3: Since xy D yx�1; we have

xry D yx�r .r 2 Z/: (1.1)

We claim that no element of the form xty for any t 2 f0; 1; : : : ; n � 1g
is central. Assume, on the contrary, that xty 2 Z.Dn/ for some such t: Then xty
commutes with x: Hence, x�1 .xty/ x D xty; and thus xt�1yx D xty: Applying (1.1)
to both sides of this equality yields yx1�tx D yx�t: After canceling the y’s, we get
x2�t D x�t: This means that x2 D 1; a contradiction. Therefore, xty … Z.Dn/ for any
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t 2 f0; 1; : : : ; n � 1g: Consequently, an element of Z.Dn/must take the form xt for
some t 2 f0; 1; : : : ; n � 1g: Clearly, x0 D 1 2 Z.Dn/:

Suppose xt 2 Z.Dn/ for some t 2 f1; : : : ; n � 1g: By (1.1), we have

yxt D xty D yx�t:

Hence, xt D x�tI that is, x2t D 1: Since x has order n; it must be that n divides 2t:
Hence, there exists k 2 N such that 2t D nk: If k � 2; then 2t � 2n: This cannot
happen since 1 � t � n � 1: This means that k D 1; and thus 2t D n: Now, if n
is odd, then no such t exists. We conclude that Z.Dn/ is trivial when n is odd. If n
is even, then t D n

2
; and consequently, xn=2 2 Z.Dn/: Therefore, Z.Dn/ is the cyclic

group of order 2 generated by xn=2 when n is even.

Example 1.5 Let H be the group of 3�3 upper unitriangular matrices over Z with
the group operation being matrix multiplication. Thus,

H D
8
<

:

0

@
1 a12 a13
0 1 a23
0 0 1

1

A

ˇ
ˇ
ˇ
ˇ
ˇ

aij 2 Z

9
=

;
:

This group is called the Heisenberg group. The identity element in H is clearly the
3 � 3 identity matrix and will be denoted by I3: It is easy to show that

Z.H / D
8
<

:

0

@
1 0 c
0 1 0

0 0 1

1

A

ˇ
ˇ
ˇ
ˇ
ˇ

c 2 Z

9
=

;
:

1.1.3 Central Subgroups and the Centralizer

Definition 1.5 A subgroup H of a group G is called central if H � Z.G/:

Related to the center of a group is the centralizer of a subset of a group.

Definition 1.6 The centralizer of a nonempty subset X of a group G is

CG.X/ D fg 2 G j g�1xg D x for all x 2 Xg:

It is easy to verify that CG.X/ is a subgroup of G: If X D fxg; then we write
CG.x/ for the centralizer of x: Clearly,

CG.G/ D
\

x2G

CG.x/ D Z.G/:
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Notice that CG.x/ is just the stabilizer of x under the action of G on itself by
conjugation. The orbit of x under this action, called the conjugacy class of x; is the
set fg�1xg j g 2 Gg: When G is finite, we get the class equation of G W

jGj D jZ.G/j C
X

k

ŒG W CG.xk/�; (1.2)

where one xk is chosen from each conjugacy class containing at least two elements.
Here, jGj stands for the order of G and ŒG W H� is the index of a subgroup H in G:
These notations are standard and will be used throughout the book. We will also
write jgj for the order of an element g 2 G:

1.1.4 The Center of a p-Group

Definition 1.7 Let p be any prime. A group G is called a p-group if every element
of G has order a power of p:

Finite p-groups are the building blocks of finite groups. The next fact regarding
their central structure is important in the study of finite groups.

Theorem 1.2 If G is a nontrivial finite p-group for some prime p; then Z.G/ ¤ 1:

Proof Suppose that jGj D n: Consider the class equation (1.2) of G: If xk 2 G is
not central for some 1 � k � n; then CG.xk/ is a proper subgroup of G: Hence,
ŒG W CG.xk/� is a positive power of p: Consequently, each summand in the sum

X

k

ŒG W CG.xk/�

is divisible by p: Since p divides jGj by hypothesis, p also divides jZ.G/j: Therefore,
Z.G/ contains nontrivial elements. ut
Remark 1.1 It is important to emphasize that G must be finite in Theorem 1.2. An
infinite p-group does not necessarily have nontrivial center. This notion is discussed
in Remark 2.8.

1.2 The Commutator of Group Elements

One can determine whether or not two group elements commute by calculating their
commutator.

Definition 1.8 Let g and h be elements of a group G: The commutator of g and h;
written as Œg; h�; is

Œg; h� D g�1h�1gh D g�1gh:
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Clearly, g and h commute if and only if Œg; h� D 1: Thus, the center of G can
also be characterized as

Z.G/ D fg 2 G j Œg; h� D 1 for all h 2 Gg:

Definition 1.9 Let S D fg1; g2; : : : ; gng be a set of elements of a group G:
A simple commutator, or left-normed commutator, of weight n � 1 is defined
recursively as follows:

1. The simple commutators of weight 1 are the elements of S; written as gj D Œgj�:

2. The simple commutators of weight n > 1 are Œg1; : : : ; gn� D ŒŒg1; : : : ; gn�1�; gn�:

We collect some commutator identities which are of utmost importance.

Lemma 1.4 Let x; y; and z be elements of a group G:

(i) xy D yxŒx; y�:
(ii) xy D xŒx; y�:

(iii) Œx; y� D Œy; x��1:
(iv) Œx; y�z D Œxz; yz�:

(v) Œxy; z� D Œx; z�yŒy; z� D Œx; z�Œx; z; y�Œy; z�:
(vi) Œx; yz� D Œx; z�Œx; y�z D Œx; z�Œx; y�Œx; y; z�:

(vii)
h
x; y�1

i
D
�
Œx; y�y

�1
��1

:

(viii)
h
x�1; y

i
D
�
Œx; y�x

�1
��1

:

Proof

(i) xy D yx
�

x�1y�1xy
�

D yxŒx; y�:

(ii) xy D y�1xy D x
�

x�1y�1xy
�

D xŒx; y�:

(iii) Œx; y� D x�1y�1xy D
�

y�1x�1yx
��1 D Œy; x��1:

(iv) We have

Œx; y�z D z�1�x�1y�1xy
�

z

D
�

z�1x�1z
��

z�1y�1z
��

z�1xz
��

z�1yz
�

D
�

z�1xz
��1�

z�1yz
��1�

z�1xz
��

z�1yz
�

D Œxz; yz�:
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(v) Observe that

Œxy; z� D .xy/�1z�1xyz

D y�1x�1z�1xyz

D y�1�x�1z�1xz
�

y
�

y�1z�1yz
�

D y�1Œx; z�yŒy; z�

D Œx; z�yŒy; z�

D Œx; z�Œx; z; y�Œy; z� by (ii).

A similar computation gives (vi). By (vi), we have

1 D
h
x; yy�1i D

h
x; y�1i Œx; y�y

�1

: (1.3)

This establishes (vii), and (viii) follows from (v) in a similar way. ut
Lemma 1.5 (The Hall-Witt Identities) If x; y, and z are elements of a group, then

h
x; y�1; z

iyh
y; z�1; x

izh
z; x�1; y

ix D 1

and
h
x; y; zx

ih
z; x; yz

ih
y; z; xy

i
D 1:

Proof By Lemma 1.4 (iii), we have

h
x; y�1; z

iy D y�1hhx; y�1i; z
i
y

D y�1hx; y�1i�1
z�1hx; y�1izy

D y�1hy�1; x
i
z�1hx; y�1izy

D x�1y�1xz�1x�1yxy�1zy

D
�

xzx�1yx
��1

yxy�1zy:

Similarly,

h
y; z�1; x

iz D
�

yxy�1zy
��1

zyz�1xz
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and

h
z; x�1; y

ix D
�

zyz�1xz
��1

xzx�1yx:

It follows that
h
x; y�1; z

iyh
y; z�1; x

izh
z; x�1; y

ix D 1: One can prove the other

identity in a similar way. ut

1.3 Commutator Subgroups

The notion of the commutator of elements of a group can be generalized to the
commutator of subsets of a group.

Definition 1.10 Let G be a group with subset S D fs1; s2; : : :g: The subgroup of
G generated by S; denoted by

gp.S/ D gp.s1; s2; : : :/;

is the smallest subgroup of G containing S: We call S a set of generators for gp.S/:

The subgroup gp.S/ of G can be obtained by taking the intersection of all
subgroups of G that contain S: A typical element of gp.S/ is of the form

s"1i1
s"2i2

	 	 	 s"n
in
;

where sij 2 S and "j 2 f�1; 1g for 1 � j � n: If g 2 G; then gp.g/ is just the cyclic
subgroup of G generated by g: If S1; : : : ; Sn are subsets of G; then the subgroup
gp.S1

S 	 	 	S Sn/ is written as gp.S1; : : : ; Sn/:

Definition 1.11 Let X1 and X2 be nonempty subsets of a group G: The commutator
subgroup of X1 and X2 is defined as

ŒX1; X2� D gp .Œx1; x2� j x1 2 X1; x2 2 X2/ :

Thus, ŒX1; X2� is the subgroup of G generated by all commutators Œx1; x2�; where x1
varies over X1 and x2 varies over X2: In particular, ŒG; G� D G0 is the commutator
subgroup or derived subgroup of G:

Remark 1.2 The set of all commutators

S D fŒx1; x2� j x1 2 X1; x2 2 X2g

does not necessarily form a subgroup of G: For instance, Œx1; x2��1 may not be in S
for some Œx1; x2� 2 S:
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If X1 D X2 D G; then the inverse of every element of S is contained in S by
Lemma 1.4 (iii). However, it may be that S is not a subgroup of G because the
product of two or more commutators in S is not necessarily a commutator in S:
Consider, for example, the special linear group SL2.R/ whose elements are the
2 � 2 matrices with real entries and determinant 1 (the group operation is matrix
multiplication). Let I2 denote the 2 � 2 identity matrix, and set

A D
�
1 0

�1 1
�

and B D
�
1 1

0 1

�

:

A routine check shows that �I2 D .ABA/2;

A D
"�

1 0
4
3
1

�

;

�
1
2
0

0 2

�#

; and B D
"�

2 0

0 1
2

�

;

�
1 4
3

0 1

�#

:

Thus, �I2 is a product of commutators. However, �I2 is not the commutator of two
elements of SL2.R/: To see this, assume, on the contrary, that �I2 D ŒC; D� for
some C; D 2 SL2.R/: Rewriting this gives C�1DC D �D; and thus D and �D are
similar matrices. Since the trace of a square matrix equals the trace of any matrix
similar to it, D and �D have equal trace. Consequently, the trace of D equals 0: Since
the determinant of D equals 1; the characteristic polynomial of D is f .	/ D 	2 C 1:

And so, D has eigenvalues ˙i: This means that D is similar to the matrix

�
0 1

�1 0
�

:

Without loss of generality, we may as well assume that D D
�
0 1

�1 0
�

: Suppose that

C D
�

a b
c d

�

: Since CD D �DC by assumption, a computation shows that d D �a

and c D b: Using the fact that C has determinant 1; it follows that �a2 � b2 D 1:

This contradicts the fact that a; b 2 R:

Definition 1.11 can be generalized. If fX1; X2; : : :g is a collection of nonempty
subsets of G; then

ŒX1; : : : ; Xn� D ŒŒX1; : : : ; Xn�1� ; Xn� ;

where n � 2: Note that ŒX1; : : : ; Xn� contains all simple commutators of the form
Œx1; : : : ; xn�; where x1 2 X1; : : : ; xn 2 Xn: Thus,

ŒX1; : : : ; Xn� � gp.Œx1; : : : ; xn� j x1 2 X1; : : : ; xn 2 Xn/:

However, ŒX1; : : : ; Xn� may not equal gp.Œx1; : : : ; xn� j x1 2 X1; : : : ; xn 2 Xn/ if
n � 3: For example (see [6]), consider the cyclic subgroups

H1 D gp. .1 2/ /; H2 D gp. .2 3/ /; and H3 D gp. .3 4/ /
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of the symmetric group S4: A routine check confirms that ŒH1; H2; H3� equals A4;
while gp.Œh1; h2; h3� j h1 2 H1; h2 2 H2; h3 2 H3/ equals gp. .1 3 4/ /: Thus,

ŒH1; H2; H3� ¤ gp.Œh1; h2; h3� j h1 2 H1; h2 2 H2; h3 2 H3/:

Lemma 1.6 Let G be any group.

(i) If H � G and ŒG; G� � H; then H E G and G=H is abelian. Thus, ŒG; G� E G
and G=ŒG; G� is abelian.

(ii) If N E G and G=N is abelian, then ŒG; G� E N:

Thus, the commutator subgroup of a group is the smallest normal subgroup
inducing an abelian quotient. The factor group Ab.G/ D G=ŒG; G� is called the
abelianization of G:

Proof

(i) Let g 2 G and h 2 H. By Lemma 1.4 (ii),

hg D g�1hg D hŒh; g� 2 H

because H contains ŒG; G�: Therefore, g�1Hg D H; and thus H is normal in G:
If g1H and g2H are elements of G=H; then

.g1H/.g2H/ D g1g2H D g2g1Œg1; g2�H D g2g1H D .g2H/.g1H/

by Lemma 1.4 (i). Therefore, G=H is abelian.
(ii) If gN; hN 2 G=N; then .gN/.hN/ D .hN/.gN/: Hence,

.gN/�1.hN/�1.gN/.hN/ D N:

We thus have g�1h�1gh D Œg; h� 2 N: It follows that ŒG; G� E N: ut
Lemma 1.6 allows one to conveniently calculate the derived subgroup. This is

illustrated in the next few examples.

Example 1.6 Any two elements of an abelian group G commute. Thus, ŒG; G� D 1:

Example 1.7 We compute the commutator subgroup of the alternating group An on
the set S D f1; 2; : : : ; ng: Clearly, ŒAn; An� D feg for n D 1; 2; 3 by Example 1.6.

We find the commutator subgroup of A4: It is well known that A4 contains a
unique nontrivial normal subgroup

K D fe; .1 2/.3 4/; .1 3/.2 4/; .1 4/.2 3/g;

which is an isomorphic copy of the Klein 4-group (see [1]). Since ŒA4 W K� D 3; the
quotient A4=K is abelian. Therefore, ŒA4; A4� E K; and thus ŒA4; A4� D K:



12 1 Commutator Calculus

Lastly, we consider the case when n � 5: In this case, An is simple. Thus, the
only normal subgroups of An are feg and An: Since An is not abelian, ŒAn; An� D An:

Example 1.8 We find the commutator subgroup of the symmetric group Sn on the
set S D f1; 2; : : : ; ng: By Example 1.6, ŒSn; Sn� D feg for n D 1; 2:

In order to find ŒSn; Sn� for n � 3; we use the fact that An is a normal subgroup
of index 2 in Sn; and thus Sn=An is an abelian group. First, we find ŒS3; S3�: Since
S3=A3 is abelian, we know that ŒS3; S3� E A3: Furthermore, each element of A3
can be written as a commutator of elements in S3 (this is obvious for the identity
permutation):

.1 2 3/ D Œ.2 3/; .1 3 2/� and .1 3 2/ D Œ.2 3/; .1 2 3/� :

Therefore, A3 is contained in ŒS3; S3�; and consequently, ŒS3; S3� D A3:
Next, we show that ŒS4; S4� D A4: Let .a b c/ be any 3-cycle for some distinct

elements a; b; c 2 S: This 3-cycle can be written as a commutator of elements in
S4 as

.a b c/ D Œ.a b/; .a c b/� :

It follows that A4 � ŒS4; S4� because A4 is generated by 3-cycles. Since S4=A4 is
abelian, ŒS4; S4� E A4: We conclude that ŒS4; S4� D A4:

Finally, consider the case when n � 5: Once again, ŒSn; Sn� E An because Sn=An

is abelian. Since the only nontrivial normal subgroup of Sn is An; it must be that
ŒSn; Sn� D An:

Example 1.9 We find the derived subgroup of the dihedral group Dn. Recall from
Example 1.6 that

Dn D f1; x; x2; : : : ; xn�1; y; xy; x2y; : : : ; xn�1yg;

where

xn D 1; y2 D 1; and xy D yx�1: (1.4)

It follows from the last equality in (1.4) that

xry D yx�r and xry D .xry/�1 .r 2 Z/: (1.5)

Now, it is clear that ŒD1; D1� D ŒD2; D2� D 1 by Example 1.6 because D1 and D2

are abelian. We claim that ŒDn; Dn� D gp
�
x2
�

for n � 3:

From this point on, suppose n � 3 and let r and s denote integers. Choose x2r 2
gp
�
x2
�
; and observe that this element can be written as a commutator as follows:

x2r D xry�1yxr D xry�1x�ry D Œx�r; y�;
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where the second equality is a consequence of (1.5). Thus, gp
�
x2
� � ŒDn; Dn�:

To prove that ŒDn; Dn� � gp
�
x2
�
; we use (1.4) and (1.5). Suppose that Œa; b� 2

ŒDn; Dn�: There are four possible cases for a and b:

• If a D xr and b D xs; then Œxr; xs� D 1 2 gp
�
x2
�
:

• If a D xr and b D xsy; then

Œxr; xsy� D x�r .xsy/�1 xrxsy D x�ry�1x�sxrxsy

D x�ry�1xry D x�ry�1yx�r D x�2r 2 gp
�
x2
�
:

• Suppose a D xry and b D xs: Then

Œxry; xs� D Œxs; xry��1 2 gp
�
x2
�

by the previous case and Lemma 1.4 (iii).
• Suppose a D xry and b D xsy: Then

Œxry; xsy� D .xry/�1 .xsy/�1 xryxsy D xryxsyxryxsy

D xrx�syyxrx�syy D x2r�2s 2 gp
�
x2
�
:

It follows that ŒDn; Dn� � gp
�
x2
�
: And so, ŒDn; Dn� D gp

�
x2
�

for n � 3 as
claimed. In fact, ŒDn; Dn� D gp

�
x2
� D gp .x/ whenever n � 3 is odd.

Example 1.10 We show that the derived subgroup of the Heisenberg group H
equals its center. By Example 1.5, the center of H is

Z.H / D
8
<

:

0

@
1 0 c
0 1 0

0 0 1

1

A

ˇ
ˇ
ˇ
ˇ
ˇ

c 2 Z

9
=

;
D gp

0

@

0

@
1 0 1

0 1 0

0 0 1

1

A

1

A : (1.6)

Let

a D
0

@
1 a1 a2
0 1 a3
0 0 1

1

A and b D
0

@
1 b1 b2
0 1 b3
0 0 1

1

A

be elements of H : A simple calculation shows that

Œa; b� D
0

@
1 0 a1b3 � b1a3
0 1 0

0 0 1

1

A :
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Hence, each commutator of elements of H is central, and thus ŒH ; H � � Z.H /:

In addition, the generator of Z.H / in (1.6) is a commutator of elements of H W
0

@
1 0 1

0 1 0

0 0 1

1

A D
2

4

0

@
1 1 0

0 1 0

0 0 1

1

A ;

0

@
1 0 0

0 1 1

0 0 1

1

A

3

5 :

It follows that ŒH ; H � D Z.H /:

1.3.1 Properties of Commutator Subgroups

We collect several properties of commutator subgroups.

Definition 1.12 Let G be any group, and let S be a nonempty subset of G: The
normalizer of S in G; denoted by NG.S/; is

NG.S/ D fg 2 G j gS D Sgg:

If H is a subgroup of G; then NG.H/ is the largest subgroup of G in which H is
normal. If K is another subgroup of G; then K normalizes H if K � NG.H/: Clearly,
NG.H/ D G if and only if H E G:

Theorem 1.3 Let G be a group and H � G: Then CG.H/ E NG.H/ and the factor
group NG.H/=CG.H/ is isomorphic to a subgroup of Aut.H/:

In particular, we obtain Corollary 1.1 when H D G:

Proof By Theorem 1.1, the map

% W G ! Aut.H/ defined by %.h/ D 'h; where 'h.g/ D gh;

is a homomorphism. Thus, %jNG.H/; the restriction of % to NG.H/; is a homomor-
phism. It is easy to verify that %jNG.H/ has kernel CG.H/: The result follows from
the First Isomorphism Theorem. ut
Proposition 1.1 Let G be any group with subgroups H and K:

(i) ŒH; K� D ŒK; H�:
(ii) ŒH; K� � H if and only if K normalizes H: In particular, ŒH; G� < H if and

only if H E G:
(iii) If H1 < G and K1 < G such that H1 � H and K1 � K; then ŒH1; K1� �

ŒH; K�:

We point out that (i) is valid for any two subsets H and K of G:
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Proof

(i) By Lemma 1.4 (iii),

ŒH; K� D gp .Œh; k� j h 2 H; k 2 K/

D gp
�
Œk; h��1 j h 2 H; k 2 K

�

D ŒK; H�:

(ii) If ŒH; K� � H; then Œh; k� 2 H for any h 2 H and k 2 K: This means that
k�1hk 2 H; and consequently, k�1Hk < H: Similarly, we have kHk�1 � H:
Therefore, k�1Hk D HI that is, k 2 NG.H/: Conversely, if k 2 NG.H/; then
Œh; k� 2 H for all h 2 H: A routine check confirms that ŒH; K� � H:

(iii) The proof is straightforward. ut
Definition 1.13 Let G be a group with H � G; and let A � Aut.G/:

(i) If '.h/ 2 H for every ' 2 A and h 2 H; then H is called A-invariant.
(ii) If H is Aut.G/-invariant, then H is called characteristic in G:

(iii) If every endomorphism of G restricts to an endomorphism of H; then H is fully
invariant.

Clearly, every fully invariant subgroup must be characteristic. Furthermore, every
characteristic subgroup is normal. We record this as a lemma.

Lemma 1.7 Let G be any group. If H is a characteristic subgroup of G; then
H E G:

Proof If H is a characteristic subgroup of G; then '.H/ D H for every ' 2 Aut.G/:
In particular, 'g.H/ D H; where g 2 G and 'g is the inner automorphism induced
by g: Thus, g�1Hg D H for every g 2 GI that is, H E G: ut

The next property of characteristic subgroups will be useful later.

Lemma 1.8 Let G be a group with subgroups H and K: If H is characteristic in K
and K C G; then H C G:

Proof Choose any element g 2 G: Since K C G; there is an endomorphism

'g W K ! K defined by 'g.x/ D xg:

It is easy to verify that 'g 2 Aut.K/: Since H is characteristic in K; 'g.H/ D H:
And so, g�1Hg D H: This is true for all g 2 G since g was arbitrarily chosen. ut
Proposition 1.2 Let G and H be groups, and let G1 and G2 be subgroups of G:

(i) If 
 2 Hom.G; H/; then 
.ŒG1; G2�/ D Œ
.G1/; 
.G2/�:

(ii) Let A � Aut.G/: If G1 and G2 are A-invariant, then ŒG1; G2� is also A-invariant.
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Proof

(i) If g1j 2 G1; g2j 2 G2; and "j 2 f�1; 1g for 1 � j � k; then




0

@
kY

jD1

h
g1j ; g2j

i"j

1

A D
kY

jD1


�h

g1j ; g2j

i�"j

D
kY

jD1


�

g�1
1j

g�1
2j

g1j g2j

�"j

D
kY

jD1

h


�

g1j

��1


�

g2j

��1


�

g1j

�


�

g2j

�i"j

D
kY

jD1

h


�

g1j

�
; 

�

g2j

�i"j

:

(ii) We show that ' .ŒG1; G2�/ � ŒG1; G2� for any ' 2 A: Let

kY

jD1

h
g1j ; g2j

i"j 2 ŒG1; G2�

as above. Since G1 and G2 are A-invariant subgroups, a computation similar to
(i) gives

'

 
kY

jD1

h
g1j ; g2j

i"j

!

D
kY

jD1

h
'
�

g1j

�
; '
�

g2j

�i"j 2 ŒG1; G2�:

This completes the proof. ut
It follows from Proposition 1.2 (i) that the derived subgroup of any group is

always fully invariant.

Corollary 1.2 Let G be a group and N E G: If H � G and K � G; then

ŒHN=N; KN=N� D ŒH; K�N=N:

Proof If   W G ! G=N is the natural homomorphism, then  .H/ D HN=N and
 .K/ D KN=N: Apply Proposition 1.2 (i). ut
Lemma 1.9 Let G be a group, and suppose that N E G and H < G: Then
ŒH; G� � N if and only if HN=N � Z.G=N/:
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Proof Suppose that HN=N � Z.G=N/: If h 2 H; then .hN/.gN/ D .gN/.hN/ for
any g 2 G: This means that ŒhN; gN� D N: Since ŒhN; gN� D Œh; g�N; it follows
that Œh; g� 2 N: Consequently, every commutator of an element of H and an element
of G is contained in N: It follows that ŒH; G� is a subgroup of N:

Conversely, suppose that ŒH; G� � N and let hN 2 HN=N and gN 2 G=N: Since
ŒhN; gN� D Œh; g�N and Œh; g� 2 N by hypothesis, we have ŒhN; gN� D N: Thus,
hN 2 Z.G=N/: ut
Theorem 1.4 Let G be a group. If H and K are normal subgroups of G; then
ŒH; K� E G and ŒH; K� � H \ K: In particular, every element of H commutes
with every element of K whenever H \ K D 1:

Proof Suppose that g 2 G and
Qn

iD1Œhi; ki�
"i 2 ŒH; K�; where hi 2 H; ki 2 K; and

"i 2 f�1; 1g: By Lemmas 1.1 and 1.4 (iv),

�
Œh1; k1�

"1 Œh2; k2�
"2 	 	 	 Œhn; kn�

"n

�g D
�
Œh1; k1�

"1
�g�

Œh2; k2�
"2
�g 	 	 	

�
Œhn; kn�

"n

�g

D
�h

hg
1; kg

1

i"1
��h

hg
2; kg

2

i"2
�

	 	 	
�h

hg
n; kg

n

i"n
�

is contained in ŒH; K� since H and K are normal in G: Thus, ŒH;K� E G:
Furthermore,

nY

iD1
Œhi; ki�

"i D
nY

iD1

�
h�1

i

�
k�1

i hiki

��"i 2 H

and

nY

iD1
Œhi; ki�

"i D
nY

iD1

��
h�1

i k�1
i hi

�
ki

�"i 2 K:

Thus,
Qn

iD1Œhi; ki�
"i 2 H \ K; and therefore, ŒH; K� � H \ K: ut

An easy induction argument gives:

Corollary 1.3 If G1; : : : ; Gn are normal subgroups of a group G; then the
subgroup ŒG1; : : : ; Gn� is normal in G:

Lemma 1.10 If H; K, and L are normal subgroups of a group G; then

ŒHK; L� D ŒH; L�ŒK; L� and ŒH; KL� D ŒH; K�ŒH; L�:
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More generally, we have:

Lemma 1.11 If fG1; : : : ; Gn; H1; H2g is a set of normal subgroups of a group G;
then

(i) ŒG1; : : : ; Gn; H1H2� D
2Y

iD1
ŒG1; : : : ; Gn; Hi�I

(ii) ŒH1H2; G1; : : : ; Gn� D
2Y

iD1
ŒHi; G1; : : : ; Gn�I

(iii) ŒG1; : : : ; Gm�1; H1H2; GmC1; : : : ; Gn� D
2Y

iD1
ŒG1; : : : ; Gm�1; Hi; GmC1; : : : ; Gn� for 1 < m < n:

Proof

(i) Note that ŒG1; : : : ; Gn� E G by Corollary 1.3. The result follows from
Lemma 1.10.

(ii) Set n D 2: By Lemma 1.10,

ŒH1H2; G1; G2� D ŒŒH1H2; G1�; G2�

D ŒŒH1; G1�ŒH2; G1�; G2� :

Now, ŒH1; G1� and ŒH2; G1� are normal in G by Theorem 1.4. Another
application of Lemma 1.10 gives

ŒŒH1; G1�ŒH2; G1�; G2� D ŒH1; G1; G2�ŒH2; G1; G2�:

We iterate this procedure for any n to obtain the desired result.
(iii) Let C D ŒG1; : : : ; Gm�1�: By Corollary 1.3, Lemma 1.10, and (ii) above, we

have

ŒC; H1H2; GmC1; : : : ; Gn� D ŒŒC; H1H2�; GmC1; : : : ; Gn�

D ŒŒC; H1�ŒC; H2�; GmC1; : : : ; Gn�

D ŒŒC; H1�; GmC1; : : : ; Gn�ŒŒC; H2�; GmC1;

: : : ; Gn�

D ŒC; H1; GmC1; : : : ; Gn�ŒC; H2; GmC1; : : : ;

Gn�:

This completes the proof. ut

Proof The result follows from Lemma 1.4 (v) and (vi), together with
Theorem 1.4. ut
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The next two lemmas pertain to central commutator subgroups.

Lemma 1.12 (P. Hall) Let G be a group with subgroups H and K; and suppose
that ŒH; K� � Z.G/: For any a 2 H and b 2 K; the maps

'a W K ! Z.G/ defined by 'a.k/ D Œa; k�

and

'b W H ! Z.G/ defined by 'b.h/ D Œh; b�

are homomorphisms.

Proof Suppose that k1; k2 2 K: By Lemma 1.4 (vi),

Œa; k1k2� D Œa; k2�Œa; k1�
k2 D Œa; k2�Œa; k1�:

Therefore, 'a is a homomorphism. In a similar way, one can show that 'b is a
homomorphism. ut
Lemma 1.13 Let G be any group. If Œg; h� 2 Z.G/ for some g; h 2 G and n 2 Z;

then

Œgn; h� D Œg; h�n D Œg; hn�:

Proof The result is obvious for n D 0 and n D 1; and Lemma 1.12 gives the result
when n � 2: Suppose that n < 0: Since Œg; h� is central, so is Œg; h��n: This, together
with Lemma 1.4 (viii), implies

Œgn; h� D 	
.g�n/�1; h


 D
�
Œg�n; h�g

n
��1

D
�
.Œg; h��n/

gn
��1 D .Œg; h��n/

�1

D Œg; h�n :

In a similar way, one can show that Œg; hn� D Œg; h�n: ut

1.3.2 The Normal Closure

Let S and T be nonempty subsets of a group G: Denote by ST , the subgroup of G
generated by all conjugates of elements of S by elements of T W

ST D gp
�

t�1st
ˇ
ˇ
ˇ s 2 S; t 2 T

�
:
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It is easy to see that if H � G; then SH is the smallest normal subgroup of gp.S; H/
containing S: We call SH the normal closure of S in gp.S; H/:

We record some fundamental properties on normal closures and commutator
subgroups.

Proposition 1.3 Let G be a group with H � G and ; ¤ S � G:

(i) SH D gp .S; ŒS; H�/ :
(ii) ŒS; H�H D ŒS; H�:

(iii) If H D gp.T/ for some ; ¤ T � G; then ŒS; H� D ŒS; T�H and ŒH; S� D
ŒT; S�H :

Proof

(i) Note first that S � SH because H � G. Moreover, any generator of ŒS; H� can
be written as Œs; h� D s�1sh with s 2 S and h 2 H: Thus, gp .S; ŒS; H�/ � SH :

It follows from Lemma 1.4 (ii) that SH � gp .S; ŒS; H�/ :
(ii) Since H � G; ŒS; H� � ŒS; H�H : We establish the reverse inclusion. By

definition and Lemma 1.1,

ŒS; H�H D gp
�

xh
ˇ
ˇ
ˇ x 2 ŒS; H�; h 2 H

�

D gp
�
Œs; h1�

h2
ˇ
ˇ
ˇ s 2 S; h1 2 H; h2 2 H

�
:

By Lemma 1.4 (vi),

Œs; h1�
h2 D Œs; h2�

�1Œs; h1h2�:

Consequently, Œs; h1�h2 2 ŒS; H�; and thus ŒS; H�H D ŒS; H�:
(iii) It is enough to prove that ŒS; H� D ŒS; T�H : First, observe that ŒS; T� � ŒS; H�

because T � H: This implies that ŒS; T�H � ŒS; H�H : By (ii), ŒS; T�H � ŒS; H�:
It suffices to show that Œs; h� 2 ŒS;T�H for any s 2 S and h 2 H: Since
H D gp.T/; we can write

h D t"11 t"22 	 	 	 t"m
m

for ti 2 T and "i 2 f�1; 1g: The proof is done by induction on m: If m D 1

and "1 D 1; then Œs; t1� 2 ŒS; T�H : If m D 1 and "1 D �1, then
h
s; t�11

i
D

�
Œs; t1�

t�11
��1

is also contained in ŒS; T�H :

Assume that the result is true for m � 1: If m > 1; then Lemma 1.4 (vi),
together with induction, implies that

Œs; h� D
h
s; t"11 t"22 	 	 	 t"m�1

m�1 t"m
m

i
D
h
s; t"m

m

ih
s; t"11 t"22 	 	 	 t"m�1

m�1
it"mm

is contained in ŒS; T�H : ut
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Corollary 1.4 If G is a group with H � G and K � G; then ŒH; K� E gp.H; K/:

Proof By Proposition 1.3 (ii), ŒH; K�K D ŒH; K� and ŒK; H�H D ŒK; H�: Hence,

ŒH; K�K D ŒH; K� D ŒH; K�H

by Proposition 1.1 (i). Consequently, both H and K normalize ŒH; K�: ut
The next two corollaries follow from Proposition 1.3 (iii).

Corollary 1.5 Let H and K be subgroups of a group G; and let S and T be nonempty
subsets of G: If H D gp.S/ and K D gp.T/; then ŒH; K� D �

ŒS; T�H
�K
:

Corollary 1.6 If G is a group and H1; : : : ; Hn are normal subgroups of G; then

ŒH1; : : : ; Hn� D gp .Œh1; : : : ; hn� j hi 2 Hi for i D 1; : : : ; n/ :
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Chapter 2
Introduction to Nilpotent Groups

The aim of this chapter is to introduce the reader to the study of nilpotent groups.
In Section 2.1, we define a nilpotent group, as well as the lower and upper central
series of a group. Section 2.2 contains some classical examples of nilpotent groups.
In particular, we prove that every finite p-group is nilpotent for a prime p: In
Section 2.3, numerous properties of nilpotent groups are derived. For example,
we prove that every subgroup of a nilpotent group is subnormal, and thus satisfies
the so-called normalizer condition. Section 2.4 is devoted to the characterization of
finite nilpotent groups. In Section 2.5, we use tensor products to show that certain
properties of a nilpotent group are inherited from its abelianization. We focus on
torsion nilpotent groups in Section 2.6. We prove that every finitely generated
torsion nilpotent group must be finite, and that the set of torsion elements of a
nilpotent group form a subgroup. Section 2.7 deals with the upper central series and
its factors. Among other things, we illustrate how the center of a group influences
the structure of the group.

2.1 The Lower and Upper Central Series

In this section, we define a nilpotent group and discuss the lower and upper central
series of a group. First, we provide some standard terminology.

2.1.1 Series of Subgroups

Definition 2.1 Let G be a group. A series for G is a finite chain of subgroups

1 D G0 � G1 � 	 	 	 � Gn D G:

© Springer International Publishing AG 2017
A.E. Clement et al., The Theory of Nilpotent Groups,
DOI 10.1007/978-3-319-66213-8_2
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24 2 Introduction to Nilpotent Groups

If the subgroups G0; : : : ; Gn are distinct, then n is called the length of the series.
The series is called normal if Gi E G for 0 � i � n; and subnormal if Gi E GiC1
for 0 � i � n � 1: The factors of a subnormal series are the quotients GiC1=Gi for
0 � i � n � 1:

Clearly, every normal series of a group is subnormal. On the other hand, not
every subnormal series is normal. Consider, for example, the symmetric group S4:
Let G1 D fe; .1 2/.3 4/g and G2 D fe; .1 2/.3 4/; .1 3/.2 4/; .1 4/.2 3/g:
It can be shown that the series

feg E G1 E G2 E A4 E S4

is subnormal. It is not normal, however, because G1 is not a normal subgroup of S4:
Notice, for instance, that

.1 2 3 4/�1.1 2/.3 4/.1 2 3 4/ … G1:

Definition 2.2 Let G1; G2; G3; : : : be a sequence of subgroups of a group G:

(i) If Gi � Gj for 1 � i � j; then

G1 � G2 � G3 � 	 	 	 (2.1)

is an ascending series (or an ascending chain of subgroups).
(ii) If Gi � Gj for 1 � i � j; then

G1 � G2 � G3 � 	 	 	 (2.2)

is a descending series (or a descending chain of subgroups).

An ascending series may not reach G: If it does, then we say that the series
terminates in G. Similarly, a descending series which reaches the identity is said to
terminate in the identity. If there exists an integer m > 1 such that Gm�1 ¤ Gm and
Gm D GmC1 D GmC2 D 	 	 	 in either (2.1) or (2.2), then the series is said to stabilize
in Gm.

2.1.2 Definition of a Nilpotent Group

Definition 2.3 A group G is called nilpotent if it has a normal series

1 D G0 � G1 � 	 	 	 � Gn D G (2.3)

such that

GiC1=Gi � Z.G=Gi/
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for i D 0; 1; : : : ; n � 1: Such a series (2.3) is called a central series for G: The
shortest length of all central series for G is called the nilpotency class, or simply the
class, of G:

An equivalent definition of a central series which involves commutators is given
in the next lemma.

Lemma 2.1 Let G be a group with a series

1 D G0 � G1 � 	 	 	 � Gn D G: (2.4)

The series (2.4) is central if and only if ŒGiC1; G� � Gi for 0 � i � n � 1:
Proof If the series (2.4) is central, then setting H D GiC1 and N D Gi in Lemma 1.9
yields the desired result.

Conversely, suppose that ŒGiC1; G� � Gi for 1 � i � n � 1: We claim that (2.4)
is a normal series. Let g 2 G and gi 2 Gi for some i D 1; 2; : : : ; n: By Lemma 1.4
(ii), we have

gg
i D giŒgi; g� 2 GiGi�1 D Gi:

Thus Gi E G: The rest follows from Lemma 1.9. ut
The trivial group is regarded as a nilpotent group of class 0; and nontrivial abelian

groups are nilpotent of class 1: To see why this is the case, suppose that G is a
nontrivial abelian group. Since Z.G/ D G; the series 1 < G is a central series for
G of shortest length (simply take G1 D G in Definition 2.3). More examples of
nilpotent groups are given in the next section.

The following lemma shows that the only nilpotent group with trivial center is
the trivial group.

Lemma 2.2 If G is a nontrivial nilpotent group, then Z.G/ ¤ 1:

Proof Suppose that 1 D G0 � G1 � 	 	 	 � Gn D G is a central series for G: There
exists an integer i � 0 such that Gi D 1 and GiC1 ¤ 1: Thus, GiC1=Gi � Z.G=Gi/

becomes GiC1 � Z.G/: And so, Z.G/ ¤ 1: ut
Remark 2.1 An important collection of groups which arises in many areas of
research (Galois theory, for example) are solvable groups. A group G is solvable
if it has a subnormal series

1 D G0 E G1 E 	 	 	 E Gn D G

such that GiC1=Gi is abelian for 0 � i � n � 1: Every nilpotent group is solvable
since the series (2.3) is subnormal and each factor is abelian. On the other hand,
not every solvable group is nilpotent. For example, S3 is a solvable group because it
has a series 1 C A3 C S3 which is subnormal and has abelian factors. However,
Lemma 2.2 shows that S3 is not nilpotent because it has trivial center (refer to
Example 1.2).
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2.1.3 The Lower Central Series

One series which is fundamental in the study of nilpotent groups is the lower central
series.

Definition 2.4 Let G be a group. The descending series

G D �1G � �2G � 	 	 	 (2.5)

recursively defined by �iC1G D Œ�iG; G� for i 2 N is called the lower central series
of G: Its terms are called the lower central subgroups of G:

In particular, �2G D ŒG; G� D G0 is the commutator (or derived) subgroup of G:
By definition,

�iG D ŒG; 	 	 	 ; G
„ ƒ‚ …

i

�

for i � 2: Thus, �iG E G for i � 1 by Corollary 1.3.

Remark 2.2 Let G be any group.

(i) If �iG D 1 for some i � 1; then �iC1G D Œ�iG; G� D Œ1; G� D 1: It follows
by induction on j that �jG D 1 for all j D i; i C 1; : : : : In this case, the
lower central series of G is a central series in the sense of Definition 2.3 (see
Lemma 2.1).

(ii) If �2G D G; then �3G D Œ�2G; G� D ŒG; G� D �2G D G: Continuing this
argument shows that �jG D G for all j � 1:

In the next examples, we give the lower central subgroups of some groups.

Example 2.1 If G is an abelian group, then ŒG; G� D 1 (see Example 1.6). Thus,
�iG D 1 for all i � 2 by Remark 2.2 (i).

Example 2.2 We find the lower central subgroups of An; the alternating group on
S D f1; 2; : : : ; ng: By Example 2.1, �iAn D feg for n D 1; 2; 3 and i � 2 since
A1; A2; and A3 are abelian.

It was shown in Example 1.7 that ŒA4; A4� D K: We claim that �iA4 D K for
i � 3: It suffices to consider the case i D 3:We begin by noting that any nonidentity
element of K can be written as

.a d/.b c/ D Œ.a c b/; .a b/.c d/� ;

where a; b; c; d are distinct elements of S D f1; 2; 3; 4g: Since A4 is generated
by 3-cycles, K � ŒK; A4�: Consequently, K D ŒK; A4� D �3A4 as claimed. We
conclude that �iA4 D K for i � 2:

If n � 5; then each lower central subgroup of An equals An: This is a consequence
of Example 1.7 and Remark 2.2 (ii).
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This example illustrates that the lower central series (2.5) may not descend to the
identity, and consequently, may not be a central series in the sense of Definition 2.3.

Example 2.3 As before, let Sn be the symmetric group on S D f1; 2; : : : ; ng:
Clearly, �iS1 D �iS2 D feg for i � 2: We claim that �iSn D An for i � 2 and n � 3:

Consider the case n D 3: By Example 1.8, ŒS3; S3� D A3: It is easy to verify that

Œ.a c b/; .a b/� D .a c b/ for distinct a; b; c 2 S:

It follows that �3S3 D Œ�2S3; S3� D ŒA3; S3� D A3: And so, �iS3 D A3 for i � 2 as
claimed.

Next, consider the case n D 4: We found that ŒS4; S4� D A4 in Example 1.8. The
computation given in the same example also shows that A4 � ŒS4; A4�: Thus,

ŒS4; A4� � ŒS4; S4� D A4 � ŒS4; A4�:

We conclude that A4 D ŒS4; A4�: Hence, �3S4 D A4; and thus �iS4 D A4 for i � 2:

Finally, suppose that n � 5: We know that ŒSn; Sn� D An whenever n � 5 from
Example 1.8. Furthermore, An D ŒAn; An�whenever n � 5 from Example 2.2. Thus,

An D ŒAn; An� � ŒSn; An� � ŒSn; Sn� D An:

This implies that �3Sn D ŒSn; An� D An; and in general, �iSn D An for i � 2:

Example 2.4 We give the lower central subgroups of the dihedral group Dn: See
Examples 1.4 and 1.9 for notations and [4] for details.

• If n � 3 is odd, then �2Dn D gp
�

x2
�

D gp.x/ and

�3Dn D Œ�2Dn; Dn� D Œgp.x/; Dn� D gp.x/:

Thus, �iDn D gp.x/ for i � 2:

• If n D 2km; where m � 3 is odd and k � 1; then

�2D2km D gp
�

x2
�
; �3D2km D gp

�
x4
�
; : : : ; �iD2km D gp

�
x2

i�1
�

for 2 � i � k C1: Since x2
k

has odd order m; �iD2km D gp
�

x2
k
�

when i � k C1:

• If n D 2k for some k > 1; then

�2D2k D gp
�

x2
�
; �3D2k D gp

�
x4
�
; : : : ; �iD2k D gp

�
x2

i�1
�

for 2 � i � k C 1: In particular, �kC1D2k D gp
�

x2
k
�

D 1; and thus �iD2k D 1

for i � k C 1 by Remark 2.2. This shows that the lower central series of D2k is
central in the sense of Definition 2.3. Therefore, D2k is nilpotent.
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Example 2.5 Consider the Heisenberg group. It was shown in Example 1.10 that
ŒH ; H � D Z.H / or, equivalently, �2H D Z.H /: Clearly,

�3H D ŒZ.H /; H � D I3:

By Remark 2.2 (i), �iH D I3 for i � 3: Hence, the lower central series of H is
central in the sense of Definition 2.3. Therefore, H is nilpotent.

We give some useful properties enjoyed by the lower central subgroups.

Lemma 2.3 The lower central subgroups of a group are fully invariant (hence,
characteristic).

Proof Apply Proposition 1.2 (i) repeatedly. ut
Lemma 2.4 If G is any group and H � G; then �iH � �iG for each i 2 N:

Proof The proof is done by induction on i: If i D 1; then the result is obvious.
Assume that �iH � �iG holds for i > 1: Then �iC1H D Œ�iH; H� � Œ�iG; G� D
�iC1G: ut
Lemma 2.5 Let G and K be groups. If ' W G ! K is a homomorphism, then
'.�iG/ D �i.'.G// for each i 2 N: Thus, '.�iG/ � �iK with equality when ' is
surjective.

Proof The proof is done by induction on i. If i D 1; then

'.�1G/ D '.G/ D �1.'.G//:

Assume that '.�iG/ D �i.'.G// holds for i > 1: By Proposition 1.2 (i), we obtain

'.�iC1G/ D ' .Œ�iG; G�/ D Œ'.�iG/; '.G/�

D Œ�i.'.G//; '.G/� D �iC1.'.G//:

This completes the proof. ut
Corollary 2.1 If G is a group and N E G; then �i.G=N/ D .�iG/N=N for each
i 2 N:

Proof If   W G ! G=N is the natural homomorphism, then

.�iG/N=N D  .�iG/ D �i. .G// D �i.G=N/

by Lemma 2.5. ut
The lower central subgroups of a group can always be generated by a certain

collection of simple commutators.

Lemma 2.6 Let G be any group. For any n 2 N; we have

�nG D gp .Œg1; : : : ; gn� j gi 2 G/ : (2.6)
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Furthermore, if X is a generating set of G; then �nG is generated by all simple
commutators of weight n or more in the elements of X and their inverses.

Proof Corollary 1.6 immediately gives (2.6). Suppose that G D gp.X/: Each
element of G can be written as a product of the elements of X and their inverses.
In particular, we may replace each gi in a simple commutator Œg1; : : : ; gn� 2 G of
weight n by such a product. Since �nG is generated by such simple commutators,
the result follows from repeatedly applying Lemma 1.4. ut
Example 2.6 Let G be a group generated by x; y; and z, and consider the simple

commutator
h
x�1y2; z

i
of weight 2: By Lemma 2.6, this commutator can be

expressed as a product of simple commutators of weight 2 or more in the elements
of the set

˚
x; x�1; y; y�1; z; z�1� : To see how this is done, we use Lemma 1.4 (v)

to (vi) and get

h
x�1y2; z

i
D
h
x�1; z

ih
x�1; z; y2

ih
y2; z

i

D
h
x�1; z

ih
x�1; z; y

ih
x�1; z; y

ih
x�1; z; y; y

ih
y; z

ih
y; z; y

ih
y; z

i
:

2.1.4 The Upper Central Series

The upper central series plays a key role in the study of nilpotent groups. This series
is constructed as follows:

Let G be any group. Set �1G D Z.G/; and let  1 W G ! G=�1G be the natural
homomorphism of G onto G=�1G: Define

�2G D  �1
1 .Z.G=�1G//;

so that �2G=�1G D Z.G=�1G/: Observe that �2G E G by the Correspondence
Theorem.

Next, take  2 W G ! G=�2G to be the natural homomorphism of G onto G=�2G,
and define

�3G D  �1
2 .Z.G=�2G//:

Thus, �3G=�2G D Z.G=�2G/: As before, �3G E G: Continuing in this way, we
obtain the subgroups of the upper central series of G:

Definition 2.5 Let G be any group. The ascending series

1 D �0G � �1G � 	 	 	 (2.7)

recursively defined by �iC1G=�iG D Z.G=�iG/ for i � 0 is called the upper central
series of G; and its terms are called the upper central subgroups of G:



30 2 Introduction to Nilpotent Groups

If  i W G ! G=�iG is the natural homomorphism of G onto G=�iG; then

�iC1G D  �1
i .Z.G=�iG//

D fg 2 G j g�iG is central in G=�iGg
D fg 2 G j .g�iG/.h�iG/ D .h�iG/.g�iG/ for all h 2 Gg
D fg 2 G j Œg; h� 2 �iG for all h 2 Gg:

In particular, �1G is the center of G: By taking N D �iG and H D �iC1G in
Lemma 1.9, we find that Œ�iC1G; G� � �iG:

Remark 2.3 Let G be any group.

(i) If �iG D G for some i � 0; then

�iC1G D fg 2 G j Œg; h� 2 �iG for all h 2 Gg
D fg 2 G j Œg; h� 2 G for all h 2 Gg
D G:

It follows by induction on j that �jG D G for j � i: In this situation, the upper
central series of G is a central series in the sense of Definition 2.3.

(ii) If Z.G/ D 1; then

�2G D fg 2 G j Œg; h� 2 Z.G/ for all h 2 Gg
D fg 2 G j Œg; h� D 1 for all h 2 Gg
D Z.G/:

Thus, �2G D 1: Continuing in this way, we find that �jG D 1 for j � 0:

We provide the upper central subgroups of some groups.

Example 2.7 If G is an abelian group, then �1G D G: Thus, �iG D G for all i � 1

by Remark 2.3 (i).

Example 2.8 If n � 3; then the upper central subgroups of Sn are trivial from
Example 1.2 and Remark 2.3 (ii). The same is true for the upper central subgroups
of An when n > 3 (see Example 1.3). This illustrates that the upper central series of
a group does not necessarily ascend to the group.

Example 2.9 We find the upper central subgroups of Dn: The last two cases rely on
the fact that D2n=Z.D2n/ is isomorphic to Dn: See [4] for details.

• For all i � 1; �iD1 D D1 and �iD2 D D2 since D1 and D2 are abelian. This
follows from Remark 2.3 (i).

• If n � 3 is odd, then Dn has trivial center (see Example 1.4). By Remark 2.3 (ii),
�iDn D 1 for all i � 0:
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• If n D 2km; where m � 3 is odd and k � 1; then �iD2km D gp
�

xn=2i
�

for

1 � i � k: In particular,

�kD2km D gp
�

xn=2k
�

D gp .xm/ :

It follows that �iD2km D gp .xm/ for i � k:

• If n D 2k for some k > 1; then �iD2k D gp
�

xn=2i
�

for 1 � i � k�1: In particular,

�k�1D2k D gp
�

xn=2k�1
�

D gp
�

x2
�
:

For i D k; we get �kD2k D D2k ; and consequently, �iD2k D D2k for i � k: Thus,
the upper central series of D2k is central in the sense of Definition 2.3.

Example 2.10 We find the upper central subgroups of the Heisenberg group. By
Example 1.10, we know that Z.H / D ŒH ; H �: Consequently,

�2H D fg 2 H j Œg; h� 2 Z.H / for all h 2 H g D H :

By Remark 2.3, �iH D H for i � 2: We conclude that �1H D H D
�2H ; �2H D �1H ; and �3H D I3 D �0H : Thus, the upper and lower central
series of H coincide.

The next lemma deals with epimorphic images of the upper central subgroups of
a group.

Lemma 2.7 If G and H are any groups and ' W G ! H is an epimorphism, then
'.�iG/ � �iH for i � 0:

Proof The proof is done by induction on i: The result is obviously true when i D 0:

Suppose that '.�i�1G/ � �i�1H for i > 0; and let g 2 '.�iG/: We claim that
g 2 �iH: Since g 2 '.�iG/; there exists x 2 �iG such that g D '.x/: Suppose that
h is any element of H: Since ' is an epimorphism, there exists y 2 G such that
h D '.y/: Now,

Œg; h� D Œ'.x/; '.y/� D '.Œx; y�/

and

Œx; y� 2 Œ�iG; G� � �i�1G:

By induction,

'.Œx; y�/ 2 '.�i�1G/ � �i�1H:

Thus, Œg; h� 2 �i�1H and g 2 �iH: ut
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If we put G D H in Lemma 2.7, then we obtain:

Corollary 2.2 The upper central subgroups of a group are characteristic.

Remark 2.4 In contrast to the lower central subgroups, the upper central subgroups
of a group are not necessarily fully invariant. For instance, let G be a nontrivial
abelian group, and let H be a nontrivial group with trivial center. Suppose, in
addition, that H contains a subgroup K which is isomorphic to G: We claim that
the center of G � H is not fully invariant. Let   W G � H ! G be the standard
projection map, and suppose that ’ is an isomorphism from G to K: By Lemma 1.2,
Z.G � H/ D G: However, the endomorphism ’ı  of G � H clearly does not map G
to itself. As a particular example, take G D Z2; H D S3; and K D fe; .1 2/g Š G:

2.1.5 Comparing Central Series

The upper central series of a nilpotent group ascends to the group faster than any
other central series, whereas its lower central series descends to the identity faster
than any other central series. This is highlighted in the next theorem.

Theorem 2.1 If G is a nilpotent group with a (descending) central series

G D G1 � G2 � 	 	 	 � Gn � GnC1 D 1;

then �iG � Gi and Gn�jC1 � �jG for 1 � i � n C 1 and 0 � j � n:

Proof First, we prove that �iG � Gi: If i D 1; then �1G D G D G1: Let i > 1 and
assume that �i�1G � Gi�1: By Proposition 1.1 (iii) and Lemma 2.1,

�iG D Œ�i�1G; G� � ŒGi�1; G� � Gi:

Next, we show that Gn�jC1 � �jG: If j D 0; then GnC1 D 1 D �0G: Let j > 0

and assume the result holds for j � 1: Lemma 2.1 now gives

	
Gn�jC1; G


 � Gn�jC2 � �j�1G:

By setting H D Gn�jC1 and N D �j�1G in Lemma 1.9, we obtain

�
Gn�jC1�j�1G

�
=�j�1G � Z

�
G=�j�1G

� D �jG=�j�1G:

Thus, Gn�jC1 � �jG: ut
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Remark 2.5 By Theorem 2.1, we have

�iC1G � �n�iG for 0 � i � n: (2.8)

If G has nilpotency class c and we set i D c�1 and n D c in (2.8), then �cG � Z.G/:

Remark 2.6 The proof of Theorem 2.1 shows that if

G D G1 � G2 � 	 	 	 � Gn � 	 	 	

is any descending series such that ŒGi; G� � GiC1 for i D 1; 2; : : : ; then �iG � Gi:

Corollary 2.3 Let G be a group. The following are equivalent:

(i) G is nilpotent of class at most cI
(ii) �cC1G D 1I

(iii) �cG D GI
(iv) Œg1; : : : ; gcC1� D 1 for all gi 2 G:

Proof The result follows from Theorem 2.1 and Lemma 2.6. ut
The next theorem is another consequence of Theorem 2.1. It shows that the

lengths of the upper and lower central series (when finite) coincide with the
nilpotency class of the group, and no other central series has smaller length.

Theorem 2.2 Let G be a group. The following are equivalent:

(i) G is nilpotent of class c � 1I
(ii) �cC1G D 1 and �cG ¤ 1I

(iii) �cG D G and �c�1G ¤ G:

Example 2.11 The dihedral group D2k (k > 1) has nilpotency class k (see
Examples 2.4 and 2.9).

Example 2.12 The Heisenberg group has nilpotency class 2 (see Example 2.10).

We have seen that some groups coincide with their derived subgroup (refer to
Example 1.7). This never happens for nontrivial nilpotent groups.

Corollary 2.4 If G is a nontrivial nilpotent group, then �2G is a proper subgroup
of G:

Proof The proof is done by contradiction. If �2G D G; then �iG D G for all i � 2

by Remark 2.2 (ii). However, Theorem 2.2 implies that �iG D 1 for some i since G
is nilpotent. Consequently, G must be trivial. ut
Remark 2.7 In fact, if G is a nontrivial nilpotent group and N ¤ 1 is a normal
subgroup of G; then ŒN; G� is a proper subgroup of G:
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2.2 Examples of Nilpotent Groups

In this section, we give more examples of nilpotent groups.

2.2.1 Finite p-Groups

A classical result in finite group theory is that finite p-groups are nilpotent.

Theorem 2.3 Every finite p-group is nilpotent, where p is any prime.

Proof We use the fact that the center of a finite p-group is itself a finite p-group.
Let G be a finite p-group of order pn for some n 2 N: By Theorem 1.2, Z.G/ is
nontrivial, and thus G=Z.G/ is a finite p-group of order pr for some r 2 N with
r < n: Invoking Theorem 1.2 again, we have that G=Z.G/ has nontrivial center.
Hence, Z.G=Z.G// D �2G=Z.G/ is a p-group of order ps for some s 2 N with
s < r: This means that jZ.G/j < j�2Gj; so Z.G/ < �2G: By iterating this procedure,
we see that j�iGj < j�iC1Gj for i � 0; and thus �iG is a proper subgroup of �iC1G for
i � 0: And so, the upper central series for G is strictly increasing. Since G is finite,
the series must terminate at �kG D G for some k 2 N: Therefore, G is nilpotent. ut
Example 2.13 The dihedral groups D2n for n � 1 are finite 2-groups, and thus
nilpotent.

Example 2.14 The quaternion group Q is the group with presentation

Q D
D
x; y

ˇ
ˇ
ˇ x4 D 1; x2 D y2; y�1xy D x�1E:

The elements of Q are 1; x; x2; x3; y; xy; x2y; and x3y: Since Q has order 8 D 23;

it is nilpotent.

Example 2.15 If G and H are finite groups of orders m and n respectively, then both
the direct product G � H and semi-direct product G Ì' H by ' have order mn: In
particular, the direct and semi-direct product of any two finite p-groups is itself a
finite p-group.

An important construction of groups is the wreath product. Let A and T be any
two groups. For each s 2 T; let As be an isomorphic copy of A; and let as denote
the isomorphic image of a 2 A in As: Consider the direct product B D Q

s2T As; and
define the standard (or restricted) wreath product of A by T as

W D A o T D B Ì' T;

where ' W T ! Aut.B/ is the homomorphism that maps each t 2 T to '.t/; where
'.t/ is the automorphism of B induced by the mapping

as 7! ast for all a 2 A and s; t 2 T:
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Thus, T acts on B by permuting its factors. This action can be realized as
conjugation, so that t�1ast D ast in W for all a 2 A and s; t 2 T: A presentation for
W is

W D A o T D ˝
B; T

ˇ
ˇ t�1ast D ast .a 2 A; s; t 2 T/

˛
:

We call W the unrestricted wreath product of A by T in case B is an unrestricted
direct product of the As: In both situations, B is called the base group, A is the
bottom group, and T is the top group.

Example 2.16 Suppose that A and T are finite groups of orders m and n; respec-
tively. Using the notation above, we have that B D Q

s2T As is a finite group of order
mn; and thus A o T has order nmn: In particular, if jAj D pm and jTj D pn for some
prime p; then

jA o Tj D pn.pm/p
n D pnCmpn

:

Thus, the wreath product of any two finite p-groups is a finite p-group.

Remark 2.8 In contrast to Theorem 2.3, an infinite p-group does not have to be
nilpotent. In [2], G. Baumslag showed how to construct infinite p-groups which are
not nilpotent using wreath products. Take a nontrivial p-group A and an infinite p-
group B; and form the wreath product W D A o B: Clearly, W is an infinite group.
By Corollary 3.2 of [2], W must have trivial center, and thus fails to be nilpotent
by Lemma 2.2. Furthermore, W is a p-group since it is the wreath product of two
p-groups (see [11]). Thus, W is an infinite p-group that is not nilpotent.

Two groups which are infinite p-groups that are not nilpotent are the wreath
products Zp o Zp1 and Zp1 o Zp1 ; where Zp is the cyclic group of order p and

Zp1 D hx1; x2; : : : j px1 D 0; pxnC1 D xn for n D 1; 2; : : :i (2.9)

is an additively written presentation for the Prüfer p-group (or p-quasicyclic group).

2.2.2 An Example Involving Rings

Nilpotency in ring theory relates to nilpotency in group theory in a natural way.

Definition 2.6 Let R be a ring with unity 1; and let T be a subring of R: For any
k 2 N; let Tk be the subring of T consisting of all finite sums of the form

X
ap1���pk xp1 	 	 	 xpk

�
ap1���pk 2 Z; xp1 ; : : : ; xpk 2 T

�
:

If there exists a natural number m such that Tm D f0g; then T is termed a nilpotent
subring of R:
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Let R be as in Definition 2.6, and suppose that S is a nilpotent subring of R with
Sn D f0g: Define

G D 1C S D f1C x j x 2 Sg :

Clearly, G is closed under multiplication since

.1C x/.1C y/ D 1C y C x C xy 2 G

for all x; y 2 S; and it is closed under inverses because

�
1C x

��
1 � x C x2 � x3 C 	 	 	 C .�1/n�1xn�1� D 1

for all x 2 S: Thus, G is a subgroup of the group of units of R:
We claim that G is nilpotent of class at most n � 1: Let

Gi D 1C Si D
n
1C x j x 2 Si

o
for i D 1; 2; : : : ; n:

By the same argument as before, we find that Gi is a subgroup of G:
Consider the (descending) series

G D G1 � G2 � 	 	 	 � Gn D 1: (2.10)

We claim that (2.10) is a central series for G: By Lemma 2.1, it suffices to show that
ŒGi; G� � GiC1 for i D 1; 2; : : : ; n � 1: Let g D 1C x 2 Gi and h D 1C y 2 G;
where x 2 Si and y 2 S: A straightforward computation gives

gh � hg D .1C x/.1C y/ � .1C y/.1C x/

D xy � yx 2 S.iC1/:

Thus,

Œg; h� D g�1h�1.gh � hg/C 1 2 S.iC1/ C 1 D GiC1;

and consequently, G is nilpotent of class at most n � 1 as claimed.

Example 2.17 Let R be a commutative ring with unity, and let T be the ring of n � n
matrices over R: Let S be the subring of T consisting of all n � n matrices over R
whose entries on and below the main diagonal are equal to zero. Thus,

S D

8
ˆ̂
<̂

ˆ̂
:̂

0

B
B
B
@

0 b12 : : : b1n

0 0 : : : b2n
:::
:::
: : :

:::

0 0 : : : 0

1

C
C
C
A

ˇ
ˇ
ˇ
ˇ
ˇ

bij 2 R

9
>>>=

>>>;

:
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A direct computation shows that Sp consists of all elements of S whose first p �1
superdiagonals have zero entries. Thus, a typical matrix in Sp has the form

0

B
B
B
B
B
B
B
B
B
B
B
B
B
@

0 	 	 	 	 	 	 0 c1 pC1 c1 pC2 	 	 	 c1n

0 	 	 	 	 	 	 0 0 c2 pC2 	 	 	 c2n

0 	 	 	 	 	 	 0 0
: : :

: : :
:::

::: 	 	 	 	 	 	 	 	 	 : : :
: : :

: : : cpC1 n
::: 	 	 	 	 	 	 	 	 	 : : :

: : : 0 0
::: 	 	 	 	 	 	 	 	 	 : : :

: : :
:::

:::

0 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 0 0

1

C
C
C
C
C
C
C
C
C
C
C
C
C
A

;

where cij 2 R: In particular, Sn is the n � n zero matrix. Let

UTn.R/ D fIn C M j M 2 Sg;

where In is the n � n identity matrix (we use this notation throughout the book). It
follows from the above that UTn.R/ is a nilpotent group of class less than n; called
the (upper) unitriangular group of degree n over R. A typical element of UTn.R/ is
an n � n upper unitriangular matrix of the form

0

B
B
B
B
B
B
B
B
B
@

1 a12 a13 	 	 	 	 	 	 a1n

0 1 a23 	 	 	 	 	 	 a2n

0 0 1 	 	 	 	 	 	 a3n
:::
:::
: : :

: : :
: : :

:::
:::
::: 	 	 	 	 	 	 	 	 	 an�1 n

0 	 	 	 	 	 	 	 	 	 0 1

1

C
C
C
C
C
C
C
C
C
A

;

where aij 2 R: In particular, UT3.Z/ is the Heisenberg group H :

For more on nilpotent rings and nilpotent groups which arise from them, see [6].

2.3 Elementary Properties of Nilpotent Groups

In this section, we take a look at some fundamental results on nilpotent groups. The
first one deals with subgroups and homomorphic images of nilpotent groups.

Theorem 2.4 If G is a nilpotent group of class c; then every subgroup and
homomorphic image of G is nilpotent of class at most c:
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Proof Suppose that H is a subgroup of G:By Lemma 2.4, �iH � �iG for each i 2 N:

Since G has nilpotency class c; �cC1G D 1 by Theorem 2.2. Thus, �cC1H D 1 and
H is nilpotent of class at most c by Corollary 2.3.

Let K be any group and ' 2 Hom.G; K/: By Lemma 2.5, '.�iG/ D �i.'.G//
for each i 2 N: Since �cC1G D 1 and ' is a homomorphism,

1 D '.�cC1G/ D �cC1.'.G//:

It follows from Corollary 2.3 that '.G/ is nilpotent of class at most c: ut
Corollary 2.5 If G is a nilpotent group of class c and N E G; then G=N is nilpotent
of class at most c:

This is immediate from Theorem 2.4 since G=N is a homomorphic image of G:
Note that Corollary 2.5 is also a consequence of Corollaries 2.1 and 2.3.

2.3.1 Establishing Nilpotency by Induction

Many of the theorems on nilpotent groups are proven using induction on the
nilpotency class. The next few results are commonly used.

Lemma 2.8 If G is a nilpotent group of class c � 1; then G=�cG is nilpotent of
class c � 1:
Proof Let  W G ! G=�cG be the natural homomorphism. By Corollary 2.5, G=�cG
is a nilpotent group of class at most c: Furthermore, for any n 2 N;

�n.G=�cG/ D  .�nG/ D �nG=�cG

by Lemma 2.5. In particular, �c�1.G=�cG/ D �c�1G=�cG ¤ 1 and �c.G=�cG/ D 1:

Thus, G=�cG has nilpotency class c � 1 by Theorem 2.2. ut
Lemma 2.9 Let G be a nilpotent group of class c � 2. For any element g 2 G; the
subgroup H D gp.g; �2G/ is nilpotent of class less than c:

Proof We prove that �iH � �iC1G for i � 2 by induction on i: If i D 2; then

�2H D gp .Œgmh; gnk� j h; k 2 �2G and m; n 2 Z/ :

By Lemmas 1.1 and 1.4 (iv), (v), and (vi),

Œgmh; gnk� D Œgm; gnk�h Œh; gnk�

D �
Œgm; k� Œgm; gn�k

�h
Œh; gnk�

D Œgm; k�h Œgm; gn�kh Œh; gnk� :



2.3 Elementary Properties of Nilpotent Groups 39

Now, Œgm; k�h and Œh; gnk� are contained in �3G and Œgm; gn� D 1: Therefore,
Œgmh; gnk� 2 �3G; and consequently, �2H � �3G:

If we assume that �i�1H � �iG for i > 2; then

�iH D Œ�i�1H; H� � Œ�iG; H� � Œ�iG; G� D �iC1G:

Thus, �iH � �iC1G. In particular, �cH � �cC1G D 1: By Corollary 2.3, H has
nilpotency class less than c: ut
Lemma 2.10 If G is any group, then �nG=Z.G/ Š �n�1.G=Z.G// for any n 2 N:

Proof The proof is done by induction on n: If n D 1; then the result is obviously
true. Suppose that �iG=Z.G/ Š �i�1.G=Z.G// for 2 � i � n � 1: We claim that
�nG=Z.G/ Š �n�1.G=Z.G//: By definition, �nG=�n�1G D Z.G=�n�1G/: By the
Third Isomorphism Theorem,

�nG=Z.G/

�n�1G=Z.G/
Š Z

�
G=Z.G/

�n�1G=Z.G/

�

: (2.11)

By induction, �n�1G=Z.G/ Š �n�2.G=Z.G//: Substituting this in (2.11) yields

�nG=Z.G/

�n�2.G=Z.G//
Š Z

�
G=Z.G/

�n�2.G=Z.G//

�

D �n�1.G=Z.G//

�n�2.G=Z.G//
:

The result follows. ut
More generally, we have the next result of P. Hall.

Lemma 2.11 If G is any group, then �i.G=�jG/ Š �iCjG=�jG for i; j � 0:

Proof The proof is done by induction on j: Lemma 2.10 settles the case for j D 1:

Suppose that the lemma is true for j > 1: By the Third Isomorphism Theorem,

�iCjC1G
�jC1G

Š �.iC1/CjG=�jG

�jC1G=�jG
:

By induction, �.iC1/CjG=�jG Š �iC1
�
G=�jG

�
: Since �jC1G=�jG is just Z

�
G=�jG

�
;

we have

�iCjC1G
�jC1G

Š �iC1
�
G=�jG

�

Z
�
G=�jG

� Š �i

 
G=�jG

Z
�
G=�jG

�

!

by Lemma 2.10. However,

�i

 
G=�jG

Z.G=�jG/

!

Š �i

 
G

�jC1G

!

by the Third Isomorphism Theorem. This completes the proof. ut
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Theorem 2.5 Let G be a group, and suppose that N E G: If N � �iG for some
i 2 N and G=N is nilpotent, then G is nilpotent.

Proof Consider the upper central series

1 D �0.G=�iG/ � �1.G=�iG/ � 	 	 	 (2.12)

for G=�iG: By Lemma 2.11, �k.G=�iG/ Š �kCiG=�iG for k � 0: Thus, (2.12)
becomes

1 D �iG=�iG � �iC1G=�iG � 	 	 	 : (2.13)

Since G=�iG Š .G=N/=.�iG=N/ by the Third Isomorphism Theorem and G=N
is nilpotent, then G=�iG is nilpotent by Corollary 2.5. Thus, the series (2.13)
terminates at G=�iG: Therefore, there exists an integer n � i such that �nG=�iG D
G=�iG; and hence, �nG D G: By Theorem 2.3, G is nilpotent. ut

If N � Z.G/ in Theorem 2.5, then the next theorem gives information about the
nilpotency class of G:

Theorem 2.6 Let G be a group, and suppose that N � Z.G/: If G=N is nilpotent of
class c; then G is nilpotent of class either c or c C 1:

Proof We first prove that if gN 2 �n.G=N/ for any g 2 G and n � 0; then
g 2 �nC1G: If n D 0; then �0.G=N/ D N: In this case, gN 2 �0.G=N/ D N;
and thus g 2 N: And so, g is central because N � Z.G/ by the hypothesis. Assume
that hN 2 �k�1.G=N/ implies h 2 �kG for 2 � k � n; and let gN 2 �n.G=N/: Since

Œ�n.G=N/; G=N� � �n�1.G=N/;

we have ŒgN; hN� 2 �n�1.G=N/ for all h 2 G: Thus, Œg; h� 2 �nG by the induction
hypothesis. Consequently, g 2 �nC1G as claimed.

Next, we prove that G D �cC1G: If g 2 G; then gN 2 G=N D �c.G=N/
by Theorem 2.2. This implies that g 2 �cC1G by our discussion above. Hence
G D �cC1G: Now, if �cG ¤ G; then G has nilpotency class c C 1 by Theorem 2.2.
Suppose that �cG D G: If �c�1G D G; then G is of class d � c � 1 by Theorem 2.3.
By Corollary 2.5, G=N is of class at most d: However, G=N is of class c by
hypothesis. Thus, c � d � c � 1; which is false. It follows from Theorem 2.2
that �c�1G ¤ G; and thus G is of nilpotency class c: ut

If N D Z.G/ in Theorem 2.6, then the nilpotency class can be determined.

Lemma 2.12 A group G is nilpotent of class c � 1 if and only if G=Z.G/ is
nilpotent of class c � 1:
Proof We invoke Theorem 2.2 (iii). If G is nilpotent of class c; then �cG D G and
�c�1G ¤ G: Thus,

�c�1.G=Z.G// Š �cG=Z.G/ D G=Z.G/
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and

�c�2.G=Z.G// Š �c�1G=Z.G/ ¤ G=Z.G/

by Lemma 2.10. Therefore, G=Z.G/ is of class c � 1: The converse is similar. ut

2.3.2 A Theorem on Root Extraction

We illustrate how Lemma 2.9 is used to prove a theorem on the extraction of roots
in nilpotent groups by induction on the nilpotency class.

Definition 2.7 Let G be a group, and let P be a set of primes. A natural number n
is called a P-number if every prime divisor of n belongs to P:

By convention, 1 is a P-number for any set of primes P: If P happens to be the
empty set, then the only P-number is 1:

Definition 2.8 Let G be a group, and let P be a set of primes.

1. An element of G is called a P-torsion element if its order is a P-number. The set
of P-torsion elements of G is denoted by �P.G/: Thus,

�P.G/ D fg 2 G j gn D 1 for some P-number ng :

2. If every element of G is P-torsion, then G is called a P-torsion group.
3. If G has no P-torsion elements other than the identity, then G is P-torsion-free.

If P D fpg; then a P-torsion group is just a p-group by Definition 1.7. If P is
the set of all primes, then �P.G/ is the set of all elements of finite order of G and is
written as �.G/: Note that G is P-torsion-free whenever P is empty.

An element of �.G/ is called a torsion element of G; and G is a torsion (or
periodic) group if �.G/ D G: We say that G is torsion-free if it has no torsion
elements other than the identity element.

The group properties “P-torsion” and “P-torsion-free” are preserved under
extensions.

Definition 2.9 Let G; H; and N be groups.

(i) If N E G and G=N Š H; then G is called an extension of H by N: Thus, there
exists a short exact sequence

1 ! N ! G ! H ! 1:

(ii) An extension G of H by N is called central if N � Z.G/:
(iii) Let N E G; and suppose that G is an extension of H by N: A property Q of

groups is said to be preserved under extensions if G has property Q whenever
both N and H have property Q:
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Lemma 2.13 If P is a set of primes, then “P-torsion” and “P-torsion-free” are
preserved under extensions.

Proof Let G be a group with N E G:

• Suppose that N and G=N are P-torsion, and let g 2 G. Since G=N is P-torsion, the
element gN 2 G=N has order a P-number n: Thus, .gN/n D N; or equivalently,
gn 2 N: Since N is also P-torsion, there exists a P-number m such that .gn/m D 1I
that is, gnm D 1: Since nm is a P-number, G is P-torsion.

• Suppose that N and G=N are P-torsion-free. Let g 2 G such that gn D 1 for some
P-number n: Then .gN/n D N in G=N: Since G=N is P-torsion-free, gN D NI
that is, g 2 N: Therefore, g D 1 because N is P-torsion-free. ut
We now prove a classical result on extraction of roots in nilpotent groups. If G

is any group and g 2 G; then h 2 G is an nth root of g if hn D g for some natural
number n > 1:

Theorem 2.7 (S. N. C̆ernikov, A. I. Mal’cev) Let P be a nonempty set of primes. A
nilpotent group G is P-torsion-free if and only if the following condition holds:

if g; h 2 G and gn D hn for some P-number n; then g D h: (2.14)

Equation (2.14) is equivalent to the condition that every element of G has at most
one nth root for every P-number n:

Proof Suppose that G is P-torsion-free, and assume that gn D hn for some g; h 2 G
and P-number n:We prove that g D h by induction on the class c of G: If c D 1; then
G is abelian. In this case, gn D hn for some P-number n implies that

�
gh�1�n D 1:

Since G is P-torsion-free, gh�1 D 1 and g D h:
Suppose that c > 1; and assume that the result holds for all P-torsion-free

nilpotent groups of class less than c: By Lemma 2.9, H D gp.g; �2G/ is nilpotent of
class less than c: It is clear that h�1gh 2 H because h�1gh D gŒg; h�: Now, gn D hn

is the same as gn D h�1hnh which, after replacing hn by gn; becomes

gn D h�1gnh D �
h�1gh

�n
:

By induction, g D h�1gh; so g and h commute. Hence, the equality gn D hn can be
expressed as

�
gh�1�n D 1: Since G is P-torsion-free, gh�1 D 1; and thus g D h:

Conversely, suppose that G is any group such that (2.14) is satisfied for any
elements g and h in G: If we take h D 1; then gn D 1n D 1 implies g D 1:

And so, G is P-torsion-free. ut
Example 2.18 The Heisenberg group is torsion-free. To see this, suppose that

0

@
1 a b
0 1 c
0 0 1

1

A

n

D
0

@
1 0 0

0 1 0

0 0 1

1

A (2.15)
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for some a; b; c 2 Z and n 2 N: We use the Binomial Theorem to compute the
left-hand side of (2.15):

0

@
1 a b
0 1 c
0 0 1

1

A

n

D
0

@

0

@
1 0 0

0 1 0

0 0 1

1

AC
0

@
0 a b
0 0 c
0 0 0

1

A

1

A

n

D
0

@
1 0 0

0 1 0

0 0 1

1

AC n

0

@
0 a b
0 0 c
0 0 0

1

AC
 

n

2

!0

@
0 a b
0 0 c
0 0 0

1

A

2

C 	 	 	

D
0

@
1 0 0

0 1 0

0 0 1

1

AC n

0

@
0 a b
0 0 c
0 0 0

1

AC
 

n

2

!0

@
0 0 ac
0 0 0

0 0 0

1

AC 	 	 	

D
0

@
1 na nb C �n

2

�
ac

0 1 nc
0 0 1

1

A :

Therefore,

0

@
1 na nb C �n

2

�
ac

0 1 nc
0 0 1

1

A D
0

@
1 0 0

0 1 0

0 0 1

1

A ;

and thus a D b D c D 0:

Since H is torsion-free, (2.14) must hold in H : Indeed, suppose that

0

@
1 a1 b1
0 1 c1
0 0 1

1

A

n

D
0

@
1 a2 b2
0 1 c2
0 0 1

1

A

n

for some a1; a2; b1; b2; c1; c2 2 Z and n 2 N: The same computation used above
gives

0

@
1 na1 nb1 C �n

2

�
a1c1

0 1 nc1
0 0 1

1

A D
0

@
1 na2 nb2 C �n

2

�
a2c2

0 1 nc2
0 0 1

1

A :

Therefore, a1 D a2; b1 D b2; and c1 D c2: Hence,

0

@
1 a1 b1
0 1 c1
0 0 1

1

A D
0

@
1 a2 b2
0 1 c2
0 0 1

1

A as

claimed.
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2.3.3 The Direct Product of Nilpotent Groups

The direct product of finitely many nilpotent groups is again nilpotent. This is the
point behind the next theorem.

Theorem 2.8 If fH1; : : : ; Hng is a set of nilpotent groups of class c1; : : : ; cn

respectively, then the direct product H1 � 	 	 	 � Hn is nilpotent of class
maxfc1; : : : ; cng:
Proof We prove the theorem for n D 2: Assume that H1 and H2 are nontrivial
groups of nilpotency classes c1 and c2 respectively, and suppose that c1 � c2 > 0:

The proof is done by induction on c1: If c1 D 1; then H1 and H2 are abelian, and
thus H1 � H2 is abelian.

Suppose that c1 > 1: By Lemma 1.3,

H1 � H2

Z.H1 � H2/
Š H1

Z.H1/
� H2

Z.H2/
: (2.16)

Note that the right side of (2.16) is a direct product of nilpotent groups of classes
less than c1: By Lemma 2.12, the class of H1=Z.H1/ is c1 � 1: By induction,
.H1 � H2/=Z.H1 � H2/ is a nilpotent group of class c1 � 1: The result follows from
Lemma 2.12. ut
Remark 2.9 It is not always the case that the direct product of an arbitrary number of
nilpotent groups is nilpotent. For example, suppose that fG1; G2; : : :g is an infinite
set of nilpotent groups, and assume that Gi has nilpotency class at least i for each
i D 1; 2; : : : : We claim that the infinite direct product of the groups G1; G2; : : : is
not nilpotent. Assume, on the contrary, that this direct product is nilpotent of class c:
By Theorem 2.4, each of its subgroups is of class at most c: Consequently, every Gi

is of class at most c: This contradicts the fact that Gj is of class at least j whenever
j > c:

On the other hand, if the nilpotency class of each Gi is bounded above, then their
direct product is nilpotent. The proof of this is analogous to that of Theorem 2.8.

2.3.4 Subnormal Subgroups

Subgroups of nilpotent groups enjoy several noteworthy properties, one of which is
subnormality.

Definition 2.10 A subgroup H of a group G is called subnormal if there is a
subnormal series of subgroups of G beginning at H and terminating at G:
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Theorem 2.9 Every subgroup of a nilpotent group is subnormal.

Proof Let H be a subgroup of a nilpotent group G of class c; and consider the
subgroups H�iG of G for i D 1; 2; : : : ; c: Since the upper central series of G is
normal, we have

H D H�0G � H�1G � 	 	 	 � H�cG D G: (2.17)

We claim that (2.17) is a subnormal series. If h 2 H and z 2 �iC1G; then

z�1hz D hŒh; z� 2 HŒH; �iC1G� D H�iG:

Therefore, z 2 NG.H�iG/; and thus �iC1G < NG.H�iG/: Since H < NG.H�iG/ as
well, H�iC1G < NG.H�iG/ and the claim is proved. Thus, (2.17) is a subnormal
series from H to G in c steps. ut
Remark 2.10 Another subnormal series from H to G can be constructed using
successive normalizers. Put H0 D H; and recursively define HiC1 D N.Hi/: It is
simple to verify that the series

H D H0 < H1 < 	 	 	 < Hc D G

is, indeed, subnormal.

Corollary 2.6 If G is a nilpotent group and H < G with ŒG W H� D n; then gn 2 H
for all g 2 G:

Proof Suppose that G has nilpotency class c: If H is a normal subgroup of G; then
jG=Hj D ŒG W H� D n: Hence, .gH/n D H for all g 2 G; and thus gn 2 H:

Assume that H is any subgroup of G: By Theorem 2.9, there is a subnormal series

H D H0 C H1 C 	 	 	 C Hc D G:

Furthermore, each Hi is nilpotent by Theorem 2.4. If we put ŒHiC1 W Hi� D mi; so
that n D mc�1mc�2 	 	 	 m0; then we obtain

gn D ..gmc�1 /mc�2 /���m0 :

Since each Hi is normal in G; we have

gmc�1 2 Hc�1; .gmc�1 /mc�2 2 Hc�2; : : : :

Continuing in this way leads to gn 2 H0 D H: ut
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2.3.5 The Normalizer Condition

An important feature of nilpotent groups is that all of their maximal subgroups are
normal. In fact, this property leads to a structure theorem for finite nilpotent groups
which will be proven in the next section. Groups whose maximal subgroups are
normal satisfy the so-called normalizer condition.

Definition 2.11 A group G satisfies the normalizer condition if H is a proper
subgroup of NG.H/ whenever H is a proper subgroup of G:

Lemma 2.14 If a group G satisfies the normalizer condition, then every maximal
subgroup of G is normal.

Proof Let M be a maximal subgroup of G: By hypothesis, M is a proper subgroup
of NG.M/: Thus, NG.M/ D G because M is maximal. And so, M C G: ut
Lemma 2.15 If every subgroup of a group G is subnormal, then G satisfies the
normalizer condition.

Proof Suppose that H is a proper subgroup of G: Since H is subnormal, there exists
a subnormal series

H D H0 C H1 C 	 	 	 C Hn D G

for some n 2 N: Clearly, H1 properly contains and normalizes H since H C H1: ut
Theorem 2.10 Every nilpotent group satisfies the normalizer condition.

Proof This is a consequence of Theorem 2.9 and Lemma 2.15. ut
Corollary 2.7 Every maximal subgroup of a nilpotent group is normal.

Proof The result follows at once from Theorem 2.10 and Lemma 2.14. ut

2.3.6 Products of Normal Nilpotent Subgroups

We prove a theorem pertaining to the product of normal nilpotent subgroups of an
arbitrary group.

Theorem 2.11 (H. Fitting) Let G be any group, and suppose that H and K are
normal nilpotent subgroups of G of classes c and d respectively. Then HK is a
normal nilpotent subgroup of G of class at most c C d:
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Proof By Theorem 2.2, �cC1H D 1 and �dC1K D 1: The result will follow at once
from Theorem 2.3 once we prove that �cCdC1.HK/ D 1: By repeatedly applying
Lemma 1.11, we get

�cCdC1.HK/ D ŒHK; HK; 	 	 	 ; HK
„ ƒ‚ …

cCdC1
�

D ŒH; HK; 	 	 	 ; HK
„ ƒ‚ …

cCdC1
�ŒK; HK; 	 	 	 ; HK
„ ƒ‚ …

cCdC1
�

D 	 	 	

Thus, �cCdC1.HK/ is a product of commutators of the form

ŒX1; X2; : : : ; XcCdC1�;

where Xj is either H or K for 1 � j � c C d C 1: Let Y D ŒX1; X2; : : : ; XcCdC1� be
one of the commutators arising in this product. Since Y contains (c C d C 1) Xj’s,
either H appears at least (c C 1) times in Y or K appears at least (d C 1) times in Y:
Now, �mH E G and �nK E G for each m; n > 0 by Corollary 1.3 because both H
and K are normal in G: By Theorem 1.4,

Œ�mH; K� � �mH and Œ�nK; H� � �nK: (2.18)

Hence, if s of the Xj’s in the commutator Y equal H; then Y � �sC1H by (2.18).
Similarly, if t of the Xj’s in the commutator Y equal K; then Y � �tC1K: It follows
that if H occurs at least (c C1) times in Y; then Y � �cC1H: However, if K occurs at
least (dC1) times in Y; then Y � �dC1K: In either case, we obtain Y D 1: Therefore,
�cCdC1.HK/ D 1: ut

2.4 Finite Nilpotent Groups

In this section, we give a characterization of finite nilpotent groups. We begin by
mentioning some of the well-known Sylow theorems and consequences of them.
These play a fundamental role in the study of finite groups, and their proofs can be
found in various places in the literature (see [3, 9], or [10] for instance).

Definition 2.12 Let G be a finite group of order pnk; where p is a prime, k 2 N;

and p doesn’t divide k: A subgroup of G whose order is exactly pn is called a Sylow
p-subgroup of G:
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A subgroup H of a finite group G is called a Sylow subgroup of G if it is a Sylow
p-subgroup of G for some prime p: The fact that a finite group has Sylow subgroups
is contained in the next fundamental theorem.

Theorem 2.12 (Sylow) Let G be a finite group of order pnk; where p is a prime,
k 2 N; and p doesn’t divide k:

(i) G has at least one subgroup of order pi for each i D 1; 2; : : : ; n:
(ii) If H � G and jHj D pn; then H is contained in some Sylow p-subgroup.

(iii) Any two Sylow p-subgroups of G are conjugate.

A consequence of Theorem 2.12 (iii) is:

Corollary 2.8 Let p be a prime, and suppose that P is a Sylow p-subgroup of a
finite group G: Then P E G if and only if P is the unique Sylow p-subgroup of G:

Another result which will be needed later is:

Lemma 2.16 Let P be a Sylow p-subgroup of a finite group G:

(i) If K � G and K contains NG.P/; then K D NG.K/:
(ii) If N C G; then P \ N is a Sylow p-subgroup of N and PN=N is a Sylow

p-subgroup of G=N:

The proof of Lemma 2.16 (i) relies on the so-called Frattini Argument.

Lemma 2.17 (Frattini Argument) Let G be a finite group and H E G: If P is a
Sylow p-subgroup of H for some prime p; then G D HNG.P/:

We now prove the main theorem of this section.

Theorem 2.13 Let G be a finite group. The following are equivalent:

(i) G is nilpotent.
(ii) Every subgroup of G is subnormal.

(iii) G satisfies the normalizer condition.
(iv) Every maximal subgroup of G is normal.
(v) Every Sylow subgroup of G is normal.

(vi) G is a direct product of its Sylow subgroups.
(vii) Elements of coprime order commute.

Proof (i) ) (ii) by Theorem 2.9, (ii) ) (iii) by Lemma 2.15, and (iii) ) (iv) by
Lemma 2.14.

We prove (iv) ) (v) by contradiction. Let P be a Sylow subgroup of G; and
assume that P is not normal in G: Then NG.P/ < G; and consequently, NG.P/ < M
for some maximal subgroup M of G: Since M C G; we have NG.M/ D G: This
contradicts Lemma 2.16 (i).

Next, we prove (v) ) (vi). Suppose that G has order pr1
1 pr2

2 	 	 	 prn
n ; where the pi’s

are distinct primes and ri 2 N: Assume that each Sylow subgroup of G is normal.
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By Corollary 2.8, there is a unique Sylow pi-subgroup Pi of order pri
i for each pi:

We claim that G is the direct product of the Pi’s. Observe that if gi 2 Pi and gj 2 Pj

for i ¤ j; then

	
gi; gj


 2 Pi \ Pj D 1

by Lagrange’s Theorem and normality of Pi and Pj: Thus, the elements of Pi

commute with the elements of Pj whenever i ¤ j: Now, define the map

' W P1 � 	 	 	 � Pn ! G by '.g1; : : : ; gn/ D g1 	 	 	 gn:

By the observation above, we have that ' is a homomorphism. We claim that ' is
injective. Suppose that

'.h1; : : : ; hn/ D h1 	 	 	 hn D 1

for some hi 2 Pi: Since the hi and hj commute and have coprime order when i ¤ j;
we have

jh1h2 	 	 	 hnj D jh1jjh2j 	 	 	 jhnj D 1:

This means that jh1j D jh2j D 	 	 	 D jhnj D 1; and thus h1 D h2 D 	 	 	 D hn D 1:

And so, ker ' is trivial. This proves the claim. Since ' is an injective map between
finite groups of equal order, it is an isomorphism. Therefore, G is a direct product
of its Sylow subgroups.

Next, we prove (vi) , (vii). Suppose that G D P1 � 	 	 	 � Pn for Sylow pi-
subgroups Pi (here, of course, the pi are distinct primes). Let g D g1 	 	 	 gn and
h D h1 	 	 	 hn be elements of coprime order in G; where gi; hi 2 Pi: Since

	
gi; gj


 D 	
hi; hj


 D 1

when i ¤ j; we have jgj D jg1j 	 	 	 jgnj and jhj D jh1j 	 	 	 jhnj: Now, jgj and jhj are
coprime only if one of the gi or hi equals 1 for each i D 1; 2; : : : ; n: We conclude
that gh D hg:

Conversely, suppose that the elements of coprime order commute. Let p1; : : : ; pn

be the distinct prime divisors of jGj; and let P1; : : : ; Pn be corresponding Sylow
subgroups associated with these primes. We assert that G Š P1 � 	 	 	 � Pn: Let
g 2 G and h 2 Pi for some 1 � i � n: Clearly, hg 2 Pi if g 2 Pi: If g … Pi; then
jgj is coprime to jhj: By assumption, Œg; h� D 1; and thus hg D h 2 Pi: And so,
Pi E G: Furthermore, G D P1P2 	 	 	 Pn because Pi and Pj are commuting subgroups
for i ¤ j: Finally, we find that

gp.P1; : : : ; bPi; : : : ; Pn/ \ Pi D 1
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for any 1 � i � n by Lagrange’s Theorem. Here, bPi means that Pi is omitted from
the collection P1; : : : ; Pn: This proves the assertion.

It remains to prove that (vii) ) (i). Suppose that the elements of coprime order in
G commute. By (vii) ) (vi), G is a direct product of its Sylow subgroups. Since the
Sylow subgroups have prime power order, each of them is nilpotent by Theorem 2.3.
The result follows from Theorem 2.8. ut

2.5 The Tensor Product of the Abelianization

Tensor products serve as a useful tool in the study of nilpotent groups. In this section,
we discuss the connection between the factors �iG=�iC1G of the lower central series
of a group G and the i-fold tensor product of Ab.G/; the abelianization of G: In
particular, we demonstrate that certain properties of a nilpotent group are inherited
from its abelianization.

2.5.1 The Three Subgroup Lemma

We begin with a result of P. Hall and L. Kalužnin.

Lemma 2.18 (Three Subgroup Lemma) Let G be a group with subgroups H; K;
and L: If N E G and any two of the following subgroups ŒH; K; L�, ŒK; L; H�,
ŒL; H; K� are subgroups of N; then the third subgroup is also a subgroup of N:

Proof Let h; k; and l be any elements of the subgroups H; K; and L respectively.
By Corollary 1.5, the groups ŒH; K; L�, ŒK; L; H�, and ŒL; H; K� are generated by
conjugates of commutators of the forms

	
h; k�1; l



;
	
k; l�1; h



; and

	
l; h�1; k




respectively. By Lemma 1.5,

h
h; k�1; l

ikh
k; l�1; h

ilh
l; h�1; k

ih D 1:

Without loss of generality, suppose that ŒH; K; L� and ŒK; L; H� are contained in
N: Since N E G; we have

	
h; k�1; l


k 2 N and
	
k; l�1; h


l 2 N: Hence,

h
l; h�1; k

i
D
h
k; l�1; h

i�l
 
h
h; k�1; l

i�k
!h�1

belongs to N; and consequently, ŒL; H; K� is contained in N: ut
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Corollary 2.9 If H; K; and L are normal subgroups of a group G; then

ŒH; K; L� � ŒK; L; H�ŒL; H; K�:

Proof The result follows from Corollary 1.3 by putting N D ŒK; L; H�ŒL; H; K� in
Lemma 2.18. ut

The Three Subgroup Lemma plays a fundamental role in establishing certain
connections between the commutators of the upper and lower central subgroups.

Theorem 2.14 (P. Hall) Let G be any group and i; j 2 N:

(i)
	
�iG; �jG


 � �iCjG;
(ii) �i

�
�jG

� � �ijG;
(iii) If j � i; then

	
�iG; �jG


 � �j�iG:

Proof The proofs of (i), (ii), and (iii) are done by induction on i:

(i) If i D 1; then
	
�1G; �jG


 D �1CjG by Definition 2.4. Assume that i > 1 and
the result holds for i � 1: By definition,

	
�iG; �jG


 D 		
�1G; �i�1G



; �jG


 D 	
�1G; �i�1G; �jG



:

We examine the subgroups obtained by permuting the entries of	
�1G; �i�1G; �jG



: Observe that

	
�i�1G; �jG; �1G


 D 		
�i�1G; �jG



; �1G


 � 	
�i�1CjG; �1G


 D �iCjG

and

	
�jG; �1G; �i�1G


 D 		
�jG; �1G



; �i�1G


 D 	
�jC1G; �i�1G


 � �iCjG:

Setting N D �iCjG in Lemma 2.18 gives	
�iG; �jG


 D 	
�1G; �i�1G; �jG


 � �iCjG:

(ii) The result is obvious when i D 1: Suppose that i > 1; and assume that the
result holds for i � 1: By (i), we have

�i
�
�jG

� D 	
�i�1

�
�jG

�
; �jG


 � 	
�.i�1/jG; �jG


 � �.i�1/jCjG D �ijG:

(iii) If i D 1; then
	
�1G; �jG


 D 	
G; �jG


 � �j�1G and the result holds by
Lemma 2.1. Let j � i > 1; and suppose that the result is true for i � 1: By
induction and Lemma 2.1, we have

	
G; �jG; �i�1G


 D 		
G; �jG



; �i�1G


 � 	
�j�1G; �i�1G


 � �j�iG
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and

	
�jG; �i�1G; G


 D 		
�jG; �i�1G



; G


 D 	
�j�iC1G; G


 � �j�iG:

Lemma 2.18 ultimately gives

	
�iG; �jG


 D 	
�i�1G; G; �jG


 � �j�iG:

This completes the proof. ut

2.5.2 The Epimorphism
Nn

Z
Ab.G/ ! �nG=�nC1G

We illustrate how the abelianization of a group influences the factors of its lower
central series.

Definition 2.13 Suppose that A; B; and M are R-modules. A function ' W A � B !
M is called bilinear if, for all a; a1; a2 2 A; b; b1; b2 2 B; and r 2 R; we have:

'.a1 C a2; b/ D '.a1; b/C '.a2; b/I
'.a; b1 C b2/ D '.a; b1/C '.a; b2/I

'.ra; b/ D '.a; rb/ D r'.a; b/:

If the R-modules are written using multiplicative notation, then the conditions above
become:

'.a1a2; b/ D '.a1; b/'.a2; b/I
'.a; b1b2/ D '.a; b1/'.a; b2/I
'.ar; b/ D '.a; br/ D .'.a; b//r:

In this case, ' is said to be multiplicative in each variable. In what follows, all
Z-modules (equivalently, abelian groups) are written multiplicatively.

Theorem 2.15 (D. J. S. Robinson) Let G be any group. For each integer n > 1, the
mapping

 W �n�1G=�nG
O

Z

Ab.G/ ! �nG=�nC1G

defined by

 .x�nG ˝ y�2G/ D Œx; y��nC1G .x 2 �n�1G; y 2 G/

is a well-defined Z-module epimorphism.
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Proof Consider the function

'n W �n�1G=�nG � Ab.G/ ! �nG=�nC1G

defined by

.x�nG; y�2G/ 7! Œx; y��nC1G .x 2 �n�1G; y 2 G/:

We claim that 'n is well defined and multiplicative in each variable.

• 'n is well defined.

(i) Let g 2 G; gn�1 2 �n�1G; and gn 2 �nG: By Theorem 2.14 (i),
the commutators Œgn; g� and Œgn�1; g; gn� are contained in �nC1G: By
Lemma 1.4 (v), we have

'n.gn�1gn�nG; g�2G/ D Œgn�1gn; g��nC1G

D Œgn�1; g�Œgn�1; g; gn�Œgn; g��nC1G

D Œgn�1; g��nC1G

D 'n.gn�1�nG; g�2G/:

(ii) Let g 2 G; gn�1 2 �n�1G; and g2 2 �2G: The commutators Œgn�1; g2� and
Œgn�1; g; g2� are elements of �nC1G by Theorem 2.14 (i). An application of
Lemma 1.4 (vi) gives

'n.gn�1�nG; gg2�2G/ D Œgn�1; gg2��nC1G

D Œgn�1; g2�Œgn�1; g�Œgn�1; g; g2��nC1G

D Œgn�1; g��nC1G

D 'n.gn�1�nG; g�2G/:

Hence, 'n is well defined. Consequently, 'n naturally extends to a Z-module
homomorphism from the free Z-module on �n�1G=�nG � Ab.G/ to
�nG=�nC1G:

• 'n is multiplicative in each variable.

(i) Let a1; a2 2 �n�1G: By Theorem 2.14 (i), Œa1; g; a2� 2 �nC1G: Thus,

'n.a1a2�nG; g�2G/ D Œa1a2; g��nC1G

D Œa1; g�Œa1; g; a2�Œa2; g��nC1G

D Œa1; g�Œa2; g��nC1G

D 'n.a1�nG; g�2G/'n.a2�nG; g�2G/:
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(ii) Let b1; b2 2 G: Since Œgn�1; b1; b2� 2 �nC1G by Theorem 2.14 (i), we have

'n.gn�1�nG; b1b2�2G/ D Œgn�1; b1b2��nC1G

D Œgn�1; b2�Œgn�1; b1�Œgn�1; b1; b2��nC1G

D Œgn�1; b2�Œgn�1; b1��nC1G

D Œgn�1; b1�Œgn�1; b2��nC1G

D 'n.gn�1�nG; b1�2G/'n.gn�1�nG; b2�2G/:

This shows that 'n is multiplicative in each variable.
By the Universal Mapping Property of the Tensor Product, there is an induced

Z-module homomorphism from the tensor product �n�1G=�nG
N

Z
Ab.G/ to

�nG=�nC1G given by

x�nG ˝ y�2G 7! Œx; y��nC1G .x 2 �n�1G; y 2 G/:

This map is an epimorphism since �nG D Œ�n�1G; G�: ut
Remark 2.11 Theorem 2.15 also holds for groups which come equipped with
operator domains. See [7].

In the next few results, we exploit Theorem 2.15. Some notation is needed. If M
is an R-module, then the n-fold tensor product of M is written as

nO

R

M D M ˝R 	 	 	 ˝R M
„ ƒ‚ …

n

:

By convention, we set
N1

R M D M:

Corollary 2.10 Let G be any group. For each n 2 N; the mapping

'n W
nO

Z

Ab.G/ ! �nG=�nC1G

defined by

'n.x1�2G ˝ 	 	 	 ˝ xn�2G/ D Œx1; : : : ; xn��nC1G

is a Z-module epimorphism.

Proof This easily follows by induction on n: ut
Corollary 2.11 Suppose that G is a finitely generated group with generating set
X D fx1; : : : ; xkg: For each n 2 N; the factor group �nG=�nC1G is finitely
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generated, modulo �nC1G; by the simple commutators of weight n of the form	
xi1 ; : : : ; xin



; where the xij ’s vary over all elements of X and are not necessarily

distinct.

Proof Since G is finitely generated by X; Ab.G/ is finitely generated by the
elements x1�2G; : : : ; xk�2G: Hence,

Nn
Z

Ab.G/ is finitely generated by the kn n-
fold tensor products of the form

xi1�2G ˝ 	 	 	 ˝ xin�2G;

where the xij vary over X: It follows from Corollary 2.10 that �nG=�nC1G
is finitely generated by the simple commutators, modulo �nC1G; of the form	
xi1 ; : : : ; xin



; where the xij ’s vary over all elements of X: ut

Remark 2.12 Corollary 2.11 could also be proven using Lemma 2.6. Notice
however, that Lemma 2.6 allows inverses of elements of the generating set in the
simple commutators, whereas the corollary does not. This issue can be resolved by
a repeated application of Lemmas 1.4 and 1.13.

Example 2.19 Let G be a group generated by X D fx1; x2; x3g: If g D x32x
�1
1 and

h D x1x�4
2 x23 are elements of G; then Œg; h��3G 2 �2G=�3G: Using Lemmas 1.4

and 1.13, together with the fact that all simple commutators of weight 2 are central,
modulo �3G; we have

Œg; h��3G D
h
x32x

�1
1 ; x1x

�4
2 x23

i
�3G

D
h
x32; x1x

�4
2 x23

ih
x�1
1 ; x1x

�4
2 x23

i
�3G

D
h
x32; x1

ih
x32; x�4

2

ih
x32; x23

ih
x�1
1 ; x1

ih
x�1
1 ; x�4

2

ih
x�1
1 ; x23

i
�3G

D Œx2; x1�
3Œx2; x2�

�12Œx2; x3�
6Œx1; x1�

�1Œx1; x2�
4Œx1; x3�

�2�3G

D Œx2; x1�
3Œx2; x3�

6Œx1; x2�
4Œx3; x1�

2�3G;

which illustrates that Œg; h� modulo �3G is expressible as a product of commutators
of weight 2 in the elements of X:

Corollary 2.10 can be used to prove that a nilpotent group is finitely generated
whenever its abelianization is finitely generated. We need some preliminary mate-
rial.

Definition 2.14 A group G is said to satisfy condition Max (the maximal condition
on subgroups) if every subgroup of G is finitely generated.

A group in which every ascending series of subgroups stabilizes is said to satisfy
the Noetherian condition.

Theorem 2.16 A group G satisfies Max if and only if it satisfies the Noetherian
condition.
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Proof Suppose that G satisfies Max, and let

H1 < H2 < H3 < 	 	 	

be an ascending series of subgroups of G: We assert that this series stabilizes. Put
H D S1

iD1 Hi: Clearly, H is a subgroup of G and is finitely generated by hypothesis.
Let X D fh1; : : : ; hkg be a set of generators of H: It is evident that each element of
X is contained in some Hi since X generates H: Thus, there exists n 2 N such that
X 
 Hn: It follows that H � Hn: Since Hn � H; we have H D Hn and the series
stabilizes.

Conversely, suppose that every ascending series of subgroups stabilizes. Let H
be a subgroup of G; and choose an element h1 2 H: If H D gp.h1/; then H is finitely
generated. Otherwise, there exists an element h2 2 H such that h2 … gp.h1/: Now, if
H D gp.h1; h2/; then H is finitely generated. If H ¤ gp.h1; h2/; then we continue
this argument to obtain an ascending series of subgroups

gp.h1/ � gp.h1; h2/ � 	 	 	

which stabilizes by assumption. Hence, H D gp.h1; h2; : : : ; hn/ for some n 2 N:

And so, H is finitely generated. ut
Groups which satisfy Max must be finitely generated. There are finitely generated

groups, however, which do not satisfy Max. For example, let F D ˝
x; y

˛
be the free

group of rank two, and let

Gi D gp
�

x; yxy�1; : : : ; yixy�i
�
:

Every element of Gi can be written as

ym1xn1ym2�m1xn2ym3�m2 	 	 	 y�mk .0 � mr � i/:

Thus, yiC1xy�.iC1/ is not an element of Gi: This implies that the ascending sequence
of subgroups

G1 < G2 < G3 < 	 	 	

does not stabilize. By Theorem 2.16, F does not satisfy Max.

Lemma 2.19 Max is preserved under extensions.

Proof Let G be a group with N E G; and suppose that G=N and N satisfy Max. Let
H be any subgroup of G: Clearly, H \ N is finitely generated since H \ N < N and
N satisfies Max. By the Second Isomorphism Theorem,

H=.H \ N/ Š HN=N < G=N:
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This implies that H=.H \ N/ is finitely generated because G=N satisfies Max. It
follows that H is finitely generated. ut
Theorem 2.17 Every finitely generated abelian group satisfies Max.

Proof Let G be a finitely generated abelian group with generating set fx1; : : : ; xkg:
The proof is done by induction on k: If k D 1; then G is cyclic. In this case, it is easy
to show that ŒG W H� < 1 for every nontrivial subgroup H of G: Hence, H must be
finitely generated.

Suppose that the theorem is true for 1 � i � k � 1; and consider the subgroup
H D gp.x1; : : : ; xk�1/ of G: Since H is finitely generated and abelian, H satisfies
Max by induction. Furthermore, G=H Š gp.xk/ is cyclic, and thus satisfies Max.
The result follows from Lemma 2.19. ut
Theorem 2.18 (R. Baer) Every finitely generated nilpotent group satisfies Max.

Proof Let G be a finitely generated nilpotent group of class c; and let H � G: Set
Hi D H \ �iG for 1 � i � c: It follows from Lemma 2.1 that the series

H D H1 � H2 � 	 	 	 � Hc � HcC1 D 1

is a central series for H: Furthermore, the Second Isomorphism Theorem gives

Hi

HiC1
D H \ �iG

H \ �iC1G
D H \ �iG

.H \ �iG/ \ �iC1G
Š �iC1G.H \ �iG/

�iC1G

for 1 � i � c: Therefore, each Hi=HiC1 is isomorphic to a subgroup of �iG=�iC1G:
Since �iG=�iC1G is finitely generated and abelian by Corollary 2.11, so is Hi=HiC1
by Theorem 2.17. In particular, Hc D Hc=HcC1 is finitely generated. Thus, Hc�1 is
finitely generated since both Hc�1=Hc and Hc are finitely generated. Repeating this
argument gives that Hi is finitely generated for 1 � i � c � 2: In particular, H1 D H
is finitely generated. ut

We now prove that nilpotent groups with finitely generated abelianization must
be finitely generated.

Corollary 2.12 If G is a nilpotent group and Ab.G/ is finitely generated, then G
satisfies Max. Hence, G is finitely generated.

Proof The proof is done by induction on the class c of G: Theorem 2.17 takes care
of the case c D 1: Assume that the corollary is true for nilpotent groups of class
less than c; and let n 2 f1; : : : ; cg: The tensor product

Nn
Z

Ab.G/ is finitely
generated because it involves a finite number of finitely generated abelian groups.
By Corollary 2.10, each �nG=�nC1G is finitely generated abelian, and thus satisfies
Max by Theorem 2.17. In particular, �cG satisfies Max. By the induction hypothesis,
G=�cG also satisfies Max. The result now follows from Lemma 2.19. ut
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2.5.3 Property P

The proof of Corollary 2.12 shows that certain properties of the abelianization of a
nilpotent group can be passed on to the group itself. This is the substance of the next
result.

Definition 2.15 A group-theoretical property is called property P if it satisfies the
following criteria:

1. Property P is preserved under extensions.
2. If G is an abelian group having property P and k 2 N; then any homomorphic

image of the k-fold tensor product
Nk

Z
G has property P:

It is clear that finiteness is a property P: Other possibilities for property P
include finite generation, P-torsion for a set of primes P (see Lemma 2.13), and
Max (see Lemma 2.19 and the proof of Corollary 2.12).

Theorem 2.19 (D. J. S. Robinson) If G is nilpotent and Ab.G/ has property P;

then G has property P:

Proof Suppose that G is of class c; and let k > 0: By Corollary 2.10, �kG=�kC1G
is an image of the k-fold tensor product

Nk
Z

Ab.G/: Thus, each �kG=�kC1G has
property P because Ab.G/ does. Now, �cC1G D 1 by Theorem 2.3. This means that
�cG has property P: Since �c�1G=�cG has property P and �c�1G is an extension
of �c�1G=�cG by �cG; we have that �c�1G also has property P: We continue this
argument to conclude that G has property P: ut
Definition 2.16 The exponent of a torsion group G is the smallest natural number
m; if it exists, satisfying gm D 1 for every g 2 G: If no such m exists, then G has
infinite exponent.

Every finite group has finite exponent dividing the order of the group. For any
prime p; both the infinite direct product

Zp � Zp2 � Zp3 � 	 	 	

and the p-quasicyclic group are infinite torsion groups with infinite exponent. Thus,
torsion groups need not be finite nor have finite exponent. A group with infinite
exponent is necessarily infinite. However, the infinite direct product of cyclic groups
of order p is an example of an infinite group with finite exponent.

Theorem 2.20 (S. Dixmier) Let G be a nilpotent group of class c: If Ab.G/ has
finite exponent m; then G has finite exponent dividing mc.

Proof The exponent of
Ni

Z
Ab.G/ divides m for 1 � i � c because Ab.G/ has

exponent m: Thus, �iG=�iC1G also has exponent dividing m by Corollary 2.10.
In particular, �cG D �cG=�cC1G has exponent dividing m: This, combined with
the fact that �c�1G=�cG also has exponent dividing m; gives that the exponent of
�c�1G divides m2: We iterate this process to finally obtain that the exponent of
G D �c�.c�1/G divides mc: ut
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2.5.4 The Hirsch-Plotkin Radical

We end this section with an important result whose proof depends on Theorem 2.18.
Motivated by Theorem 2.11, it is natural to ask whether or not a group has a maximal
normal nilpotent subgroup.

Definition 2.17 A maximal normal nilpotent subgroup of a group is called a
nilpotent radical of the group.

One attempt to construct a nilpotent radical is by trying to use Zorn’s Lemma.
Suppose that

N1 < N2 < N3 < 	 	 	

is an ascending chain of normal nilpotent subgroups of a group G; where Ni is of
class ci for i D 1; 2; : : : : A nilpotent radical would exist if [k

iD1Ni were normal and
nilpotent for all k � 1: However, it is not nilpotent since the class of

k[

iD1
Ni D N1 	 	 	 Nk;

which is c1 C 	 	 	 C ck according to Theorem 2.11, becomes unbounded as k
approaches infinity. Hence, Zorn’s Lemma does not apply.

Even though the nilpotent radical doesn’t always exist, one can always find a
locally nilpotent radical. This is the basis of our next discussion.

Definition 2.18 A group G is called locally nilpotent if every finitely generated
subgroup of G is nilpotent.

Clearly, every nilpotent group is locally nilpotent. If G D Q1
iD1 Gi; where each

Gi is nilpotent of class ci and ck < ckC1 for k � 1; then G is locally nilpotent. In
particular,

Q1
iD1 Zpi and

Q1
iD1 UTi.Z/ are locally nilpotent.

Lemma 2.20 (i) Every nilpotent group is locally nilpotent.
(ii) Every subgroup of a locally nilpotent group is locally nilpotent.

(iii) Every homomorphic image of a locally nilpotent group is locally nilpotent.

Proof

(i) This is immediate from Theorem 2.4.
(ii) Let G be a locally nilpotent group, and suppose that H < G: If K is a finitely

generated subgroup of H; then it is also a finitely generated subgroup G: Since
G is locally nilpotent, K is nilpotent, and thus K is a nilpotent subgroup of H:
This means that H is locally nilpotent.

(iii) Let G be a locally nilpotent group, and suppose that ' 2 Hom.G; H/ for some
group H: Let K be a finitely generated subgroup of '.G/ with finite generating
set fx1; : : : ; xmg: There exist elements g1; : : : ; gm in G such that '.gi/ D xi
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for 1 � i � m: Consider the subgroup L D gp.g1; : : : ; gm/ of G: It is finitely
generated, and thus nilpotent since G is locally nilpotent. By Theorem 2.4,
'.L/ D K is also nilpotent. And so, '.G/ is locally nilpotent. ut

Theorem 2.21 (K. Hirsch, B. Plotkin) If H and K are normal locally nilpotent
subgroups of a group G; then HK is a normal locally nilpotent subgroup of G:

Proof We adopt the proof given by D.J.S. Robinson in [8]. Clearly, HK E G since
H E G and K E G: We claim that HK is locally nilpotent. Let

fh1; : : : ; hmg 
 H and fk1; : : : ; kmg 
 K:

Then fh1k1; : : : ; hmkmg 
 HK: Define the subgroups

A D gp.h1; : : : ; hm/ � H and B D gp.k1; : : : ; km/ � K;

and set C D gp.A; B/ and S D gp.h1k1; : : : ; hmkm/: In order to prove the claim,
we need to establish that S is nilpotent. Since S � C; it suffices to show that C is
nilpotent.

Define the set T D ˚	
hi; kj


 ˇ
ˇ i; j D 1; : : : ; m

�
; and observe that T � H \ K

since H E G and K E G: Clearly, both A and T are finitely generated and contained
in H: Thus, gp.A; T/ is a finitely generated subgroup of H: Since H is locally
nilpotent, gp.A; T/ is also nilpotent. By Theorems 2.4 and 2.18, the normal closure
TA of T in gp.A; T/ is finitely generated and nilpotent. Furthermore, TA � H \ K;
and consequently, gp

�
B; TA

� � K: Therefore, gp
�
B; TA

�
is finitely generated and

nilpotent. By Corollary 1.5, we have ŒA; B� D �
TA
�B
: Hence,

gp
�
B; TA

� D gp
�

B;
�
TA
�B
�

D gp.B; ŒA; B�/ D BA:

It follows that BA is nilpotent, and similarly, AB is nilpotent. By Theorem 2.11,
ABBA D C is nilpotent. ut
Corollary 2.13 Every group G has a unique maximal normal locally nilpotent
subgroup containing all normal locally nilpotent subgroups of G:

This subgroup is called the Hirsch-Plotkin radical of G:

Proof If N1 < N2 < 	 	 	 is a chain of locally nilpotent subgroups of G; then [1
iD1Ni

is locally nilpotent. By Zorn’s Lemma, each normal locally nilpotent subgroup of G
is contained in a maximal normal locally nilpotent subgroup of G:

We establish uniqueness. Suppose that M1 and M2 are both maximal normal
locally nilpotent subgroups of G: By Theorem 2.21, the product M1M2 is locally
nilpotent. The maximality of M1 and M2 implies that M1 D M1M2 D M2: ut
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The Hirsch-Plotkin radical is a valuable tool for studying various generalized
nilpotent groups. We refer the reader to [8] for a discussion of such groups.

2.5.5 An Extension Theorem for Nilpotent Groups

The symmetric group S3 is an extension of S3=A3 by A3; groups of order 2 and 3
respectively. Both of these groups are cyclic (hence, nilpotent). However, S3 is not
nilpotent. This illustrates that nilpotency is not preserved under extensions. The next
theorem addresses the following question: when is an extension of a nilpotent group
by another group again nilpotent?

Theorem 2.22 (P. Hall, A. G. R. Stewart) Let G be any group, and suppose that
N C G: If N is nilpotent of class c and G=�2N is nilpotent of class d; then G is
nilpotent of class at most cd C .c � 1/.d � 1/:

In [5], P. Hall initially found the bound on the class of G to be at most

 
c C 1

2

!

d �
 

c

2

!

:

A. G. R. Stewart improved on this in [12] and obtained the bound to be at most

cd C .c � 1/.d � 1/:

In the same paper, he provided an example to illustrate that this bound cannot be
improved. We give A. G. R. Stewart’s proof below. In what follows, we define

ŒN; G; : : : ; G
„ ƒ‚ …

0

� D N:

Lemma 2.21 Let G be any group. If N E G; then

Œ�2N;G; G; : : : ; G
„ ƒ‚ …

s

� �
mY

kD1
Sk

for some m 2 N; where

Sk D ŒŒN; G; : : : ; G
„ ƒ‚ …

i

�; ŒN; G; : : : ; G
„ ƒ‚ …

s�i

��

for some i 2 f1; 2; : : : ; sg:
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Proof The proof is done by induction on s: Suppose that s D 1: By Proposition 1.1
(i) and Corollary 2.9, we have

Œ�2N; G� � ŒN; G; N�ŒG; N; N�

D ŒN; G; N�ŒN; G; N�

D ŒN; G; N�

D ŒŒN; G�; ŒN; G; : : : ; G
„ ƒ‚ …

0

��

and the lemma holds. Next, assume that the lemma is true for s � 1 W

Œ�2N;G; : : : ; G
„ ƒ‚ …

s�1
� �

nY

kD1
Tk

for some n 2 N; where

Tk D ŒŒN; G; : : : ; G
„ ƒ‚ …

i

�; ŒN; G; : : : ; G
„ ƒ‚ …

s�i�1
��

for some i 2 f1; 2; : : : ; s � 1g: Notice that

Œ�2N;G; : : : ; G
„ ƒ‚ …

s

� D Œ�2N;G; : : : ; G
„ ƒ‚ …

s�1
; G� �

"
nY

kD1
Tk; G

#

D
nY

kD1
ŒTk; G� ;

where the last equality follows from Lemma 1.10. By applying Proposition 1.1 (i)
and Corollary 2.9, we get

ŒTk; G� D ŒŒN; G; : : : ; G
„ ƒ‚ …

i

�; ŒN; G; : : : ; G
„ ƒ‚ …

s�i�1

�; G�

� ŒŒN; G; : : : ; G
„ ƒ‚ …
.s�1/�i

�; G; ŒN; G; : : : ; G
„ ƒ‚ …

i

��ŒG; ŒN; G; : : : ; G
„ ƒ‚ …

i

�; ŒN; G; : : : ; G
„ ƒ‚ …

s�i�1

��

D ŒŒN; G; : : : ; G
„ ƒ‚ …

s�i

�; ŒN; G; : : : ; G
„ ƒ‚ …

i

��ŒŒN; G; : : : ; G
„ ƒ‚ …

iC1

�; ŒN; G; : : : ; G
„ ƒ‚ …

s�.iC1/

��

D ŒŒN; G; : : : ; G
„ ƒ‚ …

i

�; ŒN; G; : : : ; G
„ ƒ‚ …

s�i

��ŒŒN; G; : : : ; G
„ ƒ‚ …

iC1

�; ŒN; G; : : : ; G
„ ƒ‚ …

s�.iC1/

��

and the result follows. ut
We now prove Theorem 2.22. First, note that �cC1N D 1 and �dC1G � �2N

by Theorem 2.2 because the classes of N and G=�2N are c and d respectively. The
proof is done by induction on c: If c D 1; then N is abelian. In this case, �2N D 1;

and thus G=�2N Š G is nilpotent of class d:
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Next, suppose that c > 1; and assume that the theorem is true for c � 1: For any
r 2 f1; 2; : : : ; cg; Mr D N=�rC1N is a normal subgroup of Hr D G=�rC1N; where
Mr is of class r and Hr=�2Mr is of class d by the Third Isomorphism Theorem. Thus,
we may assume by induction that

�2rd�r�dC2G � �rC1N (2.19)

for all r 2 f1; 2; : : : ; c � 1g: We invoke Lemma 2.21 to find that

�2cd�c�dC2G D Œ�dC1G; G; : : : ; G
„ ƒ‚ …
2cd�2d�cC1

� � Œ�2N; G; : : : ; G
„ ƒ‚ …
2cd�2d�cC1

� �
mY

kD1
Sk

for some m 2 N; where

Sk D ŒŒN; G; : : : ; G
„ ƒ‚ …

i

�; ŒN; G; : : : ; G
„ ƒ‚ …
2cd�2d�cC1�i

��

for some i 2 f1; 2; : : : ; .2cd � 2d � c C 1/g: Now, each

i 2 f1; 2; : : : ; .2cd � 2d � c C 1/g

is contained in one of the following sets:

2.j � 1/d � d � .j � 1/C 1 � i � 2jd � d � j C 1; where j 2 f1; 2; : : : ; cg:

For arbitrary j;

ŒŒN; G; : : : ; G
„ ƒ‚ …

i

�; ŒN; G; : : : ; G
„ ƒ‚ …
2cd�2d�cC1�i

�� � 	
�jN; �wG



; (2.20)

where

w D 2d.c � j/ � d � .c � j/C 2C 2dj � d � j � i:

The result follows from the fact that ŒN; G; : : : ; G
„ ƒ‚ …

t

� � �tC1G: Since 2dj � d � j � 1

and �rCsG � �rG for all s � 0; we find that

	
�jN; �wG


 �
h
�jN; �2d.c�j/�d�.c�j/C2G

i
: (2.21)

Substituting r by (c � j) in (2.19) shows that

h
�jN; �2d.c�j/�d�.c�j/C2G

i
�
h
�jN; �c�jC1N

i
:
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By Theorem 2.14 (i),
h
�jN; �c�jC1N

i
� �cC1N: We conclude that for all possible

k; Sk � �cC1N D 1; and thus
Qm

kD1 Sk D 1: This completes the proof of
Theorem 2.22.

2.6 Finitely Generated Torsion Nilpotent Groups

In [1], R. Baer proved that every finitely generated torsion nilpotent group is finite.
This allows one to answer certain questions involving torsion in a nilpotent group
by passing to a finite group. In this section, we focus on some of these questions.
We begin with a result due to A. I. Mal’cev which contains R. Baer’s theorem as a
special case.

Theorem 2.23 (A. I. Mal’cev) Let G be a finitely generated nilpotent group, and
let H � G: If G has a finite set of generators X such that some positive power of
each element of X is contained in H; then a positive power of every element of G is
contained in H: Furthermore, H is of finite index in G:

Proof The proof is done by induction on the class c of G. If c D 1; then G is a
finitely generated abelian group and the result is clear.

Suppose that c > 1; and assume that the lemma is true for all finitely generated
nilpotent groups of class less than c: By Lemma 2.8, G=�cG is finitely generated
nilpotent of class c � 1: By induction, H�cG has finite index in G and a positive
power of every element of G is contained in H�cG: We claim that a positive power
of every element of G is contained in H and ŒG W H� < 1:

Let G D gp.g1; g2; : : : ; gs/ such that gmi
i 2 H, where mi>0 and 1� i � s. By

Theorem 2.18, �c�1G is finitely generated. Suppose that �c�1G D gp.x1; x2; : : : ;xt/

such that x
nj

j 2 H�cG, where nj > 0 and 1 � j � t. By Lemmas 1.4 and 1.13,
together with Remark 2.5, we have

�cG D gp
�	

xj; gi

 ˇ
ˇ 1 � i � s; 1 � j � t

�

and

	
xj; gi


njmi D
h
x

nj

j ; gmi
i

i
2 ŒH�cG; H� D ŒH; H� � H

for 1 � i � s and 1 � j � t: Since �cG � Z.G/; a positive power of every element
of �cG lies in H: If g 2 G; then there exists m 2 N such that gm D hz; where h 2 H
and z 2 �cG: Furthermore, there exists n 2 N such that zn 2 H: Thus,

gmn D .hz/n D hnzn 2 H

since z is central. This means that a positive power of every element of G is
contained in H:
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Next, we show that H�cG=H is a finite abelian group. This, together with the
fact that ŒG W H�cG� < 1; will give ŒG W H� < 1 as claimed. By the Second
Isomorphism Theorem, H�cG=H is abelian since it is isomorphic to �cG=.H\�cG/;
a quotient of the abelian group �cG: It is finite because it has a finite set of
generators, each having finite order. More precisely, �cG=.H \ �cG/ is finitely
generated because �cG is finitely generated, and each generator

	
xj; gi



.H \ �cG/

of �cG=.H \ �cG/ has finite order since
	
xj; gi


njmi 2 H \ �cG: ut
An analogue of Theorem 2.23 for a given nonempty set of primes is:

Theorem 2.24 Let P be a nonempty set of primes. Suppose that G is a finitely
generated nilpotent group and H � G: If G has a finite set of generators X such that
some P-number power of each element of X is contained in H; then each element of
G has a P-number power contained in H: Furthermore, ŒG W H� is a P-number.

The proof is the same as for Theorem 2.23.

Theorem 2.25 (R. Baer) Let P be a nonempty set of primes. If there is a finite set
of generators X of a finitely generated nilpotent group G for which each element of
X has order a P-number, then G is a finite P-torsion group. In particular, finitely
generated torsion nilpotent groups are finite.

Proof Set H D 1 in Theorem 2.24. ut
We point out that the finiteness of G in Theorem 2.25 is a consequence of the

fact that the trivial subgroup H D 1 must be of finite index in G according to
Theorem 2.24.

Corollary 2.14 The elements of coprime order in any locally nilpotent group
commute.

Proof Let G be a locally nilpotent group, and suppose that g and h are elements of
coprime order in G: The subgroup H D gp.g; h/ of G is finitely generated, and
thus nilpotent. Since each generator g and h has finite order, H must be finite by
Theorem 2.25. Therefore, g and h commute by Theorem 2.13. ut

2.6.1 The Torsion Subgroup of a Nilpotent Group

If P is a nonempty set of primes and G is a group, then the set �P.G/ of P-torsion
elements of G is not necessarily a subgroup of G: For example, consider the (non-
nilpotent) infinite dihedral group

D1 D
D
x; y

ˇ
ˇ
ˇ x2 D 1; y2 D 1

E
:
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Clearly, xy is not a torsion element, even though x and y are torsion elements. For
nilpotent groups, however, we have:

Theorem 2.26 (R. Baer, K. A. Hirsch) If G is a nilpotent group and P is any
nonempty set of primes, then �P.G/ is a normal subgroup of G: Furthermore, if
P denotes the set of all prime numbers, then

�.G/ D
Y

p2P
�p.G/:

This coincides with Theorem 2.13 in the case when G is finite.

Proof Let g and h be P-torsion elements. By Theorem 2.25, gp.g; h/ is a finite P-
torsion group. Hence, g�1h is a P-torsion element, and thus �P.G/ is a subgroup of
G: It is easy to see that �P.G/ is, in fact, normal in G: In particular, �p.G/ is a normal
p-subgroup of G for any prime p: Moreover, if q is a prime different from p; then	
�p.G/; �q.G/


 D 1 by Corollary 2.14. Thus,

Y

p2P
�p.G/ D gp

�
�p.G/

ˇ
ˇ p varies over all of P

�
: (2.22)

We claim that the right-hand side of (2.22) is just �.G/: It is clearly contained in
�.G/ by the previous discussion. We establish the reverse inclusion. Let g 2 �.G/
be a torsion element of order d D pm1

1 	 	 	 pmn
n for some m1; : : : ; mn 2 N and distinct

primes p1; : : : ; pn: Define ai D d=pmi
i for i D 1; : : : ; n: Since .gai/p

mi
i D 1; we

have gai 2 �pi.G/: Furthermore, the greatest common divisor of a1; : : : ; an is 1
because they are pairwise relatively prime. Thus, there are integers s1; : : : ; sn such
that

Pn
iD1 aisi D 1: Hence,

g D ga1s1C���Cansn

D .ga1 /s1 	 	 	 .gan/sn ;

which is contained in �p1 .G/�p2 .G/ 	 	 	 �pn.G/: This proves the claim. ut
Corollary 2.15 Let P be a nonempty set of primes. If G is a nilpotent group, then
G=�P.G/ is P-torsion-free.

Proof By Theorem 2.26, �P.G/ E G: Suppose that .g�P.G//n D �P.G/ for some
g�P.G/ 2 G=�P.G/ and P-number n: We need to show that g�P.G/ D �P.G/: Since
.g�P.G//n D �P.G/; we have gn 2 �P.G/: Thus, there is a P-number m such that
gnm D .gn/m D 1: Since mn is a P-number, g 2 �P.G/I that is, g�P.G/ D �P.G/: ut
Corollary 2.16 Let P be a nonempty set of primes. If G is a finitely generated
nilpotent group, then �P.G/ is a finite P-torsion group.
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Proof By Theorems 2.18 and 2.26, �P.G/ is a finitely generated P-torsion nilpotent
group. The result follows from Theorem 2.25. ut

Theorem 2.26 holds for locally nilpotent groups as well.

Theorem 2.27 If G is a locally nilpotent group and P is any nonempty set of primes,
then �P.G/ E G: If P denotes the set of all prime numbers, then

�.G/ D
Y

p2P
�p.G/:

Proof Let g; h 2 �P.G/; and put H D gp.g; h/: Since H is a finitely generated
subgroup of G; it is nilpotent. By Theorem 2.26, �P.H/ E H: Therefore,
gh 2 �P.H/; and thus gh 2 �P.G/: The rest of the proof is the same as for
Theorem 2.26. ut

An analogue of Corollary 2.15 clearly holds for locally nilpotent groups.

Corollary 2.17 If P is a nonempty set of primes and G is a locally nilpotent group,
then G=�P.G/ is P-torsion-free.

2.7 The Upper Central Subgroups and Their Factors

In this section, we focus our attention on some properties of the upper central
subgroups and their factors.

2.7.1 Intersection of the Center and a Normal Subgroup

We begin by proving that every nontrivial normal subgroup of a nilpotent group
contains a nonidentity central element.

Theorem 2.28 (K. A. Hirsch) If G is a nilpotent group and N is a nontrivial normal
subgroup of G; then N \ Z.G/ ¤ 1:

Proof If N � Z.G/; then the result is immediate. Suppose that N — Z.G/: Since G
is nilpotent, there exists i 2 N such that N \ �iG ¤ 1: If i D 1; then the result is
immediate. Assume that i > 1; and let n 2 N \ �iG for some n ¤ 1: If n 2 Z.G/;
then we have the result. If n … Z.G/; then there exists g 2 G such that Œn; g� ¤ 1:

Observe that Œn; g� 2 Œ�iG; G� � �i�1G and Œn; g� 2 N since N E G: Thus, if
N \ �iG ¤ 1; then N \ �i�1G ¤ 1 for i > 1: It follows that N \ Z.G/ ¤ 1: ut

Theorem 2.28 has several consequences.

Lemma 2.22 Every maximal normal abelian subgroup of a nilpotent group G
coincides with its centralizer in G:
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Proof The proof is done by contradiction. Let M be a maximal normal abelian
subgroup of G; and assume that M ¤ CG.M/: Clearly, M � CG.M/ and CG.M/=M
is a nontrivial normal subgroup of G=M: By Theorem 2.28, there exists an element

gM 2 Z.G=M/ \ .CG.M/=M/

such that g … M: Now, gp.g; M/ is abelian because g 2 CG.M/: Moreover,
gp.g; M/ is normal in G: To see this, let gkm 2 gp.g; M/ for some k 2 Z and
m 2 M; and let h 2 G: Since gkM 2 Z.G=M/; we have

h�1gkmh D gkm1 2 gp.g; M/

for some m1 2 M: By the maximality of M; we have g 2 M; a contradiction. ut
Corollary 2.18 Let G be a nilpotent group, and let K be any group. A homomor-
phism ' 2 Hom.G; K/ is a monomorphism if and only if 'jZ.G/; the restriction of '
to Z.G/; is a monomorphism.

Proof Suppose that 'jZ.G/ is a monomorphism. Assume, on the contrary, that '
is not a monomorphism. Then ker ' is a nontrivial normal subgroup of G: By
Theorem 2.28, ker ' \ Z.G/ ¤ 1; and thus 'jZ.G/ also has a nontrivial kernel.
Thus, 'jZ.G/ is not a monomorphism, a contradiction. The converse is clear. ut
Definition 2.19 A nontrivial normal subgroup N of a group G is termed a minimal
normal subgroup if there is no normal subgroup M of G such that 1 < M < N:

Thus, if N is a minimal normal subgroup of G and M E N; then either M D 1 or
M D N:

Corollary 2.19 If G is a nilpotent group, then every minimal normal subgroup of
G is contained in Z.G/:

Proof Let N be a minimal normal subgroup of G: Clearly, N \ Z.G/ E N: By
minimality, either N \ Z.G/ D 1 or N \ Z.G/ D N: However, N \ Z.G/ ¤ 1 by
Theorem 2.28. Thus, N \ Z.G/ D N and the result follows. ut

Corollary 2.19 allows us to characterize a finite nilpotent group in terms of a
certain type of series. Our discussion that follows is based on [9].

Definition 2.20 Let G be a group. A normal series

1 D G0 � G1 � 	 	 	 � Gn D G

of G is called a chief series if each factor group GiC1=Gi for i D 0; 1; : : : ; n � 1 is
a minimal normal subgroup of G=Gi: The factor groups GiC1=Gi are called the chief
factors of G:

Every finite group has a chief series. By the Correspondence Theorem, the
condition that GiC1=Gi is a minimal normal subgroup of G=Gi is equivalent to the
condition that if N C G and Gi � N � GiC1; then either N D Gi or N D GiC1:
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Lemma 2.23 Let G be a group with normal subgroups M and N; and suppose that
N < M: Further suppose that G has a chief series. The factor M=N is a minimal
normal subgroup of G=N if and only if it is a chief factor of G:

Proof Suppose that M=N is a minimal normal subgroup of G=N: Since G has a
chief series, every proper normal series of G can be refined to a chief series of G: In
particular, G has a chief series containing M and N as two of its terms. We conclude
that M=N is a chief factor of G: The converse is trivial. ut
Theorem 2.29 A finite group G is nilpotent if and only if every chief factor of G is
central.

Proof If G is nilpotent, then so is any factor group of G by Corollary 2.5. In view
of Lemma 2.23, it suffices to show that every minimal normal subgroup of G is in
Z.G/: This was done in Corollary 2.19.

Conversely, suppose that every chief factor of G is central. This implies that every
chief series of G is also a central series of G: Therefore, G is nilpotent. ut
Lemma 2.24 If G is any group with a chief series, then any central factor of the
series is finite and has prime order.

Proof In light of Lemma 2.23, it suffices to consider a minimal normal subgroup N
of G such that N � Z.G/ and to prove that jNj D p for some prime p: Clearly, every
subgroup of N is normal in G because N � Z.G/: By the minimality of N; the only
normal subgroups of N are 1 and N: It follows that jNj D p for some prime p: ut
Remark 2.13 By Theorem 2.29 and Lemma 2.24, every factor of a chief series in a
finite nilpotent group is central and has prime order. The converse need not be true
(consider S3).

2.7.2 Separating Points in a Group

Certain properties of the upper central subgroups of a group, as well as their factors,
are inherited from the center of the group. These properties allow one to understand
the structure of the group, especially when it is nilpotent. The next definition can be
found in [13] for abelian groups.

Definition 2.21 Let G and H be any pair of nontrivial groups. We say that H
separates G if for each element g ¤ 1 in G; there exists ' 2 Hom.G; H/ such
that '.g/ ¤ 1: Such elements of Hom.G; H/ are said to separate points in G:

Lemma 2.25 Let P be a nonempty set of primes. Suppose that G and H are groups
and H separates G:

(i) If H is P-torsion-free, then G is P-torsion-free.
(ii) If H has finite exponent m; then G has finite exponent dividing m:

In particular, if H is torsion-free and H separates G; then G is torsion-free.
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Proof Both results are proven by contradiction.

(i) Suppose that 1 ¤ g 2 G is a P-torsion element. There exists ' 2 Hom.G; H/
such that '.g/ ¤ 1: If gn D 1 for some P-number n; then '.gn/ D .'.g//n D 1I
that is, '.g/ is a P-torsion element of H: This contradicts the P-torsion-freeness
of H: Hence, G is P-torsion-free.

(ii) Assume that there exists g 2 G such that gm ¤ 1: There exists ' 2 Hom.G; H/
such that '.gm/ ¤ 1I that is, .'.g//m ¤ 1: However, '.g/ 2 H and H has
exponent m: Therefore, gm D 1 for every g 2 G: Thus, G has exponent
dividing m: ut

Theorem 2.30 If G is any group, then Z.G/ separates �iG=�i�1G:

Here of course, we are assuming that Z.G/ and �iG=�i�1G are nontrivial.
In particular, if both Z.G/ and Z.G=Z.G// are nontrivial, then there exists a
homomorphism of G onto a nontrivial subgroup of Z.G/: This is the case for i D 2

and it is due to O. Grün.

Proof The proof is done by induction on i: The case for i D 1 is obviously true.
Suppose i D 2: We prove that Z.G/ separates �2G=Z.G/: For any element g 2 G;
consider the map

 g W �2G ! Z.G/ defined by  g.x/ D Œx; g�:

This map makes sense since Œ�2G; G� � Z.G/: By Lemma 1.12,  g is a
homomorphism whose kernel clearly contains Z.G/: Thus,  g induces a well-
defined homomorphism

 g W �2G=Z.G/ ! Z.G/ given by  g.xZ.G// D Œx; g�:

Let hZ.G/ be a nonidentity element of �2G=Z.G/; so that h 2 �2G and h … Z.G/:
There exists some element g 2 G such that Œh; g� ¤ 1: This means that  g.h/ ¤ 1;

and consequently,  g.hZ.G// ¤ 1: Therefore, Z.G/ separates �2G=Z.G/:
Assume that Z.G/ separates �iG=�i�1G for i > 2: In order to prove that Z.G/

separates �iC1G=�iG; it is enough to show that �iG=�i�1G separates �iC1G=�iG: By
Lemma 2.11 and the Third Isomorphism Theorem,

�iC1G
�iG

Š �iC1G=�i�1G
�iG=�i�1G

Š �2.G=�i�1G/
Z.G=�i�1G/

: (2.23)

It follows from the previous case that �iG=�i�1G separates �iC1G=�iG: ut
By Lemma 2.25 (i) and Theorem 2.30, we have:

Corollary 2.20 (D. H. McLain) Let G be any group, and let P be a nonempty
set of primes. If Z.G/ is P-torsion-free, then �iC1G=�iG is P-torsion-free for each
integer i � 0:

We mention that A. I. Mal’cev and S. N. C̆ernikov proved Corollary 2.20 for the
case when P is the set of all primes.
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We offer another proof of Corollary 2.20 which uses Lemma 1.13. Let g ¤ 1 be
an element of �2G such that .gZ.G//n D Z.G/ in �2G=Z.G/; where n is a P-number.
This means that gn 2 Z.G/: If h 2 G; then

Œg; h�n D Œgn; h� D 1

by Lemma 1.13 because Œg; h� 2 Z.G/: Since Z.G/ is P-torsion-free, Œg; h� D 1:

Therefore, g 2 Z.G/ and �2G=Z.G/ is P-torsion-free. The rest now follows by
induction on i:

Corollary 2.21 Let P be a nonempty set of primes. A nilpotent group is P-torsion-
free if and only if its center is P-torsion-free.

Proof Suppose that G is nilpotent of class c and Z.G/ is P-torsion-free. By
Corollary 2.20, �iC1G=�iG is P-torsion-free for 0 � i � c � 1: Let 1 ¤ g 2 G;
and let n be any P-number. Since g ¤ 1; there exists an integer i 2 f0; : : : ; c � 1g
such that g 2 �iC1G X �iG: Now, .g�iG/n ¤ �iG because �iC1G=�iG is P-torsion-
free. Hence, gn … �iG: This means that gn ¤ 1; and thus G is P-torsion-free. The
converse is obvious. ut

By Corollaries 2.20 and 2.21, we see that each upper central factor of a torsion-
free nilpotent group must be torsion-free abelian.

Corollary 2.22 Let P be a nonempty set of primes. If G is a P-torsion-free nilpotent
group, then so is G=Z.G/:

Proof The center of G is P-torsion-free since G is. By Corollary 2.20, �2G=Z.G/
is P-torsion-free as well. The result follows from Corollary 2.21 since �2G=Z.G/ is
the center of G=Z.G/: ut
Remark 2.14 The lower central factors of a torsion-free nilpotent group are not
necessarily torsion-free. For example, fix a positive integer n > 1; and let

G D
( 0

@
1 xn y
0 1 z
0 0 1

1

A

ˇ
ˇ
ˇ
ˇ
ˇ

x; y; z 2 Z

)

:

It is easy to see that G is a subgroup of the Heisenberg group, which is torsion-free
and nilpotent (see Example 2.18). Thus, G is also torsion-free and nilpotent. Now,

�2G D
( 0

@
1 0 wn
0 1 0

0 0 1

1

A

ˇ
ˇ
ˇ
ˇ
ˇ

w 2 Z

)

:

It follows that G=�2G is isomorphic to the direct sum Z ˚ Z ˚ Zn; and this group
has torsion.
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Corollary 2.23 (S. Dixmier) Let G be a nilpotent group of class c: If Z.G/ has
finite exponent m; then �iC1G=�iG has exponent dividing m for 0 � i � c:
Consequently, G has exponent dividing mc:

Proof By Theorem 2.30 and Lemma 2.25 (ii), each �iC1G=�iG has exponent
dividing m: Let 1 ¤ g 2 G: For some i 2 f0; : : : ; c � 1g ; we have g 2 �iC1G n �iG:
Since every upper central quotient has exponent dividing m; we have

gm 2 �iG; gm2 2 �i�1G; : : : ; gmiC1 2 �0G D 1:

Thus, gmc D 1: ut
Lemma 2.26 Let P be a nonempty set of primes. If G is a finitely generated
nilpotent group and Z.G/ is a P-torsion group, then G is a finite P-torsion group.

In particular, every finitely generated nilpotent group with finite center is finite.

Proof By Theorem 2.18, Z.G/ is finitely generated. Since Z.G/ is also P-torsion
and abelian, it must be finite with exponent a P-number. Thus, G has finite exponent
which is a P-number by Corollary 2.23. The result follows from Theorem 2.25. ut

The center of any torsion group is obviously a torsion group. There are nilpotent
groups which are torsion-free, yet their center is a torsion group. This is illustrated
in the next example.

Example 2.20 Suppose that A is an additive abelian torsion group with infinite
exponent, and let # 2 Aut.A ˚ A/ be defined by #.x; y/ D .x C y; y/: For each
m 2 N; set

#ım D # ı 	 	 	 ı #„ ƒ‚ …
m

:

Since #ım.x; y/ D .x C my; y/ for every m 2 N; # has infinite order. Define a
mapping

' W Z ! Aut.A ˚ A/ by '.k/ D #ık;

and let G D .A ˚ A/ Ì' Z: Observe that

.i; .x; y//.j; .Qx; Qy// D .i C j; .'.j//.x; y/C .Qx; Qy//
D .i C j; .x C jy; y/C .Qx; Qy//
D .i C j; .x C Qx C jy; y C Qy//:

It is easy to check that G is torsion-free and

Z.G/ D f.0; .x; 0// j x 2 Ag Š A:

It follows that G is nilpotent of class 2:
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We end this section with a lemma which will be useful later.

Lemma 2.27 Every infinite finitely generated nilpotent group contains a central
element of infinite order.

Proof Let G be an infinite finitely generated nilpotent group. If G has no central
elements of infinite order, then Z.G/ is a torsion group. By Lemma 2.26, G must be
finite, a contradiction. Therefore, G has a central element of infinite order. ut
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Chapter 3
The Collection Process and Basic Commutators

The goal of this chapter is to determine normal forms for elements in finitely
generated free groups and free nilpotent groups. This is done by using a collection
process which we discuss in Section 3.1. A study of weighted commutators and
basic commutators in a group relative to a given generating set also appears in this
section. The highlight of Section 3.1 is a fundamental result stating that if G is
any group generated by a set X and �iG denotes the ith lower central subgroup,
then each quotient �nG=�nC1G is generated, modulo �nC1G; by a sequence of
basic commutators on X of weight n: Section 3.2 is devoted to the so-called
collection formula. This formula expresses a positive power of a product of elements
x1; : : : ; xr of a group as a product of positive powers of basic commutators in
x1; : : : ; xr: The collection process developed in Section 3.1 plays a key role here. In
Section 3.3, we investigate basic commutators in finitely generated free groups and
free nilpotent groups. We prove a major result which states that a finitely generated
free nilpotent group, freely generated by a set X; has a “basis” consisting of basic
commutators in X: The techniques used in this section involve groupoids, Lie rings,
and the Magnus embedding. We end the chapter with Section 3.4, which is devoted
to the rather technical proof of the collection formula obtained in Section 3.2.

3.1 The Collection Process

Let G be an abelian group generated by X D fx1; : : : ; xkg: Since any two elements
of an abelian group commute, it is clear that every element of G can be written in
the (not necessarily unique) form xe1

1 	 	 	 xek
k for some integers e1; : : : ; ek:

© Springer International Publishing AG 2017
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Next, suppose that G is any group generated by X D fx1; : : : ; xkg; and choose
n 2 N: Our goal in this section is to prove that every element of G can be expressed,
modulo �nC1G; as a (not necessarily unique) product of the form

xe1
1 	 	 	 xek

k c
ekC1

kC1 	 	 	 cet
t ;

where e1; : : : ; et are integers and ckC1; : : : ; ct are certain commutators in the
elements of X: In order to establish this, we introduce a collection process. Our
discussion is based on the work of M. Hall [7].

3.1.1 Weighted Commutators

Definition 3.1 Let G be a group generated by X D fx1; : : : ; xkg: A commutator cj

of weight w.cj/ is defined as follows:

1. The commutators of weight one are the elements of X:

c1 D x1; c2 D x2; : : : ; ck D xk:

2. If i ¤ j and ci and cj are commutators of weights w.ci/ and w.cj/ respectively,
then Œci; cj� is a commutator of weight w.ci/C w.cj/:

Definition 3.1 is relative to a given generating set X:Moreover, every commutator
with an assigned weight is built upon the elements of the generating set, but not their
inverses. If X D fx1; x2; x3; x4g; for example, then

ŒŒx1; x3�; Œx4; x2��

is a commutator of weight 4, whereas the commutator
h
x1; x�1

4

i
does not have an

assigned weight.
We impose an ordering on the weighted commutators c1; c2; : : : by their

subscripts in the following manner:

(i) c1 D x1; c2 D x2; : : : ; ck D xkI
(ii) After ck; we list ckC1; ckC2; : : : in order of their weight, arbitrarily ordering

those commutators of equal weight.

Note that there are finitely many commutators of a given weight because X is a
finite set. Thus, the ordering described above makes sense.
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3.1.2 The Collection Process for Weighted Commutators

Every product of weighted commutators can be expressed in the form

ci1 	 	 	 cim cimC1
	 	 	 cin ; (3.1)

where i1 � 	 	 	 � im and im � is whenever s D m C 1; : : : ; n:

Definition 3.2 The product ci1 	 	 	 cim is called the collected part and cimC1
	 	 	 cin

is the uncollected part, provided that imC1 is not a smallest subscript among
imC1; : : : ; in:

Here it is assumed that the commutators cimC1
; : : : ; cin in the collected part do

not appear in the prescribed order. Furthermore, the collected part in (3.1) may be
empty.

Next, we discuss the collection process for a typical product of the form (3.1).
The commutator identity

ab D baŒa; b� (3.2)

is the key ingredient in the process. Let ir be the smallest of the subscripts in the
uncollected part (hence, r � m C 1). Note that there may be several occurrences of
cir among cimC1

; : : : ; cin in the uncollected part. Let cil be the leftmost occurrence
of cir in the uncollected part. In order to collect cil to the left in (3.1), we use (3.2)
and replace cil�1cil by cil cil�1 Œcil�1 ; cil �: As a result, (3.1) changes from

ci1 	 	 	 cim 	 	 	 cil�1cil 	 	 	 cin

to

ci1 	 	 	 cim 	 	 	 cil cil�1 Œcil�1 ; cil � 	 	 	 cin :

Realize that cil has moved one step closer to the collected part, and a new
commutator Œcil�1 ; cil � has been introduced. This new commutator appears later than
cil in the ordering since its weight exceeds the weight of cil : This means that cil is
still an occurrence of the earliest commutator in the uncollected part.

If we repeat this process enough times, then cil will be moved to the (m C 1)st
position and become the last commutator of the collected part. Notice that this
collection process may never end because a new commutator is introduced at
each step. Furthermore, this process does not alter the element of G determined
by (3.1).
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3.1.3 Basic Commutators

An element g of a group G generated by X is called a positive word if it can be
written as a product of the elements of X; but not their inverses. When the collection
process described above is applied to g; only certain commutators will appear when
g is in the collected form. For example, consider the positive word g D x1x2x1:
Collecting x1 gives

g D x1x2x1 D x1x1x2Œx2; x1� D x21x2Œx2; x1�:

Note that Œx2; x1� occurs in the collected form of g; but Œx1; x2� does not. The
weighted commutators which arise in the collected form of a positive word are
called basic commutators.

Definition 3.3 Let G be a group generated by X D fx1; : : : ; xkg: A basic
commutator bj of weight w.bj/ is defined as such:

1. The elements of X are the basic commutators of weight one. We impose an
arbitrary ordering on these and relabel them as b1; b2; : : : ; bk; where bi < bj if
i < j:

2. Suppose that we have defined and ordered the basic commutators of weight less
than l > 1: The basic commutators of weight l are

	
bi; bj



; where

(i) bi and bj are basic commutators and w.bi/C w.bj/ D l;
(ii) bi > bj; and

(iii) if bi D Œbs; bt�, then bj � bt:

3. Basic commutators of weight l come after all basic commutators of weight less
than l and are ordered arbitrarily with respect to one another.

The sequence b1; b2; : : : is called a basic sequence of basic commutators on X:

Example 3.1 We illustrate how to construct the basic commutators, up to weight 4,
of a group with generating set fx1; x2; x3g: This example also appears in Section 2.7
of [8]. Suppose that the ordering

x1 < x2 < x3

is imposed on the generators, which are just the basic commutators of weight 1. The
basic commutators of weight 2 are

Œx2; x1�; Œx3; x1�; and Œx3; x2�:

These commutators are ordered as such:

Œx2; x1� < Œx3; x1� < Œx3; x2�:



3.1 The Collection Process 79

Now, the basic commutators of weight 3 are

Œx2; x1; x1�; Œx2; x1; x2�; Œx2; x1; x3�; Œx3; x1; x1�;

Œx3; x1; x2�; Œx3; x1; x3�; Œx3; x2; x2�; and Œx3; x2; x3�:

Notice that Œx3; x2; x1� doesn’t occur as a basic commutator since, referring to
Definition 3.3 (iii), bt D x2 and bj D x1; but x1 � x2: If the commutators of weight
3 are ordered as

Œx2; x1; x1� < Œx2; x1; x2� < Œx2; x1; x3� < Œx3; x1; x1� <

Œx3; x1; x2� < Œx3; x1; x3� < Œx3; x2; x2� < Œx3; x2; x3�;

then the basic commutators of weight 4 will be

Œx2; x1; x1; x1�; Œx2; x1; x1; x2�; Œx2; x1; x1; x3�; Œx2; x1; x2; x2�; Œx2; x1; x2; x3�;

Œx2; x1; x3; x3�; Œx3; x1; x1; x1�; Œx3; x1; x1; x2�; Œx3; x1; x1; x3�; Œx3; x1; x2; x2�;

Œx3; x1; x2; x3�; Œx3; x1; x3; x3�; Œx3; x2; x2; x2�; Œx3; x2; x2; x3�; Œx3; x2; x3; x3�;

ŒŒx3; x1�; Œx2; x1��; ŒŒx3; x2�; Œx2; x1��; and ŒŒx3; x2�; Œx3; x1��:

Lemma 3.1 Suppose that G is a finitely generated group, and let g 2 G be
a positive word in the generating set. If commutators are ordered according to
their weight, but those of the same weight are ordered arbitrarily, then the only
commutators that are introduced when the collection process is applied to g are
basic commutators.

Proof Suppose that g has a subword of the form bibj: If this subword is replaced by
bjbi

	
bi; bj



; then bj has been collected before bi: This means that in the ordering,

bi > bj: If it is the case that bi D Œbs; bt�; then bibj becomes

bjbi
	
bi; bj


 D bj
	
bs; bt


	
bs; bt; bj



:

Thus, bt was collected before collecting this bj: And so, bj � bt: ut

3.1.4 The Collection Process For Arbitrary Group Elements

Our next goal is to apply the collection process to arbitrary words (not necessarily
positive) in a group. Let X D fx1; : : : ; xkg be a set of generators of any group G:

Suppose that w is any word in X [ X�1; where X�1 D
n
x�1
1 ; : : : ; x�1

k

o
: We show
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that each step in the collection process when applied to w produces either a basic
commutator or the inverse of a basic commutator.

Let a and b be basic commutators, and suppose that any of the expressions

b�1a; ba�1; or b�1a�1

occurs in the word w: We use the commutator identities in Lemma 1.4 to show that
either a or a�1 can be collected in any one of these expressions in such a way that
only basic commutators and their inverses appear in the resulting product (possibly
modulo some term of the lower central series).

• Consider the expression b�1a: This can be re-expressed as

b�1a D a
�

a�1b�1ab
�

b�1 D aŒa; b�b�1 D aŒb; a��1b�1: (3.3)

Since a; b and Œb; a� are basic commutators, a has been collected in the desired
way.

• Next, consider the expression ba�1: By (3.2), ba�1 D a�1b
h
b; a�1

i
: Now, a

and b are basic commutators, but
h
b; a�1

i
is not because it contains a�1: This

commutator needs to be rewritten so that a�1 is removed from the commutator.
Observe that

1 D Œb; 1� D
h
b; aa�1i D

h
b; a�1ihb; a

ih
b; a; a�1i; (3.4)

and consequently,

h
b; a�1i D

h
b; a; a�1i�1h

b; a
i�1

: (3.5)

Note that Œb; a� is a basic commutator, but
h
b; a; a�1

i
is not. We repeat the

method used in (3.4) to rewrite
h
b; a; a�1

i
as

1 D Œb; a; 1� D
h
b; a; aa�1i D

h
b; a; a�1ihb; a; a

ih
b; a; a; a�1i: (3.6)

Thus,

h
b; a; a�1i D

h
b; a; a; a�1i�1h

b; a; a
i�1

: (3.7)

Once again, we get a basic commutator Œb; a; a� and a commutatorh
b; a; a; a�1

i
that is not basic.
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This process is continued in a more systematic way. Set b0 D b; and
recursively define biC1 D Œbi; a�: Since a and b are basic commutators, so is
bi for each i � 0: Generalizing our previous computations gives

h
bi; a�1i D

h
biC1; a�1i�1h

bi; a
i�1 D

h
biC1; a�1i�1

b�1
iC1; (3.8)

and thus,

h
bi; a�1i�1 D biC1

h
biC1; a�1i: (3.9)

Using (3.8) and (3.9) repeatedly yields

h
b; a�1i D

h
b1; a�1i�1

b�1
1

D b2
h
b2; a�1ib�1

1

D b2
h
b3; a�1i�1

b�1
3 b�1

1

D b2b4
h
b4; a�1ib�1

3 b�1
1

D b2b4
h
b5; a�1i�1

b�1
5 b�1

3 b�1
1

D b2b4b6
h
b6; a�1ib�1

5 b�1
3 b�1

1

:::

D b2b4b6 	 	 	
h
bs; a�1i 	 	 	 b�1

5 b�1
3 b�1

1 :

Clearly, this procedure may never end because a commutator involving a�1
arises after each step. However, for any chosen n 2 N; there exists s 2 N such

the commutator
h
bs; a�1

i
is of weight .n C 1/ or more. By Theorem 2.14,

h
bs; a�1

i
2 �nC1G: This means that, modulo �nC1G; the procedure does

terminate and we get

h
b; a�1i D b2b4b6 	 	 	 b�1

5 b�1
3 b�1

1 mod �nC1G; (3.10)
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where only finitely many of the basic commutators bi appear in (3.10). We
conclude that

ba�1 D a�1b
h
b; a�1i D a�1bb2b4b6 	 	 	 b�1

5 b�1
3 b�1

1 mod �nC1G (3.11)

and a has been collected.
• Lastly, we collect a�1 in the expression b�1a�1: Note that

b�1a�1 D a�1�ab�1a�1� D a�1�aba�1��1
:

By (3.11), we obtain

aba�1 D bb2b4 	 	 	 b�1
5 b�1

3 b�1
1 mod �nC1G:

Therefore,

b�1a�1 D a�1b1b3b5 	 	 	 b�1
4 b�1

2 b�1 mod �nC1G: (3.12)

We have shown that for any n 2 N; collecting in words involving inverses of basic
commutators gives rise to a finite product of basic commutators and their inverses,
modulo �nC1G: This leads to the next important result which can be found in [5].

Theorem 3.1 (P. Hall) Let G be any finitely generated group with generating set
X D fx1; : : : ; xkg; and choose n 2 N: The abelian group �nG=�nC1G is generated,
modulo �nC1G; by the basic commutators of weight n: Furthermore, every element
of G can be expressed in the (not necessarily unique) form

be1
1 be2

2 	 	 	 bet
t mod �nC1G;

where e1; : : : ; et are integers and b1; : : : ; bt are the basic commutators of weights
1; 2; : : : ; n:

Proof Apply (3.2), (3.3), (3.11), and (3.12). ut
The next corollary characterizes nilpotent groups in terms of basic commutators.

Corollary 3.1 If G is a finitely generated group, finitely generated by X; then G
is nilpotent if and only if all but finitely many basic commutators on X equal the
identity.

Proof This is immediate from Theorems 2.2 (i) and 3.1. ut
We conclude from Corollary 3.1 that if G is a finitely generated nilpotent group

of class c; finitely generated by X; then every element of G can be written in the (not
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necessarily unique) form bn1
1 	 	 	 bnt

t ; where n1; : : : ; nt are integers, and b1; : : : ; bt

are basic commutators on X of weights 1; 2; : : : ; c:

3.2 The Collection Formula

Let G be a group with x1; : : : ; xr 2 G; and let n 2 N: The collection formula is a
formula for expressing

.x1 	 	 	 xr/
n

as a product of positive powers of basic commutators in x1; : : : ; xr: In this section,
we present the formula, along with some of its applications. Its derivation, which
we give in the last section of this chapter, involves an application of the collection
process which was discussed in Section 3.1. It appears in [3] for the case r D 2; and
in [7] for the case r � 2:

3.2.1 Preliminary Examples

Before we state the collection formula, it is instructive to work out some examples

for nilpotent groups. By convention,

 
n

k

!

D 0 whenever n < k:

Example 3.2 Let G be an abelian group with x1; : : : ; xr 2 G; and let n 2 N:

Using (3.2), we obtain

.x1 	 	 	 xr/
n D .x1 	 	 	 xr/ 	 	 	 .x1 	 	 	 xr/„ ƒ‚ …

n factors

D xn
1 	 	 	 xn

r

since Œxi; xj� D 1 for 1 � i; j � r:

Example 3.3 Suppose that G is a nilpotent group of class 2 with x; y 2 G; and let
n 2 N:We compute .xy/n by collecting terms to the left using (3.2) repeatedly. Since
all commutators of G are central, every commutator of weight exceeding 2 equals
the identity. Thus, we have

.xy/2 D x yx y D x2y2Œy; x� (3.13)
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and

.xy/3 D x yx yxy D x2y yx yŒy; x� D x2 yx y2Œy; x�2 D x3y3Œy; x�3:

In the above, we have applied (3.2) to the underlined products and moved all
(central) basic commutators of weight 2 to the right. We could have used (3.13) to
compute .xy/3 just as well. By induction on n; it can be verified that

.xy/n D xnynŒy; x�.
n
2/:

In general, if x1; : : : ; xr are elements of G; then

.x1 	 	 	 xr/
n D xn

1 	 	 	 xn
r

Y	
xi; xj


.n
2/; (3.14)

where the product is taken over all i and j satisfying the conditions i > j; 2 � i � r;
and 1 � j � r � 1: Note that the exponents in (3.14) involve binomial coefficients
containing n:

Example 3.4 Let G be a nilpotent group of class 3 with x; y 2 G; and let n 2 N:

Using the collection process, we compute .xy/2 and .xy/3 independently of one
another. Since �4G D 1; every basic commutator of weight 3 is central. Thus,
every commutator of weight more than 3 equals the identity. Taking this into
consideration, we get

.xy/2 D x yx y D x2y Œy; x�y D x2y2Œy; x�Œy; x; y� (3.15)

and

.xy/3 D x yx yxy

D x2yŒy; x� yx y

D x2y Œy; x�x yŒy; x�y

D x2 yx Œy; x�yŒy; x�yŒy; x; x�

D x3yŒy; x� Œy; x�y Œy; x�yŒy; x; x�

D x3y Œy; x�y Œy; x�Œy; x�yŒy; x; x�Œy; x; y�

D x3y2Œy; x�Œy; x� Œy; x�y Œy; x; x�Œy; x; y�2

D x3y2Œy; x� Œy; x�y Œy; x�Œy; x; x�Œy; x; y�3

D x3y2 Œy; x�y Œy; x�Œy; x�Œy; x; x�Œy; x; y�4

D x3y3Œy; x�3Œy; x; x�Œy; x; y�5:
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Once again, we have applied (3.2) to the underlined products and all basic
commutators of weight 3 have been moved to the right. It is also possible to get
.xy/3 directly from (3.15). One can show by induction on n that

.xy/n D xnynŒy; x�.
n
2/Œy; x; x�.

n
3/Œy; x; y�.

n
2/C2.n

3/: (3.16)

Once again, the exponents in (3.16) involve binomial coefficients containing n:

3.2.2 The Collection Formula and Applications

In Section 3.1, a certain ordering was imposed on the basic commutators. We need
to make this ordering more specific by including an additional condition:

• The basic commutators of weight l come after all basic commutators of weight
less than l in the ordering and satisfy the following condition:

Œb11; b12� < Œb21; b22� if either b12 < b22; or b12 D b22 and b11 < b21:

Taking this new condition into account, we have:

Theorem 3.2 Let G be a finitely generated group, generated by X D fx1; : : : ; xrg;
and let n 2 N: Then

.x1 	 	 	 xr/
n D xn

1 	 	 	 xn
r b

erC1

rC1 	 	 	 b
ej

j d1 	 	 	 dt;

where brC1; : : : ; bj are basic commutators on X occurring in the prescribed order,
and d1; : : : ; dt are basic commutators occurring after bj in the ordering. For each
i D r C 1; : : : ; j;

ei D a1n C a2

 
n

2

!

C 	 	 	 C am

 
n

m

!

;

where m D w.bi/; and a1; : : : ; am are nonnegative integers that depend on bi but
not on n:

The proof of Theorem 3.2 is rather technical and can be found in Section 3.4.

Corollary 3.2 Suppose that G is a nilpotent group whose class c is less than a given
prime p; and let n 2 N: If g1; : : : ; gr are elements of G; then

.g1 	 	 	 gr/
pn D gpn

1 	 	 	 gpn

r spn

rC1 	 	 	 spn

k ;

where srC1; : : : ; sk are contained in the commutator subgroup of gp.g1; : : : ; gr/:
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Proof By Theorem 3.2,

.g1 	 	 	 gr/
pn D gpn

1 	 	 	 gpn

r b
erC1

rC1 	 	 	 b
ej

j d1 	 	 	 dt;

where brC1; : : : ; bj are basic commutators on fg1; : : : ; grg; occurring in the
prescribed order, and d1; : : : ; dt are basic commutators occurring after bj in the
ordering. Since G is nilpotent, there exists k 2 N such that bk ¤ 1; bkC1 D 1; and

.g1 	 	 	 gr/
pn D gpn

1 	 	 	 gpn

r b
erC1

rC1 	 	 	 bek
k : (3.17)

Furthermore,

ei D a1p
n C a2

 
pn

2

!

C 	 	 	 C am

 
pn

m

!

for i D r C 1; : : : ; k; where m D w.bi/ and a1; : : : ; am are nonnegative integers
which are independent of pn: Now, m � c because bi occurs in (3.17). Since p > c;

we find that pn > m: Let t 2 N such that 1 � t � m: Note that

 
pn

t

!

¤ 1; and t and

pn are relatively prime since t � m < p: Consequently, pn divides

 
pn

t

!

; and thus

divides each ei: Setting si D bei=pn

i for r C 1 � i � k completes the proof. ut
We introduce some notation which will be used throughout. For any group G; put

Gn D gp .gn j g 2 G/ :

Thus, Gn is the subgroup of G generated by the nth powers of the elements of G:
Let G be an abelian group, and let gn and hn be elements of Gn for some g; h 2 G:

Since gnhn D .gh/n 2 Gn; we see that a product of nth powers of elements of G is
again an nth power. Thus, Gn � G in this case. Suppose on the other hand, that G
is non-abelian. Then a product of elements of Gn does not have to be a power of n:
For instance, let n D 2 and G D H ; a nilpotent group of class 2 by Example 2.12.
Set

a D
0

@
1 1 0

0 1 0

0 0 1

1

A and b D
0

@
1 0 0

0 1 1

0 0 1

1

A : (3.18)

A direct calculation shows that there is no element d 2 H such that a2b2 D d2:

Lemma 3.2 (P. Hall) Let G be a nilpotent group of class c; and let p be a prime
greater than c: If n 2 N; then every element of Gpn

is a pnth power. Thus, a product
of pnth powers of elements of G is also a pnth power.
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Proof We adopt the proof given in Section 2.2 of [9]. Let g1; : : : ; gr be elements
of G. The proof is done by induction on c: If c D 1; then G is abelian. In this case,

gpn

1 	 	 	 gpn

r D .g1 	 	 	 gr/
pn
:

Suppose that the lemma holds for all nilpotent groups of class less than c; where
c > 1: By Corollary 3.2,

.g1 	 	 	 gr/
pn D gpn

1 	 	 	 gpn

r spn

1 	 	 	 spn

t

for s1; : : : ; st 2 �2G: Thus,

gpn

1 	 	 	 gpn

r D .g1 	 	 	 gr/
pn

s�pn

t 	 	 	 s�pn

1 : (3.19)

We claim that the right-hand side of (3.19) is a pnth power. Put

K D gp.g1 	 	 	 gr; �2G/ and L D gp.g1 	 	 	 gr; s1; : : : ; st/:

By Lemma 2.9, K is of class at most c � 1: Hence, L also is of class at most c � 1

since it is a subgroup of K: By induction,

.g1 	 	 	 gr/
pn

s�pn

t 	 	 	 s�pn

1 2 L

is a pnth power. ut
Example 3.5 Let G D H : Set p D 3 and n D 1; and consider the matrices a and b
in (3.18). By Lemma 3.2, the product a3b3 must be a third power. In fact,

0

@
1 1 0

0 1 0

0 0 1

1

A

30

@
1 0 0

0 1 1

0 0 1

1

A

3

D
0

@
1 1 2

0 1 1

0 0 1

1

A

3

:

3.3 A Basis Theorem

According to Theorem 3.1, each abelian quotient �nG=�nC1G of a finitely generated
group G with finite generating set X is generated by the basic commutators on X of
weight n; modulo �nC1G: In this section, we prove that if G happens to be a free
group, freely generated by X; then these quotients are, in fact, free abelian on these
basic commutators, modulo �nC1G:

The basic idea behind the proof is to examine the structure of certain Lie
rings (see Definition 3.8). It turns out that the Lie bracket of elements in such a
Lie ring resembles the commutator of group elements. Consequently, some of the
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information obtained from these rings transfers over to groups in a natural way.
Many people have contributed toward solving this problem, including M. Hall, P.
Hall, W. Magnus, and E. Witt. Our discussion is based on [1] and [5] (see also
[4, 6, 7], and Chapter 5 of [11]).

3.3.1 Groupoids and Basic Sequences

We will develop certain machinery that will be applied to both groups and rings.
First, we do this for groupoids. The reader can consult Chapter 2 in [2] for an
introduction to groupoids.

Definition 3.4 A groupoid is a pair .G; �/ consisting of a nonempty set G and a
binary operation � W G � G ! G:

If .G; �/ is a groupoid and g; h 2 G; then we write gh rather than �.g; h/
and refer to gh as the product of g and h: Note that G does not necessarily satisfy
associativity, commutativity, or any other group-theoretic property except closure
under �: If � is understood from the context, then we simply use the phrase “G is a
groupoid.”

Definition 3.5 A free groupoid G on a nonempty set X is the groupoid consisting
of all elements of X; together with all bracketed products of elements of X: We say
that G is freely generated by X:

Example 3.6 If G is a free groupoid, freely generated by X D fx1; x2; x3g; then

x1; .x1x2/x1; .x2.x2x3//..x1x3/x3/; and ..x3x1/x1/.x2x3/

are elements of G:

Every element of a free groupoid G; freely generated by X; can be uniquely
written as a bracketed product of elements of X: The length of g 2 G, denoted jgj, is
the number of elements of X occurring in g: For example, if X D fx1; x2; x3g; then
jx1j D 1; jx1x3j D 2; and j..x3x2/x1/.x1x3/j D 5:

Definition 3.6 Let G be a free groupoid, freely generated by a finite set X; and let

b1; b2; : : : (3.20)

be a sequence of elements in G: Then (3.20) is called a basic sequence in X if the
following conditions are satisfied:

1. The elements of X appear in the sequence.
2. If jbij < jbjj; then i < j.
3. If u D vw 2 G for some elements v; w 2 G and juj � 2; then u belongs to (3.20)

if and only if

(i) v D bi; w D bj; and i > j; and
(ii) either jvj D 1 or v D bkbl; where l � j.
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The notion of a basic sequence of elements of a free groupoid extends to non-free
groupoids in a natural way.

Definition 3.7 Let H be a groupoid generated by M D f
1; : : : ; 
rg; and let G be
a free groupoid, freely generated by X D fx1; : : : ; xrg: A sequence ˇ1; ˇ2; : : : of
elements of H is called a basic sequence in M if and only if there exists a basic
sequence b1; b2; : : : in X such that the groupoid homomorphism from G to H
defined by xi 7! 
i maps bi to ˇi:

In order to construct a basic sequence, we use the so-called “rep” operation. Let
G be any groupoid, and let A be a nonempty subset of G: Choose an element a 2 A;
and define the set A rep a to consist of all elements of Anfag; together with bracketed
products of the form

..	 	 	 ..ba/a/ 	 	 	 /a/a;

where b 2 A n fag: Such bracketed products are called left-normed. For instance, if
A D fx; y; zg; then

A rep x D fy; z; yx; .yx/x; ..yx/x/x; : : : ; zx; .zx/x; ..zx/x/x; : : :g;

A rep y D fx; z; xy; .xy/y; ..xy/y/y; : : : ; zy; .zy/y; ..zy/y/y; : : :g;

A rep z D fx; y; xz; .xz/z; ..xz/z/z; : : : ; yz; .yz/z; ..yz/z/z; : : :g:

Now, consider the groupoid G generated by X D fx1; : : : ; xrg: Set X1 D X; and
suppose that we have defined the set Xn for n � 1: Select an element bn 2 Xn of
minimal length, and put

XnC1 D Xn rep bn:

The sequence b1; b2; : : : obtained in this way satisfies the definition of a basic
sequence in X: In general, the first r terms of the sequence can be chosen to be
x1; : : : ; xr.

3.3.2 Basic Commutators Revisited

The basic commutators of group elements form a basic sequence of elements in a
certain groupoid. Suppose that G is a group generated by Y D fy1; : : : ; yrg: We
introduce the binary operation � W G � G ! G defined by “commutation”

�.g; h/ D Œg; h� D g�1h�1gh:
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This operation turns G into a groupoid relative to commutation. Now, Y generates
a subgroupoid G� of the groupoid G whose elements consist of the elements of
Y; together with those obtained by performing iterated commutations of them. For
example, if Y D fy1; y2; y3g; then

y2; Œy1; y3�; Œy2; Œy2; y3��; and ŒŒy3; y2�; Œy1; y2��

are elements of G�: Using the “rep” operation, we can construct a basic sequence
c1; c2; : : : in Y: The terms of this sequence are just basic commutators on Y; and
the weight of ci is the length of bi; the canonical pre-image of ci in the free groupoid
on X D fx1; : : : ; xrg:

3.3.3 Lie Rings and Basic Lie Products

Next, we look at groupoids and basic sequences which arise in Lie rings.

Definition 3.8 A Lie ring L is an additive abelian group with a binary operation

Œ ; � W L � L ! L

satisfying the following properties for l; m; n 2 L W
(i) bi-linearity: Œl C m; n� D Œl; n�C Œm; n� and Œl; m C n� D Œl; m�C Œl; n�I

(ii) skew symmetry: Œl; l� D 0I
(iii) Jacobi identity: ŒŒl; m�; n�C ŒŒm; n�; l�C ŒŒn; l�; m� D 0:

The operation Œ ; � is called the Lie bracket. Some properties satisfied by the Lie
bracket are recorded in the next lemma.

Lemma 3.3 Suppose that L is a Lie ring. For all l; m; n 2 L; we have:

(i) anti-commutativity: Œl; m� D �Œm; l�I
(ii) Œ0; n� D Œn; 0� D 0I

(iii) Œ�m; n� D Œm; �n� D �Œm; n�:

Proof Notice that

0 D Œl C m; l C m� D Œl; l�C Œl; m�C Œm; l�C Œm; m� D Œl; m�C Œm; l�:

This gives (i). To obtain (ii), observe that

Œ0; n� D Œ0C 0; n� D Œ0; n�C Œ0; n�:
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Thus, Œ0; n� D 0: Similarly, Œn; 0� D 0 and (ii) is established. Finally, we get (iii)
by noting that

0 D Œ0; n� D Œm � m; n� D Œm; n�C Œ�m; n�:

And so, Œ�m; n� D �Œm; n�: Similarly, Œm; �n� D �Œm; n�: ut
Definition 3.9 A nonempty subset X of a Lie ring L generates L if L is the smallest
sub-Lie ring of L containing X: In this case, we write L D lr.X/:

We are interested in a certain groupoid whose underlying set comes from a Lie
ring. Suppose that L D lr.X/ is a Lie ring with Lie bracket Œ ; � for some subset
X � L: If we ignore the fact that L has the addition operation, then L becomes a
groupoid relative to the binary operation

� W L � L ! L defined by �.l1; l2/ D Œl1; l2� .l1; l2 2 L/:

Note that X generates a subgroupoid L� of the groupoid L: The elements of L� are
called Lie products. The set of Lie products consists of the elements of X; together
with those obtained by taking iterated Lie brackets of them. For example,

x3; Œx1; x2�; ŒŒx3; x2�; x1�; and ŒŒx1; x3�; Œx2; x3��

are Lie products of the groupoid L� on X D fx1; x2; x3g:
Every element of the Lie ring L is a Z-linear combination of the Lie products

from the groupoid L�: Using the “rep” operation, we can form a basic sequence in X
with respect to the Lie bracket. The elements arising in such a sequence are called
basic Lie products. The next theorem shows that these basic Lie products span L as
an additive abelian group.

Theorem 3.3 Let L be a Lie ring generated by X D fx1; : : : ; xrg; and suppose that
b1; b2; : : : is a basic sequence of basic Lie products in X: As an additive abelian
group, L is generated by b1; b2; : : : :

The proof relies on Lemmas 3.4 and 3.5 below.

Lemma 3.4 Let L be a Lie ring generated by a (finite or infinite) set Y: Choose an
element y 2 Y: If u 2 lr.Y rep y/; then Œu; y� 2 lr.Y rep y/:

Proof It suffices to prove the case when u is a monomial in the elements Y rep yI
that is, u is obtained only from the application of the Lie bracket on the elements of
Y rep y: In this case, u has formal length jjujj; which we define to be the number of
occurrences of elements of Y rep y in u:

The proof is done by induction on the formal length of u: If jjujj D 1; then
u 2 Y and u ¤ y: It follows that Œu; y� 2 Y rep y � lr.Y rep y/: If jjujj > 1; then
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there are elements u1; u2 2 lr.Y rep y/ such that u D Œu1; u2�; jju1jj < jjujj; and
jju2jj < jjujj: An application of the Jacobi identity and Lemma 3.3 gives

Œu; y� D ŒŒu1; u2� ; y�

D � ŒŒu2; y� ; u1� � ŒŒy; u1� ; u2�

D � ŒŒu2; y� ; u1� � Œ� Œu1; y� ; u2�

D � ŒŒu2; y� ; u1�C ŒŒu1; y� ; u2� :

By induction, both Œu2; y� and Œu1; y� are contained in lr.Y rep y/: Thus,
ŒŒu2; y� ; u1� and ŒŒu1; y� ; u2� also belong to lr.Y rep y/: The result follows. ut

In the next lemma, gp.y/ is the additive group generated by y:

Lemma 3.5 Let L be a Lie ring generated by a (finite or infinite) set Y: For any
y 2 Y; we have L D lr.Y rep y/C gp.y/:

Proof Set M D lr.Y rep y/: An element of L is a Z-linear combination of monomi-
als in Y: Let m be a typical monomial appearing in such a linear combination. There
are three cases to consider:

(i) m involves y and an element of Y different from y;
(ii) m does not involve y; or

(iii) m involves only yI that is, m is an integral multiple of y:

In case (ii), m 2 M since Y n fyg � Y rep y: In case (iii), m 2 gp.y/: In light of
this, it suffices to show that if m is as in case (i), then m 2 M:

The proof is done by induction on the formal length of m as a monomial in the
elements of Y: If the formal length of m is 1; then m 2 Y n fyg � M: Suppose
that m has formal length greater than 1: Put m D Œm1; m2� ; where m1 and m2 are
monomials in Y whose formal lengths are less than the formal length of m: By the
hypothesis on m, either m1 or m2 contains an element of Y different from y: Since
the Lie bracket satisfies anti-commutativity, we may as well assume that m1 contains
an element of Y different from y. By the induction hypothesis, m1 2 M. If m2 D y;
then m 2 M by Lemma 3.4. On the other hand, if m2 ¤ y, then m2 is a monomial in
Y that involves elements different from y whose formal length is less than jmj: By
induction, m2 2 M; and thus m 2 M: ut

We now give the proof Theorem 3.3, which is adopted from [1]. Put

X1 D X; X2 D X1 rep b1; : : : ; XnC1 D Xn rep bn; : : : ;

where bi D xi for 1 � i � r: It suffices to show that any monomial m in the elements
x1; : : : ; xr can be expressed as a Z-linear combination of the elements b1; b2; : : : :
By a repeated application of Lemma 3.5, we see that for any n � 1;

L D gp.b1/C gp.b2/C 	 	 	 C gp.bn/C lr.XnC1/: (3.21)
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Assume that m has formal length w: If s is chosen large enough so that every element
of XsC1 has formal length more than w; then

m 2 gp.b1/C 	 	 	 C gp.bs/:

The result follows from the fact that the monomials in x1; : : : ; xr in the expansions
found in (3.21) can be re-expressed as sums of monomials, each of which has the
same length as the original monomials (as illustrated in the proofs of Lemmas 3.4
and 3.5). This completes the proof of Theorem 3.3.

3.3.4 The Commutation Lie Ring

Let Y D fyi j i 2 Ig for some nonempty index set I; and let R0 be a ring with
unity. For each j 2 N; let Rj be a free R0-module, freely generated by all formal
products (or monomials) of j elements from Y: Note that these j elements need not
be distinct. The elements of Rj are said to be homogeneous of degree j. In particular,
the elements of the ring R0 are homogeneous of degree 0:

Example 3.7 If Y D fy1; y2; y3g; then y3y2 is a monomial in R2; y1y3y3 is a
monomial in R3; and

r1.y2y1y3y2/C r2.y3y2y3y1/

is an R0-linear combination of monomials in R4; where r1; r2 2 R0:

Consider the direct sum

R D
1M

jD0
Rj: (3.22)

Every nonzero element of R can be uniquely written as a formal power series

1X

iD0
ri D r0 C r1 C 	 	 	 ;

where rj 2 Rj for j D 0; 1; : : : ; and all but finitely many of the rj equal 0: We
make R into a free associative ring with unity, freely generated by Y; by defining
multiplication in R as such:

• If u and v are monomials and t1; t2 2 R0; then

.t1u/.t2v/ D t1t2.uv/:
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• If
P1

iD0 si and
P1

iD0 ri are elements of R; where si; ri 2 Ri; then

 1X

iD0
si

!

	
 1X

iD0
ri

!

D
1X

iD0

0

@
X

jCkDi

sjrk

1

A : (3.23)

Notice that R becomes an R0-algebra whenever R0 is commutative. In this situation,
the ring and module operations are compatible:

r.ab/ D .ra/b D a.rb/ for all r 2 R0 and a; b 2 R:

We turn our attention to the case R0 D Z: Each Rj in the direct sum R defined
in (3.22) is a free abelian group. We make R into a Lie ring by introducing the
bracket operation

. ; / W R � R ! R defined by .a; b/ D ab � ba:

This operation is referred to as (ring) commutation. We use “. ; /” rather than
“Œ ; �” in order to avoid confusion with commutation of group elements. More
generally, an m-fold commutator of elements of R is recursively defined as

.a1; a2; : : : ; am�1; am/ D ..a1; a2; : : : ; am�1/ ; am/ ; where ai 2 R:

Definition 3.10 The ring R; equipped with addition and ring commutation, is
termed the commutation Lie ring on R:

Our goal is to relate basic sequences of basic Lie products to basic sequences of
basic commutators. This can be achieved by exploiting the algebraic structure of a
commutation Lie ring. We proceed in this direction.

For the remainder of this section, all rings are with unity.

Theorem 3.4 Let R be a free ring, freely generated by X D fx1; : : : ; xrg ; and
suppose that S is the Lie subring of the commutation Lie ring on R generated by X:
If b1; b2; : : : is any basic sequence of basic Lie products in X; then the elements
b1; b2; : : : are additively linearly independent.

In order to prove this theorem, we need the next lemma. Refer to Lemma 5.6 in
[11] for a more detailed proof.

Lemma 3.6 Let R be a free ring, freely generated by the set

X D fxg [ fy	 j 	 2 �g

for some indexing set�: Consider the set X rep x in the commutation Lie ring on R.
If S is the subring of R generated by X rep x; then S is a free ring, freely generated
by X rep x:
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Proof Each element of X rep x can be expressed as

y	; i D .y	; x; : : : ; x
„ ƒ‚ …

i of these

/;

where 	 2 � and i > 0: For i D 0; we set y	; 0 D y	:
Let S be the subring of R generated by X rep x. The elements of S are Z-linear

combinations of monomials of the form

y	1; i1 	 	 	 y	r ; ir : (3.24)

Since R is a free ring, freely generated by X, it suffices to show that these monomials
are (additively) linearly independent.

First, observe that each y	; i can be expressed as a polynomial in X as

y	; i D y	xi �
 

i

1

!

xy	xi�1 C
 

i

2

!

x2y	xi�2 � 	 	 	 C .�1/ixiy	: (3.25)

Note that each y	; i is homogenous of degree (i C 1). Thus, (3.24) can be written as
a homogeneous X-polynomial of degree

.i1 C 1/C 	 	 	 C .ir C 1/:

Now, any nontrivial Z-linear combination of monomials whose degrees are
distinct is different from 0 because R is free on X: In light of this, it is enough
to show that different monomials on X rep x which are of the same degree are Z-
linearly independent.

We begin by imposing a total ordering on the elements of X by choosing x as the
first element of the ordering:

x < y1 < y2 < 	 	 	

This induces a lexicographic ordering on the set of monomials in X of the same
total degree which have the same degree on x: According to this ordering, the last
monomial in the expression for y	; i in (3.24) is precisely y	xi: Thus, when we
rewrite the X rep x-monomial (3.24) as a polynomial in X; we find that the “last”
term will be

y	1x
i1 	 	 	 y	r x

ir :

This last term determines (3.24) uniquely. For if y	1; i1 	 	 	 y	r ; ir and y
1; i1 	 	 	 y
r ; ir
are two distinct X rep x-monomials of same degree, then their last terms as
polynomials in X are y	1x

i1 	 	 	 y	r x
ir and y
1x

i1 	 	 	 y
r x
ir respectively. These terms
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are distinct since R is free on X. We conclude that any nontrivial linear combination
of monomials of type (3.24) of the same degree is not zero. ut

We now prove Theorem 3.4. Let X1 D X and XnC1 D Xn rep bn for n > 1: As
usual, we assume that bi D xi for 1 � i � r: Notice that lr.b1/ D gp.b1/: By
Lemma 3.5,

S D lr.b1/C lr.X2/:

We show that S is a direct sum by illustrating that no nonzero multiple of b1 is
contained in lr.X2/: Let I be the ideal of the ring R generated by fb2; : : : ; brg: Note
that X2 D X1 rep b1 � I; and thus lr.X2/ � I: Furthermore, the quotient ring R=I
can be viewed as a polynomial ring in b1 C I over the integers. Thus, if s ¤ 0; then
s.b1 C I/ ¤ II that is, sb1 … I: This means that sb1 … lr.X2/ as claimed. And so,

S D lr.b1/˚ lr.X2/:

Let R1 be the subring of R generated by X2: By Lemma 3.6, R1 is a free ring,
freely generated by X2: Put S1 D lr.X2/ and repeat the previous argument to obtain

S D lr.b1/˚ S1 D lr.b1/˚ lr.b2/˚ lr.X3/:

By induction,

S D lr.b1/˚ 	 	 	 ˚ lr.bm/˚ lr.XmC1/;

for every m 2 N: Consequently, b1; b2; : : : are additively linearly independent and
the proof of Theorem 3.4 is complete.

Definition 3.11 Let L be a Lie ring, and suppose that X is some nonempty set and
� W X ! L is an injective set map. The Lie ring L D .L; �/ is termed a free Lie
ring on X if each function � W X ! K; where K is any Lie ring, extends uniquely to
a Lie ring homomorphism “ W L ! K such that � D “ ı �: If X 
 L and � is the
identity map, then L is freely generated by X:

Corollary 3.3 Let R be a free ring, freely generated by X D fx1; : : : ; xrg: If S is
the Lie subring of the commutation Lie ring on R generated by X; then S is a free
Lie ring, freely generated by X:

Proof Define F to be the free Lie ring, freely generated by Y D fy1; : : : ; yrg: Let
' W F ! S be the Lie ring homomorphism induced by the mapping yi 7! xi for
i D 1; : : : ; r: We claim that ' is a Lie ring isomorphism.

Suppose that b1; b2; : : : is a basic sequence of basic Lie products in Y: The
sequence '.b1/; '.b2/; : : : is a basic sequence of basic Lie products in X: By
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Theorems 3.3 and 3.4, we know that b1; b2; : : : are additively linearly independent
and span F additively. The same holds for '.b1/; '.b2/; : : : in S: Thus, if s 2 S;
then there exist integers m1; : : : ; mk and k � 1 such that

s D m1'.b1/C 	 	 	 C mk'.bk/

D '.m1b1 C 	 	 	 C mkbk/:

Hence, ' is a Lie ring epimorphism.
Next, suppose that a D n1b1 C 	 	 	 C nkbk ¤ 0 for some integers n1; : : : ; nk:

Clearly, at least one of n1; : : : ; nk is nonzero. Since '.b1/; : : : ; '.bk/ are linearly
independent, '.a/ ¤ 0: Therefore, ' is a Lie ring monomorphism. Thus, F and S
are isomorphic as Lie rings. ut

3.3.5 The Magnus Embedding

We establish a connection between free groups and commutation Lie rings. Let R0
be a ring, and let Y D fy1; : : : ; yrg: Let Rj be the same as in (3.22), and consider
the free associative ring

R D
1M

jD0
Rj;

freely generated by Y D fy1; : : : ; yrg: It is clear that RmRn � RmCn for all m � 0

and n � 0: This means that R is a graded ring. This being the case, one can form
the completion of R and obtain the Magnus power series ring

R D R0ŒŒy1; : : : ; yr��

in the variables y1; : : : ; yr over R0: This is just the unrestricted direct sum of the
R0-modules Rj for j � 0: A typical element of R is an infinite sum of the form

1X

iD0
ri D r0 C r1 C 	 	 	 ;

where rj 2 Rj for j D 0; 1; : : : : Multiplication in R is defined the same way as
in (3.23). If R0 is commutative, then R is an R0-algebra known as the Magnus power
series algebra in the variables y1; : : : ; yr over R0:
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Suppose that R0 D Z; and let U be the subset of R consisting of all elements
of the form 1 C a; where a 2 P1

jD1 Rj: We claim that U is a group under the ring

multiplication in R: If 1C a and 1C b are elements of U; then so is

.1C a/.1C b/ D 1C a C b C ab:

Thus, U is multiplicatively closed. Furthermore, U contains a unity element. In R;
we have

�
1C a

��
1 � a C a2 � a3 C 	 	 	 � D 1: (3.26)

Hence, every element of U is a unit of R; and its inverse is contained in U: Finally,
multiplication of elements of U satisfies the associative law since R is an associative
ring. And so, U is a group with respect to the ring multiplication in R:

Next, let F be the free group on X D fx1; : : : ; xrg: The mapping from F to R
induced by

xi 7! 1C yi .i D 1; : : : ; r/ (3.27)

gives rise to an embedding � W F ! U referred to as the Magnus embedding (see
[1] or [10]).

Lemma 3.7 Let F; R; R; and � be as above, and let S be the Lie subring of the
commutation Lie ring on R generated by Y: Suppose that c1; c2; : : : is a basic
sequence of basic commutators in X; and let b1; b2; : : : be the basic sequence of
basic Lie products in Y whose terms bj are obtained by replacing each generator
xi 2 X in the terms cj by the generator yi 2 Y and reinterpreting the group
commutator operation as ring commutation. For each n, we have

�.cn/ D 1C bn C 	 	 	 :

(Here and in the proof, “	 	 	 ” represents an additive linear combination of basic Lie
products of larger degree.)

Proof The proof is done by induction on the length of the basic commutators on X.
If jcnj D 1; then cn is one of the generators and the result follows by the definition
of the Magnus embedding.

Suppose that jcnj > 1: In this case, we can express cn uniquely as

cn D 	
ci; cj


 D c�1
i c�1

j cicj;

where jcij < jcnj and jcjj < jcnj: In R; the corresponding basic Lie product is

bn D �
bi; bj

� D bibj � bjbi:
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By induction, together with (3.26), we have

�.cn/ D �
�	

ci; cj

�

D 	
�
�
ci
�
; �

�
cj
�


D 	
1C bi C 	 	 	 ; 1C bj C 	 	 	 


D �
1C bi C 	 	 	 ��1�1C bj C 	 	 	 ��1�1C bi C 	 	 	 ��1C bj C 	 	 	 �

D 1C �
bibj � bjbi

�C 	 	 	
D 1C bn C 	 	 	

and the lemma is proved. ut
We are now ready to prove the main theorem of this section.

Theorem 3.5 Let F be a free group, freely generated by X D fx1; : : : ; xkg: Suppose
that c1; c2; : : : is a basic sequence of basic commutators in X; and choose n 2 N:

The basic commutators of weight n; modulo �nC1F; form a basis for the free abelian
group �nF=�nC1F: Furthermore, every element of F can be uniquely expressed in
the form

ce1
1 ce2

2 	 	 	 cet
t mod �nC1F; (3.28)

where e1; : : : ; et are integers and c1; : : : ; ct are basic commutators of weights
1; 2; : : : ; n:

Proof Let R and R be as before. By Theorem 3.1, the basic commutators cl; : : : ; cm

of weight n; modulo �nC1F; generate �nF=�nC1F. It suffices to show that these
commutators are linearly independent, modulo �nC1F: Let bl; : : : ; bm be the
corresponding basic sequence of basic Lie products in the Lie subring of the
commutation Lie ring on R generated by Y: By Lemma 3.7,

ci 7! 1C bi C 	 	 	

under the Magnus embedding. It follows that for any integers tl; : : : ; tm; we have

ctl
l 	 	 	 ctm

m 7! 1C .tlbl C 	 	 	 C tmbm/C 	 	 	 ;

where “	 	 	 ” represents an additive linear combination of basic Lie products
whose degrees exceed n: Now, b1; b2; : : : are additively linearly independent by
Theorem 3.4. This means that the linear combination

tlbl C 	 	 	 C tmbm

cannot equal zero unless tl D 	 	 	 D tm D 0: We conclude that cl; : : : ; cm are
linearly independent, modulo �nC1F: The uniqueness of (3.28) follows at once. ut
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Example 3.8 Let F be a free group, freely generated by a; b; and c: Consider the
element aba2ca�1b of F:

• Take n D 1 in Theorem 3.1. Any basic commutator of weight 2 or more is
contained in �2F: Thus, applying (3.2) to the underlined products below gives

aba2ca�1b D a ba aca�1b mod �2F

D a2 ba ca�1b mod �2F

D a3b ca�1 b mod �2F

D a3 ba�1 cb mod �2F

D a3a�1b cb mod �2F

D a2b2c mod �2F:

• Next, take n D 2: In this case, the basic commutators of weight greater than 2
are contained in �3F: This, together with (3.5), gives

aba2ca�1b D a ba aca�1b mod �3F

D a2b Œb; a�a ca�1b mod �3F

D a2 ba Œb; a�ca�1b mod �3F

D a3bŒb; a�Œb; a� ca�1b mod �3F

D a3bŒb; a� Œb; a�a�1 cŒc; a�1�b mod �3F

D a3b Œb; a�a�1 Œb; a�cŒc; a��1b mod �3F

D a3 ba�1 Œb; a�Œb; a�cŒc; a��1b mod �3F

D a2bŒb; a�c Œc; a��1b mod �3F

D a2bŒb; a� cb Œc; a��1 mod �3F

D a2b Œb; a�b cŒc; b�Œc; a��1 mod �3F

D a2b2 Œb; a�c Œc; b�Œc; a��1 mod �3F

D a2b2cŒb; a�Œc; b�Œc; a��1 mod �3F:

Once again, (3.2) has been applied to the underlined products.

Remark 3.1 A formula due to E. Witt provides the rank of the lower central
quotients of a finitely generated free group. If F is a free group of rank k; then
the rank of �nF=�nC1F is

1

n

X

djn

.d/kn=d;
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where 
.d/ is the Möbius function defined as follows:


.d/ D
(
.�1/r if d is a product of r different primes;

0 otherwise:

We refer the reader to §11.4 of [7] for a proof.

According to Corollary 2.3, the elements of a nilpotent group G of class at most
c must satisfy the identity

Œg1; : : : ; gcC1� D 1 (3.29)

for any elements g1; : : : ; gcC1 2 G; along with the usual group axioms. Of course,
the elements of G could satisfy other identities as well. For instance, they could all
be torsion elements. If the elements of G satisfy only the group axioms, together
with (3.29), then G is called a free nilpotent group of class at most c. This is made
more precise in the next definition.

Definition 3.12 Let G be a nilpotent group of class at most c: Suppose that X is
some nonempty set and % W X ! G is an injective set map. The group G D .G; %/
is called free nilpotent on X if to each function 
 W X ! H; where H is any nilpotent
group of class at most c; there exists a unique homomorphism ˇ W G ! H such that

 D ˇ ı %: If a nilpotent group of class at most c is free nilpotent on some set, then
we call it a free nilpotent group. If X 
 G and % is the identity map, then G is freely
generated by X:

It follows from Theorem 2.2 that every free nilpotent group of class c is
isomorphic to F=�cC1F;where F is a free group. Furthermore, every nilpotent group
is a quotient of a free nilpotent group.

Corollary 3.4 If G is a finitely generated free nilpotent group of class c; freely
generated by a finite set X; then the factors �iG=�iC1G are free abelian groups,
freely generated by the basic commutators on X of weight i; modulo �iC1G; for
i D 1; : : : ; c: Furthermore, if c1; : : : ; ct is a sequence of basic commutators of
weights at most c; then every element of G can be uniquely written as ce1

1 	 	 	 cet
t ;

where e1; : : : ; et are integers and gp.ci/ is infinite cyclic for each i D 1; : : : ; t:

3.4 Proof of the Collection Formula

In this section, we prove Theorem 3.2. Our discussion is based on [7].
Suppose that X D fx1; : : : ; xrg generates the group G; and consider the

expression

.x1x2 	 	 	 xr/
n D .x1x2 	 	 	 xr/ 	 	 	 .x1x2 	 	 	 xr/„ ƒ‚ …

n factors

: (3.30)
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Let x.1/i ; x.2/i ; : : : ; x.n/i be n labeled copies of xi for i D 1; 2; : : : ; r; and
rewrite (3.30) as

�
x.1/1 x.1/2 	 	 	 x.1/r

� �
x.2/1 x.2/2 	 	 	 x.2/r

�
	 	 	
�

x.n/1 x.n/2 	 	 	 x.n/r

�
: (3.31)

Our goal is to express (3.31) as a product of positive powers of basic commutators
in x1; : : : ; xr: The idea is to collect basic commutators to the left just as we
did in Section 3.1. There are several “stages” for this procedure. We consider the
expression (3.31) to be stage zero. Stage one consists of moving x.2/1 right after x.1/1 ;

then x.3/1 right after x.2/1 ; and so on. The placement of x.n/1 next to x.n�1/
1 completes this

stage of the collection process. Afterwards, we collect the x2’s, in order, immediately
to the right of the x1’s. This completes the second stage of the process. The ith stage
of the process consists of the collection of each appearance, in order, of the ith basic
commutator. More specifically, we have

.x1x2 	 	 	 xr/
n D be1

1 be2
2 	 	 	 bei

i R1 	 	 	 Rs (3.32)

at the end of the ith stage, where b1; : : : ; bi are the first i basic commutators,
e1; : : : ; ei are positive integers, and R1; : : : ; Rs are basic commutators arising
after bi: Of course, it must be shown that b1; : : : ; bi; R1; : : : ; Rs are, indeed,
basic commutators. This will be done in Lemma 3.8 below. First, we describe stage
.i C 1/; assuming that stage i has been completed. Suppose that Rj1; : : : ; Rjl are
the basic commutators equal to biC1 for 1 � j1 < 	 	 	 < jl � s: We move Rj1

immediately after bei
i , then Rj2 after Rj1; and so forth. At the end of stage .i C 1/; we

find that (3.32) becomes

.x1x2 	 	 	 xr/
n D be1

1 be2
2 	 	 	 bei

i b
eiC1

iC1 R�
1 	 	 	 R�

k ; (3.33)

where eiC1 D l. Note that the sequence of R�’s is different from the original
sequence of R’s since Rj1; : : : ;Rjl (all equal to biC1) have been collected at this
stage. In (3.32), we refer to be1

1 be2
2 	 	 	 bei

i as the collected part and to R1 	 	 	 Rs as the
uncollected part.

Lemma 3.8 At any given stage of the collection process described above, only
basic commutators arise.

Proof The proof is done by induction on the stage. At stage zero, we have (3.31).
Only generators appear at this stage, and these are all basic commutators of weight
one.

Assume that at the ith stage, R1; R2; : : : ; Rs are all basic commutators occurring
after bi: We claim that the same is true once stage .i C 1/ is completed; that is, after
collecting all R’s that are equal to biC1; only basic commutators are introduced.
Indeed, each time we collect biC1; we introduce a commutator of the form

	
bj; biC1; : : : ; biC1



; where j > i C 1: (3.34)
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We claim that the commutator in (3.34) is basic. If we put bj D Œbu; bv�; then bj

resulted from collecting bv during stage v: Hence, v < i C 1; so that bv < biC1.
This implies that

	
bj; biC1



is basic. By iterating this procedure we conclude that	

bj; biC1; : : : ; biC1



is, indeed, a basic commutator. ut
Our next task is to calculate e1; : : : ; eiC1: This is done by introducing a certain

labeling system for the basic commutators in terms of their weights. In (3.31), we
have labeled x1; x2; : : : ; xr with labels j as x.j/1 ; x.j/2 ; : : : ; x.j/r for j D 1; : : : ; n:
This describes the labeling system for the basic commutators of weight 1: Suppose
that basic commutators bi and bj have weights w and u and labels .	1; : : : ; 	w/

and .�1; : : : ; �u/ respectively. We define the label of the basic commutator
	
bi; bj




to be .	1; : : : ; 	w; �1; : : : ; �u/. In order to calculate e1; : : : ; eiC1; we need to
determine the conditions for a basic commutator with a given label to

• exist in the uncollected part during stage i; and
• precede another in the uncollected part during stage i:

Note that eiC1 D l is the amount of uncollected basic commutators equal to biC1 at
stage i:

Let Ei
k denote the condition that the labeled commutator bk exists at stage i;

and let Pi
kt be the condition that the labeled commutator bk precedes the labeled

commutator bt at stage i: At stage zero, only basic commutators of weight 1 are
present and x.	/k exists for any 1 � k � r; and for any label 1 � 	 � n: Hence, the
condition E0k always holds regardless of the label assigned to xk: In order to obtain
the precedence conditions P0kt; we observe that

(i) when k < t; x.	/k precedes x.
/t if 	 � 
; and

(ii) when k � t; x.	/k precedes x.
/t if 	 < 
:

Therefore, in terms of labels, P0kt holds for x.	/k and x.
/t when either 	 � 
 or 	 < 
.
In what follows, we explore general conditions of this nature. Let 	1; : : : ; 	m

be a sequence of positive integers. Suppose that the sequence satisfies disjunctions
or conjunctions of conditions of type 	v < 	w or 	v � 	w; where 1 � v � m and
1 � w � m:We say that the sequence satisfies a set of conditions L on 	1; : : : ; 	m.

For example, consider a formal sequence 	1; 	2; 	3; 	4 and the set of conditions
L given by 	1 � 	3 or 	3 � 	4: The sequence

	1 D 3; 	2 D 2; 	3 D 3; 	4 D 5

satisfies the conditions, while the sequence

	1 D 3; 	2 D 5; 	3 D 2; 	4 D 1

does not.
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Lemma 3.9 The conditions Ei
k that a commutator 	k with label .	1; : : : ; 	m/ exists

at stage i are conditions L on 	1; : : : ; 	m; and the conditions Pi
kt that a commuta-

tor 	k with label .	1; : : : ; 	m/ precedes a commutator bt with label
�

1; : : : ; 
q

�

in the uncollected part of stage i are conditions L on 	1; : : : ; 	m; 
1; : : : ; 
q:

Proof The proof is done by induction on the stage. We have already seen that at
stage zero, existence and precedence conditions are conditions L . Suppose that the
lemma is true at stage i: At the end of stage .i C 1/; (3.33) resulted from (3.32)
by collecting, in order, Rj1; : : : ; Rjl; where Rj1 D 	 	 	 D Rjl D biC1. Each step in
this process involved a replacement of the form SR D RSŒS; R�; where R D biC1
and S D bj for j > i C 1: Thus, all commutators existing during stage i which are
different from biC1 still exist at stage .iC1/ and are in the same order. Consequently,

EiC1
k D Ei

k and PiC1
kt D Pi

kt

for these commutators. Thus, it is enough to consider the existence of labeled
commutators that arise at stage .i C 1/, and the precedence of pairs of labeled
commutators where at least one of the commutators in the pair arises at stage .iC1/:
A commutator arising at stage .i C 1/ has the form

bk D 	
bj; Ru1 ; : : : ; Rum



;

where j > i C 1 and Ru1 D 	 	 	 D Rum D biC1: This commutator is obtained by
moving Ru1 past bj; then Ru2 past

	
bj; Ru1



; and so on, until Rum is moved past

	
bj; Ru1 ; : : : ; Rum�1



: Hence, for such a commutator, EiC1

k is the conjunction of
conditions for the existence of the labeled commutators bj; Ru1 ; : : : ; Rum at stage i,
together with the precedence conditions that these commutators are exactly in this
order at stage i. This means that EiC1

k is a condition L on the label of bk:

Next, we show that PiC1
kt ; the condition that the labeled commutator bk precedes

the labeled commutator bt at stage .iC1/;where bk or bt (or both) arose at this stage,
is a condition L on the combined labels of bk and bt: Notice that if j1; j2 > i C 1

and

Ru1 D 	 	 	 D Rum D Rv1 D 	 	 	 D Rvw D biC1;

then

bk D
(

bj1 if bk exists at stage i
	
bj1 ; Ru1 ; : : : ; Rum



if bk arises at stage .i C 1/;

and

bt D
(

bj2 if bt exists at stage i
	
bj2 ; Rv1 ; : : : ; Rvw



if bt arises at stage .i C 1/:
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If bj1 ¤ bj2 as labeled commutators, then PiC1
kt D Pi

j1j2
: By induction, PiC1

kt is a
condition L on the combined labels of bk and bt:

Suppose, on the other hand, that bj1 D bj2 as labeled commutators. In this case,
bk precedes bt if either of the following holds:

1. bk D bj1 ; and thus bt D Œbk; Rv1 ; : : : ; Rvw � : In this case, PiC1
kt is the condition

that the labeled commutators bk; Rv1 ; : : : ; Rvw exist precisely in this order at
stage i:

2. There exists a largest positive integer e such that (as labeled commutators)

Ru1 D Rv1 ; : : : ; Rue D Rve :

In this situation, one of the following holds:

(i) e D m; and thus bt D 	
bj1 ; Ru1 ; : : : ; Rum ; RvmC1

; : : : ; Rvw



: Hence, PiC1

kt is
the condition that the labeled commutators

bj1 ; Ru1 ; : : : ; Rum ; RvmC1
; : : : ; Rvw

are precisely in this order at stage i:
(ii) RveC1

precedes RueC1
at stage i:

Thus, in every case, PiC1
kt is a disjunction of precedence conditions, and by induction,

a condition L on the combined labels of bk and bt: ut
Lemma 3.10 The number of sequences of the form 	1; : : : ; 	m with 1 � 	i � n
satisfying a given set of conditions L is

a1n C a2

 
n

2

!

C 	 	 	 C am

 
n

m

!

;

where a1; : : : ; am are nonnegative integers which depend on the conditions L , but
not on n:

Proof Assume that 1 � t � n, and let fS1; : : : ; Stg be a partition of the set of indices
f1; : : : ; mg : Choose numbers v1; : : : ; vt 2 f1; : : : ; ng such that v1 < 	 	 	 < vt:

For each i 2 Sj;where j D 1; : : : ; t; set 	i D vj. The resulting sequence 	1; : : : ; 	m

satisfies a (generally non-strict) ordering determined by the partition S1; : : : ; St:

For example, let m D 5 and consider the partition S1 D f1; 5g; S2 D f2; 3g; and
S3 D f4g: Choose v1 D 2; v2 D 4; and v3 D 5: Then the sequence of 	’s satisfies
the ordering

	1 � 	5 < 	2 � 	3 < 	4:
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For the rest of the proof, we identify each partition fS1; : : : ; Stg with a specific
ordering of the 	’s. For each t D 1; : : : ; n; there may be several distinct orderings.
However, if t > n; the procedure outlined above does not apply, and no ordering of
the 	’s can be produced.

For each t D 1; : : : ; m; let at be the number of orderings S1; : : : ; St

satisfying the set of conditions L : For each such ordering, there are

 
n

t

!

choices for

v1; : : : ; vt; and thus

 
n

t

!

actual sequences of 	’s satisfying this specific ordering.

Notice that if t > n; then at D 0: Hence, the number of sequences 	1; : : : ; 	m

satisfying the given set of conditions L is

a1n C a2

 
n

2

!

C 	 	 	 C am

 
n

m

!

:

Observe that each ai depends on the set of conditions L , but not on n: This
completes the proof. ut

Recall that ei in (3.32) is the number of commutators equal to bi present in the
uncollected part at stage .i � 1/: Lemma 3.9 gives that ei is, in fact, the number of
sequences 	1; : : : ; 	m satisfying certain conditions L , where m is the weight of bi:

Theorem 3.2 follows from Lemma 3.10.
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Chapter 4
Normal Forms and Embeddings

This chapter deals with normal forms in finitely generated torsion-free nilpotent
groups and embeddings of such groups into radicable nilpotent groups. In Sec-
tion 4.1, we develop a way to expand a positive power of a product of elements
as a product of a finite number of terms, each one lying in a specific lower central
subgroup. These terms are powers of the so-called Hall-Petresco words. Section 4.2
pertains to the construction of a Mal’cev basis for a finitely generated torsion-free
nilpotent group. If G is such a group, then one can use a Mal’cev basis to express an
element of G in a normal form. In Section 4.3, we use a Mal’cev basis to embed a
finitely generated torsion-free nilpotent group G in a nilpotent group that admits an
action by a binomial ring. We apply this to prove a theorem of A. I. Mal’cev which
states that G can be embedded in a radicable torsion-free nilpotent group G� with
the property that every element of G� has a kth power in G for some positive integer
k: The work in Section 4.3 invites a general study of nilpotent groups that admit an
action by a binomial ring. These groups are termed nilpotent R-powered groups and
are discussed in Section 4.4.

4.1 The Hall-Petresco Words

Every positive power of a product of group elements can be expressed as a product
of basic commutators by Theorem 3.2. In this section, we present another way of
expanding a positive power of a product. The key formula, due to P. Hall [5] and
J. Petresco [15], uses a collection process. Our discussion is based on G. Baumslag’s
work [1].
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4.1.1 m-Fold Commutators

We begin by defining an m-fold commutator.

Definition 4.1 Let G be a group. An m-fold commutator in G is defined inductively
as follows:

1. A 1-fold commutator in G is just an element of GI
2. If a is an i-fold commutator and b is a j-fold commutator, then Œa; b� is an .i C j/-

fold commutator.

Note that every weighted commutator of weight m of a group G relative to a
generating set is an m-fold commutator.

Lemma 4.1 Let G be any group. For any n 2 N; the subgroup �nG contains every
k-fold commutator in G for k � n:

Proof The proof is done by induction on n: The result is clear for n D 1: Suppose
that n > 1; and let c be an m-fold commutator in G where m � n: There exist
m1-fold and m2-fold commutators c1 and c2 respectively, such that c D Œc1; c2� and
m1 C m2 D m: By induction, c1 2 �m1G and c2 2 �m2G: Hence,

	
c1; c2


 2 	�m1G; �m2G

 � �m1Cm2G D �mG � �nG

by Theorem 2.14. And so, c 2 �nG: ut

4.1.2 A Collection Process

Let G be a group, and suppose that Y D fy1; y2; : : : ; yng is a subset of G: Let

p D y1y2 	 	 	 yn (4.1)

be an element of G: Define the set R D f1; 2; : : : ; rg; where r � n; and let
 W Y ! R be a surjective map. We call the image  .yj/ of yj the label of yj: Since
 is surjective, each element of R is the label of some element of Y:

Choose a nonempty subset S of R: Let XS denote the set of all m-fold commutators
c (m � jSj) such that the label of each component of c lies in S; and each element of S
is the label of some component of c:We impose an ordering on the nonempty subsets
of R; first by cardinality and then lexicographically. For example, if R D f1; 2; 3g;
then

f1g < f2g < f3g < f1; 2g < f1; 3g < f2; 3g < f1; 2; 3g:
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Lemma 4.2 The element p given in (4.1) is expressible as

p D
Y

;¤S�R

qS; (4.2)

where qS is a product of elements in XS and the 2r � 1 factors qS occur in the order
imposed on them by the ordering of the nonempty subsets of R:

Proof Let y be a factor of p such that  .y/ D 1 (such a y with this label exists
because  is onto), and let yl be the first y in p with this label. If l D 1; then
the result is immediate. If l > 1; then we move yl to the left of yl�1 by using the
commutator identity

yl�1yl D ylyl�1Œyl�1; yl�:

Clearly, Œyl�1; yl� 2 XS; where S D f1;  .yl�1/g and  .yl�1/ > 1: We repeat this
process, in order, for each remaining y whose label is 1: In the same way, we collect
the y’s whose labels are 2; 3; : : : ; r: We ultimately obtain the expression

p D qf1gqf2g : : : qfrgp;

where p is a product, each of whose factors belongs to some XS; with S containing
at least two labels. Following the prescribed ordering of the remaining nonempty
subsets of R; we collect the factors in p in a similar way to finally arrive at the
required expression for p: ut

Let S be a given nonempty subset of R; and define

pS D yi1yi2 	 	 	 yit .i1 < i2 < 	 	 	 < it/;

where
˚
yi1 ; : : : ; yit

�
is the set of those yj’s occurring in p whose labels are in S:

Observe that pS can be obtained from p by setting yj D 1 whenever  
�
yj
� … S: After

making these substitutions in (4.2), we have that qT D 1 whenever T ª S and qT

is unchanged if T � S: This is due to the fact that a commutator equals the identity
whenever one or more of its components equals the identity. This proves the next
lemma.

Lemma 4.3 For each nonempty subset S of R;

pS D
Y

;¤T�S

qT ;

where the factors qT occur in their prescribed order.
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Lemma 4.3 enables us to express qS in terms of the pT by recurrence, where T
ranges over the nonempty subsets of S: To illustrate this, let ˛; ˇ 2 R with ˛ < ˇ;

and put S D f˛; ˇg: Notice that T D ff˛g; fˇg; f˛; ˇgg: We have

pf˛g D qf˛g; pfˇg D qfˇg; and pf˛;ˇg D qf˛gqfˇgqf˛; ˇg:

And so,

qf˛; ˇg D p�1
fˇgp

�1
f˛gpf˛;ˇg:

4.1.3 The Hall-Petresco Words

We shall now derive the so-called Hall-Petresco words. Let R D f1; : : : ; rg as
before. Consider the product p D y1y2 	 	 	 ymr; where

y1 D 	 	 	 D yr D x1;

yrC1 D 	 	 	 D y2r D x2;

:::

y.m�1/rC1 D 	 	 	 D ymr D xm:

Thus, p D xr
1x

r
2 	 	 	 xr

m: Put Y D fy1; y2; : : : ; ymrg; and define the labeling map

 W Y ! R by  .yi/ D j whenever j � i mod r:

For example,  .y2/ D 2,  .yrC1/ D 1, and  
�

y.m�1/rC3
�

D 3: If S is a nonempty

subset of R and jSj D k; then

pS D xk
1x

k
2 	 	 	 xk

m:

Note that pS depends on k; but not on the actual elements of S. By the remark
following Lemma 4.3, qS also depends only on k: Therefore, we may write

qS D �k.x1; x2; : : : ; xm/ D �k.x/:

Lemma 4.3 now gives

xk
1x

k
2 	 	 	 xk

m D �1.x/
k�2.x/.

k
2/ 	 	 	 �k�1.x/.

k
k�1/�k.x/: (4.3)
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Definition 4.2 The elements �1.x/; �2.x/; 	 	 	 ; �k.x/ in (4.3) are called the Hall-
Petresco words.

Calculating these words is quite simple. To begin, set k D 1 in (4.3) and obtain

�1.x/ D x1x2 	 	 	 xm: (4.4)

Next, put k D 2 in (4.3) and replace �1.x/ by x1x2 	 	 	 xm to get

x21x
2
2 	 	 	 x2m D .x1x2 	 	 	 xm/

2�2 .x/ :

Thus,

�2 .x/ D .x1x2 	 	 	 xm/
�2 x21x

2
2 	 	 	 x2m:

By continuing in this way, setting k D 3; 4; : : : ; we can find the rest of the Hall-
Petresco words.

Recall that �s.x/ D qS with jSj D k; and qS is a product of m-fold commutators
where m � k: This establishes the next theorem.

Theorem 4.1 If G is any group, then

f�k.x1; x2; : : : ; xm/ j x1; x2; : : : ; xm 2 Gg � �kG:

Remark 4.1 By rewriting (4.3) as

.x1x2 	 	 	 xm/
k D xk

1x
k
2 	 	 	 xk

m�k.x/
�1�k�1.x/�.

k
k�1/ 	 	 	 �2.x/�.k

2/; (4.5)

we get an alternative way of expressing a positive power of a product. The point
here is that �i.x/ is contained in �iG whenever 2 � i � k: This will be useful in what
follows.

Suppose that G is a nilpotent group of class c: By Theorems 2.2 and 4.1, we have
that �k.g/ D 1 for k > c: This leads to the next important result.

Corollary 4.1 Let G be a nilpotent group of class c and g1; : : : ; gn 2 G: For all
k 2 N;

gk
1 	 	 	 gk

n D �1.g/
k�2.g/.

k
2/ 	 	 	 �c�1.g/.

k
c�1/�c.g/.

k
c/;

where �i.g/ 2 �iG for 1 � i � c:

As usual, we set

 
k

c

!

D 0 whenever c > k:

Example 4.1 Suppose that G is nilpotent of class 3; and let g1; : : : ; gn be elements
of G: Consider the product gk

1 	 	 	 gk
n for some k 2 N: We write this in terms of the
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Hall-Petresco words. Since �iG D 1 for i � 4; �i.g/ D 1 for i � 4 by Theorem 4.1.
As discussed above, we find that

�1.g/ D g1 	 	 	 gn; �2 .g/ D .g1 	 	 	 gn/
�2 g21 	 	 	 g2n; and

�3 .g/ D
�
.g1 	 	 	 gn/

�2 g21 	 	 	 g2n
��3

.g1 	 	 	 gn/
�3 g31 	 	 	 g3n:

By Corollary 4.1, we obtain

gk
1 	 	 	 gk

n D .g1 	 	 	 gn/
k
h
.g1 	 	 	 gn/

�2 g21 	 	 	 g2n
i.k

2/ 	
��
.g1 	 	 	 gn/

�2 g21 	 	 	 g2n
��3

.g1 	 	 	 gn/
�3 g31 	 	 	 g3n

�.k
3/
:

The next result is related to Lemma 3.2, but does not require the prime p to
exceed the class c: The proof is based on [2].

Lemma 4.4 (N. Blackburn) Let G be a nilpotent group of class at most c; and let
p be a fixed prime. There exists an integer f .p; c/ such that if n � f .p; c/, then
every element of Gpn

is a pn�f .p; c/th power.

Proof If p > c; then the result is true by Lemma 3.2. In this case f .p; c/ D 0; and
in particular, f .p; 1/ D 0 for abelian groups. We henceforth assume that p � c: The
proof is done by induction on c; the basis of induction being c D 2.

Set p D c D 2; and let n 2 N: Let g1; : : : ; gr 2 G; and consider the product

g2
n

1 	 	 	 g2
n

r :

Since G has nilpotency class 2; we see from (3.14) that

.g1 	 	 	 gr/
2n D g2

n

1 	 	 	 g2
n

r

Y
Œgi; gj�

.2
n

2 /;

where the product is taken over all i and j satisfying the conditions i > j; 2 � i � r;

and 1 � j � r �1: Observing that

 
2n

2

!

D 2n�1.2n � 1/ and using the fact that each

commutator is central, we obtain

g2
n

1 	 	 	 g2
n

r D .g1 	 	 	 gr/
2n Y	

gj; gi

2n�1.2n�1/

D
h�

g1 	 	 	 gr
�2
i2n�1�Y	

gj; gi

2n�1�2n�1

D
h�

g1 	 	 	 gr
�2Y	

gj; gi

2n�1i2n�1

:



4.2 Normal Forms and Mal’cev Bases 113

Therefore, g2
n

1 	 	 	 g2
n

r is a 2n�1th power. We thus define f .2; 2/ D 1; and this
completes the basis of induction.

Now suppose that G is nilpotent of class c > 2 and p � c: Assume that the
lemma holds for every nilpotent group of class at most c � 1: Let g1; : : : ; gr 2 G;
and put �i D �i.g1; : : : ; gr/: By Corollary 4.1, we have

gpn

1 	 	 	 gpn

r D .g1 	 	 	 gr/
pn
�
.pn

2 /
2 	 	 	 �.

pn

c /
c ;

where �i 2 �iG � �2G for 2 � i � c: Factor each i in the form plu;where u and p are
relatively prime, and l is allowed to be zero. Since p � c; there exists a largest s 2 N

such that ps � c: It follows that pn�l divides

 
pn

plu

!

and l � s (see Theorem 18 of

[18]). Hence, pn�s divides

 
pn

i

!

for each i D 2; 3; : : : ; c, and consequently, �
.pn

i /
i

is always a pn�sth power. Thus, we may write

gpn

1 	 	 	 gpn

r D hpn�s

1 	 	 	 hpn�s

c ;

where h1 2 G and h2; : : : ; hc are contained in �2G: By Lemma 2.9, gp.h1; : : : ; hc/

is of class less than c: By our induction hypothesis, there exists a number f .p; c�1/
such that if n � s � f .p; c �1/; then gpn

1 	 	 	 gpn

r is a pn�s�f .p; c�1/th power. The result
follows by setting f .p; c/ D f .p; c � 1/C s: ut
Remark 4.2 In [12], A. I. Mal’cev proved a related result: if G is a nilpotent group
of class c and m 2 N; then for any g1; : : : ; gn 2 G; there exists h 2 G such that
gmc

1 	 	 	 gmc

n D hm:

4.2 Normal Forms and Mal’cev Bases

In a finitely generated torsion-free nilpotent group, it is possible to obtain expres-
sions for the multiplication and exponentiation of its elements by introducing a
distinguished set of generators called a Mal’cev basis. This leads to a very useful
normal form for such groups, bearing a certain resemblance to what occurs in vector
spaces, free modules, and other algebraic structures where effective generating
sets exist. In this section, we explain how to obtain such a basis and develop the
corresponding normal form.

4.2.1 The Structure of a Finitely Generated Nilpotent Group

A finitely generated nilpotent group can be constructed by a finite sequence of cyclic
extensions. To make sense of this, we define the notion of a polycyclic group.
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Definition 4.3 A group G is called polycyclic if it has a subnormal series

1 D G0 E G1 E 	 	 	 E Gn D G (4.6)

such that GiC1=Gi is cyclic for 0 � i � n � 1: The series (4.6) is called a polycyclic
series for G: In addition, if each GiC1=Gi is infinite, then G is called poly-infinite
cyclic and the series (4.6) is called a poly-infinite cyclic series.

Clearly, every polycyclic group must be finitely generated.

Theorem 4.2 Every subgroup and factor group of a polycyclic group is polycyclic.

Proof Let G be a polycyclic group, and suppose that

1 D G0 E G1 E 	 	 	 E Gn D G

is a polycyclic series for G: Let H � G; and set Hi D Gi \ H for i D 0; 1; : : : ; n:
Clearly, Hi E HiC1; and thus the series

1 D H0 E H1 E 	 	 	 E Hn D H

is subnormal. It is also polycyclic because, for each i D 0; 1; : : : ; n � 1; there is
a monomorphism from HiC1=Hi to GiC1=Gi whose image is cyclic. And so, H is
polycyclic.

If N E G; then GiN=N E GiC1N=N for i D 0; 1; : : : ; n � 1: Thus, G=N has a
subnormal series

1 D G0N=N E G1N=N E 	 	 	 E GnN=N D G=N: (4.7)

Since Gi E GiC1; the Second and Third Isomorphism Theorems give

GiC1N=N

GiN=N
Š GiC1N

GiN
Š GiC1

GiC1 \ GiN
:

The factor group GiC1=.GiC1 \ GiN/ must be cyclic because it is a quotient of
GiC1=Gi: Therefore, (4.7) is a polycyclic series. ut
Theorem 4.3 Polycyclicity is preserved under extensions.

Proof Let G be a group and N E G; suppose that N and G=N are polycyclic. Let

1 D N0 E N1 E 	 	 	 E Nm D N

and

1 D G0=N E G1=N E 	 	 	 E Gn=N D G=N
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be polycyclic series of N and G=N respectively. Then G has a subnormal series

1 D N0 E N1 E 	 	 	 E Nm E G1 E 	 	 	 E Gn D G: (4.8)

Since GiC1=Gi Š .GiC1=N/=.Gi=N/ for 0 � i � n � 1 by the Third Isomorphism
Theorem, the series (4.8) is polycyclic. ut
Theorem 4.4 (R. Baer) Every finitely generated nilpotent group has a polycyclic
and central series.

Proof Let G be a finitely generated nilpotent group of class c: Each upper
central subgroup is finitely generated by Theorem 2.18. Hence, each factor group
�iC1G=�iG is finitely generated abelian for 0 � i � c�1; and thus a direct product of
cyclic groups. Consequently, the upper central series can be refined so that between
each pair of upper central subgroups �iC1G and �iG; we obtain a normal series

�iC1G > UiC1; 1 > UiC1; 2 > 	 	 	 > UiC1; k D �iG: (4.9)

Each factor group of consecutive terms of (4.9) is cyclic, and (4.9) forms part of a
central series for G since, for j D 1; : : : ; k � 1;

	
UiC1; j; G


 � 	
�iC1G; G


 � �iG � UiC1; jC1:

This completes the proof. ut
An alterative proof can be obtained by refining the lower central series of G by

using the fact that each factor group �iG=�iC1G is finitely generated for 1 � i � c
by Corollary 2.11.

Remark 4.3 Not every polycyclic group is finitely generated nilpotent. For instance,
S3 is a polycyclic group with polycyclic series 1 C A3 C S3: However, S3 is not
nilpotent (refer to Remark 2.1).

In the case that G is torsion-free as well, each �iC1G=�iG is torsion-free by
Corollary 2.22. Thus, each �iC1G=�iG is a direct product of infinite cyclic groups.
This gives us the next result.

Theorem 4.5 Every finitely generated torsion-free nilpotent group has a poly-
infinite cyclic and central series.

One important feature about polycyclic groups is contained in the next theorem.

Theorem 4.6 (K. A. Hirsch) If G is a polycyclic group, then the number of infinite
cyclic factors in any polycyclic series for G is an invariant of G:

Proof Let

1 D G0 E G1 E 	 	 	 E Gk D G (4.10)

be a polycyclic series for G: We claim that the number of infinite cyclic factors in
the series (4.10) is the same as in any refinement of it.



116 4 Normal Forms and Embeddings

Suppose that Gi ¤ GiC1 for some 0 � i � k � 1 such that GiC1=Gi is infinite
cyclic, and let Gi C N C GiC1 for some N: Since GiC1=Gi is isomorphic to
Z; the subgroup N=Gi of GiC1=Gi is isomorphic to nZ for some n 2 N: Thus,
N=Gi is infinite cyclic. However, GiC1=N Š .GiC1=Gi/=.N=Gi/ by the Third
Isomorphism Theorem. Thus, GiC1=N is isomorphic to the finite cyclic group Z=nZ:
Hence, an insertion of N between Gi and GiC1 does not change the number of
infinite cyclic factors between them. The result follows from Schreier’s Refinement
Theorem, which states that any two subnormal series of a group have isomorphic
refinements. ut
Definition 4.4 The number of infinite cyclic factors in any polycyclic series for a
polycyclic group G is called the Hirsch length or torsion-free rank of G: It is often
denoted by h.G/:

The invariance of the Hirsch length of a polycyclic group is useful for proving
results by induction on the Hirsch length. The next theorem is commonly used.

Theorem 4.7 Let G be a polycyclic group. If N E G; then h.G/ D h.N/Ch.G=N/:

Proof The result follows from Theorem 4.2. ut

4.2.2 Mal’cev Bases

Let G be a finitely generated torsion-free nilpotent group. By Theorems 4.5 and 4.6,
we know that G has a (descending) poly-infinite cyclic and central series

G D G1 B G2 B 	 	 	 B GnC1 D 1 (4.11)

of Hirsch length n: Since each factor of (4.11) is infinite cyclic, we may choose
ui 2 Gi so that Gi D gp.GiC1; ui/ for each i D 1; : : : ; n: Thus, every element of G
can be uniquely expressed in the normal form

u˛11 	 	 	 u˛n
n .˛1; : : : ; ˛n 2 Z/:

Remark 4.4 By construction, we have that for each j D 0; : : : ; n�1; every element
of GjC1 can be expressed in the normal form

u
˛jC1

jC1 	 	 	 u˛n
n .˛jC1; : : : ; ˛n 2 Z/:

Moreover, since
	
Gi; Gj


 � Gk for some k � 1C maxfi; jg; where 1 � i; j � n; we
have

h
u˛i

i ; u
˛j

j

i
D

nY

mDk

u˛m
m :
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Definition 4.5 The set u D fu1; : : : ; ung associated with the series (4.11) is called
a Mal’cev basis for G: The element u˛11 	 	 	 u˛n

n is said to have (Mal’cev) coordinates
˛ D .˛1; : : : ; ˛n/ 2 Z

n with respect to u:

For simplicity, we will sometimes write u ˛ instead of u˛11 	 	 	 u˛n
n :

Theorem 4.8 Let G be a finitely generated free nilpotent group of class c; freely
generated by a finite set X: Any basic sequence of basic commutators on X of weight
at most c is a Mal’cev basis for G:

Proof By Corollary 3.4, each �iG=�iC1G is free abelian, freely generated by the
basic commutators of weight i; modulo �iC1G: A refinement of the lower central
series of G leads to a poly-infinite cyclic and central series

G D G1 B G2 B 	 	 	 B GtC1 D 1

such that Gj=GjC1 is generated by the jth basic commutator, modulo GjC1; for each
j D 1; 2; : : : ; t: ut
Example 4.2 Let G be a free nilpotent group of class 2; freely generated by the set
X D fa; bg: A basic sequence of basic commutators on fa; bg is

a; b; Œb; a�:

By Theorem 4.8, these basic commutators form a Mal’cev basis for G: Thus, every
element of G can be written in the unique normal form

an1bn2 Œb; a�n3

for some integers n1; n2; n3:

Example 4.3 Let G be a free nilpotent group of class 3; freely generated by the set
X D fa; bg: A basic sequence of basic commutators on X is

a; b; Œb; a�; Œb; a; a�; Œb; a; b�:

These basic commutators form a Mal’cev basis for G by Theorem 4.8. Every
element of G can be uniquely written as

an1bn2 Œb; a�n3 Œb; a; a�n4 Œb; a; b�n5

for some integers n1; : : : ; n5:

The next theorem illustrates how to multiply and exponentiate elements of a
finitely generated torsion-free nilpotent group in normal form with respect to a given
Mal’cev basis. We follow the proof given in [5].
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Theorem 4.9 (P. Hall, A. I. Mal’cev) Let G be a finitely generated torsion-free
nilpotent group of class c; and let fu1; : : : ; ung be a Mal’cev basis of G with respect
to the poly-infinite cyclic and central series

G D G1 B G2 B 	 	 	 B GnC1 D 1: (4.12)

If x D u˛11 	 	 	 u˛n
n and y D uˇ11 	 	 	 uˇn

n for some ˛i; ˇi 2 Z; and if 	 2 Z; then

xy D u
f1.˛; ˇ/
1 	 	 	 u

fn.˛; ˇ/
n and x	 D ug1.˛; 	/

1 	 	 	 ugn.˛; 	/
n ;

where each fi is a polynomial with rational coefficients in 2n variables, and each gi

is a polynomial with rational coefficients in (n C 1) variables.

Proof The proof is done by induction on the Hirsch length n of G: If n D 1;

then G is infinite cyclic and we have f1 D ˛1 C ˇ1 and g1 D 	˛1: Let .Mk/

and .Ek/ denote, respectively, the hypotheses that f1; : : : ; fk are polynomials with
rational coefficients in 2k variables, and g1; : : : ; gk are polynomials with rational
coefficients in (k C 1) variables for k D 1; : : : ; n:

Suppose that n > 1; and assume that .Mi/ and .Ei/ hold for all i < n: We first
show that .Mn/ is true. Since

�
u˛22 	 	 	 u˛n

n

��
uˇ11

�
D uˇ11 u�ˇ1

1

 
nY

iD2
u˛i

i

!

uˇ11

D uˇ11

nY

iD2
u�ˇ1
1 u˛i

i uˇ11

D uˇ11

nY

iD2

�
u�ˇ1
1 u�1

i uˇ11

��˛i

;

we may write

xy D u˛1Cˇ11

nY

iD2

�
u�ˇ1
1 u�1

i uˇ11

��˛i

uˇ22 	 	 	 uˇn
n : (4.13)

Note that

u�ˇ1
1 u�1

i uˇ11 D u�ˇ1
1

�
u�1

i u1ui

�ˇ1
u�1

i : (4.14)

Since (4.12) is a central series for G and ui 2 Gi�1; Œu1; ui� 2 Gi: By Remark 4.4,

u�1
i u1ui D u1u

ci; 1
iC1 	 	 	 uci; n�i

n

for some constants ci; j 2 Z:
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The group Hi D gp.u1; uiC1; : : : ; un/ has Mal’cev basis fu1; uiC1; : : : ; ung
with (n � i C 1) terms for i > 1: Thus, if i > 1; then

�
u�1

i u1ui

�ˇ1 D uˇ11 u'i; 1
iC1 	 	 	 u'i; n�i

n ;

where, by .En�iC1/; the 'i; j are polynomials in ˇ1 and the constants ci; j: Next, we
apply .Mn�iC1/ to (4.14) and obtain

u�ˇ1
1 u�1

i uˇ11 D u'i; 1
iC1 	 	 	 u'i; n�i

n 	 u�1
i

D u�1
i u i; 1

iC1 	 	 	 u i; n�i
n ;

where the  i; j are again polynomials in ˇ1 and the constants ci; j: Hence,

�
u�ˇ1
1 u�1

i uˇ11

��˛i D u˛i
i u


i; 1
iC1 	 	 	 u
i; n�i

n

where, by .En�iC1/ again, the 
i; j are polynomials in ˇ1 and ˛i: After substituting
in (4.13) and using .Mn�1/ repeatedly, we establish .Mn/: Note that the polynomial
that corresponds to u1 in (4.13) is always ˛1 C ˇ1:

Next, we prove that .En/ is true. Let
�
EC

n

�
denote .En/ for 	 > 0; and let

vi D �i
�
u˛11 ; : : : ; u

˛n
n

�
;

where the �i’s are the Hall-Petresco words. Since each �i is a word in u˛11 ; : : : ; u˛n
n ;

repeated applications of .Mn/ allows us to express vi as

vi D u˛i; 1
1 	 	 	 u˛i; n

n ;

where the ˛i; j are polynomials in ˛1; : : : ; ˛n: By Theorem 4.1 and the fact that
�cC1G D 1 (since G is of class c by assumption), we have vcC1 D vcC2 D 	 	 	 D 1:

Now,

v1 D �1
�
u˛11 ; : : : ; u˛n

n

� D u˛11 u˛22 	 	 	 u˛n
n D x

by (4.4). For 	 > 0; (4.3) gives

x	 D u	˛11 u	˛22 	 	 	 u	˛n
n v

�.	c/
c v

�. 	
c�1/

c�1 	 	 	 v�.	2/
2 : (4.15)

However, vk 2 �2G for 2 � k � c by Theorem 4.1, and �2G � G1 by Theorem 2.1.

Consequently, by .En�1/; each v
�.	i/
i equals u�i; 2

2 	 	 	 u�i; n
n ; where the �i; j are

polynomials in 	 and the ˛’s. Substituting in (4.15) and applying .Mn�1/ repeatedly
gives

�
EC

n

�
; with uniquely determined polynomials gi D gi.	; ˛1; : : : ; ˛n/:
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By .Mn/; x�1 D u�˛n
n 	 	 	 u�˛1

1 D uı11 	 	 	 uın
n ; where the ıi are polynomials in the

˛’s. If 	 > 0; then
�
EC

n

�
gives x�	 D u"11 	 	 	 u"n

n ; where the "i are polynomials in the
˛’s and 	: Hence, if 	 > 0 and 
 > 0; then .Mn/ and

�
EC

n

�
give

x
�	 D x
x�	 D uk1
1 	 	 	 ukn

n ;

where ki D ki.	; 
; ˛1; : : : ; ˛n/ is a polynomial in 	, 
, and the ˛’s. Given any
integer 
; choose 	 > 0 so that 	C 
 > 0: Then

x
 D x	C
�	 D uk1.	; 	C
; ˛1; :::; ˛n/
1 	 	 	 ukn.	; 	C
; ˛1; :::; ˛n/

n

D ug1.
; ˛1; :::; ˛n/
1 	 	 	 ugn.
; ˛1; :::; ˛n/

n

and .En/ is proven. ut
Definition 4.6 The polynomials fi

�
˛; ˇ

�
and gi.˛; 	/ in Theorem 4.9 are called

the multiplication and exponentiation polynomials for G respectively with respect
to u: In vector form, we write

f
�
˛; ˇ

�
D
�

f1
�
˛; ˇ

�
; : : : ; fn

�
˛; ˇ

��
and

g .˛; 	/ D .g1 .˛; 	/ ; : : : ; gn .˛; 	// :

The multiplication and exponentiation polynomials can be obtained by collecting
terms to the left, as illustrated in the next examples.

Example 4.4 For a finitely generated torsion-free abelian group with Mal’cev basis
fu1; : : : ; ung; we have

�
u˛11 	 	 	 u˛n

n

��
uˇ11 	 	 	 uˇn

n

�
D u˛1Cˇ11 	 	 	 u˛nCˇn

n and

�
u˛11 	 	 	 u˛n

n

�	 D u˛1	1 	 	 	 u˛n	
n

for any ˛i; ˇi; 	 2 Z: Therefore,

f
�
˛; ˇ

�
D .˛1 C ˇ1; ˛2 C ˇ2; : : : ; ˛n C ˇn/ and

g .˛; 	/ D .˛1	; ˛2	; : : : ; ˛n	/:

Example 4.5 Let G be a free nilpotent group of class 2; freely generated by fa; bg:
Put c D Œa; b�; and note that c is a central element of G: By Theorem 4.8, the set
fa; b; cg is a Mal’cev basis for G: Let a˛1b˛2c˛3 and aˇ1bˇ2cˇ3 be elements of G in
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normal form with respect to this basis. We use Lemma 1.13, together with the fact
that c 2 Z.G/; to obtain the multiplication polynomials:

�
a˛1b˛2c˛3

��
aˇ1bˇ2cˇ3

�
D a˛1 b˛2aˇ1 bˇ2c˛3Cˇ3

D a˛1Cˇ1b˛2
h
b˛2 ; aˇ1

i
bˇ2c˛3Cˇ3

D a˛1Cˇ1b˛2 Œb; a�˛2ˇ1bˇ2c˛3Cˇ3

D a˛1Cˇ1b˛2
�

c�1�˛2ˇ1bˇ2c˛3Cˇ3

D a˛1Cˇ1b˛2Cˇ2c˛3Cˇ3�˛2ˇ1 :

In the underlined product above, we used the identity xy D yxŒx; y�: Thus,

f
�
˛; ˇ

�
D .˛1 C ˇ1; ˛2 C ˇ2; ˛3 C ˇ3 � ˛2ˇ1/ : (4.16)

Next, we show that

.a˛1b˛2c˛3/	 D a˛1	b˛2	c˛3	� 	.	�1/
2 ˛1˛2 (4.17)

for any 	 2 Z: It is obviously true for 	 D 0 and 	 D 1: We show that it holds
for 	 > 1 by induction. Assume that (4.17) is true for 	 � 1: Using Lemma 1.13 as
before, we get

�
a˛1b˛2c˛3

�	 D �
a˛1b˛2c˛3

�	�1�
a˛1b˛2c˛3

�

D a˛1.	�1/b˛2.	�1/c˛3.	�1/� .	�1/.	�2/
2 ˛1˛2

�
a˛1b˛2c˛3

�

D a˛1.	�1/ b˛2.	�1/a˛1 b˛2c˛3.	�1/� .	�1/.	�2/
2 ˛1˛2C˛3

D a˛1.	�1/a˛1b˛2.	�1/ 	b˛2.	�1/; a˛1



b˛2c˛3	� .	�1/.	�2/
2 ˛1˛2

D a˛1	b˛2.	�1/Œb; a�˛1˛2.	�1/b˛2c˛3	� .	�1/.	�2/
2 ˛1˛2

D a˛1	b˛2.	�1/c�˛1˛2.	�1/b˛2c˛3	� .	�1/.	�2/
2 ˛1˛2

D a˛1	b˛2.	�1/b˛2c�˛1˛2.	�1/C˛3	� .	�1/.	�2/
2 ˛1˛2

D a˛1	b˛2	c˛3	� 	.	�1/
2 ˛1˛2 :

Once again, the identity xy D yxŒx; y� has been used in the underlined products
above and in what follows.
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Next, we calculate .a˛1b˛2c˛3/�1:

�
a˛1b˛2c˛3

��1 D c�˛3b�˛2a�˛1

D b�˛2a�˛1 c�˛3

D a�˛1b�˛2	b�˛2 ; a�˛1
c�˛3

D a�˛1b�˛2 Œb; a�˛1˛2c�˛3

D a�˛1b�˛2c�˛1˛2�˛3 ;

in agreement with (4.17) for 	 D �1: Finally, if 	 < 0; then

�
a˛1b˛2c˛3

�	 D
��

a˛1b˛2c˛3
��1��	

D �
a�˛1b�˛2c�˛1˛2�˛3��	

D a˛1	b˛2	c˛3	C˛1˛2	� .�	/.�	�1/
2 ˛1˛2

D a˛1	b˛2	c˛3	� 	.	�1/
2 ˛1˛2 :

Therefore,

g.˛; 	/ D
�

˛1	; ˛2	; ˛3	 � 	.	 � 1/
2

˛1˛2

�

:

We know from Examples 2.12 and 2.18 that H is a torsion-free nilpotent group
of class 2: The next theorem shows that H is, in fact, free nilpotent of class 2 and
rank 2: We use a computation similar to the one above.

Theorem 4.10 If F is a free nilpotent group of class 2 and rank 2 with presentation

ha; b j Œb; a; a� D 1; Œb; a; b� D 1i ;

then F is isomorphic to H :

Proof The set fa; b; Œb; a�g is a Mal’cev basis for F: Thus, every element of F can
be uniquely written in normal form as a˛bˇŒb; a�� for some integers ˛; ˇ; and �:
Define the map ' W F ! H as

a˛bˇŒb; a�� 7!
0

@
1 ˇ �

0 1 ˛

0 0 1

1

A :
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By repeating what was done in Example 4.5, we find that

�
a˛1bˇ1 Œb; a��1

� �
a˛2bˇ2 Œb; a��2

� D a˛1C˛2bˇ1Cˇ2 Œb; a��1C�2C˛2ˇ1 :

It follows that ' is a homomorphism. It is clearly a monomorphism since

a˛bˇŒb; a�� 7!
0

@
1 0 0

0 1 0

0 0 1

1

A

if and only if ˛ D ˇ D � D 0: It is also clear that ' is an epimorphism. ut
Example 4.6 Let G be a free nilpotent group of class 3 with a set of free generators
X D fa; bg: By Example 4.3, the basic commutators

a; b; Œb; a�; Œb; a; a�; and Œb; a; b�

form a Mal’cev basis for G: Suppose that

u D a˛1b˛2 Œb; a�˛3 Œb; a; a�˛4 Œb; a; b�˛5 and

v D aˇ1bˇ2 Œb; a�ˇ3 Œb; a; a�ˇ4 Œb; a; b�ˇ5

are elements of G for some ˛i; ˇi 2 Z: If we put

uv D af1.˛; ˇ/bf2.˛; ˇ/Œb; a�f3.˛; ˇ/Œb; a; a�f4.˛; ˇ/Œb; a; b�f5.˛; ˇ/

and

u	 D ag1.˛; 	/bg2.˛; 	/Œb; a�g3.˛; 	/Œb; a; a�g4.˛; 	/Œb; a; b�g5.˛; 	/;

then the multiplication polynomials turn out to be

f1
�
˛; ˇ

�
D ˛1 C ˇ1;

f2
�
˛; ˇ

�
D ˛2 C ˇ2;

f3
�
˛; ˇ

�
D ˛3 C ˇ3 C ˛2ˇ1;

f4
�
˛; ˇ

�
D ˛4 C ˇ4 C ˛3ˇ1 C ˛2ˇ1.ˇ1 � 1/

2
;

f5
�
˛; ˇ

�
D ˛5 C ˇ5 C ˛3ˇ2 C ˛2ˇ1.˛2 � 1/

2
C ˛2ˇ1ˇ2;
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and the exponentiation polynomials are

g1 .˛; 	/ D 	˛1;

g2 .˛; 	/ D 	˛2;

g3 .˛; 	/ D 	˛3 C 	.	 � 1/˛2˛1
2

;

g4 .˛; 	/ D 	˛4 C 	.	 � 1/˛3˛1
2

� 	.	 � 1/˛2˛1
4

C 	.	 � 1/.2	 � 1/˛2˛21
12

;

g5 .˛; 	/ D 	˛5 C 	.	 � 1/˛3˛2
2

� 	.	 � 1/˛2˛1
4

C 	.	 � 1/.4	C 1/˛1˛
2
2

12
:

These formulas can be found in [14].

4.3 The R-Completion of a Finitely Generated Torsion-Free
Nilpotent Group

We have shown that every finitely generated torsion-free nilpotent group has a
Mal’cev basis. If the group happens to be free nilpotent, then such a basis may be
chosen to consist of basic commutators according to Theorem 4.8. In either case, it
is possible to embed the group into another nilpotent group which admits an action
by a binomial ring. In this section, we discuss such an embedding. The material
discussed here is based on [4, 5, 8], and [12].

Definition 4.7 A ring R is called a binomial ring if it is a commutative integral
domain of characteristic zero with unity such that for any r 2 R and k 2 N; the
element

 
r

k

!

D r.r � 1/ 	 	 	 .r � k C 1/

kŠ

is well defined in R:

For example, Z; Q; any field F of characteristic zero, the polynomial ring FŒx�;
and the ring of p-adic integers for any prime p are binomial rings.

4.3.1 R-Completions

Let G be a finitely generated torsion-free nilpotent group with a specified Mal’cev

basis u D fu1; : : : ; ung; and let R be a binomial ring. Assume that f
�
˛; ˇ

�
and
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g .˛; 	/ are the multiplication and exponentiation polynomials for G respectively
with respect to u: Consider the set of formal products

GR D
n
u˛11 	 	 	 u˛n

n

ˇ
ˇ
ˇ ˛i 2 R

o
; (4.18)

and define multiplication and R-exponentiation in GR by means of the polynomials

fi
�
˛; ˇ

�
and gi .˛; 	/ ; where the arguments for each polynomial are elements of R:

More precisely,

u ˛ u ˇ D u f.˛; ˇ/ and
�

u ˛
�	 D u g.˛; 	/; (4.19)

where ˛; ˇ 2 Rn and 	 2 R:

Theorem 4.11 (P. Hall) The set GR defined in (4.18), together with the multiplica-
tion defined in (4.19), is a group.

The proof relies on the following:

Lemma 4.5 Let f .x1; : : : ; xk/ be a polynomial of degree n over a field F of
characteristic zero. If f .a1; : : : ; ak/ D 0 for all possible choices of elements ai 2 Z;

then f .x1; : : : ; xk/ is the zero polynomial.

Proof The proof is done by induction on k: If k D 1; then f .x1/ must be the zero
polynomial. Otherwise, it would have at most n roots, contradicting the hypothesis
that every integer is a root.

Suppose that the lemma is true for all polynomials with (k � 1) variables. Write
f .x1; : : : ; xk/ as a polynomial in the variable xk with coefficients in FŒx1; : : : ; xk�1�
as such:

f .x1; : : : ; xk/ D fn.x1; : : : ; xk�1/xn
k C fn�1.x1; : : : ; xk�1/xn�1

k

C 	 	 	 C f0.x1; : : : ; xk�1/:

For each .a1; : : : ; ak�1/ 2 Z
k�1; the polynomial

f .a1; : : : ; ak�1; xk/ D fn.a1; : : : ; ak�1/xn
k C fn�1.a1; : : : ; ak�1/xn�1

k

C 	 	 	 C f0.a1; : : : ; ak�1/

is contained in FŒxk� and has degree n or less. Since each integer is a root, it must be
that f .a1; : : : ; ak�1; xk/ is the zero polynomial. And so, fi.a1; : : : ; ak�1/ D 0 for
all .a1; : : : ; ak�1/ 2 Z

k�1 and i D 0; 1; : : : ; n: By induction, fi.x1; : : : ; xk�1/ is
the zero polynomial for i D 0; 1; : : : ; n: It follows that f .x1; : : : ; xk/ is the zero
polynomial. ut
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We now prove Theorem 4.11 by verifying the group axioms.

• Associativity: We want to show that

�
u ˛ u ˇ

�
u � D u ˛

�
u ˇ u �

�

for any ˛; ˇ; � 2 Rn. Observe that

�
u ˛ u ˇ

�
u � D u f.˛; ˇ/ u� D uf.f.˛; ˇ/; �/

and

u ˛
�

u ˇ u �
�

D u ˛ u f.ˇ; �/ D u f.˛; f.ˇ; �//:

We claim that

f
�

f
�
˛; ˇ

�
; �
�

D f
�
˛; f

�
ˇ; �

��
;

or equivalently, that

fi
�

f
�
˛; ˇ

�
; �
�

D fi
�
˛; f

�
ˇ; �

��

for all ˛; ˇ; � 2 Rn and 1 � i � n: Consider the function

hi .x; y; z/ D fi
�
f .x; y/ ; z

� � fi
�
x; f .y; z/

�
;

where x; y; z 2 Rn: Since elements in G are multiplied using the Mal’cev basis
u and the corresponding polynomials, hi .x; y; z/ D 0 whenever x; y; and z are
elements of Zn: By Lemma 4.5, hi � 0 and the claim is proven.

• Identity: We claim that u 0 D u01 	 	 	 u0n is the identity element in GR: Clearly, u 0

is the identity element in GR if and only if u ˛ u 0 D u ˛ for any u ˛ 2 GR. Since
u ˛ u 0 D u f.˛; 0/; we need to show that f

�
˛; 0

� D ˛ for all ˛ 2 Rn: Consider
the function

h .x/ D f
�
x; 0

� � x

for x; 0 2 Rn: By a similar reasoning as before, it is clear that h .x/ D 0 for all
x 2 Z

n: By Lemma 4.5, h � 0; and thus f
�
˛; 0

� D ˛ for all ˛ 2 Rn:
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• Inverses: Let u ˛ 2 GR: We claim that u ˛ has an inverse. Assuming this to be

the case, there exists
�
u ˛
��1 2 GR such that u ˛

�
u ˛
��1 D u 0: Notice that

u ˛
�
u ˛
��1 D u 0 implies that u ˛ u g.˛; �1/ D u 0: Thus u f .˛; g.˛; �1// D u 0:

Once again, Lemma 4.5 gives

f .˛; g .˛; �1// D 0

for all ˛ 2 Rn: The element u g.˛; �1/ is, indeed, the inverse of u ˛: ut
Definition 4.8 The group GR described above is called the R-completion of G with
respect to the Mal’cev basis u:

Remark 4.5 Since the map .˛1; : : : ; ˛n/ 7! .1 	 ˛1; : : : ; 1 	 ˛n/ is an embedding
of the ring Z

n into Rn; G embeds as a subgroup in GR:

Theorem 4.12 If G is a finitely generated torsion-free nilpotent group of class c;
then the R-completion of G with respect to any Mal’cev basis is also nilpotent of
class c:

Proof Let fu1; : : : ; ung be a Mal’cev basis for G: Suppose that

u˛1; 11 	 	 	 u˛1; n
n ; : : : ; u

˛cC1; 1

1 	 	 	 u
˛cC1; n
n

are any (c C 1) elements of GR; where ˛j; k 2 R: We claim that

	
u
˛1; 1
1 	 	 	 u˛1; n

n ; : : : ; u
˛cC1; 1

1 	 	 	 u
˛cC1; n
n


 D 1: (4.20)

Using the operations in GR; we can express the left-hand side of (4.20) in the form

uP1.˛/
1 	 	 	 uPn.˛/

n ;

where Pi.˛/ is a polynomial in the ˛j; k for 1 � i � n: We show that Pi.˛/ D 0 for
each i D 1; : : : ; n: This equality certainly holds whenever each ˛j; k is an integer
because G has nilpotency class c: Therefore, Lemma 4.5 implies that Pi.˛/ D 0

for all ˛j; k 2 R: Thus, (4.20) holds and GR is nilpotent of class at most c by
Corollary 2.3. However, the class of GR must be at least c because G embeds into
GR: Therefore, GR is of class exactly c: ut
Remark 4.6 Even though an R-completion of a finitely generated torsion-free
nilpotent group G depends on the chosen Mal’cev basis, all R-completions of G are
isomorphic (see Theorem 4.23). Thus, GR is unique up to isomorphism. Henceforth,
we omit any specific Mal’cev basis for GR unless needed.
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Lemma 4.5 can be used to derive other identities in GR which hold in G: In
particular,

g˛gˇ D g˛Cˇ;
�
g˛
�ˇ D g˛ˇ;

�
h�1gh

�˛ D h�1g˛h; and

g˛1 	 	 	 g˛n D �1.g/
˛�2.g/.

˛
2/ 	 	 	 �k�1.g/.

˛
k�1/�k.g/.

˛
k/

for every ˛; ˇ 2 R and g; h; g1; : : : ; gn 2 G; where k is the class of the nilpotent
group generated by fg1; g2; : : : ; gng and g D .g1; : : : ; gn/ 2 G � 	 	 	 � G:

4.3.2 Mal’cev Completions

Theorem 4.12 leads naturally to the study of nilpotent groups allowing an action
by R D Q; which amounts to the investigation of extraction of roots in nilpotent
groups. Recall from the paragraph preceding Theorem 2.7 that an element g of a
group G is said to have an nth root in G for some integer n > 1 if there is an element
h 2 G such that hn D g:

Definition 4.9 A group G is called a Q-powered group (or a D-group) if each
element of G has a unique nth root for every natural number n > 1:

If g 2 G and hn D g for some unique element h 2 G; then it is quite natural to
write h D g1=n: This admits the equalities

�
g1=n

�n D g and .gn/1=n D g:

Thus, a Q-powered group G may be viewed as an algebraic system with the
additional unary operations of taking nth roots for every n 2 N (see Section 1.3
of [7]). More generally, we may define

gm=n D �
g1=n

�m
.m 2 Z; n 2 N/:

This means that elements in G have rational powers. For example, g2=3 and g�4=9
are elements of G: The usual group laws are satisfied in Q-powered groups. In
particular,

gmgn D gmCn and .gm/n D gmn .m; n 2 Q/:

Definition 4.10 Let G be a torsion-free locally nilpotent group. A Mal’cev com-
pletion of G is a locally nilpotent Q-powered group G� in which G embeds as a
subgroup under some map # in such a way that for every g 2 G�; there exists k 2 N

such that gk 2 #.G/:
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If G happens to be a subgroup of G�; then we take # to be the inclusion map. For
the remainder of this section, we focus on finitely generated torsion-free nilpotent
groups.

Theorem 4.13 If G is a finitely generated torsion-free nilpotent group, then GQ is
a Mal’cev completion of G of the same nilpotency class as G:

Proof By Theorem 4.12 and Remark 4.5, GQ is a nilpotent group containing G as
a subgroup and having the same nilpotency class as G: We show that GQ is a Q-
powered group. If g 2 GQ and gm D 1 for some integer m > 1; then

g D .gm/1=m D 11=m D 1:

Hence, GQ is torsion-free. By Theorem 2.7, every element of G must have either no
nth roots or one nth root for every integer n > 1: To see that the latter holds, notice
that if r > 1 and h 2 G; then

�
h1=r

�r D h:

Hence, every element h 2 G has a unique nth root. And so, GQ is a Q-powered
group.

We need to prove that every element of GQ has a positive power contained in G:
Let fu1; : : : ; ung be a Mal’cev basis for G: Set GQ D GQ

1 ; and define

GQ

iC1 D
n
u˛11 	 	 	 u˛n

n

ˇ
ˇ
ˇ ˛1 D ˛2 D 	 	 	 D ˛i D 0

o

for 1 � i � n: These subgroups form a (descending) central series

GQ D GQ

1 > GQ

2 > 	 	 	 > GQ

nC1 D 1:

We prove by induction on (n � i C 1) that if g 2 GQ

i ; then there exists k 2 N such
that gk 2 G:

• If n � i C 1 D 0; then i D n C 1 and g 2 GQ

nC1 D 1: The result is trivial in this
case.

• If n � i C 1 D 1; then i D n and g D u˛n
n 2 GQ

n for some ˛n 2 Q: If ˛n ¤ 0 and
we take k to be the denominator of ˛n; then gk 2 G:

• Assume that the result holds for n � i C 1 D ` where 1 � ` � n � 1: Thus, every
element of GQ

n�`C1 has some positive integral power in G: Let g D u˛n�`

n�` 	 	 	 u˛n
n

be an element of GQ

n�`: For any s 2 N; we have

gs D �
u˛n�`

n�` 	 u
˛n�`C1

n�`C1 	 	 	 u˛n
n

�s

D u˛n�`s
n�`

�
u
˛n�`C1

n�`C1 	 	 	 u˛n
n

�s
�

�.s
c/

c 	 	 	 ��.s
2/

2 ;
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where �m is the Hall-Petresco word �m
�
u˛n�`

n�` ; u
˛n�`C1

n�`C1 	 	 	 u˛n
n

�
for 2 � m � c and

c is the nilpotency class of H D gp
�
u˛n�`

n�` ; u
˛n�`C1

n�`C1 	 	 	 u˛n
n

�
: By Theorem 4.1,

�m 2 �mH � �2H: Since H � GQ

n�`; we have

�m 2 �2GQ

n�` D
h
GQ

n�`; GQ

n�`
i

�
h
GQ

n�`; GQ

i
� GQ

n�`C1

for 2 � m � c: By induction, u
˛n�`C1

n�`C1 	 	 	 u˛n
n ; as well as each �m; has a

positive integral power in G: Since u˛n�`

n�` also has a positive integral power in
G; we can construct an s such that gs 2 G: Let s0; s1; : : : ; sc be such that
u˛n�`s0

n�` ;
�
u
˛n�`C1

n�`C1 	 	 	 u˛n
n

�s1 and
�
��1

m

�sm are all elements of G for 2 � m � c: Set

s D cŠs0s1 	 	 	 sc:

We claim that gs 2 G. Clearly, u˛n�`s
n�` and

�
u
˛n�`C1

n�`C1 	 	 	 u˛n
n

�s
are both contained in

G: To verify that each
�
��1

m

�. s
m/ also lies in G for 2 � m � c; observe that mŠ

always divides cŠ, so that sm is a factor of

 
s

m

!

: ut

Theorem 4.14 Given any two Mal’cev completions of a finitely generated torsion-
free nilpotent group G; there exists a unique isomorphism between them which
extends the identity automorphism of G:

It is in this sense that the Mal’cev completion of a finitely generated torsion-free
nilpotent group G is unique up to isomorphism.

Proof It suffices to show that there is an isomorphism from GQ to any Mal’cev
completion that restricts to the identity on G: To this end, choose a Mal’cev basis
fu1; : : : ; ung for G; and suppose that the exponentiation polynomials for G with
respect to this basis are g1.˛; 	/; : : : ; gn.˛; 	/: By Theorem 4.13, GQ is a Mal’cev
completion of G: Let G� be another Mal’cev completion of G; and let # be an
embedding of G into G�: Define a map

� W GQ �! G� by �
�
u˛11 	 	 	 u˛n

n

� D #.u1/
˛1 	 	 	#.un/

˛n :

We claim that � is an isomorphism. Using the polynomials, it is easy to show that
� is a homomorphism.

• � is one-to-one: Suppose that g D uˇ11 	 	 	 uˇn
n 2 ker �: Since GQ is a Mal’cev

completion of G; there exists k 2 N such that gk 2 G: Hence,

gk D
�

uˇ11 	 	 	 uˇn
n

�k D u
g1.ˇ; k/
1 	 	 	 u

gn.ˇ; k/
n ;
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where each gi

�
ˇ; k

�
is integral valued. Therefore,

�
�
gk
� D �

�

u
g1.ˇ; k/
1 	 	 	 u

gn.ˇ; k/
n

�

D #.u1/
g1.ˇ; k/ 	 	 	#.un/

gn.ˇ; k/

D #

�

u
g1.ˇ; k/
1 	 	 	 u

gn.ˇ; k/
n

�

:

Now, g 2 ker � implies gk 2 ker �: Hence,

#

�

u
g1.ˇ; k/
1 	 	 	 u

gn.ˇ; k/
n

�

D 1:

This means that u
g1.ˇ; k/
1 	 	 	 u

gn.ˇ; k/
n D 1 because # is one-to-one. Thus, gk D 1:

Since G is torsion-free, g D 1:

• � is onto: Suppose that g� 2 G�: Since G� is a Mal’cev completion of G; there
exists m 2 N such that .g�/m 2 #.G/: Hence, .g�/m D #.g/ for some g 2 G: If
we write g in the normal form u˛11 	 	 	 u˛n

n ; where ˛i 2 Z; then

�.g/ D �
�
u˛11 	 	 	 u˛n

n

�

D #.u1/
˛1 	 	 	#.un/

˛n

D #
�
u˛11 	 	 	 u˛n

n

�

D #.g/:

And so, .g�/m D �.g/: Now, �.g/ has a unique mth root since G� is a Q-
powered group. Moreover, �

�
g1=m

� D .�.g//1=m since � is a homomorphism
between Q-powered groups. Hence,

.g�/m D 	
.�.g//1=m


m D 	
�
�
g1=m

�
m
:

Therefore, g� D �
�
g1=m

�
by Theorem 2.7. Thus, � is onto. ut

Combining Theorems 4.13 and 4.14 gives:

Theorem 4.15 (A. I. Mal’cev) If G is a finitely generated torsion-free nilpotent
group of class c; then G can be embedded in a Mal’cev completion G� of class c:
Furthermore, G� is unique up to isomorphism.

Remark 4.7 A. I. Mal’cev actually proved using Lie group theory that every torsion-
free locally nilpotent group can be embedded in a Mal’cev completion. A proof of
this which involves inverse limits can be found in Section 2.1 of [8].
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4.4 Nilpotent R-Powered Groups

According to Theorem 4.11, the R-completion GR of a finitely generated torsion-free
nilpotent group G with respect to a given Mal’cev basis is a well-defined group for
any binomial ring R: The group GR is an example of a nilpotent R-powered group.
In this section, we discuss some of the theory of nilpotent R-powered groups.

4.4.1 Definition of a Nilpotent R-Powered Group

The axioms which define a nilpotent R-powered group were given by P. Hall [4].

Definition 4.11 Let G be a (locally) nilpotent group, and let R be a binomial ring.
Suppose that G comes equipped with an action by R W

G � R �! G defined by .g; ˛/ 7! g˛:

We say that G is a nilpotent R-powered group if the following axioms are satisfied
for all g; h 2 G and ˛; ˇ 2 R W

(i) g1 D g; g˛gˇ D g˛Cˇ; and .g˛/ˇ D g˛ˇI
(ii)

�
h�1gh

�˛ D h�1g˛hI
(iii) The Hall-Petresco axiom:

g˛1 	 	 	 g˛n D �1.g/
˛�2.g/.

˛
2/ 	 	 	 �k�1.g/.

˛
k�1/�k.g/.

˛
k/

for all gi 2 G; where k is the class of gp.g1; : : : ; gn/ and g D .g1; : : : ; gn/ is
contained in G � 	 	 	 � G:

For the rest of this chapter, R will always be a binomial ring unless otherwise told.

Lemma 4.6 If G is a nilpotent R-powered group, then .g˛/�1 D g�˛; g0 D 1; and
1˛ D 1 for all g 2 G and ˛ 2 R:

Proof The result follows immediately from the axioms. ut

4.4.2 Examples of Nilpotent R-Powered Groups

The next examples illustrate how naturally nilpotent R-powered groups arise [5].

Example 4.7 Let G be an abelian R-powered group, and suppose that g1; g2 2 G
and ˛ 2 R: By Theorem 4.1, �i.g1; g2/ D 1 for i � 2 because �iG D 1 whenever
i � 2: The Hall-Petresco axiom gives

g˛1g˛2 D .g1g2/
˛:
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Therefore, G can be viewed as an R-module by interpreting the group multiplication
and R-exponentiation operations of G as the R-module operations of addition and
scalar multiplication respectively.

Example 4.8 If G is a finitely generated torsion-free nilpotent group, then GR is a
nilpotent R-powered group. In particular,

• GZ is just G;
• GQ is the Mal’cev completion of G by Theorem 4.13;
• GR is a real connected torsion-free nilpotent Lie group (see [1] and [13]);
• if R is the ring of p-adic integers for a given prime p; then GR is the p-adic

completion of G (see [3] and [16]).

Example 4.9 LeteR be any ring with unity 1 which contains R in its ring center. Let
I be a nilpotent ideal ofeR with InC1 D f0g: It was shown in Section 2.2 that the set
G D f1C a j a 2 Ig is a subgroup of the group of units ofeR and is nilpotent of class
at most n: For 	 2 R and a 2 I; define R-exponentiation in G by

.1C a/	 D 1C 	a C
 
	

2

!

a2 C 	 	 	 C
 
	

n

!

an:

This operation turns G into a nilpotent R-powered group. In particular, UTn.R/ is a
nilpotent R-powered group.

4.4.3 R-Subgroups and Factor R-Groups

Definition 4.12 Let G be a nilpotent R-powered group. A subgroup H of G is called
an R-subgroup of G if g˛ 2 H whenever g 2 H and ˛ 2 R:

We write H �R G whenever H is an R-subgroup of G: If H is a normal subgroup
of G; then we write H ER G:

The intersection of a collection of R-subgroups of a nilpotent R-powered group
is clearly an R-subgroup. If G is a nilpotent R-powered group and S � G; then we
denote the intersection of all R-subgroups containing S by gpR.S/: Thus, gpR.S/ is
the smallest R-subgroup of G containing S:

Definition 4.13 We call S a set of R-generators of gpR.S/: If jSj < 1; then gpR.S/
is finitely R-generated by S:

One can construct gpR.S/ in the following way: if we set S0 D gp.S/ and
recursively define SnC1 D gp

�
g˛n

n j gn 2 Sn; ˛n 2 R
�
; then

gpR.S/ D
1[

nD0
Sn:
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Definition 4.14 If H1and H2 are R-subgroups of a nilpotent R-powered group G;
then

ŒH1; H2�R D gpR .Œh1; h2� j h1 2 H1; h2 2 H2/

is called the commutator R-subgroup of H1 and H2. For a collection of R-subgroups
H1; : : : ; Hi of G; we recursively define, for i > 2;

ŒH1; : : : ; Hi�R D 	
ŒH1; : : : ; Hi�1�R ;Hi



R:

Theorem 4.16 Let G be a nilpotent R-powered group, and let N be a normal R-
subgroup of G: The R-action on G induces an R-action on G=N defined by

.gN/˛ D g˛N .g 2 G; ˛ 2 R/

which turns G=N into a factor R-group of G:

Proof Let g; h 2 G and ˛ 2 R:We need to prove that if gN D hN; then g˛N D h˛N:
Suppose that gN D hN: There exists n 2 N such that gn D h: Thus, .gn/˛ D h˛:
Set �i D �i.g; n/: By the Hall-Petresco axiom,

g˛n˛ D .gn/˛�
.˛2/
2 	 	 	 �.

˛
k�1/

k�1 �
.˛k/
k ;

where k is the class of gp.g; n/: Equivalently,

.gn/�˛g˛n˛ D �
.˛2/
2 	 	 	 �.

˛
k�1/

k�1 �
.˛k/
k : (4.21)

We assert that �i 2 N for i D 2; 3; : : : ; k: The proof is done by induction on i:
If i D 2; then setting ˛ D 2 in (4.21) yields .gn/�2g2n2 D �2: Re-expressing the
left-hand side gives

.gn/�2g2n2 D n�1�g�1n�1g
�

n2:

Since N ER G; g�1n�1g 2 N; and thus �2 2 N: This gives the basis for induction.
Before continuing, we show that if .gn/�igini 2 N for i D 2; 3; : : : ; k � 1; then

.gn/�.iC1/giC1niC1 2 N: We proceed as follows:

.gn/�.iC1/giC1niC1 D .gn/�i.gn/�1giC1niC1

D .gn/�in�1g�1gginiC1

D .gn/�in�1giniC1

D
�
.gn/�igini

�
n�i
�

g�in�1gi
�

niC1 2 N:
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Now, assume that �j 2 N for j D 2; 3; : : : ; i; where i < k: Putting ˛ D i in (4.21)
leads to .gn/�igini 2 N: And so, .gn/�.iC1/giC1niC1 2 N: For ˛ D i C 1; (4.21)
becomes

.gn/�.iC1/giC1niC1 D �
.iC1
2 /

2 	 	 	 �.
iC1

i /
i �iC1:

By induction,

�iC1 D Nn.gn/�.iC1/giC1niC1 2 N

for some Nn 2 N: This proves the assertion. Hence, (4.21) reduces to g˛n˛ D .gn/˛n0
for some n0 2 N. Therefore, .gn/˛ D g˛n1 for some n1 2 N: Thus, .gn/˛N D g˛N:
Since .gn/˛ D h˛; we have g˛N D h˛N as claimed. The rest of the proof requires a
verification of the axioms. ut

4.4.4 R-Morphisms

Definition 4.15 Let G and H be nilpotent R-powered groups. A homomorphism
' W G ! H is called an R-homomorphism if

'
�
g˛
� D .'.g//˛

for all g 2 G and ˛ 2 R.

It is not hard to check that ker ' ER G and im ' �R H: We say that an R-
homomorphism is an R-monomorphism (R-epimorphism, R-isomorphism) if it is a
monomorphism (epimorphism, isomorphism). If G and H are R-isomorphic, then
we write G ŠR H:

The usual isomorphism theorems for groups carry over to nilpotent R-powered
groups. We merely state them here.

Theorem 4.17 Let G be a nilpotent R-powered group.

(i) If H is a nilpotent R-powered group and ' W G ! H is an R-homomorphism,
then

G=ker ' ŠR im ':

(ii) If H �R G and N ER G; then

HN=N ŠR H=.H \ N/:
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(iii) If K �R H ER G and K ER G; then

G=H ŠR .G=K/=.H=K/:

The proof of Theorem 4.17 (ii) makes use of the next lemma.

Lemma 4.7 Let G be a nilpotent R-powered group. If N ER G and H �R G; then
HN D gpR.H; N/ �R G and H \ N ER H: If H ER G as well, then HN ER G.

Proof We claim that HN is an R-subgroup of G: Let hn 2 HN and ˇ 2 R: By
repeating what was done in the proof of Theorem 4.16, we find that hˇnˇ D .hn/ˇn0
for some n0 2 N: Thus,

.hn/ˇ D hˇnˇn�1
0 2 HN:

Hence, HN is closed under R-exponentiation. The rest is straightforward. ut

4.4.5 Direct Products

Let fGi j i 2 Ig be a collection of nilpotent R-powered groups of bounded nilpotency
class, indexed by a nonempty countable set I: The unrestricted direct product or
Cartesian product of the Gi’s is the nilpotent R-powered group

G D
Y

i2I

Gi D
(

f W I !
[

i2I

Gi

ˇ
ˇ
ˇ
ˇ f .i/ 2 Gi for all i 2 I

)

with multiplication and R-exponentiation defined by

• .f1f2/ .i/ D f1.i/f2.i/ for all f1; f2 2 G and i 2 I; and
• .f ˛/ .i/ D .f .i//˛ for all f 2 G; i 2 I; and ˛ 2 R:

As usual, the elements of G can be viewed as vectors .g1; : : : ; gi; : : :/ whose ith

coordinate is gi D f .i/ 2 Gi for all i 2 I: By viewing them in this way, we get

• .g1; : : : ; gi; : : :/.h1; : : : ; hi; : : :/ D .g1h1; : : : ; gihi; : : :/ for all gi; hi 2 Gi;

and
• .g1; : : : ; gi; : : :/

˛ D �
g˛1 ; : : : ; g˛i ; : : :

�
for all gi 2 Gi and ˛ 2 R:

Definition 4.16 The external direct product of the Gi’s is the subset of
Q

i2IGi

consisting of those functions f for which f .i/ D 1 except for finitely many i 2 I:

Using vector notation, .g1; : : : ; gi; : : :/ 2 G is contained in the external direct
product if all but finitely many of the gi equals the identity.
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Definition 4.17 Suppose that G is a nilpotent R-powered group, and let fGi j i 2 Ig
be a family of R-subgroups of G indexed by a nonempty countable set I: Then G
is the internal direct product of the Gi’s, denoted by G D Q

i2I Gi; if the following
conditions are met:

(i) Gi ER G for each i 2 II
(ii) G D gpR.Gi j i 2 I/I

(iii) Gi \ gpR
�
Gj

ˇ
ˇi; j 2 I; j ¤ i

� D 1.

Every element of G can be written uniquely as a product of gi’s, where gi 2 Gi:

Furthermore, the elements of Gi commute with the elements of Gj whenever i ¤ j:
These can be proven in the same way as for ordinary groups.

4.4.6 Abelian R-Groups

According to Example 4.7, abelian R-groups are just R-modules. Thus, the structure
of such groups depends on the ring structure of R just as in the case of R-modules.
For instance:

• If R is Euclidean, then every R-submodule of a cyclic R-module is cyclic.
Similarly, if G D gpR.g/ for some g 2 G (hence, G is a cyclic R-group) and
R is Euclidean, then every R-subgroup of G is a cyclic R-group.

• If R is a noetherian ring, then every R-submodule of a finitely generated R-
module is finitely generated. Consequently, if R is a noetherian binomial ring
and G is a finitely R-generated abelian R-group with H �R G; then H is also a
finitely R-generated abelian R-group.

• Every finitely generated R-module is a direct sum of cyclic R-modules whenever
R is a PID. Thus, every finitely R-generated abelian R-group is a direct product
of cyclic R-groups whenever R is a PID.

These results about R-modules can be found in [17].

4.4.7 Upper and Lower Central Series

The various types of series we have encountered can be formed for nilpotent
R-powered groups. One simply has to modify the usual definitions in the right way.
For instance, an R-series of a nilpotent R-powered group G is a series

1 D G0 � G1 � 	 	 	 � Gn D G; (4.22)



138 4 Normal Forms and Embeddings

where Gi �R G for i D 0; 1; : : : ; n: If Gi ER GiC1 for i D 0; 1; : : : ; n � 1;
then (4.22) is called a subnormal R-series. The notions of a normal R-series, a
central R-series, and so on, should now be apparent.

The upper and lower central subgroups of a nilpotent R-powered group are
normal R-subgroups (see [5] or [19]). The proof of this relies on the next lemma.

Lemma 4.8 Let G be a nilpotent R-powered group. If g; h 2 G and Œg; h� 2 Z.G/;
then

	
g; h˛


 D 	
g˛; h


 D 	
g; h


˛

for any ˛ 2 R:

Proof The result is true when ˛ 2 Z by Lemma 1.13. Suppose that ˛ is an arbitrary
element of R: By the Hall-Petresco axiom,

	
g; h˛


 D
�

g�1h�1g
�˛

h˛

D Œg; h�˛�2
�

g�1h�1g; h
�.˛2/ 	 	 	 �k

�
g�1h�1g; h

�.˛k/
;

where k is the class of gp
�

g�1h�1g; h
�
: By replacing ˛ by 2; 3; : : : ; k and using

the fact that
	
g; h˛


 D 	
g; h


˛
for such ˛; it follows that �i

�
g�1h�1g; h

�
D 1 for

2� i � k: Thus,
	
g; h˛


D 	
g; h


˛
for any ˛ 2 R: Similarly,

	
g˛; h


D 	
g; h


˛
: ut

Theorem 4.18 The upper and lower central subgroups of a nilpotent R-powered
group are normal R-subgroups.

Consequently, the upper and lower central series of a nilpotent R-powered group
are central R-series.

Proof Let G be a nilpotent R-powered group of class c:

1. First, we prove that �iG ER G for i D 1; 2; : : : ; c by induction on i:

• If z 2 Z.G/ and g 2 G; then g�1zg D z implies
�
g�1zg

�˛ D z˛ for any ˛ 2 R:
Thus, g�1z˛g D z˛; and consequently, z˛ 2 Z.G/: Therefore, Z.G/ ER G and
the case i D 1 is established.

• Assume that �k�1G ER G for 1 < k � c: By Theorem 4.16, G=�k�1G is a
nilpotent R-powered group. Thus,

�kG=�k�1G D Z.G=�k�1G/ ER G=�k�1G:

Hence, �kG ER G as claimed.



4.4 Nilpotent R-Powered Groups 139

2. We prove by induction on c that the lower central subgroups of a nilpotent R-
powered group are normal R-subgroups. If c D 1; then the result is immediate.
Assume the assertion is true for nilpotent R-powered groups of class less
than c:

• We first show that �cG ER G: By definition,

�cG D Œ�c�1G; G� D gp.Œx; y� j x 2 �c�1G; y 2 G/:

It is enough to show that if Œg; h� 2 �cG for any g 2 �c�1G and h 2 G; then
Œg; h�˛ 2 �cG for any ˛ 2 R:Well, �cG � Z.G/ implies that Œg; h�˛ D Œg; h˛�
by Lemma 4.8. Since g 2 �c�1G; Œg; h˛� 2 �cG: Thus, Œg; h�˛ 2 �cG as
claimed.

• Next, we show that �iG ER G for 1 � i < c: Since G=�cG is a nilpotent
R-powered group of class c � 1; �i.G=�cG/ ER G=�cG for 1 � i � c � 1 by
induction. However, �i.G=�cG/ D �iG=�cG by Corollary 2.1. And so, each
�iG is a normal R-subgroup of G: ut

The next result is an immediate consequence of Theorem 4.18.

Corollary 4.2 If G is a nilpotent R-powered group, then each factor R-group
�iG=�iC1G and �iC1G=�iG is an R-module.

Lemma 4.9 If G is a nilpotent R-powered group, then

�nG D gp.Œg1; : : : ; gn� j gi 2 G/ D gpR.Œg1; : : : ; gn� j gi 2 G/:

This follows from an application of the commutator calculus and the axioms of
a nilpotent R-powered group. Compare Lemma 4.9 with Lemma 2.6.

4.4.8 Tensor Product of the Abelianization

In Chapter 2, we saw that the abelianization of a nilpotent group can transfer certain
properties to the group itself. The same is true for nilpotent R-powered groups.

Lemma 4.10 (The Three R-Subgroup Lemma) Let G be a nilpotent R-powered
group, and suppose that H; K; and L are R-subgroups of G: If any two of the R-
subgroups ŒH; K; L�R; ŒK; L; H�R; and ŒL; H; K�R are contained in a normal
R-subgroup of G; then so is the third.

The proof is the same as that of Lemma 2.18.
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Theorem 4.19 If G is a nilpotent R-powered group and i; j � 0 are integers, then

	
�iG; �jG



R �R �iCjG:

Proof The result follows from Lemma 4.10 (see Theorem 2.14 (i)). ut
The next theorem can be found in [19].

Theorem 4.20 Let G be a nilpotent R-powered group. For every integer n > 1,
there exists a well-defined R-module epimorphism

�n W �n�1G=�nG
O

R

Ab.G/ ! �nG=�nC1G

given by

�n.g�nG ˝ h�2G/ D Œg; h��nC1G:

Proof We need to show that �n respects R-exponentiation; that is,

	
g; h˛



�nC1G D 	

g˛; h


�nC1G D 	

g; h

˛
�nC1G

for any g 2 �n�1G; h 2 G; and ˛ 2 R: Set � i D �i
�
g�1h�1g; h

�
; and suppose that

gp
�
g�1h�1g; h

�
is of class k: By the Hall-Petresco axiom,

	
g; h˛


 D
�

g�1h�1g
�˛

h˛ D 	
g; h


˛
�
.˛2/
2 	 	 	 �.

˛
k/

k : (4.23)

Using the commutator calculus, it is not difficult to show that � i 2 �nC1G for each
i D 2; : : : ; k: Consequently, (4.23) reduces to Œg; h˛� D Œg; h�˛ k for all ˛ 2 R;
where k 2 �nC1G: Therefore,

	
g; h˛



�nC1G D 	

g; h

˛
�nC1G:

A similar argument shows that

	
g˛; h



�nC1G D 	

g; h

˛
�nC1G:

The rest of the proof is identical to the proof of Theorem 2.15. ut
The next two results are proven in a similar way as that of Corollaries 2.10

and 2.11.

Corollary 4.3 Suppose that G is a nilpotent R-powered group. For each n 2 N; the
mapping from

Nn
R Ab.G/ to �nG=�nC1G defined by

g1�2G ˝ 	 	 	 ˝ gn�2G 7! Œg1; : : : ; gn��nC1G

is an R-module epimorphism.
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Corollary 4.4 Let G be a finitely R-generated nilpotent R-powered group with R-
generating set X D fx1; : : : ; xkg: For each n 2 N; the factor R-group �nG=�nC1G
is finitely R-generated, modulo �nC1G; by the simple commutators of weight n of
the form

	
xi1 ; : : : ; xin



; where the xij ’s vary over all elements of X and are not

necessarily distinct.

4.4.9 Condition Max-R

Definition 4.18 A nilpotent R-powered group G is said to satisfy Max-R (the max-
imal condition on R-subgroups) if every R-subgroup of G is finitely R-generated.

A finitely R-generated nilpotent R-powered group satisfies Max-R whenever R is
a noetherian ring [6]. This is highlighted in the next theorem.

Theorem 4.21 If R is noetherian and G is a finitely R-generated nilpotent R-
powered group, then G satisfies Max-R:

In particular, a finitely R-generated nilpotent R-powered group satisfies Max-R
whenever R is a PID.

Proof We mimic the proof of Theorem 2.18. Suppose that G is of class c; and let
H be an R-subgroup of G: By Corollary 4.4, each factor R-group �iG=�iC1G is a
finitely R-generated R-module for 1 � i � c: If Hi D H \ �iG for 1 � i � c C 1;

then

H D H1 �R H2 �R 	 	 	 �R Hc �R HcC1 D 1

is a central R-series for H and

Hi

HiC1
D H \ �iG

H \ �iC1G
ŠR

�iC1G.H \ �iG/

�iC1G

by Theorem 4.17 (ii). Therefore, Hi=HiC1 is R-isomorphic to an R-submodule of
�iG=�iC1G which is finitely generated because R is noetherian. Thus, each Hi=HiC1
is finitely R-generated. In particular, Hc D Hc=HcC1 is finitely R-generated and the
result follows. ut
Corollary 4.5 Let G be a nilpotent R-powered group, where R is noetherian. If
N ER G, and both G=N and N satisfy Max-R; then G also satisfies Max-R:

Proof Since G=N and N satisfy Max-R; both are finitely R-generated. By repeating
the proof of Lemma 2.19, we find that G is finitely R-generated. The result follows
from Theorem 4.21. ut

The next result is an analogue of Corollary 2.12. It is a consequence of
Corollaries 4.4 and 4.5, Theorem 4.21, and the fact that the tensor product of finitely
many finitely generated R-modules is finitely generated.
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Corollary 4.6 Suppose that G is a nilpotent R-powered group of class c and R is
noetherian. If Ab.G/ is finitely R-generated, then G satisfies Max-R: Hence, G is
finitely R-generated.

4.4.10 An R-Series of a Finitely R-Generated Nilpotent
R-Powered Group

Every finitely generated nilpotent group has a polycyclic and central series by
Theorem 4.4. A similar property is enjoyed by finitely R-generated nilpotent R-
powered groups [19].

Definition 4.19 Let Q be a property of nilpotent R-powered groups. A subnormal
R-series

1 D G0 ER G1 ER 	 	 	 ER Gn D G

of a nilpotent R-powered group G is called a poly-R Q series if each GiC1=Gi is a
Q R-group for i D 0; 1; : : : ; n � 1:

Let G be a finitely R-generated nilpotent R-powered group. By Corollary 4.4,
each factor group �iG=�iC1G is a finitely R-generated abelian R-group. By refining
the lower central series of G (see the comment preceding Theorem 4.4), we obtain:

Theorem 4.22 A nilpotent R-powered group is finitely R-generated if and only if it
has a poly-R-cyclic and central R-series.

Definition 4.20 The minimal length of all poly-R cyclic and central R-series for a
finitely R-generated nilpotent R-powered group is called its Hirsch R-length.

Any two R-completions of a finitely generated torsion-free nilpotent group are
R-isomorphic. This is a consequence of the next theorem due to P. Hall [5].

Theorem 4.23 Let G be a finitely generated torsion-free nilpotent group, and let H
be any nilpotent R-powered group. If ' W G ! H is a homomorphism, then there
exists a unique R-homomorphism ˚ W GR ! H which extends ':

We give the idea behind the proof. Let fu1; : : : ; ung be a Mal’cev basis for
G and let ff1; : : : ; fng and fg1; : : : ; gng be the multiplication and exponentiation
polynomials respectively with respect to this basis. Define the map

˚ W GR ! H by ˚
�
u%11 	 	 	 u%n

n

� D '.u1/
%1 	 	 	'.un/

%n .%i 2 R/:

The assertion is that ˚ is an R-homomorphism which extends ': The fact that ˚
extends ' is clear. The bulk of the work relies on showing that if u˛11 	 	 	 u˛n

n and

uˇ11 	 	 	 uˇn
n are elements of GR for some ˛i; ˇi 2 R; then

�
'.u1/

˛1 	 	 	'.un/
˛n

��
'.u1/

ˇ1 	 	 	'.un/
ˇn

�
D '.u1/

f1
�
˛; ˇ
�

	 	 	'.un/
fn
�
˛; ˇ
�
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and

�
'.u1/

˛1 	 	 	'.un/
˛n
�	 D '.u1/

g1.˛; 	/ 	 	 	'.un/
gn.˛; 	/;

where 	 2 R: This can be proven by induction on the Hirsch R-length of GR using
the technique given in the proof of Theorem 4.9.

Corollary 4.7 Suppose that G is a finitely generated torsion-free nilpotent group.
Let G1 D .G; B1/ and G2 D .G; B2/ denote G with respect to distinct Mal’cev
bases B1 and B2 respectively. Then GR

1 ŠR GR
2 :

4.4.11 Free Nilpotent R-Powered Groups

Definition 4.21 Let G be a nilpotent R-powered group of class c: A nonempty
subset of generators X of G is said to freely R-generate G if for every function
� W X ! H; where H is any nilpotent R-powered group of class at most c; there is a
unique R-homomorphism “ W G ! H which coincides with � on X:

A nilpotent R-powered group is called a free nilpotent R-powered group if it is
freely R-generated by some subset. Such groups are just nilpotent R-powered groups
which satisfy only the usual group axioms and those given in Definition 4.11. They
arise as the R-completion of finitely generated free nilpotent groups [4].

Lemma 4.11 Let F be a free nilpotent group, freely generated by X D
fx1; : : : ; xng: The R-completion FR of F is a free nilpotent R-powered group,
freely R-generated by X:

The proof follows from what was done for Theorem 4.23, where the Mal’cev
basis for F is chosen to consist of basic commutators on X (see Corollary 3.4).

4.4.12 !-Torsion and R-Torsion

Much is known about P-torsion and P-torsion-free nilpotent groups. In [11], S.
Majewicz and M. Zyman studied !-torsion and !-torsion-free nilpotent R-powered
groups, where ! is a set of non-associate primes in a unique factorization domain
R: Some of this work had already been done by P. Hall [5] and R.B. Warfield [19]
when R is any binomial ring and ! is the set of all primes in R:

Definition 4.22 Let R be a unique factorization domain (UFD), and let ! be a set
of non-associate primes in R: A nonzero element ˛ 2 R is called an !-member if it
is a non-unit and all its prime divisors (up to units) are in !:

From this point on, ! will be a set of non-associate primes in R: We require R to
be a UFD in Definition 4.22 so that there is no distinction between irreducible and
prime elements. In this situation, the product of !-members is again an !-member.
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For example, if R D Z and ! D f2; �3; 7g; then 6 and �14 are both !-members.

If R D QŒx� and ! D
n
x; 1

5
x2 C 1

5
; �3x2 � 3x � 3

o
; then

�7x
�

x2 C 1
�
;
2

9

�
x2 C 1

�4�
x2 C x C 1

�3
; and

10

11
x3
�

x2 C x C 1
�2

are !-members.

Definition 4.23 Let R be a UFD, and suppose that G is a nilpotent R-powered
group. An element g 2 G is called an !-torsion element if g˛ D 1 for some !-
member ˛: If every element of G is !-torsion, then G is an !-torsion group. We say
that G is !-torsion-free if the only !-torsion element of G is the identity.

The set of !-torsion elements of G is denoted by �!.G/: If g˛ D 1 for some
!-member ˛; then it is clear that gˇ D 1 for any associate ˇ of ˛: If � is a prime in
R and ! D f�g; then we use the terms �-torsion and �-torsion-free.

If ! is the set of all of the primes in R (up to units), then every nonzero element of
R is an !-member. In this case, the product of any two !-members is an !-member
whether R is a UFD or not.

Definition 4.24 Let R be any binomial ring, and let G be a nilpotent R-powered
group. An element g 2 G is called an R-torsion element if there exists 0 ¤ ˛ 2 R
such that g˛ D 1: If every element of G is R-torsion, then G is called an R-torsion
group. If the only R-torsion element of G is the identity, then G is termed R-torsion-
free.

We write �.G/ for the set of R-torsion elements of G:

Theorem 4.24 Let G be a nilpotent R-powered group.

(i) If R is a UFD, then �!.G/ ER G:
(ii) If R is any binomial ring, then �.G/ ER G:

Proof We prove (i) by induction on the class c of G: The proof of (ii) is similar. We
may assume that G is R-generated by the elements of �!.G/: The claim is that every
element of G is an !-torsion element.

Suppose that c D 1: If g; h 2 �!.G/; then there exist !-members ˛ and ˇ such
that g˛ D hˇ D 1: Since G is an abelian R-group, we have

.gh/˛ˇ D
�

g˛ˇ
��

h˛ˇ
�

D
�

g˛
�ˇ�

hˇ
�˛ D 1:

Clearly, ˛ˇ is an !-member, and thus gh is an !-torsion element. It follows from
the axioms that every element of G is an !-torsion element as claimed.

Next, suppose that (i) holds for all nilpotent R-powered groups of class less than
c > 1: First, we prove that every element of the abelian R-group �cG is an !-
torsion element. To this end, let Œg1; : : : ; gc� be any commutator of weight c in �cG;
where g1; : : : ; gc 2 G: Since G=�2G is abelian and R-generated by the elements of
�!.G/�2G=�2G �R �!.G=�2G/; it follows by induction that there exist !-members
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˛1; : : : ; ˛c such that g˛i
i 2 �2G for 1 � i � c: By Corollary 4.3, there exists a

R-epimorphism from
Nc

R Ab.G/ to �cG=�cC1G D �cG given by

x1�2G ˝ 	 	 	 ˝ xc�2G 7! Œx1; : : : ; xc��cC1G D Œx1; : : : ; xc�:

Thus,

	
g1; : : : ; gc


˛1���˛c D 	
g˛11 ; : : : ; g˛c

c


 2 	�2G; : : : ; �2G

 D 1

because Œ�2G; : : : ; �2G� � �2cG � �cC1G D 1 by Theorem 4.19. Since ˛1 	 	 	˛c

is an !-member, Œg1; : : : ; gc� is an !-torsion element of �cG: It follows from
Lemma 4.9 and the fact that �cG is abelian that every element of �cG is an !-torsion
element.

Choose an element g 2 G: Since G=�cG is of class c � 1 and is R-generated by
the elements of �!.G/�cG=�cG �R �!.G=�cG/; it follows by induction that there
exists an !-member 
 such that .g�cG/
 D �cG in G=�cG: Thus, g
 D h for
some h 2 �cG: As we deduced above, there is an !-member � such that h� D 1:

Therefore,

g
� D �
g

�� D h� D 1:

Since 
� is an !-member, g 2 �!.G/: ut
We shall refer to �!.G/ as the !-torsion subgroup of G and �.G/ as the R-torsion

subgroup of G:

Corollary 4.8 Let G be a nilpotent R-powered group.

(i) If R is a UFD, then G=�!.G/ is !-torsion-free.
(ii) If R is any binomial ring, then G=�.G/ is R-torsion-free.

Proof We prove (i). Let g�!.G/ 2 G=�!.G/; and suppose that .g�!.G//˛ D �!.G/
for some !-member ˛: Then g˛ 2 �!.G/; and thus there is an !-member ˇ for
which g˛ˇ D .g˛/ˇ D 1: Since ˛ˇ is an !-member, g 2 �!.G/: ut
Lemma 4.12 Suppose that G is a nilpotent R-powered group and N ER G:

(i) If R is a UFD and both N and G=N are !-torsion groups, then G is an !-torsion
group.

(ii) If R is any binomial ring and both N and G=N are R-torsion groups, then G is
an R-torsion group.

Proof See Lemma 2.13. ut
According to Theorem 2.26, every nilpotent group is the direct product of its

p-torsion subgroups for various primes p: If G happens to be finite, then these p-
torsion subgroups are just the Sylow subgroups of G by Theorem 2.13. Our aim is
to obtain a similar result for nilpotent R-powered groups. This result will depend on
the ring structure of R: We begin with a definition which resembles the notion of a
Sylow p-subgroup in the finite case.
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Definition 4.25 Let � be a prime in R: If G is a nilpotent R-powered group, then
the �-primary component of G; denoted by G� ; is

G� D
n
g 2 G

ˇ
ˇ
ˇ g�

k D 1 for some k 2 N

o
:

We say that G is �-primary if G D G� :

If �1 and �2 are primes in R; then it is clear that G�1 D G�2 whenever �1 and �2
are associates. Thus, a �-primary component is unique up to associates.

Definition 4.26 If G is a nilpotent R-powered group and 1 ¤ g 2 G; then the set

ann.g/ D
n
˛ 2 R

ˇ
ˇ
ˇ g˛ D 1

o

is an ideal of R; referred to as the annihilator (or order ideal) of g:

The following is the analogue of Theorem 2.26 and can be found in [9] for the
case R D QŒx�:

Theorem 4.25 (S. Majewicz) Suppose that R is a PID, and let P be the set of all
primes in R (up to associates). If G is an R-torsion nilpotent R-powered group, then

G D
Y

�2P
G� :

Proof By Theorem 4.24 (ii), G� ER G for any prime � 2 R: We claim that

G D gpR.G� j � 2 P/:

Choose any element g ¤ 1 in G: Since R is a PID and G is R-torsion, there exists
ı 2 R such that ann.g/ D hıi ¤ f0g; where hıi denotes the ideal of R generated by
ı. Write ı as

ı D �
m1
1 	 	 	�mn

n

for some mi 2 N and primes �i 2 R; where no pair of primes are associates. Set
˛i D ı=�

mi
i for each i; and observe that g˛i 2 G�i :Now, the greatest common divisor

of the ˛i’s is 1 since they are pairwise relatively prime. Thus, there are elements
�i 2 R such that

Pn
iD1 ˛i�i D 1: Consequently,

g D g˛1�1C���C˛n�n

D �
g˛1
��1 	 	 	 �g˛n

��n
;

which is an element of G�1G�2 	 	 	 G�n as claimed.
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Next, we show that

G�i \ gpR

�
G�j

ˇ
ˇ
ˇ �j 2 P; j ¤ i

�
D 1

for primes �i and �j: Let S D f�1; : : : ; �n; ˛g be a set of primes in R; and suppose
that no two elements in S are associates. Suppose that g 2 G˛\gpR

�
G�1 ; : : : ; G�n

�
:

We claim that g D 1: By definition, g 2 G˛ implies that there exists q 2 N such
that g˛

q D 1. Furthermore, g 2 G�1 	 	 	 G�n implies that there exists 
 2 R such that
g
 D 1 and 
 D �


1
1 	 	 	�
n

n for some 
i 2 N: Since ˛ and 
 are relatively prime,
there exist elements �1; �2 2 R with �1˛q C �2
 D 1: Therefore,

g D g�1˛
qC�2
 D

�
g˛

q
��1�

g

��2 D 1

as required. ut
The next theorem appears in [19].

Theorem 4.26 Let G be a nilpotent R-powered group.

(i) Suppose that R is a UFD. Then G is !-torsion-free if and only if the following
holds:

If g; h 2 G and g˛ D h˛ for some !-member ˛; then g D h:

(ii) Let R be any binomial ring. Then G is R-torsion-free if and only if the following
holds:

If g; h 2 G and g˛ D h˛ for some 0 ¤ ˛ 2 R; then g D h:

Proof Repeat the proof of Theorem 2.7. ut
Just as in the case of ordinary nilpotent groups, the center of a nilpotent R-

powered group has an influence on the structure of its upper central factors (see
Corollaries 2.20 and 2.21).

Theorem 4.27 Let G be a nilpotent R-powered group.

(i) Suppose that R is a UFD. If Z.G/ is !-torsion-free, then G and �iC1G=�iG are
!-torsion-free for i � 0:

(ii) If R is any binomial ring and Z.G/ is R-torsion-free, then G and �iC1G=�iG are
R-torsion-free for i � 0:

Proof The result follows from Lemma 4.8 and induction on i: ut
Corollary 4.9 Let G be a nilpotent R-powered group.

(i) If R is a UFD and G is !-torsion-free, then G=Z.G/ is !-torsion-free.
(ii) If R is any binomial ring and G is R-torsion-free, then G=Z.G/ is R-torsion-free.
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Theorem 4.28 Let G be a nilpotent R-powered group.

(i) If R is a UFD and Ab.G/ is an !-torsion group, then G is an !-torsion group.
(ii) If R is any binomial ring and Ab.G/ is an R-torsion group, then G is an R-

torsion group.

Proof We mimic the proof of Theorem 2.19, using Corollary 4.3 and the fact that
the tensor product of !-torsion R-modules is an !-torsion R-module whenever R is
a UFD. ut

4.4.13 Finite !-Type and Finite Type

Every finitely generated torsion nilpotent group is finite by Theorem 2.25. This
result motivated S. Majewicz and M. Zyman to study nilpotent R-powered groups
which are finitely R-generated and !-torsion (see [9, 10], and [11]).

Definition 4.27 Let R be a UFD. A finitely R-generated !-torsion group G is said
to be of finite !-type.

This is a natural analogue of a finite P-group. If ! D f�g for a prime � 2 R;
then G is of finite �-type.

Definition 4.28 Let R be any binomial ring. A nilpotent R-powered group is of
finite type if it is finitely R-generated and R-torsion.

The next lemma follows from Theorem 4.21.

Lemma 4.13 Let G be a nilpotent R-powered group, and let H �R G:

1. Let R be a UFD, and suppose that G is of finite !-type.

(i) If R is noetherian, then H is of finite !-type.
(ii) If H ER G; then G=H is of finite !-type.

2. Suppose that G is of finite type.

(i) If R is noetherian, then H is of finite type.
(ii) If H ER G; then G=H is of finite type.

Lemma 4.14 Let G be a nilpotent R-powered group.

(i) Suppose that R is a UFD. If H ER G and both H and G=H are of finite !-type,
then G is of finite !-type.

(ii) If H ER G and both H and G=H are of finite type, then G is of finite type.

Proof Clearly, G is finitely R-generated since H and G=H are finitely R-generated.
To prove that G is !-torsion (R-torsion), repeat the proof of Lemma 2.13. ut
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Putting together Lemmas 4.13 and 4.14 gives:

Theorem 4.29 Let R be a noetherian ring, and suppose that G is a nilpotent R-
powered group with H ER G:

(i) If R is a UFD, then G is of finite !-type if and only if H and G=H are both of
finite !-type.

(ii) G is of finite type if and only if H and G=H are both of finite type.

Lemma 4.15 Let R be noetherian, and let G be a nilpotent R-powered group.

(i) If R is a UFD and Ab.G/ is of finite !-type, then G is of finite !-type.
(ii) If Ab.G/ is of finite type, then G is of finite type.

Proof The result follows from Corollary 4.6 and Theorem 4.28. ut
Theorem 4.30 Suppose that G is a finitely R-generated nilpotent R-powered group
with finite R-generating set X D fx1; : : : ; xkg:
(i) If R is a UFD and each element of X is an !-torsion element, then G is of finite

!-type.
(ii) If each element of X is an R-torsion element, then G is of finite type.

Proof We prove (i) by induction on the class c of G: The proof of (ii) is the same.
If c D 1; then G is abelian. In this case, every element in G can be expressed in the
form x˛11 	 	 	 x˛k

k for some ˛1; : : : ; ˛k 2 R: If xˇi
i D 1 for some !-members ˇi; then

it follows that gˇ1���ˇk D 1 for any g 2 G: Since ˇ1 	 	 	ˇk is an !-member, G is an
!-torsion group.

Let c > 1; and assume that the result is true for nilpotent R-powered groups
of class less than c: By Corollary 4.4, the abelian R-group �cG is R-generated by
simple commutators of the form Œxj1 ; xj2 ; : : : ; xjc �; where the xjk ’s vary over all
elements of X and are not necessarily distinct. Since each element of X is an !-
torsion element, �cG is of finite !-type by induction. Moreover, G=�cG is of class
c�1with R-generators fx1�cG; : : : ; xk�cGg; each of which is an !-torsion element.
By induction, G=�cG is of finite !-type. An application of Lemma 4.14 completes
the proof. ut

4.4.14 Order, Exponent, and Power-Commutativity

In [10], S. Majewicz and M. Zyman introduced the notions of “order” and “expo-
nent” for nilpotent R-powered groups in order to study the structure of power-
commutative nilpotent R-powered groups (see Definition 4.30 below).
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At this time, the theory of nilpotent R-powered groups which revolves around
these notions is still in its very early stages. It is likely that many of the known
results on finite (nilpotent) groups have analogues for nilpotent R-powered groups,
where the ring structure of R plays a key role.

Let R be a PID, and suppose that G is a nilpotent R-powered group. If g 2 �.G/;
then ann.g/ D h
i ¤ 0 for some 
 2 R: Any other generator of ann.g/ is an
associate of 
 in R; and the relation


1 � 
2 if and only if 
1 and 
2 are associates

is an equivalence relation on R. We call 
 the order of g and write jgj D 
: Observe
that it is well defined up to associates. Thus, jgj D 
 implies that g
0 D 1 for any

0 2 R which is an associate of 
: Clearly, jgj divides ˛ whenever g˛ D 1 for some
˛ 2 R:

Lemma 4.16 If R is a PID, then the elements of coprime order in an R-torsion
group commute.

Proof The result follows from Theorem 4.25. ut
Next, suppose that R is a PID and G is a nilpotent R-powered group of finite type.

The proof of Theorem 4.30 (i) illustrates that the orders of the elements of a finite
R-generating set of G determine the order of each element of G; and each such order
is a product of finitely many primes in R: This implies the existence of an element
˛ 2 R that annihilates every element of G:

Definition 4.29 Let G be a nilpotent R-powered group of finite type, where R is
a PID. We say that G has exponent �1�2 	 	 	�n; where the �j’s are primes (not
necessarily distinct) in R; if

G�1�2����n D 1 but G�1�2���b�i����n ¤ 1 for each 1 � i � n:

As usual, �1�2 	 	 	 b�i 	 	 	�n means �1�2 	 	 	�i�1�iC1 	 	 	�n; and

Gˇ D gpR

�
gˇ
ˇ
ˇ
ˇ g 2 G

�
:

Observe that the exponent of an R-subgroup and a factor R-group of G divides the
exponent of G:

Theorem 4.31 Let R be a PID, and suppose that G is a finitely R-generated
nilpotent R-powered group. Then Z.G/ is of finite type if and only if G is of finite
type.

The theorem is also true if “finite type” is replaced by “finite !-type.”

Proof By Lemma 4.13, Z.G/ is of finite type whenever G is of finite type. We prove
the converse by induction on the class c of G: Suppose that Z.G/ is of finite type. The
result is obvious if c D 1: Let c > 1; and suppose that the theorem is true for every
finitely R-generated nilpotent R-powered group of class less than c. Suppose that
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Z.G/ has exponent ˛; and let a 2 �2G: If g is any element of G; then Œg; a� 2 Z.G/:
Now,

	
g; a


˛ D 1 implies that
	
g; a˛


 D 1 by Lemma 4.8. Therefore, a˛ 2 Z.G/;
and thus �2G=Z.G/ is an R-torsion group. Furthermore, �2G=Z.G/ is finitely R-
generated by Theorem 4.21 because

�2G=Z.G/ D Z.G=Z.G// ER G=Z.G/

and G=Z.G/ is finitely R-generated. Thus, �2G=Z.G/ is of finite type. By induction,
G=Z.G/ is also of finite type because it is of class c � 1: Since Z.G/ is of finite type
by hypothesis, the result follows from Theorem 4.29. ut

We now turn our attention to power-commutative nilpotent R-powered groups.
The study of these groups was motivated by Wu [20]. Here we provide only two
results from [10].

Definition 4.30 A nilpotent R-powered group G is called power-commutative if
Œg˛; h� D 1 implies Œg; h� D 1 for all g; h 2 G and ˛ 2 R whenever g˛ ¤ 1:

Clearly, every abelian R-group is power-commutative and every R-subgroup of a
power-commutative group is also power-commutative.

Lemma 4.17 Every R-torsion-free group is power-commutative.

Proof Let G be an R-torsion-free group. If
	
g˛; h


 D 1 for g; h 2 G and 0 ¤ ˛ 2 R;
then

�
h�1gh

�˛ D g˛: Apply Theorem 4.26 (ii). ut
Lemma 4.18 Suppose that R is a PID. If G is a nilpotent R-powered group of finite
type and has exponent � for some prime � 2 R; then it is power-commutative.

Proof Suppose that
	
g˛; h


 D 1; where g; h 2 G; ˛ 2 R; and g˛ ¤ 1: Since
G� D 1; � and ˛ are relatively prime. Thus, there exists a; b 2 R such that
a˛ C b� D 1: Therefore, the equalities

	
g˛; h


 D 1 and g� D 1 yield

h
g; h

i
D
h
ga˛Cb� ; h

i
D
h�

g˛
�a�

g�
�b
; h
i

D
h�

g˛
�a
; h
i

D 1:

This completes the proof. ut
Theorem 4.32 Suppose that R is a PID, and let G be a nilpotent R-powered group
of finite type which is not of finite �-type for any prime � 2 R: If G is power-
commutative, then it must be abelian.

Proof By Theorem 4.25, it suffices to show that each �-primary component of G
is abelian. Suppose that �1; : : : ; �n; ˛ are primes in R; no two being associates.
Assume that g ¤ 1 and h ¤ 1 are elements of G˛ and a 2 G�1 � 	 	 	 � G�n ; and
suppose that jgj D ˛r and jhj D ˛s for some r; s 2 N:We will show that Œg; h� D 1:

Clearly, a and g are of coprime order. By Lemma 4.16, Œa; g� D 1. By the axioms,
we get

�
.ag/˛

r
�jaj D .ag/jaj˛r D ajaj˛r

gjaj˛r D
�

ajaj�˛
r �

g˛
r�jaj D 1:
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This means that .ag/˛
r

has order dividing jaj which is relatively prime to ˛r:

However,

.ag/˛
r D a˛

r
g˛

r D a˛
r
;

implying that a˛
r

has order dividing jaj: Since jhj and jaj are relatively prime,

	
.ag/˛

r
; h

 D 	

a˛
r
; h

 D 1: (4.24)

Since G is power-commutative, (4.24) gives Œag; h� D 1: By Lemma 1.4 and the
fact that h and a commute, we get

Œag; h� D Œa; h�gŒg; h� D Œg; h�:

And so, Œg; h� D 1: ut
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Chapter 5
Isolators, Extraction of Roots,
and P-Localization

When considering rings acting on groups, one may specialize to subrings of Q: A
group action by a subring of Q may be interpreted as root extraction in the said
group, which is the underlying subject of this chapter. In Section 5.1, we discuss the
theory of isolators and isolated subgroups. This topic is related to the study of root
extraction in nilpotent groups, which is the theme of Section 5.2. We discuss some
of the theory of root extraction in groups, emphasizing the main results for nilpotent
groups. Residual properties of nilpotent groups are also discussed in Section 5.2, as
well as embeddings of nilpotent groups into nilpotent groups with roots. Section 5.3
contains an introduction to the theory of localization of nilpotent groups. A group is
said to be P-local, for a set of primes P; if every group element has a unique nth root
whenever n is relatively prime to the elements of P: The main result in this section
is: Given a nilpotent group G; there exists a nilpotent group GP of class at most the
class of G which is the best approximation to G among all P-local nilpotent groups.

In Sections 5.1 and 5.2, P will always denote a nonempty set of primes and P0
will be the set of all primes not in P: We further declare that if p is a single prime,
then p0 is the set of all primes excluding p:

5.1 The Theory of Isolators

Isolators are closely related to the extraction of roots in (locally) nilpotent groups.
In this section, we present some of the theory of isolators. Our discussion is based
on the work of P. Hall [10].

5.1.1 Basic Properties of P-Isolated Subgroups

We begin with the definition of a P-isolated subgroup.
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Definition 5.1 Let G be any group. A subgroup H of G is called P-isolated in G if
g 2 G and gn 2 H for some P-number n imply g 2 H:

If P is the set of all primes, then H is isolated in G: If P D fpg; then we say that
H is p-isolated in G:

One important aspect of P-isolated normal subgroups is that they give rise to
P-torsion-free quotients.

Lemma 5.1 Let G be any group. If N E G; then G=N is P-torsion-free if and only
if N is P-isolated in G:

Proof If N is P-isolated in G and gN 2 G=N such that .gN/m D N for some P-
number m; then gm 2 N: Hence, g 2 N; implying that G=N is P-torsion-free.

Next, suppose that G=N is P-torsion-free. If m is a P-number, then .gN/m D N
implies gN D NI that is, gm 2 N implies g 2 N: Thus, N is P-isolated in G: ut
Lemma 5.2 Let G be a group, and suppose that H is P-isolated in G:

(i) If K is P-isolated in H; then K is P-isolated in G:
(ii) If K � G; then H \ K is P-isolated in K:

Proof

(i) If g 2 G such that gn 2 K for some P-number n; then gn 2 H: Thus, g 2 H
because H is P-isolated in G: Since K is P-isolated in H; g 2 K:

(ii) If kn 2 H \ K for some P-number n and k 2 K; then k 2 H because H is
P-isolated in G: Therefore, k 2 H \ K: ut

There is a natural correspondence between P-isolated subgroups and their
quotients.

Theorem 5.1 Let G be a group with a P-isolated normal subgroup H: If K � G
and H E K; then K is P-isolated in G if and only if K=H is P-isolated in G=H:

Proof Assume that K is P-isolated in G; and suppose that .gH/n 2 K=H for some
g 2 G and P-number n: Since gn 2 K and K is P-isolated in G; we have g 2 K:
Therefore, gH 2 K=H:

Conversely, suppose that K=H is P-isolated in G=H: If gn D k for some g 2 G,
k 2 K; and P-number n; then .gH/n D kH in K=H: Thus, gH 2 K=H and g 2 K: ut

The automorphic image of a P-isolated subgroup is always P-isolated.

Lemma 5.3 Let G be a group, and suppose that H is a P-isolated subgroup of G:
If  2 Aut.G/; then  .H/ is also P-isolated in G:

Proof Let g 2 G; and assume that gn 2  .H/ for some P-number n: There exists
an element h 2 H such that gn D  .h/: Thus,

�
 �1.g/

�n D  �1.gn/ D h

is contained in H: Since H is P-isolated,  �1.g/ 2 H: And so, g 2  .H/: ut
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Under certain conditions, the intersection or union of P-isolated subgroups is
P-isolated.

Lemma 5.4 Let G be any group, and suppose that fGi j i 2 Ig is a family of P-
isolated subgroups of G:

(i) If I is any index set, then
T

i2I Gi is a P-isolated subgroup of G:
(ii) If I is a well-ordered index set and Gi � Gj whenever i � j; then

S
i2I Gi is a

P-isolated subgroup of G:

Proof (i) Suppose that gn 2 Ti2I Gi for some P-number n and g 2 G: Then gn 2 Gi

for each i 2 I: Since each Gi is P-isolated in G; g is contained in each Gi: Thus,
g 2 Ti2I Gi: The proof of (ii) is similar. ut

5.1.2 The P-Isolator

Lemma 5.4 (i) suggests the following definition:

Definition 5.2 Let G be a group and S 
 G: The P-isolator of S in G; denoted by
IP.S; G/; is the intersection of all P-isolated subgroups of G that contain S: If P is
the set of all primes, then we write I.S; G/ and call it the isolator of S in G:

Clearly, IP.S; G/ is the unique minimal P-isolated subgroup of G containing S:
It is constructed in the following way: Put S1 D S and G1 D gp.S/; and recursively
define GiC1 D gp.SiC1/; where SiC1 D fg 2 G j gn 2 Gi for some P-number ng:
Then

IP.S; G/ D
1[

iD1
Gi:

To see why this is true, let H D S1
iD1 Gi: Suppose that g 2 G and n is a P-number

such that gn 2 H: Then gn 2 Gi for some i 2 N; and consequently, g 2 SiC1: Hence,
g 2 GiC1 � H; and consequently, H is a P-isolated subgroup of G containing S:
Thus, IP.S; G/ � H:

Next, we prove that IP.S; G/ � H: It suffices to show that IP.S; G/ � Gk for all
k 2 N: This is clearly true when k D 1; giving the basis for induction on k: Suppose
that IP.S; G/ � Gm for m > 1: If g 2 SmC1; then gn 2 Gm for some P-number n;
and thus gn 2 IP.S; G/: Since IP.S; G/ is P-isolated in G; we have g 2 IP.S; G/:
We have shown that IP.S; G/ contains SmC1; and thus IP.S; G/ � GmC1 as asserted.

Lemma 5.5 Let G be any group. If H E G and IP.H; G/ � G; then IP.H; G/ E G:

Proof Let g 2 G: If h 2 IP.H; G/; then there exists a P-number n such that hn 2 H:
Since H E G; we have

�
g�1hg

�n D g�1hng 2 H: And so, g�1hg 2 IP.H; G/: ut
We give an explicit description of the P-isolator of a subgroup of a nilpotent

group in the next theorem.
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Theorem 5.2 If G is a nilpotent group and H � G; then the set

T D fg 2 G j gn 2 H for some P-number ng

is a subgroup of G and equals IP.H; G/: If G is P-torsion-free, then the nilpotency
classes of IP.H; G/ and H are equal.

Proof We first prove that T is a subgroup of G by induction on the class c of
G: Clearly, g�1 2 T whenever g 2 T: We need to show that T is closed under
multiplication. If c D 1 and g; h 2 T; then there exist P-numbers m and n such that
gm 2 H and hn 2 H: Since H � G and G is abelian,

.gh/mn D .gm/n.hn/m 2 H:

Hence, gh 2 T because mn is a P-number.
We proceed by induction on c: Suppose that c > 1; and assume that the result is

true for all nilpotent groups of class less than c: Without loss of generality, we may
assume that G D gp.T/:We assert that G D T: First, we show that the abelian group
�cG is contained in T: Let Œg1; : : : ; gc� be any commutator of weight c in �cG;where
g1; : : : ; gc 2 G: Then g1�2G; : : : ; gc�2G are contained in Ab.G/: By the induction
hypothesis, there exist P-numbers m1; : : : ; mc such that .gi�2G/mi 2 H�2G=�2G
for 1 � i � c: Hence, there exist elements a1; : : : ; ac in �2G such that gmi

i ai 2 H
for 1 � i � c: By Corollary 2.10, the mapping

cO

Z

Ab.G/ ! �cG=�cC1G D �cG

given by

x1�2G ˝ 	 	 	 ˝ xc�2G 7! Œx1; : : : ; xc��cC1G D Œx1; : : : ; xc�

is a Z-module epimorphism and multiplicative in each variable. Thus,

	
gm1
1 a1; : : : ; gmc

c ac

 D Œg1; : : : ; gc�

m1���mc Œa1; : : : ; ac� :

By Theorem 2.14 (i), Œa1; : : : ; ac� 2 �2cG D 1: Hence, Œg1; : : : ; gc�
m1���mc 2 H:

Since m1 	 	 	 mc is a P-number, Œg1; : : : ; gc� 2 T; and thus �cG is contained in T:
Choose an arbitrary element g of G: Since G=�cG is of class less than c; there

exists a P-number m and an element x of H such that .g�cG/m D x�cGI that is,
gm D xy for some y 2 �cG: Furthermore, there exists a P-number n satisfying
yn 2 H because T contains �cG: Therefore,

gmn D .xy/n D xnyn 2 H;

and thus g 2 T and G D T as asserted.
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Next, we show that T D IP.H; G/: Suppose that g 2 G and gr 2 T for some
P-number r: There exists a P-number s such that .gr/s D grs 2 H; and thus g 2 T:
Since T is a subgroup of G; T must be a P-isolated subgroup of G which contains
HI that is, T � IP.H; G/: The reverse inclusion follows from the construction of the
P-isolator.

Now, suppose that G is P-torsion-free, and let H and IP.H; G/ have nilpotency
classes c and k respectively. Clearly, c � k since H � IP.H; G/: We claim that
c � k: Since H is of class c; each .c C 1/-fold commutator of elements of H equals
the identity. Let g1; : : : ; gcC1 2 IP.H; G/; and consider the (cC1)-fold commutator
Œg1; : : : ; gcC1� of IP.H; G/: We need to show that Œg1; : : : ; gcC1� D 1: For each
i D 1; 2; : : : ; c C 1; there exists a P-number ni such that gni

i 2 H: Thus,

h
gn1
1 ; : : : ; g

ncC1

cC1
i

D 1 (5.1)

in H: Arguing as before, we can re-express (5.1) as

Œg1; : : : ; gcC1�n1���ncC1 D 1:

Since H is P-torsion-free and n1 	 	 	 ncC1 is a P-number, Œg1; : : : ; gcC1� D 1:

Therefore, k � c: ut
Note that we obtain Theorem 2.26 by setting H D 1 in Theorem 5.2.

Corollary 5.1 If G is a nilpotent group and H E G; then IP.H; G/ E G:

Proof Apply Theorem 5.2 and Lemma 5.5. ut
Theorem 5.2 also holds for locally nilpotent groups.

Theorem 5.3 If G is a locally nilpotent group and H � G; then the set

T D fg 2 G j gn 2 H for some P-number ng

is a subgroup of G and equals IP.H; G/:

Proof Let g; h 2 T: Put K D gp.g; h/; and realize that K is nilpotent since it is a
finitely generated subgroup of the locally nilpotent group G: There exist P-numbers
r and s such that gr 2 H \ K and hs 2 H \ K: Since H \ K � K; we may apply
Theorem 5.2 to K and conclude that the set

fx 2 K j xn 2 H \ K for some P-number ng

is a subgroup of K: Thus, there is a P-number t such that .gh/t 2 H \ K � H for
some P-number t: And so, gh 2 T: The rest of the proof is similar to the one given
for Theorem 5.2. ut

It is worth mentioning that Theorem 2.23 can also be used to prove Theorems 5.2
and 5.3. Moreover, Theorem 2.27 follows from Theorem 5.3 if we set H D 1:
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Corollary 5.2 If G is a torsion-free locally nilpotent group contained in a locally
nilpotent Q-powered group G; then I

�
G; G

�
is a Mal’cev completion of G:

Proof Let g 2 I
�
G; G

�
with g … G: By Theorem 5.3, I

�
G; G

�
is locally nilpotent,

and there exists k 2 N such that gk 2 G: We need to prove that g has a unique nth
root in I

�
G; G

�
for any n > 1: Clearly, g has a unique nth root in G because g 2 G

and G is a Q-powered group. Since

g D �
g1=n

�n 2 I
�
G; G

�
;

there exists m > 1 such that
�
g1=n

�mn 2 G: Thus g1=n 2 I
�
G; G

�
; as required. ut

Remark 5.1 In general, the P-isolator of a subgroup H of an arbitrary group G does
not have to be equal to fg 2 G j gn 2 H for some P-number ng: For example, the set
of torsion elements of the infinite dihedral group D1 does not form a subgroup (see
the comment before Theorem 2.26).

Remark 5.2 In the literature, the P-isolator of a subgroup H of G is sometimes
defined as the set

IP.H; G/ D fg 2 G j gn 2 H for some P-number ng:

If IP.H; G/ happens to be a subgroup of G for all subgroups H � G; then G is
regarded as having the P-isolator property.

5.1.3 P-Equivalency

Let H and K be subgroups of a group G: If for all h 2 H and k 2 K; there are
P-numbers m and n such that hm 2 K and kn 2 H; then H and K are said to be
P-equivalent (see Definition 5.5).

In [10], P. Hall laid out the properties of P-equivalent subgroups. Our intention
is to discuss some of these results. We begin with a brief discussion of verbal
subgroups.

Definition 5.3 Let F be a free group on the set X D fx1; x2; : : :g; and suppose that
; ¤ V 
 F: Let G be any group, and let

# D xk1
i1

	 	 	 xkn
in

2 V .xij 2 X; kj 2 Z/:

(i) If g1; : : : ; gn 2 G; then the value of # at the n-tuple .g1; : : : ; gn/ is

#.g1; : : : ; gn/ D gk1
1 	 	 	 gkn

n :
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(ii) The word # is termed a law in G if #.g1; : : : ; gn/ D 1 for all n-tuples of
elements of G:

(iii) The verbal subgroup of G determined by V; denoted by V.G/; is the subgroup
of G generated by all values in G of words in V: Hence,

V.G/ D gp.#.g1; g2; : : :/ j gi 2 G; # 2 V/:

(iv) The class of all groups G satisfying V.G/ D 1 is called the variety relative
to V:

Example 5.1 If V D fŒx1; x2�g and G is any group, then

V.G/ D gp .Œg; h� j g; h 2 G/ D ŒG; G�:

If G is abelian, then the word # D Œx1; x2� is a law in G: The class of abelian groups
forms a variety.

Example 5.2 Suppose that V D fŒx1; : : : ; xnC1�g and G is a group. The verbal
subgroup of G is

V.G/ D gp .Œg1; : : : ; gnC1� j gi 2 G/ D �nG

by Lemma 2.6. By Corollary 2.3, the word # D Œx1; : : : ; xnC1� is a law in any
nilpotent group of class at most n: Hence, the class of nilpotent groups of class at
most n is a variety.

Remark 5.3 It follows from Definition 5.3 that any subgroup or homomorphic
image of a group in a variety is again in that variety. This result can be compared to
Theorem 2.4.

Definition 5.4 Let # D #.x1; : : : ; xn/ be a word in the n variables x1; : : : ; xn:

Let G be any group, and let H1; : : : ; Hn be subgroups of G: The generalized verbal
subgroup #.H1; : : : ; Hn/ is defined as

#.H1; : : : ; Hn/ D gp.#.h1; : : : ; hn/ j hi 2 Hi for i D 1; : : : ; n/:

The next theorem on generalized verbal subgroups will be useful in determining
certain facts about P-isolators.

Theorem 5.4 Let G be a finitely generated nilpotent group. Suppose that Hi and Ki

are subgroups of G such that ŒHi W Ki� D mi for i D 1; : : : ; n and mi 2 N: Let
H D #.H1; : : : ; Hn/ and K D #.K1; : : : ; Kn/ be the corresponding generalized
verbal subgroups for some n-variable word #: Then ŒH W K� is finite and divides
some power of m D m1 	 	 	 mn:

The proof relies on the next lemma which gives a criterion for a finitely generated
nilpotent group to be a finite p-group.



162 5 Isolators, Extraction of Roots, and P-Localization

Lemma 5.6 Let G be a finitely generated nilpotent group, and let p be a fixed prime.
Suppose that H and K are subgroups of G with K < H such that ŒH W K� is either
infinite or finite and divisible by p: Suppose in addition, that ŒNH W NK� is a finite
p0-number for every nontrivial normal subgroup N of G, then G is a finite p-group.

Proof We begin by observing that N — K and N \ H ¤ 1 for any normal subgroup
N of G: For if either N � K or N \H D 1; then ŒH W K� D ŒNH W NK�; contradicting
the hypothesis.

In light of Lemma 2.26, it suffices to show that Z.G/ is a p-group. First, we
prove that Z.G/ is a torsion group. Let 1 ¤ z 2 Z.G/; and put N D gp.z/: Clearly,
1 ¤ N E G: Assume, on the contrary, that z is of infinite order. Since N \ H ¤ 1;

we may assume that z 2 N \ H. Thus, N � H. Now, N \ K � K and N \ K � H
implies that

Œ.N \ K/H W .N \ K/K� D ŒH W K�:

However, ŒH W K� is either infinite or divisible by p; yet Œ.N \ K/H W .N \ K/K� is a
finite p0-number because N \ K C G: We conclude that N \ K D 1:

Let M D gp .zp/ ; and note that 1 ¤ M E G and ŒN W M� D p: By hypothesis,
ŒMH W MK� is a p0-number. On the other hand, M � H implies that

ŒMH W MK� D ŒH W MK� D ŒH W NK�ŒNK W MK� D ŒH W NK�p;

which is not a p0-number. This contradiction confirms that z must be of finite order.
Thus, N is finite and Z.G/ is a torsion group.

Next, we show that Z.G/ is a p-group. Put N D gp.z/ as before, and suppose that
N has prime order. We may assume once again that N � H because N \ H ¤ 1:We
have

ŒH W K� D ŒH W NK�ŒNK W K� D ŒNH W NK�jNj:

By hypothesis, ŒNH W NK� is a finite p0-number. Therefore, ŒH W K� is finite, and
the hypothesis implies that it is divisible by p: This proves that jNj D p; and
consequently, Z.G/ is a p-group as claimed. ut

We now prove Theorem 5.4. Assume on the contrary, that ŒH W K� is either infinite
or finite with a prime divisor p not dividing m: By Theorem 2.18, G satisfies Max.
Thus, there exists a nontrivial normal subgroup M of G which is maximal subject to
the condition that ŒMH W MK� is either infinite or finite with a prime divisor p that
does not divide m:

Set G� D G=M; and let H�
i D MHi=M and K�

i D MKi=M for each i: By
Lemma 5.6, G� is a finite p-group. Hence, H�

i and K�
i are also finite p-groups.

This means that
	
H�

i W K�
i



is a pth power. Now,

	
H�

i W K�
i


 D 	
MHi=M W MKi=M


 D 	
Hi W Ki.M \ Hi/



;
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and thus

	
Hi W Ki


 D 	
Hi W Ki.M \ Hi/


	
Ki.M \ Hi/ W Ki




D 	
H�

i W K�
i


	
Ki.M \ Hi/ W Ki



:

Since
	
Hi W Ki


 D mi; it must be that
	
H�

i W K�
i



divides mi: However,

	
H�

i W K�
i



is

a pth power and p is relatively prime to m:We conclude that
	
H�

i W K�
i


 D 1I that is,
H�

i D K�
i for each i: Therefore,

H� D #.H�
1 ; : : : ; H�

n / D #.K�
1 ; : : : ; K�

n / D K�:

It follows that MH D MK, a contradiction. This completes the proof of Theo-
rem 5.4.

Definition 5.5 Let G be any group with subgroups H and K: Then H is P-equivalent
to K if for every pair of elements h 2 H and k 2 K; there exist P-numbers m and n
such that hm 2 K and kn 2 H: We write H �

P
K:

For the rest of this section, the P-isolator of a subgroup H of a group G will be
written as H:

Remark 5.4 Let G be a locally nilpotent group.

1. If H � G; then H �
P

H:

2. If H and K are subgroups of G; then H �
P

K if and only if H � K and K � H:

Theorem 5.5 Let G be a locally nilpotent group. For each i D 1; : : : ; n; suppose
that Hi �

P
Ki for subgroups Hi and Ki of G: If #.x1; : : : ; xn/ is a word in the

variables x1; : : : ; xn; then

#.H1; : : : ; Hn/ �
P
#.K1; : : : ; Kn/:

Proof Set H D #.H1; : : : ; Hn/ and K D #.K1; : : : ; Kn/: By Remark 5.4, it
suffices to prove that H � K: Let w D #.h1; : : : ; hn/; where hi 2 Hi for each i: We
claim that there exists a P-number m such that wm 2 KI that is, w 2 K:

Let M D gp.h1; : : : ; hn/: By hypothesis, M is nilpotent because it is a finitely
generated subgroup of G: Since Hi �

P
Ki for each i; there exists a P-number mi such

that hmi
i 2 Ki: For each i; define

Mi D gp.hi/ � Hi and Ni D gp
�
hmi

i

� � Ki:

Clearly, Ni � Mi; and thus #.N1; : : : ; Nn/ � #.M1; : : : ; Mn/: Furthermore,
each Mi and Ni is nilpotent because each Hi and Ki is locally nilpotent according
to Lemma 2.20 (ii). Thus, both #.N1; : : : ; Nn/ and #.M1; : : : ; Mn/ are nilpotent.
By Theorem 5.4,
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Œ#.M1; : : : ; Mn/ W #.N1; : : : ; Nn/�

is a P-number because ŒMi W Ni� D mi: Furthermore, w 2 #.M1; : : : ; Mn/: By
Corollary 2.6, there is a P-number m such that wm 2 #.N1; : : : ; Nn/ � K: ut

Let #.x1; x2/ D Œx1; x2�; and let G be a locally nilpotent group. Suppose that
H1 �

P
K1 and H2 �

P
K2 for subgroups H1; H2; K1; and K2 of G: By Theorem 5.5,

ŒH1; H2� �
P
ŒK1; K2�:

The result above, together with Remark 5.4, give the following:

Corollary 5.3 Let G be a locally nilpotent group. If H and K are subgroups of G;

then
	

H; K

 � 	

H; K


:

Several properties of the isolator carry over to the centralizer of a factor group in
a group. To make sense of this, we need a definition.

Definition 5.6 Let G be any group with N E G and N � H � G: The subgroup K
of G which satisfies the conditions N � K and K=N D CG=N.H=N/ is termed the
centralizer of H=N in G; written as K D CG.H=N/:

Thus, CG.H=N/ D fg 2 G j Œg; h� 2 N for all h 2 Hg:
Lemma 5.7 Let G be a locally nilpotent group with S E G: Suppose that R is a
subgroup of G such that S E R; and put C D CG.R=S/: The following hold:

(i) C is a subgroup of CG
�

R=S
�I that is,

	
C; R


 � SI
(ii) If S D S, then C D C;

(iii) If S � R, then C is P0-isolated in G;
(iv) If R E G and R=S is a finite P-torsion group, then G=C is a finite P-torsion

group.

Proof

(i) By Corollary 5.1, S E G: Hence, S E R: Clearly, ŒC; R� � S; and thus
ŒC; R� � S: By Corollary 5.3,

	
C; R


 � ŒC; R�

and the result follows.
(ii) By (i),

	
C; R


 � S: Since S D S;
	

C; R

 � S: Hence

	
C; R


 � S; and thus
C D C:

(iii) Suppose that xm 2 C for some P0-number m: Put X D gp.x/ and Y D gp.xm/:

Clearly, X �
P0

Y: By Theorem 5.5, ŒX; R� �
P0

ŒY; R�: We claim that

ŒX; R� � S \ IP0.S; G/:
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We show first that ŒX; R� � IP0.S; G/: Let w 2 ŒX; R�: Since ŒX; R� �
P0

ŒY; R�;

there exists a P0-number l such that wl 2 ŒY; R�: Now, Y � C implies that
ŒY; R� � S; and thus wl 2 S � IP0.S; G/: Since IP0.S; G/ is P0-isolated, w 2
IP0.S; G/: Secondly, R �

P
S since S � R by hypothesis. Invoking Theorem 5.5

again gives ŒX; R� �
P
ŒX; S�: Since S E G; we have ŒX; S� � S: Hence,

ŒX; S� � S; and consequently, ŒX; R� � S: This proves the claim. We therefore
have that ŒX; R� � S and x 2 C; as required.

(iv) Since R E G; we have that C E G: By the Third Isomorphism Theorem,

G=C Š G=S

C=S
D NG=S.R=S/

CG=S.R=S/
:

Thus, G=C is isomorphic to a subgroup of Aut.R=S/ by Theorem 1.3, and
consequently, G=C is finite because R=S is assumed to be finite. Furthermore,
R � S: By (iii), C is P0-isolated in G: Therefore, G=C is finite but P0-torsion-
free; that is, G=C is a finite P-torsion group. ut

The next theorem is a major result on isolators.

Theorem 5.6 (V. M. Glus̆kov) If G is a locally nilpotent group and H � G; then

IP.NG.H/; G/ � NG.IP.H; G//:

Equality holds if G is finitely generated, and thus nilpotent.

Proof Set N D NG.H/: By Proposition 1.1 (ii), ŒN; H� � H because H E N: By
Corollary 5.3,

	
N; H


 � ŒN; H� � H:

This implies that N � NG
�

H
�

again by Proposition 1.1 (ii).
Suppose that G is a finitely generated nilpotent group, and let x 2 NG

�
H
�
: We

must show that x 2 N. Since G is finitely generated, we may assume that G D
gp
�
x; N

�
: By the previous paragraph, N � NG

�
H
�
: Thus, G D NG

�
H
�
; and

consequently, H E G: Moreover,
	

H W H

 D m is a P-number by Theorems 2.24

and 5.3. By Corollary 2.6, we have H m � H: In fact, H m E G because H E G:
Let C denote the centralizer of H=H m in G: Observe that H=H m is a finite P-

torsion group. By Lemma 5.7 (iv), G=C is a finite P-torsion group. Thus, for every
gC 2 G=C; there exists a P-number l such that .gC/l D CI that is, gl 2 C: We
conclude that G D C: However, C normalizes H: For if c 2 C and h 2 H; then

Œc; h� 2 H m � H:

And so, c�1h�1c 2 H: Hence, C � N; and thus N D G: Since G D gp
�
x; N

�
; we

conclude that x 2 N: ut
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Corollary 5.4 Let G be a locally nilpotent group. If H is a P-isolated subgroup of
G; then so is NG.H/:

Proof Let g 2 G; and suppose that there is a P-number n such that gn 2 NG.H/:
Then g 2 NG.H/: By Theorem 5.6, g 2 NG

�
H
�
: Since H is P-isolated in G; we

have H D H: And so, g 2 NG.H/: ut

5.1.4 P-Isolators and Transfinite Ordinals

In the definitions that follow, certain group theoretic notions are extended to the
transfinite case.

Definition 5.7 Let H be a subgroup of a group G. We define the sequence of
successive normalizers of H as follows:

1. H0 D H.
2. If ˛ is a successor ordinal, then H˛ D NG.H˛�1/.
3. If ˛ is a limit ordinal, then H˛ D [ˇ<˛Hˇ .

We call H˛ the ˛th normalizer of H:

Definition 5.8 Let G be a group with subgroups H and K: If H � K; then we say
that H is an ascendant subgroup of K if there is a series of subgroups fH˛g˛�ˇ
satisfying:

1. H0 D H and Hˇ D K;
2. For each successor ordinal ˛ < ˇ, H˛�1 C H˛;
3. If ˇ is a limit ordinal, then Hˇ D [˛<ˇH˛ .

Note that if ˇ is a finite ordinal, then H is subnormal in K:

Lemma 5.8 Let G be a locally nilpotent group with subgroups H and K such that
H � K. For each ordinal ˛, let H˛ be the ˛th normalizer of H:

(i) If H D H; then H˛ D H˛ .
(ii) If H is an ascendant subgroup of K; then H is an ascendant subgroup of K.

Proof

(i) The proof is done by transfinite induction on ˛: Suppose that H D H: If ˛ D 0;

then H0 D H0 by hypothesis. Assume that the result holds for all ordinals

 < ˛:

• If ˛ is a successor ordinal and H˛�1 D H˛�1; then

H˛ D NG .H˛�1/ � NG
�
H˛�1

� D NG.H˛�1/ D H˛

by Theorem 5.6. Thus, H˛ D H˛:
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• Suppose that ˛ is a limit ordinal, and assume that H
 D H
 for all 
 < ˛:

We claim that H˛ D H˛: If x 2 H˛; then there exists a P-number m such
that xm 2 H˛: Thus, xm 2 H
 for some 
 < ˛: Since H
 D H
; x 2 H
:

Therefore, x 2 H˛ and H˛ D H˛ as claimed.

(ii) Since H is an ascendant subgroup of K; there exists a series
˚
H˛

�
˛<ˇ

satisfying

the conditions of Definition 5.8. We claim that the series
˚
H˛

�
˛<ˇ

satisfies

Definition 5.8 for H and K: Clearly, H0 D H; Hˇ D K; and H˛ � H˛C1
for ordinals ˇ and ˛: By Theorem 5.6 and the fact that H˛ C H˛C1; we have

NG
�
H˛

� � NG.H˛/ � H˛C1:

Thus, H˛ C H˛C1:
For a limit ordinal 
; we let x 2 H
: There exists a P-number m such that

xm 2 H
: Thus, xm 2 H˛ for some ˛ < 
: Hence, x 2 H˛ and H
 D [˛<
H˛:

Consequently, H is an ascendant subgroup of K: ut
The definition of the upper central series may be generalized to the transfinite

case.

Definition 5.9 The transfinite upper central series of a group G is the ascending
series of subgroups f�˛Gg defined by

1. �0G D 1;

2. �˛G=�˛�1G D Z .G=�˛�1G/ for all successor ordinals ˛; and
3. �˛G D S

ˇ<˛ �ˇG whenever ˛ is a limit ordinal.

Each term of the transfinite upper central series has cardinality at most the
cardinality of G: Consequently, there exists a least ordinal 
 such that

�
G D �
C1G D �
C2G D 	 	 	 :

The subgroup �
G is called the hypercenter of G: If G coincides with some term
of its transfinite upper central series, then it is called a hypercentral group (or ZA-
group).

Clearly, every nilpotent group is hypercentral. On the other hand, not every
hypercentral group is nilpotent. For example, let gp.x/ be a cyclic group of order
2: The semi-direct product

D21 D gp.x/ Ë Z21 ;

referred to as the locally dihedral 2-group, is hypercentral [30] but not nilpotent.
The next lemma deals with quotients of a P-torsion-free group by its (transfinite)

upper central subgroups. Part of its proof is contained in the proof of Corollary 2.20.
See [23] for complete details.
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Lemma 5.9 (D. H. McLain) Let G be any group. If G is P-torsion-free, then
G=�˛G is P-torsion-free for all ordinals ˛ � 1:

Lemma 5.10 Suppose that G is a P-torsion-free locally nilpotent group. If H � G
and H D G; then �ˇH D �ˇ

�
H
� \ H for any ordinal ˇ:

Proof The proof is done by transfinite induction. The result is clear for ˇ D 0:

Assume that the lemma holds for all ordinals ˛ < ˇ:

• Suppose that ˇ is a successor ordinal. By the induction hypothesis, we have
�ˇ�1H D �ˇ�1G \ H: Thus,

h
�ˇG \ H; H

i
�
h
�ˇG; G

i
\ H � �ˇ�1G \ H D �ˇ�1H;

and hence, �ˇG \ H � �ˇH: On the other hand, Corollary 5.3 gives

h
�ˇH; G

i
D
h
�ˇH; H

i
�
h
�ˇH; H

i
�
h
�ˇH; H

i
� �ˇ�1H � �ˇ�1G D �ˇ�1G;

where the last equality is a consequence of Lemmas 5.1 and 5.9. Therefore,
�ˇH � �ˇG \ H: We conclude that �ˇH D �ˇG \ H:

• If ˇ is a limit ordinal, then

�ˇH D
[

˛<ˇ

�˛H D
[

˛<ˇ

.�˛G \ H/ D �ˇG \ H:

This completes the proof. ut
Other results on isolators can be found in [10] and [18].

5.2 Extraction of Roots

The study of groups with unique roots dates back to the 1940s, when B. H. Neumann
[24] showed that every group can be embedded in a group in which roots exist,
but are not necessarily unique. Shortly afterwards, Mal’cev [22] proved that any
torsion-free nilpotent group can be embedded in a nilpotent group of the same class
in which roots not only exist, but are uniquely defined. Other major contributors
toward the development of the theory of extraction of roots include Kontorovic̆ [16]
and C̆ernikov (see [7] and [8]).

A major paper on root extraction is due to G. Baumslag [2], where he constructs
the “freest possible” group in which roots exist and are uniquely defined. This is
the so-called free D-group. More recently, S. Majewicz and M. Zyman studied root
extraction in nilpotent R-powered groups where R is a binomial domain (see [20]
and [21]).
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The purpose of this section is to acquaint the reader with some of the theory
of root extraction in groups. In particular, we focus on the extraction of roots in
nilpotent groups.

5.2.1 UP-Groups

Definition 5.10 A group G is called a UP-group if every element of G has at most
one nth root for every P-number n: If P is the set of all primes, then G is termed a
U -group.

If P D fpg; then we simply write Up instead of Ufpg: There are several equivalent
formulations of Definition 5.10 as follows:

1. A group is a UP-group if every element of the group has at most one pth root for
every prime p 2 P:

2. If G is a UP-group and g; h 2 G satisfy gn D hn for any P-number n; then g D h:
3. A group G is a UP-group if for each P-number n and g 2 G; the equation g D xn

has at most one solution.

If g 2 G has a unique nth root, then we write it as g1=n:

Proposition 5.1

(i) A subgroup of a UP-group is a UP-group.
(ii) Every P-torsion-free abelian group is a UP-group.

(iii) Every UP-group is P-torsion-free. Equivalently, P-torsion groups cannot be
UP-groups.

Proof

(i) Let G be a UP-group, and let H � G: If g 2 H and n is a P-number, then either
g has no nth root in G (nor in H) or g1=n exists in G: If g1=n 2 H; then g has a
unique nth root in HI otherwise it has none. Thus, H is a UP-group.

(ii) Suppose that g; h 2 G and gn D hn for some P-number n: Then
�
gh�1�n D 1

because G is abelian. Since G is P-torsion-free, gh�1 D 1; and thus g D h:
(iii) This part is the trivial half of Theorem 2.7. ut
Remark 5.5 The converse of Proposition 5.1 (iii) is not true. For example, the group

G D
D
a; b

ˇ
ˇ
ˇ a2 D b2

E

is torsion-free, but is not a U -group.

Lemma 5.11 Suppose that G and H are UP-groups and  2 Hom.G; H/: If g has
an nth root in G; then  .g/ has an nth root in H:
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Proof Observe that

 .g/ D �
 
�
g1=n

��n
:

Hence,  
�
g1=n

�
is the unique nth root of  .g/: ut

In particular, if G is a UP-group and g 2 G has an nth root for some P-number n;
then every conjugate of g also has an nth root.

Let G be any group and suppose that g; h 2 G: If Œg; h� D 1; then Œgm; hn� D 1

for any m; n 2 Z: The converse holds for UP-groups when m and n are P-numbers.

Lemma 5.12 (P. G. Kontorovic̆) Suppose that G is a UP-group and g; h 2 G: If
m and n are P-numbers and Œgm; hn� D 1; then Œg; h� D 1:

Proof If Œgm; hn� D 1; then

h�nghn D h�n.gm/1=mhn D .h�ngmhn/1=m D .gm/1=m D g:

Hence, Œg; hn� D 1: Thus,

g�1hg D g�1.hn/1=ng D
�

g�1hng
�1=n D .hn/1=n D h:

And so, Œg; h� D 1: ut
Corollary 5.5 Let G be a UP-group and suppose that g1 and g2 are elements in G
which have nth roots for some P-number n: If g1 and g2 commute, then g1=n

1 g1=n
2 is

the nth root of g1g2:

Proof Since g1 and g2 commute, their nth roots g1=n
1 and g1=n

2 also commute by
Lemma 5.12. Thus,

�
g1=n
1 g1=n

2

�n D
�

g1=n
1

�n �
g1=n
2

�n D g1g2:

Therefore, the nth root of g1g2 is g1=n
1 g1=n

2 . ut
Lemma 5.13 A direct product of a family of UP-groups is a UP-group.

Proof Let I be a nonempty index set, and suppose that .Gi/i2I is a family of UP-
groups. Let G be the direct product of the Gi; and pick an element g D .gi/i2I in G:
Let n be a P-number.

• If gi has no nth root for some i 2 I; then g has no nth root.
• If gi has a unique nth root for every i 2 I; then so does g:

g1=n D
�

g1=n
i

�

i2I
:

Therefore, G is a UP-group. ut
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Remark 5.6 The (standard) wreath product of two UP-groups is again a UP-group.
This was proven by G. Baumslag (see Theorem 18.1 of [2]). He also proved in [3]
(Corollary 4.7) that the unrestricted wreath product of a nontrivial U -group G by a
U -group H is a U -group if and only if H is a torsion group.

5.2.2 UP-Groups and Quotients

UP-groups and P-isolated subgroups are naturally related to each other.

Lemma 5.14 Let G be any group and N E G: If G=N is a UP-group, then N is
P-isolated in G:

Proof The result follows from Proposition 5.1 (iii) and Lemma 5.1. ut
Corollary 5.6 If G is a nilpotent group and N E G; then N is P-isolated in G if
and only if G=N is a UP-group.

Proof By Theorem 2.7, a nilpotent group is a UP-group if and only if it is P-torsion-
free. Apply Lemmas 5.1 and 5.14. ut

The quotient of a UP-group by its center is also a UP-group. The next lemma
which is very useful in its own right, will be needed to establish this.

Lemma 5.15 If G is a UP-group and S is a nonempty subset of G; then CG.S/ is
P-isolated in G: In particular, Z.G/ is P-isolated in G:

Proof Suppose that gn 2 CG.S/ for some P-number n: If s 2 S; then s�1gns D gn

and thus
�
s�1gs

�n D gn: Since G is a UP-group, s�1gs D g: And so, g 2 CG.S/: ut
Corollary 5.7 If G is a UP-group, then G=Z.G/ is also a UP-group. Thus, Inn.G/
is also a UP-group.

Proof Suppose that .gZ.G//n D .hZ.G//n for some P-number n and elements
gZ.G/ and hZ.G/ in G=Z.G/: There exists z 2 Z.G/ such that gn D hnz: Thus,
gn and hn commute. By Lemma 5.12, g and h also commute. Therefore, gn D hnz
can be expressed as

�
gh�1�n D z: Since Z.G/ is P-isolated in G by Lemma 5.15,

gh�1 is contained in Z.G/: Thus, gZ.G/ D hZ.G/: The last statement follows from
Corollary 1.1. ut
Remark 5.7 In general, the quotient of a UP-group need not be a UP-group. For
example, the additive group Z is torsion-free abelian and thus a U -group by
Proposition 5.1 (ii). However, the quotient Z=nZ; being isomorphic to Zn; is a finite
cyclic group for any n 2 N: Such groups are not U -groups by Proposition 5.1 (iii).

The converse of Corollary 5.7 is true for P-torsion-free groups.

Corollary 5.8 If G is a P-torsion-free group and G=Z.G/ is a UP-group, then G is
a UP-group.
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Proof Suppose that gn D hn for some g; h 2 G and P-number n: In the factor group
G=Z.G/; we have .gZ.G//n D .hZ.G//n: Thus, gZ.G/ D hZ.G/ because G=Z.G/
is assumed to be a UP-group. Hence, there exists z 2 Z.G/ such that g D hz: This
implies that gn D hnzn: Since gn D hn; we have zn D 1; and consequently, z D 1

because G is P-torsion-free. Therefore, g D h: ut

5.2.3 P-Torsion-Free Locally Nilpotent Groups

By Theorem 2.7, a nilpotent group is P-torsion-free if and only if it is a UP-group.
This is also the case for locally nilpotent groups.

Theorem 5.7 (S. N. C̆ernikov, A. I. Mal’cev) A locally nilpotent group is a UP-
group if and only if it is P-torsion-free.

Proof Suppose that G is a P-torsion-free locally nilpotent group and gn D hn for
some g; h 2 G and P-number n: The subgroup K D gp.g; h/ of G is finitely
generated (hence, nilpotent) and P-torsion-free. By Theorem 2.7, K is a UP-group.
Hence, g D h and G is a UP-group. The converse is just Proposition 5.1 (iii). ut
Corollary 5.9 Let G be a locally nilpotent group. A normal subgroup N of G is
P-isolated in G if and only if G=N is a UP-group.

Proof The result follows from Theorem 5.7, together with Lemmas 5.1 and 5.14. ut
Corollary 5.10 If G is a P-torsion-free (locally) nilpotent group, then G=Z.G/ is
also P-torsion-free (locally) nilpotent.

Proof This is a consequence of Theorems 2.7 and 5.7, together with Corollary 5.7
and Proposition 5.1 (iii). ut
Corollary 5.11 Let G be a P-torsion-free locally nilpotent group. If S is a nonempty
subset of G; then CG.S/ is P-isolated in G: In particular, Z.G/ is P-isolated in G:

Proof The result is immediate from Theorem 5.7 and Lemma 5.15. ut

5.2.4 Upper Central Subgroups of UP-Groups

Theorem 5.8 Let G be a UP-group. For each ordinal ˛ � 0;

(i) �˛C1G is P-isolated in GI
(ii) G=�˛C1G is a UP-group (hence, P-torsion-free);

(iii) �˛C1G=�˛G is an abelian UP-group (hence, P-torsion-free).
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Proof The proof is done by transfinite induction on ˛: If ˛ D 0; then Lemma 5.15,
Corollary 5.7, and Proposition 5.1 (i) and (iii) establish all three statements. Assume
that the theorem holds for all ˛ < ˇ:

• If ˇ � 1 exists, then G=�ˇ�1G is a UP-group by (ii) above. By Lemma 5.15,

Z
�
G=�ˇ�1G

� D �ˇG=�ˇ�1G

is P-isolated in G=�ˇ�1G: Thus, (i) follows from Theorem 5.1. By Corollary 5.7,
G=�ˇG is a UP-group since

G=�ˇG Š G=�ˇ�1G
Z
�
G=�ˇ�1

�

by the Third Isomorphism Theorem. Moreover, G=�ˇG is P-torsion-free by
Proposition 5.1 (iii). This establishes (ii). To prove (iii), note that �˛C1G=�˛G
is a UP-group since it is a subgroup of a UP-group and thus Proposition 5.1 (i)
applies. We again invoke Proposition 5.1 (iii).

• If ˇ is a limit ordinal, then

�ˇG D
[

˛<ˇ

�˛G;

where �˛G is P-isolated in G: Thus, �ˇG is P-isolated in G by Lemma 5.4 (ii).

Suppose that
�

g�ˇG
�n D

�
h�ˇG

�n
for some P-number n and g; h 2 G: Then

gn D hnz for some z 2 �ˇG: Thus, z 2 �˛G for some ˛ < ˇ: Therefore, we
have

�
g�˛G

�n D �
h�˛G

�n
: Since G=�˛G is a UP-group, we obtain g�˛G D

h�˛G; and consequently, g�ˇG D h�ˇG: This gives (ii), and (iii) follows from
Proposition 5.1. ut

Corollary 5.12 Let G be a UP-group.

1. If G is nilpotent of class c; then for each i D 0; 1; : : : ; c � 1;
(i) �iC1G is P-isolated in G;

(ii) G=�iC1G is a nilpotent UP-group (equivalently, P-torsion-free);
(iii) �iC1G=�iG is an abelian UP-group (equivalently, P-torsion-free).

2. If G is locally nilpotent, then for each ordinal ˛ � 0;

(i) �˛C1G is P-isolated in G;
(ii) G=�˛C1G is a locally nilpotent UP-group (equivalently, P-torsion-free);

(iii) �˛C1G=�˛G is an abelian UP-group (equivalently, P-torsion-free).

Proof The result follows at once from Theorems 2.7, 5.7, and 5.8. ut



174 5 Isolators, Extraction of Roots, and P-Localization

5.2.5 Extensions of UP-Groups

Lemma 5.16 A central extension of a UP-group by a UP-group is a UP-group.

Proof Suppose that G is a central extension of a UP-group Q by a UP-group N: Let
g and h be elements of G such that gn D hn for some P-number n: Passing to the
quotient G=N; we obtain .gN/n D .hN/n: Since G=N is isomorphic to the UP-group
Q; G=N is also a UP-group. This means that gN D hN and thus g D ha for some
a 2 N: Hence,

gn D .ha/n D hnan

because N � Z.G/: Therefore hn D hnan and thus an D 1: Since N is a UP-group,
a D 1: And so, g D h: ut

Lemma 5.17 A locally nilpotent group which is an extension of a UP-group by a
UP-group is itself a UP-group.

Proof The result follows from Lemma 2.13 and Theorem 5.7. ut
In [2], G. Baumslag showed that an extension of a UP-group by a UP-group is

not necessarily a UP-group. For example, let

B D ˝
b1; b2; : : :

ˇ
ˇ b2iC1 D bi;

	
bi; bj


 D 1; i D 1; 2; : : : ; j D 1; 2; : : :
˛
:

Clearly, B is a U2-group. Let A be the unrestricted direct product of jBj copies of
B indexed by the elements of B; where jBj represents the cardinality of B: For each
b 2 B; we denote the bth copy of B by Bb: For every a 2 A; we let ab 2 Bb denote
the bth component of a: By Lemma 5.13, A is also a U2-group. Define G to be the
unrestricted wreath product of B by B W

G D B o B D
D
A; B

ˇ
ˇ
ˇ
�
b0��1abb0 D abb0

�
a; b; b0 2 B

�E

Thus, G is an extension of the U2-group B by the U2-group A:
We assert that G is not a U2-group. Choose an element b ¤ 1 in B; and consider

the element a� of A whose component in Bbn is the isomorphic image of a.�1/n in
Bbn ; where 1 ¤ a 2 B; and whose components in all other Bb0 (b0 2 B) are equal to
the identity. Noting that b�1a�ba� D .a�/b a�; we have that the bnth component of

.a�/b is a.�1/
nC1

bn ; while the bnth component of a� is a.�1/
n

bn : Clearly,

a.�1/
nC1

bn a.�1/
n

bn D 1 2 Bbn :

Thus, if we put g D ba�; then

g2 D ba�ba� D b2
�

b�1a�ba�� D b2:

However, g D ba� ¤ b since a� ¤ 1: This proves the assertion.
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5.2.6 P-Radicable and Semi-P-Radicable Groups

Definition 5.11 A group G is called a P-radicable group (or an EP-group) if every
element of G has at least one nth root in G for every P-number n: Equivalently, G is
P-radicable if any of the following holds:

1. Every element of G has at least one pth root in G for every prime p 2 P;
2. For each P-number n and g 2 G; the equation g D xn has at least one solution.

If P is the set of all primes, then G is called a radicable group (also referred to as
an E -group or a complete group). If P D fpg; then G is p-radicable.

Lemma 5.18 A homomorphic image of a P-radicable group is P-radicable.

Proof Let G be a P-radicable group, and let ' 2 Hom.G; H/ for some group H: If
n is a P-number and g 2 G; then '.g/ has an nth root in '.G/: Indeed, there exists
h 2 G such that hn D g because G is P-radicable. Thus,

'.g/ D '.hn/ D .'.h//n;

and consequently, '.h/ is an nth root of '.g/ in '.G/: ut
Remark 5.8 In general, a proper subgroup of a P-radicable group need not be P-
radicable. For instance, the additive group Q is divisible, but the subgroup Z of Q is
not. See Lemma 5.24.

Lemma 5.19 A direct product of a family of P-radicable groups is P-radicable.

Proof Let I be a nonempty index set. Let .Gi/i2I be a family of P-radicable groups
and suppose that G is a direct product of the Gi: Choose an element g D .gi/i2I in
G: If n is any P-number, then there exists hi 2 Gi such that hn

i D gi for each i 2 I:
Thus,

g D .hn
i /i2I D .hi/

n
i2I :

Hence, .hi/i2I is an nth root of g: ut
Remark 5.9 The wreath product of two P-radicable groups is not always P-
radicable. However, one can obtain a P-radicable wreath product by imposing
certain conditions on the given groups. For instance, if G and H are p-radicable
groups for some prime p and G is nontrivial, then the unrestricted wreath product
of G by H is p-radicable if and only if H does not contain elements of order p: This
and related results can be found in [3].

Lemma 5.20 If G is a P-radicable group and �.G/ � G; then �.G/ is P-radicable.

Proof Let 1 ¤ g 2 �.G/ such that gn D 1 for some n 2 N: If m is any P-number,
then there is an element h 2 G such that g D hm: Thus, hmn D 1; so h 2 �.G/: ut

A finite group cannot be radicable unless it is trivial.
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Lemma 5.21 Every nontrivial radicable group is infinite.

Proof Assume that there exists a nontrivial finite radicable group G of order n: If
1 ¤ g 2 G; then there exists h 2 G such that g D hn: Since jGj D n; hn D 1: This
implies that g D 1; a contradiction. ut

In contrast to Lemma 5.21, a finite p-torsion-free group is always p-radicable for
any prime p:

Lemma 5.22 Every finite p-torsion-free group is p-radicable.

Proof Let G be a finite p-torsion-free group with exponent n:Clearly, n ¤ p because
G is p-torsion-free. Furthermore, p does not divide n: To see this, suppose that n D
pm for some m 2 N: If 1 ¤ g 2 G; then

1 D gn D gpm D .gm/p :

Since G is p-torsion-free, it must be the case that gm D 1: This contradicts the
assumption that G has exponent n:

Now, since n and p are relatively prime, there are integers r and s such that
rn C sp D 1: If g 2 G; then

g D grnCsp D .gr/n.gs/p D .gs/p:

Therefore g has a pth root and thus G is p-radicable. ut

5.2.7 Extensions of P-Radicable Groups

Just as for UP-groups, an extension of a P-radicable group by a P-radicable group is
not necessarily P-radicable. Counterexamples have been constructed using wreath
products and are given by G. Baumslag in [3].

Lemma 5.23 A central extension of a P-radicable group by a P-radicable group is
P-radicable.

Proof Let G be a central extension of a P-radicable group Q by another P-radicable
group N: Let g 2 G; and let n be a P-number. Since G=N is isomorphic to Q; G=N
is also P-radicable. Thus, gN 2 G=N has an nth root in G=N; say hN: This means
that gN D .hN/n D hnN: Hence, g D hna for some a 2 N: Now, a has an nth root
in N; say a0; since N is P-radicable. Therefore,

g D hnan
0 D .ha0/

n

since N � Z.G/: Thus, g has an nth root in G: ut
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The question of whether or not P-radicability is preserved under extensions for
nilpotent groups will be answered in Corollary 5.16.

5.2.8 Divisible Groups

Abelian radicable groups are usually referred to as divisible and P-radicable abelian
groups are called P-divisible. If G is an additively written P-divisible group, then

G D fng j g 2 Gg D nG

for every P-number n: Equivalently, G D pG for all primes p 2 P:
Our intention here is to mention only those results on divisible groups which will

be needed for our discussion on nilpotent P-radicable groups.
A divisible group which plays a major role in the study of abelian groups is the

additive group of the rational numbers Q: Clearly, Q is torsion-free.

Lemma 5.24 Q is divisible.

Proof Let p=q be an element of Q: If n 2 N; then p=qn 2 Q and n.p=qn/ D p=q:
Thus, p=qn is an nth root of p=q: ut

Another important divisible group is the p-quasicyclic group Zp1 : Recall from
Section 2.2 that for any prime p; the p-quasicyclic group (also referred to as the
Prüfer p-group) is the group with additive presentation

Zp1 D hx1; x2; : : : j px1 D 0; pxnC1 D xn for n D 1; 2; : : :i : (5.2)

It is clear from the presentation that Zp1 is a p-group.

Lemma 5.25 Zp1 is divisible.

Proof It suffices to exhibit a qth root for each generator xi in the presentation (5.2),
where q is any prime. If q D p; then we read off from (5.2) that xiC1 is the pth root
of xi for i D 1; 2; : : : :

Suppose that q ¤ p: A direct calculation shows that xi has order pi: Since pi and
q are relatively prime, there exist integers a and b such that api C bq D 1: Thus,

xi D
�

api C bq
�

xi D apixi C bqxi D bqxi D q
�

bxi

�
:

Hence, the qth root of xi is bxi: ut
The next result is a fundamental structure theorem for divisible groups. A proof

can be found in [15].
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Theorem 5.9 Let G be a divisible group.

(i) If G is torsion-free, then it is a direct sum of isomorphic copies of Q:
(ii) If G is a torsion group, then it is a direct sum of p-quasicyclic groups for

various primes p:
(iii) If G is mixed, then it is a direct sum of isomorphic copies of Q and p-

quasicyclic groups for various primes p:

A finitely generated nontrivial abelian group can never be divisible. This is the
point behind the next result.

Theorem 5.10 No nontrivial divisible group is finitely generated.

Proof Suppose that G is a nontrivial divisible group. Assume on the contrary, that
G is finitely generated. By the Fundamental Theorem of Finitely Generated Abelian
Groups, G is isomorphic to the direct product of a finite number of copies of Z and
a finite abelian group. Clearly, no factors of Z can appear in GI otherwise, Z would
be divisible, which is absurd. Hence, G is isomorphic to a finite abelian group, say
H: Since G is divisible, Lemma 5.21 implies that H is trivial. We conclude that G
must be trivial, a contradiction. ut

A proper subgroup of a divisible group is not necessarily divisible (see
Remark 5.8). In particular, we have:

Lemma 5.26 Q has no proper divisible subgroups.

Proof Let 0 ¤ H be a divisible subgroup of Q: We claim that H D Q: To begin
with, we show that Z is a subgroup of H: Suppose that a=b is a nonzero element
of H and assume without loss of generality, that a > 0: Then a D b.a=b/ is also
contained in H: Since H is divisible, for any n > 0; there exists an element h 2 H
such that a D nh: In particular, there exists an element h 2 H such that a D ah:
This means that 1 2 H and consequently, Z � H:

Next, suppose that r=s 2 Q: Clearly, r 2 H because r 2 Z: Since H is divisible,
there exists an element k 2 H such that r D sk; where we may assume without loss
of generality, that k > 0: It is evident that k D r=s: Thus, r=s 2 H and consequently,
H D Q: ut

5.2.9 Nilpotent P-Radicable Groups

In [7] and [8], S. N. C̆ernikov made various contributions toward the development
of the theory of hypercentral P-radicable groups. Our discussion will be restricted
to nilpotent groups. The related results for hypercentral groups can be found in the
papers of S. N. C̆ernikov or the work of G. Baumslag [2].

Theorem 5.11 (S. N. C̆ernikov) If G is a P-radicable nilpotent group, then Z.G/ is
P-isolated in G:
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Proof The proof is done by induction on the class c of G: The result is trivial when
c D 1: Assume that it is true for c > 1: Let 1 ¤ g 2 G; and suppose gn 2 Z.G/ for
some P-number n: We claim that g 2 Z.G/: By Lemmas 2.12 and 5.18, G=Z.G/ is
a P-radicable nilpotent group of class c � 1: By induction, .gZ.G//n 2 Z.G=Z.G//
implies that gZ.G/ 2 Z.G=Z.G// and thus g 2 �2G: Let h 2 G and suppose that
hn
0 D h for some h0 2 G: Then

	
g; h


 D 	
g; hn

0


 D 	
gn; h0


 D 1:

Therefore, g 2 Z.G/: ut
Corollary 5.13 If G is a P-radicable nilpotent group, then G=Z.G/ is a nilpotent
UP-group (equivalently, P-torsion-free).

Proof The result follows from Theorems 5.7 and 5.11, together with Lemma 5.1. ut
Corollary 5.14 If G is a P-radicable nilpotent group, then �P.G/ � Z.G/:

Proof If g 2 �P.G/; then gn D 1 for some P-number n: Hence, gn 2 Z.G/: Apply
Theorem 5.11. ut

In the case that P is the set of all primes, we have:

Corollary 5.15 If G is a radicable nilpotent group, then �.G/ � Z.G/: Thus, every
torsion radicable nilpotent group is abelian.

Just as for certain UP-groups, the upper central subgroups of a P-radicable
nilpotent group inherit various root properties from the group.

Theorem 5.12 Suppose that G is a P-radicable nilpotent group of class c: For each
i D 0; 1; : : : ; c � 1,

(i) G=�iG is P-radicable and nilpotent;
(ii) �iG is P-radicable, nilpotent, and P-isolated in GI

(iii) �iC1G=�iG is P-divisible.

Proof Lemma 5.18 immediately gives (i). The proofs of (ii) and (iii) are by
induction on i:

• If i D 0; then (ii) is trivial. We prove (iii). By Theorem 5.11, Z.G/ is P-isolated
in G: Let g 2 Z.G/ and choose any P-number n: Since G is P-radicable, there
exists h 2 G such that hn D g: Thus, hn D Z.G/ and consequently, h 2 Z.G/:
Thus, Z.G/ is P-radicable.

• Suppose that the theorem is true for 0 � i < j: By Corollary 5.13, G=Z.G/ is a
UP-group. Since

G=�jG Š G=�j�1G
Z
�
G=�j�1G

� ;
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it follows by induction and Theorem 5.8 that G=�jG is also UP-group. Therefore,
G=�jG is P-torsion-free by Proposition 5.1 (iii) and thus �jG is P-isolated in G
by Lemma 5.1. We need to show that �jG is P-radicable. Suppose that g 2 �jG
and n is a P-number. Since G is P-radicable, there exists h 2 G such that g D hn:

Furthermore, hn 2 �jG and �jG is P-isolated in G: And so, h 2 �jG: Thus, �jG is
P-radicable and (ii) is proven. Now, G=�j�1G is P-radicable by Lemma 5.18. By
(ii) above, Z.G=�j�1G/ D �jG=�j�1G is P-radicable. This proves (iii). ut

Remark 5.10 Even though the center of a P-radicable nilpotent group is P-
radicable by Theorem 5.12 (ii), a nilpotent group whose center is P-radicable is
not necessarily P-radicable. For example, the semi-direct product

G D �
Zp1 ˚ Zp1

�
Ì' Z;

which is obtained by setting A D Zp1 in Example 2.20, is a nilpotent group whose
center is isomorphic to Zp1 ; a divisible group. However, it is easy to see that G is
not radicable.

Theorem 5.13 If G is a P-radicable nilpotent group, then the terms of the lower
central series of G are also P-radicable.

Proof Suppose that G is of class c: We show first that the central subgroup �cG is
P-radicable. By definition,

�cG D gp .Œg; h� j g 2 G; h 2 �c�1G/ : (5.3)

Let Œg; h� be one of the generators of �cG in (5.3). If n is a P-number, then g has an
nth root, say Ng: By Lemma 1.13,

Œg; h� D ŒNgn; h� D ŒNg; h�n:

Thus, Œg; h� has an nth root in �cG: Since �cG is abelian, each of its elements has an
nth root; that is, �cG is P-radicable.

The rest of the proof is done by induction on the class c of G: The result is trivial
if c D 1: Suppose that it is true for all P-radicable nilpotent groups of class less than
c > 1: By Lemma 5.18, G=�cG is a P-radicable group of class c � 1: By induction
and Corollary 2.1, �i.G=�cG/ D �iG=�cG is P-radicable for 1 � i � c � 1: Thus,
�iG is a central extension of a P-radicable group by another. By Lemma 5.23, �iG
is P-radicable. ut

In order to determine whether or not a given nilpotent group is P-radicable, one
can inspect its abelianization. To prove this, we need a simple lemma.

Lemma 5.27 If A is a P-divisible Z-module, then so is
Nk

Z
A for any k 2 N:

Proof Let a1 ˝ 	 	 	 ˝ ak 2 Nk
Z

A and suppose that n is a P-number. Since A is
P-divisible, there exists b 2 A such that na1 D b: Then



5.2 Extraction of Roots 181

n.a1 ˝ 	 	 	 ˝ ak/ D .na1/˝ 	 	 	 ˝ ak

D b ˝ 	 	 	 ˝ ak:

Thus, a1 ˝ 	 	 	 ˝ ak has an nth root in
Nk

Z
A: ut

Theorem 5.14 A nilpotent group G is P-radicable if and only if Ab.G/ is a
P-divisible group.

Proof Suppose that G is of class c and Ab.G/ is P-divisible. We claim that �cG
is P-divisible. By Lemma 5.27,

Ni
Z

Ab.G/ is P-divisible for i D 1; 2; : : : :

By Corollary 2.10 and Lemma 5.18, each quotient �iG=�iC1G is P-divisible. In
particular, �cG=�cC1G D �cG is P-divisible as claimed.

The rest of the proof is done by induction on c: If c D 1; then the result is evident.
Suppose that it is true for all P-radicable nilpotent groups of class less than c > 1:

By Lemma 2.8, G=�cG has nilpotency class c � 1: Thus, G=�cG is P-radicable by
induction. Since �cG is P-radicable and �cG � Z.G/; Lemma 5.23 proves the claim.
The converse is immediate by Lemma 5.18. ut

Another type of group which arises in the study of extraction of roots is the so-
called semi-P-radicable group.

Definition 5.12 A group G is called semi-P-radicable if G D Gn for every
P-number n: If P is the set of all primes, then G is called semi-radicable or C̆ernikov
complete.

Thus, G is semi-P-radicable if every element of G can be expressed in the form

gn
1g

n
2 	 	 	 gn

k

for some elements g1; g2; : : : ; gk of G and any P-number n: Some elementary
properties of semi-P-radicable groups are collected in the next lemma.

Lemma 5.28 (i) Every P-radicable group is semi-P-radicable.
(ii) Every semi-P-radicable abelian group is P-divisible.

(iii) Every homomorphic image of a semi-P-radicable group is semi-P-radicable.
(iv) Semi-P-radicability is preserved under extensions.

Proof

(i) The result is obvious.
(ii) Suppose that G is a semi-P-radicable abelian group, and let n be a P-number.

If g 2 G; then there exist elements g1; : : : ; gk in G such that

g D gn
1g

n
2 	 	 	 gn

k D .g1g2 	 	 	 gk/
n:

Therefore, g has an nth root and thus G is P-divisible.
(iii) Let ' 2 Hom.G; H/; where G is semi-P-radicable and H is any group. Since

G D Gn for any P-number n; we have '.G/ D '
�
Gn
� D �

'.G/
�n
: Thus, '.G/

is semi-P-radicable.



182 5 Isolators, Extraction of Roots, and P-Localization

(iv) Let G be a group with N E G and suppose that N and G=N are semi-P-
radicable. If g 2 G; then there exist elements g1; : : : ; gk 2 G such that

gN D .g1N/
n.g2N/

n 	 	 	 .gkN/n

for some P-number n: Hence, g D gn
1g

n
2 	 	 	 gn

kh for some h 2 N: Since N
is semi-P-radicable, there exist elements h1; : : : ; hl 2 G such that h D
hn
1h

n
2 	 	 	 hn

l : The result follows. ut
Remark 5.11 Not all semi-P-radicable groups are P-radicable. We present an
example given in [30]. Suppose that p 2 P and W D A o T; where both A an T
are isomorphic copies of Zp1 : Let

A D ˝
a1; a2; : : :

ˇ
ˇ ap

1 D 1; ap
2 D a1; ap

3 D a2; : : :
˛

and

T D ˝
t1; t2; : : :

ˇ
ˇ tp
1 D 1; tp

2 D t1; tp
3 D t2; : : :

˛

be presentations for A and T respectively. Then W D BÌT; where B D Q
t2T At and

T acts on B by conjugation. Realize that this action induces a ZT-module structure
on the abelian group B: Since both B and T are clearly semi-p-radicable, W must
also be semi-p-radicable. We prove that W is not p-radicable.

We argue that t1a1 does not have a pth root in W: Suppose on the contrary that
there exist elements t 2 T and b 2 B such that

.tb/p D t1a1:

A standard computation gives

tpbtp�1Ctp�2C���CtC1 D t1a1:

Hence, tp D t1 and

btp�1Ctp�2C���CtC1 D a1 (5.4)

in B: For each k D 0; : : : ; p � 1; let tkp act on both sides of (5.4). This gives the
following sequence of equations:

btp�1Ctp�2C���CtC1 D a1

bt2p�1Ct2p�2C���CtpC1Ctp D atp
1

bt3p�1Ct3p�2C���Ct2pC1Ct2p D at2p

1

:::

btp
2

�1Ctp
2

�2C���Ct.p�1/pC1Ct.p�1/p D at.p�1/p

1 :
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Multiplying these equations together gives

btp
2

�1Ctp
2

�2C���CtC1 D atp
2

�pCtp
2

�2pC���Ct2pCtpC1
1 D d; (5.5)

an element in B: By letting t � 1 act across (5.5), we obtain

btp
2�1 D atp

2
�pC1�tp

2
�pCtp

2
�2pC1�tp

2
�2pC���Ct2pC1�t2pCtpC1�tpCt�1

1 D dt�1: (5.6)

Since t has order p2; dt�1 D 1: However, the exponent of a1 in (5.6) is a nonzero
element of the group ring ZT: This gives a contradiction.

Theorem 5.15 A nilpotent group G is semi-P-radicable if and only if it does not
contain a proper normal subgroup of finite index equal to a P-number.

Proof Suppose that G is any semi-P-radicable group. Assume on the contrary that G
contains a proper normal subgroup N such that ŒG W N� D n; where n is a P-number.
Then .G=N/n D N and thus G=N is not semi-P-radicable. On the other hand, G=N
must be semi-P-radicable since it is a homomorphic image of G by Lemma 5.28.
This gives a contradiction.

Conversely, suppose that G contains no proper subgroup of finite index equal to
a P-number. Assume that G is not semi-P-radicable, so that Gn ¤ G for some P-
number n: Since Gn E G; G=Gn is nilpotent of order at most n: There are two cases
to consider:

1. If G=Gn is abelian, then it is a direct sum of cyclic groups of prime order. Thus,
there exists a normal subgroup H=Gn of G=Gn such that the quotient of G=Gn

by H=Gn is cyclic of prime order. Since this quotient is isomorphic to G=H by
the Third Isomorphism Theorem, H must be a proper subgroup of G with finite
index equal to a P-number. This contradicts the assumption that G contains no
proper subgroup of finite index equal to a P-number.

2. If G=Gn is not abelian, then �2.G=Gn/ ¤ Z.G=Gn/: By Theorem 2.30, there
exists ' 2 Hom.G=Gn; Z.G=Gn// such that

'.G=Gn/ D K=Gn ¤ Gn

for some subgroup K of G: Since K=Gn is abelian, it has a subgroup N=Gn of
finite index equal to a P-number by the previous case. Thus, '�1.N=Gn/ has
finite index equal to a P-number in G=Gn: Therefore, G has a subgroup of finite
index equal to a P-number, a contradiction. ut
A related result for the case when P is the set of all primes is:

Theorem 5.16 A nilpotent group is semi-radicable if and only if it does not contain
a proper subgroup of finite index.

Notice that the normality condition is no longer required. The proof is similar to
the one for Theorem 5.15, but uses Theorem 5.26.
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Theorem 5.17 Let G be a nilpotent group. The following are equivalent:

(i) G has no proper normal subgroups of finite index equal to a P-number;
(ii) G is semi-P-radicable;

(iii) G is P-radicable.

Proof In light of Theorem 5.15 and the fact that every P-radicable group is semi-
P-radicable, we only need to verify that (ii) implies (iii). If G is a semi-P-radicable
nilpotent group, then so is Ab.G/: Since Ab.G/ is abelian, it is P-divisible. The result
follows from Theorem 5.14. ut

We offer another proof of (ii) ) (iii) which can be found in [2]. The idea is
essentially the same as the one given for Theorem 5.13. Let G be a semi-P-radicable
nilpotent group of class c: We show first that �cG is P-divisible. By definition,

�cG D gp
�	

g; g0
 ˇˇ g 2 G; g0 2 �c�1G
�
: (5.7)

Choose a generator h D 	
g; g0
 of �cG in (5.7) and let n be a P-number. Since G is

semi-P-radicable, we can write

g D gn
1g

n
2 	 	 	 gn

k ;

where g1; : : : ; gk 2 G: Since
	
gn

i ; g0
 2 �cG � Z.G/ for each i D 1; 2; : : : ; k;
Lemmas 1.4 (v) and 1.13 give

h D 	
gn
1g

n
2 	 	 	 gn

k ; g0


D �	
g1; g0
	g2; g0
 	 	 	 	gk; g0
�n

:

It follows that h can be expressed as an nth power of an element in �cG: This
procedure applies for all P-numbers n: Since �cG is abelian, �cG is P-divisible as
claimed.

The rest of the proof is done by induction on c: The result is clearly true when
c D 1: Suppose that c > 1 and assume that every semi-P-radicable nilpotent group
of class less than c is P-radicable. By Lemma 5.28 (iii), G=�cG is generated by its
nth powers for any P-number n: Since G=�cG is of class c�1; G=�cG is P-radicable
by induction. Therefore, G is P-radicable by Lemma 5.23.

Corollary 5.16 A nilpotent group which is an extension of a P-radicable group by
a P-radicable group is itself P-radicable.

Proof The result is immediate from Lemma 5.28 (iv) and Theorem 5.17. ut
Remark 5.12 It follows from Lemma 5.18, Corollary 5.16, and Lemma 5.27 that P-
radicability is property P for nilpotent groups (see Definition 2.15). This is related
to Theorems 5.14 and 2.19.
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5.2.10 The Structure of a Radicable Nilpotent Group

We restate Corollary 2.20 for the transfinite upper central series. A proof can be
found in Theorem 2.25 of [29].

Theorem 5.18 (D. H. McLain) Let G be any group. If Z.G/ is P-torsion-free, then
�˛C1G=�˛G is P-torsion-free for every ordinal ˛:

The next theorem describes the structure for radicable nilpotent groups.

Theorem 5.19 (S. N. C̆ernikov) Let G be a radicable nilpotent group. There exists
a well-ordered family of subgroups fA˛ j 0 � ˛ � 	g of G for some ordinal 	 such
that:

(1) A0 is a central subgroup of G; as well as the direct product of p-quasicyclic
groups for various primes pI

(2) A˛ is isomorphic to Q whenever 0 < ˛ < 	I
(3) if B0 D 1 and Bˇ D gp.A˛ j 0 � ˛ < ˇ/; then Bˇ is normal in G; Bˇ \Aˇ D 1

for every 0 < ˇ < 	; and B	 D G:

Proof We follow [17] and [30]. Set A0 D B1 D �.G/: By Lemma 5.20 and
Corollary 5.15, A0 is a divisible subgroup of Z.G/: It is also the direct product of
p-quasicyclic groups for various primes p by Theorem 5.9 (ii).

Clearly, G=B1 is torsion-free and nilpotent by Corollaries 2.5 and 2.15. By
Theorems 5.12 (iii) and 5.18, the upper central factors of G=B1 are torsion-free
and divisible. Furthermore, each such factor is a direct sum of isomorphic copies of
Q by Theorem 5.9 (i). Hence, one can refine the upper central series of G=B1 and
obtain an ascending transfinite central series

1 D B0 < B1 < 	 	 	 < B	 D G;

where B˛C1=B˛ Š Q for ˛ > 0: Thus, B˛C1=B˛ is torsion-free and divisible for
˛ > 0: By Corollary 5.16, each B˛ is radicable.

We construct A˛: Let g 2 B˛C1 n B˛ where ˛ > 0: Since B˛C1 is radicable, it
contains a set of elements S D fgn j n � 1g such that

g D g1; g1 D g22; g2 D g33; : : : ; gm�1 D gm
m; : : : :

Put A˛ D gp.S/ � B˛C1: Note that A˛ is divisible. We claim that B˛ \ A˛ D 1:

Assume that there exists an element 1 ¤ a 2 B˛ \ A˛: Since a 2 A˛; a D gr
k

for some r 2 N and k � 1: Hence, gr
k 2 B˛ and thus .gkB˛/r D B˛ in B˛C1=B˛:

Therefore, gkB˛ D B˛ because B˛C1=B˛ is torsion-free. This means that gk 2 B˛:
However, a computation shows that g D gkŠ

k 2 B˛: This contradicts the assumption
that g 2 B˛C1 n B˛: Consequently, B˛ \ A˛ D 1 as claimed. Thus, A˛ is isomorphic
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to gp.gnB˛ j n � 1/ D A˛=B˛; which is a subgroup of B˛C1=B˛ Š Q: Since A˛ is
also divisible, it must be isomorphic to Q itself by Lemma 5.26. Therefore,

B˛C1=B˛ Š Q Š A˛:

And so, B˛C1 D A˛B˛ and B˛ D gp
�
A� j 0 � � < ˛

�
: ut

5.2.11 The Maximal P-Radicable Subgroup

Let G be a nilpotent group. If fHi j i 2 Ig is the collection of all semi-P-radicable
subgroups of G; then gp.Hi j i 2 I/ is also a semi-P-radicable subgroup of G:
This, together with Theorem 5.17, implies that every nilpotent group has a unique
maximal P-radicable subgroup for any nonempty set of primes P: This unique
maximal P-radicable subgroup of G is denoted by %P.G/ (or %.G/ when P is the
set of all primes). If P D fpg; then we write %p.G/: Evidently, %P.G/ always exists
since the trivial group is P-radicable.

A thorough study of the maximal P-radicable subgroup of a nilpotent group is
given by R. B. Warfield, Jr. in [33]. We give only a brief survey of this work.

Definition 5.13 A group G is called P-reduced if it contains no nontrivial semi-P-
radicable subgroups.

By Theorem 5.17, a P-reduced nilpotent group cannot have nontrivial P-
radicable subgroups. Furthermore, if G is a nilpotent group, then G=%P.G/ is
P-reduced by Corollary 5.16.

One can determine if a nilpotent group is P-reduced by examining its center.

Theorem 5.20 Let G be a nilpotent group. Then G is P-reduced if and only if Z.G/
is P-reduced.

Proof If G is P-reduced, then Z.G/ is clearly P-reduced. The converse is proven by
contradiction. Suppose that Z.G/ is P-reduced and assume that G is not P-reduced.
By Theorem 5.17, there exists a nontrivial P-radicable subgroup H of G: Hence,
there exists an integer n � 0 such that H is a subgroup of �nC1G but not �nG:
Thus, �nC1G=�nG contains the nontrivial P-radicable subgroup H�nG=�nG: Choose
an element h�nG 2 H�nG=�nG such that h 2 H but h … �nG: By Theorem 2.30,
there exists a homomorphism

' W �nC1G=�nG ! Z.G/

such that '.h�nG/ ¤ 1: Consequently, im ' ¤ 1: Furthermore, '
�

H�nG=�nG
�

is

P-radicable by Lemma 5.18. This contradicts the hypothesis that Z.G/ is P-reduced.
Therefore, G is P-reduced. ut

The maximal P-radicable subgroup of a P-torsion nilpotent group is always
central.
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Lemma 5.29 If G is a P-torsion nilpotent group, then %P.G/ < Z.G/:

Proof The proof is done by induction on the class c of G: If c D 1; then the result
is obvious. Suppose that the lemma holds for c > 1 and let g 2 G: Since G is a
P-torsion group, there exists a P-number n such that gn D 1: Hence, gn 2 Z.G/ and
thus G=Z.G/ is a P-torsion group. It is also nilpotent of class c � 1 by Lemma 2.12.
By induction, %P.G=Z.G// < Z.G=Z.G// or equivalently, Œ%P.G/; G� � Z.G/:
Choose an element h 2 %P.G/: There exists an element h0 2 %P.G/ such that
h D hn

0: By Lemma 1.13,

Œh; g� D 	
hn
0; g


 D Œh0; gn� D 1:

Therefore, h 2 Z.G/ and consequently, %P.G/ < Z.G/: ut
Theorem 5.21 Every finitely generated P0-torsion-free abelian group has a trivial
maximal P-radicable subgroup.

Proof Let G be a finitely generated P0-torsion-free abelian group. By the Funda-
mental Theorem of Finitely Generated Abelian Groups, there exists a set of distinct
primes fp1; : : : ; pkg and positive integers n1; : : : ; nk such that G is isomorphic
to the direct sum of a finite number of copies of Z and a finite abelian group of
order pn1

1 	 	 	 pnk
k : The primes p1; : : : ; pk must lie in P since G is assumed to be

P0-torsion-free.
Suppose that %P.G/ ¤ 1 and let 1 ¤ g0 2 %P.G/: Put m D p1 	 	 	 pk: Since m is a

P-number, there exist elements g1; g2; : : : in %P.G/ such that

g0 D mg1; g1 D mg2; : : : ; gl D mglC1; : : : : (5.8)

Consider the subgroup

H D gp.g0; g1; g2; : : : ; gl; : : :/

of G: Since G is finitely generated, H is also finitely generated. Thus, H D gp.gi/

for some i � 0: Now, giC1 2 H implies that giC1 D tgi for some integer t: Hence,
gi D .tm/gi by (5.8) and consequently, .tm � 1/gi D 0: This means that tm � 1 is
a P-number and must be divisible by at least one of the primes p1; : : : ; pk: This is
impossible since m is divisible by every such prime. ut
Theorem 5.22 If G is a finitely generated nilpotent group, then %P.G/ D �P0.G/:

Proof Let g 2 �P0.G/: There exists a P0-number m such that gm D 1: If n is a
P-number, then there exist integers r and s satisfying rm C sn D 1: Hence,

g D grmCsn D .gm/r.gs/n D .gs/n:

Therefore, g 2 %P.G/ and thus �P0.G/ � %P.G/: This being the case, we may
assume that �P0.G/ D 1:
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We claim that %P.G/ D 1: In light of Theorem 5.20, it suffices to show that
%P.Z.G// D 1: Well, Z.G/ is P0-torsion-free by assumption and finitely generated
by Theorem 2.18. Thus, %P.Z.G// D 1 by Theorem 5.21. ut
Corollary 5.17 If G is a finitely generated nilpotent group, then %P.G/ is a finite
P0-torsion group.

Proof The result is a consequence of Theorem 5.22 and Corollary 2.16. ut
We investigate a certain subgroup of a nilpotent group which is closely related

to the maximal P-radicable subgroup. To begin with, let G be any (not necessarily
nilpotent) group. Pick a prime p and consider the descending series

G � Gp � Gp2 � 	 	 	 � Gpk � 	 	 	 �
1\

nD1
Gpn D Gp1

: (5.9)

Since the conjugate of a pkth power is again a pkth power, each Gpk
is a normal

subgroup of G: In additive notation, we write the last equality of (5.9) as

1\

nD1
pnG D p1G:

The definition of semi-p-radicability may be given in terms of Gp1

:

Lemma 5.30 A group G is semi-p-radicable if and only if G D Gp1

:

Two relationships between Gp1

and %p.G/ are apparent.

1. %p.G/ is always a subgroup of Gp1

: For suppose that g 2 %p.G/, then g D gp
1

for some g1 2 %p.G/: Moreover, g1 D gp
2 for some g2 2 %p.G/: Thus, g D gp2

2 :

Continuing in this way, we see that for any n > 0; there exists gn 2 %p.G/ such
that g D gpn

n : This means that g 2 Gp1

:

2. If Gp1

is a p-radicable subgroup of G; then it must equal %p.G/: This is due to
the fact that %p.G/ is maximal with respect to p-radicability.

In general, Gp1

need not be a p-radicable subgroup of G: Consider, for example,
the abelian p-group G with presentation (in additive notation)

G D hx1; x2; : : : j px1 D 0; pnxnC1 D x1 for n D 1; 2; : : :i :
The subgroup C D gp.x1/ is a cyclic group of order p and thus not p-radicable.
We claim that p1G D C: It is easy to see that any nontrivial subgroup of G must
contain C: Consequently, C � p1G: Now, the factor group G=C is a direct product
of cyclic groups. Hence,

1\

nD1
pn.G=C/ D C:

It follows that p1G D C as claimed.
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Theorem 5.23 If G is a p-torsion-free nilpotent group, then Gp1 D %p.G/:

Proof Suppose that G has nilpotency class c and let g 2 Gp1

: For every integer
n � 0; we have g 2 Gpn

: Choose n sufficiently large so that n > f .p; c/; where
f .p; c/ is the integer guaranteed by Lemma 4.4. There exists h 2 Gpn

such that

g D hpn�f .p; c/
:

We need to prove that h 2 Gp1

; establishing that h is a pth root of g in Gp1

:

Set m D n � f .p; c/ and let l 2 N: Since g 2 Gp1

and n C l > f .p; c/; there
exists an element k 2 G such that g D kpmCl

: Then

kpmCl D
�

kpl
�pm

D hpm
:

Since G is p-torsion-free, kpl D h by Theorem 2.7. Hence, h has a plth root for every
l 2 N: And so, h 2 Gp1

: ut
Corollary 5.18 If G is a torsion-free nilpotent group, then Gp1 D %p.G/ for any
prime p:

Proof The result is an immediate consequence of Theorem 5.23. ut
The next corollary follows at once from Theorems 5.22 and 5.23.

Corollary 5.19 Let p be any prime. If G is a finitely generated torsion-free nilpotent
group, then Gp1 D 1:

If G is any finitely generated nilpotent group (not necessarily torsion-free), then
Gp1

is a finite p0-group. This can be deduced from the next theorem.

Theorem 5.24 Let G be a nilpotent group of class c and let p be any prime. If
�p.G/p

n D 1 for some n 2 N; then Gp1 D %p.G/:

Proof The case when G is p-torsion-free is taken care of by Theorem 5.23. Suppose
that G has p-torsion elements and let n be as in the hypothesis. We claim that
GpnCf .p; c/

is p-torsion-free, where f .p; c/ is the integer guaranteed in Lemma 4.4.
Let m D n C f .p; c/ and suppose that g 2 �p.G/\ Gpm

, then g 2 �p.G/ implies that
gpt D 1 for some integer t � 0 and g 2 Gpm

implies that

g D hpm�f .p; c/ D hpn

for some h 2 G by Lemma 4.4. Hence,

gpt D �
hpn�pt D hpnCt D 1

and thus h 2 �p.G/: By the hypothesis, hpn D 1 and consequently, g D 1: This

proves the claim. By the first case, we have
�

Gpm
�p1

D %p

�
Gpm

�
: However,
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�
Gpm�p1 D

1\

nD1

�
Gpm�pn D

1\

nD1
GpmCn D Gp1

:

Furthermore,

%p
�
Gpm� D %p.G/:

To see this, suppose that g 2 %p.G/: Since g has a pnth root for every n 2 N; there
exists h 2 G such that

g D hpmCl D �
hpm�pl

for all l 2 N: Clearly, hpm 2 Gpm
: Thus, g has plth roots in Gpm

, that is, g 2 %p

�
Gpm

�
:

The reverse inclusion is obvious. This completes the proof. ut
Corollary 5.20 If G is a finitely generated nilpotent group and p is any prime, then
Gp1

is a finite p0-group.

Proof By Corollary 2.16, �p.G/ is a finite p-group. Thus, Gp1 D %p.G/ by
Theorem 5.24. The result follows from Corollary 5.17. ut

5.2.12 Residual Properties

If G is a nilpotent group, then information about Gp1

for a given prime p and %P.G/
for a nonempty set of primes P can be exploited to answer questions about the
residual properties of G: These properties, in turn, can be used to prove certain
embedding theorems of nilpotent groups into radicable nilpotent groups. Residual
properties also play a significant role in the context of M. Dehn’s decision problems,
which we discuss in Section 7.1.

Definition 5.14 (P. Hall) Let Q be a property of groups. A group G is said to be
residually Q if for every 1 ¤ g 2 G; there exists a normal subgroup Ng of G such
that g … Ng and G=Ng has property Q:

Our main interest is when Q is the property of being finite, or the property of
being a finite P-group for a nonempty set of primes P:

There are several equivalent versions of Definition 5.14. The first one illustrates
that a residually Q group has many images with property Q and thus can be
recovered from groups that have this property.

Lemma 5.31 A group G is residually Q if and only if for every 1 ¤ g 2 G; there
exists a group H that has property Q and an epimorphism ' W G ! H such that
'.g/ ¤ 1:
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Proof Suppose that G is residually Q and 1 ¤ g 2 G: There exists a normal
subgroup Ng of G with g … Ng such that G=Ng has property Q: Consider the
natural epimorphism   W G ! G=Ng: Clearly,  .g/ ¤ 1 in G=Ng because
 .g/ D gNg ¤ Ng: Hence, H D G=Ng satisfies the required criteria.

Conversely, let 1 ¤ g 2 G and suppose that H is a group with property Q:
Further, suppose that ' W G ! H is an epimorphism such that '.g/ ¤ 1: Since
g … ker ' and

G=ker ' Š '.G/ D H;

the subgroup Ng D ker ' satisfies the conditions of Definition 5.14. ut
Definition 5.15 Let fGi j i 2 Ig be a family of groups for some nonempty index
set I: Denote the unrestricted direct product of the Gi by

Q
i2IGi and let  i be the

projection map of
Q

i2IGi onto Gi, that is,

 i.g1; : : : ; gi; : : :/ D gi:

If H is a subgroup of
Q

i2IGi; then the restriction map

 ijH W H ! Gi

is called the projection of H to Gi: The subgroup H is termed the subcartesian
product of the Gi if  i.H/ D Gi for all i 2 I:

The next lemma gives other equivalent definitions of residually Q: This can be
found in [9] and [26].

Lemma 5.32 Let Q be a property of groups and let G be any group. The following
are equivalent:

(1) G is residually Q;
(2) Let � be a nonempty index set. There exists a family fN	 j 	 2 �g of

normal subgroups of G such that G=N	 has property Q for all 	 2 � and
\	2�N	 D 1;

(3) G is a subcartesian product of groups having property Q:

Proof (1) ) (2) : For each 1 ¤ g 2 G; choose a normal subgroup Ng of G such that
g … Ng and G=Ng has property Q: Such a subgroup exists by Definition 5.14 since
G is residually Q: It is easy to see that the family of these Ng satisfies (2).
(2) ) (1) : The result is obvious.
(2) ) (3) : Let fN	 j 	 2 �g be a family of normal subgroups such that G=N	 has
property Q for all 	 2 � and \	2�N	 D 1: Define a mapping

’ W G !
Y

	2�
.G=N	/ by ’.g/ D 'g; where 'g.	/ D gN	:
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Clearly, 'gh.	/ D 'g.	/'h.	/ for any g; h 2 G: Thus, ’ is a homomorphism. In
fact, ’ is a monomorphism. For suppose that ’.g/ D ’.h/ for some g; h 2 G, then
'g D 'g implies that gN	 D hN	 for all 	 2 �: Thus, gh�1 2 N	 for all 	 2 � and
consequently,

gh�1 2
\

	2�
N	 D 1:

Hence, g D h: Furthermore, the projection of ’.G/ onto a factor of
Q
	2�.G=N	/

equals the whole factor. Thus, (3) holds.
(3) ) (2) : Suppose that G is a subgroup of

Q
	2�G	; where each G	 has property

Q and each projection map satisfies  	.G/ D G	: Set N	 D G \ ker  	: Clearly,
N	 E G	 and \	2�N	 D 1 because \	2�ker  	 D 1: Furthermore, an application
of the Second Isomorphism Theorem gives

G=N	 D G=.G \ ker  	/ Š G ker  	=ker  	 Š  	.G/ D G	:

And so, G=N	 has property Q: ut
It is clear that every finite group is residually finite and every residually finite

p-group is residually finite for any prime p:

Lemma 5.33 An infinite cyclic group is a residually finite p-group for any prime p:

Proof Let G D gp.g/ be an infinite cyclic group. For every k 2 N; define the

subgroups Gk D gp
�

gpk
�

of G: Then
T

k2N Gk D 1 and G=Gk is a finite p-group of

order pk: Apply Lemma 5.32. ut
Since finite groups are residually finite, it follows from Lemma 5.33 that every

cyclic group is residually finite.

Lemma 5.34 Let Q be a property of groups. If G1; : : : ; Gk are residually Q
groups, then G1 � 	 	 	 � Gk is residually Q:

Proof Let g D .g1; : : : ; gk/ 2 G1 � 	 	 	 � Gk be a nonidentity element. There exists
a natural number l 2 f1; : : : ; kg such that gl ¤ 1: The projection map

 l W G1 � 	 	 	 � Gk ! Gl

maps g onto gl ¤ 1 in Gl: By hypothesis, Gl is residually Q: Thus, there exists a
homomorphism ' from Gl to some group G with property Q such that '.gl/ ¤ 1 in
G: We conclude that ' ı  l maps g to a nonidentity element of G: ut

By Lemmas 5.33 and 5.34, we have:

Theorem 5.25 Every finitely generated abelian group is residually finite.

The study of residual finiteness naturally leads to the study of subgroups of finite
index in a group. We collect some results on such subgroups which will be needed
later. See [31] and [32] for more background material.
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Definition 5.16 Let G be a group with H � G: The subgroup

\

g2G

gHg�1

of H is called the normal core of H; denoted by core.H/:

The normal core of H can be realized as the kernel of the homomorphism induced
by the natural action of G on the left coset space G=H:More precisely, suppose that
C D fxH j x 2 Gg is the set of left cosets of H in G and let SC denote the symmetric
group on C: One can show that core.H/ is the kernel of the homomorphism

' W G ! SC defined by '.g/ D �g; where �g.xH/ D gxH:

Furthermore, core.H/ turns out to be the largest normal subgroup of G contained
in H: If ŒG W H� D n; then we identify SC with Sn; the symmetric group on the set
f1; 2; : : : ; ng:
Theorem 5.26 Let G be a group and H � G: If H has finite index in G; then H
contains a normal subgroup of finite index in G: In particular, if ŒG W H� D n; then
ŒG W core.H/� � nŠ:

Proof We use the same notations as above. Suppose that H < G and ŒG W H� D n for
some n 2 N: Since C has n elements, SC has nŠ elements. By the First Isomorphism
Theorem,

G=core.H/ Š '.G/ � SC:

Thus, ŒG W core.H/� divides jSCj D nŠ: ut
Theorem 5.27 (Poincaré) Let G be any group. If H and K are subgroups of finite
index in G; then H \ K has finite index in G:

Proof Suppose that ŒG W H� D m and ŒG W K� D n for some m; n 2 N:We first show
that x.H\K/ D xH\xK for any left coset of H\K: Let a 2 xH\xK: Since a 2 xH;
there exists h 2 H such that a D xh: Hence, xh 2 xK and thus h 2 K: Therefore,
h 2 H \ K and consequently, a 2 x.H \ K/: Similarly, x.H \ K/ � xH \ xK:

Next, let fx1H; : : : ; xmHg and fy1K; : : : ; ynKg be the left cosets of H and K
respectively. We have shown that any left coset of H \ K is the intersection of a left
coset xiH of H with a left coset yjK of K: Hence, H \ K has at most mn left cosets.
And so, ŒG W H \ K� < 1: ut
Theorem 5.28 If G is a finitely generated group and n 2 N; then G contains only
a finite number of subgroups of index n:

Proof Suppose that G is generated by fx1; : : : ; xmg: If H is a subgroup of index n in
G; then by our discussion proceeding Definition 5.16, there exists ' 2 Hom.G; Sn/

with kernel core.H/: Since ' is determined by the elements
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'.x1/; : : : ; '.xm/

and jSnj D nŠ < 1; there are only a finite number of homomorphisms from G into
Sn: This means that there are only finitely many normal subgroups which can be the
normal core of a subgroup of index n in G: Furthermore, any such normal subgroup
can be the normal core of only a finite number of subgroups of index n in G: This
follows from the fact that if N D core.K/ for some K < G and ŒG W K� D n; then
the factor group G=N is finite by Theorem 5.26 and K=N � G=N: Therefore, there
are only finitely many subgroups of index n in G: ut
Theorem 5.29 If G is a finitely generated group and ŒG W H� < 1 for some H � G;
then there exists a characteristic subgroup I of G such that I � H and ŒG W I� < 1:

Proof Suppose that ŒG W H� D n and define I to be the intersection of all subgroups
of index n in G: Clearly, I is a subgroup of H: By Theorem 5.28, there are only
finitely many subgroups of index n in G: Thus, I is a finite intersection of subgroups
of finite index. It follows from Theorem 5.27 that ŒG W I� < 1: It remains to show
that I is characteristic in G: Let ' 2 Aut.G/: Since I is a subgroup of H; '.I/
is a subgroup of '.H/: Now, ŒG W '.H/� D n because every automorphism of G
preserves the index of a subgroup. Therefore, I contains '.H/: And so, '.I/ < I: ut

We return to our discussion of residual properties. A major contribution due to
K. A. Hirsch is that finitely generated nilpotent groups are residually finite. In fact,
he showed that polycyclic groups are residually finite [14]. We now set out to prove
this. The main ingredient is the next theorem due to P. Hall.

Theorem 5.30 A cyclic extension of a finitely generated residually finite group is
residually finite.

Proof Let G be a group and suppose that H is a finitely generated normal subgroup
of G: Further, suppose that H is residually finite and

G D gp.a; H/

for some a 2 G: Thus, G=H is a cyclic group with generator aH:We claim that G is
residually finite. Let 1 ¤ g 2 G:

Case (i): Suppose that g … H; so that gH ¤ H in G=H: Since G=H is cyclic, it is
residually finite (see Lemma 5.33). Hence, there exists a normal subgroup Ng=H
of G=H such that gH … Ng=H and .G=H/ =

�
Ng=H

�
is finite. Thus, g … Ng and

by the Third Isomorphism Theorem, G=Ng is finite.
Case (ii): Suppose that g 2 H: Since H is residually finite, there exists a normal

subgroup K of H such that g … K and ŒH W K� < 1: By Theorem 5.29, there is
a characteristic subgroup C of H such that C � K; ŒH W C� < 1 and g … C: By
Lemma 1.8, we have that C C G:
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• Suppose that G=H is finite. Since G=H Š .G=C/=.H=C/ by the Third Isomor-
phism Theorem and H=C is finite, G=C is also finite. Furthermore, g … C: Thus,
we simply take Ng D C:

• If G=H is infinite cyclic, then gp.aH/ D gp.a/H with H \ gp.a/ D 1: Put

H D H=C; G D G=C; g D gC; and a D aC:

Let D D CG

�
H
�
: Since ŒH W C� < 1; H is a finite normal subgroup of G: Thus,

NG

�
H
� D G and Aut

�
H
�

is finite. By Theorem 1.3, D must be of finite index in
G: Thus, there exists m > 0 such that am 2 D:

We claim that am has infinite order. Assume, on the contrary, that am has finite
order k for some k 2 N: Then ..aC/m/k D C and thus amk 2 C: This means that
amk 2 H; contradicting the hypothesis that gp.aH/ is infinite cyclic. And so, am

has infinite order as claimed.
Now, g is an element of the finite group H=C and thus g … gp .am/ :Moreover,

gp .am/ C G because the elements of H commute with am and a clearly
commutes with am: Finally, G=gp .am/ is of finite index in G because H is finite.

We conclude that G=gp .am/ is finite and the image of g under the composition
of natural maps

G ! G ! G=gp .am/

is not the identity. By Lemma 5.31, G is residually finite. ut
Corollary 5.21 (K. A. Hirsch) Every polycyclic group is residually finite.

Theorem 5.31 Finitely generated nilpotent groups are residually finite.

Proof By Theorem 4.4, every finitely generated nilpotent group is polycyclic. Apply
Corollary 5.21. ut
Corollary 5.22 Let G be a finitely generated nilpotent group and choose a non-
identity element g 2 G: If every nontrivial normal subgroup contains g; then G is a
finite p-group for some prime p:

Proof We prove that G is finite by contradiction. Assume that G is infinite.
According to Theorem 5.31, there exists a normal subgroup N of G such that g … N
and ŒG W N� < 1: Since G is infinite, N is nontrivial. Thus, g 2 N by hypothesis,
a contradiction. Therefore, G must be finite. By Theorem 2.13 (vi), G is a direct
product of its Sylow subgroups. Since g is contained in every nontrivial normal
subgroup, G has only one Sylow subgroup. ut
Theorem 5.32 (K. W. Gruenberg) Every finitely generated torsion-free nilpotent
group is residually a finite p-group for every prime p:

The original proof of this theorem can be found in [9]. We give a different proof
based on our earlier discussion of the subgroup Gp1

of a group G: This approach is
taken by R. B. Warfield, Jr. in [33].
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Proof Fix a prime p and let G be a finitely generated torsion-free nilpotent group.
By Corollary 5.19,

Gp1 D
1\

iD1
Gpi D 1:

For each i 2 N; the quotient G=Gpi
is a finitely generated nilpotent p-group and thus

a finite p-group according to Theorem 2.25. The result follows from Lemma 5.32.ut
Theorem 5.33 Let G be a finitely generated nilpotent group. Then G is a residually
finite P-torsion group if and only if it is P0-torsion-free.

Proof Suppose that G is a residually finite P-torsion group and assume, on the
contrary, that there is an element g ¤ 1 in G such that gn D 1 for some P0-number n:
There exists a normal subgroup N of G such that g … N and G=N is a finite P-torsion
group. Now, gn D 1 implies .gN/n D N in G=N: Since G=N is P-torsion, this can
happen only if gN D N: This contradicts the assumption that g … N: Thus, G must
be P0-torsion-free.

Conversely, suppose that G is P0-torsion-free. Every torsion element of G must
have order a P-number and thus �.G/ D �P.G/: By Corollary 2.16, �.G/ is a finite
P-torsion group. Hence,

�.G/ D �p1 .G/ � 	 	 	 � �pt.G/

for some finite set of distinct primes Q D fp1; : : : ; ptg � P by Theorem 2.13
(vi). Clearly, G is Q0-torsion-free. Let m D pr1

1 	 	 	 prt
t be the order of �.G/ for

some r1; : : : ; rt 2 N: Since �pj.G/ has order a positive power of pj for each pj 2
Q; %pj.G/ D Gp1

j by Theorem 5.24. Furthermore, %Q.G/ D 1 by Theorem 5.22
because G is Q0-torsion-free. Since %Q.G/ D T

p2Q %p.G/; we have

1\

iD1
Gmi D

1\

iD1
G
�

p
r1
1 ���prt

t

�i

D
1\

iD1
Gp

r1 i
1 ���prt i

t

D
1\

iD1

 
\

pj2Q

Gp
rji
j

!

D
\

pj2Q

 1\

iD1
Gp

rji
j

!

D
\

p2Q

Gp1 D
\

p2Q

%p.G/ D %Q.G/ D 1:

Since each quotient G=Gmi
is a finite P-torsion group, the result follows at once

from Lemma 5.32 (2). ut
In [6], G. Baumslag showed that Theorem 5.32 can be generalized. We begin

with a lemma.
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Lemma 5.35 Let G be a finitely generated torsion-free nilpotent group. Suppose
that H is an isolated subgroup of G and let Y � Z.G/: If I.HY; G/ D G; then
H E G.

Proof The proof is done by induction on the Hirsch length r of G. If r D 1, then G
is abelian and the result is trivial.

Suppose that r > 1 and assume that the lemma is true for all finitely generated
nilpotent groups of Hirsch length at most r � 1: We claim that Z.H/ � Z.G/: By
Theorem 5.7, G is a U -group. Hence, all centralizers are isolated in G according to
Lemma 5.15. In particular, Z.H/ is isolated in G because Z.H/ D H \ CH.G/ and
H is isolated in G by hypothesis.

Choose any element g 2 G: By hypothesis, g 2 I.HY; G/: According to
Theorem 5.2, there exists m 2 N such that gm 2 HY: This implies that gm centralizes
Z.H/: For suppose that h 2 Z.H/ D H \ CH.G/: Since gm 2 HY � HZ.G/; there
exist elements h1 2 H and z 2 Z.G/ such that gm D h1z: Clearly, h commutes with
h1 because h 2 CH.G/: Since z is central in G; h commutes with gm: And so, gm

centralizes Z.H/ as asserted. Hence, g centralizes Z.H/ because Z.H/ is isolated in
G: Since g is an arbitrary element of G; we have that Z.H/ � Z.G/ as claimed.

Now, G=Z.H/ is torsion-free by Lemma 5.1. Since G has Hirsch length
r; G=Z.H/ has Hirsch length less than r by Theorem 4.7. Thus, H=Z.H/ E G=Z.H/
by induction. And so, H E G: ut
Theorem 5.34 Let G be a finitely generated torsion-free nilpotent group and let H
be an isolated subgroup of G: For any given prime p,

1\

iD1
Gpi

H D H:

Note that Theorem 5.32 follows from this if we put H D 1:

Proof We proceed by induction on the class c of G: If c D 1, then G is a free abelian
group of finite rank. Since H is isolated in G, the quotient G=H is torsion-free by
Lemma 5.1. Hence, G=H is free abelian and thus G D H � K for some K � G: We
claim that

Gpi
H D H � Kpi

.i D 1; 2; : : :/:

First, notice that HKpi D H � Kpi
because H \ Kpi D 1: Clearly, HKpi � Gpi

H: We
assert that Gpi

H � Kpi
H: If gpi

h is a generator of Gpi
H; then

gpi
h D .h1k1/

pi
h D hpi

1 hkpi

1

for some h1 2 H and k1 2 K: Thus, gpi
h 2 Kpi

H and the assertion is proved. Since
K is free abelian of finite rank,

T1
iD1 Kpi D 1 by Corollary 5.19. This proves the

theorem when c D 1:
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Suppose that c > 1 and assume that the result is true for all finitely generated
torsion-free nilpotent groups of class less than c: Put

Z D Z.G/; I D I.HZ; G/; and L D
1\

iD1
Gpi

H:

We claim that L D H: By Corollary 5.10, G=Z is torsion-free nilpotent. Further-
more, I=Z is isolated in G=Z because I is isolated in G: By induction,

1\

iD1
.G=Z/p

i
I=Z D I=Z:

It follows that H � L � I. Now, I is a finitely generated torsion-free nilpotent group
and H is isolated in I: By Lemma 5.35, H is normal in I. Moreover, Lemma 5.1
implies that I=H is torsion-free because H is isolated in I.

Let `H 2 L=H and i 2 N: There exist elements g1; : : : ; gt 2 G and h 2 H such
that

` D gpi

1 	 	 	 gpi

t h:

If i is sufficiently large, then Lemma 4.4 guarantees that gpi

1 	 	 	 gpi

t can be written as
a pjth power, say gpj

, where j tends to infinity with i. Thus, gpj D `h�1 2 I: Since I is
isolated in G; g 2 I: It follows that `H has a pnth root in I=H for every n: If it were
the case that `H ¤ H; then there would exist a properly increasing infinite series of
subgroups in the finitely generated torsion-free nilpotent group I=H; contradicting
Theorem 2.18. Consequently, `H must equal H and thus L D H as desired. ut

We give an alternative proof of Corollary 5.4 which invokes Theorem 5.34. This
appears in [6].

Theorem 5.35 (V. M. Glus̆kov) Let G be finitely generated torsion-free nilpotent
group. If H is an isolated subgroup of G; then NG.H/ is isolated in G:

Proof Assume on the contrary, that NG.H/ is not isolated in G: There exists a prime
p and an element g 2 G such that gp 2 NG.H/ but g … NG.H/. Consequently, there
is an element h in H such that g�1hg … H. By Theorem 5.34,

g�1hg …
1\

tD1
Gqt

H

for any prime q: Thus, there exists t 2 N such that

g�1hg … Gqt
H: (5.10)

In particular, choose q ¤ p: There exist m; n 2 Z such that 1 D mp C nqt: Thus,
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gGqt D gmpCnqt
Gqt D .gp/m.gn/q

t
Gqt D .gp/mGqt

:

Hence, there exists k 2 Gqt
such that gk�1 D .gp/m: Now, gp 2 NG.H/ implies that

.gp/m 2 NG.H/; so that gk�1 belongs to NG.H/: And so,

�
gk�1��1

hgk�1 D k
�

g�1hg
�

k�1 2 H:

This means that g�1hg 2 k�1Hk � Gqt
H; contradicting (5.10). ut

We end our discussion of residual properties with a theorem of G. Higman [11].

Theorem 5.36 Let P be any infinite set of primes. If G is a finitely generated
nilpotent group, then

T
p2P Gp is finite. If G is also torsion-free, then

T
p2P Gp D 1:

Proof The proof is done by induction on the class c of G: If c D 1; then G is abelian
and the result follows from the Fundamental Theorem of Finitely Generated Abelian
Groups.

Suppose that c > 1 and set K D T
p2P Gp: Let   W G ! G=�cG be the natural

homomorphism. By Theorem 2.4 and Lemma 2.8,

 .K/ D K�cG=�cG D
\

p2P

�
Gp�cG=�cG

�

is nilpotent of class at most c � 1 and thus finite by the induction hypothesis. Since
K�cG=�cG Š K=.K \ �cG/ by the Second Isomorphism Theorem, K=.K \ �cG/ is
finite. It suffices to prove that K \ �cG is finite.

Assume on the contrary, that g is an element of K \ �cG of infinite order. Define
the set

Q D fp 2 P j p > cg:
Clearly, Q is infinite since P is infinite by hypothesis. Furthermore, g 2 K � Gp for
each p 2 Q: By Lemma 3.2, g has a pth root in G; say hp; for each p 2 Q: Now,
g 2 �cG and �cG is a central subgroup of G: Thus, gp.g/ is a normal subgroup of G:
Put N D gp.g/: The element hpN has order p in G=N: Thus, G=N contains infinitely
many elements, each having order a prime in Q: This is impossible since G=N is
finitely generated nilpotent. Therefore, g has finite order. Thus, K \ �cG contains
only elements of finite order and the result follows. ut

For more on residual properties of nilpotent groups, see [34].

5.2.13 DP-Groups

Recall from Definition 4.9 that a group G is called a D-group or a Q-powered group
if every element has a unique nth root for each natural number n > 1: If P is a set of
primes, then G is called a DP-group if every element has a unique nth root for every
P-number n:
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A D-group (DP-group) is simply a radicable U -group (P-radicable UP-group
respectively). We write “Dp-group” instead of “Dfpg-group” whenever P D fpg: In
a D-group (DP-group), the equation g D xn has exactly one solution for every g 2 G
and every natural number n > 1 (P-number n respectively).

Our goal here is to give some essential results on DP-groups. In particular,
we look at extensions of DP-groups. We begin with a theorem on finite P-torsion
groups.

Theorem 5.37 Every finite P-torsion group is a DP0-group.

Proof Let G be a finite P-torsion group. Since every P-torsion group is P0-torsion-
free, G is a UP0 -group by Theorem 2.7.

We claim that G is P0-radicable. Let g be an element of G of order n and suppose
that m is a P0-number. Since n is a P-number, m and n are relatively prime. Thus,
there exists integers a and b such that am C bn D 1: Then

g D gamCbn D .ga/m.gn/b D .ga/m:

And so, g has an mth root, namely ga: Since m is a P0-number, G is P0-radicable as
claimed. ut

The next theorem is immediate from Proposition 5.1 (i) and Theorems 5.12 (ii)
and 5.13.

Theorem 5.38 The upper and lower central subgroups of a nilpotent DP-group are
DP-groups.

Theorem 5.39 If G is a P-radicable nilpotent group of class c; then G=�iC1G and
�iC1G=�iG are nilpotent DP-groups for i D 0; 1; : : : ; c � 1:
Proof By Theorem 5.12 (i), G=�iC1G is P-radicable and nilpotent. If i D 0; then
G=Z.G/ is a UP-group by Corollary 5.13. Since

G=�iC1G Š G=Z.G/

�i.G=Z.G//

by the Third Isomorphism Theorem, it follows from Theorem 5.8 (ii) that G=�iC1G
is a nilpotent DP-group. Hence, �iC1G=�iG is an abelian UP-group by Proposi-
tion 5.1 (i). Therefore, �iC1G is P-radicable and nilpotent by Theorem 5.12 (ii).
This implies that �iC1G=�iG is P-radicable. And so, �iC1G=�iG is a DP-group. ut
Theorem 5.40 Suppose that G is a nilpotent DP-group and N E G: Then N is a
DP-group if and only if G=N is a DP-group.

Proof Let N be a DP-group. By Lemma 5.38, N is P-isolated in G: Therefore, G=N
is a UP-group by Corollary 5.6. It is also P-radicable by Lemma 5.18.

Conversely, suppose that G=N is a DP-group. By Corollary 5.6, N is P-isolated
in G: The result follows from Lemma 5.38. ut
Lemma 5.36 A direct product of a family of DP-groups is a DP-group.
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Proof Apply Lemmas 5.13 and 5.19. ut

5.2.14 Extensions of DP-Groups

The example after Lemma 5.17 demonstrates that an extension of a DP-group by a
DP-group is not always a DP-group. However, we have:

Lemma 5.37 A central extension of a DP-group by a DP-group is a DP-group.

Proof The result follows from Lemmas 5.16 and 5.23. ut
We wish to prove that if a nilpotent group is an extension of a DP-group by a

DP-group, then it is also a DP-group. In order to establish this fact, two preparatory
lemmas are needed.

Lemma 5.38 Let G be a DP-group. A subgroup H of G is P-isolated in G if and
only if it is a DP-group.

Proof Suppose that H is P-isolated in G: In light of Proposition 5.1 (i), we only
need to show that H is P-radicable. Let h 2 H; and let n be a P-number. Since G
is P-radicable, there exists g 2 G such that h D gn: Since H is P-isolated in G and
gn 2 H; we have g 2 H: Hence, g is an nth root of h in H:

Conversely, suppose that H is a DP-subgroup of G and gn 2 H for some g 2 G
and P-number n: Since H is P-radicable, gn has an nth root in H; say h: This means
that gn D hn in H: However, H is also a UP-group, so g D h: Consequently, g 2 H
and H is P-isolated in G: ut
Lemma 5.39 Let G be a nilpotent UP-group and let N be a normal DP-subgroup
of G: If g 2 G; n 2 N; and m is a P-number, then the element Qg D gmn has an mth
root in G:

Proof Suppose that G is of class c: Set Ni D N \ �iG; where 0 � i � c: We
claim that N1 D N \ Z.G/ is a DP-subgroup of G: Observe that Theorem 5.8 (i)
guarantees that Z.G/ is P-isolated in G since G is a UP-group. Furthermore, N1 is
P-isolated in G and therefore in N; according to Lemma 5.2 (ii). By Lemma 5.38,
N1 is a DP-subgroup of G as claimed.

Now, there exists a least integer t satisfying Nt D N since Nc D N: We proceed
by induction on t: If t D 1; then N D N \ Z.G/ and thus N � Z.G/: Since N is a
DP-group, there exists n0 2 N such that n D nm

0 : Hence,

Qg D gmn D gmnm
0 D .gn0/

m:

And so, Qg has an mth root in G: This gives the basis step of a proof by induction.
By applying the induction hypothesis to G=N1; we conclude that QgN1 has an mth

root in G=N1: Thus, Qg D hmn1 for some h 2 G and n1 2 N1: Since N1 is a DP-group,
there exists n2 2 N1 such that nm

2 D n1: Therefore,
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Qg D hmn1 D hmnm
2 D .hn2/

m

because n2 2 Z.G/: Hence, Qg has an mth root in G: ut
Theorem 5.41 If G is a nilpotent group which is an extension of a DP-group by a
DP-group, then G is also a DP-group.

This is also true for locally nilpotent groups (see Theorem 23.2 in [2]).

Proof Suppose that N E G: By Lemma 5.17, G is a UP-group. We claim that G is
P-radicable. Let m be a P-number and Qg 2 G: Since G=N is a DP-group, QgN has a
unique mth root in G=N; say gN: Thus, there exists n 2 N such that Qg D gmn: The
result follows from Lemma 5.39. ut

The next theorem is a variation of Theorem 11.5 in G. Baumslag’s work [2]. It is
also proven by P. Ribenboim in [28] (Proposition 6.18).

Theorem 5.42 Let G be a nilpotent group with H � G: Suppose that P1 and P2 are
sets of primes and P1 \ P2 D ;: If H is a UP1 -group and G D IP2 .H; G/; then G is
also a UP1 -group. If in addition, H is P1-radicable, then G is a DP1-group.

Proof We first prove that G is a UP1 -group. According to Theorem 2.7, it suffices to
show that G is a P1-torsion-free. Let g 2 G and suppose that n is a P1-number such
that gn D 1: We assert that g D 1: By hypothesis, G D IP2 .H; G/: Hence, there
exists a P2-number m such that gm 2 H: Thus,

�
gm
�n D �

gn
�m D 1 D 1n:

Since H is UP1 -group, gm D 1:Now, m and n are relatively prime since P1\P2 D ;:
Therefore, there exist a; b 2 Z such that am C bn D 1: And so,

g D gamCbn D �
gm
�a�

gn
�b D 1;

proving the assertion.
Next, suppose that H is also P1-radicable. Let g 2 G and suppose that n is a

P1-number. It is enough to show that g has an nth root. As before, there exists a
P2-number m such that gm 2 H: Since H is P1-radicable, gm has an nth root in H:
Hence, gm D hn for some h 2 H: Now,

�
g�1hg

�n D g�1hng D g�1gmg D gm D hn: (5.11)

Since G is a UP1 -group, (5.11) becomes g�1hg D h: Thus, g and h commute. Since
m and n are relatively prime, there exist integers a and b such that am C bn D 1:

Hence,

g D gamCbn D �
gm
�a

gbn D �
hn
�a

gbn D hangbn D �
hagb

�n
:

And so, g has an nth root. ut
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Remark 5.13 In light of Theorem 2.7, one could replace “UP1 -group” with
“P1-torsion-free group” in Theorem 5.42.

5.2.15 Some Embedding Theorems

There are several instances in which one can embed a nilpotent group into a
radicable (locally) nilpotent group. One result in this direction was already discussed
in Chapter 4 (see Theorem 4.15). Our intention is to present some other classical
results.

Let G be a torsion-free nilpotent group and let g 2 G: In [22], A. I. Mal’cev
proved that for any prime p; G can be embedded in a torsion-free nilpotent group H
of the same nilpotency class as G in such a way that g has a pth root in H: His proof
relied on methods involving Lie algebras. Using residual properties, G. Baumslag
proved this without the assumption of torsion-freeness (see [4]).

Theorem 5.43 Let G be a finitely generated nilpotent group and let p be any prime.
For any element g 2 G; there exists a finitely generated nilpotent group Hg such that
G embeds in Hg and g has a pth root in Hg:

Proof Let x 2 G and x … �p.G/: We assert that there is a normal subgroup Nx of
G such that x … Nx and Gx D G=Nx is a finite p-torsion-free group. First, notice
that �p.G/ is a finite p-group by Corollary 2.16. Thus, the factor group G=�p.G/ is a
finitely generated p-torsion-free nilpotent group by Corollary 2.15. Furthermore,
G=�p.G/ is a residually finite p0-group by Theorem 5.33. Since x … �p.G/; we
have that x�p.G/ ¤ �pG: Hence, there exists a normal subgroup Nx=�pG of G=�pG
satisfying the property that

G=�pG

Nx=�pG
Š G=Nx

is a finite p0-group and x�pG … Nx=�pG: This means that x … Nx and G=Nx is finite
and p-torsion-free. This proves the assertion.

We claim that G contains a p-torsion-free characteristic subgroup of finite
index. Suppose that �p.G/ D fg1; : : : ; gkg: By Theorem 5.31, there exist normal
subgroups N1; : : : ; Nk of finite index in G such that g1 … N1; : : : ; gk … Nk: Then

M D
\

1�i�k

Ni

is a normal subgroup of G of finite index by Theorem 5.27. Furthermore, M is
p-torsion-free because each gi is excluded from at least one of the N1; : : : ; Nk; and
thus gi … M for each i D 1; : : : ; k: The existence of a p-torsion-free characteristic
subgroup of finite index in G follows from Theorem 5.29, proving the claim.
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Let N.p/ be a p-torsion-free characteristic subgroup of finite index in G and set
G.p/ D G=N.p/: By Lemma 5.32, G can be embedded in the direct product of G.p/
and an unrestricted direct product:

D D G.p/ �
Y

x 62�p.G/

Gx:

Now, G.p/ can be embedded in a finite nilpotent group J so that every element of
G.p/ has a pth root in J (see [1]). Furthermore, for each x 62 �p.G/; every element
of Gx has a pth root in Gx because Gx is finite p-torsion-free by Lemma 5.22. Let

D� D J �
Y

x 62�p.G/

Gx:

By Remark 2.9, D� is nilpotent. Since D embeds in D� and the factors in a direct
product commute, every element of D must have a pth root in D�:

Let g0 be a pth root of g in D�: Consider the finitely generated subgroup
Hg D gp.G; g0/ of D�: Clearly, G embeds in Hg and Hg is nilpotent because D� is.
Moreover, g has a pth root in Hg: ut
Remark 5.14 If G is p-torsion-free, then Hg can be chosen p-torsion-free. To see
this, let g0 be a pth root of g in D� and define the subgroup Kg D gp.G; g0/ of D�:
If we put Hg D Kg=�p

�
Kg
�
; then Hg is a p-torsion-free group in which G embeds.

Furthermore, g has a pth root in Hg: Similarly, if G is torsion-free, then Hg can be
chosen to be torsion-free.

Theorem 5.44 (G. Baumslag) Every finitely generated nilpotent group can be
embedded in a locally nilpotent radicable group.

Proof Arrange the set of all primes in a sequence

p1; p2; p3; : : : ; (5.12)

where (5.12) satisfies the condition that if p is any prime in (5.12) and m 2 N; then
there exists a natural number n > m such that pn D p: Thus, each prime in (5.12)
occurs infinitely many times.

Let G be a finitely generated nilpotent group. We construct a countable ascending
sequence of finitely generated nilpotent groups

G1 � G2 � G3 � 	 	 	 (5.13)

as follows: Set G1 D G: Suppose that G1; G2; : : : ; Gn in (5.13) have been defined
and that the elements of Gi (i D 1; : : : ; n) have already been explicitly enumerated
in a nonterminating sequence:
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ui1; ui2; ui3; : : : .i D 1; 2; : : : ; n/:

We allow repetitions of group elements in an enumeration, so the various sequences
can therefore be chosen infinite, as required. By Theorem 5.43, we adjoin one root
at a time and take GnC1 to be any finitely generated nilpotent group containing Gn

such that

u11; u12; : : : ; u1 n have pnth roots in GnC1;

u21; u22; : : : ; u2 n�1 have pn�1th roots in GnC1; : : : ; and

un1 has a p1th root in GnC1:

Therefore, we can define all the groups Gi inductively in this way. Let

G� D
1[

nD1
Gn:

We claim that G� is a locally nilpotent radicable group. It is obviously locally
nilpotent because (5.13) is an ascending series of finitely generated nilpotent
subgroups of G�. We show that it is radicable. Let g 2 G� and let p be any prime.
There exists m 2 N such that g 2 Gm: Now, by the choice of the sequence of
primes (5.12) and the groups G1; G2; : : : ; it follows that g has a pth root in Gl for
a sufficiently large l: Thus, g has a pth root in G�: ut

By using certain embedding techniques described by B. H. Neumann in [25], one
can obtain:

Theorem 5.45 Every locally nilpotent group can be embedded in a locally nilpo-
tent radicable group.

A free nilpotent group can always be embedded in a nilpotent DP-group. This is
the content of the next theorem.

Theorem 5.46 Every free nilpotent group can be embedded in a nilpotent DP-
group of the same class.

We give a proof due to Baumslag [5] which uses a method that is similar to
the one given in Theorem 5.44. The original proof by A. I. Mal’cev uses Lie ring
methods [22].

Proof Let G be a free nilpotent group of class c; freely generated by the set X. Set
G D G1 and X D X1: Suppose that for each n 2 N; Gn is a free nilpotent group,
freely generated by Xn, and the cardinality of each Xn is equal to the cardinality of
X1: Just as in the proof of Theorem 5.44, we define

p1; p2; p3; : : : (5.14)

to be an infinite sequence of primes in P; chosen so that for any p 2 P and any
positive integer n; there exists an integer m � n such that pm D p: Next, define
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Hn D gp .xpn�1 j x 2 Xn/ � Gn .n � 2/:

By an unpublished theorem of G. Baumslag, Hn is free nilpotent of class c; freely
generated by

Xpn�1
n D fxpn�1 j x 2 Xng :

It is clear that the cardinalities of Xpn�1
n ; Xn; and Xn�1 all coincide. Consequently,

we may identify Gn�1 with Hn for n D 2; 3; : : : : Put

G� D
1[

nD1
Gn:

Evidently, G� is nilpotent of class c. By the choice of the sequence (5.14), every
element of G� can be written as a product of pth powers for any p 2 P: Therefore,
G� is semi-P-radicable and thus P-radicable by Theorem 5.17. It is also true that G�
is torsion-free since each Gn is torsion-free. Thus, G� is a UP-group by Theorem 2.7.
Therefore, G� is a nilpotent DP-group of class c: ut

5.3 The P-Localization of Nilpotent Groups

In this section, we offer a brief introduction to the theory of P-localization of
nilpotent groups. We refer the reader to [12, 13, 28], and [33] for fine accounts
on the subject. This material is closely related to root extraction in nilpotent groups.

In the last two sections, we have insisted that P be a nonempty set of primes. For
reasons that will become evident, we now declare that P can be any proper subset
of the set of primes, including the empty set. In this situation, P0 cannot be empty.
In particular, P0 is the set of all primes if P is the empty set.

5.3.1 P-Local Groups

Our discussion of the P-localization theory of nilpotent groups begins with the
definition of a P-local group.

Definition 5.17 A group G is called P-local if the set map

 W G ! G defined by  .g/ D gn

is a bijection for all P0-numbers n.
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Note that  need not be a homomorphism of G; but merely a bijective map from
G to itself. If P consists of a single prime p in Definition 5.17, then we refer to G as
p-local.

The injectivity of  implies that G is a UP0 -group and its surjectivity implies that
G is P0-radicable. Thus, G is P-local if and only if it is a DP0 -group. For convenience,
some of the earlier results on extraction of roots will be reformulated in terms of
P-local groups.

We begin by giving a description of P-local abelian groups. For a fixed set of
primes P; consider the ring

ZP D ˚
m=n 2 Q j n ¤ 0 is a P0-number

�
:

Thus, ZP consists of those rational numbers whose denominators are relatively
prime to the elements of P. If P is the empty set, then ZP is the field of rational
numbers Q: We readily observe that a P-local abelian group is one that allows an
action by the ring ZP: In terms of modules, this gives our first proposition.

Proposition 5.2 An abelian group is P-local if and only if it is a ZP-module.

By Proposition 5.2, the P-local subgroups of an abelian group A are simply the
ZP-submodules of A: In general, a subgroup of a P-local group need not be P-local.

The next result connects isolator theory with P-local groups and their P-local
subgroups. It is merely a translation of Lemma 5.38.

Lemma 5.40 Let G be a P-local group and H � G. Then H is P-local if and only
if H is P0-isolated in G.

Lemma 5.41 Every P-local group is P0-torsion-free.

Proof Since P-local groups are UP0 -groups, they are P0-torsion-free by Proposi-
tion 5.1 (iii). ut

The next lemma is a trivial consequence of Lemma 5.14.

Lemma 5.42 Let N be a normal subgroup of a group G: If G=N is P-local, then N
is P0-isolated in G:

Since our goal here is to offer an overview of the localization theory for nilpotent
groups, we next focus on groups which are both P-local and nilpotent.

Theorem 5.47 If G is a nilpotent group which is an extension of a P-local nilpotent
group by a P-local nilpotent group, then G is P-local.

Proof The result is just Theorem 5.41 in the context of P-local groups. ut
Theorem 5.48 Let G be a P-local nilpotent group and N E G: Then N is P-local
if and only if G=N is P-local.

Proof See Theorem 5.40. ut
In a nilpotent DP-group, the lower and upper central subgroups are themselves

DP-groups according to Theorem 5.38. In the language of P-local groups, we have:
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Theorem 5.49 The lower and upper central subgroups of a P-local nilpotent group
are P-local.

The next two lemmas are of a general nature. No nilpotency is assumed.

Lemma 5.43 A direct product of a family of P-local groups is P-local.

Proof See Lemma 5.36. ut
Lemma 5.44 The intersection of a collection fGi j i 2 Ig of P-local subgroups of a
P-local group G is P-local.

Proof Let K D T
i2I Gi: Since G is P-local, it is a UP0 -group. By Proposition 5.1

(i), K also is a UP0 -group.
We show that K is P0-radicable. Suppose that g 2 K and n is a P0-number. Since

g 2 Gi for each i 2 I and Gi is P-local (thus P0-radicable), there exists an element
hi 2 Gi such that g D hn

i for each i 2 I: Hence, hn
i D hn

j for all i; j 2 I: Since G is
a UP0 -group, hi D hj for all i; j 2 I: If we set h D hi for all i 2 I; then h 2 K and
g D hn: Therefore, K is P0-radicable and thus P-local. ut

Lemma 5.44 motivates the next definition.

Definition 5.18 Suppose that G is a P-local group, and let S be a nonempty subset
of G: The P-local subgroup of G generated by S is the intersection of all P-local
subgroups of G containing S:

The next result is a mere reformulation from isolator theory.

Theorem 5.50 Suppose that G is a P-local group and H � G. If M is the P-local
subgroup of G generated by H; then M D IP0.H; G/:

Proof By Definition 5.2, IP0.H; G/ is the intersection of all P0-isolated subgroups
of G containing H; while M is the intersection of all P-local subgroups containing
H: The result follows from Lemma 5.40. ut
Corollary 5.23 Suppose that G is a P-local nilpotent group and H � G: Let M be
the P-local subgroup of G generated by H: For every g 2 M; there is a P0-number n
such that gn 2 H:

Proof The result is a consequence of Theorems 5.2 and 5.50. ut
Corollary 5.24 Let G be a P-local nilpotent group. If N < G and N generates G
as a P-local group, then any nontrivial subgroup of G intersects N nontrivially.

Proof Let H be a nontrivial subgroup of G and choose 1 ¤ g 2 H: By
Corollary 5.23, there exists a P0-number n such that gn 2 N and thus gn 2 N \ H:
As G is P-local, it is also P0-torsion-free by Lemma 5.41. Thus, gn ¤ 1: ut
Corollary 5.25 Let G be a P-local nilpotent group. If H is a subgroup of G which
generates G as a P-local group, then G and H have the same nilpotency class.

Proof By Theorem 5.50, G D IP0.H; G/: Apply Theorem 5.2. ut
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Suppose that ' W G ! H is a homomorphism between P-local nilpotent groups
and N is a subgroup of G that generates G as a P-local group. Then ' is completely
determined by its action on N: We record this as a lemma.

Lemma 5.45 Let ';  W G ! H be two homomorphisms of P-local nilpotent
groups. Suppose that N is a subgroup of G that generates G as a P-local group. If '
and  coincide on N, then ' D  .

Proof Let g 2 G. By Corollary 5.23, there exists an P0-number n such that gn 2 N.
Thus

.'.g//n D '.gn/ D  .gn/ D . .g//n:

Since H is P-local, '.g/ D  .g/. ut

5.3.2 Fundamental Theorem of P-Localization of Nilpotent
Groups

The P-localization of a group in a given subcategory is defined next. We assume
familiarity with the basic definitions from category theory. The reader may wish to
consult Chapter IV of [19] for background material.

Definition 5.19 Let S be a subcategory of the category of groups. A homomor-
phism

e W G ! GP

in S is called a P-localizing map (also referred to as a P-localization map) if GP is
P-local and for any P-local group K in S and every homomorphism  W G ! K;
there exists a unique homomorphism ' W Gp ! K such that  D ' ı e: The group
GP is termed the P-localization of G:

Lemma 5.46 Let S be a subcategory of the category of groups and suppose that
S admits a P-localizing map. Given a homomorphism  W G ! K in S , there
exists a unique homomorphism  P W GP ! KP making the diagram

G K

e e

GP KP

y

yP

commute.
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Proof The composite map

e ı  W G ! KP

is clearly a homomorphism from G to a P-local group KP: Applying Definition 5.19
to e ı  and G gives the result. ut

The diagram in Lemma 5.46 gives a functor L from S to itself. The pair .L; e/
is called a localization theory in S :

In [12], P. Hilton used group cohomology theory to prove the existence of a
localization theory for nilpotent groups (see also [13]). A different proof which
utilizes some of the results that we have provided thus far in this section was carried
out by R. B. Warfield, Jr. in [33]. We follow R. B. Warfield’s work.

Theorem 5.51 (Fundamental Theorem of P-Localization) Let G be a nilpotent
group of class c: There exists a P-local nilpotent group GP of class at most c and a
P-localization map e W G ! GP:

Proof Let I be a nonempty index set. Consider, up to isomorphism, all pairs of the
form

Si D .Hi; �i/ .i 2 I/;

where Hi is a P-local nilpotent group, �i W G ! Hi is a homomorphism, and �i.G/
generates Hi as a P-local group. Clearly, at least one such pair exists: take H1 to be
the trivial group and �1 W G ! H1 to be the trivial homomorphism.

Let H be the direct product of the Hi; and define the map

� W G ! H by g 7! .�i.g//i2I :

For each i 2 I; the class of �i.G/ is at most c: Moreover, since �i.G/ generates Hi

as a P-local group, their classes are equal by Corollary 5.25. Thus, H is of class at
most c by Remark 2.9. Furthermore, H is P-local since each Hi is P-local. This is
immediate from the definitions.

Let GP be the P-local subgroup of H which is generated P-locally by �.G/: We
rename the map � as e and regard it as a homomorphism from G to GP: We claim
that e is a P-localization map. Suppose that K is any P-local group and  W G ! K
is a homomorphism. If W is the P-local subgroup of K which is generated by  .G/;
then there exists i0 2 I such that, up to isomorphism,

Si0 D �
Hi0 ; �i0

� D .W;  /:

The homomorphism

� W GP ! Hi0 defined by .hi/i2I 7! hi0
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satisfies � ı e D �i0 : We show that � is unique with respect to this property. Let
¦ W GP ! K be a homomorphism such that ¦ ı e D �i0 : For every g 2 G;

�.e.g// D ¦.e.g//;

and thus � and ¦ coincide on e.G/: However, e.G/ generates GP as a P-local group.
By Lemma 5.45, � D ¦ on GP: Thus, e is a P-localization map. ut
Corollary 5.26 If G is a nilpotent group with P-localization map e W G ! GP; then
e.G/ generates GP as a P-local group.

Proof The result follows immediately from the proof of Theorem 5.51. ut
In order to give some intuition behind Theorem 5.51, we construct the P-

localization of an abelian group. Consider the subring ZP of the ring Q discussed
at the beginning of this section. It is a P-local abelian group and the obvious
embedding of Z into ZP given by n 7! n=1 is a P-localization map. Let A be any
abelian group and define AP D A ˝ ZP: By Proposition 5.2, AP is a P-local abelian
group. The homomorphism a 7! a ˝ 1 gives a P-localization map e W A ! AP;

yielding a localization theory in the category of abelian groups.

The P-localization of a subgroup of a P-local nilpotent group can be described
in terms of isolators.

Theorem 5.52 Let G be a P-local nilpotent group. If N � G; then NP is isomorphic
to the P0-isolator of N in G:

Proof Since G is P-local, GP D G: Let i W N ! G be the natural inclusion of N in
G and contemplate the P-localization diagram guaranteed by Lemma 5.46:

N
i

G

e e

NP
iP GP=G

It is clear from the diagram that e W N ! NP is a monomorphism. We claim that iP
is also a monomorphism. To see this, let x 2 ker iP: By Corollary 5.26, the image
of e generates NP as a P-local group. Thus, Corollary 5.23 guarantees the existence
of a P0-number n such that xn 2 im e: And so, there exists a unique y 2 N such
that e.y/ D xn: Now, x 2 ker iP implies that xn 2 ker iP and thus .iP ı e/.y/ D 1:

Hence, y D 1 and iP is a monomorphism as claimed. Thus, the P-local subgroup of
G generated by N is isomorphic to NP: The result follows from Theorem 5.50. ut
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5.3.3 P-Morphisms

Our next definition contains useful generalizations of the more standard notions
involving group homomorphisms. These are convenient for the study of P-
localization, as illustrated by P. Hilton and others in [12] and [13].

Definition 5.20 Let G and H be groups. A homomorphism ' W G ! H is called

(i) P-injective if ker ' D fg 2 G j g is P0-torsiong I
(ii) P-surjective if for all h 2 H; there exists a P0-number n such that hn 2 '.G/I

(iii) a P-isomorphism if ' is both P-injective and P-surjective.

For a single prime p, the usual notions are p-injective, p-surjective, and p-
isomorphism.

In [12] and [13], various properties of P-morphisms are established. For example,
if a homomorphism between P-local groups is given, then the standard definition of
an injective (surjective) homomorphism is equivalent to the notion of a P-injective
(P-surjective) homomorphism. This is demonstrated in the next lemma.

Lemma 5.47 Let ' W G ! H be a homomorphism of P-local groups.

(i) If ' is P-injective, then ' is injective.
(ii) If ' is P-surjective, then ' is surjective.

Proof

(i) If ' is P-injective and g 2 ker ', then there exists a P0-number n such that
gn D 1: Since G is P-local, g D 1. Therefore, ' is injective.

(ii) Suppose that ' is P-surjective. If h 2 H; then there exists g 2 G and a P0-
number n such that '.g/ D hn: Since G is P-local, there is a unique x 2 G such
that xn D g: Thus,

'.g/ D ' .xn/ D .'.x//n D hn:

As H is P-local, '.x/ D h: Thus, ' is surjective. ut
An important result for nilpotent groups is that the P-localizing map is always a

P-isomorphism.

Theorem 5.53 Let P be a nonempty set of primes. For any finitely generated
nilpotent group G; the P-localizing map e W G ! GP is a P-isomorphism.

Proof The proof is based on [33]. By Corollaries 5.23 and 5.26, e is P-surjective.
We only need to show that e is P-injective. Let 1 ¤ g be a P0-torsion element of G:
There exists a P0-number n such that gn D 1, so that

.e.g//n D e.gn/ D 1:

Since GP is P-local, e.g/ D 1: Therefore, g 2 ker e and thus all P0-torsion elements
of G lie in ker e:
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We assert that every element in ker e is P0-torsion; that is, the induced map

Oe W G=�P0.G/ ! GP

is an embedding. Since G=�P0.G/ is P0-torsion-free, this is equivalent to showing
that e W G ! GP is an embedding, where G is assumed to be P0-torsion-free.
By Theorem 5.33 and Lemma 5.32, G is a subgroup of a direct product of finite
P-torsion groups. The proof of Lemma 5.32 shows that each factor of the direct
product is nilpotent of class at most the class of G: Furthermore, G is P-local by
Theorem 5.37. Since such a direct product is itself P-local according to Lemma 5.43,
G must embed in its P-localization. ut
Remark 5.15 Theorem 5.53 holds for arbitrary nilpotent groups and not only the
finitely generated ones. The argument in this case uses direct limits and systems.
See Theorem 8.9 of [33]. We can also allow P to be the empty set. See the comment
before Corollary 5.28.

The next two corollaries can be found in P. Ribenboim’s work [28]. They also
appear in [33].

Corollary 5.27 Let G be a nilpotent group and let P1 and P2 be any two sets of
primes. Then

�
GP1

�
P2

is a .P1 \ P2/-local group.

Proof Fix a prime p 2 .P1 \ P2/0: We claim that every element of
�
GP1

�
P2

has a

unique pth root in
�
GP1

�
P2
: Observe that

.P1 \ P2/
0 D P0

1 [ P0
2 D P0

2 [ .P2 \ P0
1/:

If p 2 P0
2; then the claim is certainly true since

�
GP1

�
P2

is P2-local. Suppose,
therefore, that p 2 P2 \ P0

1 and let

e W GP1 ! �
GP1

�
P2

be the P2-localization map. We establish that
�
GP1

�
P2

is a Dp-group by using
Theorem 5.42, where we take the disjoint sets of primes to be fpg and P0

2 and the
groups to be e.GP1 / and

�
GP1

�
P2

respectively. By Theorem 5.50 and Corollary 5.26,

�
GP1

�
P2

D IP0

2

�
e
�
GP1

�
;
�
GP1

�
P2

�
:

Since GP1 is P1-local and p 2 P0
1; GP1 is p-radicable. Hence, e.GP1 / is also p-

radicable by Lemma 5.18.
We assert that e.GP1 / is a Up-group. In light of Corollary 5.6, it is enough to show

that ker e is p-isolated. Suppose that gp 2 ker e for some g 2 GP1 : By Theorem 5.53,
every element of ker e is P0

2-torsion. Thus, there exists q 2 P0
2 such that

�
gp
�q D 1

and consequently,
�
gq
�p D 1: Since gq 2 GP1 and p 2 P0

1; we have that gq D 1
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because GP1 is P0
1-torsion-free. Therefore, .e.g//q D 1 and thus g 2 ker e because

q 2 P0
2 and

�
GP1

�
P2

is P0
2-torsion-free. And so, ker e is p-isolated as asserted. The

result follows from Theorem 5.42. ut
Corollary 5.28 Let P1 and P2 be any two sets of primes and let G be a nilpotent
group. Then

�
GP1

�
P2

Š GP1\P2 :

Proof Clearly, every .P1 \ P2/-local group is P1-local and P2-local. In particular,
GP1\P2 is P1-local and P2-local. Let

e1 W G ! GP1 ; e2 W GP1 ! �
GP1

�
P2
; and  W G ! GP1\P2

be P1-, P2- and .P1 \ P2/-localization maps respectively. By Theorem 5.51, there
exists a unique homomorphism

' W GP1 ! GP1\P2

such that ' ı e1 D  : The same theorem guarantees the existence of a unique
homomorphism

“ W �GP1

�
P2

! GP1\P2

such that “ ı e2 D ': Hence,  D “ ı e2 ı e1: Now,
�
GP1

�
P2

is a .P1 \ P2/-local
group by Corollary 5.27. By Theorem 5.51, there exists a unique homomorphism

� W GP1\P2 ! �
GP1

�
P2

such that � ı  D e2 ı e1: Thus,  D “ ı � ı  and by uniqueness, “ ı � equals
the identity map on GP1\P2 : We need to show that � ı “ equals the identity map on�
GP1

�
P2
: To do this, we first observe that

� ı “ ı e2 ı e1 D � ı  D e2 ı e1:

The homomorphisms �ı“ıe2 and e2 coincide on e1.G/: Since
�
GP1

�
P2

is P1-local, it
follows from Lemma 5.45 and Corollary 5.26 that � ı“ıe2 D e2 on GP1 :Moreover,�
GP1

�
P2

is P2-local and � ı “ coincides with the identity map on e2
�
GP1

�
: Once

again, Lemma 5.45 and Corollary 5.26 imply that � ı “ equals the identity map on�
GP1

�
P2

as desired. ut
As we mentioned in Remark 5.15, it follows from Corollary 5.28 that the set of

primes P in Theorem 5.53 can also be taken to be empty.

Corollary 5.29 If G is a nilpotent group with P-localization GP and P-localization
map e W G ! GP; then �.GP/ D e.�.G//: Thus, all torsion from the localization GP

comes from G:
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Proof It is clear that �.GP/ � e.�.G//: We claim that �.GP/ � e.�.G//: Let g 2
�.GP/: There exists a P-number m such that gm D 1: By Corollary 5.26, e.G/
generates GP as a P-local group. Thus, there exists a P0-number n such that gn 2
e.G/ by Corollary 5.23. Since m and n are coprime, there exist integers a and b such
that am C bn D 1: Hence,

g D gamCbn D .gm/a.gn/b D .gn/b:

And so, g 2 e.G/: Suppose that g D e.h/ for some h 2 G: We assert that h 2 �.G/:
Observe that

e.hm/ D .e.h//m D gm D 1

and thus hm is in the kernel of e: By Theorem 5.53, there is a P0-number k such that
.hm/k D 1: Hence, hmk D 1 and consequently, h 2 �.G/ as asserted. ut

The next result is immediate from Theorem 5.53 and Corollary 5.29.

Corollary 5.30 If G is a torsion-free nilpotent group, then its P-localization GP is
torsion-free and its P-localization map e W G ! GP is an embedding.

We end this section by considering the question of whether a nilpotent group is
determined (up to isomorphism) by its p-localizations, where p varies over the set
of all primes. In other words, given that G and H are nilpotent groups and Gp Š Hp

for all prime numbers p; does it follow that G is isomorphic to H?
The examples given below, which are due to V. N. Remeslennikov (see [27] and

p. 8 in [6]), show that this is not true in general, not even for the finitely generated
case. As noted in [6], the original motivation for these examples was to show that
it is not possible to classify finitely generated torsion-free nilpotent groups by their
finite homomorphic images.

We give presentations of V. N. Remeslennikov’s examples within the category of
class 4 nilpotent groups. Let

S D
D
x; y

ˇ
ˇ
ˇ Œy; x; y; y�3Œy; x; x; y�Œy; x; x; x�2 D 1

E

and

T D
D
x; y

ˇ
ˇ
ˇ Œy; x; y; y�6Œy; x; x; y�Œy; x; x; x� D 1

E
:

It is possible to show that Sp Š Tp for every p; but that S and T are not isomorphic
(see Corollary 3.2.3 in [35]). Another set of examples exhibiting this behavior were
constructed by G. Mislin and can be found on p. 69 of [33].
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Chapter 6
“The Group Ring of a Class of Infinite Nilpotent
Groups” by S. A. Jennings

This chapter is based on a seminal paper entitled “The Group Ring of a Class
of Infinite Nilpotent Groups” by S. A. Jennings [7]. In Section 6.1, we consider
the group ring of a finitely generated torsion-free nilpotent group over a field of
characteristic zero. We prove that its augmentation ideal is residually nilpotent.
We introduce the dimension subgroups of a group in Section 6.2. These subgroups
are defined in terms of the augmentation ideal of the corresponding group ring.
We prove that the nth dimension subgroup coincides with the isolator of the nth
lower central subgroup. This is a major result involving a succession of clever
reductions where nilpotent groups play a prominent role. Section 6.3 deals with
nilpotent Lie algebras. We show that there exists a nilpotent Lie algebra over a
field of characteristic zero which is associated with a finitely generated torsion-free
nilpotent group. As it turns out, the underlying vector space of this Lie algebra has
dimension equal to the Hirsch length of the given group.

6.1 The Group Ring of a Torsion-Free Nilpotent Group

We begin with some definitions regarding group rings.

6.1.1 Group Rings and the Augmentation Ideal

Let G be a group and let R be a commutative ring with unity. The group ring RG of
G over R is defined to be the set of all finite formal sums

X

g2G

rgg
�
rg 2 R

�
;
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together with the addition and multiplication rules

 
X

g2G

rgg

!

C
 
X

g2G

sgg

!

D
X

g2G

�
rg C sg

�
g

and
 
X

g2G

rgg

! 
X

h2G

shh

!

D
X

g; h2G

�
rgsh

�
gh:

It is clear that RG is indeed a ring under the prescribed operations. We point out that
the group ring RG can also be regarded as a free R-module with a basis consisting
of the elements of G since R acts naturally on RG:

We will abuse notation and denote the unity element in R; the unity element in
RG; and the group identity in G by 1: If g 2 G and r 2 R; then it is conventional to
write the elements 1g 2 RG and r1 2 RG simply as g and r respectively.

In this chapter, R will be a commutative ring with unity unless otherwise stated.

Definition 6.1 Let G be a group. The kernel of the ring homomorphism

  W RG ! R given by  

 
X

g2G

rgg

!

D
X

g2G

rg

is called the augmentation ideal of RG:

The augmentation ideal of RG is denoted by AR.G/; or just A.G/ when R is
understood from the context. Thus,

A.G/ D
8
<

:

X

g2G

rgg 2 RG

ˇ
ˇ
ˇ
ˇ
ˇ

X

g2G

rg D 0

9
=

;
:

Since   is a ring epimorphism, the quotient ring RG=A.G/ is isomorphic to R:
Furthermore, A.G/ is an R-submodule of RG because it is an ideal of RG:

It is clear that g � 1 2 A.G/ for any 1 ¤ g 2 G: The next lemma shows that such
elements form an R-basis for AR.G/:

Lemma 6.1 Let G be any group. The set

S D fg � 1 j g 2 G; g ¤ 1g

is an R-basis for AR.G/: Thus, AR.G/ is a free R-module with basis S:

Proof Let x D P
g2G rgg 2 AR.G/: Then

P
g2G rg D 0: Thus,
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x D x �
0

@
X

g2G

rg

1

A 1 D
X

g2G

rgg �
0

@
X

g2G

rg

1

A 1 D
X

g2G

rg.g � 1/:

Hence, S spans AR.G/:
We need to show that S is linearly independent. Suppose that

X

1¤g2G

rg.g � 1/ D 0:

Then

X

g2G

rgg D
0

@
X

g2G

rg

1

A 1: (6.1)

Since G is a basis for the R-module RG and every g appearing in (6.1) is distinct
from the identity, rg D 0 for all of these g: The result follows. ut

As in Definition 2.6, let An
R.G/ (or An.G/ when R is understood) denote the ideal

of RG generated by all products of n elements of the augmentation ideal of RG:

Corollary 6.1 Let G be any group. The set

S D f.g1 � 1/.g2 � 1/ 	 	 	 .gn � 1/ j 1 ¤ gi 2 Gg

spans An.G/:

Proof This is an immediate consequence of Lemma 6.1. ut
Lemma 6.2 Let G be a group and H � G: For all n 2 N; An.H/ � An.G/:

Proof The result follows from the fact that A.H/ � A.G/: ut
Let G be any group with N E G: The natural homomorphism   W G ! G=N

induces a ring homomorphism

%N W RG ! R.G=N/ defined by %N

0

@
X

g2G

agg

1

A D
X

g2G

ag.gN/:

We record two useful facts about the map %N in the next lemma.

Lemma 6.3 The kernel of %N is the two-sided ideal of RG given by

RG 	 A.N/ D A.N/ 	 RG;

and %N .An.G// D An.G=N/ for any n 2 N:

Proof We prove that ker %N D RG 	 A.N/: Let x D P
i aigi be an element of RG;

where ai 2 R and gi 2 G: For each gk in this expression for x; we let gk 2 G be a
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representative of the left coset gkN: We can write

x D
X

k; l

a0
klgknl

�
a0

kl 2 R; gk 2 G; nl 2 N
�
:

Now,

%N.x/ D
X

k; l

a0
klgkN D

X

k

 
X

l

a0
kl

!

gkN 2 R
	
G=N



:

We readily observe that x 2 ker %N if and only if
P

l a0
kl D 0 for every k:

Suppose now that x 2 ker %N : For each k; we have
P

l a0
klgk D 0: Thus,

X

l

a0
klgknl D

X

l

a0
klgknl �

X

l

a0
klgk

D
X

l

a0
klgk.nl � 1/

for each k: Hence,

x D
X

k; l

a0
klgknl D

X

k

 
X

l

a0
klgk.nl � 1/

!

:

It follows that x 2 RG 	 A.N/:
Next, we show that RG 	 A.N/ � ker %N : Since %N maps every element of A.N/

to zero, A.N/ � ker %N : If x 2 RG 	 A.N/; then

x D
X

i

%i�i .%i 2 RG; �i 2 A.N//:

Therefore, x 2 ker %N and thus ker %N D RG 	 A.N/: By taking right coset
representatives, one can prove in the same way that ker %N D A.N/ 	 RG: Finally,
Corollary 6.1 gives %N .An.G// D An.G=N/ for any n 2 N: ut

6.1.2 Residually Nilpotent Augmentation Ideals

Our goal is to topologize the group ring FG; where G is a finitely generated torsion-
free nilpotent group and F is a field of characteristic zero. This will be achieved once
we have proven that the powers of the augmentation ideal satisfy certain criteria.
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Definition 6.2 Let G be any group. The augmentation ideal of RG is called
residually nilpotent if

1\

nD1
An.G/ D 0:

The main theorem of this section is:

Theorem 6.1 (S. A. Jennings) Let G be a finitely generated torsion-free nilpotent
group and let F be a field of characteristic zero. For every n 2 N; AnC1.G/ is a
proper ideal of An.G/: Furthermore, A.G/ is residually nilpotent.

The original proof which we offer here relies on the fact that G has a Mal’cev
basis and is adopted from [2]. We begin by establishing some preliminary lemmas.
Suppose that G has Hirsch length r and let fg1; : : : ; grg be a Mal’cev basis for G:
Every nontrivial element of G can be written in the form

�
g˙1

i1

�t1�
g˙1

i2

�t2 	 	 	
�

g˙1
is

�ts
;

where 1 � i1 < i2 < 	 	 	 < is � r and ti 2 N: Hence, each element of

S D fg � 1 j g 2 G; g ¤ 1g

is expressible in the form

�
g˙1

i1

�t1�
g˙1

i2

�t2 	 	 	
�

g˙1
is

�ts � 1 for 1 � i1 < i2 < 	 	 	 < is � r: (6.2)

Using the identity

xy � 1 D .x � 1/.y � 1/C .x � 1/C .y � 1/; (6.3)

together with the Binomial Theorem, we can express every element of S as a sum of
products of expressions of the form g˙1

ij
� 1; where gij ¤ 1; in the right order; that

is, each g � 1 2 S can be written as a sum of elements of the form

sY

kD1

�
g˙1

ik � 1�˛k for 1 � i1 < i2 < 	 	 	 < is � r and ˛k 2 N; (6.4)

and none of the gik equals the identity. By Lemma 6.1, the elements given in (6.4)
span A.G/: Moreover, these elements are linearly independent over F: To see this,
notice that any two different elements of the form (6.4) have different leading terms

g˙˛1
i1

g˙˛2
i2

	 	 	 g˙˛s
is
:

It follows that a nontrivial F-linear combination of elements of the form (6.4) can’t
equal zero. We summarize our discussion as a lemma:
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Lemma 6.4 The formally distinct products of the form
�

g˙1
i1 � 1

�˛1�
g˙1

i2 � 1
�˛2 	 	 	

�
g˙1

is � 1
�˛s

;

where 1 � i1 < i2 < 	 	 	 < is � r and ˛j > 0; form a basis for the vector space
A.G/ over F:

Next, consider any product of the form

p D
�

g˙1
l1 � 1

��
g˙1

l2 � 1
�

	 	 	
�

g˙1
ls � 1

�
; (6.5)

where lj 2 f1; : : : ; rg: Define the weight w.p/ of p in (6.5) by

w.p/ D 2l1 C 2l2 C 	 	 	 C 2ls :

A straight product is a product of the form

rY

iD1

�
g�1

i � 1
�˛i
�

gi � 1
�ˇi

; (6.6)

where ˛i; ˇi are nonnegative integers and 1 � i � r: Observe that

w

 
rY

iD1

�
g�1

i � 1
�˛i
�

gi � 1
�ˇi

!

D
rX

iD1

�
˛i C ˇi

�
2i:

Lemma 6.5 Each product of the form

�
g˙1

l1 � 1� �g˙1
l2 � 1� 	 	 	 �g˙1

ls � 1� ;

where lj 2 f1; : : : ; rg; can be expressed as a Z-linear combination of straight
products of no less weight.

Proof We use a collection process to write the given expression as a Z-linear
combination of straight products. Observe first that if p < q; then

h
g˙1

q ; g˙1
p

i
D

rY

uDqC1

�
g˙1

u

�ıu

for suitable positive integers ıqC1; : : : ; ır (see Remark 4.4). Hence, by (6.3), we
have that

h
g˙1

q ; g˙1
p

i
� 1
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is a Z-linear combination of straight products involving only gqC1; : : : ; gr and each
straight product arising in this sum has weight at least 2qC1: Furthermore,

w
��

g˙1
q � 1

��
g˙1

p � 1
��

D 2q C 2p < 2q C 2q D 2qC1:

It follows from the identity

.b � 1/.a � 1/ D .a � 1/.b � 1/C .Œb; a� � 1/C .a � 1/.Œb; a� � 1/
C .b � 1/.Œb; a� � 1/C .a � 1/.b � 1/.Œb; a� � 1/

that
�

g˙1
q � 1

��
g˙1

p � 1
�

D
�

g˙1
p � 1

��
g˙1

q � 1
�

C 	 	 	 ;

where “	 	 	 ” is a Z-linear combination of straight products, each of whose weight
exceeds 2p C 2q: ut

We prove Theorem 6.1 by induction on the Hirsch length r of G: If r D 1;

then G is infinite cyclic. Assume that G D gp.g/: In this case, there exists a
ring isomorphism between the group ring FG and the ring of Laurent polynomials
F
	
t; t�1



induced by the mapping g 7! t: It follows that FG is a PID and thus a

UFD. Since FG is a commutative PID, there exists a 2 A.G/ such that

Am.G/ D hami D fram j r 2 FGg

for every m 2 N: Suppose that there exists 0 ¤ x 2 T1
mD1 Am.G/: Then x can be

written uniquely as a product of at least m primes in FG for every m 2 N: Since this
is impossible, we must have

1\

mD1
Am.G/ D 0:

This completes the basis of induction.
Suppose that r > 1 and assume that the theorem is true for all finitely generated

torsion-free nilpotent groups of Hirsch length less than r: Assume that 0 ¤ x 2T1
qD1 Aq.G/: We may assume without loss of generality that if x D P

rjhj; then
each group element hj; when expressed in the canonical form g˛11 	 	 	 g˛r

r for some
integers ˛i; involves only positive powers of g1: By Lemma 6.4, we can express x as
a unique F-linear combination of the form

x D
X


2F

 



Y�

g˙1
ij � 1

�"j

!

; (6.7)
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where "j 2 N and the terms
�

g˙1
ij

� 1
�

in each product occur in the order induced

by the Mal’cev basis. By the proof of Lemma 6.4, only powers of .g1 � 1/ ; and not�
g�1
1 �1

�
; appear in (6.7). By collecting the “coefficients” of the powers of (g1�1),

we obtain

x D x0 C .g1 � 1/m1x1 C 	 	 	 C .g1 � 1/md xd;

where 0 < m1 < 	 	 	 < md and each xi is an F-linear combination of products of the
form

�
g˙1

i1 � 1
��1 	 	 	

�
g˙1

is � 1
��s

; where 2 � ii < i2 < 	 	 	 < is � r and �j � 0:

Let G1 D gp.g2; : : : ; gr/: We see that xi D fi C Qgi for some fi 2 F and Qgi 2 A.G1/;

where i D 0; 1; : : : ; d: Note that f0 must be zero. We claim that fi D 0 for all
i D 0; 1; : : : ; d: Set H D gp.g1/ and define a homomorphism

˚ W G ! H by ˚.g1/ D g1 and ˚.gi/ D 1 if i > 1:

Then ˚ induces an F-linear map b̊ W FG �! FH: Observe that

b̊.x/ D f0 C .g1 � 1/m1 f1 C 	 	 	 C .g1 � 1/md fd;

where 0 < m1 < 	 	 	 < md: Thus, b̊.x/ 2 T1
qD1 Aq.H/ because x 2 T1

qD1 Aq.G/:
Since H has Hirsch length equal to 1; we use the basis of induction to see that A.H/
is residually nilpotent. And so, b̊.x/ D 0: However, the elements

.g1 � 1/m1 ; .g1 � 1/m2 ; : : : ; .g1 � 1/md

are linearly independent over F for 0 < m1 < 	 	 	 < md by Lemma 6.4. Thus,

f0 D 	 	 	 D fd D 0;

and consequently, xi 2 A.G1/ for 0 � i � d:
Now, G1 is a finitely generated torsion-free nilpotent group of Hirsch length less

than r by Theorem 4.7. By induction, A.G1/ is residually nilpotent. Thus, if x0 ¤ 0;

then there exists k0 such that x0 … Ak0 .G1/: If x0 D 0; then we may assume that
x1 ¤ 0 and choose k1 so that x1 … Ak1 .G1/: Set

k D
(

k0 if x0 ¤ 0

k1 C m1 if x0 D 0;

and notice that x 2 A2
rk.G/ because x 2 An.G/ for all n: By Lemma 6.4, it follows

that x can be expressed as an F-linear combination of products of the form
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�
g˙1

i1 � 1
�

	 	 	
�

g˙1
iu � 1

�
; (6.8)

where each such product contains at least 2rk factors. Observe that the products
in (6.8) need not be straight. However, according to Lemma 6.5, each such product
can be straightened without decreasing the weight. Consequently, we may write

x D h1p1 C 	 	 	 C htpt;

where hj 2 F and pj is a straight product

rY

iD1

�
g�1

i � 1
�˛i
�

gi � 1
�ˇi

(6.9)

of weight at least 2rk: Hence, in every straight product that occurs we have

rX

iD1
.˛i C ˇi/2

i � 2rk

and thus

rX

iD1
.˛i C ˇi/ � k:

We conclude that each of the straight products in (6.9) has at least k factors.
Suppose that p1; : : : ; pt are enumerated as such:

1. if 1 � j � �; then pj is of the form (6.9) satisfying ˛1 D ˇ1 D 0 and;
2. if � < j � t; then pj is of the form (6.9) satisfying either ˛1 ¤ 0 or ˇ1 ¤ 0:

Setting the two expressions for x equal to each other leads to

x0 C .g1 � 1/m1x1 C 	 	 	 C .g1 � 1/md xd D h1p1 C 	 	 	 C h�p� C h�C1p�C1 C
	 	 	 C htpt;

where xi 2 A.G1/ for 0 � i � d and pl 2 A.G1/ for 1 � l � �: Since

�
g1 � 1

��
g�1
1 � 1

�
D �

�
g1 � 1

�
�
�

g�1
1 � 1

�
;

it follows from Lemma 6.4 that

x0 D h1p1 C 	 	 	 C h�p� (6.10)
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and

.g1 � 1/m1x1 C 	 	 	 C .g1 � 1/md xd D h�C1p�C1 C 	 	 	 C htpt: (6.11)

There are two cases to consider, depending on the value of x0:

1. If x0 ¤ 0; then each straight product p1; : : : ; p� in (6.10) has at least k factors of

the form
�

g˙1
i �1

�
; where 2 � i � r:We conclude that x0 2 Ak.G1/ D Ak0 .G1/;

a contradiction.
2. If x0 D 0; then each straight product p�C1; : : : ; pt in (6.11) takes the form

pj D
�

g�1
1 � 1

�	j
�

g1 � 1
�
j

qj

D .g1 � 1/	jC
j.�g1/
�	j qj;

where qj 2 A.G1/ and the second equality follows from the Binomial Theorem.
Assume that 	j C
j < m1 for any j D �C1; : : : ; t and let � D min

�
	j C
j

�

for j D � C 1; : : : ; t: Since FG is an integral domain, we can cancel the factor
.g1 � 1/� across (6.11). The resulting equation contradicts Lemma 6.4. Thus, we
must have 	j C
j � m1 for �C1 � j � t: By canceling .g1�1/m1 across (6.11),
we end up with an expression for x1 as a sum of products of elements of the

form
�

g˙1
i � 1

�
for 2 � i � r; each product having at least (k � m1) factors.

Consequently, x1 2 Ak�m1 .G1/ D Ak1 .G1/; a contradiction.

This completes the proof of Theorem 6.1.

Remark 6.1 Theorem 6.1 is true even when G is not finitely generated. This was
proven by M. Lazard (see [2]).

6.1.3 E. Formanek’s Generalization

In [3], E. Formanek generalized Theorem 6.1 and gave a shorter proof. He showed
that the field F can be replaced by any associative, but not necessarily commutative,
ring with unity and the result is still true. This observation was also made by B.
Hartley in [5].

E. Formanek’s proof invokes two lemmas, one due to Swan [17] and the other
due to himself [3]. Both of them rely on defining a certain action of a group ring on
another group ring. We describe this action, which will be implicit in the proofs of
both lemmas.

In what follows, R is any associative (not necessarily commutative) ring with
unity. Let G be a nilpotent group and let 1 ¤ H C G such that G=H Š Z: Fix a
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generator t of Z: If x is an element of G which maps to t; then we may define an
action of the group ring RG on the group ring RH: Let x act on RH by

x 	
nX

iD1
rihi D

nX

iD1
rix

�1hix .ri 2 R; hi 2 H/;

and let H act on RH by left multiplication:

h 	
nX

iD1
rihi D

nX

iD1
rihhi .ri 2 R; hi 2 H/:

These induce an action of G on RH in the obvious way and thus an action of RG
on RH: Of course, this induced action depends on the chosen x: Consequently, RH
becomes a left RG-module.

Lemma 6.6 (R. Swan) Suppose that G D gp.H; x/ is a nilpotent group of class
c; where H C G and

G=H Š gp.x/ Š Z:

If m 2 N; then Amc
.G/ 	 RH � Am.H/:

Proof The proof is adopted from [11]. We proceed by induction on c: If c D 1;

then G is abelian. In this case, hx D h for all h 2 H: Thus, x acts trivially on RH:
Furthermore, G is a direct sum of H and gp.x/: It follows that Am.G/ 	RH D Am.H/:

Suppose that c > 1 and assume that the lemma is true for all nilpotent groups of
class less than c: Let L D �cG: By Lemma 1.6, �2G E H and thus

L E �2G E H:

In addition, L � Z.G/ since G is of class c:Now, both G=L and H=L have nilpotency
class less than c: By induction,

Amc�1

.G=L/ � R.H=L/ � Am.H=L/: (6.12)

Since RHA.L/ is the kernel of the natural map RH ! R.H=L/ by Lemma 6.3, it
follows from (6.12) that

Amc�1

.G/ 	 RH � Am.H/C RHA.L/: (6.13)

Now, x acts trivially on L because L is abelian. From this, we see that RH is a
left RG- and right RL-bimodule, where the right action is right multiplication. This,
together with (6.13) and the fact that A.H/ is an RG-submodule of RH give
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A2mc�1

.G/ 	 RH D Amc�1

.G/Amc�1

.G/ 	 RH

� Amc�1

.G/ 	 ŒAm.H/C RHA.L/�

� Amc�1

.G/ 	 Am.H/C Amc�1

.G/ 	 .RHA.L//

� Am.H/C
�

Amc�1

.G/ 	 RH
�

A.L/

� Am.H/C .Am.H/C RHA.L//A.L/

D Am.H/C RHA2.L/:

Continuing in this way, we find that

Armc�1

.G/ 	 RH � Am.H/C RHAr.L/ for 1 � r � m:

In particular,

Amc
.G/ 	 RH � Am.H/C RHAm.L/:

Since L � H; RHAm.L/ � Am.H/: Therefore, Amc
.G/ 	 RH � Am.H/: ut

Lemma 6.7 (E. Formanek) Suppose that G is a torsion-free nilpotent group. Let
1 ¤ H C G such that G=H Š Z and let 0 ¤ ˛ 2 RG: There exists an element
x 2 G which maps to a generator of Z such that ˛ 	 RH ¤ 0; where the module
action RG � RH ! RH is defined relative to x:

Proof Let ˛ D P
g2G rgg; where rg 2 R:We may assume without loss of generality

that the coefficient r1 of the identity element 1 2 G is not zero. Let

1; g1; : : : ; gn

be the distinct group elements arising in ˛: We claim that each gi is contained in at
most one cyclic group generated by an element of G which maps to a generator t of
Z: Suppose that a and b are distinct elements of G which both map to t: We assert
that gp.a/ \ gp.b/ D 1: Assume on the contrary, that ai D bj for some i; j 2 Z:

Then ti D tj and thus i D j: Since G is torsion-free, Theorem 2.7 gives a D b; a
contradiction. This proves the assertion.

Now, if x is an element of G which maps to t; then the element hx of G also
maps to t for all h 2 H: Since H is infinite, this means that there are infinitely many
elements of G that map to t: By our previous discussion, it follows that the element
x which maps to t can be chosen so that no gi lies in gp.x/: Then

g1 D h1x
i1 ; g2 D h2x

i2 ; : : : ; gn D hnxin

for some nonidentity elements h1; h2; : : : ; hn 2 H and i1; i2; : : : ; in 2 Z: Consider
the action of ˛ on 1 2 RH:
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˛ 	 1 D
0

@r11C
nX

jD1
rgj gj

1

A 	 1

D r1.1 	 1/C
nX

jD1
rgj

�
gj 	 1�

D r1 C
nX

jD1
rgj

�
hjx

ij 	 1
�

D r1 C
nX

jD1
rgj hj:

Since r1 ¤ 0 by assumption and hj ¤ 1 for j D 1; 2; : : : ; n; it must be the case
that ˛ 	 1 ¤ 0 as required. ut

We now prove the generalization of Theorem 6.1.

Theorem 6.2 (E. Formanek) If G is a finitely generated torsion-free nilpotent
group and R is any (not necessarily commutative) ring with unity, then A.G/ is
residually nilpotent.

Proof We proceed by induction on the Hirsch length r of G: If r D 1; then G is
infinite cyclic. Suppose that G is generated by g and let x 2 T1

nD1 2 An.G/: We
claim that x D 0: Choose m 2 N: Since x 2 Am.G/; we can write x uniquely as

x D ˛1

�
g˙1 � 1

�m1 C ˛2

�
g˙1 � 1

�m2 C 	 	 	 C ˛k

�
g˙1 � 1

�mk

for ˛i 2 R and 0 < m � m1 < 	 	 	 < mk by Lemma 6.4. Let t be an
indeterminate. There exists a ring isomorphism from RG to the ring of Laurent
polynomials R

	
t; t�1



induced by the map g 7! t: Under this isomorphism, x is

mapped to a Laurent polynomial of (negative or positive) degree of at least m: Since
x 2 T1

nD1 2 An.G/; it must be that x D 0: This completes the basis of induction.
Suppose that r > 1 and let H be a normal subgroup of G of Hirsch length r � 1

such that G=H Š Z: By the induction hypothesis, \1
nD1An.H/ D 0: Assume that

A.G/ is not residually nilpotent and let 0 ¤ ˛ 2 \1
nD1An.G/: By Lemma 6.7, there

exists x 2 G which maps to a generator t of Z such that ˛ 	 RH ¤ 0 under the RG
action on RH relative to x: However,

˛ 	 RH �
1\

nD1
An.H/

by Lemma 6.6. Thus, ˛ 	 RH D 0; a contradiction. ut
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By modifying the procedure above, E. Formanek extended Theorem 6.2 to
certain nilpotent D-groups. Define the Q-rank of a nilpotent D-group G of class
c by

cX

iD1
Œ�iG=�iC1G W Q�;

where �iG=�iC1G is viewed as a vector space over Q: If F is a field of characteristic
zero and G is a nilpotent D-group of finite Q-rank, then A.G/ turns out to be
residually nilpotent. See [3] for details.

6.2 The Dimension Subgroups

In this section, we introduce the notion of a dimension subgroup. We prove that each
dimension subgroup coincides with the isolator of a lower central subgroup when
considered over a field of characteristic zero. The proof relies on the methods from
the previous section and is laid out by P. Hall in [4]. A general study of dimension
subgroups and the augmentation ideal of group rings over other rings can be found
in [11] and [12].

6.2.1 Definition and Properties of Dimension Subgroups

We remind the reader that R is a commutative ring with unity unless otherwise
stated. Let G be any group. Define the set Dn.R; G/ for each n 2 N by

Dn.R; G/ D G \ �
1C An

R.G/
�

D fg 2 G j g � 1 2 An
R.G/g :

Note that D1.R; G/ D G:

Lemma 6.8 For each n 2 N; Dn.R; G/ is a normal subgroup of G:

Proof If g and h are elements of Dn.R; G/; then

gh�1 � 1 D ..g � 1/ � .h � 1//h�1 2 An.G/:

Therefore, gh�1 2 Dn.R; G/ and thus Dn.R; G/ � G: To establish normality,
observe that if x 2 G; then

x�1gx � 1 D x�1.g � 1/x 2 An.G/:

And so, x�1gx 2 Dn.R; G/: ut
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In fact, Dn.R; G/ is the kernel of the homomorphism induced on G by the natural
homomorphism RG ! RG=An

R.G/: We call Dn.R; G/ the nth dimension subgroup
of G over R: The descending series

G D D1.R; G/ � D2.R; G/ � 	 	 	

is called the dimension series of G over R:We will write Dn.G/ instead of Dn.R; G/
when R is understood.

Theorem 6.3 If G is any group, then
	
Di.G/; Dj.G/


 � DiCj.G/ for any i; j 2 N:

If G is nilpotent, then its dimension series is central.

Proof If g 2 Di.G/ and h 2 Dj.G/; then

Œg; h� � 1 D g�1h�1..g � 1/.h � 1/ � .h � 1/.g � 1// 2 AiCj.G/:

Thus,
	
Di.G/; Dj.G/


 � DiCj.G/: In particular,
	
Di.G/; G


 � DiC1.G/: If G
happens to be nilpotent, then its dimension series is central by Lemma 2.1. ut
Corollary 6.2 If G is any group, then �nG � Dn.G/ for each n 2 N:

Proof This is immediate from Theorem 6.3. ut
Corollary 6.3 Let G be a torsion-free nilpotent group of class c: If R is any ring
with unity, then Dk.R; G/ D 1 for some k � c C 1: Consequently, G embeds in
1C AR.G/=Ak

R.G/ for some k � c C 1:

Proof By Theorem 6.2 and Corollary 6.2, Dk.R; G/ D 1 for some k � cC1:Define
a group homomorphism

 W G ! 1C AR.G/=Ak
R.G/ by  .g/ D 1C �

.g � 1/C Ak
R.G/

�
:

Clearly, the kernel of  equals Dk.R; G/: Thus, ker  D 1 and consequently,  is
an embedding. ut
Remark 6.2 Let G be a finitely generated torsion-free nilpotent group of class c and
let R be a binomial ring. For any k 2 N; define an R-action on 1C AR.G/=Ak

R.G/ by

g	 D 1C 	.g � 1/C
 
	

2

!

.g � 1/2 C 	 	 	 C
 

	

k � 1

!

.g � 1/k�1;

where

g D 1C
�
.g � 1/C Ak

R.G/
�

2 1C AR.G/=Ak
R.G/
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for every g 2 G and 	 2 R: Then 1 C AR.G/=Ak
R.G/; equipped with this R-action,

becomes a nilpotent R-powered group according to Example 4.9. It follows from
Corollary 6.3 that G embeds into this nilpotent R-powered group.

Lemma 6.9 If G is any group and H � G; then for any n 2 N; Dn.H/ � Dn.G/:

Proof This a direct consequence of Lemma 6.2. ut
Lemma 6.10 Let G be any group and suppose that N E G: If N � Dn.G/ for some
n 2 N; then Dn.G=N/ D Dn.G/=N:

Proof Let %N W RG ! R.G=N/ be the ring homomorphism induced by the natural
homomorphism   W G ! G=N: By Lemma 6.3,

%N .A
n.G// D An.G=N/:

We first show that Dn.G=N/ � Dn.G/=N: If gN 2 Dn.G=N/; then

gN � N 2 An.G=N/:

A pre-image of this element under %N is g � 1: Since g � 1 2 An.G/; g 2 Dn.G/:
Hence, gN 2 Dn.G/=N: Therefore, Dn.G=N/ � Dn.G/=N:

We establish the reverse inclusion. If gN 2 Dn.G/=N; then g 2 Dn.G/: Hence,
g � 1 2 An.G/ and consequently,

%N.g � 1/ D gN � N 2 An.G=N/:

Therefore, gN 2 Dn.G=N/ and thus Dn.G/=N � Dn.G=N/: ut
Lemma 6.11 If G is a group and F is a field of characteristic zero, then G=Dn.G/
is torsion-free for each n 2 N: Equivalently, Dn.G/ is isolated in G:

Proof The proof is done by induction on n: The case n D 1 is trivial. Assume that
G=Dn.G/ is torsion-free for n > 1 and suppose that g 2 G such that gs 2 DnC1.G/
for some s 2 N: We need to show that g 2 DnC1.G/: Well, DnC1.G/ � Dn.G/
implies that gs 2 Dn.G/; so g 2 Dn.G/ by induction. Thus, g � 1 2 An.G/ and

.g � 1/2 2 An.G/An.G/ � AnC1.G/:

Now,

gs D ..g � 1/C 1/s D 1C s.g � 1/C .g � 1/2
sX

kD2

 
s

k

!

.g � 1/k�2:

Hence,

s.g � 1/ D .gs � 1/ � .g � 1/2
sX

kD2

 
s

k

!

.g � 1/k�2 (6.14)
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and the right side of (6.14) is contained in AnC1.G/: Since F has characteristic zero
and s ¤ 0; s must be invertible in F: Therefore, g � 1 2 AnC1.G/: ut

We now come to the main theorem of this section. We follow the proof given by
P. Hall in [4].

Theorem 6.4 (S. A. Jennings) If G is any group and F is a field of characteristic
zero, then for any n 2 N;

Dn.F; G/ D fg 2 G j gm 2 �nG for some integer m > 0g :

Thus, Dn.F; G/ is the isolator of �nG in G:

Clearly, G=�nG is a nilpotent group for any n � 1: Let �.G=�nG/ D �nG=�nG
be the torsion subgroup of G=�nG and set Dn.F; G/ D Dn.G/: It is easy to see that
�nG is the isolator of �nG in G: We need to establish that Dn.G/ D �nG:

Suppose that g 2 �nG: There exists m 2 N such that gm 2 �nG: Thus, gm 2
Dn.G/ by Corollary 6.2. And so, g 2 Dn.G/ by Lemma 6.11. Therefore, �nG �
Dn.G/: Establishing the reverse inclusion

�nG � Dn.G/ (6.15)

is far more involved and requires substantial work. We will do this in stages by
making various reductions.

Reduction (1): We may assume that G is finitely generated.
Suppose that (6.15) holds for any finitely generated group and let N be any group.

We show that �nN � Dn.N/:
If g 2 Dn.N/; then 1 � g 2 An.N/: Thus, 1 � g is a finite F-linear combination

of products of the form

�
1 � gi1

� 	 	 	 �1 � gin

�

where gij 2 N: Let H be the subgroup of N generated by g together with all of the
gij ’s that appear in these products. Clearly, H is a finitely generated subgroup of N
containing g and 1 � g 2 An.H/: Thus, g 2 Dn.H/ and by assumption, g 2 �nH:
Since �nH � �nN; it follows that �nH � �nN: Thus, g 2 �nN:

Reduction (2): We may assume that G is finitely generated torsion-free nilpotent.
Assume that (6.15) is true for every finitely generated torsion-free nilpotent group

and let N be any finitely generated group. We assert that (6.15) holds for N: Set
K D �nN: By the Third Isomorphism Theorem,

N=K Š N=�nN

�.N=�nN/
:

Since N=�nN is nilpotent, N=K is a finitely generated torsion-free nilpotent group of
class at most n�1: Thus, �n.N=K/ D 1 because N=K is torsion-free. By assumption,
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Dn.N=K/ � �n.N=K/ and thus, Dn.N=K/ D 1: Moreover, Dn.N=K/ D Dn.N/=K
by Lemma 6.10 because K D �nN � Dn.N/: Therefore, 1 D Dn.N/=K and
consequently, Dn.N/ D K D �nN as asserted.

We have shown that if (6.15) is true for any finitely generated torsion-free
nilpotent group, then it is true for all other groups. Thus, we need to establish that
Dn.G/ � �nG when G is finitely generated torsion-free nilpotent.

Reduction (3): It is enough to prove that if G is a finitely generated torsion-free
nilpotent group, then �n.G/ D 1 implies Dn.G/ D 1:

Assume that all finitely generated torsion-free nilpotent groups satisfy the
assertion in Reduction (3) and let N be any finitely generated torsion-free nilpotent
group. We claim that Dn.N/ � �n.N/ for every n 2 N:

Put K D �n.N/: Then N=K is a finitely generated torsion-free nilpotent group of
class at most n � 1: Since K � Dn.N/;

Dn.N=K/ D Dn.N/=K

by Lemma 6.10. Since �n .N=K/ D 1 and N=K is torsion-free, �n.N=K/ D 1: Thus,
by assumption,

Dn.N=K/ D Dn.N/=K D 1:

Hence, Dn.N/ � K D �n.N/ as promised.
For the remainder of the proof, we fix a finitely generated torsion-free nilpotent

group G of class c: Note that � cC1G D 1 and by Corollary 5.3, the series

G D �1G > 	 	 	 > � cC1G D 1

is central. We call this series the isolated lower central series of G: Now, each
� iG=� iC1G is free abelian of finite rank mi for 1 � i � c: Thus, we can refine this
series to a poly-infinite cyclic and central series

G D G0 > G1 > 	 	 	 > GM D 1;

where M D m1 C m2 C 	 	 	 C mc: Let Gi�1 D gp.xi; Gi/ for i D 1; 2; : : : ; M: Then
fx1; x2; : : : ; xMg is a Mal’cev basis for G:

Before proceeding with further reductions, we pause to construct a certain type
of basis for the vector space FG:

Definition 6.3 A basis B of the vector space FG is called an integral basis if every
element of G is a Z-linear combination of the vectors in B and each vector in B is
a Z-linear combination of elements of G:

Note that if ui; uj 2 B; then we can always express the product uiuj as a Z-linear
combination of the elements of B:

We determine an integral basis for the group ring FH; where H is infinite cyclic.
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Lemma 6.12 Let H D gp.x/ be infinite cyclic and set u D 1 � x in FH: Fix an
integer n � 0: The set

S D f1; u; u2; : : : ; unx�1; unx�2; : : : g

is an integral basis for FH:

Proof We prove by induction on n that every element of S is an integral linear
combination of the elements of H: If n D 0; then for each r > 0;

ur D .1 � x/r D
rX

sD0
.�1/s

 
r

s

!

xs:

Thus, each element of f1; u; u2; : : : ; x�1; x�2; : : : g is an integral linear
combination of the elements of H:

Suppose that n > 0 and assume that each element of the set

f1; u; u2; : : : ; un�1x�1; un�1x�2; : : : g

is an integral linear combination of the elements of H: We need to show that each
element of

B D f1; u; u2; : : : ; unx�1; unx�2; : : : g

is also an integral linear combination of the elements of H: By induction, each
element of the form ui in B is an integral linear combination of the elements of
H: Observe further that for t > 0;

x�t D x�tC1 C x�t � x�tC1 D x�.t�1/ C .1 � x/x�t

and thus unx�t D un�1x�t � un�1x�.t�1/: Applying induction again gives that each
unx�t is also an integral linear combination of the elements of H: We omit the proof
of linear independence. ut

Using Lemma 6.12, it is now apparent how to concoct an integral basis for FG:
For 1 � i � M; put ui D 1 � xi; where xi is the ith element of the Mal’cev basis for
G constructed above. By Lemma 6.12, the set

V D ˚
v1v2 	 	 	 vM

ˇ
ˇ vi D uri

i or vi D un
i x�si

i .ri � 0; si > 0/
�

(6.16)

is an integral basis for FG for every n � 0: We consider the specific integral basis
V obtained by assuming, once and for all, that n D c C 1 > 0; where c is the class
of G:

Lemma 6.13 V n f1g is a basis for the vector space A.G/ over F:
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Proof An element v 2 V lies in A.G/ provided that not all of the ri’s equal zero
whenever v D ur1

1 	 	 	 urM
M : Thus, a linear combination of elements of V is contained

in A.G/ if and only if the identity element 1 D u01 	 	 	 u0M in the linear combination
has coefficient zero. ut

We associate a weight 
 to each element of V: Define the weight of ui D 1 � xi

by setting 
.ui/ D k if and only if xi 2 � kG n � kC1G: In this case, we abbreviate

i D 
.ui/: Next, we define the weight of an arbitrary element of V: Suppose that
v D v1v2 	 	 	 vM is an element of V:

(i) If at least one of the factors v1; v2; : : : ; vM has the form un
i x�si

i ; then we declare
that 
.v/ � n:

(ii) If v D ur1
1 ur2

2 	 	 	 urM
M ; then define 
.v/ D PM

iD1 ri
i:

Certain F-subspaces of FG which are spanned by elements of V of a specified
weight will be of interest. For 0 � s � n; let Es be the F-subspace of FG spanned by
fv 2 V j 
.v/ � sg: If s > n; then we set Es D En: Note that E0 D FG: Moreover,
since

1 D u01 	 	 	 u0M

is the only element of V of weight 0; we have E1 D A.G/ by Lemma 6.13. In what
follows, for notational consistency, we write A0.G/ D FG:

Reduction (4): It suffices to prove that As.G/ � Es for 0 � s � n:
Observe that if �mG D 1 for some m; then �mG D 1 since G is torsion-free. Thus,

m � n because G is of class c D n � 1: If we manage to prove that Dn.G/ D 1;

then we would also have Dm.G/ D 1 because Dm.G/ � Dn.G/: As a result, we can
restate Reduction (4) as the following lemma:

Lemma 6.14 Suppose that As.G/ � Es for 0 � s � n: Then Dn.G/ D 1:

Proof We begin by proving that Es � As.G/ for 0 � s � n: We must show that if
v 2 V satisfies 
.v/ � s; then v 2 As.G/: Let ui D 1 � xi be of weight k; where
1 � i � M and 1 � k � n � 1: Then xi 2 � kG n � kC1G: Since � kG � Dk.G/; we
have xi 2 Dk.G/: And so, ui 2 Ak.G/:

Next, let v D v1v2 	 	 	 vM be any element of V contained in Es; so that 
.v/ � s:
There are two possibilities for v:

• either v D ur1
1 	 	 	 urM

M and 
.v/ D PM
iD1 ri
i � s; or

• at least one of the vi equals un
i x�si

i :

If v D ur1
1 	 	 	 urM

M ; then ui 2 A
i.G/ implies that uri
i 2 Ari
i.G/ for each 1 � i � M:

Hence,

v 2
MY

iD1
Ari
i.G/ D A

PM
iD1 ri
i.G/ D A
.v/.G/ � As.G/:

Suppose on the other hand, that un
i x�si

i is a factor of v: In this case,

un
i D .1 � xi/

n 2 An.G/:



6.2 The Dimension Subgroups 239

Since An.G/ is an ideal of FG; it follows that v 2 An.G/:Moreover, An.G/ � As.G/
because s � n: In either case, v 2 As.G/ and thus Es � As.G/ as claimed. This,
together with the hypothesis give As.G/ D Es for 0 � s � n: Hence, the elements
of weight k span Ak.G/ modulo AkC1.G/:

Let 1 � k � n � 1 and assume that

uj; ujC1; : : : ; ujCl

are those elements of Ak.G/whose weight is exactly k:We assert that these elements
are linearly independent modulo AkC1.G/ and thus form a basis for Ak.G/ modulo
AkC1.G/: Let

a D ˛0uj C 	 	 	 C ˛lujCl 2 AkC1.G/

for some ˛0; : : : ; ˛l 2 F: Since V is an integral basis for FG; a basis for each
As.G/ D Es (0 � s � n) consists of those v 2 V whose weight is at least s: Hence,
a can also be written as a unique linear combination of v’s of weight at least (k C1).
Thus, ˛0 D 	 	 	 D ˛l D 0 as asserted.

Choose a nonidentity element g 2 G: Since �nG D 1; there exists a natural
number k < n such that g 2 � kG n � kC1G: Observe that the free abelian group
� kG=� kC1G is freely generated by

xj� kC1G; xjC1� kC1G; : : : ; xjCl� kC1G:

Hence, we may write g as

g D xr0
j xr1

jC1 	 	 	 xrl
jClz;

where z 2 � kC1G and not all of the r0; r1; : : : ; rl are zero. Now, 1 � z 2 AkC1.G/
since � kC1G � DkC1.G/: An application of the Binomial Theorem shows that for
m D 0; 1; : : : ; l;

1 � xrm
jCm D 1 � �

1 � ujCm
�rm

D rmujCm C terms contained in AkC1.G/:

Hence,

1 � g D 1 � xr0
j xr1

jC1 	 	 	 xrl
jClz

D 1 � �
1 � uj

�r0�
1 � ujC1

�r1 	 	 	 �1 � ujCl
�rl z

D
lX

mD0
rmujCm C terms contained in AkC1.G/:
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Note that

lX

mD0
rmujCm … AkC1.G/

since the rm are not all zero and the ujCm are linearly independent modulo AkC1.G/:
Therefore, 1 � g … AkC1.G/ and consequently, g … DkC1.G/: Since k < n; we have
DkC1.G/ � Dn.G/ and thus g … Dn.G/: We conclude that Dn.G/ D 1: ut
Reduction (5): It is enough to prove that ErEs � ErCs for r; s � 0:

For suppose that ErEs � ErCs for r; s � 0: We must prove that At.G/ � Et

whenever 0 � t � n: Recall that FG D A0.G/ D E0 and A.G/ D E1: Assume the
result holds for 0 � t < n: Then, by induction,

EtC1 
 EtE1 
 At.G/A.G/ D AtC1.G/:

And so, we set out to prove that ErEs � ErCs by examining certain subspaces of
Es; for s � 0: Set Es; 1 D Es: For 1 < i � M; let Es; i be the subspace of Es spanned
by those products v D v1v2 	 	 	 vM in V such that 
.v/ � s and

v1 D v2 D 	 	 	 D vi�1 D 1:

If s > n; then we have Es; i D En; i: Note that Es; i 
 FGi�1:

Reduction (6): It suffices to prove that Er; iEs; i � ErCs; i for r; s � 0 and 1 � i � M:
For suppose that Er; iEs; i � ErCs; i for r; s � 0 and 1 � i � M: Then, in

particular, Er; 1Es; 1 � ErCs; 1; or equivalently, ErEs � ErCs:

Thus, our final task is to show that Er; iEs; i � ErCs; i for r; s � 0 and 1 � i � M:
We do this by induction on M � i: If M � i D 0; then the result follows. Suppose
that i < M and assume that Er; jEs; j � ErCs; j for j > i: In this situation, we prove
the following:

Lemma 6.15 If v D v1 	 	 	 vM 2 Ep; then v.xi � 1/ 2 EpC
i; i:

Proof The bulk of the proof consists of establishing that

x�1
i vjxi � vj 2 E
iC
.vj/; iC1

when 1 � i < j � M; where vj equals either u
rj

j for some rj � 0 or un
j x

�sj

j for some
sj > 0 as before. For any 1 � i; j � M; we have that

x�1
i ujxi D 1 � xj

	
xj; xi




D uj C z � ujz

where z D 1 � 	
xj; xi



: By Corollary 5.3 and Theorem 2.14 (i),
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xj; xi


 2
h
�
j

G; �
i
G
i

� �
iC
j
G:

And so, z 2 A
�
�
iC
j

G
�
: It follows from Lemma 6.13 that z can be expressed as an

F-linear combination of elements of V; each having weight at least 
i C 
j: Thus,
z 2 E
iC
j; iC1:

Assume from this point on that i < j; so that uj 2 E0; iC1: Since Er; jEs; j � ErCs; j

when i < j by assumption, we have

ujz 2 �E0; iC1
��

E
iC
j; iC1
� � E
iC
j; iC1:

Thus,

x�1
i ujxi � uj D z � ujz 2 E
iC
j; iC1:

We claim that

x�1
i ur

j xi � ur
j 2 E
iCr
j; iC1 (6.17)

whenever r > 0: Suppose that (6.17) is true for r � 1; so that

x�1
i ur�1

j xi � ur�1
j 2 E
iC.r�1/
j; iC1:

Then

x�1
i ur

j xi D
�

x�1
i ur�1

j xi

��
x�1

i ujxi

�

D
�

ur�1
j C s

��
uj C t

� �
s 2 E
iC.r�1/
j; iC1 and t 2 E
iC
j; iC1

�

D ur
j C ur�1

j t C suj C st

D ur
j C w

�
w 2 E
iCr
j; iC1

�
;

where the last equality follows from the fact that ur�1
j t; suj; and st are all contained

in E
iCr
j; iC1 by the induction hypothesis, together with the observation that t also
belongs to E
j; iC1: Thus, (6.17) is true as claimed. In particular,

x�1
i un

j xi � un
j 2 En; iC1

because n < 
i C n
j and thus E
iCn
j; iC1 D En; iC1:
Since 
.un

j / D n
j > n; we have un
j 2 En; iC1: And so, x�1

i un
j xi 2 En; iC1:

Furthermore,

x�1
i x�s

j xi 2 E0; iC1



242 6 “The Group Ring of a Class of Infinite Nilpotent Groups” by S. A. Jennings

for any s > 0: Hence,

x�1
i un

j x�s
j xi D

�
x�1

i un
j xi

��
x�1

i x�s
j xi

�
2 �En; iC1

��
E0; iC1

� � En; iC1

by induction. Since un
j x�s

j 2 En; iC1; we have

x�1
i un

j x�s
j xi � un

j x�s
j 2 En; iC1:

This, together with (6.17), gives

x�1
i vjxi � vj 2 E
iC
.vj/; iC1 (6.18)

for each j > i:
Now, v D v1 	 	 	 vM 2 Ep by hypothesis. Write vxi D v1 	 	 	 vMxi as

vxi D v1 	 	 	 vi.1 � ui/

MY

jDiC1

�
x�1

i vjxi

�
:

An application of (6.18) gives vxi � v mod EpC
i; i: ut
We now finish the proof of Theorem 6.4. Suppose that v D vi 	 	 	 vM 2 Ep; i: By

Lemma 6.15,

vui D v.1 � xi/ 2 EpC
i; i:

We apply Lemma 6.15 repeatedly to conclude that for any r > 0;

vur
i D v.1 � xi/

r 2 EpCr
i; i:

In particular, vun
i 2 EpCn
i; i D En; i: Repeating the proof of Lemma 6.15, replacing

xi by x�1
i ; gives

vun
i x�s

i 2 En; i:

Thus, if v0 D v0
iv

0
iC1 	 	 	 v0

M 2 Eq; i; then vv0
i 2 EpC
.v0

i /; i: Therefore, by the

induction hypothesis, vv0 2 EpCq; i as required. We have shown that Ep; iEq; i �
EpCq; i for all i; completing the proof.

Corollary 6.4 Let G be a torsion-free nilpotent group of class c: If F is any
field of characteristic zero, then DcC1.F; G/ D 1: Consequently, G embeds in
1C AF.G/=AcC1

F .G/: Moreover, DcC1.Z; G/ D 1:

Proof Since �cC1G D 1 and G is torsion-free, � cC1G D 1: Thus, DcC1.F; G/ D 1

by Theorem 6.4. The proof that G embeds in 1C AF.G/=AcC1
F .G/ is the same as the

one given for Corollary 6.3. Since Di.Z; G/ � Di.F; G/ for any i 2 N; we have
DcC1.Z; G/ D 1: ut
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6.2.2 Faithful Representations

According to Example 2.17 in Chapter 1, the group UTn.R/ consisting of all n � n
upper unitriangular matrices with entries from a commutative ring with unity R is
nilpotent of class less than n: A major result due to P. Hall shows that every finitely
generated torsion-free nilpotent group can be represented by UTn.Z/ for some n: In
fact, the proof of this is implicit in the proof of Theorem 6.4. Our objective is to
prove his theorem, along with a more general result regarding the representation of
a polycyclic group in GLn.Z/ for some n:

We begin with a brief discussion regarding representations. Suppose that R is a
commutative ring with unity and let V be an R-module. We denote the group of all
invertible R-module endomorphisms by GL.V/ and the group of non-singular n � n
matrices over R under matrix multiplication by GLn.R/:

Definition 6.4 Let G be any group. A linear representation of G (over R in V) is a
group homomorphism ' W G ! GL.V/: If ' is one-to-one, then ' is called a faithful
representation.

Suppose that ' W G ! GL.V/ is a linear representation of G: We explain how to
turn V into an RG-module. Let g 2 G, v 2 V; and define a map

 W G � V ! V by  .g; v/ D '.g/.v/:

It is easy to verify that  is a group action of G on V; which we will simply denote
by gv from this point on. Thus,  .g; v/ D gv: The following conditions hold for
any g; g1; g2 2 G; v; w 2 V; and r; s 2 R W

(i) g.rv C sw/ D r .gv/C s .gw/ I
(ii) .g1g2/v D g1.g2v/I

(iii) 1v D v.

Hence,  is a linear action of G on V: Now,  can be extended linearly to an
action � of the group ring RG on V in a natural way,

�

0

@
X

g2G

rgg; v

1

A D
X

g2G

rg.gv/:

This action � turns V into an RG-module.
Next, suppose that V is an RG-module for some group G: If g 2 G; then the map

'.g/ W V ! V defined by '.g/.v/ D gv

is a linear bijection and thus, an element of GL.V/: Furthermore, ' W G ! GL.V/
is a well-defined homomorphism. And so, ' is a linear representation of G: We
summarize our discussion in a lemma.
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Lemma 6.16 If ' W G ! GL.V/ is a linear representation of G; then V can be
viewed as an RG-module. Conversely, if V is an RG-module, then there exists a
linear representation of G over R in V:

Next, we turn to the specific case of free R-modules. Suppose that V Š Rn is
a free R-module of rank n: If � W G ! GL.V/ is a linear representation of G and
B is an ordered basis for V; then we obtain a group homomorphism from G to
GLn.R/ defined by mapping g 2 G to the matrix of �.g/ with respect to B: Such a
homomorphism is called a matrix representation of G (over R in V). If ' happens to
be one-to-one, then the representation is faithful.

Lemma 6.16 carries over to matrix representations. More precisely, if G is a
group and V is a free R-module, then V is an RG-module if and only if there exists
a matrix representation of G over R in V relative to a basis of V:

We are interested in representing certain groups by groups of unitriangular
matrices. This will amount to realizing a nilpotent action on a series.

Definition 6.5 Let G be a group with a fixed normal series

1 D G0 � G1 � 	 	 	 � Gr D G: (6.19)

(i) An automorphism ' of G stabilizes (6.19) or acts nilpotently on (6.19) if

'
�
xGi

� D xGi for every i D 0; : : : ; r � 1 and x 2 GiC1: (6.20)

(ii) If A is a group of automorphisms of G and each element of A acts nilpotently
on (6.19), then we say that A stabilizes (6.19) or acts nilpotently on (6.19). In
this situation, A acts nilpotently on G:

Clearly, each Gi is invariant under ' (set x D 1 in (6.20)) and ' induces the trivial
action on each factor group GiC1=Gi:

Automorphism groups which act nilpotently are always nilpotent. This will be
proven in the next chapter (see Theorem 7.9). It follows that if A D Inn.G/; then
A acts nilpotently on G if and only if G is nilpotent. This is easy to see using
Corollary 1.1 and Lemma 2.12.

Example 6.1 Let V be an r-dimensional vector space over a field F and choose
a basis B D fv1; : : : ; vrg for V: Let V0 denote the zero subspace of V and set
Vk D spanfv1; : : : ; vkg for k D 1; : : : ; r: Suppose that A � GL.V/ stabilizes the
subgroup series

V0 < V1 < 	 	 	 < Vr D V (6.21)

in the additive abelian group V: Then A can be represented by a subgroup of UTr.F/:
To see this, let g 2 A and M D 	

mij


; where M is the r � r matrix of g with respect

to the basis B: Thus, the entries of M satisfy the equations
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g.vj/ D
rX

iD1
mijvi .j D 1; : : : ; r/:

Since g stabilizes (6.21), we have that g.vj/ D vj Cevj�1 for someevj�1 2 Vj�1 for
each j D 1; : : : ; r: One can deduce from this that M is upper unitriangular.

In what follows, Zn will denote the n-fold direct sum of Z:

Lemma 6.17 Let A be a subgroup of GLn.Z/ which acts nilpotently on Z
n: Then

Z
n has a basis with respect to which the action of A is represented by unitriangular

matrices with entries in Z:

Proof Suppose that A acts nilpotently on a normal series

0 D G0 � G1 � 	 	 	 � Gr D Z
n:

We prove the lemma by induction on r: If r D 1; then the result is obvious. Assume
that the lemma is true for 1 � k < r and let H denote the isolator of G1 in Z

n: It is
not hard to see that A acts trivially on H: Since Z

n=H is torsion-free, Zn splits over
H and we obtain

Z
n Š H ˚ Z

n=H:

Now, A induces a nilpotent action on the series

0 D H=H � .G2 C H/=H � 	 	 	 � .Gr C H/=H D Z
n=H:

Since this series has length less than r; we conclude by induction that Zn=H has a
basis with respect to which action of A is represented by unitriangular matrices over
Z: We get a basis of Zn of the required type by taking the basis for Zn=H together
with a basis for H: ut

We now prove the main theorem of P. Hall.

Theorem 6.5 Every finitely generated torsion-free nilpotent group has a faithful
representation in UTn.Z/ for some n:

We will refer to the proof of Theorem 6.4.

Proof Let G be a finitely generated torsion-free nilpotent group of class c with
isolated lower central series

G D �1G > 	 	 	 > � cC1G D 1; (6.22)

and let mi be the rank of the free abelian group � iG=� iC1G for 1 � i � c: Suppose
that fx1; : : : ; xMg is the Mal’cev basis for G obtained by refining the series (6.22),
so that

M D m1 C 	 	 	 C mc:



246 6 “The Group Ring of a Class of Infinite Nilpotent Groups” by S. A. Jennings

Let F be a field of characteristic zero and put AF.G/ D A: Let di be the dimension
of the F-vector space Ai=AiC1 and set A0 D FG: Thus, d0 D dim.FG=A/ D 1:

Regard FG=AcC1 as an additive abelian group. We claim that G acts nilpotently
on the series

FG=AcC1 > A=AcC1 > 	 	 	 > AcC1=AcC1 D 0 (6.23)

of FG=AcC1: Clearly, G acts on FG by right multiplication. This induces an action
of G on FG=AcC1: It follows easily that Ai=AcC1 is G-invariant for i D 0; 1; : : : ; c:
We need to show that the induced action is trivial on each factor group

Ai=AcC1

AiC1=AcC1 Š Ai=AiC1 .i D 0; 1; : : : ; c/:

In the proof of Lemma 6.14, we found that Ai=AiC1 has a basis consisting of vectors
of the form u C AiC1; where u 2 Ai is a vector in the integral basis for FG given
in (6.16) and 
.u/ D i: Choose 1 ¤ g 2 G and u0 2 Ai n AiC1; where u0 is a basis
element. Then u0.g � 1/ 2 AiC1 since g � 1 2 A: Hence,

�
u0 C AiC1�g D u0g C AiC1 D u0 C AiC1;

and thus the action is trivial on each Ai=AiC1 as desired. Now, G embeds in FG=AcC1
by Corollary 6.4. It follows from Example 6.1 that G has a faithful representation in
UTd.F/ for d D d0 C d1 C 	 	 	 C dc: To get a faithful representation in UTd.Z/; we
use the fact that the basis (6.16) for FG is an integral basis. ut
Remark 6.3 Let G by a finitely generated torsion-free nilpotent group. According to
Theorem 4.13, GQ is a Mal’cev completion of G: Another way to obtain a Mal’cev
completion of G is to make use of Theorem 6.5 and Corollary 5.2. Let

 W G ! UTn.Z/

be an embedding for some n > 0: Clearly, G embeds in the nilpotent Q-powered
group UTn.Q/: Thus, the isolator of  .G/ in UTn.Q/ is a Mal’cev completion of G:

Example 6.2 Let G be a finitely generated torsion-free nilpotent group of class c
with Mal’cev basis fu1; : : : ; ukg: Since G embeds into UTn.Z/ for some n > 0 and
UTn.Z/ embeds in UTn.QŒx�/; there exists an embedding

� W G ! UTn.QŒx�/:

View UTn.QŒx�/ as a nilpotent QŒx�-powered group by defining the QŒx�-action on
elements of UTn.QŒx�/ in the same way as in Example 4.9, namely
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.In C M/˛ D In C ˛M C 	 	 	 C
 

˛

n � 1

!

Mn�1;

where ˛ 2 QŒx� and M is an n � n upper triangular matrix with 0’s along the main
diagonal. By Theorem 4.23, � extends to a QŒx�-homomorphism

˚ W GQŒx� ! UTn.QŒx�/

with respect to the basis fu1; : : : ; ukg of G: In fact, ˚ is a QŒx�-monomorphism.

Every finitely generated nilpotent group is polycyclic by Theorem 4.4. Hence,
certain polycyclic groups have faithful representations in UTn.Z/ for some n 2 N:

In general, every polycyclic group has a faithful representation in GLn.Z/ for some
n 2 N: This was proven by Auslander [1] using the theory of Lie groups. We provide
a proof of a more general result due to Swan [17].

Our discussion is based on [8, 14] and [17]. First, we state a lemma whose proof
can be found in [14] (see Lemma 10.12).

Lemma 6.18 Let G be a finitely generated group and let I be a (two-sided) ideal
of ZG such that ZG=I is finitely generated as an additive abelian group. Then I is
a finitely generated ideal of ZG: Furthermore, the additive abelian group ZG=Ik is
finitely generated for every k 2 N:

Theorem 6.6 (R. Swan) Suppose that G is a group and N is a finitely generated
torsion-free nilpotent normal subgroup of G such that G=N is finitely generated
free abelian. There exists an integer d such that G has a faithful representation
% W G ! GLd.Z/ for which %.N/ � UTd.Z/:

In what follows, we view Mn.Z/ as the ring of n�n matrices with integral entries,
as well as an additive free abelian group of rank n2:

Proof The proof is done by induction on the rank r of G=N: The case r D 0 (when
N D G) has been done in Theorem 6.5.

Assume that the theorem holds when the rank is less than r: Since G=N is free
abelian of rank r; there exists a normal subgroup H of G containing N such that
H=N is free abelian of rank r � 1 and .G=N/=.H=N/ is infinite cyclic. By the Third
Isomorphism Theorem, G=H is infinite cyclic. By the induction hypothesis, H has a
faithful representation

% W H ! GLn.Z/

for some n 2 N such that %.N/ � UTn.Z/: This map can be naturally extended to a
ring homomorphism

% W ZH ! Mn.Z/:

Let K D ker %: Observe that ZH=K is a finitely generated torsion-free additive
abelian group since it is isomorphic to a subgroup of the additive group Mn.Z/: Let
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L be the left ideal of ZH generated by the augmentation ideal of N: We claim that
Ln � K: Since N E H and

.y � 1/h D h
�

h�1yh � 1
�

for all y 2 N and h 2 H; L is a two-sided ideal. It follows that Ln is generated as a
left ideal of ZH by all of the products of the form

.y1 � 1/ 	 	 	 .yn � 1/ .y1; : : : ; yn 2 N/:

Let 0n denote the n � n zero matrix. For any y 2 N; %.y/ � In is an n � n upper
triangular matrix, all of whose main diagonal entries are zero. Thus,

%..y1 � 1/ 	 	 	 .yn � 1// D .%.y1/ � In/ 	 	 	 .%.yn/ � In/

D 0n

for any y1; : : : ; yn 2 N: Therefore, %.Ln/ D 0n and thus Ln � K as claimed. Now,

.L C K/n � Ln C K D K

because K is an ideal of ZH and Ln � K: Consider the set

T D ˚
a 2 ZH j sa 2 .L C K/n for some s > 0

�
:

It is clear that T is a two-sided ideal of ZH containing .LCK/n and T=.LCK/n is the
torsion subgroup of the additive abelian group ZH=.LCK/n:We assert that ZH=T is
a free Z-module of finite rank. First, observe that ZH=.LCK/ is finitely generated as
an additive abelian group since it is a homomorphic image of the finitely generated
abelian group ZH=K: Clearly, H is finitely generated since it is an extension of H=N
by N; both finitely generated. Hence, Lemma 6.18 guarantees that ZH=.L C K/n is
finitely generated as an abelian group. By the Third Isomorphism Theorem,

ZH=T Š ZH=.L C K/n

T=.L C K/n

is an additive free abelian group of finite rank l; say. Put in another way, ZH=T is a
free Z-module of finite rank as asserted.

Our goal is to turn ZH=T into a ZG-module. The first step is to let H act on
ZH=T by right multiplication:

h 	
 

kX

iD1
nihi C T

!

D
kX

iD1
nihih C T .ni 2 Z; hi 2 H/
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We assert that this action is faithful. Let

� W H ! AutZ.ZH=T/

be the homomorphism from H to the Z-automorphisms of ZH=T induced by the
action. We need to show that � is a monomorphism. To do this, we begin by
observing that H acts faithfully on ZH=K by right multiplication. To see this, let
h 2 H; and assume that

kX

iD1
rihih �

kX

iD1
rihi 2 K D ker % � ZH

for any
Pk

iD1 rihi 2 ZH: In particular,

1 	 h � 1 D h � 1 2 K;

and thus

%.h � 1/ D %.h/ � In D 0n:

Since % is faithful, h D 1 and thus H acts faithfully on ZH=K by right multiplication.
Now, notice that T � K: To see this, suppose that a 2 T: There exists s > 0 such
that sa 2 .L C K/n � K: Hence,

%.sa/ D s%.a/ D 0n:

Since %.a/ 2 Mn.Z/ and Mn.Z/ is an additively torsion-free abelian group, we
have %.a/ D 0n: And so, a 2 K: The fact that T � K immediately gives that H
acts faithfully on ZH=T: Thus, � is a monomorphism as claimed. We conclude that
ZH=T is a faithful ZH-module.

Next, we show that N � H acts nilpotently on ZH=T: Set L0 D ZH: Since

Ln � .L C K/n � T;

there exists an integer w1 � 0 such that Lw1 ª T and Lw1C1 � T: If ˇ 2 N and
g 2 Lw1 n T; then

g.ˇ � 1/ 2 Lw1C1 � T:

This means that

.g C T/ˇ D gˇ C T D g C T;



250 6 “The Group Ring of a Class of Infinite Nilpotent Groups” by S. A. Jennings

and thus N acts identically on .Lw1CT/=T: In particular, N fixes some free generator
a1 2 ZH=T: Let T1=T D gp.a1/: As before, Lw2 ª T � T1 and Lw2C1 � T � T1 for
some integer w2 � 0: Hence, N acts as the identity on .Lw2 C T1/=T1: Thus, N fixes
some free generator a2 2 ZH=T1: Put T2=T1 D gp.a2/ and continue in the same
way until a series of the form

0 D T=T < T1=T < T2=T < 	 	 	 < Tm=T < ZH=T

has been reached. It follows that N stabilizes this series as claimed. By Lemma 6.17,
a suitable Z-basis can be chosen for ZH=T such that the induced monomorphism

� W H ! GLl.Z/

restricts to UTl.Z/ on N:
We want to extend the action of H on ZH=T to an action of G on ZH=T and turn

ZH=T into a ZG-module. By hypothesis, G=H is infinite cyclic. Choose x 2 G such
that H \ gp.x/ ¤ 1 and G D gp.x; H/ and put X D gp.x/: We make ZH=T into a
ZX-module. Let ’ W ZH ! ZH be the ring automorphism defined by

’

 
kX

iD1
nihi

!

D
kX

iD1
ni

�
x�1hix

�
:

If h 2 H; then ˛.h/ D x�1hx: Therefore,

˛.h/ � h D h
�

h�1˛.h/ � 1
�

D h.Œh; x� � 1/ 2 L

because Œh; x� 2 �2G � N: And so, .’ � 1/ZH � L: One can now show that
˛.L C K/ D L C K and thus ˛..L C K/n/ D .L C K/n and ˛.T/ D T: Therefore,
the mapping

˛ W ZH=T ! ZH=T defined by ˛.s C T/ D ˛.s/C T

is an automorphism of ZH=T: This means that if we let x act on ZH=T in the same
way as ˛ by defining

x 	
 

kX

iD1
nihi C T

!

D
kX

iD1
ni

�
x�1hix

�
C T;

then ZH=T will become a ZX-module. In order to turn ZH=T into a ZG-module,
we simultaneously extend the action of H on ZH=T and the action of X on ZH=T
to obtain an action of G on ZH=T: More precisely, if g D hxm for some h 2 H and
xm 2 X; then the action of G on ZH=T is
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g 	
 

kX

iD1
nihi C T

!

D
kX

iD1
ni.x

�mhihxm/C T:

This action need not be faithful. The final step is to construct the required faithful
action. Let M be a free Z-module of rank 2 and define an action of G on M by letting
H act trivially on M and X D gp.x/ act on M according to the matrix representation
induced by

x 7!
�
1 1

0 1

�

from X to GL2.Z/: Consider the free Z-module

D D ZH=T ˚ M

of rank l C2: Since H acts faithfully on ZH=T and trivially on M; one easily checks
that G acts faithfully on D: This completes the proof. ut

Every polycyclic group has a subgroup of finite index of the type described in
Theorem 6.6 (see [4]). Thus, every polycyclic group has a faithful representation
in GLd.Z/ for some d: We refer the reader to [15] for more on representations of
polycyclic groups.

Remark 6.4 The method used to prove Theorem 6.6 can also be used to give a
shorter proof of Theorem 6.5. Assume that G D N in Theorem 6.6. As before, there
exists a normal subgroup H of G such that G=H is infinite cyclic. By induction
on the Hirsch length of G; we may assume that H has a faithful representation in
UTl.Z/ for some integer l: Proceeding as in the proof of Theorem 6.6, we obtain an
action of G on ZH=T; where Am.H/ 
 T for some m 2 N: In order to complete
the proof, we need to show that some power of A.G/ annihilates ZH=T: This is just
a consequence of Lemma 6.6. We refer the reader to Theorem 10.14 of [14] for a
more detailed discussion.

6.3 The Lie Algebra of a Finitely Generated Torsion-Free
Nilpotent Group

Lie algebras are essential in the study of Lie groups. Basically, one can translate
a problem about Lie groups into a problem in linear algebra. In this section, we
discuss the Lie algebra of a finitely generated torsion-free nilpotent group without
imposing any topological structure on the group.
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6.3.1 Lie Algebras

We begin with some generalities pertaining to Lie algebras which are relevant to our
discussion.

Definition 6.6 A vector space V over a field k is called a Lie algebra over k if it
comes equipped with a map

V � V ! V defined by .x; y/ 7! Œx; y�

which satisfies the following axioms for all x; y; z 2 V and a; b 2 k:

(i) bilinearity: ŒaxCby; z� D aŒx; z�CbŒy; z� and Œx; ayCbz� D aŒx; y�CbŒx; z�I
(ii) skew symmetry: Œx; x� D 0I

(iii) Jacobi identity: Œx; Œy; z��C Œy; Œz; x��C Œz; Œx; y�� D 0:

Evidently, a Lie algebra over k is an algebra over k which is simultaneously a Lie
ring (see Definition 3.8). The properties in Lemma 3.3 hold for every Lie algebra.
In particular, Œx; y� D �Œy; x� for any x; y 2 V (anti-commutativity).

In order to avoid confusion between the commutator bracket of group elements
and the Lie bracket of Lie algebra elements, we will write the Lie bracket as “. ; /”
from this point on.

Definition 6.7 Let V be a Lie algebra over k: A vector subspace W of V is a Lie
subalgebra of V if .w1; w2/ 2 W for all w1; w2 2 W: If .w; v/ 2 W for every
w 2 W and v 2 V; then W is called an ideal of V:

Lemma 6.19 Every ideal of a Lie algebra is two-sided.

Proof Suppose that W is an ideal of a Lie algebra V: For any v 2 V and w 2
W; .v; w/ 2 W implies that �.w; v/ 2 W by anti-commutativity. Since W is a
vector subspace, .w; v/ 2 W: ut

If V is a Lie algebra over k with Lie subalgebras U and W; then we use the
notation

.U; W/ D spanf.u; w/ j u 2 U; w 2 Wg:

Lemma 6.20 Let V be a Lie algebra. If U and W are ideals in V; then .U; W/ is
an ideal in V:

Proof Let u 2 U; v 2 V; and w 2 W: Since U and W are ideals, .v; u/ 2 U and
.w; v/ 2 W: By the Jacobi identity and anti-commutativity of the Lie bracket, we
obtain

..u; w/; v/ D �.v; .u; w//

D .u; .w; v//C .w; .v; u//

D .u; .w; v// � ..v; u/; w/:

Therefore, ..u; w/; v/ 2 .U; W/; and thus .U; W/ is an ideal in V: ut
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Definition 6.8 Let V be a Lie algebra over k: The lower central series of V is the
sequence of Lie subalgebras

V D �1V 
 �2V 
 	 	 	

recursively defined by �iC1V D .�iV; V/ for i 2 N:

By Lemma 6.20, each �iV is an ideal of V: We say that V is nilpotent provided
that �nV D 0 for some n 2 N: The nilpotency class or simply the class of a nilpotent
Lie algebra V is the least k for which �kV D 0: If

1\

iD1
�iV D 0;

then V is termed residually nilpotent. One can endow such a Lie algebra with a
topology by taking the set f�iV j i � 1g as a neighborhood basis of 0 2 V:

6.3.2 The A-Adic Topology on FG

Let G be a finitely generated torsion-free nilpotent group and let F be a field of
characteristic zero. Let A denote the augmentation ideal of the group ring FG: Since
A is residually nilpotent by Theorem 6.1, one can equip FG with the A-adic topology
by taking fAw j w � 1g as a neighborhood basis of 0 2 FG: The completion of FG
and A in the A-adic topology is denoted by FG and A respectively. Thus,

FG D
(

f0 C
1X

iD1
fiai

ˇ
ˇ
ˇ
ˇ
ˇ

fi 2 F; ai 2 Ai

)

and A D
( 1X

iD1
fiai

ˇ
ˇ
ˇ
ˇ
ˇ

fi 2 F; ai 2 Ai

)

:

We will identify FG with its isomorphic image in FG: It is clear that every element
of FG n A is a unit in FG: In particular, if g 2 G; then its inverse in FG is

g�1 D .1C .g � 1//�1 D
1X

iD0
.�1/i.g � 1/i:

Furthermore,
T1

nD1 A n D 0 and thus A is residually nilpotent. It follows that infinite
sums of the form

a1 C a2 C 	 	 	 C ai C 	 	 	

converge, where ai 2 A i:
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6.3.3 The Group 1 C A

Set 1C A D ˚
1C a j a 2 A

�
and let 1C a and 1C b be elements of 1C A: Clearly,

.1C a/.1C b/ D 1C a C b C ab

and

.1C a/�1 D 1 � a C a2 � a3 C 	 	 	 :

Thus, .1C a/.1C b/ and .1C a/�1 are contained in 1C A: Hence, 1C A is a group
under ring multiplication in FG: In fact, 1 C A is a normal subgroup of the group
of units of FG since A is an ideal in FG: Since every g 2 G can be expressed in the
form

g D 1C .g � 1/;

a similar computation shows that G is a subgroup of 1C A:
Using our now standard notation, we let A k be the ideal of FG generated by all

the products of k elements in A: For each k 2 N; set Dk D 1 C A k: It is easy to
verify that each Dk is a normal subgroup of 1C A: We claim that the subgroups of
the series

1C A D D1 > D2 > D3 > 	 	 	 (6.24)

satisfy the condition
	

Di; Dj

 � DiCj for i; j 2 N: Let 1C ai 2 Di and 1C aj 2 Dj:

Then

	
1C ai; 1C aj


 D �
1C ai

��1�
1C aj

��1�
1C ai C aj C aiaj

�

D �
1C ai

��1�
1C aj

��1�
1C ai C aj C aiaj C ajai � ajai

�

D �
1C ai

��1�
1C aj

��1	�
1C aj

��
1C ai

�C aiaj � ajai



D 1C �
1C ai

��1�
1C aj

��1�
aiaj � ajai

�

is contained in DiCj as claimed. In particular,
	

Di; 1C A

 � DiC1 for i 2 N: This

means �n
�
1C A

� � Dn by Remark 2.6. Since A n strictly contains A nC1; it follows
that Dn D 1C A n strictly contains DnC1 D 1C A nC1 for all n 2 N: Thus,

1\

nD1
�n
�
1C A

� �
1\

nD1
Dn D 1;

and hence, 1C A is a residually nilpotent group.
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6.3.4 The Maps Exp and Log

There is a way of corresponding elements of A to elements of 1C A and vice versa.
Let a 2 A; and define

exp a D 1C a C a2

2Š
C 	 	 	 D

1X

kD0

ak

kŠ
:

Clearly, this infinite sum converges in the A-adic topology to an element in 1 C A:
Thus, exp is a mapping from A to 1C A: Observe that exp a is a unit in FG for any
a 2 A since 1C A is a group.

Lemma 6.21 exp a D 1 if and only if a D 0:

Proof Clearly, exp 0 D 1: Suppose that exp a D 1: Then

exp a � 1 D a

 

1C a C a

2Š
C a2

3Š
C 	 	 	

!

D 0:

Since

1C a C a

2Š
C a2

3Š
C 	 	 	

is contained in 1C A; and is therefore a unit in FG; it follows that a D 0: ut
Lemma 6.22 For any a 2 A and p; q 2 F;

exp.pa/ exp.qa/ D exp..p C q/a/:

Proof Expand the product:

exp.pa/ exp.qa/ D
 

1C pa C .pa/2

2Š
C 	 	 	

! 

1C qa C .qa/2

2Š
C 	 	 	

!

D
1X

mD0

mX

kD0

.pa/k

kŠ
	 .qa/m�k

.m � k/Š

D
1X

mD0

1

mŠ

mX

kD0

mŠ

kŠ.m � k/Š
	 .pa/k.qa/m�k:

Since .pa/.qa/ D .qa/.pa/; we have
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mX

kD0

mŠ

kŠ.m � k/Š
	 .pa/k.qa/m�k D .pa C qa/m

by the Binomial Theorem. Thus,

exp.pa/ exp.qa/ D
1X

mD0

1

mŠ
.pa C qa/m: (6.25)

Notice that the right-hand side of (6.25) is just exp..p C q/a/: ut
Corollary 6.5 For any a 2 A and n 2 Z;

.exp a/�1 D exp.�a/ and .exp a/n D exp.na/:

Proof Apply Lemmas 6.21 and 6.22. ut
Next, we define a map which will serve as an inverse for exp : Let b 2 1C A; so

that b � 1 2 A: Define

log b D .b � 1/ � .b � 1/2
2

C .b � 1/3
3

� 	 	 	 D
1X

kD0

.�1/k.b � 1/kC1

k C 1
:

This series converges in the A-adic topology to an element in A: Thus, log is a
mapping from 1 C A to A: The usual relationships between the maps exp and log
hold, namely

log.exp a/ D a and exp.log b/ D b:

Hence, exp and log are mutual inverses. Furthermore,

n log b D log
�
bn
�

for any b 2 1C A and n 2 Z by Corollary 6.5.

6.3.5 The Lie Algebra �

We associate with the ring A a certain Lie algebra over F by equipping A with the
commutation operation defined by

.a; b/ D ab � ba for any a; b 2 A:

We write this Lie algebra as � D L
�

A
�
. If a1; : : : ; an 2 A; then we recursively

define the left-normed Lie product by
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.a1; : : : ; an�1; an/ D ..a1; : : : ; an�1/; an/:

If W is any ideal of A; then we shall write L
�

W
�

to denote the Lie subalgebra
of � obtained by providing W with the commutation operation. One can show that
L
�

W
�

is an ideal of the Lie algebra �: In particular, we have a descending series
of ideals

� � L
�

A 2
�

� L
�

A 3
�

� 	 	 	 :

Next, consider the lower central series of �: We claim that �k� � L
�

A k
�

for

k 2 N: This will be shown by induction on k: By definition, �1� D L
�

A
�
: Assume

that �m� � L
�

A m
�

for m > 1: If a 2 �m� and b 2 �; then a 2 L
�

A m
�
:

Therefore,

.a; b/ D ab � ba 2 L
�

A mC1�;

and thus �mC1� � L
�

A mC1
�

as claimed. Since A is residually nilpotent, it follows

that

1\

kD1
�k� D 0:

Thus, the Lie algebra � is residually nilpotent. Endow � with a topology by taking
f�i� j i � 1g as a neighborhood basis of 0: We assert that � is complete in this
topology.

Lemma 6.23 If ai 2 �i� for i 2 N; then the infinite series

a1 C a2 C 	 	 	 C ai C 	 	 	

is an element of �:

Proof Since �i� � L
�

A i
�

for i 2 N; each ai can be regarded as an element of A i;

the underlying ring of the Lie algebra L
�

A i
�
: Thus, the sum

a1 C a2 C 	 	 	 C ai C 	 	 	

converges to a unique element of A; which is also an element of �: ut



258 6 “The Group Ring of a Class of Infinite Nilpotent Groups” by S. A. Jennings

6.3.6 The Baker-Campbell-Hausdorff Formula

There is a fundamental connection between the group 1C A and the Lie algebra �:
Let g and h be elements of 1C A: There exist elements x; y 2 A such that x D log g
and y D log h: Hence, g D exp x and h D exp y: We may express the product

gh D .exp x/.exp y/

in the form exp z; so that

z D log..exp x/.exp y//:

The Baker-Campbell-Hausdorff formula gives an explicit formulation of z in terms
of x; y; and Lie products involving x and y W

z D xCyC 1

2
.x; y/C 1

12
.x; y; y/C 1

12
.y; x; x/C 1

24
.y; x; x; y/C	 	 	 : (6.26)

The series in (6.26) is of the kind described in Lemma 6.23 and therefore converges.
Hence, z 2 �: Furthermore, all of the coefficients appearing in the series turn out to
be rational (see [6]).

Consider the equality Œg; h� D exp w: One can show that w 2 � is an infinite
sum of commutators in x and y W

w D log Œg; h� D .x; y/C 1

2
.x; y; x/C 1

2
.x; y; y/C 	 	 	 :

It follows inductively that if gi D exp xi for 1 � i � n and Œg1; g2; : : : ; gn� D
exp wn; then

wn D log Œg1; g2; : : : ; gn� D .x1; x2; : : : ; xn/C
1X

mDnC1
lm; (6.27)

where each lm is a rational linear combination of simple commutators of the form
.xi1 ; xi2 ; : : : ; xim/; and i1; i2; : : : ; im is a permutation of the integers 1; 2; : : : ; n
with repetitions allowed, but each of the integers 1; 2; : : : ; n occurring at least
once.

6.3.7 The Lie Algebra of a Nilpotent Group

We now arrive at the main theorem of this section. Let G be a finitely generated
torsion-free nilpotent group of Hirsch length r and let fu1; u2; : : : ; urg be a Mal’cev
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basis for G: Suppose that F is a field of characteristic zero. Recall that G can be
regarded as a subgroup of 1C A: Define the set

log G D flog g j g 2 Gg 
 �:

Let LF.G/ be the F-subspace of � spanned by the elements of log G:

Theorem 6.7 (S. A. Jennings) LF.G/ is a nilpotent Lie subalgebra of � and the
set

flog u1; : : : ; log urg

is a basis for its underlying vector space. Thus, the dimension of the vector space
LF.G/ over F equals the Hirsch length of G:

We refer to LF.G/ as the Lie algebra of G over F: Later in this section, we use
this Lie algebra to offer an alternate construction of the Mal’cev completion of G: In
addition, we prove in Theorem 6.9 that Aut.G/ is isomorphic to the group of those
Q-linear automorphisms of the underlying vector space of LF.G/ that stabilize the
set log G: This is noteworthy since LF.G/ has finite dimension equal to the Hirsch
length of G: It is in this sense that one may say that LF.G/ “linearizes” G: For a
more detailed discussion of this and other applications, see [2] and [15].

The proof of Theorem 6.7 essentially follows from the next two lemmas.

Lemma 6.24 Suppose that G is of class c: If m > c and fg1; g2; : : : ; gmg 
 G;
then

.log g1; log g2; : : : ; log gm/ D 0:

Proof Put xi D log gi: If m > c; then it follows from (6.27) that

1 D Œg1; g2; : : : ; gm� D exp

 

.x1; x2; : : : ; xm/C
1X

pDmC1
lp

!

;

where each lp is a rational linear combination of simple commutators of the form�
xi1 ; xi2 ; : : : ; xip

�
; i1; i2; : : : ; ip is a permutation of integers 1; 2; : : : ; m with

repetitions allowed and each of the integers 1; 2; : : : ; m occurrs at least once. By
Lemma 6.21,

.x1; x2; : : : ; xm/ D �
1X

pDmC1
lp (6.28)

in the Lie algebra �: Since each commutator
�

xi1 ; xi2 ; : : : ; xip

�
lies in A p; (6.28)

implies that
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.x1; x2; : : : ; xm/ 2 A mC1;

and this holds for every m > c: In particular, since p > c; every commutator�
xi1 ; xi2 ; : : : ; xip

�
lies in A pC1 and thus (6.28) implies that

.x1; x2; : : : ; xm/ 2 A mC2:

Continuing in this way leads to

.x1; x2; : : : ; xm/ 2 A mCN

for all N: Since A is residually nilpotent, .x1; x2; : : : ; xm/ D 0: ut
It follows from Lemma 6.24 that the Lie algebra generated by log G is nilpotent

of class at most c:

Lemma 6.25 Every element of the set log G can be written uniquely as a Q-linear
combination of the elements log u1; : : : ; log ur:

Proof Let g 2 G: Since fu1; : : : ; urg is a Mal’cev basis for G; we can express g
uniquely as

g D u˛11 	 	 	 u˛r
r .˛1; : : : ; ˛r 2 Z/:

Put vi D log ui for i D 1; : : : ; r so that ui D exp vi: By a straightforward
application of (6.26), we get

g D u˛11 	 	 	 u˛r
r

D exp.˛1v1/ 	 	 	 exp.˛rvr/

D exp

 

˛1v1 C 	 	 	 C ˛rvr C
sX

%D1
ˇ%z%

!

; (6.29)

where each ˇ% is rational and each z% is a commutator of the form
�
vi1 ; : : : ; vit

�

with t � c: We emphasize that only finitely many z% occur as a consequence of
Lemma 6.24. Thus,

log g D ˛1v1 C 	 	 	 C ˛rvr C
sX

%D1
ˇ%z%: (6.30)

It suffices to prove that

�
vi1 ; : : : ; vit

� D
rX

jD1
�jvj

�
�j 2 Q

�
(6.31)
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for all t � 2: As we did after (6.5), define the weight of vi to be 2i and the weight of�
vi1 ; : : : ; vit

�
to be

W.t/ D 2i1 C 	 	 	 C 2it :

We observe that W0 D c2r is an upper bound on the weights of nonvanishing
commutators of the form .vi1 ; : : : ; vit/: To see this, suppose that W.t/ > W0: Then

W0 D c2r < W.t/ D 2i1 C 	 	 	 C 2it � t2r:

Hence, c < t; so that .vi1 ; : : : ; vit/ D 0 by Lemma 6.24. Thus, (6.31) is trivially
true for commutators

�
vi1 ; : : : ; vit

�
of weight greater than W0: Assume that (6.31)

is true for all commutators of weight more than W.t/: By (6.27) and Lemma 6.24,
we have

	
ui1 ; ui2 ; : : : ; uit


 D exp

 

.vi1 ; vi2 ; : : : ; vit/C
s0

X

%D1
ˇ0
%z

0
%

!

; (6.32)

where ˇ0
% 2 Q and each z0

% is of the form
�
vj1 ; vj2 ; : : : ; vjl

�
of weight W.l/ > W.t/

since the i1; : : : ; it are contained among j1; : : : ; jl: Thus,

s0

X

%D1
ˇ0
%z

0
% D

rX

jD1
�jvj

for some �1; : : : ; �r 2 Q by assumption. Consequently, (6.32) can be expressed as

	
ui1 ; ui2 ; : : : ; uit


 D exp

 
�
vi1 ; vi2 ; : : : ; vit

�C
rX

jD1
�jvj

!

: (6.33)

By Remark 4.4, there exist integers 	k; : : : ; 	r such that

	
ui1 ; ui2 ; : : : ; uit


 D u	k
k u

	kC1

kC1 	 	 	 u	r
r ; (6.34)

where k � t � 1C maxfi1; : : : ; itg: Put m D maxfi1; : : : ; itg and take any vs with
s � t � 1C m: The weight of vs is 2s and

W D W.t/ D 2i1 C 	 	 	 C 2it < 2mt � 2t�12m � 2s (6.35)

because i1 ¤ i2: Just as in (6.29), we can re-express (6.34) in the form

	
ui1 ; ui2 ; : : : ; uit


 D exp

 

	kvk C 	 	 	 C 	rvr C
s00

X

%D1
ˇ00
% z00
%

!

; (6.36)
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where ˇ00
% 2 Q and each z00

% is a commutator of the form
�
vk1 ; : : : ; vkr

�
with kd � k

for d D 1; 2; : : : ; r: Since k � t�1Cm; the weight of each z00
% exceeds W by (6.35).

By assumption, we can write each z00
% as a Q-linear combination of v1; : : : ; vr:

Therefore, (6.36) may be rewritten as

	
ui1 ; ui2 ; : : : ; uit


 D exp.ı1v1 C 	 	 	 C ırvr/ (6.37)

for some ı1; : : : ; ır 2 Q: Setting the right-hand sides of (6.33) and (6.37) equal to
each other gives

exp

0

@
�
vi1 ; vi2 ; : : : ; vit

�C
rX

jD1
�jvj

1

A D exp.ı1v1 C 	 	 	 C ırvr/:

And so,

�
vi1 ; vi2 ; : : : ; vit

�C
rX

jD1
�jvj D ı1v1 C 	 	 	 C ırvr:

Therefore, (6.31) holds for any commutator of weight W if it holds for all
commutators of weight exceeding WI that is, (6.31) holds in general. ut

The proof of Theorem 6.7 follows from the next two observations, both arising
in the proof of Lemma 6.25.

• The set flog u1; : : : ; log urg is linearly independent over F since fu1; : : : ; urg
is a Mal’cev basis for G:

• Every commutator of the form
�
log ui; log uj

�
is a Q-linear combination of the

elements log u1; : : : ; log ur: Hence,
�
log ui; log uj

� 2 LF.G/:

6.3.8 The Group
�

�; ��

The Lie algebra � can be equipped with a binary operation which turns it into a
group. Let g D exp x and h D exp y; where x; y 2 A: Using (6.26), we define an
operation “�” on � as

x�y D xCyC 1

2
.x; y/C 1

12
.x; y; y/C 1

12
.y; x; x/C 1

24
.y; x; x; y/C	 	 	 : (6.38)

As before, we have

exp.x � y/ D .exp x/.exp y/ and x � y D log ..exp x/.exp y// :

Replacing x by log g and y by log h in the above gives

log g � log h D log.gh/:
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Lemma 6.26
�
�; �� is a group.

Proof Let w; x; and y be elements of �: By our earlier discussion, we know that
x � y 2 �: Thus, � is closed under �: Since

x � 0 D 0 � x D x and x � �x D �x � x D 0;

the identity element is 0 and each element of� has an inverse. We need to establish
associativity. Consider the Magnus power series algebra Q ŒŒa; b; c�� over the ring
of rational numbers Q in the variables a; b; and c: Let W be the Q-subalgebra of
QŒŒa; b; c�� consisting of those elements whose terms are of degree greater than
zero and put U D 1C W: We have seen in Section 3.2 that U is a subgroup of the
group of units of QŒŒa; b; c��: For any w 2 W; we have exp w 2 U; where

exp w D 1C w C w2

2Š
C 	 	 	 D

1X

kD0

wk

kŠ
:

Similarly, log u 2 W whenever u 2 U; where

log u D .u � 1/ � .u � 1/2
2

C .u � 1/3
3

� 	 	 	 D
1X

kD0

.�1/k.u � 1/kC1

k C 1
:

As usual, exp and log are mutual inverse maps between W and U: For any elements
w1; w2 2 W; define w1 � w2 2 W by

exp .w1 � w2/ D .exp w1/ .exp w2/

as before. Since fa; b; cg 
 W and multiplication in QŒŒa; b; c�� is associative, the
equality

.exp a/..exp b/.exp c// D ..exp a/.exp b//.exp c/

holds in U: Hence,

.exp a/.exp.b � c// D .exp.a � b// .exp c/;

and thus

exp.a � .b � c// D exp..a � b/ � c/:

Using the fact that exp and log are mutual inverses, we obtain

a � .b � c/ D .a � b/ � c:
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This will allow us to show that “�” is associative on�: To see this, choose elements
w; x; and y in �: Put S D fa; b; cg and define a set map

' W S ! � by a 7! w; b 7! x; c 7! y:

Clearly, S generates a free associative Q-subalgebra of QŒŒa; b; c��: It follows from
Corollary 3.3 that the commutation Lie subalgebra M generated by S is free, freely
generated by S: Hence, ' can be extended to a Lie algebra homomorphism from M
to�: This homomorphism can be further extended to a Lie algebra homomorphism
from the completion of M in QŒŒa; b; c�� to �: Consequently,

w � .x � y/ D .w � x/ � y

as desired. ut
Suppose that G is a finitely generated torsion-free nilpotent group of class c with

a Mal’cev basis fu1; u2; : : : ; urg: Let L denote the Lie algebra of G over Q: By
Theorem 6.7, L is a nilpotent Lie subalgebra of � of class c: Thus, the sum in the
expansion (6.38) is always finite for any x; y 2 L: It follows that .L; �/ is a subgroup
of
�
�; �� : In fact, .L; �/ is a nilpotent D-group with Q-exponentiation defined by

xn D nx .x 2 L; n 2 Q/:

Let x and y be any elements of log G: Since exp x and exp y are contained in G;

x � y D log ..exp x/.exp y// 2 log G:

Hence, log G is closed under the operation �: Therefore, the bijection

exp W log G ! G

is a semigroup isomorphism between .log G; �/ and G: More generally, the map
exp gives an isomorphism between .L; �/ and a group bG such that

G � bG � 1C A:

We immediately observe that bG D exp.L; �/ is a nilpotent D-group since it is
isomorphic to .L; �/: In fact, bG is a Mal’cev completion of G: One way to see this
is to invoke the following result implicit in the work of Mal’cev [10]:

Theorem 6.8 If Og 2 bG; then there exist unique rational numbers ˛1; : : : ; ˛r such
that Og D exp

�
˛1 log u1 � 	 	 	 � ˛r log ur

�
:

SincebG is a D-group, rational exponentiation inbG is well defined. One can easily
prove that

˛ log g D log
�
g˛
�
.g 2 G; ˛ 2 Q/:
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This, together with Theorem 6.8, give

Og D exp .˛1 log u1 � 	 	 	 � ˛r log ur/

D exp
�

log
�

u˛11

�
� 	 	 	 � log

�
u˛r

r

��

D exp
�

log
�

u˛11 	 	 	 u˛r
r

��

D u˛11 	 	 	 u˛r
r :

Therefore, any element of bG can be written uniquely as

u˛11 	 	 	 u˛r
r .˛1; : : : ; ˛r 2 Q/:

These correspond precisely to the elements of GQ; the Q-completion of G: By
Theorem 4.13, GQ is a Mal’cev completion of G: In light of this, the proof
of Theorem 4.9 can be repeated in the case of bG and thus multiplication and
exponentiation in bG are prescribed by the same polynomials as in GQ: It follows
that the obvious mapping between bG and GQ is an isomorphism. As a result, bG is a
Mal’cev completion of G; as promised.

Remark 6.5 There are other ways to construct the Lie algebra and Mal’cev comple-
tion of a finitely generated torsion-free nilpotent group G: For example, one can take
advantage of Theorem 6.5 and embed G into UTn.Q/: Using the fact that the set S
of n � n upper triangular matrices whose diagonal entries are zero can be made into
a Lie algebra over Q; one can associate the embedded image of G with such a Lie
algebra using the exp and log maps. This idea allows one to study properties of G by
examining its associated Lie subalgebra of S: Calculations in such a Lie subalgebra
are quite manageable. This approach can be found in the work of Stewart [16] and
Segal [15].

6.3.9 A Theorem on Automorphism Groups

The automorphism group of a finitely generated torsion-free nilpotent group can be
represented as a group of linear transformations of a finite dimensional vector space
over Q: This is the point of the next theorem.

Theorem 6.9 If G is a finitely generated torsion-free nilpotent group, then Aut.G/
is isomorphic to the group of automorphisms of LQ.G/ which stabilize log G:

Proof Let % 2 Aut.G/: Then % induces an automorphism % of QG satisfying

%

 

�0 C
1X

iD1
�iai

!

D �0 C
1X

iD1
�i%.ai/;
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where �i 2 Q; ai 2 Ai.G/; and the action of % on Ai.G/ is induced by the action of
% on G: We show that % stabilizes log G: Indeed, for any g 2 G;

%.log g/ D %

 1X

iD1

.�1/iC1
i

.g � 1/i
!

D
1X

iD1

.�1/iC1
i

%
�
.g � 1/i

�

D
1X

iD1

.�1/iC1
i

.%.g/ � 1/i

D log %.g/:

It readily follows that every automorphism of G gives rise to an automorphism of
the Lie algebra LQ.G/ which stabilizes log G:

Next, suppose that ' 2 Aut
�
LQ.G/

�
stabilizes log G: Define a map

� W G ! G by �.g/ D h if '.log g/ D log h:

We claim that � 2 Aut.G/: Let g1; g2; and h be elements of G such that �.g1g2/ D h:
Then '.log.g1g2// D log h: However, log.g1g2/ D log.g1/ � log.g2/: Hence,

log h D '.log.g1g2//

D '.log.g1/ � log.g2//

D '.log.g1// � '.log.g2//:

Thus, if '.log.g1// D log.h1/ and '.log.g2// D log.h2/; then

log h D log.h1/ � log.h2/ D log.h1h2/:

Since log is injective, h D h1h2 and consequently, �.g1g2/ D �.g1/�.g2/: Now, if
�.g1/ D �.g2/ D k for some k 2 G; then '.log.g1// D '.log.g2// D log k: Thus,
log.g1/ D log.g2/ because ' is injective. Since log is injective, g1 D g2 and thus �
is a monomorphism. Lastly, suppose that l 2 G: Since ' is bijective and '�1 also
stabilizes log G; there exists g 2 G such that '.log g/ D log l: Hence, �.g/ D l;
and thus � is surjective. ut

Applications of Theorem 6.9 and related results can be found in [2] and [13].
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6.3.10 The Mal’cev Correspondence

Let G be a finitely generated torsion-free nilpotent group. We have seen that one
can define a group operation “�” given by (6.38) and Q-exponentiation by xn D nx
for x 2 L and n 2 Q on the underlying set of the nilpotent Lie algebra L of G: The
group .L; �/ turns out to be a nilpotent D-group.

This idea can be generalized for arbitrary nilpotent Lie algebras over Q: In fact,
one can also define Lie algebra addition, Lie commutation, and scalar multiplication
on the underlying set of a nilpotent D-group and obtain a nilpotent Lie algebra
over Q: This leads to the well-known Mal’cev Correspondence, a one-to-one
correspondence between nilpotent D-groups and nilpotent Lie algebras over Q:

Our goal is to give an overview of how one defines the operations mentioned
above. We refer the reader to [9] for an excellent discussion of the topic, along with
some of its applications.

Define the formal power series for “exp” and “log” in the usual way,

exp x D 1C x C x2

2Š
C 	 	 	 and

log y D .y � 1/ � .y � 1/2
2

C .y � 1/3
3

� 	 	 	 :

• Let L be any nilpotent Lie algebra over Q: Repeating what was done earlier, we
may turn L into a nilpotent D-group by defining the group multiplication “�” on
the underlying set of L by

x � y D log..exp x/.exp y//

D x C y C 1

2
.x; y/C 1

12
.x; y; y/C 1

12
.y; x; x/C 1

24
.y; x; x; y/C 	 	 	

and Q-exponentiation on L by

xn D nx .n 2 Q/

for x; y 2 L: Note that the sum has finitely many terms since L is nilpotent.
• Suppose that G is a nilpotent D-group. Three operations can be defined on the

underlying set of G which turns it into a nilpotent Lie algebra over Q: For any
g; h 2 G; the inverse Baker-Campbell-Hausdorff formula gives the expansion of

h1.g; h/ D exp.log g C log h/ and

h2.g; h/ D expf.log g/.log h/ � .log h/.log g/g
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in terms of group commutators:

h1.g; h/ D ghŒg; h�� 1
2 Œg; h; g�� 1

12 Œg; h; h�� 1
12 	 	 	

h2.g; h/ D Œg; h�Œg; h; g�� 1
2 Œg; h; h�� 1

2 	 	 	 :

Note that h1.g; h/ and h2.g; h/ are finite products since G is nilpotent. One
can equip G with the structure of a Lie algebra over Q by defining Lie algebra
addition, Lie commutation, and scalar multiplication by

g C h D h1.g; h/; .g; h/ D h2.g; h/; and ng D gn .n 2 Q/ (6.39)

respectively.
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Chapter 7
Additional Topics

This chapter contains a collection of miscellaneous topics. Section 7.1 pertains to M.
Dehn’s algorithmic problems for finitely generated nilpotent groups. In Section 7.2,
we prove that finitely generated nilpotent groups are Hopfian. Section 7.3 contains
useful facts about groups of upper unitriangular matrices over a commutative ring
with unity R: In Section 7.4, we study certain groups of automorphisms that are
themselves nilpotent. In particular, we prove that if G is a nilpotent group of class
c; then the group of those automorphisms of G that induce the identity on the
abelianization of G is nilpotent of class c � 1: Section 7.5 ends the chapter with
an overview of the Frattini subgroup ˚.G/ and Fitting subgroup Fit.G/ of a group
G: Among other results, we prove that if G is a finite group, then ˚.G/ is nilpotent,
Fit.G=˚.G// D Fit.G/=˚.G/, and ˚.G/ E Fit.G/:

7.1 Decision Problems

In 1911, M. Dehn raised three decision problems about finitely presented groups.
In what follows, let G be a group given by a finite presentation G D hX j Ri : An
arbitrary (not necessarily reduced) word in the generators X is termed an X-word.
We now state the problems.

The Word Problem: Is there an algorithm which determines whether or not an
X-word is the identity in G?

The Conjugacy Problem: Is there an algorithm which determines whether or not
any pair of X-words g and h of G are conjugate in G? In other words, does an
X-word k exist in G such that g D k�1hk in G?

The Isomorphism Problem: Let H be another finitely presented group with
presentation

H D hY j Si :

© Springer International Publishing AG 2017
A.E. Clement et al., The Theory of Nilpotent Groups,
DOI 10.1007/978-3-319-66213-8_7
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Is there an algorithm which determines whether or not G and H are isomorphic?

If the answer to any such problem is “yes,” then we say that the problem is
solvable. In this section, we prove that the word problem and the conjugacy problem
for finitely generated nilpotent groups are solvable. In fact, we prove the more
general result that every finitely presented residually finite group has a solvable
word problem.

The isomorphism problem was solved in the positive by Grunewald and Segal
[4]. This is by far the most complicated of all of the decision problems for finitely
generated nilpotent groups. The algorithms associated with it are quite lengthy and
take up about 30 pages in the cited paper.

7.1.1 The Word Problem

We present the solution of the word problem given in [1] which uses residual
finiteness. We begin with a key theorem.

Theorem 7.1 (J. C. C. McKinsey) Every finitely presented residually finite group
has a solvable word problem.

Proof Let G be a finitely presented residually finite group and assume that G is
given by an explicit finite presentation. Let w be a given word in the generators. We
begin by describing two separate effective procedures.

• The first procedure simply enumerates all consequences of the defining relators.
If w appears in this enumeration, then the procedure stops.

• The second procedure begins by enumerating all finite groups, say by con-
structing their multiplication tables. For each finite group F; the procedure
then constructs the (finitely many) homomorphisms 
 from G to F: This is
done by assigning an element of F to each generator of G; then checking that
each defining relator of G maps to the identity element in F: For each such
homomorphism 
; the procedure then computes 
.w/ in F: If there exists a finite
group F and a homomorphism 
 W G ! F such that 
.w/ ¤ 1 in F; then the
procedure stops.

Now, if w D 1 in G; then w will turn up as a consequence of the defining relators
and the first procedure will stop. On the other hand, if w ¤ 1; then the residual
finiteness of G guarantees that w … N for some N C G with F D G=N finite. Thus,
the image of w in F will be a nonidentity element and the second procedure will
stop. We conclude that if the first procedure stops, then w D 1 in G; whereas if the
second one stops, then w ¤ 1 in G: ut

Polycyclic groups are always finitely presentable. This is an immediate result of
the next theorem due to P. Hall.

Theorem 7.2 If G is a group with N E G; and both N and G=N are finitely
presented, then G is finitely presented.
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Proof Let 1G=N denote the identity element of G=N: Suppose that

N D ˝
x1; : : : ; xn

ˇ
ˇ r1.x1; : : : ; xn/ D 1; : : : ; rm.x1; : : : ; xn/ D 1

˛

and

G=N D ˝
g1N; : : : ; glN

ˇ
ˇ s1.g1N; : : : ; glN/D 1G=N ; : : : ; sk.g1N; : : : ; glN/D 1G=N

˛
:

Clearly,

G D gp.x1; : : : ; xn; g1; : : : ; gl/;

and thus G is finitely generated. The relations in these generators are given by

ri.x1; : : : ; xn/ D 1 .i D 1; : : : ; m/;

sj.g1; : : : ; gl/ D tj.x1; : : : ; xn/ .j D 1; : : : ; k/;

gjxig
�1
j D uij.x1; : : : ; xn/ .i D 1; : : : ; n and j D 1; : : : ; l/; and

g�1
j xigj D vij.x1; : : : ; xn/ .i D 1; : : : ; n and j D 1; : : : ; l/:

Define G to be the group presented by generators x1; : : : ; xn; g1; : : : ; gl and subject
to the above relations in these generators. We claim that G Š G:

By Von Dyck’s Lemma (see 2.2.1 in [11]), there exists a surjective homomor-
phism ' W G ! G determined by

xi 7! xi and gj 7! gj .i D 1; : : : ; n and j D 1; : : : ; l/:

Let K D ker ': We need to show that K D 1: Put N D gp.x1; : : : ; xn/ < G:
The restriction of ' to N determines an isomorphism with N because all of the
relations in the elements xi are consequences of the relations ri.x1; : : : ; xn/ D 1 for
i D 1; : : : ; m: Consequently, K \ N D 1: Since

gjxigj
�1 2 N and gj

�1xigj 2 N

for i D 1; : : : ; n and j D 1; : : : ; l; we have that N C G: Furthermore, ' induces
an injective map

' W G=N ! G=N such that giN 7! giN

because '
�

N
� D N: Now, all relations in the elements giN are consequences of the

relations

sj.g1N; : : : ; glN/ D 1G=N .j D 1; : : : ; k/:
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Hence, ' is an isomorphism and thus has trivial kernel. However, ker ' D KN=N:
And so, K � N: Since K \ N D 1; we conclude that K D 1: ut
Corollary 7.1 Every polycyclic group is finitely presentable.

By Theorems 4.4 and 7.1, together with Corollaries 5.21 and 7.1, we now have:

Theorem 7.3 Polycyclic groups have solvable word problem. In particular, finitely
generated nilpotent groups have solvable word problem.

7.1.2 The Conjugacy Problem

In order to prove that the conjugacy problem for finitely generated nilpotent groups
is solvable, we need a theorem of N. Blackburn [2].

Definition 7.1 A group G is called conjugacy separable if, whenever two elements
g and h of G are conjugate, then the images of g and h in every finite homomorphic
image of G are conjugate.

Theorem 7.4 (N. Blackburn) Every finitely generated nilpotent group is conjugacy
separable.

We introduce some notation: if u and v are conjugate elements of a group, then
we write u � v; otherwise, we write u œ v:

Proof The proof, which is adopted from [1], is done by induction on the Hirsch
length r of G: If r D 0; then G is finite and the result is immediate.

Suppose that r > 0 and assume the theorem is true for every finitely generated
nilpotent group of Hirsch length less than r: Let g and h be elements of G such that
gN � hN for every N C G with G=N finite. We claim that g � h: Assume on the
contrary, that g œ h: Since r > 0; G must be infinite. By Lemma 2.27, there exists
of an element a 2 Z.G/ of infinite order. Let

Hi D gp
�

aiŠ
�

.i D 1; 2; : : :/:

By Theorem 4.7, the Hirsch length of each G=Hi is r � 1: Suppose that gHi œ hHi

for some i: By induction and the Third Isomorphism Theorem, there exists a normal
subgroup Ni=Hi of G=Hi such that

.G=Hi/ = .Ni=Hi/ Š G=Ni

is finite and the images of g and h under the natural homomorphism G ! G=Ni are
not conjugate in G=Ni: As this contradicts our earlier assumption that the images of
g and h are conjugate in every finite quotient of G; it must be the case that gHi � hHi

for all i 2 N: In particular, gH1 � hH1 in G=H1: Since H1 D gp.a/; we can find a
nonzero integer m and an element k 2 G such that hk D gam: It immediately follows
that for all i 2 N;
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gHi � gamHi:

Thus, for each i 2 N; we can find di 2 G and si 2 Z such that

gdi D gam
�

aiŠ
�si

: (7.1)

Put L D gp.d1; d2; : : : ; g; a/ � G: Since a 2 Z.G/; it is clear that a 2 Z.L/:
Moreover, it follows from (7.1) that

Œdi; g� 2 gp.a/

for all i 2 N: Since gp.a/ � Z.L/; we apply the commutator calculus to conclude
that Œx; g� 2 gp.a/ for all x 2 L: As a result, we obtain a homomorphism

' W L ! gp.a/ defined by '.x/ D Œx; g�:

It follows immediately that L=ker ' is cyclic. Hence, there exists b 2 L such that

L D gp.ker '; b/: (7.2)

We henceforth assume, on replacing b by b�1 if necessary, that

Œb; g� D a˛ .˛ � 0/: (7.3)

We now argue that ˛ cannot be zero. If it were the case that ˛ D 0; then Œb; g� D
1: Since ker ' D CL.g/; this would imply that g 2 Z.L/: Thus, by (7.1),

1 D am
�

aiŠ
�si

for all i 2 N: Since a has infinite order, it must be that m C iŠsi D 0 for all i 2 N:

This is impossible since m ¤ 0 and the sequence fiŠ j i 2 Ng is strictly increasing.
We conclude that ˛ > 0 in (7.3).

Next, we find all of the conjugates of g in L: By (7.2), such a conjugate has the
form gxbn

; where x 2 ker ' and n 2 Z: Since Œg; b� 2 Z.L/ and ker ' D CL.g/; it
must be the case that

gxbn D gbn D g Œg; bn� D gŒg; b�n D ga�n˛:

It follows that the conjugates of g in L are:

g; ga˙˛; ga˙2˛; : : : : (7.4)

Since g and gam are not conjugate in G; they cannot be conjugate in L: Thus, ˛ does
not divide m: However, (7.1) yields
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gd˛ D gam
�

a˛Š
�s˛

because ˛ > 0: This means that gam
�
a˛Š
�

is one of the conjugates listed in (7.4),
so m C s˛˛Š D 	˛ for some integer 	: Hence, ˛ divides m; a contradiction. This
completes the proof. ut
Corollary 7.2 The conjugacy problem for finitely generated nilpotent groups is
solvable.

Proof Let G be a finitely generated nilpotent group. We can assume that G is given
by an explicit finite presentation in light of Theorem 4.4 and Corollary 7.1. Let g
and h be words in the generators of G: As we did in the proof of Theorem 7.1, we
describe two separate procedures.

• The first procedure begins by enumerating the consequences of the finitely many
relators. If there exists a word k in the generators of G such that h�1gk appears in
this enumeration, then the procedure stops.

• As before, the second procedure begins by listing all finite groups (up to
isomorphism) by means of their multiplication tables. For every finite group F;
we compute (the finitely many) homomorphisms from G to F: Once again, this is
done by assigning an element of F to each generator of G and then verifying
that the defining relators are mapped to 1. Finally, for every homomorphism
' W G ! F; we compute '.g/ and '.h/ in F: If there exists a finite group F
and a homomorphism ' W G ! F in which '.g/ and '.h/ are not conjugate, then
the procedure stops.

Now, if g and h are conjugate in G; then there is a word k in the generators of G
such that h�1gk D 1 in G: Hence, the word h�1gk is a consequence of the defining
relations and the first procedure will stop.

Next, assume that g and h are not conjugate in G: By Theorem 7.4, there exists
a finite group F and a homomorphism ' W G ! F such that '.g/ and '.h/ are not
conjugate in F; so the second procedure stops.

Therefore, if the first procedure stops, g and h are conjugate in GI whereas if the
second procedure stops, then g and h are not conjugate in G: This completes the
solution to the conjugacy problem. ut

7.2 The Hopfian Property

In the 1930s, H. Hopf asked whether a finitely generated group could be isomorphic
to a proper quotient of itself. Groups which are not isomorphic to proper quotients
of themselves are known as Hopfian. In this section, we prove that every finitely
generated nilpotent group is Hopfian. An example of a non-Hopfian group will be
presented as well.
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Definition 7.2 A group G is Hopfian if G=N Š G for some N E G implies that
N D 1: Equivalently, every epimorphism of G is an isomorphism of G:

Recall that a group G satisfies Max if all of its subgroups are finitely generated
(see Definition 2.14). By Theorem 2.16, G satisfies Max if and only if every
ascending series of subgroups stabilizes.

Proposition 7.1 If G satisfies Max, then G is Hopfian.

Proof The proof is done by contradiction. Suppose that G satisfies Max and assume
that there is an epimorphism ˚ W G ! G with nontrivial kernel. For j � 1; set

˚ıj D ˚ ı 	 	 	 ı ˚„ ƒ‚ …
j

:

Clearly, ˚ıj W G ! G is an epimorphism for each j � 1: Let Kj D ker
�
˚ıj

�
.

Observe that ˚ıj
�
Kj
� D 1 and ˚ıj

�
KjC1

� D ker ˚: We claim that

K1 < K2 < 	 	 	

is an infinite properly ascending chain of subgroups of G: Indeed, since ker ˚ is
nontrivial, there exists kjC1 2 KjC1 such that

1 ¤ ˚ıj
�
kjC1

� 2 ker ˚:

Thus, kjC1 … Kj: This contradicts the fact that G satisfies Max. Therefore, the
kernel of ˚ must be trivial and thus ˚ is a monomorphism. Consequently, ˚ is
an isomorphism. And so, G is Hopfian. ut
Corollary 7.3 Every finitely generated nilpotent group is Hopfian.

Proof Finitely generated nilpotent groups satisfy Max by Theorem 2.18. Apply
Proposition 7.1. ut
Remark 7.1 More generally, A. I. Mal’cev proved that every finitely generated
residually finite group is Hopfian.

An example of a non-Hopfian group is the Baumslag-Solitar group BS.2; 3/;
where

BS.2; 3/ D
D
a; b

ˇ
ˇ
ˇ b�1a2b D a3

E
:

Consider the map


 W BS.2; 3/ ! BS.2; 3/ induced by a 7! a2 and b 7! b:

The fact that 
 is indeed a well-defined homomorphism follows from Von Dyck’s
Lemma (see 2.2.1 in [11]). Furthermore, b is clearly in the image of 
; and a 2 im 


since
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�

a�1b�1ab
�

D 

�

a�1�

�

b�1�

�

a
�


�

b
�

D a�2b�1a2b D a�2a3 D a:

Thus, 
 is an epimorphism. We claim that 
 has a nontrivial kernel. First, observe

that the element
h
b�1ab; a

i
can be written as such:

h
b�1ab; a

i
D
�

b�1ab
��1

a�1b�1aba

D b�1a�1ba�1b�1aba:

Hence,
h
b�1ab; a

i
¤ 1 by Britton’s Lemma (see Chapter IV in [9]). The element

h
b�1ab; a

i
belongs to the kernel of 
 because



�h

b�1ab; a
i�

D
h


�

b�1ab
�
; 
.a/

i

D
h
b�1a2b; a

i
D
h
a3; a

i
D 1:

Since 
 is an epimorphism of BS.2; 3/ onto itself,

BS.2; 3/=ker 
 Š BS.2; 3/

by the First Isomorphism Theorem; that is, BS.2; 3/ is isomorphic to a proper
quotient of itself.

7.3 The (Upper) Unitriangular Groups

In this section, R will always be a commutative ring with unity. An important
collection of nilpotent groups are the (upper) unitriangular groups of degree n over
R, denoted by UTn.R/: These groups were first encountered in Example 2.17 of
Section 1.3. The purpose of this section is to acquaint the reader with some of their
fundamental properties.

Recall from Example 2.17 that if S is the set of n�n upper triangular matrix over
R whose main diagonal entries are all 0; then

UTn.R/ D fIn C M j M 2 Sg

is a nilpotent group of class less than n: For any 1 � m � n; let UTm
n .R/ be the

normal subgroup of UTn.R/ consisting of those matrices whose m�1 superdiagonals
have 0’s in their entries. For example,
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UT24 .R/ D

8
ˆ̂
<

ˆ̂
:

0

B
B
@

1 0 r s
0 1 0 t
0 0 1 0

0 0 0 1

1

C
C
A

ˇ
ˇ
ˇ
ˇ
ˇ

r; s; t 2 R

9
>>=

>>;
and UT34 .R/ D

8
ˆ̂
<

ˆ̂
:

0

B
B
@

1 0 0 r
0 1 0 0

0 0 1 0

0 0 0 1

1

C
C
A

ˇ
ˇ
ˇ
ˇ
ˇ

r 2 R

9
>>=

>>;
:

In particular, UT1n .R/ D UTn.R/ and UTn
n .R/ D In: Note that we have the inclusions

UTn.R/ > UT2n .R/ > 	 	 	 > UTn�1
n .R/ > In:

Many of the properties of UTn.R/ can be derived using certain matrices called
transvections. Let Eij denote the n � n matrix with 1 in the .i; j/ entry and 0’s
elsewhere. It is easy to see that

Eij 	 Ekl D
(

Eil if j D k;

0 otherwise:
(7.5)

Let r 2 R; and set

ti; j.r/ D In C rEij .1 � i; j � n and i ¤ j/:

If r ¤ 0; then ti; j.r/ is called a transvection. We abbreviate ti; j.1/ D ti; j:

Lemma 7.1 Let r; s 2 R; and assume that i ¤ j and k ¤ l: Then

(i) ti; j.r/ 	 ti; j.s/ D ti; j.r C s/:

(ii)
�

ti; j.r/
��1 D ti; j.�r/:

(iii)
	
ti; j.r/; tk; l.s/


 D

8
ˆ̂
<

ˆ̂
:

ti; l.rs/ if j D k; i ¤ l;

tk; j.�rs/ if j ¤ k; i D l;

In if j ¤ k; i ¤ l:
In case R D Z; we also have

(iv) ti; j.r/ D ti; j.1/
r D tr

i; j:

Proof Observe that

ti; j.r/ 	 ti; j.s/ D �
In C rEij

��
In C sEij

�

D In C .r C s/Eij C rsE2ij

D In C .r C s/Eij

D ti; j.r C s/:

This proves (i). In particular,

ti; j.r/ 	 ti; j.�r/ D ti; j.r C .�r// D In:
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This gives (ii). To obtain (iii), we use the fact that

	
ti; j.r/; tk; l.s/


 D ti; j.�r/ 	 tk; l.�s/ 	 ti; j.r/ 	 tk; l.�s/

D �
In � rEij

��
In � sEkl

��
In C rEij

��
In C sEkl

�

by (ii). For instance, if j D k but i ¤ l; then a straightforward computation, together
with (7.5), give

	
ti; j.r/; tk; l.s/


 D In C rsEil D ti; l.rs/:

The rest of (iii) follows similarly.
We prove (iv). The result is immediate for r D 0 since ti; j.0/ D In: Let r > 0:

Using (i), we obtain

ti; j.r/ D ti; j

 
rX

nD1
1

!

D
rY

nD1
ti; j.1/ D tr

i; j: (7.6)

If r < 0; then (7.6), together with (ii), give

ti; j.r/ D �
ti; j.�r/

��1 D tr
i; j

since �r > 0: ut
Next, we find a convenient collection of transvections which generate UTm

n .R/:
First, we make a simple observation. Let A D .akl/ be an n � n matrix with entries
in R; so that

A D
X

1�k; l�n

aklEkl:

For i ¤ j; we have

Ati; j.r/ D A
�
In C rEij

� D A C rAEij

D A C r

 
X

1�k; l�n

aklEkl

!

Eij

D A C r
nX

kD1
akiEkj

by (7.5). Thus, the product Ati; j.r/ is the matrix obtained by adding r times the ith
column of A to the jth column of A:

Theorem 7.5 The set of transvections
˚
ti; j.r/ j j�i � m; r 2 R

�
generates UTm

n .R/:
If R D Z; then the set

˚
ti; j j j � i � m

�
generates UTm

n .Z/:
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Proof Suppose that A D �
aij
� 2 UTm

n .R/: By the observation above, A can be
reduced to the identity matrix by post-multiplying A by a suitable sequence of
transvections. More specifically,

A
�
t1; mC1.�a1; mC1/ 	 	 	 t1; n.�a1; n/

��
t2; mC2.�a2; mC2/ 	 	 	 t2; n.�a2; n/

�

	 	 	 tn�m; n.�an�m; n/ D In:

After taking inverses of both sides and applying Lemma 7.1 (ii), the matrix A equals
the product of transvections

tn�m; n.an�m; n/ 	 	 	 �t2; n.a2; n/ 	 	 	 t2; mC2.a2; mC2/
��

t1; n.a1; n/ 	 	 	 t1; mC1.a1; mC1/
�
:

Thus,
˚
ti; j.r/

ˇ
ˇ j � i � m; r 2 R

�
is a generating set for UTm

n .R/: The case R D Z

follows immediately from Lemma 7.1 (iv). ut
Setting m D 1 in Theorem 7.5 and applying Lemma 7.1 give:

Corollary 7.4 The set ftk�1; k.r/ j 2 � k � n; r 2 Rg generates UTn.R/; and the
set ftk�1; k j 2 � k � ng generates UTn.Z/:

Observe that the set ftk�1; k.r/ j 2 � k � n; r 2 Rg; together with the identities
in Lemma 7.1, give a presentation for UTn.R/:

The lower and upper central series of UTn.R/ coincide. This is the point of the
following theorem.

Theorem 7.6 The series

UTn.R/ > UT2n .R/ > 	 	 	 > UTn�1
n .R/ > 1 (7.7)

is both the lower and the upper central series for UTn.R/: Hence,

• The nilpotency class of UTn.R/ is exactly n � 1;
• UTi

n.R/ D �iUTn.R/ D �n�iUTn.R/ for i D 1; 2; : : : ; n and
• UTj

n.R/=UTjC1
n .R/ is abelian for j D 1; 2; : : : ; n � 1:

Proof Put UTn.R/ D U and UTi
n.R/ D Ui for i D 1; 2; : : : ; n: We claim that

ŒUi; U� D UiC1 for each i D 1; 2; : : : ; n � 1:
1. Let Œg; h� 2 ŒUm; U�;where g 2 Um and h 2 U: By Theorem 7.5 and Lemma 7.1,

g is a product of transvections of the form ti; j.r/ with j � i � m, r 2 R; and h
is a product of transvections of the form tk; l.s/ with l � k � 1 and s 2 R: We
prove the claim by induction on the number of transvections occurring in g and
h combined.

• For the basis of induction, assume that g D ti; j.r/ and h D tk; l.s/: Suppose
that j D k but i ¤ l: By Lemma 7.1 (iii),

Œg; h� D ti; l.rs/:
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Since in this case l � i D .j � i/C .l � k/ � m C 1; we have Œg; h� 2 UmC1:
The other cases are handled in a similar way.

• Suppose that g D ti; j.r/Ng and h D tk; l.s/; where Ng 2 Um: By Lemma 1.4 (v),

Œg; h� D 	
ti; j.r/Ng; tk; l.s/


 D 	
ti; j.r/; tk; l.s/


Ng	Ng; tk; l.s/


:

Now,
	Ng; tk; l.s/


 2 UmC1 and
	
ti; j.r/; tk; l.s/


 2 UmC1 by induction. Hence,

	
ti; j.r/; tk; l.s/


Ng 2 UmC1;

and thus Œg; h� 2 UmC1:
• Suppose that g D ti; j.r/Ng and h D tk; l.s/Nh; where Ng 2 Um and Nh 2 U: By

Lemma 1.4 (vi),

Œg; h� D 	
ti; j.r/Ng; tk; l.s/Nh


 D 	
ti; j.r/Ng; Nh
	ti; j.r/Ng; tk; l.s/


Nh
:

Since
	
ti; j.r/Ng; Nh
 2 UmC1 by induction and

	
ti; j.r/Ng; tk; l.s/


 2 UmC1 by the
previous case, we have Œg; h� 2 UmC1:

Therefore, ŒUm; U� � UmC1:
2. In order to establish the reverse inclusion UmC1 � ŒUm; U�; it suffices to show

that ŒUm; U� contains every transvection ti; j.r/ with j � i � m C 1 and r 2 R:
Consider the transvections ti; iCm.r/ 2 Um and tiCm; j D tiCm; j.1/ 2 U: By
Lemma 7.1 (iii),

ti; j.r/ D 	
ti; iCm.r/; tiCm; j


 2 ŒUm; U�:

Thus, UmC1 � ŒUm; U�:

This proves the claim that ŒUi; U� D UiC1 for i D 1; : : : ; n � 1: Therefore,
�iU D Ui; and thus (7.7) is the lower central series for UTn.R/: In order to prove
that (7.7) is the upper central series for UTn.R/; one can use induction on n � i to
show that �n�iUTn.R/ D �iUTn.R/: We omit the details. ut

One can easily find a set of generators for the factor groups of (7.7) by using
Theorem 7.5.

Theorem 7.7 For m D 1; 2; : : : ; n � 1; each factor group UTm
n .R/=UTmC1

n .R/
is generated, modulo UTmC1

n .R/; by the set fti; mCi.r/ j 1 � i � n � m; r 2 Rg:
If R D Z; then UTm

n .Z/=UTmC1
n .Z/ is generated, modulo UTmC1

n .Z/; by the set
fti; mCi j 1 � i � n � mg:

We show next that UTn.Z/ is torsion-free. In fact, we prove this for any ring
whose characteristic is zero.

Theorem 7.8 If R has characteristic zero, then UTn.R/ is torsion-free. In particu-
lar, UTn.Z/ is torsion-free.
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Proof By Theorem 7.6, the center of UTn.R/ equals the subgroup UTn�1
n .R/

consisting of those matrices with an arbitrary entry of R in the uppermost right
corner and 0’s elsewhere. It follows that Z.UTn.R// is isomorphic to the additive
group of R: Since R has characteristic zero, Z.UTn.R// is torsion-free. The result
follows from Corollary 2.21. ut
Remark 7.2 If the characteristic of R is different than zero, then UTn.R/ need not
be torsion-free. For example, let R be the polynomial ring in one variable over a
finite field of characteristic a prime p and let 2 � k � n: By Corollary 7.4, a typical
generator for UTn.R/ is a transvection of the form tk�1; k.r/; where r 2 R: Since R
has characteristic p; we apply Lemma 7.1 (i) repeatedly to obtain

.tk�1; k.r//
p D tk�1; k.rp/ D I:

Thus, every generator of UTn.R/ is a torsion element.

There is a natural Mal’cev basis for UTn.Z/: By Corollary 7.4 and Theo-
rem 7.8, UTn.Z/ is finitely generated and torsion-free. Each of the factor groups
UTm

n .Z/=UTmC1
n .Z/ is torsion-free and finitely generated, modulo UTmC1

n .Z/; by
transvections of the form ti; mCi; where 1 � i � n � m: This follows directly from
Corollary 2.20 and Theorem 7.7. Taking this into consideration, we have:

Lemma 7.2 The set of transvections

˚
t1; 2; t2; 3; : : : ; tn�1; n; t1; 3; t2; 4; : : : ; tn�2; n; : : : ; t1; n

�

is a Mal’cev basis for UTn.Z/:

7.4 Nilpotent Groups of Automorphisms

In this section, we prove that certain subgroups of the automorphism group of a
given group are nilpotent. We begin by defining the holomorph of a group.

Let G be a group and define the set

eG D f'g j ' 2 Aut.G/; g 2 Gg:

We can regard eG as the Cartesian product Aut.G/ � G: This set becomes a group
under the operation

�
'g
��
'0g0� D ''0g'0

g0;

where g'
0 D '0.g/ 2 G: Thus, we have a semi-direct product of G by Aut.G/: This

group is called the holomorph of G; written as Hol.G/:
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7.4.1 The Stability Group

Definition 7.3 Let G be any group and let

G D G0 � G1 � 	 	 	 � Gr D 1 (7.8)

be a series of subgroups of G: The stability group of G relative to the series (7.8) is
the group A of all automorphisms ' of G such that

'
�
xGi

� D xGi for every i D 0; : : : ; r � 1 and x 2 GiC1: (7.9)

The group A and the automorphism ' 2 A are said to stabilize the series (7.8).

Putting x D 1 in (7.9) shows that each Gi is invariant under ': In [7], L. Kalužnin
proved that the stability group of a group is always solvable of “solvability length”
at most m: If the series happens to be a normal series, then the stability group is, in
fact, nilpotent.

Theorem 7.9 Let

G D G0 � G1 � 	 	 	 � Gr D 1 (7.10)

be a normal series of a group G: If A is the stability group of G relative to (7.10),
then A and ŒG; A� are nilpotent of class less than r: Here, ŒG; A� is viewed as a
subgroup of Hol.G/:

In this situation, the stability group acts nilpotently on G according to Defini-
tion 6.5. The proof relies on a property of commutator subgroups.

Theorem 7.10 Let H and K be subgroups of a group G and suppose that

H D H0 � H1 � 	 	 	

is a descending series of normal subgroups of H such that ŒHi; K� � HiC1 for each
integer i � 0: Put K D K1; and for j > 1; define

Kj D fx 2 K j ŒHi; x� � HiCj for all i � 0g:

Then
	
Kj; Kl


 � KjCl for all j; l � 1; and
	
Hi; �jK


 � HiCj for all i � 0 and j � 1:

Proof We show first that
	
Kj; Kl


 � KjCl: By definition,
	
Hi; Kj


 � HiCj and	
HiCj; Kl


 � HiCjCl: Hence,

	
Hi; Kj; Kl


 � 	
HiCj; Kl


 � HiCjCl

by Proposition 1.1 (iii). Likewise,

	
Kl; Hi; Kj


 D 	
Hi; Kl; Kj


 � HiCjCl
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by Proposition 1.1 (i) and (iii). By hypothesis, HiCjCl is normal in H: Moreover, for
x 2 K;

x�1HiCjClx D HiCjCl
	
HiCjCl; x



:

Since
	
HiCjCl; x


 � HiCjClC1; we conclude that

x�1HiCjClx � HiCjCl:

This shows that HiCjCl is normal in the subgroup of G generated by H and K: Thus,

	
Kj; Kl; Hi


 D 	
Hi;

	
Kj; Kl



 � HiCjCl

by Proposition 1.1 (i) and Lemma 2.18. Therefore, by definition,
	
Kj; Kl


 � KjCl:

In particular,
	
Kj; K


 � KjC1: Hence, �jK � Kj and thus

	
Hi; �jK


 � 	
Hi; Kj


 � HiCj

by Proposition 1.1 (iii). This completes the proof. ut
Remark 7.3 Note that Theorem 2.14 (i) can be obtained from Theorem 7.10 by
setting Hi D �iC1G and K D G:

We now prove Theorem 7.9. To begin with, we assert that ŒGi; A� � GiC1 for
i D 0; 1; : : : ; r � 1: If x 2 Gi and ˛ 2 A; then

Œx; ˛� D x�1˛�1x˛ D x�1x˛ 2 GiC1

since ˛ induces the identity on Gi=GiC1: Put Hi D Gi (i D 0; 1; : : : ; r) and K D A
in Theorem 7.10 and regard all of these as subgroups of the Hol.G/: Then

ŒG; �rA� D ŒG0; �rA� � Gr D 1;

and thus ŒG; �rA� D 1: Now, let ˛ 2 �rA and x 2 G: Then Œx; ˛� D x�1x˛ D 1;

which shows that ˛ D 1: Consequently, �rA D 1 and A is nilpotent of class less
than r as asserted.

Next, we prove that ŒG; A� is nilpotent of class less than r: Since Gi E G for
i D 0; 1; : : : ; r; we have ŒGi; G� � Gi: Hence,

ŒGi�1; G; A� � ŒGi�1; A� � Gi:

Furthermore,

ŒA; Gi�1; G� D ŒGi�1; A; G� � ŒGi; G� � Gi
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by Proposition 1.1 (i). By assumption, x˛ 2 Gi for x 2 Gi and ˛ 2 A: Thus, Gi is
normal in the subgroup of Hol.G/ generated by A and G: Therefore,

ŒG; A; Gi�1� D ŒGi�1; ŒG; A�� � Gi

by Proposition 1.1 (i). By letting K D ŒG; A� and Gi D Hi in Theorem 7.10, we
have

ŒG1; �r�1ŒG; A�� � Gr D 1:

However, ŒG; A� D ŒG0; A� � G1: Therefore,

ŒŒG; A�; �r�1ŒG; A�� D 1;

and thus �rŒG; A� D 1: This completes the proof of Theorem 7.9.

Remark 7.4 By repeating what was done in Example 6.1 with a free R-module of
finite rank over a ring with unity, one can conclude from Theorem 7.9 that UTn.R/
is a nilpotent group of class less than n: This was established in Chapter 1 using a
different method (see Example 2.17).

The next theorem is a more general result due to P. Hall [5].

Theorem 7.11 The stability group A relative to any series of subgroups of length
m � 1 of a group G is nilpotent of class at most m.m � 1/=2:

We begin by proving Theorem 7.12, from which Theorem 7.11 will follow.
Regard both Aut.G/ and G as subgroups of Hol.G/ and note that the stability
group A relative to the series (7.8) also becomes a subgroup of Hol.G/: Thus, A
is characterized by the property

ŒGi�1; A� � Gi .i D 1; 	 	 	 ; m/

since ˛.g/ D g˛ D ˛�1g˛ in Hol.G/ for every ˛ 2 Aut.G/: We have already
encountered this property in the proof of Theorem 7.9.

Theorem 7.12 Let H and K be two subgroups of a group G: If

ŒH; K; 	 	 	 ; K
„ ƒ‚ …

m

� D 1

for some m 2 N; then Œ�nC1K; H� D 1; where n D m.m � 1/=2:
To obtain Theorem 7.11 from Theorem 7.12, observe that ŒGi�1; A� � Gi implies

that

ŒG; A; 	 	 	 ; A
„ ƒ‚ …

m

� � ŒG1; A; 	 	 	 ; A
„ ƒ‚ …

m�1
� � 	 	 	 � ŒGm�1; A� � Gm D 1;
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so that

ŒG; A; 	 	 	 ; A
„ ƒ‚ …

m

� D 1:

Theorem 7.12 now implies that Œ�nC1A; G� D 1; where n D m.m � 1/=2: However,
this means that ˛.g/ D g˛ D g for every ˛ 2 �nC1A and g 2 G: Therefore, �nC1A
contains only the identity isomorphism and thus A is nilpotent of class at most n.

The proof of Theorem 7.12 relies on the next lemma.

Lemma 7.3 Let H; K; and L be subgroups of a group G such that G D gp.H; K/:
If ŒH; K; L� D 1; then ŒL; H; K� D ŒK; L; H� E G:

Proof Let C be the centralizer of ŒH; K� in G:By Corollary 1.4, ŒH; K� E gp.H; K/
and thus ŒH; K� E G by assumption. Since L � C by hypothesis, a direct
computation shows that ŒL; H� � C:

Let x 2 H; y 2 K; and t 2 ŒL; H�: Set z D 	
x; y�1
: Then t 2 C and z 2 ŒH; K�;

so that t and z commute. Since yx D zy; Lemma 1.4 (vi) gives

	
t; yx


 D 	
t; zy


 D 	
t; y


	
t; z

y D 	

t; y


:

This means that ŒL; H; Kx� D ŒL; H; K�: Since ŒL; H� E gp.L; H/ by Corollary 1.4
and x 2 H; we also have ŒL; H� D ŒL; H�x: Hence,

ŒL; H; K�x D ŒŒL; H�x; Kx� D ŒL; H; Kx� D ŒL; H; K�;

which means that H normalizes ŒL; H; K�: Since ŒL; H; K� E gp.ŒL; H�; K/ by
Corollary 1.4, K also normalizes ŒL; H; K�: Therefore, ŒL; H; K� is normal in G:

By Proposition 1.1 (i), ŒK; H; L� D ŒH; K; L� D 1: Thus, we interchange the
roles of H and K and conclude that ŒL; K; H� D ŒK; L; H� is also normal in G: It
follows that ŒH; K; L� D 1 and both ŒL; H; K� and ŒK; L; H� are normal in G: By
Lemma 2.18, the subgroups ŒL; H; K� and ŒK; L; H� are contained in one another.
The result now follows. ut

We now prove Theorem 7.12 by induction on m: If m D 1; then ŒH; K� D 1 and
n D 0: Thus, ŒK; H� D ŒH; K� D 1 by Proposition 1.1 (i). This gives the basis of
induction.

Let m > 1; and put n D m.m � 1/=2: Let H1 D ŒH; K�; and notice that

ŒH1; K; 	 	 	 ; K
„ ƒ‚ …

m�1
� D 1

since, by hypothesis, ŒH; K; 	 	 	 ; K
„ ƒ‚ …

m

� D 1: Given that ŒH1; K; 	 	 	 ; K
„ ƒ‚ …

m�1
� D 1; we

may assume inductively that

Œ�lC1K; H1� D 1;
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where l D .m � 1/.m � 2/=2: A direct calculation shows that l D n � m C 1; where
n D m.m � 1/=2: Let r � l C 1; and observe that

Œ�rK;H1� � Œ�lC1K; H1� D 1:

By Proposition 1.1 (i),

ŒH; K; �rK� D ŒH1; �rK� D Œ�rK; H1� D 1:

By Lemma 7.3 and Proposition 1.1 (i),

Œ�rK; H; K� D ŒK; �rK; H� D Œ�rK; K; H� D Œ�rC1K; H�

for r > l: Hence,

Œ�lC1K;H;K; 	 	 	 ;K„ ƒ‚ …
m�1

� D Œ�lC2K;H;K; 	 	 	 ;K„ ƒ‚ …
m�2

� D 	 	 	 D Œ�nK;H;K� D Œ�nC1K;H�:

Since �lC1K � K; it follows from Proposition 1.1 (i) and (iii) that

Œ�lC1K; H� � ŒK; H� D ŒH; K�:

Thus,

Œ�nC1K; H� D Œ�lC1K; H; K; 	 	 	 ; K
„ ƒ‚ …

m�1
� � ŒH; K; 	 	 	 ; K

„ ƒ‚ …
m

�:

However, ŒH; K; 	 	 	 ; K
„ ƒ‚ …

m

� D 1: This completes the proof of Theorem 7.12.

7.4.2 The IA-Group of a Nilpotent Group

If G is a nilpotent group of class c; then we conclude from Corollary 1.1 and
Lemma 2.12 that Inn.G/ is nilpotent of class c�1:We turn our attention to a certain
nilpotent subgroup of Aut.G/ that contains Inn.G/ and whose class is also c � 1:

The material that appears in this section is based on [6] and Section 1.2 of [13].

Definition 7.4 An IA-automorphism of a group G is an automorphism of G that
induces the identity on the abelianization of G:

Thus, ˛ is an IA-automorphism of G if and only if ˛ belongs to the kernel of the
natural homomorphism

Aut.G/ ! Aut .G=�2G/ :
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It is easy to show that the set of all IA-automorphisms of G is a subgroup of Aut.G/:
This subgroup is called the IA-group of G and is denoted by IA.G/: Hence,

IA.G/ D f˛ 2 Aut.G/ j g�1˛.g/ 2 �2G for all g 2 Gg:

Clearly, IA.G/ D 1 whenever G is abelian. Furthermore, IA.G/ contains Inn.G/:
For if 'h 2 Inn.G/; then

'h.g/ D gh D gŒg; h�

for every g 2 G: Since Œg; h� 2 �2G; 'h 2 IA.G/:
Our ultimate goal in this section is to prove that the IA-group of a finitely

generated torsion-free nilpotent group of class c is finitely generated torsion-free
nilpotent of class c � 1: This is essentially a result due to P. Hall [6]. We begin by
proving a lemma which is the main ingredient in establishing that the IA-group of a
nilpotent group of class c is nilpotent of class c � 1:
Lemma 7.4 Let H and K be subgroups of a group G such that ŒH; K� � �2H: Then	
�iH; �jK


 � �iCjH for all i; j 2 N:

Proof We do “double induction.” Let j D 1: We prove that Œ�iH; K� � �iC1H
by induction on i: If i D 1; then the result holds by hypothesis. Assume that
Œ�i�1H; K� � �iH for i > 1: By the induction hypothesis and Proposition 1.1 (iii),

Œ�i�1H; K; H� � Œ�iH; H� D �iC1H:

Furthermore,

ŒK; H; �i�1H� � Œ�2H; �i�1H� � �iC1H

by hypothesis, Proposition 1.1 (i) and (iii), and Theorem 2.14 (i). Using
Lemma 2.18, we have

Œ�iH; K� D ŒH; �i�1H; K� � �iC1H:

The basis of induction for j now follows.
The induction hypothesis for j is

	
�iH; �j�1K


 � �iCj�1H for all i: By
Proposition 1.1 (i),

	
�iH; �jK


 D 	
�iH;

	
K; �j�1K



 D 	
K; �j�1K; �iH



:

By Proposition 1.1 (iii) and the induction hypothesis on j; we have

	
�iH; K; �j�1K


 � 	
�iC1H; �j�1K


 � �iCjH
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and

	
�j�1K; �iH; K


 � 	
�iCj�1H; K


 � �iCjH:

Invoking Lemma 2.18 once again, we conclude that
	
�iH; �jK


 � �iCjH: ut
Theorem 7.13 For all j 2 N and any group G; the elements of �jIA.G/ induce the
identity on each �iG=�iCjG: If G is nilpotent of class c; then IA.G/ is nilpotent of
class c � 1:

In particular, IA.G/ is abelian when G is nilpotent of class 2:

Proof To prove the first assertion, notice that if we choose x 2 G and  2 IA.G/;
then

Œx;  � D x�1x 2 �2G

in Hol.G/: Hence, ŒG; IA.G/� � �2G; and by Lemma 7.4,

	
�iG; �jIA.G/


 � �iCjG:

This means that the elements of �jIA.G/ induce the identity on �iG=�iCjG as
asserted.

Next, suppose that G is nilpotent of class c: We claim that IA.G/ is nilpotent
of class c � 1: Let ˛ 2 �cIA.G/: By the previous result, ˛ induces the identity
on �1G=�cC1G: Since �1G=�cC1G Š G; ˛ is the identity automorphism and thus
�cIA.G/ D 1: By Corollary 2.3, IA.G/ is nilpotent of class less than c: However,

IA.G/ � Inn.G/ Š G=Z.G/;

and G=Z.G/ is of class c � 1 by Lemma 2.12. Thus, IA.G/ is of class c � 1: ut
Remark 7.5

(i) Theorem 7.13 implies that if G is a nilpotent group, then IA.G/ is the stability
group of G relative to its lower central series.

(ii) While Theorem 7.11 already implies that IA.G/ is nilpotent whenever G is
nilpotent, Theorem 7.13 guarantees that the class of IA.G/ is exactly one less
than the class of G:

If G is a torsion-free nilpotent group, then so is G=Z.G/ by Corollary 2.22. Thus,
Inn.G/ is also torsion-free nilpotent. The fact that every inner automorphism is an
IA-automorphism suggests that IA.G/ may be torsion-free as well. This is indeed
the case.

Lemma 7.5 If G is a torsion-free nilpotent group, then IA.G/ is torsion-free.

First, we prove an auxiliary result. Let � cG denote the isolator of �cG in G:
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Lemma 7.6 If G is a torsion-free nilpotent group of class c; then � cG is a central
subgroup of G and G=� cG is torsion-free.

Proof We first prove that � cG is central in G: If g 2 � cG; then there exists m 2 N

such that gm 2 �cG: Since G is of class c; �cG � Z.G/; and thus gm 2 Z.G/: By
Theorem 2.7 and Lemma 5.15, g 2 Z.G/ as desired. To establish that G=� cG is
torsion-free, observe that �.G=�cG/ D � cG=�cG and thus

G=� cG Š .G=�cG/=�.G=�cG/

by the Third Isomorphism Theorem. The result immediately follows from Corol-
lary 2.15. ut

We now prove Lemma 7.5 by induction on the class c of G: If c D 2; then IA.G/
is abelian by Theorem 7.13. Let ' 2 IA.G/ and x 2 G: Then '.x/ D xd; where
d 2 �2G: Suppose that 'm D 1; where m > 0: Since G is of class 2; ' acts as the
identity on �2G by Theorem 7.13. Thus,

'm.x/ D xdm D x;

and consequently, dm D 1: Since �2G is torsion-free, d D 1: This completes the
basis of induction.

Assume that the IA-group of a torsion-free nilpotent group of class less than c
is always torsion-free. By Lemma 7.6, G=� cG is torsion-free nilpotent and clearly
of class less than c: The induction hypothesis gives that IA.G=� cG/ is torsion-free.
To prove that IA.G/ is torsion-free, let ' 2 IA.G/ and assume that 'm D 1 where
m > 0: For g 2 G, let Œg� denote the equivalence class of g in G=� cG: Consider the
natural homomorphism

  W IA.G/ ! IA
�
G=� cG

�
defined by ¦ 7! b¦; where b¦.Œg�/ D Œ¦.g/�:

Since 'm is the identity and IA
�
G=� cG

�
is torsion-free,b' is the identity on G=� cG:

Let x 2 G and write '.x/ D xd; where d 2 �2G: Then

b'.Œx�/ D Œ'.x/� D Œxd� D Œx�:

Hence, d 2 � cG: Since G is of class c; ' acts trivially on �cG by Theorem 7.13. We
claim that ' also acts trivially on � cG: To see this, let y 2 � cG: There exists m 2 N

such that ym 2 �cG: Moreover, there exists y1 2 �2G such that '.y/ D yy1: Hence,

ym D '.ym/ D '.y/m D .yy1/
m D ymym

1

since y is central by Lemma 7.6. And so, ym
1 D 1: Since G is torsion-free, y1 D 1;

and thus ' acts trivially on � cG as claimed. This, together with '.x/ D xd and
'm D 1, gives
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'm.x/ D xdm D x:

Therefore, dm D 1; and consequently, d D 1: This completes the proof of
Lemma 7.5.

Lemma 7.7 If G is a finitely generated nilpotent group, then IA.G/ is finitely
generated.

Proof The proof is done by induction on the class c of G. If c D 2; then IA.G/ is
abelian by Theorem 7.13. Since G is finitely generated, so is �2G by Theorem 2.18.
A typical member of a generating set for IA.G/ can be constructed as follows:
let X be a finite set of generators for G and Y a finite set of generators for �2G:
For every x 2 X and y 2 Y; construct the IA-automorphism that sends x to xy
and each remaining generator of G to itself. It is clear that the set of all such
IA-automorphisms generates IA.G/: Since X and Y are finite, IA.G/ is finitely
generated.

Assume that the IA-group of any finitely generated nilpotent group of class less
than c is finitely generated. Consider the natural homomorphism

  W IA.G/ ! IA.G=�cG/ defined by ¦ 7! b¦; where b¦.Œg�/ D Œ¦.g/�

and Œg� now denotes the equivalence class of g in G=�cG: The kernel of   is the
subgroup

Ic D
n
˛ 2 IA.G/

ˇ
ˇ
ˇ g�1˛.g/ 2 �cG for all g 2 G

o

of IA.G/; and it is finitely generated. This can be established by an analogous
construction as before, where Y is taken to be a finite generating set for �cG: By
the induction hypothesis, IA

�
G=�cG

�
is finitely generated. Thus, the image of  ;

being a subgroup of a finitely generated nilpotent group, is also finitely generated
by Theorem 2.18, as well as isomorphic to IA.G/=Ic: Since IA.G/ is an extension of
a finitely generated group by another, it must be finitely generated. ut

Theorem 7.13, together with Lemmas 7.5 and 7.7, gives:

Theorem 7.14 If G is a finitely generated torsion-free nilpotent group of class c;
then IA.G/ is finitely generated, torsion-free nilpotent of class c � 1:

Using basic sequences and the commutator calculus, M. Zyman [13] has shown
that if G is a finitely generated nilpotent group such that �2G is abelian, then
IA.Gp/ Š �

IA.G/
�

p; where p is any prime and Gp and
�
IA.G/

�
p denote the p-

localizations of G and IA.G/ respectively. A group G for which �2G is abelian is
termed metabelian.
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7.5 The Frattini and Fitting Subgroups

Two subgroups which provide useful information about the structure of a group are
the Frattini and Fitting subgroups. In this section, we give a brief overview of the
properties of these subgroups and describe their connection to nilpotent groups.

7.5.1 The Frattini Subgroup

Definition 7.5 Let G be any group. The Frattini subgroup of G; denoted by ˚.G/;
is the intersection of all of the maximal subgroups of G:

By convention, ˚.G/ D G if G has no maximal subgroups. Thus, ˚.Q/ D Q

and ˚
�
Zp1

� D Zp1 : Clearly, the Frattini subgroup of a group is characteristic
since every group automorphism maps maximal subgroups to maximal subgroups.

Example 7.1 We give the Frattini subgroup of certain groups.

1. For each prime p; the subgroup gp.p/ of Z is maximal. Thus, ˚.Z/ D f0g:
2. If p is a prime and G D gp.g/ is a cyclic group of order p2; then ˚.G/ D gp.gp/:

3. ˚.S3/ D feg: To see this, notice that the distinct subgroups

H D gp..1 2// and K D gp..1 2 3//

of S3 each have prime index in S3: Thus, H and K are maximal subgroups.
Therefore, ˚.S3/ is a subgroup of H \ K D feg:

4. This example appears in [8]. Let p be a prime and let Uip be the subgroup of
UTn.Z/ consisting of all matrices A D .aij/ whose superdiagonal entries ai; iC1
are contained in

˝
p
˛

for i D 1; 2; : : : ; n � 1: Then Uip is maximal in UTn.Z/:

Since the intersection of all Uip lies in UT2n .Z/; we have ˚.UTn.Z// � UT2n .Z/:

Another way to define the Frattini subgroup of a group is in terms of its set of
non-generators.

Definition 7.6 Let G be a group. An element g 2 G is called a non-generator of G
if G D gp.g; X/ implies that G D gp.X/ whenever X 
 G:

Thus, the set of non-generators of a group are precisely the elements that can be
excluded from any generating set.

Theorem 7.15 (G. Frattini) If G is any group, then ˚.G/ is the set of all non-
generating elements of G:

The proof uses the next lemma.

Lemma 7.8 Let G be any group and suppose that H < G with g 2 G X H: There
exists a subgroup K < G which is maximal in G with respect to the properties
H � K and g … K:
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Proof Let R D fJ < G j H � J and g … Jg: Clearly, R ¤ ; since H 2 R:
Furthermore, R is partially ordered by inclusion and the union of any chain in R is
again in R. By Zorn’s lemma, R has a maximal element. ut

We now prove Theorem 7.15. Let g 2 ˚.G/: We prove by contradiction that g is
a non-generating element. Assume that there exists X 
 G such that G D gp.g; X/;
but G ¤ gp.X/: Clearly, g … gp.X/: By Lemma 7.8, there exists a subgroup M of
G which is maximal in G with respect to the properties gp.X/ � M and g … M: If
M < H � G for some H; then g 2 H: Consequently, H D G: Hence, M is maximal
in G: This implies that g 2 ˚.G/ � M; which is a contradiction.

Conversely, let g be a non-generator of G: We prove by contradiction that g 2
˚.G/: Suppose on the contrary, that g … ˚.G/: There exists a maximal subgroup
M of G for which g … M: Hence, M ¤ gp.g; M/; and thus G D gp.g; M/ by
the maximality of M in G: Since g is a non-generator of G; we have G D M; a
contradiction. This completes the proof of Theorem 7.15.

The next two corollaries are immediate.

Corollary 7.5 If G is a finitely generated group and G D H˚.G/ for some H � G;
then G D H:

Corollary 7.6 If G is any group and ˚.G/ is finitely generated, then the only
subgroup H of G such that G D H˚.G/ is H D G:

Lemma 7.9 Let G be any group and suppose that H is a finitely generated subgroup
of G: If N C G and N � ˚.H/; then N � ˚.G/:

Proof Assume on the contrary, that N is not a subgroup of ˚.G/: There exists a
maximal subgroup M of G that does not contain N as a subgroup and thus, satisfies
G D MN: Hence,

H D H \ G D H \ .MN/ D .H \ M/N:

Since N � ˚.H/; we have H D .H \ M/˚.H/: By Corollary 7.5, H D H \ M; and
thus H � M: However, H contains N: And so, N � M; a contradiction. ut
Corollary 7.7 If G is any group and H is a finitely generated normal subgroup of
G; then ˚.H/ � ˚.G/:

Proof By Lemma 1.8, ˚.H/ E G because ˚.H/ is characteristic in H and H E G:
Put N D ˚.H/ in Lemma 7.9. ut

The next two lemmas deal with the Frattini subgroup of a direct product. We give
the proofs which appear in [3].

Lemma 7.10 If G D H � K; then ˚.G/ � ˚.H/ � ˚.K/:
Proof If M is a maximal subgroup of H; then M � K is a maximal subgroup of
H � K: Hence, ˚.G/ � ˚.H/ � K: Similarly, ˚.G/ � H � ˚.K/: Therefore,

˚.G/ � .˚.H/ � K/ \ .H � ˚.K// D ˚.H/ � ˚.K/;
as desired. ut
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Lemma 7.11 If G is a finitely generated group where G D H � K for some
subgroups H and K of G; then ˚.G/ D ˚.H/ � ˚.K/:
Proof Clearly, H and K are finitely generated and normal in G since G is finitely
generated and G D H � K: Thus, ˚.H/ � ˚.G/ and ˚.K/ � ˚.G/ by
Corollary 7.7. It follows that ˚.G/ � ˚.H/ � ˚.K/: Lemma 7.10 takes care of
the reverse inclusion. ut
Lemma 7.12 Let G be any group and N � G: If N � ˚.G/; then N is normal in G
and ˚.G=N/ D ˚.G/=N:

Proof Since ˚.G/ is characteristic in G and N � ˚.G/; N must be normal in G:
Furthermore, N � ˚.G/ implies that N is contained in every maximal subgroup
of G: If gN 2 ˚.G=N/; then gN 2 M=N for every maximal subgroup M=N in
G=N: Thus, for each maximal subgroup M in G; there exists hm 2 M such that
gN D hmNI that is, gh�1

m 2 N: It follows that gN 2 ˚.G/=N: We reverse the above
steps to conclude that ˚.G/=N � ˚.G=N/: ut
Theorem 7.16 Let G be a finite group. If H is a normal subgroup of G containing
˚.G/ and H=˚.G/ is nilpotent, then H is nilpotent.

In particular, if G is finite and G=˚.G/ is nilpotent, then G is nilpotent.

Proof In light of Theorem 2.13, it is enough to prove that the Sylow subgroups
of H are normal. Let P be a Sylow p-subgroup of H: Since ˚.G/ is contained in
H by hypothesis, ˚.G/ E H: By Lemma 2.16 (ii), P˚.G/=˚.G/ is a Sylow p-
subgroup of H=˚.G/: Since H=˚.G/ is nilpotent, its Sylow p-subgroups are normal
by Theorem 2.13. Thus, P˚.G/=˚.G/ E H=˚.G/: Furthermore, P˚.G/=˚.G/ is
characteristic in H=˚.G/: This is due to the fact that normal Sylow p-subgroups
are unique by Corollary 2.8 and every automorphism maps a subgroup of a given
order into a subgroup of the same order. Since H=˚.G/ E G=˚.G/; it follows that
P˚.G/=˚.G/ E G=˚.G/; and thus P˚.G/ E G:

Now, P is a Sylow p-subgroup of P˚.G/ because it is a Sylow p-subgroup of H:
Since P˚.G/ E G; Lemma 2.17 gives NG.P/P˚.G/ D G: However, P � NG.P/;
and thus NG.P/˚.G/ D G: By Theorem 7.15, NG.P/ D G: Therefore, P E G; and
consequently, P E H: ut

Setting H D ˚.G/ in Theorem 7.16 gives:

Corollary 7.8 (G. Frattini) If G is a finite group, then ˚.G/ is nilpotent.

Remark 7.6 If G is infinite, then˚.G/ need not be nilpotent. Consider, for instance,
the wreath product G D Zp1 o Zp1 : By Remark 2.8, G is an infinite non-nilpotent
group. Since G has no maximal subgroups, it coincides with its Frattini subgroup as
we noted after Definition 7.5. Thus, ˚.G/ is not nilpotent.

Theorem 7.17 (W. Gaschütz) If G is a finite group, then �2G \ Z.G/ � ˚.G/:

Proof It is enough to prove that �2G \ Z.G/ is contained in each maximal subgroup
of G: If M is a maximal subgroup of G; then either Z.G/ � M or G D MZ.G/: If
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it is the case that Z.G/ � M; then it is clear that �2G \ Z.G/ � M: If, on the other
hand, G D MZ.G/; then M E G and G=M is abelian. By Lemma 1.6, �2G � M:
Hence, �2G \ Z.G/ � M: ut

We now turn our attention to the Frattini subgroup of nilpotent groups. We prove
an important result which states that the commutator subgroup of a nilpotent group
G is a set of non-generating elements of G:

Theorem 7.18 (K. A. Hirsch) Let G be a nilpotent group. If H � G and H�2G D
G; then H D G:

Proof The proof is done by induction on the class c of G: If c D 1; then �2G D 1

and the result is immediate.
Suppose that the result holds for all nilpotent groups of class less than c; and

consider the natural homomorphism   W G ! G=�cG: By Lemma 2.8, G=�cG is
nilpotent of class c � 1: If H�2G D G; then  .H/ .�2G/ D  .G/ holds in G=�cG:
By Lemma 2.5,  .�2G/ D �2 .G/: Thus,  .H/ D  .G/ D G=�c.G/ by induction;
that is, H�cG D G: Using the commutator calculus and the fact that �cG � Z.G/;
we have

�2G D ŒH�cG; H�cG�

D ŒH; H�ŒH; �cG�Œ�cG; H�Œ�cG; �cG�

D ŒH; H� D �2H:

Therefore, �2G D �2H � H; and thus H D G: ut
Corollary 7.9 If G is a nilpotent group, then �2G � ˚.G/.

Proof This is immediate from Theorems 7.15 and 7.18. ut
Remark 7.7 By Theorem 7.6, �2UTn.Z/ D UT2n .Z/: Thus, ˚.UTn.Z// D UT2n .Z/
by Example 7.1 and Corollary 7.9.

Corollary 7.10 Let G be a nilpotent group and X � G: If   W G ! Ab.G/ is the
natural homomorphism, then G D gp.X/ if and only if Ab.G/ D gp. .X//:

Proof Suppose that Ab.G/ D gp. .X//; and let H D gp.X/: Then G D H�2G; and
thus G D H D gp.X/ by Theorem 7.18. The converse is obvious. ut
Corollary 7.11 Let G and H be nilpotent groups. If ' W G ! H is a homomor-
phism, then ' is surjective if and only if ' W Ab.G/ ! Ab.H/ is surjective.

Proof Assume that ' is surjective and let h 2 H: There exists an element g�2G in
Ab.G/ such that

'.g�2G/ D '.g/�2H D h�2H:

Hence, h 2 '.G/�2H; and thus H D '.G/�2H: By Theorem 7.18, H D '.G/: The
converse is clear. ut
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For finite groups, the converse of Corollary 7.9 holds.

Theorem 7.19 (H. Wielandt) If G is a finite group and �2G � ˚.G/; then G is
nilpotent.

Proof If �2G � ˚.G/; then �2G � M for every maximal subgroup M of G: By
Lemma 1.6, each M is normal in G: Thus, G is nilpotent by Theorem 2.13. ut

For any prime p; the quotient of a finite p-group by its Frattini subgroup has a nice
structure. It is always abelian and each of its elements has order p: This motivates
the next definition.

Definition 7.7 Let p be a prime. A group G is called an elementary abelian p-group
if it is abelian and every element of G has order p:

Clearly, every finite elementary abelian p-group is isomorphic to a direct product
of n copies of Zp for some n < 1: Moreover, the Frattini subgroup of such a group
is always trivial.

Lemma 7.13 If G is a finite elementary abelian p-group, then ˚.G/ D 1:

Proof Suppose that G is a direct product of n copies of Zp: The subgroup

Gi D ˚
.g1; : : : ; gi�1; 1; giC1; : : : ; gn/

ˇ
ˇ gj 2 Zp

�

is maximal in G; and \n
iD1Gi D 1: Hence, ˚.G/ � 1: ut

Lemma 7.14 If G is a finite p-group and H � G; then ˚.G/ � H if and only if
H E G and G=H is an elementary abelian p-group.

Proof Suppose that H E G and G=H is an elementary abelian p-group. Then
˚.G=H/ D H by Lemma 7.13. Thus, ˚.G/ � H by Lemma 7.12.

Conversely, suppose that ˚.G/ � H: By Corollary 7.9, �2G � ˚.G/: Thus,
H E G and G=H is abelian by Lemma 1.6. Suppose that g 2 G; and let M be
any maximal proper subgroup of G: By Theorems 2.3 and 2.13 (iv), M C G:
Furthermore, .gM/p D M because jG=Mj D p: Hence, gp 2 M; and thus gp

lies in all maximal proper subgroups of G: Therefore, gp 2 ˚.G/ and G=H is an
elementary abelian p-group since ˚.G/ � H: ut

Setting H D ˚.G/ in Lemma 7.14 proves our earlier remark:

Lemma 7.15 If G is a finite p-group, then G=˚.G/ is an elementary abelian p-
group.

Lemma 7.16 If G is a finite p-group, then

˚.G/ D Gp�2G D gp.ap; Œb; c� j a; b; c 2 G/:

Hence, N D ˚.G/ is the smallest normal subgroup of a finite p-group G such
that G=N is an elementary abelian p-group.
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Proof Since G is a finite p-group, G=˚.G/ is elementary abelian by Lemma 7.15.
It follows from this and Lemma 1.6 (ii) that gp 2 ˚.G/ for all g 2 G; and �2G �
˚.G/: Therefore, Gp�2G � ˚.G/:

We establish the reverse inclusion. By Lemma 1.6 (i), G=Gp�2G is abelian. Since
Gp � Gp�2G; the factor group G=Gp�2G is a finite elementary abelian p-group. By
the previous observation, Gp�2G � ˚.G/: Thus,

˚.G=Gp�2G/ D ˚.G/=Gp�2G D Gp�2G

by Lemmas 7.12 and 7.13. And so, Gp�2G � ˚.G/: ut
By Lemma 7.15, the quotient G=˚.G/ can be viewed as a vector space over Fp;

the finite field containing p elements. Furthermore, any set of group generators for
G=˚.G/ is also a spanning set of G=˚.G/ as a vector space over Fp:

Theorem 7.20 (Burnside’s Basis Theorem) Let G be a finite p-group. Consider
G D G=˚.G/ to be a vector space over Fp; and suppose that ŒG W ˚.G/� D pd:

(i) The dimension of G over Fp is d:
(ii) If G D gp.g1; : : : ; gk/; then k � d: More generally, G D gp.g1; : : : ; gk/ if

and only if G D spanfg1˚.G/; : : : ; gk˚.G/g:
(iii) G can be generated by exactly d elements. Furthermore, the set fg1; : : : ; gdg

generates G if and only if the set fg1˚.G/; : : : ; gd˚.G/g is a basis for G
over Fp:

Proof

(i) The dimension of a vector space over Fp is d if and only if it contains precisely
pd elements.

(ii) Since G D gp.g1; : : : ; gk/; the vectors g1˚.G/; : : : ; gk˚.G/ span G: By (i),
the dimension of G over Fp is d: And so, k � d:

If G D spanfg1˚.G/; : : : ; gk˚.G/g; then G D gp.g1; : : : ; gk; ˚.G//: By
Theorem 7.15, G D gp.g1; : : : ; gk/:

(iii) If G D gp.g1; : : : ; gd/; then G is spanned by g1˚.G/; : : : ; gd˚.G/ by
(ii). Since G=˚.G/ has dimension d by (i), the vectors g1˚.G/; : : : ; gd˚.G/
are linearly independent. Thus, fg1˚.G/; : : : ; gd˚.G/g is a basis for G: The
converse follows from (ii). ut

Lemma 7.17 If G is a finite nilpotent group, then G=˚.G/ is a direct product of
elementary abelian p-groups.

Proof Let Pi denote the Sylow pi-subgroup of G for i D 1; : : : ; k: Since G is finite
and nilpotent, G Š P1 � 	 	 	 � Pk by Theorem 2.13. Thus,

G

˚.G/
Š P1 � 	 	 	 � Pk

˚.P1 � 	 	 	 � Pk/
D P1
˚.P1/

� 	 	 	 � Pk

˚.Pk/
;

where the last equality follows from Lemma 7.11. Since each Pi is a finite pi-group,
each factor group Pi=˚.Pi/ is an elementary abelian pi-group by Lemma 7.15. ut
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7.5.2 The Fitting Subgroup

Definition 7.8 The Fitting subgroup of a group G; denoted by Fit.G/; is the
subgroup of G generated by all of the normal nilpotent subgroups of G:

Clearly, Fit.G/ is a characteristic subgroup of G; and thus Fit.G/ E G:

Lemma 7.18 If G is a finite group, then Fit.G/ is the nilpotent radical of G:

Proof The result follows at once from Theorem 2.11. ut
Remark 7.8 If G is an infinite group, then Fit.G/ is not necessarily nilpotent. For
example, choose any prime p; and let A be a countably infinite elementary abelian
p-group. One can show that the group G D Zp o A is not nilpotent and G D Fit.G/:
See pp. 3–4 in [10] for details.

Lemma 7.19 If G is a nontrivial finite group, then the centralizer of Fit.G/ in G
contains every minimal normal subgroup of G:

Proof Set F D Fit.G/; and let N be a minimal normal subgroup of G: There are
two cases to consider.

• If N is not a subgroup of F; then F \ N D 1 because F \ N is a proper subgroup
of N and F \ N E G: By Theorem 1.4, ŒF; N� D 1: And so, N � CG.F/:

• If N � F; then there is a minimal normal subgroup M of F with M � N: By The-
orem 2.29 and Lemma 7.18, we have M � Z.F/: Hence, Z.F/\ N ¤ 1: However,
Z.F/EG; and thus Z.F/\ N EG. Consequently, Z.F/\ N D N because N is a
minimal normal subgroup of G: Therefore, N � Z.F/� CG.F/: ut
Another description of Fit.G/ for a finite group G is in terms of its chief factors.

Theorem 7.21 If G is a finite group, then Fit.G/ is the intersection of the
centralizers of the chief factors of G:

Proof We adopt the proof from [12]. Set F D Fit.G/; and let

1 D G0 � G1 � 	 	 	 � Gn D G

be a chief series of G: Set

I D
n�1\

iD0
CG.GiC1=Gi/:

(The notation used above can be found in Definition 5.6.) It is clear that I E G:
Furthermore, ŒGiC1; I� � Gi for each i D 0; 1; : : : ; n � 1: Consequently, I is
nilpotent and thus, I � F:

To show that F � I; we prove that F � CG.GiC1=Gi/ for each i D 0; 1; : : : ; n �1:
Consider the factor group FGi=Gi � G=Gi: Clearly, FGi=Gi is normal in G=Gi

and F \ Gi E F: By the Second Isomorphism Theorem, FGi=Gi Š F=.F \ Gi/:
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Since F is nilpotent by Lemma 7.18, FGi=Gi is a normal nilpotent subgroup of
G=Gi by Corollary 2.5. Hence, FGi=Gi � Fit.G=Gi/: Now, GiC1=Gi is a minimal
normal subgroup of G=Gi by Lemma 2.23. According to Lemma 7.19, it follows
that Fit.G=Gi/ must centralize GiC1=Gi: This means that

FGi=Gi � CG=Gi.GiC1=Gi/;

or equivalently, F � CG.GiC1=Gi/: ut
We record a couple of properties of the Fitting subgroup of a finite group.

Proposition 7.2 Let G be a finite group.

(i) If H E G; then H \ Fit.G/ D Fit.H/:
(ii) If K � Z.G/; then Fit.G=K/ D Fit.G/=K:

Proof

(i) By Lemma 1.8, Fit.H/ is a normal subgroup of G because it is characteristic
in H: Since Fit.H/ is also nilpotent by Lemma 7.18, Fit.H/ � H \ Fit.G/:
Furthermore, H \ Fit.G/ E H because Fit.G/ E G: Since H \ Fit.G/ is
nilpotent, we have H \ Fit.G/ E Fit.H/: Hence, H \ Fit.G/ D Fit.H/:

(ii) Set M=K D Fit.G=K/: We claim that M D Fit.G/: By Lemma 7.18, M=K
is nilpotent. Thus, M is nilpotent by Theorem 2.6 because K is central in M:
Moreover, M E G since M=K is characteristic, hence normal, in G=K: Thus,
M � Fit.G/: Now, since Fit.G/ is nilpotent and K � Fit.G/; it must be the case
that Fit.G/=K is nilpotent. Since Fit.G/=K is normal in G=K; we have

Fit.G/=K � Fit.G=K/ D M=K:

Consequently, Fit.G/ � M; and thus M D Fit.G/: ut
There are natural connections between the Fitting and Frattini subgroups. We

state two of them in our last theorem.

Theorem 7.22 (W. Gaschütz) If G is a finite group, then ˚.G/ E Fit.G/ and
Fit.G=˚.G// D Fit.G/=˚.G/:

Proof The fact that ˚.G/ E Fit.G/ is immediate from Corollary 7.8. We prove
the second assertion. Clearly, Fit.G/=˚.G/ � Fit.G=˚.G// since Fit.G/=˚.G/ is a
normal nilpotent subgroup of G=˚.G/: Suppose that H=˚.G/ is a normal nilpotent
subgroup of G=˚.G/: Then H is a normal nilpotent subgroup of G by Theorem 7.16.
Consequently, H � Fit.G/; and thus Fit.G=˚.G// � Fit.G/=˚.G/: Therefore,
Fit.G=˚.G// D Fit.G/=˚.G/: ut
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